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aDipartimento di Fisica, Università degli studi di Milano–Bicocca, and INFN, Sezione di Milano–

Bicocca, Piazza della Scienza 3, I-20126 Milano, Italy
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Abstract: We construct the one-dimensional topological sector of N = 6 ABJ(M) theory

and study its relation with the mass-deformed partition function on S3. Supersymmetric

localization provides an exact representation of this partition function as a matrix integral,

which interpolates between weak and strong coupling regimes. It has been proposed that

correlation functions of dimension-one topological operators should be computed through

suitable derivatives with respect to the masses, but a precise proof is still lacking. We

present non-trivial evidence for this relation by computing the two-point function at two-

loop, successfully matching the matrix model expansion at weak coupling and finite ranks.

As a by-product we obtain the two-loop explicit expression for the central charge cT of

ABJ(M) theory. Three- and four-point functions up to one-loop confirm the relation as

well. Our result points towards the possibility to localize the one-dimensional topological

sector of ABJ(M) and may also be useful in the bootstrap program for 3d SCFTs.
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1 Introduction

N = 6 superconformal field theories (SCFTs) play a pivotal role in studying the supercon-

formal window of quantum field theory in three dimensions, thanks to crucial properties

that are worth to be emphasized. First of all, they provide an explicit realization of the

AdS/CFT correspondence [1–3], since they possess string or M-theory duals, or weakly

– 1 –



coupled higher-spin fields in AdS4 [4]. The best known example is the class of ABJ(M)

quiver theories with gauge groups U(N1)k × U(N2)−k, being k the Chern-Simons level,

which are dual to M-theory on AdS4×S7/Zk or type IIA string theory on AdS4×CP3, de-

pending on the particular range of the coupling constants [5, 6]. The other crucial property

is that this amount of supersymmetry, while being not too restrictive and thus allowing

for a large family of such SCFTs, is somehow sufficient for attacking the non-perturbative

regime of the theory via the exact evaluation of various protected quantities.

From a general point of view, progress on the non-perturbative dynamics of SCFTs

has been favoured by two powerful tools, the conformal bootstrap and supersymmetric

localization. The conformal bootstrap method has revealed to be a very successful tool in

obtaining exact results in CFTs, including the famous 3D Ising model [7]. The inclusion

of supersymmetry and the combination of bootstrap techniques with supersymmetric lo-

calization [8, 9] has made analytic computations in SCFTs possible, as shown for example

in [10–16]. In these advances, a prominent role has been played by topological sectors,

consisting of a completely solvable set of correlation functions in a given SCFT. From their

existence, one can extract useful information regarding the quantum theory, like OPE co-

efficients, bounds on numerical factors involved in the bootstrap technique, coefficients of

Witten diagrams in the AdS duals, or the computation of exact quantities interpolating

between strong and weak couplings regimes. A prototypical example of the topological

sector appears in N = 4 SYM in four dimensions [17–19]. The dynamics of a particular

subset of chiral primary operators and Wilson loops, living on the same S2 embedded in

the full space-time, is completely controlled by the zero-instanton sector of the 2D Yang-

Mills theory [20]. All the correlation functions do not depend on space-time positions and

can be computed in terms of (multi)matrix models [21]. The existence of these sectors has

been recently generalized to N = 4 SYM in the presence of interface defects [22].

In three dimensions, general properties of the superconformal algebra suggest that

SCFTs with N ≥ 4 always contain a topological sector [11, 23]. In the N = 4 case, a

one-dimensional topological sector has been explicitly constructed in [24] as a family of

twisted Higgs branch operators belonging to the cohomology of a BRST-like supercharge.

Correlation functions of these operators on a line do not depend on the relative separation

between the insertion points. As proved there, the cohomological supercharge can be used

to perform supersymmetric localization in a large class of N = 4 theories place on S3. The

result is a Matrix Model for a topological quantum mechanics representing the topological

sector effectively. All the correlation functions can thus be computed in terms of matrix-

integrals. The construction has been later extended to Coulomb branch operators [25],

complicated by the presence of monopole operators, and to more general manifolds [26].

A mini-bootstrap approach has been performed in this sector [27], leading to analytical

bounds on flavor central charges and other OPE coefficients.

The existence of a one-dimensional topological sector finds interesting applications also

in the study of N = 8 and N = 6 three-dimensional theories. Here the situation becomes

even more interesting since, due to the enhanced supersymmetry the correlation functions

of dimension-one topological operators can be related to the ones of the stress-energy

tensor in a particular kinematic configuration. The topological sector has thus played a
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notable role in performing a precision study of maximally supersymmetric (N = 8) SCFTs

through conformal bootstrap, allowing to compute exactly some OPE data and constraining

”islands” in the parameter space [11, 15, 16]. At the same time, it has been instrumental in

fixing contributions to the scattering amplitudes of super-gravitons in M-theory in eleven

dimensions [28].

More recently the topological sector of N = 6 ABJ(M) theory has been also considered

in connection with string theory amplitudes in AdS4×CP3 [29]. As already stressed, from a

physical point of view ABJ(M) theory is less rigid than itsN = 8 cousin. It admits a variety

of limits in which one can compare computations done with different tools and combine

results from complementary approaches. On the other hand, the absence of a N = 4 SYM

mirror theory and the presence of Chern-Simons terms have somehow precluded a direct

derivation of a one-dimensional action for the topological sector1. It then follows that some

(reasonable) assumptions made in [29] need further support through the use of alternative

approaches. More ambitiously, in checking these assumptions one might hope to grasp

some hints about the possibility to localize ABJ(M) theory with a supercharge different

from the usual KYW one [9], notably with the supercharge defining the topological sector

of the theory.

In this paper, we take a closer look at the topological line of N = 6 U(N1)k×U(N2)−k

ABJ(M) theory and study the relation between correlation functions of dimension-one

topological operators and the mass-deformed Matrix Model of the ABJ(M) parent theory.

As a first step, we present the explicit construction of the one-dimensional topological

sector of the ABJ(M) theory obtained by twisting local operators localized on a straight-

line parallel to the x3-direction. The superconformal algebra preserved by this line is

given by a su(1, 1|3) ⊕ u(1)b inside the original osp(6|4) [30]. We obtain the relevant

cohomology working directly in the su(1, 1|3) formalism. The topological operators are the

superconformal primaries of some short irreducible representations of su(1, 1|3). They are

realized explicitly as composite operators of the fundamental matter fields of the theory.

Focusing on dimension-one topological operators belonging to the stress-energy multi-

plet, we compute their two-, three- and four-point functions at large k and finite N1, N2,

exploiting standard perturbation theory. First of all, we find a non-vanishing correction

to the two-point function at two loops, which turns out to be position independent, thus

providing the first confirmation of the topological character of these correlators at quantum

level. We then compare these results with a weak coupling expansion of the mass-deformed

Matrix Model of the ABJ(M) theory on S3 [31–33]. We find perfect matching between our

perturbative results integrated on S1 ⊂ S3 and mass derivatives of the mass-deformed Ma-

trix Model. This is a non-trivial confirmation of the assumption made in [29] according to

which three-dimensional integrated correlators arising in this procedure can be replaced by

integrated correlators of the topological operators along the circle, or, in the conformally

equivalent set up, along the line in R
3. Since the validity of this result is a clear indication

that an alternative localization procedure should exist for these topological correlators [15],

our result provides a first quantitative hint that also in N = 6 case it should be possible to

1We acknowledge Itamar Yaakov for illuminating discussions on this point.
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find a one-dimensional theory describing these topological correlators from which one could

reconstruct the 3D partition function. In principle, a full-fledged localization computation

should provide a construction for such a topological quantum mechanics. Unfortunately,

at the moment, there is no such a description for ABJ(M) for k > 1.

Superconformal Ward identities relate the two-point function of dimension-one topo-

logical operators to the central charge cT of the 3D theory. Therefore, as a by-product,

from our perturbative calculation we obtain the novel result for the weak coupling expan-

sion of the ABJ(M) central charge up to two loops at generically finite N1 and N2 (see eq.

(4.11)). Remarkably, it coincides with what we obtain from the Matrix Model expansion

at weak coupling by applying the prescription in [34].

The paper is organized as follows. In section 2 we review the general construction

of the topological sector in N ≥ 4 SCFTs and discuss the relation that should hold be-

tween integrated topological correlators and derivatives of the partition function of the

mass-deformed ABJ(M) theory. Using the twisting procedure, in section 3 we explicitly

construct the topological operators on the line and obtain their field theory realization.

Section 4 is devoted to the perturbative computations of topological correlators at weak

coupling, using Feynman diagrams regulated by dimensional reduction. In section 5, we

present the evaluation of the integrated two-point function and the central charge cT at

weak coupling from the mass-deformed matrix-model, and discuss the matching with the

perturbative result at two loops. Exploiting the Matrix Model expansion we also make

a prediction for the four-point function at two loops, which results into a non-vanishing,

constant contribution that could be checked by evaluating Feynman diagrams as well. Fi-

nally, section 6 contains our conclusions and possible new developments. Five appendices

follow, which summarise our conventions on the ABJ(M) theory, osp(6|4) and su(1, 1|3)
superalgebras, N = 6 supersymmetry transformations, and provide details on the two-loop

calculation.

2 The topological sector of 3D N ≥ 4 theories: A brief review

We begin with a brief review of some background material concerning the construction of

the one-dimensional topological sector of three-dimensional N = 4 SCFTs and its relation

with the Matrix Model localizing the theory on S3. We then discuss if and how the

generalization to N > 4 SCFTs works in general, focusing in particular on the present

understanding of N = 6 ABJ(M) theory.

Three-dimensional N = 4 SCFTs admit a one-dimensional topological sector, that is

a set of operators in the cohomology of a twisted superalgebra, whose correlation functions

do not depend on the insertion points when we restrict them to sit on a line in R
3 [11, 23]2.

These operators turn out to be related to superconformal primaries (SCP) Oa1...an(~0) of

the three-dimensional theory, which belong to short multiplets, have scale dimension and

spin ∆ = j = n/2 and transform in the (n+ 1, 1) of SU(2)× SU(2) R-symmetry group.

2The only possible dependence is on the order of the insertions.
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There are many different reasons why the topological sector plays a relevant role in

solving the SCFT. One reason is that it represents a simpler sector where to implement

the bootstrap program. Another one is that it is strictly connected with the localization

procedure used for evaluating the partition function on S3, so leading to far-reaching

consequences in terms of solvability of the theory. We are mostly interested in the latter

aspect, which we now review briefly.

As discussed in [24], since the result for the partition function is independent of the

supercharge used to localize the functional integral, one can think of localizing the N =

4 theory on S3 using the nihilpotent supercharge Q which features the one-dimensional

topological sector, rather than the supercharge originally used in [9]. This procedure leads

to a different, but equivalent Matrix Model for the N = 4 partition function Z[S3], which

can be interpreted as coming from the gauge sector coupled to a one-dimensional Gaussian

model localized on the great circle S1 ⊂ S3. Remarkably, this one-dimensional factor is

exactly the contribution from the one-dimensional topological sector defined by the Q–

cohomology, corresponding to ∆ = j = 1.

The non-trivial observation is now the following: Deforming the original SCFT by mass

parameters ma and localizing it on S3 leads to a deformed MM which can be computed

exactly in the large N limit [35, 36]. On the other hand, this is equivalent to add to the

one-dimensional Gaussian model mass terms for the fundamental (bosonic and fermionic)

fields J a, of the form −4πr2ma
∫ π

−π
dτ J a(τ) [24]. Therefore, taking derivatives of the

MM on S3 respect to the mass parameters ma provides integrated correlation functions

of topologically twisted operators living on the great circle. Precisely, the crucial identity

reads [15, 29]

〈∫ π

−π

dτ1 . . .

∫ π

−π

dτn J a1(τ1) . . .J an(τn)
〉
=

1

(4πr2)n
1

Z
∂n

∂ma1 . . . ∂man
Z[S3,ma]

∣∣∣
ma=0

(2.1)

where Z[S3,ma] is the partition function of the deformed theory on S3 and r is the ra-

dius of the sphere. Since the topological correlators are position independent, the integrals

on the l.h.s. can be trivially performed leading to a constant factor (2π)n times the cor-

relator. Therefore, (2.1) provides an exact prescription for computing correlators in the

one-dimensional topological sector in terms of the derivatives of the deformed MM of the

three-dimensional theory. Read in the opposite direction, it allows to reconstruct the exact

partition function of the three-dimensional theory on the sphere once we have solved the

one-dimensional topological theory, i.e. we know exactly all its correlators.

Prescription (2.1) is valid also for N = 8 SCFTs [15]. In fact, these theories can be

seen as a subclass of N = 4 theories with so(4) flavor symmetry. It is then simply a

question of decomposing representations of the N = 8 superconformal algebra in terms

of the ones of the N = 4 algebra and find the corresponding one-dimensional topological

sector. In this case the line operators J a come from three-dimensional operators which

belong to the N = 8 stress-energy tensor multiplet. Consequently, superconformal Ward

identities relate their two-point function 〈J a1(τ)J a2(0)〉 to the two-point function of the
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stress-energy tensor Tµν

〈Tµν(~x)Tρσ(0)〉 =
cT
64

(PµρPνσ + PνρPµσ − PµνPρσ)
1

16π2~x 2
(2.2)

where Pµν = ηµν∇2 − ∂µ∂ν and cT is the central charge of the three-dimensional theory 3.

In particular, one then obtains that cT equals 〈J a1(τ)J a2(0)〉, or 1
(2π)2

〈
∫
J a1(τ)J a2(0)〉,

up to a numerical factor.

On the other hand, as proved in [34], cT can be independently computed from the

mass deformed Matrix Model on S3 as4

cT = −64

π2
d2

dm2
logZ[S3,m]

∣∣∣
m=0

(2.3)

Therefore, the consistency of the two independent results for cT – the one obtained from

the topological correlator and the one from (2.3) – represents an alternative way to prove

the validity of (2.1), at least for n = 2. For the N = 8 theories this has been discussed in

details in [15].

We are interested in investigating the previous construction for the N = 6 U(N1) ×
U(N2) ABJ(M) theory. Although we should expect things to work similarly, once we

decompose N = 6 representations in terms on N = 4 ones, a rigorous proof of the validity

of identity (2.1) is still lacking due to the absence of an off-shell formulation of the Chern-

Simons sector.

In [29], assuming that the above derivation holds also for ABJ(M) theory, prescrip-

tion (2.1) has been exploited to fix some coefficients in the Witten diagrams computing

four-point functions of topological operators at strong coupling. Precisely, describing the

ABJ(M) field content in N = 2 language, one can turn on a mass deformation in the Matrix

Model corresponding to a real mass spectrum (m+,−m+,m−,−m−) for the bifundamental

chiral multiplets (W1, Z̄1,W2, Z̄2) ≡ WI=1,2,3,4. It follows that derivatives of the Matrix

Model with respect to m± provide integrated correlation functions for the superprimary

operators sitting in the stress-energy tensor multiplet (for simplicity we set fermions to

zero and consider only the bosonic operators)

O J
I (~x) = Tr

(
CI(~x)C̄

J(~x)
)
− 1

4
δ J
I Tr

(
CK(~x)C̄K(~x)

)
(2.4)

where CI is the scalar component of WI .

As for the N = 8 case, superconformal Ward identities relate the two-point functions

of these operators to correlator (2.2) of the stress-energy tensor. Precisely, we have

〈O J
I (~x)O L

K (~0)〉 = cT
16

(
δLI δ

J
K − 1

4
δJI δ

L
K

)
1

16π2~x 2
(2.5)

3 We conventionally set cT = 1 both for a real scalar field and a Majorana fermion.
4We recall that an alternative prescription, which holds for any N ≥ 2 SCFT, amounts to placing the

theory on the squashed sphere S3
b , where b is the squashing parameter. It then follows that the central

charge is given by the second derivative of the free energy in the squashed background w.r.t. to b [37].
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Assuming that we can still define a topological sector of scalar operators O(τ) related to

(2.4) and localized on the great circle S1 ⊂ S3, exploiting (2.5) we can compute cT from

their two-point function 〈O(τ)O(0)〉 integrated on S1. On the other hand, equation (2.3)

is valid also for the ABJ(M) theory in the form

cT = − 64

π2
∂2

∂m2
±
logZ[S3,m±]

∣∣∣∣
m±=0

(2.6)

and provides an alternative way to compute the central charge. Now, if the two results

– the one from the topological correlator and the one from the derivatives of the three-

dimensional partition function – match, we can conclude that (2.1) is valid also in the

ABJ(M) case.

This is what we are going to investigate in the rest of the paper. After the construction

of the topological line operators O, we will check the validity of the following identity5

〈∫ π

−π

dτ1O(τ1)

∫ π

−π

dτ2O(τ2)

〉
=

1

π2
∂2

∂m2
±
logZ[S3,m±]

∣∣∣∣
m±=0

(2.7)

by matching the weak coupling expansion of the derivatives of the mass deformed ABJ(M)

Matrix Model on the r.h.s. against a genuine two-loop calculation of the two-point correla-

tor 〈O(τ1)O(τ2)〉. As already mentioned, expressions (2.7) coincide with − 64cT . Therefore,

as a by-product, we obtain the central charge of ABJ(M) at weak coupling, up to two-loop

order.

3 The topological line in ABJ(M) theory

This section is devoted to building the topological sector of local operators in the ABJ(M)

theory associated with a straight-line parallel to the x3-direction and parametrized as

xµ(s) = (0, 0, s), with s ∈ (−∞,+∞) being its proper time.

The superconformal algebra preserved by this line is given by a su(1, 1|3) ⊕ u(1)b
inside the original osp(6|4). Our conventions and the commutations relations for these

superalgebras are spelled out in appendices B and C. In the latter, we also clarify our

choice of the embedding for the preserved superalgebra inside osp(6|4).
When constructing this topological sector, we find it convenient to reorganize the scalars

CI , C̄
I and the fermions ψI , ψ̄

I , I = 1, 2, 3, 4, in irreducible representations of SU(3), the

residual R-symmetry group. Precisely, we split them as

CI = (Z, Ya) C̄I = (Z̄, Ȳ a) ψI = (ψ,χa) ψ̄I = (ψ̄, χ̄a) a = 1, 2, 3 (3.1)

where Ya(Ȳ
a), χa(χ̄

a) belong to the 3(3̄) of SU(3), while Z, Z̄, ψ, ψ̄ are SU(3)-singlets.

5For notational convenience, in the rest of the paper we choose the radius of the sphere to be r = 1/2.
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Gauge fields split according to the new spacetime symmetry as

Aµ = (A ≡ A1− iA2, Ā ≡ A1+ iA2, A3) Âµ = (Â ≡ Â1− iÂ2,
ˆ̄A ≡ Â1+ iÂ2, Â3)

(3.2)

together with the corresponding covariant derivatives (see their definition in (A.4))

Dµ = (D ≡ D1 − iD2, D̄ ≡ D1 + iD2, D3) (3.3)

3.1 The Topological Twist

Recently, the topological twist [38] has been exploited for constructing two-dimensional

protected sectors of four-dimensional N ≥ 2 superconformal field theories [39] and one-

dimensional topological sectors of three-dimensional N = 4, 8 superconformal field theories

[11, 23]. Below, we use this procedure to single out a topological sector of ABJ(M) theory

supported on a line.

The starting point is the complexification of the superalgebra su(1, 1|3) preserved by the

line. Its commutation relations are given in eqs. (C.1, C.3, C.8, C.9). Then, inside the

complexification of the su(3), we can select the su(1, 1)(≃ sl(2)) subalgebra generated by

su(1, 1) ≃
〈
iR3

1, iR1
3,

R1
1 −R3

3

2

〉
≡ 〈R+,R−,R0〉 (3.4)

These generators obey the following commutation relations

[R0,R±] = ±R± [R+,R−] = −2R0 (3.5)

We can also define a u(1) generator R1
1+R3

3

2 that commutes with the algebra in (3.5).

Summarising, we have broken the complexification of the original su(3) into su(1, 1)⊕
u(1). With respect to this subalgebra, the supercharges split into two doublets (Q1, Q3)

and (S1, S3), and their hermitian conjugates (Q̄1, Q̄3), (S̄1, S̄3), which transform in the

fundamental of su(1, 1) and have u(1) charges 1/6 and −1/6, respectively. The remaining

supercharges Q2, S2 (Q̄2, S̄2) are instead singlets with U(1) charges −1/3 (1/3).

The topological twist can now be performed by taking a suitable diagonal sum of the

original spacetime conformal algebra defined in (C.1) with the su(1, 1) given in (3.4). The

twisted generators are

L̂+ = P +R+ L̂− = K +R− L̂0 = D +R0 (3.6)

and satisfy the commutation relations

[L̂0, L̂±] = ±L̂± [L̂+, L̂−] = −2L̂0 (3.7)

We shall denote this twisted conformal algebra on the line with ŝu(1, 1).

Under the new spin assignments induced by ŝu(1, 1) the supercharges Q3, S1 and their
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hermitian conjugates are now scalars. In particular, the linear combinations

Q1 = Q3 + iS1 , Q2 = S̄3 + iQ̄1 (3.8)

define two independent nihilpotent supercharges, Q2
1 = Q2

2 = 0. Remarkably, the gen-

erators of ŝu(1, 1) are Q-exact with respect to both charges. In fact, it is easy to check

that

L̂+ =
1

2

{
Q1, Q̄3

}
=− i

2
{Q2, Q1} L̂− = − i

2

{
Q1, S̄1

}
=

1

2
{Q2, S3}

L̂0 =
1

4

{
Q1,Q†

1

}
=

1

4

{
Q2,Q†

2

} (3.9)

The twisted generators L̂±, L̂0 and the charges Q1 and Q2 span a superalgebra, which

possesses a central extension given by

Z =
1

4
{Q1,Q2} =

1

3
M − R3

3 +R1
1

2
(3.10)

where M is the u(1) generator defined in (C.4).

3.2 Q-cohomology and topological operators

We now have the necessary ingredients to construct the topological sector of ABJ(M) on

the line. It contains all the local6, gauge-invariant operators belonging to the cohomology

of a nilpotent charge Q for which the twisted translations are Q−exact. Since both Q1 and

Q2 satisfies this property, we can choose either one of them or a suitable linear combination.

The results of this section will be independent of which charge we select.

The defining conditions for an operator O(s) living in the cohomology of Q are [Q,O(s)]± =

0, but O(s) 6= [Q,O′(s)]∓, where either commutators or anticommutators appear depend-

ing on the spin of O. Since L̂+ commutes with Q, we can restrict our analysis to operators

placed at the origin. In fact, an operator at the point s can always be obtained from the

one evaluated at the origin by applying a twisted translation, i.e.

O(s) ≡ eisL̂+ O(0) e−isL̂+ (3.11)

Moreover, since L̂+ is Q-exact, the correlation functions of the operators in the cohomology

of Q are independent of their position along the line. At most, they can depend on

their relative ordering. The operators in the cohomology will be referred to as topological

operators.

Below we focus on solving the constraints

[Q,O(0)]± = 0 and O(0) 6= [Q,O′(0)]∓ (3.12)

where O(0) belongs to a unitary irreducible representations of the superconformal algebra

su(1, 1|3). As briefly reviewed in appendix C.2, the operators in an irreducible repre-

sentation are classified in terms of the conformal weight ∆, the u(1) charge m and the

6For our purposes it is sufficient to consider local operators.
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eigenvalues (j1, j2) corresponding to the two su(3) Cartan generators defined in (C.11).

We symbolically write |∆,m, j1, j2〉 to denote the corresponding state.

The operators solving condition (3.12) can be identified by noting that L̂0 and Z, being

Q-exact, act trivially within each cohomological class (their action on cohomological rep-

resentatives is always Q-exact). Therefore, operators obeying the condition (3.12) belong

necessarily to the zero eigenspaces of L̂0 and Z [39]. In particular, in a unitary represen-

tation any element of the kernel of L̂0 must be annihilated by Q1 and Q2, thanks to the

last equation in (3.9).

The problem is then reduced to determining the intersection N = Ker(L0) ∩ Ker(Z). To

this end, using the su(3) Cartan generators defined in (C.11), we rewrite L̂0 and Z given

in eqs. (3.6, 3.10) as L̂0 = D − (J2 + J1) and Z = 1
3

(
M − (J2 − J1)

)
. Therefore, a state

|∆,m, j1, j2〉 in a given irreducible unitary representation is an eigenvector of L̂0 and Z
with eigenvalues

l̂0 = ∆− j2 + j1
2

, z =
1

3

(
m− j2 − j1

2

)
(3.13)

This state will belong to N and define a topological operator if and only if

∆ =
j2 + j1

2
, m =

j2 − j1
2

(3.14)

The next step is to identify these topological operators among the state components

of su(1, 1|3) super-multiplets.

We begin by scanning the long representations. As reviewed in appendix C.2, A∆
m;j1,j2

multiplets are characterized by unitarity constraints (C.16). The first of the two possibilities

is always incompatible with (3.14), whereas the second one satisfies (3.14) at the threshold.

Therefore, the superconformal primaries of the A multiplets at the threshold certainly

belong to the cohomology of Q. However, this identification can be refined. In fact,

due to the recombination phenomenon, the A multiplets at the threshold split into short

multiplets according to the decomposition (C.19). By inspection, we can check that the

topological operators are actually the superprimaries (highest weight operators) of the short

multiplets B
1

6
, 1
6

j2−j1
2

;j1,j2
in (C.19). This analysis, complemented by the observation that no

other topological operator arises from the descendants of B multiplets in decomposition

(C.19), concludes the identification of topological operators in the A∆
m;j1,j2

class7.

Next we look for other candidates by examining the class B of short multiplets in more

generality. Referring to their shortening conditions (C.21, C.25) we immediately see that

eqs. (3.14) are always satisfied by the superprimaries of B
1

6
,0

j2−j1
2

;j1,j2
and B0, 1

6
j2−j1

2
;j1,j2

, for

generic values of j1 and j2.

Summarizing, we have found that a topological operator is the superprimary of one of the

7More details can be found in [11, 40].
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following three multiplets

B
1

6
, 1
6

j2−j1
2

;j1,j2
, B

1

6
,0

j2−j1
2

;j1,j2
, B0, 1

6
j2−j1

2
;j1,j2

(3.15)

When j1 or j2 or both vanish these multiplets become even shorter and enhance their

supersymmetry. Using the classification reviewed in eqs. (C.21–C.30) we can identify

them with one of the remaining BPS multiplets.

3.3 A simple field realization

The elements of the multiplets determined in the previous subsection can be explicitly

realized as composite operators built out of the fundamental matter fields. In fact, looking

at tables C.2.2 and C.2.3, we immediately realise that Y1 and Ȳ 3 provide two super-

conformal primaries satisfying conditions (3.14) with (j1, j2) = (1, 0) and (0, 1) respectively.

Using these two fundamental fields, the simplest gauge-invariant topological operator on

the line can be constructed as

O(s) ≡ eisL̂+O(0)e−isL̂+ with O(0) = Tr
(
Y1(0)Ȳ

3(0)
)

(3.16)

and obeys conditions (3.14) with [∆,m, j1, j2] = [1, 0, 1, 1].

Evaluating the twisted translation explicitly, at a generic point s on the line this

operator can be written as

O(s) = Tr
(
Ya(s)Ȳ

b(s)
)
ūa(s) vb(s) , with ūa(s)=(1, 0, s) va(s)=(−s, 0, 1)

(3.17)

The contraction with the two polarization vectors leads to a linear combination of single

trace operators with coefficients that depend on the insertion points

O(s) = Tr
(
Y1Ȳ

3
)
− sTr

(
Y1Ȳ

1
)
+ sTr

(
Y3Ȳ

3
)
− s2Tr

(
Y3Ȳ

1
)

(3.18)

This is the only topological operator on the line with conformal weight equal to one.

Generalizations of this operator can be constructed by taking chains of alternating Y1
and Ȳ 3 scalars. Gauge invariance forces to have the same number of fields of each type.

Therefore, the most general topological operator of this kind, evaluated at s = 0, reads

On(0) = Tr


Y1(0)Ȳ 3(0) · · · Y1(0)Ȳ 3(0)︸ ︷︷ ︸

n−times


 (3.19)

It satisfies the topological conditions in (3.14) with [∆,m, j1, j2] = [n, 0, n, n].

These operators exhaust the spectrum of topological, gauge invariant local operators

suitable for insertions on the topological line. A larger class of operators can be constructed

when one is interested in studying insertions on dynamical defects, like BPS Wilson lines.

We will discuss this possibility in a forthcoming paper [41].

What makes O(0) in (3.16) special within the class of operators (3.19) is that it coin-
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cides with the scalar chiral super-primary O2
4(0) in (2.4), appearing in the super-multiplet

of the stress-energy tensor [29]. The topological operator in (3.17) is then O2
4 localized

on the line and contracted with the corresponding polarization vectors. As discussed in

section 2, it follows that its correlation functions carry some information about the cor-

relation functions of the stress-energy tensor. In particular, its two-point function can be

used to evaluate the central charge cT of the theory, as we discuss below.

4 Topological correlators: The perturbative result

As already mentioned, correlation functions of topological operators (3.17) are expected

to be independent of the location of the operators along the line. A crucial check of this

property comes from the perturbative evaluation of correlators. In particular, whether

the topological nature is preserved at the quantum level is one of the main questions that

can be addressed within this approach. In fact, if the quantum operator is topological,

the evaluation of a generic n-point correlator will result in a function whose non-trivial

dependence is at most on the coupling constants of the theory.

Moreover, as discussed in section 2 topological correlators are potentially connected

with derivatives of the mass-deformed Matrix Model. A confirmation of this intuition

comes from proving identity (2.7) perturbatively.

Motivated by these observations, we study two-, three- and four-point functions. We

focus only on connected correlation functions. While three- and four-point correlators are

evaluated up to one loop, we push the calculation for the two-point function up to two loops

to provide a check of (2.7) at a non-trivial perturbative order. Correlators are computed

on the straight line and later mapped to the great circle in S3, in order to allow for a

comparison with localization results discussed in section 5.

4.1 Correlators on the line

The perturbative evaluation of n-point correlation functions relies on the expansion of the

Euclidean path integral

〈O(s1) · · ·O(sn)〉 =
∫
O(s1) · · ·O(sn) e

−S (4.1)

in powers of the coupling constants N1/k and N2/k. Here S is the ABJ(M) action defined

in eqs. (A.5-A.11).

Performing all possible contractions and using the scalar propagator in (A.13), for

tree-level connected correlators we obtain

〈O(s)O(0)〉(0) = ūa(s) vb(s) 〈Tr
(
YaȲ

b
)
Tr
(
Y1Ȳ

3
)
〉
(0)

= −N1N2

(4π)2
(4.2)

〈O(t)O(s)O(0)〉(0) = ūa(t)vb(t)ū
c(s)vd(s) 〈Tr

(
YaȲ

b
)
Tr
(
YcȲ

d
)
Tr
(
Y1Ȳ

3
)
〉
(0)

= 0 (4.3)
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(a) (b) (c) (d)

Figure 1. Topologies of one-loop diagrams contributing to the correlators.

〈O(z)O(t)O(s)O(0)〉(0) = (4.4)

= ūa(z)vb(z)ū
c(t)vd(t)ū

e(s)vf (s) 〈Tr
(
YaȲ

b
)
Tr
(
YcȲ

d
)
Tr
(
YeȲ

f
)
Tr
(
Y1Ȳ

3
)
〉
(0)

= 2
N1N2

(4π)4

In the non-vanishing cases the worldline dependence at the denominator encoded in

the propagators is canceled by an analogous numerator coming from the contraction of the

polarization vectors.

One-loop corrections to two-, three- and four-point functions are drawn in figure 1(a).

It is easy to realize that they all vanish due to geometrical reasons. All the contributions

are proportional to one Levi-Civita tensor εµνρ coming from the gauge propagator (see eq.

(A.15)), which is contracted with spacetime derivatives coming from either internal vertices

or the gauge propagator. It is a matter of the fact that such structures eventually vanish

when projected on the line.

The first non-trivial information comes at two loops. We restrict the evaluation to the

two-point function, whose diagrams at this order are given in figures 2(a)-2(j).

The corresponding algebraic expressions, including the combinatorial and color factors

are listed in appendix E. We evaluate the corresponding integrals by Fourier transforming

to momentum space. Potential UV divergences are regularized within the DRED scheme

[42, 43]. This amounts to first perform the tensor algebra strictly in three dimensions

to reduce the integrals to a linear combination of scalar integrals and then analytically

continue the resulting integrals to d = 3 − 2ǫ dimensions. As usual, we also introduce a

dimensionful parameter µ to correct the scale dimensions of the couplings when they are

promoted to d dimensions.

Applying Mathematica routines8 based on the uniqueness method the momentum in-

tegrals can be analytically evaluated, leading to the results for every single diagram listed

below.

Starting from the first diagram in fig. 2(a) we have

(2(a)) = −Γ3
(
1
2 − ǫ

)

43π
9

2
−3ǫ

1

2
C(N1, N2) |µs|8ǫ (4.5)

where C(N1, N2) is the two-loop correction to the scalar propagator computed in [44]. Its

8We are grateful to Marco Bianchi for sharing with us his routines.
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(a) (b) (c) (d)

(e) (f) (g)

(h) (i) (j)

(k) (l)

Figure 2. Two-loop diagrams for the two-point function. In (a) the white circle is the two-loop
correction to the scalar propagator, while in (b) the circle is the one-loop correction to the gauge
field propagator. Diagrams (h), (i), (j) and (k) sum up to provide the vertex correction.

expansion at small ǫ is given in eq. (E.1). Therefore, neglecting terms which go to zero in

the ǫ→ 0 limit, the contribution of this diagram reads

(2(a)) =
N1N2

k2
1

128π2

[
−
(
N2

1 +N2
2 + 4N1N2 − 6

) 1
ǫ

+ (N2
1 +N2

2 − 2)
(
π2 − 2(3 + log 2)

)
+ 4(N1N2 − 1)

(
π2 − 2(11 + log 2)

) ]
|µs|8ǫ
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For the rest of the diagrams, neglecting terms that vanish for ǫ→ 0, we obtain

(2(b)) = −N1N2

k2
(N1N2 − 1)

(
π2 − 12

)

16π2
|µs|8ǫ

(2(c)) =
N1N2

k2
(
N2

1 +N2
2 − 4N1N2 + 2

)( 1

128π2
1

ǫ
+

1 + log 2

64π2

)
|µs|8ǫ

(2(d)) = 0

(2(e)) = −N1N2

k2
(N1N2 − 1)

(
5π2 − 48

)

96π2
|µs|8ǫ

(2(f)) =
N1N2

k2
(N1N2 − 1)

(
1

16π2
1

ǫ
+

1 + log 2

8π2

)
|µs|8ǫ

(2(g)) = −N1N2

k2
(
N2

1 +N2
2 − 4N1N2 + 2

)
(
π2 − 12

)

128π2
|µs|8ǫ

(2(h)) = 0

(2(i)) = 0

(2(j)) =
N1N2

k2
(N1N2 − 1)

(
π2 − 12

)

48π2
|µs|8ǫ

(2(k)) =
N1N2

k2
(
N2

1 +N2
2 − 2

) (π2 − 12
)

192π2
|µs|8ǫ

(2(l)) = −N1N2

k2
(N1 −N2)

2 1

64
|µs|8ǫ

Summing all the contributions, it is easy to realize that the ǫ-poles cancel exactly. We

can then safely take the ǫ → 0 limit and the final result for the two-point function, up to

two loops reads

〈O(s)O(0)〉(2) = −N1N2

(4π)2

(
1− π2

6k2
(N2

1 +N2
2 − 2)

)
(4.6)

We note that for dimensional reasons all the diagramatic contributions have a dipendence

on the position of the form |µs|8ǫ. In principle, expanding |µs|8ǫ ∼ (1 + 8ǫ log |µs| + · · · )
might produce dangerous, finite log |µs| terms that would spoil the topological nature of

the operators at quantum level. However, this does not happen, thanks to the complete

cancellation of the 1/ǫ poles. Therefore, the BPS nature that the operators possess in

the parent three-dimensional theory nicely protects the correlators on the line, which then

turns out to be topological also at quantum level.

4.2 Correlators on the circle

If we assume that there are no conformal anomalies at quantum level, correlators of twisted

operators computed on a line embedded in R
3 and on the great circle S1 ⊂ S3 should be

exactly the same [24]. In other words, it is reasonable to assume that (setting s = tan τ
2 )

〈O(s1) . . .O(sk)〉R3 = 〈OS(τ1) . . .OS(τk)〉S3 (4.7)
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where O(s) is the operator in (3.17) on the line and the operator OS(τ) is its counterpart

on the circle obtained by contracting the S3 operator localized on S1 with polarization

vectors ūaS , vSa on the great circle.

From the background independence of the topological correlators stated in eq. (4.7) it

is easy to infer how the polarization vectors get mapped from the line to the great circle.

In fact, taking into account that the ABJ(M) scalar fields transform under a conformal

transformation as Y1 = Λ
1

2 (YS)1, Ȳ
3 = Λ

1

2 Ȳ 3
S , with Λ = cos2 τ

2 being the conformal factor,

from the cohomological identification O(s) = OS(τ) we obtain

ūaS = Λ
1

2 ūa =
(
cos

τ

2
, 0, sin

τ

2

)
vSa = Λ

1

2 va =
(
− sin

τ

2
, 0, cos

τ

2

)
(4.8)

where ūa, va have been defined in (3.17).

4.3 The central charge at weak coupling

As discussed in section 3.2, the topological operators in (3.17) are related to the super-

primaries (2.4) of the stress-energy tensor localized on the line. In SU(4) notation we can

indeed write

O(s) = OJ
I (0, 0, s)Ū

I (s)VJ(s) , with Ū I(s) = (0, 1, 0, s) , VJ(s) = (0,−s, 0, 1)
(4.9)

It follows that if we project the two-point function (2.5) on the line by setting ~x = (0, 0, s)

and multiplying both sides by Ū I(s)VJ(s)Ū
K(0)VL(0), we obtain an explicit expression for

the central charge in terms of the topological correlator

cT = −64 (2π)2 〈O(s)O(0)〉 = −64
〈∫ π

−π

dτ1O(τ1)

∫ π

−π

dτ2O(τ2)
〉

(4.10)

where the second equality has been obtained by taking into account the translational in-

variance of the correlator and the identity 〈O(s)O(0)〉R3 = 〈O(s)O(0)〉S3 discussed above.

Inserting in (4.10) the perturbative result (4.6) for the two-point function we obtain

the expansion of the ABJ(M) central charge at second order in the couplings and at generic,

finite values of the group ranks

cT = 16N1N2

(
1− π2

6k2
(N2

1 +N2
2 − 2) +O

(
1

k3

))
(4.11)

We note that at tree level it reproduces correctly the central for a free theory of 4(N1×N2)

chiral multiplets, in agreement with our conventions (see footnote 3), while for N1 = N2 =

2, we correctly recover the two-loop approximation of cT in eq. (5.20) of [10].
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5 The Matrix Model expansion at weak coupling

5.1 The main result

We are almost ready to prove identity (2.7). The last ingredient that we need is the weak

coupling expansion of the mass-deformed Matrix Model of ABJ(M) on S3 [31–33] and its

second derivatives respect to the masses, to be compared with the perturbative result (4.6)

for the topological two-point function.

To this end we consider the mass-deformed Matrix Model of the ABJ(M) theory [45]

Z =
1

(N !)2

∫
dλ dµ

eiπk
∑

i(λ2
i−µ2

i )
∏

i<j 16 sinh
2 [π (λi − λj)] sinh

2 [π (µi − µj)]∏
i,j 4 cosh

[
π(λi − µj) +

πm+

2

]
cosh

[
π(λi − µj) +

πm−

2

] (5.1)

where the mass assignment is the one recalled in section 2 [29]. Taking derivatives respect

to m− (the same result would rise taking derivatives respect to m+) we immediately find

∂2

∂m2
−
logZ[S3,m±]

∣∣∣∣
m±=0

=
Z ′′

Z
−
(
Z ′

Z

)2

(5.2)

where Z is the undeformed MM, whereas its derivatives are given by

Z ′ = − 1

(N !)2

∫
dλ dµ eiπk

∑
i(λ2

i−µ2
i ) Z1−loop(λi, µj)

∑

i,j

tanhπ(λi − µj) (5.3)

Z ′′ =
1

(N !)2

∫
dλ dµ eiπk

∑
i(λ2

i−µ2
i ) Z1−loop(λi, µj) (5.4)

× π2

4




∑

i,j

tanh(π(λi − µj))




2

−
∑

i,j

1

cosh2(π (λi − µj))




with

Z1−loop(λi, µj) =

∏
i<j 16 sinh

2 [π (λi − λj)] sinh
2 [π (µi − µj)]∏

i,j 4 cosh(π (λi − µj)) cosh(π (λi − µj))
(5.5)

Since the integrand in Z ′ is odd under λ↔ µ exchange, it vanishes once integrated. Thus

we only need to compute contribution (5.4). Performing the following change of variables

xi = π
√
kλi , yj = π

√
kµj , gs =

1√
k

(5.6)

the relevant quantities become

Z =

∫
dX dY e

i
π

∑
i(x2

i−y2i )f(x, y) (5.7)

Z ′′ =

∫
dX dY e

i
π

∑
i(x2

i−y2i )f(x, y)
π2

4





∑

i,j

tanh(gs(xi − yj))




2

−
∑

i,j

1

cosh2(gs (xi − yj))



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where dX, dY are the Haar measures and

f(x, y) =
∏

i<j

sinh2(gs(xi − xj))

g2s (xi − xj)2
sinh2(gs(yi − yj))

g2s(yi − yj)2
1∏

i,j cosh
2(gs(xi − yj))

(5.8)

In order to compute Z and Z ′′, we find it convenient to canonically normalize them as

Z ′′ → Z ′′/Z0 ≡ Z ′′, Z → Z/Z0 ≡ Z where

Z0 ≡
∫
dXdY e

i
π

∑
i(x2

i−y2i ) (5.9)

is the free partition function. By perturbatively expanding the integrands in (5.7) up to

g4s ∼ 1
k2
, i.e. at two loops, and evaluating the normalized gaussian matrix integrals, we

obtain

Z ′′ = −π
2

4
N1N2

[
1 + g2s

iπ

6
(N2 −N1)

(
1− (N2 −N1)

2
)

− g4s
π2

72

(
− 24 + 16N2

2 − 12N1(N2 −N1) +N4
2 + 6N2

2N
2
1 + 2N2N

3
1 −N4

1

+ (N2 −N1)
6
)
+O(g6s)

]

1

Z = 1− g2s
iπ

6
(N2 −N1)

(
1− (N2 −N1)

2
)

− g4s
π2

72

(
− 2(N2

2 −N2
1 ) + 8N2N1 − 5N4

2 + 2N2N1(N2 −N1)(8N2 − 7N1)− 3N4
1

+ (N2 −N1)
6
)
+O(g6s )

(5.10)

If we now substitute back gs → 1√
k
, the final result reads

1

π2
∂2

∂m2
−
logZ[S3,m±]

∣∣∣∣
m±=0

=
1

π2
Z ′′

Z = −N1N2

4

(
1− π2

6k2
(N2

1 +N2
2 − 2) +O

(
1

k3

))

(5.11)

It is then easy to see that this expression coincides with the perturbative result (4.6)

integrated twice on the great circle. We have thus checked identity (2.7) at perturbative

level.

Just to complete the picture, the central charge in (4.11) indeed satisfies the identity

cT = −64

π2
∂2

∂m2
−
logZ[S3,m±]

∣∣∣∣
m±=0

(5.12)

in agreement with the general finding of [34].

5.2 A prediction for the four-point function at two loops

From the general structure of the partition function in (5.1) it is easy to see that all the odd-

order mass derivatives evaluated at m± = 0 vanish identically due to symmetry reasons.
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Therefore, odd topological correlators should vanish at any order in loops, in agreement

with our findings of section 4. Even number of derivatives are instead non-vanishing and

can be used to obtain predictions for even topological correlators at weak coupling.

Here we consider the simplest case beyond the two-point function, that is the connected

four-point function. Generalizing the prescription in (2.7) for the two-point function in an

obvious way, we can write

〈O(τ1)O(τ2)O(τ3)O(0)〉 = 1

π4(2π)4
∂4 logZ

∂m4
−

∣∣∣∣
m−=0

=
1

π4(2π)4

(
Z ′′′′

Z − 3

(Z ′′

Z

)2
)

(5.13)

where we have used Z ′ = 0 and normalized everything by Z0, eq. (5.9). The second term

can be easily recognized to be three times the square of the two-point function (5.2), thus

this expression computes correctly the connected correlation function.

Evaluating explicitly Z ′′′′ at order g4s and using (5.10), we obtain a two-loop prediction

for the four-point topological correlator

〈O(τ1)O(τ2)O(τ3)O(0)〉 = 2
N1N2

(4π)4
− N1N2(N

2
1 +N2

2 − 2)

192π2 k2
+O

(
1

k3

)
(5.14)

We note that up to one loop it agrees with our perturbative result (4.4), whereas the
1
k2

term is a new non-trivial result which should be checked against a genuine two–loop

calculation.

6 Conclusions and future directions

In this paper we have investigated the one-dimensional topological sector of N = 6 ABJ(M)

theory, taking a slightly different point of view with respect to previous investigations

[29, 46]. We started directly from the superconformal algebra su(1, 1|3) ⊕ u(1)b, the sym-

metry of the straight line, and we obtained the relevant cohomology working directly in

the su(1, 1|3) formalism. The topological operators have been identified with some super-

conformal primaries and constructed explicitly as composite operators of the fundamental

matter fields of the theory. Then we turned our attention to the correlation functions of

dimension-one topological operators, which have the nice property inherited from the full

osp(6|4) algebra, of being related to the correlators of the stress-energy tensor [29]. More-

over they are simple enough to be studied perturbatively at loop level, using conventional

Feynman diagrams. We have computed the two-point correlation function at two loops

and found perfect agreement with the second derivative of the mass-deformed partition

function of ABJ(M) theory, evaluated at weak coupling directly from its Matrix Model

representation. Our result supports the proposal in [29] that the mass-deformed partition

function is a sort of generating functional for the (integrated) correlation functions. As

a by-product we obtained the explicit expression for the central charge cT at the second

perturbative order, for generic N1, N2.

Three- and four-point functions at one loop have also been proved to be consistent

with the Matrix Model results. Pushing their computation at two-loop would certainly
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enforce our confidence with the proposed relation.

For N = 4 SCFTs without Chern-Simons terms the correct framework to link the

topological sector and the mass-deformed theory is to perform localization with the su-

percharges used in [24]. This procedure directly generates a topological one-dimensional

quantum mechanics governing the topological correlation functions of the full theory. In

the N = 6 case localization has been performed so far only with the usual N = 2 KYW

supercharges and it is an open problem to extend the approach of [24] to the ABJ(M) the-

ory9. Nevertheless the emerging picture seems to suggest the possibility that a topological

quantum mechanics could emerge from some localization procedure, effectively describing

the full topological sector of N = 6 super Chern-Simons theories, including operators of

arbitrary dimensions and possibly the monopole sector [25].

A natural generalization of the present investigation would concern the construction of

topological operators inserted into the 1/2 BPS Wilson line. Defect conformal field theories

supported on the 1/2 BPS Wilson line have been studied in four-dimensional N = 4 SYM

[49, 50] and its topological sector has been extensively studied in a series of papers [51–53].

The defect conformal field theory related to the 1/2 BPS Wilson line in ABJ(M) theory has

been examined in [54], where it has been shown that, at variance with the four-dimensional

case, the displacement supermultiplet does not admit a topological sector. Because the

relevant symmetry is exactly su(1, 1|3)⊕ u(1)b we expect that an explicit representation of

the topological operators can be constructed, although in terms of supermatrices, as done

in [54] for the displacement supermultiplet. Work in this direction is in progress [41].

Another interesting perspective would be to apply conformal bootstrap techniques in

this context. In the N = 4 case the OPE data in the relevant topological quantum mechan-

ics can be obtained or constrained imposing the associativity and unitarity of the operator

algebra [23, 27]. This procedure is dubbed mini-bootstrap (or micro-bootstrap in four-

dimensions [55]) because it concerns a closed subsystem of the full bootstrap equations.

The generalization to the N ≥ 4 case could give further hints on the structure of the topo-

logical quantum mechanics and might produce new solutions corresponding to presently

unknown sectors.
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A ABJ(M) action and Feynman rules

We work in euclidean space with coordinates xµ = (x1, x2, x3) and metric δµν . Gamma

matrices satisfying the usual Clifford algebra {γµ, γν} = 2δµν1, are chosen to be the Pauli

matrices

(γµ) β
α ≡ (σµ) β

α µ = 1, 2, 3 (A.1)

Standard relations which are useful for perturbative calculations are

γµγν = δµν + iεµνργρ (A.2)

γµγνγρ = δµνγρ − δµργν + δνργµ + iεµνρ (A.3)

Moreover, we define γµν ≡ 1
2 [γ

µ, γν ].

Spinor indices are raised and lowered according to the following rules

ψα = εαβψβ, ψα = εαβψ
β

with ε12 = −ε12 = 1. Consequently, we define (γµ)αβ ≡ εβγ(γ
µ) γ

α = (−σ3, iI, σ1) and

(γµ)αβ ≡ εαγ(γµ) β
γ = (σ3, iI,−σ1). They satisfy (γµ)αβ = (γµ)βα and (γµ)αβ = (γµ)βα.

The U(N1)k×U(N2)−k ABJ(M) theory contains two gauge fields (Aµ)
j
i , (Âµ)

ĵ

î
belong-

ing to the adjoint representation of U(N1) and U(N2) respectively, minimally coupled to

matter realised in terms of four multiplets (CI , ψ̄
I)I=1,...,4 in the (N1, N̄2) representation

of the gauge group and their conjugates (C̄I , ψI)I=1,...,4 in the (N̄1, N2).

We use conventions in [44] with a convenient rescaling of the gauge fields and the

corresponding ghosts, A → 1√
k
A, Â → 1√

k
Â, c → 1√

k
c, ĉ → 1√

k
ĉ. Defining covariant

derivatives as

DµCI = ∂µCI +
i√
k
AµCI −

i√
k
CIÂµ, DµC̄

I = ∂µC̄
I +

i√
k
ÂµC̄

I − i√
k
C̄IAµ

Dµψ̄
I = ∂µψ̄

I +
i√
k
Aµψ̄

I − i√
k
ψ̄I Âµ, DµψI = ∂µψI +

i√
k
ÂµψI −

i√
k
ψIAµ

(A.4)

the Euclidean gauge-fixed action is then given by

S = SCS + Sgf + Smat + Spot (A.5)
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where

SCS = − i

4π

∫
d3x εµνρ

[
Tr

(
Aµ∂νAρ +

2i

3
√
k
AµAνAρ

)
− Tr

(
Âµ∂νÂρ +

2i

3
√
k
ÂµÂνÂρ

)]

(A.6)

Sgf =
1

4π

∫
d3x Tr

[
1

ξ
(∂µA

µ)2 + ∂µc̄D
µc− 1

ξ

(
∂µÂ

µ
)2

− ∂µ¯̂cD
µĉ

]
(A.7)

Smat =

∫
d3x Tr

[
DµCID

µC̄I − iψ̄IγµDµψI

]
(A.8)

=

∫
d3x Tr

[
∂µCI∂

µC̄I − iψ̄Iγµ∂µψI +
1√
k

(
ψ̄IγµÂµψI − ψ̄IγµψIAµ

)

+
i√
k

(
AµCI∂

µC̄I − CIÂµ∂
µC̄I − ∂µCIC̄

IAµ + ∂µCIÂ
µC̄I

)

+
1

k

(
AµCIC̄

IAµ −AµCIÂ
µC̄I − CIÂµC̄

IAµ + CIÂµÂ
µC̄I

)]
(A.9)

Spot ≡ S6pt + S4pt

= −4π2

3k2

∫
d3x Tr

[
CIC̄

ICJ C̄
JCKC̄

K + C̄ICIC̄
JCJ C̄

KCK

+4CI C̄
JCKC̄

ICJ C̄
K − 6CIC̄

JCJ C̄
ICKC̄

K
]

(A.10)

−2πi

k

∫
d3x Tr

[
C̄ICIΨJΨ̄

J −CIC̄
IΨ̄JΨJ + 2CI C̄

JΨ̄IΨJ

−2 C̄ICJΨIΨ̄
J − ǫIJKLC̄

IΨ̄J C̄KΨ̄L + ǫIJKLCIΨJCKΨL

]
(A.11)

where ǫ1234 = ǫ1234 = 1 and for the group generators we use the following relations

Tr
(
TATB

)
= δAB , [TA, TB ] = ifAB

C T
C (A.12)

The corresponding propagators at tree and loop orders, as needed for the two-loop

calculations, are:

• Scalar propagator

〈(CI)i
ĵ(x) (C̄J)

k̂

l
(y)〉(0) = δJI δ

l
iδ

ĵ

k̂

Γ(12 − ǫ)

4π
3

2
−ǫ

1

|x− y|1−2ǫ (A.13)

〈(CI)i
ĵ(x) (C̄J)

k̂

l
(y)〉(1) = 0 (A.14)
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• Vector propagators in Landau gauge

〈(Aµ)i
j(x) (Aν)k

l(y)〉(0) = δliδ
j
k i

Γ(32 − ǫ)

π
1

2
−ǫ

εµνρ
(x− y)ρ

|x− y|3−2ǫ

〈(Âµ)̂i
ĵ
(x) (Âν)k̂

l̂
(y)〉(0) = − δl̂

î
δĵ
k̂
i
Γ(32 − ǫ)

π
1

2
−ǫ

εµνρ
(x− y)ρ

|x− y|3−2ǫ (A.15)

〈(Aµ)i
j(x) (Aν)k

l(y)〉(1) = δliδ
j
k

N2

k

Γ2(12 − ǫ)

π1−2ǫ

(
δµν

|x− y|2−4ǫ
− ∂µ∂ν

|x− y|4ǫ
4ǫ(1 + 2ǫ)

)

〈(Âµ)̂i
ĵ
(x) (Âν)k̂

l̂
(y)〉(1) = δliδ

j
k

N1

k

Γ2(12 − ǫ)

π1−2ǫ

(
δµν

|x− y|2−4ǫ
− ∂µ∂ν

|x− y|4ǫ
4ǫ(1 + 2ǫ)

)

(A.16)

• Fermion propagator

〈(ψαI )̂i
j(x) (ψ̄Jβ)l̂k(y)〉(0) = δJI δ

l̂
î
δjk i

Γ(32 − ǫ)

2π
3

2
−ǫ

(γµ)α
β (x− y)µ

|x− y|3−2ǫ (A.17)

〈(ψαI )̂i
j(x) (ψ̄Jβ)l̂k(y)〉(1) = −δJI δl̂îδ

j
k δ

β
α

(
N1 −N2

k

)
i
Γ2(12 − ǫ)

8π2−2ǫ

1

|x− y|2−4ǫ

(A.18)

We note that in the ABJ(M) limit, N1 = N2, the one-loop correction to the fermionic

propagator vanishes.

The vertices entering the perturbative calculations of section [4] can be easily read

from terms (A.6), (A.9) and (A.11) of the action.

B Euclidean osp(6|4) superalgebra

In Euclidean signature the generators of the bosonic conformal algebra contained in the

osp(6|4) superalgebra satisfy the following commutation rules

[Mµν ,Mρσ ] = δσµMνρ − δσνMµρ + δρνMµσ − δρµMνσ [Pµ,Kν ] = 2(δµνD +Mµν)

[Pµ,Mνρ] = δµνP ρ − δµρP ν [Kµ,Mνρ] = δµνKρ − δµρKν

[D,Pµ] = Pµ [D,Kµ] = −Kµ

(B.1)

The su(4) ≃ so(6) R-symmetry generators JI
J , with I, J = 1, . . . , 4, are traceless matrices

that satisfy the relation

[JI
J , JK

L] = δLI JK
J − δJKJI

L (B.2)

– 23 –



The fermionic generators QIJ
α , SIJ

α satisfy the following anticommutation rules

{QIJ
α , QKL,β} = εIJKL(γµ)α

βPµ {SIJ
α , SβKL} = εIJKL(γµ)α

βKµ

{QIJ
α , SβKL} = εIJKL

(
1

2
(γµν)α

βMµν + δβαD

)
+ δβαε

KLMN (δJMJN
I − δIMJN

J)
(B.3)

and similarly for Q̄αIJ = 1
2εIJKLQ

KL
α and S̄αIJ = 1

2εIJKLS
KL
α .

The full osp(6|4) superalgebra is obtained by completing the picture with the mixed

commutators

[Kµ, QIJ
α ] = (γµ)α

βSIJ
β [Pµ, SIJ

α ] = (γµ)α
βQIJ

β

[Mµν , QIJ
α ] = −1

2
(γµν)α

βQIJ
β [Mµν , SIJ

α ] = −1

2
(γµν)α

βSIJ
β

[D,QIJ
α ] =

1

2
QIJ

α [D,SαIJ ] = −1

2
SαIJ

[JI
J , QKL

α ] = δKI Q
JL
α + δLI Q

KJ
α − 1

2
δJIQ

KL
α [JI

J , SαKL] = δKI S
αJL + δLI S

αKJ − 1

2
δJI S

αKL

(B.4)

The bosonic generators in (B.1), (B.2) are taken to satisfy the following conjugation rules

(Pµ)† = −Kµ (Kµ)† = −Pµ D† = D (Mµν)† = −Mµν (JK
L)† = JL

K

(B.5)

whereas the fermionic ones are subject to the following hermicity conditions

(QIJ
α )† =

1

2
εIJKL S

KLα = S̄α
IJ (SIJ

α )† =
1

2
εIJKL Q

KLα = Q̄α
IJ (B.6)

The action of the su(4) R-symmetry generators on fields ΦI (Φ̄
I) in the (anti-)fundamental

representation reads

[JI
J ,ΦK ] =

1

4
δJI ΦK − δJKΦI [JI

J , Φ̄K ] = δKI Φ̄J − 1

4
δJI Φ̄

K (B.7)

The full analysis of the relevant multiplets of osp(6|4) is discussed in [40].

C The su(1, 1|3) superalgebra

In this appendix we describe the immersion of the su(1, 1|3) superalgebra inside osp(6|4)
and the classification of its irreducible representations.

C.1 The superalgebra

The maximal bosonic subalgebra of su(1, 1|3) is sl(2)⊕ su(3)⊕ u(1), where sl(2) ≃ su(1, 1)

is the euclidean conformal algebra in one dimension and su(3) ⊕ u(1) is the R-symmetry

algebra.
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The su(1, 1) algebra is generated by {P ≡ iP3,K ≡ iK3,D} satisfying the following

commutation relations

[D,P ] = P [D,K] = −K [P,K] = −2D (C.1)

The su(3) R-symmetry subalgebra is generated by traceless operators Ra
b, whose explicit

form reads

Ra
b =




J2
2 + 1

3J1
1 J2

3 J2
4

J3
2 J3

3 + 1
3J1

1 J3
4

J4
2 J4

3 −J33 − J2
2 − 2

3J1
1


 (C.2)

These generators satisfy the algebraic relation

[Ra
b, Rc

d] = δdaRc
b − δbcRa

d (C.3)

The spectrum of bosonic generators of su(1, 1|3) is completed by a residual u(1) generator

M , defined as

M ≡ 3iM12 − 2J1
1 (C.4)

We now move to the fermionic sector of the superalgebra. Since we have placed the

line along the x3-direction, the fermionic generators of the one-dimensional superconformal

algebra are identified with the following supercharges

Q12
1 , Q

13
1 , Q

14
1 , Q

23
2 , Q

24
2 , Q

34
2 and S12

1 , S
13
1 , S

14
1 , S

23
2 , S

24
2 , S

34
2 (C.5)

It is useful to rewrite these generators in a more compact way, through the following

definitions

Qk−1 ≡ Q1k
1 Q̄k−1 ≡

i

2
ǫklmQ

lm
2

Sk−1 ≡ i S1k
1 S̄k−1 ≡

1

2
ǫklm S

lm
2 k, l,m = 2, 3, 4

(C.6)

and make the shift Qk−1 → Qa, Q̄k−1 → Q̄a with a = 1, 2, 3, and similarly for the super-

conformal charges.

This set of generators inherits the following hermicity conditions

(Qa)† = S̄a (Q̄a)
† = Sa

(Sa)† = Q̄a (S̄a)
† = Qa a = 1, 2, 3

(C.7)

and the following anti-commutation relations

{Qa, Q̄b} = δab P {Sa, S̄b} = δab K

{Qa, S̄b} = δab

(
D +

1

3
M

)
−Rb

a {Q̄a, S
b} = δba

(
D − 1

3
M

)
+Ra

b
(C.8)
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together with the mixed commutation rules

[D,Qa] =
1

2
Qa [K,Qa] = Sa [Ra

b, Qc] = δcaQ
b − 1

3
δbaQ

c [M,Qa] =
1

2
Qa

[D, Q̄a] =
1

2
Q̄a [K, Q̄a] = S̄a [Ra

b, Q̄c] = −δbcQ̄a +
1

3
δbaQ̄c [M, Q̄a] = −1

2
Q̄a

[D,Sa] = −1

2
Sa [P, Sa] = −Qa [Ra

b, Sc] = δcaS
b − 1

3
δbaS

c [M,Sa] =
1

2
Sa

[D, S̄a] = −1

2
S̄a [P, S̄a] = −Q̄a [Ra

b, S̄c] = −δbcS̄b +
1

3
δbaS̄c [M, S̄a] = −1

2
S̄a

(C.9)

From eq. (B.7) and definitions (C.2) it follows that the action of the SU(3) R-symmetry

generators on fields in the (anti-)fundamental representation is

[Ra
b,Φc] =

1

3
δbaΦc − δbcΦa [Ra

b, Φ̄c] = δcaΦ̄
b − 1

3
δbaΦ̄

c (C.10)

C.2 Irreducible representations

In this appendix, we shall briefly review the classification of the multiplet of su(1, 1|3)
presented in [30]. We shall classify the states in terms of the four Dynkin labels [∆,m, j1, j2]

associated to the bosonic subalgebra su(1, 1)⊕su(3)⊕u(1). Here ∆ stands for the conformal

weight, m for the u(1) charge and (j1, j2) are the eigenvalues corresponding to the two su(3)

Cartan generators J1 and J2. We choose

J1 ≡
R2

2 −R1
1

2
= −2R1

1 +R3
3

2

J2 ≡
R3

3 −R2
2

2
=
R1

1 + 2R3
3

2

(C.11)

where we have exploited the traceless property Ra
a = 0 to remove the dependence on R2

2.

The commutations rules (C.3) implies that we can associate an sl(2) subalgebra with each

Cartan generator. In fact, the two sets of operators

{R2
1, R1

2, J1} ≡ {E−
1 , E

+
1 , J1} , {R3

2, R2
3, J2} ≡ {E−

2 , E
+
2 , J2} (C.12)

satisfy the following algebraic relations

[E+
i , E

−
i ] = 2Ji [Ji, E

±
i ] = ±E±

i i = 1, 2 (C.13)

and define the raising and lowering operators used to construct the representation of su(3).

In the main text, we have chosen a different sl(2) to define the twisted algebra. We have

preferred to use the one generated by {R3
1, R1

3,−J1 − J2}, which treats the two Dynkin

labels (j1, j2) symmetrically.

Moreover, the supercharges with this choice of basis possess well-defined Dynkin labels,

whose values are displayed in Table 1.
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Generators [∆,m, j1, j2]

Q1 Q̄1

[
1
2 ,

1
2 ,−1, 0

] [
1
2 ,−1

2 , 1, 0
]

Q2 Q̄2

[
1
2 ,

1
2 , 1,−1

] [
1
2 ,−1

2 ,−1, 1
]

Q3 Q̄3

[
1
2 ,

1
2 , 0, 1

] [
1
2 ,−1

2 , 0,−1
]

S1 S̄1
[
−1

2 ,
1
2 ,−1, 0

] [
−1

2 ,−1
2 , 1, 0

]

S2 S̄2
[
−1

2 ,
1
2 , 1,−1

] [
−1

2 ,−1
2 ,−1, 1

]

S3 S̄3
[
−1

2 ,
1
2 , 0, 1

] [
−1

2 ,−1
2 , 0,−1

]

Table 1. Table of Dynkin labels of fermionic generators. For a generic element vµ transforming in a
weight-µ representation, the Dynkin label corresponding to a generatorHi of the Cartan subalgebra
is defined as ji(vµ) ≡ 2[Hi, vµ].

When localized on the line, the ABJ(M) fundamental fields also have definite quantum

numbers with respect to su(1, 1) ⊕ su(3) ⊕ u(1). Their values are listed in Table 2 for the

scalar fields and in Table 3 for the fermionic ones.

Scalar fields [∆,m, j1, j2]

Z , Z̄
[
1
2 ,

3
2 , 0, 0

] [
1
2 ,−3

2 , 0, 0
]

Y1 , Ȳ
1

[
1
2 ,−1

2 , 1, 0
] [

1
2 ,

1
2 ,−1, 0

]

Y2 , Ȳ
2

[
1
2 ,−1

2 ,−1, 1
] [

1
2 ,

1
2 , 1,−1

]

Y3 , Ȳ
3

[
1
2 ,−1

2 , 0,−1
] [

1
2 ,

1
2 , 0, 1

]

Table 2. Quantum number assignments to scalar matter fields of the ABJ(M) theory defined in
eq. (3.1).

Finally we do not consider directly the gauge fields, but their covariant derivatives. Their

Dynkin labels are given by

D [1, 3, 0, 0] D̄ [1,−3, 0, 0] D3 [1, 0, 0, 0] (C.14)

Therefore their action on an operator that is an eigenstate |∆,m, j1, j2〉 of the Cartan

generators simply shifts the the first two quantum numbers. Next we summarize the

relevant superconformal multiplets constructed in [30].

The A Multiplets

We start with the so-called long multiplets, denoted by A∆
m;j1,j2

. Their highest weight of

the representations, namely the super-conformal primary (SCP), is identified by requiring

that

Sa |∆,m, j1, j2〉hw = 0 S̄a |∆,m, j1, j2〉hw = 0 E+
a |∆,m, j1, j2〉hw = 0 (C.15)
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Fermionic fields [∆,m, j1, j2]

(ψ)1 , (ψ)2 [1, 3, 0, 0] [1, 0, 0, 0]

(ψ̄)1 , (ψ̄)2 [1, 0, 0, 0] [1,−3, 0, 0]

(χ1)1 , (χ1)2 [1, 1, 1, 0] [1,−2, 1, 0]

(χ̄1)1 , (χ̄
1)2 [1, 2,−1, 0] [1,−1,−1, 0]

(χ2)1 , (χ2)2 [1, 1,−1, 1] [1,−2,−1, 1]

(χ̄2)1 , (χ̄
2)2 [1, 2, 1,−1] [1,−1, 1,−1]

(χ3)1 , (χ3)2 [1, 1, 0,−1] [1,−2, 0,−1]

(χ̄3)1 , (χ̄
3)2 [1, 2, 0, 1] [1,−1, 0, 1]

Table 3. Quantum number assignments to fermionic matter fields of the ABJ(M) theory defined
in eq. (3.1).

Then the entire multiplet is built by acting with the supercharges Qa and Q̄a. For unitary

representations, the Dynkin label of the highest weight are constrained by the following

inequalities

∆ ≥
{

1
3(2j2 + j1 −m), m < j2−j1

2
1
3(j2 + 2j1 +m), m ≥ j2−j1

2

(C.16)

At the threshold of the unitary region, these multiplets split into shorter ones because of the

recombination phenomenon. For m < j1−j2
2 the unitarity bound is for ∆ = 1

3 (2j1+ j2−m)

and one can verify that

A− 1

3
m+ 2

3
j1+

1

3
j2

m,j1,j2
= B

1

6
,0

m,j1,j2
⊕ B

1

6
,0

m+ 1

2
,j1+1,j2

(C.17)

Equivalently, for m > j1−j2
2 one has

A
1

3
m+ 1

3
j1+

2

3
j2

m,j1,j2
= B0, 1

6

m,j1,j2
⊕ B0, 1

6

m− 1

2
,j1,j2+1

(C.18)

For the particular case m = j1−j2
2 we have

A
j2+j1

2
j2−j1

2
;j1,j2

= B
1

6
, 1
6

j2−j1
2

;j1,j2
⊕B

1

6
, 1
6

j2−j1
2

+ 1

2
;j1,j2+1

⊕B
1

6
, 1
6

j2−j1
2

− 1

2
;j1+1,j2+1

⊕B
1

6
, 1
6

j2−j1
2

;j1+1,j2+1
. (C.19)

Above the symbols B
1

N
, 1

M

m;j1,j2
stand for a type of short multiplets (see below). The two

superscripts denote respectively the fraction of Q and Q̄ charges with respect to the total

number of charges (Q+ Q̄), which annihilates the super-conformal primary.

The B Multiplets
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Let us now have a closer look to short multiplets. They are obtained by imposing that the

highest weight is annihilated by some of the Q and Q̄ charges (shortening condition). First

we consider the case

Qa |∆,m, j1, j2〉hw = 0 (C.20)

from which we get three possible short supermultiplets

a = 3 ∆ =
1

3
(j1 + 2j2 −m) B

1

6
,0

m;j1,j2
(C.21)

a = 3, 2 ∆ =
1

3
(j1 −m), j2 = 0 B

1

3
,0

m;j1,0
(C.22)

a = 3, 2, 1 ∆ = −1

3
m, j1 = j2 = 0 B

1

2
,0

m;0,0 (C.23)

according to the number of charges obeying the condition (C.21). Obviously we can also

consider the conjugate shortening condition

Q̄a |∆,m, j1, j2〉hw = 0 (C.24)

which yields short multiplets conjugate to the ones considered above

a = 1 ∆ =
1

3
(j2 + 2j1 +m) B0, 1

6

m;j1,j2
(C.25)

a = 1, 2 ∆ =
1

3
(j2 +m), j1 = 0 B0, 1

3

m;0,j2
(C.26)

a = 1, 2, 3 ∆ =
1

3
m, j1 = j2 = 0 B0, 1

2

m;0,0 (C.27)

Finally we may have mixed multiplets where the highest weight is annihilated both by Qa

and Q̄a. Those include

B
1

6
, 1
6

m,j1,j2
∆ =

j1 + j2
2

m =
j1 − j2

2
(C.28)

B
1

3
, 1
6

m,0,j2
∆ =

j2
2

m = −j2
2

j1 = 0 (C.29)

B
1

6
, 1
3

m,j1,0
∆ =

j1
2

m =
j1
2

j2 = 0 (C.30)
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D Supersymmetry transformations

D.1 In SU(4) notations

The ABJ(M) action in (A.5) is invariant under the following superconformal transforma-

tions

δCK = −ζ̄IJ,α εIJKL ψ̄
L
α

δC̄K = 2ζ̄KL,α ψL,α

δψ̄K,β = 2iζ̄KL,α(γµ)α
βDµCL +

4πi

k
ζ̄KL,β(CLC̄

MCM − CM C̄
MCL) +

8πi

k
ζ̄IJ,βCIC̄

KCJ

+2iǭKL,βCL

δψβ
K = −iζ̄IJ,αεIJKL(γ

µ)α
βDµC̄

L +
2πi

k
ζ̄IJ,βεIJKL(C̄

LCM C̄
M − C̄MCM C̄

L)

+
4πi

k
ζ̄IJ,βεIJMLC̄

MCKC̄
L − iǭIJ,βεIJKLC̄

L

δAµ =
4πi

k
ζ̄IJ,α(γµ)α

β

(
CIψJβ − 1

2
εIJKLψ̄

K
β C̄

L

)

δÂµ =
4πi

k
ζ̄IJ,α(γµ)α

β

(
ψJβCI −

1

2
εIJKLC̄

Lψ̄K
β

)
(D.1)

where the parameters of the transformations are expressed in terms of supersymmetry and

superconformal parameters as

ζ̄IJα = Θ̄IJ
α − xµ(γµ)

β
α ǭ

IJ
β (D.2)

We recall that they satisfy ζ̄IJ = −ζ̄JI , and are subject to the reality conditions ζ̄IJ =

(ζIJ)
∗ with ζIJ = 1

2ǫIJKLζ̄
KL.

If we set ǭIJ = 0 in (D.1) we obtainN = 6 supersymmetry transformations. Expressing

them as

δΦ = [Θ̄IJQ̄IJ ,Φ] = [ΘIJQ
IJ ,Φ] (D.3)

for a generic field Φ, it is easy to realize that the QIJ supercharges (or equivalently Q̄IJ)

satisfy the osp(6|4) algebra (B.3) under the identification Pµ = i∂µ.

D.2 In SU(3) notations

The generic supersymmetry transformation defined in (D.3) can be specialized to the

su(1, 1|3) supercharges (Qa, Q̄a) defined in (C.6,C.8). For a generic field Φ̃ in a given

representation of the su(3) R-symmetry algebra it reduces to

δΦ̃ = [θaQ
a + θ̄aQ̄a, Φ̃] (D.4)

under the parameter identification

θ1 = 2Θ1
1(a+1) a = 1, 2, 3 (D.5)

θ̄1 = −2iΘ2
34 θ̄2 = −2iΘ2

42 θ̄3 = −2iΘ2
23
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From the variations in (D.1) we can easily read the supersymmetry transformations of

the ABJ(M) fundamental fields reorganized in su(3) R-symmetry representations (see eqs.

(3.1) and (3.2)). Comparing these transformations with the general variation defined in

(D.4) we obtain the action of the supercharges on the fields, which takes the following form

• Scalar fields

QaZ = −χ̄a
1 Q̄aZ = 0 QaZ̄ = 0 Q̄aZ̄ = iχ1

a

QaYb = δab ψ̄1 Q̄aYb = −iǫabcχ̄c
2 QaȲ b = −ǫabcχ2

c Q̄aȲ
b = −iδbaψ1 (D.6)

• Fermions

Q̄aψ
1 = 0 Qaψ1 = −iD3Ȳ

a − 2πi

k

(
Ȳ alB − l̂BȲ

a
)

(D.7a)

Qaψ2 = −iDȲ a Q̄aψ
2 = −4π

k
ǫabcȲ

bZȲ c (D.7b)

Q̄aχ
1
b = ǫabc D̄Ȳ

c Qaχ1
b = iδabD3Z̄ +

4πi

k

(
Z̄Λa

b − Λ̂a
b Z̄
)

(D.7c)

Qaχ2
b = iδab DZ̄ Q̄aχ

2
b = −ǫabcD3Ȳ

c − 2π

k
ǫacd

(
Ȳ cΘd

b − Θ̂d
b Ȳ

c
)

(D.7d)

Qaψ̄1 = 0 Q̄aψ̄1 = −D3Ya −
2π

k

(
Yal̂B − lBYa

)
(D.7e)

Q̄aψ̄2 = −D̄Ya Qaψ̄2 =
4πi

k
ǫabcYbZ̄Yc (D.7f)

Qaχ̄b
1 = −iǫabcDYc Q̄aχ̄

b
1 = δabD3Z +

4π

k

(
ZΛ̂a

b − Λa
bZ
)

(D.7g)

Q̄aχ̄
b
2 = δba D̄Z Qaχ̄b

2 = iǫabcD3Yc +
2πi

k
ǫacd

(
YcΘ̂

b
d −Θb

dYc

)
(D.7h)

• Gauge fields

QaA3 = −2πi

k

(
ψ̄1Ȳ

a − χ̄a
1Z̄ + ǫabcYbχ

2
c

)
Q̄aA3 =

2π

k

(
Zχ1

a − Yaψ
1 − ǫabcχ̄

b
2Ȳ

c
)

QaA = 0 Q̄aA = −4π

k

(
Yaψ

2 − Zχ2
a − ǫabcχ̄

b
1Ȳ

c
)

QaĀ = −4πi

k

(
ψ̄2Ȳ

a − χ̄a
2Z̄ − ǫabcYbχ

1
c

)
Q̄aĀ = 0

QaÂ3 = −2πi

k

(
Ȳ aψ̄1 − Z̄χ̄a

1 + ǫabcχ2
cYb

)
Q̄aÂ3 =

2π

k

(
χ1
aZ − ψ1Ya − ǫabcȲ

cχ̄b
2

)

QaÂ = 0 Q̄aÂ =
4π

k

(
ψ2Ya − χ2

aZ − ǫabcȲ
cχ̄b

1

)

Qa ˆ̄A = −4πi

k

(
Ȳ aψ̄2 − Z̄χ̄a

2 − ǫabcχ1
cYb

)
Q̄a

ˆ̄A = 0 (D.8a)
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where we have defined the bilinear scalar fields


Λb
a 0

0 Λ̂b
a


 =



YaȲ

b + 1
2δ

b
alB 0

0 Ȳ bYa +
1
2δ

b
a l̂B






Θb

a 0

0 Θ̂b
a


 =



YaȲ

b − δba(ZZ̄ + YcȲ
c) 0

0 Ȳ bYa − δba(Z̄Z + Ȳ cYc)






lB 0

0 l̂B


 =



ZZ̄ − YcȲ

c 0

0 Z̄Z − Ȳ cYc


 (D.9)

E Two-loop integrals

In this appendix we list the integrals corresponding to the two-loop diagrams in figures

2(a)-2(l), dressed by their color factors.

Diagram 2(a) contains the two-loop correction to the scalar propagator. This has been

computed in [44] and reads

C(N1, N2) ≡ + +

+ +

=
N1N2

k2
(
N2

1 +N2
2 − 4N1N2 + 2

) ( π
3ǫ

+ 2π +O (ǫ)
)

+
N1N2

k2
(
N2

1 +N2
2 − 2

) (
−4π

3ǫ
+ π

(
π2 − 8

)
+O (ǫ)

)

+
N1N2

k2
(N1N2 − 1)

(
−8π

3ǫ
+ 4π(π2 − 20π) +O (ǫ)

)
(E.1)

To compute the contributions of the other diagrams it is sufficient to rely on Feynman

rules listed in appendix A, together with the product of polarization vectors. Explicitly,

we find

(2(b)) = −s2 Γ6
(
1
2 − ǫ

)

32π7−6ǫ

N2
1N

2
2

k2

∫
ddxddy

xµyν

(x2)
3

2
−ǫ(y2)

3

2
−ǫ ((x− s)2)

1

2
−ǫ ((y − s)2)

1

2
−ǫ

×




δµν[
(x− y)2

]1−2ǫ − ∂µ∂ν

[
(x− y)2

]2ǫ

4ǫ(1 + 2ǫ)




(E.2)
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(2(c)) = s2
Γ4
(
1
2 − ǫ

)
Γ2
(
3
2 − ǫ

)

128π7−6ǫ

N1N2

k2
((N1 −N2)

2 − 2N1N2 + 2) ×
∫

ddxddy

(x2)
1

2
−ǫ(y2)

1

2
−ǫ ((x− y)2)2−2ǫ ((x− s)2)

1

2
−ǫ ((y − s)2)

1

2
−ǫ

(E.3)

(2(d)) = s2
Γ6
(
1
2 − ǫ

)
Γ2
(
3
2 − ǫ

)

256π10−8ǫ

N1N2

k2
(N1 −N2)

2 εµνηερστ ×
∫
ddxddyddzddw

(x− y)η(z − w)τ

((x− y)2)
3

2
−ǫ ((z − w)2)

3

2
−ǫ ((x− s)2)

1

2
−ǫ ((y − s)2)

1

2
−ǫ (z2)

1

2
−ǫ(w2)

1

2
−ǫ

× ∂µ∂ρ
1

((x− z)2)
1

2
−ǫ
∂ν∂σ

1

((y − w)2)
1

2
−ǫ

(E.4)

(2(e)) = −s2 Γ6
(
1
2 − ǫ

)
Γ2
(
3
2 − ǫ

)

128π10−8ǫ

N1N2

k2
(N1N2 − 1) εµνηερστ ×

∫
ddxddyddzddw

(x− y)η(z − w)τ

((x− y)2)
3

2
−ǫ ((z − w)2)

3

2
−ǫ ((x− s)2)

1

2
−ǫ ((w − s)2)

1

2
−ǫ (y2)

1

2
−ǫ(z2)

1

2
−ǫ

× ∂µ∂ρ
1

((x− z)2)
1

2
−ǫ
∂ν∂σ

1

((y − w)2)
1

2
−ǫ

(E.5)

(2(f)) = s2
Γ4
(
1
2 − ǫ

)
Γ2
(
3
2 − ǫ

)

16π7−6ǫ

N1N2

k2
(N1N2 − 1) ×

∫
ddxddy

(x2)
1

2
−ǫ(y2)

1

2
−ǫ ((x− y)2)2−2ǫ ((x− s)2)

1

2
−ǫ ((y − s)2)

1

2
−ǫ

(E.6)

We note that in the large N1, N2 approximation we obtain (2(f)) = −4(2(c)), in agree-

ment with the results in [56].

(2(g)) = −s2 Γ5
(
1
2 − ǫ

)
Γ2
(
3
2 − ǫ

)

128π
17

2
−7ǫ

N1N2

k2
(N2

1 +N2
2 − 4N1N2 + 2) εµρσεµνη ×

∫
ddxddyddz

(x− z)σ

((x− z)2)
3

2
−ǫ

(x− y)η

((x− y)2)
3

2
−ǫ

×

∂ρ
1

((y − z)2)
1

2
−ǫ

∂ν
1

((y − s)2)
1

2
−ǫ

1

(x2)
1

2
−ǫ(z2)

1

2
−ǫ((x− s)2)

1

2
−ǫ

(E.7)

(2(h)) = 0 (2(i)) = 0 (E.8)
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(2(j)) = s2
Γ5
(
1
2 − ǫ

)
Γ3
(
3
2 − ǫ

)

128π10−8ǫ

N1N2

k2
(N2

1 +N2
2 − 2) ερντ ερησενµϕετχξ ×

∫
ddxddyddzddw

(x− z)ϕ(y − z)ξ(w − z)σ

((x− z)2)
3

2
−ǫ ((y − z)2)

3

2
−ǫ ((w − z)2)

3

2
−ǫ

× ∂η
1

((w − s)2)
1

2
−ǫ

∂χ
1

((x− y)2)
1

2
−ǫ

∂µ
1

((x− s)2)
1

2
−ǫ

1

(y2)
1

2
−ǫ(w2)

1

2
−ǫ

(E.9)

(2(k)) = s2
Γ6
(
1
2 − ǫ

)
Γ2
(
3
2 − ǫ

)

256π10−8ǫ

N1N2

k2
(N1N2 − 2) εµνǫερστ ×

∫
ddxddyddzddw

(x− y)ǫ(z − w)τ

((x− y)2)
3

2
−ǫ ((z − w)2)

3

2
−ǫ

1

((w − s)2)
1

2
−ǫ

× ∂ρ
1

((x− z)2)
1

2
−ǫ
∂ν

1

((y − z)2)
1

2
−ǫ
∂σ

1

(w2)
1

2
−ǫ

×
[
∂µ

1

((x− s)2)
1

2
−ǫ

1

(y2)
1

2
−ǫ

− ∂µ
1

(x2)
1

2
−ǫ

1

((y − s)2)
1

2
−ǫ

]

(E.10)

(2(l)) = −s2 Γ4
(
1
2 − ǫ

)
Γ2
(
3
2 − ǫ

)

32π7−6ǫ

N1N2

k2
(N1 −N2)

2

×
∫

ddxddy

((x− s)2)1−2ǫ ((x− y)2)2−2ǫ (y2)1−2ǫ

(E.11)
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