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Abstract

We propose a three-stage non-cooperative game theoretic model to describe the dis-
tribution of relief supplies in response to slow-onset disasters. The first-stage game is
modeled as a finite standard game, where each humanitarian organization (HO) has to
decide whether to form a coalition with other HOs to negotiate framework agreements
with the carriers before the disaster occurs. The second-stage game models the actual
negotiation between HOs and carriers: it is a generalized Nash game between carriers,
the HOs outside of the coalition, and the coalition formed in the first stage. After
the disaster occurs, the third-stage game models the competition between HOs which
have to purchase and distribute the relief items: it is formulated as a generalized Nash
game where the HOs which had taken part in the coalition in the first stage share some
constraints. First, we prove that the second-stage and third-stage games have a unique
variational equilibrium. Next, under suitable assumption on the parameters, we prove
that the variational equilibrium of the second-stage game can be written in closed form
and the grand coalition formed by all the HOs in the first stage is the most efficient
in terms of the social welfare computed at the third-stage equilibrium. Moreover, we
provide sufficient conditions for the grand coalition to be a Nash equilibrium of the
first-stage game. Finally, some preliminary numerical experiments are shown.
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1 Introduction

The role played by operations research to improve the supply chain to provide efficient
food delivery to crisis areas has acquired a growing importance in both the academic
and the non academic environment in the last decade. For instance, The United Nations
World Food Programme (WFP) [27] was named the winner of the 2021 Franz Edelman
Award, for its success in developing mathematical models, and related analytic tools
which enabled the WFP in carrying out extremely complex humanitarian operations
in countries such as Yemen, Syria and South-Sudan.

The literature about mathematical models of relief activities after the so called slow-
onset disasters is, however, quite scarce, although this term has been used for decades
by specialists in the United Nations system who help people prepare for and deal with
catastrophic events, such as droughts, that can be reasonably predicted as the ancient
and familiar patterns begin to set in, see e.g. [4, 12, 25]. In contrast to sudden-onset
disasters, like for example the recent earthquake in Turkey, phenomena like famine,
floods and the like have the distinctive feature that they can be geographically and,
within a certain approximation, temporally delimited, before they happen. Humanitar-
ian organizations (HOs) thus aim at establishing framework agreements with potential
carriers of relief items well before the crises actually unfolds. Indeed, transportation
is a critical aspect in the supply chain relief operations, and the possibility, for HOs,
of allocating a predetermined budget before the emergency is beneficial. Indeed, by
making agreements with the carriers one or two years before the actual transportation
takes place, HOs will presumably avoid the rapid growth of fares which follows the
onset of a disaster. Moreover, the simultaneous presence of a (small) number of HOs
in the field may trigger competition effects that could yield to a suboptimal allocation
of relief items. Thus, the development of new models to make the relief activities as
efficient as possible is a well justified need. The relationships within service providers
and HOs has been investigated in [3], and [19], while for a survey on the supply chain
in humanitarian logistics, the reader can refer to [14] and to [10] for a game theory
approach.

Our contribution is inspired by the recent paper [9] where the authors put for-
ward a game-theoretical model for the negotiation of framework agreements between
HOs and carriers and the subsequent purchase and distribution of relief items where
needed, and also brief the reader on the recent related literature. With respect to the
above-mentioned paper, we still consider a two-phase model (before and after the
humanitarian crisis), but we differ in the following aspects. In [9], the first phase
is split into two different subgames: one between HOs (where the prices chosen by
carriers are fixed) and one between carriers (where the volumes projected for trans-
port chosen by HOs are fixed). The two games are then connected through an ad hoc
economic argument to define an equilibrium as the solution of the sum of two suit-
able variational inequalities. On the other hand, we directly formulate the interaction
between HOs and carriers through a single game. Moreover, we allow that some of the
HOs form a coalition to have a stronger bargaining power. In our game, the players are
the carriers, the HOs outside of the coalition, and the coalition considered as a single
player. Since all the HOs shared carrier capacity constraints, we formulate the prob-
lem as a generalized Nash equilibrium problem (GNEP). It is interesting noticing that,
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in the particular case of no coalition, the variational equilibrium of our single game
coincides with the equilibrium defined in [9]. We compute the variational equilibrium
of the game for all the possible scenarios of HOs forming one coalition. However,
the analysis above does not investigate the problem of the coalition formation, i.e.,
whether an HO should find convenient to be in the coalition or not. Since HOs are
supposed to act selfishly, we model the first phase of the problem as a two-stage non-
cooperative game: the first-stage game is a finite Nash game between HOs, where
each HO controls a binary variable describing its membership in the coalition, while
the second-stage game is the negotiation game between HOs and carriers. We prove
that the variational equilibrium of the negotiation game is unique and, under suitable
assumptions on the model parameters, can be written in closed form.

The second phase is the actual purchase and distribution of relief items and is
modeled as a non-cooperative game played between the HOs, also considering the
possibility that the HOs which had cooperated in the negotiation game join again.
However, now the HOs compete to obtain financial support, thus we consider all of
them as individual players, but the same HOs that had taken part in a coalition in the
first-stage game share some budget constraints also in the purchase and distribution
game. This is another aspect that differs our model from that proposed in [9]. Due to
the presence of shared constraints between some HOs, this game is formulated as a
GNEP as well. Since the variational equilibrium of the negotiation game is used as
input data of the purchase and distribution game, we consider the latter game as the
third-stage game of our model. We prove that the purchase and distribution game, for
any coalition formed by HOs, has a unique variational equilibrium that coincides with
the maximizer of the social welfare function. Moreover, the grand coalition formed
by all the HOs in the first-stage game is proved to be the most efficient in terms of
social welfare under suitable assumptions on parameters. Finally, we show that the
grand coalition may be not a Nash equilibrium of the first-stage game, but we provide
sufficient conditions on the parameters for it to be so. We mention that the effect of
cooperation between HOs has been studied in the very recent paper [20], with a system
optimization approach.

The contribution of the paper is therefore twofold. From a modeling viewpoint, we
propose a three-stage game model: the first-stage game is a finite standard game that
models the membership problem between HOs, the second-stage game is a GNEP that
models the negotiation of framework agreements between HOs and carriers, while the
third-stage game is a GNEP modeling the competition between HOs in the purchase
and distribution of relief items. Thus, our model generalizes the approach proposed
in [9], where HOs are not allowed to form a coalition when negotiating with carriers.
From a methodological viewpoint, we prove several theoretical results on the proposed
game model: the grand coalition, under suitable assumptions, is a Nash equilibrium of
the first-stage game; the second-stage game, for any coalition formed by HOs, has a
unique variational equilibrium that can be written in closed form; the third-stage game,
for any coalition formed by HOs, has a unique variational equilibrium that coincides
with the maximizer of the social welfare function. Moreover, the grand coalition, under
suitable assumptions, is the most efficient in terms of the social welfare at equilibrium.

We anticipate here that our methodology requires to solve the problem backward.
We first solve the second stage and use its solution as an input of the third stage, then
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Fig. 1 Network structure of the model

we combine the solutions of second and third stages and pass them on as input to the
first stage, coalition formation. This approach is common to several economic models
(see, e.g., [6, 11, 15, 16]) and differs from a multilevel hierarchical approach, as there
is no leader-follower structure but some players (HOs) appear in each stage of the
game.

The paper is organized as follows. In Sect.2 we describe the three-stage game
model: the first-stage coalition formation game is outlined in Sect. 2.1, the second-stage
negotiation game is described in Sect. 2.2 and the third-stage purchase and distribution
game is described in Sect. 2.3. Section 3 provides some theoretical results on the three
game models described above: Sect. 3.1 is devoted to the second-stage game, Sect. 3.2
to the third-stage game, while Sect. 3.3 to the first-stage game. In Sect.4 we illustrate
our model with some numerical experiments: Example 4.1 shows that the grand coali-
tion is the most efficient in terms of both social welfare and total volume transported,
however it is not stable because it is not a Nash equilibrium of the first-stage game,
while Example 4.2 shows that the grand coalition is both a Nash equilibrium and the
most efficient in terms of social welfare at equilibrium. In the last concluding section
we summarize our findings and outline future research perspectives.

2 Model Formulation

We illustrate the network structure of the model with the help of Fig. 1.

The network consists of three tiers. The H nodes of the first tier represent humani-
tarian organizations and we denote with /4 the generic node of this tier. Some HOs can
form a coalition to have a stronger bargaining power in the negotiation phase with the
carriers (in the figure, for simplicity, the coalition is made up with the first # HOs).
In the second tier, we find the L carriers with whom HOs establish framework agree-
ments, to be possibly exploited in the distribution process. Framework agreements are
usually negotiated well before that a humanitarian crisis actually starts. In the same
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tier we also put the spot market, where HOs can buy carrier services at the current
price (i.e., without negotiating), at the onset of the crises; the generic carrier is denoted
with index [. The last tier consists of D distribution points where the relief items are
needed, and we denote with d the generic distribution point.

We distinguish two phases in our model: the negotiation phase (before the humani-
tarian crisis) and the actual purchase/distribution phase (after the humanitarian crisis).
However, as we allow HOs to form a coalition in the negotiation process with the
carriers, each HO has to make two decisions in the first phase: first, it must decide
whether to join the coalition or not, and then, once the coalition is formed, it has to
establish an agreement with the carriers in order to guarantee a minimum volume
to be transported to the distribution points. Finally, after the humanitarian crisis, the
HOs have to buy and distribute the relief items and can either exploit the framework
agreements previously established with carriers, or find more convenient to pay the
fares offered by the spot market.

Since the utility of each HO in the last phase depends on the choices made by other
HOs, the framework agreements with the carriers during the negotiation phase and
the coalition formed by the HOs, we formulate this problem as a three-stage non-
cooperative game. Specifically, the first-stage game (or coalition formation game) is
a standard non-cooperative game between HOs, where each HO /A controls a binary
variable s;, that indicates whether it takes part in the coalition (s = 1) or not (s, = 0).
Once the coalition given by the vector s is fixed, the second-stage game (or negotiation
game) is a generalized Nash equilibrium problem (GNEP) where the players are the
carriers, the HOs outside of the coalition and the coalition considered as a single player.
The third-stage game (or purchase and distribution game) is a further GNEP where
only the HOs are the players. We assume that the HOs that had formed the coalition in
the first stage jointly satisfy a common budget constraint and a common upper bound
on the volumes to be distributed. However, this time also the HOs in the coalition
act selfishly and wish to maximize their individual utility. The structure of the three-
stage model is illustrated in Fig. 2. The detailed model of each stage (with variables,
objective functions and constraints) is described in the following subsections.

2.1 First Stage: The Coalition Formation Game

The first decision each HO must make is whether or not to be part of the coalition
that will negotiate with the carriers. It is natural to expect that smaller HOs will
have an interest in joining the coalition in order to have more bargaining power with
carriers, while for larger HOs this advantage may not be so obvious. The choice of
coalition among HOs affects both the negotiation with carriers (second-stage game)
and the purchase and distribution of goods (third-stage game). To measure whether
it is convenient for each HO to join the coalition or not, we use the value of the HO
utility function calculated at the variational equilibrium in the last stage game.

Formally, the first-stage game (or coalition formation game) is a standard H -person
finite game, where each HO £ controls a binary variable
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Fig.2 The three-stage game model

1 if HO h takes part in the coalition,

Sp = .
0 otherwise,

and aims to solve the problem

max T}, (s) (1a)
Sh

subject to s, € {0, 1}. (1b)
The utility function 7}, is defined as
Th(s) := Va(Y™(s)),

where Vj, and Y*(s) are the utility function of HO A and the (unique) variational
equilibrium in the third-stage game (see Sect.2.3), respectively. Notice that the utility
function 7}, is well defined since we will prove in Theorem 3.3 a) that the third-stage
game has a unique variational equilibrium Y*(s) for each coalition s.

Hence, s* is a Nash equilibrium of the first-stage game if every HO that is part of
the coalition has no incentive to leave it and every HO that is outside it has no incentive
to enter in.

Definition 2.1 s* is a Nash equilibrium of the first-stage game iff
Th(sy, s*,) = Th(1 —sj;, s%))
holds foreachh =1,..., H.
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Notice that a trivial Nash equilibrium of the first-stage game is s* = (0, ..., 0), that s,
the case where no HO takes part in the coalition. In Sect. 3, we will provide sufficient
conditions for the grand coalition s* = (1, ..., 1) to be a Nash equilibrium as well.

We remark that the combinatorial nature of the first-stage game allows to treat
the case of 10-20 HOs. However, this number is often met in several real-world
scenarios (see [10, 14] and references therein). For instance, the paper [5] deals with a
descriptive analysis of agency partnerships involved in post-disaster operations relief
in Haiti, where the number of HOs involved was 18, but only 7 were involved in all
stages of relief operations.

2.2 Second Stage: The Negotiation Game

Once the coalition of HOs has been formed in the first stage, the second-stage game
models the negotiation between the carriers and the HOs.

Each HO 4 controls the variables x4, foranyl = 1,...,Landd =1, ..., D,
which represent the volume projected by HO h for transport with carrier / to distribution
point d. X, denotes the vector of all the variables controlled by HO &, while X the
vector of the variables of all HOs.

On the other hand, each carrier [ controls the variables pyq4, foranyh =1,..., H
andd = 1, ..., D, which represent the unit price paid by HO # to transport relief
items to distribution point d with carrier I. P! denotes the vector of all the variables
controlled by carrier /, while P the vector of the variables of all carriers.

To denote the coalition defined in the first stage, we introduce the index set O :=
{h : sp = 1}. Each HO h which does not take part in the coalition O establishes
individual agreements with each carrier and aims to solve the following problem:

L D L D
max Uy(X, P) = — —wff h 2a
nax h( ) ZZ Phld Xhid — @), erhl Xh1d (2a)

=1 d=1 =1 d=1

L
subject to thld > Mha, d=1,...,D, (2b)
=1

H D
> xia < Gi. I=1,...,L, (20

i=1d=1
Xnid = 0, l=1,...,L,d=1,...,D. (2d)

HO h wishes at the same time to minimize the transportation cost and avoid allocating
a large fraction of the (expected) volume of goods to a particular carrier. Hence, the
utility function (2a) is the opposite of the weighted sum of two terms: the first term
is the total transportation cost, while the second one is a dependency risk function,
where ry; is the relative risk that HO & assigns to carrier / and a)ff is a weight which
describes the relative importance of risk compared to cost for HO A. Constraints (2b)
guarantees that a minimum volume M, is transported by all the carriers to each
destination point d. Constraints (2c¢) are shared by all HOs and ensure that the total
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projected volume assigned to carrier [ does not exceed its maximum capacity Gj.
The associated Lagrange multiplier, say y;;, represents the marginal value (of each
HO i outside the coalition, and of the coalition) of increasing the carrier’s projected
capacity. In economic terms, y;; measures how much the utility of the humanitarian
organizations outside the coalition, and the coalition, would improve if the carrier had
one additional unit of projected capacity available. A positive y;; indicates that the
capacity constraint is binding, meaning that the carrier’s limit is restricting the optimal
allocation. If all HOs outside the coalition, and the coalition, share the same Lagrange
multiplier y; for all /, then the marginal utility of increasing projected carrier capacity
is the same across different humanitarian organizations. This can also be interpreted
as equity in allocation: if the Lagrange multipliers were different, it would suggest
that some HOs are more constrained than others. The equality suggests a balanced
or regulated negotiation process where capacity is fairly allocated. This would be the
case, for instance, when different agencies of the UN act under a General Director.

The HOs that signed an agreement to join the coalition O, aim at transporting to
each point d a projected volume of at least ) ;. M,q4, thus allowing more flexibility
of the signatory players, with respect to the initial quantity Mj4. All HOs that are part
of the coalition bargain with each carrier jointly to obtain the same price, thus they act
collectively as one player to solve the following problem:

L D L D
(}r{n)axo Z Ui(X.P)=Y [— SO piaxia —of D ru szld:| (3a)

ieO I=1d=1 I=1d=1

L
subject to ZZXW > ZMid’ d=1,...,D, (3b)

ieO =1 ieO

H D

> xia < G, I=1,....,L, (3)
i=1d=1

Xitd > 0, ieO,l=1,...,L,d=1,...,D. (3d)

Let us notice that constraints (3b) involve only the variables of the HOs in the coalition,
while (3¢) are shared by all the HOs.

On the other hand, each carrier /, which controls the price variables pj;q for any
h=1,...,Handd =1, ..., D, wishes to solve the problem:

2
max U'(X, P) = ZZ(Phld — c!Dxpig + o) ZZMM |:1 - (phld> :|

h=1d=1 h¢O d=1
2
+ o) ZZMM 1—( P > (4a)
he® d=1 (O)
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subject to ¢, < puia < ppa>, h¢O,d=1,...,D, (4b)
¢ < puia < p7™(0), heO,d=1,....,D, (4c)
Phid = Pild h,ieO,h#i,d=1,...,D, (4d)

where cfi is the unit transportation cost faced by any carrier for transport to point d;
Py is the maximum price that HO £ is willing to pay to any carrier for transportation
to point d, while p}'**(0O) is the maximum price that each HO in the coalition O is
willing to pay to any carrier for transportation to point d, that is defined as p;**(0) =
minjeo p.

The utility function (4a) is the weighted sum of the expected profit (first term)
and the customer satisfaction of the HOs not participating in the coalition (second
term) and of those participating (third term), where a)IS is a weight which describes
the relative importance of customer satisfaction with respect to profit for carrier /.
Constraints (4b)—(4c) guarantee that the prices set by carrier / are not lower than the
transportation cost and not higher than the price each HO is willing to pay, while
constraints (4d) imply that the price fixed by carrier / must be the same for all the HOs
in the coalition.

Since the HOs’ utility functions (2a) and (3a) depend on the carrier variables, the
carrier utility function (4a) depends on the HO variables, and constraints (2c) and
(3c¢) are shared by all the HOs, the second-stage game model is a GNEP with shared
constraints. This class of GNEPs was introduced in the seminal paper by Rosen [24]
and reformulated many years later within the framework of variational and quasi-
variational inequalities in finite dimension [7, 18] and in infinite dimension [8, 17].

The feasible region of the second-stage game is denoted by

K, ={(X, P) e R3#LP : constraints (2b) Vh ¢ O, (3b), (3¢),
(4b), (4¢) and (4d)Vl =1, ..., L hold}.

Definition 2.2 Given any coalition O of HOs, defined in the first-stage game, (X, P)
is a generalized Nash equilibrium of the negotiation game iff:

Vh¢o,

VX, (Xp, X_p, P) € Ko,
VX0 :
(X0, X_o, P) € Ka,

Un(Xn, X_p, P) > Up(Xp, X_p, P),

Y Ui(Xo,X_0,P) = Y Ui(Xo,X_o, P),
ieO ieO
= =] = = - vi=1,...,L
1 1 p-l 1 I p-l soes Ly
U(X,P,P )EU(X7P9P )7 VPI: (X, Pl,Pil)GKz,

where X_j, = (Xi)izn, X0 = (Xi)ie0: X—0 = (Xi)igo and P71 = (P"); 4.

It is well known that GNEPs may have infinite solutions, among which the so
called variational solutions are of particular interest for their economic interpretation
(see, e.g., [7]), and can be computed solving a suitable variational inequality. Specif-
ically, Lagrange multipliers corresponding to the shared constraints are the same for
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each player. Variational solutions of the above GNEP can be obtained by solving the
following variational inequality V I (F;, K»): find (X*(s), P*(s)) € K7 such that

Fy(X*(s), P*() T[(X, P) = (X*(5), P*(s)] = 0, ¥(X,P) e Kz,  (5)

where the map F» : R2LD s R2HLD ig defined by:

F(X,P)=—|Vx, > Ui(X,P), Vx_o,U_o(X, P),
ieO (6)

Vo UNX, P), ... Vo UL(X, P)).

The notation Vx,, means that the gradient is with respect to the group of variables
of the HOs in the coalition, while with the notation Vx_,U_¢ (X, P) we denote the
vector made up of the partial gradients of the utility functions of the HOs outside of
the coalition.

In Sect.3 it will be proved that the second-stage game has a unique variational
equilibrium (X*(s), P*(s)) for any coalition chosen by HOs in the first stage and
represented by the vector s.

Remark 2.1 The model described in this subsection differs from the negotiation model
proposed in [9] in several respects. First, in [9] a purely non-cooperative approach is
considered, in which no coalition between HOs is allowed. Furthermore, the equi-
librium pricing mechanism is also different between the two approaches. In fact, we
formulate the negotiation phase as a single GNEP between HOs and carriers, whereas
in [9] the model is split into two different subgames: a GNEP only between HOs (where
the prices pj,,; chosen by carriers are fixed) and a Nash game only between carriers
(where the quantities x;, ; chosen by HOs are fixed). Subsequently, the authors in [9]
consider two VlIs: the first provides the variational equilibrium of the GNEP between
HOs, and the second the Nash equilibrium of the game between carriers. Finally, they
define the equilibrium (X*, P*) of the negotiation phase as the solution of the sum of
the two previous VIs. However, we note that, in the case where no coalition is formed,
the latter equilibrium coincides with the solution of VI(F>, K»), i.e. the variational
equilibrium of our GNEP model.

2.3 Third Stage: The Purchase and Distribution Game

In the third stage, after the humanitarian crisis occurs, HOs know the coalition O
formed in the first stage, defined by the vector s, and the variational equilibrium
(X*(s), P*(s)) of the second-stage game which represents the volume projected by
HOs for transport and the prices chosen by carriers at equilibrium. In this phase, the
HOs have to buy and distribute the relief items and can either exploit the framework
agreements previously established with carriers, or find more convenient to pay the
fares offered by the spot market.

Each HO & controls the variables yp;4, foranyl =1,..., L+ 1landd =1, ..., D,
which represent the quantity to be transported with carrier / to distribution point d. Yy
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denotes the vector of all the variables controlled by HO &, while Y the vector of the
variables of all HOs.

Each HO & which does not take part in the coalition O aims to solve the following
problem:

L+1 | L] D L+l
max Vin(Y) = Z Uq |:Z Vhid — Z yhld:| top Y Vinayua (7o)
d=11=1
L+l D
subject to Z Z [er + Pia($)] ynia < Bn, (7b)
I=1 d=1
l=1,...,L,
Yhid = Xjq(s), d=1 D (7o)
H
I=1,...,L+1,
> vita < Kua, d=1 D (7d)
H L+l

ZZ)’ildfnd, d=1,...,D, (7e)
i=1 I=1
I=1,...,L+1,

i=1,...p. D

Yhid = 0,

The utility function Vj, is the weighted sum of its impact (first term) and its activity
signal (second term), where the parameter a),f describes the relative importance of the
activity signal with respect to the impact. The impact is assessed according to the needs
ng of the recipients at the distribution point d and on the volume of items distributed
by all the HOs, where 1, weights the urgency of the distribution point d and oy, is a
saturation parameter. The activity signal term models the fact that, by its distribution
campaign, an HO acquires visibility which will influence future donations, where ij4
quantifies the relative importance of point d for HO h.

Constraint (7b) guarantees that the budget By, is met, where c;: is the unit purchase
price, le 4(8), forl =1, ..., L, are the equilibrium fares obtained during the nego-
tiation phase, and p;';( Li1)q are the fares fixed by the spot market. Constraints (7¢)
impose the quantities yp;q to be transported with carriers / = 1, ..., L can not be
greater than the equilibrium volume x;;; ,(s) obtained during the negotiation phase.
Constraints (7d), shared by all HOs (in the coalition and outside the coalition), ensure
that the total quantity transported using carrier / to distribution point d does not exceed
the carrier’s capacity K;4. The associated Lagrange multiplier, say A4, represents the
marginal value of increasing the carrier’s capacity. In economic terms, Aj;; measures
how much the objective function (the utility of the HOs) would improve if the carrier
had one additional unit of capacity available. A positive A4 indicates that the capacity
constraint is binding, meaning that the carrier’s limited capacity is restricting the opti-
mal allocation. If all HOs share the same Lagrange multiplier A4 for all/, d, it implies
that the capacity constraints affect all HOs equally, meaning that the marginal utility
of increasing carrier capacity is the same across different HOs. On the other hand,
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if the Lagrange multipliers were different, it would suggest that some HOs are more
constrained than others. The equality thus describes a balanced or regulated transport
market where capacity is fairly allocated.

Finally, constraints (7e), shared by all the HOs, ensure that the total amount of goods
delivered to distribution point d does not exceed the needs ny of the recipients. For
each HO £, the associated Lagrange multiplier, say w4, represents the marginal value
of increasing the needs of recipients. In economic terms, 11,4 measures how much the
utility of the HOs would improve if the demand at a distribution point increased by
one unit. A positive ;4 means that the constraint is binding, indicating that all the
demand is met and that increasing the available supply would be beneficial. Consider
now the case where all 15,4 are equal to some (4 for all HOs. If all HOs share the same
Lagrange multiplier g4 for all d, this can be interpreted as a uniform demand pressure:
the demand constraints affect all HOs equally, suggesting a balanced distribution
system where all organizations face the same limitations in meeting demand. Equal
multipliers thus suggest a regulated distribution effort. Furthermore, equal u,4 values
indicate that no single HO has an advantage in meeting recipient needs, ensuring that
relief efforts are evenly distributed.

On the other hand, each HO % which takes part in the coalition O aims to solve the
following problem:

D L+1 o D L+l
max Vi(Y) = Z uq |:Z Yhid = —- Z yﬁld:| + wj! Z Z ihd Ynia  (8a)
h
I=1 I=1

d=1 d=1 =1
L+1 D
subjectto Y > "> [ef + phy()]yia <Y Bi. (8b)
ieO I=1 d=1 ieO
I=1,...,L,
> yita =Y x50, i1y G
ieO ieO T
H
I=1,...,L+1,
Zyild < Kia, de1 p @D
p ..., D,
H L+1

> vita < na. d=1,....D, (8¢

i=1[1=1

I=1,...,L+1,
Yhid = 0, i—1 . p @D

The utility function (8a) has the same form as (7a). Constraints (8b)—(8c) are simi-
lar to (7b)—(7c) but are shared by all the HOs in the coalition since they negotiated
collectively with carriers, while (8d)—(8e) are shared by all the HOs. Specifically, con-
straints (8b) ensure that the total spending of all HOs in the coalition does not exceed
their total budget. The associated Lagrange multiplier, say v;, represents the marginal
value of increasing the budget for HO i within the coalition. A positive v; means that
the budget constraint is binding for HO i. If all HOs in the coalition have the same v;, it
follows that each HO in the coalition experiences the same marginal impact of budget
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increases and thus the coalition operates efficiently under a shared financial structure.
Constraints (8c) ensure that the total quantity transported by all HOs in the coalition
does not exceed the total projected volume from the second-stage game. The asso-
ciated Lagrange multiplier, say 1,4, represents the marginal value of increasing the
transport volume available to members of the coalition. If all HOs in the coalition share
the same 17,4, it implies that all members experience the same marginal limitation on
transport volume and no single HO disproportionately dominates the coalition’s trans-
port capacity. We can thus conclude that the coalition efficiently manages its shared
transport constraints.

The third-stage game model is therefore a GNEP with shared con-
straint. Notice that this model is well-defined since the variational equilibrium
(X*(s), P*(s)) of the second-stage game is unique. We denote the feasible region
of this GNEP as

K3 = [Y e RYEADD . (7b) and (7¢) VR ¢ O, (8b), (8¢), (8d), (8¢) hold] .

Definition 2.3 Y is a generalized Nash equilibrium of the purchase and distribution
game iff:

- - Yh=1,..., H,
> _
VoW Yon) 2 Ve Yon)s gy uch that (v, 7op) € K.

Similar to the second stage, we can now search for variational solutions of the GNEP
introduced above. Specifically, a variational solution of the purchase/distribution game
is a solution of the following variational inequality V I (F3, K3): find Y*(s) € K3 such
that

F3(Y*(s)) (Y —Y*(s)) =0, VY € K3, ©)
where F3 : RHELADD _ RELADD jg the operator defined by:
F3(Y) == (Vp,Vi(Y), ..., Vy, Vu(Y)).

Since each utility function V}, only depends on the variables Y}, the GNEP admits as
potential function the sum of the utility functions:

H
W) =) Vi(Y),

h=1

that can be interpreted as the total welfare of all the HOs.

In Sect.3 it will be proved that the third-stage game has a unique variational
equilibrium Y*(s) for any coalition chosen by HOs in the first stage.

For the reader’s convenience we summarize the main features of the three-stage
model in Table 1, the variables in Table 2 and the parameters in Table 3.
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Table 1 Main features of the three-stage model

Game Players Optimization problems
First-stage Finite HOs (1)
Second-stage GNEP HOs Q)ifs, =0; 3)ifs, =1
Carriers “4)
Third-stage Potential HOs Mits, =0; B)ifs, =1
GNEP

Table 2 Variables of the three-stage model

Variables

First stage Sp 1if HO & take part in the coalition, O otherwise
se{o, 1} Vector of all s,

Second stage Xhid Volume projected by HO h for transport with carrier / to d
Xy € RiD Vector of all xp;4 for HO h
X e ]R_’I'!LD Vector of all xp,;4
Phid Rate for transportation from HO £ to d with carrier /
Pl e RfD Vector of all pp;4 for carrier /
P e RELD Vector of all ppjq

Third stage Yhid Volume transported by carrier [ to d on behalf of HO h
Y, e RS_LH)D Vector of all yp;4 for HO h
Y e RE(LH)D Vector of all y,14

3 Theoretical Results

In this section we collect the theoretical results on the games of each model stage.
Since the utility functions of HOs in the first-stage game are defined as a function of
the (variational) equilibrium of the third-stage game, which in turn depends on the
(variational) equilibrium of the second-stage game, we begin the analysis of equilibria
from the second-stage game, then move on to the third-stage game and finally analyze
the first-stage game.

3.1 Second-Stage Game

Since the set K> is compact and the map F> is continuous, V I (F;, K>) admits at least
one solution (see, e.g., [13]). A well-known sufficient condition for the uniqueness of
the solution is the strict monotonicity property of the operator entering the variational
inequality.

Definition 3.1 An operator F : R™ — R is said to be monotone iff
[F) = FOIT(x =) =0, Vx,y eR".
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Table 3 Parameters of the three-stage model

Parameters

rhi Relative risk that HO £ assigns to carrier /

a);f Relative importance of risk compared to cost for HO i

Mpg HO h’s volume of framework agreement for transport to d

G Maximum transportation volume for carrier /

cﬁl Unit transportation cost of each carrier for transport to d

a)[S Relative importance of customer satisfaction w.r.t. profit for carrier /
P Max price HO h is willing to pay for transport to d

Pr0O) Max price each HO in coalition O is willing to pay for transport to d
ug Urgency of distribution point d

oy Saturation parameter

ihd Relative importance of point d for HO h

a)fl‘ Relative importance of the activity signal w.r.t. the impact for HO i
By, Budget of HO i

C}I; Unit purchase cost of HO &

Kiq Capacity of carrier / for transportation to d

ng Needs of beneficiaries at d

pZ (L+1)d Price HO £ has to pay on spot market for transport to d

F is said to be strictly monotone if in the definition above the equality holds only for
X =y.

Theorem 3.1 For any vector s € {0, 1} defined in the first-stage game, the map F>
defined in (6) is linear and strictly monotone on R*LP_Therefore, the second-stage
game has a unique variational equilibrium (X*(s), P*(s)) for any s € {0, 1}.

Proof The first block of F, related to HOs is
— (Vxo Y UiX, P), Vx_oU-o(X. P))
icO
= (VX UI(X. P). .. Vi, Un (X, P))
= 2wk ) i
(phld + 2wy, Thi Xhid nid

while the second block related to carriers is
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— (VplUl(X, P).....Vp UL (X, P))

Za)l Mpg .
—Xnid + ——maxa Phid ifs, =0,
— (Pha”) hid

Za)l Mg

oy e ) i1

—Xnld +
hld

Hence, F; is a linear operator, which can be written as

X
Fz(X,P):A(P),

where A isa2HLD x 2H L D matrix. Since the terms pj;q Xn14 appear with opposite
signs in the utility functions of HOs and carriers, the symmetric part of A results to
be a diagonal matrix with positive entries, thus it is positive definite. Therefore, also
the matrix A is positive definite, the operator F is strictly monotone on R2#LP and
VI(F,, K») has a unique solution. ]

We now show that, under suitable assumptions on the model parameters, it is possible
to write the variational equilibrium (X*(s), P*(s)) in closed form. We start with a
preliminary result about the best-reply strategies of carriers.

Lemma 3.1 For any vector s € {0, 1} defined in the first-stage game, the best-reply
strategy of each carrierl = 1, ..., L tothe strategy X of HOs, i.e., the optimal solution
of problem (4), is

(P2 x4

min { pM™X max { ¢/, —4 "~ ifsp =0,

{phd ! d 205 Mag if

Phia = (PP (ON* X xita (10)

. icO .

min { p™*(0), max { ¢/, S ifsp =1,
d d 20)15 > Mg
ieO

foranyd =1, ..., D.

Proof 1t is easy to check that problem (4) is separable with respect to indices 4 and d.

Hence, forany d = 1, ..., D, carrier / must solve the problem
) Mpa 5 s '
max — —=(pnia)” + Phid Xnid + @] Mpa — ¢4 Xnia (Ila)
(phd )
subject to ¢ < puia < ppa>. (11b)

if s = 0, and the problem

a)ig Z M;q
icO
max ——o=— (pua) + Phia Y Xita +@f Y Mig —cly Y xia  (12a)
(pd ) ieO ieO ieO
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subject to ¢ < ppa < p7**(O), (12b)

if s, = 1. Since (11) and (12) are quadratic optimization problems of one variable
defined on a closed interval, it is easy to check that their optimal solution is given
by (10). O

Let us now consider the best-reply strategies of HOs.

Lemma 3.2 Suppose that parameters G, are sufficiently large for any carrier | =
1,..., L. Then, for any vector s € {0, 1} defined in the first-stage game, problem (2)
that has to be solved by each HO h with s, = 0 can be decomposed into the following

D optimization problems, one for eachd =1, ..., D:
L
max ) [—wf Pl Xinta = Phid xhld] (13a)
=1
L
subject to thld = Mpq, (13b)
=1
Xnid = 0, [=1,...,L, (13c)
and problem (3) that has to be collectively solved by HOs in the coalition can be
decomposed into the following D optimization problems, one for eachd =1, ..., D:
L
max Y Y- [—w,-R il Xijq = Pild xz'zd] (14a)
ieOl=1
L
subject to Z Z Xild = Z M4, (14b)
ieO =1 ieO
Xilg = 0, ieO,l=1,...,L. (l4c)

Proof If the capacities G, are large enough, then constraints (2c) can be deleted from
problem (2), that can thus be decomposed into the following D optimization problems:

L
max Z [_“’111e Pl Xiq = Phid Xth] (15a)
I=1
L
subject to thld > Mg, (15b)
=1
Xpid = 0, l=1,...,L. (15¢)

It is easy to check that constraint (15b) has to be satisfied as equality at the optimal
solution, thus the thesis is proved. A similar argument can be applied to decompose
problem (3). O
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Notice that (13) and (14) have the same special structure, i.e., they are quadratic
optimization problems where the objective function is the sum of quadratic functions
of one variable and the feasible region is a simplex. The following result provides a
simple procedure to find their optimal solution.

Lemma 3.3 Consider the following quadratic optimization problem

n

1
min Z <§ a; Zl-2 + b; Zi) (16a)

i=1

n
subject to Zzi =c, (16b)
i=1
zi >0, i=1,...,n, (16¢)
where ¢ > 0, a; > 0 foranyi = 1,...,n, and b; are supposed to be in non-
decreasing order, i.e., by < by < --- < by. Let by,41 = +oc. Then, the optimal

solution of problem (16) is

— b
B vi= ok
7= a; (I7)
0 Vi=k+1,...,n
where k € {1, ..., n} is the index such that
k b
c+ Yy —
i=14ai
Hi=— F 1 € (bi, bry1].
Z_
=1 ai

Proof Problem (16) is convex and admits a unique optimal solution z* since the objec-
tive function is strictly convex. Hence, z* is the unique solution of the corresponding
Karush-Kuhn-Tucker system:

a;zi +bi —pu—2x1 =0, i=1,...,n,
n

ZZi=C,

i=1

Xizi =0, z; >0, A >0, i=1,...,n,

where u and A; are the multiplier associated to constraints (16b) and (16c), respectively.
Let Iy :={i: zf > 0}and Iy = {i : z] = 0}. Notice that constraint (16b) implies

Iy #0.1fi € I, thenA; =0and 0 < z;k = (u — b;)/a;. Hence, u > b;. Moreover,

we have .
=Y i=%x= Y
i=

iely iely
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thus b
c+ Y =
iely @i
I,L =
1
2 —
iel, Qi
On the other hand, if i € Iy, then 0 < A; = b; — u, hence u < b;.
Since coefficients b; are in non-decreasing order, we have I, = {1,...,k} and
Ip ={k+1,...,n}, where k is the index such that u € (bx, br+1]. O

Lemma 3.3 guarantees that problem (16) can be solved by the following polynomial
time algorithm.
Algorithm for solving problem (16).

Step 0. Setk = 1.
Step 1. Compute
bi
c + —
a;

-

I,L:

Ql,_

k
Z
Step 2. If u € (bk, bx+1], then STOP (the optlmal solution is given by (17)) else
setk = k + 1 and go to step 1.
The following special case follows directly from Lemma 3.3.

Corollary 3.1 If problem (16) is defined with a; = a and b; = b foranyi =1, ...,n,
then the optimal solution is zf = c/n foranyi =1, ..., n.
The next result shows that, under suitable assumptions on the parameters, the unique
variational equilibrium of the second-stage game can be written in closed form.
Theorem 3.2 Suppose that the model parameters satisfy the following conditions:

a) G are sufficiently large for any carrierl =1, ..., L,
b) w,’f:waoranyhzl,...,H,
c)rm=rforanyh=1,..., Handl =1,...,L,

d) a)lS:a)Sforanylzl,...,L.

Then, for any vector s € {0, 1} defined in the first-stage game, the unique variational
equilibrium (X*(s), P*(s)) of the second-stage game is

M,
Dhd ifsp =0,
Xpia(s) = i Miq (18)
ieO ifsn=1,
L|O]
(Pi™? :
max =0
) B min { p"*, max {cd, Lot if sn , o
Phia(s) = (pP™X(0))2 (19)
min { p7**(0), max {c, &7 ifsp =1,
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foranyh=1,...,H, l=1,...,L,d=1,...,D.

Proof First, we remark that Lemma 3.2 implies that the second-stage game is a standard
NEP since there are no shared constraints between HOs. In order to prove the thesis,
we show that the HOs strategy X*(s) defined in (18) is the best-reply to the carriers
strategy P*(s) defined in (19), and vice versa.

Lemma 3.1 and assumption d) guarantee that P*(s) defined in (19) is the best-reply
strategy of each carrier to the HOs strategy X™*(s) defined in (18).

On the other hand, Lemma 3.2 and assumptions b), ¢) guarantee that each HO &
that does not take part in the coalition has to solve the following problems

max Z[ ok rxhld Pia(s) xhld] (20a)
L

subject 0 Y~ Xpia = Mia. (20b)
I=1

Xpid > 0, I=1,...,L, (20c)

forany d = 1,..., D. Since led(S) defined in (19) does not depend on the car-
rier [, problems (20) are of the same form as (16) in the special case considered in
Corollary 3.1. Therefore, the optimal solution of (20) is given by (18). Moreover,
Lemma 3.2 and assumptions b), c¢) guarantee that the HOs in the coalition have to
solve collectively the following problems

max ZZ[ ok rx Plzd(s)led] (21a)

ieO =1
L
subject to Z in,d = Z My, (21b)
ieO =1 icO
Xitd = 0, ie0,1=1,...,L, (2lc¢)

forany d = 1,..., D. Notice that the price pj;,(s) defined in (19), for HOs in the
coalition, does not depend on the HO i or the carrier /, hence also problems (21) are
of the same form as (16) in the special case considered in Corollary 3.1. Thus, the
optimal solution of (21) is given by (18).

Therefore, the strategy X*(s) defined in (18) is also the best-reply to the strategy
P*(s) defined in (19), thus the unique equilibrium of the second-stage game is given
by (18)—(19) O

The assumptions of Theorem 3.2 correspond to an ideal case, but allow the deriva-
tion of a closed-form solution, which can be useful to visually assess the sensitivity
of the solution with respect to changing the parameters.
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3.2 Third-Stage Game

In the next result we prove that the third-stage game has a unique variational equi-
librium for any coalition chosen by HOs in the first stage and it coincides with the
maximizer of the potential function. Moreover, we show that the total welfare com-
puted at the variational equilibrium of the third-stage game obtains its maximum value
when all HOs take part in the coalition at the first stage.

Theorem 3.3 The following statements hold:

a) Foranyvectors € {0, 1} defined in the first-stage game, the third-stage game has
a unique variational equilibrium Y *(s) that coincides with the optimal solution of
the problem

max W(Y) (22a)
subject to Y € K3. (22b)

b) If the model parameters satisfy the assumptions of Theorem 3.2, then
WI*(,..., 1) = W(X*s), Vselo 1} (23)

Proof a) Since each utility function Vj only depends on the variable Yj, we have
Vy, W) = Vy,Vy(¥y,) for any h = 1,..., H. Hence, the map F3(Y) =
—VW(Y). Moreover, each V}, is a strictly concave quadratic function, thus W is
strictly concave as well and the variational equilibrium coincides with the unique
maximizer of W over the set K3.

b) Let1 = (1,..., 1) be the vector representing the grand coalition H = {1, ..., H}
of all the HOs, s € {0, 1} any strategy vector chosen in the first-stage game and
O = {h : s, = 1} the corresponding coalition. It follows from a) that Y*(1) is the
optimal solution of the problem

max W(Y) (24a)
H L+1 D
LYY el + Pl ywia < Z By, (24b)
h=1I=1 d=1
l=1,...,L,
Z)’hld < ZX?{M(I), J=1 o (240
P — ..., D,
H
Il=1,...,L+1,
Z)’hld < Ky, di=1...D (24d)
H L+1
Zzyhzdind, d=1,...,D, (4e)

h=1I1=1

@ Springer



44 Page22of34 Journal of Optimization Theory and Applications (2025) 205:44

h=1,...,H,
Yhid = 0, I=1,...,L+1, (24f)
d=1,...,D,
while Y*(s) is the optimal solution of
m;lx W) (25a)
L+1 D
st Y Y e + Phia(s)] yna < Bn, h¢ O, (25b)
=1 d=1
h¢O,
Yhid < Xpyq(8), I=1,...,L, (25¢)
d=1,...,D,
L+1 D
Y02 D lek + Pina®lyma < ) B, (25d)
heO I=1 d=1 heO
I=1,...,L
k ’ ’ ’
Z)’hldi thld(s)v d=1.....D. (25e)
heO heO
H
I=1,...,L+1,
Z)’hld < Kia, i-1....D (25f)
h=1
H L+1

Zth[dfnd, d=1,...,D, (25g)

h=1I=1

o H
d=1,...,D.

Theorem 3.2 guarantees that, forany h = 1,...,H,[ =1,..., L+ 1andd =
1,..., D, we have

H M
S Mig Thd ifh ¢ O,

X, 1) = = and  xi,(s) = i My (26)
HL "EZO' itheoO.

Moreover, for any & € O the inequality

max H 2
Pha(1) = min ip‘dna"(H), max {c;, %} }

) max () 2
< min !pg“‘x((’)), max !cfi, %} } = pi1a(s) (27)
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holds forany/ =1,..., L+ 1andd =1, ..., D, while the inequality

deH 2
P;’sz(l)zmin{ X (1), max {Z %”

(pmaX)Z
< min { pj"*, max {c/, 51 oF = ppa(s) (28)

holds forany h ¢ O, =1,...,L+1landd =1,...,D
We denote

K1 = {Y e RHCHDD . congiraints (24b) — — (24 f) hold} :

K, = {Y e RETADD . onsiraints (255) — —(25h) hold}

the feasible regions of problems (24) and (25), respectively, and we prove that
K; C Kj.LetY € K, be arbitrary. Then, (25d) and (27) imply that

L+1 D
Z Z Z[Cf + PhiaW1Ynia
heO I=1 d=1
L+1 D
= Z Z Z[C;: + Ph1a () 1ynia < Z By,. (29)
heO I=1 d=1 he®

Moreover, (25b) and (28) imply that

L+1 D
Z Z Z [er + PivaD] ynia
hgO I=1 d=1
L+1 D
= Z ler + Phia(®)] yua < Z By,. (30)
hg¢O I=1 d=1 porc)

If we sum inequalities (29) and (30), we get Y satisfies (24b). If we sum inequali-
ties (25¢), for i ¢ O, and (25¢), we get from (26) the following chain of equalities
and inequalities:

> Mg )Y My
(9 i¢gO
thld = thld(s) + thld(s) e + i I
he® h¢O
Z Miq H

= = Z Xp1a (1),
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thus Y satisfies (24c) forany/ =1,...,Landd =1, ..., D. Since (24d)—(24f)
coincide with (25f)—(25h), we get Y € Kj, hence Ky C K7 and inequality (23) is
proved.

O

3.3 First-Stage Game

Theorem 3.3 shows that, under suitable assumptions on the parameters, the grand
coalition formed by all the HOs in the first stage is efficient from a social viewpoint
because it maximizes the total welfare at the variational equilibrium of the third-stage
game. On the other hand, the grand coalition might be unstable, that is the vector
(1, ..., 1) might be not a Nash equilibrium of the first-stage game (see Example 4.1)
since some HOs might prefer to exit the grand coalition to increase their utility function.
However, if the model parameters do not depend on the specific HO, then it is possible
to prove that the grand coalition is a Nash equilibrium, as the following result shows.

Theorem 3.4 Suppose that the model parameters satisfy the assumptions of Theo-
rem 3.2 and the following conditions:

a) o = «, a)ﬁ = w4, By =Bandc}’; =cP foranyh=1,...,H,
b) ipg = ig, Mpg = My and p;3* = p7™ foranyh =1,...,H,d=1,..., D.
Then, 1 = (1, ..., 1) is a Nash equilibrium of the first-stage game.

Proof Let i be an arbitrary HO and § the vector defined as

Sp =

- 1 ifh #1i,
0 ifth=i,
that represent the coalition O formed by all HOs except i.
The assumptions and Theorem 3.3 imply that the variational equilibrium Y*(1) is
the optimal solution of the following problem:

H L+1

D o
Z [—5 Ud Vg + Ud Ynia + @® ia yhld] (31a)

max
Y
h=1l=1 d=1
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H L+1 D
subjectto Y Y > [c? + piyg(D] yna < H B, (31b)
h=1 [=1 d=1
H H
. I=1,...,L,
Z)’hld < med(l), i=1.....D (31c)
h=1 h=1
H
I=1,...,L+1,
thldSsz, i-1....D (31d)
h=1
H L+1
YD vuia < na, d=1,...,D, @le)
h=1 [=1
h=1,...,H,
Yhid > 0, I=1,...,L+1, (31f)
d: 1? ’D7
where
H
ﬁmﬂ)=<§:Mm>KHL)=ﬂhﬂ‘ (32)
i=1
and
(p™)?
k 1 — : max’ I’ 33
Phia(1) = min { p;*°, max {cy LS (33)

hold forany h = 1,...,H,l = 1,..., L+ 1andd = 1,..., D. Notice that
the coefficients of variables yj;q, both in the objective function (31a) and con-
straints (31b)—(31f), do not depend on the indices /& and /, thus Y*(1) satisfy the
following condition

VgD = YD)

foranyh=1,...,H,l=1,...,L+1landd =1, ..., D. Hence, we have
H
Y v =Hyh(D), V=1, L+1,V¥d=1,..,0D.
h=1

Therefore, constraint (31b) implies
L+1 D
> le” + pigM1yjig() < B, VYh=1,....H, (34)

=1 d=1
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and constraint (31c) implies

Yh=1,...,H,
Via@ < x5, (1), vVi=1,...,L+1,
Vd=1,...,D.
Theorem 3.2 guarantees that
M
Ral ith=i,
x;:[d(f) = i Miq
€0 _Mi ey 4y
L|O| L ’
. , (pmax)? .
mdx, t’ fh — ~’
- min | p7*, max [Cd TS i i
Ppia\s) = max () 2
min { pF¥(0O), max {cé, %}} ifh#i.

Since p7**(0) = p7**, we get

Xp1a®) = x40 and  pry8) = pryg (D)

(35)

(36)

hold foranyh =1,...,H,[=1,...,L+1andd =1, ..., D. Therefore, (34)—(36)

guarantee that Y*(1) is a feasible solution of the problem

H L+1 D

o ) " ]
ma _
YX ZZZ[ zudyhld+udyhld+w Id Yhld
h=1I=1 d=1
L+l D
st Y Y [P+ pig® ] ywa < (H—1) B,
heO I=1 d=1
L+1 D
Z Z[CP + Piia(] yita < B,
I=1 d=1
§ I=1,...,L,
Z Yhid < Zx;fld(s), 1o L
heO he® yo.., D,
3 l=1,...,L,
Vita < x}3,4(5), 1= L
3 I=1,...,L+1,
Zthd < Kia, S .
h=1 s, D,
H L+l

Zzyhzdfnd, d=1,...,D,

h=1I1=1
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h=1,...,H,
Ynid = 0, I=1,...,L+1, (37h)
d=1,...,D.

Since problem (31) is a relaxation of problem (37) (see proof of Theorem 3.3), we get
Y*(1) is also optimal for (37), hence Y*(1) = Y*(5). Therefore, we have

T3 = ViY* () = V(Y ) = T (D),

that is HO i has no incentive to leave the grand coalition. Since the index i is arbitrary,
we proved that 1 is a Nash equilibrium of the first-stage game. O

4 Numerical Experiments

We now illustrate the model described in the previous sections with some numeri-
cal experiments. Two examples based on synthetic data are provided. The choice of
parameters was partially inspired by [9] concerning the order of magnitude. However,
we tried to vary some significant parameters such as HOs’ budget and carriers’ trans-
portation capacities in order to describe a somewhat realistic situation and differ from
our previous closed form results. Example 4.1 shows that the grand coalition is not a
Nash equilibrium in the coalition formation game, while it is in Example 4.2.

Example 4.1 We consider three HOs (H = 3), two carriers (L = 2) and two dis-
tribution points (D = 2). In the first phase, the three HOs wish to sign framework
agreements covering a volume of M1y = 500, My; = 1000, M34 = 2500 tons per
distribution point, respectively. The carriers want to limit the total volume signed to
G1 = 2000 and G, = 6000 tons, respectively. Assume that the transportation cost
¢!, = 0.2 k€/ton for each carrier and distribution point, while the reservation price
p;l“;" = 0.9 k€/ton for each HO, carrier and distribution point. Moreover, the relative
risk rp; = 1/ton for any HO /& and carrier [, the relative importance of risk compared
to costs w,’f = 0.2 k€/ton for any HO % and the relative importance of satisfaction
compared to profit a)ls = 0.4 k€/ton for any carrier /. In the second phase, the three
HOs have a budget B; = 1000, B, = 2000, B3 = 5000 k€, respectively. Each HO &
has a purchase price c}’: = 0.7 k€/ton, a saturation parameter «;, = 0.001/ton and a
relative importance of impact with respect to activity signal a);:‘ = 1 k€/ton. The two
carriers offer a transportation capacity K4 = 2000 and K»; = 6000 tons for each
distribution point, respectively. The spot market transportation cost pj 1+1,4 = 0.8
k€/ton for each HO & and distribution point d. Each distribution point d has needs
ng = 5000 tons, a relative urgency uy; = 1 k€/ton, and a relative importance ipg = 1
for any HO h.

For each possible coalition between HOs, given by the binary vector s, we numer-
ically computed the variational equilibrium (X*(s), P*(s)) of the second-stage game
and the variational equilibrium Y*(s) of the third-stage game. Since variational
inequality (5) to be solved has an affine and (strictly) monotone map and a polyhedral
feasible region, we reformulated it as an equivalent convex quadratic optimization
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problem (see [1]). Indeed, given a map F : R"” — R" and a closed convex set
K C R", the well-known gap function approach (see, e.g. [2, 21]) guarantees that a
vector z* € K solves the variational inequality VI(F, K), i.e.,

FEH'(y—2z)>0, Vyek,

if and only if z* is a minimizer of the gap function
8 =max [FO) =y y K]

over the set K with g(z*) = 0. If F is affine and monotone, i.e., F(z) = Pz + r,
where P € R"*" is a positive semidefinite matrix and r € R”, and K is a polyhedral
set,i.e.,, K = {y € R" : Ay < b}, where A € R"*" and b € R, then the duality
theory of linear programming allows us to rewrite the gap function as follows:

g =max {(Pz+1)T =y Ay <]
=z (Pz+7r) + myax {(—Pz - r)Ty DAy < b}

1
= 32" (P+ PNz +r 2 4 min {bT/\ cATA=—Pz—r. A> 0} .

Therefore, z* solves VI(F, K) if and only if there exists a vector A* € R such that
(z*, A*) is an optimal solution of the following convex quadratic optimization problem

1
min —z (P+P )z +r z+b A
(zA) 2

subjectto Pz + ATA4r=0,
Az < b,
A >0,

and its optimal value is equal to zero. The latter optimization problem and problem (22)
to be solved to find the variational equilibrium of the third-stage game were solved by
means of the MATLAB function quadprog from the optimization toolbox. Com-
putations were implemented in MATLAB R2024a and tested on an Apple M1 Max
running under macOS 15.0.

Table 4 shows, for any possible coalition between HOs, the values of the social
welfare W (Y*(s)) at the variational equilibrium, the total volume transported to all
the distribution points and the corresponding average need fulfillment, defined as

H L+1 D
Z Z Z y;f,d(s)
h=11=1 d=1

D

> nd

d=1
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Table 4 Social welfare at equilibrium, total volume transported to distribution points and corresponding
average need fulfillment for any possible coalition between HOs

Coalition Social Total Average

welfare volume need

at  equi- transported fulfillment

librium to distribu-

(k€) tion points

(tons)

None 10420.89 6030.52 60.31%
{1,2} 10353.11 6002.06 60.02%
{1, 3} 11112.03 6103.66 61.04%
{2, 3} 10885.54 6097.02 60.97%
{1,2,3} 11199.63 6122.01 61.22%

Table 5 Variational equilibria of the second-stage and third-stage games when no coalition between HOs
is formed

Second-stage game

x* *
hld Phig
Carrier 1 Carrier 2 Carrier 1 Carrier 2
d=1 d=2 d=1 d=2 d=1 d=2 d=1 d=2
HO 1 0 0 500 500 0.2000 0.2000 0.9000 0.9000
HO 2 125 125 875 875 0.2000 0.2000 0.8859 0.8859
HO3 875 875 1625 1625 0.3544 0.3544 0.6581 0.6581
Third-stage game
*
Yhid
Carrier 1 Carrier 2 Spot market
d=1 d=2 d=1 d=2 d=1 d=2
HO 1 0 0 103.95 103.95 222.45 222.45
HO 2 125 125 241.27 241.27 336.57 336.57
HO 3 875 875 627.17 627.17 483.76 483.76

The grand coalition involving all the HOs turns out to be the one both with the high-
est value of social welfare at equilibrium and the maximum total volume transported
to the distribution points. However, the grand coalition is not stable because it is not
a Nash equilibrium of the first-stage game. In fact, the following relations hold:

Ti(1,1,1) = 3733.21 > 1245.32 = T, (0, 1, 1),
To(1,1,1) = 3733.21 > 2718.58 = T»(1, 0, 1),
T5(1,1, 1) = 3733.21 < 6543.43 = T3(1, 1, 0),

that is the first two HOs would have no advantage in leaving the grand coalition, while
the third (which has a greater budget than the other two) would benefit from leaving.
For a more detailed analysis, Tables 5 and 6 report the variational equilibria of the
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Table 6 Variational equilibria of the second-stage and third-stage games when all the HOs are in the
coalition

Second-stage game

x* *
hld Phig
Carrier 1 Carrier 2 Carrier 1 Carrier 2
d=1 d=2 d=1 d=2 d=1 d=2 d=1 d=2
HO 1 333.33 333.33 1000 1000 0.2531 0.2531 0.7594 0.7594
HO 2 333.33 333.33 1000 1000 0.2531 0.2531 0.7594 0.7594
HO3 333.33 333.33 1000 1000 0.2531 0.2531 0.7594 0.7594
Third-stage game
*
Yhid
Carrier 1 Carrier 2 Spot market
d=1 d=2 d=1 d=2 d=1 d=2
HO 1 333.33 333.33 366.24 366.24 320.76 320.76
HO2 333.33 333.33 366.24 366.24 320.76 320.76
HO 3 333.33 333.33 366.24 366.24 320.76 320.76

second-stage and third-stage games in the case of empty coalition or grand coalition,
respectively.

In the case of an empty coalition (Table 5), in the first phase any HO negotiates with
each carrier independently: HO 3 (the largest one) is able to get good prices from both
carriers; HO 2 (the intermediate one) signs a framework agreements with carrier 1 at
the minimum rate for a small target volume while the price set by carrier 2 is close to
its maximum price; HO 1 (the smallest one) is not able to get a framework agreement
with carrier 1 and it is forced to pay the highest possible price to the carrier 2. In the
second phase, HO 2 and 3 ship with carrier 1 all the quantity previously decided in the
framework agreement; HO 1 and 2 prefer to use spot market over carrier 2 because
of the lower price, while HO 3 prefer carrier 2 to the spot market. The total volume
transported by the HOs to all the distribution points is about 6030 tons.

Instead, in the case of the grand coalition (Table 6), HOs collectively negotiate with
each carrier in the first phase: they get a very good price from carrier 1 (the smallest
one) and a price lower than the spot market price from carrier 2. In the second phase,
they take full advantage of the framework agreement with carrier 1 and ship a larger
volume with carrier 2 than the spot market. Overall, the total volume transported by
the HOs to all the distribution points is about 6122 tons.

In order to analyze which model parameters are most important and how to improve
the impact of disaster relief, we performed some numerical tests by varying the val-
ues of the transportation cost ¢/, purchase price c,’: , spot market transportation cost
Ph.L+1.d4, budget of HOs Bj, and transportation capacities G; and K4 of carriers.

Figure 3 shows how the reduction or increasing of the above parameters has an
impact on the average need fulfillment at equilibrium, for any possible coalition
between HOs. Results suggest that the reduction of transportation cost has no sig-
nificant impact, the reduction of the spot market price and the increase of capacity of
carrier has a limited impact, while the reduction of purchase price and the increase
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Table 7 Social welfare at equilibrium, total volume transported to distribution points and corresponding
average need fulfillment for any possible coalition between HOs for Example 4.2

Social welfare at Total volume transported Average need
Coalition equilibrium (k€) to distribution points (tons) fulfillment
none 4381.11 2352.16 23.52%
{1,2} 4294.46 2293.82 22.94%
{1,3} 5021.58 2716.34 27.16%
{2,3} 4775.41 2667.86 26.68%
{1,2,3} 5126.50 2743.56 27.44%

of budget of HOs have a major impact to improve the need fulfillment of distribution
points. Finally, notice that the coalition involving all HOs provides an average need
fulfillment always greater than the other coalitions.

Example 4.2 We consider the same situation described in Example 4.1 except each
HO £ has a budget B, = 1000 k€. Again, the grand coalition is the most efficient in
terms of social welfare and total volume transported, as shown in Table 7. Moreover,
contrary to Example 4.1, the grand coalition is also a Nash equilibrium of the first-stage
game. Indeed, we have

Ti(1,1,1) = 1708.83 > 1245.32 = T (0, 1, 1),
To(1,1,1) = 1708.83 > 1534.10 = T»(1, 0, 1),
T5(1,1,1) = 1708.83 > 1651.81 = T3(1, 1, 0),

i.e., no HO would have any advantage in leaving the grand coalition.

5 Conclusions

In this paper we considered a three-stage game theory model of supply chain in human-
itarian operations. In the first stage the humanitarian organizations (HOs) must decide
which coalition to form among themselves to negotiate framework agreements with
the carriers. This is a finite game where each HO has only two strategies: to enter into a
coalition with other HOs or not. In the second stage the actual negotiation takes place:
carriers and HOs are the players of a generalized Nash game whose solution are the
projected volumes of relief items and the associated transportation rates. Since the kind
of crises considered can be approximately foreseen, the negotiation stage takes place
a few years early. The variational equilibrium of the second-stage game is then used
as input data for the third-stage game, which describes the actual purchase and dis-
tribution of relief items. This latter game is potential GNEP with a unique variational
equilibrium. We proved that, under suitable assumption on the model parameters, it is
possible to write the variational equilibrium of the second-stage game in closed form
and the grand coalition between HOs formed in the first stage results to be the most
efficient in terms of social welfare computed at the equilibrium of the third stage.
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Moreover, under further assumptions on parameters, we proved the grand coalition is
stable, i.e., is a Nash equilibrium of the first-stage game. Some preliminary numeri-
cal experiments confirm our theoretical results. Humanitarian logistic models under
uncertainty have been described in [26]. Since the second stage is based on an esti-
mate of the needs that will be required when the crises actually unfolds, it could be
interesting, to further refine the model, to introduce some data via their probability
distributions, and solve the model within the theory of stochastic variational inequali-
ties (see, e.g. [22, 23]). Another possible future development may be the modeling of
the negotiation phase between HOs and carriers as a bilevel game in order to analyze
the advantages and disadvantages compared to a one-level game model.
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