© 2021 Vita e Pensiero / Pubblicazioni dell’Universita Cattolica del Sacro Cuore

Statistica & Applicazioni - Vol. XIX, n. 1, 2021, pp. 35-48
Published online november 2021

DISTRIBUTION OF THE RATIO OF FEMALE INCOME OVER MALE
INCOME

Marcella Mazzoleni*
Angiola Pollastri*
Vanda Tulli*

SUMMARY

There is a great discussion concerning the differences between the income of females and males.
The purpose of the present study is to estimate the distribution of the ratio of female income over
male income. The methodology to study the ratio in exam is based on the distribution of the ratio of
two Dagum random variables with three parameters proposed in 2010 by Pollastri and Zambruno.
We will consider the official statistics of income and we will estimate the parameters of the Dagum
distribution. The distribution of the ratio in question studied in two different situations can reveal
the gender inequality concerning income in different times, regions, and age classes.
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1. INTRODUCTION

It is often a matter of discussion that, even with a higher educational level, women
earn less than men do. The differences between men’s and women’s income on
average are decreasing in recent years but income parity has not yet been achieved.

The purpose of this paper is to estimate the distribution of the ratio of females’
income over males’ income. The methodology used to study the ratio is based on the
distribution of the ratio of two Dagum with three parameters (Pollastri and Zambru-
no, 2010).

Firstly, the parameters of the Dagum distribution are estimated using maximum
likelihood estimation. Subsequently, the distribution of the ratio is analysed to reveal
the gender inequality with applications to the income in different age classes, areas
and times, and the retirement income in different times.
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2. THE DAGUM DISTRIBUTION AND ESTIMATION METHOD

In literature we have many examples which confirm that the model proposed in
1977 by Camilo Dagum fits very well to many distributions of economic variables.
In fact, the Dagum model fulfils many properties considered relevant to a model for
the distribution of income in Italy such as the convergence to the Pareto law.

Supposing that X is a type I Dagum, then X ~ D(X, 3,6) with A\, 3,6 > 0. The
distribution function is defined as:

Fr(x) = (1+ X797
While the density function is:
5 s\ —O-1
Fy(x) = B (1 4+ ) (1)

For the estimation of the Dagum parameters the VGAM package in R is used.
The function dagum gives maximum likelihood estimation of the 3-parameter Dagum
distribution following Kleiber and Kotz (2003) definitions. Domanski and Jedrzejc-
zak (1998) showed, through a simulation study, that the performance of maximum
likelihood estimation is good for 5 and 6 when n > 2000 or 3000, while for the scale
parameter A the bias tends to 0 when n > 4000.

3. THE DISTRIBUTION OF THE RATIO OF TWO DAGUM DISTRIBUTIONS

The purpose of this paper is to analyse the ratio:

U_X
Y

where
X ~ D(A1,B1,61) and Y ~ D(Xz, 35, 62)

with X and Y independent.
Following Mood, Graybill and Boes (1974) the density function of the ratio of
two random variables is:

fow = [ e )y @)

o0

Applying the independence of X and Y and the density function of a type I Da-
gum (1), it is possible to obtain from the (2) the density function for the ratio U:
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Using the definition of the cumulative distribution function, it is possible to ob-
tain:

Fy(u) _ﬂ151>\15252>\2/ 1611/ y e +)\1(l)’)761]76171x
0 0

[T+ X (y) 2] = dydr

For the inner integral involved in the cumulative distribution function of the ratio
a numeric quadrature is used (QDAGI subroutine from IMSL library). While for the
outer integral, the argument is expressed in a tabular form. In Pollastri and Zambruno
(2010) a graphical analysis of this method performance is exposed comparing the
empirical and the computed density function, where the empirical one is created with
the ratios of all the possible couples.

To understand the meaning of the ratio of the females’ income over the males’ in-
come we consider a simple example. Let suppose that in a group composed by 5
males the incomes, indicated by Y, assume the following values: 2, 4, 5, 8, 16. And
in a group composed by 5 females the incomes, indicated by X, are the following: 1,
2,4,5,12.

In Table 1 we consider all possible ratios between the income of each female and
the income of each male.

TABLE 1. - Ratios between the females’ income and the males’ income

Y 2 4 5 8 16
X
1 0.5000 0.2500 0.2000 0.1250 0.0625
2 1.0000 0.5000 0.4000 0.2500 0.1250
4 2.0000 1.0000 0.8000 0.5000 0.2500
5 2.5000 1.2500 1.0000 0.6250 0.3125
12 6.0000 3.0000 2.4000 1.5000 0.7500

Each couple of a female and of a male has probability 0.04 to be selected. In Ta-
ble 2 is reported the probability function of the random variable U = X/Y.

Now we compute the deciles of the random variable U. From Table 3 we can
conclude, for example, that the ratio between the female income and male income is
less than 0.125 in the 10% of possible couples and the ratio between the female in-
come and male income is less than 0.625 in the 50% of possible couples.
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TABLE 2. - Probability function and Cumulative Distribution Function
of the random variable U

u p(u) F(u)
0.0625 0.04 0.04
0.1250 0.08 0.12
0.2000 0.04 0.16
0.2500 0.12 0.28
0.3125 0.04 0.32
0.4000 0.04 0.36
0.5000 0.12 0.48
0.6250 0.04 0.52
0.7500 0.04 0.56
0.8000 0.04 0.60
1.0000 0.12 0.72
1.2500 0.04 0.76
1.5000 0.04 0.80
2.0000 0.04 0.84
2.4000 0.04 0.88
2.5000 0.04 0.92
3.0000 0.04 0.96
6.0000 0.04 1.00
Total 1

TABLE 3. - Deciles of the ratio (Females’ income over males’ income)

z

DECILES

O 00 3 O L bW N =

0.1250
0.2500
0.3125
0.5000
0.6250
0.8000
1.0000
1.5000
2.5000
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4. APPLICATIONS

We analyse two datasets. The first dataset is composed of the individual net in-
comes from the Bank of Italy Survey on Household Income and Wealth (SHIW).
We compare the ratio of the females’ and males’ income in different groups:

e males and females in two different years 2016 and 1998

e males and females divided in three age classes: young (age < 40), adult
(40 < age < 70) and old (age > 70)

e males and females divided in three areas: N (North), C (Centre), and S&I (South
and Islands)

The dataset is composed of 11844 subjects. Of these 50.98% are males, and
49.02% are females. Concerning the division by ages 15.21% are aged less than 40
years, 54.41% are aged between 40 and 70 years, and 30.39% are aged equal or
more than 70 years. Concerning the division by area, 43.90% of the subjects come
from the north, 22.40% from the centre, and 33.70% from the south and the islands.
Concerning the 1998 dataset, it is composed of 12616 subjects, of these 56.52% are
males and 43.48% are females.

For the second dataset, we compare the ratio of the females’ and males’ retire-
ment income in different times, 2016 and 1997, using the data given by the Central
register of retirees (INPS, the National Social Welfare Institution). The 2016 dataset
is composed of 16064508 retirees, 47.32% are males and 52.68% are females. Whilst
the 1997 dataset is composed of 9483681 retirees, 55.31% are males and 44.69% are
females.

4.1 Results of the ratio distribution for Bank of Italy dataset

Firstly, in Table 4 we compare the mean value in each sub-group. We observe that
the income mean value for females is lower than that for males. For young subjects,
the females have a higher income mean value but increasing the age it is possible
to observe an inversion and an increase in this difference at the expense of the fe-
males. We observe that in the partition by area the income mean value for the fe-
males is always lower than the males’ income, but in the centre, we observe that
the mean values are close. On the contrary, for the other areas we observe a bigger
difference between gender, especially for the south and islands. Comparing the in-
come mean value for females and males in 2016 and in 1998, we observe a bigger
difference for the 1998 dataset. This mean values analysis suggests us what to as-
pect analysing and comparing the distribution of the ratio of the income of females
over males.

Using the function dagum of the VGAM package in R, we obtain for the Dagum
income distribution the following parameters: ¢ =4.2384, (= 0.3298,
A = 10330064.

While the parameters of Dagum distribution for the income of the females are
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TABLE 4. - Summaries of Bank of Italy dataset divided by gender in each age, area,
and time (the income is divided by 1000 and for the 1998 it is in millions of
Italian Lira)

MEAN MEDIAN STANDARD
DEVIATION
TOTAL 2016 19.103 16.908 15.152
FEMALES 18.580 16.414 14.385
MALES 19.607 17.491 15.839
TOTAL 1998 28.792 23.509 29.289
FEMALES 20.011 18.000 15.920
MALES 35.547 29.330 34.898
YOUNG 17.692 15.761 13.431
FEMALES 17.819 15.902 13.677
MALES 17.597 15.628 13.251
ADULT 19.360 17.090 14.648
FEMALES 18.860 16.665 14.723
MALES 19.812 17.700 14.567
OLD 19.350 17.000 16.734
FEMALES 18.445 16.373 14.117
MALES 20.458 18.014 19.412
NORTH 20.826 18.026 16.902
FEMALES 20.190 18.000 14.837
MALES 21.457 18.500 18.708
CENTRE 19.668 17.498 13.415
FEMALES 19.649 17.000 14.538
MALES 19.687 17.820 12.205
SOUTH & 16.484 14.802 13.364
ISLANDS
FEMALES 15.639 13.856 13.153
MALES 17.249 15.500 13.511

6 =4.2307, 3 =0.3124, A =999772.4 and the parameters of Dagum distribution
for the income of the males are 6 = 4.2307, § = 0.3124, A = 999772.4. We accept
that the data follows these distributions using Anderson-Darling and Cramer-von
Mises test of goodness-of-fit with Braun’s adjustment. Braun’s adjustment (1980) is
used as these tests assume that the parameters of the null distribution are known. On
the contrary, in our case the parameters were estimated (calculated from the data),
then this method is used to adjust for the effect of estimating the parameters from the
data. Braun’s method (1980) involves randomly dividing the data into two equally
sized subsets. This technique is expected to work well when the number of observa-
tions is large, such as our case.
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After having estimated the cumulative distribution function of the ratio of the fe-
males’ income over the males’ income, it is possible to analyse the results of the ra-
tio divided by age, area, and time.

In Table 5 we observe that the deciles of the ratio of the females’ income over
males’ income are higher in 2016 with respect to the ratio in 1998.

TABLE 5. - Deciles of the ratio (Females’ over males’ income in 2016 and 1998)

DECILES | 2016 1998

1 0.2293 0.1504
2 0.3946 0.2516
3 0.5554 0.3514
4 0.7274 0.4596
5 0.9258 0.5860
6 1.1741 0.7450
7 1.5186 0.9654
8 2.0802 1.3216
9 3.3469 2.1134

These results are confirmed also by the density function graph of the ratio in Fig-
ure 1, where we observe that the density function of the ratio of the females’ income
over males’ income in 1998 has higher value for lower value, compared with the
density function of the ratio of the females’ income over males’ income in 2016.
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FIGURE 1. - Density function of the ratios of the income of females over the income
of males in 1998 and 2016
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The cumulative distribution function graph of the in Figure 2 endorses these con-
clusions as the cumulative distribution function of the ratio of the females’ income
over males’ income in 1998 is higher for lower value compared with the cumulative
distribution function of the ratio of the females’ income over males’ income in 2016.
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FIGURE 2. - Cumulative distribution function of the ratios of the income of females
over the income of males in 1998 and 2016

Comparing the ratio of the females’ income over males’ income in different age
classes in Table 6, we observe higher value of deciles for younger subjects, lower for
the adult group, and even lower for the old group, except for the first three deciles
that are higher for the old group.

TABLE 6. - Deciles of the ratio (Females’ over males’ income divided by age

classes)

DECILES | YOUNG ADULT OLD
1 0.2055 0.2160 0.2602
2 0.3801 0.3816 0.4168
3 0.5563 0.5445 0.5647
4 0.7477 0.7192 0.7230
5 0.9706 0.9211 0.9015
6 1.2516 1.1736 1.1224
7 1.6450 1.5245 1.4249
8 2.2938 2.0974 1.9079
9 3.7788 3.3948 2.9660

Analysing the density function of the ratio of the females’ income over males’ in-
come in different age classes in Figure 3, the results of the deciles are confirmed, as
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we observe higher value of density function for lower value of the ratio for the old
group with respect to the other two groups, and higher value of density function for
lower value for the adult group than the young group.
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FIGURE 3. - Density function of the ratios of the income of females over the income
of males for three age groups

This is endorsed also by the cumulative distribution function graph in Figure 4,
as we observe higher value of cumulative distribution function for lower value of the
ratio for the old group with respect to the other two groups, and higher values of cu-
mulative distribution function for lower value for the adult group with respect to the

young group.
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FIGURE 4. - Cumulative distribution function of the ratios of the income of females
over the income of males for three age groups
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In Table 7 it is possible to observe the deciles of ratio of the females’ income
over males’ income comparing different areas, we observe close and higher value for
the subjects that live in north and centre of Italy, and lower value for the subjects that
live in south and islands, except for the ninth decile.

TABLE 7. - Deciles of the ratio (females’ over males’ income divided by areas)

DECILES | NORTH CENTRE SOUTH &

ISLANDS

1 0.2670 0.2507 0.1830
2 0.4331 0.4169 0.3406
3 0.5910 0.5757 0.4997
4 0.7587 0.7437 0.6720
5 0.9516 0.9356 0.8719
6 1.1921 1.1731 1.1235
7 1.5244 1.4978 1.4759
8 2.0621 2.0163 2.0592
9

3.2608 3.1509 3.4096

Analysing the density function of the ratio of the females’ income over males’ in-
come in different areas in Figure 5, the results of deciles are confirmed, as we ob-
serve higher value of density function for lower value of the ratio for the subjects
that come from the south and islands with respect to the other two groups, while for
the subjects that come from north and centre the density function are almost over-
lapped.
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FIGURE 5. - Density function of the ratios of the income of females over income of
males relating to the Italian territorial division
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This is endorsed by the cumulative distribution function graph of the ratio of the
females’ income over males’ income in different areas in Figure 6, as we observe
higher value of cumulative distribution function for lower value of the ratio for the
subjects that come from the south and islands with respect to the other two groups,
while for the subjects that come from north and centre the cumulative distribution
function are almost overlapped.
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FIGURE 6. - Cumulative distribution function of the ratios of the income of females
over income of males relating to the Italian territorial division

4.2 Results of the ratio distribution for Retirement dataset

In 1997 the mean value for the retirement income was 22.577 million of Italian
Lira, with a mean for females which was 18.182 million of Italian Lira and a mean
value for males which was 26.129 million of Italian Lira. Concerning the 2016 data-
set, we observe a mean value for the retirement income, which was 17580 Euros,
with a mean for females which was 14780 Euros and a mean value for males which
was 20697 Euros.

The deciles of the ratio of the females’ retirement income over males’ retirement
income in 1998 and 2016 are shown in Table 8. It is possible to observe that the dec-
iles of the ratio of the females’ retirement income over males’ retirement income are
higher in 2016 with respect to the ratio in 1998.

Analysing the density function of the ratio of the females’ retirement income over
males’ retirement income in different years in Figure 7, the results of deciles are con-
firmed, as we observe higher value of density function for lower value of the ratio
for the 1997 dataset than the 2016 dataset.

This is endorsed also by the cumulative distribution function graph in Figure 8,
as we observe higher value of cumulative distribution function for the ratio for the
older dataset with respect to the younger dataset.
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TABLE 8. - Deciles of the ratio of retirement income (Females’ over males’
retirement income in 1997 and 2016)

DECILES 1997 2016
1 0.1053 0.2159
2 0.2276 0.3465
3 0.3628 0.4671
4 0.5114 0.5927
5 0.6787 0.7362
6 0.8770 0.9165
7 1.1314 1.1706
8 1.5060 1.5941
9 22411 2.5627
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FIGURE 7. - Density function of the ratios of the retirement income of females over
the retirement income of males compared in 1997 ad 2016
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FIGURE 8. - Cumulative distribution function of the ratios of the retirement income
of females over the retirement income of males compared in 1997 ad 2016

5. CONCLUSIONS

In this paper we propose to use the ratio of two type I Dagum random variables for
analysing the difference of the income of females and males. We observe that this
method is good as it is possible to compare the ratio of females’ over males’ in-
come and retirement income in different age, territorial groups and different times.
Analysing the results, it is possible to obtain interesting conclusions concerning the
difference of the income of females and males.

As a matter of fact, in the applications we observe less diversity for females’ and
males’ income in the younger group and the diversity rises increasing the subjects
age, passing then to adult and old group. In the division by areas, the deciles of the
ratio of females’ income over males’ income for the north and centre are close, while
for the south and islands a bigger income difference between gender is observed.
The difference of the income for males’ and females’ is decreasing over the years
(1998-2016) and it is possible to obtain the same conclusion for the retirement in-
come as the difference is decreasing over the years (1997-2016). In fact, the deciles
of the ratio of females’ income over males’ income are higher for 2016 datasets than
the deciles of the previous dataset considered.
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