Dirichlet-Neumann preconditioning for
stabilised unfitted discretization of high contrast
problems

B. Ayuso de Dios, K. Dunn, M. Sarkis, and S Scacchi

Abstract We present a Dirichlet-Neumann preconditioner for a Nitsche stabilised
unfitted method for high-contrast interface elliptic problems. We demonstrate nu-
merical optimality and robustness of the solver in the soft and hard inclusion cases.

1 Introduction

Let 2 C R? be a polygonal domain with an immersed simple closed smooth inter-
face T € €%, suchthat Q =Q UQ ,and " :=Q NQ " is far away from 0Q
(i.e, either Q" or Q~ is a floating subdomain; i.e., one of them does not touch 9Q).
Given f € L*(Q) we set f* = ﬁg .. and consider the problem of finding u, such that

{—V~(inuf):fi inQ*  uF =0 ondQF\I' W

u =0 onT, [pVu,] =0 onT,

where uf = u,|o+ and n* denote the unit normal outward to 2*. The jump con-
ditions on I" enforce the continuity of the solution and its flux across the interface.
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The jump operators are defined by
[PVu,] =p:Vul -0t +p Vu,-n~ and [u.]=ul —u,. )

We also assume that the diffusion coefficients p+ > 0 are constant and satisfy
p_ < p.. Note that uF € H>(Q%), but u, € H'*¢(Q) with € > 0. To approximate
(1) we consider the stabilised unfitted FE approximation from [Burman et al., 2018].

A class of unfitted finite element methods were introduced in the seminal works
of [Barrett and Elliott, 1987] and in recent years there has been a renewed interest
in these type of approaches, giving rise to numerous novel methods; the immersed
boundary method [Boffi and Gastaldi, 2003], XFEM [Chessa et al., 2002], the finite
cell method (FCM) [Dauge et al., 2015], and CutFEM [Burman and Hansbo, 2012,
Hansbo and Hansbo, 2002]. The use of unfitted meshes is particularly relevant for
interface problems. However, in spite of the upsurge in research for unfitted ap-
proaches, the design and analysis of robust solvers for the resulting linear and non-
linear systems still seem elusive. Simple preconditioning strategies are explored for
finite cell discretizations in [de Prenter et al., 2017] and multigrid-type method are
proposed in [Ludescher et al., 2018]. In the present contribution we focus on the
construction of a simple Dirichlet-Neumann (DN) domain decomposition precon-
ditioner for the CutFEM method introduced in [Burman et al., 2018] and demon-
strate its robustness also in the hard inclusion case. Due to space restrictions, we
focus on a very simple version and stick to the algebraic description of the solver.
Details on the analysis as well as further tailored preconditioners will be found in
[Ayuso de Dios et al., 2019].

2 Basic Notation and Unfitted Stabilized Discretization

Let {9}, }1>0 be a family of uniform partitions of Q into squares 7 of diameter h.
We assume that for each T, I'N T, is either empty or occurs at exactly two different
edges of dT'. We also define:

Zf:z{TG%:TﬂEi;AO)}, Gl ={T e 7, TN #0}.
For T € ;" we denote T = T NI". We also introduce the discrete domains
Q;F :=Int U T QF :=Int U T|, and Q}fo = th\ﬁg ,
Teg* regl

where Int(K) denotes the interior of the set K. Note that ," U£,” = Q is an
overlapping partition of € while a non-overlapping partition is given by Q =

! This assumption is only needed in the stability and error analysis of the method.



DN preconditioning for unfitted methods 3

Q,j:o Uﬁg U Q,; o (see Figure 1.) Finally we introduce the following subsets of edges
of elements in ;! :

@”{’i ={e=Int(@N1NITr): 1 #T» € Zli, and T € %1" or/fand T € %F}

Note that é’hr’+ (resp. é’hr’f) does not contain any edges on 8.(2;r (resp. 022,).

7 (ory
v TR Fig. 1: Domain
Y Y configurations:
[ \ [ \ Soft  inclusion
\ oid 1] \ o ] (leftmost),
& & v Hard inclusion
e et i (center) cases

o Finite Element Spaces: We consider FE spaces of piecewise bilinear polynomials
whose support is contained in .th, tho and QhF , respectively:

+ + . 1 + _
VE={ve?(Q,):vlr€Q(T),VT € 7,7, and V|B.Q;£ﬂ8.(2 =0},
Vi={veVvE ivr=0 VT e}, W* = {vrestricted to Qf , veVE}.
With a small abuse of notation, we set V;, =V x V~ where it is understood
U, €V, =V xv- wp,=(whu ) withut eVt u ev-.

That is, the FE space V}, is defined by a copy of two FE piecewise functions: one
from V* defined on .Q;“ and another from V™ defined over ;.

o The stabilised unfitted Nitsche approximation: the method reads: find u; =
(ut,u™) €V, =V* xV~, such that:

Clh(lfih,\/h) = (‘}(‘JFJ)JF).QJr + (fiavi).Q*a for all Vh = (V+av7) € V+ xV~ 5 (3)

where (-,-) o+ denotes the L?(27) inner product and aj, : V, x Vj, — R is given as:

ap(up,vp) = /_Q, p-Vu~ ~V\fcl)c—i—/!2+ P Vu' - Vvtdx )
+/r ({pVvn},, -0 [w] +{pVup}, -n~ [Vlz])dSJrTeZﬂZ{P}H /Tr (] [va] ds
h

£ X vl [p V)9 lds+ X vilel [ pilvut)(9v*ds,

T— oL+
ecs, ecs,
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where ¥, y~, and y* are positive (moderate) constants and |e| is the diameter of the
edge e. Here, [-] refers to the jump operator as in (2) while {-}, and {-},, denote the
harmonic and weighted averages defined by:

2pFp~ o +
Phu=2P (pVuly= (0 p Vv +o.p W), w:F:pr-

Continuity and coercivity of a;(,-) in (4) can be shown with respect to the norm:

— T .
Il =1 B+ bR+ X ol [ lPds weVi, witn
Tegl hr r

VR = /Qipi|Vvi|2dx+ y }/i\e\/epi[Vvi]zds, wEevE. (5

o ==
ecé,

We remark that the semi-norm |- |+ is a norm if Q% is non floating. We will denote
by (+,+)y+ to its originating inner product. Optimal and robust error estimates are
proved in [Burman et al., 2018].

3 Dirchlet-Neumann preconditioner

We describe now a preconditioner for the linear system resulting from (3) based

on the non-overlapping decomposition QZ 0 uﬁf U Q, . Associated with such a
decomposition, and owing to the fat interface we consider the somehow asymmetric
splitting of the space V), = (V0+,W+) x V~, we first introduce some notation. We
denote by Z : V), — V* the restriction operators to .th such that Zyuj, = u™. The
corresponding prolongation operators %L : V¥ — V, are defined as the extension
to Vj, by zero, i.e., ZLu™ = (u™,0) and ZTu~ = (0,u™). Similarly, we introduce
the restriction and prolongation operators

R+ - Vy — W Rye Vi — Vi Ry - Vi — W,

R i WE —V, RL.VE—V, By - Wi, — Vi,
We define the bilinear forms aj : V; x V;f — Randa™ : V™" xV~ — R

SR TAIYE TA ot ) T+ T + + ot eyt
ay Vo' xVy" — R ay(uy,vy) = an(Zyrug , Zyvy) Yuy ,vg €Vy

a V xVT—R  a (u,v)i=apy( B u R v) Yu v ev™

We now introduce the local solvers. Let uy, € V5" and u; € V™ be the local solu-
tions with support in .Q; o and ©,°, respectively, defined by:

ag(uzo,vﬂ =(ftvi)ar Vg eV a (up v )=(f"v)a- v €V
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We set Pyuy, = By} + % u; and note that u, — Ppuy lies in the orthogonal
complement of %’@ VO+ + %7V~ in Vj, with respect to the inner product ay(-,-).
This suggests the splitting u, = Pyuy, + FGuy, with FGu;, = (Hpup, Huy) € Vi, a
suitable discrete harmonic extension of (uj )] ar that we briefly sketch next. Recall

that W is the restriction of the space V* to Q. Given ™ € W, we define 7, :
W+ — V* to be the discrete harmonic extension of 7 such that

ah(%£%+n+,%g+vg) =0 va S V0+ and %W+%£%+n+ = T]+
and
ah((%Jr%vT',J,n*,JﬁnJr),(%"Zv*) =0 Vvt evo.

Finally, we set 40T = (##.n", 5 -1n™") and introduce the Schur complement op-
erator . : W+ — Wt

<. IMNw>=ay(HGm", HwT) vntwhewt. 6)
From the definition of ZZ,uy, it follows
an(Hqup, i) = (f,vi) g — an(Ppun,vi) VYR €V @)

We focus now on constructing preconditioners %! for the operator .# and hence
for the system (7). The basic guide to ensure robustness will be to use, when possi-
ble, the local Schur complement corresponding to the largest coefficient, p:

<nw>i= (4N, Hw e VnweWT, ®)

where (-, )y is the originating inner-product for the norm |- |+ in (5). We need to
distinguish two cases:

e Q¥ is not floating subdomain and we set ! = (5”;1.
e Q7T is a floating subdomain; since .%; is not invertible, we define B as a
suitable regularisation of .%; . We propose one level and two level methods.

4 Algebraic formulation of the DN preconditioner

After choosing standard Lagrangian basis for V*, problem (3) reduces to a linear
algebraic system AU = F. We consider the block structure of A that results from
splitting the degrees of freedom (dofs) of the discrete space Vj, into three sets:

e dofs associated with V0+ (in the interior of Q) are indicated by IT;
e dofs related to W™, indicated by W™
e dofs associated with V ™ (dofs related to V;” and W™), indicated by V.
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Appr Apry+ 0 Up+ F,.
Ay+p+ A‘;ﬂ;w + A;V+W+ Ayy- Upy+ | = | Fy+
0 Av—w+ Avf‘/f va ]FV’

Here, we have highlighted that the stiffness block with dofs from W™ in the far
interface has contributions from Q; and €2, . Performing static condensation of the
interior variables It and V™ we obtain the Schur complement system

SUW+:GW+, S:S++S_,

where Gy+ = Fy+ — Ay+p+ A,jlﬁ Fp+ — AwﬂﬁA;}V, Fy-, and S is given by

— AT —1
S = §++S7 with { SJr _Al/_V+W+ _Aw+1+AItII+A[+W+
S- = AW+W+ - AW*\/*AV—V—AV*WM

Soft inclusion: Qh+ in Non-Floating Subdomain Case: In this case we set
B! = y+—1 since the operator is invertible. At the algebraic level we arrive at
S;ISUV[H = SIIGW+. The action of the DN preconditioner S;l on a generic resid-
ual vector Ry + consists of solving the linear system

Appr Apws | Ve ] o
Aw+1+ A‘TVJFWJr Vw+ Rw+ ’
and letting Viy+ 1= ST Ryy+.
Hard inclusion: .Qh+ is the Floating Subdomain: Since S is not invertible we
consider two different strategies: a regularisation and the use of a one dimensional

coarse solver to account for the kernel of S.

o One-Level DN: The action of the preconditioner amounts to solving

<[A,+,+ A,+W+}+{p}ﬁ {M};ﬁ M;WD {vﬁ ]: [0 }

+
Aw+1+ AW*W* D%_ M;’*l* Ma—/JrWJr Vw+ Rw+
and setting S;}oneRWJf = Vyy+. Here, M stands for the mass matrix associated with

VT (i.e., defined over .Q;), and D ::diam(Qh*) and is used to regularise S .

e Two Level DN preconditioner: The idea is to first solve in the space orthogonal
to the (one-dimensional) kernel of Sy and then correct with a coarse solver that
accounts for the contribution in ker(S.). Hence, the practical implementation of the
two level solver S;],wo amounts to first solving

{A,m Aﬁwﬂ [V,+ h [MEH Mﬁwﬂ [1,+ P: {0 ]
Aw+[+ A;{’*W* Vw+ MW+I+ MW+W+ lw+ Rw+ ’

with the constraint



DN preconditioning for unfitted methods 7

T
{lﬁ ] |:M_Z—+[+ MJI:;W} |:V1+ ]0
Ty + My Mays | [ Vs

and then define SLR‘W = Vy+. Here I;F+ and 1v+v+ are vectors of ones in V"
and W, respectively. The matrix representation of the two level preconditioner
(with coarse space) is defined via S}, =S} + 1+ (Ly+,SIy+) ~'17, .. Note that
Slw+ == S_ lw+)

5 Numerical Results

We consider the domain © = [0,1]? and study the performance of the Dirichlet-
Neumann (DN) preconditioner for the CitFEM approximation (3) to (1) with QF
a disk of radius 0.15 and Q* = (0,1)2\ Q7 and always p_ < p,. We use CG and
PCG as a solver with zero initial guess and tolerance 10~° for the relative residual.
In the tables we report the estimated (via Lanzcos algorithm) condition numbers (de-
noted by k) and the number of iterations (denoted by it) required by CG and PCG
for convergence. Table 1 reports the results in the case where Q7 is non-floating,

p— full CG schur NO precond.|schur DN preconditioned
K it K2 it K it
1 |3.32e+3 (218) |388.40 (75) 1.95 (14)
1072(2.06e+4  (575) [362.15 1) 1.01 (15)
1074|2.01e+6  (2828) |361.71 (93) 1.00 4)
1076|2.01e+8 (5418) [361.70 (93) 1.00 3)

Table 1: Robustness with respect to p: 27 is the floating subdomain. Here, p, = 1 and & = 1/64.

therefore using 5@:1 as a preconditioner. jﬁ_l performs robustly when the ratio
p+/p— increases. In the case where Q7 is the floating subdomain, we use one level
and two level DN preconditioners. The results regarding optimality and robustness
of these preconditioners are reported in Table 2 and 3, respectively. Notice that both
preconditioners perform optimally and show robustness with respect to the jump-
ing coefficient. In particular, the one-level DN preconditioner seems to be enough
effective for the considered setting.
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