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1. Introduction

The forthcoming large scale introduction of autonomous vehicles (AVs) leads to consider vehicles that
are nonlocal, in the sense that they are aware of traffic conditions also at a significant distance from their
location, both in front and behind them. Analytically, this leads to nonlocal models, i.e., to models where
integrals in the space variable allow a vehicle to react to suitable averages of the traffic density around —
in front and behind — its position. The current literature offers a variety of models built on these premises,
see [1,2,5,10,11,26].

At the same time, the presence of standard — or local — vehicles, i.e., aware of traffic conditions only at
their position, can not be neglected. Indeed, the interplay between local and nonlocal vehicles (or individuals)
is being considered in the traffic community, see [25,29,31,33,34], see also [23,24] for an analytical approach.

In the model we present here, these two kinds of drivers/vehicles are traveling simultaneously along the
same road and, hence, they are interacting. The time and space dependent density of the local ones is
r = r(t,z), while the nonlocal ones are described by p = p(t, ), t being time and x the one dimensional
coordinate along the road. This results in the following natural extension of the classical LWR model [30,32]
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Op+ 0z (pone ((p+1)%1n)) =0 (1.1)
Ohr + 0, (r v, (p+1)) = 0. '

The functions vy and vy are the speed laws of the two populations, while 1 is a general averaging kernel.
We underline that 7 is required neither to have compact support, nor to enjoy any sort of symmetry. In
particular, the forward horizon can very well be far larger than the backward one, see for instance [16, § 3].
On the other hand, n may not be monotone, so that no a priori constant bound on the nonlocal density p
is in general available for all times, though L* bounds are available on all compact time intervals. On the
contrary, in the present setting, the local density r is proved to remain for all times within the interval of
the physical densities.

From the modeling point of view, (1.1) provides an environment not only for traffic descriptions, but also
for investigating the interplay between AVs and standard “short sighted” (bulk) vehicles. According to a
common approach, see [25,29], vy, acts as the strategy assigned to the AVs in order to control the evolution
of the whole traffic. It is then necessary to allow for the coexistence of AVs following different behavioral
rules. We are thus led to extend (1.1) to the case of different classes, say k, of AVs:

. . . k: . .
8tpz+8z<pzv}VL<<ZpJ+r>*77’)):0 i=1,...,k
A (1.2)
oy + 0y (rvL< pj+r>>:0.
j=1

Here we focus on the analytic properties of (1.2), providing its global in time well-posedness and a full set
of a priori estimates. The different nature of the equations in (1.2) imposes the use of different techniques,
relying on different assumptions. In particular, the natural regularities of = — p(t,x) and of = — r(t,x)
turn out to be different, as also the norms that allow well-posedness and stability estimates. More precisely,
the initial data (p,,r,) to be assigned to (1.2) as well as the solutions x +— p(t, z) and = — r(t,z) find their
natural environment in the sets

BY'(R;R¥):={p e WHL(R;R¥): p' € BV(R;R")} and BV(R;R):=(L' N BV)(R;R) (1.3)

whereas stability estimates hold in the W1 (R; R¥) and L*(R;R) norms. Indeed, the local Lipschitz con-
tinuous dependence of solutions with respect to the initial datum and with respect to time holds in the
WH1(R; R¥) and L*(R;R) topologies, provided the norms

1ol sy ®re) = lPllwra@rey + TV(P)  and  |rllgyre) = 7]l @g) + TV(r) (1.4)

are bounded. In particular, Example 2.4 below shows that the use of the L norm on p may not ensure the
continuous dependence of the solutions to (1.2) on the initial datum.

The motivation for these differences lies in the need to use Kruzkov [28] definition of solution for the
local equation, since (1.2) obviously comprises the case of the scalar conservation law 9;r 4+ 9, (r vy (r)) = 0.
In turn, this imposes = ~ p(t,z) and = — p,(z) to be at least in W11(R;R¥). Once this regularity is
achieved, Kruzkov theory [28], as well as the stability estimates [17], can be exploited to deal with the local
equation in the proof of the well-posedness of (1.2). On the other hand, to deal with the nonlocal equation,
our starting points are the well-posedness result and the stability estimates in [16], which we here improve
to suit to the present setting. All this leads to the asymmetry between the assumptions required on the
local and nonlocal equations and data — see (VNL) vs. (vL) and p, € BV} (R;R¥) vs. r, € BV(R;R). In
particular, the present lack of a well-posedness and stability theory for general systems of conservation laws
prevents us from allowing r to be vector valued.



R.M. Colombo et al. / J. Math. Anal. Appl. 557 (2026) 130263 3

In this connection, we underline a natural problem arising from the present result. The so-called nonlocal-
to-local limit recently attracted a relevant attention in the literature, see [8,12-15,20,27] and the references
therein. An analogous result in the case of (1.1), i.e., letting 1 tend to Dirac delta, would yield the existence of
solutions to the LWR model with 2 populations introduced in [4], whose well-posedness is, to our knowledge,
still an open problem. The case (1.2) of more than 2 populations might then follow.

The proof below relies on careful estimates, separately, on the local and on the nonlocal equations
constituting (1.2). As a first step, more regular initial data are considered. Adapting and, where necessary,
improving the available well-posedness and stability estimates in [16,17] allow to ignite a recursive procedure
that yields a Cauchy sequence converging to a solution to (1.2), first locally in time and then globally. Careful
a priori estimates ensure the (local) Lipschitz continuous dependence of solutions on time and on the initial
data. A final bootstrap procedure allows to relax the assumptions on the initial data and leads to the
existence result presented in Theorem 2.3. Theorem 2.5 proves uniqueness of solutions to (1.2), also making
use of the basic estimates on the 2 separate problems.

The next section presents the main results while all proofs are deferred to Section 3.

2. Main results

Throughout, 7' > 0 is fixed and & € N \ {0}. We also shorten the notation for the sum p* + --- + p*
setting Yp = 2521 p’. We denote by C(---) a continuous and positive function non decreasing in each of
its arguments, the exact value of which is not relevant.

We defer to Lemma 3.2 a characterization of BV (R;R¥), as defined in (1.3). Here, we note that clearly
W2L(R;R*) € BV (R;R¥) € WL 1(R; R¥). Throughout, we use the norm

1o ) lwra (mrsy e mR) = lollwrr@zey T 17l ow) - (2.1)

Definition 2.1. By solution to (1.2) with initial datum p, € WH(R;R*), , € L1(R;R) on the interval
[0,T], we mean (p,r) € C° ([0, T]; W1 (R; R*) x L*(R;R)) such that setting

v (t,x) = v ((Se(t) * ') (2) + (r(t) x ') (2))
w(t,z,r) = vy (Xp(t,z) + 1),

p', for i =1,...,k, is a distributional solution [6, Definition 4.2] to
8:p + 0y (pl vi(t,z)) =0 (2.2)
p'(0,x) = po(x)

and r is a Kruzkov solution [28, Definition 1] to
Opr + 0 (rw(t,z,r)) =0 (2.3)
r(0,2) = ro(x).

Remark that the necessity for a higher regularity in p stems from the requirement that r be a Kruzkov
solution. Indeed, the standard definition of solution to (2.3), see [28, Definition 1], requires that the flux
(t,z,7) — rw(t,z,r) be differentiable with respect to the space variable, hence that x — p(t,x) be in
WLHL(R; R¥). A further motivation of this regularity is in Step 6 in the proof of Theorem 2.3, see Section 3.4.

The higher regularity of the solution to the nonlocal problem justifies a regularity of the nonlocal velocity
vy higher than that of the local velocity vr. Below, we assume that the speed laws vy and vy in (1.2)
and the averaging kernel 77 meet the following requirements:



4 R.M. Colombo et al. / J. Math. Anal. Appl. 557 (2026) 130263

(VNL) vyz € (C3 N W3)(R; RF).

(VL) vy, € C2(R;R) and there exist Vz,, R, > 0 such that vy, (r) = V, for r < 0 and v, (r) = 0 for r > Ry
(n) n € (C*NW3>)(R;R¥).

We first present a stability property of Definition 2.1.

Proposition 2.2. Assume (VNL), (vL) and (n). Fiz sequences (pon,Ton) € WLH(R;RF) x LY(R;R),

(en,€n) € CO ([0, T); WEL(R; R¥) x LY(R; R)) and a function (pec, o) belonging to C° ([0, T]; W (R; R¥)
X LI(R;R)) such that for all n € N the problem

Ouply + 0y (ph vy (Zpn x4 (rn +en) 1)) =0 i=1,....k
Orn + 0z (rpvr (E(pn +€n) +12)) =0

P (0,2) = pon ()

rn(0,2) = ron(x)

admits a solution (py,r,) in the sense of Definition 2.1. Moreover, assume that

im (pn,7n) = (PocsToe) in CO ([0, T]; WHL(R;R¥) x LY(R;R)) ;

n—-+oo

24
lim (en,e,) = (0,0) in C° ([0, T]; WHL(R; R¥) x LY(R; R)) (24)
n—+o00
Then, (poosToo) Solves, in the sense of Definition 2.1, the problem
Op' + 0y (P vy (Bp*n'+rxn')) =0 i=1,...,k
Or + 0y (rv, (Ep+71))=0 (2.5)
p(0,2) = pos (0, z)
r(0,2) = roo(0,2) .
We are now ready to state the existence and stability result for solutions to (1.2).
Theorem 2.3. Let (VNL), (VL) and (n) hold. Then, problem (1.2) generates a unique map
S: Ry x (BV(R;R¥) x BV(R;R)) — BV'(R;R¥) x BV(R;R) (2.6)

such that

(81) S is a global semigroup, i.e., S, = Id and for all t,teR,, S;o S =S8,.5

(82) For any (po,7,) € (BV'(R;RF) x BV(R;R)) and any T > 0, the orbit t — Si(po,7,) solves (1.2) on
[0, T] in the sense of Definition 2.1.

(83) The semigroup S is locally Lipschitz continuous with respect to the norm (2.1): for all M > 0, there
ezists a constant

Ci=C (”n”w-‘i,oo(R;]Rk)? Ry, HU/LHWLOO(]R;]R)a lon Ll ws,o (rirE)> M, T)

such that for all t,t € [0,T], for all (po,70), (Po;To) € BV (R;RF) x BV(R;R) with
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To,n Po,n + To,n
1 1
|
|
|
x xr ! x
1 1 1 1
-5 1+ -5 1 L1445

Fig. 2.1. The initial condition (po,n,To,n) and their sum in Example 2.4.

[P0l gyvr (m;mry < M 7ol gy mR) <M,
196l gyr (mrE) < M, 7ol mr)y <M,

the following estimates hold:

||St(P07To)*St(ﬁm?o)le,l(R;Rk)xLl(R;R) <(1+ Clt)”(ﬁo*ﬁo»To*?o)||w1,1(R;Rk)XL1(R;]R) )
||St(p07 ro)i‘sf(p07 TO)HW]":[(R;R’“)XL:[(]R;R) SCl |t 7%\]

(S4) For all t € [0,T] and for all (pe,7,) € BV (R;R*) x BV(R;R), call (p(t),r(t)) == Si(po,70). Then,
there exists a positive constant

Cy—C 171l ws. msrr): 1VL lwo mor) > 1N Lo oo miRE)»
||p0||BV1(R;R’C)7 ||7”o||3v(R;R)v T

such that

@) lLr r;rr) = 2ol mirE)> @)l vy < 7ol ir)»
o)l gy sy < Cos TV (r(t)) < Ca.

(S5) Call (p(t),r(t)) = St(po, 7o), for (po, 7o) € BVHR;RF) x BV(R;R). If pi, > 0 fori=1,....k andr, €
[0, RL], then pi(t,x) > 0 and r(t,z) € [0, RL] for a.e. (t,x) € Ry xR and [r®llL: gy = ITollLe® r)-

The proof is deferred to § 3.4.

The asymmetry in (S3) in the local initial conditions r, and 7, is consequence of the application of [17,
Theorem 2.6] about the stability of solutions to local problems with respect to the fluxes. We take advantage
of this asymmetry in the uniqueness proof in Theorem 2.5.

Note that the constant C; in (53) actually depends also on [[vL ||« g r), as is to be expected. Indeed,

by (vL), [[vLllp rm) <€ (Rh ||UIL||L°°(R;R)>'
The necessity of the requirement p, € W1 (R;R¥) and the stability with respect to the W 1-norm of
the nonlocal initial datum are illustrated by the following example.

Example 2.4. Set & = 1 and choose the speed laws vy, = 0 and vy, satisfying (vL) such that vp(r) =1—1r
for r € [1/2,1]. Define for all n € N

0 r<1l—1/n 0 x<0
_J1l+n(z-1)2ze[l-1/n1] _ 1 z€[0,1—1/n]
Pon =V p@—1) zell,1+1/n] " " Y n@-2)zell —1/n,1]
0 z>1+1/n 0 z>1

see Fig. 2.1.
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Note that p, () + 70,0 (z) =1 for all z € [0, 1]. In this setting,

(Pon,Tom) — (0 ) in Ll(R;RQ) but for t >0  Si(ponsTon) 7 Se(0,x. ) in Ll(]R;]RQ).

’X[o,u [0,1]

Indeed, (po,n, ro,n) yields the stationary solution to (1.2), since vy, = 0 and v, (po,n(x) + ron(x)) =vr(1) =
0 for all = € [0, 1]. Hence, for all ¢t > 0, St(po.n,Ton) = (PonsTon)-

On the other hand, calling (p(¢),r(¢)) = S¢(0,x ), we have that p(t) = 0 and r is the (non stationary)

[0,1]
entropy solution to the Cauchy problem

Or 4+ 0y (rvp(r)) =0
r(0,x) = (x).

Xpo]

Hence, the mere L-convergence of the initial data does not guarantee the convergence in L*(R;R?) of the
solution at any positive time.

Note, for completeness, that p,, € BVl(IR; R) and r,, € BV(R;R) so that Theorem 2.3 applies
and Item (S3) holds.

We now prove the uniqueness of solutions to (1.2) in the same class where existence is ensured by the
semigroup trajectories exhibited in Theorem 2.3.

Theorem 2.5. Let (vNL), (vL) and (1) hold. Fix (p,,7,) € BV'(R;R¥) x BV(R;R) and assume that
(p1.71), (p2,m2) € C°([0,T); BV (R; R¥) x BV(R;R)) solve (1.2) with initial datum (p,,7,) in the sense
of Definition 2.1. Then,

(p1,m1) = (p2,72) -

The proof is deferred to § 3.5.
As a consequence, the trajectories of the semigroup S constructed in Theorem 2.3 are uniquely charac-
terized as the solutions to (1.2) in the sense of Definition 2.1.

3. Analytical proofs
Throughout, we use the following notation:

& )
HPHLl(R;Rk) =i HPZHU(R;R) ”pHWLl(R;R’V) = ”pHLl(R;Rk) + HP'HLl(R;Rk)

k .
||P||Loo(R;Rk) =2 ic1 szHLw(R;R) HPHWLm(R;Rk) = ||pHL°°(R;]Rk) + ||PI||Lw(R;Rk)
TV(p) = S0, TV(p')

and the vector convolution in the space variable is, for i =1,... k,
(p() 1) (z) = ((p" (1) x1') (@), (p" () ¥ 7’) (x)) - (3.1)
The next two lemmas refer to general elementary functional analytic results of use below.
Lemma 3.1. With the notation (1.3), if ¢ € BV(R;R¥), then lqllpo @ rE) < 2 TV(q).

Proof of Lemma 3.1. We use below the left continuous representative of ¢q. Since, ¢ € L*(R;R¥), then for
every ¢ > 0, there exist a. and b. with a. < 0, b > 0, |¢(ac)| < € and |g(b:)| < €. For any = € R we thus
have
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() (a2)[ + TV (g;]—o00, z])

lq(x)] < |q €+ TV (g;]—o00,x[) ;
lg(z)| < lg(be)| + TV (g; [z, +00l)

<
< e+ TV (g [, +00) -

Summing the two latter results and passing to the infimum over € completes the proof. O

Lemma 3.2 (Characterization of BV*(R;RF)). With the notation (1.3)—(1.4), BV'(R;R¥) is the set of W1
limits of W21 bounded sequences in (C2NW2*NW21)(R;R¥). Moreover, if p € BV (R; R¥), then there
exists p, € (C2N W22 N W2L)(R; RF) such that lim, 1 pn = p in WHL(R;R¥) and

ngrfoo ”pn”W?«l(R;Rk) = ”p”Bvl(R;Rk) : (3.2)
Proof of Lemma 3.2. Fix p such that there exists a sequence p,, in (C2NW2>* N W21)(R; R*) bounded in
W21(R;R¥) and converging to p in WL 1(R; R¥). Hence p’ = lim,,_, 1« p!, in L*(R;R¥), with p/, bounded
in WH1(R; R¥). By [3, Theorem 3.9], we have p € BV (R;RF).

On the other hand, introduce a mollifier ¢ € C°(R;R ) with spt (C[—1,1] and [, ¢ = 1. For n € N\ {0},
define ¢, (z) = n{(nz) and p, = p* (,. Clearly, p, € (C2 N W2> N W21)(R;R*), and by some classical
results about convolution in [9,22] it holds that

HanLl(R;R) §||PHL1(R;]R<) ||C||L1(1R<;R) [By [9, Theorem 4.15]]
lonllLe®r) <1 LRy (¢ R R [By [9, Theorem 4.15]]
ol ®iry < TV Il Ry - [By (22, Proposition 8.49]]

hence p is the W11 limit of a W21 bounded sequence in (C%Z N W2> N W21)(R; R*). By the lower
semicontinuity in L1 of the total variation, TV(p') < liminf, . TV(p),) = liminf, Hp{r;HLl(]R;]Ry prov-
ing (3.2). O

8.1. Stability property of solutions

Proof of Proposition 2.2. Introduce for : = 1,..., k the maps

v (t,2) = vivg, ((Boa(t) *0') (@) + ((ra(t) + en()) * ') (2))
Vo (t, @) = Vv ((Bpoo(t) *0') (2) + (roo(t) * ') ()

and observe that by (VNL) and (2.4), we have the convergence lim,,_, 1 v}, = v’ a.e. in [0, 7] x R. Moreover,
since

||(Epn * ni) + (Tn + en *1 HLOO([O TIxR;R) = HEPn +rn+ en”CO ([0,7]; L1 (R;R)) ||77 HLOO(]R iR)

is uniformly bounded by (2.4), also sup,, [|vn |y, (o, 7)xrRF) < +00. By [9, Theorem 4.9] and (2.4), there
exists a function h € L1([0,7] x R;R) such that for a.e. (¢,z) € [0,T] x R, up to a subsequence,

sup || pp (¢, )| 4 sup [|0zpn (t, )| + sup [|Ozen(t, )| + sup |ro(t, z)| < h(t, z). (3.3)
neN neN neN neN

This allows to apply the Dominated Convergence Theorem to the equality

T
[ [ Gitt.0)du(t.) + 61t v 0,2) Dol ) dadt + [ (o) (@) p(0,2) do =0
0 R R
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which holds by Definition 2.1, for alli = 1,...,k, n € N\ {0}, ¢ € C(]—00,T[ x R;R). Hence, ps solves
the nonlocal equation in (2.5).
Concerning the local part of (2.5), we proceed similarly. Introduce

wp(t,z,r) =vn (Z (pn(t,z) +en(t,z)) +7)  and  weo(t,z,7) = vL (Zpoo(t,z) +7) .

Clearly, since vy, satisfies (vL) and (2.4), limy,— oo Wy (8,2, 7, (¢, 2)) = Weo (¢, 2,70 (¢, x)) for a.e. (t,z) €
[0,T] x R. We aim at applying again the Dominated Convergence Theorem to the integral inequality in the
definition of Kruzkov solution, i.e.

T
[ [ 1t - Kpuote. ) ot (3.9
0

R

+ /sgn(rn(t, x) — k) [rn(t, ) w, (t,x,m (6 2) — kw,(t, 2, k)] Ozp(t, x) do dt (3.5)

R

Ot~

S~

/sgn(rn(t, x) — k) k Opwy,(t, 2, k) p(t,x)dzdt >0 (3.6)
R

fork € R,n € Nand ¢ € C(]0,T]xR; R, ). To this aim, observe that the term in (3.4) is easily dominated.
Concerning the integrands in (3.5) and (3.6), compute them for a.e. (¢,2) € [0,7] x R and use h as in (3.3)
to get that

(35 < (It )] + [E]) [0l (rigy 19 0(8, )]
< (h(t, ) + B lvellpe gir) 10x0(t @)[
|(3-6)] < [EHvL L m;R) [E (Owpn(t, ) + Ouen(t, )| 10:0(L, )|
< [l 02l o) A 2) [Oaip(E, 2)-
Then, as functions of (¢,), the dominating quantities obtained above are in L([0,7] x R;R) and the

Dominated Convergence Theorem allows to pass (3.4)-(3.5)—(3.6) to the limit n — 400, proving that re
solves (2.5). O

3.2. The nonlocal problem

We are interested in the system

Oup' + 00 (01 Vi (tw,pxn')) =0 i=1,... .k (3.7)
,0(0,217) = p0($)

where V = V (¢, x,q) is such that V € C°([0,T];V) and V is the space of speed laws

V= {V€C3(Rka;Rk)' V(-,0) € L®(R; RY), }

T 0.V YV, V] € W2O(R x RF;RF x RFXF)

VIy = IV 0l @rey + 102V VaVlllwe o mxrsirs xrixr):
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Definition 3.3. By solution to (3.7) on the time interval I we mean p € C° (I;L*(R;R¥)) that solves

where v'(t,z) = V' (t,z, (p(t) xn') (2)) . (3.9)

op' + 0y (p' v (t,x)) =0 (t,z) € IxR
§(0,) = pi ) reR

Above, a solution to (3.9) is a distributional solution [6, Definition 4.2], which is also a weak entropy solution
in the sense of [28, Definition 1], see also [19, Corollary II.1].
Fori=1,...,k, given v* € C° ([0, T); W-(R;R)), the solution to

&?pi + 0y (pz vi(t,x)) =0
p'(0,z) = po(x)

in the sense of Definition 3.3 is

p'(t,x) = p, (X*(0;t,2)) £(0,¢,2) (t,z) € [0,T] x R, where (3.10)
t

Elt,ty, o) = exp /&wi (5, X' (s3t0,20)) ds (t,to,,) € [0,T)> x R (3.11)
to

and s — X*(s;t,x) is the solution to the Cauchy problem

d yi(c. _ i i( g
The change of variable
&= X" (050, 7,) (3.13)
and the following formulee, from [7, Theorem 2.3.2, Theorem 2.3.3], are frequently used below:
Or, X' (tito, o) = Et, to,20)  and 9y, X' (tito, o) = —E'(t o, o) V' (to, T0) - (3.14)

For completeness, we recall below — without proof — properties concerning the problem (3.7) useful in
the sequel.

Lemma 3.4 ([16, Theorem 2.3]). Assume n € W2(R;R*), V € C°([0,T); V) and p, € BV(R;R¥) Then,

1. There exists a unique solution p to (3.7) on [0,T] in the sense of Definition 3.3.
2. If p, € BV(R;R¥) and p is the corresponding solution to (3.7) on [0,T), then for allt € [0,T)

lo(t) = POl (m R

< C (Inllwae @z 1V oo, 190l gy [Pollsvceizsyst) 1100 = Bollia e

3. p is locally Lipschitz continuous in t: for all t,t € [0,T]

o) = p@ | gy < € (Inllwe ey 1V ooz 190l ey T[]
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4. If V € C°([0,T):V) and p is the corresponding solution to (3.7) on [0,T), then for all t € [0,T):

lo(t) = Pl L1 (r &K

< € (Inllwas iz 1V lowgo s oo llsvaamn 1) [V =7 o

5. For allt € [0,T) and fori=1,...,k, | pi(t)HLl(R;R) = prJHLl(R;R)'
6. Fori=1,....k, if pi >0, then pi(t,z) > 0 for a.e. (t,z) € [0,T] x R.

We now establish some qualitative and regularity properties of the solution to the nonlocal problem (3.7)
under more restrictive hypotheses on the initial datum p,, on the speed law V' and on the kernel function

n.

Lemma 3.5 (Fine estimates on p). Suppose n € (C2 N W32)(R;RF), V € C°([0,T];V) and p, € (CZN
W2 0 W21)(R;R¥). Then, the solution p to the nonlocal problem (3.7), constructed in Lemma 3./,
satisfies the following properties.

(N1) p e C*([0,7] x R;RF).
(N2) 8,p € L ([0,T]; WHL(R; R¥)). In particular, for a.e. t € [0,T]

”afbp(t)HLl(]R;Rk) <C (HUst»w(R;Rk)a ”V”CO([O,T];V)? HPOHlel(R;]Rk)’t) J (3.15)
||8§mp(t)||L1(]R;Rk) <C (HUHWS»W(R;R’C)’ Vo o,m:v)» ||Po||w2,1(R;Rk)at) ) (3.16)
102l 0.0 xmimry < € (Illws e emiys IV oo, rievy: oo lwas sy Tt (3.17)
1022l o g xmapry < € (Mlhws. e sy 1V o o110 loolwan @y T) £ (3.18)

(N3) p is WY locally Lipschitz continuous in t, i.e., for all tte [0,T]

[|o(t) - p(/t\)le,l(R;]Rk) <C (HUHW3=OC(R;R’€)7 IVllco(o,73:v)> ||p0||w211(]R;]Rk)7T> t—1].

(N4) p e L> ([0,7T] x R;R*) with

IPlliee o,y < € (Imlhwa. gy 1V oo ryvns NPollia gy oo e iy T) - (3:19)

(N5) 92,p € C° ([0,T] x R;RF).
(N6) yp,0ip,0%,p,0%p € L™ ([0,T] x R;R¥). In particular,

[10zpll Lo (jo, 7] xRiRE) < C (HUHW&M(R;Rk)a IVl o o,z1:v) [1PollLr (rir %) HPonwc(R;Rk)’T) . (3.20)

Proof. Fix i € {1,...,k}. Referring to (3.1), introduce v(t,z) := V* (¢, , (p(t) * n*)(z)) and use the nota-
tion (3.10). We split the proof in different parts.

Claim 1. The maps (¢, z) — v(t,z), 0v(t,z) € C° ([0, T] x R; R¥). Moreover, for all ¢ € [0, T]: z — v(t,z) €
(C3NW3>)(R; R¥) and v € L* ([0, T]; W3>°(R; R¥)). The continuity of the maps (t,z) — v(t, ), d,v(t, )
is a consequence of the assumptions on V,7 and the hypothesis p € C°([0,7]; L*(R;R¥). Similarly, for all
t €10,T], z + v(t, ) is of class C® and allows the following estimates:
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[ (t,2)| < IV llgoo.4:v) (1 Sl (| P ”pO”Ll(R;R’“))
10,0 (t,2)] < IV ooy (1 1105 e oy 1001
102,06, 2)] < 1V lgoqo vy (1121 0F) l[ws e oy 190 N oty 1) e gy 10 I sy )
02,0 (1 2)] < IV llco 0,00y (1 317 [y ey 10l sy
+ 3 ) . gy N0y + 107 [l ey 1oellE i)

Finally, we also obtain

||vHL°0( [0,T7];W3:20(R;R)) = < Q where
Q =4 ||V||CO([O T] V)(l + ||77||W3 oc(]R ]Rk) ||p0||L1(]R Rk) (321)
+||77 HWI o0 (R;RF) Hpo||L1(R iRF) + ||7] ||Loo (R;R*) ||p0||L1(]R ]Rk))

completing the proof Claim 1.
Claim 2: The following regularities hold:

Vtel0,T] [(to, o) = X (510, 2,)] € C* ([0,T] x R; RF)
Vtel0,T] [(to, To) = E(t, to, T,)] € C ([0,T] x R;R¥)

and moreover, for i = 1,...,k, (t,t,,7,) € [0,T] x [0,T] x R,
|E¥(t, to, xo0)| < 97 . (3.22)
Due to Claim 1, the continuity of X is an immediate consequence of V' € C°([0,T];V) and p €

C° ([0, T); L*(R; R¥)). The continuity of (t,,z,) + E(t,to, z,) follows from (3.11) and the C* regularity of
X holds, due to (3.14). An application of (3.14) yields that

t

axngi(t,to,xo =0, /8 vi s Xi(s;to,:vo)) ds
/ v 8 X'(s; to,xo)) E'(sit0, o) ds

8t05i(t,to,xo zﬁto/ﬁzv s, X" (s;to,xo)) ds

= —0,v' (t,, xo)—/ﬁngi (5, X (510, 20)) E'(Sit0, To) V' (to, To) ds (3.23)

proving the C! regularity of (¢,,x,) — E(t, 10, To)-
Moreover, referring to (3.21), the bound (3.22) follows, since for all (¢,t,,2,) € [0,7] x [0,T] x R,
|EW(t, Lo, mo)| < @lt—tol,

Claim 3: (N1) holds. One obtains that p € C° ([0, 7] x R;R¥) because of the continuity of p, and Claim 2.
Compute now
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0up/ (1) = () (X'(0;1,2)) £(0,1,)° (3.2)
+p), (X(0t,2) / (s, X'(s;t,z)) E'(s,t,z)ds
00 (1.2) = (1) (X' (051.2) (~E4(0.1.2) ' (t.)) £°(0,,)
o (X(0:t,2)) | —0pi(t ) — / 02,0 (s, X (s, 2)) € (sit, ) vi (¢, 2) ds | |

proving that p € C* ([0,7] x R;R*) due to p, € C*(R;R*), Claim 1 and Claim 2.

Claim 4: (N2) holds. Use the change of variable (3.13) and (3.14) to obtain for a.e. t € [0, T

102" )] 11 gy </} (P5) (X'(0;t,2)) (0, t,2)?| da

/ (X*(0;t,2) / (s;t,z)) E(s,t,x) ds| d
/ §E (0,1, X'(;0,€) )|d§+/|pg(5)|Qtth5i(o;t,g)dg
R R

< Hijle,1(R;R)e @ (1 + Qtth)

proving (3.15). Since

aimpi(t,x) :(pé),/ (Xi(();t,x)) gi(ovtﬂ I)3
+2(p2) (X (0;t,2)) £(0,t,2)0,E(0,t, )

+(ph) (X(0s, ) SlOtx/ U(s, X (s3t,)) El(s,t, ) ds
+ pb (X°(05t, ) /mz (5, X'(s;t,2)) E(s,t, ) ds

0
+ pf, (Xi(();t,x)) /aiwvi (s,Xi(s;t,ac)) &Et‘f’:(s,t,x) ds,
t

computations entirely similar to the ones used above ensure that
2 i 2Qt t 2,2
Hamp(t)HLl(R;Rk) < HPOHWZl(R;R)e (1 +4e?Qt + Q%)
proving (3.16). The bounds (3.17) and (3.18) readily follow.

Claim 5: (N3) and (N4) hold. Thanks to 3. in Lemma 3.4, it is sufficient to prove the L local Lipschitz
continuity in time of d,p. To this aim, start from (3.24) and, using (3.22), compute:
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10:0"(8) = 000" (B)]| 1 (g,

< / [(p2) (X7 (05t,2)) (0, ¢, 2)* (L) (X'(0;8,2)) £(0,t,2)?| dz

t
“0;t,x )/(‘ﬁmvi (s, X'(s;t,2)) E'(s,t,x)ds
R 0

t
—p (Xi(O;tA,x)) /8535111 (s,Xi(s;tA,x)) Ei(s,t,x) ds’ dz
0

<297 TV ((p1)) sup ’X (0;¢t, ) — Xi(();?,x)| [By [16, Lemma 4.1]]
+2€2QTH pO HLl(R R) sup |5 (0,t,z) — Ei(O,tA, ac)‘ [By (3.13), (3.14)]
+2QT e?T TV ((p})) sup | X' (0s¢,2) — X' (0;¢,2)| [By [16, Lemma 4.1], (3.21)]

zeR
+ QMo || L mugy It — 1] [By (3.13), (3.14)]
7
+Q¢* 0|l Lr mm) /Sug | X (st 2) — X'(s;8,2)| ds By (3.13), (3.14), (3.21)]
S
0
i
+ Qe 06/l L mm) /sup |Ei(s,t,x) — E(s,t,2)| ds. [By (3.13), (3.14), (3.21)]
0

To complete the above estimate, note that for all s € [0,7] and for all z € R,
| Xi(s;t,2) — X'(s;t,2)| <Qe?T [t — ] ; [By (3.12), (3.14) and (3.21)]
|Ei(s,t, ) — E'(s,t,2)| <(Q+ Q*TeT) |t —1]. [By (3.21), (3.22) and (3.23)]
and (N3) follows. The standard embedding W11 (R; R*) — L*°(R; R¥) allows to prove (N4).

Claim 6: (N5) holds. The computations in Claim 4 show that 9%,p € C° ([0,7] x R;R¥) due to p, €
C2%(R;R*), Claim 1 and Claim 2.

Claim 7: (N6) holds. For (¢,z) € [0,T] x R, by the computations in Claim 3, (3.21) and (3.22)

00" (t, )| < H/’0Hw1 o (R;R)€ e*dt (3.25)

| < 11060 Nl iy Q + 11600) e iy (Q+Q2 “IT)

QQT +4€QTQT+Q2T2) e

(t, )
}atpl(t7x)
|02 (8, 2)] < HpOHW2°°(]R R)(
(t, )

t,x ‘ |((po) )(Xz(O;tmc)) 6tXi(0;t,:C)€i(0,t,x)2’
+[(ph) (X (058, 2)) 26(0,t, )0:E(0, ¢, )|

’atzp

+[(pL) (X'(0st,2)) 0, X" (0 ¢,z / (s, X'(s;t,2)) E(s,t, ) ds

—|—‘p0 (X1 O;t,x)) 8939;11 (t,x)‘
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+ph (X*(05t, ) / B2t (5, X (st,2)) 0, X" (s3t,2)E(s,t,2) ds

+ph (X*(05t, ) / V' (s, X" (s;t,2)) 0,E (s, t,x) ds

< {105 | oe iy @ (1 + TQ + T (24 T2Q%) + *9T4QT + €379 |
completing the proof of Claim 7. O

Lemma 3.6 (A priori estimate on V). Assume that n € W32 (R;R¥), vy satisfies (vNL) and r €
CO ([0, T};; LY (R;R)). Define fori=1,...,k and for (t,x,q) € [0,T] x R x R*

Vilt,r.) = vy (Sa+ (r(t) # 1) (@)

Then, V belongs to C° ([0,T];V) and for all t € [0,T]

IVllcogoagm < € (Inllweoe @z 108 llws. @zoys 17l cogoges mmy) ) - (3.26)
Proof. Compute, for all (t,z,q) € [0,T] x R xR and i,j5,I,m=1,...,k
‘Vl(t,x,0)| < ||”§VL||LOC(R;R)

0.V (t,2,q)| < H(ni)/HLm(R;R) H(’U?VL)/HL”(R;R) @)l m;r)

100, V't 2,0)| < [[ (ki) || o iy
|02V (t,z,q)| < H(ni)/HiM(R;R) H(“j\/L)HHLm(R;R) Hr(t)”il(R;R)

+H(ni)”HL°°(]R;R) H(’Uj\fL)lHLOC(R;R) IOl vz

Vl(taxvq)‘ < H(T}i)/HLm(R;R) H(Uﬁ'VL)HHLoo(R;R) Hr(t)”Ll(R;R)

’8 Vi(t,z,q ‘ < |[|(vyz //HLOC(]R]R)

q;54q1
| Ozea V' (12,4 | < H HLOO(]R;R) ||(”§VL /H”Lw (R:R) (¢ )Hil(R;R)
+3000") | o iy 100 oo ey 1@ E) e gy 170 2 12y
—&-H '”HLOO(RR || UNL HLoo(R R) [r(t )||L1(JR< :R)

63 Vi(t, z,q ///

TTq;

IN

) HLm(R;R) H(%\/L HLOO (R;R) || ( )HLl(]R;]R)

+||(n )”HLoo(R;R) (e HLoo(R-R) 17 (t) |2 (i)

83 Vi(t, z,q ///

xTq;di <

= H(ni)/HLm(R;R) (i)

~—

HLOO (R;R) ” ()HLl(]R;R)

193 00, Vi) < [|0he2)"”|

95 q19m Lo (R;R) ’

hence for all ¢ € [0,T], V(t) € V. Moreover, since for all ¢,t, € [0, 7],

H’/‘(t) * 772 - T(to) * niHWs,oo(R;R) < ||T‘(t) - T(tO)HLl(R;R) HnZstoc(]RvR)
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we get that V € C°([0,7]; V). The L°°(R; R*) continuity of ¢ — V(¢,-,0) and of ¢t — [0,V (t) V,V(t)] in
W22 (R x R¥; R* x R¥*k) then follows by the regularity of vyz. O

Lemma 3.7 (Stability in WH1). Fiz R > 0. Let n € W3®(R;R¥), vnp satisfy (vNL). For all r,7 €
C° ([0, T; LY(R; R)) with |7l go(orLr@r)y < Ro [Plco(o iz iy < Rs po € BV (R;RY) and p, €
WLL(R; RF), call p, p the solutions, in the sense of Definition 3.3, to

Oep' + 0 (0" iy, (Bpxn’ +rxn’)) =0 i=1,... .k (3.27)
P(O,x) = pO(x)
P+ 0, (P iy (Zpx ' +7x7')) =0 i=1,...k (3.28)
ﬁ(ovx) = ﬁO(x)
Then, there exists a constant C3 such that for all t € [0,T]
t
I9(6) = P0) lwa sy < 1+ Catllpo = Pllwassy + Co [ () =7 sy & (329
0
where
Co = C (Imllws.= gy 0L s sy R 120 sy iy 1Poll sy ) - (3:30)

Using the particular form of (3.27)—(3.28), Lemma 3.7 improves the stability estimates 2.—4. in Lemma 3.4.

Proof of Lemma 3.7. Throughout, fix ¢ = 1,...,k. Lemma 3.6 ensures that we can apply Lemma 3.4
to (3.27) and (3.28). Hence, there exist unique p,p € C° ([0, T]; L*(R;R*)) solutions to (3.27) and (3.28)
in the sense of Definition 3.3. Introduce the velocities

v (t,x) = v ((Bp(t) *n') () + (r(t) x 1) (2))
0'(t,x) = vy ((Zp() *0') () + (P(t) + ') (2)) -

The same computations as in Claim 1 in Lemma 3.5 and the estimate (3.26) in Lemma 3.6, yield that there
exists a constant

R:=C (||77,||W1100(R;Rk‘)7 HUNLHWZOO(R;R’C)vR» HPO”Ll(R;RK‘)v ||ﬁo||L1(R;]R<k))

such that
maX{||a$vl||CO([O,t];W1v°°(]R;]R)) J ||5x61HCO([o,t];WLM(R;R))} < Q. (3.31)
With this choice, we have
max {Si(t,to,xo),gi(t,to,xo)} < eQlttol < QT ¢, € [0,T],z, € R. (3.32)

Moreover, for all s,t € [0,T], s < t, the following estimate holds by an adaptation of [16, Proposition 4.2]:

t
‘Xi(s; t,x) — )A(i(s;t,x)’ < / Hvi(T) - 17“'(7')||L00(R;R))6Q(t77) dr (3.33)

<|t — 5| e@lt=sl |v* —ﬁiHCO( (3.34)

[0,t];L>=(R;R))
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At last, taking advantage of the expression (3.11) and applying the estimates (3.31)—(3.34), one gets that
for all s,t € [0,T],s<tze€R

E'(s,t,x) —gi(s,t,x)‘

< max {euawaiHcO([o,t];Lw(R;R))|t*3‘ , euarviHco([o,t];Lw(R;]R))It*sl}

> /8$Ui (1, X' (1;t,2)) — 0,0 (7'7 )A(i(ﬂt,l‘)) dr
t
Stet—S‘ /&Cvl (T, Xi(’ﬁt,l')) - aa:Ui (T,X“T;t,.’[)) dr
t
+ tet_S‘ /8$’U’L (T, )?Z(T, t, Z‘)) - 8z61 <7—7 )?1(7—7t7x)) dT
t
. t

<e?t=sl [ Q / ‘X"(T;t,x) —Xi(f;w)‘dTJr/Haw”i(T) =00 (M) oy A7

t t t
<@ Q [ [ 16) =5 g 2 a7 b+ [ 0,07 = 0] iy O

t t
<eQlt=sl [ Q=g — 5| / v’ (r) _?(T)HLOO(R;]R)) d7'+/||8wi(7-) - 8$’6’L-(T)||LOO(R;]R) dr

<R l(Qlt — | +1) [v* — ﬂdHLl((s,t);Wl’oo(R;R)) : (3.35)
Now observe that for all 7 € [0, 7]
[ (7, ) = '(r, ')HLoo(R;R)
=sup iy, (Bo(r) + ) (2) + (r(r) #0) (@) = vivy, ((SA() =) (@) + (F(r) 5 m) ()|
A
<lohs e @z IMle@rs) (1607) = 2@y + 17() = 77 @e) ) (3.36)
and
||3x”i(7) - 3ﬁi(7)”Lo¢(R;R)
< (||(”§VL)/||Lw(R;R) + ||(U§VL)//||L°°(R;]R)||ni||L°°(R;R)HEﬁ(T) + ?(T)HLl(]R;R))
k
X H(ﬂi)/HLoo(R;R) Z ||pj(T) - ﬁj(T)HLl(]R;]R) + ||7“(7’) - ?(T)HLl(]R;R)
j=1
< (e gy + 10l @ 1l ey (1ol gy +R) ) 1 e ey
x (o) = F) s gy + I7(7) = 7)o ) (3:37)

by Item 5. in Lemma 3.4 and



R.M. Colombo et al. / J. Math. Anal. Appl. 557 (2026) 130263 17

i 2
H — 0 NL ")HLoc(R;R)
9 2
< (1 + 3l sy (Ioolliaapsy + R) + 17w @emey (190ls i) + R) ) (3.39)
><Hn”wz»m(R;Rk)||U§VL||W2,oo(]R;Rk) (HP(T) - ﬁ(T)HLl(R;Rk) +Ir(r) - ?(T)“Ll(R;]R)) :

Bound on the distance between p’(t) and p'(t) in L*(R;R*). Owing to (3.10), one obtains that for all
te[0,T)

le(t) - ﬁ‘i(t)HIg(R;]R)

/| ph (X058, 2)) — ph (X'(0;¢,2))) (0, t,2)| dz
+/‘(ﬁ; (X(0:t,2)) — 5}, ()?%O;t,x))) Ei(O,t,x)‘ dx
R

of

i ()?i(o;t,x)) (gi(o,t,x) - Ei(o;t,x))] da

R
<[y = s ey + 2TV sup [ X°(0:.2) = K038, By [16, Lemma 4.1]
TE
+ L | Ly (@ + DIV = T [l ps oowr = iy By (3.35)]
<[10h = ellga gy e (2TVE e |y Q1+ D) 0T g o ey (339)

where in the previous computations we exploit (3.33). Now, inserting (3.36) and (3.37) in (3.39) allows to
prove

[o(t) = P() L2 (m R
< llpo = ﬁo”Ll(R;Rk)

+C (Il qasgoy 0w s gy [0l iy 120l caigy Rot)
t
< [ (100) = ) s ey + () = sy )
0

and, by an application of Gronwall Lemma, it is possible to obtain

lo(t) = P()l| L1 (r RK)

< (14 € (Inllwew moy lonelwe < gy [P0l sy 160 |y eams) Rot) t)
t

< (10 = Pollxmay + [ 17D = 7Dl dr | (3.40)
0

Bound on the distance between 9,p and 9,5 in C° ([0, T); LY(R; Rk)) An application of [16, Lemma 4.1],
together with the estimates (3.31) and (3.32), leads to
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Hawp(t) - aWﬁi(t)HLl(R;R)

< [ |ty (xioito) — i) (R 0s8.2))) €08, o
R

+ [ iy ()?i(o;t,x)) (5i(o,t,x)2 — Ei(0:1, x)2) ‘ da

+ gi(O;t,x)2 dz

(o) (XH(0st,2)) = () (X' (051.))

!
!

_|_

/ (pzo (X' (03¢, 2)) — p), ()A(i(O;t,m))) /a,iwvi (s, X'(s;t,2)) E (s, t, ) ds| dw
R 0

/pi ()?i(O;t,w))
R
/pi ()?i(o;t,x))
R
/pi (X'i(O;t,w))
R

_|_

(92,0 (5, X' (sst,2)) — 02,0 (s, X'(s3t,2))) E'(s,t,z) ds|dz

+

(8@51— (S,Xi(S;t,$)> - 920 (s,)?i(s;t,x))) E'(s,t,x)ds| dw

_|_

dx

S, O °o—_

020 (s,)?i(s;t,x)) (Ei(s,t,x) - gi(s;t,x)) ds

t

—|—/ (pf, ()A(i(O;t,x)) - ()A(i(();t,x))) /35965“ (s,)?i(s;t,m)) c‘?i(s;t,:z:) ds|dx
R 0
<2 V(o)) [ X1 0: ) = K 0st )

+2e29| (o}

/ 7 D Az .
) HLl(R,R) £(0,t,-) = €1(0,t, )HLOC(R;]R)

* CQtH(pf,)/ - (ﬁ(i))/HLl(R;R) +2Qte* TV (p})

XZ(Ovt7 ) - Xi(O; t, .)HLW(R'R)

t
o gy [ 1020°05) = 02.06) |y 05
0

t
+ethHPiHLl(R;R)||a§m@i||L°°([0,t]xR;R>/"Xi(s;t")_)A(i(s;t")HLm(R;R) ds
0

£i(site) = Bt o dst Q¥ |oh = 7 |

t
+ Qe sz | |
0

< (14€ (I lws = oy 0N lwz o gty [1olls imeys 1Polls gy R) )
X H(p’g)/ - (ﬁi)/HLl(R;R)
+ € (117 .o iy 10V L s o ey 100l iy 1B s iy R ) 105 = Bl s oy

+C (Iln’llwz,mm;m), lonLllws. rrrys [P0l gy mirE): [1PollL (R REY> R t)
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t
></Hvi(T;-)—w<7a')’|w2v°°(R;R))dT
0

where in the last inequality we exploit (3.33), (3.35) and
||aiacxanCO([Qi];Loo(R;Rk)) <C (”nI”WZOO(]R;Rk)v ”UNL”W&DO(]R;Rky ||b\0||L1(]R;]Rk)7R) .
Owing to (3.36)—(3.38) and (3.40), we get
[102p(t) = 02p(t) |2 (m:R¥)
< (1 +C (||n'||W1,W(R;Rk), lvvellwe oo mirEys [1P0llLe (imE) HﬁoHLl(R;Rk)aR) t) o = ﬁoHLl(R;R’“)

+C (Il @ oy 10N Ll o e ety 190l iy 1ol oy Ro ) ¢
t

< (oo = Bllurcamn + [ 7)) s om0 | (3.41)
0

Finally, (3.29) and (3.30) follow from (3.40) and (3.41). O
3.8. The local problem

This paragraph is devoted to the Cauchy problem

{ O + 0, (r w(t,,r)) =0 (3.42)

r(0,2) = ro(x).

We refer to [28, Definition 1] for the definition of solution to (3.42). Uniqueness and Lipschitz continuous
dependence on the initial data follow from [28, Theorem 1].

Lemma 3.8 (Dependence on the initial datum and uniqueness). Fix W > 0. Assume

(L1) w e CL([0,T] x R x R; [0, W]).
(L2) 92w,02,w e L ([0,T] x R x R;R).

loc

If r,7 € L>°([0,T] x R; R) are Kruzkov solutions to (3.42) with initial data r,,7, € L (R;R), then, for a.e.
te€0,T],

17() = POl (jato t,0—0 gsr) < 70 = TollLa ((a,4:m) where
o =sup{w(r,§,q) +q¢dw(r,& q)|: T €[0,t], £ €[a,b], g € [-M, M]} (3.43)

M = max { 7o - gy IPo i i
If moreover |ro — To|lp1g.r) < +00 and
(L3) sup {|0rw(7,&,q)|: 7 €[0,¢], £ €R, g € [-M, M]} < +o0,
then

(&) = () lLr m;r) < 170 — TollLr r;r) - (3.44)
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Hence, (3.42) admits at most a unique Kruzkov solution.

Proof of Lemma 3.8. We set ¢(t,x,r) = rw(t,z,r) and, with reference to the conservation law d;r +
pp(t,z,7) = 0, we verify the assumptions in [28, § 3]. Indeed: ¢ € C([0,T] x R x R;R) due to (L1).
Furthermore, the maps r — Owp(t,x,r) and r — J,p(t,z,r) are Lipschitz continuous on every compact
subset of [0,7] x R x R, due to (L2). Hence, (3.43) follows from [28, Formula (3.1)] while [28, Theorem 2]
ensures the uniqueness of the solution. Finally, (3.44) is obtained passing to the limits a = —oo and b — +00
in (3.43), thanks to (L3). O

Corollary 3.9 (Invariance of [0, R] and mass conservation). Let (L1) and (L2) hold. Fiz Ry, > 0 and assume
moreover that

w(t,z,Rr) =0 forall (t,2) € Ry xR. (3.45)
If r, € LY(R;[0, RL]), then, for all t > 0, the KruZkov solution r to (3.42) satisfies
r(t,z) € [0,Ry] fora.e z€R and [r®llL: gy = ITollLe®ig) - (3.46)

Proof of Corollary 3.9. Clearly, r, = 0 yields the null solution by (3.45) while 7, = Ry, yields the constant
solution 7(¢,2) = Ryr. The comparison principle [28, Theorem 3] ensures the invariance r(¢,z) € [0, Rz] for
all (t,z) € Ry x R. Then, the conservation of mass yields the latter equality. O

We now consider the existence of solutions to (3.42).

Lemma 3.10 (Ezistence). Fizx W > 0. Let (L1) and (L2) hold and assume also that

(L4) 92,w,0%w e C°([0,T] x R x R;R).

(L5) O,w,d,w € L™ ([0,7T] x R x R;R).

(L6) There exists R > 0 such that for allr < —R, w(t,z,r) =W and for all ™ > R, w(t,z,r) = 0.
(L7) 92,w e L* ([0,T] x R x R;R).

Then, for any r, € L™ (R;R), problem (3.42) admits a Kruzkov solution.

Proof of Lemma 3.10. Using the notation in [28] we set ¢(t,x,r) = rw(t,z,r) and we check that the
assumptions in [28, 4° of § 5] are verified. Indeed: ¢ and 9, are continuous by (L1); 92,¢ is continuous
by (L4); 02, is continuous by (L4); 9,¢ and 8, are bounded in [0,7] x R x [—~M, M] for any M by (L5);

condition [28, (4.1)] directly follows; condition [28, (4.2)] holds by (L5)—(L6)—(L7). Then, [28, Theorem 5]
applies, completing the proof. O

Lemma 3.11 (BV estimate and stability). Fiz r, € BV (R;[0, R]). Consider the problems
Or + 0y (r w(t,z,7)) =0 and ?tr + 0, (Tw(t,z,7) =0 (3.47)
r(0,x) = ro(x) 7(0,2) = ro(x)

with both w,w satisfying (L1), (L5), (L6) and (L7). Moreover, w also satisfies

(L8) For all q € [-R, R], fOT Jg |02, w(t, 2, q)| dz dt < +o0.
(L9) dpw, 02w, 02w € L>°([0,T] x R x R;R).
(L10) 92,w,02,w € C°([0,T] x R x R;R).

»Yxr
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Call r the solution to (3.47), left. Then, for allt € [0,T], r(t) € BV(R;R) and

t
TV (r(t)) < TV(r )””R/ e / 102, w(r, 2. | e ey (3.48)
0

where

Ko <3 <||61w||L°°([O,T]><R><R;R) +R Haﬂ%T’wHL“([O,T]XRXR;R)) .

Additionally, calling 7 the solution to (3.47), right, if w, W satisfy

(L11) supyejo ) 10zw(t, -, )llps riLee ;) T SUPrefo, ) [02W(E; - ) lLa (ryLe (riR)) < +00

then

|lr(t)—7 ()||L1(RR)<te”°tC TV(r,) //HB w(T, z, HLOO(R;R)dde,R [|w—1]|y,. (3.49)
0

In (3.49), we use the set
W= {w: [0,T] x R x R — R satisfying (L1), (L5), (L6), (L11)} (3.50)

with norm

Hw”W::Hw”LN([O,T]><]R><]R;R)+RHarw||L°°([O,T]><R><R;R)+tes[upT [0zw(t, -, )lariLo (R :R)) (3.51)

where [|0;w(t, -, ) llp1(R.Loe RR)) = JR €55 SUPger [Ow(t, 2, )| dz.

Proof. Set f(t,x,r) =rw(t,z,r) and g(t,z,7) = rw(t,x, 7). We aim at applying [17, Theorem 2.6]. To this
aim, we specialize to the present case the key assumptions (H1), (H2) and (H3) therein, as relaxed in the
remark before [17, Theorem 2.3].

(H1) f,g € CH([0,T] x R x R;R);

2ty 03af, 0229, 03,9 € C°([0,T] x R x R;R);

Oufy Orfy 07, f, 029, Org, O2pg € L ([0,T] x R x R;R).
(H2) f € C([0,T] x R x R;R);

x'rfv va b f €L ([0,7] xR x R;R);

Jo Ju ll02.1 (t: 2, )| oo (o) A dE < F00.
(H3) f—ge C([0,T] x R x R;R);

O (f —9) e L= ([0, T] xR x R; R);

ST o 190 F(t 2, ) = Dag(t, 2, )l e .y A i < 0.

Requirement (H1) holds: f and g are of class C! by (L1); the existence and continuity of the second deriva-
tives follow from (L1) and (L10); 9, f and dzg are in L> ([0,T] x R x R;R) by (L1), (L5) and (L6); 92, f and
92.g are in L™ ([0,T] x R x R;R) due to (L5), (L6) and (L7); d,f and d,g are in L> ([0,T] x R x R;R)
due to (L5) and (L6).
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Requirement (H2) holds: d2.f and 92, f are of class L* by (L6) and (L9); finally

T

T
[ 18280 gy ot < B [ [ 02wty gy ot < o
0 R

0 R

by (L6), (L8).

Requirement (H3) holds: f—g € C* ([0, 7] x R x R;R) by (L1) while 9, (f—g) is in L> ([0, 7] x R x R;R)
due to (L1), (L5), (L6); fo Jr 102 f(t,2,) = 0ug(t, 2, ) lp,o mogy dz dt < +00 by (L6) and (L11). With ref-
erence to the notation in [17, Formula (2.4)], introduce

Ko = 3H82erLoo([o,T]xRxR;R) <3 (”aﬂcw”LW([O,T}XRXR;R) TR HaiTwHLOO([O,T]xRxR;R)) ’

Since f satisfies (H1) and (H2), we apply [17, Theorem 2.5], which reads for all ¢ € [0, T

TV (r(t)) <TV(r,)e™" + / Kolt—T /H 02, f(r,x, ||L°°(]RR) dzdr

t
<TV(ro)e™' + R / et / 1922w, @, )| o ) d2 T,
0 R

proving (3.48). Recall for later use the estimate
e —1<ae Va>0. (3.52)
With reference to the notation in [17, Theorem 2.6], we have

k= QHain”LOO([O,T]x]RXR;R)

enot _ ent eHaierLOO([O,T]XRXR;R)t —1

2Hd

1erL°°([O TIXRxR;R)®
Ko — K 025 fllLoc (jo, 7] xR xR:R)
S 63H63:7'f”Lf>°([0,T]xRXR:R)tt [By (352)]

= efolt,
We can now apply [17, Theorem 2.6] and obtain the estimate

(&) = 7() L ;r)
em,t _ eﬁt

< KiT (ro)l|0r(f — Q)HLOO(OT]X]RX]R]R)

no(t T) 76N(
+ / /H ;c;cf T, T, HLOO(]RR) dzdr | |0-(f — 9)”1,@0 ([0, T]xR xR;R)
0

/K(tT
0

et TV (r (||w Wl g0 (0,71 xR xRR) T BlOrw = 0p D]l (o, T]XRXRR))

>/||a (f = 9)(7 %, ) gy A7
R
)
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+Rtef! // |02, w(r, , -)HLOO(R_R) dzdr
X (||w - @HLw([o,T]xRxR;R) + R[|0yw — ‘9r@”Loo([o,T]xRxR;R))

Reﬁt//|‘8mw(73xa')*azﬂ}(Tawv')“Loo(]R;R) dzdr
< tefiol TV(r,) + R //Ha w(T, 7, HLO@(R;R) dzdr ”w_ﬁ}\HLw([O,T]xRXR;R)

LRte™ | TV(r,) + R //|| 7,2, [y A A

X[|0rw — 0, W00 (0, 7] xR R:R)

+Rte™ sup ||3xw(r,-,~)—3x@(ﬂ-«)IILl(R;Lm(R;R)))
t€[0,T

<te™' [TV(r,) + R //Ha w(T, x, HLO@(R;R)dxdT

X (Hw — Wl oo o, 1) xR xR;R) T R NOrw — 5r@||Loc([o,T]x]Rx1R;R)>

+Rte™ sup [|9,w(r, ) = 0 @(T, )1 Ron~ R R)))
t€[0,T]

<te'max{ [ TV(r,) + R //H@imw(r,x,-)HLw(R;R)dxdT SRy lw— @y, -

The proof is completed. O
Remark that a straightforward consequence of Lemma 3.1, Lemma 3.11 and (3.48) is that for all ¢ € [0, T

10zw]l 00

”r(t)HLOO(R;]R) +TV(r(t) <C ( ([0,T]xRxR;R)? ) (3.53)

fO f]R Ha ’LU T, T, ||L°O(]R;]R) dl’dT,R,TV(T‘O),T
where R is as in (L6).

Lemma 3.12 (L' continuity in time). Assume (L1)—(L11). Then, the solution r built in Lemma 5.8 and
Lemma 3.10 belongs to C° ([O,T];Ll(R;]R{)). Actually, r is locally L' Lipschitz continuous in time, i.e.,
calling K the constant in the right hand side of (3.53), for all t1,ts € [0,T]

[7(t2) = r(t1)llpr miry < K <t S[%PT] [0zw(t, -, ')||L1(R;L°°(R;R))> [t2 — 1] (3.54)
€lo,

+K (+K [0rw]Los (o, 1) x R xR;R) F Hw”Loo([o,T]xRxR;R)) |t —t1].

Under conditions (L5)—(L9) and (L11), the Kruzkov solution to (3.42) belongs to the space C°([0,T7;
L}OC(R;R)) by [17, Remark 2.4]. We here prove that we also have the L1 Lipschitz continuity, locally in
time.
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Proof of Lemma 3.12. We follow the lines of [18, Theorem 4.3.1]. Since r is a distributional solution to (3.42),
for any t1,ty € [0,T] with t; < ta, p € C! ([0, T];R) with ¢(t) = 1 for all t € [0,ts], ¥ € CL(R;R) with
%]l (m;R) < 1, we have for i =1,2

/T/r(tx) Orp(t) Y d:cdt—i—/T/r(t,x)w(t,ar,r(t,x)) o(t) Bptp(z) dz dt
' R

ti

—&—/r(ti,x) o(t;)Y(z)de =0.

R
Subtracting these expressions and using (L11), we get

/(r(tg,x) r(t1,2)) (o) da
R
ta

z//r(t,a:)w(t,x,r(t,x))@xw(x) dx dt
to

S/TV (r(t,)w(t,-,r(t,-))) dt [3, Def. 3.4
ty
to

< [ (10 ey TV (0 ) + TV () 0l o simy) 6 (5 B 317
ty

S/K (Hazw(ta’a')”Ll(]R{;LOO(]R;]R)) + [19rwlly oo (fo,71 xR xR R) K) dt [By (3.53)]
+/K||wHLw([o,T]xRxR;R) dt. [By (3.53)]

t1

Passing to the supremum over all ¢ € C1(R;R) with |[¢)(x)| < 1 the proof is completed. O

Lemma 3.13. Assume (vL). Suppose

(V1) p € CL([0,T] x R;RF).

(V2) pe CO([0,T]; WHE(R; RF)).

(V3) 02,p € (C°NLY) ([0,T] x R;RF).
(V4) 0ip,0,p € L™ ([0,T] x R;R¥).

Then, the map w(t,z,r) = v (Ep(t,z) + r) satisfies all the requirements (L1) to (L11) where the constant
R in (L6) can be chosen bigger than Rr, + [|plly, (o7 xr.R")-

Proof. We group the different requirements as follows.
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(L1) and (L3): Compute

atw(ta z, 7“)
8a:w(ta z, 7“)

L (Zp(t,x) + 1) Top(t, x)

./
L (Sp(t,x) + 1) BdLp(t, x) and  drw(t,x,r) = vy (Zp(t,z) +7),

[
v

so that (vL) and (V1) imply (L1), while (vL) implies (L3).

(L2): Direct computations show that 92w and 92, w involve only first and second derivatives of v, and first
derivatives of p. Hence, (vL) and (V1) ensure that 92.w and 8% w are locally bounded.

(L4): Assumptions (vL), (V1) and (V3) clearly imply (L4).

(L5), (L7), and (L9): Note that as d,p € L ([0,T]; WH(R;R¥)) by (V2) and (V3), (V4) implies that
O.p € L([0,T) x R; RF). Then, Assumptions (vL) and (V4) imply that d;w, d,w, 8w, 82w, d2.w, and
02w belong to L™ ([0,7] x R x R;R).

(L6): By (V2) define M = ||p|lye o, rjxrirry- I 7 = Rp + M, then r + ¥p(t,x) > r— M > Ry, and so,
by (VL), w(t,z,7) = vy (Zp(t,x) +r) = 0. If r < —M, then r + Zp(¢,z) < r+ M < 0 and so, by (vL),
w(t,z,r) = v (Ep(t,z) +r) = W. Then (L6) holds with R = Ry, + M.

(L8): Assumptions (vL) and (V3) allow to compute

02 w(t,a,r) = v (Spltx) + 1) (Z0ap(t, 2))° + v, (Sp(t, ) + 1) T2, p(t, ).

Moreover, for every r € R, we have
T
// |02, w(t, z,r)| da dt (3.55)
0 R

T T
<otz [ [ b0 dr e+ oy [ [ [02plt,2)]
0 R 0 R

2
S””Z”LM(R;R)Haﬂcp”LOC([O,T]x]R;Rk)||a$p||L1([O,T]><R;Rk) + ||”IL||L<><>(R;R)Haac:c/)HLl([mT]xR;Rk) )

proving (L8).

(L10): Clearly, Assumptions (vL), (V1), and (V3) imply that the functions 92, w and 92w belong to
CO(0,T] x R x R;R), proving (L10).

(L11): Assumptions (vL) and (V2) imply that, for every M > 0 and ¢ € [0, 77, it holds that

sup Haﬂﬁw(t,'v')||L1(R;L°°(R;R)) = sup /ESS sup [vf, (8p(t, z) +q) B0xp(t, z)| dz
te[0,T) te0, 7)) a€R

IN

HU,LHLoo(R;R)||3zp||cO([o,T];Ll(R;]Rk)) < too,
proving (L11). O

Lemma 3.14. Let (vL) hold. Moreover, suppose 15,7, € BV (R;R) and p, p satisfy (V1)-(V4). Call r,7 the
Kruzkov solutions to

(3.56)

Or + 0z (r v (Ep(t,z) +1)) =0 and O+ 0y (Tvr (Ep(t, ) +7)) =0
r(0,2) = ro(x) 7(0,2) = 7o(x).

Then, for allt € [0,T]



26 R.M. Colombo et al. / J. Math. Anal. Appl. 557 (2026) 130263

I7(t) = 7)1 r:w)
<llro = TollLr r;w)

+e ( Re, VLl wa e iy [Pl coo,we = ey

~ - tlp— 7l WLL(RRF)) -
121l coj0,0:w o (iR 1020 llLa (10, 0w 3 (R iR TV(%)J) COUOWEE(RRD))

Proof. Call w(t,z,q) = v (Zp(t,z) + q), W(t,z,q) = v (Ep(t, z) + ¢) and note that, since (vL) holds and
p, p satisty (V1)—(V4), by Lemma 3.13, w, w satisfy (L1)—(L11) and w,w € W where W is defined in (3.50),
with

R:=Rp + max{ 10l e (o, 7 xR R ) Hﬁ||Loo([o,T]xR;Rk)} : (3.57)

Hence, we may apply Lemma 3.8, Lemma 3.10 and Lemma 3.11 to problems (3.56). In particular, (3.44)
and (3.49) yields that for all ¢ € [0, T

(&) = () lLr m;r) <l7To = Tollr(rir)

t
st (V). [ [ 100000, gy dedr, B o = Tl
0 R

where

2
Ko <3 (HawaLoo([o,T]xRxR;R) +R HamerLoc([o,T]xRxR;R))
<3 <HUILHL°°(R;R) +R HUZHLoo(R;R)) HaaCIOHLDO([O,T}XR;]R"')'
Furthermore, owing to (3.55),
t
/ / |02, 0(7, 2, )| g oy b
0 R
SHUIL//||L°°(]R;R)HaIpHLOO([O,t]x]R;]Rk)HaﬂJpHLl([o,t]><]R;]Rk)+||v/L||L°°(]R;]R)Haizp’|L1([0,t]xR;Rk)' (3.58)

We proceed now to estimate the term ||w — @||,,, by evaluating separately each of the summands in (3.51).
It holds that

[w = Wl oo (0,71 xR xRR) = sup lvr (Bp(t,z) + q) —vr (Ep(t, ) + q)
t€[0,T],z€R,geR

A

> ”’U/L”LOO(]R;]R) o — ﬁ||Loo([o,T}xR;Rk)

SVl ®w) 10 = Pllcogorwrsmme) -

Similarly, direct computations lead to

10rw = 8, W[ 0 ([0, 7) xR xRR) = sup v (Ep(t, z) + q) — vp, (Zp(t, @) + q)
te[0,T],z€R,geR

S HUZHLOC(R;]R)HP - ﬁ”CO([O,T];lel(R;R’“))'

At last, we get for all ¢ € [0, T]
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Hal"w(t7 K ) - awﬂ)\(t’ K ')HLl(R;Lw(R;R))

= / sup |0, (Sp(t, ) + q) S0, plt, @) — v}, (Sp(t, x) + q) S0, (¢, )| da
qeR

< / up v (Sp(1,2) + )% (Daplt, 2) — 0,1, 2))] da
qe

+ / sup | (v}, (Sp(t, 2) + ) — v}, (S3(t, 2) + @) SBup(t, 2)| da
geR

< VL oo ;) 1922() — OuB(E) |12 ()
VL e RR) 102 P() | o (R RE) 12(E) = D)2 (R R

Hence,

sup [|0zw(t, -, ") = Oo@(t, -, )|l pa (R, (RiR))
t€[0,T]

< (”'U/L”LOO(]R;]R) + ||UZ||L<><>(R;R)||azﬁ||Loo([o,T]xR;Rk)) lp— ﬁHCU([O,T];WlJ(R;R’C))

and, for all ¢ > 0, collecting the previous computations we get

() = 7(*) |2 (m:R)
<llro — ?oHLl(R;R)

o ( R, [0y iy 10l oo g0 gt o (e

. - o=l WLL(R;RK))E-
HPHCO([O,t];Wlm(R;R’“)7 ||aszL1([O,t];w1y1(R;Rk))7 TV(TO)7 t) CO([0,t];WL1(R;RF))

Note that as p,p satisfy (V1)-(V4), then p,p belong to C° ([0,t]; Wh>°(R;R¥)) and 8,p € L*([0,];
W1HL(R; R¥)). Indeed, p € C° ([0,¢]; L>°(R;R¥)) due to (V2) and Sobolev embedding W (R;R*) —
L*>(R;R"), see [9, Theorem 8.8]. Moreover d,p € C° ([0, t]; L>°(R; R¥)): first, d,p € L ([0, t]; W (R; R¥))
— L ([0, t]; L>°(R; R*)) owing to (V2) and (V3); second, 82,p € L>([0,¢] x R;R*) due to (V4). Then, as
dzp € WH ([0,¢]; L (R;R¥)), by [21, Theorem 2, Section 5.9] we get d,p € C° ([0,¢]; L>(R;R¥)). The
case of p is analogous. O

3.4. Proof of Theorem 2.3
Fix a positive constant M. We consider first the case of an initial datum (p,,r,) with

po € (CZNW2* N W21) (R;RF) r, € BV(R;R)

(3.59)
[pollwz1®rr) + 7ol gy ®m) < M-

Under this condition, the proof is achieved by means of a sequence of approximate solutions (py,, r,) itera-
tively defined as follows.

(3.60)

{atpi +0x (Piviy (Spr ' + (roxni)(2))) =0 i=1,... .k
p1(0,2) = po(x)

and



28 R.M. Colombo et al. / J. Math. Anal. Appl. 557 (2026) 130263

Opr1 + 0z (r1 o (Zp1(t,x) +11)) =0 (3.61)
r1(0,2) = ro(x).

For n > 2, define recursively the functions p, and r;,, as solutions to the problems

{(%p; + 00 (P Vi, (Spn *0' + (raoa(t) +0°)(2))) =0 i=1,....k (3.62)
pn(0,2) = po(x)

and
Oy + 0z (rpvr (Xpp(t,x) +1,)) =0 (3.63)
rn(0,2) = ro(x).

Step 1. The functions p,, and r,, defined in (3.62) and (3.63) are well defined with p, € C°([0,7]; W™ (R;
R*)) and r,, € C° ([0, T]; L*(R; R)).

The inductive procedure on which the proof of the present step is based follows this scheme:

n=1 (VNL) (n) (3.59) = p satisfies (N1)—(IN6)
n>1 pn, satisfies (N1)—(N6) and (vL) = (V1)—(V4)
(vL) and (V1)—(V4) = (L1)—(L11)
(L1)—~(L11) and (3.59) = r, € C°([0,T]; L*(R; R))

(VNL) () (3.59) and 7, € C° ([0, T]; L*(R;R)) => pp41 satisfies (N1)—(N6)

Fix an arbitrary 7' > 0. Under Assumptions (vNL), (n) and with (p,,7,) as in (3.59), problem (3.60)
fits into Lemma 3.4 and Lemma 3.5. Hence p; € C° ([0,T]; WH(R;R¥)) is well defined and p; satis-
fies (V1)—(V4) of Lemma 3.13.

Similarly, Assumption (vL), (3.59) and the Properties (V1)—(V4) of p; ensure that Lemma 3.8 and
Lemma 3.10 apply, so that ry is well defined and r, € C° ([0, T]; L*(R; R)).

Induction process. Fix n € N,n > 2 and suppose that r,—; € C° ([0, 7]; L*(R;R)). Then, under Assump-
tions (VNL), (1) and (3.59), p,, € C° ([0, T]; WE(R; R¥)), solution to (3.62) is well defined by Lemma 3.4
and Lemma 3.5. Furthermore, p,, satisfies (V1)—(V4) of Lemma 3.13 by assumptions on r,_;. Finally, As-
sumption (vL), (3.59) and the Properties (V1)—(V4) of p, ensure that Lemma 3.8 and Lemma 3.10 apply,
so that 7, is well defined and r,, € C° ([0, T]; L*(R;R)).

Step 2. There exists a constant Cs = C([|nllyws.«® rr): [VUNLllws.® gr): M, T) such that [|p,(t) —
pnfl(t)le,l(R;Rk) S C4 HTn,1 - Tn72HC[]([O7t];L1(R;R)) t fOI‘ all t € [07T].

Fix n € N\ {0,1}. We have r,_s,7,—1 € C°([0,7};L*(R;R)) by Step 1. Define R := [Irollr: r:R)-

Lemma 3.8 ensures that max{||rn—2[lco(jo ;L2 (®:R)): I"n-1llco(o, 711 R R)) } < R- Apply Lemma 3.7 with
T = Tp_9, I = r,_1 obtaining that, for all ¢ € [0, T],

”pn(t) - pn—l(t)”Wl,l(R;Rk)

< (Inllwo o gy, 10N L llws. = gy 1o lwa gy ol oy )

t
x / 1 (7) = 727l oy 47
0
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concluding the step.

Step 3. There exists C5 = C (Hﬂ”ws,oo(R;Rk), HUNL||W3,oo(]R;Rk),RL7 HU/L”WLOC(R;]R)’M’ T) such that
”TH(t) - Tn—l(t)”[,l(R;]R) <Cs ||’I”n—1 — Tn—Q”CO([O,t];Ll(]R;]R)) t2forte [O,T].

Fix n € N\ {0,1} and let p,_1, p,, be as defined in Step 1. Then, as they satisfy (V1)—(V4), we may apply
Lemma 3.14, which reads for all ¢ € [0, T]

[rn(t) = rn—1()lp2 r.r)

<c ( Rr, VLl iwy: 1Pnll oo o.0:w o mimes)»

tlpn—pn-1l “WL1(R;RF))
Hpn—l||CO([07t];W1,(x>(]R;Rk)7 ||a;cpn||L1([07t];W1,1(R;]Rk)), TV(T0)> CO([0,];WL.1(R;Rk))

Recall now that p, = (p,..., pk) is such that for i = 1,...,k, pi solves

0Py + 0 (PL V' (2, pn 1)) =0 i i i
{ : ( ; ( )) for V*(t,x,q) = vy (Zq + (rp—1(t) xn )(.T)) , (3.64)
Pn(0,2) = pj(2)
with V € C9([0,77]; V). Indeed,
||VHCO([0,T];V) <C (HUHWS@O(R;RI«)a HUNL”W&OO(R;R’C)v ||rn*1||C°([O,T];L1(]R;]R))) [By Lemma 3.0]
<C (Inlws.= ey 1oL s, @izoys 7ol @emy) [By Lemma 3.

The latter bound, due to (N2), (N4) and (N6) in Lemma 3.5, implies that

||Pn||CO([o,t];w1,oo(R;Rk))

<C (Hn”wa,oc(]R;]Rk)’ lonLllws.co (RiREYs [PollLa ®orEY s 1P0llwrr.co (RoREYS ||r0||L1(R;R),t> (3.65)
10 PnllLa j0,0:wr 1 (RiRR)

s¢ (HUHW&“(R;R’“)’ lonLllws . ®grs 10l w2 @y ||7"oHL1(R;R),t) . (3.66)

Identical bounds are valid for p,,_1, too. Then, Step 2 allows to conclude that

[70(8) = Pn-1(B) | (m:R)

0 (mwa,wm lowelwe «@mey Res 10w~ ez

Cyllrmn1 —rn_ ) = £,
||po||w2’1(R?R’“)’HTOHBV(R;]R)J ) 4 rn—1 n 2HCO([O,t],L1(R,R))

proving the claim of the present step.

Step 4. A priori estimates on (p,7) in C° ([0, T]; WH(R; R*) x L*(R;R)), solution to (1.2) in the sense
of Definition 2.1.

Once called Vi(t,z,q) == vy, (Sq+ (r(t) *n') (z)) and w(t,z,r) = v (Sp(t,z) +r), by Definition 2.1,
p and r are solutions to (3.7) and (3.42) respectively. We claim that the function w satisfies the require-
ments (L1)—(L11). Indeed, the following scheme holds:
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re CO([0,T];L*(R;R)), (vNL), (n) = Ve C%[0,7]; V) by Lemma 3.6

Ve Co([O T); ), (3.59), (77) = (N1)—(N6) hold by Lemma 3.5
(N1)—(N6) , (VL) = (V1)-(V4)

(vL) and (V1)—(V4) = w satisfies (L1)—(L11) by Lemma 3.13.

Because of the fact w meets the requirements (L1)—(L11), we apply Lemma 3.8: as r € C°([0, T]; L*(R; R))
and the function 7 = 0 are both Kruzkov solutions to (3.42), then

@)l mir) < 7ol ir)- (3.67)

By (3.26) in Lemma 3.6 and (3.67), one gets that

IVlleoqori < € (Imllwa~ gz lonlws o @psys IMlleoqorws @y )
< C (Inllwws o @y 10N L s, ety 7ol ) ) - (3.68)

Moreover by Lemma 3.5 we obtain the following a priori estimates:

||P(t)||L1(R;]Rk) = HpoHLl(R;Rk) [By 5. in Lemma 3.4]
102 P(t)HLl(R;]Rk) <C ||77||w3,oo(]R;Rk)»||VH00([07T];V)7HPOle,l(R;Rk)vt [By (N2)]
H +P(t) HLI(R;Rk) <C ||77||w3,oo(]R;Rk)» ||VH00([07T];V)7 HPOsz,l(R;Rkyt [By (N2)]
||P(t)HLoo(R;Rk) <C ||77||w3,oo(R;Rk)» ||VHCO([O,T];V)7 HpOHLl(R;Rk)a ||p0||LOC(R;]Rk)7t) [By (N4)]
Harp(t)HLoo(R;Rk) <C ||77||w3,oo(R;Rk)» ||VHCO([O,T];V)7 HpOHLl(R;Rk)a ||Po||w1,oo(R;Rk)»t) [By (N6)]

Hence, there exists a positive constant
Ce :=C (HUHW&OO(R;]R’@)’ lonellwe.co rirEYs [[Poll w2 (mRF) ||r0||L1(R;R)’T) (3.69)

such that

ol mirey = loollLrmrry  and  [lp()[lwz: @;ge) < Co- (3.70)

We are now ready to prove the estimate on the total variation of r taking advantage of (3.48) in Lemma 3.11,
with R := Ry + [|plg, (o, 1) xr;r5)- For all t € [0,T7], r(?) is in BV(R;R) and

t
TV (r() <TV(ro)e™" + R / erelt=m) / |0z2w (7. )| gy d2 AT
0

where

Ko < 3 <||8$w||L°°([O,T]><]R><R;R) +R ||8§TwHL°°([O,T]><R><R;R)) .

Computations analogous to the ones in the proof to Lemma 3.13 and the use of (3.70) yield

<c ||77||W3w°°(]R;]Rk)v ”UNLHW&OO(R;RE)’ Rp, ”U/L”WLOO(R;R)’
- 190l (i) 100w oo ity s [1TollLa iRy T
( ) ( ) (R;R)

and
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t
/ / H@igﬂw(r, x,-) HLOO(]R;]R) dzdr
0

<C (||77||w3-,m(R;Rk)a HUNLHwa,oo(R;Rk)a HU/LHWLOC(R;R)v HPonzyl(R;Rk)v ||7“oHL1(R;]R)at) .

So, one gets that for all ¢ € [0, 7]

TV (r(t)) < C ||77||W3w°°(]R;Rk)7||UNLHW30°(]R;R’€)7RL7”U/L”WLOO(]R;R)’
N HPOHWZl(R;RK‘)v ||7"o||3v(R;R)v T

and, thanks to Lemma 3.1, [|7(t)||,« g.r) is bounded similarly. Finally, there exists a positive

C.=C ||77||W3,00(R;Rk), HUNLHWS»,oo(R;Rk)aRLa Hv’Lle,x(R;R),
||Po||vv2,1(R;]Rk)a ||7’o||Bv(]R;]R)vT

such that for all ¢ € [0, 7] it holds
@)l gy @;r) + 17l @;R) < C7- (3.71)

Step 5. There exists 7* > 0 such that the sequence {(p,, )} constructed in Step 1, restricted to the time
interval [0, 7], converges to a limit point (p,r) in C°([0, T*]; WL1(R; R¥) x L*(R;R)).

Let Cg and C; be as in Step 4, so that (3.70) and (3.71) hold. Use C4 from Step 2, C5 from Step 3 and recall
that C(-) is non decreasing in each argument. Then, there exists Cs such that Cs < Cs, where

Cs = C (Inllwo.rapsy: Non Ll ~ e sy, B [0 s <y M. T) - amd
Cs=C (HnHWS»W(R;R")’ lon e llvws, ey Bes VL lwr o i) > Co + Crs T)

so that, according to Step 2 and Step 3, for all ¢ € [0,7] and n € N \ {0, 1},

Hp’ﬂ(t) - pnfl(t)HWl,l(]R;]Rk) S C4t Hrnfl - T”*QHCO([O,T*];Ll(R;R)) 5 (372)

HTn(t) - Tn—l(t)”Ll(]R;]R) < 65 t2 ||7"n—1 - ’r"—g||CO([0,T*];L1(]R;R))'

The choice T* := min {1/ 2Cs, T} implies that r,, is a Cauchy sequence in the space C° ([0, T*]; L*(R; R)),
hence it converges to a limit r € C° ([0, T*); LY (R; R)) Then, (3.72) yields that p, is a Cauchy sequence in
CO ([0, T*); WE(R; R¥)) and converges to p € C° ([0, 7*]; WH1(R; R¥)), completing this Step.

Step 6. The limit function (p,r) € C° ([0,77]; Wh1(R; R¥) x L*(R;R)) solves (1.2) in the sense of Defi-
nition 2.1.

Apply Proposition 2.2 with p, 5, = po, Ton =0, €n =Tn—1 — Ty, and &, = 0.
Step 7. Existence of a global solution (p,r) € C° ([0, 7]; WH1(R; R*) x L*(R;R)).

Let T* be as in the proof of Step 5 and (p,r) € C° ([0,77]; WH(R; R¥) x L*(R;R)) be the solution
obtained as limit of the Cauchy sequence {(pn, r,)}. We may apply Lemma 3.5, which ensures that p(T*) €
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(CZNW2Z> N W21L)(R; R¥) owing to (N1)-(N5) and the a priori estimate [p(T™) w22 ®rr) < Co holds
by Step 4. Furthermore, Lemma 3.8 and Lemma 3.11 yield that r(7™) € BV(R;R) and [|7(T7)|| 5 r.r) <
Cr7. Hence, we can iterate the same construction in order to extend (p,r) to the time intervals [T, 27*],
[2T*,3T*], ... until we reach the final time T'. Clearly, the extended (p,r) solves (1.2) on the whole [0, T]
in the sense of Definition 2.1.

Step 8. Locally Lipschitz dependence on the initial datum.

Fix (po,70) € (C2 N W21 N W2Z>2)(R;R*) x BV(R;R). Consider the problems

Op' + 0y (P vy (Ep+1)xn')) =0 P+ 0, (P vy (Bp+7)xn')) =0
Oyr + 0y (rvp (Bp+71)) =0 T+ 0, (Tur (Xp+7))=0

p(0) = po p(0) = Do

r(0) =7, 70)=7,.

To establish the distance between the solutions p and p to the nonlocal problems, it is sufficient to ap-
ply (3.29) in Lemma 3.7. Indeed, call R := max {||7"0||L1(R;R)7 H?OHLl(R;R)}. By (3.29)—(3.30), for all t € [0, T

t
100w gy < (14Cs Dlo0—oll s .y + Cs / IOl gy dr- (3.73)
0

On the other hand, in order to get the stability related to the local problem we take advantage of Lemma 3.14,
which yields that for all ¢ € [0, T]

[r(t) = 7(®)llL2 r;R)
<[Iro = Toll1(r;R)

re ( Rr, WL rwa oo riwy» 1Pl co o,0,wr oo (rimry

- = | tlle =7l WLI(RRH))-
HPHC‘)([O,t];WLW(R;R’“)7 HapoLl([O,t];lel(R;Rk))7 TV(T0)> COOHEWHH(RRY)

Owing to Step 4, there exists a constant

Ci=C H’?HW&OO(R;Rk)a HUNLHW&OO(R;]R’“)? HPonzl(R;Rky
HﬁoHW%l(R;Rky ||7’0HL1(R;R)7 H?O”Ll(R;R)?t

such that for all ¢ € [0, 7] one has

Hp”C"([O,t];W1»°C(JR<;lR") + ”8szLl([O,t];lel(R;Rk)) + Hﬁ”co([o,t];Wl»W(R;Rk) <Cs.

So, collecting the previous estimates and (3.73), one obtains that there exists a constant

Coi=C ||77||W3,00(R;]Rk)7 HUNL||W3,00(R;RIC)7 Ry, HUILHWI,OC(]R;R)7
||Po||w2~1(R;]R<k)a HPonml(R;Rk)v ||7"0HL1(]R;R)a HTO”BV(]R;]R)’t

such that
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() = 7(*) |2 (m:r)

t

<o = TollLr gy + Cot | 1Po = Pollwrrmmry + / Ir(7) = 7(T) I ryr) A7
0

Gronwall Lemma allows to conclude that for all ¢ € [0, T]

-~ ~ ~ 2
[r(t) — T(t)HLl(R;R) < (”To - TOHLl(]R;]R) +Cotllpo — Ponl,l(R;Rk)) !

and, completing (3.73),

[o(t) = P() [l w2 m;mry < (14 Cst)l|po = Pollwrr rrr)
7 ~ 2
+Cs (H'l"o - 7“oHL1(]R§]R)t + CQtQHPO - ponl,l(R;Rk)) eCot

In conclusion, for all ¢ € [0, T] there exists a constant

ClO =C HT]HW&M(R;Rk)a HUNLHW&OQ(R;]Rk)a RL, HU,L”WL‘X’(]R;R)’ (3 74)
||Po||w2,1(]R;Rk)a ||/p\0||W211(R;]Rk)a H7'0||L1(R;R)a ||7"o||BV(R;R)7t

such that

[o(t) = P8 [ @rry + 117(E) = 7() L2 v .w)

< (1+Cuot) (oo — Pollwr gy + 1o ~ Pollgaamy ) - (3.75)
Step 9. Local Lipschitz continuity in time.
Apply (N3) in Lemma 3.5 to obtain that for all ¢, € [0, 77,
Hp(t) - P@val,l(R;Rk)
= (HHHWS""’(R;R’CV IVl om0 HPO”WZI(R;Rk)vT) |t — ] [Use (3.68)]
<C (Inlwo.o= sy 10N L s, gy Doollwas sy ol gy T) [t =11 (3.76)

Moreover, as we aim at applying Lemma 3.12; call w(t,z,r) = v, (Xp(t,x) + r), so that by the proof to
Lemma 3.13 one gets

sup TV (w(t,-,q)) < HUILHLOO(R;]R) ||8wp(t)HL1(]R;]Rk)
q€[-K,K]

10rw]l g, (0,71 xR xR R) < VLI o0 (RoR)

lwllpes o, 7 xR xR;R) < VI + ||UIL||Loc(R;R)RL-
Hence, as Step 4 implies K = C7 and [|02p(t)||,2(g,r+) < Co, again by Step 4, one obtains

||r(t) - r(tA)HLl(R;R)

<Cr (”UIL”LOC(]R;R)CG +Crllvp L mir) + Vo + HUZHLoo(R;R)RL) |t —1] [By Lemma 3.12]
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<ol Inlwes@rey lonLliwe = @rey Be, Ve, It~ 1] (3.77)
- VL wr.oo R R): 1Pollwz momeys 170l gy riR) T

completing the proof to the local Lipschitz continuity in time.
Step 10. Definition and properties of S.

By the arbitrariness of T, the above steps allow to define the map
S: Ry x (C2N W2 N W2H(R;RF) x BV(R;R) — (CZNW2>® N W21)(R;R*) x BV(R;R)

by Si(po, 7o) = (p(t),r(t)), where (p,r) is the solution constructed above.
By Definition 2.1 and the uniqueness of the solutions to (2.2) and to (2.3), for any ¢; > 0, the map
t— (p,r)(t1 +t) solves

Op' + 0y (PP 0 (t,2)) =0
5(0,2) = p(tr, )

O + Oy (Fw(t,x,7)) =0
7(0,z) = r(t1, )

ol (t,x) =i (5t +1) *0') (@) + (7(t + 1) x ") (2))

w(t,z,r) =vr (Zp(ty +t,z) +7)

which ensures that S; o S, = Sty+,, showing that S is a semigroup.

For fixed M > 0, call By the set of pairs (p,, 7o) satisfying (3.59). The restriction of S to [0,7] x By
is Lipschitz continuous with respect to the modulus in ¢ and the norm (2.1) in (p,,r,) with a Lipschitz
constant that, by (3.75), (3.76) and (3.77) results of the type

c <||77||W3,00(R;Rk)7 ||UNL||W3,oo(]R;Rk)7RL7 Vi, ”U/L”WLOO(]R;]R):Mv T) .

By uniform continuity, S can be extended to [0,7] x By, where B), is the closure of By, with respect to
the norm (2.1), which is

By = {(p,r) e BV'(R;R¥) x BV(R;R): ol gy migey + 1715y RR) < M} (3.78)

by Lemma 3.2. The arbitrariness of T' and M allow to further extend S as in (2.6).

To prove the properties of S, fix (po,7,) in the domain of S and choose a sequence (po,n,7o.n) in (C2N
W2 N W2 (R;R*) x (LI N BV)(R;R) converging to (p,,7,) with respect to (2.1).

For all t1,t2 € Ry we have (S, 0 St,)(Pon, Ton) = Sty+ts (Pons Ton), Passing to the limit n — +oo we
prove (S1) using Proposition 2.2.

To prove (S2) apply Proposition 2.2 with ¢, = e, = 0.

Property (S3) states the Lipschitz continuity of S on [0, 7] x By as defined in (3.78). This holds true by
the very construction of S, while the form of the Lipschitz constant follows from (3.75), (3.76) and (3.77).
Similarly, (S4) follows from (3.67), (3.70), (3.71) and Lemma 3.2.

The positivity of p follows from 6. in Lemma 3.4. Corollary 3.9 ensures both the invariance of [0, Ry] and
the conservation of the L' norm, completing the proof of (S5).

The proof of Theorem 2.3 is completed.
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3.5. Proof of Theorem 2.5
Fix a positive ¢ and choose p5 € W21(R; R¥) such that

5 — pOHlel(]R;]Rk) <e and HngW2»1(R;Rk) < ”pO”Bvl(R;Rk)' (3.79)

Call (p®,r°) the solution to (1.2) with initial datum (pS,r,) constructed in Theorem 2.3.
Definition 2.1 allows to use Lemma 3.7 with p = p1, p = p. leading to the estimate

t
lo1(8) = P* (Dl w1 wrey < (1 +C38)llpo = P5llwrsmre) +Cs / [r1(7) = r* (Dl wrydr - (3-80)
0

where C3 is defined in (3.30). Similarly, Definition 2.1 also allows to use Lemma 3.14 with r» = r€ and 7 = rq,

leading to
[r1() = 7 (Ol mry < Cintllor = 0%l oo, w22 ®RF)) - (3.81)
where
C=C Ry, ”v/L”WLOO(]R;R)’ ||PE||cO([o,t];W1,oo(]R;Rk)a .
]l oo, g, o0 @iy 1020 ([ (go,0,w1 2 i) TV (70)

Remark that the above expression allows to cope with the different regularities of p; and p®. Proceed as
in Step 4 in the proof of Theorem 2.3 to estimate the arguments in the right hand side, obtaining

1Pl o o,swr sy = Co and  [102p% I jo,0,wr 2 iRE)) < Co

where Cg, defined in (3.69), is bounded uniformly in & and, hence, the same holds for Cy;.
Insert (3.80) in (3.81) and apply Gronwall Lemma to obtain

1) = r (Ol wry < (1+C3) [0 — p5llwra mogr) exp(Cs Cia t°)
< (1+C3t) exp(C3Ci1 1) €.

Insert the latter estimate in (3.80) and use (3.79) to get
llp1(t) — Pe(t>||w1,1(R;Rk) < (1+Cst) (1 + C3texp(CsC11 t2)) €.
Repeat the same procedure replacing p; with ps so that, by the triangle inequality, we get
1p1(t) = p2(t) w1 memry + 171 () = r2(B) | mogy < 2(1+C3t) (1+2Cstexp(C3Crnt?)) e
Since ¢ is arbitrary, the proof is completed.
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