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SUMMARY

Model-based clustering of moderate- or large-dimensional data is notoriously difficult.
We propose a model for simultaneous dimensionality reduction and clustering by assuming
a mixture model for a set of latent scores, which are then linked to the observations via a
Gaussian latent factor model. This approach was recently investigated by Chandra et al.
(2023). The authors used a factor-analytic representation and assumed a mixture model for
the latent factors. However, performance can deteriorate in the presence of model misspec-
ification. Assuming a repulsive point process prior for the component-specific means of the
mixture for the latent scores is shown to yield a more robust model that outperforms the
standard mixture model for the latent factors in several simulated scenarios. The repulsive
point process must be anisotropic to favour well-separated clusters of data, and its density
should be tractable for efficient posterior inference. We address these issues by proposing a
general construction for anisotropic determinantal point processes. We illustrate our model
in simulations, as well as a plant species co-occurrence dataset.

Some key words: Anisotropic point process; Determinantal point process; Gaussian factor model; Markov chain
Monte Carlo; Model-based clustering.

1. INTRODUCTION
1.1. Motivation

This paper concerns Bayesian cluster analysis for moderate- or high-dimensional data.
Specifically, we focus on observations yy, ..., y, € R?. Although a variety of models have
been proposed in the literature (Neal, 2003; Teh et al., 2007; Duan & Dunson, 2021; Natara-
jan et al., 2023), Bayesian mixtures constitute a direct approach for model-based clustering;
see Fruhwirth-Schnatter et al. (2019) for a recent review. In mixture models, it is assumed
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that data are generated from m, either random or fixed, homogeneous populations. Typi-
cally, each population is assumed to be suitably modelled via a parametric density f5(-) for
some parameter 6 € ©. Weights w = (wy, ..., wp), wy = 0, Y ;_; wy, = 1, specify the rela-
tive frequency of each population. In summary, the conditional distribution of data, given
parameters, under the mixture model, takes the form

w6~ Y wifo, (). (1)

h=1

yla"'ayn

Under the Bayesian approach, suitable priors are assumed for w, 8 = (64, ..., 6,,) and m.

The poor performance of Bayesian mixtures when data dimension p is larger than a mod-
erate value, e.g., p > 10, is a long-standing issue. This is partly due to the poor scalability
of the algorithms for posterior inference (see, e.g., Malsiner-Walli et al., 2016; Celeux et al.,
2019), and partly due to the asymptotic properties of the model when p is large. Specifically,
Theorem 1 together with Corollaries 1 and 2 of Chandra et al. (2023) shows the degeneracy
of the cluster estimate when fy in (1) is the Gaussian distribution, the de-facto standard.
As p — +oo for a fixed n, if the covariance matrix is cluster specific then, with posterior
probability one, all observations are clustered as singletons, while if the covariance matrix
is shared among all the clusters, only one cluster is detected.

The most popular approach among practitioners to cluster high-dimensional data follows
a two-step procedure. First, fitting a latent factor model (Lopes, 2014), a d-dimensional
score n;, where d < p, is associated with each observation. Then, traditional clustering
algorithms are applied to the n;. However, this two-step procedure does not allow propa-
gation of the variability induced by the dimensionality reduction step into the cluster esti-
mates. To overcome this critical limitation, the natural option is to consider a model for
simultaneous dimensionality reduction and clustering, by assuming a mixture model for
the latent scores, which are then linked to the observations via a Gaussian latent factor
model. This approach was recently investigated by Chandra et al. (2023) within the Bayesian
nonparametric framework.

However, mixture models might overestimate the number of clusters to recover the ‘true’
sampling model. Indeed, the typical postulate in Bayesian mixture models is that para-
meters 6, in (1) are independent and identically distributed from a base distribution. Under
this assumption, if the true data-generating density does not agree with (1), the number of
clusters a posteriori diverges as n increases (Cai et al., 2021). Two sources of misspecifica-
tion pertain to the Gaussian latent factor model with a standard mixture model for the latent
scores: first, the factor-analytic representation entails that data lie close to a d-dimensional
hyperplane; second, the deviation from such a hyperplane is Gaussian distributed. Both
these assumptions can be questioned and are unlikely to hold in practice. Moreover, Chan-
dra et al. (2023) assumed a Dirichlet process mixture prior for the latent scores, which
might yield inconsistent estimates even for well-specified models (Miller & Harrison, 2014).
Promising results towards consistency of Dirichlet process mixtures have been obtained by
Ascolani et al. (2023), but their assumptions do not hold for the model of Chandra et al.
(2023).

The present paper proposes the anisotropic repulsive point process latent mixture
(APPLAM) model. We consider a model for simultaneous dimensionality reduction and
clustering as above, but assume a repulsive point process as the prior for the component-
specific location parameters of the mixture for the latent scores. Repulsive mixtures, pio-
neered by Petralia et al. (2012), offer a practical solution to the lack of robustness of
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mixture models with independent and identically distributed component parameters. See
also Xu et al. (2016), Fuquene et al. (2019), Xie & Xu (2019), Bianchini et al. (2020) and
Beraha et al. (2022). In these works, repulsive priors are used to jointly model the
component-specific location parameters, and, in some of them, their number. However, in
the context of a latent mixture model, we argue that to have well-separated clusters of data,
it is not sufficient to have well-separated clusters at the latent level, but the repulsion should
also take into account the factor analytic model that links the latent variables to the observa-
tions. To this end, we propose an anisotropic determinantal point process as the prior for the
component-specific parameters, where the matrix of factor loadings drives the anisotropy.
We derive a general construction of anisotropic determinantal point processes that induces
the desired repulsion.

1.2. Bayesian clustering via latent mixtures

Lety=1,....n), Vvie RP,A € R?*4 be the matrix of factor loadings, 1, ...,1n, € R
be a set of latent factorsand ¥ = diag(alz, 02, o; > 0, be a diagonal covariance matrix.
Let N, (a, B) denote the p-dimensional Gaussian distribution with mean « and covariance
matrix B. A latent factor mixture model assumes that

m
ind iid Z

yi | niaAa Z ~ M(Anla E)a 7]1 ‘ Wa Ma A ~ WhNd(Mh, Ah)a (2)
h=1

for i = 1, ..., n. Extensions to other kernel distributions for the mixture model for latent
factors and for observations are straightforward. The mixture model is completed when
assigning the prior for w = (Wi, ..., wp), & = (U1, ..s i), A = (AL, ..., Ap), A and the
ojz. In the case of repulsive mixtures, as we propose here, m is also random, so the number
of mixture components is learned from the data. See §2.2 below for the full description of
our prior.

Introducing a set of latent cluster indicator variables ¢; such that pr(c; = A& | w) = wy,
we can equivalently state the prior for the n; in (2) as n; | ¢i = h, u, A ~ Ny(up, Ap), i =
1, ...,n. Therefore, as is standard in Bayesian mixture models, we cluster data y; through the
latent variables 7;, i.e., y; and y; belong to the same cluster if ¢; = ¢;. Through the ¢; we can
identify the clusters with the allocated components, i.e., those components # € {1, ..., m}
for which there exists i such that ¢; = h.

The cluster estimate is interpretable and, hence, useful if observations belonging to differ-
ent clusters are well separated. Repulsive mixture models encourage well-separated clusters
by assuming a prior for the cluster centres uy, that favours regular, i.e., well-separated, point
configurations. A straightforward approach to defining such a prior is assuming a repul-
sive point process that governs both the cardinality m of the components and the locations
of the wj. In particular, it is possible to define such a process by specifying a density with
respect to a Poisson point process. For instance, Xie & Xu (2019) and Quinlan et al. (2021)
assumed a pairwise interaction process whose density, with respect to a suitably defined
Poisson process, is

1 m
PR, - oos pm}) = zl_!qjl(ﬂj) [T #2mn— il 3)
J=

1<h<k<m
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where ¢ is a bounded function, ¢, is a nondecreasing function and Z is a normalizing
constant that is usually intractable. See Moller & Waagepetersen (2003) and Daley & Vere-
Jones (2008) for the definition of density with respect to a Poisson point process.

This choice of the prior would ensure that different clusters are associated with well-
separated latent scores 7;, but is this enough to ensure well-separated clusters of data y;? By
the properties of the Gaussian distribution, we have

iid
it ci=hy | e, A, A~ Np(App, AAAT + X).

Hence, it is clear that it is not sufficient to encourage a priori that |u; — ugll is large
to obtain well-separated clusters of data points, as the distance between cluster centres is
A, — Augll. Such intuition is confirmed by our numerical experiments, as discussed in
the Supplementary Material, where we show that failing to induce the right repulsion across
cluster centres produces extremely poor cluster estimates a posteriori. Of course, to produce
repulsion across the A uy, in a pairwise interaction point process, we could easily modify (3)
by considering ¢ (||x]) = $2(]|Ax||), where now the normalizing constant Z depends on
o1, ¢> and, most importantly, A. The intractability of the normalizing constant in (3) poses
a significant challenge to posterior simulation. Beraha et al. (2022) discussed how to sample
from the posterior distribution of the parameters involved in (3) using the exchange algo-
rithm (Moller et al., 2006; Murray et al., 2006), which requires perfect sampling from (3).
However, Beraha et al. (2022) investigated the efficiency of the algorithm only when sam-
pling a single real-valued parameter. Here, instead, the point process density does depend
on A and our preliminary investigation showed that updating A via the exchange algorithm
results in extremely poor mixing due to the high-dimensionality of matrix A itself.

1.3. Our contributions

We propose an anisotropic determinantal point process (DPP) in §2.1 below as the prior
for the component-specific latent factor centres {u1, ..., i;m}, where the matrix of factor
loadings drives the anisotropy. As a first main contribution, we derive a general construc-
tion of anisotropic DPPs together with novel existence conditions for our class of DPPs
that are similar to those of Lavancier et al. (2015), and the associated density does not
involve intractable terms. We show analytically that the anisotropic DPP induces the desired
repulsion. Indeed, we prove that our process is equivalent to a standard isotropic DPP distri-
bution for points {Au1, ..., Au,;,} on the hyperplane spanned by the columns of A. Though
one could, in principle, directly define a standard DPP on such a hyperplane, the resulting
process would be analytically intractable, requiring one to perform the eigendecomposition
of a kernel function defined on a random hyperplane, and thus of limited practical util-
ity. We further provide an explicit expression for the spectral density of the DPP, which is
essential for simulation purposes. This step also requires a standard approximation (see, e.g.,
Lavancier et al., 2015) of two infinite sums in the expression of the density of the DPP. We
empirically show that the approximation error is negligible.

Our second contribution is to embed the anisotropic DPP in a latent factor mixture model
(2) as a prior for the locations of the u; and their cardinalities. We discuss several aspects
of the proposed model, focusing in particular on the role of the parameters governing the
repulsiveness of the process. We also provide guidance on setting such parameters via a data-
dependent procedure. Posterior inference presents nontrivial computational challenges that
we address by proposing a Metropolis-within-Gibbs algorithm. In particular, the full con-
ditional for A is updated using the well-known Metropolis-adjusted Langevin algorithm,
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which, to be computationally efficient, requires the analytical expression for the gradient of
the logarithm of the density of the DPP; we provide such an expression among our theo-
retical results. We illustrate the adequacy of our model by applying it to real and simulated
datasets. Specifically, we consider data collecting the occurrence of plant species, p = 123, at
different sites of the Bauges Natural Regional Park, France. The goal is to infer the cluster-
ing structure of the n = 1139 sites, such that sites belonging to the same cluster show similar
patterns concerning the occurrence of the plant species. Further insights into our model are
obtained via extensive simulation studies with high-dimensional and large datasets, e.g., p up
to 1000, which is extremely large for traditional clustering methods, and » = 1000. Beyond
justifying the need to assume an anisotropic repulsive prior, we compare our APPLAM
model to the latent mixture for Bayesian (LAMB) model of Chandra et al. (2023). We find
that the APPLAM model produces more robust cluster estimates in the presence of model
misspecification.

2. METHODOLOGY

2.1. A general construction for anisotropic DPPs

A determinantal point process ® on {R?, B(R?)}, where B(R?) is the Borel sigma alge-
bra, is a random subset {i1, ..., um} C RY. See Macchi (1975), Lavancier et al. (2015)
and Baccelli et al. (2020). The probability distribution of a DPP is completely character-
ized by a continuous complex-valued covariance kernel K: R? x R? — C in terms of its
m-factorial moment measure. Such a general definition might appear cumbersome to the
unfamiliar reader and is reported in the Supplementary Material. We focus here on the
DPP restricted on a compact region R C R9, so that we can write its density with respect
to a Poisson process. However, our results hold for general DPPs defined on the whole
R?. By Mercer’s theorem, the restriction of K to R x R admits the spectral representation
K(x,y) = 21‘21 yjéj(x)gj(y), where the &; are a set of eigenfunctions of L*(R; C), forming
an orthonormal basis, and the y; are the summable nonnegative sequence of eigenvalues;
§; denotes the conjugate value of ;. In particular, when restricted to R, a DPP satisfying
y; < lforallj =1,2,... admits a density with respect to the unit-rate Poisson process on
R as

PURL <o o)) = eFIP det{ Clun, wiVng=t,oms M1y eeositm € Rom=0,1,2, ...,

“
where C(x,)) =3 i /(1 = 1)&(x)&;(»), IRl = frdx, D= — > j>1log(l — y)) and we
adopt the convention that det{C(up, wi)}ni=1....., = 1if m = 0. See Lavancier et al.
(2015) for a proof of such results. As noted by Lavancier et al. (2015), the continuity of C
implies that the determinant in (4) tends to zero as the Euclidean distance ||, — ug|l goes
to zero for some /& # k, which shows that a DPP is a repulsive point process. The probability
distribution of a DPP is uniquely characterized by its kernel K(-) on R or, equivalently,
by its spectral representation. Compared to the expression in (3), the density of a DPP fea-
tures an analytically tractable normalizing constant el®I=P_ which significantly simplifies
posterior inference for the hyperparameters of the process; see, e.g., Beraha et al. (2022) for
a discussion on the computational complexities inherited from an intractable normalizing
constant. On the other hand, to work with a DPP density (4), one needs to restrict the point
process on a compact region R, which is a nuisance not shared by the pairwise interaction
point processes. However, as we discuss in § 2.3 below, the choice of R plays a limited role
in our model.
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Analytic expressions for eigenvalues y; are crucial for inferential purposes. Follow-
ing the so-called ‘spectral approach’ by Lavancier et al. (2015), Bianchini et al. (2020)
and Beraha et al. (2022) assumed that K(x,y) = Ko(x — y) = Ko(lx — y|), ie.,
K is a stationary and isotropic function. Instead of modelling K, they fixed the &; as
the Fourier basis and assumed a parametric model for the y;. This approach ensures
the positive definiteness of K and the existence of the DPP density, but is not flexible
enough for the mixture model (2). In particular, isotropy of the DPP kernel K con-
flicts with our goal of forcing repulsion across the Auj. In the following, we provide a
new general construction for stationary anisotropic DPPs, an explicit expression for the
Fourier transform of its kernel Ky and easy-to-check conditions that guarantee the DPP’s
existence.

THEOREM 1. Let A be a fixed p x d real matrix with full rank. Let W be a strictly positive
random variable, and let h(y) be the marginal density of the random variable Y defined as

Y | W~ Ng {0, w(aTa)™ 1.

Let Ko(x) = ph(x)/h(0) for x € R? and p > 0. Then there exists a DPP ® on R? with kernel
K(x,y) = Ko(x — p) for p < pmax defined as

pmax = AT A2 Q)" P EW ),

and

2
. 1Y —d)2 _||AX|| d
Ky(x) = —E(W—d/z)E{W exp< At x € RY.

If o(x) = F(Kp)(x) denotes the Fourier transform of Ko, we have

o(x) = %E[exp{—anWxT(ATA)*lx}], xeR?

Moreover, for any compact R C R%, the restriction of ® to R has a density with respect to the
unit-rate Poisson point process on R if p < pmax.

Kernel Ky characterizing the DPP in Theorem 1 is not isotropic. Parameter p is the inten-
sity of the process, i.e., it controls the distribution of the number of points in the process.
In particular, the expected total number of points in R is equal to p|R|. We also emphasize
that explicit knowledge of the Fourier transform, as described in Theorem 1, is essential
for simulation purposes, as one typically approximates the density of the DPP using ¢, as
described in § 3.1 below.

The following result is an equivalent characterization of the anisotropic DPP defined
above.

THEOREM 2. Let ® be an anisotropic DPP on R? defined as in Theorem 1. Then ® =
(Ap: u € ®} is a stationary and isotropic DPP on B = AR? with kernel

. PIATAITY2 (i Iy 112
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Theorem 2 sheds light on the repulsiveness induced by our anisotropic DPP and why it
is suited in the context of latent mixture models. As discussed in § 1.2, the model produces
interpretable clusters if the points {Au1, ..., Au,;,} are well separated. From the theorem
above, it turns out that our new construction in Theorem 1 is equivalent to assuming an
isotropic DPP prior for the points Auy, thus matching our goal of inducing separation
across clusters of data. However, as will be discussed in §3.1, using the construction in
Theorem 2 leads to much greater analytical and computational hurdles compared to the
approach in Theorem 1 when computing the posterior inference.

The type or strength of repulsion is controlled by the random variable W ~ p(w) in
Theorem 1. In the rest of the paper, we consider one specific choice for the random variable
W in Theorem 1, leading to the anisotropic counterpart of the Gaussian DPPs discussed by
Lavancier et al. (2015), which we refer to as Gaussian-like DPPs in the following. Moreover,
to prove the generality of our approach, in the Supplementary Material, we show how to
construct an anisotropic counterpart of the Whittle—Matérn DPP, although we will not use
it in our examples.

COROLLARY 1. Using the same notation as in Theorem 1, let W be a degenerate random
variable defined as W = |ATA|V9c¢=2/4 for ¢ > 0, where A is fixed. Then kernel Ky, its
Fourier transform ¢ = F(Kgy) and pmax follow:

Ko(x) = pexp| — 1A xeR?
2|ATA|1/dc’2/d ’ ?
2 d/2
o(x) = p (27) exp{—=212| AT AT (AT A) 1y, xeRY, (5)

Pmax = C(zn)_d/z-

We conclude this section by investigating the effect that A has on the repulsiveness of the
DPP. First of all, it is clear that A induces anisotropy. To visualize this, we consider the pair
correlation function g(x) (Lavancier et al., 2015); for the Gaussian-like DPP, we have

K || Ax]|? 2 d
gx)y=1- Ko(0) — l_eXp<_2|ATA|1/d02/d , x € RY,

and set p = d = 2 for visual purposes. Figure 1 shows the pair correlation functions
(PCFs) of two Gaussian-like DPPs with different A € R2*2. In panel (a), A has eigen-
vectors e¢; = (1,0)T, e = (0, 1) and eigenvalues A = 1, A, = A(= 4), which induces
stronger repulsion along the horizontal axis than along the vertical one. In panel (b), A has
eigenvectors e; = (/2/2)(1, DT, e = (/2/2)(—1, )T and eigenvalues A} = 1, 2y = A(=4),
which induces stronger repulsion along the bisector of the first quadrant than along the
orthogonal direction.

Although the pair correlation function is useful for visualizing the anisotropy of repul-
siveness, it provides little information on how much repulsiveness is induced by the DPP.
Several repulsiveness measures have been proposed for spatial point processes. See, e.g.,
Lavancier et al. (2015) and Biscio & Lavancier (2016) for a few quantitative indexes. Here,
we focus in particular on coefficient p( introduced by Moller & O’Reilly (2021), which is
a global index of repulsion quantifying the effect of a point on the expected number of
points in the process. For a stationary DPP, pg = p~! i |Ko(x)|? dx, where p := K((0). The
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(a) Anisotropic gaussian-like PCF (b) Anisotropic gaussian-like PCF
1.0 Lo 1.0 Lo
0.9 0.9
0.5 0.8 0.5 - 0.8
0.7 0.7
0.6 0.6
£10.0 05 = 0.0 1 0.5
0.4 0.4
05 0.3 05 0.3
0.2 0.2
0.1 0.1
-1.0 . . . 00 -1.0 . . . 0.0
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
X X

Fig. 1. Pair correlation function of two Gaussian-like DPPs, showing (a) strong repulsion along the horizontal
direction and (b) strong repulsion along the bisector of the first quadrant.

larger pg, the more repulsive the DPP. For our Gaussian-like DPP in Corollary 1, standard
computations lead to pg = pr¥/2¢~1, which shows that the amount of repulsiveness in the
process does not depend on A.

2.2. The APPLAM model

The anisotropic repulsive point process latent mixture model proposed here assumes like-
lihood (2). We complete the prior specification as follows. First, following common practice
in mixture models, conditional on {u1, ..., W, }, indeed conditionally only on m, we assume
that

Wi, eeoyWy | m~ Dir(a, ..., a), Al,...,Amlmii\d'iwd(vo,IIfo), (6)

where iw;(vg, Vo) denotes the d-dimensional inverse Wishart distribution, with vy > d — 1
degrees of freedom and mean ¥y/(vy — d — 1). Moreover, as is common in latent factor
models, we assume X = diag(alz, ...,02) in (2) to be a diagonal matrix and

o} N iglas.be) (G =1.....p), (7)

i.e., their marginal prior distribution is inverse gamma with mean b, /(a, — 1). As far as
matrix A is concerned, we impose sparsity through the prior. Indeed, sparse priors are often
employed in latent factor models to avoid overparameterization. In particular, we assume
the Dirichlet-Laplace prior (Bhattacharya et al., 2015) with parameter « as the prior for A,
that is, denoting with Aj, the elements of A,

il . T SN O yuedD,  j=1..ph=1,..d, .
vec(g) ~ Dir(a, ...,a), vy ~Exp(1/2), T~ Ga(pda,1/2),

where, for any p x d matrix A4, vec(A) denotes the vector of dimension p x d such that
vec(A)p(h—1)+j = (A);u. This prior is very popular in the literature on Bayesian factor
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models because of the ease of sampling and good frequentist properties (Bhattacharya et al.,
2015). We have assumed prior independence among the blocks of parameters above.

The key point in our model is the prior specification for the latent factor centres
{11, ..., wm}. To introduce repulsiveness between the points {Awy};L ,, we first fix a com-

pact R C R? and assume that the locations {1, ..., um} are distributed as an anisotropic
DPP on R, conditioned on m > 1. As shown below, the choice of R plays a very limited
role, and we discuss how to fix it in § 2.3 below. Conditioning on the DPP being nonempty
is necessary for our formulation of the model, as (2) is not well defined if m = 0. Therefore,
we assume the following density for the locations {1, ..., iu;;} and their cardinalities:

pAKts s um} | A) = fopp(u | p, A, Ko; R)
|R|-D
= 17— o=p 9eUCUWn bnse=t..cooms M2 1 pits st € R, (9)
and p(@ | A) = 0, with D and C defined just after (4). The above notation fppp(i |
0, A, Ko; R) makes explicit that the density depends on R, the intensity p, and the stationary
kernel Ky and that anisotropy is driven by A.

2.3. Prior elicitation for the anisotropic DPP

The prior distributions for X, the A, and A are shared between the LAMB and APPLAM
models, and we adopt the default values suggested by Chandra et al. (2023). See the Supple-
mentary Material for further details. Here, we specifically focus on those hyperparameters
defining the DPP density prior in (9) when K is the anisotropic Gaussian-like kernel in
Corollary 1,1i.e., R, p and c.

First, we discuss the choice of the compact set R of R?, which is the support of the 1.
Marginally, each w, is uniformly distributed on R. We argue that a reasonable choice is to
assume that R = [—r,r]9, ie., a hypercube. Indeed, there is no reason to assume a priori
that the latent factors exhibit a higher variance along any particular axis. Moreover, such
a hypercube should be centred in the origin as in traditional latent factor models, whereby
the latent factors are given a standard Gaussian prior. Clearly, there is nonidentifiability
between A and r. Indeed, letting r > 0 and A = A, R = [—r/t, v/ 71 leaves the likelihood
of the data invariant. Therefore, the choice of r plays a limited role in the model definition.
In particular, our experience shows that posterior inference is robust if r is sufficiently large,
i.e., r > 5. Therefore, we set R = [—10, 10]¢ in the rest of the paper.

Parameters p and ¢ control the intensity and the repulsiveness of the process. As noted
in § 2.1, these quantities are intimately related in DPPs. While p|R| is the expected number
of points in R of the DPP, in (9) we condition on the process being nonempty so that the
role of p is not as clear as in (4). Therefore, we suggest fixing those parameters by looking
only at the repulsiveness induced by the DPP. In the Supplementary Material, we exploit
the equivalent representation of the anisotropic DPP given in Theorem 2 to obtain insights
into how such parameters govern the so-called repulsion range, i.e., how far should two
cluster centres be to influence each other, as well as the strength of the repulsion across close
points. Such interpretation can be used for prior elicitation by users by specifying a value,
or grid of values, for the repulsion range. Moreover, we also propose a heuristic approach
based on the observed data to set reasonable ranges for hyperparameters p, c. In particular,
we follow Lavancier et al. (2015) and Bianchini et al. (2020) and parameterize the DPP by
(p, ) such that p = spmax = sc(2w)~42, s € (0,1); cf. Corollary 1. In such a way, s takes
the interpretation of the strength of repulsion for a fixed p.
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3. POSTERIOR SIMULATION

3.1. Approximation of the DPP density

The point process density in (9) cannot be evaluated in closed form due to the infinite
series in the expressions of D and C. We follow Lavancier et al. (2015) and approximate it
with f]gr};r;)’ which is as in (9) where D is replaced by D?PP = — Zkez;{, log{l — ¢(k)} and C
by

1 (k) 2mi
CaPP = — —_— —(k,x — 10
(x,») R o eXp(|R|1/d< . X y)) (10)
keZ%
with Zﬁlv = {=N,...,N}¥ and () denoting the scalar product. Note that u ~

fg%% (p, A, C?PP; R) is stilla DPP on R, conditioned that it is nonempty. The truncation level
N allows us to trade off the accuracy of the approximation and the computational complex-
ity. In particular, observe that evaluating (10) scales with N%. Moreover, the truncation in
(10) sets an upper bound of (2N + 1)? on the number of points in the DPP (Lavancier et al.,
2015). This approximation can be seen as analogous to the truncation of stick-breaking
priors commonly adopted in Bayesian nonparametric mixture models (Ishwaran & James,
2001). For the Dirichlet process, a standard choice is truncating the prior to 50 support
points. Similarly, when d = 2, which is the smallest value we consider, and N = 3, we are
setting here an upper bound of 49 points in the DPP, which increases exponentially with the
dimension. In the Supplementary Material, we report a simulation showing that the approx-
imation error introduced by the truncation is, in fact, negligible when A is either fixed to the
identity matrix, or random and distributed according to prior (8) or the posterior.

From (10), it is also clear why the definition of the DPP in Theorem 2 is not operational.
Indeed, to approximate the DPP density as done in (9) in combination with (10), one needs
the Fourier transform of the DPP kernel. For the anisotropic DPP in Theorem 1, an analyti-
cal expression is available. In contrast, working with the construction in Theorem 2 requires
finding the eigendecomposition of Ky, which is a challenging task as it is defined on the
manifold B = AR?, where A is random. In the context of the Gibbs sampling algorithm
described below, this would entail numerically performing such a decomposition anytime A
needs to be sampled, resulting in a huge computational burden.

3.2. The Gibbs sampling algorithm

Including the mixture weights w, defined in the first line of (6), as finite-Dirichlet dis-
tributed in the state space is not convenient, as the sum-to-one constraint on w would lead
to complex split-merge reversible jump moves with poor mixing of the chain. As Beraha
et al. (2022), we consider the following equivalent characterization of the prior for w:

S1 S =~ iid
m u
W:(?“"?)’ T=3 S 5% Gat.

Conditional on ¢, we consider u = u@ U ", § = (S@ S"Dy and A = (AW, A1),
divided into allocated and nonallocated components, denoted with (a) and (na) super-
scripts, respectively. That is, u@ = {e, i=1,...,n}, w" =\ 1@, and analogously for
the terms involving the S;, and Ay,
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Combining likelihood (2) with the prior as in (6)-(9), we can see that the joint distribu-
tion of the data and parameters has a density, with respect to some dominating measure on
the proper space; see the Supplementary Material for this density and the associated domi-
nating measure. Normalization of the weights leads to a term 77" = (3 S,(Zal) + S,(ga))_”
in the expression of the joint density, which makes it impossible to factorize the density
according to the allocated and nonallocated components. To overcome this issue, as Beraha
et al. (2022), we introduce an auxiliary random variable u | T ~ Ga(n, T). We report the
joint density of the data and parameters in the Supplementary Material.

We propose a Gibbs sampler algorithm, recurring to a Metropolis step when the corres-
ponding full conditionals cannot be sampled directly. Most of the updates are straightfor-
ward, except for two steps, which are outlined below. The full description of the algorithm
is given in the Supplementary Material.

To update the nonallocated variables (@, S"® A" we disintegrate the joint full
conditional of the nonallocated variables as

P, 57, AT | rest) = p(u@ | restp(s" | w9, restyp(AT | u, rest),

where ‘rest’ identifies all the variables except for (u®, s"@ A®@) Then u"® | rest is a
Gibbs point process with density

ARV, 1y | rest) o R (", o nT YU @ | p, A, Ko; R ()Y,

where ¥ (1) = E(e™*5). See also Beraha et al. (2022). We employ the birth-death Metropolis-
Hastings algorithm of Geyer & Moller (1994) to sample from this point process density.
Given @ it is straightforward to show that

Aina), AE"“) | rest ~ iwy(vo, W), Si”“), SE”“) | rest ~ Ga(a, 1 + u).

To update the latent allocation variables ¢, we found it useful to marginalize over the
n; to get better mixing chains. Hence, we can sample each ¢; independently from a discrete
distribution over {1, ..., k+ £}, where k is the number of allocated components, with weights
Wip:

on o SN, i | A’ T+ AAPATY  (h=1,...k),
wirn < SVON i | ApY S+ AATOATY  (h=1,...,0).

Each evaluation of the p-dimensional Gaussian density would require O (p?®) operations if
care is not taken. However, we take advantage of the special structure of the covariance
matrix. Using Woodbury’s matrix identity, we have

T+ AAADY T =2 T2 AT+ ATS A TATE L,

and hence we now need to compute the inverse of a d x d matrix. Therefore, evaluating the
quadratic form in the exponential requires only O(p) computational cost. Moreover, using
the matrix determinant lemma, the determinant of the covariance matrix can be computed
as

det(T + AAAT) = det(A™! + ATETA) det(A) det (D).

This is computed without additional cost by caching operations from the matrix inversion.
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3.3. Updating A using gradient-based Markov chain Monte Carlo algorithms

As mentioned in § 1.2, sampling from A’s full conditional is nontrivial. In particular, we
found that the random walk Metropolis—Hastings algorithm led to very poor mixing of the
Markov chain Monte Carlo (MCMC) chain, while the adaptive Metropolis—Hastings algo-
rithm of Haario et al. (2001) is not feasible here due to the high dimensionality of A. Instead,
we found the Metropolis-adjusted Langevin algorithm (MALA; Roberts & Tweedie, 1996)
to be more adequate here. The target density is

1—DwP
e .
PN ) xpy | An,X)pAlé,T, W)l_ew det{C*P(u,, Wi thge=1,...m» (1)

where - - - denotes all the variables except A and n = (1, ..., n,). Although not explicitly
stated, D?PP and C?PP both depend on A.

To sample from (11) using MALA, we must evaluate Vlog{p(A | ---)}. In a pre-
liminary investigation, we tried using automatic differentiation (AD; Griewank, 1989) to
get Vlog{p(A | ---)}, as it requires only the implementation of a function evaluating
log{p(A | - --)}. Unfortunately, we found that this strategy is viable only in trivial scenarios,
i.e., upto p = 50 and d = 3 due to RAM memory requirements. Therefore, in the following
theorem, we provide the analytical expression of V log{p(A | - - - )} when the associated DPP
is Gaussian like. See the Supplementary Material for the Whittle-Matérn DPP case.

THEOREM 3. Under the Gaussian-like DPP prior, the gradient of the log-full-conditional
density of A is given by

1

VI A :E_l i_Ai T—i A
ogp(Al---) izzlw N = gy ©

k 1 — ok
+ Qr2e9) Z g® a _(p;()k)}z { - e(pi)a]))p — v,f(Capp)_luk},
keZ%

where @(k) is defined in (5). Here © denotes the elementwise Hadamard product,
1
P =2 ATAIVIA AT A)! [EkT(ATA)lklld — k{(ATA)lk}T],

uy and vy are m-dimensional column vectors for each k € 7.9 with entries

(up)j = T () = e T G= 1, m),

and C?PP s the m x m matrix with entries C*PP(up, i), h,k=1,...,m.

Figure S5 in the Supplementary Material reports a comparison of the memory require-
ments and the runtime execution using the AD gradients or our analytical expressions. In
particular, using the AD gradients requires roughly 100 x more memory, which makes a sig-
nificant difference in practice since this is the bottleneck of our algorithm. The runtimes are
10x larger when using AD as well. The stepsize parameter of the MALA algorithm is tuned
running short preliminary chains to get an acceptance rate of around 20%. In particular, we
found that values between 10~8 and 1010 usually give a good mixing of the MCMC chain.
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4. SIMULATION STUDIES

The Supplementary Material shows several simulated examples aimed at showcasing dif-
ferent aspects of our model. Beyond investigating the effect of truncating the DPP density,
and the usefulness of the analytic expression of the gradients found in Theorem 3, we show
the need of assuming the anisotropic DPP, as opposed to an isotropic DPP prior, in the con-
text of latent mixture models and a procedure to fix hyperparameters. We also demonstrate
the robustness of posterior inference to the hyperparameters of the anisotropic DPP prior
for the latent cluster centres.

The natural competitor of our APPLAM model is the LAMB model by Chandra et al.
(2023). Chandra et al. (2023) already made a compelling argument in favour of latent
mixture models compared to more heuristic approaches based on a two-step procedure.
Therefore, we limit ourselves to showing the robustness of the APPLAM model to model
misspecification and the LAMB model’s lack thereof. Specifically, we consider two simula-
tion settings, where model misspecification occurs either at the latent level, i.e., the latent
scores n; are simulated from a mixture of ¢ distributions, or at the likelihood level, i.e., the
observations, conditional on all parameters, follow a ¢ distribution. In both cases, for various
choices of the latent dimension d = {4, 8}, data dimension p = {500, 1000} and 100 indepen-
dent and identically distributed replicates of the datasets, we demonstrate how the LAMB
model significantly overestimates the number of clusters, contrary to our APPLAM model.
Moreover, we show that the APPLAM model produces more reliable cluster estimates than
the LAMB model.

In summary, our simulations empirically confirm the intuition that repulsive mixtures are
more robust than nonrepulsive ones in the presence of model misspecification. Moreover,
they also justify the introduction of the anisotropic DPPs presented here, as it is clear that
forcing isotropic repulsion across cluster centres does not translate to well-separated clusters
of data a posteriori. On the contrary, the isotropic models might greatly overestimate the
number of clusters.

5. JOINT SPECIES MODELLING

We apply our APPLAM model to data collecting the occurrence of plant species at dif-
ferent sites of the Bauges Natural Regional Park in France. The data are available from
the Alpine Botanical Conservatory and have been previously investigated by Thuiller et al.
(2018) and Bystrova et al. (2021). Specifically, the dataset we analyse refers to n = 1139 sites
and, for each site, the presence or absence of p = 123 different plant species is reported.
Our goal is to infer the clustering structure of the sites, such that sites belonging to the same
cluster show similar patterns concerning the occurrence of the plant species. The data are
binary; precisely, let z; € {0,1}7, i = 1,...,n, such that z;; = 1 if plant species j occurs at
site 7, and z;; = 0 otherwise. We assume that z;; = 1jo,00)(»i;) and apply the APPLAM
model to the y;, assuming the Gaussian-like DPP. To avoid nonidentifiability, we fix the Ay,
in (6) as the d x d identity matrices. Posterior simulation requires minor modifications to
the Gibbs sampling algorithm, and we discuss them in the Supplementary Material.

We rely on model selection to select the hyperparameters. In particular, we examine a
total of 144 models where we vary the degree of repulsiveness by tuning (p, ¢), as well as
other hyperparameters; see the Supplementary Material for more details. From Figs. S2 and
S3 within the Supplementary Material, it is clear that if p|R] is large and/or the strength of

G20z Iudy 0} uo 1sonb Aq 856Y.8//6G09ESE/Z/Z | L /O10IE/ABWOIC/ W00 dNO"0lWspeoe)/:SAY WO} POPEOJUMOQ


https://academic.oup.com/biomet/article-lookup/doi/10.1093/biomet/asae059#supplementary-data
https://academic.oup.com/biomet/article-lookup/doi/10.1093/biomet/asae059#supplementary-data
https://academic.oup.com/biomet/article-lookup/doi/10.1093/biomet/asae059#supplementary-data
https://academic.oup.com/biomet/article-lookup/doi/10.1093/biomet/asae059#supplementary-data
https://academic.oup.com/biomet/article-lookup/doi/10.1093/biomet/asae059#supplementary-data
https://academic.oup.com/biomet/article-lookup/doi/10.1093/biomet/asae059#supplementary-data
https://academic.oup.com/biomet/article-lookup/doi/10.1093/biomet/asae059#supplementary-data
https://academic.oup.com/biomet/article-lookup/doi/10.1093/biomet/asae059#supplementary-data
https://academic.oup.com/biomet/article-lookup/doi/10.1093/biomet/asae059#supplementary-data
https://academic.oup.com/biomet/article-lookup/doi/10.1093/biomet/asae059#supplementary-data

14 L. GHILOTTI, M. BERAHA AND A. GUGLIELMI

Cluster 1 Cluster 2 Cluster 3

0ol o — I I ull il M,I - I [ | 1 I |
et Ly B T et I T o o 1 [ Lt T LR L
o1 o

Cluster 4 Cluster 5 v
1 - 020
]
02 - o5

[
[ LI |

o=
| i"j 1 | u "1 |
o 7 |

- 010
| . - I’ v
301 97 12 117121

69 14 27 28 45 46 49 61 T2 85 91 97 112 117 121 0 1 4 5 6 9 14 27 28 45 46 49 61 72 83 O 97 112 117 12 01 4 56 9 142728 4546 49 61 72 &

Fig.2. Values of 8., for the 20 species identifying the five clusters and (bottom right) posterior estimate of AAT
restricted to the 20 species.

repulsion s is mild, the number of estimated clusters increases, which confirms our insights
from the simulation studies. In particular, the number of estimated clusters ranges between
3 and 15; see also Tables S1 and S2 within the Supplementary Material. We focus only on
models for which the posterior mean of the number of clusters is less than 8 and select
the best one by maximizing the Watanabe-Akaike information criterion index (Watan-
abe, 2013), which is standard in model selection. This yields the following choice of hyper-
parameters: d = 3, p|R| = 0.1, s = 0.9, « = 1073 and a, = 2, b, = 1. When « is small, as
in this case, it implies a sparse marginal prior for the mixture weights w in (6) (Rousseau &
Mengersen, 2011).

We discuss here the estimated clusters, obtained by minimizing the posterior expecta-
tion of Binder’s loss function (Binder, 1978), under this last hyperparameter selection. We
consider five estimated clusters, with cardinalities between 200 and 250. To interpret the esti-
mated clusters, we look at the patterns of presence and absence of species in each cluster.
Specifically, for j = 1, ..., p, let Z; and Z.; be the empirical frequencies of the jth species in
the whole sample and in the cth cluster, respectively. For each cluster, we select six species
that better represent it by choosing the three species that maximize, respectively minimize,
8¢j = (Zej — Zj). In total, we find 20 species that best describe the different clusters. We
report the corresponding §.; in Fig. 2. Cluster 3 does not significantly depart from the
sample averages, with |63 < 0.1 for all the selected species, but with an overall preva-
lence of lower-than-average species presence. Cluster 4 features the most extreme deviations
from the mean compared to the other clusters, especially higher-than-average deviations.
Indeed, species 27 (the common rock-rose), 46 (the great yellow gentian) and 97 (sweet
vernal grass) have a 84 ; around or higher than 0.2. However, this cluster also records the
most extreme lower-than-average deviations, with the presence of species 45 (the common
beech) lower than 0.15 compared to the associated sample average and species 112 (the
silver fir) lower than 0.1. Cluster 5 differs from the other clusters mainly for the higher pres-
ence of species 6 (ivy), 45 (the common beech), 83 (sweet woodruff), 112 (the silver fir), 117
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(field maple) and 121 (a blackberry species). The common beech helps explain the difference
between clusters 4 and 5. Finally, cluster 2 is mainly characterized by the higher presence of
species 72 (Saint Anthony’s Turnip), while cluster 1 records a higher presence of species 28
(common hazel). The bottom right panel of Fig. 2 reports the posterior expectation of AAT
restricted to the 20 species explaining the five estimated clusters. A nonnegligible negative
correlation value is estimated between species 72 (Saint Anthony’s Turnip) and 117 (the field
maple): this can be observed in the empirical proportions of these two species within each
of the five estimated clusters.

6. DISCUSSION

Model-based clustering of moderate- or large-dimensional data is notoriously difficult.
We have proposed a model for simultaneous dimensionality reduction and clustering, by
assuming a mixture model for the latent scores, which are then linked to the observations via
a Gaussian latent factor model. This approach was recently investigated by Chandra et al.
(2023). The authors used a factor-analytic representation and assumed a mixture model for
the latent factors. However, performance can deteriorate in the presence of model misspeci-
fication. Assuming a repulsive point process prior for the component-specific means of the
mixture for the latent scores is shown to yield a more robust model that outperforms the
standard LAMB model in several simulated scenarios. To favour well-separated clusters of
data, the repulsive point process must be anisotropic, and its density should be tractable for
efficient posterior inference. We address these issues by proposing a general construction for
anisotropic determinantal point processes.

The bottleneck in our sampling algorithm is the spectral approximation of the DPP
density, which has a computational cost that scales exponentially in d, the dimension of
the latent factors. It is common practice to set small values for d in latent factor models.
Nonetheless, for moderate or large values of d, the approach of Bardenet & Titsias (2015)
would be more efficient, at the price that the parameters in the model are harder to interpret.
Another approximation of the DPP density is provided by Poinas & Lavancier (2021), also
suitable for non-hyper-rectangular domains. In the case of projection DPPs, i.c., when the
eigenvalues of the spectral decomposition are either zero or one, we could sample exactly
from the full conditional of the nonallocated components using the methods of Lavancier
& Rubak (2023) instead of employing a birth-death Metropolis—Hastings move.

We have not investigated the estimation of the factor-loading matrix A, which could be
of interest to explain the correlation structure of the data. Our model inherits the rotational
invariance property of classical factor models, but this issue can be dealt with via ex post
procedures for the estimation of A. See, for instance, Papastamoulis & Ntzoufras (2022)
and the references therein.
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SUPPLEMENTARY MATERIAL

The Supplementary Material contains further details on the MCMC algorithm, a com-
parison between the APPLAM and LAMB models on simulated datasets and proofs.
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