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ARTICLE INFO ABSTRACT

Communicated by Enrico Valdinoci This paper deals with quantitative spectral stability for Aharonov-Bohm operators with many
colliding poles of whichever circulation. An equivalent formulation of the eigenvalue problem

glsspcl s is derived as a system of two equations with real coefficients, coupled through prescribed jumps
35840 of the unknowns and their normal derivatives across the segments joining the poles with the
35B44 collision point. Under the assumption that the sum of all circulations is not integer, the dominant
35J10 term in the asymptotic expansion for eigenvalues is characterized in terms of the minimum
of an energy functional associated with the configuration of poles. Estimates of the order of
Keywords: vanishing of the eigenvalue variation are then deduced from a blow-up analysis, yielding sharp
Aharonov-Bohm operators asymptotics in some particular examples.
Spectral theory

Asymptotics of eigenvalues
Blow-up analysis

1. Introduction

Continuing the study initiated in [17], we deal with the problem of spectral stability for Aharonov-Bohm operators with many
coalescing poles. The main novelty of the present paper lies in the generality of the assumptions imposed on the circulations of
poles. Indeed, we do not restrict our attention to the case of half-integer circulations, as done in [17].

Specifically, we study how the eigenvalues of Aharonov—Bohm operators respond to variations in the position of the poles. For
every b = (b;, b,) € R?, the Aharonov—Bohm vector potential with pole » and circulation p € R is defined as

—(x = by) X1 —b
(1 = b2+ (xp = b))% (xy = b)) + (x5 — by)?

A(xy.xy) 1= p ( ) . (x.x) €R?\ (B} 1D
The associated Aharonov-Bohm magnetic field arises when an infinitely long thin solenoid intersects perpendicularly the plane
(x;,x,) at the point b, with the radius of the solenoid going to zero and the magnetic flux remaining constantly equal to p, see [11,12].
The most studied case in the literature concerns half-integer circulations p € % + Z, whose mathematical relevance is related to
applications to the problem of spectral minimal partitions, as highlighted in [14,20,25].

For Schrodinger operators of the form (iV + AZ)Z, with Aharonov-Bohm magnetic potentials as in (1.1), the continuity of
eigenvalues with respect to the pole’s location is established in [15] for a single pole, and in [23] for multiple (possibly
colliding) poles. Starting from this, several papers have delved into determining the precise asymptotic behaviour of the eigenvalue
variation, when the configuration of the poles undergoes small perturbations. In the case of a single moving pole with half-integer
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circulation, [15] identifies a relation between the convergence rate of eigenvalues and the number of nodal lines of the corresponding
eigenfunction. More refined asymptotic expansions for simple eigenvalues are presented in [2], where a pole moving along the
tangent to a nodal line of the limit eigenfunction is considered, and in [3], for a pole moving in any direction. The scenario of a
pole approaching the boundary is addressed in [8,24], while some genericity issues are discussed in [1,10].

Dealing with multiple colliding poles poses additional significant difficulties. Refs. [5,7] consider two coalescing poles (both with
half-integer circulation), moving along an axis of symmetry of the domain, in the cases where this axis is, or respectively is not,
tangent to a nodal line of the limit eigenfunction. The symmetry assumption is dropped in [6], in the case of two poles colliding
at an interior point outside the nodal set of the limit eigenfunction. The recent paper [17] provides an asymptotic expansion of the
eigenvalue variation for Aharonov—-Bohm operators with many coalescing poles; the leading term in this expansion is related to the
minimum of an energy functional, associated to the pole configuration and defined on a space of functions jumping along cracks,
aligned with the moving directions of the poles.

In the aforementioned papers, asymptotic expansions for the eigenvalue variation are discussed only in the case of half-integer
circulations. So far, the case of non-half-integer circulation appears to have been exclusively addressed in [9], where estimates
(rather than the exact asymptotic behaviour) are obtained for a single moving pole.

We consider a bounded connected domain 2 c R? and k poles moving in £ towards a fixed point P € R along straight lines.
It is not restrictive to fix P = 0, so that the moving poles can be rewritten as multiples of « fixed points {a/},_; , with the same
infinitesimal parameter e. Furthermore, since we are interested in asymptotic expansions of eigenvalues as e — 0%, we may assume
that, for some R € (0, 1),

(), xCDrC L
where, for every r > 0, D, := {y € R? : |y| < r}. We consider configurations in which each pole is the only one on the straight
line connecting it to the collision point, i.e. the origin, so that, for every j = 1,..., k, there exist r; > 0 and a/ € (-x, z] such that

ol #af,al #af +xif j# ¢ and
a = rj(cos(af),sin(aj))A (1.2)

For every j=1,...,k and € € (0, 1], let

al =ed.
For every (p', ..., p*) € R¥ and ¢ € (0, 1], we are interested in the multi-singular vector potential
k .
( l’__” k) o ﬂ/
AP ) = Y A (1.3)
j=1 ¢

and the corresponding eigenvalue problem with Dirichlet boundary conditions

1 ky\2
(Al u=su e

1.4)
u=0, on 08,
1 k

where the magnetic Schrédinger operator (iV + AE” """ 79)2 acts as

2 2
(iV + Ai”l““’”k)> u = —Au+2i AE"]’“'”’k) -Vu+ |A§ﬂl““’”k)’ u. (1.5)

It is not restrictive to suppose that
o g7 foralj=1,.. .k (1.6)
; (0',p®) . . (0 40,k 4my) .

since A, is gauge equivalent to the vector potential A, for any n, ...,n; € Z. It follows that the corresponding

Schrodinger operators are unitarily equivalent (see [22, Theorem 1.2] and [23, Proposition 2.2]), and therefore they have the same
spectrum. In the following we assume that

k
p = Zplgz (1.7)
=1

By the gauge equivalence mentioned above, it is not restrictive to suppose that
p € (0,1). (1.8)

By classical spectral theory, problem (1.4) admits a diverging sequence of positive real eigenvalues {4, ,},>; with finite multiplicity.
In the sequence (4, ,},»; We repeat each eigenvalue according to its multiplicity.
As emerges from [23, Theorem 1.2], the following limit problem arises as € — 0*:

(1.9)

(iV+ AN u=au, inQ
u=0, on 012.
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where Ag is as in (1.1) with pole at 0. Also for (1.9), the classical Spectral Theorem provides a diverging sequence of real positive
eigenvalues {4, },en (o) With finite multiplicity, which are repeated in the enumeration according to their multiplicity.
Furthermore, by [23, Theorem 1.2],

the function &+~ 4., is continuous in [0, 1],
so that, in particular,
Sl_if(r)L AE,V! = j'O,n (110)

for every n € N\ {0}. The present paper aims at estimating the vanishing order of the variation 4, , — 4, of simple eigenvalues with
respect to the moving configuration of poles.

The case p; € % + Z discussed in [17] exhibits peculiarities that enable a perspective and an approach not entirely applicable
in the non-half-integer case. Specifically, if p; € % + Z, a gauge transformation allows the problem to be reduced to an eigenvalue
problem for the Laplacian under prescribed jumping conditions on cracks. In this situation, the eigenfunctions can be assumed to
be real-valued and possess an odd number of nodal lines branching off from each pole. However, if p; € R\ (Z/2) for some j,
the eigenfunctions remain complex even after the gauge transformation; moreover, the poles with non-half-integer circulation are
isolated zeroes, see [16, Section 7].

In the present paper, the first step consists in a new equivalent formulation in terms of a real eigenvalue problem. Specifically,
we observe that problem (1.4) is equivalent to a system of two equations with real coefficients, where the unknowns are the real
and imaginary parts of the gauged eigenfunction, see (2.14). Such equations are coupled through prescribed jumps of the unknowns
and their normal derivatives across cracks, directed as the segments joining the poles with the collision point. Moreover, each
eigenvalue’s multiplicity doubles when passing to the new formulation (2.14).

Given such an equivalent formulation, in Theorem 2.3 we derive an asymptotic expansion of the variation of simple eigenvalues
of the form

Aew = Ao = 2E. + L (g, wp) + oIVV, I3, + IVW, Il ;2) as e — 07,

where &, is the minimum, attained by the couple of functions (V,, W,), of an energy functional associated with the configuration of
poles, see (2.23), and L, is a suitable linear functional involving the limit eigenfunction (v,, w,) of (2.14) on the cracks.

A blow-up analysis allows us to identify the asymptotic behaviour of &, and (V,,W,) as ¢ — 0%, thus estimating the vanishing
order of the eigenvalue variation in Theorem 2.5 and obtaining sharp estimates on the behaviour of the eigenfunctions in Theorem
2.7. We observe that detecting the exact vanishing order of 2(€, + L. (vy, wy)), and consequently of 4., — 4, is much more delicate
in the non-half-integer case compared to the half-integer one, as was already the case for one pole [9]. In specific scenarios, the
blow-up result provided in Theorem 2.5 is sufficient to yield the exact asymptotics. For instance, identifying the precise convergence
rate is feasible when the sum of (non-half-integer) circulations of all poles is half-integer, as observed in Proposition 2.6.

The paper is organized as follows. In the next section, we state and discuss the main results. In Section 3, we introduce the gauge
transformation which allows us to obtain the equivalent formulation (2.14) for the eigenvalue problem; furthermore, in Section 3.3
we describe the asymptotic behaviour of eigenfunctions of the limit problem, depending on whether the sum p of the circulations
of all colliding poles is half-integer or not. In Section 4 we derive some preliminary estimates on the quantity &,. Section 5 is
devoted to the proof of Theorem 2.3, while in Section 6 we perform a blow-up analysis, providing precise information about the
asymptotic behaviour of & and (V,_, W,) as € — 0%, as stated in Theorem 2.5, see also Proposition 6.7; the characterization of the
concrete functional space containing the blow-up limit profile is possible thanks to the Hardy type inequality obtained in Section 6.1.
Finally, in Section 7 we briefly discuss some open problems and future perspectives.

2. Statement of the main results

For every ¢ € (0, 1], a variational formulation of problem (1.4) can be given in the functional space

HY“(Q,0) = {(p € H'(2,0) : | e — € LXQ.C) forall j = 1,...,k},
—d
which can be equivalently defined as the completion of
{¢p € H'(2,C0)nC®(L,C) : ¢ =0 in a neighbourhood of a/ for all j =1,...,k}

with respect to the norm

2

k /
2
. 2
lellgeae = <”‘/’”L2<g,<c> HIVelage) * Z} H = L2<g,<c)> ' @D
p=

A deep connection between the space H'(£2,C) and the operator (1.5) is induced by the following magnetic Hardy-type inequality
proved in [21], see also [13] and [16, Lemma 3.1, Remark 3.2]:

2 ¥)|?
/ iV + Aol dx > (min |j—p|) / ""(—)lzdx
D, (%) i€z Db |x — b

-
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for every b€ R? and ¢ € CZ(D,(b) \ {b},C), where D,(b) :={y € R? : |y — b| < r}. In particular, under assumption (1.6), the norm
(2.1) is equivalent to the norm

(

We also consider the subspace

( ) 2 1/2
(lv + Aepl’m’pk ) (4 + ”(p“il(gyc)> N

L2(Q.C2)

H “(2,0) = {(pe H)(2,C) : —re LX(Q,C) for all j = 1,...,k}.

|-—agl

We say that 4 € R is an eigenvalue of (1.4) if there exists an eigenfunction u € HS’E(Q, ©)\ {0} such that

/ (iV + Ai"““*”k)) u- (iV + Ai”l"“’”’f)) pdx = ,1/ ugdx for all g € H(,C). 2.2)
Q Q 0
The limit problem (1.9) is settled in the functional space
@0 ={peHIQ.O): £ (@0}
we say that 1 € R is an eigenvalue of (1.9) if there exists an eigenfunction u € H(;'O(.Q, ©) \ {0} such that

/(iV+Ag)u-(iV+Ag)<pdx=/1/uadx for all ¢ € H)(Q,0).
Q Q

Remark 2.1. We observe that, if p = % and 4 is an eigenvalue of (1.9), the associated eigenspace admits a basis consisting of K-real
eigenfunctions, i.e. of eigenfunctions invariant under the action of the antilinear operator Ku(rcost,rsint) = e/*2N)5(r cost, rsint),
where

k
z o
A== — ol
2 ;"

see [19, Lemma 3.3], [15, Lemma 2.3], and [17, Remark 3.5]. We could use here any other real constant A; this specific choice is
made just to simplify the writing of Proposition 3.3. We note that u is K-real if and only if it satisfies the property
e_i(%+">u(r cost,rsint)is a real-valued function. (2.3)

By a suitable gauge transformation, (1.4) and (1.9) can be reformulated as eigenvalue problems for the Laplacian in domains
with straight cracks. For every € € [0,1] and j = 1, ..., k, we define
¥ ={tdd 11eR), I/ :={1d :1€(~-0,¢]}, S/ :={ta :1€][0,¢]}.

Let

I, =

£

-

J
Fe
J

and H, be the functional space defined as the closure of
{pe H'(Q\T,)=H"(Q\T,,R) : ¢=0on aneighbourhood of 02}

in H'(2\ I,) with respect to the norm ||¢|| HU(Q\L,) = IVoll 2.0\ rt l@ll 12(q)- We observe that H,-functions satisfy the following
Poincaré-type inequality:

/ @rdx < CP/ [Vol?dx, for every ¢ € H,, (2.4)
Q o\,

I3

for some constant Cp > 0 which is independent of ¢, see [17, Proposition 3.2].

By (2.4), the norm
1/2
|Vq;|2dx)

Il o= < /
O\,
on H, is equivalent to [|¢ll ;1@\ r,)- We denote the corresponding scalar product as (-, )y, .
By classical trace and embedding theorems for fractional Sobolev spaces in dimension 1, for every j = 1,...,k and p € [2,+)
there exist continuous trace operators

vl H'@\ ) - L) and ¢/ : H'GI\ ) — LP(3), (2.5)
where, letting v/ := (- sin(a/), cos(a)),

ji . 2. j i . 2. j
zri ={xeR" :x-v >0} and #/ :={xeR”:x-v <0}
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We observe that, for every € € [0, 1], the restrictions to H, of the operators yi and y/ are continuous and compact from H, into
LP(Z/ n Q) for all p € [1, +c0).
For every j = 1,..., k, we define

b; :=cosQrp’), d; :=sinQxp)), (2.6)
and the linear operators
R HI @\ T)X HI®2\ ) > LD, Ro,w) = r0l,0) = briol )+ dirlwl ), 2.7)
P H' RN\ D)X H @\ ) = L), Floy) i=rlwly) = dirl@ly) = birlwl,). (2.8)

which are continuous when H'(R?\ I')) x H'(R?\ I') is endowed with the norm

10wy = 4108 gy, + 191y
For every ¢ € [0, 1], we consider the Hilbert space H, X H,, endowed with the norm

1@ W, = \/llolZ, + Iyl . 2.9)
and its closed subspace

H, = {(p.w)eH, xH, : Rl(p,w)=I(p.y)=0o0n T forall j=1,....k}. (2.10)
Finally, we endow the Hilbert space L*(2) x L?(£2) with the norm

(e, W)”LZ(Q)xLZ(Q) = ||¢||iz(_@) + ”W”iz(!))

and the corresponding scalar product

(((pl!W1)7(¢2’W2))L2(Q)XL2(Q) = /Q((P1¢2+W1‘I/2)dx-

Remark 2.2. It is worth noticing that, if (p,y) € ﬁg, then also (—y, @) belongs to 7?[5 in view of (2.7), (2.8) and (2.10).

For every ¢ € (0, 1] there exists a function

6, iR\ {al 1 j=1,....k} >R

such that
6, € C*(R*\ I),
{V@E can be extended to be in C*(R?\ {a/ : j = 1.....k}) with VO, = AV, @10
see Section 3.2 for the construction of @,. If u € H'¢(£2, C), then letting
v =Re(e ), w :=Im(eCu), (2.12)
we have that (v, w) € 771!6 and moreover, by (2.11),
(V + ALy = 00 (Vo + iVw) in @\ T (2.13)

It follows that, if A is an eigenvalue of problem (1.4), with u € Hé’f(.Q, C) being a corresponding eigenfunction, then the pair
(v,w) € 7716 defined in (2.12) solves the system

—Av = Av, in Q\ I,

—Aw = Aw, in Q\ I,

v=w=0, on 042, (2.14)
Ri(v,w)=I(v,w) =0, on I’ forall j=1,...k,

RI(Vo-vi,Vw-vi)y=I/(Vo-vi,Vw-vi)=0, on I forall j=1,....k.

More precisely, problems (1.4) and (2.14) share the same eigenvalues. Moreover, through the transformation (2.12), every

eigenfunction u of problem (1.4) generates two linearly independent real eigenfunctions of (2.14), given by the couples (v, w) and

(—w, v), with v, w as in (2.12); hence the multiplicity of each eigenvalue of (1.4) doubles when considered as an eigenvalue of (2.14).
An analogous transformation can be made for the limit problem, by means of a function

6y : R\ {0} - R
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introduced in Section 3.2, satisfying

0y € CX([R?\ I),
S v (2.15)
0 -0

VO, can be extended to be in C®(R? \ {0}) with VO, = A
From (2.15) it follows that, if u € H'0(@2,C), v := Re(e="®u), and w := Im(e~*®uy), then (v, w) € H, and
(V + ADu = ie'® (Vo +iVw) in Q\ T, (2.16)

In the following we let

/10’"0 be a simple eigenvalue of problem (1.9) (2.17)
and

u, be an eigenfunction of (1.9) associated to A0, such that ||u0|| 200 = L (2.18)
If p= %, in view of Remark 2.1 it is not restrictive to assume also that u, satisfies (2.3). Let

vy :=Re(e7®uy), and  wy := Im(e"Couy). (2.19)

Then (v, wy) and (=wy, vy) solve (2.14) with ¢ =0 and 1 = 4,,. In particular, if 4, is considered as an eigenvalue of (2.14), it has
multiplicity 2. In general, the limit eigenvalue problem (1.9) and (2.14) with £ = 0 share the same eigenvalues and the eigenspaces
match each other through the multiplication by the phase ¢/®0 and the doubling of the eigenfunctions ¢/® (v + iw) into (v, w) and
(—w,v). See Section 3.2 for details.

Recalling the definition of b;, d; in (2.6), for every ¢ € (0, 1] we define L, : H; X H,; —» R as

k k
L(p.y) = Y\(b; - 1)/j [Voo - VIyL(@) + Vuwg - VY, )l dS - ) d; /j[Vvo Vi) = Vwy - Vv (@)]dS, (2.20)
j=1 S j=1 Se
and J, : H, XxH, > R as
1
Lo =1 [ Vel +1vuPrax - Lo 22
‘Q\Ff
By standard minimization arguments, for every ¢ € (0, 1] there exists a unique (V,, W,) € H, x H, such that

WV, — vy, W, —w)efl,
3 0 3 ‘ 0 3 ~ (222)
T oWy =min{J0.w) : (0,w) € H, x H, and (o~ vp,y — w) € 7L, }
see Proposition 4.2.
Our first main result states that the eigenvalue variation A
terms of the quantities L, (v, w,) and

ey — Ao, admits the following asymptotic expansion, as ¢ — 0%, in

E =T (V. W,). (2.23)

Theorem 2.3. Suppose that (1.8) and (2.17) hold and let (vy, wy) be as in (2.19) with u, as in (2.18) (and (2.3) if p = %). Then

£,

Aoy = Aoy = 2E + Le(wo, o) + oll(Ve, WOl ) a5 & = 0, (2.24)
where &, and (V,,W,) are as in (2.22) and (2.23) respectively.
Remark 2.4. If u, satisfies (2.18), then e/7u, satisfies (2.18) as well, for every r € R. Letting v, and w, be as in (2.19), we have

efuy = (v, + iw,), with v, = vy cos(r) — wy sin(r) and w, = vy sin(z) + wy cos(r). We define L, _, J, ., and &, , as in (2.20), (2.21),
and (2.23), replacing v, and w, with v, and w,, respectively. We observe that

L, (¢, w) = L(pcos(r) + y sin(z), y cos(r) — @ sin(z))
and
Je (@, ) = J (@ cos(r) + y sin(z), y cos(r) — @ sin(7)).

In particular, L, (v,,w,) = L.(vy.wy) and &, = & for all = € R. Hence, the coefficient &£ + L,(vy,w,) appearing in the
expansion (2.24) does not depend on the choice of the eigenfunction u, in (2.18).
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Under assumption (1.8), it is possible to describe the asymptotic behaviour of &, as ¢ — 0" in terms of the vanishing order of v
and w at the collision point 0. In order to do so we define, letting {a/};_; , and {p’};_, _, beasin (1.2) and (1.3) respectively,

k
F@:10.20) 5 R, () = D 0 Harmam®: (2.25)
j=1
where
0, ifte[0,a/ + ),
X @) := ) (2.26)
(o420 {1, if 1 € (o +7,27).
As proved in Proposition 3.2, if p # %, there exist m € Z, f € (0, +), and y € [0, |'"ZT”!7|) such that, as § — 0%,
§7Imlyy (8 cost, §sint) — fcosaf(t) + (m+ p)(y — 1)) (2.27)
and
§7Im+Pl g (8 cost, 8sint) — BsinQa f (1) + (m+ p)(y — 1)) (2.28)
in C17([0.272] \ {a/ + n}j;l,R) for all = € (0,1). On the other hand, if p = %, we choose u, satisfying (2.3), so that, in view
of Proposition 3.3, there exist m € N, g € (0,+0), and y € [0, 2:'%) such that, as 6 — 07,
1
57" 2y (8 cost, 8sint) — fos2rf (1) cos((m + 1)y +1)) (2.29)
and
—m+ 1) . : 1
67" 2wy (8 cost, 8sint) — fsina f (1) cos((m+ 3)(y +1)) (2.30)

in C‘v’([O, 27\ {&/ + 7} f:wR) for all = € (0, 1). We introduce the corresponding homogeneous functions

Im+pl cos(2. - if 1
@Dy(x) = Py(rcost,rsint) = pr 1 cos@rf(e) + (m+ p)(ly 2 o " ’ (2.31)
B2 cos2r f (1) cos((m + I+ 1), ifp= 3>
Im+ol gin(2. — if 1
Wo(x) = Wo(r cost, rsint) = {ﬂ PrTsGEf O+ A )y =), i # 2 (2.32)

B3 sinr f(1) cos((m + 1y +1), if p =

where B, m,y are as in (2.27)-(2.28) and (2.29)-(2.30).
Let us define the functional space

2’

(p.y)e L} ®RHXL) R : ¢,yeH (D, \I) forall r>0,

loc

X = Vo,Vy € LA(R*\ I, R?), (2.33)
Ri(p,y)=I(p,y)=0on I} forall 1 <j<k
and its closed subspace
H:={(¢.v) €X : Ri(p.w)=I/(p.y)=0o0n 5! forall 1 < <k}. (2.34)

We also consider the linear functional
k

LiZ=R Liow) = X (b= 1) [ 1o, vIrlio)+ Ve vrlanlds
Jj=1 ot

k
-4 /1 V&, - Vyi(w) - V¥ - Vyi(@)]dS (2.35)
Jj=1 S
and the quadratic one

= 1
JiRoR I =t / (Yol + 1VyP) dx - Lig.p). (2.36)
2 ]RZ\rl

It is worth noticing that L is actually well-defined in H'(D, \ I') x H'(D, \ I}) for any r > 1.
Letn € Cf"(le) be a radial cut-off function such that
0 < 5(x) < 1 for any x € R?,
n(x)=1if x€ D;, n(x)=0if x € R?\ D,, (2.37)
|Vl <2if x € D, \ D;.

By standard minimization methods, there exists a unique (17, W) € X such that

VW) = n(®,, ¥y € H,

SO - - (2.38)
I W) = min{ T, w) : (9.9) € & and (g, w) — 1@y, ¥y) € 7 |,
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see Proposition 6.6.
A blow-up analysis allows us to study the asymptotic behaviour of the quantities &, and L, (v,, w,) appearing in the expansion
provided by Theorem 2.3, consequently yielding the following more explicit result.

Theorem 2.5. Suppose that (1.8) and (2.17) hold. Let (v,,wy) be as in (2.19), with u, as in (2.18) (and u satisfying the additional
assumption (2.3) in the case p = %). Let m € Z be such that |m+ p| is the vanishing order of v, and w, at 0 as in (2.27)—(2.28)

or (2.29)~(2.30) (with m € N in the case p = 1). Then
() lim,_ g+ e2ImH71E_ = £, where
E:=J(WV,W)and V,W are as in (2.38). (2.39)
QD) Ay = Ao, = 2651 (E + L(®Py, ¥p)) + o(e2™*01) as & — OF, where @, and ¥, are defined in (2.31) and (2.32), respectively.

In the case p = %, it is possible to exhibit configurations of poles such that € + L(®,, %) > 0, and other configurations for which
€+ L(@, %) < 0; in these situations, Theorem 2.5-(ii) identifies the sharp vanishing order of the eigenvalue variation 4, ,, — 4,
as e — 07.

Proposition 2.6. Suppose that p = % Let vy, wy be as in (2.19), with ug as in (2.3) and (2.18), and m,y be as in (2.29)—(2.30). Assume
that k <2m+ 1 and let o/ be as in (1.2) for every j =1,...,k.

@ Ifd €—y+ 2m”+1(1 +27) for every j = 1,...,k, then

£<0 and L(®, ¥, =0.

In particular, A, < Ay, for sufficiently small > 0.

£,1)

(i) If o/ € =y + Zi’ilzfor every j=1,...,k, then

E>0 and L(®y %) =0.

In particular, A, ,, > Ao, for sufficiently small e > 0.

The results of Section 6.3 also give us the following insight concerning blow-up and convergence rate of eigenfunctions.

Theorem 2.7. Let ny € N be such that (2.17) holds. Let u, be an eigenfunction of (1.9) such that (2.18) (together with (2.3) in the case
p= % ) is satisfied. For every € € (0,1], let u, be an eigenfunction of (1.4) associated to the eigenvalue 4, , such that

/ lu|*dx=1 and / ¢~'®e=%0)y, 7 dx is a positive and real number. (2.40)
2 2
Then

Jim, emoly (6 - V(D) — TV +i(Py - W)) ase—0F, (2.41)

strongly in H“(Dr, C) for all r > 0, where @, and ¥, are as in (2.31) and (2.32), respectively, and 17, W are as in (2.38). Furthermore

. —2|m+p -0, Proespi)y, =@y 14 2 — V2 w2
glir(%e [(Arl le iV + A Ju, — e P0GV + Ao)u0| dx = ”VV”LZ(RZ\I"]) + ”VW”L2(]R2\F|)' (2.42)

We observe that, by (1.10) and (2.17), /15,,,0 is simple as an eigenvalue of (1.4), provided ¢ is small enough. Hence, for any
sufficiently small ¢, the eigenfunctions of (1.4) associated to 4, ,, are multiples of a given one. Condition (2.40) identifies, among
all these, the one for which @y, — e~"®u,, see Lemma 5.2.

3. Preliminaries
3.1. Scalar potential functions

For every b = (b, b,) € R?, let §, : R?\ {b} — [0,27) be defined as
0,(b+ r(cost,sint)) =t for all 1 € [0,27) and r > 0.

We observe that 8, € C®(R?\ {(x,,b,) : x; > b, }) and that V8, can be extended to be in C*(R?\ {b}), with V(p8,) = A7 in R2\ {b}.
For every b € R?, a € R, and x = (x, x,) € R?, we consider the rotation R, about b by an angle a, i.e.

Ry, (x) 1= [b‘] +M, [x] _b'] :

by Xy —by
where
cosa —sina
M, =] .
sina cosa
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Letting 6, , := 6,oR,;,, we have

0,,4(b+r(cost,sint)) = a+t for every r >0 and t € [~a, —a +27).
We ozbserve that 6, , is smooth in R?\ {b+r(cosa, —sina) : r > 0} and V6, , can be extended to be in C*(R?\ {b}), with V(pf,,) = A
in R2\ {b).

3.2. An equivalent eigenvalue problem by gauge transformation

For every ¢ € (0, 1], let
0/ =9,

€ a, r—al

forany j=1,...,k,

with o/ as in (1.2). We observe that the function O, defined as
k
0, :R\{d:j=1,..kl >R 6, ::prag
j=1

verifies (2.11).
For € € (0, 1], let A be an eigenvalue of problem (1.4), u € Hé’g(.Q, C) be a corresponding eigenfunction in the weak sense clarified
in (2.2), and v, w be as in (2.12), that is

u=e'% v+iw).
It descends from the definition of O, that (v,w) € 7?[5, see (2.10), and moreover solves the system

/Q\FE(VU Vo +Vw - Vy)dx = A [,(ve + wy) dx,
fg\rt(Vw Vo —Vou-Vy)dx = A [,(we — vy) dx,

for any (¢, y) € ﬁé. Furthermore, in view of Remark 2.2, the two equations of the system above are actually equivalent. We conclude
that (v, w) € H, satisfies

/ (Vv -Vo+Vw- Vy)dx = A/(uq; +wy)dx for all (p,y) € H,, 3.1)
O\I, Q

which is the weak formulation of problem (2.14), as shown directly by integration by parts. On the other hand, if (v,w) € 7715
is a solution of (2.14) in the weak sense given by (3.1), then ¢'® (v + iw) belongs to HS’E(Q, C) and solves (2.2). In conclusion,
problems (1.4) and (2.14) are equivalent, in the sense that they have the same spectrum and every eigenfunction u = ¢'® (v + iw)
of (1.4) corresponds to the two linearly independent eigenfunctions (v, w) and (—w, v) of (2.14).

In the limit case £ = 0, we define

k
0y i R2\ {0} >R, ©,:=) p/o), (3.2)
Jj=1

where 0] = 0y0Rq ;_qi, i-e.
0l (cost.sint) = —a/ + 1+ 7(1 = 2X g4z 0p). 1 €[0,27), (3.3)

with ¥ as in (2.26). As O, satisfies (2.15), arguing as above we have that u € H&‘O(_Q, C) is an eigenfunction of (1.9) associated to
the eigenvalue A if and only if, letting

v:=Re(e®y) and w :=Im(eu),

(v, w) € 770 weakly solves (2.14) with £ = 0, that is

/ (Vo-Vo+Vw-Vy)dx = A/(U(p +wy)dx for all (p,w) € 770. (3.4)
o\l Q

Remark 3.1. Let ¢ € (0,1], u € H"(Q,C), v = Re(e®y), and w = Im(e~®u). Let also £ € H'(2,C), g = Re(e™@0¢), and
h =Im(e~'©¢). By direct computations we have

/ e @00 E gx = / (vg + whydx +i / (wg — vh) dx,
Q Q Q
hence
/(wg—uh)dx:O and /(Ug+wh)dx>0
Q Q
if and only if

/ e71©:=00) £ 4 x is a positive real number.
Q
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3.3. Asymptotics of eigenfunctions of the limit problem

The asymptotic behaviour of eigenfunctions of the limit problem (1.9) depends on weather the quantity p defined in (1.7) is
half-integer or not.

Proposition 3.2. Let p be as in (1.7)-(1.8) and assume that p # % If (v,w) € ﬁo \ {(0,0)} satisfies (3.4), then there exist m € Z,

B €(0,+c), and y € [0, l;fpl) such that, as § — 0%,

s7Im+2ly(5cost, 5 sint) — feosQaf(t) + (m+ p)(y — 1) (3.5)
and

§7Im+2l (5 cost, §sint) — fsinQzf (1) + (m+ p)(y — 1)) (3.6)

in C'7([0.22]\ {@/ + z}/_|.R) for all 7 € (0, 1), with f as in (2.25). Furthermore

5TImPlysy > @ and  5TPlw(s) > ¥ as 6 — 0F, 3.7)
strongly in H'(D, \ I) for all r > 0, where, for all ¢ > 0 and t € [0,27),

@(c cost, o sint) = fol™l cosQr f(1) + (m + p)(y — 1)),

¥(ocost,osint) = fo™*P sinQx £ () + (m + p)(y — 1)).
Finally, there exists a constant C > 0 such that

lo)| < Clx["™*?l and  |Vo(x)| < C|x|"™*1=1 for all x € 2\ I, (3.8)
and

lwx)| < Clx|™*! and  |Vw(x)| < Clx|"™**I=!  fordll x € Q\ T, (3.9

Proof. The function u := ¢/ (v + iw) is an eigenfunction of (1.9) as observed in Section 3.2. Since p # %, by [16, Theorem 1.3,
Section 7] there exist m € Z and a constant ¢ € C \ {0} such that, as 5 — 0%,

87Im+Ply(5 cost, 5 sinr) — ce™ ™ (3.10)
in C17([0,27]) and
§1-Im+rlyy(5 cost, §sint) — ce” ™ ( |m + p|(cost,sint) — im(— sint, cos t)) (3.11)

in ¢%7([0, 2x)), for every 7 € (0, 1). Furthermore, in view of (3.2), (2.25) and (3.3)

k
Oy(8cost,ssint) = pt = 2xf (1) + 7p — Z pPal. (3.12)
j=1

It follows that, as 6 — 0%,
—lmpl . . . i(Zhy Pal=m0) arifay —iemson
8 Pl(v(6 cost, b sint) + iw(S cost, b sint)) — ce \“I=! e e 4 (3.13)

in Cb7([0,27] \ {a/ + ﬂ}j;l) for any = € (0,1). We deduce (3.5) and (3.6) from (3.13) by taking the real and imaginary parts,
respectively. Letting

G5 :=6""*lus) and Y (x)=Y(ocost,osing) = colmtel e,
from (3.10), (3.11), and the Dominated Convergence Theorem it follows that

Viig —» VY  and ;% - % strongly in L?(D,) (3.14)
as § — 0%, for any r > 0. Since u = ¢'® (v + iw), (3.7) follows from (3.14). Finally we can deduce (3.8) and (3.9) from (3.10) and
3.11). O

Proposition 3.3. Let p = % and u € H(;’O(.Q, ©) \ {0} be an eigenfunction of problem (1.9) satisfying (2.3). Let v = Re(e~'u) and
w = Im(e~"®u). Then there exist m € N, p € (0,+c), and y € [0, %) such that
1
57" 2u(8cost,8sint) — foos(2r f(1)) cos((m+ )y +1)) (3.15)
and

5’("”%)14;(5 cost,8sint) — Bsin(2x f (1)) cos((m + %)(y +1) (3.16)

10



V. Felli et al. Nonlinear Analysis 258 (2025) 113813
as 5 - 0" in C17([0,27] \ {o/ + ﬂ}j;],R) for all = € (0, 1). Furthermore

5Dy > @ and 5D wE) - ¥ as s — 07, (3.17)
strongly in H'(D, \ I) for all r > 0, where, for all ¢ > 0 and t € [0,27),

®(ccost,osint) = ﬂo’m+% cos(2z £ (1)) cos ((m + %)(y +1),

¥(ocost,osint) = ﬁa'"Jr% sin2z £ (1)) cos ((m + %)(y +1).
Finally, there exists a constant C > 0 such that

()l < ClxI™>  and Vo] < Clx|™3  forall x € @\ I, (3.18)
and

)] < CIxI™3  and  |[Vw®)| < Clx|"™3  foralx € @\ Iy, (3.19)

Proof. Since u := ¢/ (v + iw) is an eigenfunction of problem (1.9) with p = %, by [16, Theorem 1.3, Section 7] there exist m € N
and (c;,¢,) € C\ {(0,0)} such that, as § — 07,

1
5~ ) y(S cost, Ssint) — ez’ (Cl cos ((m + %)1) + ¢, sin ((m + %)t)) in c*([0,27],C). (3.20)
Furthermore, since u satisfies (2.3), we can rewrite the right hand side of (3.20) as

ﬂe[% e cos((m + %)(y + t))
for some g € (0,+00) and y € |0, %)
By (3.12) it follows that, as § — 0%,
v(6cost,bsint)

1

— Re (ﬁeiz”f(’) Cos((m + %)(y + t))) =y cos(Zzzf(t)) cos((m + %)(y + t))
§m+§

5cost, S si ;
w(L,lsmt) —1Im <ﬂe'2”f(’) cos((m + %)(}/ + t))) = /}sin(27zf(t)) cos((m + %)(y + t))

5m+§

in C7([0,27] \ {a/ + n}jle) for any r € (0, 1), thus proving (3.15) and (3.16). Finally, (3.17), (3.18), and (3.19) can be proved
arguing as in Proposition 3.2. []

4. Properties of &,
Let ny € N\ {0} and u, be an eigenfunction of problem (1.9) associated to the eigenvalue /10,,,0, such that (2.18) (together

with (2.3) if p = 1) is satisfied. Let (vy, wy) € H, be as (2.19).
The linear functional L, in (2.20) is well-defined by the Hoélder inequality. Indeed, by (3.8)-(3.9) and (3.18)-(3.19), for all

j=1,....k, we have
1, mm{1 1 })
1_

on the other hand, if ¢ € H,, then yi((p) S Lq(Sg) for all ¢ € [1,+o0) and j = 1,...,k, by (2.5) and boundedness of s;'. We now
prove that L, € (H; X H,)*, being (}; X H,)* the dual space of H; x H;, providing an estimate of the dual norm.

[Vol, [Vwy| € L”(Sg) for every p €

Proposition 4.1. Let (vy, w,) be as above and let m be as in Proposition 3.2, if p # %, or as in Proposition 3.3, if p = %, with

(v, w) = (v, wy). Then, for every e € (0, 1], the functional L, defined in (2.20) belongs to (H; X H,)* and
1
“Le“(Hlel)* = 0(5‘m+p|_1+;) as e - 0T,

for every p € (1, mm{— —}) In particular, lim, g+ || L, ”(Hlel)* =0.
Proof. For every p € (1, mm{ =, —1), (@.w) € H; xH,, and € € (0, 1], by the Hélder inequality, the continuity of the trace operators
in (2.5), (3.8)-(3.9), (3.18)- (3 195) and (2.20), we have

L)l < Z 16y = (1920l sy 72O 1 59, + 9200 ]| sty 172N 1 s

j=1
k . .
+ A1 (1920l s 172N g5, + 1Vl sty 7@ 5 )
j=1

11
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1

|m+p|—1+
? 1@, w)llag, xre, »

<Ce
where p' = p%l, for some constant C > 0 independent of ¢ and (¢,w). [
For any ¢ € (0, 1], we now consider the minimization problem
inf {JE((p, v) : (p,w) € H, xH, and (¢ — vy, ¥ — wy) € 7715 } R “4.1)

where J, and 77[E are defined in (2.10) and (2.21), respectively.

Proposition 4.2. The infimum in (4.1) is achieved by a unique couple (V,,W,) € H, X H,. Furthermore, (V,, W,) is a weak solution of
the problem

-4V, =0, in Q\ I,
—AW, =0, in Q\ I,

V.=W,=0, on 0%,

RI(V, —vg W, —wy) = I (V, —00. W, —wy) =0, onT! forall j=1,....k
RI(V(V, — 0g) - v/, VW, — wp) - /) =0, onT!forallj=1,.. .k
LV, —vg)- v, VW, —wy) - Vi) =0, onT! forall j=1,....k,

ie. (V.,W,) € H xH,, (V. — vy, W, — w,) € H,, and

/ (VV, -V + VW, - Vy)dx = L(p.w) for all (p.y) € H,. (4.2)
O\TI,

Proof. In view of Proposition 4.1, the functional J, is convex, continuous, and coercive on the closed convex set (v, wy) + 7?[& =
{(pw) € H, X H, : (p — vy, ¥ —wy) € 7715 }. Then, there exists (V,, W,) € (vy, wy) + 77[5 attaining the infimum in (4.1), and hence
satisfying (4.2).

Let (V.. W,) and (V,,. W, ,) both satisfy (4.2), so that

/Q\r (VW1 =Ven) Vo +V(W, 1 —W,5) - Vy)dx =0 for every (p,y) € H,. 4.3
Since (V, | =V 2, W, 1 —W,,) € H,, we may test (4.3) with (Vo1 =Ven. W1 —W, ) and conclude that V(V, | =V, ) = VW, —=W,,) =0
in Q\ I,. From (2.4) we deduce that V, | = V,, and W, | = W, ,, thus proving the uniqueness of the minimizer. []
For every r > 0, let
ne =0 (%), 4.4)
with # as in (2.37).

Proposition 4.3. Let m be as in Proposition 3.2 if p # % or as in Proposition 3.3 if p = 1, with (v, w) = (vg, wy). Let &, be defined

2
in (2.23). Then there exist C, > 0 and, for every p € (l,min{%, 1%p}), C, = Cy(p) > 0, such that

2\m+,]|—2+%

E <Ceml and € > —Cye for all € € (0, 1]. 4.5

In particular, lim,_g+ &€, = 0.
Proof. Let 5, be as in (4.4) with r = £. Then, since (5, vy, 7, W) — Vg, ) € H,,
Je(Ve’ VVe) < Je(r]evov new())

1
< 5/ (V00 + |V w0)?) dx
O\TI'e

k
+ Z//[ij — L Vugllvpl + [Vwgllwo) + 1d; (I Vg llwol + [VuwgllvpD] dS
=1 Js!

5/ AR |w0|2)dx+/ (IVuol? + |[Vwp|?) dx + Ce2lm*el
QnD,, (RNDy )\ I

< ¢, g2l (4.6)

for some positive constants C > 0 and C; > 0 independent of ¢, in view of (2.20), (2.21), (3.8)-(3.9), and (3.18)-(3.19). The first
estimate in (4.5) follows from (4.6).
On the other hand, by (2.21) and (2.23)

Ve Wl sty = Ve Wollyy g, = 260 + 2L (Ve W,) < 26, 4+ 2| L (Ve W)

12
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<28, + 2|\ Lel| g, 0, ¢ 1OV Wl e,
2 1 2
<28+ 2||Lel[ 4, 074, + 3 Ve Wl 504, -
thus implying that
2 1 2
&+ ”Ls”(Hlel)* 2 4 ”(Vs’ VVE)”Hlel 20. (4.7)
The second estimate in (4.5) follows from Proposition 4.1 and (4.7). [

Proposition 4.4. We have (V,,W,) — 0 as € — 0% strongly in H; x H,.

Proof. From Propositions 4.1 and 4.3 it follows that lim,_q+ ||L€||(H1><H1)* = 0 and lim,_y+ & = 0. Hence the claim follows
from (4.7). O

Proposition 4.5. We have &, = o(||(V., W,)||3; spq ) @5 € = OF.

Proof. By (2.21) and (2.23)

1 2
1€ < 5 Ve Wolllsg, e, + I Lell gy 1CVe- Wllz e, -

hence the conclusion follows from Propositions 4.1 and 4.4. []

Proposition 4.6. We have

/Q(Vé2 + W2 dx = o(||(Ve, Woll5, ugr,) 05 € = 0.

Proof. We argue by contradiction, assuming that there exist a positive constant C > 0 and a sequence {¢, },cy such thatlim,_, €, =0,
WV, We,) #(0,0), and

/(Vﬁ +Wo)dx 2 C/ (VV,, P+ 1YW, [P dx. 4.8)
o en " o, n n
Letting, for every n € N,
Ve W,
W= : and Z,:= 2 ,
”(Vgn» VVg”)“LZ(.Q)xLZ(.Q) ”(Vg,,’ VVgn)||L2(_Q)XL2(_Q)

we have

/ Y2+ ZHdx=1 (4.9

Q

and, by (4.8), {Y,},cn and {Z,},cy are bounded in ;. Hence there exist Y € H; and Z € H, such that Y, = Y and Z, — Z weakly
in H; as n — oo, up to a subsequence. Since Y,, Z, € H, for every n € N, by [17, Proposition 3.3] we conclude that Y, Z € H.
Furthermore, in view of (4.9) and the compactness of the natural embedding

H, xH; & LX(Q) x L2(), (4.10)

see [17, Remark 3.1], we have

/(Y2+Zz)dx= 1. (4.11)
Q
Since
vy w ~
Y, - Z, - e€H, forallneN,
< ! ||(Ve,1 I/Ve,,)”LZ(Q)xLZ(Q) ! ||(Ve,1 VVE,,)”LZ(Q)XLZ(Q)> ‘o

we have R/(Y,, Z,) = I/(Y,, Z,) =0 on Fé forevery j = 1,...,k and n € N. Then, by continuity of the operators in (2.5), we conclude
that RI(Y,Z)=I/(Y,Z)=0on Fé for every j=1,...,k, i.e. (Y,Z) € ﬁo.
Let (p,yw) € ﬁo,o, where

7710’0 ={(p,w) € ﬁo : ¢ =0 and y =0 in a neighbourhood of 0}. (4.12)

If n is large enough, then (¢p,y) € flén and L, (p,y) = 0. Hence, testing (4.2) with (¢, w) yields

— -1 —
/Q o X Vo4 VZ, V) = IV Wl g e (020 = O

13
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Passing to the limit as n — oo we conclude that

/ (VY -Vo+VZ Vy)dx=0 (4.13)
O\I,

for every (p,y) € ﬁo,o~ Arguing as [17, Lemma 3.4], one can prove that the space 7:!0,0 defined in (4.12) is dense in 7710. Hence
(4.13) actually holds for all (¢,y) € H,. Then we may test (4.13) with (Y, Z), thus obtaining Y = Z = 0 in view of (2.4), and
contradicting (4.11). [

5. Asymptotic expansion of the eigenvalue variation

For every ¢ € [0, 1], we define the following bilinear form on the space 771E introduced in (2.10):
gt H xH, >R, g ((01.v). (@92.9)) = /\ (Vo - Vo, + Vy, - Vi) dx, (5.1)
Q\I,

i.e. g, is the scalar product associated to the norm (2.9). For the sake of simplicity, we still denote with ¢, the associated quadratic
form

4 T, = 10, 400), 4.0 = /\ Vol + 199D dx = @I, o -
O\, e
By the Riesz Representation Theorem, for every ¢ € [0, 1] there exists a linear and continuous operator F, : 775 - 77[E such that, for
every (@1, y1), (92, ¥,) € H,

4 (Fe(@1. v (02.%2)) = ((@1.w). @2.92)) 12 ai2 () (5.2)

Abstract spectral theory, see e.g. [18], together with compactness of the embedding (4.10), yield the following preliminary result,
see also [17, Proposition 5.1].

Proposition 5.1. Let € € [0, 1] and F, be as in (5.2). Then

(D F, is symmetric, compact and non-negative; in particular 0 belongs to its spectrum o(F,).
(@) o(F)\ {0} = {4y e bpemy 0y, Where p,, = 1/4,, for any n € N\ {0}.
(iii) For any u € R and (p,y) € H,
9. (Fe(@, y) — ulo.w))
4 (@.y)

For some fixed n, € N\ {0}, let u;, and (vy, w,) be as in (2.18) and (2.19), respectively (with the further assumption (2.3) if
p= %). In order to obtain an asymptotic expansion of the eigenvalue variation, we make the additional assumption that

(dist(u, o(F,))* <

Ay = Ao,no satisfies (2.17).

Therefore, by (1.10), also the eigenvalue /15,,,0 is simple (as an eigenvalue of (1.4), double as an eigenvalue of (2.14)) if ¢ is small
enough. To simplify the notations, we will write from now on

A 1= Ay
For ¢ small, let u, be an eigenfunction of problem (1.4) associated to 4, and
v, :=Re(e®My,), w, :=Im(e My, (5.3)

As observed in Section 3, (v, w,) € flg solves (2.14) in the weak sense (3.1) with A = 4,. Furthermore, we choose u, in the only
possible way such that (2.40) holds, and consequently (v, w,) in the only possible way such that

/(u§ +uwhdx =1, /(wg vy — v,wy)dx =0 and /(ug vy + wewg) dx > 0, (5.4)
Q Q Q
see Remark 3.1.

Lemma 5.2. If u, is chosen as in (2.40), so that (v, w,) is normalized as in (5.4), then

v, > vy and w, - w, strongly in H, as e — 0F. (5.5)

Proof. Indeed, testing (3.1) with (v,,w,) we obtain |(v,, w5)||?_[ w31 = A by (5.4). It follows that, thanks to (1.10), {(v,,w)} ..
is bounded in H; x H,. Hence, there exist a sequence {sn},,elé c 0,1) and (v,w) € H,; x H; such that U, >V and Wwe, =~ w
weakly in M, as n — co. By [17, Proposition 3.3, v,w € H,, while Jo@* + whHdx = 1 by [17, Remark 3.1] and (5.4). We have
that Rf'(vgn, wgn) = Ij(ugn, wgn) =0on Fé for every j = 1,...,k and n € N. Then, by the continuity of the trace operators in (2.5),

14
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R/(v,w) = I'(v,w) =0 on F({ for every j = 1,...,k, so that (v,w) € ﬁo. If (p,w) € flo’o, see (4.12), then (¢, y) € 7?[5" for any n large
enough. Hence we may test (3.1) with (¢, y), thus obtaining

/ Vv, -Vo+Vw, -Vy)dx = A, /(UE @+ w, y)dx,
an n n n [ en n

for any sufficiently large n € N. Passing to the limit as n — oo, thanks to (1.10) and the fact that v, — v and w, — w weakly in
H,, we conclude that

/ (Vv-V(p+Vw~V1//)dx=AO/(U(p+wu/)dx,
o\r Q

for every (p,yw) € 7?[(),0. In view of the density of 77[0,0 in 7?[0, see [17, Lemma 3.4], the above identity is actually satisfied by any
(p,w) € ﬁo. Hence (v, w) is an eigenfunction of (2.14) with £ = 0 associated to the eigenvalue A,. Since the eigenspace of (2.14)
with € = 0 associated to 4 is generated by (v, wy) and (-wj, vy), there exist a,b € R such that v = avy — bw, and w = aw + bv,.
Passing to the limit in the second condition in (5.4) yields

0= /(wvo —vwy)dx = /((awo + bvy)vy — (avy — bwy)wy) dx = b/(vg + wg) dx =b,
Q Q Q

so that (v,w) = a(vy, wy). On the other hand, since /Q(v2 + w?)dx = 1, either (v,w) = (vy,wp) or (v,w) = —(vy, wy). Since
lim,,_, o, [ (v, Vo + W, W) dx = [o(vvg + wwg)dx 2 0 in view of (5.4), it must necessarily be (v, w) = (v, wy). Finally by (1.10)
2 2
e w370, = 4 = 40 = @0, w0 l34,a, » @S 7= 00

thus v, — v and w, — w strongly in }; as n — oco. Since the limit is independent from the sequence {¢,},cy, by the Urysonh
Subsequence Principle, we conclude that v, — v and w, — w strongly in H, as e - 0. []

We denote by I7, the orthogonal projection onto the eigenspace of (2.14) associated to the eigenvalue 4,, which is the linear
space spanned by (v, w,) and (-w,,v,), i.e.

m, : [XQ)x LX(Q) - H,,
(@)~ < / (v, + wwgdx)(ug, w,)+ < / o, - rpwgdx)(—wg, 0,). (5.6)
Q Q

Theorem 2.3 is the first claim of the following result, which is obtained using an approach developed in [5], see also [17].

Theorem 5.3. Suppose that (1.8) and (2.17) hold. Then

)'e - ’10 = 2(55 + LE(UO’ wO)) + O(H(VE’ VVE)”;EXHL) ase— 0+’ (5'7)
with V,, W, being as in Proposition 4.2. Moreover, as ¢ — 0%,

||(U0, wo) - (VE: VVg) - ne(UO - Vga wy — VVE)”HEXHé = 0(”(ng I/VE)”HEXHé ) (5.8)

”(U()s w()) - Hg(v() - I/ES wy — WIE)”LZ(!))XLZ(Q) = 0(||(I/E’ VI/S)”HEXHE)’ 5.9

1T (vo = Ve wo = Ws)”iZ(Q)xLZ(Q) =1+o(|(V.. W/E)”fo}l()' (5.10)

Proof. Let Y, := vy — V, and Z, := w, — W,. From the fact that (v, w,) € H,, solves (2.14) with ¢ = 0 and A = Ay, in the sense
of (3.4), it follows that

/ (Voo - Voo + Vg - V) dx = A / (0o@ + wow)dx + L (p.y) for all (p,y) € H,. (5.11)
O\T, Q

From (5.11) and Proposition 4.2 it follows that (Y,, Z,) € ﬁE is a weak solution to the problem

—A4Y, = Ayvg, inQ\T1,,

—AZ, = Jywy, inQ\Tr,,

Y, =Z, =0, on 08,
RI(Y,,Z)=I(Y,,Z)=0, on I/ forall j=1,...,k,

RI(VY, -V, VZ -vi)=(VY, -v,VZ, -vi)=0, onTI! forallj=1,...,k

in the sense that, letting ¢, be as in (5.1),

4. (Yo, Z,). (@, w)) = AO/(UO(p +woy)dx  for all (p,y) € H,, (5.12)
Q
and, equivalently

qg((Yg,Zg)’((p,W))—/10/(YE<P+ZEII/)dX=/10/(Vg(ﬂ+ngI/)dX (5.13)
Q Q

15
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for every (p,y) € 7715. Given (v, w,) as in (5.3) and such that (5.4) holds, let II, be as in (5.6). For € > 0 small, let also
A A, . ns(ysv ZE)
(0, ) 1= .
“Hs (X, Ze)||L2(Q)xL2(Q)

Since (v,,w,) and (-w,,v,) solve (3.1) with A = 4., then (9,,,) satisfies (3.1). Then, choosing (¢,y) = (9,,w,) in (5.13) and
using (3.1) for (9,, w,), we obtain

(5.14)

(A — AO)/(YSﬁE +Z,b,)dx = AO/(VSUO + W) dx + Ag / (V. (0, = vp) + W, (b, — wy)) dx. (5.15)
Q Q Q
We claim that
Ao / Vovg + Wowg) dx = 2E, + 2L, (v, wy). (5.16)
Q
As a simple consequence of (5.16), Proposition 4.6 and the Cauchy-Schwartz inequality we observe that
2&, + 2L (05, wp) = o(||(Ve. Wll3 z¢)  as € > 0. (5.17)
To prove (5.16), we test (5.11) with (¢, y) = (V, — vy, W, —w,) € ﬁe and obtain
/ (Vog - VV, + Vg - VW) dx — Ay / oV, + woW,)dx = L,(V,,W,) = L, (vy, wp). (5.18)
o\, Q
Furthermore we may test (5.12) with (Y,, Z,) = (vy — V., wy — W,), obtaining
/ VW, = v > + VW, = vp)|H dx = A / (vo(vy = V) + wo(wy — W,)) dx.
Q\T, Q
The above identity, combined with (3.4) for 4 = 4, and (v, w) = (@, y) = (vy, wy) € 770, provides
2/ (Vuy - VV, + Vw, - VW,) dx = / (VV >+ VW, > dx + AO/(UOIQ +wyW,) dx. (5.19)
Q\T, QI Q
Claim (5.16) follows from (2.21), (2.23), (5.18) and (5.19). By assembling (5.15) and (5.16) we obtain
(A — ,10)/ (Y 0,4+ Z ) dx = 2(E€, + L (vg, wp)) + Ao /(Vf(ﬁf — )+ W, (10, — wy)) dx. (5.20)
Q Q

To complete the proof, we study the asymptotics, as ¢ — 0%, of each term of (5.20). We divide the remaining part of the proof into
several steps.
Step 1. We claim that

e = Aol = o(|(Ves WLy sy,) @5 € = 0% (5.21)
Let p := Aal and y, := A7!. Since 4, is simple as an eigenvalue of (1.4) and A, — 4, see (1.10), if ¢ is sufficiently small we have

lue — mol = dist(uy, o(F,)), hence

(5.22)

1
4. F Y., Z,) — po(¥,, Zg))> 2

9. (Y. Z,) '
in view of Proposition 5.1. Furthermore, by (5.1) and Proposition 4.4

e = gl = Aol — ol < 2A2dist (g, o (F,) < 222 (

qé(yé,zg>=/10+/ (|vvg|2+|vwg|2)dx—2/ (VV, - Vo + VW, - Vwg) dx = Ay + o(1) (5.23)
Q O\,

I €

as € — 0%, since ”(UO’WO)HLZ(.Q)XLZ(_Q) = 1. By using first (5.2) and then testing (5.12) with F.(Y,, Z,) — uy(Y,, Z,), we obtain

40V 20 = WY 20) = (Ve WO Fol¥e 20 = iol¥e 20))

+<(UO’ w())’ Fg(Yg’ Zs) - HO(YE’ Z£)> - MOqs((Yf’ Zs)’ Fe(Ys’ Zg) - MO(YE’ Zs))

L2(Q2)XL2(2)

=—\V W), F.Y.,Z,)— Y., Z .
<( € e) s( € e) MO( € 6))L2(.Q)XL2(.Q)
Hence, by (2.4), Proposition 4.6 and the Cauchy-Schwarz inequality, we conclude that
1/2
(4 Fe (e Z) = oY, Z0) 2 = 0| (Ve Wl ) 85 € = O (5.24)

Then (5.21) follows from (5.22), (5.23) and (5.24).
Step 2. We claim that

4. (Y, Zo) = (Y, Z,)) = o(|| (Ve Wg)lli,gxﬂg) as e — 0" (5.25)
Let

Uerke) =Y, Z) - O (Y,, Z), and  (7..Y,) = Fo(¥er ko) = b (Xer Ko)- (5.26)

16
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We have

ek €N, = { @y €T, : M (0.w) =0}

= {((p,y/)eﬁ6 : /((pv5+y/w£)dx=/(t//v£—(pwe)dx=0}.
Q Q

Since both (v,, w,) and (-w,, v,) solve (2.14) in the weak sense (3.1), from (5.2) we deduce that F,(¢,y) € N, for every (p,y) € N,.
Hence the operator

F.:=F.| :N.-N

I3

N 3

£

is well-defined. It is easy to verify that fe satisfies conditions (i)—(iii) of Proposition 5.1. Furthermore a(ﬁ) =0o(F,.) \ {4}, so that
there exists a constant K > 0, which is independent of ¢, such that (dist(s,, a(T})))2 > K. Then

00 Z) = 1.0 Z0) = 4o k) < 5 (it 0F) 0 (e k)

1 1
< gqg(ﬂ(n,r«g)—ﬂg(xpl&)) = qu(n«,YE), (5.27)

thanks to Proposition 5.1-(iii) and (5.26). In order to estimate ¢,(y,,Y,), we test by (y,,Y,) both (3.1) and (5.13) satisfied by
I1,(Y,, Z,), thus obtaining

0tk oY) e [ G xYodx = o [ Vor+ WX dsw o =d0) [ v+ 200 d.
Then from (5.2) we deduce that
4 Ye) = 4 (FeXer ko), e, Yo)) = MG (He> K, (Ye, Ye))
= e (0 (Gt K. 00 YD) = 2 (Fulte k), (1 Y2)))

do— 4
0 e /(ygyg +Z.Y,)dx.
AE Q

From the Cauchy-Schwarz inequality, (2.4), and (1.10) it follows that

A
-2 [ g s WX ax-
e JQ

1
(e, Y )2 <C (||(Vé, Woll e@xize) + 14e = 4ol | (Ye Zs)”LZ(.Q)xLZ(.Q)) (5.28)

for some constant C > 0 which does not depend on e. Furthermore, testing (5.13) with (Y,, Z,) we obtain, as ¢ — 0%,
/‘YE2 +Z0)dx—1=- / (V.Y + W, Z)dx +o(1) = o(1), (5.29)
Q Q

in view of Proposition 4.4, (5.23), and (2.4). Hence we can deduce (5.25) from (5.27), (5.28), (5.29), (5.21), and Proposition 4.6.
We observe that (5.8) is also proved.
Step 3. We claim that

[ wf)”LZ(Q)xLZ(Q) = o([|(V,., VVE)”H&xH) as e — 0% (5.30)
In view of (5.14)
.y, Z,)
[T (Y. ZO| 12 @x120)
_ (1Yo, ZO|| r20yxr2) — DWos wo) + (o, wo) — (Y, Z,)

(Vg = D¢, Wy — W,) = (vy, Wy) —

(5.31)
M1,.(Y,, Z) 12 opxi2(@)
Furthermore, by definition of Y,, Z,, Proposition 4.6, (2.4), and (5.25),
[|wo. wo) — M (Y, Z£)||L2(.Q)><L2(Q) < || (wo. wo) = (¥, Z£)||L2(Q)><L2(.Q)
+ Ve, Z0) = (Y, ZO| 2 @erz i) = 0UVes Wollyar,) a8 € = 07 (5:32)

Hence we have proved (5.9). Finally, since ||(vy, wy)|| oxie = b from (5.32) and the Cauchy-Schwarz inequality we deduce
that

2 _ 2 2
||H5(Y57 ZE)”LZ(Q)XLZ(Q) = ||(U()7 wy) — I (Y, ZE)||L2(Q)XL2(Q) + ||(U0, wO)”LZ(!))xLZ(Q)
- 2((1)0’ wy) = I1.(Y,, Z,), (v, wO))LZ(Q)XLZ(Q)
=1+o(||(V,, VVe)”H&ka) ase — 0T, (5.33)

thus proving (5.10). Finally (5.30) follows from (5.31), (5.32) and (5.33).
Step 4. We claim that

/(Yeﬁg + Zab)dx =1+ 0(|(Ve, Wl x0) @€ = 0" (5.34)
. X,

17
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Indeed, by (5.14) we have
((Ye’ Zs)_He(Ye’ Zs)’ Hs(Ys’ ZE))LZ(Q)xLZ(Q)+ ”He(Ye

||H£(Y£, Ze)||L2(Q)xL2(Q)

Hence (5.34) follows from (5.25), (2.4), and (5.33).
Combining (5.17), (5.20), Proposition 4.6, (5.30) and (5.34) we obtain

2
> Zs)”LZ(.Q)xLZ(Q)

/(Yéﬁé + Zab,)dx=
Q

Ae = 4 (1 +o([| (Ve VVE)”HEXHE)) (255 + 2L, (vg, wo) + o(||(V,, VI/“:)”?'IEXHe))
= 26, + 2L, (v, wg) + o|(Ves Wolll3y ) @5 € = OF.

Estimate (5.7) is therefore proven. []
6. Blow-up analysis
In this section, we perform a blow-up analysis, from which it is possible to extract information on the asymptotic behaviour

of & and (V_,W,) as e — 0F. Assumption (1.8) allows obtaining a Hardy-type inequality, necessary to characterize the concrete
functional space where the limit profile is found.

6.1. A Hardy type inequality

Let X and H be as in (2.33) and (2.34), respectively. A Hardy-type inequality in X can be deduced from the following inequality
on annuli D,, \ D,, for couples of functions in the space

X, :={(p.y) : @.w € H'(Dy \ D)\ ). Rl (@.y) = I'(p,y) =0 on I for all j =1,...k}.

Proposition 6.1. Under assumption (1.8), for every r > 0 and (p,w) € 2?,,

2 2
/ %dxsmax{iz,;z}/ (IVol? + |Vy ) dx. 6.1)
Dy\D, x| > (I=p) (D2, \D)\Ip

Proof. By a scaling argument, it is enough to prove (6.1) for r = 1. If (p,y) € 51, then
u =% (g +iy) € H'(D, \ D;,0).

Hence, from [16, Remark 3.2] it follows that

2
/ wdemax{%,;z}/ GV + ADul” dx,
D\D, x| p* (1-p) D,\D,

which can be rewritten as

2 2
/ desmax{iz, — }/ (IVol? + |Vy ) dx.
D\D; x| pr (1-p) (D\D\ I

in view of (2.16), thus proving (6.1) for r=1. J

Since the constant in inequality (6.1) does not depend on r, we may sum over annuli to fill R? \ D, and obtain the following
result.

Proposition 6.2. Under assumption (1.8), for every (¢,y) € X we have

2 2

+
/ %dxgmax{iz, ! 2}/ (Vo) + |[Vy|?) dx. 6.2)
R2\D; |x| p= (1-p) (R2\D\I

Moreover, there exists a constant C, > 0 (depending only on p) such that, for every (p,y) € X,

/ (* +y?) dx < c,,/ Vel + |Vy|?) dx. (6.3)
D, R2\I

Proof. If (p,y) € X then (p,w) € é?, for every r > 1, so that, by (6.1),

[

2 2 2 2
/ d +2W dx=2/ @ +2W dx
R2\D; x| 7207 Done1\Dyn  |X]
[es]
1 1 ) ,
Smax{—,—} / Vol +1VyP)dx
P (1=pp? ZB (Dypa1 \Dyi NI
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o { L b L aver s s
> (1-p) (R2\D)\ I

Inequality (6.2) is thereby proved.
Integrating the identity div((¢? + w?)x) = 2(pV +w V) - x +2(¢> + yw?) on each subset of D, obtained by cutting along the lines
X/ and observing that x-v/ =0 on X/ for all j = 1,..., k, the Diverge Theorem yields

/(<p2+u/2)dxs/ (fp2+w2>dS+/ (Vol? + 1Vy ) dx, (6.4)
D, Dy Di\I;

for every (p,y) € X. Since the trace operator H'((D, \ D;)\ I'}) = L*(@D,) is continuous, there exists a constant C > 0 such that

/ uzngc</ vzdx+/ |Vu|2dx> for all v e H'(D, \ D))\ I}). (6.5)
oD, Dy\D,; (Do\D\I

From (6.4), (6.5), and (6.2) we deduce that

(@ +yPdx<C (/ (¢* +whdx +/ (Vel* + |Vw|2>dx> +/ (IVel* + |Vy|?) dx
D D)\D, (D\D)\ T D\TI'y

2 2

+

340/ %dﬁ(c“)/ (Ve + |Vy|?) dx
D\D; x| Do\ Iy

< (c+1+4cmax {520 - p)*z})/ (IVol* +Vy[*) dx,
RA\I
thus proving (6.3). [

As a consequence of Proposition 6.2, we have that

1
2 2 2
oz =( [, (vol+1vviya)
1

is a norm on X. Furthermore, X is a Hilbert space with respect to the scalar product associated to this norm, and the restriction
operator

X > HY(D,\ I)x H(D,\ T}) (6.6)

is well defined and continuous for all r > 0. This, together with the continuity of the trace operators in (2.5) ensures that

J 2 J 2
L@, o + LI,
sup \{(0,0)} - < +o0 6.7)
(p)eX @, wll5
forall pe[l,+)and j=1,...,k.
Remark 6.3. Let
flc = {(p,w) € H : there exists r > 0 such that =y =0inR?\ D,} (6.8)

Proceeding as in [17, Proposition 6.3], one can prove that 7, is dense in 7.

6.2. The asymptotic behaviour of &,

In this subsection, we prove an equivalent characterization of the quantity &, introduced in (2.23) and use it to prove an optimal
estimate for |&,| as e — 0T, thus refining the estimates obtained preliminarily in Proposition 4.3.

Proposition 6.4. Let #, be as in (4.4) with r = €. Then, for every ¢ € (0, 1],

1
& = 5/ (Vo) + V(m,we)|?) dx — L, (05, wg)
O\

2
(Jonr, (V0 - VO,00) + Vur - VOn,wg) dx — L)

1
L (6.9)
2 owei, Jorr, Vol + 1V [?) dx
(@w)#(0,0) €
Proof. Since (¢, y) — (vy, wy) € 77[5 if and only if (¢, w) — n,(vg, wy) € 77[5, by (2.23) we have
&= inf_ J ((o,w)+n.(vy,wp)) = inf_ (inf J (1o, y/)+n5(vo,wo))>. (6.10)
(p.y)EH, (“’"")f(g’g) 1€R
(@.y)#(0,
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Furthermore, thanks to (2.21),

2
I (Ho.w) + n.(vg, wp)) = ’5 /W (Vol* + V[P dx +1 (/W (Vo - V(n.vp) + Vy - V(5wy)) dx — L (@, u/)>

1
+1 / (V0 00) + 1V (ret00)?) dx — L (v w).
Q\I,

Hence, for any (¢,y) € H, \ {(0.0)},
(s, (Vo V.00 + Vo - Vo) = L.

2 Jor, Vol +1Vy?) dx

lnf J, (t(fp, v) + 1. (0, wo))
1
3 [ VO + ) P ax = LGy o)
O\l
so that (6.9) follows from (6.10). []

As a consequence of (6.9) we obtain the following improvement of the estimate on &, obtained initially in Proposition 4.3.

Proposition 6.5. Let m € Z be as in Proposition 3.2 with (v, w) = (vy, wy) if p # %, or as in Proposition 3.3 if p = % Then

& =0@EHmrly  as e - 0% (6.11)

Proof. Thanks to Proposition 6.4 and the Cauchy-Schwartz inequality we have

IL (. w)I” 3
€< sup Ty +3 / (Ve ve)* + V(e wo)l?) dx + | L, (vg, wp).- (6.12)
(pw)eH, /Q\r (IVol |VW| )dx \Ip

(Pu)#(0.0)

In view of (2.20), Propositions 3.2 and 3.3

/Q\ruvmgvon%|V(ngwo)|2>dxs2/ |Vng|2<u§+w§>dx+2/ 1 (V002 + Vi) dx
0

Dy Dy \Ip
= 0(@2m*rly ase - 0F, (6.13)
and
|L, (09, wy)| = OEX™?) as e - 0. (6.14)
It only remains to estimate the first term in the right hand side of (6.12). To this aim we notice that, fixing any p € (1, rrun{ ! lp 1)
and letting p’ by a change of variables, (6.7), and the fact that 7 c X,
|I7f+(rp)ll2 I @l?,
s/ L' (sh
sup_ > Lr(so) < £2/7'su —2 = O(ez/”/) (6.15)
(paw)EH, f_@\r (IVel~ + |VW| )dx wweit (@, ll/)”(;é
(@.y)#(0,0) (@.y)#(0,0)

as € - 0%. From the Holder inequality and Propositions 3.2 and 3.3 it follows that

j 2 2
(Jg IVuolirilds) ; @I, o
sup_ > < [Vool”dS | sup. 3
((FV/)EHE /_Q\]" (IVel* +|Vw|*) dx ! (w)eﬂs /Q\F (IVol* + |Vy|») dx
(@, (@.y)#(
I @2,
_ O(£2Im+ﬂl—2+% . L'(s) = O(2Im+oly
()t /_Q\r (IVol” + |VW| )dx
(@.y)#(0,0)

as € —» 0%, where we used (6.15) in the last estimate. Similarly, we can prove that

; 2
J
(Jg IVeollriwtas)
su = 0™y ase - 0%,

wweic Jonr, (VoI +|Vy]*) dx
(@.y)#(0,0)

(fsf [VewollyL(e)] ds)

wwee Jonr, (VoI +|Vy]*) dx
(@.y)#(0,0)

=02y ase - 0%,

(Jg 1Vl wlas)’

W Jorr, (VoI +|Vy]*) dx

(@a#0.0)

=02y ase - 0F.
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By the definition of L, in (2.20) we conclude that
L. (p.9))?
su ! ((2” 2l = 0™y ase - OF. (6.16)
()M, fg\,— Vol + |Vy|*) dx
(@.y)#(0.0)

By combining (6.12), (6.13), (6.14), and (6.16), we finally obtain (6.11). []

6.3. The blow-up analysis

To perform a blow-up analysis that provides sharp information about the asymptotic behaviour of &, as e — 0%, a crucial initial
step lies in identifying the profile that emerges as the limit of an appropriate scaling of the family {(V,, W,)},. Such a limit profile
turns out to be precisely the solution to the minimization problem (2.38), whose existence and uniqueness are proved in the following
proposition.

Proposition 6.6. There exists a unique solution (17, W) € X to the minimization problem (2.38). Furthermore (17, VI~/) satisfies
V. W) = n(@,. %) € H,
/]RZ\F[(VV Vo + VW -Vy)dx = L(p,y) forevery (o,w)€H,

with L and 5 being as in (2.35) and (2.37), respectively.

(6.17)

Proof. In view of (2.31) and (2.32), |V®,|, |V¥,| € L”(S’) for every p € [1, mm{—, - }) and j =1,..., k. Hence the linear functional
L in (2.35) is well-defined and continuous, thanks to the continuity of the trace operators in (2. 5) In particular, the functional J
defined in (2.36) is contlnuous, convex and coercive on the closed, convex set {(¢,y) € X (@, w)—n(®y, ¥y € H} Therefore (2.38)
admits a minimizer (V W) € X that solves (6 17).

To prove uniqueness, we assume that (V;, W,) and (¥,, W,) are both solutions of (6.17). Then (V, — ¥, W, — W,) € H, and hence
we may test the difference between (6.17) for (V,.W,) and (6.17) for (V,, W,) with (V, — V,, W, — W,). It follows that ¥, = V5 and
W, =W, by (6.2). [

The next step consists in considering a scaling of the functions V,, W, with a factor determined by the optimal estimate on &,
obtained in Proposition 6.5. To this aim, let m € Z be as in Propositions 3.2 or 3.3 for (vy, wy). For every € € (0, 1], letting (V,, W,)
be as in Proposition 4.2, we define

V.(x) i= ey (ex),  Wo(x) = e ™ (ex), (6.18)
170_5(x) = g7l (ex), PWdO’g(x) = el (ex). (6.19)

We still denote by V., W., 170’5, WOJ their respective trivial extensions in R? \ %Q. Then

VoW, Vo Wo ) €X  and (V= V.. W, - W) € H. (6.20)
By a change of variables and (4.2), for every (¢, w) € H such that ¢ =y = 0 in R? \ %.Q we have

k
Lo TS ST Iy dx = T, =0 [ I, )+ VI, i was
I Jj=1 1

k
-4 /,WVO,E'W L) = VW, V7l (@)]dS. (6.21)
£ s
In particular, (6.21) holds for every (p,y) € ﬁc (see (6.8)) provided ¢ is sufficiently small. Furthermore, letting @, and ¥, be as
in (2.31) and (2.32) respectively, Proposition 3.2 in case p # %, or Proposition 3.3 in case p = %, imply that
VW) -V = Va@u(x) -V and VW (x)- v/ — V¥ (x)-v/ ase— O
for every x € S{ and j =1, ..., k. On the other hand, Propositions 3.2 and 3.3 imply
IVVpel < Clx™#=! and  [VW, | < Clx|"™1=1 in B2\ 1y,
. . Ll
In particular, for every j=1,...,k and p € (1,m1n{p, 1_p}),
VW v, VW, -V € LP(S)).

By the Dominated Convergence Theorem, we conclude that

VW v/ > V@ -V and VW, v/ - V¥ v/ in L7(S)) (6.22)
as e > 0%, for all p € (1, min{ /'—), +p}) and j = 1,..., k. Finally, in view of Propositions 3.2 and 3.3, we know that, for any r > 0,
Voo = @) and W,, - ¥, in H'(D,\Iy), ase— 0" (6.23)
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The following blow-up result ensures the convergence of the scaled family {(Vé, Wg)}g, defined in (6.18), to the non trivial profile
(V, W), introduced in Proposition 6.6.

Proposition 6.7. Let m € Z be as in Proposition 3.2 with (v, w) = (v, wy) if p # %, or as in Proposition 3.3 if p = % For every e € (0, 1],
we consider the pairs (V,, W,) as given in Proposition 4.2, and (Vs, Wé) as defined in (6.18). Then

(Vé, Wg) - (V,W) stronglyin X as e » 0%, (6.24)
where (V, W) is as in Proposition 6.6.
Proof. By (6.18), a change of variables, (2.23), (2.20), Propositions 6.5, 3.2, 3.3, the Holder inequality, and (6.7), we have
I, Woll% = / AT+ 19,1y dx = 20 |V WOl
R2\T;

= 2e7 A (L (V,, W) + £,)

< 0(1) +4e=2m Z/ (Vo 1Vl + [V 7D S
k . .
272l 3 [ (9l Low1 + ol ds
j=1 Sz/

<0(1>+0<1>Z/ "™ (L Vol + I (Wl d S

<o)+ OV, Wolly ase— 0" (6.25)

We conclude that {( W)}EE(O 1 is bounded in X. Hence, for any sequence £, — 0%, there exist a subsequence still denoted by
{e,}her, and (VW) € X such that (¥, ( W) - (V, W) weakly in X as n — co. Since V —n@y, W —n¥,) € H by (6.20) and (6.23),
we deduce from (6.21), (6.23), and the density of H in H (see Remark 6. 3) that (V, W) solves (6.17). Hence, by uniqueness of the
solution of (6.17) proved in Proposmon 6.6, we conclude that (V, W) = (V W)

Furthermore, since (V — ndy, w - n¥,) € H, we may test (6.17) with W - ndy, w- n¥,) € H, thus obtaining

/ AVPL + IV dx =/ [VV - V(n®,) + VW - V(¥,)] dx
R2\ T R2\I

k
+ (b= 1) /j[v¢0 VYLV = n®g) + V¥ - ViYL (W — )1 dsS
Jj=1 S

k
-4 /S VOV (W = i) = VW vy (V = n®o)] dS. (6.26)
J 1
On the other hand, testing (6.21) with (V£n - ’7170,5,,a I/FVSH - nI/FV(M) yields

~ 2 ~ 2 ~ ~ ~ ~
/ AVVe, I + VW, | )dx =/ [VV, - VVoe,) + VW, - VW, )ldx
R2\T; R2\T;

k

+ ;- 1) /S Voo, VIV, = Vo) + VW, Vi, =Wy, )1dS
j 1
k

-4 /S ) (VVoe, VW, —aWoo )= VW, -Viyi(V, —nVy, )]dS. (6.27)
j=1

Taklng into account (6. 26), (6.27), (6.22), (6.23), the continuity of the trace operators in (2.5), and the weak convergence of
(V W ) to (V W) in X we conclude that

~ 2 ~ 2
/ (|VV| +|VW| )dx = hm (VV, | +|VW, | )dx.
R2\TI © JRA\I, " "

This proves (6.24), taking into account the weak convergence (Vsn, FI/VSH) - (V, W) in X and the Urysohn Subsequence Principle. []

With Proposition 6.7 established, we are now ready to prove Theorem 2.5.

Proof of Theorem 2.5. By (2.20), (2.23), (6.18), (6.19), and a change of variables, we have
k
— 1 ~ 2 ~ 2 ~ L~ —
€ 2|m+p|56 — 3 /Rz\r (VV." + VW, )dx — Z(b/ - 1)/SJ[VV0’E ~vfyi(V£)+VWog v!y (W)]dS
1 j=1 f
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k . .
+ Y, /,- (Ve - VrL (W) = VW, - ViYL (V)1dS. (6.28)
Jj=1 S
In view of (6.22), (6.24), and the continuity of the trace operators in (2.5), we may pass to the limit in (6.28), as ¢ - 0%, and

conclude that

k

~2 ~ 2 A L~
lim e~2m*rle, = 1 (VVI + VW] )dx — 2 (b; =1 [ (V& VyL(V)+ V¥ - VIy,(W)ldS
-0t 2 ]Rz\ﬂ = J S{ +

k
+Yd /,[wpo VLW = V¥ -V (N)]dS = €. (6.29)
=S
Hence we have proved (i). Furthermore, by (6.19), (6.22) and (6.23),

k
7ML (0o, wp) = Z(bj - 1)/Sj[v1/0£ VYL Vo) + VW, V(W )1dS
Jj=1 1

k
- Y4 //[V%E AL W g) = VW - VIyL(V p1dS
Jj=1 S

k
=Y - 1)/j[v<z>0 VYL ®g) + V¥ - VYL (P dS
J=1 S

k
— de //[V(DO . vjyfr(’i’o) - V¥, - vjyfr(d)o)] dS +o(1)
Jj=1 5

= L(@,¥,) + o(1), as ¢ — O*. (6.30)

Finally claim (ii) follows from (2.24), (6.29), (6.30), and (6.25), which in particular implies that ||(V,, W£)||§{ . = O(2!m*rly as
e—=0". O o

We conclude this subsection by proving Proposition 2.6. We start with a technical lemma.

Lemma 6.8. Under the same assumptions as in Proposition 2.6, the following holds.

10) L)ﬁ 20if o/ € —y + T2 (1 +27) for every j =1,.... k.
2r

(i) n(®y,¥y) & H if o) € —y + 57~ for every j =1,.....k, with 5 as in (2.37).
Proof. Let j, be such that /0 = min{e/ : j =1,...,k}.

(i) Let # € Z be such that a/0 = —y + Zn::-l (14+2¢) € (—r, ). If /0 € [0, ] it is easy to see that, letting f be as in (2.25), f(a/0) = 0,
and so

. . . 1
V@, (r cos(a’®), rsin(al0)) - vio = (=1)"*1p (m + %) Mz,
V¥ (r cos(a’0), rsin(a’0)) - vI0 = 0.
On the other hand, if a/o € (-x,0),

1
V@, (r cos(a0), rsin(@i0)) - vio = (=1)¢ (m + %) cos2r f (a0 + 272,

1

V¥, (r cos(al0), rsin(ai0)) - vio = (—1) g (m + %) Sin7 f (a0 + 2m)" 3.

Let @,y : ;rfr“ — R be non-negative, smooth functions such that yf) (p) £0, yf’ w)#0,and ¢ =y =0 in ni" \ D,(%a jo)’ where r > 0
is chosen sufficiently small to have r < %laff)l and D,(%ajo) Nnr, 1’ =@ for all j # j,. Let

-1
7 i=c ((—1)"/1 (m+1) / N r’"‘iyiw)dS) 2
Sl
-1
~ . 4 1 m-%
= <(—1) p(m+ 5)/Sj0r zmp)dS) v.
1

It is possible to extend (@, %) to the whole R? obtaining a pair in H, still denoted as (@, p).
Assume that a/o € (—z,0). Then, by (2.35),
L@, §) = ¢1[(b;, = 1) cos2x fao +2m)) +d , SN2z (@ +21))]
+ ¢l(b;, — 1)sinQx f (a0 +27)) — d; cosz f (a0 + 27))]. (6.31)

23



V. Felli et al. Nonlinear Analysis 258 (2025) 113813
If L 7= 0 then, by (6.31) and the arbitrariness of ¢, ¢,, we could conclude that

(bj, = D cos2x f(@ +2m) +d o SInQm f@ +2m) =0,
(bj, = Dsin(2z f(@ +2m)) — d; cos2n f (a0 +27)) = 0.

Hence b 0 =1 and d 0 = 0, which contradicts (2.6) since gfo ¢ 7. If a0 € [0, 7] ‘we can argue similgrly. ‘

(ii) By (2.31)—(2.32) we have, for every j=1...k 171(@g) = v (@) and y; (¥,) = v/ (¥p) on S/. Moreover 5 = 1 on S; for every
j =1,...,k. Hence the condition n(®,,¥,) € H, i.e. RI(n(@y,¥y)) = I/ (n(®y,¥,y)) =0 for all j = 1, ..., k, would imply that &, = ¥, =0
on S{ forall j=1,...,k.

Let # € Z be such that a/o = —y + 2::1 ¢ € (—z, x]. By (2.31) and (2.32), either

@ (r cos(al0), rsin(al0)) = (=1)¢ ﬁr'"‘f%, Wy (r cos(a’0), rsin(al0)) = 0,
if a/0 € [0, 7], or
@ (r cos(a’0), rsin(a/0)) = (=1)’*! fcos2x f(a/0 + 2;;))/”*%,
¥, (r cos(a’0), rsin(a0)) = (=1)°*! g sinQz f (a0 + zn))r"”% ,
if a/0 € (—x,0). In both cases this is a contradiction. []
We are now in a position to prove Proposition 2.6.

Plfoof of Proposition 2.6. (i) If o/ € —y + 2njr+1 (1 +2Z) for every j = 1,...,k, a direct cornputagion Zields that @, =¥, =0 on
Sf for all j =1,...,k, in view of (2.31) and (2.32). It follows that L(®,,¥,) = 0 and n(®,,¥;) + H = H. Furthermore, L # 0 in H
by Lemma 6.8-(i).

Fixing (v, w) € H such that L(v,w) # 0, we have

2
J(t(0, w)) = ’5/2\ (Vo]? + |Vw|?) dx — tL(v, w) < 0
R2\TI

for some small ¢. Hence £ < 0, by (2.38) and (2.39). Then, from Theorem 2.5-(ii) it follows that that A
small e.

() Ifa/ € -y + 2;’;12 for every j =1,...,k, we have V&, -v/ =0 and V¥,-v/ =0 on S{ forall j =1,...,k. It follows that L =0
and consequently £ > 0, by Lemma 6.8-(ii), (2.38) and (2.39). Hence 4,, > A0, for small ¢, in view of Theorem 2.5. [

ey < 4o, for sufficiently

£,n
6.4. Convergence of eigenfunctions

The energy estimates proved in Theorem 5.3 and the blow-up analysis performed in Section 6.3 allow us to obtain the following
blow-up theorem for scaled eigenfunctions and a sharp estimate for their rate of convergence in the H, x H,-norm.

Proposition 6.9. Suppose that (1.8) and (2.17) hold and let (v, w,) be as in (2.19) with u, as in (2.18) (and (2.3) if p = %). Fore >0

small, let u, be an eigenfunction of problem (1.4), associated to the eigenvalue 2, := 4, ,, such that the corresponding pair (v,, w,) defined

in (5.3) satisfies (5.4). Let m € Z be as in Proposition 3.2 with (v, w) = (vy, wy) if p # %, or as in Proposition 3.3 if p = % Then, for every
r>0,

1w (ex), w(ex) » (@ = V. Wy = W) in H'(D\T)x H'(D,\T). (6.32)
as £ — 0%, with @, and ¥, being as in (2.31)—(2.32) and (17, W) as in (2.38). Furthermore

lim g~ lm+el I, = vg, w, — wo)”Hlel =V, W)HAN,. (6.33)

e—0F

Proof. Following the notations of Theorem 5.3, let Y, := v, — V, and Z, := w, — W,, where V,, W, are as in Proposition 4.2. We
can write the projection operator 17, defined in (5.6) as IT, = IT! + IT2, where, for every (¢, y) € L*(2) x L*(Q),

(e, y) = </Q(fﬂvg +wwg)dX>(ve,wg), (e, y) = (/Q(wvg - (ng)dx>(—wpvf)~
We observe that, in view of (5.4),

nxy,.z,)= (/Q(Véwé - WEUE)dX>(—que),
so that, by Proposition 4.6 and the fact that {(v,,w,)}.cq,; is bounded in H, x Hj,

T2 (Yo, ZOls e, = ol (Ve Wolly g, as € = OF. (6.34)
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Estimates (5.8) and (6.34) imply that

|l zo -z

s S (e Z0) = Ve, Z0) |y, + ”HSZ(YE’ZE)

H,x H xH,

= o(|(Ves Wollzgsae,) @5 € = 07 (6.35)
Furthermore, from (5.10), (6.34), and (2.4) it follows that
Y, ZON 2oz = 1+ 0|V Wolllyy gr) 25 € = OF. (6.36)
Letting
Yo (x), Z,(x) 1= e ™PIUIN(Y,, Z,) = (¥, Z))(ex)  for every x € 10,

and extending Y, and Z, trivially in R? \ %Q, we have (Y., Z,) € H and

~ ~ 2
7 2 -2 nl 7 7
“(Yea g)“(‘j =& i ” g(Yea e)_(Yes 5)

H xH,
= e 20| (Ve Woll3srg,) = 17 Wolly o)) = o(1) a5 € — 0%,

in view of a change of variables, (6.35), (6.18) and Proposition 6.7. From the continuity of the operator in (6.6) it follows that
)75, Z — 0 ase— 0", strongly in H](D, \ I) for every r > 0. (6.37)
Let
(Fo(x), Go(x)) 1= 7™l (T(Y,, Z,))(ex) for every x € 59. (6.38)
We still denote with F, and G, their trivial extensions in R? \ é.Q We have
(FerGo) = Vs Wo) = Vs W) + (Y. Z,),
with (IZ, Wé) and (170_6, Wo,e) being as in (6.18) and (6.19), respectively. By (6.23), (6.24) and (6.37) we conclude that
(F..G)— (B, -V, Wy - W) ase— 0", (6.39)

strongly in H'(D, \ I'}) x H'(D, \ I') for every r > 0.
By (5.5), Propositions 4.4, and 4.6 we have

/(ngE +Zw,)dx = /(UOUE +wyw,) dx —/(Vsus +W,w,)dx=1+0(l) ase—0".
Q Q Q
Hence, taking into account also (5.4) and the definition of IT 51,

/(Yevs +Zw)dx = ||H61(Y£, Z) 12 oxr2(0)
Q

so that
nm\w,,z
(Ve W) = e Z0) (6.40)
|7y, zo)| L2(Q)XL2(R)
provided ¢ is sufficiently small. In conclusion, (6.32) follows from (6.38), (6.39), (6.36) and (6.40).
Furthermore, by (6.40), (6.36), and (5.5),
1720 20
‘(UE’%)_H;(YE,ZS) _ : LA@XIA() ”HEI(YE,ZE)
HixH, ||H£ (¥, Zs)”LZ(.Q)xLZ(.Q) HixHy
= |1 B HHEI(YE’ Zo) L2(_Q)><L2(_Q)‘ ”(UE’ wf)”H]XH]
= o(|(Ve: Wollys)» a5 € = O (6.41)
On the other hand, by (6.35),
1 2 2 1 2
|l zo = oo, = 10V Wolly s, + || 1V Z0 = 0 20,
= AV W I (Y. Z) = (Y. Z0)) 3y
= Ve Wl s, + oV W30, 6.42)
as € — 0. Putting together (6.41) and (6.42) we obtain
e = vo. e = w510, = NVes Wllsg s, + 0V Wolly ) 85 € = O (6.43)
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Letting 175 and f/IV/E be as in (6.18), from (6.24) and (6.43) it follows that
e 2m (0, = v, 10, = w3700, = 1V WlIR(1 +0(1) = IV W +0(1)  as € — 0%,

thus proving (6.33). [J

Proof of Theorem 2.7. Let u, be an eigenfunction of (1.9) associated to Ay, , with ||ug||;2, = 1, and let u, be an eigenfunction
of (1.4) associated to 4, , satisfying (2.40). Then, letting v,,w, be as in (5.3), we have that v,, w, satisfy (5.4). Letting

ny.€

—|m+p|

U (x)=¢ u (ex), D (x)=e "l (ex), and @, (x) = " lw, (ex),

by (2.13) and the fact that A(l”' ) () = eAi"‘ P8 (ex) and O,(ex) = 0,(x) for every ¢ € (0, 1], we have

(Y + AV PN () = €MLY + AP, ) (ex)

= gTImHPH1 IO vy 4 iV, )(ex) = ie'®1(VD, +iViD,),
and
u, =01 (D, +iw,),
so that (6.32) and again (2.13) with £ = 1 yield, for every r > 0,
(Y + AV PONE, — i€ (V@ — V) + iV, - W))
=V + AV PN O (@) — V) +i(¥y - W) as e — 0 in LX(D,.C)
and
i, —» O (@) — V) +i(¥,—W)) ase— 0" in LA(D,,0).

We have thereby proved that &, — ¢'©1 (&, — V) + i, - W)) as e » 0t in HY!(D,,C), as stated in (2.41). Finally (2.42) follows
directly from (2.13) and (6.33). [J

7. Open problems and future perspectives

Finally, we discuss some open questions and future perspectives arising from our analysis that we believe may be of interest.

The sum of all circulations being an integer. If the sum of all circulations is an integer number, i.e. Zj;l p/ € Z, the nature of
the limit operator changes drastically; indeed, in this case, the limit problem (1.9) is equivalent, by a gauge transformation, to the
Dirichlet eigenvalue problem. We expect an expansion like (2.24) to hold. Instead, a sharper result like the one provided in Theorem
2.5 seems much harder to prove. Indeed, the failure of a Hardy type inequality prevents us from performing a blow-up analysis as
in Section 6.3.

More general configurations of poles. In the spirit of [17, Section 8], more general configurations could be considered,
including the case of many poles on the same straight line through the origin. This will be the object of a future investigation.

Ramification from multiple eigenvalues. In this paper we dealt with simple eigenvalues. In the case of multiple eigenvalues,
several questions arise, such as asymptotic expansions of eigenbranches, splitting of multiple eigenvalues, and related genericity
issues. Such problems have been addressed in the recent paper [4] in the case of one single pole with circulation 1/2. A natural
continuation of these research projects would be the generalization of the results in [4] to multiple poles of any circulation, which,
however, poses considerable technical difficulties.
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