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We propose an entropy function for AdS, BPS black holes in M theory with general magnetic charges,
resolving in particular a long-standing puzzle about baryonic charges. The entropy function is constructed
from a gravitational block defined solely in terms of topological data of the internal manifold. We show that
the entropy of twisted black holes can always be reformulated as an Z-extremization problem—even in
cases where existing large-N field theory computations fail to provide an answer. Furthermore, we correctly
reproduce the entropy for a class of known black holes with purely baryonic magnetic charges. Our results
offer both a conjecture for the general gravitational block for AdS, black holes in M theory and a prediction
for the large-N limit of several partition functions whose saddle points have yet to be found.
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Introduction—The field theory derivation of the entropy
of supersymmetric black holes in anti—de Sitter (AdS)
spacetime is a remarkable success of holography. For a
class of magnetically charged AdS, black holes, this is
achieved by extremizing the large-N limit of the topologi-
cally twisted index of the dual field theory [1]. This
principle, known as Z extremization, was first applied to
black holes in AdS, x S7 in [2]. More precisely, for
magnetically charged black holes with horizon the
Riemann surface X;, the quantity to be extremized is
the logarithm of the partition function, 7 =log Zy .,

of the dual three-dimensional A/ = 2 superconformal field
theory (SCFT) on £ x § !, with a topological twist along
Z,. The quantity Z(A,,n,) depends on a set of chemical
potentials A, and a set of magnetic fluxes n, along £, for
the global symmetries of the theory. Interestingly, for a
large class of N =2 three-dimensional quiver gauge
theories with a holographic dual in M theory or massive
ITA, the index at large N takes the form [3]

1 OF g (A,)
I(Aa’na):_iznugTv (1)

a

where Fg(A,) is the three-sphere partition function. This
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formula has a generalization to more general dyonic,
accelerating, and rotating black holes by considering the
appropriate fugacities and supersymmetric partition func-
tions. There is indeed strong evidence that all the corre-
sponding supersymmetric indices can be expressed at large
N in terms of the S* partition function of the dual theory.
This follows from the holomorphic block factorization of
three-dimensional partition functions [4,5] and has been
confirmed at large N in many examples [6-8].

There is a gravitational side of the story. It was
conjectured in [9] that the entropies of all black holes
associated with a given dual theory can be found by
extremizing entropy functions obtained by gluing gravita-
tional blocks. For three-dimensional theories, the gravita-
tional block can be identified with the S* partition function,
when written in the right variables. For a class of solutions,
the entropy functions can be explicitly derived using the
method of [10,11] and defined as supersymmetric actions
S(b,2,), which depend on the supersymmetric Killing
vector b (Reeb vector) and a set of Kéhler parameters 4,
of the internal manifolds, subject to a set of constraints. The
extremization problems in field theory and gravity are
expected to be equivalent, though with a nontrivial map-
ping of parameters. This equivalence can be proven in
several cases [12—-15].

And here comes a puzzle. The global symmetries of
theories dual to AdS, x SE; solutions in M theory, where
SE; is a seven-dimensional Sasaki-Einstein manifold, can
be divided into mesonic, associated with the isometries of
the internal manifold, and baryonic, associated with gauge
fields obtained by reducing antisymmetric forms on non-
trivial cycles. It turns out that large-N saddle points for the
S® free energy and other supersymmetric indices, beside
existing only for a subclass of dual SCFTs, do not depend
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on the baryonic fugacities and fluxes [3,6,16,17].
The equivalence of Z extremization and the gravitational
extremization of [10,11] has been proven only for a choice
of purely mesonic fluxes, dubbed the mesonic twist
[13,14]. This contrasts with the case of four-dimensional
SCFTs associated with five-dimensional Sasaki-Einstein
manifolds, where the analog of F(A,) is the trial central
charge a(A,), which depends on all the R charges, and the
equivalence of ¢ extremization [18,19] and its gravitational
dual can be proven for all choices of fluxes [12]. Also in
three dimensions, we expect that the entropy of the most
general black hole depends on all fluxes, including the
baryonic ones. This is confirmed by the existence of
explicit black hole solutions with baryonic charges [20—
23], more generally, by the method of [10,11], which
depends on purely topological data and can compute the
entropy even when the solution is not known.

In this Letter, we show how to define a generalization of
the large-N free energy Fg(A,) in terms of the master
volume [11] of the internal manifold SE;. We also argue
that, quite remarkably, all the supersymmetric conditions
[10,11] for the most general static magnetically charged
black holes in AdS, x SE; are equivalent to the extrem-
ization of (1). We thus reformulate the extremization
problem in the presence of baryonic charges in the
language of 7 extremization, completing the analysis of
[13,14] and providing a prediction for the large-N limit of
several partition functions whose saddle points have yet to
be found. Due to the technical complexity of the equations,
our analysis is based on examples, but we believe the result
to be valid in general [24]. We propose that the generalized
Fg(A,) is the gravitational block that should be used to
construct entropy functions for the most general AdS,
black holes, including Kerr-Newman and accelerating ones
[25]. Without further ado, we introduce the characters of
the play and formulate our main result.

The extremization problem—We first consider AdS, x
SE; solutions corresponding to a set of N M2-branes
probing a seven-dimensional Sasaki-Einstein manifold
SE;. We also assume that SE; is toric and that the
corresponding cone C(SE;) is a Calabi-Yau (CY) fourfold
defined by a fan with vectors v“, a = 1, ..., d, whose first
component is equal to 1. The CY can be realized as the
symplectic reduction of C? with respect to the subgroup
(C*)4=, whose generators B") satisfy S°¢_, BY)ve =0,
for r = 1,...,d — 4. From this realization, we see that the
global symmetry of the theory is the isometry group U(1)¢
of C4, which can be split into a U(1)* mesonic subgroup
corresponding to the isometries of SE; and d — 4 baryonic
U(1)’s. The U(1) symmetries of the theory can then be
naturally labeled by the index a. We formulate our
extremization problem by deforming the solution, allowing
the Reeb vector b = Y% | b;0,, to vary inside the mesonic
torus U(1)*, and introducing a set of d Kéhler parameters
A, for SE;. The latter can be incorporated by deforming

C(SE;) into a U(1)* toric fibration Mg over a polytope
= {v%y; =, > 0} in R*. The conditions for super-
symmetry can be expressed in terms of the equivariant

volume [26]
1 py @
iYi 2
(2x)* Age 41 @)

where @ = dy; A d¢p;. The equivariant volume depends
only on topological data and can be computed by resolving
the CY conical singularity, decomposing the fan into a
union of tetrahedra {v“, v, v%,v%}, and using the
localization formula

\/(lmbi) =

_da

e
V(oo by) = o
A={a,, a2a1a4}dA i=1€i
where d, = |(v*, 0, 0%, v%)|, and (¢pa/dpy) =D ;_ lefA)/lai
with el(.A) = [(b, v, v%, v4)/(v%, v, v%, v*)] for i#

j#k+#1 Here and in the rest of the Letter
(v, v?,v¢,v%) denotes the determinant of the vectors
v, P, v¢, and v¢. The restriction to A, =0 is the
Sasakian volume of SE; defined in [27,28]
3
\/(0, bi) = FVOISE(bi)’ (4)

which is a function of the Reeb vector only, and the cubic
part in a formal Taylor expansion in 4, is the master volume
V(44, b;) defined in [11]

V(’Lz? bi) = (2”)4\/(/111’ bi) |cubic terms in 4, (5)
The equivariant volume depends on the chosen resolution,
but the Sasakian volume does not, and when SE; is smooth,
the master volume is also independent of the resolution.
V(A4, b;) is a homogeneous function of degree 3 in 4, and
degree minus one in b;. The value of b, is fixed by
supersymmetry, but we will keep it arbitrary for conven-
ience. Only d — 3 parameters 4, are independent. Indeed,
one can check that [26]

4
W+ o) =SNG 6
J=1

for arbitrary f; € R. It follows that the ¢4, and therefore
V(4,4, b;) and V(A,,b;), are invariant under the gauge

transformation A, = 4, + >+, vi(b1v¢ = b)) with
7; €R. In particular,
d d
%
b =b —. 7
1 l a/l l;a ( )

We are now ready to introduce the generalized free
energy. We define it as a constrained Legendre transform of
the master volume. More precisely, we impose the con-
straint N = —>"¢_,(dV/04,) and define the R charges as
A, = —(2/N)[(0V)/(0,)]. These satisfy >.¢_, A, =2.
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The previous relations can be inverted to express the
variables (A, b;) in terms of (A,, N, b;). In each set, only
d + 1 parameters are independent. We can then consider
the master volume as a function of A,,. The function V(A,)

is given by N%/ Zbi/ ? times a homogeneous function of

degree two in the variables A,. These relations can be
inverted to determine the Reeb vector (the mesonic moduli)

2, &
So= D i (8)
1 a=1
which follows from (7), and the baryonic Kéhler moduli

) GV(A

d
E;Bm: ZBa .9

a=1

which has been verified in examples. We also set

Fg(A,) = (4267 2V(A,), (10)
which should be regarded as a generalization of the large-N
free energy, recovering known results when available and
offering predictions where they are not. The extremization
of F g with respect to A, determines the exact R charges of
the SCFT. Indeed, due to (9), extremizing F ¢ with respect
to the baryonic directions sets X\) = Oforr = 1,...,d — 4.
Purely mesonic variables can be characterlzed as
Ao =>4, Bw?, and it then follows from (6) that all
$a/dy =3} P;b;=—® are equal, leading to V=
(2®@)*Volgg, (b;). A short computation using @, _, =

—b; then gives N = 24b;®*Volgg (b;), and Fg(A,) =

(16/17%)\/ {(27°)/[27Volgg, (b:)]} to be extremized with

respect to b;. One can also check that

271' VOlsa (bl)

A, (b)) = 25 20870
a( 1) 3b1 VOISE7(bi)’

(11)

where S, is the torus-invariant five-cycle associated with v¢
[29]. All these results are in agreement with [16,30,31], where
itis also checked that the volume minimization with respect to
b, is equivalent to the field theory F-maximization. However,
notice that the large-N expression Fg(Ay)ler (16 =

Fg(AL)|ous x—o is blind to baryonic directions, and its
extremization predicts the exact R charges of mesonic
operators only. In contrast, our Fg(A,) explicitly depends
on all variables and can be used to predict the R charges of
baryons as well. It is the three-dimensional analogue of the
cubic formula [32] for the large-N central charge,
a(A,) = [(ON?)/62] S50, (1, 0P, 1) [A,ApA.  for
D3-branes probing CY threefolds. Our formula generalizes
and completes the attempts to find a formula based on a

quartic expression [33,34] by incorporating the baryonic
directions. The analogy is complete when we observe that the
constrained Legendre transform of the master volume for a
five-dimensional Sasaki-Einstein manifold is precisely the
large-N trial central charge, a(A,,), as shown in [13] (see [35]
for a recent application).

We now consider M-theory black hole horizons with
topology AdS, x X x SE;, which can be realized by
further wrapping the set of N M2-branes on a Riemann
surface X, of genus g with a topological twist. We allow for
integer magnetic fluxes n, along X for all global sym-
metries. The supersymmetric conditions of [11] read

d
MY
0,
A d 02 4 2
N, = =2~
fa ST Zl ra0b;
d 2 d
; *yY
n! ——2 b _
; Py ; g IZ Zaﬁaabi
(12)
where n' = d _jvin,, and A is the area of X

Supersymmetry also requires by =1 and > ¢_ n,=
2 —2g. We can use the constraints (12) to eliminate A,
and A, expressing them as functions of b; and n,. We then
define the entropy function as [11]

S(b,»,na)z—&rz( i—+27zb12n—). (13)

The entropy function S(b;, n,) should be extremized with
respect to b; to find the entropy of the black hole with
charges n,,.

Our main result is the following. By expressing b; and 4,
in terms of A, and using the constraints (12), we find

1, &K av(4,)
—5 (@)’ > o, . (14)

S(Atl’na) = aA

a=1

In order to find the entropy of the black hole, we can
extremize S(A,, n,) with respect to A,. It may seem that
there are more variables A, than b;, but it turns out that the
generalized entropy function is automatically extremized
with respect to the baryonic directions once the constraints
(12) are satisfied:

 S(A,,m,
ZBE,)Q:O, =1, ..
oA

a=1

d—4. (15)

The function S(A,, n,) provides a large-N prediction for
the topologically twisted index, depending on all fluxes and
fugacities. As shown in [13,14], it matches the known
large-N results for the index [3,17] in the special case of a
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mesonic twist, X(") =0, which imposes the additional
constraint

iBl(lr) aV(Aa) -0 (16)

and leads to R charges satisfying (11).

Checking (9), (14), and (15) is computationally chal-
lenging, but we have carried out this analysis in [24] for the
full series of examples considered in [13], where we will
also provide a general proof. Some of these examples, like
many known dualities, involve CY,, whose toric diagram
contains external faces with four or more vertices. In such
cases, the link is singular, and the master volume depends
on the choice of resolution; however, (9), (14), and (15)
hold for all choices. For the mesonic twist, all resolutions
yield the same result. It would be interesting to understand
the physical meaning of these choices when baryonic
fluxes are included.

An example: The manifold Ql*l'l—Ql'l’1 is the coset

(17)

There are two baryonic symmetries: B = (1,-1,0,
—1,0,1) and B® = (0,-1,1,—-1,1,0). For more details
about the geometry, see [36]. The dual SCFT, identified in
[37], is a flavored ABJM quiver. We already checked the
equivalence of 7 extremization and its gravitational dual for
the mesonic twist in [13], to which we refer for the field
theory interpretation of the fugacities. Here, we extend the
entropy function to a general twist. We can triangulate the
toric polytope (17) by considering the tetrahedra (2436),
(2546), (2514), and (2341). The master volume can be
computed from (5) as a sum of four contributions [38].
Eliminating 1, and b;, it takes the form

SU(2)3/U(1)? with toric data: v' = (1, 1,0, 0) v? = (1,0, N As(Ayps— Aghr) — Az (A by — Aehy)
1L,0), v = (1,0,0,1), v* = (1,1,0,1), o> = (1,1,1,0), V(A =3;- (B Ag) (B — A . (18)
and v® = (1,0, 1, 1). By removing the common first entry
we have the toric diagram: where the ¢, are determined by
biN 12873
2 = A+ A+ A A+A+A<AA—A+ = )
¢1 1287 4( 1 2 5)( 1 4 5) 6( 3 5) b?N(A] +A2+A3)(A1 +A3+A4)
biN 12873
2 = Ay + Az +A A+A+A<AA—A+ : >
¢3 1287 4( 2 3 6)( 3 4 6) ( 1 6) b%N(Al +A2+A3)(Al +A3+A4)
biN 12873
2 Ay + As 4 Ag) (A4 + As + A (AA AsAg + - ) 19
¢4 128 4( 2 5 6)( 4 5 6) 3= 586 b’i}N(Al +A2+A3)(A] +A3+A4> ( )
|
and the constraint ¢; — ¢, + ¢3 — ¢4 0. The baryonic b\N
Y= (XU - X@) (A AXD — A;A X
Kihler moduli are glven by X =—(2/b)[(p2—¢3)/ 2(27)* ( (8146 245XP)
(A1. Ag)] and X? =—(2/b, )[( —¢4)/ (A3 = As)]. T AAXDX), (21)
By introducing the quamc function as in [33,34]
For the mesonic twist, X)) =X® =0, and thus

6
a(3)(Aa) = Z CabchaAbAcAe - (A2A4)2
a,b,c,e=1
— (A345)* = (A1A¢)?
n (AA4 + A32A5 + AjAg)? ’ (20)

b

where ¢ peq = 55 | (v, 07, v, v¢)|, (18) can be rewritten as

V(A,) = £[(N*?/b;)/ (24f;z )]\/ag@) + Y, with

Vines(Ag) = £[(N¥2\/by) /(24277 )]\/— which is con-
sistent with [13][(5.47)].

A purely baryonic twist—Using the SU(2)? symmetry of
the model, it is also possible to consistently truncate to a
purely baryonic twist by setting A} = Ag =05, A, =
Ay =0, and A3 = A5 =03, along with n; = ng = py,
n, = ny = p,, and n3 = ns = p;. The R-charge constraint
reduces to Y 3_ 5, =1, and the twisting condition to

3:1 Y. =1—g. Using (8), we find that the mesonic
variables are frozen to their canonical values:
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by =by =by = %bl. By taking a suitable limit in the
previous formulae, we find ¢; = j:[(b?/z\/ﬁ)/(mr)z](él +
52+53)3/2 [(5153)/52} for |l = 1,...,4 and
V5(8a) = FI(VDINY?)/(47)°]\/616,85(51 + 6, + 63). It
is extremized at 6, = % which correctly leads to the known
dimension of baryons realized as M5-branes wrapped on
the five cycles associated with v [36, 40] The entropy
function is then Sp(8,. p,) = —3 (47)> >3 b, ‘WB a)
can be used to predict the entropy of purely magnetlc black
holes. For dyonic black holes with electric charges q,, we
would extremize

and

3
IB(6u) = SB(éav pa) + 2”i26uqa' (2’2)

a=1

This result can be compared to the entropy of asymp-
totically AdS, x Q"!"! dyonic BPS black holes found in
[20]. These solutions are described within the framework of
four-dimensional gauged N = 2 supergravity, coupled to
ny =3 vector multiplets and ny =1 hypermultiplet,
which is a consistent truncation of M theory on QUl!
[41]. The truncation includes, in addition to the gravipho-
ton dual to the R-symmetry, two massless vector fields
arising from the reduction of the M-theory four form on
three-cycles, which are thus dual to baryonic symmetries.
The fourth vector is massive. The dynamics of the theory
are fully specified by the prepotential, the Killing vector,
and the Killing prepotential. We use the notations of [20] to
which we refer for further details. The prepotential gov-

erning the vector multiplet sector is given by
F(XM) = 2vX°X'X2X3, where XA, A =0,...,3 are the

projective coordinates on the scalar manifold. The gauging
of the theory is purely electric and is determined by the
Killing vector k% = v/2(ey,2,2,2) acting on the hyper-
multiplet scalar fields (a, ¢, ¢, Z) and the corresponding
Killing prepotential P} = \/2(4 — (ey/2)e*?, —e*?, —e??,

e?), P2 A = 0, where e, is related to the AdS4 radius by
R ads, = 3 (e0/6)**. We consider dyonic black holes with
magnetic and electric charges p" and ¢,, respectively.
Supersymmetry requires p“P3 = F1 and p“k4% = 0. The
BPS condition can be expressed as attractor equations [42],
which are equivalent to extremizing

. VOIEg qAXA - pAFA
1 9
4Gy PIXM — PYAF,

(XM =- (23)

with respect to the projective coordinates X*, where
Fy={[0,F(X")]/oX"}. In this notation, extremizing
(23) with respect to X yields the entropy of the dyonic
black hole with charges p® and g,. The attractor equa-
tion (23) needs to be supplemented by the hyperino BPS
variation evaluated at the horizon, XAkj‘\ = (0, which
implies the constraint eoX° +2(X!' + X + X3) = 0.
This condition can be used to eliminate X° (and the
corresponding massive vector field) and to define an

effective prepotential for the massless vector fields,
Fer(XM) = 24/(2/e0)/—X'X>X (X" + X? + X?), which
can then be inserted into (23). Varying the original
equation (23) with respect to X° fixes the horizon values
of the dilaton ¢ and the nonconserved electric charge ¢.
Notice that eliminating the field A° leads to a redefinition of
the corresponding electric charges: ¢, = g, — (2/€9)qo»
a =1, 2, 3. The attractor equations in this form have been
used extensively to compare gravity and field theory in
various examples, including [43-50]. By restricting the
extremization problem to the fields X', X2, X3, identifying
the quantized charges

2V2Volg, .
— I pie ,
zeq © 64v27Gy

with  p, and gq,, respectively, and setting
(X4/>73_, X?) = 6,, we precisely recover the field theory
extremization (22). We wused the holographic rela-

tion (R}, /Gx) = [(2V672)/9][N*?//Volyii]  with
VOlQl L= ( 4/8)

Reduction to M'''—We note that, at the level of the
truncation discussed in [41], results for the manifold M*-!-!
can be obtained by further truncating the Q"' model
through the identifications X* = X' and p* = p!, ¢* = ¢'.
For M"!"! (as for any chiral quiver), there are no large-N
field theory results available; however, we can still employ
our formulas to compute the entropy function. For brevity,
we simply quote the final result here. The large isometry
group SU(3) x SU(2) of M allows us to set the
Reeb vector to a canonical value and consistently consi-
der a purely baryonic twist. We find Vg(6,) =
F[(vVBINY?)/\V2(47)?)8,1/5,(36, + 25,), subject to the
constraint 36; + 26, = 2. It is extremized at J, :‘9—‘ and
0y = %, which correctly leads to the known dimension of
baryons realized as M5-branes wrapped on the five cycles
associated with v* [36,40]. We explicitly see that Vg(5,)
can be obtained by restricting and appropriately redefining
the fugacities in the purely baryonic master volume
computed for Q'!, as anticipated by gravity. One can
then easily verify that this result precisely reproduces the
entropy of the asymptotically AdS, x M"!"! dyonic BPS
black holes found in [20]. The same result was previously
obtained in [51] by explicitly analyzing the supersymmetry
conditions of [11].

Discussion and outlook—The main result of this Letter is
the proposal for a universal gravitational block that controls
the Bekenstein-Hawking entropy of all AdS, BPS black
holes in M theory, in the philosophy of [9]. The block is
defined as a constrained Legendre transform, V(A,,), of the
master volume of the internal geometry. In this Letter, we
have analyzed only magnetically charged static black holes,
and it would be interesting to introduce rotation or to find
classes of Kerr-Neumann or accelerating black holes that
are computationally tractable. We expect that all extrem-
ization problems for asymptotically AdS, x SE; black

eyVol
O €7, (24)
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holes can be rewritten in terms of V(A,). On the field
theory side, V(A,) should also appear in the asymptotics of
the giant graviton expansion for the superconformal index
of M2-brane theories, as conjectured in [35]. More broadly,
it provides an explicit prediction for the large-N limit of the
§? partition function for cases where existing methods fail
to compute it.
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