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 A B S T R A C T

This paper deals with quantitative spectral stability for Aharonov-Bohm operators with many 
colliding poles of whichever circulation. An equivalent formulation of the eigenvalue problem 
is derived as a system of two equations with real coefficients, coupled through prescribed jumps 
of the unknowns and their normal derivatives across the segments joining the poles with the 
collision point. Under the assumption that the sum of all circulations is not integer, the dominant 
term in the asymptotic expansion for eigenvalues is characterized in terms of the minimum 
of an energy functional associated with the configuration of poles. Estimates of the order of 
vanishing of the eigenvalue variation are then deduced from a blow-up analysis, yielding sharp 
asymptotics in some particular examples.

1. Introduction

Continuing the study initiated in [17], we deal with the problem of spectral stability for Aharonov–Bohm operators with many 
coalescing poles. The main novelty of the present paper lies in the generality of the assumptions imposed on the circulations of 
poles. Indeed, we do not restrict our attention to the case of half-integer circulations, as done in [17].

Specifically, we study how the eigenvalues of Aharonov–Bohm operators respond to variations in the position of the poles. For 
every 𝜔 = (𝜔1, 𝜔2) ε R2, the Aharonov–Bohm vector potential with pole 𝜔 and circulation 𝜀 ε R is defined as 

𝜗𝜀
𝜔(𝜛1, 𝜛2) ϑ= 𝜀

⌋ ϖ(𝜛2 ϖ 𝜔2)
(𝜛1 ϖ 𝜔1)2 + (𝜛2 ϖ 𝜔2)2

,
𝜛1 ϖ 𝜔1

(𝜛1 ϖ 𝜔1)2 + (𝜛2 ϖ 𝜔2)2

⌈

, (𝜛1, 𝜛2) ε R2 ⟥ {𝜔}. (1.1)

The associated Aharonov–Bohm magnetic field arises when an infinitely long thin solenoid intersects perpendicularly the plane 
(𝜛1, 𝜛2) at the point 𝜔, with the radius of the solenoid going to zero and the magnetic flux remaining constantly equal to 𝜀, see [11,12]. 
The most studied case in the literature concerns half-integer circulations 𝜀 ε 1

2 + Z, whose mathematical relevance is related to 
applications to the problem of spectral minimal partitions, as highlighted in [14,20,25].

For Schrödinger operators of the form (𝜚ϱ + 𝜗𝜀
𝜔)

2, with Aharonov–Bohm magnetic potentials as in (1.1), the continuity of 
eigenvalues with respect to the pole’s location is established in [15] for a single pole, and in [23] for multiple (possibly 
colliding) poles. Starting from this, several papers have delved into determining the precise asymptotic behaviour of the eigenvalue 
variation, when the configuration of the poles undergoes small perturbations. In the case of a single moving pole with half-integer 
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circulation, [15] identifies a relation between the convergence rate of eigenvalues and the number of nodal lines of the corresponding 
eigenfunction. More refined asymptotic expansions for simple eigenvalues are presented in [2], where a pole moving along the 
tangent to a nodal line of the limit eigenfunction is considered, and in [3], for a pole moving in any direction. The scenario of a 
pole approaching the boundary is addressed in [8,24], while some genericity issues are discussed in [1,10].

Dealing with multiple colliding poles poses additional significant difficulties. Refs. [5,7] consider two coalescing poles (both with 
half-integer circulation), moving along an axis of symmetry of the domain, in the cases where this axis is, or respectively is not, 
tangent to a nodal line of the limit eigenfunction. The symmetry assumption is dropped in [6], in the case of two poles colliding 
at an interior point outside the nodal set of the limit eigenfunction. The recent paper [17] provides an asymptotic expansion of the 
eigenvalue variation for Aharonov–Bohm operators with many coalescing poles; the leading term in this expansion is related to the 
minimum of an energy functional, associated to the pole configuration and defined on a space of functions jumping along cracks, 
aligned with the moving directions of the poles.

In the aforementioned papers, asymptotic expansions for the eigenvalue variation are discussed only in the case of half-integer 
circulations. So far, the case of non-half-integer circulation appears to have been exclusively addressed in [9], where estimates 
(rather than the exact asymptotic behaviour) are obtained for a single moving pole.

We consider a bounded connected domain 𝜍 𝜑 R2 and 𝛻 poles moving in 𝜍 towards a fixed point 𝜕 ε 𝜍 along straight lines. 
It is not restrictive to fix 𝜕 = 0, so that the moving poles can be rewritten as multiples of 𝛻 fixed points {ℵℶ}ℶ=1,…,𝛻 with the same 
infinitesimal parameter ℷ. Furthermore, since we are interested in asymptotic expansions of eigenvalues as ℷ  0+, we may assume 
that, for some ℸ ε (0, 1),

{ℵℶ}ℶ=1,…,𝛻 𝜑 ⊳ℸ 𝜑 𝜍,

where, for every ⊲ > 0, ⊳⊲ ϑ= {0 ε R2 ϑ ⌉0⌉ < ⊲}. We consider configurations in which each pole is the only one on the straight 
line connecting it to the collision point, i.e. the origin, so that, for every ℶ = 1,… , 𝛻, there exist ⊲ℶ > 0 and 1ℶ ε (ϖ2,2] such that 
1ℶ ∱ 1⋛ , 1ℶ ∱ 1⋛ ± 2 if ℶ ∱ ⋛ and 

ℵℶ = ⊲ℶ (cos(1ℶ ), sin(1ℶ )). (1.2)

For every ℶ = 1,… , 𝛻 and ℷ ε (0, 1], let
ℵℶℷ ϑ= ℷℵℶ .

For every (𝜀1,… , 𝜀𝛻) ε R𝛻 and ℷ ε (0, 1], we are interested in the multi-singular vector potential 

∲
(𝜀1 ,…,𝜀𝛻)
ℷ ϑ=

𝛻
{

ℶ=1
𝜗𝜀ℶ

ℵℶℷ
(1.3)

and the corresponding eigenvalue problem with Dirichlet boundary conditions 
}

⦃

⦄

⦃

⟨

⟩

𝜚ϱ +∲
(𝜀1 ,…,𝜀𝛻)
ℷ

⟪2
3 = 4 3,  in 𝜍,

3 = 0,  on 5𝜍,
(1.4)

where the magnetic Schrödinger operator (𝜚ϱ +∲
(𝜀1 ,…,𝜀𝛻)
ℷ )2 acts as 

⟩

𝜚ϱ +∲
(𝜀1 ,…,𝜀𝛻)
ℷ

⟪2
3 ϑ= ϖ63 + 2𝜚∲(𝜀1 ,…,𝜀𝛻)

ℷ ⋜ ϱ3 + ⟫

⟫

⟫

∲
(𝜀1 ,…,𝜀𝛻)
ℷ

⟫

⟫

⟫

2
3. (1.5)

It is not restrictive to suppose that 
𝜀ℶ ς Z for all ℶ = 1,… , 𝛻, (1.6)

since ∲(𝜀1 ,…,𝜀𝛻)
ℷ  is gauge equivalent to the vector potential ∲(𝜀1+71 ,…,𝜀𝛻+7𝛻)

ℷ  for any 71 … , 7𝛻 ε Z. It follows that the corresponding 
Schrödinger operators are unitarily equivalent (see [22, Theorem 1.2] and [23, Proposition 2.2]), and therefore they have the same 
spectrum. In the following we assume that 

𝜀 ϑ=
𝛻
{

ℶ=1
𝜀ℶ ς Z. (1.7)

By the gauge equivalence mentioned above, it is not restrictive to suppose that 
𝜀 ε (0, 1). (1.8)

By classical spectral theory, problem (1.4) admits a diverging sequence of positive real eigenvalues {4ℷ,7}7∳1 with finite multiplicity. 
In the sequence {4ℷ,7}7∳1 we repeat each eigenvalue according to its multiplicity.

As emerges from [23, Theorem 1.2], the following limit problem arises as ℷ  0+: 
❲

❳

𝜚ϱ + 𝜗𝜀
0
/2 3 = 43,  in 𝜍,

3 = 0,  on 5𝜍.
(1.9)
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where 𝜗𝜀
0 is as in (1.1) with pole at 0. Also for (1.9), the classical Spectral Theorem provides a diverging sequence of real positive 

eigenvalues {40,7}7εN⟥{0} with finite multiplicity, which are repeated in the enumeration according to their multiplicity.
Furthermore, by [23, Theorem 1.2],

the function ℷ  4ℷ,7 is continuous in [0, 1],
so that, in particular, 

lim
ℷ0+

4ℷ,7 = 40,7 (1.10)

for every 7 ε N⟥{0}. The present paper aims at estimating the vanishing order of the variation 4ℷ,7ϖ40,7 of simple eigenvalues with 
respect to the moving configuration of poles.

The case 𝜀ℶ ε 1
2 + Z discussed in [17] exhibits peculiarities that enable a perspective and an approach not entirely applicable 

in the non-half-integer case. Specifically, if 𝜀ℶ ε 1
2 + Z, a gauge transformation allows the problem to be reduced to an eigenvalue 

problem for the Laplacian under prescribed jumping conditions on cracks. In this situation, the eigenfunctions can be assumed to 
be real-valued and possess an odd number of nodal lines branching off from each pole. However, if 𝜀ℶ ε R ⟥ (Zφ2) for some ℶ, 
the eigenfunctions remain complex even after the gauge transformation; moreover, the poles with non-half-integer circulation are 
isolated zeroes, see [16, Section 7].

In the present paper, the first step consists in a new equivalent formulation in terms of a real eigenvalue problem. Specifically, 
we observe that problem (1.4) is equivalent to a system of two equations with real coefficients, where the unknowns are the real 
and imaginary parts of the gauged eigenfunction, see (2.14). Such equations are coupled through prescribed jumps of the unknowns 
and their normal derivatives across cracks, directed as the segments joining the poles with the collision point. Moreover, each 
eigenvalue’s multiplicity doubles when passing to the new formulation (2.14).

Given such an equivalent formulation, in Theorem  2.3 we derive an asymptotic expansion of the variation of simple eigenvalues 
of the form

4ℷ,7 ϖ 40,7 = 2(⨋ℷ + 8ℷ(90,.0)) + ,(\ϱ<ℷ\282 + \ϱℏℷ\82 ) as ℷ  0+,

where ⨋ℷ is the minimum, attained by the couple of functions (<ℷ,ℏℷ), of an energy functional associated with the configuration of 
poles, see (2.23), and 8ℷ is a suitable linear functional involving the limit eigenfunction (90,.0) of (2.14) on the cracks.

A blow-up analysis allows us to identify the asymptotic behaviour of ⨋ℷ and (<ℷ,ℏℷ) as ℷ  0+, thus estimating the vanishing 
order of the eigenvalue variation in Theorem  2.5 and obtaining sharp estimates on the behaviour of the eigenfunctions in Theorem 
2.7. We observe that detecting the exact vanishing order of 2(⨋ℷ +8ℷ(90,.0)), and consequently of 4ℷ,7 ϖ 40,7, is much more delicate 
in the non-half-integer case compared to the half-integer one, as was already the case for one pole [9]. In specific scenarios, the 
blow-up result provided in Theorem  2.5 is sufficient to yield the exact asymptotics. For instance, identifying the precise convergence 
rate is feasible when the sum of (non-half-integer) circulations of all poles is half-integer, as observed in Proposition  2.6.

The paper is organized as follows. In the next section, we state and discuss the main results. In Section 3, we introduce the gauge 
transformation which allows us to obtain the equivalent formulation (2.14) for the eigenvalue problem; furthermore, in Section 3.3 
we describe the asymptotic behaviour of eigenfunctions of the limit problem, depending on whether the sum 𝜀 of the circulations 
of all colliding poles is half-integer or not. In Section 4 we derive some preliminary estimates on the quantity ⨋ℷ. Section 5 is 
devoted to the proof of Theorem  2.3, while in Section 6 we perform a blow-up analysis, providing precise information about the 
asymptotic behaviour of ⨋ℷ and (<ℷ,ℏℷ) as ℷ  0+, as stated in Theorem  2.5, see also Proposition  6.7; the characterization of the 
concrete functional space containing the blow-up limit profile is possible thanks to the Hardy type inequality obtained in Section 6.1. 
Finally, in Section 7 we briefly discuss some open problems and future perspectives.

2. Statement of the main results

For every ℷ ε (0, 1], a variational formulation of problem (1.4) can be given in the functional space

>1,ℷ(𝜍,C) =
❲

⋆ ε >1(𝜍,C) ϑ ⋆
⌉ ⋜ ϖℵℶℷ⌉

ε 82(𝜍,C) for all ℶ = 1,… , 𝛻

(

,

which can be equivalently defined as the completion of
{⋆ ε >1(𝜍,C) ∇ ≨∂(𝜍,C) ϑ ⋆ ⨌ 0 in a neighbourhood of ℵℶℷ for all ℶ = 1,… , 𝛻}

with respect to the norm 

\⋆\>1,ℷ(𝜍,C) ϑ=
⌋

\⋆\282(𝜍,C) + \ϱ⋆\282(𝜍,C2) +
𝛻
{

ℶ=1

)

)

)

⋆
⌉⋜ϖℵℶℷ⌉

)

)

)

2

82(𝜍,C)

⌈1φ2
. (2.1)

A deep connection between the space >1,ℷ(𝜍,C) and the operator (1.5) is induced by the following magnetic Hardy-type inequality 
proved in [21], see also [13] and [16, Lemma 3.1, Remark 3.2]:

⨍⊳⊲(𝜔)
⌉𝜚ϱ⋆ + 𝜗𝜀

𝜔⋆⌉
2 𝐴𝜛 ∳

⟩

min
ℶεZ

⌉ℶ ϖ 𝜀⌉
⟪2

⨍⊳⊲(𝜔)

⌉⋆(𝜛)⌉2

⌉𝜛 ϖ 𝜔⌉2
𝐴𝜛
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for every 𝜔 ε R2 and ⋆ ε ≨∂
c (⊳⊲(𝜔) ⟥ {𝜔},C), where ⊳⊲(𝜔) ϑ= {0 ε R2 ϑ ⌉0 ϖ 𝜔⌉ < ⊲}. In particular, under assumption (1.6), the norm 

(2.1) is equivalent to the norm
⌋

)

)

)

)

⟩

𝜚ϱ +∲
(𝜀1 ,…,𝜀𝛻)
ℷ

⟪

⋆
)

)

)

)

2

82(𝜍,C2)
+ \⋆\282(𝜍,C)

⌈1φ2
.

We also consider the subspace

>1,ℷ
0 (𝜍,C) =

⦅

⋆ ε >1
0 (𝜍,C) ϑ ⋆

⌉⋜ϖℵℶℷ⌉
ε 82(𝜍,C) for all ℶ = 1,… , 𝛻

⦆

.

We say that 4 ε R is an eigenvalue of (1.4) if there exists an eigenfunction 3 ε >1,ℷ
0 (𝜍,C) ⟥ {0} such that 

⨍𝜍

⟩

𝜚ϱ +∲
(𝜀1 ,…,𝜀𝛻)
ℷ

⟪

3 ⋜
⟩

𝜚ϱ +∲
(𝜀1 ,…,𝜀𝛻)
ℷ

⟪

⋆𝐴𝜛 = 4
⨍𝜍

3⋆𝐴𝜛 for all ⋆ ε >1,ℷ
0 (𝜍,C). (2.2)

The limit problem (1.9) is settled in the functional space
>1,0

0 (𝜍,C) =
[

⋆ ε >1
0 (𝜍,C) ϑ ⋆

⌉𝜛⌉ ε 82(𝜍,C)
]

;

we say that 4 ε R is an eigenvalue of (1.9) if there exists an eigenfunction 3 ε >1,0
0 (𝜍,C) ⟥ {0} such that

⨍𝜍

❳

𝜚ϱ + 𝜗𝜀
0
/

3 ⋜
❳

𝜚ϱ +∲
𝜀
0
/

⋆𝐴𝜛 = 4
⨍𝜍

3⋆𝐴𝜛 for all ⋆ ε >1,0
0 (𝜍,C).

Remark 2.1. We observe that, if 𝜀 = 1
2  and 4 is an eigenvalue of (1.9), the associated eigenspace admits a basis consisting of 𝐵-real 

eigenfunctions, i.e. of eigenfunctions invariant under the action of the antilinear operator 𝐵3(⊲ cos 𝐶, ⊲ sin 𝐶) = 𝐷𝜚(𝐶+2𝐸)3(⊲ cos 𝐶, ⊲ sin 𝐶), 
where

𝐸 = 2
2 ϖ

𝛻
{

ℶ=1
𝜀ℶ1ℶ ,

see [19, Lemma 3.3], [15, Lemma 2.3], and [17, Remark 3.5]. We could use here any other real constant 𝐸; this specific choice is 
made just to simplify the writing of Proposition  3.3. We note that 3 is 𝐵-real if and only if it satisfies the property 

𝐷ϖ𝜚(
𝐶
2 +𝐸)3(⊲ cos 𝐶, ⊲ sin 𝐶) is a real-valued function. (2.3)

By a suitable gauge transformation, (1.4) and (1.9) can be reformulated as eigenvalue problems for the Laplacian in domains 
with straight cracks. For every ℷ ε [0, 1] and ℶ = 1,… , 𝛻, we define

𝐹ℶ ϑ= {𝐶ℵℶ ϑ 𝐶 ε R}, 𝐺 ℶ
ℷ ϑ= {𝐶ℵℶ ϑ 𝐶 ε (ϖ∂, ℷ]}, 𝐻ℶ

ℷ ϑ= {𝐶ℵℶ ϑ 𝐶 ε [0, ℷ]}.

Let

𝐺ℷ ϑ=
𝛻
⟦

ℶ=1
𝐺 ℶ
ℷ

and ⨎ℷ be the functional space defined as the closure of
⟧

⋆ ε >1(𝜍 ⟥ 𝐺ℷ) = >1(𝜍 ⟥ 𝐺ℷ,R) ϑ ⋆ = 0 on a neighbourhood of 5𝜍⌊

in >1(𝜍 ⟥ 𝐺ℷ) with respect to the norm \⋆\>1(𝜍⟥𝐺ℷ) = \ϱ⋆\82(𝜍⟥𝐺ℷ) + \⋆\82(𝜍). We observe that ⨎ℷ-functions satisfy the following 
Poincaré-type inequality: 

⨍𝜍
⋆2𝐴𝜛 ⨏ ≨𝜕

⨍𝜍⟥𝐺ℷ
⌉ϱ⋆⌉2 𝐴𝜛, for every ⋆ ε ⨎ℷ, (2.4)

for some constant ≨𝜕 > 0 which is independent of ℷ, see [17, Proposition 3.2].
By (2.4), the norm

\⋆\
⨎ℷ

ϑ=
⌋

⨍𝜍⟥𝐺ℷ
⌉ϱ⋆⌉2 𝐴𝜛

⌈1φ2

on ⨎ℷ is equivalent to \⋆\>1(𝜍⟥𝐺ℷ). We denote the corresponding scalar product as (⋜, ⋜)⨎ℷ
.

By classical trace and embedding theorems for fractional Sobolev spaces in dimension 1, for every ℶ = 1,… , 𝛻 and 𝐼 ε [2,+∂)
there exist continuous trace operators 

𝐽ℶ+ ϑ >1(2ℶ
+ ⟥ 𝐺1)  8𝐼(𝐹ℶ ) and 𝐽ℶϖ ϑ >1(2ℶ

ϖ ⟥ 𝐺1)  8𝐼(𝐹ℶ ), (2.5)

where, letting 𝐾ℶ ϑ= ❳

ϖ sin(1ℶ ), cos(1ℶ )
/

,

2ℶ
+ ϑ= {𝜛 ε R2 ϑ 𝜛 ⋜ 𝐾ℶ > 0} and 2ℶ

ϖ ϑ= {𝜛 ε R2 ϑ 𝜛 ⋜ 𝐾ℶ < 0}.
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We observe that, for every ℷ ε [0, 1], the restrictions to ⨎ℷ of the operators 𝐽ℶ+ and 𝐽ℶϖ are continuous and compact from ⨎ℷ into 
8𝐼(𝐹ℶ ∇𝜍) for all 𝐼 ε [1,+∂).

For every ℶ = 1,… , 𝛻, we define 
𝜔ℶ ϑ= cos(22𝜀ℶ ), 𝐴ℶ ϑ= sin(22𝜀ℶ ), (2.6)

and the linear operators
ℸℶ ϑ >1(R2 ⟥ 𝐺1) −>1(R2 ⟥ 𝐺1)  8𝐼(𝐹ℶ ), ℸℶ (⋆,𝐿) ϑ= 𝐽ℶϖ(⋆⌉2ℶϖ ) ϖ 𝜔ℶ𝐽

ℶ
+(⋆⌉2ℶ+ ) + 𝐴ℶ𝐽

ℶ
+(𝐿⌉2ℶ+

), (2.7)

𝑀ℶ ϑ >1(R2 ⟥ 𝐺1) −>1(R2 ⟥ 𝐺1)  8𝐼(𝐹ℶ ), 𝑀ℶ (⋆,𝐿) ϑ= 𝐽ℶϖ(𝐿⌉2ℶϖ
) ϖ 𝐴ℶ𝐽

ℶ
+(⋆⌉2ℶ+ ) ϖ 𝜔ℶ𝐽

ℶ
+(𝐿⌉2ℶ+

), (2.8)

which are continuous when >1(R2 ⟥ 𝐺1) −>1(R2 ⟥ 𝐺1) is endowed with the norm

\(⋆,𝐿)\>1(R2⟥𝐺1)−>1(R2⟥𝐺1) ϑ=
⌉

\⋆\2>1(R2⟥𝐺1)
+ \𝐿\

2
>1(R2⟥𝐺1)

.

For every ℷ ε [0, 1], we consider the Hilbert space ⨎ℷ −⨎ℷ, endowed with the norm 

\(⋆,𝐿)\
⨎ℷ−⨎ℷ

ϑ=
{

\⋆\2
⨎ℷ

+ \𝐿\

2
⨎ℷ

, (2.9)

and its closed subspace 
𝑁⨎ℷ ϑ=

⟧

(⋆,𝐿) ε ⨎ℷ −⨎ℷ ϑ ℸℶ (⋆,𝐿) = 𝑀ℶ (⋆,𝐿) = 0 on 𝐺 ℶ
ℷ  for all ℶ = 1,… , 𝛻

⌊

. (2.10)

Finally, we endow the Hilbert space 82(𝜍) − 82(𝜍) with the norm

\(⋆,𝐿)\82(𝜍)−82(𝜍) ϑ=
{

\⋆\282(𝜍) + \𝐿\

2
82(𝜍)

and the corresponding scalar product
❳

(⋆1,𝐿1), (⋆2,𝐿2)
/

82(𝜍)−82(𝜍) ϑ= ⨍𝜍
(⋆1⋆2 + 𝐿1𝐿2) 𝐴𝜛.

Remark 2.2. It is worth noticing that, if (⋆,𝐿) ε 𝑁⨎ℷ, then also (ϖ𝐿 ,⋆) belongs to 𝑁⨎ℷ in view of (2.7), (2.8) and (2.10).

For every ℷ ε (0, 1] there exists a function
𝑂ℷ ϑ R2 ⟥ {ℵℶℷ ϑ ℶ = 1,… , 𝛻}  R

such that 
❲

𝑂ℷ ε ≨∂(R2 ⟥ 𝐺ℷ),
ϱ𝑂ℷ can be extended to be in ≨∂(R2 ⟥ {ℵℶℷ ϑ ℶ = 1,… , 𝛻}) with ϱ𝑂ℷ = ∲

(𝜀1 ,…,𝜀𝛻)
ℷ ,

(2.11)

see Section 3.2 for the construction of 𝑂ℷ. If 3 ε >1,ℷ(𝜍,C), then letting 
9 ϑ= Re(𝐷ϖ𝜚𝑂ℷ 3), . ϑ= Im(𝐷ϖ𝜚𝑂ℷ 3), (2.12)

we have that (9,.) ε 𝑁⨎ℷ and moreover, by (2.11), 
(𝜚ϱ +∲

(𝜀1…,𝜀𝛻)
ℷ )3 = 𝜚𝐷𝜚𝑂ℷ (ϱ9 + 𝜚ϱ.) in 𝜍 ⟥ 𝐺ℷ. (2.13)

It follows that, if 4 is an eigenvalue of problem (1.4), with 3 ε >1,ℷ
0 (𝜍,C) being a corresponding eigenfunction, then the pair 

(9,.) ε 𝑁⨎ℷ defined in (2.12) solves the system 
}

⦃

⦃

⦃

⦄

⦃

⦃

⦃

⟨

ϖ69 = 49, in 𝜍 ⟥ 𝐺ℷ,
ϖ6. = 4., in 𝜍 ⟥ 𝐺ℷ,
9 = . = 0, on 5𝜍,
ℸℶ (9,.) = 𝑀ℶ (9,.) = 0, on 𝐺 ℶ

ℷ  for all ℶ = 1,… , 𝛻,
ℸℶ (ϱ9 ⋜ 𝐾ℶ ,ϱ. ⋜ 𝐾ℶ ) = 𝑀ℶ (ϱ9 ⋜ 𝐾ℶ ,ϱ. ⋜ 𝐾ℶ ) = 0, on 𝐺 ℶ

ℷ  for all ℶ = 1,… , 𝛻.

(2.14)

More precisely, problems (1.4) and (2.14) share the same eigenvalues. Moreover, through the transformation (2.12), every 
eigenfunction 3 of problem (1.4) generates two linearly independent real eigenfunctions of (2.14), given by the couples (9,.) and 
(ϖ., 9), with 9,. as in (2.12); hence the multiplicity of each eigenvalue of (1.4) doubles when considered as an eigenvalue of (2.14).

An analogous transformation can be made for the limit problem, by means of a function
𝑂0 ϑ R2 ⟥ {0}  R

Nonlinear�Analysis�258��������113813�
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introduced in Section 3.2, satisfying 
}

⦃

⦄

⦃

⟨

𝑂0 ε ≨∂(R2 ⟥ 𝐺0),

ϱ𝑂0 can be extended to be in ≨∂(R2 ⟥ {0}) with ϱ𝑂0 = 𝜗
}𝛻

ℶ=1 𝜀ℶ
0 = 𝜗𝜀

0.
(2.15)

From (2.15) it follows that, if 3 ε >1,0(𝜍,C), 9 ϑ= Re(𝐷ϖ𝜚𝑂03), and . ϑ= Im(𝐷ϖ𝜚𝑂03), then (9,.) ε 𝑁⨎0 and 
(𝜚ϱ + 𝜗𝜀

0)3 = 𝜚𝐷𝜚𝑂0 (ϱ9 + 𝜚ϱ.) in 𝜍 ⟥ 𝐺0. (2.16)

In the following we let 
40,70  be a simple eigenvalue of problem (1.9) (2.17)

and 
30 be an eigenfunction of (1.9) associated to 40,70  such that ))30))82(𝜍,C) = 1. (2.18)

If 𝜀 = 1
2 , in view of Remark  2.1 it is not restrictive to assume also that 30 satisfies (2.3). Let 

90 ϑ= Re(𝐷ϖ𝜚𝑂030),  and .0 ϑ= Im(𝐷ϖ𝜚𝑂030). (2.19)

Then (90,.0) and (ϖ.0, 90) solve (2.14) with ℷ = 0 and 4 = 47,0. In particular, if 47,0 is considered as an eigenvalue of (2.14), it has 
multiplicity 2. In general, the limit eigenvalue problem (1.9) and (2.14) with ℷ = 0 share the same eigenvalues and the eigenspaces 
match each other through the multiplication by the phase 𝐷𝜚𝑂0  and the doubling of the eigenfunctions 𝐷𝜚𝑂0 (9 + 𝜚.) into (9,.) and 
(ϖ., 9). See Section 3.2 for details.

Recalling the definition of 𝜔ℶ , 𝐴ℶ in (2.6), for every ℷ ε (0, 1] we define 8ℷ ϑ ⨎1 −⨎1  R as 

8ℷ(⋆,𝐿) ϑ=
𝛻
{

ℶ=1
(𝜔ℶ ϖ 1)

⨍𝐻ℶ
ℷ

[ϱ90 ⋜ 𝐾ℶ𝐽
ℶ
+(⋆) + ϱ.0 ⋜ 𝐾ℶ𝐽

ℶ
+(𝐿)] 𝐴𝐻 ϖ

𝛻
{

ℶ=1
𝐴ℶ

⨍𝐻ℶ
ℷ

[ϱ90 ⋜ 𝐾ℶ𝐽
ℶ
+(𝐿) ϖ ϱ.0 ⋜ 𝐾ℶ𝐽

ℶ
+(⋆)] 𝐴𝐻, (2.20)

and 𝑃ℷ ϑ ⨎ℷ −⨎ℷ  R as 

𝑃ℷ(⋆,𝐿) ϑ= 1
2 ⨍𝜍⟥𝐺ℷ

(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛 ϖ 8ℷ(⋆,𝐿). (2.21)

By standard minimization arguments, for every ℷ ε (0, 1] there exists a unique (<ℷ,ℏℷ) ε ⨎ℷ −⨎ℷ such that 
}

⦃

⦄

⦃

⟨

(<ℷ ϖ 90,ℏℷ ϖ.0) ε 𝑁⨎ℷ,
𝑃ℷ(<ℷ,ℏℷ) = min

[

𝑃ℷ(⋆,𝐿) ϑ (⋆,𝐿) ε ⨎ℷ −⨎ℷ and (⋆ ϖ 90,𝐿 ϖ.0) ε 𝑁⨎ℷ

]

,
(2.22)

see Proposition  4.2.
Our first main result states that the eigenvalue variation 4ℷ,70 ϖ 40,70  admits the following asymptotic expansion, as ℷ  0+, in 

terms of the quantities 8ℷ(90,.0) and 
⨋ℷ ϑ= 𝑃ℷ(<ℷ,ℏℷ). (2.23)

Theorem 2.3. Suppose that (1.8) and (2.17) hold and let (90,.0) be as in (2.19) with 30 as in (2.18) (and (2.3) if 𝜀 = 1
2 ). Then 

4ℷ,70 ϖ 40,70 = 2(⨋ℷ + 8ℷ(90,.0)) + ,(\(<ℷ,ℏℷ)\2⨎ℷ−⨎ℷ
) as ℷ  0+, (2.24)

where ⨋ℷ and (<ℷ,ℏℷ) are as in (2.22) and (2.23) respectively.

Remark 2.4. If 30 satisfies (2.18), then 𝐷𝜚𝑄30 satisfies (2.18) as well, for every 𝑄 ε R. Letting 90 and .0 be as in (2.19), we have 
𝐷𝜚𝑄30 = 𝐷𝜚𝑂0 (9𝑄 + 𝜚.𝑄 ), with 9𝑄 = 90 cos(𝑄) ϖ.0 sin(𝑄) and .𝑄 = 90 sin(𝑄) +.0 cos(𝑄). We define 8ℷ,𝑄 , 𝑃ℷ,𝑄 , and ⨋ℷ,𝑄 as in (2.20), (2.21), 
and (2.23), replacing 90 and .0 with 9𝑄 and .𝑄 , respectively. We observe that

8ℷ,𝑄 (⋆,𝐿) = 8ℷ(⋆ cos(𝑄) + 𝐿 sin(𝑄),𝐿 cos(𝑄) ϖ ⋆ sin(𝑄))

and

𝑃ℷ,𝑄 (⋆,𝐿) = 𝑃ℷ(⋆ cos(𝑄) + 𝐿 sin(𝑄),𝐿 cos(𝑄) ϖ ⋆ sin(𝑄)).

In particular, 8ℷ,𝑄 (9𝑄 ,.𝑄 ) = 8ℷ(90,.0) and ⨋ℷ,𝑄 = ⨋ℷ for all 𝑄 ε R. Hence, the coefficient ⨋ℷ + 8ℷ(90,.0) appearing in the 
expansion (2.24) does not depend on the choice of the eigenfunction 30 in (2.18).
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Under assumption (1.8), it is possible to describe the asymptotic behaviour of ⨋ℷ as ℷ  0+ in terms of the vanishing order of 90
and .0 at the collision point 0. In order to do so we define, letting {1ℶ}ℶ=1,…,𝛻 and {𝜀ℶ}ℶ=1,…,𝛻 be as in (1.2) and (1.3) respectively, 

𝑅 (𝐶) ϑ [0, 22)  R, 𝑅 (𝐶) ϑ=
𝛻
{

ℶ=1
𝜀ℶ𝑆[1ℶ+2,22)(𝐶), (2.25)

where 
𝑆 [1ℶ+2,22)(𝐶) ϑ=

❲

0, if 𝐶 ε [0, 1ℶ + 2),
1, if 𝐶 ε [1ℶ + 2, 22).

(2.26)

As proved in Proposition  3.2, if 𝜀 ∱
1
2 , there exist 𝑇 ε Z, 𝑈 ε (0,+∂), and 𝐽 ε

⦃

0, 22
⌉𝑇+𝜀⌉

/ such that, as 𝑉  0+, 

𝑉ϖ⌉𝑇+𝜀⌉90
❳

𝑉 cos 𝐶, 𝑉 sin 𝐶
/

 𝑈 cos(22𝑅 (𝐶) + (𝑇 + 𝜀)(𝐽 ϖ 𝐶)) (2.27)

and 
𝑉ϖ⌉𝑇+𝜀⌉.0

❳

𝑉 cos 𝐶, 𝑉 sin 𝐶
/

 𝑈 sin(22𝑅 (𝐶) + (𝑇 + 𝜀)(𝐽 ϖ 𝐶)) (2.28)

in ≨1,𝑄❳[0, 22] ⟥ {1ℶ + 2}𝛻ℶ=1,R
/ for all 𝑄 ε (0, 1). On the other hand, if 𝜀 = 1

2 , we choose 30 satisfying (2.3), so that, in view 
of Proposition  3.3, there exist 𝑇 ε N, 𝑈 ε (0,+∂), and 𝐽 ε

⦃

0, 42
2𝑇+1

/ such that, as 𝑉  0+, 

𝑉ϖ(𝑇+
1
2 )90

❳

𝑉 cos 𝐶, 𝑉 sin 𝐶
/

 𝑈 cos(22𝑅 (𝐶)) cos
❳

(𝑇 + 1
2 )(𝐽 + 𝐶)

/

(2.29)

and 
𝑉ϖ(𝑇+

1
2 ).0

❳

𝑉 cos 𝐶, 𝑉 sin 𝐶
/

 𝑈 sin(22𝑅 (𝐶)) cos
❳

(𝑇 + 1
2 )(𝐽 + 𝐶)

/

(2.30)

in ≨1,𝑄❳[0, 22] ⟥ {1ℶ + 2}𝛻ℶ=1,R
/ for all 𝑄 ε (0, 1). We introduce the corresponding homogeneous functions

𝑊0(𝜛) = 𝑊0(⊲ cos 𝐶, ⊲ sin 𝐶) =
❲

𝑈 ⊲⌉𝑇+𝜀⌉ cos(22𝑅 (𝐶) + (𝑇 + 𝜀)(𝐽 ϖ 𝐶)), if 𝜀 ∱
1
2 ,

𝑈 ⊲𝑇+
1
2 cos(22𝑅 (𝐶)) cos

❳

(𝑇 + 1
2 )(𝐽 + 𝐶)

/

, if 𝜀 = 1
2 ,

(2.31)

𝑋0(𝜛) = 𝑋0(⊲ cos 𝐶, ⊲ sin 𝐶) =
❲

𝑈 ⊲⌉𝑇+𝜀⌉ sin(22𝑅 (𝐶) + (𝑇 + 𝜀)(𝐽 ϖ 𝐶)), if 𝜀 ∱
1
2 ,

𝑈 ⊲𝑇+
1
2 sin(22𝑅 (𝐶)) cos

❳

(𝑇 + 1
2 )(𝐽 + 𝐶)

/

, if 𝜀 = 1
2 ,

(2.32)

where 𝑈,𝑇, 𝐽 are as in (2.27)–(2.28) and (2.29)–(2.30).
Let us define the functional space 

𝑁⨐ ϑ=
}

⦃

⦄

⦃

⟨

(⋆,𝐿) ε 81
loc(R

2) − 81
loc(R

2) ϑ ⋆,𝐿 ε >1(⊳⊲ ⟥ 𝐺1) for all ⊲ > 0,
ϱ⋆,ϱ𝐿 ε 82(R2 ⟥ 𝐺1,R2),
ℸℶ (⋆,𝐿) = 𝑀ℶ (⋆,𝐿) = 0 on 𝐺 ℶ

0  for all 1 ⨏ ℶ ⨏ 𝛻

⦄

⦃

⟨

⦃

⟩

(2.33)

and its closed subspace 
𝑁⨎ ϑ= {(⋆,𝐿) ε 𝑁⨐ ϑ ℸℶ (⋆,𝐿) = 𝑀ℶ (⋆,𝐿) = 0 on 𝐻ℶ

1 for all 1 ⨏ ℶ ⨏ 𝛻}. (2.34)

We also consider the linear functional

8 ϑ 𝑁⨐  R, 8(⋆,𝐿) =
𝛻
{

ℶ=1
(𝜔ℶ ϖ 1)

⨍𝐻ℶ
1

[ϱ𝑊0 ⋜ 𝐾ℶ𝐽
ℶ
+(⋆) + ϱ𝑋0 ⋜ 𝐾ℶ𝐽

ℶ
+(𝐿)] 𝐴𝐻

ϖ
𝛻
{

ℶ=1
𝐴ℶ

⨍𝐻ℶ
1

[ϱ𝑊0 ⋜ 𝐾ℶ𝐽
ℶ
+(𝐿) ϖ ϱ𝑋0 ⋜ 𝐾ℶ𝐽

ℶ
+(⋆)] 𝐴𝐻 (2.35)

and the quadratic one 
𝑃 ϑ 𝑁⨐  R, 𝑃 (⋆,𝐿) = 1

2 ⨍R2⟥𝐺1
(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛 ϖ 8(⋆,𝐿). (2.36)

It is worth noticing that 8 is actually well-defined in >1(⊳⊲ ⟥ 𝐺1) −>1(⊳⊲ ⟥ 𝐺1) for any ⊲ > 1.
Let 𝑌 ε ≨∂

𝑍 (R2) be a radial cut-off function such that 
}

⦃

⦄

⦃

⟨

0 ⨏ 𝑌(𝜛) ⨏ 1 for any 𝜛 ε R2,
𝑌(𝜛) = 1 if 𝜛 ε ⊳1, 𝑌(𝜛) = 0 if 𝜛 ε R2 ⟥⊳2,
⌉ϱ𝑌⌉ ⨏ 2 if 𝜛 ε ⊳2 ⟥⊳1.

(2.37)

By standard minimization methods, there exists a unique (𝑁< , ♭ℏ ) ε 𝑁⨐ such that 
}

⦃

⦄

⦃

⟨

(𝑁< , ♭ℏ ) ϖ 𝑌(𝑊0,𝑋0) ε 𝑁⨎,
𝑃 (𝑁< , ♭ℏ ) = min

[

𝑃 (⋆,𝐿) ϑ (⋆,𝐿) ε 𝑁⨐ and (⋆,𝐿) ϖ 𝑌(𝑊0,𝑋0) ε 𝑁⨎
]

,
(2.38)
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see Proposition  6.6.
A blow-up analysis allows us to study the asymptotic behaviour of the quantities ⨋ℷ and 8ℷ(90,.0) appearing in the expansion 

provided by Theorem  2.3, consequently yielding the following more explicit result. 

Theorem 2.5. Suppose that (1.8) and (2.17) hold. Let (90,.0) be as in (2.19), with 30 as in (2.18) (and 30 satisfying the additional 
assumption (2.3) in the case 𝜀 = 1

2 ). Let 𝑇 ε Z be such that ⌉𝑇 + 𝜀⌉ is the vanishing order of 90 and .0 at 0 as in (2.27)–(2.28) 
or (2.29)–(2.30) (with 𝑇 ε N in the case 𝜀 = 1

2 ). Then

(i) limℷ0+ ℷϖ2⌉𝑇+𝜀⌉⨋ℷ = ⨋ , where 
⨋ ϑ= 𝑃 (𝑁< , ♭ℏ ) and 𝑁< , ♭ℏ  are as in (2.38). (2.39)

(ii) 4ℷ,70 ϖ 40,70 = 2ℷ2⌉𝑇+𝜀⌉
❳

⨋ + 8(𝑊0,𝑋0)
/

+ ,(ℷ2⌉𝑇+𝜀⌉) as ℷ  0+, where 𝑊0 and 𝑋0 are defined in (2.31) and (2.32), respectively.
In the case 𝜀 = 1

2 , it is possible to exhibit configurations of poles such that ⨋ +8(𝑊0,𝑋0) > 0, and other configurations for which 
⨋ + 8(𝑊0,𝑋0) < 0; in these situations, Theorem  2.5-(ii) identifies the sharp vanishing order of the eigenvalue variation 4ℷ,70 ϖ 40,70
as ℷ  0+.

Proposition 2.6. Suppose that 𝜀 = 1
2 . Let 90,.0 be as in (2.19), with 30 as in (2.3) and (2.18), and 𝑇, 𝐽 be as in (2.29)–(2.30). Assume 

that 𝛻 ⨏ 2𝑇 + 1 and let 1ℶ be as in (1.2) for every ℶ = 1,… , 𝛻.

(i) If 1ℶ ε ϖ𝐽 + 2
2𝑇+1 (1 + 2Z) for every ℶ = 1,… , 𝛻, then

⨋ < 0  and 8(𝑊0,𝑋0) = 0.

In particular, 4ℷ,70 < 40,70  for sufficiently small ℷ > 0.
(ii) If 1ℶ ε ϖ𝐽 + 22

2𝑇+1Z for every ℶ = 1,… , 𝛻, then
⨋ > 0  and 8(𝑊0,𝑋0) = 0.

In particular, 4ℷ,70 > 40,70  for sufficiently small ℷ > 0.

The results of Section 6.3 also give us the following insight concerning blow-up and convergence rate of eigenfunctions. 

Theorem 2.7. Let 70 ε N be such that (2.17) holds. Let 30 be an eigenfunction of (1.9) such that (2.18) (together with (2.3) in the case 
𝜀 = 1

2 ) is satisfied. For every ℷ ε (0, 1], let 3ℷ be an eigenfunction of (1.4) associated to the eigenvalue 4ℷ,70  such that 

⨍𝜍
⌉3ℷ⌉2 𝐴𝜛 = 1  and 

⨍𝜍
𝐷ϖ𝜚(𝑂ℷϖ𝑂0)3ℷ30 𝐴𝜛 is a positive and real number. (2.40)

Then 
lim
ℷ0+

ℷϖ⌉𝑇+𝜀⌉3ℷ(ℷ⋜)  𝐷𝜚𝑂1 (𝑊0 ϖ 𝑁< + 𝜚(𝑋0 ϖ ♭ℏ ))  as ℷ  0+, (2.41)

strongly in >1,1(⊳⊲,C) for all ⊲ > 0, where 𝑊0 and 𝑋0 are as in (2.31) and (2.32), respectively, and 𝑁< , ♭ℏ  are as in (2.38). Furthermore 

lim
ℷ0+

ℷϖ2⌉𝑇+𝜀⌉
⨍𝜍⟥𝐺1

⌉𝐷ϖ𝜚𝑂ℷ (𝜚ϱ +∲
(𝜀1 ,…,𝜀𝛻)
ℷ )3ℷ ϖ 𝐷ϖ𝜚𝑂0 (𝜚ϱ + 𝜗𝜀

0)30⌉
2
𝐴𝜛 = \ϱ𝑁< \

2
82(R2⟥𝐺1)

+ \ϱ♭ℏ \

2
82(R2⟥𝐺1)

. (2.42)

We observe that, by (1.10) and (2.17), 4ℷ,70  is simple as an eigenvalue of (1.4), provided ℷ is small enough. Hence, for any 
sufficiently small ℷ, the eigenfunctions of (1.4) associated to 4ℷ,70  are multiples of a given one. Condition (2.40) identifies, among 
all these, the one for which 𝐷ϖ𝜚𝑂ℷ 3ℷ  𝐷ϖ𝜚𝑂030, see Lemma  5.2.

3. Preliminaries

3.1. Scalar potential functions

For every 𝜔 = (𝜔1, 𝜔2) ε R2, let ♮𝜔 ϑ R2 ⟥ {𝜔}  [0, 22) be defined as
♮𝜔
❳

𝜔 + ⊲(cos 𝐶, sin 𝐶)
/

= 𝐶 for all 𝐶 ε [0, 22) and ⊲ > 0.

We observe that ♮𝜔 ε ≨∂(R2 ⟥ {(𝜛1, 𝜔2) ϑ 𝜛1 ∳ 𝜔1}) and that ϱ♮𝜔 can be extended to be in ≨∂(R2 ⟥ {𝜔}), with ϱ❳𝜀♮𝜔
/

= 𝜗𝜀
𝜔 in R2 ⟥ {𝜔}.

For every 𝜔 ε R2, 1 ε R, and 𝜛 = (𝜛1, 𝜛2) ε R2, we consider the rotation ℸ𝜔,1 about 𝜔 by an angle 1, i.e.

ℸ𝜔,1(𝜛) ϑ=
⟪

𝜔1
𝜔2

⟫

+♯1

⟪

𝜛1 ϖ 𝜔1
𝜛2 ϖ 𝜔2

⟫

,

where

♯1 ϑ=
⟪

cos 1 ϖ sin 1
sin 1 cos 1

⟫

.
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Letting ♮𝜔,1 ϑ= ♮𝜔⋝ℸ𝜔,1 , we have
♮𝜔,1(𝜔 + ⊲(cos 𝐶, sin 𝐶)) = 1 + 𝐶 for every ⊲ > 0 and 𝐶 ε [ϖ1,ϖ1 + 22).

We observe that ♮𝜔,1 is smooth in R2⟥{𝜔+⊲(cos 1,ϖ sin 1) ϑ ⊲ ∳ 0} and ϱ♮𝜔,1 can be extended to be in ≨∂(R2⟥{𝜔}), with ϱ❳𝜀♮𝜔,1
/

= 𝜗𝜀
𝜔

in R2 ⟥ {𝜔}.

3.2. An equivalent eigenvalue problem by gauge transformation

For every ℷ ε (0, 1], let
♮ℶℷ ϑ= ♮ℵℶℷ ,2ϖ1ℶ for any ℶ = 1,… , 𝛻,

with 1ℶ as in (1.2). We observe that the function 𝑂ℷ defined as

𝑂ℷ ϑ R2 ⟥ {ℵℶℷ ϑ ℶ = 1,… , 𝛻}  R, 𝑂ℷ ϑ=
𝛻
{

ℶ=1
𝜀ℶ♮ℶℷ

verifies (2.11).
For ℷ ε (0, 1], let 4 be an eigenvalue of problem (1.4), 3 ε >1,ℷ

0 (𝜍,C) be a corresponding eigenfunction in the weak sense clarified 
in (2.2), and 9, . be as in (2.12), that is

3 = 𝐷𝜚𝑂ℷ (9 + 𝜚.) .

It descends from the definition of 𝑂ℷ that (9,.) ε 𝑁⨎ℷ, see (2.10), and moreover solves the system
❲

⨑𝜍⟥𝐺ℷ
(ϱ9 ⋜ ϱ⋆ + ϱ. ⋜ ϱ𝐿) 𝐴𝜛 = 4 ⨑𝜍(9⋆ +.𝐿) 𝐴𝜛,

⨑𝜍⟥𝐺ℷ
(ϱ. ⋜ ϱ⋆ ϖ ϱ9 ⋜ ϱ𝐿) 𝐴𝜛 = 4 ⨑𝜍(.⋆ ϖ 9𝐿) 𝐴𝜛,

for any (⋆,𝐿) ε 𝑁⨎ℷ. Furthermore, in view of Remark  2.2, the two equations of the system above are actually equivalent. We conclude 
that (9,.) ε 𝑁⨎ℷ satisfies 

⨍𝜍⟥𝐺ℷ
(ϱ9 ⋜ ϱ⋆ + ϱ. ⋜ ϱ𝐿) 𝐴𝜛 = 4

⨍𝜍
(9⋆ +.𝐿) 𝐴𝜛 for all (⋆,𝐿) ε 𝑁⨎ℷ, (3.1)

which is the weak formulation of problem (2.14), as shown directly by integration by parts. On the other hand, if (9,.) ε 𝑁⨎ℷ
is a solution of (2.14) in the weak sense given by (3.1), then 𝐷𝜚𝑂ℷ (9 + 𝜚.) belongs to >1,ℷ

0 (𝜍,C) and solves (2.2). In conclusion, 
problems (1.4) and (2.14) are equivalent, in the sense that they have the same spectrum and every eigenfunction 3 = 𝐷𝜚𝑂ℷ (9 + 𝜚.)
of (1.4) corresponds to the two linearly independent eigenfunctions (9,.) and (ϖ., 9) of (2.14).

In the limit case ℷ = 0, we define 

𝑂0 ϑ R2 ⟥ {0}  R, 𝑂0 ϑ=
𝛻
{

ℶ=1
𝜀ℶ♮ℶ0, (3.2)

where ♮ℶ0 = ♮0⋝ℸ0,2ϖ1ℶ , i.e. 
♮ℶ0(cos 𝐶, sin 𝐶) = ϖ1ℶ + 𝐶 + 2(1 ϖ 2𝑆 [1ℶ+2,22)), 𝐶 ε [0, 22), (3.3)

with 𝑆 as in (2.26). As 𝑂0 satisfies (2.15), arguing as above we have that 3 ε >1,0
0 (𝜍,C) is an eigenfunction of (1.9) associated to 

the eigenvalue 4 if and only if, letting
9 ϑ= Re(𝐷ϖ𝜚𝑂03)  and . ϑ= Im(𝐷ϖ𝜚𝑂03),

(9,.) ε 𝑁⨎0 weakly solves (2.14) with ℷ = 0, that is 

⨍𝜍⟥𝐺0
(ϱ9 ⋜ ϱ⋆ + ϱ. ⋜ ϱ𝐿) 𝐴𝜛 = 4

⨍𝜍
(9⋆ +.𝐿) 𝐴𝜛 for all (⋆,𝐿) ε 𝑁⨎0. (3.4)

Remark 3.1. Let ℷ ε (0, 1], 3 ε >1,ℷ(𝜍,C), 9 = Re(𝐷ϖ𝜚𝑂ℷ 3), and . = Im(𝐷ϖ𝜚𝑂ℷ 3). Let also ⌣ ε >1,0(𝜍,C), ⌢ = Re(𝐷ϖ𝜚𝑂0⌣), and 
ℏ = Im(𝐷ϖ𝜚𝑂0⌣). By direct computations we have

⨍𝜍
𝐷ϖ𝜚(𝑂ℷϖ𝑂0)3 𝑎⌣ 𝐴𝜛 =

⨍𝜍
(9⌢ +.ℏ) 𝐴𝜛 + 𝜚

⨍𝜍
(.⌢ ϖ 9ℏ) 𝐴𝜛,

hence

⨍𝜍
(.⌢ ϖ 9ℏ) 𝐴𝜛 = 0  and 

⨍𝜍
(9⌢ +.ℏ) 𝐴𝜛 > 0

if and only if

⨍𝜍
𝐷ϖ𝜚(𝑂ℷϖ𝑂0)3 𝑎⌣ 𝐴𝜛 is a positive real number.
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3.3. Asymptotics of eigenfunctions of the limit problem

The asymptotic behaviour of eigenfunctions of the limit problem (1.9) depends on weather the quantity 𝜀 defined in (1.7) is 
half-integer or not.

Proposition 3.2. Let 𝜀 be as in (1.7)–(1.8) and assume that 𝜀 ∱
1
2 . If (9,.) ε 𝑁⨎0 ⟥ {(0, 0)} satisfies (3.4), then there exist 𝑇 ε Z, 

𝑈 ε (0,+∂), and 𝐽 ε
⦃

0, 22
⌉𝑇+𝜀⌉

/ such that, as 𝑉  0+, 

𝑉ϖ⌉𝑇+𝜀⌉9
❳

𝑉 cos 𝐶, 𝑉 sin 𝐶
/

 𝑈 cos(22𝑅 (𝐶) + (𝑇 + 𝜀)(𝐽 ϖ 𝐶)) (3.5)

and 
𝑉ϖ⌉𝑇+𝜀⌉.

❳

𝑉 cos 𝐶, 𝑉 sin 𝐶
/

 𝑈 sin(22𝑅 (𝐶) + (𝑇 + 𝜀)(𝐽 ϖ 𝐶)) (3.6)

in ≨1,𝑄❳[0, 22] ⟥ {1ℶ + 2}𝛻ℶ=1,R
/ for all 𝑄 ε (0, 1), with 𝑅 as in (2.25). Furthermore 

𝑉ϖ⌉𝑇+𝜀⌉9(𝑉⋜)  𝑊  and 𝑉ϖ⌉𝑇+𝜀⌉.(𝑉⋜)  𝑋 as 𝑉  0+, (3.7)

strongly in >1(⊳⊲ ⟥ 𝐺0) for all ⊲ > 0, where, for all 𝑏 ∳ 0 and 𝐶 ε [0, 22),

𝑊(𝑏 cos 𝐶, 𝑏 sin 𝐶) = 𝑈𝑏⌉𝑇+𝜀⌉ cos(22𝑅 (𝐶) + (𝑇 + 𝜀)(𝐽 ϖ 𝐶)),
𝑋 (𝑏 cos 𝐶, 𝑏 sin 𝐶) = 𝑈𝑏⌉𝑇+𝜀⌉ sin(22𝑅 (𝐶) + (𝑇 + 𝜀)(𝐽 ϖ 𝐶)).

Finally, there exists a constant ≨ > 0 such that 
⌉9(𝜛)⌉ ⨏ ≨⌉𝜛⌉⌉𝑇+𝜀⌉  and ⌉ϱ9(𝜛)⌉ ⨏ ≨⌉𝜛⌉⌉𝑇+𝜀⌉ϖ1  for all 𝜛 ε 𝜍 ⟥ 𝐺0, (3.8)

and 
⌉.(𝜛)⌉ ⨏ ≨⌉𝜛⌉⌉𝑇+𝜀⌉  and ⌉ϱ.(𝜛)⌉ ⨏ ≨⌉𝜛⌉⌉𝑇+𝜀⌉ϖ1  for all 𝜛 ε 𝜍 ⟥ 𝐺0. (3.9)

Proof. The function 3 ϑ= 𝐷𝜚𝑂0 (9 + 𝜚.) is an eigenfunction of (1.9) as observed in Section 3.2. Since 𝜀 ∱
1
2 , by [16, Theorem 1.3, 

Section 7] there exist 𝑇 ε Z and a constant 𝑍 ε C ⟥ {0} such that, as 𝑉  0+, 
𝑉ϖ⌉𝑇+𝜀⌉3(𝑉 cos 𝐶, 𝑉 sin 𝐶)  𝑍𝐷ϖ𝜚𝑇𝐶 (3.10)

in ≨1,𝑄 ([0, 22]) and 
𝑉1ϖ⌉𝑇+𝜀⌉ϱ3(𝑉 cos 𝐶, 𝑉 sin 𝐶)  𝑍𝐷ϖ𝜚𝑇𝐶

⟩

⌉𝑇 + 𝜀⌉(cos 𝐶, sin 𝐶) ϖ 𝜚𝑇(ϖ sin 𝐶, cos 𝐶)
⟪

(3.11)

in ≨0,𝑄 ([0, 22]), for every 𝑄 ε (0, 1). Furthermore, in view of (3.2), (2.25) and (3.3)

𝑂0(𝑉 cos 𝐶, 𝑉 sin 𝐶) = 𝜀𝐶 ϖ 22𝑅 (𝐶) + 2𝜀 ϖ
𝛻
{

ℶ=1
𝜀ℶ1ℶ . (3.12)

It follows that, as 𝑉  0+, 

𝑉ϖ⌉𝑇+𝜀⌉(9(𝑉 cos 𝐶, 𝑉 sin 𝐶) + 𝜚.(𝑉 cos 𝐶, 𝑉 sin 𝐶))  𝑍𝐷𝜚
⟩

}𝛻
ℶ=1 𝜀

ℶ1ℶϖ2𝜀
⟪

𝐷22𝜚𝑅 (𝐶)𝐷ϖ𝜚(𝑇+𝜀)𝐶 (3.13)

in ≨1,𝑄 ([0, 22] ⟥ {1ℶ + 2}𝛻ℶ=1) for any 𝑄 ε (0, 1). We deduce (3.5) and (3.6) from (3.13) by taking the real and imaginary parts, 
respectively. Letting

𝑐3𝑉 ϑ= 𝑉ϖ⌉𝑇+𝜀⌉3(𝑉⋜)  and 𝑑 (𝜛) = 𝑑 (𝑏 cos 𝐶, 𝑏 sin 𝐶) = 𝑍 𝑏⌉𝑇+𝜀⌉ 𝐷ϖ𝜚𝑇𝐶,

from (3.10), (3.11), and the Dominated Convergence Theorem it follows that 

ϱ 𝑐3𝑉  ϱ𝑑  and 𝑐3𝑉
⌉𝜛⌉


𝑑
⌉𝜛⌉

 strongly in 82(⊳⊲) (3.14)

as 𝑉  0+, for any ⊲ > 0. Since 3 = 𝐷𝜚𝑂0 (9 + 𝜚.), (3.7) follows from (3.14). Finally we can deduce (3.8) and (3.9) from (3.10) and 
(3.11). ⋞

Proposition 3.3. Let 𝜀 = 1
2  and 3 ε >1,0

0 (𝜍,C) ⟥ {0} be an eigenfunction of problem (1.9) satisfying (2.3). Let 9 = Re(𝐷ϖ𝜚𝑂03) and 
. = Im(𝐷ϖ𝜚𝑂03). Then there exist 𝑇 ε N, 𝑈 ε (0,+∂), and 𝐽 ε

⦃

0, 42
2𝑇+1

/ such that 

𝑉ϖ(𝑇+
1
2 )9

❳

𝑉 cos 𝐶, 𝑉 sin 𝐶
/

 𝑈 cos(22𝑅 (𝐶)) cos
❳

(𝑇 + 1
2 )(𝐽 + 𝐶)

/

(3.15)

and 
𝑉ϖ(𝑇+

1
2 ).

❳

𝑉 cos 𝐶, 𝑉 sin 𝐶
/

 𝑈 sin(22𝑅 (𝐶)) cos
❳

(𝑇 + 1
2 )(𝐽 + 𝐶)

/

(3.16)
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10�



V. Felli et al.

as 𝑉  0+ in ≨1,𝑄❳[0, 22] ⟥ {1ℶ + 2}𝛻ℶ=1,R
/ for all 𝑄 ε (0, 1). Furthermore 

𝑉ϖ(𝑇+
1
2 )9(𝑉⋜)  𝑊  and 𝑉ϖ(𝑇+

1
2 ).(𝑉⋜)  𝑋 as 𝑉  0+, (3.17)

strongly in >1(⊳⊲ ⟥ 𝐺0) for all ⊲ > 0, where, for all 𝑏 ∳ 0 and 𝐶 ε [0, 22),

𝑊(𝑏 cos 𝐶, 𝑏 sin 𝐶) = 𝑈𝑏𝑇+
1
2 cos(22𝑅 (𝐶)) cos

❳

(𝑇 + 1
2 )(𝐽 + 𝐶)

/

,

𝑋 (𝑏 cos 𝐶, 𝑏 sin 𝐶) = 𝑈𝑏𝑇+
1
2 sin(22𝑅 (𝐶)) cos

❳

(𝑇 + 1
2 )(𝐽 + 𝐶)

/

.

Finally, there exists a constant ≨ > 0 such that 
⌉9(𝜛)⌉ ⨏ ≨⌉𝜛⌉𝑇+

1
2  and ⌉ϱ9(𝜛)⌉ ⨏ ≨⌉𝜛⌉𝑇ϖ

1
2  for all 𝜛 ε 𝜍 ⟥ 𝐺0, (3.18)

and 
⌉.(𝜛)⌉ ⨏ ≨⌉𝜛⌉𝑇+

1
2  and ⌉ϱ.(𝜛)⌉ ⨏ ≨⌉𝜛⌉𝑇ϖ

1
2  for all 𝜛 ε 𝜍 ⟥ 𝐺0. (3.19)

Proof. Since 3 ϑ= 𝐷𝜚𝑂0 (9 + 𝜚.) is an eigenfunction of problem (1.9) with 𝜀 = 1
2 , by [16, Theorem 1.3, Section 7] there exist 𝑇 ε N

and (𝑍1, 𝑍2) ε C ⟥ {(0, 0)} such that, as 𝑉  0+, 
𝑉ϖ(𝑇+

1
2 )3(𝑉 cos 𝐶, 𝑉 sin 𝐶)  𝐷

𝜚
2 𝐶
⟩

𝑍1 cos
⟩

❳

𝑇 + 1
2
/

𝐶
⟪

+ 𝑍2 sin
⟩

❳

𝑇 + 1
2
/

𝐶
⟪⟪

 in ≨1,𝑄 ([0, 22],C). (3.20)

Furthermore, since 3 satisfies (2.3), we can rewrite the right hand side of (3.20) as
𝑈𝐷𝜚

𝐶
2 𝐷𝜚𝐸 cos

❳

(𝑇 + 1
2 )(𝐽 + 𝐶)

/

for some 𝑈 ε (0,+∂) and 𝐽 ε
⦃

0, 42
2𝑇+1

/

.
By (3.12) it follows that, as 𝑉  0+,

9(𝑉 cos 𝐶, 𝑉 sin 𝐶)

𝑉𝑇+
1
2

Re
⟩

𝑈𝐷𝜚22𝑅 (𝐶) cos
❳

(𝑇 + 1
2 )(𝐽 + 𝐶)

/

⟪

= 𝑈 cos
❳

22𝑅 (𝐶)
/

cos
❳

(𝑇 + 1
2 )(𝐽 + 𝐶)

/

.(𝑉 cos 𝐶, 𝑉 sin 𝐶)

𝑉𝑇+
1
2

 Im
⟩

𝑈𝐷𝜚22𝑅 (𝐶) cos
❳

(𝑇 + 1
2 )(𝐽 + 𝐶)

/

⟪

= 𝑈 sin
❳

22𝑅 (𝐶)
/

cos
❳

(𝑇 + 1
2 )(𝐽 + 𝐶)

/

in ≨1,𝑄 ([0, 22] ⟥ {1ℶ + 2}𝛻ℶ=1) for any 𝑄 ε (0, 1), thus proving (3.15) and (3.16). Finally, (3.17), (3.18), and (3.19) can be proved 
arguing as in Proposition  3.2. ⋞

4. Properties of ∱𝝎

Let 70 ε N ⟥ {0} and 30 be an eigenfunction of problem (1.9) associated to the eigenvalue 40,70 , such that (2.18) (together 
with (2.3) if 𝜀 = 1

2 ) is satisfied. Let (90,.0) ε 𝑁⨎0 be as (2.19).
The linear functional 8ℷ in (2.20) is well-defined by the Hölder inequality. Indeed, by (3.8)–(3.9) and (3.18)–(3.19), for all 

ℶ = 1,… , 𝛻, we have

⌉ϱ90⌉, ⌉ϱ.0⌉ ε 8𝐼(𝐻ℶ
ℷ )  for every 𝐼 ε

⟪

1,min
⦅

1
𝜀
, 1
1 ϖ 𝜀

⦆⌈

;

on the other hand, if ⋆ ε ⨎1, then 𝐽ℶ+(⋆) ε 8𝑒(𝐻ℶ
ℷ ) for all 𝑒 ε [1,+∂) and ℶ = 1,… , 𝛻, by (2.5) and boundedness of 𝐻ℶ

ℷ . We now 
prove that 8ℷ ε (⨎1 −⨎1)ω, being (⨎1 −⨎1)ω the dual space of ⨎1 −⨎1, providing an estimate of the dual norm.

Proposition 4.1. Let (90,.0) be as above and let 𝑇 be as in Proposition  3.2, if 𝜀 ∱
1
2 , or as in Proposition  3.3, if 𝜀 = 1

2 , with 
(9,.) = (90,.0). Then, for every ℷ ε (0, 1], the functional 8ℷ defined in (2.20) belongs to (⨎1 −⨎1)ω and

)

)

8ℷ
)

)(⨎1−⨎1)ω = 𝑓
⟩

ℷ⌉𝑇+𝜀⌉ϖ1+
1
𝐼
⟪

 as ℷ  0+,

for every 𝐼 ε
❳

1,min
⟧ 1
𝜀 ,

1
1ϖ𝜀

⌊/

. In particular, limℷ0+ )

)

8ℷ
)

)(⨎1−⨎1)ω = 0.

Proof. For every 𝐼 ε
❳

1,min
⟧ 1
𝜀 ,

1
1ϖ𝜀

⌊/

, (⋆,𝐿) ε ⨎1−⨎1, and ℷ ε (0, 1], by the Hölder inequality, the continuity of the trace operators 
in (2.5), (3.8)–(3.9), (3.18)–(3.19), and (2.20), we have

⌉8ℷ(⋆,𝐿)⌉ ⨏
𝛻
{

ℶ=1
⌉𝜔ℶ ϖ 1⌉

⟩

)

)

ϱ90)
)8𝐼(𝐻ℶ

ℷ )
\𝐽ℶ+(⋆)\8𝐼+ (𝐻ℶ

ℷ )
+ )

)

ϱ.0)
)8𝐼(𝐻ℶ

ℷ )
\𝐽ℶ+(𝐿)\8𝐼+ (𝐻ℶ

ℷ )

⟪

+
𝛻
{

ℶ=1
⌉𝐴ℶ ⌉

⟩

)

)

ϱ90)
)8𝐼(𝐻ℶ

ℷ )
\𝐽ℶ+(𝐿)\8𝐼+ (𝐻ℶ

ℷ )
+ )

)

ϱ.0)
)8𝐼(𝐻ℶ

ℷ )
\𝐽ℶ+(⋆)\8𝐼+ (𝐻ℶ

ℷ )

⟪
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⨏ ≨ℷ⌉𝑇+𝜀⌉ϖ1+
1
𝐼
\(⋆,𝐿)\

⨎1−⨎1 ,

where 𝐼+ ϑ= 𝐼
𝐼ϖ1 , for some constant ≨ > 0 independent of ℷ and (⋆,𝐿). ⋞

For any ℷ ε (0, 1], we now consider the minimization problem 
inf

[

𝑃ℷ(⋆,𝐿) ϑ (⋆,𝐿) ε ⨎ℷ −⨎ℷ and (⋆ ϖ 90,𝐿 ϖ.0) ε 𝑁⨎ℷ

]

, (4.1)

where 𝑃ℷ and 𝑁⨎ℷ are defined in (2.10) and (2.21), respectively.

Proposition 4.2. The infimum in (4.1) is achieved by a unique couple (<ℷ,ℏℷ) ε ⨎ℷ − ⨎ℷ. Furthermore, (<ℷ,ℏℷ) is a weak solution of 
the problem

}

⦃

⦃

⦃

⦃

⦄

⦃

⦃

⦃

⦃

⟨

ϖ6<ℷ = 0, in 𝜍 ⟥ 𝐺ℷ,
ϖ6ℏℷ = 0, in 𝜍 ⟥ 𝐺ℷ,
<ℷ = ℏℷ = 0, on 5𝜍,
ℸℶ (<ℷ ϖ 90,ℏℷ ϖ.0) = 𝑀ℶ (<ℷ ϖ 90,ℏℷ ϖ.0) = 0, on 𝐺 ℶ

ℷ  for all ℶ = 1,… , 𝛻,
ℸℶ (ϱ(<ℷ ϖ 90) ⋜ 𝐾ℶ ,ϱ(ℏℷ ϖ.0) ⋜ 𝐾ℶ ) = 0, on 𝐺 ℶ

ℷ  for all ℶ = 1,… , 𝛻,
𝑀ℶ (ϱ(<ℷ ϖ 90) ⋜ 𝐾ℶ ,ϱ(ℏℷ ϖ.0) ⋜ 𝐾ℶ ) = 0, on 𝐺 ℶ

ℷ  for all ℶ = 1,… , 𝛻,

i.e. (<ℷ,ℏℷ) ε ⨎ℷ −⨎ℷ, (<ℷ ϖ 90,ℏℷ ϖ.0) ε 𝑁⨎ℷ, and 

⨍𝜍⟥𝐺ℷ
(ϱ<ℷ ⋜ ϱ⋆ + ϱℏℷ ⋜ ϱ𝐿) 𝐴𝜛 = 8ℷ(⋆,𝐿) for all (⋆,𝐿) ε 𝑁⨎ℷ. (4.2)

Proof. In view of Proposition  4.1, the functional 𝑃ℷ is convex, continuous, and coercive on the closed convex set (90,.0) + 𝑁⨎ℷ ϑ=
{(⋆,𝐿) ε ⨎ℷ − ⨎ℷ ϑ (⋆ ϖ 90,𝐿 ϖ .0) ε 𝑁⨎ℷ}. Then, there exists (<ℷ,ℏℷ) ε (90,.0) + 𝑁⨎ℷ attaining the infimum in (4.1), and hence 
satisfying (4.2).

Let (<ℷ,1,ℏℷ,1) and (<ℷ,2,ℏℷ,2) both satisfy (4.2), so that 

⨍𝜍⟥𝐺ℷ

❳

ϱ(<ℷ,1 ϖ <ℷ,2) ⋜ ϱ⋆ + ϱ(ℏℷ,1 ϖℏℷ,2) ⋜ ϱ𝐿
/

𝐴𝜛 = 0 for every (⋆,𝐿) ε 𝑁⨎ℷ. (4.3)

Since (<ℷ,1ϖ<ℷ,2,ℏℷ,1ϖℏℷ,2) ε 𝑁⨎ℷ, we may test (4.3) with (<ℷ,1ϖ<ℷ,2,ℏℷ,1ϖℏℷ,2) and conclude that ϱ(<ℷ,1ϖ<ℷ,2) = ϱ(ℏℷ,1ϖℏℷ,2) = 0
in 𝜍 ⟥ 𝐺ℷ. From (2.4) we deduce that <ℷ,1 = <ℷ,2 and ℏℷ,1 = ℏℷ,2, thus proving the uniqueness of the minimizer. ⋞

For every ⊲ > 0, let 
𝑌⊲(𝜛) ϑ= 𝑌

⟩𝜛
⊲

⟪

, (4.4)

with 𝑌 as in (2.37).

Proposition 4.3. Let 𝑇 be as in Proposition  3.2 if 𝜀 ∱
1
2  or as in Proposition  3.3 if 𝜀 = 1

2 , with (9,.) = (90,.0). Let ⨋ℷ be defined 
in (2.23). Then there exist ≨1 > 0 and, for every 𝐼 ε

❳

1,min
⟧ 1
𝜀 ,

1
1ϖ𝜀

⌊/

, ≨2 = ≨2(𝐼) > 0, such that 

⨋ℷ ⨏ ≨1ℷ2⌉𝑇+𝜀⌉  and ⨋ℷ ∳ ϖ≨2ℷ
2⌉𝑇+𝜀⌉ϖ2+ 2

𝐼 for all ℷ ε (0, 1]. (4.5)

In particular, limℷ0+ ⨋ℷ = 0.

Proof. Let 𝑌ℷ be as in (4.4) with ⊲ = ℷ. Then, since (𝑌ℷ90, 𝑌ℷ.0) ϖ (90,.0) ε 𝑁⨎ℷ,

𝑃ℷ(<ℷ,ℏℷ) ⨏ 𝑃ℷ(𝑌ℷ90, 𝑌ℷ.0)

⨏
1
2 ⨍𝜍⟥𝐺ℷ

(⌉ϱ(𝑌ℷ90)⌉2 + ⌉ϱ(𝑌ℷ.0)⌉2) 𝐴𝜛

+
𝛻
{

ℶ=1 ⨍𝐻
ℶ
ℷ

[⌉𝜔ℶ ϖ 1⌉(⌉ϱ90⌉⌉90⌉ + ⌉ϱ.0⌉⌉.0⌉) + ⌉𝐴ℶ ⌉(⌉ϱ90⌉⌉.0⌉ + ⌉ϱ.0⌉⌉90⌉)] 𝐴𝐻

⨏
⨍𝜍∇⊳2ℷ

⌉ϱ𝑌ℷ⌉2(⌉90⌉2 + ⌉.0⌉
2) 𝐴𝜛 +

⨍(𝜍∇⊳2ℷ)⟥𝐺ℷ
(⌉ϱ90⌉2 + ⌉ϱ.0⌉

2) 𝐴𝜛 + ≨ℷ2⌉𝑇+𝜀⌉

⨏ ≨1ℷ2⌉𝑇+𝜀⌉ (4.6)

for some positive constants ≨ > 0 and ≨1 > 0 independent of ℷ, in view of (2.20), (2.21), (3.8)–(3.9), and (3.18)–(3.19). The first 
estimate in (4.5) follows from (4.6).

On the other hand, by (2.21) and (2.23)
)

)

(<ℷ,ℏℷ))
)

2
⨎1−⨎1

= )

)

(<ℷ,ℏℷ))
)

2
⨎ℷ−⨎ℷ

= 2⨋ℷ + 28ℷ(<ℷ,ℏℷ) ⨏ 2⨋ℷ + 2⌉8ℷ(<ℷ,ℏℷ)⌉
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⨏ 2⨋ℷ + 2 )
)

8ℷ
)

)(⨎1−⨎1)ω
)

)

(<ℷ,ℏℷ))
)⨎1−⨎1

⨏ 2⨋ℷ + 2 )
)

8ℷ
)

)

2
(⨎1−⨎1)ω

+ 1
2
)

)

(<ℷ,ℏℷ))
)

2
⨎1−⨎1

,

thus implying that 

⨋ℷ + )

)

8ℷ
)

)

2
(⨎1−⨎1)ω

∳
1
4
)

)

(<ℷ,ℏℷ))
)

2
⨎1−⨎1

∳ 0. (4.7)

The second estimate in (4.5) follows from Proposition  4.1 and (4.7). ⋞

Proposition 4.4. We have (<ℷ,ℏℷ)  0 as ℷ  0+ strongly in ⨎1 −⨎1.

Proof. From Propositions  4.1 and 4.3 it follows that limℷ0+ )

)

8ℷ
)

)(⨎1−⨎1)ω = 0 and limℷ0+ ⨋ℷ = 0. Hence the claim follows 
from (4.7). ⋞

Proposition 4.5. We have ⨋ℷ = ,()
)

(<ℷ,ℏℷ))
)⨎ℷ−⨎ℷ

) as ℷ  0+.

Proof. By (2.21) and (2.23)

⌉⨋ℷ⌉ ⨏
1
2
)

)

(<ℷ,ℏℷ))
)

2
⨎ℷ−⨎ℷ

+ )

)

8ℷ
)

)(⨎1−⨎1)ω
)

)

(<ℷ,ℏℷ))
)⨎ℷ−⨎ℷ

,

hence the conclusion follows from Propositions  4.1 and 4.4. ⋞

Proposition 4.6. We have

⨍𝜍
(< 2

ℷ +ℏ 2
ℷ ) 𝐴𝜛 = ,()

)

(<ℷ,ℏℷ))
)

2
⨎ℷ−⨎ℷ

) as ℷ  0+.

Proof. We argue by contradiction, assuming that there exist a positive constant ≨ > 0 and a sequence {ℷ7}7εN such that lim7∂ ℷ7 = 0, 
(<ℷ7 ,ℏℷ7 ) ⨒ (0, 0), and 

⨍𝜍
(< 2

ℷ7
+ℏ 2

ℷ7
) 𝐴𝜛 ∳ ≨

⨍𝜍⟥𝐺ℷ7
(⌉ϱ<ℷ7 ⌉

2 + ⌉ϱℏℷ7 ⌉
2) 𝐴𝜛. (4.8)

Letting, for every 7 ε N,

𝑔7 ϑ=
<ℷ7

\(<ℷ7 ,ℏℷ7 )\82(𝜍)−82(𝜍)
 and ℎ7 ϑ=

ℏℷ7
\(<ℷ7 ,ℏℷ7 )\82(𝜍)−82(𝜍)

,

we have 

⨍𝜍
(𝑔 2

7 +ℎ2
7 ) 𝐴𝜛 = 1 (4.9)

and, by (4.8), {𝑔7}7εN and {ℎ7}7εN are bounded in ⨎1. Hence there exist 𝑔 ε ⨎1 and ℎ ε ⨎1 such that 𝑔7  𝑔  and ℎ7  ℎ weakly 
in ⨎1 as 7  ∂, up to a subsequence. Since 𝑔7,ℎ7 ε ⨎ℷ7  for every 7 ε N, by [17, Proposition 3.3] we conclude that 𝑔 ,ℎ ε ⨎0. 
Furthermore, in view of (4.9) and the compactness of the natural embedding 

⨎1 −⨎1  82(𝜍) − 82(𝜍), (4.10)

see [17, Remark 3.1], we have 

⨍𝜍
(𝑔 2 +ℎ2) 𝐴𝜛 = 1. (4.11)

Since
⌋

𝑔7 ϖ
90

\(<ℷ7ℏℷ7 )\82(𝜍)−82(𝜍)
,ℎ7 ϖ

.0
\(<ℷ7ℏℷ7 )\82(𝜍)−82(𝜍)

⌈

ε 𝑁⨎ℷ7 for all 7 ε N,

we have ℸℶ (𝑔7,ℎ7) = 𝑀ℶ (𝑔7,ℎ7) = 0 on 𝐺 ℶ
0  for every ℶ = 1,… , 𝛻 and 7 ε N. Then, by continuity of the operators in (2.5), we conclude 

that ℸℶ (𝑔 ,ℎ) = 𝑀ℶ (𝑔 ,ℎ) = 0 on 𝐺 ℶ
0  for every ℶ = 1,… , 𝛻, i.e. (𝑔 ,ℎ) ε 𝑁⨎0.

Let (⋆,𝐿) ε 𝑁⨎0,0, where 
𝑁⨎0,0 ϑ= {(⋆,𝐿) ε 𝑁⨎0 ϑ ⋆ ⨌ 0 and 𝐿 ⨌ 0 in a neighbourhood of 0}. (4.12)

If 7 is large enough, then (⋆,𝐿) ε 𝑁⨎ℷ7  and 8ℷ7 (⋆,𝐿) = 0. Hence, testing (4.2) with (⋆,𝐿) yields

⨍𝜍⟥𝐺ℷ7
(ϱ𝑔7 ⋜ ϱ⋆ + ϱℎ7 ⋜ ϱ𝐿) 𝐴𝜛 = \(<ℷ7 ,ℏℷ7 )\

ϖ1
82(𝜍)−82(𝜍)8ℷ7 (⋆,𝐿) = 0.
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Passing to the limit as 7  ∂ we conclude that 

⨍𝜍⟥𝐺0
(ϱ𝑔 ⋜ ϱ⋆ + ϱℎ ⋜ ϱ𝐿) 𝐴𝜛 = 0 (4.13)

for every (⋆,𝐿) ε 𝑁⨎0,0. Arguing as [17, Lemma 3.4], one can prove that the space 𝑁⨎0,0 defined in (4.12) is dense in 𝑁⨎0. Hence 
(4.13) actually holds for all (⋆,𝐿) ε 𝑁⨎0. Then we may test (4.13) with (𝑔 ,ℎ), thus obtaining 𝑔 = ℎ = 0 in view of (2.4), and 
contradicting (4.11). ⋞

5. Asymptotic expansion of the eigenvalue variation

For every ℷ ε [0, 1], we define the following bilinear form on the space 𝑁⨎ℷ introduced in (2.10): 

𝑒ℷ ϑ 𝑁⨎ℷ − 𝑁⨎ℷ  R, 𝑒ℷ
❳

(⋆1,𝐿1), (⋆2,𝐿2)
/

ϑ=
⨍𝜍⟥𝐺ℷ

(ϱ⋆1 ⋜ ϱ⋆2 + ϱ𝐿1 ⋜ ϱ𝐿2) 𝐴𝜛, (5.1)

i.e. 𝑒ℷ is the scalar product associated to the norm (2.9). For the sake of simplicity, we still denote with 𝑒ℷ the associated quadratic 
form

𝑒ℷ ϑ 𝑁⨎ℷ  [0,+∂), 𝑒ℷ(⋆,𝐿) ϑ=
⨍𝜍⟥𝐺ℷ

(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛 = \(⋆,𝐿)\2
⨎ℷ−⨎ℷ

.

By the Riesz Representation Theorem, for every ℷ ε [0, 1] there exists a linear and continuous operator ⨓ℷ ϑ 𝑁⨎ℷ  𝑁⨎ℷ such that, for 
every (⋆1,𝐿1), (⋆2,𝐿2) ε 𝑁⨎ℷ

𝑒ℷ(⨓ℷ(⋆1,𝐿1), (⋆2,𝐿2)) =
❳

(⋆1,𝐿1), (⋆2,𝐿2)
/

82(𝜍)−82(𝜍). (5.2)

Abstract spectral theory, see e.g. [18], together with compactness of the embedding (4.10), yield the following preliminary result, 
see also [17, Proposition 5.1]. 

Proposition 5.1. Let ℷ ε [0, 1] and ⨓ℷ be as in (5.2). Then
(i) ⨓ℷ is symmetric, compact and non-negative; in particular 0 belongs to its spectrum 𝑏(⨓ℷ).
(ii) 𝑏(⨓ℷ) ⟥ {0} = {𝑖7,ℷ}7εN⟥{0}, where 𝑖7,ℷ = 1φ4ℷ,7 for any 7 ε N ⟥ {0}.
(iii) For any 𝑖 ε R and (⋆,𝐿) ε 𝑁⨎ℷ

❳

dist(𝑖, 𝑏(⨓ℷ))
/2

⨏
𝑒ℷ(⨓ℷ(⋆,𝐿) ϖ 𝑖(⋆,𝐿))

𝑒ℷ(⋆,𝐿) .

For some fixed 70 ε N ⟥ {0}, let 30 and (90,.0) be as in (2.18) and (2.19), respectively (with the further assumption (2.3) if 
𝜀 = 1

2 ). In order to obtain an asymptotic expansion of the eigenvalue variation, we make the additional assumption that
40 ϑ= 40,70 satisfies (2.17).

Therefore, by (1.10), also the eigenvalue 4ℷ,70  is simple (as an eigenvalue of (1.4), double as an eigenvalue of (2.14)) if ℷ is small 
enough. To simplify the notations, we will write from now on

4ℷ ϑ= 4ℷ,70 .

For ℷ small, let 3ℷ be an eigenfunction of problem (1.4) associated to 4ℷ and 
9ℷ ϑ= Re(𝐷ϖ𝜚𝑂ℷ(𝜛)3ℷ), .ℷ ϑ= Im(𝐷ϖ𝜚𝑂ℷ(𝜛)3ℷ). (5.3)

As observed in Section 3, (9ℷ,.ℷ) ε 𝑁⨎ℷ solves (2.14) in the weak sense (3.1) with 4 = 4ℷ. Furthermore, we choose 3ℷ in the only 
possible way such that (2.40) holds, and consequently (9ℷ,.ℷ) in the only possible way such that 

⨍𝜍
(92ℷ +.2

ℷ) 𝐴𝜛 = 1,
⨍𝜍

(.ℷ90 ϖ 9ℷ.0) 𝐴𝜛 = 0  and 
⨍𝜍

(9ℷ90 +.ℷ.0) 𝐴𝜛 > 0, (5.4)

see Remark  3.1.

Lemma 5.2. If 3ℷ is chosen as in (2.40), so that (9ℷ,.ℷ) is normalized as in (5.4), then 
9ℷ  90 and .ℷ  .0  strongly in ⨎1 as ℷ  0+. (5.5)

Proof. Indeed, testing (3.1) with (9ℷ,.ℷ) we obtain )
)

(9ℷ,.ℷ))
)

2
⨎ℷ−⨎ℷ

= 4ℷ by (5.4). It follows that, thanks to (1.10), {(9ℷ,.ℷ)}ℷε(0,1]
is bounded in ⨎1 − ⨎1. Hence, there exist a sequence {ℷ7}7εN 𝜑 (0, 1) and (9,.) ε ⨎1 − ⨎1 such that 9ℷ7  9 and .ℷ7  .
weakly in ⨎1 as 7  ∂. By [17, Proposition 3.3], 9,. ε ⨎0, while ⨑𝜍(92 + .2) 𝐴𝜛 = 1 by [17, Remark 3.1] and (5.4). We have 
that ℸℶ (9ℷ7 ,.ℷ7 ) = 𝑀ℶ (9ℷ7 ,.ℷ7 ) = 0 on 𝐺 ℶ

0  for every ℶ = 1,… , 𝛻 and 7 ε N. Then, by the continuity of the trace operators in (2.5), 
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ℸℶ (9,.) = 𝑀ℶ (9,.) = 0 on 𝐺 ℶ
0  for every ℶ = 1,… , 𝛻, so that (9,.) ε 𝑁⨎0. If (⋆,𝐿) ε 𝑁⨎0,0, see (4.12), then (⋆,𝐿) ε 𝑁⨎ℷ7  for any 7 large 

enough. Hence we may test (3.1) with (⋆,𝐿), thus obtaining

⨍𝜍⟥𝐺1
(ϱ9ℷ7 ⋜ ϱ⋆ + ϱ.ℷ7 ⋜ ϱ𝐿) 𝐴𝜛 = 4ℷ7 ⨍𝜍

(9ℷ7⋆ +.ℷ7𝐿) 𝐴𝜛,

for any sufficiently large 7 ε N. Passing to the limit as 7  ∂, thanks to (1.10) and the fact that 9ℷ7  9 and .ℷ7  . weakly in 
⨎1, we conclude that

⨍𝜍⟥𝐺1
(ϱ9 ⋜ ϱ⋆ + ϱ. ⋜ ϱ𝐿) 𝐴𝜛 = 40

⨍𝜍
(9⋆ +.𝐿) 𝐴𝜛,

for every (⋆,𝐿) ε 𝑁⨎0,0. In view of the density of 𝑁⨎0,0 in 𝑁⨎0, see [17, Lemma 3.4], the above identity is actually satisfied by any 
(⋆,𝐿) ε 𝑁⨎0. Hence (9,.) is an eigenfunction of (2.14) with ℷ = 0 associated to the eigenvalue 40. Since the eigenspace of (2.14) 
with ℷ = 0 associated to 40 is generated by (90,.0) and (ϖ.0, 90), there exist ℵ, 𝜔 ε R such that 9 = ℵ90 ϖ 𝜔.0 and . = ℵ.0 + 𝜔90. 
Passing to the limit in the second condition in (5.4) yields

0 =
⨍𝜍

(.90 ϖ 9.0) 𝐴𝜛 =
⨍𝜍

((ℵ.0 + 𝜔90)90 ϖ (ℵ90 ϖ 𝜔.0).0) 𝐴𝜛 = 𝜔
⨍𝜍

(920 +.2
0) 𝐴𝜛 = 𝜔,

so that (9,.) = ℵ(90,.0). On the other hand, since ⨑𝜍(92 + .2) 𝐴𝜛 = 1, either (9,.) = (90,.0) or (9,.) = ϖ(90,.0). Since 
lim7∂ ⨑𝜍(9ℷ790 +.ℷ7.0) 𝐴𝜛 = ⨑𝜍(990 +..0) 𝐴𝜛 ∳ 0 in view of (5.4), it must necessarily be (9,.) = (90,.0). Finally by (1.10)

)

)

(9ℷ,.ℷ))
)

2
⨎1−⨎1

= 4ℷ  40 = )

)

(90,.0))
)

2
⨎1−⨎1

,  as 7  ∂

thus 9ℷ7  9 and .ℷ7  . strongly in ⨎1 as 7  ∂. Since the limit is independent from the sequence {ℷ7}7εN, by the Urysonh 
Subsequence Principle, we conclude that 9ℷ  9 and .ℷ  . strongly in ⨎1 as ℷ  0+. ⋞

We denote by 𝑗ℷ the orthogonal projection onto the eigenspace of (2.14) associated to the eigenvalue 4ℷ, which is the linear 
space spanned by (9ℷ,.ℷ) and (ϖ.ℷ, 9ℷ), i.e.

𝑗ℷ ϑ 82(𝜍) − 82(𝜍)  𝑁⨎ℷ,

(⋆,𝐿) 
⌋

⨍𝜍
(⋆9ℷ + 𝐿.ℷ) 𝐴𝜛

⌈

(9ℷ,.ℷ) +
⌋

⨍𝜍
(𝐿9ℷ ϖ ⋆.ℷ) 𝐴𝜛

⌈

(ϖ.ℷ, 9ℷ). (5.6)

 Theorem  2.3 is the first claim of the following result, which is obtained using an approach developed in [5], see also [17].

Theorem 5.3. Suppose that (1.8) and (2.17) hold. Then 
4ℷ ϖ 40 = 2(⨋ℷ + 8ℷ(90,.0)) + ,

❳

)

)

(<ℷ,ℏℷ))
)

2
⨎ℷ−⨎ℷ

/  as ℷ  0+, (5.7)

with <ℷ,ℏℷ being as in Proposition  4.2. Moreover, as ℷ  0+,
)

)

(90,.0) ϖ (<ℷ,ℏℷ) ϖ𝑗ℷ(90 ϖ <ℷ,.0 ϖℏℷ))
)⨎ℷ−⨎ℷ

= ,()
)

(<ℷ,ℏℷ))
)⨎ℷ−⨎ℷ

), (5.8)

)

)

(90,.0) ϖ𝑗ℷ(90 ϖ <ℷ,.0 ϖℏℷ))
)82(𝜍)−82(𝜍) = ,()

)

(<ℷ,ℏℷ))
)⨎ℷ−⨎ℷ

), (5.9)

)

)

𝑗ℷ(90 ϖ <ℷ,.0 ϖℏℷ))
)

2
82(𝜍)−82(𝜍) = 1 + ,()

)

(<ℷ,ℏℷ))
)⨎ℷ−⨎ℷ

). (5.10)

Proof. Let 𝑔ℷ ϑ= 90 ϖ <ℷ and ℎℷ ϑ= .0 ϖ ℏℷ. From the fact that (90,.0) ε 𝑁⨎0 solves (2.14) with ℷ = 0 and 4 = 40, in the sense 
of (3.4), it follows that 

⨍𝜍⟥𝐺ℷ
(ϱ90 ⋜ ϱ⋆ + ϱ.0 ⋜ ϱ𝐿) 𝐴𝜛 = 40

⨍𝜍
(90⋆ +.0𝐿) 𝐴𝜛 + 8ℷ(⋆,𝐿) for all (⋆,𝐿) ε 𝑁⨎ℷ. (5.11)

From (5.11) and Proposition  4.2 it follows that (𝑔ℷ,ℎℷ) ε 𝑁⨎ℷ is a weak solution to the problem
}

⦃

⦃

⦃

⦄

⦃

⦃

⦃

⟨

ϖ6𝑔ℷ = 4090, in 𝜍 ⟥ 𝐺ℷ,
ϖ6ℎℷ = 40.0, in 𝜍 ⟥ 𝐺ℷ,
𝑔ℷ = ℎℷ = 0, on 5𝜍,
ℸℶ (𝑔ℷ,ℎℷ) = 𝑀ℶ (𝑔ℷ,ℎℷ) = 0, on 𝐺 ℶ

ℷ  for all ℶ = 1,… , 𝛻,
ℸℶ (ϱ𝑔ℷ ⋜ 𝐾ℶ ,ϱℎℷ ⋜ 𝐾ℶ ) = 𝑀ℶ (ϱ𝑔ℷ ⋜ 𝐾ℶ ,ϱℎℷ ⋜ 𝐾ℶ ) = 0, on 𝐺 ℶ

ℷ  for all ℶ = 1,… , 𝛻,

in the sense that, letting 𝑒ℷ be as in (5.1), 

𝑒ℷ
❳

(𝑔ℷ,ℎℷ), (⋆,𝐿)
/

= 40
⨍𝜍

(90⋆ +.0𝐿) 𝐴𝜛  for all (⋆,𝐿) ε 𝑁⨎ℷ, (5.12)

and, equivalently 
𝑒ℷ((𝑔ℷ,ℎℷ), (⋆,𝐿)) ϖ 40

⨍𝜍
(𝑔ℷ⋆ +ℎℷ𝐿) 𝐴𝜛 = 40

⨍𝜍
(<ℷ⋆ +ℏℷ𝐿) 𝐴𝜛 (5.13)
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for every (⋆,𝐿) ε 𝑁⨎ℷ. Given (9ℷ,.ℷ) as in (5.3) and such that (5.4) holds, let 𝑗ℷ be as in (5.6). For ℷ > 0 small, let also 

( 𝑘9ℷ, 𝑘.ℷ) ϑ=
𝑗ℷ(𝑔ℷ,ℎℷ)

)

)

𝑗ℷ(𝑔ℷ,ℎℷ))
)82(𝜍)−82(𝜍)

. (5.14)

Since (9ℷ,.ℷ) and (ϖ.ℷ, 9ℷ) solve (3.1) with 4 = 4ℷ, then ( 𝑘9ℷ, 𝑘.ℷ) satisfies (3.1). Then, choosing (⋆,𝐿) = ( 𝑘9ℷ, 𝑘.ℷ) in (5.13) and 
using (3.1) for ( 𝑘9ℷ, 𝑘.ℷ), we obtain 

(4ℷ ϖ 40)
⨍𝜍

(𝑔ℷ 𝑘9ℷ +ℎℷ 𝑘.ℷ) 𝐴𝜛 = 40
⨍𝜍

(<ℷ90 +ℏℷ.0) 𝐴𝜛 + 40
⨍𝜍

❳

<ℷ( 𝑘9ℷ ϖ 90) +ℏℷ( 𝑘.ℷ ϖ.0)
/

𝐴𝜛. (5.15)

We claim that 
40

⨍𝜍
(<ℷ90 +ℏℷ.0) 𝐴𝜛 = 2⨋ℷ + 28ℷ(90,.0). (5.16)

As a simple consequence of (5.16), Proposition  4.6 and the Cauchy–Schwartz inequality we observe that 
2⨋ℷ + 28ℷ(90,.0) = ,()

)

(<ℷ,ℏℷ))
)⨎ℷ−⨎ℷ

)  as ℷ  0+. (5.17)

To prove (5.16), we test (5.11) with (⋆,𝐿) = (<ℷ ϖ 90,ℏℷ ϖ.0) ε 𝑁⨎ℷ and obtain 

⨍𝜍⟥𝐺ℷ
(ϱ90 ⋜ ϱ<ℷ + ϱ.0 ⋜ ϱℏℷ) 𝐴𝜛 ϖ 40

⨍𝜍
(90<ℷ +.0ℏℷ) 𝐴𝜛 = 8ℷ(<ℷ,ℏℷ) ϖ 8ℷ(90,.0). (5.18)

Furthermore we may test (5.12) with (𝑔ℷ,ℎℷ) = (90 ϖ <ℷ,.0 ϖℏℷ), obtaining

⨍𝜍⟥𝐺ℷ
(⌉ϱ(<ℷ ϖ 90)⌉2 + ⌉ϱ(ℏℷ ϖ 90)⌉2) 𝐴𝜛 = 40

⨍𝜍

❳

90(90 ϖ <ℷ) +.0(.0 ϖℏℷ)
/

𝐴𝜛.

The above identity, combined with (3.4) for 4 = 40 and (9,.) = (⋆,𝐿) = (90,.0) ε 𝑁⨎0, provides 

2
⨍𝜍⟥𝐺ℷ

(ϱ90 ⋜ ϱ<ℷ + ϱ.0 ⋜ ϱℏℷ) 𝐴𝜛 =
⨍𝜍⟥𝐺ℷ

(⌉ϱ<ℷ⌉2 + ⌉ϱℏℷ⌉
2) 𝐴𝜛 + 40

⨍𝜍
(90<ℷ +.0ℏℷ) 𝐴𝜛. (5.19)

Claim (5.16) follows from (2.21), (2.23), (5.18) and (5.19). By assembling (5.15) and (5.16) we obtain 

(4ℷ ϖ 40)
⨍𝜍

(𝑔ℷ 𝑘9ℷ+ℎℷ 𝑘.ℷ) 𝐴𝜛 = 2
❳

⨋ℷ + 8ℷ(90,.0)
/

+ 40
⨍𝜍

❳

<ℷ( 𝑘9ℷ ϖ 90)+ℏℷ( 𝑘.ℷ ϖ.0)
/

𝐴𝜛. (5.20)

To complete the proof, we study the asymptotics, as ℷ  0+, of each term of (5.20). We divide the remaining part of the proof into 
several steps.

Step 1. We claim that 
⌉4ℷ ϖ 40⌉ = ,()

)

(<ℷ,ℏℷ))
)⨎ℷ−⨎ℷ

)  as ℷ  0+. (5.21)

Let 𝑖0 ϑ= 4ϖ10  and 𝑖ℷ ϑ= 4ϖ1ℷ . Since 40 is simple as an eigenvalue of (1.4) and 4ℷ  40, see (1.10), if ℷ is sufficiently small we have 
⌉𝑖ℷ ϖ 𝑖0⌉ = dist(𝑖0, 𝑏(⨓ℷ)), hence 

⌉4ℷ ϖ 40⌉ = 4ℷ40⌉𝑖ℷ ϖ 𝑖0⌉ ⨏ 2420dist(𝑖0, 𝑏(⨓ℷ)) ⨏ 2420

⌋

𝑒ℷ(⨓ℷ(𝑔ℷ,ℎℷ) ϖ 𝑖0(𝑔ℷ,ℎℷ))
𝑒ℷ(𝑔ℷ,ℎℷ)

⌈

1
2
, (5.22)

in view of Proposition  5.1. Furthermore, by (5.1) and Proposition  4.4

𝑒ℷ(𝑔ℷ,ℎℷ) = 40 +
⨍𝜍⟥𝐺ℷ

(⌉ϱ<ℷ⌉2 + ⌉ϱℏℷ⌉
2) 𝐴𝜛 ϖ 2

⨍𝜍⟥𝐺ℷ
(ϱ<ℷ ⋜ ϱ90 + ϱℏℷ ⋜ ϱ.0) 𝐴𝜛 = 40 + ,(1) (5.23)

as ℷ  0+, since )
)

(90,.0))
)82(𝜍)−82(𝜍) = 1. By using first (5.2) and then testing (5.12) with ⨓ℷ(𝑔ℷ,ℎℷ) ϖ 𝑖0(𝑔ℷ,ℎℷ), we obtain

𝑒ℷ(⨓ℷ(𝑔ℷ,ℎℷ) ϖ 𝑖0(𝑔ℷ,ℎℷ)) = ϖ
⟩

(<ℷ,ℏℷ),⨓ℷ(𝑔ℷ,ℎℷ) ϖ 𝑖0(𝑔ℷ,ℎℷ)
⟪

82(𝜍)−82(𝜍)

+
⟩

(90,.0),⨓ℷ(𝑔ℷ,ℎℷ) ϖ 𝑖0(𝑔ℷ,ℎℷ)
⟪

82(𝜍)−82(𝜍)
ϖ 𝑖0𝑒ℷ

❳

(𝑔ℷ,ℎℷ),⨓ℷ(𝑔ℷ,ℎℷ) ϖ 𝑖0(𝑔ℷ,ℎℷ)
/

= ϖ
⟩

(<ℷ,ℏℷ),⨓ℷ(𝑔ℷ,ℎℷ) ϖ 𝑖0(𝑔ℷ,ℎℷ)
⟪

82(𝜍)−82(𝜍)
.

Hence, by (2.4), Proposition  4.6 and the Cauchy–Schwarz inequality, we conclude that 
❳

𝑒ℷ(⨓ℷ(𝑔ℷ,ℎℷ) ϖ 𝑖0(𝑔ℷ,ℎℷ))
/1φ2 = ,()

)

(<ℷ,ℏℷ))
)⨎ℷ−⨎ℷ

)  as ℷ  0+. (5.24)

Then (5.21) follows from (5.22), (5.23) and (5.24).
Step 2. We claim that 

𝑒ℷ((𝑔ℷ,ℎℷ) ϖ𝑗ℷ(𝑔ℷ,ℎℷ)) = ,()
)

(<ℷ,ℏℷ))
)

2
⨎ℷ−⨎ℷ

)  as ℷ  0+. (5.25)

Let 
(𝑆ℷ, 𝑙ℷ) ϑ= (𝑔ℷ,ℎℷ) ϖ𝑗ℷ(𝑔ℷ,ℎℷ),  and (𝐽ℷ,𝑑ℷ) ϑ= ⨓ℷ(𝑆ℷ, 𝑙ℷ) ϖ 𝑖ℷ(𝑆ℷ, 𝑙ℷ). (5.26)
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We have
(𝑆ℷ, 𝑙ℷ) ε 𝑚ℷ ϑ =

[

(⋆,𝐿) ε 𝑁⨎ℷ ϑ 𝑗ℷ(⋆,𝐿) = 0
]

=
⦅

(⋆,𝐿) ε 𝑁⨎ℷ ϑ
⨍𝜍

(⋆9ℷ + 𝐿.ℷ) 𝐴𝜛 =
⨍𝜍

(𝐿9ℷ ϖ ⋆.ℷ) 𝐴𝜛 = 0
⦆

.

Since both (9ℷ,.ℷ) and (ϖ.ℷ, 9ℷ) solve (2.14) in the weak sense (3.1), from (5.2) we deduce that ⨓ℷ(⋆,𝐿) ε 𝑚ℷ for every (⋆,𝐿) ε 𝑚ℷ. 
Hence the operator

𝑁⨓ℷ ϑ= ⨓ℷ
⟫

⟫

⟫𝑚ℷ
ϑ 𝑚ℷ  𝑚ℷ

is well-defined. It is easy to verify that 𝑁⨓ℷ satisfies conditions (i)–(iii) of Proposition  5.1. Furthermore 𝑏(𝑁⨓ℷ) = 𝑏(⨓ℷ) ⟥ {𝑖ℷ}, so that 
there exists a constant 𝐵 > 0, which is independent of ℷ, such that ❳dist❳𝑖ℷ, 𝑏(𝑁⨓ℷ)

//2
∳ 𝐵. Then

𝑒ℷ((𝑔ℷ,ℎℷ) ϖ𝑗ℷ(𝑔ℷ,ℎℷ)) = 𝑒ℷ((𝑆ℷ, 𝑙ℷ)) ⨏
1
𝐵
❳

dist(𝑖ℷ, 𝑏(𝑁⨓ℷ))
/2𝑒ℷ((𝑆ℷ, 𝑙ℷ))

⨏
1
𝐵
𝑒ℷ(⨓ℷ(𝑆ℷ, 𝑙ℷ) ϖ 𝑖ℷ(𝑆ℷ, 𝑙ℷ)) =

1
𝐵
𝑒ℷ(𝐽ℷ,𝑑ℷ), (5.27)

thanks to Proposition  5.1–(iii) and (5.26). In order to estimate 𝑒ℷ(𝐽ℷ,𝑑ℷ), we test by (𝐽ℷ,𝑑ℷ) both (3.1) and (5.13) satisfied by 
𝑗ℷ(𝑔ℷ,ℎℷ), thus obtaining

𝑒ℷ((𝑆ℷ, 𝑙ℷ), (𝐽ℷ,𝑑ℷ)) ϖ 4ℷ
⨍𝜍

(𝑆ℷ𝐽ℷ + 𝑙ℷ𝑑ℷ) 𝐴𝜛 = 40
⨍𝜍

(<ℷ𝐽ℷ +ℏℷ𝑑ℷ) 𝐴𝜛 + (40 ϖ 4ℷ)
⨍𝜍

(𝑔ℷ𝐽ℷ +ℎℷ𝑑ℷ) 𝐴𝜛.

Then from (5.2) we deduce that
𝑒ℷ(𝐽ℷ,𝑑ℷ) = 𝑒ℷ(⨓ℷ(𝑆ℷ, 𝑙ℷ), (𝐽ℷ,𝑑ℷ)) ϖ 𝑖ℷ𝑒ℷ((𝑆ℷ, 𝑙ℷ), (𝐽ℷ,𝑑ℷ))

= ϖ𝑖ℷ
⟩

𝑒ℷ
❳

(𝑆ℷ, 𝑙ℷ), (𝐽ℷ,𝑑ℷ)
/

ϖ 4ℷ𝑒ℷ
❳

⨓ℷ(𝑆ℷ, 𝑙ℷ), (𝐽ℷ,𝑑ℷ)
/

⟪

= ϖ
40
4ℷ ⨍𝜍

(<ℷ𝐽ℷ +ℏℷ𝑑ℷ) 𝐴𝜛 ϖ
40 ϖ 4ℷ

4ℷ ⨍𝜍
(𝑔ℷ𝐽ℷ +ℎℷ𝑑ℷ) 𝐴𝜛.

From the Cauchy–Schwarz inequality, (2.4), and (1.10) it follows that 
(𝑒ℷ(𝐽ℷ,𝑑ℷ))

1
2 ⨏ ≨

⟩

)

)

(<ℷ,ℏℷ))
)82(𝜍)−82(𝜍) + ⌉4ℷ ϖ 40⌉ )

)

(𝑔ℷ,ℎℷ))
)82(𝜍)−82(𝜍)

⟪

(5.28)

for some constant ≨ > 0 which does not depend on ℷ. Furthermore, testing (5.13) with (𝑔ℷ,ℎℷ) we obtain, as ℷ  0+, 

⨍𝜍
(𝑔 2

ℷ +ℎ2
ℷ ) 𝐴𝜛 ϖ 1 = ϖ

⨍𝜍
(<ℷ𝑔ℷ +ℏℷℎℷ) 𝐴𝜛 + ,(1) = ,(1), (5.29)

in view of Proposition  4.4, (5.23), and (2.4). Hence we can deduce (5.25) from (5.27), (5.28), (5.29), (5.21), and Proposition  4.6. 
We observe that (5.8) is also proved.

Step 3. We claim that 
)

)

(90 ϖ 𝑘9ℷ,.0 ϖ 𝑘.ℷ))
)82(𝜍)−82(𝜍) = ,()

)

(<ℷ,ℏℷ))
)⨎ℷ−⨎ℷ

)  as ℷ  0+. (5.30)

In view of (5.14)
(90 ϖ 𝑘9ℷ,.0 ϖ 𝑘.ℷ) = (90,.0) ϖ

𝑗ℷ(𝑔ℷ,ℎℷ)
)

)

𝑗ℷ(𝑔ℷ,ℎℷ))
)82(𝜍)−82(𝜍)

=
()
)

𝑗ℷ(𝑔ℷ,ℎℷ))
)82(𝜍)−82(𝜍) ϖ 1)(90,.0) + (90,.0) ϖ𝑗ℷ(𝑔ℷ,ℎℷ)

\𝑗ℷ(𝑔ℷ,ℎℷ)\82(𝜍)−82(𝜍)
. (5.31)

Furthermore, by definition of 𝑔ℷ,ℎℷ, Proposition  4.6, (2.4), and (5.25),
)

)

(90,.0) ϖ𝑗ℷ(𝑔ℷ,ℎℷ))
)82(𝜍)−82(𝜍) ⨏ )

)

(90,.0) ϖ (𝑔ℷ,ℎℷ))
)82(𝜍)−82(𝜍)

+ )

)

(𝑔ℷ,ℎℷ) ϖ𝑗ℷ(𝑔ℷ,ℎℷ))
)82(𝜍)−82(𝜍) = ,()

)

(<ℷ,ℏℷ))
)⨎ℷ−⨎ℷ

)  as ℷ  0+. (5.32)

Hence we have proved (5.9). Finally, since )
)

(90,.0))
)82(𝜍)−82(𝜍) = 1, from (5.32) and the Cauchy–Schwarz inequality we deduce 

that

)

)

𝑗ℷ(𝑔ℷ,ℎℷ))
)

2
82(𝜍)−82(𝜍) = )

)

(90,.0) ϖ𝑗ℷ(𝑔ℷ,ℎℷ))
)

2
82(𝜍)−82(𝜍) + \(90,.0)\282(𝜍)−82(𝜍)

ϖ 2
❳

(90,.0) ϖ𝑗ℷ(𝑔ℷ,ℎℷ), (90,.0)
/

82(𝜍)−82(𝜍)

= 1 + ,()
)

(<ℷ,ℏℷ))
)⨎ℷ−⨎ℷ

) as ℷ  0+, (5.33)

thus proving (5.10). Finally (5.30) follows from (5.31), (5.32) and (5.33).
Step 4. We claim that 

⨍𝜍
(𝑔ℷ 𝑘9ℷ +ℎℷ 𝑘.ℷ) 𝐴𝜛 = 1 + ,()

)

(<ℷ,ℏℷ))
)⨎ℷ−⨎ℷ

)  as ℷ  0+. (5.34)
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Indeed, by (5.14) we have

⨍𝜍
(𝑔ℷ 𝑘9ℷ +ℎℷ 𝑘.ℷ)𝐴𝜛=

❳

(𝑔ℷ,ℎℷ)ϖ𝑗ℷ(𝑔ℷ,ℎℷ),𝑗ℷ(𝑔ℷ,ℎℷ)
/

82(𝜍)−82(𝜍)+ )

)

𝑗ℷ(𝑔ℷ,ℎℷ))
)

2
82(𝜍)−82(𝜍)

)

)

𝑗ℷ(𝑔ℷ,ℎℷ))
)82(𝜍)−82(𝜍)

.

Hence (5.34) follows from (5.25), (2.4), and (5.33).
Combining (5.17), (5.20), Proposition  4.6, (5.30) and (5.34) we obtain

4ℷ ϖ 40 =
⟩

1 + ,()
)

(<ℷ,ℏℷ))
)⨎ℷ−⨎ℷ

)
⟪⟩

2⨋ℷ + 28ℷ(90,.0) + ,()
)

(<ℷ,ℏℷ))
)

2
⨎ℷ−⨎ℷ

)
⟪

= 2⨋ℷ + 28ℷ(90,.0) + ,()
)

(<ℷ,ℏℷ))
)

2
⨎ℷ−⨎ℷ

)  as ℷ  0+.

Estimate (5.7) is therefore proven. ⋞

6. Blow-up analysis

In this section, we perform a blow-up analysis, from which it is possible to extract information on the asymptotic behaviour 
of ⨋ℷ and (<ℷ,ℏℷ) as ℷ  0+. Assumption (1.8) allows obtaining a Hardy-type inequality, necessary to characterize the concrete 
functional space where the limit profile is found.

6.1. A Hardy type inequality

Let 𝑁⨐ and 𝑁⨎ be as in (2.33) and (2.34), respectively. A Hardy-type inequality in 𝑁⨐ can be deduced from the following inequality 
on annuli ⊳2⊲ ⟥⊳⊲, for couples of functions in the space

𝑁⨐⊲ ϑ= {(⋆,𝐿) ϑ ⋆,𝐿 ε >1((⊳2⊲ ⟥⊳⊲) ⟥ 𝐺0),ℸℶ (⋆,𝐿) = 𝑀ℶ (⋆,𝐿) = 0 on 𝐺 ℶ
0  for all ℶ = 1,… 𝛻}.

Proposition 6.1. Under assumption (1.8), for every ⊲ > 0 and (⋆,𝐿) ε 𝑁⨐⊲, 

⨍⊳2⊲⟥⊳⊲

⋆2 + 𝐿2

⌉𝜛⌉2
𝐴𝜛 ⨏ max

⦅

1
𝜀2

, 1
(1 ϖ 𝜀)2

⦆

⨍(⊳2⊲⟥⊳⊲)⟥𝐺0
(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛. (6.1)

Proof. By a scaling argument, it is enough to prove (6.1) for ⊲ = 1. If (⋆,𝐿) ε 𝑁⨐1, then
3 ϑ= 𝐷𝜚𝑂0 (⋆ + 𝜚𝐿) ε >1(⊳2 ⟥⊳1,C).

Hence, from [16, Remark 3.2] it follows that

⨍⊳2⟥⊳1

⌉3(𝜛)⌉2

⌉𝜛⌉2
𝐴𝜛 ⨏ max

⦅

1
𝜀2

, 1
(1 ϖ 𝜀)2

⦆

⨍⊳2⟥⊳1
⌉(𝜚ϱ + 𝜗𝜀

0)3⌉
2 𝐴𝜛,

which can be rewritten as

⨍⊳2⟥⊳1

⋆2 + 𝐿2

⌉𝜛⌉2
𝐴𝜛 ⨏ max

⦅

1
𝜀2

, 1
(1 ϖ 𝜀)2

⦆

⨍(⊳2⟥⊳1)⟥𝐺0
(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛.

in view of (2.16), thus proving (6.1) for ⊲ = 1. ⋞

Since the constant in inequality (6.1) does not depend on ⊲, we may sum over annuli to fill R2 ⟥ ⊳1 and obtain the following 
result. 

Proposition 6.2. Under assumption (1.8), for every (⋆,𝐿) ε 𝑁⨐ we have 

⨍R2⟥⊳1

⋆2 + 𝐿2

⌉𝜛⌉2
𝐴𝜛 ⨏ max

⦅

1
𝜀2

, 1
(1 ϖ 𝜀)2

⦆

⨍(R2⟥⊳1)⟥𝐺1
(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛. (6.2)

Moreover, there exists a constant ≨𝜀 > 0 (depending only on 𝜀) such that, for every (⋆,𝐿) ε 𝑁⨐ , 

⨍⊳1

❳

⋆2 + 𝐿2/ 𝐴𝜛 ⨏ ≨𝜀
⨍R2⟥𝐺1

(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛. (6.3)

Proof. If (⋆,𝐿) ε 𝑁⨐ then (⋆,𝐿) ε 𝑁⨐⊲ for every ⊲ > 1, so that, by (6.1),

⨍R2⟥⊳1

⋆2 + 𝐿2

⌉𝜛⌉2
𝐴𝜛 =

∂
{

ℏ=0⨍⊳2ℏ+1 ⟥⊳2ℏ

⋆2 + 𝐿2

⌉𝜛⌉2
𝐴𝜛

⨏ max
⦅

1
𝜀2

, 1
(1 ϖ 𝜀)2

⦆ ∂
{

ℏ=0⨍(⊳2ℏ+1 ⟥⊳2ℏ )⟥𝐺0
(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛
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= max
⦅

1
𝜀2

, 1
(1 ϖ 𝜀)2

⦆

⨍(R2⟥⊳1)⟥𝐺1
(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛.

Inequality (6.2) is thereby proved.
Integrating the identity div((⋆2 +𝐿2)𝜛) = 2(⋆ϱ⋆+𝐿ϱ𝐿) ⋜ 𝜛+2(⋆2 +𝐿2) on each subset of ⊳1 obtained by cutting along the lines 

𝐹ℶ and observing that 𝜛 ⋜ 𝐾ℶ = 0 on 𝐹ℶ for all ℶ = 1,… , 𝛻, the Diverge Theorem yields 

⨍⊳1
(⋆2 + 𝐿2) 𝐴𝜛 ⨏

⨍5⊳1
(⋆2 + 𝐿2) 𝐴𝐻 +

⨍⊳1⟥𝐺1
(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛, (6.4)

for every (⋆,𝐿) ε 𝑁⨐ . Since the trace operator >1((⊳2 ⟥⊳1) ⟥ 𝐺1)  82(5⊳1) is continuous, there exists a constant ≨ > 0 such that 

⨍5⊳1
92 𝐴𝐻 ⨏ ≨

⌋

⨍⊳2⟥⊳1
92 𝐴𝜛 +

⨍(⊳2⟥⊳1)⟥𝐺1
⌉ϱ9⌉2 𝐴𝜛

⌈

for all 9 ε >1((⊳2 ⟥⊳1) ⟥ 𝐺1). (6.5)

From (6.4), (6.5), and (6.2) we deduce that

⨍⊳1
(⋆2 + 𝐿2) 𝐴𝜛 ⨏ ≨

⌋

⨍⊳2⟥⊳1
(⋆2 + 𝐿2) 𝐴𝜛 +

⨍(⊳2⟥⊳1)⟥𝐺1
(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛
⌈

+
⨍⊳1⟥𝐺1

(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛

⨏ 4≨
⨍⊳2⟥⊳1

⋆2 + 𝐿2

⌉𝜛⌉2
𝐴𝜛 + (≨ + 1)

⨍⊳2⟥𝐺1
(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛

⨏

⟩

≨ + 1 + 4≨ max
⟧

𝜀ϖ2, (1 ϖ 𝜀)ϖ2
⌊

⟪

⨍R2⟥𝐺1
(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛,

thus proving (6.3). ⋞

As a consequence of Proposition  6.2, we have that

\(⋆,𝐿)\ 𝑁⨐ =
⌋

⨍R2⟥𝐺1
(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛
⌈

1
2

is a norm on 𝑁⨐ . Furthermore, 𝑁⨐ is a Hilbert space with respect to the scalar product associated to this norm, and the restriction 
operator 

𝑁⨐  >1(⊳⊲ ⟥ 𝐺1) −>1(⊳⊲ ⟥ 𝐺1) (6.6)

is well defined and continuous for all ⊲ > 0. This, together with the continuity of the trace operators in (2.5) ensures that 

sup
(⋆,𝐿)ε 𝑁⨐

⟥{(0, 0)}
\𝐽ℶ+(⋆)\28𝐼(𝐻ℶ

1)
+ \𝐽ℶ+(𝐿)\2

8𝐼(𝐻ℶ
1)

\(⋆,𝐿)\2𝑁⨐
< +∂ (6.7)

for all 𝐼 ε [1,+∂) and ℶ = 1,… , 𝛻.

Remark 6.3. Let 
𝑁⨎𝑍 ϑ= {(⋆,𝐿) ε 𝑁⨎ ϑ  there exists ⊲ > 0 such that ⋆ ⨌ 𝐿 ⨌ 0 in R2 ⟥⊳⊲} (6.8)

Proceeding as in [17, Proposition 6.3], one can prove that 𝑁⨎𝑍 is dense in 𝑁⨎.

6.2. The asymptotic behaviour of ⨋ℷ

In this subsection, we prove an equivalent characterization of the quantity ⨋ℷ introduced in (2.23) and use it to prove an optimal 
estimate for ⌉⨋ℷ⌉ as ℷ  0+, thus refining the estimates obtained preliminarily in Proposition  4.3.

Proposition 6.4. Let 𝑌ℷ be as in (4.4) with ⊲ = ℷ. Then, for every ℷ ε (0, 1],

⨋ℷ =
1
2 ⨍𝜍⟥𝐺0

(⌉ϱ(𝑌ℷ90)⌉2 + ⌉ϱ(𝑌ℷ.0)⌉2) 𝐴𝜛 ϖ 8ℷ(90,.0)

ϖ 1
2 sup

(⋆,𝐿)ε 𝑁⨎ℷ
(⋆,𝐿)∱(0,0)

⟩

⨑𝜍⟥𝐺ℷ
(ϱ⋆ ⋜ ϱ(𝑌ℷ90) + ϱ𝐿 ⋜ ϱ(𝑌ℷ.0)) 𝐴𝜛 ϖ 8ℷ(⋆,𝐿)

⟪2

⨑𝜍⟥𝐺ℷ
(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛
. (6.9)

Proof. Since (⋆,𝐿) ϖ (90,.0) ε 𝑁⨎ℷ if and only if (⋆,𝐿) ϖ 𝑌ℷ(90,.0) ε 𝑁⨎ℷ, by (2.23) we have 

⨋ℷ = inf
(⋆,𝐿)ε 𝑁⨎ℷ

𝑃ℷ
❳

(⋆,𝐿) + 𝑌ℷ(90,.0)
/

= inf
(⋆,𝐿)ε 𝑁⨎ℷ
(⋆,𝐿)∱(0,0)

⌋

inf
𝐶εR

𝑃ℷ
❳

𝐶(⋆,𝐿) + 𝑌ℷ(90,.0)
/

⌈

. (6.10)
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Furthermore, thanks to (2.21),

𝑃ℷ
❳

𝐶(⋆,𝐿) + 𝑌ℷ(90,.0)
/

= 𝐶2
2 ⨍𝜍⟥𝐺ℷ

(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛 + 𝐶

⌋

⨍𝜍⟥𝐺ℷ
(ϱ⋆ ⋜ ϱ(𝑌ℷ90) + ϱ𝐿 ⋜ ϱ(𝑌ℷ.0)) 𝐴𝜛 ϖ 8ℷ(⋆,𝐿)

⌈

+ 1
2 ⨍𝜍⟥𝐺0

(⌉ϱ(𝑌ℷ90)⌉2 + ⌉ϱ(𝑌ℷ.0)⌉2) 𝐴𝜛 ϖ 8ℷ(90,.0).

Hence, for any (⋆,𝐿) ε 𝑁⨎ℷ ⟥ {(0, 0)},

inf
𝐶εR

𝑃ℷ
❳

𝐶(⋆,𝐿) + 𝑌ℷ(90,.0)
/

= ϖ 1
2

⟩

⨑𝜍⟥𝐺ℷ
(ϱ⋆ ⋜ ϱ(𝑌ℷ90) + ϱ𝐿 ⋜ ϱ(𝑌ℷ.0)) 𝐴𝜛 ϖ 8ℷ(⋆,𝐿)

⟪2

⨑𝜍⟥𝐺ℷ
(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛

+ 1
2 ⨍𝜍⟥𝐺0

(⌉ϱ(𝑌ℷ90)⌉2 + ⌉ϱ(𝑌ℷ.0)⌉2) 𝐴𝜛 ϖ 8ℷ(90,.0),

so that (6.9) follows from (6.10). ⋞

As a consequence of (6.9) we obtain the following improvement of the estimate on ⨋ℷ obtained initially in Proposition  4.3. 

Proposition 6.5. Let 𝑇 ε Z be as in Proposition  3.2 with (9,.) = (90,.0) if 𝜀 ∱
1
2 , or as in Proposition  3.3 if 𝜀 = 1

2 . Then 
⨋ℷ = 𝑓(ℷ2⌉𝑇+𝜀⌉)  as ℷ  0+. (6.11)

Proof. Thanks to Proposition  6.4 and the Cauchy–Schwartz inequality we have 

⌉⨋ℷ⌉ ⨏ sup
(⋆,𝐿)ε 𝑁⨎ℷ
(⋆,𝐿)∱(0,0)

⌉8ℷ(⋆,𝐿)⌉2

⨑𝜍⟥𝐺ℷ
(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛
+ 3

2 ⨍𝜍⟥𝐺0
(⌉ϱ(𝑌ℷ90)⌉2 + ⌉ϱ(𝑌ℷ.0)⌉2) 𝐴𝜛 + ⌉8ℷ(90,.0)⌉. (6.12)

In view of (2.20), Propositions  3.2 and 3.3

⨍𝜍⟥𝐺0
(⌉ϱ(𝑌ℷ90)⌉2 + ⌉ϱ(𝑌ℷ.0)⌉2) 𝐴𝜛 ⨏ 2

⨍⊳2ℷ
⌉ϱ𝑌ℷ⌉2(920 +.2

0) 𝐴𝜛 + 2
⨍⊳2ℷ⟥𝐺0

𝑌ℷ(⌉ϱ90⌉2 + ⌉ϱ.0⌉
2) 𝐴𝜛

= 𝑓(ℷ2⌉𝑇+𝜀⌉) as ℷ  0+, (6.13)

and 
⌉8ℷ(90,.0)⌉ = 𝑓(ℷ2⌉𝑇+𝜀⌉) as ℷ  0+. (6.14)

It only remains to estimate the first term in the right hand side of (6.12). To this aim we notice that, fixing any 𝐼 ε
❳

1,min
⟧ 1
𝜀 ,

1
1ϖ𝜀

⌊/

and letting 𝐼+ = 𝐼
𝐼ϖ1 , by a change of variables, (6.7), and the fact that 𝑁⨎ 𝜑 𝑁⨐ , 

sup
(⋆,𝐿)ε 𝑁⨎ℷ
(⋆,𝐿)∱(0,0)

\𝐽ℶ+(⋆)\28𝐼+ (𝐻ℶ
ℷ )

⨑𝜍⟥𝐺ℷ
(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛
⨏ ℷ2φ𝐼

+sup
(⋆,𝐿)ε 𝑁⨎

(⋆,𝐿)∱(0,0)

\𝐽ℶ+(⋆)\28𝐼+ (𝐻ℶ
1)

\(⋆,𝐿)\2𝑁⨐
= 𝑓

❳

ℷ2φ𝐼
+/ (6.15)

as ℷ  0+. From the Hölder inequality and Propositions  3.2 and 3.3 it follows that

sup
(⋆,𝐿)ε 𝑁⨎ℷ
(⋆,𝐿)∱(0,0)

⟩

⨑𝐻ℶ
ℷ
⌉ϱ90⌉⌉𝐽

ℶ
+(⋆)⌉ 𝐴𝐻

⟪2

⨑𝜍⟥𝐺ℷ
(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛
⨏

⌋

⨍𝐻ℶ
ℷ

⌉ϱ90⌉𝐼 𝐴𝐻
⌈

2
𝐼

sup
(⋆,𝐿)ε 𝑁⨎ℷ
(⋆,𝐿)∱(0,0)

\𝐽ℶ+(⋆)\28𝐼+ (𝐻ℶ
ℷ )

⨑𝜍⟥𝐺ℷ
(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛

= 𝑓
⟩

ℷ2⌉𝑇+𝜀⌉ϖ2+
2
𝐼
⟪

sup
(⋆,𝐿)ε 𝑁⨎ℷ
(⋆,𝐿)∱(0,0)

\𝐽ℶ+(⋆)\28𝐼+ (𝐻ℶ
ℷ )

⨑𝜍⟥𝐺ℷ
(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛
= 𝑓(ℷ2⌉𝑇+𝜀⌉)

as ℷ  0+, where we used (6.15) in the last estimate. Similarly, we can prove that

sup
(⋆,𝐿)ε 𝑁⨎ℷ
(⋆,𝐿)∱(0,0)

⟩

⨑𝐻ℶ
ℷ
⌉ϱ90⌉⌉𝐽

ℶ
+(𝐿)⌉ 𝐴𝐻

⟪2

⨑𝜍⟥𝐺ℷ
(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛
= 𝑓(ℷ2⌉𝑇+𝜀⌉)  as ℷ  0+,

sup
(⋆,𝐿)ε 𝑁⨎ℷ
(⋆,𝐿)∱(0,0)

⟩

⨑𝐻ℶ
ℷ
⌉ϱ.0⌉⌉𝐽

ℶ
+(⋆)⌉ 𝐴𝐻

⟪2

⨑𝜍⟥𝐺ℷ
(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛
= 𝑓(ℷ2⌉𝑇+𝜀⌉)  as ℷ  0+,

sup
(⋆,𝐿)ε 𝑁⨎ℷ
(⋆,𝐿)∱(0,0)

⟩

⨑𝐻ℶ
ℷ
⌉ϱ.0⌉⌉𝐽

ℶ
+(𝐿)⌉ 𝐴𝐻

⟪2

⨑𝜍⟥𝐺ℷ
(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛
= 𝑓(ℷ2⌉𝑇+𝜀⌉)  as ℷ  0+.
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By the definition of 8ℷ in (2.20) we conclude that 

sup
(⋆,𝐿)ε 𝑁⨎ℷ
(⋆,𝐿)∱(0,0)

⌉8ℷ(⋆,𝐿)⌉2

⨑𝜍⟥𝐺ℷ
(⌉ϱ⋆⌉2 + ⌉ϱ𝐿⌉

2) 𝐴𝜛
= 𝑓(ℷ2⌉𝑇+𝜀⌉)  as ℷ  0+. (6.16)

By combining (6.12), (6.13), (6.14), and (6.16), we finally obtain (6.11). ⋞

6.3. The blow-up analysis

To perform a blow-up analysis that provides sharp information about the asymptotic behaviour of ⨋ℷ as ℷ  0+, a crucial initial 
step lies in identifying the profile that emerges as the limit of an appropriate scaling of the family {(<ℷ,ℏℷ)}ℷ. Such a limit profile 
turns out to be precisely the solution to the minimization problem (2.38), whose existence and uniqueness are proved in the following 
proposition.

Proposition 6.6. There exists a unique solution (𝑁< , ♭ℏ ) ε 𝑁⨐ to the minimization problem (2.38). Furthermore (𝑁< , ♭ℏ ) satisfies 
❲

(𝑁< , ♭ℏ ) ϖ 𝑌(𝑊0,𝑋0) ε 𝑁⨎,
⨑R2⟥𝐺1

(ϱ𝑁< ⋜ ϱ⋆ + ϱ♭ℏ ⋜ ϱ𝐿) 𝐴𝜛 = 8(⋆,𝐿) for every (⋆,𝐿) ε 𝑁⨎,
(6.17)

with 8 and 𝑌 being as in (2.35) and (2.37), respectively.

Proof. In view of (2.31) and (2.32), ⌉ϱ𝑊0⌉, ⌉ϱ𝑋0⌉ ε 8𝐼(𝐻ℶ
1) for every 𝐼 ε

⦃

1,min
⟧ 1
𝜀 ,

1
1ϖ𝜀

⌊/ and ℶ = 1,… , 𝛻. Hence the linear functional 
8 in (2.35) is well-defined and continuous, thanks to the continuity of the trace operators in (2.5). In particular, the functional 𝑃
defined in (2.36) is continuous, convex and coercive on the closed, convex set {(⋆,𝐿) ε 𝑁⨐ ϑ (⋆,𝐿)ϖ𝑌(𝑊0,𝑋0) ε 𝑁⨎}. Therefore (2.38) 
admits a minimizer (𝑁< , ♭ℏ ) ε 𝑁⨐ that solves (6.17).

To prove uniqueness, we assume that (𝑁<1, ♭ℏ1) and (𝑁<2, ♭ℏ2) are both solutions of (6.17). Then (𝑁<1 ϖ 𝑁<2, ♭ℏ1 ϖ ♭ℏ2) ε 𝑁⨎, and hence 
we may test the difference between (6.17) for (𝑁<1, ♭ℏ1) and (6.17) for (𝑁<2, ♭ℏ2) with (𝑁<1 ϖ 𝑁<2, ♭ℏ1 ϖ ♭ℏ2). It follows that 𝑁<1 = 𝑁<2 and 
♭ℏ1 = ♭ℏ2 by (6.2). ⋞

The next step consists in considering a scaling of the functions <ℷ,ℏℷ with a factor determined by the optimal estimate on ⨋ℷ
obtained in Proposition  6.5. To this aim, let 𝑇 ε Z be as in Propositions  3.2 or 3.3 for (90,.0). For every ℷ ε (0, 1], letting (<ℷ,ℏℷ)
be as in Proposition  4.2, we define

𝑁<ℷ(𝜛) ϑ= ℷϖ⌉𝑇+𝜀⌉<ℷ(ℷ𝜛), ♭ℏℷ(𝜛) ϑ= ℷϖ⌉𝑇+𝜀⌉ℏℷ(ℷ𝜛), (6.18)
𝑁<0,ℷ(𝜛) ϑ= ℷϖ⌉𝑇+𝜀⌉90(ℷ𝜛), ♭ℏ0,ℷ(𝜛) ϑ= ℷϖ⌉𝑇+𝜀⌉.0(ℷ𝜛). (6.19)

We still denote by 𝑁<ℷ, ♭ℏℷ, 𝑁<0,ℷ, ♭ℏ0,ℷ their respective trivial extensions in R2 ⟥ 1
ℷ𝜍. Then 

(𝑁<ℷ, ♭ℏℷ), (𝑁<0,ℷ, ♭ℏ0,ℷ) ε 𝑁⨐  and (𝑁<ℷ ϖ 𝑁<0,ℷ, ♭ℏℷ ϖ ♭ℏ0,ℷ) ε 𝑁⨎. (6.20)

By a change of variables and (4.2), for every (⋆,𝐿) ε 𝑁⨎ such that ⋆ ⨌ 𝐿 ⨌ 0 in R2 ⟥ 1
ℷ𝜍 we have

⨍R2⟥𝐺1
(ϱ𝑁<ℷ ⋜ϱ⋆ + ϱ♭ℏℷ ⋜ϱ𝐿) 𝐴𝜛 =

𝛻
{

ℶ=1
(𝜔ℶ ϖ 1)

⨍𝐻ℶ
1

[ϱ𝑁<0,ℷ ⋜ 𝐾ℶ𝐽
ℶ
+(⋆) + ϱ♭ℏ0,ℷ ⋜ 𝐾ℶ𝐽

ℶ
+(𝐿)] 𝐴𝐻

ϖ
𝛻
{

ℶ=1
𝐴ℶ

⨍𝐻ℶ
1

[ϱ𝑁<0,ℷ ⋜ 𝐾ℶ𝐽
ℶ
+(𝐿) ϖ ϱ♭ℏ0,ℷ ⋜ 𝐾ℶ𝐽

ℶ
+(⋆)] 𝐴𝐻. (6.21)

In particular, (6.21) holds for every (⋆,𝐿) ε 𝑁⨎𝑍 (see (6.8)) provided ℷ is sufficiently small. Furthermore, letting 𝑊0 and 𝑋0 be as 
in (2.31) and (2.32) respectively, Proposition  3.2 in case 𝜀 ∱

1
2 , or Proposition  3.3 in case 𝜀 = 1

2 , imply that
ϱ𝑁<0,ℷ(𝜛) ⋜ 𝐾ℶ  ϱ𝑊0(𝜛) ⋜ 𝐾ℶ and ϱ♭ℏ0,ℷ(𝜛) ⋜ 𝐾ℶ  ϱ𝑋0(𝜛) ⋜ 𝐾ℶ as ℷ  0+

for every 𝜛 ε 𝐻ℶ
1 and ℶ = 1,… , 𝛻. On the other hand, Propositions  3.2 and 3.3 imply

⌉ϱ𝑁<0,ℷ⌉ ⨏ ≨⌉𝜛⌉⌉𝑇+𝜀⌉ϖ1 and ⌉ϱ♭ℏ0,ℷ⌉ ⨏ ≨⌉𝜛⌉⌉𝑇+𝜀⌉ϖ1 in R2 ⟥ 𝐺0.

In particular, for every ℶ = 1,… , 𝛻 and 𝐼 ε
❳

1,min
⟧ 1
𝜀 ,

1
1ϖ𝜀

⌊/

,

ϱ𝑁<0,ℷ ⋜ 𝐾ℶ , ϱ♭ℏ0,ℷ ⋜ 𝐾ℶ ε 8𝐼(𝐻ℶ
1).

By the Dominated Convergence Theorem, we conclude that 
ϱ𝑁<0,ℷ ⋜ 𝐾ℶ  ϱ𝑊0 ⋜ 𝐾ℶ and ϱ♭ℏ0,ℷ ⋜ 𝐾ℶ  ϱ𝑋0 ⋜ 𝐾ℶ in 8𝐼(𝐻ℶ

1) (6.22)

as ℷ  0+, for all 𝐼 ε
❳

1,min
⟧ 1
𝜀 ,

1
1ϖ𝜀

⌊/ and ℶ = 1,… , 𝛻. Finally, in view of Propositions  3.2 and 3.3, we know that, for any ⊲ > 0, 
𝑁<0,ℷ  𝑊0 and ♭ℏ0,ℷ  𝑋0 in >1(⊳⊲ ⟥ 𝐺0), as ℷ  0+. (6.23)
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The following blow-up result ensures the convergence of the scaled family {(𝑁<ℷ, ♭ℏℷ)}ℷ, defined in (6.18), to the non trivial profile 
(𝑁< , ♭ℏ ), introduced in Proposition  6.6. 

Proposition 6.7. Let 𝑇 ε Z be as in Proposition  3.2 with (9,.) = (90,.0) if 𝜀 ∱
1
2 , or as in Proposition  3.3 if 𝜀 = 1

2 . For every ℷ ε (0, 1], 
we consider the pairs (<ℷ,ℏℷ) as given in Proposition  4.2, and (𝑁<ℷ, ♭ℏℷ) as defined in (6.18). Then 

(𝑁<ℷ, ♭ℏℷ)  (𝑁< , ♭ℏ )  strongly in 𝑁⨐ as ℷ  0+, (6.24)

where (𝑁< , ♭ℏ ) is as in Proposition  6.6.

Proof. By (6.18), a change of variables, (2.23), (2.20), Propositions  6.5, 3.2, 3.3, the Hölder inequality, and (6.7), we have

\(𝑁<ℷ, ♭ℏℷ)\2𝑁⨐ =
⨍R2⟥𝐺1

(⌉ϱ𝑁<ℷ⌉
2 + ⌉ϱ♭ℏℷ⌉

2) 𝐴𝜛 = ℷϖ2⌉𝑇+𝜀⌉ )
)

(<ℷ,ℏℷ))
)

2
⨎ℷ−⨎ℷ

= 2ℷϖ2⌉𝑇+𝜀⌉
❳

8ℷ(<ℷ,ℏℷ) + ⨋ℷ
/

⨏ 𝑓(1) + 4ℷϖ2⌉𝑇+𝜀⌉
𝛻
{

ℶ=1 ⨍𝐻
ℶ
ℷ

(⌉ϱ90⌉⌉𝐽
ℶ
+(<ℷ)⌉ + ⌉ϱ.0⌉⌉𝐽

ℶ
+(ℏℷ)⌉) 𝐴𝐻

+ 2ℷϖ2⌉𝑇+𝜀⌉
𝛻
{

ℶ=1 ⨍𝐻
ℶ
ℷ

(⌉ϱ90\𝐽
ℶ
+(ℏℷ)⌉ + ⌉ϱ.0\𝐽

ℶ
+(<ℷ)⌉) 𝐴𝐻

⨏ 𝑓(1) + 𝑓(1)
𝛻
{

ℶ=1 ⨍𝐻
ℶ
1

⌉𝜛⌉⌉𝑇+𝜀⌉ϖ1(⌉𝐽ℶ+(𝑁<ℷ)⌉ + ⌉𝐽ℶ+(♭ℏℷ)⌉) 𝐴𝐻

⨏ 𝑓(1) + 𝑓(1)\(𝑁<ℷ, ♭ℏℷ)\ 𝑁⨐  as ℷ  0+. (6.25)

We conclude that {(𝑁<ℷ, ♭ℏℷ)}ℷε(0,1] is bounded in 𝑁⨐ . Hence, for any sequence ℷ7  0+, there exist a subsequence, still denoted by 
{ℷ7}7εN, and (< ,ℏ ) ε 𝑁⨐ such that (𝑁<ℷ, ♭ℏℷ)  (< ,ℏ ) weakly in 𝑁⨐ as 7  ∂. Since (< ϖ 𝑌𝑊0,ℏ ϖ 𝑌𝑋0) ε 𝑁⨎ by (6.20) and (6.23), 
we deduce from (6.21), (6.23), and the density of 𝑁⨎𝑍 in 𝑁⨎ (see Remark  6.3) that (< ,ℏ ) solves (6.17). Hence, by uniqueness of the 
solution of (6.17) proved in Proposition  6.6, we conclude that (< ,ℏ ) = (𝑁< , ♭ℏ ).

Furthermore, since (𝑁< ϖ 𝑌𝑊0, ♭ℏ ϖ 𝑌𝑋0) ε 𝑁⨎, we may test (6.17) with (𝑁< ϖ 𝑌𝑊0, ♭ℏ ϖ 𝑌𝑋0) ε 𝑁⨎, thus obtaining

⨍R2⟥𝐺1
(⌉ϱ𝑁< ⌉

2 + ⌉ϱ♭ℏ ⌉

2) 𝐴𝜛 =
⨍R2⟥𝐺1

[ϱ𝑁< ⋜ ϱ(𝑌𝑊0) + ϱ♭ℏ ⋜ ϱ(𝑌𝑋0)] 𝐴𝜛

+
𝛻
{

ℶ=1
(𝜔ℶ ϖ 1)

⨍𝐻ℶ
1

[ϱ𝑊0 ⋜ 𝐾ℶ𝐽
ℶ
+(𝑁< ϖ 𝑌𝑊0) + ϱ𝑋0 ⋜ 𝐾ℶ𝐽

ℶ
+(♭ℏ ϖ 𝑌𝑋0)] 𝐴𝐻

ϖ
𝛻
{

ℶ=1
𝐴ℶ

⨍𝐻ℶ
1

[ϱ𝑊0 ⋜ 𝐾ℶ𝐽
ℶ
+(♭ℏ ϖ 𝑌𝑋0) ϖ ϱ𝑋0 ⋜ 𝐾ℶ𝐽

ℶ
+(𝑁< ϖ 𝑌𝑊0)] 𝐴𝐻. (6.26)

On the other hand, testing (6.21) with (𝑁<ℷ7 ϖ 𝑌 𝑁<0,ℷ7 , ♭ℏℷ7 ϖ 𝑌♭ℏ0,ℷ7 ) yields

⨍R2⟥𝐺1
(⌉ϱ𝑁<ℷ7 ⌉

2 + ⌉ϱ♭ℏℷ7 ⌉
2) 𝐴𝜛 =

⨍R2⟥𝐺1
[ϱ𝑁<ℷ7 ⋜ ϱ(𝑌 𝑁<0,ℷ7 ) + ϱ♭ℏℷ7 ⋜ ϱ(𝑌♭ℏ0,ℷ7 )] 𝐴𝜛

+
𝛻
{

ℶ=1
(𝜔ℶ ϖ 1)

⨍𝐻ℶ
1

[ϱ𝑁<0,ℷ7 ⋜ 𝐾
ℶ𝐽ℶ+(𝑁<ℷ7 ϖ 𝑌 𝑁<0,ℷ7 ) + ϱ♭ℏ0,ℷ7 ⋜ 𝐾

ℶ𝐽ℶ+(♭ℏℷ7 ϖ 𝑌♭ℏ0,ℷ7 )] 𝐴𝐻

ϖ
𝛻
{

ℶ=1
𝐴ℶ

⨍𝐻ℶ
1

[ϱ𝑁<0,ℷ7 ⋜ 𝐾
ℶ𝐽ℶ+(♭ℏℷ7 ϖ 𝑌♭ℏ0,ℷ7 ) ϖ ϱ♭ℏ0,ℷ7 ⋜ 𝐾

ℶ𝐽ℶ+(𝑁<ℷ7 ϖ 𝑌 𝑁<0,ℷ7 )] 𝐴𝐻. (6.27)

Taking into account (6.26), (6.27), (6.22), (6.23), the continuity of the trace operators in (2.5), and the weak convergence of 
(𝑁<ℷ7 , ♭ℏℷ7 ) to (𝑁< , ♭ℏ ) in 𝑁⨐ , we conclude that

⨍R2⟥𝐺1
(⌉ϱ𝑁< ⌉

2 + ⌉ϱ♭ℏ ⌉

2) 𝐴𝜛 = lim
7∂⨍R2⟥𝐺1

(⌉ϱ𝑁<ℷ7 ⌉
2 + ⌉ϱ♭ℏℷ7 ⌉

2) 𝐴𝜛.

This proves (6.24), taking into account the weak convergence (𝑁<ℷ7 , ♭ℏℷ7 )  (𝑁< , ♭ℏ ) in 𝑁⨐ and the Urysohn Subsequence Principle. ⋞

With Proposition  6.7 established, we are now ready to prove Theorem  2.5.

Proof of Theorem  2.5.  By (2.20), (2.23), (6.18), (6.19), and a change of variables, we have

ℷϖ2⌉𝑇+𝜀⌉⨋ℷ =
1
2 ⨍R2⟥𝐺1

(⌉ϱ𝑁<ℷ⌉
2 + ⌉ϱ♭ℏℷ⌉

2) 𝐴𝜛 ϖ
𝛻
{

ℶ=1
(𝜔ℶ ϖ 1)

⨍𝐻ℶ
1

[ϱ𝑁<0,ℷ ⋜ 𝐾ℶ𝐽
ℶ
+(𝑁<ℷ) + ϱ♭ℏ0,ℷ ⋜ 𝐾ℶ𝐽

ℶ
+(♭ℏℷ)] 𝐴𝐻
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+
𝛻
{

ℶ=1
𝐴ℶ

⨍𝐻ℶ
1

[ϱ𝑁<0,ℷ ⋜ 𝐾ℶ𝐽
ℶ
+(♭ℏℷ) ϖ ϱ♭ℏ0,ℷ ⋜ 𝐾ℶ𝐽

ℶ
+(𝑁<ℷ)] 𝐴𝐻. (6.28)

In view of (6.22), (6.24), and the continuity of the trace operators in (2.5), we may pass to the limit in (6.28), as ℷ  0+, and 
conclude that

lim
ℷ0+

ℷϖ2⌉𝑇+𝜀⌉⨋ℷ =
1
2 ⨍R2⟥𝐺1

(⌉ϱ𝑁< ⌉

2 + ⌉ϱ♭ℏ ⌉

2) 𝐴𝜛 ϖ
𝛻
{

ℶ=1
(𝜔ℶ ϖ 1)

⨍𝐻ℶ
1

[ϱ𝑊0 ⋜ 𝐾ℶ𝐽
ℶ
+(𝑁< ) + ϱ𝑋0 ⋜ 𝐾ℶ𝐽

ℶ
+(♭ℏ )] 𝐴𝐻

+
𝛻
{

ℶ=1
𝐴ℶ

⨍𝐻ℶ
1

[ϱ𝑊0 ⋜ 𝐾ℶ𝐽
ℶ
+(♭ℏ ) ϖ ϱ𝑋0 ⋜ 𝐾ℶ𝐽

ℶ
+(𝑁< )] 𝐴𝐻 = ⨋ . (6.29)

Hence we have proved (i). Furthermore, by (6.19), (6.22) and (6.23),

ℷϖ2⌉𝑇+𝜀⌉8ℷ(90,.0) =
𝛻
{

ℶ=1
(𝜔ℶ ϖ 1)

⨍𝐻ℶ
1

[ϱ𝑁<0,ℷ ⋜ 𝐾ℶ𝐽
ℶ
+(𝑁<ℷ,0) + ϱ♭ℏ0,ℷ ⋜ 𝐾ℶ𝐽

ℶ
+(♭ℏℷ,0)] 𝐴𝐻

ϖ
𝛻
{

ℶ=1
𝐴ℶ

⨍𝐻ℶ
1

[ϱ𝑁<0,ℷ ⋜ 𝐾ℶ𝐽
ℶ
+(♭ℏℷ,0) ϖ ϱ♭ℏ0,ℷ ⋜ 𝐾ℶ𝐽

ℶ
+(𝑁<ℷ,0)] 𝐴𝐻

=
𝛻
{

ℶ=1
(𝜔ℶ ϖ 1)

⨍𝐻ℶ
1

[ϱ𝑊0 ⋜ 𝐾ℶ𝐽
ℶ
+(𝑊0) + ϱ𝑋0 ⋜ 𝐾ℶ𝐽

ℶ
+(𝑋0)] 𝐴𝐻

ϖ
𝛻
{

ℶ=1
𝐴ℶ

⨍𝐻ℶ
1

[ϱ𝑊0 ⋜ 𝐾ℶ𝐽
ℶ
+(𝑋0) ϖ ϱ𝑋0 ⋜ 𝐾ℶ𝐽

ℶ
+(𝑊0)] 𝐴𝐻 + ,(1)

= 8(𝑊0,𝑋0) + ,(1),  as ℷ  0+. (6.30)

Finally claim (ii) follows from (2.24), (6.29), (6.30), and (6.25), which in particular implies that )
)

(<ℷ,ℏℷ))
)

2
⨎ℷ−⨎ℷ

= 𝑓(ℷ2⌉𝑇+𝜀⌉) as 
ℷ  0+. ⋞

We conclude this subsection by proving Proposition  2.6. We start with a technical lemma.

Lemma 6.8. Under the same assumptions as in Proposition  2.6, the following holds.
(i) 8⟫⟫

⟫

𝑁⨎
⨒ 0 if 1ℶ ε ϖ𝐽 + 2

2𝑇+1 (1 + 2Z) for every ℶ = 1,… , 𝛻.
(ii) 𝑌(𝑊0,𝑋0) ς 𝑁⨎ if 1ℶ ε ϖ𝐽 + 22

2𝑇+1Z for every ℶ = 1,… , 𝛻, with 𝑌 as in (2.37).

Proof. Let ℶ0 be such that 1ℶ0 = min{1ℶ ϑ ℶ = 1,… , 𝛻}.
(i) Let ⋛ ε Z be such that 1ℶ0 = ϖ𝐽+ 2

2𝑇+1 (1+2⋛) ε (ϖ2,2]. If 1ℶ0 ε [0,2] it is easy to see that, letting 𝑅 be as in (2.25), 𝑅 (1ℶ0 ) = 0, 
and so

ϱ𝑊0(⊲ cos(1ℶ0 ), ⊲ sin(1ℶ0 )) ⋜ 𝐾ℶ0 = (ϖ1)⋛+1𝑈
⟩

𝑇 + 1
2

⟪

⊲𝑇ϖ
1
2 ,

ϱ𝑋0(⊲ cos(1ℶ0 ), ⊲ sin(1ℶ0 )) ⋜ 𝐾ℶ0 = 0.

On the other hand, if 1ℶ0 ε (ϖ2, 0),

ϱ𝑊0(⊲ cos(1ℶ0 ), ⊲ sin(1ℶ0 )) ⋜ 𝐾ℶ0 = (ϖ1)⋛𝑈
⟩

𝑇 + 1
2

⟪

cos(22𝑅 (1ℶ0 + 22))⊲𝑇ϖ
1
2 ,

ϱ𝑋0(⊲ cos(1ℶ0 ), ⊲ sin(1ℶ0 )) ⋜ 𝐾ℶ0 = (ϖ1)⋛𝑈
⟩

𝑇 + 1
2

⟪

sin(22𝑅 (1ℶ0 + 22))⊲𝑇ϖ
1
2 .

Let ⋆,𝐿 ϑ 2ℶ0
+  R be non-negative, smooth functions such that 𝐽ℶ0+ (⋆) ⨒ 0, 𝐽ℶ0+ (𝐿) ⨒ 0, and ⋆ ⨌ 𝐿 ⨌ 0 in 2ℶ0

+ ⟥⊳⊲
❳ 1
2ℵℶ0

/

, where ⊲ > 0
is chosen sufficiently small to have ⊲ < 1

2 ⌉ℵ
ℶ0
⌉ and ⊳⊲

❳ 1
2ℵ

ℶ0
/

∇ 𝐺 ℶ
1 = ± for all ℶ ∱ ℶ0. Let

𝑁⋆ ϑ= 𝑍1

⌋

(ϖ1)⋛𝑈
⟩

𝑇 + 1
2

⟪

⨍𝐻ℶ0
1

⊲𝑇ϖ
1
2 𝐽ℶ+(⋆) 𝐴𝐻

⌈ϖ1

⋆,

𝑁𝐿 ϑ= 𝑍2

⌋

(ϖ1)⋛𝑈
⟩

𝑇 + 1
2

⟪

⨍𝐻ℶ0
1

⊲𝑇ϖ
1
2 𝐽ℶ+(𝐿) 𝐴𝐻

⌈ϖ1

𝐿 .

It is possible to extend (𝑁⋆, 𝑁𝐿) to the whole R2 obtaining a pair in 𝑁⨎, still denoted as (𝑁⋆, 𝑁𝐿).
Assume that 1ℶ0 ε (ϖ2, 0). Then, by (2.35),

8(𝑁⋆, 𝑁𝐿) = 𝑍1[(𝜔ℶ0 ϖ 1) cos(22𝑅 (1ℶ0 + 22)) + 𝐴ℶ0 sin(22𝑅 (1
ℶ0 + 22))]

+ 𝑍2[(𝜔ℶ0 ϖ 1) sin(22𝑅 (1ℶ0 + 22)) ϖ 𝐴ℶ0 cos(22𝑅 (1
ℶ0 + 22))]. (6.31)
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If 8⟫⟫
⟫

𝑁⨎
⨌ 0 then, by (6.31) and the arbitrariness of 𝑍1, 𝑍2, we could conclude that

(𝜔ℶ0 ϖ 1) cos(22𝑅 (1ℶ0 + 22)) + 𝐴ℶ0 sin(22𝑅 (1
ℶ0 + 22)) = 0,

(𝜔ℶ0 ϖ 1) sin(22𝑅 (1ℶ0 + 22)) ϖ 𝐴ℶ0 cos(22𝑅 (1
ℶ0 + 22)) = 0.

Hence 𝜔ℶ0 = 1 and 𝐴ℶ0 = 0, which contradicts (2.6) since 𝜀ℶ0 ς Z. If 1ℶ0 ε [0,2] we can argue similarly.
(ii) By (2.31)–(2.32) we have, for every ℶ = 1,… , 𝛻, 𝐽ℶ+(𝑊0) = 𝐽ℶϖ(𝑊0) and 𝐽ℶ+(𝑋0) = 𝐽ℶϖ(𝑋0) on 𝐻ℶ

1 . Moreover 𝑌 ⨌ 1 on 𝐻ℶ
1 for every 

ℶ = 1,… , 𝛻. Hence the condition 𝑌(𝑊0,𝑋0) ε 𝑁⨎, i.e. ℸℶ (𝑌(𝑊0,𝑋0)) = 𝑀ℶ (𝑌(𝑊0,𝑋0)) = 0 for all ℶ = 1,… , 𝛻, would imply that 𝑊0 = 𝑋0 = 0
on 𝐻ℶ

1 for all ℶ = 1,… , 𝛻.
Let ⋛ ε Z be such that 1ℶ0 = ϖ𝐽 + 22

2𝑇+1⋛ ε (ϖ2,2]. By (2.31) and (2.32), either

𝑊0(⊲ cos(1ℶ0 ), ⊲ sin(1ℶ0 )) = (ϖ1)⋛𝑈⊲𝑇+
1
2 , 𝑋0(⊲ cos(1ℶ0 ), ⊲ sin(1ℶ0 )) = 0,

if 1ℶ0 ε [0,2], or
𝑊0(⊲ cos(1ℶ0 ), ⊲ sin(1ℶ0 )) = (ϖ1)⋛+1𝑈 cos(22𝑅 (1ℶ0 + 22))⊲𝑇+

1
2 ,

𝑋0(⊲ cos(1ℶ0 ), ⊲ sin(1ℶ0 )) = (ϖ1)⋛+1𝑈 sin(22𝑅 (1ℶ0 + 22))⊲𝑇+
1
2 ,

if 1ℶ0 ε (ϖ2, 0). In both cases this is a contradiction. ⋞

We are now in a position to prove Proposition  2.6.

Proof of Proposition  2.6.  (i) If 1ℶ ε ϖ𝐽 + 2
2𝑇+1 (1 + 2Z) for every ℶ = 1,… , 𝛻, a direct computation yields that 𝑊0 ⨌ 𝑋0 ⨌ 0 on 

𝐻ℶ
1 for all ℶ = 1,… , 𝛻, in view of (2.31) and (2.32). It follows that 8(𝑊0,𝑋0) = 0 and 𝑌(𝑊0,𝑋0) + 𝑁⨎ = 𝑁⨎. Furthermore, 8 ⨒ 0 in 𝑁⨎
by Lemma  6.8-(i).

Fixing (9,.) ε 𝑁⨎ such that 8(9,.) ∱ 0, we have

𝑃 (𝐶(9,.)) = 𝐶2
2 ⨍R2⟥𝐺1

(⌉ϱ9⌉2 + ⌉ϱ.⌉

2) 𝐴𝜛 ϖ 𝐶8(9,.) < 0

for some small 𝐶. Hence ⨋ < 0, by (2.38) and (2.39). Then, from Theorem  2.5–(ii) it follows that that 4ℷ,70 < 40,70  for sufficiently 
small ℷ.

(ii) If 1ℶ ε ϖ𝐽 + 22
2𝑇+1Z for every ℶ = 1,… , 𝛻, we have ϱ𝑊0 ⋜ 𝐾ℶ ⨌ 0 and ϱ𝑋0 ⋜ 𝐾ℶ ⨌ 0 on 𝐻ℶ

1 for all ℶ = 1,… , 𝛻. It follows that 8 = 0
and consequently ⨋ > 0, by Lemma  6.8-(ii), (2.38) and (2.39). Hence 4ℷ,70 > 40,70  for small ℷ, in view of Theorem  2.5. ⋞

6.4. Convergence of eigenfunctions

The energy estimates proved in Theorem  5.3 and the blow-up analysis performed in Section 6.3 allow us to obtain the following 
blow-up theorem for scaled eigenfunctions and a sharp estimate for their rate of convergence in the ⨎1 −⨎1-norm.

Proposition 6.9. Suppose that (1.8) and (2.17) hold and let (90,.0) be as in (2.19) with 30 as in (2.18) (and (2.3) if 𝜀 = 1
2 ). For ℷ > 0

small, let 3ℷ be an eigenfunction of problem (1.4), associated to the eigenvalue 4ℷ ϑ= 4ℷ,70 , such that the corresponding pair (9ℷ,.ℷ) defined 
in (5.3) satisfies (5.4). Let 𝑇 ε Z be as in Proposition  3.2 with (9,.) = (90,.0) if 𝜀 ∱

1
2 , or as in Proposition  3.3 if 𝜀 = 1

2 . Then, for every 
⊲ > 0, 

ℷϖ⌉𝑇+𝜀⌉(9ℷ(ℷ𝜛),.ℷ(ℷ𝜛))  (𝑊0 ϖ 𝑁< ,𝑋0 ϖ ♭ℏ ) in >1(⊳⊲ ⟥ 𝐺1) −>1(⊳⊲ ⟥ 𝐺1), (6.32)

as ℷ  0+, with 𝑊0 and 𝑋0 being as in (2.31)–(2.32) and (𝑁< , ♭ℏ ) as in (2.38). Furthermore 
lim
ℷ0+

ℷϖ⌉𝑇+𝜀⌉ )
)

(9ℷ ϖ 90,.ℷ ϖ.0))
)⨎1−⨎1

= \(𝑁< , ♭ℏ )\ 𝑁⨐ . (6.33)

Proof. Following the notations of Theorem  5.3, let 𝑔ℷ ϑ= 90 ϖ <ℷ and ℎℷ ϑ= .0 ϖ ℏℷ, where <ℷ,ℏℷ are as in Proposition  4.2. We 
can write the projection operator 𝑗ℷ defined in (5.6) as 𝑗ℷ = 𝑗1

ℷ +𝑗2
ℷ , where, for every (⋆,𝐿) ε 82(𝜍) − 82(𝜍),

𝑗1
ℷ (⋆,𝐿) =

⌋

⨍𝜍
(⋆9ℷ + 𝐿.ℷ) 𝐴𝜛

⌈

(9ℷ,.ℷ), 𝑗2
ℷ (⋆,𝐿) =

⌋

⨍𝜍
(𝐿9ℷ ϖ ⋆.ℷ) 𝐴𝜛

⌈

(ϖ.ℷ, 9ℷ).

We observe that, in view of (5.4),

𝑗2
ℷ (𝑔ℷ,ℎℷ) =

⌋

⨍𝜍
(<ℷ.ℷ ϖℏℷ9ℷ) 𝐴𝜛

⌈

(ϖ.ℷ, 9ℷ),

so that, by Proposition  4.6 and the fact that {(9ℷ,.ℷ)}ℷε(0,1] is bounded in ⨎1 −⨎1, 
\𝑗2

ℷ (𝑔ℷ,ℎℷ)\⨎ℷ−⨎ℷ
= ,()

)

(<ℷ,ℏℷ))
)⨎ℷ−⨎ℷ

) as ℷ  0+. (6.34)
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Estimates (5.8) and (6.34) imply that
)

)

)

𝑗1
ℷ (𝑔ℷ,ℎℷ) ϖ (𝑔ℷ,ℎℷ)

)

)

)⨎ℷ−⨎ℷ
⨏ )

)

𝑗ℷ(𝑔ℷ,ℎℷ) ϖ (𝑔ℷ,ℎℷ))
)⨎ℷ−⨎ℷ

+ )

)

)

𝑗2
ℷ (𝑔ℷ,ℎℷ)

)

)

)⨎ℷ−⨎ℷ

= ,()
)

(<ℷ,ℏℷ))
)⨎ℷ−⨎ℷ

) as ℷ  0+. (6.35)

Furthermore, from (5.10), (6.34), and (2.4) it follows that 
\𝑗1

ℷ (𝑔ℷ,ℎℷ)\82(𝜍)−82(𝜍) = 1 + ,()
)

(<ℷ,ℏℷ))
)⨎ℷ−⨎ℷ

) as ℷ  0+. (6.36)

Letting

(𝑁𝑔ℷ(𝜛), 𝑁ℎℷ(𝜛)) ϑ= ℷϖ⌉𝑇+𝜀⌉(𝑗1
ℷ (𝑔ℷ,ℎℷ) ϖ (𝑔ℷ,ℎℷ))(ℷ𝜛) for every 𝜛 ε 1

ℷ𝜍,

and extending 𝑁𝑔ℷ and 𝑁ℎℷ trivially in R2 ⟥ 1
ℷ𝜍, we have (𝑁𝑔ℷ, 𝑁ℎℷ) ε 𝑁⨎ and

\(𝑁𝑔ℷ, 𝑁ℎℷ)\2𝑁⨐ = ℷϖ2⌉𝑇+𝜀⌉ ))
)

𝑗1
ℷ (𝑔ℷ,ℎℷ) ϖ (𝑔ℷ,ℎℷ)

)

)

)

2

⨎ℷ−⨎ℷ

= ℷϖ2⌉𝑇+𝜀⌉,()
)

(<ℷ,ℏℷ))
)

2
⨎ℷ−⨎ℷ

) = \(𝑁<ℷ, ♭ℏℷ)\2𝑁⨐ ,(1) = ,(1) as ℷ  0+,

in view of a change of variables, (6.35), (6.18) and Proposition  6.7. From the continuity of the operator in (6.6) it follows that 
𝑁𝑔ℷ, 𝑁ℎℷ  0 as ℷ  0+,  strongly in >1(⊳⊲ ⟥ 𝐺1) for every ⊲ > 0. (6.37)

Let 
(𝑛ℷ(𝜛),𝑜ℷ(𝜛)) ϑ= ℷϖ⌉𝑇+𝜀⌉(𝑗1

ℷ (𝑔ℷ,ℎℷ))(ℷ𝜛) for every 𝜛 ε 1
ℷ𝜍. (6.38)

We still denote with 𝑛ℷ and 𝑜ℷ their trivial extensions in R2 ⟥ 1
ℷ𝜍. We have

(𝑛ℷ,𝑜ℷ) = (𝑁<0,ℷ, ♭ℏ0,ℷ) ϖ (𝑁<ℷ, ♭ℏℷ) + (𝑁𝑔ℷ, 𝑁ℎℷ),

with (𝑁<ℷ, ♭ℏℷ) and (𝑁<0,ℷ, ♭ℏ0,ℷ) being as in (6.18) and (6.19), respectively. By (6.23), (6.24) and (6.37) we conclude that 
(𝑛ℷ,𝑜ℷ)  (𝑊0 ϖ 𝑁< ,𝑋0 ϖ ♭ℏ ) as ℷ  0+, (6.39)

strongly in >1(⊳⊲ ⟥ 𝐺1) −>1(⊳⊲ ⟥ 𝐺1) for every ⊲ > 0.
By (5.5), Propositions  4.4, and 4.6 we have

⨍𝜍
(𝑔ℷ9ℷ +ℎℷ.ℷ) 𝐴𝜛 =

⨍𝜍
(909ℷ +.0.ℷ) 𝐴𝜛 ϖ

⨍𝜍
(<ℷ9ℷ +ℏℷ.ℷ) 𝐴𝜛 = 1 + ,(1) as ℷ  0+.

Hence, taking into account also (5.4) and the definition of 𝑗1
ℷ ,

⨍𝜍
(𝑔ℷ9ℷ +ℎℷ.ℷ) 𝐴𝜛 = \𝑗1

ℷ (𝑔ℷ,ℎℷ)\82(𝜍)−82(𝜍),

so that 

(9ℷ,.ℷ) =
𝑗1

ℷ (𝑔ℷ,ℎℷ)
)

)

𝑗1
ℷ (𝑔ℷ,ℎℷ))

)82(𝜍)−82(𝜍)
(6.40)

provided ℷ is sufficiently small. In conclusion, (6.32) follows from (6.38), (6.39), (6.36) and (6.40).
Furthermore, by (6.40), (6.36), and (5.5),

)

)

)

(9ℷ,.ℷ) ϖ𝑗1
ℷ (𝑔ℷ,ℎℷ)

)

)

)⨎1−⨎1
=

⟫

⟫

⟫

1 ϖ )

)

)

𝑗1
ℷ (𝑔ℷ,ℎℷ)

)

)

)82(𝜍)−82(𝜍)
⟫

⟫

⟫

)

)

𝑗1
ℷ (𝑔ℷ,ℎℷ))

)82(𝜍)−82(𝜍)

)

)

)

𝑗1
ℷ (𝑔ℷ,ℎℷ)

)

)

)⨎1−⨎1

= ⟫

⟫

⟫

1 ϖ )

)

)

𝑗1
ℷ (𝑔ℷ,ℎℷ)

)

)

)82(𝜍)−82(𝜍)
⟫

⟫

⟫

)

)

(9ℷ,.ℷ))
)⨎1−⨎1

= ,()
)

(<ℷ,ℏℷ))
)⨎ℷ−⨎ℷ

),  as ℷ  0+. (6.41)

On the other hand, by (6.35),
)

)

)

𝑗1
ℷ (𝑔ℷ,ℎℷ) ϖ (90,.0)

)

)

)

2

⨎1−⨎1
= )

)

(<ℷ,ℏℷ))
)

2
⨎ℷ−⨎ℷ

+ )

)

)

𝑗1
ℷ (𝑔ℷ,ℎℷ) ϖ (𝑔ℷ,ℎℷ)

)

)

)

2

⨎ℷ−⨎ℷ

ϖ 2
❳

(<ℷ,ℏℷ),𝑗1
ℷ (𝑔ℷ,ℎℷ) ϖ (𝑔ℷ,ℎℷ)

/

⨎ℷ−⨎ℷ

= )

)

(<ℷ,ℏℷ))
)

2
⨎ℷ−⨎ℷ

+ ,()
)

(<ℷ,ℏℷ))
)

2
⨎ℷ−⨎ℷ

) (6.42)

as ℷ  0+. Putting together (6.41) and (6.42) we obtain 
)

)

(9ℷ ϖ 90,.ℷ ϖ.0))
)

2
⨎1−⨎1

= )

)

(<ℷ,ℏℷ))
)

2
⨎ℷ−⨎ℷ

+ ,()
)

(<ℷ,ℏℷ))
)

2
⨎ℷ−⨎ℷ

) as ℷ  0+. (6.43)
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Letting 𝑁<ℷ and ♭ℏℷ be as in (6.18), from (6.24) and (6.43) it follows that
ℷϖ2⌉𝑇+𝜀⌉ )

)

(9ℷ ϖ 90,.ℷ ϖ.0))
)

2
⨎1−⨎1

= \(𝑁<ℷ, ♭ℏℷ)\2𝑁⨐ (1 + ,(1)) = \(𝑁< , ♭ℏ )\2𝑁⨐ + ,(1)  as ℷ  0+,

thus proving (6.33). ⋞

Proof of Theorem  2.7.  Let 30 be an eigenfunction of (1.9) associated to 40,70 , with ))30))82(𝜍) = 1, and let 3ℷ be an eigenfunction 
of (1.4) associated to 470 ,ℷ satisfying (2.40). Then, letting 9ℷ,.ℷ be as in (5.3), we have that 9ℷ,.ℷ satisfy (5.4). Letting

𝑁3ℷ(𝜛) = ℷϖ⌉𝑇+𝜀⌉3ℷ(ℷ𝜛), 𝑁9ℷ(𝜛) = ℷϖ⌉𝑇+𝜀⌉9ℷ(ℷ𝜛), and 𝑁.ℷ(𝜛) = ℷϖ⌉𝑇+𝜀⌉.ℷ(ℷ𝜛),

by (2.13) and the fact that ∲(𝜀1…,𝜀𝛻)
1 (𝜛) = ℷ∲(𝜀1…,𝜀𝛻)

ℷ (ℷ𝜛) and 𝑂ℷ(ℷ𝜛) = 𝑂1(𝜛) for every ℷ ε (0, 1], we have

(𝜚ϱ +∲
(𝜀1…,𝜀𝛻)
1 )𝑁3ℷ(𝜛) = ℷϖ⌉𝑇+𝜀⌉+1((𝜚ϱ +∲

(𝜀1…,𝜀𝛻)
ℷ )3ℷ)(ℷ𝜛)

= ℷϖ⌉𝑇+𝜀⌉+1𝜚𝐷𝜚𝑂ℷ(ℷ𝜛)(ϱ9ℷ + 𝜚ϱ.ℷ)(ℷ𝜛) = 𝜚𝐷𝜚𝑂1 (ϱ𝑁9ℷ + 𝜚ϱ 𝑁.ℷ),

and

𝑁3ℷ = 𝐷𝜚𝑂1 (𝑁9ℷ + 𝜚 𝑁.ℷ),

so that (6.32) and again (2.13) with ℷ = 1 yield, for every ⊲ > 0,

(𝜚ϱ +∲
(𝜀1…,𝜀𝛻)
1 )𝑁3ℷ  𝜚𝐷𝜚𝑂1 (ϱ(𝑊0 ϖ 𝑁< ) + 𝜚ϱ(𝑋0 ϖ ♭ℏ ))

= (𝜚ϱ +∲
(𝜀1…,𝜀𝛻)
1 )(𝐷𝜚𝑂1 ((𝑊0 ϖ 𝑁< ) + 𝜚(𝑋0 ϖ ♭ℏ ))) as ℷ  0+ in 82(⊳⊲,C)

and

𝑁3ℷ  𝐷𝜚𝑂1
❳

(𝑊0 ϖ 𝑁< ) + 𝜚(𝑋0 ϖ ♭ℏ )
/

as ℷ  0+ in 82(⊳⊲,C).

We have thereby proved that 𝑁3ℷ  𝐷𝜚𝑂1
❳

(𝑊0 ϖ 𝑁< ) + 𝜚(𝑋0 ϖ ♭ℏ )
/ as ℷ  0+ in >1,1(⊳⊲,C), as stated in (2.41). Finally (2.42) follows 

directly from (2.13) and (6.33). ⋞

7. Open problems and future perspectives

Finally, we discuss some open questions and future perspectives arising from our analysis that we believe may be of interest.
The sum of all circulations being an integer. If the sum of all circulations is an integer number, i.e. }𝛻

ℶ=1 𝜀
ℶ ε Z, the nature of 

the limit operator changes drastically; indeed, in this case, the limit problem (1.9) is equivalent, by a gauge transformation, to the 
Dirichlet eigenvalue problem. We expect an expansion like (2.24) to hold. Instead, a sharper result like the one provided in Theorem 
2.5 seems much harder to prove. Indeed, the failure of a Hardy type inequality prevents us from performing a blow-up analysis as 
in Section 6.3.

More general configurations of poles. In the spirit of [17, Section 8], more general configurations could be considered, 
including the case of many poles on the same straight line through the origin. This will be the object of a future investigation.

Ramification from multiple eigenvalues. In this paper we dealt with simple eigenvalues. In the case of multiple eigenvalues, 
several questions arise, such as asymptotic expansions of eigenbranches, splitting of multiple eigenvalues, and related genericity 
issues. Such problems have been addressed in the recent paper [4] in the case of one single pole with circulation 1φ2. A natural 
continuation of these research projects would be the generalization of the results in [4] to multiple poles of any circulation, which, 
however, poses considerable technical difficulties.
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