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Introduction

In the context of mathematical finance, sensitivities are derivatives of a price with
respect to a risk factor or to a parameter of a pricing model. The present thesis is
dedicated to the development of a toolkit for their computation and practical use in
multi-dimensional settings. Specifically, we want to address two main points, corre-
sponding to the two parts of this work:

1. The traditional theoretical setting where sensitivities-based hedging is justified
involves questionable idealizations, such as continuous-time portfolio rebalanc-
ing with no costs. Do more realistic assumptions impact the way in which
sensitivities should be used?

2. When the number of drivers is very large, the estimation of sensitivities be-
comes a computationally demanding task. How can many of them be calculated
efficiently?

Sensitivities or Greeks have played a crucial role in the foundations of modern
option pricing, being at the heart of the original Delta-based replication argument in
Black and Scholes (1973). Theoretical developments in the last decades have correctly
pointed to the many oversimplifications in that pioneering approach, which requires
continuous frictionless trading. This literature often throws sensitivities out of the
picture of derivatives risk management, in favour of more complex hedging strategies
relying for instance on stochastic control. In many markets, practice has not followed,
and traders base most of their portfolio immunization activity on sensitivities. Why
is this the case?

The reasons are probably manifold, but we believe that one of them is scalability.
When one has to hedge at the same time multiple sources of risk, complex optimiza-
tions become quickly unfeasible; moreover, they are very sensitive to the multivariate
distributional assumptions of the dynamical model used in pricing, which is most of-
ten the result of compromises between realism and parsimoniousness/estimability, and
which does not even stay fixed, since its parameters are frequently recalibrated to new
market data. In contrast, the elementary recipe which prescribes to keep the sensitiv-
ities close to zero has an essentially model-free interpretation, and in its simplicity, it
is computationally less subject to the curse of dimensionality.

Traders working in these model-risky and highly-dimensional settings, where exact
optimality results are of little applicability, have almost been left alone by academi-
cians. This thesis aims at showing that mathematics has something useful to suggest
even if one takes the fact that the sensitivities must be the main input of decision as
a given because of all the above concerns.

v



vi INTRODUCTION

Overview of Part I

Part I is concerned with the effective use of multiple sensitivities in practice.

Chapter 1 studies the effects on hedging of the interaction between different under-
lying instruments as modelled by instantaneous diffusive correlation. This parameter
would not play any role in idealized continuously-rebalanced hedging, but we find that
it does if rebalancing times are in finite number and potentially different for different
instruments, as often in practice. Under suitable assumptions, we find a strategy in
which the sensitivities are combined in a nontrivial way, since some hedge positions are
sometimes not rebalanced because the corresponding exposure can be in part offset
by overweighting or underweighting other correlated hedges.

This chapter, which is joint work with prof. Massimo Morini, has appeared with
minor differences on the journal “Quantitative Finance” in 2017 (Daluiso and Morini,
2017).

Chapter 2 considers how the practice of periodically recalibrating model parame-
ters to market data affects the way in which sensitivities should be looked at. The fact
that these parameter changes cannot be ignored is reflected into another widespread
practice, namely that of monitoring sensitivities to model parameters. However, recal-
ibration effectively falsifies the distributional assumptions behind the pricing model, so
that a formalization is almost hopeless inside a traditional stochastic processes based
no-arbitrage theory. Hence we propose an alternative mathematisation based on dif-
ferential geometry, which describes the degrees of freedom one has in the construction
of the hedging portfolio in this setting.

This chapter was presented at the 9th World Congress of the Bachelier Finance
Society in New York in July 2016, and at the XVIII Quantitative Finance Workshop
in Milan in January 2017.

Overview of Part II

Part II focuses on the efficient computation of large numbers of sensitivities.

Chapter 3 concentrates on first order sensitivities of prices whose computation is
costly due to the need of Monte Carlo simulation. Our starting point is that for con-
tinuous payoffs, the pathwise application of a computer science technique known as
adjoint algorithmic differentiation gives remarkably fast and accurate price gradients
of arbitrary length; however, the generalizations to discontinuous payoffs like digital
options are nontrivial. The new algorithm proposed here distinguishes itself by ex-
tending the pathwise adjoints method in a most natural way, and by its empirically
very low Monte Carlo uncertainties.

The results of this chapter have been the subject of a talk both at the 2nd Inter-
national Conference on Computational Finance in Lisbon in September 2017, and in
the XIX Quantitative Finance Workshop in Rome in January 2018. The present text,
with minor modifications, has been published on the “International Journal of Theo-
retical and Applied Finance” in 2018, coauthored by dr. Giorgio Facchinetti (Daluiso
and Facchinetti, 2018).

Chapter 4 looks for fast algorithms to compute the full second order sensitivity
matrix of a Monte Carlo price. Many combinations of first order estimators have been
tried in the literature to this purpose, and our first contribution is an orderly theoret-
ical and empirical comparison of these proposals. Then, since none of the alternatives
appears satisfactory in all settings, we propose two original methods: the first one
generalizes the idea of the previous chapter, while the other one leverages a functional
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relation between first and second order derivatives. The former shows excellent gener-
ality and computational times. The latter has more limited applicability, but it is by
far the most effective in at least one relevant example, and has a theoretical interest,
being the first practical estimator of the full Hessian whose complexity, as a multiple
of that of the only-price implementation, does not grow with the dimension of the
problem.

These findings have been presented at the 10th World Congress of the Bachelier
Finance Society in Dublin in July 2018.
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Notation

Throughout this thesis, the following notational conventions are adopted. Symbols
not listed here should be defined in the chapter where they are used.

Scalars and vectors

• Scalars are typeset in italic (e.g. a).

• Vectors are typeset in boldface italic (e.g. a has components ai), and are inter-
preted as columns unless transposed (e.g. a is a column and aᵀ is a row). In
particular, the gradient ∇P = gradP of a scalar function P is a column vector.

• Fixed a target scalar function P , the adjoint of a column vector a is ā = ∂P/∂a
and is interpreted as a row vector.

• The concatenation (a, b) of two column vectors is a column vector, while the
concatenation (ā, b̄) of two row vectors is a row vector.

• The scalar product of two vectors a and b is denoted by 〈a, b〉 = aᵀb, while the
dot symbol · will always denote standard (matrix) multiplication without any
transposition, and is often omitted.

• Given a vector v ∈ Rd and k ∈ {1, . . . , d}, we denote by v−k ∈ Rd−1 the vector
obtained from v removing its k-th component, and with v(vk = x) the vector
obtained from v substituting the k-th component with the value x. Moreover,
for a function ψ : {0, 1}h → R and i = 1, . . . , h, we define ∆(i)ψ(a) as the
difference ψ(a(ai = 1))− ψ(a(ai = 0)).

Matrices

• Matrices are typeset in straight boldface (e.g. A has entries Aij).

• The Jacobian of a vector-valued function f is denoted by Df , or by Dθf to
specify the set of variables θ with respect to which differentiation is performed;
it is obtained by stacking the transposed gradients of the function components
fi. The Hessian of a scalar function P is HessP or HessθP and is defined as the
Jacobian of gradP (resp. gradθ P ).

• Fixed a target scalar function P , the adjoint of a matrix A is the matrix Ā =
∂P/∂A with components Āij = ∂P/∂Aji (note the inversion of indices).

• The identity matrix of dimension n is denoted by In, while 0 denotes a matrix
or vector full of zeros.

• If a is a vector, then diag (a) is the diagonal matrix whose diagonal is a.

ix



x NOTATION

Probability

• Unless otherwise stated, all probabilistic statements refer to a fixed probability
space, whose probability measure is denoted by P. Expectation is denoted by E.
Sometimes we will endow this space with a filtration (Ft)t≥0, and will denote
by Et the conditional expectation operator with respect to Ft.

• The variance of a random variable X is denoted by Var(X); its covariance with
another random variable Y is denoted by Covar(X,Y ).

• IE is the indicator function of a set E. If v is a random vector, then Iv>0

denotes the vector
(
I{v1>0}, . . . , I{vd>0}

)
.

• N (m,Σ) is the Gaussian distribution with mean vector m and covariance ma-
trix Σ; N (·) also denotes the cumulative distribution function of the univariate
standard normal N (0, 1).

• For stochastic processes, we write the time argument in the subscript (e.g. Xt)
if no confusion arises, or as a function argument (e.g. Xi(t)) otherwise.

• If Xt and Yt are stochastic processes, then 〈X,Y 〉t denotes their quadratic co-
variation process.

Geometry

• If f is a function and E is a set, then fbE is the restriction of f to the set E; if
f is injective, then f−1 denotes its inverse (not its reciprocal 1/f). If f and g
are functions, then f ◦ g is their composition.

• The differential of a smooth function f is denoted by df . Its value at the point
y is denoted by dyf .

• span (ai)i∈I is the linear space generated by a set of vectors (ai)i∈I .

• A⊥ denotes the set of vectors which are orthogonal to all elements in the set A.

• If M is a manifold and m ∈M , then TmM is the tangent space to M in point
m, and T ∗mM is its dual (the cotangent space).
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Hedging with multiple
sensitivities
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Chapter 1

Hedging under correlation

In this chapter, we show that when a derivative portfolio has different correlated
underlyings, hedging using classical Greeks (first-order derivatives) is not the
best possible choice. We first show how to adjust Greeks to take correlation into
account and reduce P&L volatility. Then we embed correlation-adjusted Greeks
in a global hedging strategy that reduces cost of hedging without increasing P&L
volatility, by optimization of hedge re-adjustments. The strategy is justified in
terms of a balance between transaction costs and risk-aversion, but, unlike more
complex proposals from previous literature, it is completely defined by observ-
able parameters, geometrically intuitive, and easy to implement for an arbitrary
number of risk factors. We test our findings on a CVA hedging example. We
first consider daily re-hedging: in this test correlation-adjusted Greeks allow to
reduce P&L volatility by more than 30% compared to standard Deltas. Then we
apply our general strategy to a context where a CVA portfolio is exposed to both
credit and interest rate risk. The strategy keeps P&L volatility in line with daily
standard Delta-hedging, but with massive cost-saving: only six rebalances of the
illiquid credit hedge are performed, over a period of six months.1

1.1 Introduction

Traders are often required to hedge the risks of portfolios that depend on different
correlated risk factors. XVA (Credit, Funding and Capital Value Adjustments) hedg-
ing, hybrid portfolios, and Delta-Vega hedging with a stochastic volatility model are
all examples of the issue. It is claimed by market wisdom that such hybrid exposures
can be efficiently hedged only by strategies that take explicitly into account the cor-
relation between the different risk factors, otherwise “cross-gammas” will eat out the
trader’s profit. Yet there is no standard recipe on how this should be done. In this
work we clarify the issue, by showing under which conditions a hedging strategy based
on correlations can reduce P&L volatility, and how such a strategy can be designed.

Curiously, up to the present day the practice of hedging in financial markets still
draws its theoretical foundations from the Black and Scholes original approach, that
assumes continuous hedging and perfect immunization from all risks. Yet, hedging in
real markets is dramatically at odds with this theoretical framework. Some of the risk
factors driving the value of a derivative are not tradable or they are illiquid, and in any

1A slightly different version of this chapter has been published in Daluiso and Morini (2017).
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4 CHAPTER 1. HEDGING UNDER CORRELATION

case none of them is so liquid to be traded continuously. Additionally, traders tend
to rebalance their hedges at different frequencies. For example Delta-hedging, usually
accomplished with basic and liquid linear assets, is performed at higher frequency than
Vega-hedging which is based on buying and selling less liquid options. Similarly, in
hedging CVA (Credit Value Adjustment) or rate-credit hybrids, the rebalancement of
the credit component in the hedging portfolio, usually represented by rather illiquid
CDS, cannot be performed with the same frequency that is used in rebalancing the
rate part of the hedging portfolio.

In this work we show that when some risk factors are not tradable, or are traded and
hedged at lower frequency compared to other hedges, the Black and Scholes hedging
recipe based on Greeks (first order derivatives of the price function) is suboptimal and
P&L volatility can be minimized only using a strategy that takes correlations into
account. The problem arises from the presence of transaction costs and from the risk
aversion of traders, but the solution we find does not require knowledge of the level
of transaction costs nor knowledge of the level of the risk aversion of the trader. This
is a plus of our approach since such levels are difficult to estimate. The only input
we need is a piece of information usually available in market reality: the frequency of
rebalancement of the different components of the hedging portfolio, associated to the
trader’s tolerance to P&L volatility.

A rich and interesting literature exists on the topic of imperfect pricing and hedg-
ing taking transaction costs into consideration, see for example Hodges and Neuberger
(1989); Whalley and Wilmott (1997); Zakamouline (2005), but it never really impacted
the everyday management of derivatives. One of the reasons for that is most of the
literature concentrating on linear transaction costs, while real transaction costs have
strong non-linearities, that are central in the present analysis. The literature on ad-
justing Deltas based on the correlation between local/stochastic volatility parameters
and the underlying had some more impact on market practice, and it is wide and rele-
vant to the work presented here. For example Crépey (2004) explores, for an option on
a single underlying, how dependence between changes in the underlying and changes
in implied volatilities may affect the performance of two different hedging strategies
in discrete time, while Alexander and Nogueira (2004) compute, for a general class of
local/stochastic volatility models, an adjustment factor for Delta, Gamma and Theta
that takes correlation with instantaneous volatility into account and improves em-
pirical hedging performance. In Bartlett (2006) similar adjustments are computed
for the case of the SABR model, while Mercurio and Morini (2009) take a heuristic
approach to see how traders adjust hedges to overwrite the Deltas coming from lo-
cal and stochastic volatility models. Our work starts from these contributions, but
generalizes them under several respects. We move from the issue of improving Delta-
hedging using equity-volatility correlation to the general setting of hedging a portfolio
of products depending on many correlated assets. CVA, volatility and hybrid trading
are all possible applications. In this context, we extend from the case of hedging with
one single underlying, covered in the above literature on Delta-hedging, to the case
of hedging with more correlated risk factors. We show that also in this case there
are corrections, depending on correlation, to model-based hedges, that can improve
hedging performance. Finally, we link the two streams of literature above, giving a
general strategy where the decision to leave some factors unhedged, and the related
need to correct model hedges based on correlation, is taken based on the trade-off
between trader’s tolerance to PnL volatility and transaction costs.

The rest of the work is organized as follows. In Section 1.2 we show how an optimal
hedge must be built under the assumption that the different rebalancing times of the
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different components of the hedging portfolio have been exogenously determined by the
trader, starting with a situation where hedging is performed on one single risk factor.
This usually happens when the trader thinks it is not cost-effective to hedge the second
risk-factor. Next we consider what to do when an increased exposure to the second
risk factor makes it necessary to hedge also the second asset. Then in Section 1.3 we
see how these optimal hedges can be embedded in a consistent and rational hedging
strategy, taking into account hedging costs and risk aversion but building a strategy
that does not require any assumption on unobservable variables. Both financial and
geometric intuition on the soundness of the strategy is given. Finally in Section 1.4
we test our results on a numerical example of CVA hedging. Appendix A.1 covers the
extension to a generic number of underlying risks.

1.2 Hedging efficiently in illiquid markets

We have a derivative whose price depends on two assets Ft and Ct, that represent both
the factors driving the risk of the derivative, and the assets that one buys and sells to
hedge these risks. For example the derivative could be a rates-credit hybrid so that
Ft is associated to interest rate risk and Ct is associated to credit risk, or Ft could be
the underlying of an option-like derivative, bought or sold to hedge the Delta, while
Ct could be a vanilla option used to hedge a Vega exposure. The price is given by a
model formula

Πt = Π (Ft, Ct) .

and the two assets have diffusive dynamics

dFt = µF (t) dt+ σF (t) dWF
t ,

dCt = µC(t) dt+ σC(t) dWC
t ,

where by dW x we indicate the stochastic drivers, all equally distributed. We assume
they are correlated with correlation ρ. This means that the shock dWC

t on C can be
written as

dWC =
√

1− ρ2dWC⊥ + ρdWF ,

where dWC⊥ is the idiosyncratic C shock independent of dWF . This way the condi-
tional distribution of dWC is(

dWC |dWF = X
)
∼ ρX +

√
1− ρ2dWC⊥.

The processes µX and σX will be supposed to be continuous in time. Their concrete
form will not play any role in the subsequent derivation. We will often drop the
dependency on t in the notation, writing for instance σX instead of σX(t).

We will suppose that both the derivative and the hedging instrument do not provide
payments in the time span of interest. Otherwise, one should imagine that each of
Π, F , C represents the value of a self-financing trading strategy reinvesting the cash
proceedings in a locally risk-free account.

1.2.1 First hedge: Rates (or Delta)

This subsection restates some results that can be found, with some differences and
in different contexts, in Crépey (2004); Bartlett (2006); Mercurio and Morini (2009);
Alexander and Nogueira (2004). In the next subsection we extend this to a second
hedge. Appendix A.1 generalizes to n hedges.
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Heuristic derivation

In some cases one of the risk factors above is not hedged at inception, because exposure
is not yet sufficient to justify the cost of buying a hedge in a non-perfectly-liquid
market. Suppose this is the situation of the factor Ct. On the other hand, either
the exposure to Ft risk factor is higher or the associated fixed transaction costs are
lower, so that the trader considers convenient to invest in Ft as a hedge. Thanks to
correlation between the two assets, a trader can hedge also part of its exposure to
credit/volatility C even with a hedging portfolio solely based on rates/underlying F .
We start from the fact that

E
[
dWCdWF

]
= ρ dt ⇒ E

[
dWC | dWF

]
= ρdWF ,

and, following Morini (2011), we build first some intuition in the driftless case µF =
µC = 0, working with discrete changes of the underlying factors like those observed
in the market. In hedging we want to know how much of F we have to buy today to
compensate the change in the value of the derivative in case F moves overnight by
some discrete amount ∆F . Thus we are going to estimate

∆Π (Ft, Ct)

∆F
=

Π (F∆t, C∆t)−Π (F0, C0)

∆F
.

Assuming a shock ∆F over one day corresponds to assuming that we are working with
a shock of the stochastic driver over one day given by

∆WF ≈ ∆F

σF
=: ∆̄.

This corresponds to an expected shock of the C driver

E
[
∆WC | ∆WF = ∆̄

]
= ρ∆̄,

leading to an expected shock of the C asset

E [∆Ct| ∆F ] ≈ σCE
[
∆WC | ∆WF = ∆̄

]
= σCρ∆̄.

Thus to hedge the expected movement of Π we can sell the following amount of
the F asset:

Π (F0 + ∆F,C0 + E [∆C|∆F ])−Π (F0, C0)

∆F

≈
Π
(
F0 + σF ∆̄, C0 + σCρ∆̄

)
−Π (F0, C0)

σF ∆̄
(1.1)

Formal derivations as variance minimization

When the unknown quantity ∆̄ goes to zero as ∆t→ 0, the hedge computed in (1.1)
converges to the following quantity of F asset:

gF =
∂Π

∂F
+ ρ

σC
σF

∂Π

∂C
, (1.2)

as is clear from Taylor expansion of the numerator as a function of ∆̄.
The same result can be alternatively obtained as the quantity gF of the asset F

we need to hold if we want Π∆t− gFF∆t to have the smallest possible variance, in the
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limit ∆t → 0. Only for this argument, we will use the expressive notations dC, dF ,
dt to denote ∆C, ∆F , ∆t in the limit ∆t→ 0.

Since

dΠt ≈
∂Π

∂F
dF +

∂Π

∂C
dC + . . . dt,

we are essentially trying to minimize

Var

[(
∂Π

∂F
− gF

)
dF +

∂Π

∂C
dC

]
:= Var

[
adF +

∂Π

∂C
dC

]
.

Classical considerations tell us that the minimizer is a = −Covar(dC,dF )

Var(dF )

∂Π

∂C
, i.e.

gF −
∂Π

∂F
=

Covar(dC,dF )

Var(dF )

∂Π

∂C
=
σCσF
σ2
F

ρ
∂Π

∂C
=

σC
σF

ρ
∂Π

∂C
.

This local minimization of variance yields the same result as a minimization of the
total risk-adjusted variance of the discounted payout from inception to maturity, as we
see in the following. We want to minimize Var[Π̃T −H̃T ], where Ht is the value at time
t of the hedging portfolio and a tilde indicates a discounted value. By self-financing

H̃T = H0 +

∫ T

0

gFdF̃t

and by classical Delta-hedging

Π̃t = Π0 +

∫ T

0

∂Π

∂F
dF̃t +

∫ T

0

∂Π

∂C
dC̃t, (1.3)

hence we have to choose a :=

(
∂Π

∂F
− gF

)
minimizing:

Var

[∫ T

0

(
∂Π

∂F
− gF

)
dF̃t +

∫ T

0

∂Π

∂C
dC̃t

]
=

∫ T

0

E

[
D(0, t)2

(
a2σ2

F +

(
∂Π

∂C

)2

σ2
C + 2ρσCσFa

∂Π

∂C

)]
dt.

where D(0, t) is the discount factor. The integrand can be pointwise minimized,
choosing

a = −ρσC
σF

∂Π

∂C
, i.e. gF =

∂Π

∂F
+ ρ

σC
σF

∂Π

∂C
.

Note that the strategy does not depend on the horizon T . It also minimizes pathwise
the quadratic variation∫ T

0

D(0, t)2

(
a2σ2

F +

(
∂Π

∂C

)2

σ2
C + 2ρσCσFa

∂Π

∂C

)
dt,

which is a proxy of what traders call Profit&Loss volatility, i.e. the sum of squared
wealth movements, which is usually taken as a measure of hedging effectiveness. P&L
volatility tends to our quadratic variation when the frequency of monitoring tends to
zero and neglecting the discounting terms.
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1.2.2 Second hedge: Credit (or Vega)

At some point, usually due to a growth of the exposure, also the second risk factor,
Credit/Volatility in our examples, must be hedged. If at the same time the trader
considers it cost-effective to rebalance also the first exposure F , then hedging goes
back to standard Black and Scholes recipe that sets local variance to zero. If instead
the hedge in the second risk factor is rebalanced without a simultaneous rebalancement
of the first hedge (that the trader could consider not cost effective) the optimal recipe
can be obtained following the same variance minimization approach seen above.

General case

We assume the amount invested in F is a generic ∆F
t and we look for gC

(
∆F
t

)
mini-

mizing Var
[
dΠt −∆F

t dFt − gCdCt
]
, which corresponds to

Var

[(
∂Π

∂F
−∆F

t

)
dF +

(
∂Π

∂C
− gC

)
dC

]
The C-hedge minimizing this quantity is

gC
(
∆F
t

)
=
∂Π

∂C
− Covar(dC, dF )

Var(dC)

(
∂Π

∂F
−∆F

t

)
=

∂Π

∂C
+ ρ

(
∂Π

∂F
−∆F

t

)
σF
σC

.

Since we could symmetrically start from hedging C and hedge F later, we have a
symmetric definition for gF

(
∆C
t

)
, and we notice gF = gF (0) .

Again we obtain the same result if we perform a global, rather than local, variance
minimization. We look for an adapted process gC such that the self-financing strategy
which at time t holds ∆F

t of asset F and gC(t) of asset C (to be determined) has a

discounted value H̄t minimizing Var[Π̃T − H̄T ]. By self-financing

H̄t = H̄0 +

∫ T

0

∆F
t dF̃t +

∫ T

0

gCdC̃t,

hence we look for b :=

(
∂Π

∂C
− gC

)
minimizing

Var

[∫ T

0

(
∂Π

∂F
−∆F

t

)
dF̃t +

∫ T

0

(
∂Π

∂C
− gC

)
dC̃t

]
=

∫ T

0

E

[
D(0, t)2

((
∂Π

∂F
−∆F

t

)2

σ2
F + b2σ2

C + 2ρσCσF b

(
∂Π

∂F
−∆F

t

))]
dt.

As in Section 1.2.1, pointwise minimization is possible: computations lead to

b = −ρ
(
∂Π

∂F
−∆F

t

)
σF
σC

, i.e. gC =
∂Π

∂C
+ ρ

(
∂Π

∂F
−∆F

t

)
σF
σC

.

This is again independent of the choice of the horizon T .
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Special case

The result in the last equation is general. In the specific case that ∆F
t equals gF

computed above (an approximation for the case when rebalancement of the C-hedge
is not simultaneous to F -rebalancement, yet it happens a “short time” after it) we
obtain a very simple solution, given by(

∂Π

∂C
− gC

)
= −Covar(dC,dF )

Var(dC)

(
−σC
σF

ρ
∂Π

∂C

)
→ ρ2 ∂Π

∂C
,

so our finding is

gC (gF ) = (1− ρ2)
∂Π

∂C
.

For a larger number of correlated assets, the approach can be generalized to any
correlation matrix (see Appendix A.1), although the special case of two assets makes it
easier to grasp the underlying intuitions. Notice the algorithm is telling us that when
ρ = ±1 there is only one hedge, which makes sense since the second asset’s movement
is perfectly predicted by the first asset’s movement. Moreover, when ρ = 0 we have
just classical hedging, which is what we expect.

Apart from these special cases, notice that even if we use both assets, the final
hedge is not perfect (the only perfect hedge is classical delta hedging), and results in
a residual variance (we skip computations)

ρ2(1− ρ2)

(
∂Π

∂C

)2

σ2
C dt.

If at the beginning we had considered “easier” to hedge C rather than F , we would
have obtained a residual variance

ρ2(1− ρ2)

(
∂Π

∂F

)2

σ2
F dt.

In cases when the two assets are equivalent in terms of “easiness” of hedging, which
may mean that they have equivalent liquidity conditions, and yet hedging is affected
by transaction costs, a trader may desire in any case to design the partial hedging
strategy seen so far. In this case the comparison of these two variances will decide
which asset must be treated as “first” one.

If instead in a given moment we were given the possibility to rebalance both com-
ponents of the hedging portfolio, the optimal choice would be, needless to say, the
Black and Scholes hedge that sends to zero the local variance of the total portfolio,
irrespectively of any correlations between the two assets.

These considerations are a first glimpse to the problem of formalizing, in order to
make it more efficient, the decision process implemented by the trader when hedging
in illiquid markets. The problem is analysed in the next section.

1.3 Realistic optimal hedging

In this section we design a hedging strategy that implements the above optimal hedg-
ing results while taking into account the constraints we have in the real world, and
using only inputs available in practice. We start from an analysis that digs into the
implications of utility maximization under transaction costs but we reach a formula-
tion of the strategy that does not require utility parameters or detailed definitions of
transaction costs.
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1.3.1 Preliminary analysis of utility and transaction costs

The formalization of optimal hedging under transaction costs that had most impact on
the literature is given in Hodges and Neuberger (1989), that approaches the problem by
maximizing the expected value of the utility of the trader. Risk averse utility functions
U (w) must have U ′ (w) > 0 and U ′′ (w) < 0, where w is the random amount of money
whose utility needs to be assessed. Hodges and Neuberger (1989) make a classical
choice, using a negative exponential utility

U (w) = −e−λw.

For w ∼ N (M,V ), where V indicates variance, knowledge of the characteristic func-
tion implies

E [U (w)] = −e−λM+ 1
2λ

2V (1.4)

that clearly rewards positive expectation and penalizes variance. They get a stochastic
optimal control problem characterized by a Bellman-Hamilton-Jacobi equation.

The approach of utility maximization appears correct, but, in this case as much
as in many other financial applications, it adds complication without adding anything
to usability. In fact utility maximization can be useful to formalize the problem, but
any solution based on explicit representation of utility is not practical, since no one
knows which utility function should be used, and which one is the correct value of its
parameters. This means that any practical recipe must deduce implicitly the “utility
function” of the trader by some actual decisions he makes in his activity.

In their practical activity, traders monitor the volatility of their P&L by monitor-
ing their exposure, namely the difference between a) the sensitivity ∂Π/∂X of their
derivative portfolio to the different risk factors, and b) the quantity ∆x

t invested as a
hedge in each one of the risk factors. In case of one single asset, the representation is
simple. Traders monitor

∂Π

∂X

∣∣∣∣
t

−∆x
t

and in this way, with or without the support of a model, but always using their
practical knowledge of the volatility conditions of X, they monitor implicitly the local
standard deviation of the P&L as∣∣∣∣∣ ∂Π

∂X

∣∣∣∣
t

−∆x
t

∣∣∣∣∣σx√δ =
√
Vt (1.5)

where δ is a short interval of time. At some point t = s, they decide that they no
longer accept the level of volatility reached by the global portfolio, and rebalance the
hedge making

∆x
t=s =

∂Π

∂X

∣∣∣∣
s

The moment s cannot depend only on the volatility of the portfolio, since we know
that the level of volatility accepted as a consequence of mishedging is different from
asset to asset, with a higher volatility tolerance for less liquid assets X.

As we pointed out in the introduction, this form of decision making we observe
in practice is a consequence of the presence of fixed costs in real market trading.
Unfortunately, most previous literature assumes linear/proportional transaction costs,
in the sense that purchase or sale of quantity ∆ of an asset with price X incurs
transaction costs given by

c |∆|X,
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see the review paper Zakamouline (2005). Under such transaction costs, continuous
hedging is infeasible, but frequent rehedging is acceptable as long as one buys or sells
only small amounts of underlying. This contradicts reality, and does not correspond
to what happens in markets. Traders tend to minimize the re-hedging frequency, and,
for all but the most liquid assets, they seem to consider inefficient to rehedge when
rehedging implies buying or selling just a small quantity of assets. This is due to
transaction costs having a fundamental fixed component. This fixed component of
hedging costs is a synthesis for many real facts: the implicit cost of committing to get
a good deal for the hedging instrument in an illiquid market, the existence of a more
or less explicit “minimum amount” which is standard to buy or sell, and explicit fixed
fees imposed by brokers. This fixed component of hedging costs is our starting point
to design a strategy that minimizes hedging costs and yet allows some immunization
against the movements of all risk factors even if only some are actually rebalanced at
a given time. Considering both a linear and a fixed part could lead to a recipe not
sufficiently simple and intuitive to be implemented in a dynamic activity like hedging,
without giving any practically significant advantage.

The trader knows that rehedging has a fixed transaction cost cx. Utility function
allows to transform volatility of P&L into a monetary cost, in particular we can use
the so called marginal rate of substitution to model precisely the trade-off between
transaction costs and volatility. Namely, for a generic utility function, one can always
use the implicit function theorem to compute the quantity

dM

dV

which is telling us which is the increase dM in the expectation of the random payout
w that we need to receive if we want to keep utility unchanged in case of an increase
of volatility dV . Moreover, if utility has the form (1.4), then dM/dV is constant and
equal to λ/2: hence

∆M =
λ

2
∆V

holds also for any finite increment of volatility ∆V .
We call cx the fixed cost of transacting in the underlying X. The trader will

rebalance its sensitivity when
λ

2
Vt

first touches cx from below: in fact when the trader rebalances he reduces local
volatility from Vt to zero, while he spends cx. Thus, in consideration of (1.5), his
hedging strategy acts at any time t in which (Xt, ∂Πt/∂X) exits from the following
“no-transaction region”: (

∂Π

∂X

∣∣∣∣
t

−∆x
t

)2

σ2
x <

2

λδ
cx := Θx. (1.6)

The strategy is completely determined by a single threshold value Θx, in which the
effects due to risk-aversion (λ), utility horizon (δ) and transaction cost (cx) are jointly
taken into consideration without explicitly referring to the (unmeasurable) variables
used in its derivation.

In practice, traders know when the cost of transacting overcomes the benefit from
volatility reduction, and also know when the situation reverts. This trader behaviour
is more directly described by an overall level Θx than by the implicit parameters λ, c
and δ.
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1.3.2 The possible hedging choices

Now suppose the trader’s portfolio is exposed to the two risk factors F and C, and at
time t he holds in its portfolio quantities ∆F

t and ∆C
t of the two assets. The cost of

acting in F is cF , while for C cost is cC . Thanks to the results of the previous section,
the trader knows that at any time t there are only four possible actions:

0 No rebalancing, since no re-hedging choice is cost-effective taking into account
the trade-off between illiquidity and variance. There is obviously no variance
reduction.

1 Rebalancing both ∆F
t and ∆C

t , with cost cF + cC . In this case, optimal rebal-
ancement leads locally to B&S’s perfect hedge. Hence the volatility reduction is
given by the volatility of the total portfolio before rebalancement:

∆1V = Vt− = δ

{
σ2
F

(
∆F
t− −

∂Π

∂F

)2

+ σ2
C

(
∆C
t− −

∂Π

∂C

)2

+

+2ρσFσC

(
∆F
t− −

∂Π

∂F

)(
∆C
t− −

∂Π

∂C

)}
. (1.7)

2 Rebalancing only ∆F
t , with cost cF . Earlier in this chapter we showed that the

optimal hedge when we act on ∆F
t with ∆C

t fixed, taking correlation into account,
is

gF
(
∆C
t

)
=
∂Π

∂F
+ ρ

σC
σF

(
∂Π

∂C
−∆C

t

)
; (1.8)

we substitute this choice into the formula for the local variance and get

Vt+ = (1− ρ2)σ2
C

(
∂Π

∂C
−∆C

t

)2

δ,

leading to a variance reduction

∆2V = Vt− − Vt+ = δ

{
σ2
F

(
∆F
t− −

∂Π

∂F

)2

+ ρ2σ2
C

(
∆C
t− −

∂Π

∂C

)2

+

+2ρσFσC

(
∆F
t− −

∂Π

∂F

)(
∆C
t− −

∂Π

∂C

)}
. (1.9)

The only difference from (1.7) is the term ρ2 in boldface.

3 Rebalancing only ∆C
t . Everything goes as in point 2, exchanging the role of F

and C, so that

gC
(
∆F
t

)
=
∂Π

∂C
+ ρ

σF
σC

(
∂Π

∂F
−∆F

t

)
, (1.10)

and the variance reduction is

∆3V = Vt− − Vt+ = δ

{
ρ2σ2

F

(
∆F
t− −

∂Π

∂F

)2

+ σ2
C

(
∆C
t− −

∂Π

∂C

)2

+

+2ρσFσC

(
∆F
t− −

∂Π

∂F

)(
∆C
t− −

∂Π

∂C

)}
. (1.11)
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1.3.3 A strategy based solely on P&L volatility

Here we show how a choice can be made at any time. We introduce for convenience
of exposition the auxiliary variables

f := σF

(
∆F − ∂Π

∂F

)
, c := σC

(
∆C − ∂Π

∂C

)
. (1.12)

Calling ci the cost of each of the three rehedging “moves” among which the trader
can choose, the new utility after a rehedging of the i-th type is

Ut+ = − exp

{
λ2

2
(V −∆iV )− λ (M − ci)

}
= Ut− · exp

{
λ

(
ci −

λ

2
∆iV

)}
and therefore its attractiveness is higher if the multiplier of the negative quantity Ut−
is lower. So, the better move is the one for which

Gi =
λ

2
∆iV − ci (1.13)

is higher. No action is taken if Gi < 0 for all i = 1, 2, 3.
In consideration of (1.7), (1.9) and (1.11), we have that

G1 =
λ

2
δ(f2 + c2 + 2ρfc)− (cF + cC) =

λδ

2

[
(f2 + c2 + 2ρfc)− (ΘF + ΘC)

]
,

G2 =
λ

2
δ(f2 + ρ2c2 + 2ρfc)− cF =

λδ

2

[
(f + ρc)2 −ΘF

]
, (1.14)

G3 =
λ

2
δ(ρ2f2 + c2 + 2ρfc)− cC =

λδ

2

[
(ρf + c)2 −ΘC

]
.

The key observation is that since in these equations (λδ)/2 is a constant positive
multiplier, the trader can assess the relative and absolute convenience of each of the
three actions using only the quantities ΘF , ΘC defining his behaviour in the single-
asset case.

The possible ambiguities are eliminated by the fact that under the most standard
utility function the marginal rate of substitution is independent of the level of volatility.
This is exemplified in the next section through an analysis of the geometry of hedging
in the real world.

1.3.4 A graphical analysis of the geometry of hedging

After the initial setup of the hedge, in view of (1.14), the proposed strategy acts
always to keep true the following system of inequalities:f

2 + c2 + 2ρfc < ΘF + ΘC ,
(f + ρc)2 < ΘF ,
(ρf + c)2 < ΘC ,

(1.15)

which therefore describes the no-transaction region R. This is the intersection of:

• An ellipse RF,C = {f2 +c2 +2ρfc < ΘF +ΘC}, whose axes are rotated by π
4 with

respect to the f and c axes; the major axis is in the second and fourth quadrant
if and only if ρ > 0, and the eccentricity grows with |ρ|.
When the boundary ∂RF,C of this ellipse is touched, a complete rehedging is
performed.
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• The strip RF between the two lines {f + ρc = ±
√

ΘF }. When either boundary
of this strip is touched, a F -rehedging is performed with ∆C fixed.

• The strip RC between the two lines {ρf + c = ±
√

ΘC}. When either boundary
of this strip is touched, a C-rehedging is performed with ∆F fixed.

As for the rehedging actions, they have the following geometric interpretation:

1. Rebalancing both ∆F and ∆C moves (f, c) to the origin.

2. Rebalancing only ∆F moves (f, c) horizontally to the line {f + ρc = 0} bisecting
the strip RF .

3. Rebalancing only ∆C moves (f, c) vertically to the line {ρf + c = 0} bisecting
the strip RC .

This geometry allows a number of observations.

1. In the degenerate case ρ = 1, we have:

RF,C = {|f+c| <
√

ΘF + ΘC}, RF = {|f+c| <
√

ΘF }, RC = {|f+c| <
√

ΘC}.

The complete B&S rehedging is never performed, since one can always achieve
the complete variance reduction acting only on F or only on C, thanks to perfect
correlation. The trader will always use F if ΘF < ΘC , and will always use C
otherwise; i.e., he will always buy and sell only the cheapest hedging instrument,
as common sense would suggest. (See Figure 1.2a.)

The case ρ = −1 is completely analogous (see Figure 1.2b).

2. When |ρ| < 1, the strategy is almost surely unambiguous, since almost every
point of the boundary of R violates only one inequality in (1.15) and therefore
triggers only one possible rebalancement. In fact, the intersections between any
couple of sets among ∂RF,C , ∂RF and ∂RC are always in finite number.

3. When ρ = 0, one never changes simultaneously ∆C and ∆F , because RF ∩ RC
is a rectangle properly contained in the interior of RF,C (see Figure 1.2c). The
strategy involves monitoring and rebalancing independently the positions in F
and C as in the single-asset case.

4. Whichever the choice of the parameters, the strategy never collapses to using
always the classical B&S hedge. In fact, the two points

(f, c) =

(
±min

{√
ΘF ,

√
ΘC

ρ

}
, 0

)
always belong to the boundary of R but to the interior of RF,C : hence, in a
neighborhood of those points in ∂R, a partial rehedging is performed.

5. When ΘF � ΘC , C-rehedging is never performed (see Figure 1.1a); when
ΘC � ΘF , F -rehedging is never performed; while in general, the hedging strat-
egy involves all the three possible “moves”, i.e. complete rehedging, F -rehedging
and C-rehedging. (See Figure 1.1b.)

1.4 Practical case study

Now we design a practical test of the hedging strategy outlined above. The case study
we have in mind is hedging of counterparty risk of an Interest Rate Swap, but we try
to keep the setting as simple and general as possible, for the reader to appreciate and
understand the results also in view of other applications. This implies first to keep
the modelling framework simple.
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(a) No-transaction region for ρ = 1
2
,ΘF = 1

5
,ΘC = 8.

(b) No-transaction region for ρ = 1
2
,ΘF = ΘC = 1.

(c) No-transaction region for ρ = − 1
2
,ΘF = ΘC = 1.

Figure 1.1: No-transaction region in the (f, c) plane, for different choices of the pa-
rameters.
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(a) No-transaction region for ρ = 1,ΘF = 1,ΘC = 2.

(b) No-transaction region for ρ = −1,ΘF = 1,ΘC = 2.

(c) No-transaction region for ρ = 0,ΘF = 1,ΘC = 2.

Figure 1.2: No-transaction region in the (f, c) plane, for different choices of the pa-
rameters.
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1.4.1 Model choice

We consider only two risk factors, both modelled as single-factor Hull&White diffu-
sions (Hull and White, 1990), with a strong 80% correlation linking their stochastic
drivers:

dr(t) = kr(θr(t)− r(t))dt+ σrdWr(t),

dh(t) = kh(θh(t)− h(t))dt+ σhdWh(t),

d〈Wr,Wh〉t = ρdt, ρ = 80%,

where

• r is the money market short rate and will be used to price an interest rate swap
maturing in 10 years;

• h plays the role of a default intensity or hazard rate in that the payoff Π will be
expressed as

CVA(Swap) = E

[∫ T

0

e−
∫ t
0

(h(s)+r(s))dsSwap(t, rt)
+dt

]
. (1.16)

In the numerical results, we have kept the same volatility, mean reversion and initial
point for the two processes, to avoid that differences in parameterizations could distort
the comparison of the results of the different hedging strategies. Additionally, our
parameterization is such that the h(t) process keeps away from zero, as one expects
for a default intensity. Yet, notice that keeping h(t) Gaussian makes the setting
applicable also to hedging of a swaption in some multicurve setting, where h(t) could
be interpreted as the negative spread that lowers the rate at which the payout is
discounted, to reach the level consistent with a collateral agreement. Even more
generally, we would expect similar results for any payoff in the form of an underlying

multiplied by some discounting term exp
(
−
∫ t

0
x(s)ds

)
.

1.4.2 The treatment of correlation

While sketchy in the model choices, we tried to be realistic in the treatment of corre-
lation in two respects:

1. We supposed constant correlation between two hidden risk factors. This maps to
a stochastic correlation between the two hedging instruments.

2. Although the paths of r and h were in fact produced by a simulation where the
correlation parameter was chosen by ourselves, we pretended that we did not
know it, and used part of the simulation to get a sample estimate of ρ. The
estimate we obtain is 81.7%, slightly different from the actual correlation we
assumed.

One may wonder why we are designing the example under the assumption that cor-
relation will be historically estimated rather than being an implied correlation chosen
for pricing. The reason for that has to do with the constraints that reality imposes
to the theory underlying pricing and hedging. In reality, the models that are used for
pricing in finance are very simple compared to the complexity of reality. The two one
factor models above are a very clear example. In models with fewer factors than those
existing in reality, modellers must make choices on which aspects of a multifaceted
reality are most relevant. So, if two risks have to be correlated, one will look at the
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type of correlation that has most influence in pricing, and this will be most often a
long-term macro correlation. For example, when correlating a stock price with its
stochastic volatility, say in a Heston (Heston, 1993) model, correlation will likely be
negative, because this is what is needed to fit the market skew. But this correlation
explaining the market skew is a long-term correlation, modelling the fact that when
stock prices fall abruptly volatilities tend to jump in the opposite direction. Even if
such movements have been seen only few times in decades, at the relevant market
crises, yet this is the most important feature to get the right price. On the other
hand, the short-term, standard comovements of underlying and volatility could be in-
dependent or even positively correlated, and these short-term comovements are what
matters for day-by-day P&L volatility of a hedging strategy. In a more advanced
model, the smile could be captured by jumps or by correlating some additional drivers
of the long term means, leaving freedom to set diffusive correlations, and therefore
hedging, to levels based on short term co-movements. But in a simple model one has
to make a choice depending on the application one has in mind. For hedging purposes,
the most convenient choice is historical correlation based on day-by-day comovements.
A similar example may regard the credit risk of a heavily-indebted sovereign and the
level of inflation of the currency in which debt is denominated. For large and long-
term movements, it is logic to expect a negative correlation between the two, since
high inflation reduces real public debt. But this does not imply at all that a slight
increase in credit risk leads to slight reduction of inflation. Day-by-day movements
can be influenced by many different facts.

1.4.3 Design of the strategies

The payoff we consider is the CVA of an in-the-money payer ten year maturity interest
rate swap with nominal 1.000.000 Euros. Each day in the simulation, we took as
available hedging instruments a par Interest Rate Swap and a Credit Default Swap,
both maturing in 5 years. Note that (1.16) expresses the payoff as a function of r and
s, hence we need to map the sensitivities (∂Π/∂r, ∂Π/∂h) given by this equation, to
the couple (∂Π/∂Swap, ∂Π/∂CDS) needed by our strategy. To this aim, it is sufficient
to solve the linear system

∂Π

∂r
=

∂Π

∂Swap

∂Swap

∂r
+

∂Π

∂CDS

∂CDS

∂r
,

∂Π

∂h
=

∂Π

∂CDS

∂CDS

∂h
,

whose coefficients
∂Swap

∂r
,
∂CDS

∂r
,
∂CDS

∂h

can be computed by the elementary pricing formulas of IRS and CDS.
We first run a simulation for 6 months assuming we do not hedge our exposure

(no hedging in Table 1.1). The P&L volatility, computed as the quadratic average
of wealth movements, turns out to be 1,798 Euros.

Now we assume that the trader has decided to hedge only one exposure, using
the standard Black and Scholes approach for Delta-hedging, that is computing the
chosen hedge as a simple, correlation unadjusted first derivative gX = ∂Π/∂X to be
recomputed every day based on the current value of the underlying (single-hedge in
Table 1.1). If the exposure which is rebalanced is Interest Rates, this reduces P&L
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Hedging instrument Strategy P&L volatility (Euros)

None no hedging 1,797.81
IRS single-hedge 1,187.57
IRS single-hedge-ρ-aware 826.16
CDS single-hedge 758.31
CDS single-hedge-ρ-aware 522.29

Table 1.1: Comparison of portfolios rehedged using a single instrument.

Figure 1.3: Daily rehedging with single instrument: no hedging, single-hedge, and
single-hedge-ρ-aware. Daily profit&loss (squared) as a function of time.

volatility to 1,188 Euros (∼33% improvement). If it is Credit, it reduces P&L volatility
to 758 Euros (∼58% improvement).

Now we wonder what is the advantage in terms of P&L volatility if the trader
uses the same approach of rebalancing daily but with the correlation-aware hedging
formula given in (1.2) (single-hedge-ρ-aware in Table 1.1). Can it reduce volatility
further? When only rates are hedged, using correlation-aware formulas reduces P&L
volatility to 826 Euros; when only credit is hedged the correlation-aware formula leads
to 522 Euros (∼further 31% improvement in both cases).

This shows that, even without the general hedging framework introduced in Sec-
tion 1.3, just the correlation-aware formulas can give significant benefit to reducing
P&L volatility. Results are summarized in Table 1.1. In Figure 1.3 instead we see
graphically the evolution of the (portfolio + hedge) P&L in 3 different cases: no hedg-
ing, only hedging of one asset in the Black and Scholes way, and only hedging in the
single-hedge-ρ-aware strategy.
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Now we move to testing the framework introduced in Section 1.3, where also cost
of re-hedging enters the picture and all hedging and no-hedging decisions of the trader
are set in a rational context. For this second part of our tests, we need to distinguish
the liquidity conditions of the two hedging products. We assume, realistically, that the
swap is more liquid than the CDS, an assumption that in practice turns into a higher
observable tolerance of the trader to P&L volatility of the credit exposure compared
to the interest rate exposure, ΘF � ΘC . Looking at (1.6), in fact, we see that the cost
ci of rebalancing is the main driver of the difference in the rebalancing thresholds Θi.

We first consider standard daily Black and Scholes two-asset Delta hedging, where
hedges, recomputed daily, are given by gF = ∂Π/∂F , gC = ∂Π/∂C (B&S hedging in
Table 1.2). As expected, this reduces P&L volatility by at least an order of magnitude
compared to the above tests: only 49 Euros. But this comes with the cost of 250
rebalancing operations, half of them performed on the illiquid credit hedge with high
rebalancing costs.

Then we run an experiment where we use the full hedging strategy designed in
this chapter, where rebalancing decisions happen based on P&L volatility thresholds,
and rebalancement of hedges takes correlation into account: the strategy described in
1.3.2 and 1.3.3 with hedges computed via (1.8) and (1.10) (Θ&ρ-aware strategy in
Table 1.2). We expect fewer rebalancements, corresponding to a reduction of rehedging
costs, possibly with some increase of P&L volatility. We have indeed an increase of
P&L volatility: our strategy leads to a P&L volatility of 66 Euros, 17 more than in
the Black and Scholes case. This minor increase in P&L volatility comes however with
an impressive reduction in transaction costs: in fact, instead of 125 rebalances of swap
hedging and 125 rebalances of CDS hedging, we only have 18 swap rebalances and,
even more importantly, only 6 rebalances of the illiquid and thus costly CDS hedge.
If, as we assumed above, CDS re-hedging is the dominant part of transaction costs,
we have reduced transaction costs to 5% of the Black and Scholes figures.

In order to understand this result better, we tried another test: we used the hedging
strategy where rebalancing decisions happen based on P&L volatility thresholds, as
described in 1.3.3, but we compute hedges using standard Black and Scholes Deltas
gF = ∂Π/∂F , gC = ∂Π/∂C, neglecting correlation adjustments like those in (1.8)
and (1.10) for both rates and credit (Θ-aware-no-ρ strategy in Table 1.2). This
is enough to outperform dramatically pure Black and Scholes in term of rehedging
costs, in fact we have only 16 swap rehedges vs 125 and 11 CDS rehedges vs 125,
and the loss in terms of P&L volatility is minimal, considering that P&L volatility
is now 82, just 33 Euros more than Black and Scholes and 16 Euros more than the
Θ&ρ-aware strategy. Yet if, as we assumed above, CDS re-hedging is the dominant
part of transaction costs, notice that the Θ&ρ-aware strategy still allows a further
reduction of transaction costs by almost 50% compared to this Θ-aware strategy that
neglects correlation adjustments.

The results of these tests are summarized in Table 1.2. In Figure 1.4 we see the
behaviour of the portfolio P&L in the last three cases of Table 1.2. Since these are
different strategies involving different rehedging frequencies, in this chart we have
indicated the costly credit rehedges with little crosses.

This allows us to draw some conclusions. In single-hedging strategies, where one
risk-factor is not hedged, due to technical restrictions or to the high cost of the hedge,
the correlation-aware hedging formulas we provide are crucial to minimize P&L volatil-
ity. In multi-hedging strategies where all risk factors are hedged, the threshold-based
strategy seems very useful even when correlation is not taken into account, since it
gives a P&L volatility which is less than twice the B&S P&L volatility, but with an
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Strategy IRS rehedges CDS rehedges P&L vol (e)

no hedging 0 0 1,797.81
B&S hedging 125 125 49.26
Θ&ρ-aware 18 6 65.76

Θ-aware-no-ρ 16 11 82.07

Table 1.2: Comparison of hedging strategies using both underlying assets.

Figure 1.4: Rehedging strategies with both assets: Θ-aware-no-ρ strategy, Θ&ρ-
aware strategy and B&S hedging. Daily profit&loss (squared) as a function of
time.
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impressive reduction in terms of rehedging costs (just 11 credit re-hedges in 6 months,
as opposed to daily rehedges). The most impressive advantage, however, emerges in
the complete strategy where correlation is taken into account. In the latter case, in
fact, P&L volatility is just a fraction higher than B&S (66 vs 50), with just 6 credit
re-hedges vs 125 re-hedges in the B&S strategy. We focus on credit re-hedges since
they have been assumed to be the most expensive ones, but conclusions are not altered
if we take into account also the savings in terms of interest rate re-hedges.

1.5 Conclusions

We have detailed the theory of exploiting correlation in hedging, showing that correla-
tion among hedges enters explicitly the design of an optimal computation of Greeks in
many practical contexts. We have also designed a well-defined trading strategy that,
differently from most literature on hedging in discrete time and under transaction
costs, does not require the knowledge of the parameters of the utility function of the
trader. We have also provided a geometric interpretation.

We have finally shown experimentally that the strategy performs well in a CVA
hedging numerical test where the risk factors follow standard highly-correlated diffu-
sive models. Our approach reduces P&L volatility when the frequency of re-hedging is
fixed, and when used also to determine re-hedging times it allows a massive reduction
of re-hedging frequency, with relevant potential saving of hedging costs.

Useful extensions could be studied in the future. From the theoretical point of view,
one may wonder whether there are different choices of utility function and transaction
cost which lead to well-defined strategies, whether risk can be measured in subtler
ways than bare short-term variance, or whether dependence can be defined otherwise
than simple diffusion correlation. From an empirical point of view, the efficacy of
the strategy may be tested in more problematic cases, such as multiple assets or
different assumptions on dynamics, maybe up to a non-parametric approach where
only historical data are used.



Chapter 2

Hedging under recalibration

Because of the need to recalibrate models frequently, the practice of hedging re-
quires the computation of the sensitivities of prices directly with respect to the
market quotes used in calibration. If calibration is not exact, this implies a loss of
information in the passage from many quotes to few model parameters, and hence
an indetermination in the concept of Greek. This chapter uses the language of
differential geometry to formalize this ambiguity, and discusses the consequences
on the construction of the hedging portfolio.

2.1 Introduction

In quantitative finance, the price of a financial product is almost always expressed as
a function of the parameters defining a financial model, and the current value of its
state variables. At least when the evolution of the state variables is supposed to be
continuous, standard theory tells that all risks can be neutralized if one manages his
portfolio in such a way that the first order derivative of its value with respect to each
state variable is always equal to zero.

Nevertheless, it is common practice to compute and monitor also the sensitivity
to model parameters. Indeed, model parameters are typically estimated from market
quotes, i.e. numerically chosen so that the present available market information is
reproduced at least approximately. This procedure is called calibration; in practice, it
is repeated even daily, so that the “constants” which define the model are not constant
at all in time.

To be clear: obviously, an imperfect calibration is sound evidence that the chosen
model does not describe reality correctly. We add that even if we can calibrate per-
fectly, but at the price of making model parameters time-dependent, we are falsifying
the constness of model parameters, an assumption which we have for sure used in
computing the price. Hence, we have no clue on the coherence of our prices in terms
of no-arbitrage.

Because of this unknown nature of the true dynamics which drive the movements
of market quotes (an almost metaphysical concept), any attempt to state that an
hedging strategy is optimal or even only good in some quantified sense is problematic:
even if one has an optimization goal which is well-posed despite arbitrage, the optima
will highly depend on the full probability distribution of the true dynamics, which we
have no idea about (otherwise why did we use the wrong model for pricing in the first
place?).

23



24 CHAPTER 2. HEDGING UNDER RECALIBRATION

The limited theoretical literature addressing these issues concentrates on single-
stock markets and postulates that the model misspecification is benign in an ad-hoc
sense. For instance, to prove that misspecified Delta hedging is loss-free, El Karoui
et al. (1998) need that the model is wrong only in that it overestimates volatility;
recalibration is not considered. More recently, Herrmann and Muhle-Karbe (2017)
have introduced in the picture (perfect) recalibration to a single option; their deep
optimality result is only asymptotic in a factor penalizing a suitable “distance” of the
true dynamics from Black-Scholes.

All the above suggests that:

• A satisfactorily general theoretical justification of hedging under recalibration is
at very least not in sight, and we should even consider the possibility that there
is no clean answer to this bigger problem;

• To date, the only general-purpose model-agnostic results are invariably based on
sensitivities.

The second point is in line with market practice. In fact, in absence of better
indications, practitioners usually consider as additional risk factors the market quotes
themselves, whose movements are reflected into movements of calibrated parameters,
and they try to neutralize directly the sensitivities of their portfolio to them. For the
above reasons, this objective of neutralizing first order movements is not unreasonable
at all, and we take it for granted. Instead, in this chapter we want to put some order
and formalism in its application. We believe that here the whole point is the meaning
that one wants to give to the word sensitivity in this context.

One first idea is to start computing first order “model Greeks” as derivatives of the
pricing function with respect to model parameters. This is a well-studied problem, for
which many general-purpose techniques have been proposed, for instance Malliavin
calculus (Malliavin and Thalmaier, 2006) or algorithmic differentiation (Capriotti,
2011; Capriotti and Giles, 2012; Giles, 2007); see also the second part of the present
thesis. Then the task becomes to translate this information into “market Greeks”,
propagating derivatives through calibration.

The case in which the number of constraints imposed by observation of the market
is equal to the number of parameters to be calibrated, in such a way that any config-
uration is exactly reproducible with a proper choice of them, is satisfactorily treated
in Henrard (2011). The key remark is that, at least locally, the mapping of quotes
into parameters is usually bijective and differentiable, hence model Greeks and market
ones are essentially a reparametrization of each other.

However, the case in which there are less model parameters than market con-
straints is more delicate. One could in principle treat the full pricing algorithm in-
clusive of calibration like any other functional relationship, and compute its deriva-
tives. This corresponds to the industry’s bump-and-revalue algorithm, in which the
calibration+pricing routine is re-run after a small displacement of a single quote to
approximate the sensitivity of the price to it as a difference quotient. It is also the
point of view of Henrard (2013), which proposes an efficient (but a priori questionable)
approximation of the Jacobian of the calibration to quickly convert model Greeks into
market Greeks. The results of such methods will strongly depend on arbitrary choices
such as that of calibration weights: we wonder whether we can say something more
intrinsic on sensitivities to market quotes without relying on a specific calibration
algorithm.

To this purpose, it is worth remembering that the computation of sensitivities
is aimed at monitoring market risks and at hedging them via the construction of
a hedging portfolio. In practice, the choice of a model which is parsimonious in
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parameters often corresponds with an hedging strategy built using a limited number of
instruments. Strictly speaking, such strategies immunize the position only from some
movements of the market. For instance, if the financial product depends on more than
one interest rate, sometimes the only Greek considered is the one corresponding to
parallel movements of the rate curve, in which all rates move of the same quantity.
The choice looks somewhat arbitrary, and we would deem more sensible to hedge the
market movements which are compatible with the model : if the model is somewhat
reasonable, they will be more similar to the most plausible evolutions.

Indeed, every model defines implicitly a set of market configurations which it is
able to replicate. This circumstance can be interpreted as a set of implicit constraints
among quotes, and in this form it is well represented in terms of differential geometry.
The use of this language allows to explore and understand the interactions among the
rigidity of the model, the resulting ambiguity in the concept of Greek (including under
a new light a close relative to the existing methodologies), and eventually the implied
flexibilities in the choice of the hedging portfolio, which could help in the everyday
practice of imperfect hedging.

The rest of the chapter is structured as follows. Section 2.2 formalizes the problem
of the interaction between hedging and recalibration, starting from a nonstandard
view of traditional concepts of Greeks to introduce the fundamental equation (G);
Section 2.3 discusses its indetermination. The equation is solved in Sections 2.4 and
2.5, first in a particular case of wide applicability, then in an abstract and fairly
general context; the solution turns out to be of very easy implementation. Section
2.6 is devoted to formalization of the concept of hedge in our framework, and Section
2.7 compares our methodology to market practice. All the machinery is then taken
into action in Sections 2.8 and 2.9, the former hinting at possible practical uses of
the different solutions of (G), the latter presenting some numerical results. The last
section is devoted to conclusions and possible developments.

2.2 Formalization of the problem

2.2.1 Model calibration

A continuous-time model of the marketplace is typically described by a set of stochastic
processes

(S1(t), . . . , Sd(t)) = S(t), (X1(t), . . . , Xs(t)) = X(t), t ∈ [0, T ], d, s ≥ 0,

where the Si are tradable assets, while the X vector represents some model-dependent
state.1 For instance, each Si may be a stock price, and Xi the corresponding in-
stantaneous variance in a stochastic volatility model. The dynamics of (S,X) are
parametrized by real numbers

(α1, . . . , αa) = α;

in the stochastic volatility case, these may be the vol-of-vol, mean-reversion-of-vol,
long-term-vol, and instantaneous correlation parameters.

1The condition of tradability of Si could be easily relaxed, requiring only the availability of a
sufficiently rich set of functions of the observable indices Si; we avoid this generality to simplify the
exposition.



26 CHAPTER 2. HEDGING UNDER RECALIBRATION

Suppose that in addition to the Si, some non-directly-modelled market instruments
are available for trading, with quotes

qd+1(t), . . . , qn(t).

After the instrument with index i > d is subscribed at time t0, its NPV will fluctuate
because of the movements of the corresponding quote and of the underlying market
S, according to some known function

Hi(t,S(t), qi(t)), i > d

of current time, visible state and quote.
We underline that the function Hi is a matter of market convention: for example,

if the market instruments are call options and qi are implied volatilities, then Hi is
the Black pricing formula for the i-th option just by definition of implied volatility.
This does not force us to choose a lognormal model: under our model, the price of the
i-th instrument will be a different function

φi(t,α,X(t),S(t))

of time, model parameters and state.
The information shipped by quotation qi(t) translates into a model identity

fi(t,α,X(t),S(t), qi(t)) = 0, (2.1)

for instance putting

fi(t,α,X(t),S(t), qi(t)) = φi(t,α,X(t),S(t))−Hi(t,S(t), qi(t)).

These equation are used to calibrate analytically or numerically the model, i.e. to
determine the value of α and X(t).

To ease notation in some subsequent equations, we introduce symbols to denote
all quantities which are given and all quantities which are calibrated:

y(t) = (S(t), q(t)) ∈ Rn,θ(t) = (α,X(t)) ∈ Ω,

f(t,θ(t),y(t)) = (fi(t,α,X(t),S(t), qi(t)))i=d+1,...,n ∈ Rk,

where Ω is an open subset of Rm.2 In the sequel, we fix a time t to drop the t
arguments, and denote by Πθ, Πy the canonical projections (θ,y) 7→ θ and (θ,y) 7→ y
respectively. We define analogously ΠS(S, q) = S and Πq(S, q) = q.

The concept of calibration which is more widely used in practice is the following:

Definition 2.1 (Bestfit calibration). We will call bestfit calibration a function

c̃ : y 7→ θmin such that θmin ∈ argmin
θ

n∑
i=d+1

f2
i (θ,y).

We note that c̃ can be defined for each y ∈ Rn, but in general f(c̃(y),y) 6= 0.3

In this case, y is rigorously speaking incompatible with the chosen model. For this
reason, we provide a second definition:

2The openness of the domain simplifies the subsequent mathematics considerably; we deem useful
and interesting also the case in which Ω is a regular closed set, but we leave out this case for future
study.

3This would be true even for more complex calibration procedures, based for instance on stochastic
filtering for the estimation of the hidden factors X. We stick to least-square calibration for simplicity
of exposition.
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Definition 2.2 (Exact calibration). We will call exact calibration a function

c : y 7→ θzero such that f(θzero,y) = 0.

It can be defined only for y ∈ Y , where

Y = ΠyM, M = {(θ,y) : f(θ,y) = 0}.

Although restrictive in asking for a perfectly-calibratable input y ∈ Y , in a dy-
namical setting this kind of calibration is still more generous that a strict application
of our model would allow. Indeed, if the model is a perfect description of reality,
once one has inferred θ(0) = (α,X(0)) from exact calibration at time 0, the following
calibration should be sufficient:

Definition 2.3 (In-the-model calibration). For each α, we will call in-the-model
calibration given α a function

cα : y 7→Xzero such that f(α,Xzero,y) = 0.

It can be defined only for y ∈ Y α, where

Y α = {y ∈ Y : f(α,X,y) = 0 for some X}.

Remark 2.4. We note that c is the restriction of c̃ to Y , and cα is a projection of the
restriction of c to Y α. Moreover, one can see cα as an instance of c for a different
model: precisely, the model with no free parameters (a = 0) obtained from the original
one fixing a priori α = α(0) and thus dropping the explicit dependence on α in all
functions.

Example. Consider an hypothetical one-dimensional model with a single hidden fac-
tor X = θ ∈ R (i.e. s = m = 1, a = d = 0), whose value we wish to calibrate to 2
market instruments (i.e. k = n = 2), whose prices y1, y2 are quoted. Suppose that
according to the model, the first price should be cos θ and the second one should be
sin θ.

Then in our formalism: {
f1(θ,y) = cos θ − y1,
f2(θ,y) = sin θ − y2.

The sets M and Y are drawn in Figure 2.1.

2.2.2 Hedging

Now suppose that a trader has in his book a financial product, and at a given time t
denote by

p(S,θ)

its pricing function according to the model, which will be assumed to be sufficiently
smooth. Let us say broadly that the trader wants to hedge market risk, which gives
non-deterministic behaviour to the evolution of the value, adding to his book a (dy-
namically rebalanced) portfolio S in the underlying market S and another portfolio
H in the hedging instruments H. What does this mean exactly? As discussed in the
introduction, there are at least two radically different ways of interpreting the task:
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y1
y2

θ

M
Y

Figure 2.1: In the Example, M = {(θ, y1, y2) : y1 = cos θ, y2 = sin θ} is a spiral, and
the set of the y which are compatible with the model is its projection Y = {(y1, y2) :
y2

1 + y2
2 = 1}, i.e. the unit circumference.

1. The textbook trader. If a trader has a firm belief in the correctness of the model,
then he knows that at least if X and S are continuous semi-martingales, he can
achieve perfect hedging by designing S and H in such a way that

∂

∂S
(p+ S +H) = 0,

∂

∂X
(p+ S +H) = 0. (2.2)

Note, as we will discuss in detail in the sequel, that the hedging portfolio might
be non-unique.

2. The skeptical trader. Aware of the (incoherent) practice of recalibration, real-life
traders usually consider the pricing function from market quotes

P̃ (S, q) = p (S, c̃(S, q)) = (p ◦ (ΠS , c̃)) (y)

as a whole, and try to put to zero its derivatives:

∂

∂y

(
P̃ + S +H

)
= 0. (2.3)

In their current display, (2.2) and (2.3) are difficult to compare, but we claim that
they can rewritten in a common form, which will suggest an halfway alternative.

Indeed, if one sticks to (2.2), everything he needs about the financial product is the
sensitivity to model state ∂p/∂ (S,X); but traders tend to dislike the information in
this form, because its mapping to the composition of the hedging portfolio is nontrivial.
To understand why, suppose that ∂p/∂Xi is non-null only for one fixed i: the trader
can conclude nothing on “where” the sensitivity is, since in principle all hedging
instruments depend on all Xj-s, and he does not know a-priori which and how many
of them he will need to bring to zero the single ∂p/∂Xi.

Instead, the trader would rather have a set (gi)i=1,...,n of “sensitivities” to market
input y, so that it will be trivial for him to match (gi)i>d = gH with the portfolio H
buying an amount of the i-th hedging instrument given by the familiar hedge ratio

ri = −gi
[
∂Hi

∂qi

]−1

, i > d, (2.4)
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and then to match the “Delta” (gi)i≤d = gS of the resulting portfolio P +H, buying
an amount of Si given by

ri = −gi −
n∑

j=d+1

rj
∂Hj

∂Si
, i ≤ d. (2.5)

For the skeptical trader, these gi have an immediate interpretation as properly-said
sensitivities:

Proposition 2.5 (Skeptical trader’s sensitivities). If the hedging portfolio composition

is defined by (2.4)-(2.5), then the constraint (2.3) holds if and only if g = grad P̃ , i.e.

dyP̃ [δy] =

n∑
i=1

giδyi ∀δy ∈ Rn, (2.6)

where dyP̃ denotes the differential of function P̃ in point y.

Proof. Note that (2.3) is in fact a system of n equations, the i-th of which zeroes
∂/∂yi of the full portfolio. Substituting (2.4)-(2.5) in the i-th equation yields easily

gi = ∂P̃ /∂qi for i > d and then gi = ∂P̃ /∂Si for i ≤ d, i.e. the thesis g = grad P̃ .

We claim that also in the case of (2.2), the gi can be interpreted as sensitivities
of the pricing functional as a function of market inputs, provided that in defining
this functional one uses the stricter concept of in-the-model calibration instead of the
broader bestfit one:

Pα = p ◦ (ΠS , c
α) .

To give a precise meaning to the claim, we should take into consideration two
things:

1. We want derivatives to be defined for a function Pα which is defined only on the
set of admissible inputs Y α;

2. The original equation (2.2) involves derivatives in all possible directions (Si)i=1,...,d

and (Xi)i=1,...,s, which must therefore be spanned by infinitesimal displacements
of the input y of Pα.

Therefore, the natural hypothesis is:

Hypothesis 2.6. Y α is a differentiable submanifold of Rn, and (ΠS , c
α) is differen-

tiable at y with surjective differential onto Rd × Rs.

Sufficient conditions will arise from the subsequent treatment (see Theorem 2.16
and Remark 2.17); for the moment we content ourselves with assuming that the hy-
pothesis holds. Then we get the following analogous of Proposition 2.5:

Proposition 2.7 (Textbook trader’s sensitivities). If the hedging portfolio composi-
tion is defined by (2.4)-(2.5), and Hypothesis 2.6 is satisfied, then the constraint (2.2)
holds if and only if

dyP
α[δy] =

n∑
i=1

giδyi ∀δy ∈ TyY α, (2.7)

where TyY
α denotes the tangent space to Y α in point y.
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Proof. Equation (2.2) can be written in differential form as

dp+

d∑
i=1

ridSi +

n∑
i=d+1

ridφi = 0, (2.8)

where all differentials are with respect to (S,X), and we recall that φi denotes the
price of the i-th hedging instrument as a function of (S,X). Now (2.8) is unaltered if
we compose it to the right with d(ΠS , c

α), since this is onto by hypothesis: recalling
that φi ◦ (ΠS , c

α) = Hi, we get

dPα +

d∑
i=1

ridSi +

n∑
i=d+1

ridHi = 0

where all differentials are intended as defined on TyY
α. Substituting in this equation

(2.4)-(2.5) and

dHi =

d∑
j=1

∂Hi

∂Sj
dSj +

∂Hi

∂qi
dqi

gives after some simplifications

dPα −
d∑
i=1

gidSi −
n∑

i=d+1

gidqi = 0

as functions defined on TyY
α, which applied to the generic δy ∈ TyY α yields (2.7).

Comparing (2.6) to (2.7), we see that the core difference is the following:

1. The skeptical trader wants g to represent the first-order movement of the pricing
functional from market data for all infinitesimal market changes δy ∈ Rn; to do
this, he must rely on a quite arbitrary extension P̃ of the pricing functional to
model configurations y /∈ Y incoherent with the model, given by his calibration
algorithm.

2. Instead, the textbook trader just cares about the movements δy ∈ TyY α compat-
ible with the model with fixed parameters α.4

It is now quite natural to note that if we want to consider more realistically that
α will most probably change, the model itself can tell us something more than (2.7)
about the gi, intrinsically and without any recourse to an out-of-the-model calibration
algorithm. This is achieved considering the pricing functional

P = p ◦ (ΠS , c) ,

which has a larger domain than Pα in that it allows for changes in the model param-
eters, while being still completely specified by the model, contrarily to P̃ .

Again, since the function P is defined only on Y , to give a meaning to derivatives
of P the most natural hypothesis is the following one:

Hypothesis 2.8. Y is a differentiable submanifold of Rn, and P is a differentiable
function Y → R.

4Note that at least if the market is complete and the model is correct, these would be the only
movements compatible with no-arbitrage.
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In the next sections we will find sufficient conditions for this to be true; for the
moment we content ourselves with assuming it, so that we can define the following
compromise definition between the textbook and skeptical concepts of Greeks:

Definition 2.9 (Greeks equation). We will say that g satisfies the Greeks equation
if the following holds:

dyP [δy] =

n∑
i=1

giδyi ∀δy ∈ TyY. (G)

Morally, we are looking for quantities gi such that if we move y by a small quantity
∆y, then the variation of P satisfies

∆P ≈
n∑
i=1

gi∆yi; (2.9)

which is less stringent than it may seem, because not all ∆y are admissible, being
constrained by y + ∆y ∈ Y . When we send to zero sequences of ∆y which are
admissible in this sense, the limit directions are the elements of TyY , and we retrieve
the infinitesimal formal version (G).

In the following sections we proceed studying the master equation (G); recall that
by Remark 2.4 the results which will be obtained can be applied also to the theoretical-
hedging equation (2.7).

2.3 Indetermination

The unstated implicit constraint y+∆y ∈ Y in (2.9), which translates into the explicit
constraint δy ∈ TyY in (G), implies non-uniqueness of the solution g, as the following
example shows.

Example (continuation). In the context of the previous Example, let us suppose
that according to the chosen model a financial product has value p(θ) = sin2 θ. Then
P (y) = y2

2 , hence a solution to our problem (2.9) is

(g1, g2) =

(
∂[y2

2 ]

∂y1
,
∂[y2

2 ]

∂y2

)
= (0, 2y2).

However, the function P is defined only on Y , where the relation y2
1 + y2

2 = 1 holds:
therefore P (y) = 1− y2

1 , so that another solution of our problem (2.9) is

(g1, g2) =

(
∂[1− y2

1 ]

∂y1
,
∂[1− y2

1 ]

∂y2

)
= (−2y1, 0).

Moreover, any convex combination of these two solutions is itself a solution.

Remark 2.10 (Canonical representatives). The right hand side of (G) is the scalar
product 〈g, δy〉: the only constraint on g is its scalar product with the elements of
TyY . As a consequence, it is immediate to verify that

g solves (G) ⇐⇒ ∀∆g ⊥ TyY, g + ∆g solves (G). (2.10)

This characterizes the freedom in the choice of g. Some plausible choices are:
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1. A solution belonging to TyY . Equation (2.10) implies immediately that such a
solution exists unique, and that it is characterized by having the smallest Eu-
clidean norm ‖g‖2. This solution is the gradient of P in the sense of Riemannian
geometry, therefore we will call it Riemannian Greek. More flexibly, one may
minimize some nonnegative quadratic form of the gi other than the bare sum
of squares, obtaining generalized Riemannian Greeks: see Remark 2.11 for a
geometric interpretation.

2. A choice of g with at most dim(Y ) non-zero components. The existence fol-
lows from (2.10) with linear algebra arguments. This solution corresponds to the
construction of an hedging portfolio with the minimal number of instruments,
therefore we will call it economical Greek. Again, one can devise more flexible
variants, for instance allowing gi 6= 0 for i in a desired set larger than the min-
imal size, and using the remaining degrees of freedom to perform some kind of
minimization in the spirit of point 1.

3. The gradient of P̃ . It is a solution because function P̃ extends P , hence dyP̃
extends dyP , and therefore Proposition 2.5 implies immediately (G) with g =

grad P̃ . This solution involves the bestfit calibration P̃ , hence we will call it
bestfit Greek.

The three choices are drawn in Figure 2.2 for our Example.

Remark 2.11 (Coordinate changes and rescalings). Instead of minimizing ‖g‖22, one
may minimize some nonnegative quadratic form of the gi. The result lacks the nice
geometric characterization involving the tangent space, but this can be interpreted as
having chosen the “wrong” coordinate system.

Indeed, if one chooses linearly transformed coordinates y′ = M−1 y, then the
minimized quantity will be

‖g′‖2 = ‖Mᵀg‖2 = gᵀ(M Mᵀ)g,

which as M varies represents the generic nonnegative quadratic form of the gi. We
conclude that we can get a rather rich family of generalized Riemannian Greeks from
standard (Euclidean) Riemannian Greeks with appropriate linear changes of coordi-
nates.

The coordinate change is particularly reasonable when matrix M is diagonal, so
that it just rescales market inputs yi without mixing them. In fact, if the quantities
with respect to which we are computing the derivatives are not homogeneous among
themselves (for instance if they include some stock prices and some implied volatili-
ties), to make the norm of g have dimensionally sense we should anyway rewrite the
objective function f in terms of rescaled adimensional variables. Here we are only
adding that one should choose the unit of measure for yi in such a way to reflect its
relevance in the objective function. See Remark 2.23 for a transparent application.

To solve concretely (G), we will need to write

dP = d(S,c(y))p ◦ (ΠS ,dyc) .

The differential of the function p : Rd×Rm → R can be written with no difficulties as

dp =

m∑
j=1

∂p

∂Sj
dSj +

m∑
j=1

∂p

∂θj
dθj ,

where
∂p

∂Sj
= S̄j ,

∂p

∂θj
= θ̄j
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Figure 2.2: Graphical representation of some significant choices for a solution g of
(G), in the Example we studied till now. You can see manifold Y (the circumference)
and space TyY (the tangent line). All possible solutions lie on the diagonal dashed
line, which is orthogonal to TyY . The blue vector denotes the Riemannian Greek.
We will see in Section 2.7 that for the particular form of f in our example, the blue
solution coincides also with the bestfit Greek grad P̃ . The solutions in red are the two
possible economical Greeks.
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are the model Greeks, which we suppose to be well defined and at our disposal; we
collect them in row vectors S̄ and θ̄. It remains to understand whether c is in fact
differentiable and to find its differential, in order to eventually solve (G). In the next
section we will perform this analysis in a simple case of wide applicability; the most
general case is the subject of Section 2.5.

2.4 A simple case

Suppose that S is empty. Then the quoted price of the i-th calibration instrument
depends solely on θ, and a sensible form of the objective function would be

fi(θ,y) = φi(θ)− yi,

where φi(θ) represents the price according to the model, while yi is the price as quoted
by the market.

We have Y = φ(Ω).5 Therefore, to hope that Y is a manifold, the natural hypoth-
esis is that the Jacobian Dφ is full-rank.6 Then φ, restricted to a neighbourhood of
θ, is a diffeomorphism with its image. Let us shrink Ω so that it is contained in such a
neighbourhood: this implies no loss of generality, since to hope that P is differentiable,
it is very reasonable to ask at least for continuity of c. In this way Y is a diffeomorphic
image of an open subset of Rm, hence a differentiable manifold of dimension m. Now
we can eventually solve (G):

Theorem 2.12 (Solution of (G), simple case). Suppose that S is empty, that each fi
is of the form fi(θ,y) = φi(θ)−yi where φi ∈ C1(Ω), and that Dφ is full-rank. Then,
possibly shrinking Ω, Y is a differentiable manifold of dimension m, Hypothesis 2.8 is
satisfied, and problem (G) is equivalent to the linear system

gᵀ ·Dφ = θ̄. (2.11)

Proof. We already remarked that shrinking Ω we can suppose that Y is a differentiable
manifold of dimension m. If we think φ as a map of Ω onto Y , we note immediately
that c = φ−1, from which P is a composition of differentiable functions: Hypothesis
2.8 is satisfied.

We have to compute

ȳ = dc(y)p ◦ dyc = θ̄ ◦ dy(φ−1) = θ̄ ◦ (dc(y)φ)−1,

i.e. the only ȳ ∈ T ∗yY such that ȳ ◦ dc(y)φ = θ̄.7 If we recall that θ̄ =
∑
i θ̄idθi and

that we wanted to write ȳ in the form
∑n
i=1 gidyi, this equation becomes immediately

(2.11).

Remark 2.13 (Algorithmic consequences). Once computed matrix Dφ (say with al-
gorithmic differentiation techniques), it remains to solve system (2.11), which as we
expected is undetermined: the algorithm to compute (g1, . . . , gn) will depend on the
desired representative.

5Recall that in our notation, Ω is the open set where θ can be chosen.
6This hypothesis is reasonable. Think about the limit case in which φ(θ) does not depend on a

certain θi: we could not hope to calibrate the model in an univocal way.
7We denote by T ∗

yY the cotangent space to Y in y, i.e. the dual of the tangent space TyY .
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1. The Riemannian Greek corresponds to the minimal-norm solution. Since we have
reduced our problem to a undetermined linear system, this solution is obtained
with classical methods, such as singular value decomposition. Alternatively, one
can exploit the subsequent Theorem 2.22. We remark that in a particular model
setting, and mainly on the ground of empirical considerations, Piterbarg (2003)
already suggests to use as Greeks the minimal-norm solution of an undetermined
system which is essentially (2.11).

2. The economical Greek is obtained solving the system given by an m×m invertible
submatrix of Dφ, and putting to zero the other components of g. This corresponds
to pretending, only for the purpose of this differentiation step, that we have
calibrated only to m < n instruments.

3. For the bestfit Greek grad P̃ , we postpone the analysis of the algorithms to the
beginning of Section 2.7.

2.5 The general case

We recall that θ ∈ Rm, y ∈ Rn, f(θ,y) ∈ Rk. Again we need differential geometry
tools, hence we make the following weak hypothesis.

Hypothesis 2.14. f is C1 and Df has full rank k, so that M = {f = 0} is a
differentiable submanifold of Rm+n with dimension m+n− k = m+ d. In particular,
m+ n ≥ k.

All our argument needs obviously that y 7→ θ = c(y) is a differentiable well-
defined map. This means that we need a differentiable inverse of the restriction to set
M of the canonical projection Πy : (θ,y) 7→ y, which restriction we will denote by
ΠybM . Therefore, it is natural to add the hypothesis that the differential of this map

is full-rank, i.e.:

Hypothesis 2.15. ΠybT(c(y),y)M
has full rank m+ d. In particular, n ≥ m+ d.

This looks non-trivial to check, hence we will give sufficient conditions (Theorem
2.18); for the moment, let us suppose that the hypothesis holds. Then, as in Sec-
tion 2.4, restricting without loss of generality to a neighbourhood of (c(y),y) in M ,
we can suppose that ΠybM is a diffeomorphism with its image Y , so that the latter

turns out to be a differentiable manifold of dimension m+ d.

The solution of (G) in this context is given by the following Theorem.

Theorem 2.16 (Solution of (G), general case). Suppose that Hypotheses 2.14 and
2.15 hold. Then, restricting M to a neighbourhood of (c(y),y), Y is a differentiable
manifold of dimension m+ d, Hypothesis 2.8 is satisfied, and g =

(
gS , gq

)
solves (G)

if and only if  −θ̄ᵀ

gS − S̄
ᵀ

gq

 ∈ (T(c(y),y)M)⊥ = span (grad fi)i≤k . (2.12)

Proof. We already saw that if we shrink M , then Y is a differentiable manifold of
dimension m+ d. We note that

c = ΠθbM ◦
(

ΠybM

)−1

(2.13)
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is a differentiable map, hence by composition P = p ◦ (ΠS , c) is itself differentiable, so
that Hypothesis 2.8 is satisfied.

Our goal is to compute

ȳ = d(S,c(y))p ◦ (ΠS ,dyc) = S̄ ◦ΠS + θ̄ ◦ΠθbT(c(y),y)M ◦
(

ΠybT(c(y),y)M

)−1

,

i.e. the only ȳ ∈ T ∗yY such that

θ̄ ◦ΠθbT(c(y),y)M =
(
ȳ − S̄ ◦ΠS

)
◦ ΠybT(c(y),y)M

.

If we write ȳ in the desired form
∑
i gidyi, S̄ as

∑
i S̄idSi and θ̄ as

∑
i θ̄idθi, this

equation becomes

m∑
i=1

θ̄ivi =

n∑
j=1

gjvm+j −
d∑
i=1

S̄ivm+i ∀(v1, . . . , vm+n) ∈ T(c(y),y)M,

i.e. exactly

 −θ̄ᵀ

gS − S̄
ᵀ

gq

 ∈ (T(c(y),y)M)⊥.

Remark 2.17 (Surjectivity of differentials). Adding to the theorem the reasonable
hypothesis that (ΠS ,Πθ)bT(c(y),y)M

is surjective, i.e. that first-order-admissible market

moves span all directions in (S,θ) space, we can deduce from (2.13) that d (ΠS , c) is
surjective. Combined with Remark 2.4, this gives a way to verify Hypothesis 2.6.

Algorithmically, after computing Df , one must solve the (m+ n)-dimensional lin-
ear system  −θ̄ᵀ

gS − S̄
ᵀ

gq

 =

k∑
i=1

λi(grad fi) (2.14)

for the n+ k > n+m unknowns g1, . . . , gn, λ1, . . . , λk. Also in this case, the solutions
are in infinite number, and we can impose further conditions. For instance:

1. The minimum-norm solution is the one such that

g ∈ TyY = Πy

[
T(c(y),y)M

]
= Πy

[
(span(grad fi)i)

⊥
]
.

In other terms, there must exist a θ′ ∈ Rm such that

Df ·
(
θ′

g

)
= 0. (2.15)

Adding this k-dimensional equation and the m unknowns θ′1, . . . , θ
′
m to system

(2.14), we obtain a linear system with m+n+k equations and m+n+k unknowns.

We proceed as promised with a practical condition to check Hypothesis 2.15.

Theorem 2.18 (Sufficient conditions for Hypothesis 2.15). Suppose that n ≥ k ≥ m,
f is a C1 function, Df has full rank k, and Dθf has full rank m. Then Hypotheses
2.14 and 2.15 are satisfied, so that Theorem 2.16 can be applied.

Proof. We must verify only Hypothesis 2.15. The submatrix Dθf has rank m ≤ k
where k is the rank of the full matrix Df , hence by elementary linear algebra we can
find a subset y1 of variables y such that D(θ,y1)f is a k × k invertible matrix. Let
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us write y = (y1,y2) with y1 ∈ Rk−m and y2 ∈ Rn+m−k. By the implicit function
theorem, there exists a differentiable function ψ defined on an open subset of Rm+n−k

such that in a neighbourhood of (c(y),y), manifold M coincides with{(
θ,y1,y2

)
:
(
θ,y1

)
= ψ

(
y2
)}
.

Let us introduce the following notation to denote the components of ψ:

ψθ := Πθ ◦ ψ, ψy1 := Πy1 ◦ ψ.

Then
Ψ : y2 7→

(
ψθ
(
y2
)
,ψy1

(
y2
)
,y2
)

is a diffeomorphism with its image, hence ΠybT(c(y),y)M
is full-rank if and only if

Πy ◦ dΨ = d(Πy ◦ Ψ) is full-rank. To sum up, Hypothesis 2.15 is equivalent the the
fact that the Jacobian matrix of

Πy ◦ Ψ : y2 7→
(
ψy1

(
y2
)
,y2
)

should have full rank m + n − k. But a submatrix of this Jacobian is the identity
(m+ n− k)× (m+ n− k): the conclusion follows.

Remark 2.19 (Coherence with the simple case). If S is empty and fi(θ,y) = φi(θ)−
yi, the equations of this section should reduce to the ones in Section 2.4. This is
not difficult to check: with (ei)i denoting the canonical basis of Rn, equation (2.14)
becomes (

−θ̄ᵀ

g

)
=

k∑
i=1

λi

(
gradφi
−ei

)
, i.e.

{
−θ̄ᵀ =

∑
i λi gradφi,

gj = −λj ∀j.

If we substitute the second line of the system into the first one, we get θ̄
ᵀ

=
∑
i gi gradφi,

which is precisely (2.11).
If in addition we desire the minimum-norm solution, the additional condition (2.15)

translates into

∃θ′ ∈ Rm :

m∑
j=1

θ′j
∂φi
∂θj
− gi = 0 ∀i ≤ n,

which means exactly g ∈ span

(
∂φ

∂θj

)
j

.

2.6 Linearity of Greeks and hedged portfolios

As we said, any solution of (G) has the right to be called a set of Greeks. For instance,
one may desire to choose g in such a way to minimize some quantity other than the
Euclidean norm ‖g‖2 (maybe the total notional). However, the criteria suggested
above (Remark 2.10) identify concepts of Greek with the desirable characteristic to be
linear: the Greeks of a portfolio are the sums of the Greeks of the components. Such
a condition is relatively simple to check for a given candidate algorithm, because it
boils down to linearity of the map

(
S̄, θ̄

)
→ g transforming model Greeks into market

Greeks.
The demand for linearity deserves an in-depth consideration. Indeed, the typical

goal of the sensitivities calculation is the construction of a hedging portfolio, such that
if one adds it to the initial portfolio, the overall Greeks will be null.
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In light of the analyses above, we will first of all need to clarify in which sense we
want the Greeks to be “null”:

Definition 2.20 (Essential hedge). We will say that a portfolio is essentially hedged
if g = 0 is a possible solution of the Greeks equation (G).

Conceptually, a portfolio is essentially hedged if and only if at first order its value
does not change for all variations of inputs admissible according to the model. Given
the degrees of freedom in the choice of g, having some gi 6= 0 does not necessarily imply
that the position is not hedged: on a purely theoretical ground, the only condition to
be tested is g ⊥ TyY . However, one can note that a portfolio is essentially hedged if
and only if

(
S̄, θ̄

)
= 0, from which it is easy to conclude that for the three specific

concepts of Greek examined in this work, the portfolio is essentially hedged if and
only if g = 0.

Therefore, it becomes strategic to have an algorithm converting a generic g into
one of the canonical representatives of Remark 2.10). Indeed, it will not be uncommon
that the starting point g may have been obtained as the sum of Greeks computed in
different ways, for different purposes. For instance:

• The sensitivities of “primitive” hedging instruments H might have been computed
analytically (say with a Black formula);

• The sensitivities of some deals, for which the trader has a precise idea of which
instruments are more appropriate for hedging, might have been computed with
the “economical” approach;

• The sensitivities of the remaining portfolio might have been computed in Rieman-
nian sense (to have a minimal representation), or as a the gradient of the bestfit
calibration (the closest to the traditional concept of Greeks).

As an illustration, we show an algorithm to get the Riemannian Greeks from a
generic g, since (possibly after a change of metric as in Remark 2.11) it may be a
good choice in the task of monitoring how much the portfolio is imbalanced, as we
will briefly discuss in Section 2.8.

Proposition 2.21 (Conversion into Riemannian Greeks). Let g be any solution of
(G). Then the Riemannian solution gR can be obtained solving simultaneously

(
0

gR − g

)
∈ span (grad fi)i≤k and Df ·

(
θ′

gR

)
= 0.

for the unknowns gR,θ
′.

Proof. The second equation is the condition of tangency as expressed in (2.15). The
first equation can be derived noting that by Theorem 2.16, the solutions of (G) are ob-
tained solving the undetermined linear system (2.12); notoriously the generic solution
of such a system can be expressed as the sum of a single solution g (no matter which
one) and the generic solution of the homogeneous system, i.e. the system obtained
putting S̄ = 0 and θ̄ = 0 in (2.12).
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2.7 Comparison to the derivatives of bestfit calibra-
tion

We repeat briefly the argument in Henrard (2013) in order to adapt it to our context.
The key remark is that θmin = c̃(y) satisfies F(θ,y) = 0, where

F = gradθ

[
1

2

k∑
i=1

f2
i

]
=

k∑
i=1

fi gradθ fi

is a function of Rm into itself. If DθF is invertible, then locally there is only one θ
verifying such relation, therefore this θ must coincide with θmin. The conclusion is
that c̃ is the implicit function defined by F = 0, and therefore

Dc̃ = −(DθF)−1(DyF),

where by the definition of F{
DθF =

∑
i(gradθ fi)(gradθ fi)

ᵀ
+
∑
i fiHessθfi,

DyF =
∑
i(gradθ fi)(grady fi)

ᵀ
+
∑
i fi(Dy gradθ fi).

(2.16)

As a consequence, if one is able to compute the expressions above, and the model
Greeks S̄i, θ̄j are known, one has all the ingredients to calculate the bestfit Greeks

(grad P̃ )
ᵀ

= (S̄,0) + θ̄ ·Dc̃ = (S̄,0)− θ̄ · (DθF)−1(DyF). (2.17)

We desire to understand whether there is some connection between these Greeks
and the ones computed with our approach. Let us treat separately the cases y ∈ Y
and y /∈ Y .

2.7.1 If y ∈ Y
In this case, in both equations of (2.16) the second summation is zero, and what
remains is {

DθF = (Dθf)
ᵀ
(Dθf),

DyF = (Dθf)
ᵀ
(Dyf).

Note that the condition of invertibility of DθF translates into Dθf having full rank.
The relations above, in the simple case subject of Section 2.4, have an interesting

consequence:

Theorem 2.22 (Sometimes Riemannian = bestfit). Suppose that fi(θ,y) = φi(θ)−yi
under the hypotheses of Theorem 2.12. Then the minimum-norm solution of problem
(G) is grad P̃ .

Proof. Equation (2.17) becomes

(grad P̃ )
ᵀ

= −θ̄ · ((Dφ)
ᵀ
(Dφ))−1(Dφ)

ᵀ
(−In) = θ̄ · ((Dφ)

ᵀ
(Dφ))−1(Dφ)

ᵀ
. (2.18)

The fact that grad P̃ is a solution of (G) is always true (see Section 2.2); anyway,
Theorem 2.12 tells us that in the case we are now considering, equation (G) translates

into (grad P̃ )
ᵀ
Dφ = θ̄, which using (2.18) is a straightforward verification.

Finally, as we saw in Section 2.2, grad P̃ is the minimum-norm solution if and only

if grad P̃ ∈ TyY = span (∂φ/∂xi)i, which is true because in (2.18) (grad P̃ )
ᵀ

is written
as aᵀ · (Dφ)

ᵀ
for a vector a.
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What is the geometric interpretation of the above result? In the hypotheses of
the theorem, the objective function of bestfit calibration

∑
i (φi(θ)− yi)2

is squared
distance of the theoretical point φ(θ) from the market point y, hence the calibrated
point will be the projection (i.e. nearest point) of y on Y . In this setting, if y makes
a small move orthogonal to Y , and one performs a new calibration, then the value of
θ does not change, implying no change in P̃ : this means that 〈grad P̃ ,∆y〉 must be
null for every ∆y ⊥ TyY , which is the characterization of Riemannian Greeks.

Remark 2.23 (Calibration weights). The theorem is no more true already in the case
in which one adds calibration weights wi ∈ R+:

fi(θ,y) = wi(φi(θ)− yi). (2.19)

Indeed, denoting by W the diagonal matrix with diagonal elements w1, . . . , wn, equa-
tion (2.17) becomes

(grad P̃ )
ᵀ

= −θ̄ · ((WDφ)
ᵀ
(WDφ))−1(WDφ)

ᵀ
(−W)

= θ̄ · ((WDφ)
ᵀ
(WDφ))−1(Dφ)

ᵀ
W2,

in which one sees that varying θ̄1, . . . , θ̄m, the transpose of the right hand side spans
all values of Image(W2Dφ) which is distinct from Image(Dφ) = TyY in general. In

particular, there exists a choice of θ̄1, . . . , θ̄m such that grad P̃ does not belong to TyY ,
and hence cannot be the minimum-norm solution of (G).

The point is that for general f , calibration is not projection with respect to the
Euclidean distance any more, because the latter is incoherent with the “nearness
ordering” induced by the object function. Hence we get the feeling that we may have
chosen the wrong metric to draw the immersion of Y in Rn. The intuition is right, but
misses a little complication: we are not free to change the scalar product 〈g, δy〉 in the
treatment above, because it arises just from a convenient rewriting of the right hand
side of the fundamental equation (G), which equation is purely differential-geometric
and does not involve any Riemannian metric.

However, we know from Remark 2.11 that by a change of coordinates we can alter
the definition of the minimized norm. In the case of (2.19), there is a rescaling which

restores the coincidence of the least-squares objective function
∑
i w

2
i (φi(θ)− yi)2

with the squared distance between the model and market point, and hence the co-
incidence of Riemannian and bestfit Greeks: just define y′i = wiyi. This has a clear
financial meaning, since we can reinterpret fi as the error in calibrating to the price
y′i of a modified instrument with notional multiplied by wi. Since we have redefined
the instrument and the quote to incorporate wi, the new “calibration instruments”
contribute equally to the least-squares objective function, and we are back to the
unweighted case of Theorem 2.22.

A final comment. We have seen that one cannot incorporate the effects of cali-
bration weights in the Greeks equation, but we managed nonetheless to recover them
with a careful choice of the minimized norm. This is not surprising, since it is unfair
to ask (G) to take care directly of numbers which play a role only in configurations
which the model excludes. In this respect, the strength of (G) is its weakness, i.e. its
indeterminacy, which shapes a well-defined freedom to weight differently the various
instruments used in hedging. Here is where market wisdom may play its crucial role
in supplementing the model in issues it cannot capture. We will elaborate on this in
Section 2.8.



2.7. COMPARISON TO THE DERIVATIVES OF BESTFIT CALIBRATION 41

2.7.2 If y /∈ Y
In this case, strictly speaking, our approach looks inapplicable, because function P is
not even defined in y. One may be tempted to conclude that the only possibility left is
to differentiate P̃ ; however, the Greeks computed this way would be highly influenced
by the bestfit calibration, i.e. an artificial relation between model parameters and val-
ues of y which the model itself excludes (empirical evidence presented in Section 2.9).
The significance of the results would be therefore at very least questionable.

There is an alternative: differentiating P in a point y′ ∈ Y close to the y origi-
nally given. In the simple case of Section 2.4, the natural choice would be y′ = φ(θ),
i.e. calculating the Greeks with respect to theoretical market quotes instead of ob-
served ones: which is already common as a rule of thumb to stabilize the computation
of sensitivities. After all, when one calibrates inexactly, and then uses the calibrated
model to compute a price, the implicit assumption is that the “real” value of market
instruments is y′ = φ(θ) (the value we would get repricing the instruments them-
selves), while the fact that the observed values are y 6= y′ is neglected “noise”. In
this interpretation, it makes sense to discard this noise also in the determination of
Greeks.

A conclusive remark. In formulas (2.16), the computation of the second order
derivatives is generally non-trivial and computationally costly. The advice of Henrard
(2013) is to neglect such terms, on the ground that if calibration is good then such
second derivatives are multiplied by fi which is almost zero; indeed, the approximation
becomes exact precisely if y ∈ Y . We might say that the recipe of Henrard (2013) is
to “compute an approximate derivative in the exact point”, while ours is to “compute
the exact derivative in an approximate point”. Both approximations are increasingly
good according to the accuracy of the calibration, but the second one allows to detect
very clearly the financial information we are neglecting: it is the information in the
calibration error. One cannot expect in general that one algorithm is more precise
than the other, as the following theorem shows.

Theorem 2.24 (Meaning of the no-Hessian approximation). Consider the simple case
in which fi(θ,y) = φi(θ)−yi with the hypotheses of Theorem 2.12. Then the following
algorithms give the same result:

1. Substituting y with y′ = φ(θ) and then computing the Riemannian Greek from
(G).

2. Neglecting second derivatives in (2.16) in computing grad P̃ from (2.17).

Proof. It is sufficient to remark that in the second algorithm, once neglected the
second-derivative terms, equation (2.17) becomes exactly (2.18), which depends only
on θ but no more on y. Hence the thesis follows immediately by Theorem 2.22.

Example (conclusion). Let us come back one last time to our example

φ1(θ,y) = cos θ − y1, φ2(θ,y) = sin θ − y2, p(θ) = sin2 θ.

One readily sees that given any y ∈ R2 \ {(0, 0)}, the best θ, i.e. c̃(y), is the one
defined by direction y

‖y‖ . Therefore

P̃ (y) = sin2 c̃(y) =
y2

2

y2
1 + y2

2

is a 0-homogeneous function, hence its gradient is a −1-homogeneous function. As a
consequence, substituting y with y′ = φ(θ) = y/ ‖y‖ (which, as seen above, is equiv-
alent to applying the approximation in Henrard (2013)), produces a result differing
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from grad P̃ (y) by a factor ‖y‖. In particular, the relative error is | ‖y‖ − 1|, i.e. the
distance of y from Y .

To sum up, if one really wants grad P̃ , the accuracy of the approximation is mea-
sured by the distance from the set of admissible quotes Y : our framework makes this
result look extremely natural. On the other hand, now we know that the algorithm
computes exactly grad P̃ (y′), which under a different point of view might be even

more appropriate than grad P̃ (y) itself.

2.8 Considerations on the choice of the representa-
tive

As we saw, all that mathematics and the model can give us is an undetermined con-
straint for g. The choice of the particular representative depends necessarily on the
context and on extra-model considerations, and one cannot expect a recipe to be good
on all occasions, as the following example shows.

Example. Consider a market with a single equity underlying St, quoting two at-the-
money call options with maturity 5 and 10 years, by their implied volatilities Σ5 and
Σ10. Suppose that the following log-normal model is a satisfactory description of the
dynamics (interest rates are null for simplicity):

dSt = σ(t)StdWt, (Wt) Brownian motion, σ(t) = σ5I[0,5)(t) + σ10I[5,10)(t).

If σ5 ≈ σ10, one can imagine that for the purpose of pricing the following approximate
model has been considered acceptable:

dSt = σ̄StdWt, σ̄ ∈ R. (2.20)

The value of σ̄ will be obtained calibrating to the two options; the exact number will
depend on the concrete form chosen for the objective function, but it will be for sure
an increasing function of Σ5 and Σ10, for instance σ̄ = (Σ5 + Σ10)/2.

Let us consider now the pricing of two different products:

1. The 5-years-maturity option used in calibration.

2. A forward-start option with start date in 5 years and maturing in 10 years.

The approximate model gives the same value to the two options, given by a Black
formula:

p(σ̄) = BS(S, S, σ̄, 5);

In particular, denoting by ν the “Vega” of the formula (derivative with respect to
volatility), both the Riemannian Greeks and the bestfit Greeks will be something like:

g5 = g10 =
1

2
ν.

However, with the exact model, the best answer would be the following:

1. For the spot-start option, g5 = ν and g10 = 0. In this circumstance, a wisely-
chosen economical Greek would have been perfect.

2. For the forward-start option, the exact price would have been

BS(S, S,
√

2Σ2
10 − Σ2

5, 5)
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whose derivatives are

g5 =
−νΣ5√

2Σ2
10 − Σ2

5

≈ −ν, g10 =
2νΣ10√

2Σ2
10 − Σ2

5

≈ 2ν.

Indeed, if at the moment of calibration Σ5 = Σ10 holds exactly, then (g5, g10) =
(−ν, 2ν) is a valid Greek in our framework; but we cannot expect to single out
this representation, or even only the negative sign of g5, using only (2.20) and its
calibration.

Nonetheless, our framework clearly identifies the alternatives, and provides a vo-
cabulary to analyse their pros and cons. For instance, opinions like the following
become natural:

• In the market I trade into, using many hedging instruments is costly and/or
impractical: I will go for the economical Greeks.

• Some hedging instruments are not liquid: I will spend some degrees of freedom
to put to zero the corresponding Greeks, and will then perform some Riemannian
minimization on the remaining components.

• I have extra-model views hinting at which pillars are more relevant for the position
I have to hedge: I will help the sensitivities engine asking for economical Greeks
concentrated on those pillars.

• I want a synthetic scalar indicator to know at each moment “how much my port-
folio is imbalanced”; a quadratic form in my Greeks will do. Of course I will have
to compute the Greeks in the corresponding generalized Riemannian form, to be
sure that I am measuring the net imbalance which cannot be cancelled using the
degrees of freedom in the definition of g.

• I would like to weight differently the various hedging instruments in my portfolio,
but I do not want to touch the calibration weights because of the side-effects on
calibrated parameters. Never mind, I will tweak the Riemannian metric minimized
in the computation of my Greeks.

• To monitor whether market risks are correctly quantified, I verify periodically the
P&L Explain, i.e. whether the profit or the loss is well explained by the first order
expansion g · ∆y. My profit or loss is defined as ∆P̃ (recalibrate-then-reprice),
hence by definition the most performing g in this sense will be the bestfit Greeks
grad(P̃ ).

One can note that the above needs, leading to different choices of the representative,
are not necessarily alternative, since they refer to different moments in the trading
activity. As an example, in principle one may:

• Use the Riemannian Greeks to decide whether to intervene on the hedging port-
folio.

• Once decided to rehedge, use economical Greeks to minimize the cost of the
transaction.

• Use anyway the bestfit Greeks in the P&L explain.

2.9 Numerical experiments

We have empirically compared the different methodologies presented above, in the
following model setting for Euro-denominated interest rates:
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• The stochastic discount rate is given by the EONIA rate, whose forwards seen at
the evaluation date are extracted from the quotation of Overnight Indexed Swaps
(OIS). The EONIA rate is modelled by a Hull&White process r(t):

dr(t) = k(θ(t)− r(t))dt+ σdWt,

in which θ(t) is a deterministic function, k and σ are real numbers, and Wt is a
standard Brownian motion. Parameter θ is time-dependent so that, once fixed
the parameters k and σ, there exists an unique θ(·) able to fit exactly the yield
curve at the evaluation date.

• The interest rate EURIBOR 6M is itself deduced from a short-rate model, po-
tentially different from the one for EONIA (multicurve pricing, see e.g. Mercurio,
2010), but with the hypothesis that such short rate is given by a deterministic
spread φ(t) over EONIA. The spread is time-dependent and is chosen to fit the
EURIBOR 6M curve at the evaluation date.

As we said, since we desire to fit exactly the rate curves at the evaluation date,
the quantities θ(t) and φ(t) are not free parameters, because they are determined
once chosen k and σ, which are therefore the only parameters at our disposal to fit
the volatility structure of interest rates. The market information on this volatility is
shipped by swaption quotes, which are varied by expiry of the option, maturity of the
underlying swap, and strike. Since we have only two free parameters, the calibration
will consider only a limited number of at-the-money swaptions, selected among the
most actively traded.

With the calibrated model, we then priced a non quoted option expiring nearly in 4
years and a half, to enter in 5-years-long swap. This product is deliberately similar but
not identical to one of the instruments used in calibration, namely the 5x5 swaption,
so that it is easy to have an intuition (right or wrong) on how the Greeks should look
like.

In the graphics of this section:

• “Riemannian” denotes the Riemannian Greek;

• “Economical” denotes the economical Greek zeroing the sensitivity to all swap-
tions except the 5x5 and 5x10 ones;

• “Theoretical bestfit” denotes the bestfit Greek computed substituting market data
with the theoretical previsions of the calibrated model.

• “No-hessian bestfit” denotes the bestfit Greek computed ignoring Hessians as
suggested in Henrard (2013);

We proceed commenting the results obtained with market data as of 12 October
2015, for different choices of the objective function f . In the following subsection, we
start with the simple and well-understood case

fi = (Model price−Quoted price) of the i-th market swaption, (2.21)

in which case we know that many approaches collapse to the same result, and then see
what happens when each fi is multiplied by a weight wi. In the subsequent subsection,
instead, we consider a more nonlinear but equally reasonable form for fi, to see how
this impacts the various representatives for g and how different among themselves
they can become.
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Figure 2.3: Sensitivity of the NPV of a non quoted swaption, with an object function
which is linear in market prices. Market data: premia of three quoted swaptions.
Equally-weighted calibration.

2.9.1 Simple or weighted-simple object function

In the experiments described in this subsection, each component of f will have the
form (2.21) apart possibly for a multiplicative weight wi which can be a different
nonnegative number for each i.

Firstly, we performed the experiment calibrating the model only to the three
equally-weighted swaptions 5x5, 5x10 and 10x5, so that the indeterminacy affect-
ing the Greeks is only of dimension 1. Figure 2.3 shows that all methods give similar
results: as one would expect, they attribute almost all the sensitivity to the 5x5 pillar;
since the product is not exactly the 5x5 swaption, it is not surprising the appear-
ance of some residual sensitivity on the two other pillars, although they involve quite
longer maturities. Note that the Riemannian Greeks and the two bestfit variants yield
exactly the same result, as foreseen by Theorem 2.24.

Then, we enlarged the perimeter of calibration instruments to seven swaptions. To
study the effect of calibration weights on results, we performed the experiment both
with uniform weights, and overweighting the 5x5 swaption by a factor five and the
5x10 swaption by a factor two. Results are in Figure 2.4, and they show that:

• With the obvious exception of the economical Greek, when weights are uniform
all methodologies spread the sensitivity widely on all pillars (Figure 2.4a).

• The change in calibration weights changes radically the bestfit Greeks, while it
impacts only marginally the economical and Riemannian Greeks, which are more
intrinsic (Figure 2.4b).

• The two bestfit Greeks coincide perfectly.

2.9.2 General object function

Numerical considerations often suggest alternative forms for the object functions like

fi = wi

(
Model price

Quoted price
− 1

)
of the i-th market swaption, wi ∈ R+. (2.22)



46 CHAPTER 2. HEDGING UNDER RECALIBRATION

-2000000

0

2000000

4000000

6000000

8000000

10000000

12000000

3Y x 3Y 3Y x 5Y 5Y x 3Y 5Y x 5Y 5Y x 10Y 10Y x 5Y 10Y x 10Y

Riemannian

No-hessian bestfit

Theoretical bestfit

Economical

(a) Uniform calibration weights.
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(b) Calibration weights: 5.0 for the 5x5 swaption, 2.0 for the 5x10 swaption, 1.0 for
the remaining swaptions.

Figure 2.4: Sensitivity of the NPV of a non quoted swaption, with an object function
which is linear in market prices, and with two different choices of calibration weights.
Market data: premia of seven quoted swaptions.
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Figure 2.5: Sensitivity of the NPV of a non quoted swaption, with an object function
which is nonlinear in market prices. Market data: premia of three quoted swaptions.
Equally-weighted calibration.

Therefore, we repeated our tests with this kind of object function, and we now present
the main differences which emerged.

The experiment calibrating the model only to three equally-weighted swaptions
presents no surprise. Figure 2.5 shows that all methods give similar results, again
with most of the sensitivity on the 5x5 pillar, and some unavoidable remainders on
the two other pillars. However, note that this time each algorithm has a slightly
different outcome.

The differences widen if one calibrates to seven swaptions. Results are in Figure 2.6,
which allows the following remarks:

• Again, when weights are uniform all the non-economical methodologies feature a
dispersion of significant sensitivities on all pillars (Figure 2.6a). Moreover, this
time the bestfit Greeks have a potentially improper peak on the shortest pillar
3x3.

• The change of object function affects considerably the bestfit Greeks, while the
economical and Riemannian Greeks maintain their profile. This is the non-
parametric counterpart of the effect of calibration weights, already remarked in
the previous subsection and also evident in Figure 2.6b.

• The two bestfit Greeks are similar, but the differences are not always completely
negligible (especially with uniform weights).

2.10 Conclusions and further research

Whether on a basis of a full theoretical justification or not, real-life hedging requires
the Greeks of the price function. This chapter shows the power and expressiveness of
the language of differential geometry in describing the problem of computing them.
Thanks to this formalism, we saw how in presence of calibrations one cannot give
an univocal solution to the problem, and we characterized completely the range of
possible solutions in terms of simple linear systems.
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(b) Calibration weights: 5.0 for the 5x5 swaption, 2.0 for the 5x10 swaption, 1.0 for
the remaining swaptions.

Figure 2.6: Sensitivity of the NPV of a non quoted swaption, with an object function
which is nonlinear in market prices, and with two different choices of calibration
weights. Market data: premia of seven quoted swaptions.
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We then showed how the theoretical framework can help greatly in formulating
practical considerations and in taking rational decisions when devising realistic hedg-
ing strategies. Different representations for the set of Greeks can be useful in different
contexts, without necessarily excluding one another.

We believe that this work could be a good starting point for anybody looking for
the “best” Greeks, in some sense to be discussed and defined case by case. We note
in particular that the continuum of generalized Riemannian Greeks, which minimize
a generic quadratic penalty function, may be rich enough for a rigorous treatment
of liquidity conditions, transaction costs, P&L volatility and more generally trader’s
preferences. Even more ambitious would be the study and optimization of a dynamical
hedging portfolio adjusted with the passage of time, exploiting the degrees of freedom
pointed out by this treatment.

Finally, we remark that all the variants would be theoretically equivalent provided
that the chosen parametrization of the dynamics is sufficiently rich to represent satis-
factorily each possible configuration of the market. This could suggest a way to test
if a chosen model is flexible enough; the resulting validation approach would be more
coherent with practice, since it would measure the ability to follow quote movements
allowing recalibration of parameters, rather than in the school hypothesis that they
are universal constants.
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Part II

Fast computation of multiple
sensitivities
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Chapter 3

Fast first order senstivities for
discontinuous payoffs

In this chapter, we present a general technique to compute the sensitivities of the
Monte Carlo prices of possibly discontinuous financial products. It is a natural
extension of the pathwise adjoints method, which would require an almost-surely
differentiable payoff; the efficiency of the latter method when many sensitivities
must be calculated is preserved. We show empirically that the new algorithm is
competitive in terms of accuracy and execution time when compared to benchmarks
obtained by smoothing of the payoff, which benchmarks are biased and require a
non-obvious tuning of their parameters.1

3.1 Introduction

As we have seen in the first part of this thesis, in the theory and practice of the man-
agement of financial portfolios, a crucial role is played by the valuation not only of the
present value of the claims, but also of their sensitivity to market movements, in order
to correctly quantify and hedge risks. The centrality of such sensitivities or Greeks is
confirmed by their growing use in the industry to define standard risk-sensitive met-
rics. For instance, the new standard for contracts proposed by the International Swaps
and Derivatives Association (2013, 2016) uses sensitivities to compute initial margins;
while regulators have introduced a sensitivity-based approach in their directives on
capital requirements (Basel Committee on Banking Supervision, 2013).

On the algorithmic side, the main challenge is the large number of sensitivities
to compute. Even a simple interest rate swap depends potentially on tens of market
quotes, corresponding to the various pillars of the discounting and forwarding curves;
the picture worsens if more risk drivers are involved, for instance when the computation
must be performed at portfolio level, as is the case for the determination of non-linear
fair-value adjustments like the CVA (Basel Committee on Banking Supervision, 2015).

The recent popularity of this kind of metrics has given new impulse and relevance to
the problem of efficiently computing sensitivities. In fact, the simplest approach is to
compute them numerically, moving each market datum individually and repeating for
each of these movements the whole pricing algorithm. This is an extremely expensive

1A slightly different version of this chapter has been published in Daluiso and Facchinetti (2018).
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procedure in terms of computational time, especially when the price is itself the result
of a costly Monte Carlo simulation.

In this context, a very promising technique is the so-called adjoint differentiation,
based on the analytical computation of a sequence of intermediate derivatives, which
gives the full gradient of a scalar function in at most four times the computational time
of the implementation of the function alone (Griewank and Walther, 2008). However,
the direct application of this methodology to a Monte Carlo pricing is possible only
if the payoff is continuous and almost surely differentiable, so that the sensitivities
can be computed path-by-path (Glasserman, 2004). This is not the case for many
financial products, which have digital or barrier features. For such products one
has to substitute or complement these algorithmic differentiation (AD) techniques,
exploiting the nature of the problem.

Some AD-based solutions have been proposed in the 2000s, but they are not suf-
ficiently generic for large-scale application. In particular, the likelihood-ratio method
(Glasserman, 2004) can compute the sensitivity to a parameter only if it influences the
price exclusively through the probability density of the underlying; moreover, if the
density at maturity is unknown and must be approximated via a simulation scheme,
the statistical uncertainty of the Greek becomes very large. The variant called vibrato
(Giles, 2007) solves in most cases the variance issue, but still does not handle direct
dependencies of the payoff on parameters: in particular, neither of these methods is
applicable as-is to the very common setting of factorial models, which express many
underlyings as functions of a relatively parsimonious set of risk factors; or to the
computation of sensitivities to deterministic rate curves.

If one drops for a moment the desire to compute high-dimensional gradients quickly
and looks for estimators of single Greeks, then more material can be found in the
literature. Perhaps the earliest results have been obtained porting to finance the ideas
of perturbation analysis, see e.g. Fu and Hu (1997) and references therein. Turning
to more field-specific recipes, we mention the proposals based on Malliavin calculus
(Malliavin and Thalmaier, 2006; Fournié et al., 1999, 2001; Benhamou, 2003), which
suffer from similar limitations as those of likelihood ratio. A higher level of generality
has been recently achieved in the fairly abstract approach of Feng and Liu (2016),
whose concrete instantiations require each time the manual or numerical computation
of at least one integral depending on the model and the payoff; one of their formulations
essentially reduces to the earlier findings of Lyuu and Teng (2011). The latter are very
related to the formulas of our Section 3.3, even though the hypotheses and final result
do not exactly overlap.

In none of the papers cited in the previous paragraph, the algorithmic aspects or
computational efficiency are discussed, especially in relation to scalability when many
sensitivities must be computed. To our knowledge, the only work addressing this kind
of issues in a sufficiently generic setting is Chan and Joshi (2015); here we provide an
alternative which is different in both spirit and implementation, whose closer relative is
arguably the technique developed in Capriotti et al. (2011) for the specific application
of counterparty credit risk management.

This chapter offers a direct generalization of the pathwise method. The key obser-
vation is that if the payoff has a discontinuity, then it contributes to the derivative as
a Dirac delta. The result is a closed-form unbiased estimator, which can be computed
with adjoint differentiation, and which reduces to the classical pathwise estimator if
the payoff is continuous. The general idea is developed in full detail in the case of
foremost practical relevance, i.e. a Monte Carlo with diffusive risk factors: in such
context, a clever organization of the simulation algorithm allows a drastic reduction
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of the computational overhead of the terms generated by the discontinuity relative to
the original pricing time.

We conclude with some numerical examples. As a benchmark for the result, for
the uncertainty and for the execution times, in each example the sensitivities are
also calculated pathwise after smoothing of the payoff. This touchstone is chosen
for its generality and popularity; even though it involves a delicate tradeoff between
the bias introduced by the approximation and the Monte Carlo uncertainty of the
Greek, especially in presence of multiple discontinuities, as we will see. The same kind
of qualitative remarks would apply to more sophisticated but still smoothing-based
biased approaches like Liu and Hong (2011).

The rest of the chapter is organized as follows. Section 3.2 introduces the key
idea using the stylized example of a binary call; Section 3.3 generalizes to arbitrary
payoffs. Section 3.4 briefly introduces adjoint algorithmic differentiation, which is used
to formulate a fast algorithm to compute the formulas of the preceding sections; an
analysis of the complexity of the algorithm then suggests a variant in which the largest
possible number of intermediate results is reused from the pricing phase. Section
3.5 applies all of the above in the case of a Monte Carlo with diffusive risk factors,
showing that in such setting the computations which can be saved are indeed many.
Section 3.6 contains several numerical experiments, and Section 3.7 summarizes the
main contributions and hints at possible applications. Finally, Appendix A.2 provides
technical hypotheses under which we can prove with full rigour the main formulas,
which in the body of the chapter are derived sacrificing details to underline the ideas.

3.2 The digital option

In this section we will use the pricing of a binary option as an introductory example.
The derivation is intentionally sometimes heuristic, while detailed hypotheses and
proofs are available in Appendix A.2.

Let us consider the price of a digital option:

P = E[IX(T )>0], X(T ) = f(θ, Z1, . . . , Zd) =: f(θ,Z), (3.1)

where the underlying X(T ) is computed on simulated scenarios, and can therefore be
expressed as a function f of Zi ∼ N (0, 1) independent and identically distributed and
of model parameters θ. Our goal is the computation of ∂P/∂θ.

Let us rewrite the expected value as an integral and move the derivative operator
inside:

∂P

∂θ
=

∂

∂θ
E[If(θ,Z1,...,Zd)>0]

=
∂

∂θ

1

(2π)d/2

∫
Rd−1

∫ +∞

−∞
If(θ,z1,...,zd)>0e

−z2k/2dzk
∏
i6=k

e−z
2
i /2dzi

=
1

(2π)d/2

∫
Rd−1

∫ +∞

−∞

[
δ(f)

∂f

∂θ

]
(θ, z1, . . . , zd)e

−z2k/2dzk
∏
i 6=k

e−z
2
i /2dzi, (3.2)

where in the last passage we used formally the chain rule and the fact that the deriva-
tive of an indicator function is a Dirac delta:

∂

∂θ
If(θ,z1,...,zd)>0 =

∂

∂f
If>0 ·

∂f

∂θ
(θ, z1, . . . , zd) =

[
δ(f)

∂f

∂θ

]
(θ, z1, . . . , zd). (3.3)
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To proceed, we introduce some notations: given a vector v ∈ Rd (in boldface) and
k ∈ {1, . . . , d}, we will denote by v−k ∈ Rd−1 the vector obtained from v removing
its k-th component, and with v(vk = x) the vector obtained from v substituting
the k-th component with the value x. Finally, we will denote by Iv>0 the vector
(Iv1>0, . . . , Ivd>0).

Now we can formulate the following hypothesis:

Hypothesis 3.1. f is differentiable with respect to θ and zk; for every Z−k, the
function zk 7→ f(θ,Z(Zk = zk)) is zero only for zk in a finite set Ak(θ,Z−k), and its
derivative in such points is not vanishing.

Thanks to the above hypothesis, for each Z−k fixed we can use a well known
representation of the composition of the delta distribution with a function φ of a
single real variable x (Schwartz, 1966):

δ(φ(x)) =
∑

x̄:φ(x̄)=0

∣∣∣∣∂φ∂x (x̄)

∣∣∣∣−1

δ(x− x̄), (3.4)

which is valid under suitable conditions on φ. Hence, we can continue integrating the
Dirac delta:

∂P

∂θ
=

1

(2π)d/2

∫
Rd−1

∑
ζk∈Ak(θ,Z−k)

[∣∣∣∣ ∂f∂zk
∣∣∣∣−1

∂f

∂θ

]
(θ,Z(Zk = ζk)) e−ζ

2
k/2dzk

∏
i 6=k

e−z
2
i /2dzi

= E

 ∑
ζk∈Ak(θ,Z−k)

e−ζ
2
k/2

√
2π

[∣∣∣∣ ∂f∂zk
∣∣∣∣−1

∂f

∂θ

]
(θ,Z(Zk = ζk))

 . (3.5)

3.3 Arbitrary combinations of indicator functions

The reasoning easily generalizes to

∂

∂θ
E
[
If(θ,Z)>0 · g(Z)

]
=

E

 ∑
ζk∈Ak(θ,Z−k)

e−ζ
2
k/2

√
2π

[∣∣∣∣ ∂f∂zk
∣∣∣∣−1

∂f

∂θ

]
(θ,Z(Zk = ζk)) · g (Z(Zk = ζk))

 ; (3.6)

now if h functions fi for i = 1, . . . , h are given, each satisfying Hypothesis 3.1 for a set
of roots Aik(i), and if g is a function of (θ,Z) such that ∂g/∂θ exists, with an obvious
argument based on the derivative of a composition we get:

∂

∂θ
E

[
h∏
i=1

Ifi(θ,Z)>0 · g(θ,Z)

]
= E

[
h∏
i=1

Ifi(θ,Z)>0 ·
∂g

∂θ
(θ,Z)

]
+

+

h∑
i=1

E

 ∑
ζ∈Ai

k(i)
(θ,Z−k(i))

e−ζ
2/2

√
2π

∣∣∣∣ ∂fi∂zk(i)

∣∣∣∣−1
∂fi
∂θ

∏
j 6=i

Ifj>0 · g

 (θ,Z(Zk(i) = ζ))

 .
(3.7)

(For a proper proof of (3.6) with the specification of a set of sufficient technical
hypotheses, refer to Appendix A.2.)
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Finally, with h and fi as above, and denoting by f the vector valued function with
components fi, we consider any payoff of the form

P = E
[
φ
(
If1(θ,Z)>0, . . . , Ifh(θ,Z)>0,θ,Z

)]
= E

[
φ
(
If(θ,Z)>0,θ,Z

)]
, (3.8)

for arbitrary φ differentiable with respect to θ. The differentiation of such P can be
recast to a set of exercises of the form (3.7), because

φ
(
If(θ,Z)>0,θ,Z

)
=

∑
a∈{0,1}h

φ (a,θ,Z)

h∏
i=1

I(−1)ai+1fi(θ,Z)>0. (3.9)

as one can verify since the left hand and right hand sides trivially coincide on each of
the sets ∩hi=1{(−1)ai+1fi(θ,Z) > 0}, which form a partition of Rd as a = (a1, . . . , ah)
varies in {0, 1}h (the sets {fi = 0} are negligible, since their sections are finite by
hypothesis.)

To write the final result in a handy way, we introduce the following notation: for
a function ψ : {0, 1}h → R and i = 1, . . . , h, we define

∆(i)ψ(a) = ψ(a(ai = 1))− ψ(a(ai = 0)). (3.10)

Then

∂

∂θ
E
[
φ
(
If1(θ,Z)>0, . . . , Ifh(θ,Z)>0,θ,Z

)]
= D0 +

h∑
i=1

Di, (3.11)

where Di are given by:

D0 = E

 ∑
(a1,...,ah)∈{0,1}h

∂φ

∂θ
(a1, . . . , ah,θ,Z)

h∏
i=1

I(−1)ai+1fi(θ,Z)>0


= E

[
∂φ

∂θ

(
If1(θ,Z)>0, . . . , Ifh(θ,Z)>0,θ,Z

)]
, (3.12)

Di = E

 ∑
ζ∈Ai

k(i)
(θ,Z−k(i))

{
e−ζ

2/2

√
2π

[∣∣∣∣ ∂fi∂zk(i)

∣∣∣∣−1
∂fi
∂θ

]
(θ,Z(Zk(i) = ζ))

×
∑

ai∈{0,1}

(−1)ai+1
∑

a−i∈{0,1}h−1

∏
j 6=i

Ifj(θ,Z(Zk(i)=ζ))>0 · φ
(
a,θ,Z(Zk(i) = ζ)

)


= E

 ∑
ζ∈Ai

k(i)
(θ,Z−k(i))

{
e−ζ

2/2

√
2π

[∣∣∣∣ ∂fi∂zk(i)

∣∣∣∣−1
∂fi
∂θ

]
(θ,Z(Zk(i) = ζ))

×∆(i)φ
(
If(θ,Z(Zk(i)=ζ))>0,θ,Z(Zk(i) = ζ)

)
 , (3.13)

the last equality coming from the fact that because of the product of indicator func-
tions, the only addend of the inner summation on a−i which does not vanish is the
one with a−i = (If>0)−i.
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3.4 Algorithmic differentiation and preprocessing

This section analyses the computational cost of the formulas of the preceding sections.
This will suggest a variant that can significantly reduce the execution time in some
circumstances, which we will extensively use in the subsequent sections.

3.4.1 Classical algorithmic differentiation

This subsection briefly reviews the technique known as adjoint algorithmic differenti-
ation (AAD), which we intend to exploit in our algorithms. The aim is only to setup a
minimum vocabulary: interested readers can refer to Griewank and Walther (2008) for
the general theory, and to Capriotti (2011); Capriotti and Giles (2012); Giles (2007)
for an introduction to financial applications.

The idea of algorithmic differentiation is that if F is a function computed by a
computer, then it is a composition of few types of elementary operations, either bi-
nary (additions, subtractions, multiplications, divisions) or unary (exponentials, log-
arithms, trigonometric functions), whose derivatives are well known: hence one can
differentiate the full algorithm applying the chain rule. In particular, adjoint algo-
rithmic differentiation prescribes to apply the chain rule from the last instruction to
the first one, since this turns out to be computationally beneficial if the inputs of F
are many and the outputs are few.

In practice, this means that the original algorithm, which in this context is called
forward sweep, is followed by a backward sweep in which for each variable v in the
computer program, a new variable v̄ is allocated where derivatives are accumulated.
If F = (F1, . . . , Fm) is a function of x = (x1, . . . , xn) and the backward sweep is
initialized with some F̄ = (F̄1, . . . , F̄m), then at the end of the backward sweep x̄
equals F̄ ·DF , where DF denotes the Jacobian of x 7→ F . In particular, if F is scalar-
valued, initializing F̄ to one will allow the computation of the gradient x̄ = (∇F )

ᵀ
.

It is not hard to prove (Griewank and Walther, 2008) that the backward sweep
has a theoretical computational cost of at most three times that of the original im-
plementation, regardless of the number n of inputs. This property is very attractive
in many financial applications, in which n is very large (many tens or hundreds of
market data) while the number of outputs may be as small as one (the price).

Specifically, in the Monte Carlo estimation of P = E[π], if the discounted payout
π as a function of θ is continuous and almost surely differentiable, then under weak
hypotheses the price satisfies (Glasserman, 2004)

∂P

∂θ
=

∂

∂θ
E[π] = E

[
∂π

∂θ

]
, (3.14)

and therefore ∂P/∂θ itself can be estimated as a Monte Carlo average of the samples
of ∂π/∂θ. This is very fit for the application of algorithmic differentiation, which gives
∂π/∂θ on each scenario quickly. The popularity of adjoints in finance is mainly linked
to pricing problems of this sort.

However, a direct application of algorithmic differentiation is not possible if the
payoff π is a discontinuous function of θ. Fortunately, in real payoffs, the discontinu-
ities are always caused by conditional clauses (the flows change depending on future
events), so that the most general payoff can always be expressed in the form (3.8).
Indeed, the requirement that the fi are differentiable is not restrictive in practice,
since they always are at least piecewise, so that adding some more indicator functions
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to the representation one can always recast the payoff into the form (3.8): for instance

IX1∨X2>K = IX1−X2>0IX1−K>0 + IX2−X1>0IX2−K>0. (3.15)

Hence we can hope to use the results of the previous section. In the following we
will discuss how they can be efficiently combined with the ideas and algorithms of this
subsection.

3.4.2 Computational graphs

To ease the subsequent exposition, this subsection introduces some graphical conven-
tions which will allow the description of the valuation procedure for a payoff with a
diagram.

In Section 3.4.1 we saw that every algorithm can be represented as a composi-
tion of elementary operations. This composition can be described by a computational
graph, i.e. a set of vertices (or nodes) linked by oriented connections (or arcs) repre-
senting direct dependencies. Depending on contexts and on the desired granularity in
the representation, arcs will represent elementary arithmetic operations or sometimes
compositions of them. If the border of the node is doubled, we mean that the quantity
may be a vector.

We will graphically distinguish the connections into three categories:

1. Smooth connections : they represent dependencies which are a composition
of deterministic differentiable functions.

2. Random connections : differentiable operations involving the generation of
one or more random variables.

3. Heaviside connections : non-differentiable dependencies consisting in the
application of the Heaviside step function H(x) = Ix>0. The result node will be
drawn in triangular shape.

3.4.3 Algorithmic differentiation with indicator functions

Consider the pricing problem in its general form (3.8). Suppose that the price P is
computed as a sample average of pseudo-random realizations of the discounted payoff
φ. The typical implementation for the value of such realizations is schematically the
following:

Algorithm 3.2. [Forward sweep] For each Monte Carlo scenario:

1. Generate random Gaussian numbers Z1, . . . , Zd.

2. For i = 1, . . . , h: compute fi(θ,Z).

3. Compute φ(If(θ,Z)>0,θ,Z).

In the example case h = 2 and d = 1, the computational graph would be:
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.

Z

θ

f1(.)

f2(.)

a1(.)

a2(.)

φ(.)

A direct implementation of (3.11) would be the following:

Algorithm 3.3. [Backward sweep] For each Monte Carlo scenario, after the forward
sweep:

2̄. For i = 1, . . . , h:

(a) Determine ζ such that fi(θ,Z(Zk(i) = ζ)) = 0. (To simplify the exposition, the
algorithm will be written supposing that there is at most one root.) If it does
not exist, skip this value of i.

(b) Recompute fj(θ,Z(Zk(i) = ζ)) for each j 6= i.

(c) Compute
∂fi

∂(zk(i),θ)
(θ,Z(Zk(i) = ζ)).

(d) Compute ∆(i)φ = ∆(i)φ
(
If(θ,Z(Zk(i)=ζ))>0,θ,Z(Zk(i) = ζ)

)
and increment the

derivative:

θ̄ += ∆(i)φ · e
−ζ2/2
√

2π

[∣∣∣∣ ∂fi∂zk(i)

∣∣∣∣−1
∂fi
∂θ

] (
θ,Z(Zk(i) = ζ)

)
. (3.16)

3̄. Compute the contribution of differentiable operations:

θ̄+=
∂φ

∂θ
(If(θ,Z)>0,θ,Z). (3.17)

Step 3̄ corresponds to addend D0 in (3.11), and it is easily implemented with
standard AAD, following backwards the smooth connections in the computational
graph. In the same way one obtains ∂fi/∂θ and ∂fi/∂zk(i) in 2̄(c).

Step 2̄ describes the computation of Di, i.e. the contribution to the sensitivity
caused by the i-th indicator function. The good news is that the computational graph
for 2̄(d) can be obtained from the original one with minor modifications. Indeed, for
each solution ζ(i) of equation fi

(
θ,Z(Zk(i) = ζ(i))

)
= 0, it is sufficient to:

• Substitute node ai = Ifi>0 with a “node with two states” ai = {0, 1} no more
depending on node fi: the result obtained with ai = 0 will be subtracted from the
one obtained with ai = 1.

• Substitute the random variable Zk(i) with ζ(i).

• Substitute node fi with a “weight” node (a rotated square in our pictures)

hθ (fi,Z) :=
e−ζ

2/2

√
2π

[∣∣∣∣ ∂fi∂zk(i)

∣∣∣∣−1
∂fi
∂θ

]
(3.18)

connected to the result by a multiplicative link.
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.

ζ(2)

θ

f1(.)

hθ(f2, z)

a1(.)

{0; 1}

D2(.)

Figure 3.1: Computational graph for D2 when h = 2 and d = 1. Yellow nodes must
be recalculated, being directly or indirectly dependent on substituted nodes.

For instance, the computation of D2 is described by the graph in Figure 3.1.
How much does this algorithm cost? Recall that thanks to algorithmic differentia-

tion, the gradient of a function can be computed in a time which is a small multiple of
the time spent computing the function itself, regardless of the length of the gradient.
Therefore, the sum of the run times of steps 3̄ and 2̄(c) is comparable to the origi-
nal run time for the algorithm without derivatives, even when one wants to compute
hundreds of sensitivities.

Step 2̄(b) may be more critical, since it involves the re-evaluation of all fjs for each
i = 1, . . . , h; the same concerns may apply to 2̄(a), which requires multiple evaluations
of fi if the root is not analytically available, and finally to 2̄(d), which requires two
evaluations of φ for each i. Hence we present a slight generalization of the algorithm,
yielding in many cases a much smaller impact of these steps.

To this aim, in the concrete original implementation of the payoff, it is useful
to identify which of the intermediate quantities that are computed do not depend
on Zk(i). Let us denote with αi the set of these variables (maybe inclusive of some
components of θ and/or of Z), and with f ij (resp. φi) the function which computes fj
(resp. φ) starting from αi already computed:

fj(θ,Z) := f ij
(
αi(θ,Z−k(i)), Zk(i)

)
, φ(a,θ,Z) := φi

(
a,αi(θ,Z−k(i)), Zk(i)

)
.

(3.19)
Now one can observe that given functions α, f , g, the following holds:

∂

∂θ
E
[
If(α(Z−k,θ),Zk)>0 · g(Z)

]
= EZ−k

[
∂

∂α
EZk

[
If(α(Z−k,θ),Zk)>0 · g(Z)

]
· ∂α
∂θ

]
,

(3.20)
so that one can apply (3.6) to the inner expectation, getting derivatives with respect
to α; then the multiplication by ∂α/∂θ can be obtained implicitly by a suitably-
initialized adjoint differentiation of the function α = α(θ).

By repeated application of this idea, algorithm 3.3 is modified as follows (Fig-
ure 3.2):

Algorithm 3.4. [Backward sweep with preprocessing] For each Monte Carlo scenario,
after the forward sweep:

2̄. For i = 1, . . . , h:

(a) Determine ζ such that f ii (αi, ζ) = 0. If it does not exist, move to the next value
of i.

(b) Recompute f ij(αi, ζ) for each j 6= i.
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.
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Z−k(2)

θ
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f2
1 (.)

hθ(f2
2 , z)
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D2(.)

Figure 3.2: Computational graph for D2 with preprocessing. In blue the portion of
graph which does not need recalculation, being independent of the substituted nodes.

(c) Compute ∇f ii (αi, ζ) (with AAD).

(d) Compute ∆(i)φi = ∆(i)φi
(
If i(αi,ζ)>0,αi, ζ

)
and increment the derivative:

ᾱi += ∆(i)φi · e
−ζ2/2
√

2π

[∣∣∣∣ ∂f ii∂zk(i)

∣∣∣∣−1
∂f ii
∂θ

] (
θ,Z(Zk(i) = ζ)

)
. (3.21)

3̄. With ᾱi initialized at the previous points and φ̄ initialized as 1, execute the back-
ward sweep of the algorithm computing the payoff φ(If(θ,Z)>0,θ,Z) (considering
the indicators and Z as constants).

In this new algorithm, the numerous recalculations of the fjs and of φ, which could
impact the performance, have been substituted by recalculations of the f ijs and φis,
hopefully much shorter.

Of course, to take advantage of this technique, one must identify αi in some
way. If an explicit representation of the computational graph is available in computer
memory, then the minimal set of nodes βi which must be recalculated when one
“touches” Zk(i) can be determined by a simple tree traversal without computations,
whose one-off cost is less then the cost of a single Monte Carlo scenario, and is therefore
negligible when compared to the full pricing exercise. Then one can safely choose αi
as the complementary of the set βi; in fact some of these nodes might be unnecessary,
but they do no harm, since thanks to algorithmic differentiation calculating a larger
gradient causes no overhead.

On the other hand, if the implementation is not sufficiently introspective to allow
for the building of such a graph, then the identification of αi needs human intervention.
Moreover, different algorithms to compute the same payoffs may benefit from the
optimization described in this section to different degrees. In the next section we
will show that when the risk factors are simulated via discretization of SDEs, the
computations can be arranged in such a way that the efficiency gain is in fact relevant.

3.5 Monte Carlo

Suppose that the pricing model is described by a vector-valued diffusive process Xθ,
whose dynamics can depend on parameters θ:

dXθ(t) = µ(θ,Xθ(t), t)dt+ Σ(θ,Xθ(t), t)dWt, Xθ(T0) = X0(θ), (3.22)
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where W denotes a standard NW -dimensional Wiener process. Moreover, suppose
that the payoff depends only on the value ofX on a finite set of times T = {T1, . . . , TM},
and maybe directly on θ:

P (θ) = E
[
φ
(
If1(θ,Xθ(T ))>0, . . . , Ifh(θ,Xθ(T ))>0,θ,X

θ(T )
)]
. (3.23)

The most generic method to tackle the pricing problem (3.23) is to simulateXθ(T )
discretizing the stochastic differential equation on a time grid {S0, . . . , SL} = S ⊇ T
with an Euler scheme:

Xθ(Si+1) = Xθ(Si) + µ(θ,Xθ(Si), Si)∆iS + Σ(θ,Xθ(Si), Si)
√

∆iS ·Z(i)

∆iS := Si+1 − Si, Z(i) ∼ N (0, Id).
(3.24)

This way, Xθ(T ) is expressed as a differentiable function of θ and Z =
(
Z(k)

)
k≥0

standard Gaussian vector, and hence (3.23) is in the form (3.8).
Algorithmically, this translates into a forward sweep of the following form:

Algorithm 3.5. [Forward sweep, SDE] For each Monte Carlo scenario:

1. Simulate random Gaussian vectors Z(0), . . . ,Z(L−1).

2. Apply the Euler scheme (3.24), computing in particular the local drifts µθ(S \
{SL}), the local diffusion coefficients Σθ(S \ {SL}), and the path Xθ(S).

3. For i = 1, . . . , h: compute fi(θ,X
θ(T )).

4. Compute φ
(
If(θ,Xθ(T ))>0,θ,X

θ(T )
)
.

The corresponding computational graph is in Figure 3.3.

Note that each fi will in general depend on the value of X on a subset of the
fixing times T : we call Mi the biggest element of such subset, and denote by St(i) the
time preceding Mi in the simulation grid S, so that Mi = St(i)+1. Then to specify
Algorithm 3.4 for this forward sweep, it suffices to:

• Call αi the collection of the following variables: X(S0), . . . ,X(St(i)); µ
θ(St(i)),

Σθ(St(i)); θ; Z
(t(i))
−k(i); Z

(t(i)+1), . . . ,Z(L−1); the value of fj for each j such that
Mj < Mi.

• Call f ij(αi, z) the function which computes fj given αi and after imposing Z
(t(i))
k(i) =

z. This function is trivial if j ∈ Ji = {j : Mj < Mi}, because the unaltered
already-computed value of fj is a component of αi; while it includes the Euler
steps from St(i) to Mj if Mj ≥ Mi (i.e. j /∈ Ji); in particular, it includes exactly
one Euler step for j = i. Analogously, φi will include all the Euler steps from St(i)
to the contract’s expiry.

We draw in Figure 3.4 the graph for Di in the example t (i) + 1 = L− 2.

Remark 3.6 (Complexities). We know that the efficacy of the algorithm depends on
the cost of the recalculations compared to the overall cost of pricing: let us estimate
roughly these complexities.

The cost of pricing without sensitivities is evaluated as follows:

• The cost of a single Euler step will depend on the cost Cµ,Σ to compute µ and
Σ, and by the cost CEuler of (3.24), dominated by the multiplication of Σ by Z
which is of order O(NXN

2
W ), where NX is the dimension of Xt. Anyway, the full

simulation will have cost L(Cµ,Σ + CEuler).
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PAST CURRENT FUTURE

X0

S0

X1

S1

Z(0)

X2

S2

Z(1)

XL−3

SL−3

Z(L−4)

XL−2

SL−2

Z(L−3)

XL−1

SL−1

Z(L−2)

XL

SL

Z(L−1)

φ(J)

f(J)

aJ

φ(J̃ \ J)

f(J̃ \ J)
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f(J̃C)

aJ̃C

θ

φ

Figure 3.3: Graphical representation of the forward sweep for the calculation of the
discounted payoff φ via Monte Carlo simulation of an SDE. To ease comparison with
the following graphs for the computation of the derivative terms Di, we split the
functions fj (i.e. the arguments of the indicator functions) into three sets.
For fixed i, the first set f(J) contains those fjs which depend only on fixing times

before Mi (PAST). The second one f(J̃ \J) contains those which can depend both on
states before and after Mi, but not on the present state X(Mi). The third set f(J̃C)
collects all the remaining fjs, i.e. those explicitly depending on X(Mi).
With the same logic, we split the high portion of the computational graph, representing
the algorithm to compute φ, into three portions φ(J), φ(J̃ \ J) and φ(J̃C).
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Figure 3.4: Graphical representation of the computation of the contribution Di to
the derivative; refer to the caption of Figure 3.3 for the organization of the graph.
The computations which must not be repeated, represented by blue nodes, are those
involving only past fixings (before Mi).
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• The cost of the computation of the payoff given X will depend on the concrete φ;
we can decompose this complexity as Cφ +

∑h
i=1 Cfi , where Cφ is the complexity

of the computation of φ given all fjs, while Cfi is the complexity of fi.

The total cost is

L(Cµ,Σ + CEuler) + Cφ +

h∑
i=1

Cfi . (3.25)

Only for the purpose of estimating the cost of recalculations, we suppose for sim-
plicity that the discontinuities fi have been ordered by maturity time (with no ties),
and that for each i exactly one zero ζi is found. Then the i-th recalculation involves:

• L− t(i) Euler steps from precalculated µ,Σ, each with cost CEuler;

• The recomputation of φ and fj for j ≥ i, which in the worst (unusual) case in

which no intermediate result can be reused has a cost Cφ +
∑h
k=i Cfi .

The total cost is
h∑
i=1

(L− t(i))CEuler + hCφ +

h∑
i=1

iCfi . (3.26)

Comparing (3.25) to (3.26), we see that we can have a problem only in one of the
following cases:

1. There are several t(i)� L, so that the first addend in (3.26) becomes way larger
than that in (3.25);

2. h is so large to be comparable with L, and either Cφ or some Cfi for large i
is significant, so that the second and/or third addend in (3.26), usually almost
negligible, start playing a role.

To sum up, everything is fine if the Mis are equal to the instrument’s expiry
max(T ) or nearby. Instead, if there are digitalities involving only fixing times far
from the instrument’s maturity, the computation of αi may consist of few operations,
and proportionally the recalculations involved in step 2̄ of Algorithm 3.4 may be more
heavyweight. However, it is possible to reformulate the simulation to reuse much more
calculations. All one needs to note is that step 2 of Algorithm 3.5 can be substituted
by:2

2bis.

(a) Apply the Euler scheme (3.24) on the reduced timegrid S′ = S \M ∪ {SL},
(hence some steps will go from St to St+2 using the single random vector Z(t)),
computing in particular the local drifts µθ(S′ \ {SL}), the local diffusion coef-
ficients Σθ(S′ \ {SL}), and the path Xθ(S′).

(b) For each Mi = St(i)+1 < SL, compute X(Mi) using a Brownian bridge:

X(Mi) = (1− λt(i))X(St(i)) + λt(i)X(St(i)+2)+

+
√(

∆t(i)S
) (

1− λt(i)
)
Σθ(St(i)) ·Zt(i)+1, (3.27)

where ∆tS := St+1 − St and λt := (∆tS + ∆t+1S)−1∆tS.
2This discretization is indeed slightly different from the original one, but both converge to the

exact SDE solution as the mesh ∆S tends to zero: more precisely, the distance in L1 of each of the two
discretizations from the true solution is O

(
∆S1/2

)
(respectively Theorem 10.2.2 and Remark 10.2.3

in Kloeden and Platen, 1992), hence the distance between the two discretizations is also O
(
∆S1/2

)
.

In any case, for maximum coherence, one could use the bridge-based scheme in both pricing and
differentiation.
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Figure 3.5: Graphical representation of the computation of the contribution Di to the
derivative in the Brownian bridge based variant. The number of nodes which are not
recalculated (the blue nodes) is higher that in the standard formulation of Figure 3.4.
In fact, one must recalculate only those nodes which depend directly or indirectly on
fixing time Mi (CURRENT).

This way, Algorithm 3.4 can be applied with the following more advantageous
definitions:

• Call αi the collection of the following variables: X(S\{Mi}); µθ(St(i)),Σ
θ(St(i));

θ; Z
(t(i)+1)
−k(i) ; the value of fj for all j such that fj does not depend on X(Mi). We

denote by J̃i the set of such j.

• Call f ij(αi, z) the function which computes fj given αi and after imposing that

Z
(t(i)+1)
k(i) = z. This function is trivial if j ∈ J̃i, because the unaltered already-

computed value of fj is a component of αi; while if j ∈ J̃Ci (for instance if j = i),
it involves simply:

(a) If Mi < SL, a single Brownian bridge step (3.27);

(b) If Mi = SL, the last Euler step (3.24).

This final algorithm is depicted in Figure 3.5.

Remark 3.7 (Complexities revisited). With the notation of Remark 3.6, we note that
with the new algorithm the total complexity of recalculations will be

hCbridge + hcφ +

h∑
i=1

nicfi , (3.28)

where Cbridge is the cost of (3.27), ni is the number of values of j < i such that fi
depends on the exact fixing time Mj , and cφ (resp. cfi) is the cost of updating φ
(resp. fi) with only one fixing perturbed. Now we note that in typical cases:
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• Cbridge ≈ CEuler: the cost of a Brownian bridge step is of the same order of that
of an Euler step.

• cφ � Cφ and cfi � Cfi : updating φ or some fi for a pointwise path perturbation
is much less costly than computation from scratch.

• ni � i: most discontinuities depend only on some fixings.

In view of these facts, the improvement with respect to (3.26) is evident: when com-
pared to the cost of pricing (3.25), the new cost (3.28) is almost always small, and for
the hardest payoffs anyway not large.

3.6 Numerical examples

In this section, we will apply the method described in the rest of the chapter to financial
products which are combinations of indicator functions H (x) := Ix>0. For the sake of
brevity, we will refer to the method itself with the acronym DAAD (“Distributional”
of “Dirac-delta” AAD).

To avoid unneeded complications, all the examples will involve underlyings A with
geometric Brownian motion dynamics in the risk-neutral measure:

dAt
At

= µ(t)dt+ σ(t)dWt, (3.29)

where µ and σ are deterministic scalar functions, and Wt is a standard Wiener process
with respect to the filtration (Ft)t≥T0

representing market information up to time t.
For such a simple choice, the law of AT would be known in closed form, but all
Monte Carlo estimators will not make use of this peculiarity of the model, to make
the analysis hopefully indicative of what one would get for less trivial dynamics.

We will suppose that the law of A is independent of risk-free interest rates r(t), so
that the fair price at time t of a cashflow πT paid at time T > t and depending only
on A will be (see for instance Duffie, 2001; Björk, 2009):

Pt = E[D(t, T )πT | Ft] = P (t, T )E[πT | Ft], (3.30)

where we introduced the notations

D(t, T ) = exp

(
−
∫ T

t

r(s)ds

)
, P (t, T ) = E[D(t, T ) | Ft]. (3.31)

Finally, all run times are based on a C++ implementation run on a personal
computer with an Intel(R) Xeon(R) CPU E5-2650 @ 2.00 GHz. Anyway, while the
actual number of seconds may differ according to hardware and software details, we
have found the ratio between different methods to be fairly stable across machines
and changes in the implementation.

3.6.1 Digital call

Let us start with the case of a digital (or binary) call with strike K on the value AT
of the underlying at a single time T : in formulas, the discounted payout is

φT = D (t, T )H(AT −K), (3.32)

where we recall that H(x) = Ix>0 denotes the Heaviside function. Given the dynamics
(3.29), price Bt and sensitivities of the binary call are known in closed form (see e.g.
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Björk, 2009). We will mainly concentrate on the option’s Delta sensitivity, i.e. the
sensitivity to the initial level At, but the analysis can be easily repeated for the
other sensitivities (we recall that the method is specifically designed to compute large
numbers of them).

We want to test Monte Carlo methods in this lucky case in which analytical values
are available. To this purpose, we simulate N paths (ωi)i=1,...,N of asset A and firstly
estimate the expected value defining the price as a sample mean of the realizations
φT (ωi) of the payoff φT , i.e.

B
(N)
t =

1

N

N∑
i=1

φT (ωi) . (3.33)

Analogously, we estimate the Delta using the results of Section 3.5 with φ ≡ 1 and
f1 := AT −K:(

∂Bt
∂At

)(N)

=
1

N

N∑
i=1

D (t, T )
e−ζ

2
t(1)/2

√
2π

[
∂AT
∂At

∣∣∣∣∂AT∂z
∣∣∣∣−1
]

(ω̃i) , (3.34)

where ω̃i is the perturbed trajectory in which the Brownian increment Zt(1) has been
substituted with the root ζt(1) of the appropriate equation (see Figure 3.6). With
p := t(1) (index of the time in the mesh preceding the maturity M1 = T ), we note
that in the Euler-discretized Black-Scholes model

∂AT
∂At

=
∂AT
∂ASp

∂ASp
∂At

=
AT
ASp

ASp
At

=
AT
At

,
∂AT
∂z

=
√
T − SpASpσ(Sp); (3.35)

substituting these expressions into (3.34) and noting that AT (ω̃i) = K we get:(
∂Bt
∂At

)(N)

=
1

N

N∑
i=1

D (t, T )
K

At

e−ζ
2
p/2

√
2π

∣∣∣√T − SpASpσ(Sp)
∣∣∣−1

(ωi) . (3.36)

We list in Table 3.1 the results obtained for the price, Delta and Vega3 sensitivity of
amount = 10000 binary call options with A0 = 100, K = 100, T = 5, µ(t) = µ = 1%,
σ(t) = σ = 10%, for different values of N and of the discretization step ∆iS =
Si+1 − Si. Here and in the following tables, the uncertainties (Unc) are computed as
2.33 times the standard deviation of the Monte Carlo average, so that they represent
the half-width of a 98%-confidence interval according to the asymptotic distribution
of such average, which is normal by the central limit theorem.

Comparison with approximate replications by call spreads

This paragraph performs an in-depth comparison of our method to a more straightfor-
ward one which is popular among practicioners. Once more, the procedure is described
and detailed in the simplest case of a digital call, but it will serve as benchmark without
further explanations also in the subsequent examples.

For the purpose of sensitivity calculation, a common trick is to approximate the
binary call with strike K using a special combination of vanilla options, precisely a
long call with strike K− := K − ε/2 and a short call with strike K+ := K + ε/2
where ε > 0: such combination is named call spread or vertical spread. The structure

3Vega is the common name of the sensitivity with respect to an uniform bump of σ(t).
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Figure 3.6: Path simulation in digital call.

of the resulting payoff is analogous to that of the digital, provided that one uses ε−1

call spreads to replicate the unitary height of the Heaviside step. The approximation
is increasingly good as ε → 0: indeed, while ε decreases, the slope of the non-flat
section increases, approaching, in the limit, the vertical direction which is typical of
the binary’s payoff.

The call spread is a Lipschitz payoff, hence (Glasserman, 2004) notwithstanding the
non-differentiability in K ± ε/2, standard pathwise algorithmic differentiation (AAD)
is applicable. Note that the price CSt(At,K, ε) at time t of the call spread is just a
combination of call prices, so that we can compute analytically the biases introduced
by the regularization in the value and Delta:

Bias {CSt(At,K, ε)} := CSt(At,K, ε)−Bt, (3.37)

Bias {δCSt(At,K, ε)} := δCSt(At,K, ε)−
∂Bt
∂At

. (3.38)

By construction, the approximation of the digital payoff will be better if the reg-
ularization parameter ε is smaller: indeed

lim
ε→0

Bias {CSt(At,K, ε)} = lim
ε→0

Bias {δCSt(At,K, ε)} = 0. (3.39)

This is not equally true for the Delta’s pathwise estimator δCS
(N)
t (At,K, ε), because

the variance of the Monte Carlo average δCS
(N)
t (At,K, ε) is higher if ε is smaller:

Var
[
δCS

(N)
t (At,K, ε)

]
= N−1O(ε−1).

(Appendix A.3 derives the actual expression, displayed in equation (A.40).)
To sum up, there is a tradeoff between the estimator’s bias, diminishing if ε is

smaller, and its Monte Carlo variance, which for a fixed number of simulations has
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Table 3.1: Price, Delta and Vega sensitivity of a digital call. The analytical value
is compared to several DAAD estimates, differing by number N of simulated paths
and by length ∆iS of the Euler steps. The uncertainties represent a 98%-confidence
interval.

Quantity Value step (∆iS) MC scen (N) MC estimate Unc

Price 5546.11 400−1 104 5490.64 118.45
100−1 104 5425.80 118.48
400−1 105 5555.98 37.42
100−1 105 5529.74 37.43
400−1 106 5551.09 11.83
100−1 106 5556.30 11.83

Delta 180.59 400−1 104 179.93 23.46
100−1 104 176.80 16.11
400−1 105 180.99 7.41
100−1 105 180.19 5.13
400−1 106 181.09 2.34
100−1 106 179.97 1.62

Vega -13544.23 400−1 104 -13495.01 1759.68
100−1 104 -13260.32 1208.34
400−1 105 -13574.91 555.88
100−1 105 -13514.50 384.98
400−1 106 -13582.01 175.61
100−1 106 -13497.40 121.68

the opposite trend. To quantify this tradeoff, we consider the mean square error I
of the estimate obtained by regularization with parameter ε, which is equal to the
quadratic sum of bias and statistical uncertainty:

I (ε) =

√
Var

[
δCS

(N)
t (At,K, ε)

]
+ Bias2 {δCSt(At,K, ε)}. (3.40)

We will choose the optimal ε minimizing this error metric and call it ε̄ (note that this
would be highly nontrivial for most payoffs).

We put in Table 3.2 a comparison between the estimates of the Delta sensitivity ob-
tained with (3.36) [DAAD] and those based on the call spread approximation [Smooth-
ing] with the optimal ε̄, for a binary call with A0 = 100, K = 100, µ(t) = µ = 1%,
σ(t) = σ = 10%, amount = 10000, Monte Carlo parameters ∆iS = 0.01 and N = 106,
for different expiries T . In this example, the DAAD method looks especially good
for short-lived options, and has statistical uncertainties never worse than those of the
ε̄-smoothed estimator; however, to the latter ones we should sum the bias.

The same analysis is repeated for the Vega sensitivity in Table 3.3 (see Ap-
pendix A.3 for detailed computations). Here the advantage of DAAD is even more
relevant, unless the option is very long-lived. Note also that usually one would not use
a different ε for each sensitivity, to avoid running the pricing many times: therefore,
in practice ε would be a compromise between ε̄δ and ε̄ν . However, the two numbers
are not so different at least in this example.
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Table 3.2: Delta sensitivity of a digital call for different maturities T (expressed in
years). The estimated value and its 98%-confidence Monte Carlo uncertainty are
computed both by DAAD and by a smoothing approach with optimal width ε̄δ. The
analytical reference value and theoretical bias of the smoothing method are also re-
ported.

Smoothing DAAD
T ∂Bt/∂At ε̄δ Val Unc Bias runtime Val Unc runtime

0.03 2410.37 0.34 2413.24 18.80 -4.22 22 2411.15 6.39 22
0.05 1796.67 0.46 1790.86 13.93 -3.14 26 1796.02 4.55 26
0.1 1270.58 0.64 1264.92 9.93 -2.22 38 1272.90 4.23 38
0.5 565.64 1.45 561.87 4.40 -0.99 108 565.07 2.16 108
1 400.01 2.04 400.21 3.13 -0.7 182 400.94 2.30 182
5 180.59 4.55 180.016 1.42 -0.32 844 179.97 1.62 846
10 123.29 6.45 123.05 0.98 -0.22 1636 122.18 1.33 1638

Table 3.3: Vega sensitivity of a digital call for different maturities T (expressed in
years). The estimated value and its 98%-confidence Monte Carlo uncertainty are
computed both by DAAD and by a smoothing approach with optimal width ε̄ν . The
analytical reference value and theoretical bias of the smoothing method are also re-
ported.

Smoothing DAAD
T ∂Bt/∂σ ε̄ν Val Unc Bias Time Val Unc Time

0.03 -990.56 0.14 -997.25 17.51 0.3 22 -990.89 2.63 22
0.05 -1329.04 0.25 -1317.88 20.08 0.70 26 -1328.56 3.37 26
0.1 -1879.76 0.46 -1859.6 23.79 1.70 38 -1883.2 6.26 38
0.5 -4230.67 1.35 -4205.43 38.85 6.54 108 -4226.38 16.17 108
1 -6000.1 1.98 -5994.39 51.26 9.89 182 -6014.09 34.57 182
5 -13544.23 4.53 -13506.2 108.20 23.57 844 -13497.4 121.68 846
10 -18493.92 6.41 -18456.5 147.89 32.53 1636 -18327.6 200.48 1638

3.6.2 Double digital call

Let us consider as a second example an option consisting of a single payment of 1 at
time T recognized only if the fixing of the underlying A at two fixing times F1 and F2

is higher than K1 and K2 respectively, with F1 < F2 ≤ T . Supposing for the sake of
simplicity that F2 = T , the discounted payoff is

φT = D (t, T )H(AF1 −K1)H(AT −K2). (3.41)

Its price BBt(K1,K2) at time t cannot be solved analytically. Since thanks to the
tower rule we can write

BBt(K1,K2) = E [D (t, F1)H(AF1
−K1)BF1

(K2) | Ft] =: E
[
φ̃T | Ft

]
, (3.42)

which is the price of a more tractable single-discontinuity payoff, we will take as
benchmark for our analysis the following sample-based estimates: for the price

BB
(N)
t (K1,K2) :=

1

N

N∑
i=1

D (t, F1, ωi)H(AF1
(ωi)−K1)BF1

(K2, ωi), (3.43)
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and for the Delta sensitivity the DAAD estimator applied to the partially-integrated
discounted payoff φ̃T :

δBB
(N)
t (K1,K2) :=

1

N

N∑
i=1

D (t, F1, ωi)H(AF1
(ωi)−K1)

∂BF1
(K2, ωi)

∂AF1

∂AF1

∂At

+
1

N

N∑
i=1

D (t, F1, ω̃i)
e−ζ

2/2

√
2π

[
∂AF1

∂At

∣∣∣∣∂AF1

∂z

∣∣∣∣−1

BF1
(K2)

]
(ω̃i) . (3.44)

Let us write down the estimator obtained if we apply the DAAD method to the
original payoff φT instead. The second indicator function depends on the value of A
at maturity, hence its contribution to the derivative is simply (defining pi := t (i)):

δ(2)BB
(N)
t (K1,K2) :=

=
1

N

N∑
i=1

D (t, T )H(AF1
(ωi)−K1)

e−ζ
2
p2
/2

√
2π

[
∂AT
∂ASp2

∂ASp2
∂At

∣∣∣∣∂AF2

∂z

∣∣∣∣−1
]

(ω̂i)

=
1

N

N∑
i=1

D (t, T )H(AF1
(ωi)−K1)

e−ζ
2
p2
/2

√
2π

[
K2

At

∣∣∣√T − Sp2ASp2σ(Sp2)
∣∣∣−1
]

(ωi) ,

(3.45)

where ω̂i is the perturbed path obtained substituting the Brownian increment Zt(2)

with the root ζt(2) of the appropriate equation (see Figure 3.7).
For the intermediate indicator function we apply the technique based on Brownian

bridge, writing

AF1
=
[
λ̄p1 + Σ (p1)Zp1+1

]
ASp1 + λp1ASp1+2

(3.46)

with λ̄p1 := (1− λp1) and Σ (p1) :=
√

(F1 − Sp1) λ̄p1σ(Sp1) .

The corresponding contribution to the derivative is therefore

δ(1)BB
(N)
t (K1,K2) :=

=
1

N

N∑
i=1

D (t, T )H(AF2(ωi)−K2)
e−ζ

2
p1+1/2

√
2π

×

×

[(
∂AF1

∂ASp1+2

∂ASp1+2

∂At
+

∂AF1

∂ASp1

∂ASp1
∂At

)∣∣∣∣∂AF1

∂z

∣∣∣∣−1
]

(ω̃i)

=
1

N

N∑
i=1

D (t, T )H(AF2
(ωi)−K2)

e−ζ
2
p1+1/2

√
2π

×

× 1

At

[(
λp1ASp1+2 +

[
λ̄p1 + Σ (p1) ζp1

]
ASp1

) ∣∣Σ (p1)ASp1

∣∣−1
]

(ω̃i)

=
1

N

N∑
i=1

D (t, T )H(AF2(ωi)−K2)
e−ζ

2
p1+1/2

√
2π

K1

At

∣∣Σ (p1)ASp1

∣∣−1
(ωi) , (3.47)

where ω̃i is the perturbed path where the Brownian increment zt(1)+1 is substituted
by the appropriate root ζt(1)+1 (see again Figure 3.7).
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Figure 3.7: Path simulation with Brownian bridge in double digital call.

Turning to the numbers, we take an amount = 10000 of 2-years-long double digitals
with strikes K1 = K2 = 100 and various fixing times F1, and compare the benchmarks
(3.43) and (3.44) with the estimates given by DAAD and those obtained smoothing
the two indicator functions. For the latter we do not have an exact way to compute the
optimal smoothing parameters, so we put ε̄i equal to the optimal smoothing parameter
of a digital with strike Ki expiring at time Fi, which should be a reasonable guess.
The underlying’s model is defined by A0 = 100, µ(t) = µ = 1%, σ(t) = σ = 10%. The
simulation time-step is ∆iS = 400−1 and the number of scenarios is N = 106. The
prices are in Table 3.4, the Delta sensitivity in Table 3.5, and the Vega sensitivity in
Table 3.6. The reader can appreciate from those numbers that also for the double
digital, the DAAD method is competitive.

Table 3.4: Monte Carlo prices of double digital calls paying H(AF1
−K1)H(AF2

−K2)
at time F2 for different values of F1, F2 (expressed in years). A benchmark value
is compared to the results obtained in runs where sensitivities were also computed,
respectively by smoothing of the payoff or by DAAD. Computational times in seconds
of both methods are reported.

Benchmark Smoothing DAAD
F1 F2 Val Unc ε̄1 ε̄2 Val Unc Time Val Unc Time
1 2 4038.54 9.32 2.04 2.89 4034.46 11.18 98 4039.71 11.52 98

0.1 2 3060.96 7.09 0.64 2.89 3061.79 10.45 98 3061.81 10.81 98
0.01 2 2791.17 6.48 0.19 2.89 2794.73 10.22 98 2794.33 10.51 98

If, instead of choosing the two smoothing parameters for the two indicator functions
independently, we had taken a single parameter for both fixings, the results for price
and Delta would have been those in Tables 3.7 and 3.8. The boldface lines are those
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Table 3.5: Delta sensitivity of double digital calls paying H(AF1
−K1)H(AF2

−K2) at
time F2 for different values of F1, F2 (expressed in years). A benchmark value is com-
pared to the results obtained by smoothing of the payoff or by DAAD. Computational
times in seconds of both methods are reported.

Benchmark Smoothing DAAD
F1 F2 Val Unc ε̄1 ε̄2 Val Unc Time Val Unc Time
1 2 351.33 1.84 2.04 2.89 351.27 2.79 346 352.76 3.66 352

0.1 2 814.82 3.63 0.64 2.89 817.31 7.50 358 814.50 5.59 360
0.01 2 2268.93 5.13 0.19 2.89 2267.11 24.09 345 2271.64 9.18 352

Table 3.6: Vega sensitivity of double digital calls paying H(AF1 −K1)H(AF2 −K2) at
time F2 for different values of F1, F2 (expressed in years). A benchmark value is com-
pared to the results obtained by smoothing of the payoff or by DAAD. Computational
times in seconds of both methods are reported.

Benchmark Smoothing DAAD
F1 F2 Val Unc ε̄1 ε̄2 Val Unc Time Val Unc Time
1 2 -7427.74 29.72 2.04 2.89 -7283.22 60.24 346 -7433.7 77.16 352

0.1 2 -5271.51 10.81 0.64 2.89 -5249.07 51.91 358 -5273.77 62.58 360
0.01 2 -4581.89 9.90 0.19 2.89 -4589.54 51.03 345 -4595.98 62.22 352

where the smoothed estimator’s confidence interval fails to contain the benchmark.
This exercise makes apparent that the choice of good smoothing parameters needs
care, and may be problematic when the discontinuities are many and/or the payoff is
more complex.

Table 3.7: Monte Carlo price of H(AF1 −K1)H(AF2 −K2) paid at time F2 for differ-
ent values of F1, F2, where both discontinuities have been smoothed using the same
parameter ε1 = ε2.

Benchmark Smoothing
F1 F2 Val Unc ε1 ε2 Val Unc
0.1 2 3060.96 7.09 2.89 2.89 3049.79 9.79

0.64 0.64 3061.33 10.58
0.01 2 2791.17 6.48 2.89 2.89 2763.83 7.79

0.19 0.19 2794.66 10.33

3.6.3 Barrier options

Next we consider the case of barrier options. Their payoff depends on the underlying
touching or not a level or barrier. We will focus on options of type “down and out”,
i.e. which expire with zero payout when the price of the underlying A goes below a
(possibly time-dependent) barrier; if this never happens till maturity T , a cashflow
φ̃ (A) is paid at a time TP. Denoting by (Ti)i=1,...,n the discrete timegrid where the
barrier breaches are monitored, the discounted payoff is therefore

φTP
= D (t, TP) φ̃ (ATn)

n∏
i=1

H(A(Ti)−Ki). (3.48)
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Table 3.8: Pathwise Delta of H(AF1
− K1)H(AF2

− K2) paid at time F2 for differ-
ent values of F1, F2, where both discontinuities have been smoothed using the same
parameter ε1 = ε2.

Benchmark Smoothing
F1 F2 Val Unc ε1 ε2 Val Unc
0.1 2 814.82 3.63 2.89 2.89 792.38 3.45

0.64 0.64 819.56 8.17
0.01 2 2268.93 5.13 2.89 2.89 1714.65 4.15

0.19 0.19 2267.54 25.03

To keep it simple, we will evaluate the Delta sensitivity in the case in which φ̃ (ATn) =
1. The underlying dynamics’s parameters are set to A0 = 100, µ(t) = µ = 1%,
σ(t) = σ = 10%. The simulation time-step is ∆iS = 400−1, and the Monte Carlo
scenarios are N = 106.

Figures 3.8 and 3.9 report the results for n = 20 barrier monitoring times, while
Figures 3.10 and 3.11 refer to n = 40. In all these figures, in the table on the left,
the first line represents a benchmark obtained by finite difference with a much higher
number 108 of scenarios; the second row is the DAAD estimate; and the subsequent
lines are obtained with pathwise differentiation of a smoothed payoff, for different
values of the smoothing parameter ε. Computational times are also reported. The
right half of each figure plots the same results (values and statistical uncertainties) in
relative units with respect to the benchmark (the green line); the x-axis runs through
the line numbers in the table on the left, in particular the blue point is obtained by
DAAD while the red ones are obtained by smoothing. Finally, the captions contain
the details of the four experiments and the only-price run time.

We can make the following remarks:

1. The DAAD estimate is always in line with the reference value;

2. The choice of the regularization parameter is crucial to obtain, with the “Smooth-
ing” method, both correct results and acceptable uncertainties. The optimal value
is difficult to predict a-priori and depends on the payoff and on the sensitivity of
interest;

3. The uncertainty of the DAAD estimate is always of the same dimension of the
uncertainty obtained with the empirically-optimal ε;

4. The execution times for DAAD are comparable to those of the evaluation via
smoothing. The actual numbers of course depend on how many indicator functions
are involved. In the worst of the examined cases (40 monitoring times), the time
for DAAD is approximately twice that for smoothing.

3.6.4 Digital on time average

We repeat the analysis of Section 3.6.3 for an instrument paying at time TP an amount
equal to 1 only if the average of the values of the underlying A at times Ti ≤ TP is
above a certain strike K. The discounted payoff can be written this way:

φ = D (t, TP)H

(
1

n

n∑
i=1

A(Ti)−K

)
. (3.49)
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i Method ε δ Avg δ Unc Time

0 Ref. 0 608.20 1.28 34177
1 DAAD 0 612.74 5.79 672
2 Smooth. 0.0001 705.25 621.10 478
3 Smooth. 0.001 716.92 198.24 478
4 Smooth. 0.01 590.99 56.87 478
5 Smooth. 0.1 616.50 18.39 478
6 Smooth. 1 605.25 5.81 478
7 Smooth. 2 585.55 4.11 478
8 Smooth. 3 556.92 3.34 478
9 Smooth. 5 483.56 2.53 478
10 Smooth. 10 286.75 1.50 478
11 Smooth. 20 81.10 0.57 478

i

ratio

1

1 2 3 4 5 6 7 8 9 10 11

i Method ε ν Avg ν Unc Time

0 Ref. 0 -2232.47 7.81 34191
1 DAAD 0 -2218.84 32.38 672
2 Smooth. 0.0001 -2272.14 2329.35 478
3 Smooth. 0.001 -2707.52 1141.85 478
4 Smooth. 0.01 -2220.35 321.35 478
5 Smooth. 0.1 -2252.6 101.82 478
6 Smooth. 1 -1861.14 31.93 478
7 Smooth. 2 -920.15 24.29 478
8 Smooth. 3 366.92 24.03 478
9 Smooth. 5 3087.87 30.63 478
10 Smooth. 10 6235.69 42.07 478
11 Smooth. 20 4011.26 33.29 478

i

ratio

1

1 2 3 4 5 6 7 8 9 10 11

Figure 3.8: Delta and Vega sensitivity computed with DAAD and with ε-wide smooth-
ing for the payoff φ =

∏n
i=1H(A(Ti)−Ki) with n = 20, Ti = i ∗ 0.05, strike

Ki = K = 100, payment time TP = 2. The green line (experiment i = 0) is a
benchmark obtained by finite difference with a much higher number of scenarios. The
only-price run time was 171 seconds.
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i Method ε δ Avg δ Unc Time

0 Ref. 0 313.27 0.92 34811
1 DAAD 0 314.13 4.13 909
2 Smooth. 0.0001 503.51 524.67 671
3 Smooth. 0.001 241.83 115.02 671
4 Smooth. 0.01 326.74 42.29 671
5 Smooth. 0.1 319.40 13.25 671
6 Smooth. 1 313.72 4.24 671
7 Smooth. 2 312.07 3.08 671
8 Smooth. 3 309.99 2.597 671
9 Smooth. 5 304.71 2.13 671
10 Smooth. 10 281.48 1.64 671
11 Smooth. 20 222.24 1.21 671

i

ratio

1

1 2 3 4 5 6 7 8 9 10 11

i Method ε ν Avg ν Unc Time

0 Ref. 0 -6858.46 13.61 34840
1 DAAD 0 -6841.38 91.72 909
2 Smooth. 0.0001 -10967.9 11787.5 671
3 Smooth. 0.001 -5021.7 2433.64 671
4 Smooth. 0.01 -7055.03 939.43 671
5 Smooth. 0.1 -6954.56 296.30 671
6 Smooth. 1 -6642.21 91.88 671
7 Smooth. 2 -6035.03 60.68 671
8 Smooth. 3 -5176.24 44.24 671
9 Smooth. 5 -2999.04 24.12 671
10 Smooth. 10 2775.55 26.20 671
11 Smooth. 20 11160.1 67.73 671

i

ratio

1

1 2 3 4 5 6 7 8 9 10 11

Figure 3.9: Delta and Vega sensitivity computed with DAAD and with ε-wide smooth-
ing for the payoff φ =

∏n
i=1H(A(Ti)−Ki) with n = 20, Ti = 1 + i ∗ 0.05, strike

Ki = K = 100, payment time TP = 2. The green line (experiment i = 0) is a
benchmark obtained by finite difference with a much higher number of scenarios. The
only-price run time was 174 seconds.
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i Method ε δ Avg δ Unc Time

0 Ref. 0 445.29 1.10 34484
1 DAAD 0 449.58 5.02 1158
2 Smooth. 0.0001 707.21 622.83 478
3 Smooth. 0.001 464.31 159.51 478
4 Smooth. 0.01 434.32 48.73 478
5 Smooth. 0.1 453.05 15.78 478
6 Smooth. 1 442.55 5.02 478
7 Smooth. 2 428.58 3.58 478
8 Smooth. 3 406.84 2.93 478
9 Smooth. 5 351.36 2.23 478
10 Smooth. 10 205.28 1.32 478
11 Smooth. 20 55.60 0.49 478

i

ratio

1

1 2 3 4 5 6 7 8 9 10 11

i Method ε ν Avg ν Unc Time

0 Ref. 0 -2338.33 7.99 34511
1 DAAD 0 -2326.81 45.64 1158
2 Smooth. 0.0001 -4641.85 6747.36 478
3 Smooth. 0.001 -1570.5 964.87 478
4 Smooth. 0.01 -2422.37 474.07 478
5 Smooth. 0.1 -2373.25 145.01 478
6 Smooth. 1 -2056.5 44.48 478
7 Smooth. 2 -1302.27 29.99 478
8 Smooth. 3 -302.84 24.97 478
9 Smooth. 5 1803.92 26.04 478
10 Smooth. 10 4278.93 35.23 478
11 Smooth. 20 2758.69 28.34 478

i

ratio

1

1 2 3 4 5 6 7 8 9 10 11

Figure 3.10: Delta and Vega sensitivity computed with DAAD and with ε-wide
smoothing for the payoff φ =

∏n
i=1H(A(Ti)−Ki) with n = 40, Ti = i ∗ 0.05, strike

Ki = K = 100, payment time TP = 2. The green line (experiment i = 0) is a
benchmark obtained by finite difference with a much higher number of scenarios. The
only-price run time was 173 seconds.
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i Method ε δ Avg δ Unc Time

0 Ref. 0 152.07 1.32 34715
1 DAAD 0 151.01 2.92 1088
2 Smooth. 0.0001 0 0 526
3 Smooth. 0.001 124.34 83.76 526
4 Smooth. 0.01 148.25 9.18 526
5 Smooth. 0.1 148.3 9.21 526
6 Smooth. 1 148.19 3.00 526
7 Smooth. 2 144.34 2.16 526
8 Smooth. 3 138.23 1.78 526
9 Smooth. 5 120.59 1.38 526
10 Smooth. 10 72.23 0.82 526
11 Smooth. 20 20.16 0.30 526

i

ratio

1

1 2 3 4 5 6 7 8 9 10 11

i Method ε ν Avg ν Unc Time

0 Ref. 0 4383.11 36.02 34741
1 DAAD 0 4493.7 173.44 1088
2 Smooth. 0.0001 0 0 526
3 Smooth. 0.001 2553.57 4573.02 526
4 Smooth. 0.01 2394.8 1504.14 526
5 Smooth. 0.1 4269.58 631.68 526
6 Smooth. 1 4446.84 83.76 526
7 Smooth. 2 4463.32 139.674 526
8 Smooth. 3 4550.58 113.61 526
9 Smooth. 5 4501.38 86.41 526
10 Smooth. 10 3643.32 55.95 526
11 Smooth. 20 1563.03 27.37 526

i

ratio

1

1 2 3 4 5 6 7 8 9 10 11

Figure 3.11: Delta and Vega sensitivity computed with DAAD and with ε-wide
smoothing for the payoff φ =

∏n
i=1H(A(Ti)−Ki) with n = 40, Ti = i ∗ 0.05, strike

Ki = K = 100 for i ≤ 20, Ki = Ki−1 + 1 for i > 20, payment time TP = 2. The
green line (experiment i = 0) is a benchmark obtained by finite difference with a much
higher number of scenarios. The only-price run time was 174 seconds.
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The results are in Figure 3.12, and confirm the qualitative remarks of Section 3.6.3.

3.6.5 Digital on two correlated assets

As a final multi-asset example, we study an instrument paying at time TP an amount
equal to 1 only if the average of the values of two correlated underlyings A1 and A2

at time TP is above a certain strike. The discounted payoff can be written this way:

φ = D (t, TP)H (A1(TP) +A2(TP)−K) . (3.50)

The parameters of the dynamics of A1 are the same as in the previous sections, while
for the second underlying A2(0) = 50, µ(t) = µ = 2%, σ(t) = σ = 15%. Instantaneous
correlation between the two driving Wiener processes is put to 0.5.

The Delta and Vega sensitivities relative to the first asset are in Figure 3.13, and
they reproduce the qualitative behaviour of the single-asset experiments.

3.7 Conclusions

We have presented a general technique to differentiate the Monte Carlo price of
potentially-discontinuous payoffs. It generalises the popular pathwise method, and
reduces exactly to it for differentiable payoffs.

The implementation can be made very efficient especially for the computation of
many sensitivities, thanks to the use in many points of adjoint differentiation. The
parts of the algorithm which escape this boost can be reduced to a minimum at least
when the risk factors are diffusions which are simulated with the Euler scheme, thanks
to a formulation based on Brownian bridges.

An empirical analysis has shown promising performances in terms of accuracy,
variance of the Monte Carlo estimator, and run times, when compared to the main
benchmark at this level of generality, i.e. the pathwise differentiation of a smooth
approximation of the payoff; whose choice has turned out to be quite delicate especially
in presence of multiple discontinuities. The method proposed here, instead, does not
introduce any bias and does not need the tuning of any arbitrary parameter.

Being the method new, the exposition and examples have focused on prototypical
diffusive dynamics; but we believe that many ideas could be ported to different models
for which the simulation step dominates the time spent evaluating the payoff. In this
respect, some hope comes from Appendix A.2, where the Gaussianity hypothesis in
the main formulas is relaxed. We leave out a more general analysis in this direction
as a possible development.

Finally, we would like to note that the availability of a generalization of the path-
wise method for discontinuous payoffs may be useful for the computation of sensitivi-
ties of order greater than one. Indeed, the standard pathwise method is very seldom
applicable to second derivatives, because the payoff is almost never C2: the plainest
call option is just piecewise C1. Hence one typically feels forced to design methods at
least partially based on differentiation of the probability density (Pagès et al., 2016;
Capriotti, 2015), with all the limitations of applicability discussed in the introduc-
tion about the likelihood-ratio method and the like. A detailed study of this kind of
application is available in the next chapter.
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i Method ε δ Avg δ Unc Time

0 Ref. 0 481.56 1.14 34491
1 DAAD 0 481.20 24.44 498
2 Smooth. 0.0001 606.97 577.37 478
3 Smooth. 0.001 464.84 159.69 478
4 Smooth. 0.01 496.67 52.16 478
5 Smooth. 0.1 481.75 16.20 478
6 Smooth. 1 482.11 5.01 478
7 Smooth. 2 480.60 3.45 478
8 Smooth. 3 480.58 2.74 478
9 Smooth. 5 475.52 1.99 478
10 Smooth. 10 454.79 1.17 478
11 Smooth. 20 386.96 0.50 478

i

ratio

1

1 2 3 4 5 6 7 8 9 10 11

i Method ε ν Avg ν Unc Time

0 Ref. 0 -6968.42 13.72 34476
1 DAAD 0 -6895 350.35 498
2 Smooth. 0.0001 -8369.09 7999.18 478
3 Smooth. 0.001 -6625.22 2281.36 478
4 Smooth. 0.01 -7109.97 748.17 478
5 Smooth. 0.1 -6917.09 233.11 478
6 Smooth. 1 -6913.76 73.48 478
7 Smooth. 2 -6878.1 53.57 478
8 Smooth. 3 -6878.57 46.68 478
9 Smooth. 5 -6804.87 43.03 478
10 Smooth. 10 -6371.72 46.64 478
11 Smooth. 20 -4714.09 53.19 478

i

ratio

1

1 2 3 4 5 6 7 8 9 10 11

Figure 3.12: Delta and Vega sensitivity computed with DAAD and with ε-wide
smoothing for the payoff φ = H( 1

n

∑n
i=1A(Ti) − K) with n = 40, Ti = i ∗ 0.05,

strike K = 100, payment time TP = 2. The green line (experiment i = 0) is a
benchmark obtained by finite difference with a much higher number of scenarios. The
only-price run time was 170 seconds.
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i Method ε δ Avg δ Unc Time

0 Ref. 0 262.14 0.84 26439
1 DAAD 0 263.01 2.78 356
2 Smooth. 0.0001 305.38 410.82 332
3 Smooth. 0.001 291.01 126.04 332
4 Smooth. 0.01 277.46 38.94 332
5 Smooth. 0.1 260.75 11.92 332
6 Smooth. 1 260.87 3.72 332
7 Smooth. 2 260.17 2.59 332
8 Smooth. 3 261.05 2.09 332
9 Smooth. 5 260.52 1.57 332
10 Smooth. 10 257.49 1.02 332
11 Smooth. 20 243.913 0.59 332

i

ratio

1

1 2 3 4 5 6 7 8 9 10 11

i Method ε ν Avg ν Unc Time

0 Ref. 0 -3927.83 15.95 26460
1 DAAD 0 -3911.9 128.05 356
2 Smooth. 0.0001 -203.703 4350.11 332
3 Smooth. 0.001 -4253.24 5911.41 332
4 Smooth. 0.01 -3517.4 1672.98 332
5 Smooth. 0.1 -3644.54 518.44 332
6 Smooth. 1 -3853.75 167.36 332
7 Smooth. 2 -3884.32 118.24 332
8 Smooth. 3 -3904.72 96.89 332
9 Smooth. 5 -3892.72 75.42 332
10 Smooth. 10 -3831.63 55.56 332
11 Smooth. 20 -3578.35 44.25 332

i

ratio

1

1 2 3 4 5 6 7 8 9 10 11

Figure 3.13: Delta and Vega sensitivity computed with DAAD and with ε-wide
smoothing for the first underlying of the payoff φ = H(A1(TP) + A2(TP) −K) with
ρA1,A2

= 0.5, strike K = 150, payment time TP = 1. The green line (experiment
i = 0) is a benchmark obtained by finite difference with a much higher number of
scenarios. The only-price run time was 132 seconds.



Chapter 4

Second order sensitivities in
linear or constant time

In this chapter, we analyse and compare methods to compute the full set of second
order sensitivities of a Monte Carlo price in a time which is at most O(N · T )
where N is the number of inputs and T is the time required to compute the price.
The new ones include the first algorithm which achieves a complexity O(T ) and
has acceptable (in fact very low) statistical uncertainties at least in one relevant
test case.

4.1 Introduction

As we saw throughout this thesis, in the active management of portfolios of financial
products, the sensitivity of the net position to movements of the underlying risk factors
is a most precious piece of information. Up to now, we have focused on first order
Greeks, which are obviously the most important indicator for a trader to see whether
his overall position is approximately market neutral, and which are often kept under
strict control by dynamically adjusting the hedging positions as time passes. A direct
consequence of this behaviour is that the day-to-day performance of the trading desk
is at leading order driven by second order Greeks (also called Gammas). By the way,
this is the discrete-time counterpart of the fact that in an idealized Black-Scholes
world, the continuously rebalanced Delta hedging replication strategy generates an
Ito component 1

2 (∂2P/∂X2
t )dt in the dynamics of total wealth.

All of the above implies that the knowledge of second order sensitivities is often
crucial; which is even more true when the payoff depends on several and maybe corre-
lated risk factors, whose co-movements impact the portfolio value through the mixed
terms in the Hessian matrix (sometimes denoted Cross Gammas). This is the case for
instance of basket products, indices, multi-asset-class hybrids, and portfolio-level non-
linear valuation adjustments such as CVA and DVA (Basel Committee on Banking
Supervision, 2015).

Unfortunately, these are exactly the settings in which the pricing exercise is com-
putationally more demanding, as it often involves a multidimensional Monte Carlo
simulation. This rules out as infeasible the simplest way to approximate the full

83
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N ×N pricing Hessian H, i.e.

Hij ≈
P (ψ + hi + hj)− P (ψ + hi − hj)− P (ψ − hi + hj) + P (ψ − hi − hj)

(1 + 3δij)h2
,

where ψ is the vector of pricing inputs of interest, h is a small displacement and
hi := hei is h times the i-th element of the canonical basis of RN : this method would
involve O(N2) full revaluations.

In fact, the gradient ∇P can be computed in O(T ) where T is the time to com-
pute P , thanks to adjoint algorithmic differentiation (AAD) which is more and more
widespread for first order sensitivities among practitioners; see the previous chapter
for details and references. This technique and its generalizations (e.g. Giles, 2009;
Chan and Joshi, 2015; Daluiso and Facchinetti, 2018) coupled with the approximation

Hij ≈
∇jP (ψ + hei)−∇jP (ψ − hei)

2h
or Hij ≈

∇jP (ψ + hei)−∇jP (ψ)

h
,

would already give an estimator in O(N ·T ), but this is in practice quite unsatisfactory,
since for small h the result is very noisy, while for moderate h it is too much biased.

The latter fact stimulated research of alternative algorithms which could retain the
O(N · T ) cost while being unbiased and having less Monte Carlo variance. We point
out in particular the significantly different contributions Capriotti (2015), Pagès et al.
(2016) and Joshi and Zhu (2016), which seem unaware of one another and present
numerical evidences which are difficult to compare.

Our first contribution is therefore a comparative analysis of the three above pro-
posals, to see in which settings they can be applied. In fact, while not delving into
the details of the estimators which are already well covered in the original papers, we
sometimes go slightly beyond the authors: namely, by underlying a subtlety needed to
correctly implement Capriotti (2015), and by developing a multi-fixing generalization
of Pagès et al. (2016).

As we will see, in some situations the rich set of alternatives outlined above shrinks
considerably: in particular, payoffs directly depending on the non random initial state
or on static parameters (e.g. forwards and deterministic interest rates), and factorial
models in general where the number of random drivers is smaller than the number of
underlyings, are usually out of scope. This motivated the development of the second
contribution of this chapter, namely a fairly general-purpose method based on second
order pathwise differentiation of the payoff in distributional sense.

Finally, most of the above methods run in O(N · T ) time. This is a theoretical
upper bound for general computer functions (see e.g. Griewank and Walther, 2008),
but can the special structure of a pricing problem with diffusive underlyings change the
verdict? To our knowledge, the only partial positive answer is provided by the already
cited Joshi and Zhu (2016) in the case in which the simulation can be performed
keeping at each time step only a low dimensional state variable.

In this respect, our third and last contribution is a positive answer to the above
question in the complementary setting in which the Brownian driver is high dimen-
sional (precisely, has dimensionality at least equal to the number of underlyings). Our
solution is based on a relation linking a suitable first order sensitivity to ∂2P/∂X2

0

via the pricing PDE, and yields the latter in O(T ) time by an easily implementable
wrapper of any O(T ) first order estimator. In fact, also LRMAAD from Capriotti
(2015) has constant cost and almost the same perimeter of applicability, but from the
numerical analysis it turns out to have too large Monte Carlo uncertainties to be an
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option in practice; this is sometimes true also for the new estimator, but we will show
at least one relevant example in which our new constant-cost algorithm significantly
outperforms all its linear-cost competitors.

The rest of the chapter is structured as follows. Section 4.2 states the problem in
the diffusive setting in which all our analyses will be performed; Section 4.3 reviews
the methods proposed in the literature; Section 4.4 introduces the new methods;
Section 4.5 compares the empirical performances and Monte Carlo uncertainties on
several test cases; finally, Section 4.6 summarizes the main findings and concludes.

4.2 Setting

As in Section 3.5, we consider a description of the market where the risk factors Xt are
modelled as an RNX -valued diffusion driven by an NW -dimensional Wiener process
Wt under a fixed probability measure P:

dXt = µ(θ,Xt, t)dt+ Σ(θ,Xt, t)dWt, t ≥ 0, (4.1)

where θ ∈ RNθ is a vector of parameters. A price P of interest is expressed as an
expected value

P = E [g (XT1
, . . . ,XTM ,θ)] =: E [g (XT ,θ)] , (4.2)

and is estimated by Monte Carlo simulation; to be concrete, we suppose that the
simulation is performed by Euler stepping on a time grid {S0, . . . , SL} = S ⊇ T :

XSi+1
= XSi + µ (θ,XSi , Si) ∆iS + Σ (θ,XSi , Si)

√
∆iS ·Z(i),

∆iS := Si+1 − Si, Z(i) ∼ N (0, Id),
(4.3)

although one could imagine more or less straightforward generalizations of the methods
described below for more general schemes.

When the payoff does not depend on θ directly, we will write

g (XT ,θ) =: p (XT ) ; (4.4)

we will call “autonomous” this simpler case. Note that the price P still depends on θ
through the dynamics (4.1).

We aim at computing the full Gamma matrix

Γ :=
∂2P

∂X2
0

,

and possibly the full Hessian

H :=
∂2P

∂ψ2
, ψ := (X0,θ) ,

in acceptable time when NX and Nθ are large. Note that a naive approach based on
finite differences would involve

O
(

(NX +Nθ)
2
)

=: O
(
N2
)

re-evaluations of the price P with displaced values of θ and/or X0.
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Name 1st order 2nd order Section Reference

FDIFF2 finite difference finite difference 4.1 N.A.
FDPW pathwise AD finite difference 4.3.1 N.A.

LRMAAD pathwise AD likelihood ratio 4.3.2 Capriotti (2015)
AADLRM likelihood ratio pathwise AD 4.3.2 Capriotti (2015)

VAD vibrato pathwise AD 4.3.3 Pagès et al. (2016)
VFD vibrato finite difference 4.3.3 N.A.

HOPP change var + AD pathwise AD 4.3.4 Joshi and Zhu (2016)

Table 4.1: Legacy methods to compute second order sensitivities: estimators used for
first and second order differentiation, references. Here as elsewhere in this thesis, AD
stands for algorithmic differentiation.

4.3 Review of existing algorithms

In this section, we review from an algorithmic point of view the main methods based
on the existing literature whose theoretical complexity is O(N · T ), with a focus on
the perimeter of applicability within the setting of Section 4.2. For quick reference,
we gather in Table 4.1 the essential traits of all these algorithms.

4.3.1 Finite differences of pathwise adjoint

Before describing more complex methods, let us mention that the computation of
finite differences of the pathwise adjoint estimator is already a linear cost method.
Indeed, first order pathwise adjoints cost at most 4T ; repeating their computation N
times for small directional displacements of ψ, one trivially gets an estimator for the
Hessian, which will be denoted by the acronym FDPW.

However, we expect poor variance properties of this naive method, as finite dif-
ferences have high Monte Carlo uncertainties when the integrand is discontinuous, as
is the case for the gradient of typical payoffs. Therefore, we explore in the following
sections analytical alternatives levering on the structure of the problem.

4.3.2 Likelihood ratio and adjoint differentiation

The idea of Capriotti (2015) is to combine pathwise differentiation with the likeli-
hood ratio method. Since the latter can handle only the autonomous case, the same
limitation applies to the resulting second order methods; moreover, as is clear from
the matrix inversion in equation (4.6) here below, one needs that NX ≤ NW with
Σ (θ,XT , T ) almost surely full rank. As we believe that a crucial detail in the correct
interpretation of the final formula may be easily overlooked, we repeat the derivation
briefly.

When adjoint algorithmic differentiation is applied first, one wants to compute

∂

∂ψ
E
[
∂p

∂XT
(XT )

∂XT

∂ψ
(Z,ψ)

]
by likelihood ratio. In order to do so, one must rewrite the argument of E so that
the only random variable appearing is XS , because the method relies on writing the
expectation as an integral against the density of XS . Fortunately, Z(i) is readily
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expressed as a function of XS and θ as

z(i)(XS ,θ) = Σ (θ,XSi , Si)
−1

(∆iS)
− 1

2
(
XSi+1

−XSi − µ (θ,XSi , Si) ∆iS
)
.

Now a straightforward generalization of the likelihood ratio method to the case in
which the integrand has explicit dependence on the differentiation parameter leads to
the following estimator of the Hessian H:(

∂p

∂XT
(XT )

∂XT

∂ψ
(Z,ψ)

)ᵀ

Ωψ +
∂

∂ψ

[
∂p

∂XT
(XT )

∂XT

∂ψ
(z(XS ,θ),ψ)

]
, (4.5)

where the Ωψ is the customary likelihood ratio weight capturing the component of
the derivative due to dependence of the distribution of XS on ψ by differentiation
of the log-density, while the future path XS\{0} in the square bracket is a constant
for the purpose of differentiation. Note that in general the second addend cannot be
replaced by the simpler

∂p

∂XT
(XT )

∂

∂ψ

[
∂XT

∂ψ
(Z,ψ)

]
which seems implicit in the implementation described by Capriotti (2015).

Therefore, the algorithm is as follows:

Algorithm 4.1 (LRMAAD).

1. Compute simultaneously all X̄Ti =
∂p

∂XTi

with AAD.

2. Compute the derivatives of the Gaussian transitions’ log-densities as

µ̄(i) =
(
XSi+1 − µ(i)

)ᵀ
V −1
i ,

Σ̄(i) =
(
Σ(i)

)ᵀ [(
µ̄(i)

)ᵀ (
µ̄(i)

)
− V −1

i

]
,

(4.6)

where the mean, standard deviation and covariance matrices are defined as

µ(i) = XSi + µ (θ,XSi , Si) ∆iS,

Σ(i) = Σ (θ,XSi , Si)
√

∆iS, Vi =
(
Σ(i)

)(
Σ(i)

)ᵀ
.

3. Propagate them backward with AAD to ψ obtaining likelihood ratio weights Ωj for
j = 1, . . . , N .

4. Propagate X̄Ti backward through simulation obtaining ψ̄ =

M∑
i=1

X̄Ti ·
∂XTi

∂ψ
.

5. Apply algorithmic differentiation or finite differences to the previous step, where
X̄Ti should be considered as constants while Z(i) should be recomputed as(

Σ(i)
)−1 (

XSi+1
− µ(i)

)
.

Call J the resulting Jacobian with respect to ψ.

6. The estimator for Hij is Jij + ψ̄iΩj .
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Only step 5 has a cost linearly growing with N . This is unavoidable in general,
since computing a Jacobian J multiplies the run time of a function by O(N), regardless
of whether one uses AAD as suggested in the original article, or a simpler forward
differentiation (Griewank and Walther, 2008), or even finite differences.

However, if one wants to determine only Γ, then this term can be computed very
efficiently. Indeed, the step under analysis computes the Jacobian of the second addend
of (4.5), which for ψ = X0 reduces to

∂

∂X0

[
∂p

∂XT
(XT )

∂XT

∂X0
(z(XS),X0)

]
;

now, one can easily note that if the quantity in square brackets is computed by AAD,
then in the implementation it takes the form

X̄S1
· ∂XS1

∂X0
(z(XS1

,X0),X0)

for a suitable random variable X̄S1
not depending on X0. Once this is remarked,

differentiation of this term is so fast to become practically negligible, and the com-
plexity of the algorithm is dominated by the first term in (4.5), computed in O(T )
time. Note that even there, the likelihood ratio weight ΩX0 has non-trivial contribu-
tion from (4.6) only for the first step i = 0: this makes the overall runtime essentially
comparable to that of computing the first order pathwise estimator

∂p

∂XT
(XT )

∂XT

∂X0
(Z,X0).

Instead, if one differentiates pathwise the first order likelihood ratio estimator, the
following is obtained:

Algorithm 4.2 (AADLRM). Implement Algorithm 4.1 replacing the steps:

5. Apply algorithmic differentiation (forward or backward) or finite differences to the
computation of Ω (i.e. of the simulation scheme and of steps 2 and 3), obtaining its
Jacobian J with respect to ψ.

6. The estimator for Hij is Jijp(XT ) + ψ̄jΩi.

Again the Jacobian step 5 is a potential O(N) factor on run times. The original
paper notes that this second method is empirically slower on a simple example, maybe
because of the above Γ-specific speedup; however, we feel that a comparison of Monte
Carlo variances is needed before discarding AADLRM as less performing.

4.3.3 Vibrato and adjoint differentiation

Pagès et al. (2016) apply automatic differentiation to a different first order estima-
tor called Vibrato Monte Carlo, which has much better sample variance properties
especially after the introduction of a trick based on the antithetic transform.1 (They
also consider the possibility of applying Vibrato twice, but they find no relevant dif-
ference.) As in the previous section, the analysis works only for the autonomous case
and under the hypothesis NX ≤ NW with Σ (θ,XT , T ) almost surely full rank.

The algorithm to compute the estimator, here generalized to M > 1 fixing times
in the spirit of what Giles (2009) mentions for first order Vibrato, is as follows:

1Note that the antithetic idea may also be beneficial for the likelihood ratio method itself, as first
remarked in Capriotti (2008).
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Algorithm 4.3 (VAD). 2

1. For each fixing time Ti = St(i)+1, compute the derivatives of the (approximate)
Gaussian log-density of XTi given its neighbours in the simulation grid S: i.e. apply
(4.6) where

µ(N) = XSt(N)
+ µ

(
θ,XSt(N)

, St(N)

)
∆t(N)S,

Σ(N) = Σ
(
θ,XSt(N)

, St(N)

)√
∆t(N)S,

µ(i) = (1− λt(i))XSt(i) + λt(i)XSt(i)+2
for i < N,

Σ(i) =
√(

∆t(i)S
) (

1− λt(i)
)
Σ(θ,XSt(i) , St(i)) for i < N,

λt := (∆tS + ∆t+1S)−1∆tS and Vi :=
(
Σ(i)

)(
Σ(i)

)ᵀ
for i ≤ N.

(4.7)

2. For each fixing time Ti = St(i)+1, draw XTi from the conditional law:

XTi = µ(i) + Σ(i)W (i), W (i) ∼ N (0, INW ) (4.8)

3. Compute the antithetic variates

p−i := p
(
XT1

, . . . ,µ(i) −Σ(i)W (i), . . . , XTM

)
,

p0
i := p

(
XT1

, . . . ,µ(i), . . . , XTM

)
.

4. Multiply µ̄(i) by
p− p−i

2
and Σ̄(i) by

p+ p−i
2

− p0
i .

5. Repeat steps 2 to 4 for Nin independent draws of the random numbers W and
average the resulting µ̄(i), Σ̄(i).

6. Propagate backwards µ̄(i), Σ̄(i) through the adjoint of (4.7) and of the Euler scheme,
obtaining sensitivities ψ̄.

7. Apply automatic differentiation (forward or backward) to the whole algorithm.

Note that the last step multiplies by O(N) the cost of the whole algorithm. As for
the methods of the previous section, if the payoff is discontinuous then the method
cannot be applied as is; however, in this case we can conceive to perform the last step
with a finite difference with non-small displacement: we will denote this variant as
VFD.

Finally, the choice of Nin would need investigation, since Pagès et al. (2016) suggest
a small Nin (say 1 or 2), while Giles (2009) finds that at least for first order sensitivities
a good value of Nin from the variance point of view should be of the order of the square
root of the outer Monte Carlo scenarios. However, when coupled with the antithetic
technique as generalized above for M > 1 fixings, the latter advice would result in
a complexity per outer scenario which is much higher then in the original pricing,
and this may be a sufficient concern in applications to give up the improvement in
asymptotic uncertainties.

2The algorithms in the previous section are called LRMAAD when LRM is applied after AAD, and
AADLRM otherwise; while here, somewhat confusingly, VAD is the method which applies V(ibrato)
before AD. We keep the acronyms chosen by the original authors nonetheless.
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4.3.4 Optimal partial proxy for Hessians

In real payoffs, direct pathwise second order differentiation is not possible only because
of a few discontinuity points of the gradient or of the payoff. Exploiting this fact,
Joshi and Zhu (2016) manage to change the integrand without changing the integral,
so that one can differentiate algorithmically twice the modified payoff. More precisely,
they rewrite the expected value as a function of a multivariate uniform U ,

P = E [g (XT ,θ)] =: E [g (xT (Z,ψ),θ)] =: E
[
g
(
xT (N−1(U),ψ),θ

)]
and then perform a change of variables V = v(U ,ψ), designed in such a way that
while moving ψ, the path generated by v(U ,ψ) does not cross the discontinuities.
After the change of variables,

P = E
[
g
(
xT (N−1(v(U ,ψ)),ψ),θ

)
· ω(U ,ψ)

]
for a suitable weight ω; the mapping v should ensure that if the payoff is smooth
except when

U
(t(i))
NW

= a
(i)
j

(
ψ,U (1), . . . ,U (t(i)−1), U

(t(i))
1 , . . . , U

(t(i))
NW−1

)
for some j,

where {Tt(i)+1}i=1,...,h are the maturities of the payoff’s discontinuities, then3

U
(t(i))
NW

∈
[
a

(i)
j (ψ,U), a

(i)
j+1(ψ,U)

)
⇐⇒ ∀ψ, V (t(i))

NW
∈
[
a

(i)
j (ψ,V ), a

(i)
j+1(ψ,V )

)
.

The simplest way to build such v is to make v(t) depend only on
(
U (s)

)
s≤t and

keep it equal to the identity mapping except on coordinates
(
v

(t(i))
NW

)
i≥1

; this way the

change-of-variables weight is

ω (U ,ψ) =
∏
i≥1

∂v
(t(i))
NW

∂U
(t(i))
NW

.

The remaining degrees of freedom are fixed requiring that v(U ,ψ0) = U for a reference
value ψ0 which is the point where ∇P is to be estimated, and then minimizing the
conditional variance of ∂ω/∂ψ: it turns out that the best v in this sense is obtained

when V
(t(i))
NW

linearly interpolates between a
(i)
j and a

(i)
j+1.4

Joshi and Zhu (2016) proceed suggesting an implementation based on a smart
backpropagation of second order derivatives (Joshi and Yang, 2011), which should
improve the computational burden when there are significantly fewer state variables
in the stochastic process than parameters in the model. We do not pursue this level of
optimization in our implementation, which aims at being generic; the analysis of the
applicability and efficacy of such model-dependent and payoff-dependent trick on the
different competitors described in this chapter could be the subject of future research.5

For the moment being, we sketch a less ad hoc algorithm to compute the estimator:

3At least to second order, as the original article points out.
4In fact, between their second order Taylor expansion in ψ around ψ0.
5Note that the optimization would not apply anyway to the numerical tests of this chapter, whose

validity is therefore unaffected by the simplification.
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Name 1st order 2nd order Section

FDDAAD distributional AD finite differences 4.4.2
DAAD2 (distributional) AD distributional AD 4.4.2

FΓ any none 4.4.3

Table 4.2: New methods to compute second order sensitivities: estimators used for
first and second order differentiation, references. See also Table 4.1 for legacy methods.

Algorithm 4.4 (HOPP).

1. During simulation, compute the critical values a
(i)
j , the transformed drivers V and

the weight ω. (In fact we know a priori that V = U and ω = 1 at ψ = ψ0, but the
instructions computing V and ω should be taken into account when in the sequel
this step will be differentiated.)

2. Multiply the payoff g by the weight ω (with the same remark about ω = 1).

3. Differentiate algorithmically twice the previous two steps, inclusive of simulation,
with respect to ψ for fixed ψ0.

Step 3 is an O(N) multiplier on the execution time of the first two steps, which
in turn is typically little more than that of a plain Monte Carlo run, the overhead of
computing ω being slightly significant only when the discontinuities are very frequent
as in barrier options.

4.4 New methods

In this section we move to new proposals which try to overcome some limitations of
the above methods. Table 4.2 completes with the contents of this section the summary
which was provided in Table 4.1 for the algorithms of Section 4.3.

4.4.1 Second order differentiation by conditioning

We isolate in this small section a simple mathematical property, which will be used to
derive the new second order method of Section 4.4.2, but which is meaningful per se.
The general question is whether the ability to compute efficiently an estimator of the
Hessian of a conditional expectation can enable the fast computation of the Hessian
of the unconditional expectation.

More specifically, we take a set of times T̃ ⊆ S, and let

ε
(
XT̃ ,θ

)
= E

[
g (XT ,θ) |XT̃

]
.

Then one can compute the desired Hessian as E
[
∂2

∂ψ2
ε
(
XT̃ ,θ

)]
, i.e.

E

[(
∂(XT̃ ,θ)

∂ψ

)ᵀ
∂2ε

∂
(
XT̃ ,θ

)2 (∂(XT̃ ,θ)

∂ψ

)
+

∂ε

∂XT̃

(
∂2XT̃

∂ψ2

)]
, (4.9)

where by the tower rule, one can substitute the terms

∂ε

∂XT̃

,
∂2ε

∂
(
XT̃ ,θ

)2
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with XT̃ -conditional sample estimators. We note that the second addend of (4.9) is
readily computed in linear time by differentiation of the function

ψ 7→ X̄T̃ ·
∂XT̃

∂ψ
, with X̄T̃ any estimator of

∂ε

∂XT̃

,

which function is easily computed by pathwise AAD; the Jacobians in the first addend
of (4.9) are similarly not a problem, and so we just need an estimator of the Hessian
of ε, as desired.

4.4.2 Distributional algorithmic differentiation

The methods of Section 4.3 are devised to avoid at least in part the need of second
order differentiation of the payoff, because its first derivative is typically discontinuous:
a vanilla call already has

d

dX
(X −K)+ = IX>K .

However, in Chapter 3 we presented a generalization of the first order pathwise method
which works for discontinuous payoffs. Then on the one hand, by finite differences
one may immediately form a simple biased second order estimator for discontinuous
payoffs (FDDAAD); on the other hand, a new unbiased method for both continuous
and discontinuous payoffs working also in the non-autonomous case can be introduced
as follows.

As in most applications, suppose that there exist smooth scalar functions

fi(XT ,θ), ga(XT ,θ) for i ∈ 1, . . . , h, a ∈ {−1,+1}h,

such that g is naturally represented as

g(XT ,θ) = ga(XT ,θ) on Xa := {(XT ,θ) : ai · fi(XT ,θ) ≥ 0 ∀i = 1, . . . , h}.

We call Mi = St(i)+1 the last time in T such that fi depends on XMi
; we suppose

that we can find k(i) such that the k(i)-th component of

∂fi
∂Z(t(i))

=
∂fi
∂XMi

Σ(t(i))

is almost-surely different from zero.
Now we exploit the conditioning idea of (4.9) using as T̃ the (often quite small)

set obtained substituting in T each Mi with its first neighbours in the simulation grid
S. Recall that XMi can be simulated conditionally on its neighbours by Brownian

bridge interpolation (4.8). With this choice of T̃ , we can estimate the Hessian of ε by
applying first pathwise differentiation to its definition (with distributional corrections
if the payoff itself is discontinuous), and then distributional algorithmic differentiation
to the result.

A brief derivation of the full estimator for possibly discontinuous payoffs is available
in Appendix A.4; here, for the sake of clarity, we detail the algorithm under the
hypothesis that only the gradient is discontinuous.

Call f̃i, g̃ the functions computing fi, g from XT̃ , including conditional simulation
of XMi

. Then the algorithm on each Monte Carlo scenario is as follows:

Algorithm 4.5. [DAAD2]

1. Apply pathwise adjoint differentiation to the composition of g with the conditional
simulation of the XMi

, getting estimators θ̄, X̄T̃ .
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2. Differentiate again the previous step ignoring discontinuities, getting a matrix D0

representing the smooth part of theXT̃ -conditional sample estimator for the Hessian
of ε.

3. For each i = 1, . . . , h compute the values ω which substituted into W
(i)
k(i) make a

W̃ (i) such that fi equals zero, and the the corresponding perturbed version of XT ,
which we denote by X̃T . Then for each such ω:

(a) There should be exactly two a ∈ {−1,+1}h such that X̃T ∈ Xa, corresponding
to ai = ±1: call them a±.

(b) Use AAD to compute in the perturbed scenario the gradients

∂f̃i
∂W (i)

,
∂f̃i
∂XT̃

,
∂f̃i
∂θ

,
∂g̃a±
∂XT̃

,
∂g̃a±
∂θ

.

(c) Increment the discontinuity’s contribution to
∂2ε

∂
(
XT̃ ,θ

)2 as follows:

Di +=
e−

ω2

2

√
2π

∣∣∣∣∣∣ ∂f̃i

∂W
(i)
k(i)

∣∣∣∣∣∣
−1(

∂f̃i
∂(XT̃ ,θ)

)ᵀ [
∂ga+

∂(XT̃ ,θ)
−

∂ga−
∂(XT̃ ,θ)

]
. (4.10)

4. Compute the Jacobian
∂XT̃

∂ψ
, which is the only unknown part of

∂(XT̃ ,θ)

∂ψ
.

5. Compute by adjoint differentiation X̄T̃ ·
∂XT̃

∂ψ
, then differentiate it again with re-

spect to ψ getting a matrix ¯̄ψ.

6. The final estimator is ¯̄ψ +

(
∂(XT̃ ,θ)

∂ψ

)ᵀ
(

h∑
i=0

Di

)(
∂(XT̃ ,θ)

∂ψ

)
.

As for complexity, the multiplier on the cost of simulation comes from step 5, with
a factor of order O(N), plus step 4, with a factor either of order O(h ·NX) if computed
by adjoint differentiation, or of order O(N) if computed by forward differentiation.
The cost of steps 1 through 3 has to do with the number of discontinuities h, but is
also proportional to the computational time of f̃i and g̃, which is usually much less
relevant than the time required to perform the Euler simulation.

4.4.3 Functional Gamma

The idea of this section is that if NX ≤ NW , the Feynman-Kac theorem can supply
enough equations to determine the Gamma matrix Γ = ∂2P/∂X2

0 given the time decay
of suitable first order sensitivities, whose computation is fast (O(T )) thanks to adjoint
differentiation. This fact is essentially a consequence of the multi-dimensional version
of a known relationship between Gamma and “functional Vega”, which is exploited for
instance in Reghai et al. (2015) in a one-dimensional setting for purposes not related
to the computation of a high number of sensitivities.

Indeed, it is well known that the price P , as a function of X0 and of the evaluation
time, satisfies the PDE

∂P

∂t
+
∂P

∂x
· µ+

1

2
tr

[
∂2P

∂x2
ΣΣᵀ

]
− Pr +

∑
Ciδ(t− ti) = 0,
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where r is the risk-free rate and Ci is the cashflow paid at time ti. Now one can note
that if P ′ is the price for a different diffusion coefficient function Σ′, then P ′ − P
satisfies the same equation except that the discrete last addend is substituted by a
continuous source term

1

2
tr

[
∂2P

∂x2

(
Σ′Σ′

ᵀ −ΣΣᵀ
)]
,

so that by Feynman-Kac we can conclude that

P ′(x, t) = P (x, t) +
1

2
E

{∫ T

t

e−
∫ s
t
r(Xu,u)du tr

[
∂2P

∂x2

(
Σ′Σ′

ᵀ −ΣΣᵀ
)]

(Xs, s) ds

}
.

Now we fix a perturbation matrix H and time τ > 0 and choose

Σ′(t, x) = Σ(t, x) + HIt<τ ;

differentiation with respect to H gives

∂P ′(x, 0)

∂H
=

∫ τ

0

E
{
e−

∫ s
0
r(Xu,u)du

[
Σᵀ ∂

2P

∂x2

]
(Xs, s)

}
ds;

finally, differentiation in τ = 0 gives

∂2P ′(x, 0)

∂τ∂H
= Σᵀ (X0, 0) Γ, (4.11)

which for full rank Σ (X0, 0) allows for the determination of Γ given ∂2P ′(x, 0)/(∂τ∂H);
we expect the computation of the latter to be faster because the second order differ-
entiation is with respect to a one dimensional variable τ .

To compute ∂2P ′(x, 0)/(∂τ∂H), we note that for small τ , the payoff depends on H
only through the first simulated point XS1

. This makes the following decomposition
possible:

∂P ′

∂H
= E

[
∂P (XS1 , S1)

∂XS1

· ∂XS1

∂H

]
, (4.12)

where we suppose that the price P at time S1 is a smooth function of XS1
: this is

true unless the payoff has a discontinuity maturing at time S1, in which case one can
add a point to the simulation grid S.

If we substitute the original SDE with its Euler discretization, in which drift and
diffusion coefficients are constant on time intervals [Si, Si+1), we get:6

XS1 = (Σ(X0, 0) + H)Wτ + Σ(X0, 0) (WS1 −Wτ ) = Σ(X0, 0)WS1 + HWτ

= Σ(X0, 0)WS1
+ H

(
S−1

1 τWS1
+

√
S−1

1 (S1 − τ)τZ̃

)
(4.13)

for Z̃ ∼ N (0, INW ) independent from WS , as prescribed by the Brownian bridge
distribution of Wτ given WS (see e.g. Karatzas and Shreve, 1991). This means that
we can rewrite (4.12) as

∂P ′

∂H
= E [Wτ · ∇P (XS1

, S1)
ᵀ
] = E

 τ

S1
WS1

+

√
(S1 − τ)τ

S1
Z̃

 · ∇P (XS1
, S1)

ᵀ

 .
6This way we differentiate the price as approximated by the pricing engine; this should make little

difference in practice, and is anyway arguably even more useful than the differentiation of the abstract
price which would arise from the theoretical exact solution of the SDE. Note that the argument in
fact needs this approximation only in the first time interval [0, S1).
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This expression is not yet ready for ordinary differentiation with respect to τ
because of the

√
τ dependence in the second addend. However, since we are only

concerned with the value of the right hand side in H = 0, in which point XS1 is a
function of WS1 but not of Z̃, we can use independence to deduce

E

√ (S1 − τ)τ

S1
Z̃ · ∇P (XS1

, S1)
ᵀ

 = E

√ (S1 − τ)τ

S1
Z̃

 · E [∇P (XS1
, S1)

ᵀ
] = 0.

To sum up, to apply (4.11), we have to estimate simply

∂

∂τ
E
[
τ

S1
WS1

· ∇P (XS1
, S1)

ᵀ
]

= E
[
WS1

S1
· X̄S1

]
(4.14)

where in the second equality we have substituted the Delta sensitivity ∇P with any
estimator thereof.

The final equation (4.14) closely resembles that of likelihood-ratio based estimators
like LRMAAD, while being both simpler to implement since it does not involve second
order differentiation of the drift and diffusion coefficients, and more flexible since it
does not prescribe which first order estimator X̄S1

to use. This also means that it
shares the main drawback of likelihood ratio weights, i.e. the reciprocal dependence
on the small discretization step S1, which may impact negatively the Monte Carlo
variance. However, as is the case in vibrato, a simple antithetic trick can save the day,
since the resulting estimator becomes

Σᵀ (X0, 0)
−1 WS1

2S1
·
[
X̄S1

(WS1
)− X̄S1

(−WS1
)
]
, (4.15)

where, roughly speaking, we expect

WS1
= O(

√
S1) and X̄S1

(WS1
)− X̄S1

(−WS1
) = O(WS1

) = O(
√
S1),

jointly counterbalancing the S−1
1 factor.

We stress that for maximum effectiveness of this variant, one should change the
sign only of WS1

, unlike in standard antithetic Monte Carlo which inverts the full
Brownian path. This does not prevent the usage of ordinary antithetic trajectories on
top of the final estimator (4.15), as one would do for any other method.

4.5 Empirical results

In this section, we will compare empirically the above algorithms on several test cases.
We will always suppose that the payoff is written on one or more underlying assets Ai
with the simplest Black-Scholes dynamics

Ai = exp(Xi), dXi = −σ
2
i

2
dt+ σidBi, d〈Bi, Bj〉 = ρijdt, (4.16)

where Bi are correlated Brownian motions; of course, in this stylized case Euler sim-
ulation is not strictly necessary since finite-step transition probabilities are available
in closed form, but we neglect this simplification which would not apply to general
diffusive models. Note that (4.16) is readily expressed in the form (4.1), which for-
mally prescribes independent Brownian motions, by a Choleski factorization of the
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instantaneous correlation matrix R = (ρij)i,j≤NW :

dX = µdt+ ΣdW ,

µ :=
(
−σ2

i /2
)
i≤NW

and Σ := diag (σi)i≤NW · Choleski(R).

The following names will be used to denote subsets of the full Hessian H:

Gamma =

(
∂2P

∂Xi(0)∂Xj(0)

)
i,j

, Vanna =

(
∂2P

∂Xi(0)∂σj

)
i,j

,Volga =

(
∂2P

∂σi∂σj

)
i,j

;

this is slight abuse of terminology, since to adhere to common jargon one should sub-
stitute in the definitions X with A, but in our numerical analysis we prefer to display
the sensitivity with respect to the simulated driver X, because for most estimators
this is more natural. One can always obtain the sensitivity to A plugging the result
into the elementary relations

∂2P

∂Ai(0)∂Aj(0)
=

1

Ai(0)Aj(0)

∂2P

∂Xi(0)∂Xj(0)
− δij

1

Ai(0)2

∂P

∂Xi(0)
,

∂2P

∂Ai(0)∂σj
=

1

Ai(0)

∂2P

∂Xi(0)∂σj
.

In the sequel, all algorithms will be denoted by acronyms: we point to Tables 4.1
and 4.2 for easy reference. Note that FΓ can be based on any first order estimator,
hence we will use the notations FΓ-PW, FΓ-VB, FΓ-OPP, FΓ-DAAD to denote the
functional Gamma method of Section 4.4.3 where the first order estimator used to
compute X̄S1 is respectively given by pathwise differentiation, vibrato Monte Carlo,
Optimal Partial Proxy and DAAD.

All the test payouts will be autonomous in the sense of (4.4), so that all methods
described above apply; only when the payoff is discontinuous, some of them will be
unavoidably excluded. In fact in those cases one might smooth the payoff, not only
to enable otherwise unusable estimators, but also to try and improve the performance
of other ones. We neglect this possibility since smoothing techniques would involve a
careful choice of their parameters to correctly balance the variance gain with the bias
introduced, which is problematic already for first order estimators: see the analysis in
Section 3.6.

In fact, also the choice of the displacement for finite difference based algorithms
(FDIFF2, FDPW, VFD, FDDAAD) may be a serious concern. We will use for ∆Xi(0)
and ∆σi the largest power of 10 such that the confidence interval of the finite difference
estimator contains the analytical result when available, or does not appear to diverge
significantly from the confidence intervals of unbiased methods otherwise. This is a
bit of cheating, and is only justified because we are just looking for benchmarks to the
analytical methods which are the main subject of our analysis; however, if one would
actually choose a finite difference method as his only sensitivity calculation engine,
such comparison terms would not be available, and much attention should be paid to
accurate heuristics for the choice of a good finite shift.

4.5.1 Single-asset payoffs: stability of the estimators

Before analysing settings in which the high number of sensitivities to compute is a
major driver in the choice of the algorithm, we deem it useful to explore the behaviour
of the several estimators in the simpler task of computing the Gamma sensitivity
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Method T = 1d T = 1y

FDIFF2 48.562839 3.604733
FDPW 41.621283 3.097918
HOPP 47.695944 3.719352

LRMAAD 104.264491 12.588643
AADLRM 104.264491 12.588643

VAD 23.330228 1.881182
DAAD2 19.015445 1.552514
FΓ-PW 53.021142 6.652639
FΓ-VB 65.882049 8.471453

Table 4.3: Gamma sensitivity of a vanilla call: standard deviation for 105 Monte Carlo
paths, averaged over 40 values of A0.

with respect to a single underlying asset. This way, we can for a moment forget
about the computational burden, which is comparable and affordable for all methods,
and concentrate on more intrinsic and implementation-independent properties, among
which we put the focus on the following:

• Variance: how large is the confidence interval for a fixed number of Monte Carlo
paths? We will analyse the standard deviation of the result for 105 simulated paths,
which by the central limit theorem should be proportional to the width of a centred
confidence interval for any confidence level desired.

• Stability: does the result change smoothly while moving the initial condition S0?
This is a highly desirable property in practice, since one does not want the Greeks
to jump wildly as the market evolves.

In all experiments, the volatility parameter is set to σ = 0.2 in yearly time units.

Call option

As a prototypical example of a continuous payoff we take a vanilla call option (AT −
K)+ with strike K = 100, and vary the initial condition A0 and the maturity time
T . In particular, we take both a moderate maturity T of one year, divided for the
purpose of Euler simulation into 100 equal time intervals; and a short maturity T =
1 day, with hourly steps in the Euler simulation. The analytical price is well known
and will serve as a check.

First of all, we compare the Monte Carlo uncertainties in Table 4.3. We make two
main remarks:

• Likelihood ratio based methods have by far the largest confidence intervals, followed
by functional Gamma.

• For this simple payoff, only DAAD2 and VAD offer a material improvement over
naive finite differences.

As far as smooth dependence on A0 is concerned, we first consider the case in
which T is one year. Figure 4.1 plots the complete results: all methods appear to work
reasonably well, but those based on likelihood ratio or functional Gamma display larger
errors, because of the larger confidence intervals. The smoothest analytical methods
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Figure 4.1: Gamma sensitivity of a vanilla call with maturity T = 1y and strike
K = 100 as a function of the spot price A0: all estimators, 105 paths.

are HOPP and DAAD2; also VAD performs well, while FDPW is quite more erratic.
However, one should again note that for this simple payoff, elementary second order
finite differences FDIFF2, here with displacement ∆X0 = 0.01, are not that bad.

We tried to stress the exercise considering an option expiring in T = 1 day: the
results are in Figure 4.2. One notable difference is that FDIFF2 (∆X0 = 0.001)
and HOPP lose some smoothness, while DAAD2 still follows the shape of the exact
solution remarkably well. Moreover, FΓ-VB becomes the most stable alternative, even
though it is still significantly more noisy than most of its competitors, as we saw in
Table 4.3. This smoothness is not observed in FΓ-PW, showing that the flexibility in
the choice of the underlying first order estimator which functional Gamma offers over
traditional likelihood ratio methods is a valuable asset.

Digital option

The archetypal example of a discontinuous payoff is the digital option IAT>K , for
which we repeat the analyses of the previous subsection. Note that several methods
cannot be used any more.

The detail of Monte Carlo uncertainties is in Table 4.4. The winners are FΓ-DAAD,
DAAD2 and FΓ-VB, followed by the biased VFD; all methods are much better than
FDIFF2, so we exclude it from the graphs of this subsection.

Figure 4.3 shows that for T = 1 year, DAAD based methods (DAAD2, FDDAAD,
FΓ-DAAD) display the smoothest dependence on A0. The same remarks apply to
T = 1 day, which was plotted in Figure 4.4, where the analytical exact Gamma has
been subtracted from the estimated value for a better display cleaned from the trend.
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Figure 4.2: Gamma sensitivity of a vanilla call with maturity T = 1d and strike
K = 100 as a function of the spot price A0: all estimators, 105 paths.

Method T = 1d T = 1y

FDIFF2 865.468515 6.303787
HOPP 198.053629 1.672700
VFD 88.642863 0.699658

FDDAAD 134.068248 1.095060
DAAD2 73.659168 0.587246
FΓ-VB 75.564853 0.652947

FΓ-OPP 123.806197 1.030655
FΓ-DAAD 61.683419 0.547219

Table 4.4: Gamma sensitivity of a digital call: standard deviation for 105 Monte Carlo
paths, averaged over 40 values of A0.
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Figure 4.3: Gamma sensitivity of a digital call with maturity T = 1y and strike
K = 100 as a function of the spot price A0: low-variance estimators, 105 paths.

4.5.2 Multi-asset payoffs: efficiency of the algorithms

We now move to multi-asset payoffs, where the full Hessian H has a high number
of entries. This imposes a rethinking of how the various estimators are compared,
because a more noisy one may still be preferable if it is significantly faster. We believe
that the most objective metric is therefore the estimated run time which would be
needed to achieve a unit Monte Carlo variance. This is easily computed as

(run time)× (estimated standard deviation)2, (4.17)

since it is well known that to reduce the uncertainty by a factor of two one should
increase the number of simulated paths by a factor of four.

In all examples, all assets have spot value Ai(0) = 100 and volatility parameter
σi = 0.2, while the instantaneous correlation between couples of Brownian drivers is
set to a flat value ρij = 0.5. Each method was tested on a Monte Carlo simulation
with 104 paths.

We will plot the chosen metric (4.17) separately for every second order sensitivity in
the Hessian matrix, because while on the one hand the run time is a common number,
on the other hand the standard deviation is different entry by entry. In all the figures,
the graphs on the left concern the sensitivities in which both differentiation variables
refer to the same asset, while all other entries are plotted in the graphs on the right.
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Figure 4.4: Gamma sensitivity of a digital call with maturity T = 1d and strike
K = 100 as a function of the spot price A0: residual of low-variance estimators with
respect to the analytical value, 105 paths.
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Figure 4.5: Gamma and Volga sensitivities of a call with maturity T = 1y and strike
K = 100 on a basket of 8 underlyings: efficiency of all methods except likelihood ratio
(out of scale).

Basket call

The multidimensional generalization of the first example of Section 4.5.1 is a call on
the average of several assets: (

1

NX

NX∑
i=1

Ai(T )−K

)+

,

which we will price for NX = 8, T = 1 year and K = 100.
The results are in Figures 4.5 and 4.6; note the absence of likelihood ratio methods,

since their values are between one and two orders of magnitude larger than those of the
other algorithms, and the graph would be unreadable. In particular, finite differences
should be preferred to likelihood ratio regardless of their higher cost per path; while all
other methods outperform FDIFF2, as the plot shows. DAAD2 is consistently much
more effective than its competitors, while the second-best depends on the sensitivity
of interest: it is VAD for Gamma, but becomes FDPW for Volga, VAD for Delta of
Vega, HOPP for Vega of Delta (although Delta of Vega and Vega of Delta estimate
theoretically the same number by the Schwarz theorem, see the last paragraph of this
section).

If one wants to compute only Gamma, then functional methods are also available;
moreover, LRMAAD might in principle become competitive thanks to its efficient
implementation of Section 4.3.2. For a fair comparison we updated also the run times
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Figure 4.6: Vanna sensitivities of a call with maturity T = 1y and strike K = 100
on a basket of 8 underlyings: efficiency of all methods except likelihood ratio (out of
scale).
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Figure 4.7: Gamma sensitivities of a call with maturity T = 1y and strike K = 100 on
a basket of 8 underlyings: efficiency of all methods except AADLRM (out of scale).
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Figure 4.8: Gamma sensitivities of a call with maturity T = 1y and strike K = 100
on a basket of 8 underlyings: efficiency of all methods except likelihood ratio and
functional Gamma (out of scale).

of the other methods, which are smaller if sensitivities to σi are not required. Our
empirical findings in this setting are in Figure 4.7, and are not encouraging: LRMAAD
is still far too noisy even considering that it is much faster than linear-cost methods
(not to speak of FDIFF2), and FΓ, while significantly better, does not improve the
variance sufficiently. We remark that now that the number of required sensitivities is
“only” 64, beating the dumb FDIFF2 benchmark is harder then one might expect, and
off the diagonal only DAAD2 is a neat improvement (Figure 4.8, right-hand graph).

Finally, before accepting this disappointing remark, we note that most of the ana-
lytical estimators we test produce asymmetric matrices, although we know that Hes-
sians are symmetric: so we have two distinct estimators for each off-diagonal entry.
Therefore, we can look for a linear combination to reduce the Monte Carlo variance:
equivalently, we can correct the estimator Γij using the mean-zero (Γji − Γij) as a
control variate. The coefficients will be chosen by a small-sample preliminary Monte
Carlo run as is customary for control variates (Glasserman, 2004). Some methods
benefit from this trick more than others, as one can see from Figure 4.9: in particular,
functional Gamma comes closer to finite differences (but is still more than twice slower
in getting unit variance), and VAD becomes as good as DAAD2 on Cross Gammas.
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Figure 4.9: Gamma sensitivities of a call with maturity T = 1y and strike K = 100
on a basket of 8 underlyings: efficiency of FDIFF2 and of symmetrized analytical
estimators except AADLRM (out of scale).

Basket digital

A good representative example of a discontinuous multi-asset product is a digital
option on a basket:

I(K,+∞)

(
1

NX

NX∑
i=1

Ai(T )

)
.

As in the previous subsection, we take NX = 8, T = 1 year and K = 100.

The results for the full Hessian are in Figures 4.10 and 4.11: they show that FDIFF2
is inadequate for discontinuous multi-asset payoffs, while FDDAAD and HOPP are
not optimal either. DAAD2 and VFD are comparable.

The biggest surprise, however, comes from the estimators restricted to the Gamma
matrix in Figure 4.12. Indeed, we see that the best linear-cost methods DAAD2 and
VFD are clearly overcome by constant-cost functional Gamma methods, with FΓ-
DAAD being 4-5 times faster than the fastest linear-complexity algorithm (always in
uncertainty-adjusted terms). This is at odds with the results obtained in the pre-
vious subsection on the “easy” call payoff, probably because on continuous payouts
traditional methods already work very well.

4.6 Conclusions

In this chapter, we have compared a wide range of old and new methods for the
computation of second order sensitivities of Monte Carlo prices of financial products,
with special emphasis on algorithmic efficiency when a large number of Greeks must
be computed.

From the literature review viewpoint, the theoretical analysis has examined, with
extensions (LRMAAD, VAD) and variations (VFD), the main algorithms to compute
the full Hessian matrix of an expected value when the underlying is driven by a
multidimensional Brownian diffusion. Several limitations of applicability are found:

1. Many methods often have too high Monte Carlo uncertainties: in particular, those
based on likelihood ratio (LRMAAD, AADLRM), and to a lesser extent those based
on finite differences of the pathwise estimator (FDPW).
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Figure 4.10: Gamma and Volga sensitivities of a digital call with maturity T = 1y
and strike K = 100 on a basket of 8 underlyings: efficiency of all methods.

2. Most methods only apply when there is at least one random driver per underlying
(NX ≤ NW ) and the payoff does not depend directly on the initial state X0, nor
on the model parameters θ (the exceptions being HOPP and the dumb FDPW).

3. Most methods cannot handle discontinuous payoffs (the exceptions being
HOPP and VFD).

4. For all methods except LRMAAD restricted to sensitivities to X0 only, the multi-
plicative overhead on the run time for only-price grows linearly in the number of
rows of the Hessian.

The original estimators of this chapter should be considered in view of the above
limitations of their many competitors (see Table 4.5 for a visual summary):

• DAAD2 is the only method besides HOPP which solves simultaneously issues 1,
2 and 3, and in our tests was always significantly more effective then the latter
from the statistical uncertainty point of view, while showing remarkable smoothness
properties with respect to small changes in the input parameters.

• FΓ is the first estimator solving simultaneously issues 1 and 4 in at least one relevant
case; it is also the first constant-complexity algorithm applicable to discontinuous
payoffs. Its best-of-class efficacy in the basket digital test case, coupled with the
easy implementation, qualify it as a must-try when tackling a new tough high-
dimensional problem. Since it is in fact a meta-algorithm based on any first order
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Figure 4.11: Vanna sensitivities of a digital call with maturity T = 1y and strike
K = 100 on a basket of 8 underlyings: efficiency of all methods.
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Figure 4.12: Gamma sensitivities of a digital call with maturity T = 1y and strike
K = 100 on a basket of 8 underlyings: efficiency of best-performing methods.
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Table 4.5: Properties and domain of applicability of the methods.

FDPW LRMAAD AADLRM VAD HOPP DAAD2 FΓ

Low variance 7 7 7 3 3 3 7/31

Non-autonomous 3 7 7 7 3 3 3
Discontinuous 7 7 7 32 3 3 33

Constant-cost Γ 7 3 7 7 7 7 3
Full Hessian 3 3 3 3 3 3 7

1 Depending on the payoff.
2 In fact one must substitute AD with a finite difference (VFD).
3 If handled by the underlying algorithm.

estimator, it offers significant flexibility for either seamless introduction in any finan-
cial library already capable of computing first order sensitivities, or for fine tuning
to specific payoffs.

Besides systematic testing on a large range of payoff types and model dynamics, a
couple of issues remain open for further research. In the field of linear-cost methods,
the main challenge is related to payouts with many discontinuities, for which the
computational complexity of the adjustments becomes relevant, particularly when it
scales quadratically in the number of digital features as for the current implementation
of DAAD2. Moreover, this chapter opens the new field of constant-cost methods,
where a general-purpose algorithm is still to be found, since FΓ in one example showed
poor performance, and is anyway limited to derivatives with respect to X0. Finally,
one might consider the possibly varied effectiveness of variance reduction techniques
to different estimators.



Appendix A

Technical appendix

A.1 Hedging with any number of correlated assets

In this section we generalize the formulas of Chapter 1 to the case when more than two
risk factors and hedging instruments are involved. We will follow the local variance
minimization argument, but the global one can be reproduced as well.

Only for this section, the derivative price Πt will be a function of n asset prices:

Πt = Π
(
S

(1)
t , . . . , S

(n)
t

)
,

where the assets have dynamics

dS
(i)
t = µ(i)(t) dt+ σ(i)(t) dW

(i)
t ;

we assume that W t =
(
W

(1)
t , . . . ,W

(n)
t

)
is a vector-valued correlated Wiener process

with instantaneous correlation matrix ρ:

E
[
dW

(i)
t dW

(j)
t

]
= ρij dt.

We also define the instantaneous covariance matrix C by

Cij(t) dt = E
[
dS

(i)
t dS

(j)
t

]
, i.e. Cij(t) = σ(i)(t)σ(j)(t)ρij .

For a generic (column) vector quantity X = (X(i))i∈{1,...,n}, and a generic A ⊆
{1, . . . , n}, we adopt the notation XA to denote the vector whose components are X(i)

for i ∈ A; analogously, for any matrix M, MA,B will denote the submatrix obtained
considering only rows whose index is in A and columns whose index is in B.

Let us assume that, at some time t, and for each i = 1, . . . , n, an amount ∆(i) of
the i-th asset is held in the hedging portfolio; let us further suppose that we consider,
among all the possible actions on the portfolio, only the ones involving some subset of
the assets. The set of assets eligible for rebalancing will be represented by the set of
their indices A ⊆ {1, . . . , n} (A = ∅ representing the choice not to rehedge at all, and
A = {1, . . . , n} representing complete freedom in the rehedging choice). We further
use the letter B to denote the complementary of A: B = {1, . . . , n} \A.

We then want to choose a new value of ∆A in such a way to minimize

Var [dΠt −∆ · dSt] ;

109
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with the notation a := (∇Πt −∆)A, b := (∇Πt −∆)B , this variance reduces to

(aᵀCA,Aa+ 2bᵀCB,Aa+ bᵀCB,Bb) dt, (A.1)

to be minimized in the free variable a. It is not hard to see that the solution is

a = −C−1
A,ACA,Bb, i.e. ∆A = ∇AΠt + C−1

A,ACA,B

(
∇BΠt −∆B

)
, (A.2)

which substituted into (A.1) gives a residual variance (for a small elapsed time δ)

Vt+(A) =
[
bᵀ
(
CB,B −CB,A(CA,A)−1CA,B

)
b
]
δ,

and hence a variance reduction

∆AV = Vt− − Vt+(A) =
[
aᵀCA,Aa+ 2bᵀCB,Aa+ bᵀCB,A(CA,A)−1CA,Bb

]
t− δ,

differing from (A.1) only in that CB,B has been substituted by CB,A(CA,A)−1CA,B .
If buying or selling the i-th asset incurs a cost ci, then rehedging all assets in A

will give rise to a total cost cA =
∑
i∈A ci. If we keep the utility function U satisfying

(1.4), then after rehedging on subset A we have

Ut+(A) = − exp

{
λ2

2
(V −∆AV )− λ (M − cA)

}
= Ut− · exp

{
λ

(
cA −

λ

2
∆AV

)}
.

Again, the attractiveness of the A “move” is higher if the exponential multiplying the
negative Ut− is lower. We end up with a measure of the attractiveness of A-rehedging
defined by

GA =
λ

2
∆AV − cA =

λδ

2

[
aᵀCA,Aa+ 2bᵀCB,Aa+ bᵀCB,A(CA,A)−1CA,Bb−ΘA

]
,

(A.3)
where ΘA :=

∑
i∈A Θi, with

Θi :=
2

λδ
ci

equal to the quantities defined in (1.6) which describe the behaviour of the trader in
the single asset case.

To sum up, at each time and for each A ⊆ {1, . . . , n} (A = ∅ included), the trader
is able to compute GA(λδ)−1 from (A.3) in terms of known quantities; he will choose
the subset with highest such score, and if it is non empty, he will adjust his portfolio
according to (A.2).

A.2 First order distributional differentiation

The purpose of this appendix is to provide rigorous hypotheses and proofs for the main
formulas whose derivation was heuristic in the Chapter 3. Unless otherwise stated, all
random variables and Lp spaces are with respect to a fixed probability measure.

Let us begin with a lemma covering the unidimensional case. Given p ∈ [1,∞], we
will denote by p′ its conjugate exponent, defined by the equation 1/p+ 1/p′ = 1.

Lemma A.1. Let X be a real-valued random variable with continuous density ρ, and
let g : R → R be a function such that g(X) ∈ L1. Fix θ0 in R, and let f = f(x, θ)
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be a continuous function such that f(·, θ0) is zero only in a finite number of points
x1 < · · · < xk; f is C1 in a neighbourhood of (xi, θ0) for each i; and

∂f

∂x
(xi, θ0) 6= 0 and g is continuous in a neighbourhood of xi.

Suppose moreover that at least one of the following hypotheses is satisfied:

1. f(·, θ) has no more than k zeros for each θ in a neighbourhood of θ0, or:

2. lim infx→∞ |f(x, θ0)| > 0 and there exists p > 1 such that the following integrability
conditions hold:

• g(X) ∈ Lp;

• |f(x, θ0 + ∆θ) − f(x, θ0)| ≤ L(x)|∆θ| for each |∆θ| < δ, where δ is a positive
constant and L is a function such that L(X) ∈ Lp′ .

Then

∂

∂θ

∣∣∣∣
θ=θ0

E
[
g(X)If(X,θ)>0

]
=

k∑
i=1

∣∣∣∣∂f∂x (xi, θ0)

∣∣∣∣−1
∂f

∂θ
(xi, θ0)g(xi)ρ(xi). (A.4)

Proof. Let ε > 0 be arbitrary, and define m = lim infx→∞ |f(x, θ0)|.
By the implicit function theorem, there exist δ′ < δ and disjoint open intervals

U1, . . . , Uk such that

{f = 0} ∩ (Ui × (θ0 − δ′, θ0 + δ′)) = {(ξi(θ), θ) : θ ∈ (θ0 − δ′, θ0 + δ′)}, (A.5)

where ξi(θ0) = xi and

ξ′i(θ0) = −
[
∂f

∂x
(xi, θ)

]−1
∂f

∂θ
(xi, θ). (A.6)

Choose M > supUi for every i; if the second hypothesis holds, ensure also that M
is large enough to have

|f(x, θ0)| > m

2
∀|x| > M and E[L(X)p

′
I|X|>M ] < ε. (A.7)

On the compact set K = [−M,M ] \ ∪iUi, by construction f(·, θ0) has a positive
infimum; by uniform continuity of f on compact sets, we deduce that if δ′′ > 0 is
sufficiently small, then for (x, θ) ∈ [−M,M ]× (θ0 − δ′′, θ0 + δ′′), f equals zero if and
only if x = ξi(θ) for some i. In particular, if we define for ease of notation

ξ0(θ) = −M, ξk+1(θ) = M, (A.8)

then exactly one of the following holds:

(a) {f(·, θ) > 0} ∩ (−M,M) = (ξ0(θ), ξ1(θ)) ∪ · · · ∪
(
ξ2b k2 c(θ), ξ2b k2 c+1(θ)

)
;

(b) {f(·, θ) > 0} ∩ (−M,M) = (ξ1(θ), ξ2(θ)) ∪ · · · ∪
(
ξ2b k+1

2 c−1(θ), ξ2b k+1
2 c(θ)

)
.
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As a consequence, in

E
[
g(X)If(X,θ)>0I|X|<M

]
=

k∑
i=0

∫ ξi+1(θ)

ξi(θ)

If(x,θ)>0g(x)ρ(x)dx (A.9)

only one integral every two is non-trivial, and for that integral the indicator in the inte-
grand is redundant and can be removed. Each ξi(θ) for i = 1, . . . , k appears in exactly
one of these nontrivial integrals, as left integration boundary if (∂f/∂x)(θ, ξi(θ)) > 0
and as right integration boundary otherwise. Hence, the fundamental theorem of
calculus yields

∂

∂θ

∣∣∣∣
θ=θ0

E
[
g(X)If(X,θ)>0I|X|<M

]
= −

k∑
i=1

sign

(
∂f

∂x
(ξi(θ0), θ0)

)
ξ′i(θ0)g(ξi(θ0))ρ(ξi(θ0))

=

k∑
i=1

∣∣∣∣∂f∂x (xi, θ0)

∣∣∣∣−1
∂f

∂θ
(xi, θ0)g(xi)ρ(xi). (A.10)

To conclude we must prove that the integral on R \ (−M,M) does not contribute
to the derivative. Under hypothesis 1 this is obvious. Otherwise, by definition of m,M
and using the inequalities of Hölder and Markov,∣∣E [g(X)

(
If(X,θ0+∆θ)>0 − If(X,θ0)>0

)
I|X|>M

]∣∣
≤ E

∣∣g(X)I|f(X,θ0+∆θ)−f(X,θ0)|>m/2I|X|>M
∣∣ ≤ E

∣∣g(X)IL(X)>(2∆θ)−1mI|X|>M
∣∣

≤ ‖g‖p P
(
L(X) > (2∆θ)−1m, |X| > M

)1/p′ ≤ ‖g‖p (εm−p′(2∆θ)p
′
)1/p′

=: Cε1/p′∆θ,

(A.11)

therefore

lim inf
∆θ→0

∆θ−1E
[
g(X)

(
If(X,θ0+∆θ)>0 − If(X,θ0)>0

)]
≥ RHSthesis − Cε1/p′ , (A.12)

lim sup
∆θ→0

∆θ−1E
[
g(X)

(
If(X,θ0+∆θ)>0 − If(X,θ0)>0

)]
≤ RHSthesis + Cε1/p′ , (A.13)

which by arbitrariness of ε concludes the proof.

Remark A.2. For sure one can imagine different conditions of integrability and asymp-
totic behaviour of f and g to guarantee that zeros appearing from infinity are irrelevant
at first order; however, some condition in needed, as the following example shows.

Example A.3. Let X ∼ N (0, 1), and denote by N its cumulative distribution func-
tion. Define the function φ ∈ C1(R+) in this way:

φ(r) =


(

3
2 −

r2

2

)
exp

(
− r

2

2

)
r ≤ 1,

r−1 exp
(
− r

2

2

)
r > 1;

(A.14)

note that for every θ > 0 sufficiently small, there exists a unique counter-image φ−1(θ),
which tends to +∞ for θ → 0.

The functions g(x) = 1 and f(x, θ) = φ(|x|)−θ for θ0 = 0 satisfy all the hypotheses
of the Lemma (with k = 0) except for hypotheses 1. and 2.; here we show that in this
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case E
[
g(X)If(X,θ)>0

]
is not differentiable in θ0. The left derivative is obviously zero.

Instead, the right derivative is:

lim
θ↓0

1

θ
E
[
Iφ(|x|)−θ>0

]
= lim

θ↓0

2

θ

[
1−N (φ−1(θ))

]
; (A.15)

to conclude that this derivative has a (finite and) non-zero value, we can use well
known bounds on the tail of the Gaussian distribution function (see e.g. Duembgen,
2010), according to which 2θ−1

[
1−N (φ−1(θ))

]
belongs to the following interval:

2

θ
exp

(
−φ
−1(θ)2

2

)
1√

2πφ−1(θ)

[
1− 1

φ−1(θ)
, 1

]
→

{√
2

π

}
. (A.16)

Equations like (3.6) follow immediately from the unidimensional Lemma, provided
that it can be applied under the integral sign. In concrete cases this is almost always
a routine verification, hence we will not pursue the maximum generality. We will limit
ourselves to a couple of simple corollaries, which in many cases are more than enough.
To this aim, we introduce the following hypothesis:

Hypothesis A.4.

1. Z is an Rd-valued random vector, and its k-th component has a conditional density
ρ(zk|Z−k) which is continuous in zk for almost-every Z−k.

2. f is a function of variables (z, θ), g is a function such that g(Z) ∈ L1.

3. For an appropriate ε > 0, almost every Z−k, and θ ∈ (θ0 − ε, θ0 + ε), the function

(θ, zk) 7→ f(θ,Z(Zk = zk)) (A.17)

is C1, and for θ fixed it is equal to zero only for zk in a finite set Ak(θ,Z−k); on this
set, the derivative with respect to zk is non-null and the function zk 7→ g(Z(Zk =
zk)) is continuous.

4. Defining the function D(θ,Z−k) as follows:

∑
ζk∈Ak(θ,Z−k)

ρ (ζk|Z−k)

[∣∣∣∣ ∂f∂zk
∣∣∣∣−1

∂f

∂θ

]
(θ,Z(Zk = ζk)) · g (Z(Zk = ζk)) , (A.18)

there exists A ∈ L1 such that

|D(θ,Z−k)| ≤ A ∀θ ∈ (θ0 − ε, θ0 + ε) for a.e. Z−k. (A.19)

(Note the strict similarity with Hypothesis 3.1. However, here we add some techni-
cal condition to ensure that we can justify all the computations and apply the Lemma.
On the other hand, Z here can be non-Gaussian.)

Corollary A.5. Under the Hypothesis A.4, suppose that for almost-every Z−k the
cardinality of Ak(θ,Z−k) is constant as θ varies in (θ0 − ε, θ0 + ε). Then

∂

∂θ
E
[
If(θ,Z)>0 · g(Z)

]
= E [D(θ,Z−k)] . (A.20)

Corollary A.6. Under the Hypothesis A.4, suppose that

lim inf
z→∞

|f(θ0.Z(Zk = ζ))| > 0 for almost-every Z−k,

and that there exists a p > 1 such that the following integrability conditions hold:
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• g(Z) ∈ Lp;

• |f(θ1, z) − f(θ2, z)| ≤ L(z)|θ1 − θ2| for every z and every θ1, θ2 ∈ (θ0 − ε, θ0 + ε),
where L is a function such that L(Z) ∈ Lp′ .

Then
∂

∂θ
E
[
If(θ,Z)>0 · g(Z)

]
= E [D(θ,Z−k)] . (A.21)

Proof. The tower rule gives

E
[
If(θ,Z)>0 · g(Z)

]
= E

[
E
[
If(θ,Z)>0 · g(Z)|Z−k

]]
. (A.22)

In both corollaries, the first three points in Hypothesis A.4 jointly with the hypothesis
specific of the corollary are exactly what is needed to apply Lemma A.1 to the inner
expectation when expressed using the conditional density in the Hypothesis. (The in-
tegrability conditions are valid under the conditional law for almost-every Z−k thanks
to the tower rule.) So, for a suitable version of that conditional expectation,

∂

∂θ
E
[
If(θ,Z)>0 · g(Z)|Z−k

]
= D(θ,Z−k) ∀θ ∈ (θ0−ε, θ0 +ε), for a.e. Z−k. (A.23)

Now the last hypothesis allows the differentiation of (A.22) with respect to θ under the
(outer) expectation sign by dominated convergence, which gives the conclusion.

With the following final examples we show how the two corollaries are used in
concrete applications.

Example A.7 (Application of Corollary A.5). Let A1, A2 be independent assets with
diffusive dynamics

dAi(t) = rAi(t)dt+ σi(t, Ai(t))dWi(t), (A.24)

where r is the (deterministic) risk-free rate, (W1,W2) is a standard bidimensional
Wiener process, and σi > 0 are C1 functions, equi-Lipschitz in their spatial argument.
This guarantees in particular that the SDEs’ solutions exist unique.

Let us consider the digital call on a basket, priced with Euler simulation (the
limitation to two uncorrelated underlyings is only for notational simplicity):

P = E[IA1(T )+A2(T )>2K ] = E
[
ET−δ

[
IA1(T )+A2(T )>2K

]]
, (A.25)

where in the inner expected value

Ai(T ) = Ai(T,Zi) = (1 + rδ)Ai(T − δ) + σi(t, Ai(T − δ))
√
δZi, (A.26)

in which Ai(T −δ) are known and Zi are independent and identically distributed with
law N (0, 1).

We would like to apply Corollary A.5 to compute the derivative with respect to
A1(T − δ) of the inner expected value in (A.25); the only non trivially true hypothesis
is the last one in A.4. To show that it holds, we define t = T − δ and compute
D(A1(t), Z2):

D(A1(t), Z2) =

(
1 + rδ +

∂σ1(t, A1(t))

∂A1(t)

2K −A2(T,Z2)− (1 + rδ)A1(t)

σ1(t, A1(t))

)
×

×
exp

{
− (2K−A2(T,Z2)−(1+rδ)A1(t))2

2δσ1(t,A1(t))2

}
√

2πδσ1(t, A1(t))
, (A.27)
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whose absolute value can be uniformly controlled in a neighbourhood of A1(t) with an
integrable quantity, because by the Lipschitz property σ1(t, ·) > ε in a neighbourhood
of A1(t) and therefore:

|D(A1(t), Z2)| ≤
(

1 + rδ +
L(C1 + C2|A2(t)|+ C3|Z2|)

ε

)(√
2πδε

)−1

(A.28)

for suitable constants Ci.
Finally, the following identity is straightforwardly verified:

∂

∂A1(0)
E
[
ET−δ

[
IA1(T )+A2(T )>2K

]]
= E

[
∂

∂A1(0)
ET−δ

[
IA1(T )+A2(T )>2K

]]
, (A.29)

so that at least in this case, we can conclude that the algorithm of Section 3.5 is
completely justified.

Example A.8 (Application of Corollary A.6). With θ0 > 0, let Z be a standard
bidimensional Gaussian vector, g = 1 and

f(θ,z) = θ − ez1 − ez2 . (A.30)

This way, except for constants, E
[
If(θ,Z)>0 · g(Z)

]
may be the price of a digital call

on the average of two log-normal assets.
No ε > 0 exists such that the cardinality of A1(θ, Z2) is constant for θ ∈ (θ0 −

ε, θ0 + ε) for almost every Z2: this is because for Z2 ∈ (ln(θ0 − ε), ln(θ0 + ε)), the
cardinality of that set is zero near θ = θ0−ε, while it is one near θ = θ0 +ε. Therefore
Corollary A.5 cannot be applied. However,

D(θ, z2) =

{
(θ − ez2)

−1
exp

{
− (ln(θ − ez2))

2
/2
}

if z2 < ln(θ),

0 otherwise.
(A.31)

Elementary estimates show that |D(θ, Z2)| is lower than a suitable L1 random variable
uniformly for each θ in a neighbourhood of θ0; all the other hypotheses of Corollary
A.6 are trivially satisfied.

A.3 Call spread analytical sensitivities

We provide here for the sake of completeness a derivation of the explicit formulas
used in Section 3.6.1 for the variance of the sample estimators for the Delta and Vega
sensitivities of a call spread. We will use the following notations:

ÃtT := At exp

{∫ T

t

µ(u)du

}
, ΣtT :=

√∫ T

t

σ2(u)du. (A.32)

A.3.1 Delta sensitivity

The pathwise estimator for the Delta sensitivity of the call spread is given by

δCS
(N)
t (At,K, ε) :=

P (t, T )

N

N∑
i=1

AT
At

H(AT (ωi)−K−)−H(AT (ωi)−K+)

ε
. (A.33)



116 APPENDIX A. TECHNICAL APPENDIX

Since CS
(N)
t is an average of N independent and identically distributed samples, we

have that
Var

[
CS

(N)
t

]
= N−1 Var

[
CS

(1)
t

]
. (A.34)

To compute the right hand side, we expand the following square:

δCS
(1)
t (At,K, ε)

2 = P (t, T )2A
2
T

A2
t

H(AT −K−)+ −H(AT −K+)+

ε2
; (A.35)

the key quantities to compute have the form of

E
[
A2
TH(AT −K)+

]
= E

[
A2
TH(A2

T −K2)+
]

(A.36)

which is the undiscounted price of a cash-or-nothing call with strike K2 on the log-
normal asset A2

T , whose instantaneous volatility is 2σ(s) and whose T -forward value
is

F
(2)
tT = Ã2

tT e
Σ2
tT . (A.37)

Hence (see e.g. Duffie, 2001)

E
[
A2
TH(AT −K)+

]
= F

(2)
tT N

(
d+

(
K2, F

(2)
tT , 2ΣtT

))
, (A.38)

and finally the second moment of our estimator is

E
[
δCS

(1)
t (At,K, ε)

2
]

=

P (t, T )2F
(2)
tT

A2
t

ε−2
[
N
(
d+

(
K2
−, F

(2)
tT , 2ΣtT

))
−N

(
d+

(
K2

+, F
(2)
tT , 2ΣtT

))]
, (A.39)

which is O(ε−1) since the difference in squared brackets is a finite difference of a
smooth function between two points K2

− and K2
+, hence it is O(K2

− −K2
+) = O(ε).

Eventually, noting that E[δCS
(1)
t ] = δCSt + O(1), we can conclude that also the

variance

Var
[
CS

(1)
t

]
= E

[
δCS

(1)
t (At,K, ε)

2
]
− E

[
δCS

(1)
t (At,K, ε)

]2
= P (t, T )2F

(2)
tT

A2
t

ε−2
[
N
(
d+

(
K2
−, F

(2)
tT , 2ΣtT

))
−N

(
d+

(
K2

+, F
(2)
tT , 2ΣtT

))]
− P (t, T )

2 Ã
2
tT

A2
t

ε−2
[
N
(
d+

(
K−, ÃtT ,ΣtT

))
−N

(
d+

(
K+, ÃtT ,ΣtT

))]2
(A.40)

is O(ε−1) as desired.

A.3.2 Vega sensitivity

We perform the same kind of computation for the Vega sensitivity pathwise estimator

νCS
(N)
t (At,K, ε) :=

P (t, T )

N

N∑
i=1

AT (ωi) [−σ(T − t) + (WT −Wt)]
H(AT (ωi)−K−)−H(AT (ωi)−K+)

ε
.

(A.41)
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The square of νCS
(1)
t is

P (t, T )2A2
T

ε2
[−σ(T − t) + (WT −Wt)]

2 · [H(AT −K−)−H(AT −K+)] , (A.42)

whose expected value is

P (t, T )2Ã2
tT

ε2
[I(K−, T − t, σ)− I(K+, T − t, σ)] (A.43)

with the definition

I(K, τ, σ) :=

∫ +∞

k

1√
2π
e−x

2/2e−σ
2τe2σ

√
τx
[
−στ +

√
τx
]2

dx, (A.44)

where

k =
1

σ
√
τ

log

(
K

ÃtT

)
+

1

2
σ
√
τ = −d−(K). (A.45)

To compute this integral, we make the change of variables y = x− 2σ
√
τ :

I(K, τ, σ) = eσ
2ττ

∫ +∞

k−2σ
√
τ

1√
2π
e−y

2/2
[
σ
√
τ + y

]2
dy. (A.46)

Now we put a := k − 2σ
√
τ and use the three elementary integrals∫ ∞

a

e−y
2/2dy =

√
2π (1−N (a)) ,∫ ∞

a

ye−y
2/2dy = e−a

2/2, (A.47)∫ ∞
a

y2e−y
2/2dy = − ye−y

2/2
∣∣∣∞
a

+

∫ ∞
a

e−y
2/2dy = ae−a

2/2 +
√

2π (1−N (a)) ,

where N is the standard normal cumulative distribution function, getting

I(K, τ, σ) = eσ
2ττ

{
(1−N (a))

(
σ2τ + 1

)
+

1√
2π
e−a

2/2
(
a+ 2σ

√
τ
)}

= eσ
2ττ

{(
1−N (k − 2σ

√
τ)
) (
σ2τ + 1

)
+

k√
2π
e−(k−2σ

√
τ)2/2

}
. (A.48)

We plug this into (A.43) to get

E
[
νCS

(1)
t (At,K, ε)

2
]

=
P (t, T )2Ã2

tT e
σ2(T−t)(T − t)
ε2

×{(
N
(
k+ − 2σ

√
T − t

)
−N

(
k− − 2σ

√
T − t

)) (
σ2(T − t) + 1

)
+

k−√
2π
e−

(k−−2σ
√
T−t)2

2 − k+√
2π
e−

(k+−2σ
√
T−t)2

2

}
, (A.49)

which is O(ε−1) since the difference in curly brackets is a finite difference of a smooth
function between two points K− and K+ with distance ε.

Eventually, the variance is readily computed as

Var
[
νCS

(1)
t (At,K, ε)

]
= E

[
νCS

(1)
t (At,K, ε)

2
]
− E

[
νCS

(1)
t (At,K, ε)

]2
, (A.50)
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in which by construction

E
[
νCS

(1)
t (At,K, ε)

]
= νCSt = ε−1At

√
T − t

2π

[
e−d+(K−)2/2 − e−d+(K+)2/2

]
= O(1),

(A.51)
where we used the well known formula for the Vega sensitivity of a vanilla call.

A.4 Second order distributional differentiation

In this appendix, we will derive an estimator for the Hessian of the price

P = E [g (XT ,θ)]

for a piecewise smooth but possibly discontinuous payoff g, by a generalization of the
Dirac-delta based method DAAD of Chapter 3.

In view of (4.9), we just need to differentiate twice the conditional expectation ε
of Section 4.4.2, which has the following form:

ε = E
[
φ
(
If1(θ,Z)>0, . . . , Ifh(θ,Z)>0,θ,Z

)]
= E

[
φ
(
If(θ,Z)>0,θ,Z

)]
,

where Z is a standard Gaussian random vector, and φ and the fi are suitable functions,
smooth in θ and Z. We make the following weak assumption:

Hypothesis A.9. fi is twice differentiable with respect to θ and zk(i). Moreover, for
almost every Z−k(i), the function zk(i) 7→ f(θ,Z(Zk(i) = zk(i))) is zero only for zk(i)

in a finite set Aik(i)(θ,Z−k(i)), and its derivative in such points is non-null.

We also suppose for notational convenience and with no loss of generality that

∆(i)φ
(
If(θ,Z)>0,θ,Z

)
= 0 ∀i < c,

so that the indicator functions before c represent the discontinuities in the gradient of
the payoff, while the indicator functions from c onwards represent the discontinuities
of the payoff itself, if any.

Equation (3.11) tells us that the first order sensitivity is

∂ε

∂θ
= d0 +

h∑
i=c

di,

where

d0 = E
[
∂φ

∂θ

(
If(θ,Z)>0,θ,Z

)]
,

di = E

 ∑
ζ∈Ai

k(i)
(θ,Z−k(i))

{
e−ζ

2/2

√
2π

[∣∣∣∣ ∂fi∂zk(i)

∣∣∣∣−1
∂fi
∂θ

]
(θ,Z(Zk(i) = ζ))

×∆(i)φ
(
If(θ,Z(Zk(i)=ζ))>0,θ,Z(Zk(i) = ζ)

)
 .
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Now we have to differentiate d0 and di. The first task is a direct application of
the first order result to ∇φ:

∂d0

∂θ
= H00 +

h∑
i=1

H0i,

where

H00 = E
[
∂2φ

∂θ2

(
If(θ,Z(Zk(i)=ζ))>0,θ,Z

)]
,

H0i = E

 ∑
ζ∈Ai

k(i)
(θ,Z−k(i))

{
∆(i)

(
∂φ

∂θ

)ᵀ (
If(θ,Z(Zk(i)=ζ))>0,θ,Z(Zk(i) = ζ)

)

× e−ζ
2/2

√
2π

[∣∣∣∣ ∂fi∂zk(i)

∣∣∣∣−1
∂fi
∂θ

]
(θ,Z(Zk(i) = ζ))


 .

If the payoff is continuous (c = h + 1), we are done; otherwise, we need the
derivative of di, which is slightly trickier. In order to compute it, we note that by the
implicit function theorem, in a neighbourhood of θ, the zeros ζ in the definition of

each di can be expressed as functions ζ
(l)
i of Z−k(i) and θ with gradient1

−

[(
∂fi
∂zk(i)

)−1
(

∂fi

∂
(
θ, z−k(i)

))] (θ,Z(Zk(i) = ζ)
)
.

Now each summand in the definition of di can be differentiated with the DAAD
method, provided that the composition of fj with ζ

(l)
i satisfies Hypothesis A.9 for

some coordinate h(i, j) 6= k(i). We define

Ai,j (θ,Z) :=
{

(ζ, η) : (fi, fj)
(
θ,Z(Zk(i) = ζ, Zh(i,j) = η)

)
= (0, 0)

}
.

We are ready to state the result:

∂di
∂θ

= Hi0 +

h∑
j=c

Hij ,

1In fact the neighbourhood may depend on Z; we neglect this kind of technicalities, which should
be addressable along the lines of Appendix A.2.
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where

Hi0 = E


∑

ζ∈Ai
k(i)

(θ,Z−k(i))

∂

∂(θ, zk(i))

∣∣∣∣
zk(i)=ζ

[
e−ζ

2/2

√
2π

∣∣∣∣ ∂fi∂zk(i)

∣∣∣∣−1(
∂fi
∂θ

)ᵀ

∆(i)φ

]

×

 INθ

−
[(

∂fi
∂zk(i)

)−1 (
∂fi
∂θ

)] (
θ,Z(Zk(i) = ζ)

)

 ,

Hij = E

 ∑
(ζ,η)∈Ai,j(θ,Z)

e− ζ2+η2

2

2π

∣∣∣∣ ∂fi∂zk(i)

∣∣∣∣−1(
∂fi
∂θ

)ᵀ
∣∣∣∣∣ ∂fj
∂zh(i,j)

− ∂fj
∂zk(i)

(
∂fi
∂zk(i)

)−1
∂fi

∂zh(i,j)

∣∣∣∣∣
−1

(
∂fj
∂θ
− ∂fj
∂zk(i)

(
∂fi
∂zk(i)

)−1
∂fi
∂θ

)
∆(j)∆(i)φ (If>0,θ,Z)


Zk(i)=ζ,Zh(i,j)=η

 .

Note that the expression in the second absolute value should be different from zero,
or to say it differently, ∂(fi, fj)/∂(zk(i), zh(i,j)) should be full rank.

All the gradients appearing in these formulas are readily computed by algorithmic
differentiation; the only practical concern is the fact that there are (up to) (h− c+1)2

terms Hij . In fact in most applications, fi and fj depend on non-overlapping sets of
fixing times, so that∣∣∣∣∣ ∂fj

∂zh(i,j)
− ∂fj
∂zk(i)

(
∂fi
∂zk(i)

)−1
∂fi

∂zh(i,j)

∣∣∣∣∣
−1(

∂fj
∂θ
− ∂fj
∂zk(i)

(
∂fi
∂zk(i)

)−1
∂fi
∂θ

)

=

∣∣∣∣ ∂fj∂zk(j)

∣∣∣∣−1(
∂fj
∂θ

)
,

which does not depend on i any more. As a consequence, the only portion of the
algorithm which truly grows quadratically with the number of payoff discontinuities
is ∆(j)∆(i)φ. This should not be dramatic in the economy of a Monte Carlo pricing
exercise inclusive of a costly Euler simulation, unless there is a really large number
of digital features as in frequently monitored barrier options, which anyway are often
already handled by regularizing the payoff accounting for touch probabilities (see e.g.
Glasserman, 2004).

For ease of reference, we collect as a conclusion the full set of addends contributing
to the estimator of the Hessian:

∂2ε

∂θ2
= H00 +

h∑
i=1

H0i +

h∑
i=c

Hi0 +

h∑
i,j=c

Hij .
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Crépey, S. (2004). Delta hedging vega risk? Quantitative Finance, 4(5):559–579.

Daluiso, R. and Facchinetti, G. (2018). Algorithmic differentiation for discontinuous
payoffs. International Journal of Theoretical and Applied Finance, 21(4).

121



122 BIBLIOGRAPHY

Daluiso, R. and Morini, M. (2017). Hedging efficiently under correlation. Quantitative
Finance, 17(10):1535–1547.

Duembgen, L. (2010). Bounding standard Gaussian tail probabilities. arXiv:1012.2063.

Duffie, D. (2001). Dynamic Asset Pricing Theory. Princeton University Press, Prince-
ton.
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