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WEAK TYPE ESTIMATES FOR SPHERICAL MULTIPLIERS
ON NONCOMPACT SYMMETRIC SPACES

STEFANO MEDA AND MARIA VALLARINO

ABSTRACT. In this paper we prove sharp weak type 1 estimates for spheri-
cal Fourier multipliers on symmetric spaces of the noncompact type. This
complements earlier results of J.-Ph. Anker and A.D. Ionescu.

1. INTRODUCTION

A celebrated result of L. Hérmander [I7] states that if B is a translation invariant
bounded operator on L?(IR™) and the Fourier transform mp of its convolution kernel
satisfies the Mihlin type conditions

(1.1) ID'mp(e)| <C g™ veeR™\ {0}

for all multiindices T of length < [n/2] + 1, then B extends to an operator bounded
on LP(R™) for all p in (1, 00), and of weak type 1. The operator B is usually referred
to as the Fourier multiplier operator associated to the multiplier mpg.

J.-Ph. Anker [, 2] and A.D. Ionescu [19, 20] proved analogues of this result for
spherical multiplier operators in the setting of Riemannian symmetric spaces of
noncompact type. The starting point of our investigation is the observation that
these results do not apply to some important operators like the resolvent of the
Laplace—Beltrami operator on the symmetric space and, in the higher rank case,
its purely imaginary powers. We shall prove sharp weak type 1 estimates for a
comparatively wide class of spherical Fourier multiplier operators that include the
aforementioned operators. Our main result, Theorem [3.I0] below, is formulated in
terms of a new condition, which allows the multiplier to be unbounded.

Denote by G a noncompact semisimple Lie group with finite centre, by K a max-
imal compact subgroup of GG, and by X the symmetric space of the noncompact
type G/K. We denote by n and ¢ the dimension and the rank of X, respectively.
Denote by 6 a Cartan involution of the Lie algebra g of G, and write g = ¢ ® p
for the corresponding Cartan decomposition. Let a be a maximal abelian subspace
of p, and denote by a* its dual space and by af the complexification of a*. De-
note by X the set of (restricted) roots of (g,a); a choice for the set of positive
roots is written X, and a* denotes the corresponding Weyl chamber. The vector
p denotes (1/2) > cs+ Ma @, where m, is the multiplicity of a. We denote by
Y, the set of simple roots in ¥ and by X the set of indivisible positive roots.
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Denote by W the Weyl group of (G, K) and by W the interior of the convex hull
of the points {w - p : w € W}. Clearly W is an open convex polyhedron in a*.
Recall that the Killing form B(-,-) is a nondegenerate bilinear form on g that is
positive definite when restricted to a. This induces an inner product on a*, and
we denote by |-| the associated norm. Sometimes we shall use co-ordinates on a*.
When we do, we always refer to the co-ordinates associated to the orthonormal
basis €1,...,e¢0_1,p/ |p|, where e1,...,e¢_1 is any orthonormal basis of p*. In par-
ticular, for each multiindex I = (iy,...,4,), we denote by D’ the partial derivative
oMl yoi .. -8;2 with respect to these co-ordinates.

It is well known that (G, K) is a Gelfand pair, i.e. the convolution algebra
LY(K\G/K) of all K-bi-invariant functions in L'(G) is commutative. The spec-
trum of L'(K\G/K) is the closure T in af of the tube Ty = a*+iW. Denote by
fthe Gelfand transform (also referred to as the spherical Fourier transform, or the
Harish-Chandra transform in this setting) of the function f in L'(K\G/K). It is
known that fis a bounded continuous function on T, holomorphic in Ty and in-
variant under the Weyl group W. The Gelfand transform extends to K —bi-invariant
tempered distributions on G (see, for instance, [11], Ch. 6.1]).

For each ¢ in [1,00), denote by GBq(X ) the Banach algebra of all G invariant
bounded linear operators on L?(X), endowed with the operator norm. It is well
known that B is in “B>(X) if and only if there exists a K-bi-invariant tempered
distribution kg on G such that %B is a bounded Weyl invariant function on a* and

Bf =fxkp VfeL*X)

(see [1I, Prop. 1.7.1 and Ch. 6.1] for details). We call kg the kernel of B. We
denote its spherical Fourier transform %B by mp and call it the spherical multiplier
associated to B.

For the rest of the Introduction we assume that B is in “B%(X). Clearly if B
is in “B?(X) and is of weak type 1, then B is in “B9(X) for all ¢ in (1,00). As a
consequence of a well known result of J.L. Clerc and E.M. Stein [7], mp is a Weyl
invariant holomorphic function in Ty, bounded on closed subtubes thereof. Note,
however, that mp may be unbounded on Tyy. Indeed, denote by £ the Laplace—
Beltrami operator on X, and, for each complex number « such that 0 < Rea < 2,
consider the operator £7%/2 spectrally defined. Then £-%/2 is of weak type 1
[2, 3], and

Mmear(C) =QQ)™? V(e Tw

is unbounded near the vertices of the polygon 0 + ¢W, in particular near ip. Here
@ denotes the Gelfand transform of £ (see (2Z12) and (2I3) below). We emphasise
that a similar phenomenon cannot occur in the Euclidean case. Indeed, if B is
a translation invariant bounded operator on L?(R™), then the associated Fourier
multiplier mp is necessarily bounded on R™; i.e., on the spectrum of the convolution
algebra L'(R™).

Given a multiindex (I',4,) in N, where I’ is in N°~! and 4, is in N, denote by |I’|
the length of I’. For each x in [0,00) consider the following anisotropic condition
on the multiplier mp:

(12) [P ()] < c

- et| I’ o+ V¢ € Tw+,
min(|Q(<)|"‘+W+|1 72 |o(¢) et |)/2) w
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for all (I',i¢) with |I'| +4; < [n/2] +1 ([-] denotes the integer part function). The
set Tyw+ is defined in Section Recall that the derivatives DU i) are taken
with respect to special co-ordinates on a*.

Our main result, Theorem B.I0] states that if mp satisfies (L) and either « is
in [0,1), or x is 1 and B is a spectral multiplier of £, then B is of weak type 1, and
it is bounded on LP(X) for all p in (1, 00).

One of the points of strength of Theorem [B.I0l is that it allows mp to be un-
bounded on Tw. Indeed, if mp satisfies (I2)) and « is in (0, 1], then mp may be
unbounded in each neighbourhood of every point where Q) vanishes, in particular
in every neighbourhood of ip. To the best of our knowledge this is the first time
that such singular behaviour of the multiplier appears in the literature. Theo-
rem [3.10] (ii) is sharp, and it is strong enough to give the weak type 1 boundedness
of £7%/2 for all complex numbers o with 0 < Rea < 2. Note also that the weak
type 1 estimate for £7%/2 is derived in [2 3] from sharp estimates for the heat
kernel. It is unlikely that a similar strategy applies to more general multipliers.

To prove Theorem we observe that the kernel kg may be written as the
sum of a local part k%, which has compact support near the origin and satisfies
Hoérmander type integral conditions, and a part at infinity &%, which is bounded.
A standard procedure reduces the problem of proving weak type 1 estimates for the
convolution operator f + f k% to a similar problem where f is an L'(X) function
supported near the origin. Since k% satisfies a Hérmander type integral condition,
the weak type 1 estimate for f + f* k% follows from the general theory of singular
integrals on spaces of homogeneous type in the sense of Coifman and Weiss [8], 22].
To treat the convolution operator f +— f * k%, we first obtain pointwise estimates
of k% and then use a celebrated result of J.-O. Strémberg [23] to show that the
operator f — f x k% is indeed of weak type 1. To obtain pointwise estimates
for k¥ we use delicate asymptotic expansions for the spherical functions, due to
P.C. Trombi and V.S. Varadarajan [25], which have recently been used in [3] to
obtain sharp estimates for the heat kernel on X. An interesting consequence of the
anisotropy of (L2)) is that the pointwise estimates for k% are expressed in terms of
an anisotropic homogeneous norm on a.

It is worth observing that the proof of Theorem [B.I0] does not use the cancel-
lations that kg may have at infinity. This may appear surprising, but it is, in
fact, a natural consequence of Stromberg’s result, which has no Euclidean analogue
and which roughly says that if a bounded K-bi-invariant convolution kernel has a
certain prescribed decay at infinity, then the corresponding convolution operator is
of weak type 1. This is in striking contrast with the problem of LP(X) multipliers
considered by Ionescu [I8| [19], where cancellations of kp at infinity play a key role.
See below for more on this.

We now compare ([2)) with other conditions in the literature. Anker [I], fol-
lowing up earlier results of M. Taylor [24] and J. Cheeger, M. Gromov and Taylor
[6] for manifolds with bounded geometry, proved that if mp satisfies Mihlin type
conditions of the form

(1.3) ID"mp(O)] <C(1+1¢)" W eTw

for every multiindex I such that |I| < [n/2] 4+ 1, then the operator B is of weak
type 1. This extends previous results concerning special classes of symmetric spaces
[, 211, 4].
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Anker’s result was complemented by A. Carbonaro, G. Mauceri and Meda [5],
who showed that if mp satisfies (I.3]), then B is bounded from the Hardy space
H'(X) to L'(X) and from L*°(X) to the space BMO(X) of functions of bounded
mean oscillation on X (see [5] for the definition of these spaces). The space
BMO(X) has already been defined in the rank one case in [I], where an interesting
application to oscillatory multipliers is given.

Observe that \Q(C)\l/ % is equivalent to |¢| as ¢ tends to infinity within the tube
Tw. Therefore (I2) and (3] are equivalent conditions at infinity. However, they
are clearly nonequivalent in each neighbourhood of ip for every « in [0,1]. This is
reflected in the diverse behaviour of the corresponding kernels at infinity. In fact,
if mp satisfies (IL3), then k% is in L'(X), whereas this may fail if mp satisfies
([C2). Thus, compared to Theorem B.I0l these results are of a somewhat “local”
nature, because the problem of proving weak type estimates for B is reduced to the
analogous problem for the operator f — f x k%.

In this paper we prove another multiplier result, which may be formulated in
terms of a variant of a condition recently introduced by Ionescu [19, 20] to study
LP?(X) boundedness of spherical Fourier multipliers. For p in (1,2), define W, and
Tw, by W, = (2/p — 1) W and Tw, = a* +iW,, and the function d, : Tw, —
[0, 00) by

dy(& +in) = [|E + dist(n, W5)*]"? veeca® WneW,

Tonescu proved that if p is in (1,2) and mp satisfies the conditions

(1.4) |ID'mp(Q)| < Cdp(Q)7V V(¢ € Tw,

for every multiindex I such that |I| < N, where N is a sufficiently large integer,
then B is bounded on L4(X) for all ¢ in [p,p’]. Observe that the derivatives of mp
may be unbounded in every neighbourhood of each point in 0 +¢9W,. Note also
that, by the Clerc and Stein condition, if B is bounded on L?(X), then mp must
be bounded on Ty, .

The proof of this result hinges on an elegant transference result proved by Ionescu
in [19, 20], which is a sharp variant of Herz’s principe de majoration and reduces
the problem of finding estimates for the operator B on the symmetric space to
a similar problem for a related operator on a Euclidean space. To prove that
this transferred operator is bounded on L?, Ionescu shows that its kernel satisfies
Calderon—Zygmund type estimates. This forces the kernel of the original operator
B on the symmetric space to have cancellations at infinity.

In Section B we consider an extension of Ionescu’s condition (L4]). Define the
function d : Tw — [0, 00) by

1.5 d(€ +in) = [ + dist(n, W)2]"?  veea® WpeW.

(

We prove that if « is in [0,1), N is a sufficiently large integer, and mp satisfies
C

(1.6) |D'mp(¢)] < V¢ € Tw

min (d(¢)= 1, d(¢)!!1)
for every multiindex I such that |I| < N, then the operator B is of weak type 1.
Note that in the case where k = 0, condition (L) reduces to ([4) with Tw in
place of Ty, .

The proof of this result follows the strategy of the proof of Therem [B.I01 We just
observe that k% is not necessarily in L*(X). Thus, to prove weak type 1 estimates



MULTIPLIERS ON SYMMETRIC SPACES 2997

for the convolution operator f — fx* k%, we first obtain pointwise estimates of k%,
by routine adaptations of techniques developed by Ionescu in [20], and then use
[23] to show that the operator f +— f k% is indeed of weak type 1. It is worth
pointing out that our proof uses neither the aforementioned transference principle
of Tonescu nor cancellations of the kernel kp at infinity.

Observe that conditions (L6) and ([2) are equivalent at infinity, because both
d(¢) and \Q(C)\l/z are equivalent to |(| as ¢ tends to infinity within the tube Tyy.
If ¢ = 1, then conditions (0] and (LZ) are equivalent. However, if £ > 2, then
they are nonequivalent near 0 + i0W, and condition (L) is not satisfied by the
multiplier associated to £~%/2 for all complex a with 0 < Rear < 2 (see Remark B3]
for details).

Conditions similar to (L2)) on tubes Tw, may be considered, and corresponding
weak or strong type p estimates for spherical multipliers may be proved. To keep
the length of this paper reasonable we shall postpone the detailed study of operators
satisfying these conditions to a forthcoming paper.

Our paper is organised as follows. Section [2] contains some notation and termi-
nology, and also some preliminary results. In Section [3] we define certain function
spaces that appear in the statement of our main result and state Theorem[B.10l Sec-
tions @] and Bl are quite technical. In Section [4] we discuss weak type 1 estimates for
two families of convolution operators (see formula ([@I])), which are relevant in the
proof of Theorem 310l Section [B]is devoted to estimating the kernel kg when mpg
satisfies (LZ). The proof of Theorem B0 hinges on the results of Sections M and Bl
and is given in Section

We will use the “variable constant convention”, and denote by C, possibly with
sub- or superscripts, a constant that may vary from place to place and may depend
on any factor quantified (implicitly or explicitly) before its occurrence, but not on
factors quantified afterwards.

2. NOTATION AND BACKGROUND MATERIAL

We use the standard notation of the theory of Lie groups and symmetric spaces,
as in the books of Helgason [14] [I5]. We shall also refer to the book [I1] and to the
paper [3].

In addition to the notation above, denote by n the subalgebra ) . ga of g.
By N, N, A, and K we denote the subgroups of G corresponding to n, én, a, and
£, respectively, and we write G = KAN and G = NAK for the associated Iwasawa
decompositions. Given A in a*, define H) to be the unique element in a such that

B(Hy), H) = X(H) VH € a,
and then an inner product (-,-) on a* by the rule
<>\,)\,>:B(H)\,H>\/) V)\,)\IEG*.

We abuse the notation and denote by |-| both the norms associated to the inner
products (-,-) on a* and B(-,-) on a. The inner product (-,-) on a* extends to a
bilinear form, also denoted (-,-), on af. For any R in R™ define

(2.1) Br={Aea": A\ <R}

The ball B, will occur frequently in the analysis of functions of the Laplace-
Beltrami operator. For notational convenience, we shall write B instead of B,
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If H is in a, we write (Hy, ..., Hy) for the vector of its co-ordinates with respect
to the dual basis of the basis €1,...,e¢-1,p/ |p| of a* defined in the Introduction.
Observe that the last vector of this dual basis is H,/|H,|. Sometimes we shall
write H' instead of (Hy,...,Hy_1). Define N': a — R by

(2.2) N(H' Hy) = (H'[* + H2)

Note that N is homogeneous with respect to the dilations (H', Hy) — (¢ H',e* Hy)
and that the homogeneous dimension of a, endowed with the (quasi) metric induced
by N, is £ + 1. Suppose that R is in R™. Define

(2.3) br={H €a:N(H' ,Hy) < R}.

Define the parabolic region p in a by

(2.4) p={Heca:|H|<H}

Define the functions w : a = R and w* : a* — R by

(252([{) = o{IeuErt, a(H) VH €a and w*(\) = grenzns (o, A) VA € a”.

Furthermore for each ¢ in RT, define the subset s, of at by
(2.6) sce={Heca:0<w(H)<c}

Denote by (a*)+ the interior of the fundamental domain of the action of the Weyl
group W that contains p. For any subset E of a* denote by Tg the tube over E,
i.e., the set a* + ¢E in the complexified space ag, and by T its closure in af. For
each t in R we denote by E! the set

(2.7) E'={\€E: w*(\) > t}.

Note that if F is open, then E° is the interior of (a*)+ N E. For simplicity, we shall
write ET instead of (a*)*t N E. Notice that W is neither open nor closed in a*,
whereas for each ¢ in R~ the set W is an open neighbourhood of W+ that contains
the origin. Thus, T\ is a neighbourhood of Ty + in ai that contains a* + 0.

We write dz for a Haar measure on GG, and we let dk be the Haar measure
on K of total mass one. We identify functions on the symmetric space X with
right—K—invariant functions on G, in the usual way. If E(G) denotes a space of
functions on G, we define E(K\X) and E(X) to be the closed subspaces of E(G)
of the K—bi-invariant and the right—K—invariant functions, respectively. The Haar

measure of G induces a G—invariant measure dz on X for which

[ r@ = [ f@a vrec.
X G
where £ = K. We recall that

/Gf(:c)dx:/K/c[+/Kf(k1(epo)k2) §(H) dky dH dks,

where dH denotes a suitable nonzero multiple of the Lebesgue measure on a, and
§(H) = ][ sinh™ (a(H)) < Ce*™) VH € a®.
aext

For any a in A we denote by log a the element H in a such that exp H = a. For any
x in G, we denote by H(z) the unique element of a such that x is in K exp H(z)N.
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Thus, H(kan) = loga. For any A in af, the elementary spherical function ¢, is
defined by the rule

oa(z) = / exp[(i\ — p)H (zk)] dk Vo e G.
K
The spherical transform f, also denoted by Hf, of an L'(G)-function f is defined
by
f\) = / f@)p_x(z)dz  VYAea’
G

Harish-Chandra’s inversion formula and Plancherel’s formula state that
f@ = [ Fe@duy)  veeo
o

for “nice” K-bi-invariant functions f on G, and

o, 1/2
Il = [ 7P qun| v e 226/,

where dp(\) = ¢, |c(A)| "2 dX and ¢ denotes the Harish-Chandra c-function. For
the details, see, for instance, [14, IV.7]. Sometimes we shall write H~! for the
inverse Fourier transform. The Harish-Chandra c-function is given by

cW) = I calle, X)),
aEZJ
where each Plancherel factor ¢, is given by an explicit formula involving several
I-functions [I4, Thm 6.14]. It is well known that
(2.8) (N2 <O+ )T T <o+ )"

where d, = dimg, + dimgs,. We denote by € the function ¢(\) = c¢(—A\) which is
holomorphic in Tw: for some negative ¢ and satisfies the following estimate:

@M< [ (+ih===""<c+1c)"” W eTwe.

acsy

This, the analyticity of (€)~! on Tw:, and Cauchy’s integral formula imply that
for every multiindex I

(29) DT <C+I) " Ve T

Now, we describe the various faces of at which are in one-to-one correspondence
with the nontrivial subsets F' of X5. We denote by (X )" the positive root subsys-
tem generated by F and by (¥g)§ the positive indivisible roots in (¥r)*. Then
we may write

a=ap®al, a* =ah @ (a*)F, n=np®dn’ and N = NpNF,
where ar is the subspace generated by the vectors {H, : a € F}, af’ denotes its
orthogonal complement in a, a% is the subspace of a* generated by F, (a*)" denotes
its orthogonal complement in a*, np = EBQG(EF)Jr g and nf’ = @a62+\(2F)+ da-

The face (a”)* of at attached to F is
(@) ={Hea:a(H)>0 Vacx,\F}.
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We shall write H = Hp + HF and A = A\p + \F according to the decompositions
a=ar®al” and a* = a% @ (a*)F, respectively. In particular, p = pr+ p’. Observe
that £ = £ +0F, where £ and ¢ denote the dimensions of ar and a”’, respectively.

We denote by A the lattice Zaezs Na. Observe that A = Ap + AF, where
Ap =3 cpNaand AF = >aes\r Ne, and

c=cpcl,

where
cr(N) = H ca({a, A)) and cf'(\) = H ca({ay A)).
ac(zp)d a€Si\(Zr)g
We shall often use the following estimates:
ler(NI7 < € (14 Al e ™,
(2.10)
[D{e") ] £ € (1+ A Feed ot %

and for every multiindex I
(2.11) eV | DEED) T < C (14 )"

We denote by Pr the normalizer of N¥" in G} it has the Langlands decomposition
Pr = Mp(expal )N where Mg and M¥ = Mp(expal’) are closed subgroups of
G. We denote by w*F" and w} the functions defined by

*xF . * . *
A) = A d A) = A VA € a*.
w* () aé’%lﬁpw’ ) an wp(A) = min (a, A) €a

The height of an element ¢ = 3 .. naa in A is defined by [g] = >_ o5 7a. The
asymptotic expansion of the spherical functions along the walls of the Weyl chamber
is due to Trombi and Varadarajan [25, Thm 2.11.2] (see also [II, Thm 5.9.4]). For
the reader’s convenience we state the following variant of [25, Thm 2.11.2], due to
Anker and Ji [3, Theorem 2.2.8].

Theorem 2.1. Suppose that X is a symmetric space of the noncompact type. Sup-
pose that F' is a nontrivial subset of X, that X is reqular and that H is in at with
Wl (H) > 0. We have an asymptotic expansion

palexp H) ~ e ? ) N™ 0 N eFw Nk (exp H),
qEAF weWF\W
where
(i) gof)o is the spherical function of index A on M¥ = Mp expalf” and

N\ F
eho(@) =oh. (y) e M) Vo =yexpH € Mpexpa®;

(i) <pf\iq are bi-K p-invariant C* functions in the variable x € M* and Wp-
invariant holomorphic functions in the variable A in the region

A=Ar+ A €al: [ImAp| < ¢, wF(Im M) > —c},
for some small positive c; moreover,

ol (@) = o (1) eP=PUD i = yexp H € My expal;
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(iii) for every q in AT there ewists a constant d > 0, and for every positive c
there exists a constant C > 0 such that

[P.qlexp H)| < €t 1Pl (14 X} e~ tim)prtal (D

for all X in a* +i((a*)F)* and for all H in a*;
(iv) for every positive integer N there exists a constant d > 0, and for every
positive ¢ there exists a constant C > 0 such that

F
[oxtexp H) =" 0D SN (we A gl (exp H)
qEAT | |g|<N weWp\W

< C(1+ ) (1 + [H|) e Pt =N
for W' (H) > c.

Denote by 3(F) the centraliser of a” in g, by gF its derived algebra [3(F),3(F)],
and by ¢ the algebra €N gr. Then gg is semisimple. Denote by G and Kp
the connected Lie groups corresponding to the algebras gr and £rp. Then Kp
is a maximal compact subgroup of Gp, and Gr/KF is a symmetric space of the
noncompact type and real rank |F|, also denoted by X (see [12, pp. 16-20] and the
references therein). The restriction to exp ap of the elementary spherical function
gpfF coincides with the restriction to exp ag of the elementary spherical function
on the symmetric space X associated to Ag.

Denote by £y minus the Laplace—Beltrami operator on X associated to the metric
given by the Killing form on g: £y is a symmetric operator on C2°(X) (the space
of smooth complex-valued functions on X with compact support). Its closure is a
self-adjoint operator on L?(X) that we denote by £. It is known that the bottom
of the L?(X) spectrum of £ is (p, p). Note that

(2.12) Lox=QN)pr  VA€Eag,
where @ is the quadratic function on af defined by
(2.13) QW) =(C. Q) +{p,p)  V(Eat.

The operator £ generates a symmetric diffusion semigroup {H*}s~ on X. For ¢ in
R*, denote by h; the heat kernel at time t, i.e.,

(2.14) hy(x) = / * e WM oy (x) du())  VzeG.

3. STATEMENT OF THE MAIN RESULT

In this section we define some Banach spaces of holomorphic functions that are
relevant for our analysis of spherical multipliers and study their relationships. Then
we state our main result.

The following definition is motivated by the main result in [I9] 20].

Definition 3.1. Suppose that J is a nonnegative integer and that x is in [0, 00).

We denote by H(Tw; J, k) the space of all holomorphic functions m in Tw such

that Hm”H(Tan) < oo, where ||m|\ﬁ(Tw_JN) is the infimum of all constants C
such that

c
(3.1) |D'm(¢)] < V¢eTw VI:|I|<J,

= min(d(Q)= 71, d(¢)1)
and d is defined in (3.
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The following result complements the work of Tonescu [19, 20]. Recall that n
and ¢ denote the dimension and the rank of X, respectively.

Theorem 3.2. Assume that x is in [0,1). Suppose that B is an operator in GBQ(X)
and that mp is in H(Tw;[n/2] +¢/2+1,K). Then B estends to an operator of
weak type 1.

Proof. The proof of this theorem is rather long and technical. The estimates of
the kernel kp may be obtained by following the lines of the proof of the main
result in [20]. The result will then follow from Stromberg’s theorem. We omit the
details. (]

Remark 3.3. Note (see [19]) that if £ = 1 and x = 0, then Theorem applies to
the multiplier myi., when u is real. However, if £ > 2, then the multiplier m i
does not belong to H(Tw; J, k) for any « in [0, 1]. We prove this in the case where
Kk =0.

Indeed, suppose that Re(() is small. A straightforward computation shows that

(32) Q) [Omen (Q) =2 ful d(Q) L e CO e e Ty,

1Q(C)]
Here ¢ = (¢1,.--,¢), and (1, ..., are the co-ordinates described in the Introduc-
tion. We show that if £ > 2, then the right hand side cannot possibly stay bounded
when ¢ tends to ip in Tw. Write ¢ = & + in, where ¢ is in a* and 7 is in W.
Suppose that £ # 0, and let  tend to p within W. By continuity, the right hand
side of (3.2 tends to

- +1i —u ar, %
2 Jul d(& +ip) 7’5& +Zz.pp|)’ e~uarg QE+in),

Now, d({+ip) = || and Q(E+ip) = €12 4-2i (£, p). Therefore, if £ is orthogonal to
p, then the right hand side of (32) becomes 2 [u| || |p|/|€|°, which tends to infinity
when ¢ tends to 0, as required.

Motivated by this observation we first look for Mihlin type conditions satisfied
by multipliers of the form M o @, where M is a complex-valued function defined
on a suitable parabolic region in the complex plane (see Proposition below).
Multipliers of this form correspond to functions of the Laplace—Beltrami operator,
in the sense that M o( is the spherical Fourier multiplier associated to the operator
M(L). Note that these multipliers are holomorphic in the tube Tg. In the higher
rank case most spherical multipliers are not of the form M o ), and, in general, do
not extend to holomorphic functions in a region larger than Ty . We then introduce
new Mihlin type conditions for general spherical multipliers holomorphic in Ty (see
Definition B7] below). Finally we state our main result, Theorem

Denote by P the parabolic region in the plane defined by

P = {(z,y) e R?: y* <4(p,p) z}.

Note that P is the image of Tw under Q. If M (L) is in “B(X) for all ¢ in
(1, 00), then its spherical multiplier M o (@ is holomorphic in Ty by the Clerc—Stein
condition, and M is holomorphic in P. This partially motivates the definition
below.
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Definition 3.4. Suppose that J is a nonnegative integer and that  is in [0, 00).
Denote by $(P;J, k) the space of all holomorphic functions M in P such that
| M| s(p;g,0) < 00, where || M||g(p, s, is the infimum of all constants C' such that

c
" 12)

}M<j>(z)‘< V:eP Vje{01,...,J}

~ min(|z|
Clearly for each 3 such that Re3 > 0 the function z + 27 is in $(P;.J,Re )
for all J > 0. Note that if M is holomorphic in P, then M o @ is, in fact, Weyl

invariant and holomorphic in Tg. In Proposition below we prove that if M is
in H(P; J, k), then M o @ is in the space H(Tg; J, k), which we now define.

Definition 3.5. Suppose that J is a positive integer, & is in [0, 00), and assume
that E is a convex neighbourhood of the origin in a*. Denote by H(Tg; J, k) the
space of all holomorphic functions m in Tg for which ||m||g(rg;sx) < o0, where
1| & (Tg;.0,) 18 the infimum of all constants C' such that

C
D'm <
S e RN TG

See Section [ for the definition of E*.

V€T VI:|I|<J.

In the rest of the paper we shall consider spaces H(Tg; J, k) when E is either B
or B! for some t in R™.

Proposition 3.6. Suppose that J is a nonnegative integer and that k is in [0, 00).
Then there exists a constant C' such that

Mo Qllargsm < ClIMgw@uxy VM € H(P;J, k).

Proof. Suppose that [ is a multiindex. A straightforward induction argument shows
that there exist constants cp such that

(3.3) D'(Mo@)(¢)= Y cp2PMUITTIPN(QQ) V¢ € Tpe.
0<P<I/2
Observe that if ¢ is bounded, then so is |Q(({)|. Since M is in H(P; J, k),
D' 0 @)Q| < CIMIs@n DS 1 Qo

0<P<I/2
— k= |T|+|P|
<CIMlg@um >, QO
0<P<I/2
—k—|I .
< C M |gpum QO weB+iBT.

If, instead, ¢ € (a* \B) +iB™T, then |Q(¢)] > C |C|2 for some positive constant C.
Hence

DM QO] < ClIMIsmun Y- KM QT

0<P<I/2
—|11/2 . ‘
< C Mg |QQ)] e v¢ e (a*\B) +iB*.

Thus, M oQ is in H(Tg; J,x) and | M o Q| r(1g;5x) < ClIM | 6Py, as required.
O
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As mentioned before, in the higher rank case most spherical multipliers are not
of the form M o Q) with M holomorphic in P, and, in general do not extend to holo-
morphic functions in a region larger than Tyy. We would like to prove a result which
applies, for instance, to multipliers of the form m (M oQ), where M is in H(P; J, k),
and m is holomorphic and bounded in Ty and satisfies estimates (IL3). To intro-
duce the appropriate function space we need more notation. For every multiindex
I = (iy,i2,...,i¢) we shall denote by D! the differential operator 68 822 . -~822,
where ¢ = ¢ +in, € and 7 are in a*, (; = &; +in;, and (&1,...,&) and (m1,..., M)
are the co-ordinates of £ and n with respect to the basis e1,...,e¢_1, p/ |p|, defined
in the Introduction.

Definition 3.7. Suppose that J is a positive integer and that x is in [0, 00), and
assume that E is a convex neighbourhood of the origin in a*. Denote by H'(Tg; J, &)
the space of all holomorphic functions m in Tg for which ||m|| g (1g;7,.) < 0o, where
||| &7 (7g;0,%) is the infimum of all constants C' such that

! ie C
D mO < QT g

for all multiindices (I’,4,) for which |I'| 4+ i, < J.

\VIC S TE*

In the rest of the paper we shall consider spaces H'(Tg; J, k), where E is either
W or W' for some ¢t in R™. Observe that the functions in H'(Tw:;J, k) satisfy
on Ty+ the same estimates that the functions in H'(Tw; J, k) satisfy, but they
need not be holomorphic in the whole tube Tyy. A similar observation applies to
functions in the spaces H(Tg; J, k) and H(Tg:; J, k) defined above.

Remark 3.8. Suppose that m is in H'(Tyw; J, £) and that the function & — m(€+ip)
is smooth on a* \ {0}. By a continuity argument for each multiindex (I’,i,) with
|I'| + ¢ < J the function m satisfies

[ -
min(|Q(€ + ip) " T2 Q¢ + i) T/

for all £ in a* \ {0}. Note that min(\Q(C)fHH\I’Vz ) |Q((j)\(”+|1/‘)/2) is equal to
QO 12 i (¢ is small and to [Q(¢)| D/ if |¢| is large. Furthermore,

QU +ip)| = [I€* +2i (&.p)|.

(3.4)  [DTOme+ip)| <

Thus,
N |€\2 if £ is either large, or small and & L p,
|Q(€+Zp)|’\{ |€]  if € =cp for c € RT small.
Then, from [34) we deduce that
. Il ey 117177 s Targe,
D& + )| < 3 mll g irgse) 117D it e = p for ¢ € R smal,
1l (g 16172 HD it ¢ s small and € L .
In particular, if kK = 0, then the function m(- + ip) satisfies a standard Mihlin—

Hormander condition of order J at infinity on a* and an anisotropic Mihlin—
Hoérmander condition of order J near the origin. A similar anisotropy was noticed



MULTIPLIERS ON SYMMETRIC SPACES 3005

in [9, Thm 1 (vii) and (ix)] in connection with the kernel of the (modified) Poisson
semigroup.

In the next proposition we prove that if M € H(P; J, k), then the restriction of
M o @ to Tw belongs to H' (Tw; J, k). A straightforward calculation then implies
that if m is holomorphic and bounded in Tw and satisfies estimates ([3)), then the
product m (M o Q) is in H' (Tw; J, k).

We need the following notation. For each ¢ in R define the cone T', by

(3.5) T.={Heca:|H|<cH).

Since H, is in a™, there exists ¢ such that T, C at. It is well known (see [13|
Lemma 34] or [I5, Ch. VII, Lemma 2.20 (iv)]) that the dual Weyl chamber *a
contains a™. Then the dual cone T’y /e, contains *a. Choose ¢; > 1/co: note that

(3.6) I, ca® ctacly, cT..

Proposition 3.9. Suppose that J is a nonnegative integer, and that k is in [0, 00).
Then there exists a constant C' such that

1M o Qlla (Tw;sr) < C|M||5p;,x) VM € H(P; J, k).

Proof. By arguing as in the proof of Proposition B.6, we see that there exists a
constant C such that

X —(ig+|I'|)/2
(37) DM 0 Q)(Q)] < C 1M llage. (@)
for all ¢ in (a* \ B) + iW™. We claim that there exists a constant C' such that

(3.8) 1< CIQ)M? W eB+iW®.

Given the claim, we indicate how to conclude the proof of the proposition. Write
I for the multiindex (I’,4,). Note that (B3], the assumption M € H(P; J, x) and
B3) imply that there exists a constant C' such that

DU (M 0 Q)(¢)|

o—2 r'|—2|p’ —r—ig—|I'|+|P
<C ||MH5(P;J,n) Z |C1|(w De) |C/|| | | | ’Q(C)’ e | | ‘
0<P<I/2

<CIMls@um Y, |Q(C)\|I’|/27|P'| |Q(g)|*“*i@*|f'|+lP\

0<P<I/2
—h—ie—|I']/2 .
< CIM || |QEO) I/ V¢ eEB+iWT.

The required conclusion follows directly from this estimate and ([B.71).

It remains to prove the claim. We abuse the notation and denote by I';, the cone
{(NV, ) € a* 1 |[N| < 1 A} By [14, Lemma 8.3) W = (a*)™ N (p— " (a*)), where
*(a*) denotes the dual cone of (a*)*. Recall that *(a*) C T, (see (3.6])), so that
W C (a*)"N(p—T¢,). Suppose that c is a number such that (¢ —1)/(cf+1) <
c<1. Set V={nn):clpl <ne<lpl,|7| <e1(lp]| —m)} If cis sufficiently
close to 1, then V C (a*)T.

Observe that ([B.8) is obvious when ( is in B + (W™ \ V). Indeed, both sides
of [B.8) are continuous functions of ¢, and ¢ stays at a positive distance from ip,
which is the unique point in Tw+ where @ vanishes.
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Now suppose that ¢ is in B + (W™ NV), and write ¢ = £ + in. Note that

QO)I” = (€7 + lof* — [n[*)* + 41¢, m)I”
> (|€* + 1ol — ")

Furthermore,
ol = Inl* = [p|* =t = I’
> pl* = nt = A (lpl = m)?
= (lpl =m) (Ipl +m — & |p| + cim)
> ol (Iol =m) [ = cf +c(1+cD)].

Since ¢ has been chosen so that 1 —¢? + ¢ (1 +¢%) > 1,
2 2
lol™ = Inl” = (Il =m) lpl = % ']
Therefore,

4 2 4

QP = C (e +1n)* = C (g + 1) = C IS
This completes the proof of the claim (B8] and of the proposition. O
Now we state our main result. Its proof is deferred to Section Given B in

“B*(X), we denote by IBll1:1,00 the quasi-norm of B qua operator from L!(X) to
LY (X).

Theorem 3.10. Denote by J the integer [n/2] + 1. The following hold:

(i) if & isin [0,1), then there exists a constant C' such that for all B in “B*(X)
for which mp is in H' (Tw; J, k),

I1Bll1;1,00 < Climala (rwsam;
(i) there exists a constant C such that

ML) 1100 < ClIM g1y VM € H(P;J,1).

Remark 3.11. The proof of Theorem B.I0] will show that in the case where £ > 1
the anisotropic behaviour of the multiplier mp near the point ip (see Remark 3.8
above) implies an anisotropic behaviour of the kernel kp at infinity. In fact, the
bounds of kg we shall obtain are expressed, in Cartan co-ordinates, in terms of an
anisotropic homogeneous “norm” on a.

Remark 3.12. Observe that Theorem B0 (ii) applies to L£7%/2 when 0 < Rea < 2
(hence we re-obtain Anker’s result [2]) and that it is sharp, in the sense that for
each x > 1 the function z — 27 is in $H(P;J, k) but £L7* is not of weak type 1.
We also remark that if M is in $(P;J, k) for some « in [0, 1), then, a fortiori, M
is in $H(P; J, 1), hence (ii) applies to M.

Remark 3.13. We do not know whether (i) holds with x = 1. Moreover, if M is in
H(P; J,1), then mps e is in H'(Tw; J, 1) by Proposition B9 Thus, for functions
of the Laplace-Beltrami operator £, condition (i) is weaker than (ii).
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4. WEAK TYPE ESTIMATES FOR CERTAIN CONVOLUTION OPERATORS

Suppose that € € R and consider the K—-bi-invariant functions 7{ and 75 on G,
defined by

7 (exp H) = e~ P IolHI (1 4 p(pry)1=0/27
75 (exp H) = o200 (1 4 N(H)) ' ™°

The homogeneous norm N is defined in (Z2)). We denote by 7§ and T5 the convo-
lution operators f +— f* 77 and f +— f % 75, respectively. In this section we study
the weak type 1 boundedness of the operators 77 and T5.

(4.1) VH € at.

Proposition 4.1. Suppose that € is in R. The following hold:
(i) the operator Tf is of weak type 1 if and only if € > 0;
(ii) #f £ > 1, then the operator T5 is of weak type 1 if and only if ¢ > 0. If
0 =1, then T5 is of weak type 1 if and only if € > 0.

Proof. Tt is straightforward to check that the result stated in [23] Remark 2, p. 125]
applies to 7f when € > 0, and to 75 when either ¢ > 0 and £ = 1 or ¢ > 0 and
¢ > 2. This proves the weak type 1 estimate for 7} when ¢ > 0, and for 75 when
either e >0 and £ =1, or e > 0 and £ > 2. A self-contained proof of these results
that does not use [23], Remark 2, p. 125] (Stromberg does not provide a proof for
his statement) may be found in a preliminary version of this paper on the arXiv.

To conclude the proof of (i) it remains to show that 77 is not of weak type 1
when ¢ < 0. By a standard argument, it suffices to prove that the corresponding
kernel 7{ is not in LY*°(X). We give the details in the case where ¢ > 2. Those in
the case where ¢ = 1 are easier and are omitted. Observe that

ri(expH) = e 2 U(H)  VH € at,

where U(H) = er(H)—lel 1] (1+p(H))(14)/27€. Write H = (H', Hy) and recall that
p(H) = |p| Hy. A straightforward computation shows that

|H'|)?
p(H) — |p| [H| = —|p|
He+\/H} + |H')?
|H'|)?
> — .
> =l =,

Now, if H is in p (see ([24))), then |H’|2 /Hy < 1, so that there exists a positive
constant ¢ such that

UH)>c(1+H)"*°  vHep.

For each t in RT, define E; = {kjexp(H)ks € Kexp(a™)K : 75(exp H) > t}. Set
h :=inf{H, € RT : (H',Hy) € a* N p}, and denote by s; the unique point in R*
such that

(4.2)

e2lplst
(14 s¢)(1-0/2-<
Denote by |E;| the Haar measure of E;. Note that

= (ct)™L.

e 2lpl He
|Et‘ > ‘{kl eXp(Hlva) k2 € Kexp(tﬁ N p) K: C(l + H[)(l—l)/2+s > t}‘

> [{kiexp(H',Hy) ks € Kexp(at Np) K : h < Hy < 5. }|.
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It is straightforward to check that this measure is estimated from below by a con-
stant times [, s(=1/2 2lrls 4. By ([@2) s, tends to oo as t tends to 0F. Integration

(=172 2l

by parts shows that the integral above is comparable to s 5t as t tends

to 0F. Thus, there exists a positive constant C such that
(Bl > O T2 el > ot

Hence sup,.(t|E:|) = oo, so that 7§ ¢ L*°(X) if ¢ < 0. The proof of (i) is
complete.

Next we prove the negative results in (ii). Suppose first that £ = 1. Then

7i (exp H) = e 2D (14 |p| H)™*
- VH € at.
m5(expH) = e ) (1 4+ VH)~*

It is straightforward to check that there exist positive constants C7 and Cs such
that

o 7'16/2 <75 < Cg'rf/z.
By (i), Tf/Q is not of weak type 1 when ¢ < 0. Hence the same holds for 75, as
required.
Now suppose that £ > 2 and that ¢ < 0. To conclude the proof of (ii), it remains

to show that 7% is not of weak type 1. It suffices to prove that 729 is not in L1:>°(X).
Denote by 7/ the K-bi-invariant function on G defined by

7 (kyexp(H', Ho)ks) = (1+ |H'|)' " e 2Pl He 1 e (H', Hy)

for all H in a™ and for all ki, ks in K. Note that 79 (exp H) > C'7/(exp H) for all
H in a*. Indeed, Hy < |H'|?, because H is in p¢. Hence 1+N(H) < 1424 |H'|,
from which the inequality above follows directly.

We show that 7/ is not in L1°°(X). Clearly this implies that 73 is not in L (X)
either, as required. For each ¢ in (0,e~2I?l 21=] define

Q¢ = {kiexp(H) k2 € K exp(a™) K : 7/ (k1 exp(H)k2) > t},
and the function b, : R — R by
be(s) = (te2lPls)=1/(=1) _q Vs € R.

Denote by u; and v; the unique solutions to the equations s = b;(s) and s/ = b;(s).
It is straightforward to check that 1 < u; < v; for all ¢ in (0,e2/P121=¢] and that
s1/2 < by(s) < s for all s in (ug, v;). Note also that 7/(exp H) > t if and only if H
isin pcNT,, and |H'| < b;(H;). Therefore

O O {kiexp(H', Hy) ks € K exp(a®) K : uy < Hy < vy, Hy'® < |H'| < by(Hy)}
and
= [ A () ds,
where A, denotes the annulus {H’ € p* : s¥/2 < |H’| < b;(s)}. Therefore

Ae-1(Ag) = eby(s) — eV,
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where c is the volume of the unit ball in R*~! with respect to the Lebesgue measure.
Observe that u; tends to oo as t tends to 0. Hence s is large in the formula above.
Now, there exists a positive constant C' such that if s is large, then

Neo1(Ay) > ge*%"i

so that
Vg — Ut

t
To conclude the proof, it suffices to show that v; — u; does not stay bounded as ¢
tends to 0. From the definition of u; and v; we deduce that

o2lpl (o) _ (ﬂ)“

1+ui/2

Now, if vy — u; stays bounded, then so does the right hand side in the formula
above. Hence there exists a constant C' such that 1 +v, < C (1 + ui/Q), but this is
impossible, because v; > u; and u; tends to co as ¢ tends to 0.

This proves that T is not of weak type 1, as required to conclude the proof of

(ii) and of the proposition. O

] >C Vvt € (0,e7 2Pl 21=¢),

5. KERNEL ESTIMATES

In this section we prove some technical lemmata which will be used in the proof
of Theorem BI0 The ball B is defined just below formula (ZT]).

Lemma 5.1. Suppose that v is in RY. Then there exists a constant C such that
for every n in (a*)* with |n| = |p| and for every e in (0,1/4),

C(14e®D2=7)  jfy £ (041)/2,

C log(1/e) ify=(+1)/2.
Proof. Given n in (a*)T such that |n| = |p|, we choose an orthonormal basis of a*
whose last vector is 7/ [n|. For any A in a* we write A = (A, A)), where A}, € R¢-1

and A, € R for the co-ordinates of A with respect to this orthonormal basis. Notice
that

. 2 2 2
QA +i(1—e)n)|” = A2+ A7 + (26 =€) )] + 4 (1 —e)? |pf* A2
Then there exists a constant C' such that

QO +i(l—em)|> > C[(N|* +e)?+22]  vreB.

(5.1) /B|Q(A+z‘(1s)n)|”dxg{

Therefore,
1

. A i(1— Tda <o
52 [l ri-an)| " ns /B[OA;\ZH)?H%]”Q

If £+ 1 > 2v, then the integral on the right hand side of (5.2)) is estimated from
above by

X, dX.

LI 2, ax,
B

which is finite, so that (B.I)) is proved in this case.
Now suppose that £+ 1 < 2v. We abuse the notation and denote by bg the set
of all (A, ;) in R ! x R such that |)\;7|4 + A2 < R*. Observe that B C by
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Indeed, if (X, ;) is in B, then ’)\;7|2 + A2 < Ip|?. In particular ‘)\;7’ < |p| and
|An| < |p|, whence
4 2 2 2 2 4
(XL AT <ol [N+ AL < max(L [pf”) (X" + X)) < max(L,[p]") < (2]p])",

because |p| is always at least 1/2. We majorise the integral on the right hand
side of (B.2)) by integrating on by, instead of on B. Then, changing variables
(A, Ap) = (620 e y), we see that

gl+1)/2—y

A+i(1— Taa<C
/B|Q( i( 5)77)‘ = /b4p|/ﬁ [(|v’|2+1)2+v§p/2

If £+ 1 =2y, then (B.2) is bounded by C log(1/e), as required.
If £+ 1 < 2y, then (B.2) is bounded by

/ /
c(+1)/2— {/ 5 dv’ dv =7 +/ ,jv d? 2} < Cett/2=7,
b [([v']" 4+ 1)% 4+ v7] b (/7 +07)7/

as required. (I

dv’ dvy.

Lemma [5.2 below will be used in Step II of the proof of Theorem B0 to control
the kernel kp away from the walls of at, whereas Lemma below is needed in
Step III of the same proof to control the size of kg near the walls of a™.

Lemma 5.2. Suppose that k is in [0,1]. Set J := €+ 1 and denote by L the least
integer > (£ +1)/2. For any function m, which is holomorphic in Ty for some t

in R™ and such that m e=%/2 is in L'(a*) (with respect to the Lebesgue measure),
define k1 : at — C by

ki(H) = / m(\) e OW/2MH) g\ VH e at,
o

The following hold:
(i) there exists a constant C such that for all m in H'(Twe; J, k) and for all

H inat",
—p(H) —0—1+2K .
‘kl(H)‘< C”m”H’(th;J,N)e [1+N(H)] Zf0<l€§1,
>~ _ —(—1 .
C||m||H/(th;J,0)e p(H) [1 +N(H)] 10g[2+N(H)] Zflﬂ}:();

(ii) if either 0 < k <1 or k = 0 and ¢ is even, then there exists a constant C
such that for all m in H'(Tg¢; J, k),

ler ()| < C [l sy e P14 p(FD)) ™D wh e ot

Similarly, if kK = 0 and ¢ is odd, then there exists a constant C such that
for allm in H'(Tge; J, k),

_ —(e
fa ()| < C [l crgosn0 e "1 [+ p(BD)] 2 10g[2 4 p(H)]  VH € ot
Proof. We denote by my the function defined by
mi(¢) =m(¢) e~ Q2 V¢ € T

Observe that k1 (which is the inverse Fourier transform of mq) is bounded, because
my is in L'(a*). Therefore all the estimates in (i) and (ii) hold trivially for H in
a™ Nbg, and we may assume that H is in a™ N by°.



MULTIPLIERS ON SYMMETRIC SPACES 3011

First we prove (i). For the duration of the proof of (i) we write p. instead of
(1 —¢)p. An application of Leibniz’s riile shows that there exists a constant C' such
that for every multiindex (I',i,) such that |I'| + i, < J, for every € in (0,1/4), and
for every m in H'(Twr; J, k),

| D0 (A + ipe)

) _Re i LN =Gt |I]) /2 .
(5.3) _Jclmlemmeans pa)/4’Q(/\/+sz)| L VE R \B,
C lmll [@(x+ipe)| 1112 VA€ B,
where here we write ||m|| instead of ||| (1, s.x). Assume that ¢ is in the interval
(0, C/p(H )) for some fixed constant C. Since my is holomorphic in Ty, we may

move the contour of integration to the space a* + ip. and obtain

k1 (H)| = e—(1—e)p(H)

/ ma (A + ip2) N dA|
-

/ my (A +ipe) e d)\‘ VH € at Nby°.

a

< C e PH)

We shall treat the cases where H is in at NbyNp and H is in at N by’ N p°
separately (the region p is defined in (2.4])).

First suppose that H is in a™ N'by® N p and choose ¢ = 1/p(H). By integrating
by parts J times with respect to the variable A\;, we see that

ha(H)| < C i H[‘]/ mu(A+ ip.) 0f e )|
o
=Ce"’(H)\<—z’)‘JH;J/ B mi(\ + ip.) e M) dA‘
o
< Qe—p(H)[ 07 mi(A +ip)| A+ [ |87 mi(A+ip.) d)\},
w7 - i

We use estimates (53) with I’ = 0’ and i, = J, and obtain

(1) < C m] RAL Y
1 < Clmll g (rye;am) —57— [/ —_—
w HZJ 0 \B |Q()\+ipa)‘“/2

+/B|Q(A+z'pa)|‘”“’ d/\]

It is straightforward to check that ReQ(\ + ip:) > |A® for all A in a*. Hence
the first integral is majorised by fa*\B exp(— |A]” /4) [N " dA, which is clearly
convergent and independent of €. To estimate the second integral we observe that
k+J > ({+1)/2 for every x in [0,1]. Then Lemma .| (with v =  + J) implies
that

/ QA +ip)| "7 dA < C (1 +EFD/27T7R7) v € (0,1/4).
B
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Recall that e = 1/p(H) and that H is in at Nby® N p, so that Hy is (positive and)
bounded away from 0. Therefore,

e~ P(H)

J+Kk—(€+1)/2
(D) < €l rgpoam S [1+ 7]

S C||m|\H'(th;J’,{) e~ P(H) H;*(€+l)/2

_ 2k—(0+1
§ C ||m||H/(th;J7H) (§] p(H) [1 +N(H)] ( * )

VH cat NbyNp,
as required.

Next suppose that H is in a™ N by N p® and choose ¢ = 1/|H’|". Note that
e < C/p(H), where C' does not depend on H. Suppose that H = (H', Hy) is given.
Denote by @' the directional derivative on a* in the direction of H'. By integrating
by parts, we see that

| 2

ki (H)| < Ce_p(H)‘i_J |H/|_J/ mq ()\—l—ipa) (a/)Jez’A(H) d)\‘

(54) a*

= Ce_p(H)MH/l_J/ (al)Jml()\—f—l,Og) ei)\(H) d)\‘
a*

By arguing much as above (we use (.3) with [I’| = J and i, = 0), we see that if
k > 0, then
e~ P(H)

|]€1(H>| S C ||m||H/(th;J’,{) W [1 —|—€(€+1—J)/2—/€}

ePUD) J+26—(0+1
§C||m|\H/(th;J7H)W [1+|H’| r—( )]

_ 2k—(L+1
< Cllmll g e 1+ N(H)) Y

VH € at NbyNp°,

as required to conclude the proof of (i) in the case k > 0. If, instead, xk = 0, then

by arguing much as above we see that
()| < C o L o
1 < H’
( a

PR il D
Tywt;J,0) |HI‘J “\B |Q()\—|—’Lpg)|J
+/ \Q(AHPE)rJd/\]'

B

By Lemma [5.1] the last integral is estimated by C' log(1/¢), so that
e—P(H)
k1 (H)| < Cllmllar (100 T log |H'|
< O llmllarygrssey = [+ N(H)] ™ log[2 4+ M ()],
where we have used the fact that there exists a positive constant ¢ such that
cN(H',Hy) <|H'| <N(H', Hy) V(H',Hy) € at Nby® N p°.

The proof of (i) is complete.

Next we prove (ii). Observe that for any vector  in O9B™ and any positive
integer 7 < L the derivative O%m of order j in the direction of n may be written as
a linear combination of the derivatives D!m with |I| = j. Therefore,

(5.5) 109m(C)| < Cllmlluirg e QI V¢ eB+iB*.
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By the Leibniz riile, m; satisfies a similar estimate. Given H in at N by®, define ¢
and n by € = 1/(|p| |H|) and n = (|p|/|H|) H. For the duration of the proof of (ii)
we write 7). instead of (1 — €)n. By shifting the integration to the space a* + in.
and integrating by parts L times, we see that

kl(H):e—(l—eanm/ mi (A + i) €U
o
o~ (=9)lpllH]

=5 / my (A + ine) O dx

an(E)E J,
e—(l—s)\puH\/ . _ N
L O-mq(\N+1 eAH) Q.

(=i [l [HDE J,. 1A+ )

By arguing as in the proof of (i) we see that there exists a constant C' such that for
every ¢ in (0,1/4),

(5.6) / 0Emy(A + in)| AA < Cllmllscrry Vi € H(Tai Lo ).
a*\B

This and (&3] imply that
oIl H]|

k(H)| <C L) ———
kL ()| < Cllmll i (1., |-

1 +/B|Q(A+z'n€)|"“L a|.

We use Lemma [5.1] to estimate the last integral. If x = 0 and ¢ is odd, then
L = (¢ +1)/2. Therefore the last integral is majorised by C' log(1/e). Thus,

o lellH|
T log(1/e)
_ —(t+1)/2
< C Il iy, zo e 14 p(H)] " 1og[2 + p(H)],
where we have used the fact that if H is in a™, then p(H) = |p| H1 < |p||H|. If,
instead, either ¢ is even or k > 0, then L + k > (£ + 1)/2, so that by Lemma BT

1+ |H|L+n7(£+1)/2]

k1 (H)| < Cllml| s (1g0:2.0)

o lollH]
|H|*
< Clmlla(1ge;L.r) e~ IPIHI 1 + | H||

|ki(H)| < Cllmllm(rye;n,0)
K (£41)/2

(e+1)/2

< C ||mHH(TBML,K) eilpHH‘ [1 + ,O(H)] " VH € Cl+ n bgc.

The proof of (ii) is complete. O

Definition 5.3. For any s in [0, 00) define the function Y*® and the measure p® by
TN =1+ |A)° and dp®(A) = T2(N) dA VA€ a”.

Suppose that E is a Weyl invariant subset of W and that J is a nonnegative integer.
Denote by Y (E, J) the vector space of all Weyl invariant holomorphic functions m
in Tg such that Sg ;(m) < oo for all s in [0, 00), where

S5 ;(m) = max sup / |DTm(A 4 in)| dp®(N).
’ [II<J neE Jax

We endow Y (E, J) with the locally convex topology induced by the family of semi-
norms {Sg ; : s € [0,00)}. With this topology Y (E, J) becomes a Fréchet space.
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Remark 5.4. Observe that for every s in [0, 00) there exists a constant C' such that
TSN <A+ A+in)* <CY(N) VYiea® VYneW.
Consequently,
Sg.s(m) < max sup / ‘Dlm()\ +in)| (1+ A +1in|)*dx
IISJ nek Jax
<CSg (m) vm € Y(E, J).

We shall use this observation without any further comment.

For any nontrivial subset F of 35 and 0 < 6 < € < o0, define the region
w(F;d,¢) by
(5.7)

w(F;0,e)={H €sy:a(H)<§|H| Yo € F, and a(H) > ¢ |H| YVa € &, \ F}.
In the following proposition we put together some useful facts concerning the sets
ro(F; 8, ) that will be used below. For any ¢ in RT, define (sg). and (sf). by

(sp)e={Hr €ar:0<wp(Hp) <c}
and
(s)e ={HF caF : 0 <wF'(HF) < ¢}.

Lemma 5.5. Suppose that F is a nontrivial subset of Xs. The following hold:
(i) if H is in w(F;d,e) Nby¢, then Hp is in (ap)t, HY is in (af)*,
(5.8) WEHT) > W (H) > e|H| > ¢ and |Hr| <~d|H]|,
where v is a positive constant which depends on the root system X;
(ii) 4f H is in vo(F;4,¢), then Hp is in (sg)s.

Proof. For the proof of (i) see [3, 3.16.2-3.16.4].
To prove (ii) suppose that H is in 1o(F';d,¢) and that w(H) = «a(H) for some «
in X,. If aisin F, then o(Hp) = a(H) < 2. If, instead, « is in X \ F, then

o(H) > |H| > S B(H) VBEF

Hence
wp(Hp) < 2a(H) <22 <2,
so that Hp is in (sg)2, as required. O
Define o by
(5.9) o = min{lor| : 0 C F C 5},

and denote by E, the Weyl invariant subset of W defined by
E,={neW:|p—w-p|l>ocforall we W}

Set Cosha,(H) =3, ey € P for all H in a and denote by M, the multipli-
cation operator acting on K-bi-invariant functions f on G by

(Mo, f)(exp H) = Coshs,(H) f(expH)  VH € a.
Note that there exist positive constants C; and Cs such that
(5.10) Cy e*PH) < Coshy,(H) < Cye®f)  VH ¢ at.
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The proof of the following lemma is reminiscent of the proof of [3, Thm 3.7] and of
the main result in [I1, Section 7.10]. All these proofs use the Trombi—Varadarajan
expansion of spherical functions and an induction argument.

Lemma 5.6. The following hold:
(i) the map Ma, o H™! is bounded from Y (E,,0) to L>(s2);
(ii) of J > €+ 1, then the map Mo, o H ™" is bounded from Y (E,, J) to L*(s2)
(with respect to the Lebesque measure).

Proof. Suppose that m is in Y (E,, O), and denote by k its inverse spherical Fourier
transform
k(exp H) :/ ox(exp H) m(A) du(N) VH € a.
o
It is straightforward to check that this integral is absolutely convergent.

First suppose that £ = 1. Then s, is the interval {H € at : 0 < a(H) < 2},
where « denotes the unique simple positive root. In particular, sz is a bounded
subset of at, and the function H ~ (1) is bounded on s,. Furthermore, o = |p|,
so that E, = {0}. Now, ([23) and the fact that ||pxrllc = 1 for any A in a*
imply that

2 k(exp H)| < / ()] (14 A)" " dx
o
=CSg (m)  VH € sy,
where C' does not depend on m in Y (E,, O). Therefore, by (E10),
HM2pk||L°°(Sz) < C’Sg;’%(m),

whence
[ Mopk L1,y < C Sg (m),

because sy has finite measure. This proves both (i) and (ii) in the case where £ = 1.
Now suppose that £ > 2 and that m is in Y(E,,O). We observe preliminarily
that, arguing as we did above in the case where £ = 1, we may show that

||M2pk||L°°(52ﬁb1) < Osg;fo(m)-
Since s N by has finite measure,
(5.11) Mokl 1 (s,,) < C Sgg_ o (m).

Thus, in the rest of the proof we may assume that H € s5 \ by.

A consequence of [3, Lemma 2.1.7] is that sy is covered by a finite number
of regions 1w (F;dp,er), where ) C F C 3, dr and e may be chosen so that
0 < dp <ep < 00, and §p is as small as we need. We shall prove that My, k is
either bounded or integrable in sy by showing that Mo,k is bounded or integrable
respectively in to(F; 0, ep) for every nontrivial subset F' of 3.

Fix F C X, 0 and ep as above. By using the Trombi—Varadarajan asymptotic
expansion for the spherical functions and the Weyl invariance of m, for each positive
integer N we may write

kexpH)= Y hI(H)+ry(H)  VH €w(F;dp,ep),
geEAF | |q|<N
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where hl'(H) is defined, for every H in w(F;dp,er), by

5120 EGD) = WAW] e [ Jep )2 @) m]0) e exp H)
o

and 7§ is a remainder term. We extend k" and rf; to sy by setting them equal to
0 outside W (F;0p, ).

First we prove (i). We argue by induction on the rank ¢ of the symmetric space.
We have already proved (i) in the case where £ = 1. Suppose that (i) holds for
all symmetric spaces of the noncompact type and rank < ¢ — 1, and consider a
symmetric space X of the noncompact type and rank /.

Consider the remainder term 7. By Theorem 21 (iv) and (5.8) there exist
positive constants C' and d such that
(5.13)

B ()| < ComPtB=N"UD (1 4 |p]) / m()] (1+ A" dx
:

< Ce 2 H) gl HI=NerlH (1 L)Y SE (m)  VH € w(F;0p,er).
Choose N > |p| /ep. Then
(5.14) [Moprill Lo (sy) < C Sk, o(m).

Next, suppose that ¢ is in AT\ {0} with |¢| < N. We may write the integral in
(BEI2) as an iterated integral, where the outer integral is on (a*)r and the inner
integral on (a*)f".

For the rest of the proof, for each v € (0, 1) we shall write pZ’ instead of (1—v) p¥".

Since m is holomorphic in Ty, wi . and (€¥)~! are holomorphic in a neighbour-
hood of T{(4+)r)+, for each v € (0,1) we may move the contour of integration in the
inner integral to the space (a*)¥ + ipl” and obtain

hE(H) = [Wp\W| epr<H>/ lcrOr)| 2 mg(Ap)dAp  VH € w(F;0p,ep),

! (@)r

where
mg(Ar) = /( . (&) m] (A + A +ipl) <p§+ip5)q(exp H)d\F.
a

Set v = 1/pf(H), and note that |p — pl'| > |pp| > o, so that p} is in E,. By the
estimate (ZI0) on the Harish-Chandra function,

ler(Ar)| 2 < O (14 [Ap])=ecend
< C(1+ [Ap + AF|)Feemi O
= O (14 A"

By Theorem 2.1] (iii), (Z11)) and (&.8) we have that for all H in w(F;d0p,cp),
(5.15)

|h5(H)] < C e P (H)ter|Hp|=py (H)=pr(H)—q(H) ‘mo\ + iPUF)| dunfﬂd()\)
a*
< C e 2H)+(ertlprD)Hr|—crlql|H] Sg:f0+d(m)

<C e 2p(H)+(er+lpr)vor|H|—crlql|H|/2 o —crlal/2 Sg:f;rd(m).
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Thus, lf 6F S fy_l (8F + |pFD_1 €F/27 then
HM2ph(I;HL°°(S2) < Ce—crlal/2 Sg;)éo+d(m>.

By summing over all ¢ in A¥ such that 0 < |¢| < N, we see that

(5.16) [IAGDS hf)HLm(sz) < C 825 (m).

gEAT ,0<|q|<N

Finally, we consider h). By arguing much as above, we move the contour of
integration to the space a* + ipZ with v =1/p!(H). Then (EI2) and the formula
for <pf\770 given in Theorem 2] (i) imply that for all H in to(F;dp,cp),

(5.17)

hi (H) = IWF\Wle(”_Q)"F(H)/ X (exp He) mo(Aes HY) [er(Ar)| ™% dAr,

ap
where
(5.18) mo(Ap; HY) = / (&) m] (Ap + AT 4 ipF) A (HD gAF.
(ax)F
Define o by

op =min{|pp|: 0 C F' C F}.
Clearly op > 0. Denote by (Ep),, the Wg invariant subset of Wr defined by
(Er)op ={nFr e Wr: |np —w - pp| > op forall w e Wg}.
Observe that if g is in (Er)y,., then n = nr + p is in E,. Indeed,
(5.19) N+ pf = p| = |nr — pr —vp"| > |np — pr| > oF > 0.

Now we prove that mq(-; HY) is in Y((EF)sp,0), uniformly with respect to HE.
Indeed, for any r in [0, c0),

S(TEF)UF,O(mO(.;HF)) =  sup / Imo(Ar + ing; H)| X" (Ap) dAp.
NFEEFR)op J(a*)F
By 2.10)
|mo(Ap +inps HY)| < C Im(Ap + A +inp +ipl)| T (A + AT) AT

(a*)F
Hence, by Tonelli’s Theorem and the fact that
Y (AR) Y Ar + A7) < YT (A + 05,
we have that
StersopolmoGH) < sup [ w3 ine -+ ipf)] )
Nr€(BEF)op Ja*
< C8g, 5" (m),
where C is independent of HF'.

Note that the restriction of gofF to exp(ar) may be interpreted as the restriction
to exp(ap) of an elementary spherical function on X, which is a symmetric space
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of the noncompact type and rank |F| (see Section 2]). By Lemma (ii) if H is in
w(F;dp,ep), then Hp is in (sp)2. By induction, there exists s in [0, 00) such that

sup
Hpée(sr)2

1) [ of, (exp He) mo(hes HY) fer(Me)™* i
< CSigy,. olmols H)).

Hence
[hE ()] < Ce™" D e=20r D Sy o (mo(HT))
< Ce ) gu-t(m)  VH € w(F;dp,ep).
From (514), (510) and (520) we deduce that
[Mep 1 ml| o,y < CSho(m)  ¥m € Y(E,,0),

(5.20)

where ' = max{n — ¢+ d,n — £+ s}, and (i) is proved.
Now we prove (ii). Suppose that m is in Y(E,,J) with J > ¢+ 1. By arguing
as in the proof of (i), we may write

klexpH)= > hi(H)+ry(H) VHEs,.

gEAF, |q|<N

Observe that if N > |p| /eF, from the pointwise estimate (BI3) we deduce that
(5.21)

|rk (H)| e dH < C Sg_ o(m) / elellHI=NerlH] (1 4 |H|)ddH

at

< CSg, o(m).

w(F;0F,er)

Similarly, if p < v~! (e +|pr|) "' €£/2, then the pointwise estimate (5I5]) implies
that

/ |hl(H)| ) dH
w(F;dp,er)

< Cocrlal/2 Sg—‘;jd(m)/ olerHlor s H| g—erlallHI/2 qp
.. .

< Ceerlal/z gnmbid ),

By summing over all ¢ in A¥" such that 0 < |g| < N, we see that

(5.22) /m

It remains to estimate f52 ’hg(H)‘ e??() dH. By arguing as in the proof of (i), we
may write

B (H)| e dH < € S (m).
(Fi0p.er) gEAF , 0<|q|<N

hE (H) = [Wp\W| e(v=2" (D) / oh (exp Hp) mo(Aps HY) Jep(Ar)| ™2 dAr,

a

where my is defined in (5I8). By integrating by parts £ + 1 times with respect to
the variable A\’ in the integral in (5.I8), we see that
1

mo(Ar; H) = [i B(H,r, HF)]

— mepr(Ars HY),
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where

nw+uxﬁwffF>=m/ O T m] O AT ipl) T
(a*)

We claim that myy1(-; HY) is in Y((Er)sp, 0), uniformly with respect to H'.
Indeed, by Leibniz’s riile my; may be written as a linear combination of terms
of the form

[ 1)) (@ m) O AT i) XD A,
(a)F

where 0 < j < ¢+ 1. Therefore (ZI0)) implies that for any ng in (Ep)e,.,

|mes1(Ar +inp; HY)|
01

<CZ/

Hence, for any r in [0, c0),

& em(Ap + A +ine +ipl)| T A + A7) AN

S(EF)G-F,O(méJFl(.;HF)) = sup / ‘mg+1(AF+inF;HF)|TT()\F) d)\F
Nr€EEFR)op J(a*)F

0+1
<C Z sup /
j=0mrE€EFr)op Jax

< C g (m),

0 em(A -+ ing +iph)| dun (3

thereby proving the claim. In the last inequality We have used the fact proved above

(see (519) that if np is in (Er)s,, then ng + pf is in E,.
By (i) there exists s in [0, 00) such that for all Hr in (sp)s,

‘erF(HF)/ ohp(exp Hp) mep1(Aps HY) [ep(Ap)| 7 d)‘F’
o

F

<C SEQEF)UF 0 (mera(s HF))-

Hence,
o2  (H)=2pF (H)

‘hg(H)’ < CW S(SEF)GF7O (mesa (5 HT))

—2p(H)
e — 0+

< C i Se, e ().
|HT| ’

Observe that, by (3],
H? = |Hp? + |[H|* <2 6% |H? + |[H"|*  VH € w(F;6p,er) Nby.
Hence, if p < 1/7, then
|HF\ (1—~%6%) |H>  VH € w(F;6p,cp) NbC.
Therefore,

/ L& (H)| 20D dH < © S5 (m) / ||~V aH
(F;6p,er)Nby 7 (F;éFp,er)Nby

<CSgtsm)  VmeY(B,,J).
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This, (521), (522) and (EII) imply that
[ Mep 1 ml| 1,y < O Sk, ea(m)  ¥m € Y(Eq, J),

where s’ = max{n —{+d,n— £+ s}.
This concludes the proof of (ii) and of the lemma. O

6. PROOF OF THE MAIN RESULT

In the proof of Theorem [B.10] we use Harish-Chandra’s expansion of spherical
functions away from the walls of the Weyl chamber. Denote by A the positive
lattice generated by the simple roots in X*. For all H in a* and X in a*,

(6.1) [e(N)|™ palexp H) = ™ 3 &7 3 e(—w-X) 7 Ty (uw-A) el DD,
qeEA weWw

The coeflicient I'g is equal to 1; the other coefficients I'; are rational functions,
holomorphic in Ty for some ¢ in R~ (see (27 for the definition of Tywy:). Moreover,
there exists a constant d, and, for each positive integer IV, another constant C' such
that

(6.2) |ID'T, (O] <C(+|g)*  V(eTwe VI:|I[<N.

Note that the estimate for the derivatives is a consequence of Gangolli’s estimate
for T'y [10] and Cauchy’s integral formula. The Harish-Chandra expansion is point-
wise convergent in at and uniformly convergent in a™ \ s, for every ¢ > 0.

Remark 6.1. Suppose that L is a positive integer. There exists a constant C' such
that

for all m in H'(Tw;J, k) and for all ¢ in A. Similarly, there exists a constant C
such that

J©) 7 Ty (Mo @) [1= (1= e ) @[, <O+ [al) [ M [l

for all M in $(P; J, k) and for all ¢ in A.
To prove the first estimate we compute the derivatives of order at most J of

(&) 'Tymp[1—(1—e 9)F] 0Q/2

@7 Tym [1= (1= e M 2|y < O+ La) Il g )

by using Leibnitz’s rile. To estimate each of the summands, we use (62) and the
fact that for some ¢ in R~ the function (€)' is holomorphic in Ty and (¢)~! and
its derivatives grow at most polynomially at infinity in Tw: (see (2Z9))).

The proof of the second estimate is similar and is omitted.

Remark 6.2. Observe that if x < 1, then for every c in RT,

e—w(H) eP(H)—=|p| |H|—w(H)
/ i, A <0 and / =P dH < oo.
at\s. [1 —I—N(H)] at\s. [1 + p(H)]

We prove that the first integral above is convergent. The proof that the second is
convergent is easier and is omitted.
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Observe that there exists € in Rt such that w(H) > ¢ |H| for all H in T, \ se.
Therefore,

—w(H)
/ - dH < / e Al < oo,
Fco\sc [1 +N(H)] Fco\sc

Moreover, there exists a constant C' such that N(H) > C |H'| > C p(H) for every
Hinat\ (s, UT,,). Hence,

efw(H)

—w(H)
e

dH <C —-dH,
/a+\(scurco) [1+N(H)}H172N - [1+p(H)]“l 2

which is easily seen to be convergent [20, Lemma 3.5].
Now we prove our main result, which we restate for the reader’s convenience.

Theorem (2.10). Denote by J the integer [n/2] + 1. The following hold:
(i) if K is in [0,1), then there exists a constant C such that for all B in *B*(X)
for which mp is in H' (Tw; J, k),
IBll1;1,00 < Cllmplla: (tw:i.0);
(i) there exists a constant C such that
IM(L)l11,00 < ClIM|5@iany VM € H(P;J,1).

Proof. First we prove (i). Suppose that L is a positive integer > k + J. We denote
by B; and B the operators defined by

Bi=B(l—-¢*)" and B,=B[1-(1-¢ 5"

Thus, B = B; + Bs. Denote by h; the heat kernel at time 1 (see (ZI4])). The
spherical multipliers associated to By and By are the functions mp, and mp, on
Tw defined by

mp, =Mmp (1—7L1)L and mp, =Mp [1—(1—711)L}.

Denote by 1 a smooth K-bi-invariant function such that i(exp H) = 0 for H in
s1 Nbe® and Y(exp H) = 1 for H in s§Ub;. We decompose kg, as follows:

sz = (1 _¢)k32 +¢k32'

Step I. By is of weak type 1. Since L > k+ J, the function mp, and its derivatives
up to the order J are bounded on Tw. This is due to the fact that (1 — El)L
vanishes at the point ip, together with all its derivatives up to the order L — 1, and
this compensates for the fact that mp, and its derivatives may be unbounded near
ip. A straightforward computation shows that mp, satisfies the hypotheses of [2]
Corollary 17]. Therefore B is of weak type 1, and || B1[l1;1,00 < C[|ml a7 (1y;0,5)-

Step II. Estimates away from the walls. We claim that the function ¢ kp, may be
written as the sum of two K-bi-invariant functions kgz) and kgg, where kgg is in
LY(K\G/K) and k:g)z) satisfies the following estimates in Cartan co-ordinates: there
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exists a constant C' such that for all H in a™ \ sy,

‘k(o) (exp H)|
(6.3) _ [ Clmpl e 2 [1 4+ N(H)] “og(2+ N(H)) if k=0,
=\ C |lml| €20 [1 4 N(H)] if0<k<l1

(see ([2.2) for the definition of N), where we wrote ||mg/|| instead of [|mp|| g/ (v k)

To prove this, we observe preliminarily that if H isina*\s; andg =), e, Na
then

(6.4) g(H)= > naa(H H) Y ne=w(H)lql,
[ISD I a€Xl,
so that
(65) > e +lg)! <o YT el (14 g)? < Cem D
qeM\{0} geA\{0}

This, ([€2)) and Z9) (with I = 0) imply that
S e /
qeA\{0} “

SCHmBHLx(a*)/ ¢~@N/2 g

a*

mp,(\) (=X)L, (\) e | dA

(6.6)

< Clmg|la (Tw:ir)-

Now, we substitute Harish-Chandra expansion ([G.]) in the inversion formula
kp(exp H) = cc / mp(A) pa(exp H) du(A)  VH € a™,
o

use the fact that the integrand is Weyl invariant, and obtain
¢(H) kp,(exp H)
= (W D() e S [, () (=) Ty () e

geEN

where |WW| denotes the cardinality of the Weyl group and the term by term inte-
gration is justified by (68). Write ¢ kp, = k:gl) + kg;, where

Ay )(eXpH) =cq |W| Y(H)e PH / mp,(A) e(=\)"teMD g,
KD (exp H) = e [W] p(H) e ?) 3 o / i, (A) e(—A) "1 Ty () €A d).
4Enn(0)

To prove estimate ([63) above for kg); in the case where 0 < k < 1, we apply
Lemma (i) (with (&)~ *mp, e?/? in place of m), and then Remark (with
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g = 0), and we then obtain that

) ol <o (&) 1! Q/2 e—2p(H)
L R P e v
e—2p(H) 4
<C HmBHH/(Tw;J,n) VH € a s

[1 +J\/(H)]H172n

as required. The required estimate for k = 0 is proved similarly.
It remains to show that k%) is in L'(K\G/K) for all & in [0,1]. We give the

details when 0 < k < 1. Those in the case where k = 0 are similar and are omitted.

We apply Lemma (i) (with the function (&)~'T, mp, e?/? in place of m) to

each summand of the series that appears in the definition of ng), and obtain that

—2p(H
e—20( ;_1 2 Ze_q(H)
[1+N(H)] qEM {0}
o—20(H)—w(H)
[1 +N(H)]€+172n

where we have used Remark [61] (64]) and (E3]). Therefore,
—w(H)
e

1E 21 < C llms |t / Y
Bo (G) (Tw;J,K) . [1+N(H)]é+l 2

(&)~ 'T,mp,e

’kg,j (exp H)‘ <C Q/2||H’(TW+,J,K)

VH € CLJF\Sl7

< ClmBlla (Tw; i)

<C ”mB”H’(Tw;J,n)a
where we have used Remark This concludes the proof of Step II.

Step III. Estimates near the walls. We shall prove that the function (1 — ) kp, is
integrable. By Lemma [5:6] (ii) there exists an integer s such that

(1 =)k, |l (x) < ClMapkp, |11 (s,)
< CSEC,,Z+1(mBa)~

To conclude the proof of Step IIT it suffices to show that there exists a constant C'
such that

(67) Si‘;?.a,l-l—l(mBz) <C ||mBHH’(Tw;J,n)-

Indeed, by Leibniz’s riile there exists a constant C' such that for every multiindex
(I',4g) with |I'| + iy < £+ 1 and for every ¢ in Tyw+,

|D1m32 (C)’
< C malla (s ¢ 72O max[|Q(Q)| V2 1Q(¢) eI/,

Then for every n in E, and for every multiindex I = (I',4p) with |I| = |I'| + ¢ <

041,
I

S C HmBHH/(Tw;J’H) |:/ (1 + ‘)\|)5—|I‘/2 e~ Re Q(A\+in)/2 dx

a*\Bgr

DU, (A -+ i) | da® (V)

[ ol .
Br
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where R is large enough. Observe that the first integral on the right hand side is
dominated by C fa+ e~ IN?/3 d)\, where C is a constant depending on s but not on
7. Furthermore, since |Q(\ + in)| is continuous and does not vanish when 7 is in
E, and A stays in a compact neighbourhood of the origin, we may conclude that
it is bounded away from 0. Thus, the second integral on the right hand side in the
formula above is finite, and ([€.7) is proved.

Step IV. Conclusion. Recall that kp, = ki) + ki) + (1 — ¢) kp, and that k')
and (1 — ) kp, are in L*(K\G/K). Thus, the operators f + f x kg,j and f —
[ [(1 =) kp,] are bounded on L'(X), hence, a fortiori, of weak type 1. The
estimates proved in Step II imply that the convolution operator f — f x kg); is of
weak type 1 by Proposition LIl Therefore By is of weak type 1. Since Bj is of
weak type 1 (see Step I), we may conclude that B is of weak type 1, as required to
conclude the proof of (i).

The proof of (ii) is similar to the proof of (i). We briefly indicate the changes
needed. We decompose M (L) as the sum M;(L) + Ma(L), where My and My are
the functions defined by

Mi(z)=M(z) (1—e )"  and  My(z) = M(2) [1— (1—e%)"].
We denote by my, 2y and mpy,(z) the spherical multipliers associated to M;(£)
and to My (L), respectively. We write kyr, ) = (1 — ) kagy(z) + ¥ kary (), where
1 is defined at the beginning of the proof of (i). By arguing as in Step I above, we
see that My (L) is of weak type 1 and that || M1 (L)[l1;1,00 < C || M|l g(p;11)-

We claim that the function v kjz, () may be written as the sum of two K-bi-
invariant functions kgw) (c) and kE\Z(c)’ where kg\}l)g(ﬁ) is in L}'(K\G/K) and kE\Z
satisfies the following estimates in Cartan co-ordinates:

(6.8)

RO ol <clm o )=l 1H| 1 4 (i1 92 vH e at

kry oy (exp H)| < C | M| 5,01y € [L+ p(H)] €a’\s.
Indeed, since M is in H(P;J, 1), M o Q is in H(Tg; J,1) by Proposition 3.6l Then

we may apply Lemma [5.2 (i) (with (€)' (M3 o Q) e®/? in place of m) and obtain
that

(£)

|l€(0) L)(epo)|
<C|@)7 (M2 0Q) ey g 1y e P [1 4 p(pry] 4072

< ClIMsgpgme WA 14 o)) TV v et
thereby proving (6.8]). Notice that we have used Remark [61] in the last inequality.
It remains to show that k L) is in L'(K\G/K). By arguing as in Step II
above, we see that kzg\/f) ) satisfies the following estimate:

w 1-4)/2
k) ) oy (exp H)| < C[|M]|gp, .0y e/ IPHHIZUD [y ()2

We now use Remark [6.2] and obtain that

e o) < C MMl [ i
M> (L) K at\s; [1 +p(H)](e o

eP(H)—|pl [H|—w(H)

< C|M|lsp;a1)-
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The proof that the function (1 — 1) kag, () is integrable with
1 =) ks oyl e /i) < ClIM g pi,1)

is almost wverbatim the same as the proof of the corresponding statement in case
(i) (see Step III) and is omitted. The required conclusion follows as in Step IV in

case (i).
The proof of (ii), and of the theorem, is complete. |
REFERENCES
1. J.-Ph. Anker, L, Fourier multipliers on Riemannian symmetric spaces of the noncompact

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

type, Ann. of Math. 132 (1990), 597-628. MR1078270//(92¢:43006)

. J.-Ph. Anker, Sharp estimates for some functions of the Laplacian on noncompact symmetric

spaces, Duke Math. J. 65 (1992), 257-297. MR1150587/(93b:43007)

. J.-Ph. Anker and L. Ji, Heat kernel and Green function estimates on moncompact symmetric

spaces I, Geom. Funct. Anal. 9 (1999), 1035-1091. MR1736928||(2001b:58038)

. J.-Ph. Anker and N. Lohoué, Moltiplicateurs sur certain espaces symétriques, Amer. J. Math.

108 (1986), 1303-1354. MR868894]|(88¢c:43008)

. A. Carbonaro, G. Mauceri and S. Meda, H! and BMO for certain nondoubling metric mea-

sure spaces, to appear in Ann. Sc. Norm. Sup. Pisa, arXiv:0808.0146 [math.FA].

. J. Cheeger, M. Gromov and M. Taylor, Finite propagation speed, kernel estimates for func-

tions of the Laplace operator, and the geometry of complete Riemannian manifolds, J. Diff.
Geom. 17 (1982), 15-53. MR658471) (84b:58109)

. J.-L. Clerc and E.M. Stein, LP multipliers for noncompact symmetric spaces, Proc. Nat. Acad.

Sci. U.S.A. 71 (1974), 3911-3912. MR0367561//(51:3803)

. R.R. Coifman and G. Weiss, Eztensions of Hardy spaces and their use in analysis, Bull. Amer.

Math. Soc. 83 (1977), 569-645. MR0447954 |(56:6264)

. M.G. Cowling, S. Giulini and S. Meda, Estimates for functions of the Laplace—Beltrami oper-

ator on noncompact symmetric spaces. 11, J. Lie Th. 5 (1995), 1-14. MR1362006/(96m:22026)
R. Gangolli, On the Plancherel formula and the Paley—Wiener theorem for spherical functions
on semisimple Lie groups, Ann. of Math. 93 (1971), 150-165. MR0289724 (44:6912)

R. Gangolli and V.S. Varadarajan, Harmonic Analysis of Spherical Functions on Real Reduc-
tive Groups, Springer-Verlag, 1988. MR954385//(89m:22015)

Y. Guivarc’h, L. Ji and J.C. Taylor, Compactifications of symmetric spaces, Birkh&duser, 1998.
MR1633171|/(2000c:31006)

Harish-Chandra, Spherical functions on a semisimple Lie group, I., Amer. J. Math. 8 (1954),
241-310. MR0094407|/(20:925)

S. Helgason, Groups and Geometric Analysis, Academic Press, New York, 1984. MR754767
(86¢:22017)

S. Helgason, Differential Geometry, Lie groups, and Symmetric Spaces, Academic Press, New
York, 1978. MR514561/ (80k:53081)

S. Helgason, Geometric analysis on symmetric spaces, Math. Surveys & Monographs 39,
Amer. Math. Soc., 1994. MR1280714//(96h:43009)

L. Hérmander, Estimates for translation invariant operators in LP spaces, Acta Math. 104
(1960), 93-140. MR0121655//(22:12389)

A.D. Ionescu, Fourier integral operators on noncompact symmetric spaces of real rank one,
J. Funct. Anal. 174 (2000), 274-300. MR 1767376 |(2001h:43009)

A.D. Ionescu, Singular integrals on symmetric spaces of real rank one, Duke Math. J. 114
(2002), 101-122. MR1915037(2003c:43008)

A.D. Ionescu, Singular integrals on symmetric spaces, II, Trans. Amer. Math. Soc. 335 (2003),
3359-3378. MR1974692//(2004b:43009)

R.J. Stanton, P.A. Tomas, Ezpansions for spherical functions on noncompact symmetric
spaces, Acta Math. 140 (1978), 251-276. MR0511124 (58:23365)

E.M. Stein, Harmonic Analysis. Real variable methods, orthogonality and oscillatory integrals,
Princeton Math. Series No. 43, Princeton N.J., 1993. MR1232192//(95¢:42002)

J.-O. Strémberg, Weak type L1 estimates for mazimal functions on non-compact symmetric
spaces, Ann. of Math. 114 (1981), 115-126. MR625348 (82k:43010)


http://www.ams.org/mathscinet-getitem?mr=1078270
http://www.ams.org/mathscinet-getitem?mr=1078270
http://www.ams.org/mathscinet-getitem?mr=1150587
http://www.ams.org/mathscinet-getitem?mr=1150587
http://www.ams.org/mathscinet-getitem?mr=1736928
http://www.ams.org/mathscinet-getitem?mr=1736928
http://www.ams.org/mathscinet-getitem?mr=868894
http://www.ams.org/mathscinet-getitem?mr=868894
http://www.ams.org/mathscinet-getitem?mr=658471
http://www.ams.org/mathscinet-getitem?mr=658471
http://www.ams.org/mathscinet-getitem?mr=0367561
http://www.ams.org/mathscinet-getitem?mr=0367561
http://www.ams.org/mathscinet-getitem?mr=0447954
http://www.ams.org/mathscinet-getitem?mr=0447954
http://www.ams.org/mathscinet-getitem?mr=1362006
http://www.ams.org/mathscinet-getitem?mr=1362006
http://www.ams.org/mathscinet-getitem?mr=0289724
http://www.ams.org/mathscinet-getitem?mr=0289724
http://www.ams.org/mathscinet-getitem?mr=954385
http://www.ams.org/mathscinet-getitem?mr=954385
http://www.ams.org/mathscinet-getitem?mr=1633171
http://www.ams.org/mathscinet-getitem?mr=1633171
http://www.ams.org/mathscinet-getitem?mr=0094407
http://www.ams.org/mathscinet-getitem?mr=0094407
http://www.ams.org/mathscinet-getitem?mr=754767
http://www.ams.org/mathscinet-getitem?mr=754767
http://www.ams.org/mathscinet-getitem?mr=514561
http://www.ams.org/mathscinet-getitem?mr=514561
http://www.ams.org/mathscinet-getitem?mr=1280714
http://www.ams.org/mathscinet-getitem?mr=1280714
http://www.ams.org/mathscinet-getitem?mr=0121655
http://www.ams.org/mathscinet-getitem?mr=0121655
http://www.ams.org/mathscinet-getitem?mr=1767376
http://www.ams.org/mathscinet-getitem?mr=1767376
http://www.ams.org/mathscinet-getitem?mr=1915037
http://www.ams.org/mathscinet-getitem?mr=1915037
http://www.ams.org/mathscinet-getitem?mr=1974692
http://www.ams.org/mathscinet-getitem?mr=1974692
http://www.ams.org/mathscinet-getitem?mr=0511124
http://www.ams.org/mathscinet-getitem?mr=0511124
http://www.ams.org/mathscinet-getitem?mr=1232192
http://www.ams.org/mathscinet-getitem?mr=1232192
http://www.ams.org/mathscinet-getitem?mr=625348
http://www.ams.org/mathscinet-getitem?mr=625348

3026 S. MEDA AND M. VALLARINO

24. MLE. Taylor, LP estimates on functions of the Laplace operator, Duke Math. J. 58 (1989),
773-793. MR1016445/|(91d:58253)

25. P.C. Trombi and V.S. Varadarajan, Spherical transforms on semisimple Lie groups, Ann. of
Math. 94 (1971), 246-303. MR0289725/|(44:6913)

DIPARTIMENTO DI MATEMATICA E APPLICAZIONI, UNIVERSITA DI MILANO-BICOCCA, VIA
R. Cozzi 53, 20125 MILANO, ITALY

E-mazil address: stefano.meda@unimib.it

LABORATOIRE DE MATHEMATIQUES ET APPLICATIONS, PHYSIQUE MATHEMATIQUES D’ORLEANS,
UNIVERSITE D’ORLEANS, UFR SCIENCES, BATIMENT DE MATHEMATIQUE-ROUTE DE CHARTRES,
B.P. 6759, 45067 ORLEANS CEDEX 2, FRANCE

Current address: Dipartimento di Matematica e Applicazioni, Universita di Milano-Bicocca,
via R. Cozzi 53, 20125 Milano, Italy

E-mail address: maria.vallarino@unimib.it


http://www.ams.org/mathscinet-getitem?mr=1016445
http://www.ams.org/mathscinet-getitem?mr=1016445
http://www.ams.org/mathscinet-getitem?mr=0289725
http://www.ams.org/mathscinet-getitem?mr=0289725

	1. Introduction
	2. Notation and background material
	3. Statement of the main result
	4. Weak type estimates for certain convolution operators
	5. Kernel estimates
	6. Proof of the main result
	References

