THE EXISTENCE OF SOLUTIONS TO VARIATIONAL
PROBLEMS OF SLOW GROWTH.

ARRIGO CELLINA AND VASILE STAICU

ABSTRACT. We consider the existence of solutions, in the space W11(Q), to
the problem

minimize/L(Vv(x))da: on ¢+W(}’1(Q)
Q

where L is of slow (linear or at most quadratic) growth. We present a necessary
and sufficient condition in order that, for any smooth boundary datum ¢ and
for any bounded §2 with smooth boundary, the minimum problem be solvable.

1. INTRODUCTION

We consider the existence of solutions, in the space W11(€2), to the problem
(1) minimize / L(Vo(z))dz on ¢+ Wy (Q)
Q

where L is smooth and of slow (linear or at most quadratic) growth. More precisely,
the class L of Lagrangians L we shall consider is

L={L()=1(¢):1:R— R" is strictly convex , I(t) = I(—t),
1 €C? and !” is non-increasing }

Lagrangians defined by smooth strictly convex functions ! that, for |¢| large, grow
like %tQ, or |t| — \/m + 7, or /1 +t2, all belong to L. The theory of existence of
solutions for different Lagrangians, in particular, for some Lagrangians belonging
to the class L, is based on different arguments. For Lagrangians of superlinear
growth as L(€) = |¢[?, the direct method yields existence of solutions, based on
lower semicontinuity and weak compactnesss, with no mention of the properties
neither of ¢ nor of the boundary of 2. On the other hand of the spectrum, for
the non-parametric minimal surface problem, i.e. for L(§) = /1 + |£|?, in order
that the minimum problem be solvable for any smooth datum ¢, a necessary and
sufficient condition [7] is that the mean curvature of 9 be non-positive.

A condition for the existence of solutions (intermediate growth condition) that
does not imply superlinear growth was introduced in [4]; the same condition was
used in [1] and [2] to prove existence and regularity (lipschitzianity) of solutions to
the problem

b
minimize / L(z(t),2'(t))dt; z(a) = a, x(b) = .
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2 A. CELLINA AND V. STAICU

The results of the above mentioned papers are based on reparametrizations, an
argument specific to one-dimensional integration set and, to these authors’ knowl-
edge, this intermediate growth condition has not yet been used for problems on a
multi-dimensional integration set 2.

In this paper we show that this condition (Assumption 1 below) is necessary and
sufficient in order that, for any smooth boundary datum ¢ and for any bounded 2
with smooth boundary, the minimization problem (1) admits a solution.

In particular, this condition is able to divide Lagrangians of linear growth in
two separate classes: those like the non-parametric minimal area problem, L(§) =
/14 |£J2, where the above statement is not true, from those Lagrangians growing,
for |¢| large, like L(€) = |¢|—+/|€]+7, for which we shall prove existence of solutions.

Models with Lagrangians growing linearly are important in elasticity [5]; our u
is a scalar and not a vector and we make no claims at solving these problems; still,
finding connections might be of some interest.

2. NOTATION AND PRELIMINARY RESULTS

In what follows we assume that RY is endowed with the Euclidian norm |.| and

2
the inner product (.,.) . For u € C? () we denote by u,, = g,—fi and Uy, o; = aig‘l_j
the first and the second order partial derivatives of u, respectively. The gradient Vu

and the Hessian H,, of u are given by Vu = (ug,, ..., uy,) and Hy, = [ug, 4, |

1<i,j<n’
respectively. The transpose of a is a”. We shall set

d(e) = d(z,09) = inf (o -y,

the distance of a point z € Q from the boundary of 2. The measure of the unit
ball B C R" is w,, and the (n — 1) Hausdorfl measure of 9B is nw,. By Ix we
mean the indicator function of the set A. We shall also set

F = {¢c C*Q)} and O = {Q open and bounded: 992 € C?}.

For a function [ : R — R™T, by [* we mean its polar, or Legendre-Fenchel trans-
form, defined by

I* (p) = suppt — I(t)
teR

[8]. I* is a convex, possibly extended-valued function, i.e., with values in RU{+4o0}.
We set Doml* to be the effective domain of [*, i.e. the set of points where [*
takes finite values. When [ is strictly convex, [* is differentiable on its effective
domain. By its very definition, the map [*, as a map from R to R U 400, is lower
semicontinuous. In this paper we shall discuss the implications of the following
assumption.

Assumption 1. The map I* is continuous as a map from R to R U +o0.

In particular, under Assumption 1, it cannot happen that Doml* = [—p*, +p*]
with p* finite, since [* would be discontinuous at p* and at —p*.

The polar to the map t — %tg isp — %p2, a continuous map on R, so that
Assumption 1 is satisfied.

The map

l [t|— /It + ga+ 38+~ for [t >
=1 tapt+ 10 for [t] <

N|— N[
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where a = % -2, 8= 3+2‘/§ — 4%& and v = /2 — 1 is strictly convex, C? and

of linear growth; again, Assumption 1 is satisfied. In fact, for this [ we have (we
compute [* only for |p| > 1 — %[)7

2
11 1
I (p) = it for1>|p|21fﬁ ’
+00 for |p| > 1

so that [* is continuous as a map to R U {+o0}.

Consider our third example, the Lagrangian of the non-parametric minimal area
problem, i.e, I(t) = v/1+ t2 —1; L belongs to L but it does not satisfy Assumption
1; in fact, in this case we have that {*(p) = 1 — /1 —p? for —1 < p < 1, and
I*(p) = +oo for |p| > 1, so that I* is lower semicontinuous and not continuous.

The following is our main result.

Theorem 1. Let L € L. Then, for every ¢ € F, for every Q € Q, problem (1)
admits a (unique) solution @ € W11(Q) if and only if Assumption 1 holds.

For the non-parametric minimal area problem Assumption 1 is not satisfied and
it is not true that for every ¢ € F, for every Q € O, problem (1) admits a solution.

Proposition 1. Let | € L satisfy Assumption 1; let Doml* be (—p*,+p*), p*
possibly +oo. Then, limyy,- I*(p) = 400 and limyyp,- (I*(p))" = +o0.

Proof. When p* is finite, the assumption of continuity implies that limpp,- I*(p) =
+00 ; when p* = 400, it can be that limyp« I*(p) is finite only if I* is a constant ¢;
in this case, [ = [** would be Ijpy — ¢, a contradiction to the properties of I.

Since [ is strictly convex, (I*)’ exists on (—p*,+p*) and, for p > 0, it is an
increasing function, so that limy,y,«(I*(p))’ exists. Assume that (I*)" is bounded
above by K; then, from (I*)'(I'(t)) = ¢t we would obtain that ¢ must be bounded, a
contradiction to Doml = R. O

Proposition 2. Letl € L; then, there exist T and Xot>T implies
() < N'(t)

Proof. We have that lim;_, 1 I'(¢) is either 400 or p* > 0. Since I”(0) > I"(¢), for
a suitable 7 we have, for ¢t > 7, in the first case I”(¢t) < !’(t) and, in the second case

(choosing 7 so that ¢ > 7 implies I'(t) > %), () < l”(O)%. O
Proposition 3. Let B be a ball about 0; let w € WHY(B). For x € B set
1
w(r) = — u(w|z])dw.
nWnp, |w|=1
Then,
1 =z -
- — L [ (Vu(wlz|),w)dw ifz#0
Viz) = { mon 1ol Jwi= § :

() { 0 ifz=0

Proof. Tt is proved in [3]. O

We also recall a definition and an useful result.
Definition 1. A function w € C? (Q) with w |so= ¢ is called supersolution (resp.
subsolution) of (1) if for every v € C?(Q) with w |so= v |sq and v > w on €,
(resp. v < w on Q) we have

/QL(VU(;U))de/L(Vw(x))dx

Q
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Lemma 1. If w € C? () is such that div VL (Vw (z)) < 0 on Q and w |po= ¢
then w is a supersolution of (1).

3. PROOF OF THEOREM 1

Proof of sufficiency. Let ® be such that —® < ¢ < @, so that for any solution @
we must have —® < @ < ®. The Proof is based on constructing a neighborhood
of N in 2, Qs = {z € Q:d(z) <} and, on Qs, a super-solution u and a sub-
solution u~, both satisfying the same boundary condition ¢ on 02 while satisfying
respectively 4t > ® and v~ < —® on that part of 0(2s) that is contained in
Q. The construction then guarantees that a solution « is constrained between two
Lipschitzian functions, each coinciding with ¢ at 9. Then, the results implying
that the supremum of the absolute value of the differential quotients is attained at
the boundary of 2, apply and we obtain an a-priori upper bound for the Lipschitz
constant of a possible solution @. In turn (see e.g. [6]), this fact and the strict
convexity of L imply the existence of a Lipschitzian solution @ to problem (1).
Then, the sufficiency part of the proof consists in showing that, for L € L and
¢ € TF, the validity of Assumption 1 permits the construction of v+ and u~. Hence,
this part of the proof follows the same pattern as the proof for the non-parametric
minimal area problem, the essential difference being that in our case we have no
control whatsoever on the sign of Ad so that the discussion of the properties of the
solutiuons to the basic differential equation for ¢’ is totally different.

a) In the paper we shall build a super solution «™, the construction for u~ being
similar.

For a generic smooth function u we have

Vul Vu U U

— Hu l”* A ;
Vo v T )t e A

In particular, We shall define u™ through the distance function d and a function
1, to be defined, such that 1(0) = 0, setting

u(@) = P(d(x)) + ¢(z).

This function w is such that, for x € 9, we have u(x) = ¢(z) and it satisfies

2) divV L(Vu(z))

(3) Vu=4'Vd+ V¢ ; [Vul” = ()" + Vel + 2(Ve, Vd)y',
so that (taking ¢’ > 0)
(4) [Vu| =" +e(¥)

with e(¥) = \/(¢/)2 + [V¢|2 + 2(V¢, Vd)y' — ¢’ such that E(le,/) — 0as ¢ — oo.
Moreover,
Ug,z; = Uiy = V' didj + V' dij + ¢ij,
hence
H,=¢"Vd®@Vd+¢y'Hq+ Hy
and, in particular,
Au = (d)Ad + " (d) + Ag.

Then, from (2) we have

divVL(Vu(z))
Vu T /I , VU . ll l/ , .
= Tl (¥ Vd@Vd+¢Hd+H¢)|vu‘(l - |Vu|) + Wu‘(w (d)Ad + " (d) + Ag).



Since HyVd = 0 and (d,d) = 1, recalling (3) we obtain

Z/I_L
divVL(Vu(z)) = (lvulvzul)(w’VdJrV¢>)T(z//’Vd®Vd+1//Hd+H¢)(1//Vd+ng)
l/ A i
+|W‘(¢Ad+w + A¢)
_ (¢/)2 "o U ¢N ! "o U
= Wqu (I |W|)+ Vi |2(<V¢ ,Vd)? + 29" (Ve, Vd))(l IVuI)
g U W) [ Vul? | V[ Ad 4 Ad]
Tl VP ()2 vad
1 4
+(|V'|V2“) (W'VTHyVo + (Vo) Hy Vo + 20" (V)T HyVd + (') (Vd)T HyVd) .
We have, from (3),
(¢/)2 Vst ll ¢” 2 ! 12 l/
s U @) | Vul?
TVl [V ()2
W W), (V') + Vo[> + 2(Ve, Vd)y/
= wup? T )2 )
1 2 / 1 l/
W) //{ // l/ {|V¢|2 - <V¢, Vd>2:| l// \V/ d 9 / d }
(¢/)2 11111 1 A
< ot {1k (V6. Va2 4 2 <v¢,w>>}.
Hence,
divV L(Vu(z)) < W) w”z”{ L (Y, Vd)? + 20/ (Vo Vd>)}
|Vul? (¥')2 ’ ’
Uy Ad + Ag]
|Vl
| WV H Y + 4/ (Vo) HyVd + (¢')2 (V)" Hy V) (I )
|Vul?

and, in order to have divVL(Vu(z)) <0, it is enough to have
0> y"l" {1 + @((w, Vd)? + 29 (V, Vd>)}
VIVulAd  1'|Vu|Ad
Y’ (v')?
) (Va7 Hova+ S Uvo oo+ (o) H,Vd) )

!/
" l

l _
U

’lpl

ie.,

(5) 0>y {1 + (VoVd)? + 2¢’<v¢w>)}

R
(v)?
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[ |[VulAd  |Vu|A 1 1
T+ T~ e (V) Ha¥o — g (T 190
2
Ve |(Vd)TH¢V</)) o |((Vd)TH¢Vd}
+1" < " ( wl) (VO)THyV o+ — " (Vd)TH¢V¢+(Vd)TH¢Vd)
="l {1 + (wl,)Q (Vo,Vd)? + 29/ (V, Vd>)} +I'A+1"B
where
VulAd  |VulA 1 1
A= TR vl (T ~ G (T
2 1
vl (V)T HyV o) — @((Vd)THQNd
and
JV¢THdV¢+ ( w,) —— (Vo) Hy Vo + — " (Vd)TH¢V¢+(Vd)TH¢Vd

b) Let P be such that ¢/ > P implies that 3 < 1+W(<V¢, Vd)2+2¢'(V¢, Vd))
so that (since I > 0 and ¢” < 0) to have the r.h.s. of (5) non positive it is enough
to have ¢’ > P and

1
5'(/}//1//+Z/A+ZI/B§0.

Consider A. The assumption that the boundary of € is C? implies that there
exists 0* > 0 such that, on Q4+, Hy and Ad exist and, for some ha, we have
|Ad| < ha and |Hg| < ha. Hence, by (4) and since, for some hy, we also have
|Hy| < hg and |V¢| < hy, it follows that, for ¢ large, A < 2ha.

Consider B; we have |(Vd)T H,Vd| < hg; hence, possibly by increasing P, we
can assume that ¢’ > P implies that B < 2h, and, to have (5), it is enough to
have

Y’ > P and %Qﬁ"l"(\VUD +U'(|Vul)2ha +1"(|Vul)2hy < 0.

¢) We have to show that § > 0 can be found so that v(§) > P and such that the
condition

u(z) = (d(z)) + ¢(z) = ©
be satisfied for x such that d(z) = 4. Since ¢(z) > —®, it will be enough to require
that u(x) > 2® for all z such that d(z) = 4.
We wish to prove the validity of the following statement: for any P, there exist
0 > 0 and a function 1 such that,

¥ (0) = 0;9(8) > 2® and, for d € [0,6], ¢'(d) > P
and such that, for u(z) := ¥ (d(x)) + ¢(x), we have
AN (IVu(@)]) + U ([Vu(@))4ha + 17 (d(2))([Vu(@)])4he < 0

for any = € Q. If this statement is proved, in particular, the function u = pod+ ¢
on s will be such that

(6) divV L(Vu(z)) < 0.
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To prove the statement, notice that, by Proposition 2, there exists 7 and X such
that ¢ > 7 implies I”(t) < Al(t) so that, for |[Vu| > 7, we have 4hyl”(|Vu|) <
MhAl (|Vul).

Hence, in order to prove the validity of the statement in ¢), possibly by increasing
P to P if required, it is enough to prove that: for any P, there exist § > 0 and a
solution 1 to the problem

¥(0) = 0;4(8) > 2® and, on the interval [0, d],¢’(d) > P,
such that, for u =¥ od + ¢,

P (d(@)"(|Vu(z)]) + CU(|Vu(z)]) <0,

where he have set C = max{4hy, Mha}.

d) Consider a solution 9’(d) to the differential equation
(7) " (d)"(2¢'(d)) + CU(24'(d)) = 0
such that ¢’ > 0; then, since ”(2¢)’) and I'(2¢)’) are positive, 9" is negative. For
any |Vu(x)| such that |Vu(x)| < 2¢'(d(x)), setting ¢'(d) = v(d) and recalling that
I"” is non-increasing while [’ is non-decreasing, we have the following inequalities

(=0 (d@)l"(Vu(@)]) > (=v'(d(@)I" (2v(d(z)) = CU(2v(d(x))) > CU(|Vu(z)])
and hence, the condition on v = 9’ needed to give (6) simplifies to
(8) v'(d(@)!"([Vu(z)]) + CU(|Vu(z)]) < 0.

Moreover, since ¢ (d) < 0, then ¢’ is non-increasing and, in order to have Y'(d) > P
on the interval [0, d], it is enough to have ¢'(d) > P.
From (7) we have

e o
20(d) 20v'(d) 2C

so that
I'(2v(d)) = I'(2v(0))e~ 264,

Consider o, a solution to

(9) /(26(d)) = U'(20(0))(1 — 2Cd),

so that, in particular, 7(0) = v(0); since e=2¢¢ > 1 — 2Cd, we have I'(23(d)) <

'(2v(d)) and, from the monotonicity of ', we infer that

(10) o(d) < v(d).

To show that § > 0 can be found so that v(§) > P and such that the condition

u(@) = (d(z)) + ¢(z) = @

be satisfied for = such that d(x) = ¢ it is enough to require that

/1/) t)dt = / o(t)dt > 2.

Then, by (10), it will be enough to have

5
(11) / B(8)dt > 20 and #(6) > P.
0
e) Solve (9) setting
(12) 5(t) = 2(1°) (1 (20(0)) (1 — 2C1);
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the change of variables A = I'(2v(0))(1 — 2Ct) yields that

5 - 1 vevo)a-208)
(13) [ ottt =~ | o Ly
1 * "(2v
= Toopic’ W }28&333(1_205)
= W[l (I'(2v(0)) — I*(I'(2v(0)) (1 — 2C9))].

From Proposition 1 we infer that [*(p) is strictly increasing for 0 < p < p*, and
hence invertible; then, (I*)~!(y) exists for 0 < y < oo, it is strictly increasing and

*

hmy%oo(l*)_l(y) =D
It is convenient to set p’ = I'(2v(0)): we have p’ € Doml*; set also

oy _ 2= ()13 6))

(14) i e

S

so that I*(p°(1 — 2C6)) = 11*(p°). Since (I*)~! is strictly increasing, we have
()G @) < ()71 (°)) = p° and hence
)G 0°)

1—2C5(p°) = 0

<1

so that &(pY) > 0.
Then, (13) becomes

/ " st = =) - L) = L)
0 b - plac P 9 W -~ po8C pJ-

We claim that we can choose ~p0 sufficiently close to p* so as to have at once
L-1*(p°) > 2® and 9(5(p°)) > P.

posﬁl fact, by (12) we have
5(6) = 5 (1) (U (20(0)(1 — 208)) = Z(0) (°(1 —208) = (1Y (1) (G (°))):

by Proposition 1, %l*(po) — 00 as p¥ — p*, so that we have (l*)_l(%l*(po)) — p*
and hence, again by Proposition 1, (1*)'((1*) =1 (31*(p°))) — co. Moreover, since,
by Proposition 1, we have limyo_,,«(I*)'(p") = 400, we obtain lim,o_, - I%l*(po) =
+00. This proves the Claim.

g) Having thus defined p°, and hence v(0) and §(p°), set 1 to be the solution to
the differential equation (7) such that ¢)(0) = 0 and ¥’(0) = v(0), and define the
function u™ setting

ut(z) = ¥(d(2)) + ¢(z);
the results in d) and e) above imply that, for 2 € 9€;(,0) and u any possible solution
to problem (1), we have
ut(z) > u(z)
while, for z € Qy,
divVL(Vu™(x)) <0.
Hence, u™ is the sought super-solution. The analogous construction for u~ proves
the sufficiency part.
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Proof of necessity. Let L be in I but not satisfying Assumption 1; we shall define
Q € 0 and ¢ € F such that the corresponding Problem (1) will admit no solution
in Whi(Q).

Set @ ={z € R": § < |z| < 1} and ¢(z) = B(|z| — 3), with 3 > 1.

a) We shall first show that 8 large will imply that problem (1) admits no radial
solution. Since L does not satisfy Assumption 1, the domain of [* cannot coincide
with R, and hence it is a compact interval [—p*,p*]. Moreover, since [*(p*) is
bounded, there exists M such that p € [—p*, p*] implies I*(p) < M.

Assume that we have a radial solution @; then, the Euler-Lagrange equation
implies that

d%" (U@ (r))r™= 1) =1"@ (r)a" (r)r" = + (n = D' (W' (r))r" 2 =0
i.e., that

1.1

(15) I ) = 1@ ) 5

.
Since @(1) — @(3) = B, for some r € (1,1) we must have @' (r) > 28; since the right
hand side of (15) is non—mcreasmg7 U(a(3) = 1(28) = U'(1).

Solve (15) as @'(r)) = (I*)' (' (@ (3))(5=)"""). Since r — ( =)™~ is convex, on
the interval 3 < r < 1 we have (27”)"_1 2 (( )" 1 1) (r— )—|—1 and, since (I*)" is
non—decreasmg, ()@ EN(E)H < (1) 2((3) % —1) (r—3)+1)).
Hence

<
<

Then, whenever 3 is larger than 2 1 )M , problem (1) admits no radial

r2((dHr-1-1
solution.
b) Let u € WH1(Q) be a (non-radial) solution to problem (1) with Q and ¢

defined above and f larger than 2———L———M: set @ be defined as in the
r2((5)-1-1)

statement of Proposition 3. Then, @ satisfies the same (radial) boundary conditions
as u. We wish to show that
/ (|Va(z)|)dx < / (|Vu(z)|)dz.
Q Q
From Proposition 3, we infer that

V@) < — [ |Vu(wlz])ldw

NWn Jiw|=1
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and, since the map t — [(t) is increasing for ¢t > 0, we obtain that

- 1
KyﬂVu@ﬂfoiél&mm/Z:JVu@wﬂﬂmddm

Jensen’s inequality gives

(V@) < —— [ 1(Va(wlz)))dw

Wn J|w|=1

- 1
Amwmmmgém%44mwwmmmm.

Being the last integrand a radial function, passing to spherical coordinates we obtain

U = ldr = u(z)|)dz
/Ql(Vu(x))dm<nwn/% nwn/w_ll(Vu(wr)der dr—/ﬂl(|V (x)])d

so that @ is a radial solution to Problem (1). This contradicts point a). O

and hence
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