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Notations

No set of naturals without O.

Ro set of reals without 0.

Ly set of integers without 0.

B,.(b) ball of radius r centred at b.

D (b) half-ball of radius r, centred at b, p 57.

C§o () space of C'* functions on 2 with compact support.

D}qf(Q) completion of C§°(Q2\{a}, C) with respect to the norm
16V + Aa) - |2, P 12.

HY () completion of {u € C®(Q,C) : uw = Oina

a

neighbourhood of a} with respect to the norm
(1Y + Aq) - HZLQ(Q) + |- ”%2(9))1/2, p. 12.

D}fg (RY,C) completion of C§°(RY,C) with respect to the norm
||(zz—:V + A) . ||L2(RN), P 129.

H) .(RY,C) {ue L>(RY,C) : (ieV + A)u € L*(RN)}, p 130.

H} v (RN,C) {u € DLLRN,C) ¢ [on Vu> < +oo}, p 131.

X {ue Hj . (RY,C) : uog=u}, p137.

-1 -1l 181,

2 2\1/2

deyi (7, y) ((an — py)” + (z3 — y3) ) ; P 126.

chl(CL’,T) {y S R3 : dcyl('xay) < ’I“}, P 126.

Dk k-th eigenfunction of the Laplacian with Dirichlet
boundary conditions.

Ak k-th eigenvalue of the Laplacian with Dirichlet bound-
ary conditions.

o k-th eigenfunction of the magnetic operator

(iV + A.)%, p 12.
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f(x) = O(g(x))
f(x) ~g(x)
f(z) = o(g(x))
Oa

interior zero of or-
der h/2
boundary zero of or-
der h/2

Notations

k-th eigenvalue of the magnetic operator (iV + A4,)?,
p 12.

hmsupm%xo ’f(l')/g(ﬂf” < —|-OO, p 61
limg a0 | f(2)/g(2)] € (0, +00), p. 61.
lim, ., f(z)/g9(z) =0, p. 61.

polar angle around a, p 29.

critical point at which meet h arcs of nodal lines, p 17.

boundary point at which meet h/2 — 1 arcs of nodal
lines, p 21.
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Chapter

Introduction

This thesis is based on three articles [1-3]. All the simulations were provided
by Virginie Bonnaillie-Noél.

1.1. General setting

The main interest of those works is to study Schrodinger equations in the
presence of a magnetic force, with magnetic potential A : Q — R¥, where
A(z) = (A1(2),...,An(7)). The domain  is an open subset of RY or RY
itself and N > 2. The magnetic potential A is linked to the magnetic field
B = {Bij}i,jzl---N by the relations

5 0A; A

= — , i,j=1,...,N.
J 8%‘1 al‘j J

More precisely, in the differential geometry language, the two-form wp =
Zi\fj:l B;; dz; Adz; is the exterior derivative of the one-form wy = ZZZ\LI A; dx;
canonically associated to the vector field A. In the special case of dimension
N = 3, B is the standard magnetic field, where

B = (B3, B31,B12) = V x A.

In dimension N = 2, B is given by the unique component B but can also be
seen as a field in dimension 3, orthogonal to the plane, that is

A= (Al,AQ,O) and B = (0,0,Blg).

The magnetic momentum is given by (p+ A), where p was the usual momentum
of a physical system without external magnetic field, and thus the magnetic
operator, defined as

(1eV + A)? = —e> A+ 2ic A-V +ic V- A+ |A]?



Chapter 1. Introduction

will replace the standard Laplacian. Physically, ¢ = h is the Planck constant.
There are two physical relevant situations, the first for which ¢ is fixed, and
then we can set € = 1, and the other one for which ¢ — 0. Those two different
cases are respectively studied in Chapter 2 and Chapter 3. We remark that the
magnetic field B remains unchanged under the transformation A — A’ = A+Vy.
This corresponds to a spectral invariance with respect to the gauge group. In
this thesis, a gauge transformation is given by ¥ — ¢’ = e*X/¢¢, under which
the operator changes as follows

eX/%(ieV + A)2e™ X/ = (1eV + A")2.

A large amount of magnetic potentials may be considered, which need not
necessarily to be bounded or smooth. For example in dimension N = 3,
the physically interesting case of the constant magnetic field B = (0,0,1)
is associated (up to a gauge transformation) to the magnetic potential A =
%(—xg, x1,0) which growths linearly at infinity. For those two reasons, when
working in the whole RY, we usually assume that A € L2 (RY,RY), such that
(ieV + A)u makes sense as a distribution when acting on functions u € L2(RY).
For more details, see for example [4].

Here, we recall the diamagnetic inequality. The physical idea of such inequality
is that the energy of the system is increased by the addition of an external

magnetic field.

Theorem 1.1.1 (Diamagnetic inequality, [5, Theorem 2.1.1], [4, Theorem 7.21]).
Lete >0 and A : RY — RN be in L? (RY) and assume that u is in L?(RY)

loc

with (ieV + A)u € L>(RY). Then |u| € H'(RY) and
e|Viu|| < [(ieV + A)ul, a.e. in RY.

By using the inequality above, we can obtain a magnetic Hardy inequality
for functions u € L?(RY) such that (icV + A)u € L?(RY)

2
62/ %d$< 2 / (ieV + A)u|? dz.
RN |IL'|2 - N -2 RN

We immediately notice that this inequality is not valid in dimension N = 2.

Nevertheless, in dimension N = 2, another interesting magnetic potential
was consider by Bohm and Aharonov. For a = (a1,as) € R? and x = (21, 12) €
R?\{a}, this potential has the form (up to some gauge transformation)

Ag(21,72) = @ (— ook e ) - (1.1

(1 —a1)? + (2 — a2)?’ (21 — a1)? + (2 — az)?
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This potential has the particularity to be singular at a € R?, and to have a non
zero circulation a € Ry around a (of course the case a = 0 is trivial since we
recover the usual Laplacian), given by

o= 1 A, - dz,
2m J,
for a closed path ¢ winding once around the singularity a. The associated
magnetic field is a 2ra-multiple of the singular Dirac delta distribution at a,
orthogonal to the plane.

Obviously A4, is not in L?, (R?) since it has a strong singularity at a. However,
it is in L} (R?) N C>®(R?\ {a}).

Physically, this situation arises when we consider an infinitesimally thin
solenoid, generating a magnetic field orthogonal to the plane and null outside
the solenoid. This potential A, gives rise to the Aharonov-Bohm effect, see [6],
which says that a charged particle constrained in a region where the magnetic
field is zero will nonetheless be influenced by the presence of the Aharonov-Bohm
potential. From a topological point of view, we can say that A,, by means of
its circulation «, influences the particle trajectories not homotopic to a point
(see [5, Notes p47]).

In that case, a diamagnetic inequality still holds as long as we take care of
the strong singularity at a.

Theorem 1.1.2 ([7, Lemma A.1], Diamagnetic inequality). Let ¢ > 0 and A,
be as in (1.1). Then, the following inequality holds for every u € C§°(R?\{a}).

e|V|ul| < [(ieV + Ag)ul, a.e. in R

Moreover, even if we are in dimension N = 2, we notice that we recover
an Hardy inequality by adding this Aharonov-Bohm potential, as long as its
circulation is not an integer.

Theorem 1.1.3 ([8, Theorem 3]). Let ¢ > 0, A, be as in (1.1) and o ¢ Z.
Then,

2
52/ B P O/ (ieV + Ag)ul* dz, u € C§°(R*\{a}),
R R?

2 |z — al?
where C' = (mingez | — k|) 2. Moreover, this constant is sharp.

When the circulation is an integer, the magnetic Hardy inequality does not
hold any more. This is due to the fact that (icV + 4,)? is gauge equivalent to
the Laplacian in that case, see for example [5, proposition 2.1.3] (more details
will be given in Chapter 2).

For more details about Schrodinger equations with magnetic potentials, we
refer to [5, 9—11].
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1.2. The linear Schrodinger equation: an
eigenvalue problem involving the
Bohm-Aharonov potential

The non-relativistic linear Schrodinger equation in presence of a magnetic
potential A has the form

igllf(x,t) - (ihV — qA)? U(z,t) + U(z)¥(x, t), reRY.
ot 2m
Here, h is the Plank constant, m the mass of the particle, ¢ its charge and
U : RY — R some time-independent scalar potential. In the following, we
will consider m = 1/2 and ¢ = —1 for simplicity, A = 1 since it plays no role.
This equation appears in non-relativistic quantum mechanics and describes the
state of a particle of mass m and charge ¢ constraint in the potential well U,
in presence of an external magnetic field B, having source in A. The quantum
interpretation of the wave function W is probabilistic, in the sense that |¥(x,t)|
represents the probability amplitude of the particle to be in a position z € RY
at a time t. It is the reason why the interesting physical states are those such
that [on [¥(2,t)|* dz is finite. For more informations, see for example [12].
The search of stationary states solutions given by

U(x,t) = e Flu(z), (1.2)
leads to consider the time-independent linear Schrodinger equation
(iV4+ A u+ Ux)—Eu=0, xRV (1.3)

Those stationary states correspond to states of fixed energy E. Equation (1.3)
may be seen as an eigenvalues equation, where u and E are respectively the
eigenfunction and eigenvalue of the linear operator

(iV 4+ A + U,

the Hamiltonian which gives the energy of the particle.

Equation (1.3) can also be studied in an open bounded domain Q of R¥,
where Dirichlet boundary conditions are imposed on 0f2, that is u = 0 on 0f2.
This situation can be understood saying that the particle is trapped in an
infinite potential well, its probability of presence being therefore zero outside 2.

The Aharonov-Bohm effect mentioned above tells us that a charged particle
confined in a region where the magnetic field is null will be influenced by the
magnetic potential A,. Therefore, the energy of such particles will be influenced
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by the presence of the potential, with respect to the case without magnetic
potential. It is then interesting to study the spectrum of the Hamiltonian
(iV + A,)?, for A, given by (1.1).

In Chapter 2, based on [1, 2|, we work in a bounded and simply connected
set QO C R?, and for any a € €2, we consider the magnetic potential having the
form (1.1). We look at the eigenvalue problem

(iV + Au) %0} = Xpolt in Q
0y =0 on O0f).

As already said, this equation describes the motion of a charged particle,
constrained in an infinite potential well, and influenced by the magnetic potential
A,. Standard spectral theory implies the existence of an increasing and diverging
sequence of positive eigenvalues A}, counted with their multiplicity, and of
associated eigenfunctions (¢, normalized in L?({2). Moreover, those eigenvalues
verifies a min-max characterization.

More particularly, we are interested in studying the behaviour of the eigen-
values when the singular point @ moves inside {2 and eventually approaches the
boundary 0€2. Our first result states that this map has a continuous extension up
to the boundary 052, and is regular inside €2 under some additional assumption.

Theorem 1.2.1. Let k € Ny and b € (.

(i) The map a — A} has a continuous extension up to the boundary OS.
More precisely,
A = ks as a — 0SY,

where N is the k-th eigenvalue of the Laplacian with Dirichlet boundary
conditions on Of).

(i) If \b is simple, then the map a — \¢ is C*° in a small neighbourhood of
b.

The continuous extension up to the boundary may be understood from a
topological point of view. When the singularity a is on 0€2, the domain Q\ {a}
is simply connected, and equal to () since €2 is open. The particle will not
experience any more the magnetic potential.

From this first result, we can deduce that the map a — A} has at least one
extremal point inside €2, even if it is not necessarily differentiable. Then, we focus
on the interior critical points of a — A, and more particularly on the relation
between the critical points of that map and the nodal set of the corresponding
eigenfunctions. Those problems are related to some shape optimization problems.
We refer to the discussion in the introduction of Chapter 2 for more details.
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Next, we are interested in studying the behaviour of A} as a — 02. In
that case, we need to impose some minimal regularity on €2, and for simplicity
we assume that € is of class C'°*°. Some interesting questions are for instance
to understand how fast A}, converges to A\, and what determines this rate of
convergence; or does the convergence holds from above or from below. At
first, we observe that A\{ > A; as follows from the diamagnetic inequality.
Nevertheless, this is not valid for the other eigenvalues. We can prove the two
following theorems.

Theorem 1.2.2. Let a =1/2, Q be of class C™ and b € 0N). Let ¢y, the k-th
etgenfunction of the Laplacian, having n > 1 nodal lines ending at b and denote
by I' a piece of nodal line. Then, there exists C' > 0 independent from a such
that

A< g — Cla — b2 asa—b,acT.

Theorem 1.2.3. Let a = 1/2, Q be of class C*° and b € 0). Assume that py,
has no nodal lines ending at b. Then, there exists C > 0 independent from a
such that

Ak < A¢ — C (dist(a, 09))? as a — b.

This last theorem provides a kind of local diamagnetic inequality when a
converges to a point where no nodal lines of the eigenfunction of the Laplacian
ends.

1.3. Nonlinear Schrodinger equation: a
semiclassical problem

The nonlinear Schréodinger equation in presence of an external magnetic field is
given by

i%\ﬂ(:c,t) = (ihV + A’ U(z,t) + U(2)¥(x,t) — (U2 (x, 1), r € RV,

We considered again m = 1/2 and ¢ = —1. A typical example of non linearity
is the following

Flul*)u = KlulP~?u,

for p > 2 and k either positive or negative. When A = 0, this equation
appears in many physical contexts. For example it provides a good description
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of Bose-Einstein condensates, where we can make the approximation that all
the particles are in the same state, described by the wave function W. The
interactions between the particles of the system are modelled by some effective
potential, generated by summing the contribution of all components of the
system (mean field). This gives rise to the nonlinear term (in general with
p=4).

Another important context in which the nonlinear Schrodinger equation is
used is the nonlinear optic, where it studies the propagation of a strong light in
a nonlinear medium, for example in an optic fiber. The nonlinear term comes
from the interaction with the medium in which the light is propagating, and is
due to the fact that the refraction index depends on the intensity of the light.

Many other physical situations can be modelled or described by this equation,
such as fluid mechanics where the nonlinear Schrodinger equation describes the
motion of a wave envelop, plasma physics, supersolids. For more informations,
we refer to [13-15].

We will concentrate on the case k = 1 (which is equivalent to k > 0 by a
renormalization of the functions) and look for standing waves solutions (1.2).
We are then reduced to study the time-independent nonlinear Schrodinger
equation in presence of a magnetic field,

(ihV + A u+ (U(z) — E)u= f(jul®)u, =z eRN.

We rewrite V(xz) = U(x) — E for simplicity.

An interesting situation to consider is the semiclassical limit of this equation.
Formally, this arises when we let the parameter h — 0. This was first studied
when A = 0. In that case, we can perform a rescale of the equation

vr(y) = u(yo + hy)
around some yy € RY. Then vy, solves
—Avp + V(yo + hy)vn = |[valP > vp, y e RV,

By making some assumptions on the potential V', let’s say that V' has a global
and positive minimum (we stress that this hypothesis is not complete and
neither the most general one. However, we do not enter in the details here since
there is an extensive literature concerning semiclassical limit and the class of
possible V is very large), we can deduce that the rescaled function vy converges
in some sense to a limit function v solving

— AT+ V(yo)v = |[0|P~ 22, ye RN,
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if yo is the minimal point of V. We then say that the solution u concentrates
at the global minimum of V' in the semiclassical limit. This can be understood
since classically, a object will tend to place himself in a minimum of the potential.
Later on, some semiclassical solutions concentrating around local minimum (or
even other critical points) were found.

Next, we can also focus on solutions having a given symmetry. If we look
for example at the radial symmetry, which is the first interesting case, with
V radially symmetric, that is V(z) = V(|z|), then we can exhibit solutions
concentrating on a sphere. Moreover, the radius of this sphere has to be a
critical point of the concentration function M(r) = r “ly 5t s (this was
proved in [16]). Solutions concentrating around other higher dimensional sets
were then studied. We remark that this discussion will be made in more details
in the introduction of Chapter 3.

In presence of a magnetic field, a natural question is to ask if the location of
the concentration of the semiclassical solutions will be affected by this field. In
the case without any symmetries, it was showed that the semiclassical solutions
concentrate around critical points of the potential V. In some sense, we can
say that the semiclassical solutions do not see the magnetic potential.

However, some interesting effect arises when we look at semiclassical solutions
carrying some symmetries and concentrating around higher dimensional sets.
This is the situation discussed in Chapter 3, based on [3]. In that case, we show
that the magnetic potential influences the location of the concentration. In
Chapter 3, we consider the equation in a cylindrical setting in R?. Namely, we
look for solutions being invariant under the rotations given by

cosa —sina 0
Jo = | sina  cosa 0 |, a € [0,27),
0 0 +1

and concentrating around circles. We considered potentials V' invariant under
the same transformations, depending on p = (23 +23)'/? and |z3|, and magnetic
potentials A equivariant under those rotations, that is g, A(g;'x) = A(x) for
every z € R3. A typical example of magnetic potential verifying that condition
is A = b(—z2,21,0) = b(—psinb, pcosf,0), corresponding to the uniform
magnetic field B = (0,0, 2b). We prove that the radius of the circle around which
the semiclassical solution is concentrating is determined by the concentration
function

M(p,x3) = p(V+A3)ﬁ,

where A, = A - e, is the tangential component of A to the circle, e, =
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(—sin @, cos 0,0). If we restrict ourself to the particular case of cubic nonlinearity
p = 4, we can for example prove the following.

Theorem 1.3.1. Let V(p) = 1/p? and A = b(—psiné, pcosd,0). Then, there
exists a solution concentrating in the plane {x3 = 0}, on a circle of radius
1/(3b%)1/4, which corresponds to a minimum of the concentration function

1
M(p,x3) =p (; +b° pz) :

The presence of the magnetic field influences then the semiclassical limit to
produce a solution concentrating on a sphere.
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Aharonov—Bohm operators with
varying poles

2.1. Introduction

2.1.1. Aharonov-Bohm operators

Let Q C R? be an open, simply connected and bounded domain. For a = (a1, as)
varying in 2 and eventually approaching the boundary 0f2, we consider the
magnetic Schrédinger operator

(iV + Au)? = —A+iV - Ay + 204, - V + | A, ? (2.1)

acting on functions u : {2 — C with zero boundary conditions on 92, A, being
a magnetic potential of Aharonov-Bohm type, singular at the point a. More
specifically, the magnetic potential has the form

To — a9 1 — a1
(1 —a1)? + (v2 — az)?’ (z1 — a1)? + (x2 — az)?

Ay(z) = @ (— ) + Vx, (2.2)
where x = (z1,22) € Q\ {a}. The fixed constant o € (0,1) represents the
circulation of A,, while Y € C?(2). Since the regular part y does not play a
significant role, throughout the paper we will suppose without loss of generality
that y = 0 (in other words, we fix the gauge, see Section 2.2 for more details).

Such magnetic vector potential is generated by an infinitesimally thin solenoid
orthogonal to the plane, and the associated magnetic field V x A, is a 2ra-
multiple of the Dirac delta distribution at a, orthogonal to the plane. The
resulting magnetic Schrédinger equation describes the motion of a non relativis-
tic, spinless and charged quantum particle constrained in an infinite potential
well and interacting with the point magnetic field V x A,. That particle moving
in 2\ {a} will be affected by the magnetic potential, although it remains in

10
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a region where the magnetic field is zero. This is the Aharonov-Bohm effect,
see [6]. We can also think at the particle as being affected by the non-trivial
topology of the set Q\ {a}.

Two natural spaces to study the operator (2.1) are given by Di{f (©2) and
H}la (), respectively with and without vanishing boundary conditions on 2.

More precisely, D}L‘f(ﬂ) is defined as the completion of C§°(Q\{a},C) with
respect to the norm

||u||17114§(9) = |0V + Aa)ull £2(0),
while H) () is defined as the completion of the set

{u e C*(Q,C), u vanishes in a neighborhood of a}

with respect to the norm

. 1/2
bl @ = (16 + AdulZaq) + lul32o) )

We recall several properties of those spaces in Section 2.2.

The domain of the operator (2.1) will be one of the two previously defined
function spaces. The operator, with values into its dual space, is the Riesz
one and is obviously self-adjoint: for any pair of functions u,v € Dllél’f (),

/
(iV + Ay)%u € (Di‘f(ﬂ)) (or respectively for H} (£2)) and

(Y + Ag)?u,v) = /Q(iV + A GV F A,

We are interested in the following weighted eigenvalue problem
(iV + Aa)*gf = M p(x)gf,  with  off € D3*(Q). (2.3)

In Sections 2.3, 2.4, 2.5 and 2.6, we will consider

while in Section 2.7, in which we make the additional assumption that €2 is of
class C'*°, p satisfies

peC™®(Q), px)>0, ze. (2.4)

The weight p(z) (when different from 1) has the role of incorporating the
curvature of the domain when the boundary is locally flattened by a conformal

11
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change of variables, as we will see in Section 2.7. Of course, our main interest
is the case p(z) = 1. By standard spectral theory, and by the self-adjointness of
the operator, the spectrum of the operator consists of an increasing positive
sequence of eigenvalues, of finite multiplicity and counted with their multiplicity
(for more details, see Section 2.2). We will denote those eigenvalues by Ag,
k € Ny, and the corresponding eigenfunctions, normalized in the L?((2, p)-norm,
by ¢¢. We will reserve the notation Ay, ¢y, for the eigenvalues and eigenfunctions
of the Laplacian with weight p(x) in 2 and with zero boundary conditions (again
increasing and counted with their multiplicity).

At first, as a consequence of the diamagnetic inequality, the first eigenvalue
is increased by the presence of the magnetic potential (see [8, 17, 18]). Indeed,
since the first eigenvalue is defined by an infimum, the addition of a magnetic
potential immediately affects its value by increasing it. This is not the case for
higher eigenvalues, defined by a min-max (for more details, see Section 2.2),
which show a more complex behaviour, which has been numerically detected and
depicted in Figure 2.1. In that figure, the angular sector X/, of aperture 7 /4
is represented with a dark thick line. Outside the angular sector are represented
the eigenvalues A of the Dirichlet-Laplacian on 3,4 (which do not depend
on a). As expected, the first eigenvalue presents a maximum, and its minimal
value is attained on 90X, /4 by A;.

Such a rich structure calls for some theoretical explanation. In the following,
we shall focus our attention on the extremal and critical points of the maps
a = A\

2.1.2. Motivations: spectral minimal partitions

A first motivation is, as said before, to understand how the presence of an
Aharonov-Bohm potential can affect the spectrum of the operator (2.1).

Another important motivation is that the particular case of half-integer
circulation, o = 1/2, gives rise to a partition problem. In general, the nodal set
of a complex regular function u, defined as

N(u) :={zeQ : u(zx) =0},

is made of points since it corresponds to the intersection of the nodal sets of the
real and the imaginary parts of u. However, in the particular case of half-integer
circulation, the nodal set of the eigenfunctions ¢j of the magnetic operator
(2.1) is composed of smooth curves and of clustering points (where the curves
meet), determining then a partition of the domain €2, in the same way that
the nodal set of the eigenfunctions ¢, of the Laplacian determines a partition
of the domain. Moreover, this set N'(¢%) can be characterized more precisely.

12
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Vo)
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(a) ar> A§ (b) a— A (c) a— A
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@ Qe0
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(g) ar A2 (h) a+ A§ (i) a A§

Figure 2.1.: First nine eigenvalues of (iV + A,)? for a varying in X, /4-

Roughly speaking, we can say that, away from the singularity a, ¢} behaves
in the same way as an eigenfunction of the Laplacian, while there is always an
odd number of half-lines meeting at the point a. This last property is inherent
to the magnetic operator, since in the case of the Laplacian, there is always an
even number of nodal lines meeting at the clustering points. Therefore, critical
positions of the moving pole can be related to optimal partition problems.
We first introduce briefly the notion of spectral minimal partition, for more
details see for example [19-25]. For k € Ny, we define an open, connected
k-partition of Q as a family D = (D, ..., D) such that the D; are open and
connected for i =1,...,k, D; N D; = () for i # j and uk_ D; C Q. We call Dy,
the set of all open, connected k-partitions. For a given partition D € Dy, we

13
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consider

A(D) := max A\ (D;),
i=1---k
where \1(D;) is the first eigenvalue of the Dirichlet-Laplacian on D;. Then, we
take the infimum over all the open, connected k-partitions
Lr(02) = Dléllf?k A(D).
The spectral minimal k-partition is the partition D € Dy which achieves L (€2).

The existence of such partition has been proved in [26-28]. The relation
between spectral minimal partitions and nodal domains of eigenfunctions has
been investigated in full detail in [19-21, 25, 29-31]. By the results in [19], in
two dimensions, the boundary of a spectral minimal partition is the union of
finitely many regular arcs, meeting at some multiple intersection points and
equally dividing the angle. Moreover, if the number of half-lines meeting at
such intersection point is even, it was proved that the partition is nodal, i.e. it
is the nodal set of an eigenfunction of the Dirichlet-Laplacian corresponding to
the eigenvalue L (2).

On the other hand, the results in [22-24, 30, 32] suggest that the minimal
partitions featuring one, or more, clustering point of odd multiplicity should be
related to the nodal domains of eigenfunctions of Aharonov-Bohm Hamiltonians
which corresponds to a critical value of the eigenvalue with respect to the moving
pole. In particular, in [30, Theorem 5.1], the authors proved the following. They
considered a bounded, not necessarily simply connected domain Q C R?, with
piecewise C! boundary and which presents m holes B;, i = 1,...,m. Some
singularities a1, ..., a; are disposed either in §2 or in the B;, with at most one
singularity in each hole. If it exists, they denoted by Lj(€2) the lowest eigenvalue
of the magnetic operator with [ poles (for the precise definition, see their article)
such that the corresponding eigenfunction exhibits k nodal domains. Otherwise,
Li(Q2) = 400. They proved the following characterization for the spectral
minimal k-partition

leNay, - ,a;

2.1.3. Main results

Our first result states the continuity of the magnetic eigenvalues with respect
to the position of the singularity, up to the boundary.

Theorem 2.1.1. For every k € Ng and for every a € (0,1), the function
a € Q — A € R admits a continuous extension on ). More precisely, as
a — 0N, we have that \¢ converges to Ay, the k-th eigenvalue of —A in Hg ().

14
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As an immediate consequence of this result, we have that the map a — A,
being continuous in {2 and constant on 0f2, always admits an interior extremal
point.

Corollary 2.1.2. For every k € Ny and for every o € (0,1), the function
a € Q= A €R has an extremal point in €.

Heuristically, we can interpret the previous theorem thinking at a magnetic
potential Ay, singular at b € 0Q2. The domain Q \ {b} coincides with 2, so
that it has a trivial topology. For this reason, the magnetic potential is not
experienced by a particle moving in €2 and the operator acting on the particle
is simply the Laplacian.

This result was first conjectured in the case k = 1 in [32], where it was applied
to show that the function a — A{ has a global interior maximum, where it is
not differentiable, corresponding to an eigenfunction of multiplicity exactly two.
Numerical simulations in [23] supported the conjecture for every k € Ny, as
well as the simulations presented in Figure 2.1. We note that the continuity
of the eigenvalues with respect to multiple moving poles has been obtained
independently in [33].

We remark that the continuous extension up to the boundary is a non-trivial
issue because the nature of the operator changes as a approaches 0€2. This fact
can be seen in the more specific case &« = 1/2, which is equivalent to the standard
Laplacian on the double covering defined as {(z,y) € C*|y?> =z —a, z € Q},
where we identify R? and C (see [32, 34, 35] and Section 2.2). We can then
consider either a problem on a fixed domain 2, with a varying operator (iV+A4,)?
(which depends on the singularity a), or a problem with a fixed operator, the
Laplacian and a varying domain, the double covering. The study of the continuity
of the eigenvalues A, when a moves in {2, is equivalent to the study of the
continuity of the eigenvalues of an elliptic operator when the domain is varying
(for the convergence of the eigenvalues of elliptic operators on varying domains,
we refer to [36, 37]). In this second case, the singularity is transferred from the
operator into the domain. Indeed, when a approaches the boundary, the double
covering develops a corner at the origin. In particular, [21, Theorem 7.1] cannot
be applied in our case since there is no convergence in capacity of the domains.

In the light of the previous corollary it is natural to study additional properties
of the interior extremal points of the map a — A?. Our aim is to establish a
relation between the nodal properties of ¢ and the vanishing order of |\ —\?| as
a — b. First of all we will need some additional regularity, which is guaranteed
by the following theorem in case of simple eigenvalues. Before stating the
theorem, we remark that by simple eigenvalue we mean that the eigenvalue is
associated to an eigenspace of complex dimension 1. Then, if ¢ and 1 are two
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normalized eigenfunctions associated to A, there exists a constant g € R such
that ¢ = eP1).

Theorem 2.1.3. Let b € Q and o € (0,1). If \b is simple, then, for every
k € Ng, the map a € Q — A} is locally of class C*° in a neighbourhood of b.

In order to examine the link with the nodal set of the eigenfunctions, we
shall focus on the case a = 1/2. In this case, it was proved in [32, 34, 35] (see
also Proposition 2.2.10 below) that the eigenfunctions ¢§ have an odd number
of nodal lines ending at the pole a and an even number of nodal lines meeting
at zeros different from a. We say that an eigenfunction has an interior zero
of order h/2 at a point if it has h nodal lines meeting at such point. More
precisely, we give the following definition.

Definition 2.1.4 (Interior zero of order h/2). Let f : Q — C, b € Q and

h € Np.
(i) If h is even, we say that f has a zero of order h/2 at b if it is of class
at least C"/? in a neighbourhood of b and f(b) = ... = DM?~1f(b) = 0,

while D2 f(b) # 0.

(ii) If h is odd, we say that f has a zero of order h/2 at b if f(x® +b) has a
zero of order h at 0 (here 2% is the complex square where we associated
R? and C).

The following result is proved in [32].

Theorem 2.1.5 ([32, Theorem 1.1]). Suppose that o = 1/2. Fiz any k € Ny.
If ©% has a zero of order 1/2 at b € ) then either A} is not simple, or b is not
a critical point of the map a — Af.

Corollary 2.1.6. By joining this with Corollary 2.1.2, we find that there is at
least one interior point (critical with respect to the k-th eigenvalue) enjoying an
alternative between degeneracy of the corresponding eigenvalue and the presence
of a triple (or multiple) point nodal configuration.

Under the assumption that /\Z is simple, we prove here that the converse of
Theorem 2.1.5 also holds. In addition, we show that the number of nodal lines
of ¢t at b determines the order of vanishing of [A\¢ — \%| as a — b.

Theorem 2.1.7. Suppose that « = 1/2. Fiz any k € Ng. If )\2 is simple and
¢ has a zero of order h/2 at b € Q, with h > 3 odd, then

IAE — A2 < Cla—b|h D2 gsa — b, (2.5)

for a constant C' > 0 independent from a.
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In conclusion, in case of half-integer circulation we have the following picture,
which completes Corollary 2.1.2.

Corollary 2.1.8. Suppose that « = 1/2. Fiz any k € Ng. If b € Q is a critical
point of a — A} then either /\2 is not simple, or goz has a zero of order h/2 at b,
h >3 odd. In this second case, the first (h —1)/2 terms of the Taylor expansion
of A\{ at b cancel.

When the order of the eigenfunction is at least 3/2, the corresponding nodal
set determines a regular partition of the domain, in the sense of [19], where such
a notion has been introduced and linked with the properties of boundaries of
spectral minimal partitions. It is interesting to connect the variational properties
of the partition with the characterization of the pole a as a critical point of the
map a — A¢. To this aim, V. Bonnaillie-Noél performed a number of numerical
computations. Rather surprisingly, the triple (or multiple) point configurations
in the angular sector ;4 never appear in correspondence of the maximum
or minimum values of the eigenvalues, which are always non-differentiability
points, that is corresponding to degenerate eigenvalues. We observe in particular
that any triple point configuration corresponds to a degenerate saddle point as
illustrated in Figure 2.2, see also Figure 2.5. This fact could be interesting to
understand and we will come back to it later.

We note that in a recent paper [38], the authors improved our result and
obtained a sharp estimate for )\z — A%, as @ — b, when a is moving on a half-line
tangent to one of the nodal lines of ¢! ending at b.

160.7 <.

160.6 -

o \ /.
V

160.3

e

\

r—— 0.7

/ 0.64

0.03 06

Figure 2.2.: a — Mg, 600 < m < 680,0 < n < 30}.

ac { 060> 000

We would like to mention that the relation between the presence of a mag-
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netic field and the number of nodal lines of the eigenfunctions, as well as the
consequences on the behaviour of the eigenvalues, have been recently studied in
different contexts, giving rise to surprising conclusions. In [39, 40] the authors
consider a magnetic Schrodinger operator on graphs and study the behaviour of
its eigenvalues as the circulation of the magnetic field varies. In particular, they
consider an arbitrary number of singular poles, having circulation close to 0.
They prove that the simple eigenvalues of the Laplacian (zero circulation) are
critical values of the function a — A\ («), which associates to the circulation «
the corresponding eigenvalue. In addition, they show that the number of nodal
lines of the Laplacian eigenfunctions depends on the Morse index of A;(0).

After the analysis of the interior critical points of the map a +— A}, we are
interested in studying the behaviour of the magnetic eigenvalues as the pole
approaches the boundary of the domain. In that case, we have to assume more
regularity on our domain. For simplicity, we choose €2 of class C'"*°. Our first
aim is to obtain an expression similar to (2.5) when b € 9€2. Moreover, some
phenomenon enlightened by the numerical simulations attracted our attention.
We see that the convergence A} — A; as a — 0f2 described in Theorem 2.1.1
can take place either from above or from below, depending on the value of k
and on the position of the pole, see Figure 2.5. Of course, by the diamagnetic
inequality, A{ > Ay for every a € 2. A more detailed analysis suggests that the
different behaviours are related to the position of the pole a with respect to the
nodal lines of . If the pole a moves from 02 along a nodal line of ¢y, then
the nodal line of ¢¢ should be shorter than the one of ¢y, locally for a close to
the boundary, see Figures 2.3(c) and 2.3(d). Heuristically, this determines a
decrease of the energy since ¢y, is forced to cancel on a piece of line in which
¢} is not. Indeed, we can observe in Figure 2.4(b) and 2.5 that A§ < A3 for
a approaching the point (1,0) € 92 along the symmetry axis of the circular
sector. Conversely, if a moves from 02 not on a nodal line of ¢, as in Figures
2.3(a)-2.3(b), this creates a new nodal line in the magnetic eigenfunction and
consequently an increase of the energy, as we can see in Figures 2.4(a) and 2.5,
in which Ay > A\ for a approaching the point (1,0) € 9 along the symmetry
axis of the circular sector.

Remark 2.1.9. We remark that this idea about the increase or the decrease of
the energy depending on the position of the pole can be an attempt to explain
why the triple point configurations in ¥4 appear only for saddle points and
never for minimum or mazimum points, as observed before. Again, if a moves
from b on a nodal line of %, the nodal configuration of ©¢ should present a
piece of nodal line missing with respect to goz, and then produce a decrease of
the energy. While if a moves from b on the bisector of two nodal lines of gpz, we
would expect a creation of a piece of nodal line and an increase of the energy.
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Figure 2.3.: Nodal lines of second and third eigenfunctions in ¥ 4.
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Figure 2.4.: 3-D Representation of the map a — A} in X, 4, for k = 2,3.

When the zero is of order 3/2, we obtain three directions where N is increasing
with respect to A, and three opposite directions in which it decreases. This
gives a saddle-point profile, as observed in the simulations.
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I I I I I I I I I
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2.5.: a — Af, a belonging to the symmetry axis of ¥ /4, for k =1,...,9.

The second aim is to provide a theoretical justification of these facts. Before
stating our main results, let us give the definition of order of vanishing at a
boundary point b € 9€2 of a function u, with u = 0 on 0). As we will see, this
definition makes sense only if 9f is sufficiently regular (see the case of conical
singularities in Appendix A.1).

Definition 2.1.10 (Boundary zero of order h/2). Let  C R? be open, bounded
and of class C*°. Assume that u:Q — C, u =0 on 952, b € 952 and h even.

We say that u has a zero of order h/2 at b if there exists a neighbourhood
U(b) such that u € CM2(U () N Q) and u(b) = ... = D27 1u(b) = 0 while
D" 2 (b) # 0 in U(b) N Q.

Note that, whereas when b € € a zero of order h/2 corresponds to h arcs of
nodal lines meeting at b, for b € 9N a zero of order h/2 corresponds to h/2 —1
arcs of nodal lines meeting at b. This is due to the fact that we are considering
zero boundary conditions. The following theorem explicit the behaviour of the
eigenvalues when the singularity moves on a nodal line of the eigenfunction of
the Laplacian.

Theorem 2.1.11. Let Q C R? be open, bounded, simply connected and of class
C™ and o = 1/2. Let p satisfy (2.4). Suppose that A\p—1 < A\ and that there
exists an eigenfunction gy associated to A\, having a zero of order h/2 > 2 at
b € 0N, i.e. at least one piece of nodal line ending at b. Denote by I' any such
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piece of nodal line. Then there exists C' > 0, not depending on a, such that
M <Ay —Cla—b" foracT, a—b. (2.6)

The study of the case when the pole approaches 0f) at a point where no
nodal lines of ¢y end requires additional work. The difficulty is that, in order to
prove the opposite inequality with respect to (2.6), we need some information
about the behaviour of ¢f when a is close to the boundary. In this direction,
we prove the uniqueness of the following limit profile.

Proposition 2.1.12. Let e = (1,0) and o« = 1/2. Let ¢ € H}le’loc(Ri) be a
solution to

(iV+A)*Y =0 R%
{ b=0 {21 =0}, (27)
satisfying the normalization condition
; 2
i YA ooy _ (2.8)
T—+00 ’ '

2

HwHLQ(aD:j(O))

where R3 :=R? N {z1 > 0} and D;(0) := D,(0) N {z1 > 0}. Then
(i) 1 is unique up to a complex multiplicative constant;

(it) for r > 1 we have

W(r,0) = Ce®®/? [ rcosh — B cosb + Z b—z cos(nd) |,

T r
n>3,n odd
where 5 > 0 is explicitly characterized in (2.106) and b,, € R.

Here, r, § are the polar coordinates around 0. Note that ¢ € Hy ..(R%) if
for every bounded, open set B C R? such that e € B, we have that ¢ € H}le (B).

Once the uniqueness is established, we can prove that this limit profile
provides a good description of the asymptotic behaviour of ¢f. In the following
theorem, we locally flatten the boundary of €2 near the boundary point through
a conformal transformation (see Section 2.7.1 for more details), which allows us
to work in half-balls. Then we perform a normalized blow up, which converges
to the previous profile on the half-space in the limit.

Theorem 2.1.13. Let o = 1/2. Let Q C R? be open, bounded, simply connected
and of class C*. Let p satisfy (2.4). Suppose that py has a zero of order 1 at
b € 09 (where no nodal lines end).
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Let ® be a conformal map such that =1 € C*(Q), ®~1(b) = 0 and, for
some small r > 0,

Q)N D.(0) ={x € D.(0): z; >0} = DF(0).

Then there exists K > 1 such that, denoting by a’ = (a},a%) = ®~1(a) and

vV Ka)

lefi 0 ‘I)HLz(aD;a,l(O@é))

Uy (y) e (P(aiyr, alys + ab))

we have
Y =Y in H}‘e,loc(Ri) asa— b,

where e = (1,0) and ¥ is the unique solution to (2.7)-(2.8) with multiplicative
constant C given explicitely in (2.137).

The previous two results are obtained by exploiting an Almgren-type fre-
quency formula [41, 42] for magnetic eigenfunctions, see Definition 2.7.7. This
tool has been introduced in the context of magnetic operators in [7] to obtain,
among other results, sharp regularity results for Aharonov-Bohm eigenfunctions.

The asymptotic analysis above allows us to prove the following result.

Theorem 2.1.14. Let Q C R? be open, bounded, simply connected and of class
C™. Let a« = 1/2 and p satisfy (2.4). Suppose that \j is simple and that oy
has a zero of order 1 at b € 02 (where no nodal lines end). Then there exists
C > 0, not depending on a, such that

AL > N\ + C (dist(a, 00))*  as a — b. (2.9)

Finally, we succeed to prove an exact asymptotic in the case where there is
no nodal lines ending at the boundary point.

Theorem 2.1.15. Let Q C R? be open, bounded, simply connected and of class
C™®. Let a = 1/2 and p satisfy (2.4). Suppose that \j is simple and that oy
has a zero of order 1 at b € OQ (where no nodal lines end). Then the following
asymptotic holds

. A — Ak 2
lim —2k = (Yeu(b) - )2 B,
oo @ o) (o) S

where v is the normal at b € 0Q and [ is defined in (2.104).
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Remark 2.1.16. (i) Theorem 2.1.14 establishes a local diamagnetic spectral
inequality when the pole approaches the boundary away from the nodal lines of
the eigenfunction of the Dirichlet-Laplacian.

(it) The exact behaviour as a — b € 982, b being the endpoint of one or more
nodal lines of v, but a not belonging to any such nodal line, remains an open
problem. However, when b € 0Q) is such point, we expect that \j, would increase
when a is moving from b on the bisector of two nodal lines of the Dirichlet-
Laplacian, or on the bisector of one nodal line and the boundary line.

(iit) The regularity assumption on €2 can be weakened: it is enough to have
o0 € C*7 for some v > 0, see Remark 2.7.2.

(iv) If Q presents a conical singularity, estimates (2.6) and (2.9) do not hold
at the vertex of the cone. This can be observed in the numerical simulations:
we see in Figure 2.4 that the curve a — A}, is flat as a approaches the acute
angle of the circular sector. Concerning for example N5, we see that relation
(2.9) does not hold, despite the absence of nodal lines of pa. We treat this topic
in Appendix A.1. If we particularize Theorem A.1.1 to the case of the second
eigenvalue in the cone of aperture m/4, we obtain for example

/\g Z )\2 + C|a|87

as a moves along the angle bisector.

2.1.4. Organisation of the chapter

This chapter is organized as follows. In Section 2.2, we establish more properties
of the two functional space D}%Q(Q) and H) (€2). We also recall an Hardy-
type inequality and a theorem about the regularity of the eigenfunctions ¢f.
Finally, in the case of half-integer circulation, we recall the equivalence between
the problem involving an Aharonov-Bohm type potential (2.2) in Q and the
standard Laplacian problem in the double covering. This equivalence leads us
to characterize the asymptotic behaviour of the eigenfunctions ¢ around zeros
of order h/2. The first part of Theorem 2.1.1, concerning the interior continuity
of the eigenvalues A{ is proved in Section 2.3 and the second part concerning
the extension to the boundary is studied in Section 2.4. In Section 2.5, we
prove Theorem 2.1.3. Section 2.6 contains the proof of Theorem 2.1.7. The aim
of Section 2.7 is to prove Theorems 2.1.11 and 2.1.14. For this we first use a
Riemann mapping theorem in order to flatten locally the boundary 92 around
the point b, see Subsection 2.7.1. By doing this, we recover an equation similar
to (2.3) as the new weight verify the same assumptions as the old one, see (2.4),
thanks to the regularity hypothesis on 9€). Then, we prove some Poincaré-type
inequalities in half balls. Theorem 2.1.11 is proved in Subsection 2.7.2. To
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prove Theorem 2.1.14, we need to do some more work as explained before.
First, we introduce in Subsection 2.7.3 the Almgren’s frequency formula for
the eigenfunctions ¢}, and we study some of its properties. Next, in Subsection
2.7.4 we prove Proposition 2.1.12. Subsection 2.7.5 is devoted to the proof of
Theorem 2.1.14. Finally, Section 2.8 presents some numerical simulations in
the case of the angular sector ¥ /4 and the square which illustrate the previous
results.

2.2. Preliminaries

2.2.1. Functional settings

First, we give an Hardy-type inequality involving Aharonov-Bohm potentials of
the form (2.2).

Lemma 2.2.1 (Hardy-type inequality, [8, Theorem 2], [17, Lemma 7.4]). Let
Q C R? be simply connected and of class C™ with a € Q. Let A, be as in (2.2).
There exists a constant C' > 0 such that, for every u € Hixa(Q): the following
inequality holds

u

keZ

-2
< C (min]k—oz\) H(ZV—I—Aa)uHLz(Q) (2.10)
[z — af L2(Q)

We notice that the constant depends on the circulation of the magnetic
potential A, and remains finite whenever the circulation is not an integer. As a
reference on Aharonov-Bohm operators we cite [43]. This inequality was first
obtained by Laptev and Weidl [8, Theorem 2| for functions in DZ?(Q) (and for

any domain ) and has been extended to functions in H} () in [17, Lemma

7.4] (see also [18]).

As already said in the introduction, if Q@ C R? is bounded and simply
connected, the space Dllél’f () is defined as the completion of C§°(2\{a},C)
with respect to the norm

lullpn 2y = G + Au)ul z2(en,
while H} () is defined as the completion of the set

{u € C*(2,C), u vanishes in a neighborhood of a}

with respect to the norm

' 1/2
s, @ = (16 + Adulliaay + lullfae) -
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We remark that those Hilbert spaces are considered as complex spaces.
It was proved for example in [32, Lemma 2.1] that those spaces admit the
equivalent characterizations

D;%Q)zz{uezﬂxg)- Y elﬁ«n}

: |z —al

and

Hg@n:{ueﬂxgy|xﬁdeL%m},

and moreover we have that D}L‘f(Q) (respectively H} (£2)) is continuously
embedded in HJ () (respectively H'(Q)) : there exists a constant C' > 0 such
that for every u € sz(Q) oru € Hj (Q) we have

[ull o) < CHUHD}A’E(Q) or |lullar) < Cllulluy () (2.11)

This is proved by making use of the Hardy-type inequality (2.10).

As a consequence of the continuous embedding, we have the following.

Lemma 2.2.2. Let Im be the compact immersion of Dif(Q) into its dual
(DX?(Q))’. Then, the operator ((iV + Ay)?)"t o Im : DZ?(Q) — Di‘f(Q) is
compact.

As seen in the introduction, the operator (2.1) is the Riesz one and is self-
adjoint and positive by definition. Then, ((iV + A,)?) ™! o I'm is also self-adjoint
and positive in D}L‘f(ﬂ) We deduce that the spectrum of (iV + A,)? in D;f(ﬂ)
consists of a diverging sequences of real positive eigenvalues, having finite
multiplicity, and counted with their multiplicity. They also admit the following
variational characterization

2
IR

A = inf ~ sup 5 .
wicpy? (@) eews [PlI72q )
dim Wy, =k

The corresponding eigenvalues % are taken normalized in the L?(2, p)-norm.
The value of the circulation strongly affects the behaviour of the eigenfunc-
tions, starting from their regularity, as the following lemma shows.

Lemma 2.2.3 ([7, Section 7]). Let a € (0,1). If A, has the form (2.2) then
0% € C%7(Q), where v = dist(«a, Z), a being the circulation of A,.
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2.2.2. Gauge invariance

In the introduction, we said that the magnetic potential has the form (2.2),
where y € C?. Moreover, we assumed that we could take y = 0 and « € (0,1).
Those choices are in fact not restrictive as we will explain below.

Physically, as explained in the introduction, we are interested in magnetic
potentials A, such that the corresponding magnetic field is zero in Q\{a}
(corresponding to the case of an infinitesimally solenoid), that is

V x A, =0in Q\{a}, (2.12)
with circulation

1

oy aAa-da:oze]R, (2.13)

where o is a closed path in Q\{a} winding once around a. We also want to
impose some regularity on our potential

A, € LHQ) N CHQ\{a}). (2.14)

We restrict ourself to consider a C'-regularity outside of a since in the following
we do not work with more than one derivative of A,.

The following Lemma tells us that if the circulations of two magnetic potentials
verifying (2.12) and (2.14) differ by an integer number, the corresponding
operators are equivalent under a gauge transformation, so that they have the
same spectrum (see for example [44, Lemma 2.7], [34, Theorem 1.1], [32, Lemma
3.2], [5, Proposition 2.1.3]).

Lemma 2.2.4 (Gauge equivalence). Assume that A, and Al satisfy (2.14) and
verify

V x (Ay — A') =0 in O\{al, %%(AQ—A;)-daez,

for every closed path o in Q\{a} winding once around a. Then, there exists a
multivalued function © and a smooth function x such that,

A, — Al =VO + Vyx in Q\{a}, e"OX) s smooth and univalued in Q,

and

(iV + A,)? (ei(@+X)u> = OOV + A!)2u.

We say that A, and A, are gauge equivalent.
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Proof. First, we assume that ¢ (A, — A),) - do = 0 for every closed path ¢ in
Q\{a} winding once around a. Then, there exists a smooth function y : 2 — R
such that A, — A, = Vx. The phase X is univalued and regular and the last
claim follows from it.

Now, when ¢ (A, — A),) do € Zg, we consider the universal covering manifold
Q, of Q\{a} and the associated projection IT : Q, — Q\{a}. Since Q, is simply
connected (differently from Q\{a}), we have that ¢ (A, — Al) -dé = 0 for
any closed path & in Q.. Then, there exists a smooth real valued function
O : Q, — R such that A, — fl; — VO. Let’s consider two different points p
and p’ in Q, such that II(p) = II(p’) in Q\{a}. For every path & connecting p
and p’, we have

C:)(p)—(:)(p'):/&V(:)-déz/&(fla—fl;) d5
= j({ (A, — Al) do = 272,

for some z € Z, and where o = I1(5) is a closed path. Therefore, ® = © oIl ! is
multivalued in Q\{a} but the phase €!© is well-defined and univalued in Q\{a}.
We can then proceed similarly as in the first part to conclude. O

Lemma 2.2.5. A, has the form given in (2.2) if and only if A, verifies (2.12),
(2.13) and (2.14).

Proof. First, if we assume that A, is as in (2.2), it is immediate to conclude
that it verifies the three hypothesis (2.12)-(2.14).
Next, if we assume that A, satisfies (2.12)-(2.14), we can look at

A’:a(— To — a3 T — ay )
“ (1 —a1)?+ (z2 —a2)?’ (z1 —a1)? + (z2 —a2)? )’

for which know that the same three assumptions are verified. Then, by using the
gauge equivalence of Lemma 2.2.4 (more precisely the first part of the proof),
we conclude that A, = A/, + Vy, for x € C?. O

We can deduce two other things from the gauge equivalence of Lemma 2.2.4.
First, the regular part Vy in (2.2) can be neglected since it has no influence. It
is only the gradient of a regular function that can be added leaving the magnetic
field V x A, unchanged. The second thing is that we can restrict ourself to
circulations a € (0,1) in (2.2). Indeed, if we consider two magnetic potentials
whose circulation differ by an integer, the associated magnetic operators are
equivalent and then the spectrum remains the same. We can then always turn
back to the case a € [0,1). We will neither consider the integer circulation since
in that case the magnetic operator is equivalent to the Laplacian.
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Here, we give the definition of the polar angle around a point b € R2.

Definition 2.2.6. Let b = (b1, by) € R%. For 8 € R, we define 0, : R*\{b} —

0,27) as
( To — bQ
arctan x1 > by, xo > Pay + (be — Bby)
r1 — bl
7'('/2 I1:b17$2>b2
—-b
0, = { 7™+ arctan 2 2 1 < b (2.15)
r1 — bl
37T/2 1‘1:b1,$2<b2
—-b
27 + arctan T2 7% x1 > by, xo < Px1 + (bo — Bby),
\ xr1 — b1

where we consider the following branch of the arctangent

arctan : R — (—E, z) .
22

We remark that this function 6 is multivalued. Moreover, by definition, it is
regular except on the half-line ending at the point b

I' =29 = By + (b — Bb1), x1 > by,

Here, the choice of the half-line is totally arbitrary. Note that we could also
consider I" to be a regular curve ending at b and not only a line.

Lemma 2.2.7. Let a € Q and A, as in (2.2) (for x = 0). If we consider
a reqular half-curve T' and the multivalued function 0, defined in (2.15) with
0, € C°(Q\I'), then in its reqularity set

aVl, = A,.

Proof. By using (2.15) and an explicit calculation, we easily prove the claim. [J

2.2.3. Half-integer circulation

Now, we focus on the particular case of half-integer circulation o = 1/2, for
which we can deduce several properties, despite the fact that o ¢ Z. We recall
a result proved in [34] concerning the magnetic operator (2.1) with a@ = 1/2,
which is fundamental for our analysis. The eigenfunctions of such operator
coincide, up to the complex phase e?+/2, with the antisymmetric eigenfunctions
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of the Laplace-Beltrami operator (real valued) on the twofold covering manifold
of 2. The twofold covering manifold, given by

Yo ={(z,y) eC’|y* =2z —a, z € Q},

is the Riemann surface associated to the complex square root, so that e*?+/2 is
continuous therein. We prefer to state the result in the following form, taken
from [32], where a projection is applied from the twofold covering manifold into
some flat, bounded domain of R2.

Lemma 2.2.8 ([34, Lemma 3.3], [32, Lemma 3.14]). Suppose that A, has the
form (2.2). Then the function

e*w(y)gpi(gf +a) defined in {y € C: y*> +acQ},

(here 0 is the angle of the polar coordinates around 0, we omit the index) is real
valued and solves the following equation on its domain

—A(eT Wty +a)) = A (y)e Wt (y? +a), P (y) = 4lyl*p(y* + a).

The projection allows us to recover the continuity of the phase thanks to
the relation eifa(¥’+0)/2 = ¢i0(¥)  Ag consequence of this result, the magnetic
eigenfunctions behave, up to a complex phase, as the real eigenfunctions of the
Laplacian far from the singular point a. The behaviour near the singularity
is, up to a complex phase, that of the square root of an elliptic eigenfunction.
Moreover, because of the equivalence with the antisymmetric eigenfunctions of
the Laplacian, the magnetic eigenfunctions always possess an odd number of
nodal lines ending at a, as stated below in Proposition 2.2.10.

Since we are interested in the shape of the nodal lines, let us first recall the
known results concerning the elliptic eigenfunctions in the plane.

Proposition 2.2.9 ([45, equation (5”)], [19, Theorem 2.1]). Let Q C R? be
open, bounded, simply connected and of class C*. Let p satisfy (2.4). If pi has
a zero of order h/2 at 0 € ), then h is even and we have

or(r,0) = rh/2 {ch cos (g@) + dp, sin (g@)} + g(r,0),
with x = re? € Q, 2 +d? # 0 and

. Mg, )llereon,)
}1_1;1}) TJ’L/Q = 0. (216)

In addition, there is a positive radius R such that
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(i) if 0 € Q then (pr) 1 ({0}) N Dg(0) consists of h arcs of class C*°, whose
tangent lines divide the disk into h equal sectors;

(ii) if 0 € O then (¢r) 1 ({0}) N Dr(0) NQ consists of h/2 — 1 arcs of class
C>, whose tangent lines divide the half disk into h/2 equal sectors.

The behaviour near the boundary at point (ii) above can be deduced from
point (i). Indeed, since the boundary is regular, it can be locally rectified as
described in Lemma 2.7.1 below. By performing an odd extension, we transform
the boundary point into an interior point of type (i).

We summarize below the local properties of the magnetic eigenfunction near
the pole. The proofs can be found in [7, Theorem 1.3], [34, Theorem 2.1] and
[32, Theorem 1.5] (see also [45]).

Proposition 2.2.10. There exists an odd integer h > 1 such that ¢f has a
zero of order h/2 at a. Moreover, the following asymptotic expansion holds near
a

©5(ra,0q) = eigTarg/Q {ch(a) cos (h%a) + dp(a) sin (h%)} +9(ra,0q) (2.17)

where ¥ — a = rqee, cp(a)? + dp(a)? # 0 and g satisfies (2.16). In addition,
there is a positive radius R such that (¢$)~*({0}) N Dg(a) consists of h arcs of
class C*°. If h > 3 then the tangent lines to the arcs at the point a divide the
disk into h equal sectors.

We remark that we can put in front of (2.17) an additional complex phase.

2.3. Continuity of the eigenvalues with respect to
the pole in the interior of the domain

In this section we prove the first part of Theorem 2.1.1 for p(x) = 1, that is the
continuity of the function a — A when the pole a varies inside €.

Lemma 2.3.1. Given a,b € ), there exists a radial cut-off functionn, : R? — R

such that ne(z) = 0 for |x —a| < 2|b — al, na(z) =1 for |z —a| > /2|b— q|
and moreover

/(|V77a|2—|—(1—773)) dr -0 asa—b.
R2
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Proof. Given any 0 < ¢ < 1 we set

0 0<|z|<e
log e — log |z|
(@) loge —log /e eslel= e

1 x> /e

Choosing ¢ = 2|b — a| (provided the fact that a is sufficiently closed to b)
and n,(x) = n(x — a), an explicit calculation shows that the properties are
satisfied. 0

Lemma 2.3.2. Given a,b € Q, there exist 0, and 0, such that 0, — 0, €
C®(Q\ {ta+ (1 —1t)b, t € [0,1]}) and moreover in this set we have

aV(0, — 0,) = Ag — Ay,

Proof. Let a = (a1,a3) and b = (b1, b2). Suppose that a; < by, the other cases
can be treated in a similar way. By Lemma 2.2.7, we know the existence of a
multivalued function 6, given by (2.15) (for b = a). We choose the discontinuity
I' to be the half-line starting from a and passing through b

by — as azby — baay
_ T

I'= , Ty >aq.

by —ay by —ay

The definition of 6, is analogous: we keep the same half-line I', whereas we
replace (a1, az) with (b1, b2) in the definition of the function. One can explicitely
verify that 6, — 0, is regular except on the segment from a to b. O

Recall that in the following ¢f is an eigenfunction associated to Aj;, normalized
in the L?-norm. Moreover, we can assume that the eigenfunctions are orthogonal.

Lemma 2.3.3. Given a,b € €, let n, be defined as in Lemma 2.5.1 and let 6, 0,
be defined as in Lemma 2.5.2. Fix an integer k > 1 and set, fori=1,...,k,

(0, —0p)

p;=e 77a90£‘)-

Then ¢; € D}qj(Q) and moreover for every (au,...,ax) € C* it holds

k k k
(L=l D aitliai) < 1) aidilliam) < kI Y aillliz ().
i=1 i=1

=1

where e, — 0 as a — b.
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Proof. Let us prove first that ¢; € DZ?(Q) By Lemmas 2.3.1 and 2.3.2 we
have that 6, — 0, € C*°(supp{n.}), so that ¢; € H}(Q). Moreover @;(x) = 0 if
|z — a| < 2|b— al, hence @;/|r — a| € L?(Q). We conclude by using the other
characterization of D}L"f (©2). Concerning the inequalities, we compute on one
hand

k k k k
| ZaiSEiH%?(Q) < kZ |ai\2||77a90?”2L2(Q) < kZ i * = K| ZaW?HQB(Q)v
i=1 i=1 =1 =1

where we used the inequality Zf jo ity <k Zle |a;|? and the fact that the
eigenfunctions are orthogonal and normalized in the L?(Q2)-norm. On the other
hand we compute

I Zaz%Hm(Q) — | Z%%HB(Q) Z O‘ZO‘J/ (1 —n2)e; "0? de.
1,7=1

Thanks to the regularity result proved by Felli, Ferrero and Terracini (see
Lemma 2.2.3), we have that ¢? are bounded in L*°(f2). Therefore the last
quantity is bounded by

Cerom Ja-m d:c—cmrzazmmm [ =) da

and the conclusion follows from Lemma 2.3.1. O

We have all the tools to prove the first part of Theorem 2.1.1. We will use
some ideas from [21, Theorem 7.1].

Theorem 2.3.4. For every k € Ny, the function a € 2 — A}, € R is continuous.
Proof. We divide the proof in two steps.

Step 1. First we prove that

: b
limsup A\f < Aj.
a—b

To this aim it will be sufficient to exhibit a k-dimensional space Ej, C Dzqu(Q)
with the property that

||(I>||%2,2 ()\k +¢€l) ||<I>||2L2(Q) for every ® € Ej, (2.18)
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with &/ — 0 as a — b. Let span{¢},..., %} be any spectral space attached to
Ao, /\2. Then we define

1a(0,—0p)

Ey :=span{p1,...,¢r} with @;=e Nal,i=1,...,k.

We know from Lemma 2.3.3 that Ej, C Di{f (©). Moreover, it is immediate to
see that dim Ej = k. Let us now verify (2.18) with & = Zle a; i, a; € C. We
compute

2

k

1910y = [ |30 0sl6Y + An)(agh)| da
=1
k

= /Q Y @ (iV + A’ (na9?) (1)) da, (2.19)

,j=1

where we have used the equality
(iV + Aq) @i = €00 (iV + Ap) (nae?)
and integration by parts. Next notice that
(iV + Ap) (na?) = 0a(iV + Ay) ¢ + i Vo,
so that
(iV + A0)(na?) = 1a iV + Ap) 0] + 2i(iV + Ap)p} - Vila — @} Alla
By replacing in (2.19), we obtain

k
@152 o) = /Q > aiay (Aphna + 2i(0V + Ay)g? - Vi — @2 An,) @b da

ij=1
k
<MD itz + Ba (2.20)
i=1
where

k
Ba = / S i {Nn2 — 1)l + 206V + Ay)gl - T,
Q.

4,5=1

- @?J}%A%} dz. (2.21)
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We need to estimate (3,. From Lemma 2.2.3 we deduce the existence of a
constant C' > 0 such that [|¢?(|r=q) < C for every i =1,..., k. Hence

/ Z Q0 A 1)g02g0] dz| < C’Z|o¢2|2/ n?) dz.

1,7=1

Using the fact that H(pZHHl(Q) < C’||goz\|2 L) = = CO\b (see equation (2.11)), we

have

1/2
/Zaowjnav% Vi, dx <CZ!O@\2 (/ V10 ]? dw) :

1,7=1

Next we apply the Hardy inequality (2.10) to obtain

/ Za@ngw]naAb Vi, dx <CZIO@I2/ |07 Ap - V| daz

1,7=1

< CZ |ozl\2

< CZ | * IVl L2 o)
=1

(2 — b) Apll oo () I Vall 22 (02)
L2(9)

Concerning the last term in (2.21), similar estimates give

/ Z Oézaj@?;?%A% dx

1,7=1

/ Z alaj \Vna\z@fSO? + navna : V(@??ﬁ)) dz

1,j=1

1/2
<O o ([ 19mPa)
i=1 £

In conclusion we have obtained

k 1/2
|ﬁa|sc||2aiso?||i2<m{ / (1—n§>dx+( / |Vna|2dx) }
1=1

k
= || ZOéW?H%%Q)é“Z,
1=1
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with !/ — 0 as a — b by Lemma 2.3.1. By inserting the last estimate into (2.20)
and then using Lemma 2.3.3 we obtain (2.18) with &/, = (¢ + X\2e,)/(1 — &4).

Step 2. We want now to prove the second inequality
lim inf A% > A},
a—b
From relation (2.11) and Step 1, we deduce

6?72 0 < Cllt D2 ) < CAY-

Hence there exists ¢ € H}(Q) such that (up to subsequences) ¢ — ¥ weakly
in H}(Q) and ¢ — ¢ strongly in L?*(2), as a — b. In particular we have

/ o dr =1 and / ooy do = 0if i # j. (2.22)
Q Q
Moreover, Fatou’s lemma, relation (2.10) and Step 1 provide

It /12 = bl 2oy < liminf 92/ ke = al 2oy < Climint 61|20

_Chmlnf\/F<C\/t,

a—b

so we deduce that ¢ € D}%Z(Q)
Given a test function ¢ € C5°(Q\{b}), consider a sufficiently close to b so
that a ¢ supp{¢}. We have that

/ Z%MI—/QSD?WM

— [ {-avt6+ iV AT A Vot AT} do
Q
= /Q {(iV + A)?pfd — iV - (Aq + Ap)pfd — 2i(Aa - V@] + Ay - Vi g)

F(AG? — APl d) da = /Q [(5V + Ay)?0%6 — iV - (Ag — A)gtd
2 (Aa — Ay) -V + ([ Aal? — |A)pd) da,

where in the last step we used the identity

—22’/ Ay - Vle do = 2i / (V- Appldp + AppiVe) da
Q Q
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Since a,b ¢ supp{¢} then A, — A, in C*°(supp{¢}). Hence for a suitable
subsequence we can pass to the limit in the previous expression obtaining

/ (1V + Ab)2g0f& dz = / )\fgoi*é dz, for every ¢ € C5°(Q\{b}),
Q Q

where A} := liminf,_,; A?. By density, the same is valid for ¢ € D}L"f(Q) As a
consequence of the last equation and of (2.22), the functions ¢} are orthogonal
in DAS(Q) and hence

Jo |GV + Ay)®|? da

Ao = inf su
k p 2
chD};lf(Q) W), fg|‘1’| dx
dim Wy, =k

Jo GV + 4) (£4; aser) 2 da

< sSup E
(alv"'aak)7é0 fQ | Z’L':]. a190:|2 dm
k
Dici |ai* A7
(a1,..r0i)£0 Zle ;|
< Ap = liminf A},
a—b

This concludes Step 2 and the proof of the theorem. O

2.4. Continuity of the eigenvalues with respect to
the pole up to the boundary of the domain

In this section we prove the second part of Theorem 2.1.1 for p(z) = 1, that
is the continuous extension up to the boundary of the domain. Recall that
we denote by ¢ an eigenfunction associated to g, the k-th eigenvalue of
the Laplacian in HJ(Q). As usual, we suppose that the eigenfunctions are
normalized in L? and orthogonal. The following two lemmas can be proved
exactly as the corresponding ones in the previous section.

Lemma 2.4.1. Given a € Q) and b € 0%, there exist 0, and 0, such that
0, € C¥(Q\ {ta+ (1 —t)b, t € [0,1]}), O, € C*°(Q) and moreover in the
respective sets of reqularity the following holds

aVe, = A, aVo, = Ay.

Lemma 2.4.2. Given a € Q and b € 0L, let n, be defined in Lemma 2.3.1 and
let 0, be defined in Lemma 2.2.7. Set, fori=1,...,k,

@i = e,
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Then for every (aq,...,ax) € CF it holds

k k k
L —ce)ll Y aivilliz) < I aidilliz ) <EID il 20y,

i=1 i=1 i=1
where e, — 0 as a — b.
We can now prove the main theorem of this section.

Theorem 2.4.3. Suppose that a € ) converges to b € ). Then, for every
k € No, we have that Aj; converges to Aj.

Proof. Following the scheme of the proof of Theorem 2.3.4 we proceed in two
steps.

Step 1. First we show that

limsup A7 < Ag. (2.23)

a—b

Since the proof is very similar to the one of Step 1 in Theorem 2.3.4 we will
only point out the main differences. We define

k
Ey = {Q) B Z%@z’, Q; € C} with — @; = eiaeana%
i=1
given in Lemma 2.4.2. We can verify the equality
(iV + Aqg) (% nqip;) = i€V (napi),

so that we have

k 2 k
Y aiV(naps)| dz <Ml Y il Zaga) + Bas
=1 i=1

P|2 =
>

with
k
Ba= > it (/Q V0 0i05 + 210 Va - Vojoi + (n2 — 1)V - V%) da.
ij=1

Proceeding similarly to the proof of Theorem 2.3.4 we can estimate

k
1Bal < el Y aiill iz
=1
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with €/ — 0 as a — b. In conclusion, using Lemma 2.4.2, we have obtained

el + A\p€a

H(I)H%}f(m < ()\k + ) H<I>H2Lz(m for every ® € Ey,

with 4,¢! — 0 as a — b. Therefore (2.23) is proved.
Step 2. We will now prove the second inequality
lim inf A7 > Ag.
a—b
Given a test function ¢ € C§°(2), for a sufficiently close to b we have that

{ta+ (1 —1t)b, t € [0,1]} C Q\ {suppe}.

Then ¢ € D;’f (2) and Lemma 2.4.1 implies that e*%¢ € C$°(Q2). For this
reason we can compute the following

/ V(e 0 pt) . Vodr = / e~ 10 8 (— A(e~ia%a peiada)) dg. (2.24)
Q Q
Since
—A(e7 e peiba) = (iV + Ag)?p — 2iA, -V — iV - Agp — |Ag|* o,
the right hand side in (2.24) can be rewritten as
/ (((V + Aa)* (€7 %) + e (2iAa - VO +1iV - Audp — |Aa|*9)) da.
Q

At this point notice that

(iV + Ag)? (e 10 p8) = =10 ((0V + A0)?@f + iV - Aypf + 2iA, - Vo
HA o] + 240 - Appy)

By inserting these information in (2.24) we obtain
/Qv(e—ioﬁbgo;l) . V(Z_de — )\;L /&:2 e—ia@b(p;b(gdx + Ba, (2‘25)
with
Ba = / T (V- Ay + 24y - Vo] + [ApPef + 24, - Apgl) da
Q

+/ e_mab(p? (2iAa . V(Z_g +1:V - Aaé — |Aa|2<5) dzx.
Q
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Integration by parts leads
Ba = / el (—¢lAa — A + 20V (Ag — Ap) +idV - (Ag = Ay)) da,
Q

so that |8,| — 0 as a — b, since A, — Ay in C*°(supp{¢}). Therefore we can
pass to the limit in (2.25) to obtain

/ Vi - Vodr = A;/ oip dz  for every ¢ € C3°(9),
Q Q

where @7 is the weak limit of a suitable subsequence of e~*% ¢ (which exists by
Step 1) and Af := liminf,_,; A?. The conclusion of the proof is as in Theorem
2.3.4. O

Remark 2.4.4. As a consequence of Theorem 2.4.3 we obtain that e % p =
or in H3(Q) as a — b € 0Q. Indeed, an inspection of the previous proof
provides the weak convergence e_w‘e‘lgog — ) in HY(Q) and the convergence
of the norms

||€_ia9“¢%||%15(9) = ||¢%||2D‘1472(Q) = A = Ap = HQOkH%Ié(Q)v

as a — b € 0N, for every k € Ny.

2.5. Differentiability of the simple eigenvalues with
respect to the pole

In this section we prove Theorem 2.1.3 for p = 1. We omit the subscript in the
notation of the eigenvalues and eigenfunctions; with this notation, A® is any
eigenvalue of (iV + A,)? and ¢? is an associated eigenfunction. Moreover, for
any b € (), we momentarily consider the space D}L‘f(Q) as a real Hilbert space,

such that, for any u and v € DXS(Q), the real scalar product is defined as

(u, U)Dl,Q(Q) R = Re (/ (Zv + Ab)u . (ZV + Ab)’U d:c) .
Ay ) Q
The following is inspired by [38, Section 7].

Proof of Theorem 2.1.3. Let b € Q be such that A\’ is simple, as in the assump-
tions of the theorem. For R such that Bagr(b) C Q, let £ be a cut-off function
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satisfying £ € C°(02), 0 < ¢ <1, &(x) =1 for x € Bgr(b) and {(z) = 0 for
x € Q\ Bar(b). For every a € Br(b) we define the transformation

D, :0—Q, O, (z) =¢&(x)(z—b+a)+ (1 —&(x))x.
Then ¢% o @, € D}AS(Q) and satisfies, for every a € Br(b),
(iV + Ap)? (9% 0 @o) + L(p% 0 By) = A (9% 0 ) (2.26)

and
/ 0% 0 By 2] det(®)| dz = 1, (2.27)
Q

where L is a second-order operator of the form

2 2

Lo — i 0?v i ()0
v=— Z a (x)ﬁxiﬁwj + Z (x) oz, + c(x)v,

4,j=1

with a,b', c € C°°(Q, C) vanishing in Br(b) and outside of Byr(b). Notice
that
¢! (x) =1+ VE(z) ® (a—b)

is a small perturbation of the identity whenever |b — al is sufficiently small, so
that the operator in the left hand side of (2.26) is elliptic (see for example [46,
Lemma 9.8]).

To prove the differentiability, we will use the implicit function theorem in
Banach spaces. To this aim, we define the operator

F: Bp(b) x D3*(Q) x C — (D)) x R x R

(a,v,\) = ((iV + Ap)*v + Lo — )\U,/ |v]?| det(®))| da — 1,21m/ Vb)),
Q Q
(2.28)

where (iV + Ap)?v+ Lv — v € (Dilf(Q))’ acts as
<(Zv + Ab)z’U + EU—)\U, U) (D}A’IJZ(Q)’R)/

= Re (/ iV + Ap)v - iV + Ap)u + Lou — Avﬂda:) ,
Q
(2.29)

for every u,v € D}%Q(Q)
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Notice that F' is of class C'"*° by the ellipticity of the operator, provided that
R is suficiently small. Moreover, there exists w, € R such that F(a,e™¢® o
®,,\*) =0 for every a € Br(b), as we saw in (2.26), (2.27). Indeed, as long as
Jo (@20 ®,) o # 0, we can define

o Jalpr o b s
‘fQ (p? 0 ®,) b dx

e (2.30)

In particular we have F(b,? \b) = 0, since ®; is the identity. We now
have to verify that the differential of F' with respect to the variables (v, \),
evaluated at the point (b, 0%, A?), that we denote by d(w, ) F (D, ¢, Ab), belongs

to Inv(D}A’bQ(Q) x C, (D}L‘f(Q))’ X R x R). The differential is given by

(iV+ 4)? = AIm —Im g
Ao F (b, ", A = 2Re [, p®dz 0 :
2Im [, ¢t dz 0

where I'm is the compact immersion of DZS(Q) in (sz(Q))’ , which was intro-
duced in Lemma 2.2.2.

Let us first prove that it is injective. To this aim we have to show that, if
(w,s) € DLE(Q) x C is such that

(iV + Ap)w — \ow = s¢, (2.31)
2Re/ web dz = 0, (2.32)

Q
2Im/ web dz = 0, (2.33)

Q

then (w,s) = (0,0). First, if we test (2.31) on ¢, we have
Re (/ (iV + Ap)w - (iV + Ap)pb — Nweb — 8\906]2) =0,
Q

thanks to the action of the operator given in (2.29). Inversely, by testing by w
the equation satisfied by ¢°, we conclude that

Re(s) = 0.

Next, we test (2.31) on i¢® and we obtain

Im (/ (iV 4+ Ap)w - (iV + Ap)b — Awpb — s|@b|? dac) = 0.
Q
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If we test by w the equation satisfied by —i¢®, we immediately obtain that
Im(s) = 0.
This allows us to conclude that s = 0, so that (2.31) becomes
(iV + Ap)*w = Aow.

The assumption \® simple implies that there exists o € C such that w = a®.
If we introduce this in (2.32) and (2.33), we obtain successively that Re(a) =0
and Im(a) = 0, that is w = 0.

For the surjectivity, we have to show that for all (f,r,t) € (D}L‘f(Q))’ xR xR
there exist (w,s) € Di‘f(ﬂ) x C which verifies the following equalities

(iV + Ap)?w — Now = f + s¢®, (2.34)
2Re/ web dz = r, (2.35)

Q
2Im/ wb dz = t. (2.36)

Q

We recall that the operator (iV + Ap)2 — A\Im : D}%Q(Q) — (DES(Q))’ is
Fredholm of index 0. This a standard fact, which can be proved for example
noticing that this operator is isomorphic to I'd — A\*((iV + A43)?)~! o I'm through
the Riesz isomorphism and because the operator (iV + Ap)? is invertible. This
is Fredholm of index 0 because it has the form identity minus compact, the
compactness coming from Lemma 2.2.2. Therefore we have (through Riesz
isomorphism)

Range((iV + Ap)? — ATm) = (Ker((iV + Ap)? — A\’ ITm))* = (span{¢®, ip®})*,

(2.37)
where we used the assumption A’ simple in the last equality, where simple
is meant in the complex sense (as explained in the Introduction), that is
corresponding to an eigenspace of complex dimension one, or equivalently real
dimension two. Here we intend span as a real span. As a consequence, if we
test successively (2.34) by ¢ and i@®, we obtain an expression for s

s:—/fﬁdx.
Q

Next we can decompose w in wg + w; such that wy € Ker((iV + A43)? — A\°Im)
and wy is in the orthogonal space. Condition (2.34) becomes

(iV + Ap)?wy — Nowy = f — gpb/ fob dz
Q
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and (2.37) ensures the existence of a solution w;. Given such w;, conditions
(2.35) and (2.36) determine wy as follows

1
wo = 5(7" +it)?,

so that the surjectivity is also proved.

We conclude that the implicit function theorem applies, so that the maps
aceQ— A €e€RandaeQ— p?od, € D}%Q(Q) are of class C'*° locally in a
neighbourhood of b. O

By combining the previous result with a standard lemma of local inversion
we deduce the following fact, which we will need in the next section.

Corollary 2.5.1. Letb € Q. If A\ is simple then the map VU : QXD}L"?(Q) xC —
Q x (Di{f(ﬂ))’ X R x R given by

U(a,v, ) = (a, F(a,v,\)),

with F defined in (2.28), is locally invertible in a neighbourhood of (b, ©°, \?),
with inverse W1 of class C.

Proof. We saw in the proof of Theorem 2.1.3 that, if A\’ is simple, then
d (w0 F (b, ¢, AY) is invertible. It is sufficient to apply Lemma 2.1 in Chap-
ter 2 of the book of Ambrosetti and Prodi [47]. O

2.6. Vanishing of the derivative at a multiple zero

In this section we prove Theorem 2.1.7 still for p(x) = 1. But, we recall that
here v = 1/2 differently from the previous sections. We will need the following
preliminary results.

Lemma 2.6.1. Let A > 0 and let D, = D,.(0) C R%. Consider the following
set of equations for r > 0 small

—Au = \u n D,
{ w=r"2f 4 g(r,)  ondD,, (2.38)
where f,g(r,-) € HY(0D,) and g satisfies
. Mlg(r, ')HHl(aDT)
lim oot —=0 (2.39)
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for some integer k > 3. Then for r sufficiently small there exists a unique
solution to (2.38), which moreover satisfies

ou
el < Or(k—1)/2
5 <Cr ,

ull 2D,y < Cr*+2/2 and ‘
L2(8D,)

where C' > 0 is independent of r.
Proof. Let first z; solve

—Azl = O ln D1
. (2.40)
2= [+ 2g(r, ) on 0D;.
Since the quadratic form
/ (IVo]? = Mr?0?) da (2.41)
D

is coercive for v € Hj(D;) and for r sufficiently small, there exists a unique
solution 25 to the equation

{ —Azy — \r229 = A2 in D

(2.42)
29=0 on 0D.

Then u(z) = r*/2(21(2z/r) + z2(x/r)) is the unique solution to (2.38). In
order to obtain the desired bounds on u we will estimate separately z; and z,.
Assumption (2.39) implies

ollzr oy = I1F + 7290, Ml 20,y < Cllfllaony), (2.43)

for r sufficiently small. We compare the function z; to its limit function when
r — 0, which is the harmonic extension of f in D;, which we will denote w.
Then we have
—A(z; —w) =0 in Dy
{ 21 —w=r""%2g(r,-) ondD,

and hence (2.39) implies

lg(r, ')||H1(8D1)
rk/2

< Cllz1 = wllgrop,) =C
L2(8D1)

0
[yt
Then we estimate zo as follows

1220220, < C/D VaPde<C [ (T2l =) da
1 1

< ClIAr*z1 2oyl 22l 22 (D1
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where we used Poincaré inequality, the coercivity of the quadratic form (2.41)
and the defintion of z5 (2.42). Hence estimate (2.43) implies

HZQHL2(D1) < CTZHfHHl((ng) —0 asr—0.

This and (2.43) provide, by a change of variables in the integral, the desired
estimate on |lu|[z2(p,). Now, the standard bootstrap argument for elliptic
equations applied to (2.42) provides

22l 201y < CIN? 21|20y + |22l 22(D1)) = 0
and hence the trace embedding implies

’ 622

E S CHV'ZQHHl(Dl) S CHZ2HH2(D1) — 0.
So, we have obtained that there exists C' > 0 independent of r such that

L2(dD1)

<C.
L2(8D1)

0
Ha(a + 29)

Finally, going back to the function u, we have

’8u 0

% = (=02 2 (21 + 2)
where we used the change of variable x = ry. O

L2(8D,)

L2(dD1)

ov

Lemma 2.6.2. Let ¢ € DLS(Q) (a € Q close to 0). Then

1
‘a’1/2 H¢HL2(8D\¢1\) < C“(bH’DL’j(Q) (2.44)

where C' only depends on ().

Proof. Set ¢(y) = ¢(|ay) defined for y € Q = {z/|a] : = € Q}. We apply
this change of variables to the left hand side in (2.44) and then use the trace
embedding to obtain

1 _ _ _
WWHLQ(@DM) = [|¢ll2op,) < Cll9ll a1 (01) < Ol 1 (Dy)-

We have that ¢ € D}LX’S(Q), where e = a/|a|. Therefore we can apply relation
(2.10) as follows
‘L
[y — el

45

< C|I(iV + Ae) 9l L2(Da)
L2?(D2)

191l L2 (p2) < lly = elle=(ps)
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‘ ¢
ly — el

IVl r2(py) < (Y + Ae)@l|r2(py) + || Al r2(ps)

<GV + Ae)dllz2(ps) + 1y — ) Aell (02

L2?(D2)
< ClEV + Ae) @l 2(po) -

We combine the previous inequalities obtaining
1 , -
W—WIWHL?(@DM) < CEY + Ae)dl L2 (py) < Clldllpy2 o),

where in the last step we used the fact that the quadratic form is invariant
under dilations. O

To simplify the notations we suppose without loss of generality that 0 € 2
and we take b = 0. Moreover, we omit the subscript in the notation of the
eigenvalues as we did in the previous section. As a first step in the proof of
Theorem 2.1.7, we shall estimate |]A\* — \°| in the case when the pole a belongs
to a nodal line of ¢° ending at 0. We make this restriction because all the
constructions in the following proposition require that ¢ vanishes at a.

Proposition 2.6.3. Suppose that \° is simple and that ©° has a zero of order
h/2 at the origin, with h > 3 odd. Denote by I' a nodal line of ©° with endpoint
at 0 (which exists by Proposition 2.2.10) and take a € T'. Then there exists a
constant C' > 0 independent of a such that

A= A0 < Cla|? asa—0, aeT.
Proof. The idea of the proof is to construct a function u, € DZS(Q) satisfying
(iV + Aa)*uq — Nuy = ga, |uallz2(0) = 1 — €a (2.45)

with
HgaH(D}q’z(Q))/ S ’a’h/2 and ‘€a| S ’a|(h+2)/2 (246)

and then to apply the Corollary 2.5.1. For the construction of the function wu,
we will heavily rely on the assumption a € I.

Step 1. Construction of u,. We define it separately in D), = D),|(0) and
in its complement Q\ D),|, using the following notation

{ ugm Q\D|a|
Ugq =

int
u D|a‘.

(2.47)

a
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Concerning the exterior function we set

. (0a—00)
ug = e 0, (2.48)
where 0,, 0y are defined as in Lemma 2.2.7 and Lemma 2.3.2 in such a way that
04 — Op is regular in Q\ D), (here y = 0 is the the angle in the usual polar
coordinates, but we emphasize the position of the singularity in the notation).

Therefore ut** solves the following magnetic equation

(iV + Ag)?ug™ = Aoug™ O\Dyy
uzwt = @iw(po aD|a| (249)
ué"t =0 0.

a

For the definition of u'™, we will first consider a related elliptic problem.

.6
Notice that, by our choice a € I', we have that e_’élgoo is continuous on 9D,

. 6
Indeed, e~ restricted to 0D\, is discontinuous only at the point a, where
" vanishes. Moreover, note that this boundary trace is at least H 1(8D‘a|).

Indeed, the eigenfunction ¢° is O far from the singularity 0 and e~i% is also
regular except on the point a. Then, the boundary trace is differentiable almost
everywhere.

This allows to apply Lemma 2.6.1, thus providing the existence of a unique
function 9"t solution of the following equation

= Ay = 20yl Dy
- 00 (2.50)
Yot =e""2p 8D|a‘.
Then we complete our construction of u, by setting
Uit = i qpint, (2.51)

which is well defined since 6, is regular in D|,;. Note that u" solves the
following elliptic equation

(Zv + Aa)Q’U,Znt = )\Ouflnt D|a‘
int __  ext oD <252)
U, = Ug la|-
int

Step 2. Estimate of the normal derivative of u;"* along D|,. By assumption,
¢ has a zero of order h/2 at the origin, with 4 > 3 odd. Hence, by Proposition
2.2.10, the following asymptotic expansion holds on D), as a — 0

60 h . h
©*(|al,00) = €= |a|*/?[cp COS(EQQ) +dp, Sln(EGO)] + g(|al, 00), (2.53)
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with
lim lg(lal,)lcr@op,.)
la|—0 |a‘h/2

= 0. (2.54)

Hence Lemma 2.6.1 applies to ¥ given in (2.50), providing the existence of a

constant C' independent of a such that

8 wnt
Ya < Cla|h=1/2 (2.55)

L2 (6D\a|)

i e oy < Clal®/2  and H

Finally, differentiating (2.51) we see that,
(Zv-i-A ) int _Zevawznt

so that, integrating, we obtain the following L2-estimate for the magnetic normal
derivative of u** along 0D,

16V + Aa)ul™ - vl r2op,,) < Cla| "= D72, (2.56)

Step 3. Estimate of the normal derivative of uS** along 0D\, We differen-
tiate (2.48) to obtain

; 0a—00)
2

(iV + A )us™ = Agus™ + ie’
On the other hand, the following holds a.e.

V. (2.57)

.6 .0
VQOO _ iAo(,OO + BZTOV(G_lTOQOO),

so that
;(a—00)

e’z V! = —Agut™ + iei%aV(e_i%gpo).
Combining the last equality with (2.57) we obtain a.e.
(iV + Ay )ul™ = ije’ 2V( go)

and hence |(iV + A, )ut™| < Cla|"?~! on 0D\, a.e., for some C not depending
on a, by (2.53) and (2.54). Integrating on dD),| we arrive at the same estimate
as for u'™, that is

166V + Aa)ug™ - vl|12(op,, ) < Cla|"~1/2, (2.58)

Step 4. Proof of (2.46). We test equation (2.49) with a test function
o€ Dllél’f (©) and apply the formula of integration by parts to obtain

/ {69 + Aug - TV + 206~ Nug3} dr
Q\DW

:i/ (iV + Ay )u" - v do.
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Similarly, equation (2.52) provides

/ [0 + Aul - GV 4206~ X6} da =
D

lal

—i/ (iV + Ag)u™ - v¢ do.
OD)q

Then, we test the equation in (2.45) with ¢, we integrate by parts and we
replace the previous equalities to get

/ Gap dz = z/ (iV + Ag) (ue™ — u'™) - v¢ do.
Q dD)4

To the previous expression we apply first the Holder inequality and then the
estimates obtained in the previous steps (2.56) and (2.58) to obtain

/ané dz

GV + A)us™ - v 2op,.) 18]l 220D,0) < Clal" V2|l 20, )-

< |GV + Aa)uint : V”Lz(aDM) ||¢HL2(8D|Q‘)

Finally, Lemma 2.6.2 provides the desired estimate on g,. Then we estimate ¢,
as follows. Since |[ug™ ||r2(\p,,,) = HSOOHLQ(Q\D‘{I') we have

ltall72 () — 1‘ = ‘Huiml\%wm) —€°122p,.| < Clal"*2, (2.59)

where in the last inequality we used the fact that ”‘PO||2L2(D| )< Cla|"*? by

(2.53) and (2.54), and that ||UZ”tH%2<D|a‘) = ||¢3"t\|%2<pm|> < Cla|"*2, by (2.55).

Step 5. Local inversion theorem. To conclude the proof we apply the
Corollary 2.5.1.
First, we consider e®< as in (2.30) (with b = 0). Since we proved in Theorem
2.3.4 (see also Remark 2.4.4) that
a 0
|p® 0o @y — @ HDL}?(Q) —0, asa—0,

we conclude that e’”= — 1. Then, we also have that

||eiw“<paoq)a_900||pi’§(ﬂ) —0, asa—0,

such that e™“sp® o @, is also in a small neighbourhood of °.

49



Chapter 2. Aharonov—Bohm operators with varying poles

In the same way, if [, (uq 0 ®@,) 90 dz # 0, we define

fQ (g 0 ) 0 dx

etBa — L ——
’fQ (g 0 @) @0 da

This clearly implies that

Im/ (g © Pg) O dz = 0.
0
Since it is not difficult to see that

|tg 0 @y — SOOHD;’(?(Q) —0, asa—0,

we conclude that P — 1. Then, e*Peu, o ®, is also in a small neighbourhood
of 0.

Let U be the function defined in Corollary 2.5.1 (recall that here b = 0). The
construction that we did in the previous steps ensures that

U(a, e 0 &y, A\*) = (a,0,0,0)
U(a, e uq 0 B, A°) = (a, € gy 0 @4, €4, 0),

with g,, €, satisfying (2.46). Since, we proved in Theorem 2.3.4 that [\* — \°| —
0 as a — 0, and by the considerations above, the points (a, ¢ o ®,, \%) and
(a,ePau, o ®,4, \0) are approaching (0, ¢°, A%) in the space € x D}%Q(Q) x C as
a — 0. Since ¥ admits an inverse of class C* in a neighbourhood of (0, ¢, \?)
(recall that \° is simple), we deduce that

a s a 10 s h/2
(9" = uq) 0 q)aHDA’O(Q) + A=A < C(”Qa”(pf(a(g))/ + |ea]) < Clal™7,

for some constant C' independent of a, which concludes the proof of the propo-
sition. U

At this point we have proved the desired property only for a pole a belonging
to the nodal lines of ©°. We would like to extend this result to all a sufficiently
closed to 0. We will proceed in the following way. Thanks to Theorem 2.1.3, we
can consider the Taylor expansion of the function a — A® in a neighbourhood
of 0. Then Proposition 2.6.3 provides h vanishing conditions, corresponding to
the h nodal lines of ¢°. Finally, we will use these conditions to show that in
fact the first terms of the polynome are identically zero. Let us begin with a
lemma on the existence and the form of the Taylor expansion.
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Lemma 2.6.4. If \° is simple then the following expansion is valid for a € €
sufficiently close to 0 and for all M € N

M
= >~ lal" Pu(®(a)) + ofjal™),

where a = |a|(cos¥(a),sin(a)) and
) = Z Bj.m cos? ¥sin™ 7 9 (2.60)

for some B; ., € R not depending on a.

Proof. Since \° is simple, \? is also simple for a sufficiently closed to 0. Then
we proved in Theorem 2.1.3 that A® is C°° in the variable a. As a consequence,
we can consider the first terms of the Taylor expansion, with Peano rest, of A%

OmMN\e ) )
J ,,m=] M
Z Z — ,] ' 8.7@16771 Ja2 ‘ 0a1a2 T O(|CL| )’

mle

where a = (a1, az). Setting

1 PN
Bim = A
jlim — ) 07a;0m Jay la=0
and a; = |a|cos¥(a), az = |a|sin¥(a) the thesis follows. O

The following lemma, tells us that on the h nodal lines of ¢, the first low-order
polynomials cancel.

Lemma 2.6.5. Suppose that \° is simple and that ¢V has a zero of order h/2
at 0, with h > 3 odd. Then there exist an angle ¥ € [0,2m) and non-negative
quantities g, . ..,ep_1 arbitrarily small such that

2wl h—1
(19+ % +5l> =0 for every integers | € [0,h — 1],m € {1, —1

where P, is defined in (2.60).

Proof. We know from Proposition 2.2.10 that ¢ has h nodal lines with endpoint
at 0, which we denote I';,  =0,...,h — 1. Take points a; € I';, [ =0,...,h — 1,
satisfying |ag| = ... = |ap—1| and denote

a; = |ay|(cosI(ay),sin ¥(ay)).
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First we claim that

h—1
P, (9(a;)) =0 for every integers [ € [0,h — 1],m € [1, T] :

Indeed, suppose by contradiction that this is not the case for some [, m belonging
to the intervals defined above. Then for such [, m the following holds by Lemma
2.6.4

A — A0 = Cla;|™ + o(|a;|™) for some C # 0.

On the other hand we proved in Proposition 2.6.3 that there exists C' > 0
independent of a such that, for every [ =0,...,h — 1, we have

A — X < Clay|"? as a; — 0.

This contradicts the last estimate because m < (h — 1)/2, so that the claim is
proved.
Finally setting ¥ := ¥(ag), Proposition 2.2.10 implies

-~ 2nl
ﬁ(al)=ﬁ+%+gl I=1,...,h—1

with ¢, - 0 as ¢; — 0. O

The next lemma extends the previous property to all a close to 0.

Lemma 2.6.6. Fiz h > 3 odd. For any integer m € [1, (h —1)/2] consider any
polynomial of the form

P, (v) = Z Bj.m cos? ¥ sin™ 7 9, (2.61)
§=0

with B;m € R. Suppose that there exist Je [0,27) and €q,...,en—1 Satisfying
0 <& <m/(4h) such that

~ 27l
P, (19 + % + 6[) =0 for every integer | € [0,h — 1].

Then P,, = 0.

Proof. We prove the result by induction on m.
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Step 1. Let m = 1, then
P1 (79) = 50,1 sin ¢ —+ ﬁl,l cos v

and the following conditions hold for [ =0,...,Ah —1

~ 27l ~ 2wl
50,1 sin (19 + % + 61) + 61,1 COS (19 + % + 81) =0. (2.62)
In case for every [ =0,...,h — 1 we have
- 27l ~ 27l
Sin(ﬁ—k%%—el)#o and cos(ﬁ+%+€l>7€0,

system (2.62) has two unknowns [ 1,011 and h > 3 linearly independent
equations. Hence in this case 8y1 = 1,1 = 0 and P; = 0. In case there exists [

such that -
sin (5‘—1—%—#5;) =0

then of course cos (@ + 2wl /h + sl) # 0, which implies 511 = 0. We claim that

in this case
27l

sin (& + + el/) 20 (2.63)

for every integer I’ € [0, h — 1] different from [. To prove the claim we proceed
by contradiction. We can suppose without loss of generality that

- 27l <~ 2nl’
19—|—i—|—€l:0 and 9+ il + ey =,
h h
Then
l——i(lg—l-é‘) and l'—i(ﬂ—ﬁ—e)
27 ! 27 :
so that 5
g — &y
I!'—l==+h )
2+ 2w
The assumption 0 < g; < 7w/(4h) implies
h 1 h 1
S o<l o< Sy
2 8_Z l_2+8

Being h > 3 an odd integer, the last estimate provides I’ — [ ¢ N, which is
a contradiction. Therefore we have proved (2.63). Now consider any of the
equations in (2.62) for I’ # [. Inserting the information f;; = 0 and (2.63)
we get 5p.1 = 0 and hence P; = 0. In case one of the cosine vanishes one can
proceed in the same way, so we have proved the basis of the induction.
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Step 2. Suppose that the statement is true for some m < (h — 3)/2 and let
us prove it for m + 1. The following conditions hold for [ =0,...,A —1

o (= 27l o~ 2ml
Z Bj,m-+1 cos’ (19 + I + 81) ginm+1-J (19 + I + 51) = 0. (2.64)

=0

We can proceed similarly to Step 1. If none of the sinus, cosinus vanishes then
we have a system with m +2 < (h 4 1)/2 unknowns and h linearly independent
equations, hence P,,11 = 0. Otherwise suppose that there exists [ such that

-~ 2ml
sin <19 %—f—sl) = 0.

Then we saw in Step 1 that

/

- 92 - 2
Cos(ﬁqt%l—l—sl)#() and Sin(19+ !

+sp) #0

for every integer I’ € [0,h — 1] different from [. By rewriting P,, 41 in the
following form

Pri1(9) = sin 9Py, (9) + Bms1.my1 cos™ 0,

with P, as in (2.61), we deduce both that 5,41 m+1 = 0 and that

9l
Pm(ﬁ—i— 7: +€l/):0

for every I’ € [0,h — 1] different from [. These are h — 1 conditions for a
polynomial of order m < (h — 3)/2, so the induction hypothesis implies P,, =0
and in turn P11 = 0. O

End of the proof of Theorem 2.1.7. Take any a € (2 sufficiently close to 0, then
by Lemma 2.6.4

M
A* = X0 =" |a|" Py (9(a)) + o(|a™).

m=1

By combining Lemmas 2.6.5 and 2.6.6 we obtain that P, = 0 for every m €
[1,(h—1)/2], therefore |A\* — \°| < C|a|"*+1)/2 for some constant C' independent
of a. O
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2.7. Asymptotic behaviour of simple eigenvalues
when the pole is close to the boundary

The aim of this section is to prove Theorems 2.1.11 and 2.1.14. For simplicity, we
will assume without loss of generality that 0 € 992 and that a — 0. Remember
that in this section, we work with a circulation o = 1/2, with a domain € of
class C*° and with a weight p(x) satisfying (2.4).

First of all, we need to rectify locally the boundary of €2 to be able to work
in half-balls. This is the aim of the following section.

2.7.1. Equation on a domain with locally rectified boundary

The local analysis near 0 € 00 is easier if the boundary is locally flat at 0, i.e.
if there exists r > 0 such that

QN D, (0) = {z € D,(0) |21 > 0} = DF(0). (2.65)

If 09 is sufficiently regular, we can locally rectify it without altering the nature
of the problem, as we show in the following lemma. This is not the case when
0} presents an angle, as for the angular sector presented in the Introduction,
see Appendix A.1.

Lemma 2.7.1. Let 2,9 C C be open, bounded and simply connected domains
with C*° boundary. There exist a conformal transformation ® : Q' — Q,
® € C(Q) and a function x € C®(') such that, letting w§ = e~ X(p} o D),
we have

(iV + Ag)wf = Agp (m)wp . wi € Dy (Q),
where ®(a’) = a and p’ satisfies (2.4).

Proof. The existence of a regular conformal map is ensured by the Riemann
Mapping Theorem. We note that ® is regular up to the boundary thanks to
the assumption that Q, Q" have C* boundary (see for example [48, Theorem
5.2.4]).

First define vl‘g/ = ¢ o ®. This function solves
(iV + Ba)*vf = App/(x)vf

where the weight is given by p'(x) = |®'|*p o ®(z), By = (&'t - A,) o ® and
where ®' is the matrix of the derivatives of ®. Indeed, remember that the
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magnetic potential A, is defined as A, = V60,/2 almost everywhere in ). Under
the conformal transformation, the magnetic potential will transform as

V(0,0 )

By =
2

= (®'"- A,) 0 ®.

Next, we can verify explicitly that this new magnetic potential B, has the
same circulation than A,. Indeed, if we consider a closed path ~, winding once
around the point ¢’ in Q’, we obtain

1

o (AL - ) (D(2))|omrye) - 7' (t) dt

BL (@)l 7 (Bl =

T= =y

1 1

- 74 Dot @ 1WAt = 5 ALy (1)
Yy=o Yy=o

where we used the change of variable y = ®(z). The new path 0 = ® o~ is
a closed path winding once around a in Q and its derivative is 4/ = &' ~1. ",
Moreover, we can explicitly verify that V x B, = 0 everywhere in Q'\{a’}
by using the fact that ® is conformal and since A, satisfies (2.12). Then,
by Lemma 2.2.5 and the regularity of ', there exists x € C*°({)’) such that
Ba = Aa + VX, where A,/ has the form given in (2.2) (the gradient term being
0).

Finally, we can gauge away the term Vy by letting wg/ = e_ixv,‘}:/. O

Remark 2.7.2. In fact, in what follows, it will be enough to have a weight p
of class CY(Q). Thanks to [/S, Theorem 5.2.4], to this aim it is sufficient to
assume 092 € C?7 for some positive . This ensures that ® in the previous
lemma is C?(Y), so that the transformed weight p'(x) = |®'|?>po ®(x) is C1 ().

In the following, we want to work in the rectified domain €', and with the
singular point a’. Indeed, in that case, we can prove some nice inequalities
(see below). In Sections 2.7.3 and 2.7.5, we will study the behaviour of the
eigenfunctions go‘;/ as a’ = (a},al) approaches 0 € 9)'. As we will see later, the
significant parameter will be the distance from o’ to the boundary 9€2’. Such
distance is a} if 9’ is locally flat around 0 and |d/| is sufficiently small. We
will perform the analysis in half balls centred at (0, a5); all the future estimates
will be independent from a}. To simplify the notations, we write

ﬂ-(a/) = (Oaal2)7
7 corresponding then to the projection onto the xs-axis, so that

DY (n(a") = {(z1,72) € R?: 22 4 (29 — ab)? < 72, 11 > 0}.
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However, our main interest is the general domain 2. When we have proved
our theorems in the locally flattened domain €', we would like to come back
to the initial domain. Since ® is a conformal transformation, it has the nice
property of preserving locally the angles. Then, heuristically we can say that
locally it consists of a rotation and a dilatation. Therefore, we can find a
relation between the distance from a’ to the boundary 92’ (which is as said
before given by af) and the distance from a to the boundary 952, in the case
where o’ and a are respectively closed to 0 € 99 and b = ®(0) € 0f2. Indeed,
dist(a,0) = infyepqla — x| = infyeoq |P(a’) — @(2')]. By developing in
series locally around 0, we get inf,/coq |®'(0)| |a" — 2’| + o(|a’ — 2'|). This
infimum is reached for some z’ = w(a’) 4+ o(a}), in such a way that

dist(a, 0Q) = |®'(0)| a] + o(a)). (2.66)

Then, for a’ close to 0 and a close to b, both distances differ by the conformal
factor |®(0)|, at the limit.

In the following, by simply renaming the weight p(z) in equation (2.3), we
will always work in a new domain satisfying (2.65). Moreover, for simplicity we
call this rectified domain © (and not ©’) and the singular point a (and not a’).
Below, we obtain some general inequalities for functions v € H) (D} (n(a)))
with u =0 on {z; =0}, a € D} (w(a)).

Lemma 2.7.3 (Poincaré inequality). Let a € D[ (w(a)). For every u €
H) (Df(n(a))), with u = 0 on {x1 = 0}, the following inequality is veri-
fied

1 1

E uf? dz < —/ luf? do +/ (Y + Ag)ul? dz.
™ JD} (n(a)) " JoD; (n(a)) Dif (n(a))
(2.67)

Proof. By explicit calculation we see that, for every u € Hy (Djf (n(a))), we
have for almost every z € D (7(a))

V- (Jul?(z — 7(a))) = 2Re (w iV + Ag)u - (z — W(&))) Folul? (2.68)
Then

/ |lu|?dz
D (n(a))

= —Re (z/ u(iV+ Ay u - (x — 7r(a))dx> 42 / lu|? do
D (n(a)) 2 JoD} (n(a))

1 2
< —/ lu|?dz + T |(iV + Ag)ul*dx + C/ lu|? do,
2 Jp} (n(a)) 2 Jp}(n(a)) 2 Jopy (r(a))
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where we used the Young inequalities and the fact that (x — 7(a)) = rv on
OD; (m(a)), v being the unit normal vector. This proves the statement. O

Similarly, we can prove the corresponding Poincaré inequality for all functions
v in H'(D; (0),R) with zero boundary conditions on {z; = 0},

1 1
- lv|?dz < —/ |v\2da—l—/ IVv|? da. (2.69)
™ Jpi (o) " Jap}(0) D (0)

Lemma 2.7.4. Let a € D/ (n(a)). For u € Hy (D (r(a))), withu =0 on
{x1 = 0}, the following holds

1
—/ lu|* do < / 1(iV + Ag)ul? d. (2.70)
" JoD} (r(a)) D ((a))

Proof. We will prove the following statement: for all v € H! (D} (n(a)),R),
with v = 0 on {z1 = 0}, we have

1
—/ |v|2da§/ |Vv|? da. (2.71)
T JoDi (n(a)) Df (m(a))

The lemma follows from it by taking v = |u| and by applying the diamagnetic
inequality. It is sufficient to prove (2.71) in the ball D} (0) since the general
case can be recovered by performing a translation and a dilation. Let

3 :inf{/ IVw|2dz -
Dy (0)

/ lw[*do =1, w € H' (D} (0),R), w =0 on {x1:O}}.
oDy (0)

Let wy, be a minimizing sequence. Then sup;, fD+(0) |Vwy|?de < C and by the
1

Poincaré inequality (2.69) we have sup,, ||wk||H1(D1+(o),R) < C’. Hence there

exists a function w € H'(D7 (0),R) such that, up to a subsequence,

w, —w in HY(D{(0),R) and w;— w in L*(D;(0),R)

by the compact injection. Using the lower semi-continuity of the H!'-norm we
obtain

/ |Vaw|?dz < liminf/ |V |2dx = 8.
D{ (0) k=+oo Joi(0)
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By the compact embedding H(Q2) < L?(99Q) (see e.g. [49, Theorem 5.36])
we also have [, D*(0) |w|?> do = 1. Therefore w is a minimizer and solves the
1

associated Euler-Lagrange equation

~Aw =0 D7 (0)
Ow _

o Pw 9D (0)

w=20 T = 0.

If we decompose the boundary trace in Fourier series in the following way
wW(1,0) = >4 oaq @k cos(kO) + >4 cven brsin(kd), 6 € [-5, 5], then w(r,0) =
>k odq @7 cos(k0) + D7 oo berF sin(k@). The boundary conditions imply
kap = Bay and kb, = (b for every k > 1. We deduce that w(r,0) =
agr® cos(80) or w(r,0) = bgrP sin(h) for some integer B > 0. Since W can
not vanish because of the constraint, the infimum is assumed by 5 = 1 and

’LZJZ\/%$1. O

2.7.2. Pole approaching the boundary on a nodal line of ¢,

In this section we prove Theorem 2.1.11. We use some of the ideas introduced
in Section 2.6. As we already mentioned, we modify the argument therein both
in order to avoid the use of local inversion methods and in order to prove that
the convergence \j, — A, takes place from below.

We adopt the usual notation f(x) = o(g(z)) as ¢ — z¢ if limy, ., f(x)/g(z) is

zero, f(x) = O(g(x)) as x — xg if lim SUD, s, |f(x)/g(x)| is finite, f(x) ~ g(x)
as ¢ — xq if limg ., f(2)/g(zx) is finite and different from zero.

Lemma 2.7.5. Let A > 0 and p satisfy (2.4). Let a — 0 so that % — e ¢

la]
{z1 = 0}. Consider the following set of equations in the parameter a

(iV + Ay)?v = Ap(x)v in D;‘M(O)
v=0 on {x1 =0} (2.72)
. 0,
v =% {Ja"* ] + g(2lal, )} on ODF, (0)NRZ,
where f,g(2lal,-) € Hl(aD;M(O) NR2) are real valued, vanish at —7/2 and at
/2, f #0 and, for some n € Ny,

2|al

lg2lal, Mg opy (©)nr2)
lim =
a0 |a| 1
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Then for |a| sufficiently small, there exists a unique solution of (2.72) in

Hj. (D;a| (0) NR32), which moreover satisfies

3 . 1
HUHLQ(aD;al(o)) ~a[" 2, |GV + Ag)v - V“LQ(aD;a‘(O)ﬂRi) ~ la[" "2,

||U||L2(D;a|(0)) ~ [a|"*2,

/ (iV + Ag)v - vvdo| ~ |a|*" 2.
oDy, (0)

Proof. Notice that the boundary trace is continuous on aD;W (0). Indeed, by
Lemma 2.2.7, we can choose 0, to be discontinuous on the segment joining a
with the origin, so that e%@+/2 restricted to the boundary is discontinuous only
at the origin, where the boundary trace vanishes. The existence and uniqueness
of the minimizer follow plainly by the fact that the quadratic form

ot [|(ZV + A)v)? — )\p(x)|v|2] dz
2l

is coercive for |a| sufficiently small.
The estimate on the Lz((‘?D;"a‘ (0))-norm is immediate. In order to prove the
remaining estimates, we will make use of some computations contained in the
proof of Lemma 2.6.1.

Let @, be a family of conformal transformations in the parameter a satisfying

the properties

ot e O(DF(0), @,(Df(0))=DF(0), and &;* (i) =e.

la

Since a/la] — e, we have that ®, is a small perturbation of the identity.
Moreover, thanks to the fact that e ¢ {x1 = 0}, we obtain that

|®! | < C uniformly in a. (2.73)

Making use of such maps ®,, we decompose v into the sum of two functions

= o)) s o ()

(iV 4+ A.)?z =0in D (0), 2 = |a|~M*™o(|a|®,) on dDF(0),

where

(iV + Ac)? 2z = Mal* p(|a|®,) | @) |? (21 + 22) in DF(0), 2y = 0 on 0DF(0).
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These transformed equations have the advantage that both the domain of
validity, D3 (0), and the position of the singularity, e, are fixed. The dependence
on the parameter a has been transferred to the coefficients of the equation (and
is still visible on the boundary trace).

Notice that e?«(e|®a)/2 = eixei0:/2 for some regular function y and let

Q:{yEC:y2+e€D;(O)}

be the double covering, which does not depend on a. By applying Lemma 2.2.8
we see that the new functions

zZi(y) = 6_11978_15‘21’(?;2 +e)
are real valued and solve the following elliptic equations in Q
—AZ =01in Q, Z = e_i%e_ix|a|_(1+")v(|a\®a(y2 +¢)) on 99,
which is the same as the relation (2.40), and
—AZy = Ma?p(la|®a(y? + €)) | D) (y2 + €)|? (31 + %) in Q, Zy = 0 on 0,

which is the same as (2.42). Thanks to the bound (2.73), one can proceed
exactly as in the proof of Lemma 2.6.1 and show that Z; provides a negligible
contribution in the sense that

122l gy + IV 22 - vll 20y < Clal?,
while the contribution of Z; is the following
c < ||21||H1(Q) < ¢o, c1 < val : VHL2(QQ) < ¢g,

for positive constants c1, co not depending on a. This also provides

C1 S _ V(El -+ 52) . V(gl + 52) do S Ca.
o
By performing all the inverse changes of variables and going back to the original
domain D;Ial (0), we obtain the statement. O

Lemma 2.7.6. Let k > 2 and let M = M(|a|) = (m;;) be a k X k hermitian
matrix depending in a smooth way on the parameter |a|. Suppose that there
exist n € Ng and Cy > 0 such that, as a — 0, we have

miy =X+0(la]?),i=1,....k—1, my=0(al®),i#jij=1,...k—1,
mrgr = )\k — Ck|a\2”+2 + 0(|a|2”+2), miEp — O(\a|”+2), 1 75 k.
If \p—1 < Ag, then the greatest eigenvalue of M satisfies

Amaz(M) = A\ — Cila* 2 + o(|a|*"™2)  asa — 0.
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Proof. In order to estimate the eigenvalues of M, we compute the determinant
of the matrix B = M — tId = (b;j). We have

k
det(B) = ) sgn(o) H Dior (i) (2.74)

o€ Py

where o is a permutation of the set {1,...,k}, Py is the set of all such permuta-
tions, sgn(o) is the sign of o and o (i) is the image of the element i € {1,...,k}
under the action of . We recall that a fixed point of ¢ is an element ¢ such
that o(7) = i. We define, for r =0,...,k,

Py, = {0 € P, : o has exactly r fixed points}.

Notice that Py, = {Id} and Py r—1 = (. We split the sum in (2.74) in the
following way

k k
det(B H bii + Z Z sgn(o H bio(i) + Z Z sgn(o) H bio(s)-
r=1oc€Py,, r=00€Py =1
o(k)=k a(k);ék

Due to the specific form of M we can estimate each piece as follows

k—1

Hb” = (A = Cila*™ ™ + o(Ja|>"*2) — ) [T (A + O(lal?) — 1),

i=1

forr=1,....k—2

k
> sen(o) [T bioty = e = Crla?* 2 = )0 (a257) Q1 (8, af?),

UEPk,T =1
o(k)=k

and forr=0,...,k—2

k
>~ sen(@) [T biot = 0 (1al"2) 0 (1al2*) Qu(t.]af?),
=1

O'GP];;,T-
o(k)#k

where Q. (,]al?) denotes a polynomial of degree r in the variable ¢, which
depends on |a| with terms of order O(|a|?). More explicitly, Q,(t,|al?) is given
by the sum over any possible choice of » numbers in the set {1,...,k — 1} of a

62



Chapter 2. Aharonov—Bohm operators with varying poles

product of r terms of the form ()\; + O(|a|?) — t), for some i # k. We can also
define Qr_1(t,|al?) = Hk 1( ; + O(Jal?) — t) and remark that

k—1

Qr-1(M,0) = [T\ = M) #0, (2.75)

i=1

where we used the assumption that A\p_1 < Ag.
Let € = |al?. We rewrite the determinant in terms of e, obtaining

k—2
det(B) = ()\k — Ck6n+1 + 0(€n+1) — t) {Qk_l(t,€) —+ Z O (€k_r) Qr_l(t,éf)}

r=1
k—2
+D 0 () Qu(te) =t f(t,2).
r=0

The assumptions of the implicit function theorem hold for f(¢,e) at the point
()\k,()) Indeed, f(Ar,0) =0, f is at least C™*! in a neighbourhood of (\g,0),
and 2L ()\k, 0) = —Qxr—1(M\,0) # 0 thanks to (2.75). Then there exists a function
A(e) 6 C"1, defined in a neighbourhood of € = 0, such that f(A(g),e) = 0.
Let us first differentiate this relation with respect to € and estimate it in

()‘kv 0)

of
ot

0
— Xk, 0) N (0) + —f()\k,O) =0.

Oe
Since n > 1, ()\k, 0) = 0 and we conclude that A’(0) = 0. We can differentiate
n+ 1 times the identity f(A(¢),e) = 0 and each time use the relations obtained
in the previous step. We have

of
ot

Thanks to the fact that n+k—r >n+1forall r =0,...,k — 2, and using
(2.75), we deduce

, J
<Ak,0>A<”(0>+%<Ak,0> =0,j=1,...,n+1.

o f , oty
5] —(\,0) =0, j=1,...,n, et — (M, 0) = —Cr(n + 1)!Qx—1(\g, 0) # 0.
Then
AD0)=0,j=1,....n,  A"TD(0) = —Ck(n+1)!
and we conclude that A\(¢) = A\, — Cre" ™ + o(e"t1) as e — 0. O
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Proof of Theorem 2.1.11. We can assume without loss of generality that b =0
and moreover, by Lemma 2.7.1, that  satisfies (2.65). Let ¢y, have a zero of
order h/2 > 2 at 0, corresponding to

h
n=—-——12>1
2

arcs of nodal line ending at 0. Denote by I' any such piece of nodal line and
let a € I'. We shall take advantage of the min-max characterization of the
eigenvalues, which we exploit by constructing suitable finite dimensional spaces
of competitor functions.

Step 1. Construction of the space of competitors. As shown in Lemma 2.2.7,
we can choose the discontinuity of 6, on the piece of I' connecting a with the
origin, so that

Ve,
2
For i =1,...,k we define

= A, QMMMHHQ\DQQ)

v (@) = 3 Wei(@),  xeQ\Df, (0).

K3
Since €% is univalued and regular in Q\D@(O), the gauge invariance implies

(iV + Aa)?0f™ = ip(x)vf™  in Q\D, (0). (2.76)

(3

In the interior of the small disk we take the solution of the magnetic equation

in H}4 (D;“M(O)), having the same boundary trace, that is, for i = 1,...,k,

(iV + A)* 0™ = \ip(x)vi™  in D;“| ‘(0) it = e Y; on GD;l |( ).
(2.77)

t

By uniqueness, v{™ can also be characterized as the function which achieves

int { / - 16V + Aol — Aip(@)of?] da -
ve HY (D5, (0), v=e¢"Fp; on dDF, (0 )} (2.78)

Though v{™ and v¢** solve the same equation on the respective domains, the
competitor functions defined as

{U;:nt D;M(O)
UZ = exr
et Q\D2\a|(0)

2

(2.79)

64



Chapter 2. Aharonov—Bohm operators with varying poles

do not solve the equation in 2. Indeed, we have, for all ¢ € Di{j(Q),

/Q [(iV + A)v; -(1V + Ag)p — Nip(z)v;| da

=i / (1V + Ay) (vF*t —vi™) - vo do, (2.80)
aD;al(O)

where we used the formula of integration by parts, (2.76) and (2.77).

Step 2. Estimates on the single competitor functions. By Proposition 2.2.9,
©; has the following behaviour on 8D;'|a‘ (0), for i < k,as a — 0

Yilop+ (o) = 2lalci cosd + o(|al),

2|al

with ¢; eventually 0, whereas for ¢, we have as a — 0
Prlan (o) = (21a) " (€1 cosl(1+n)0] + d s sinl(1 +n)0]) + oJaf+7),

with ¢14,, # 0,d14, = 0 if n is even and ¢14,, = 0,d14,, # 0 if n is odd. Since
a belongs to one of the nodal lines of ¢y, I', and the tangents to the nodal
lines divide 7 into equal angles, we have that a/|a| — e € {z; = 0} and we
recover the property (2.73). Hence Lemma 2.7.5 applies providing the following
estimates

I 2 onz 0 = OUal ). 107l 0y = Olal),

2|al I

| ‘ N (2.81)
GV + Aa)vi™ Vil 2 ops 0)n0) = Ollal?),

2|al

fort=1,...,k—1, and

1 3 . ; 1
||Uint||L2(aD;a|(0)) ~ a2, [0V 4 Ag v - Yz ong, @ne) ~ a2,

(2.82)
T / (1Y + A)ul™ - o do ~ [a[27+2,
2lal oDy, ,(0)
(2.83)

Step 3. We claim that there exists a constant C > 0 such that

z/ (iV + A) (v — vi") - v do = —Ci|al2"2 + o(jal2"*2). (2.84)
8D2+|a‘(0)
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The asymptotic behaviour is consequence of (2.83). Let us prove that the

quantity we want to estimate is negative. To this aim, we extend the function

9 .
vt = "2y to all Q. Such extension is continuous in DQ‘ |(O), since @y,

vanishes on I' and 6, is regular outside I', and solves

(2V—|—A )2 ext —)\kp( ) ext Q\F
vt =0 Q.

Since v = 0 on T, we can test this equation by v§** itself in D2| |(O) and

apply the formula of integration by parts to obtain

z/ (iV + A vt - vop do
BD;'l (0)

- _ o [|(ZV+A v emt|2 Aep(z )|vewt|2] dz.
D3,

On the other hand, by testing (2.77) by vi"* we obtain the same expression

z/ (iV + A )vi™ - vy, do
aD;| (0)

_ _/ . [166V + Aa)vi™ | — App(a)|oit?] da.
2\ |

By subtracting the two equalities, and recalling the characterization of vi™* in
(2.78), we obtain that the boundary integral in (2.84) is negative.

Step 4. Estimate of the eigenvalue. Let

k
=1

where v; are the competitor functions defined in (2.79). By (2.81), (2.82) we
have, for i # j,

/ p(x)v;v;de
Q

/ p(@)piida + / p(&) (WM — pi7) da
@ D311 ()

< Clal*

(the last estimate improves to |a|**™ in case i = k or j = k ). Therefore F}, is a

k-dimensional subspace of sz(Q) for |a| sufficiently small and we have

191210
Ap < sup .
PeFy fgp |(I)|2dl'
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Relation (2.80) provides

k
9100 = 3 i { A [ plo)vrrae
‘ ij=1 &
+i/ (iV 4 Ag) (v*t — vimt) I/U_jdd} .
oDy, (0)
Thus we can write
A< sup Y L (NTIM),

where @’ denotes the transposed and the complex conjugation of the vector
ay Amaz () is the largest eigenvalue of a matrix and M, N are by construction
k x k hermitian matrices with entries

mi; = /\i/ p(z) vv; de + Z/ (1V + A) (08 — vty vs do
Q 8D;r|a‘(0)

nij = / p(z)vv; da.
Q
By exploiting (2.81)-(2.83), we see that M has the form in Lemma 2.7.6 and
1+ O(|al*) O(lal*) O(la|"**)
N=| O(al" :
1+O0(al')  O(la["*?)
O(la|™*) ... O(la["*") 1+ O([a]*"**)

By writing N = Id + &(|a|) we have N™1 = Z;’io(—l)jé’ﬂal)j ~ Id—&(|a|) as
a — 0, so that N~! has the same form as N. Therefore N~ !'M has the same
form as M and we can apply Lemma 2.7.6 obtaining

X < A = Cilal*™*2 + o(|a]*"+2).
The result follows recalling that 2n + 2 = h. O

2.7.3. Frequency formula for magnetic eigenfunctions at
boundary points

Throughout this section we assume that €2 is regular and that p(x) satisfies
(2.4). Given a pole b = (by,b2) € R?, we recall the following notation from
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Section 2.7.1
7(b) = (0,bs), fo(w(b)) = {(z1,22) € R2 : x% + (o — 62)2 < 7’2, x1 > 0}.

We define a Almgren-type frequency function in D;f (7 (b)) as follows.

Definition 2.7.7. Let b € C, r > 0 such that b € D;(mw(b)) and u €
H) (D (m(b))) with u =0 on {1 = 0}. Let A € R, and p(x) satisfy (2.4) in
D (mw(b)). We define

E(u,r, w(b), \, Ap) = / (16 + Ap)ul? — Ap(x)[ul?) da,
D} (m(b))
]‘ 2
H(u,r,m(b)) = - |ul” do,
" JoD} (n(b))

and the frequency function

E(u,r,m(b), A, Ap)
H(u,r,m(b))

N(u,r,7(b), A, Ap) =

In the notation above we keep track of all the parameters involved, apart
from the weight p, since we will need to let them change from section to section.
The weight is not explicitly mentioned because it does not play a significant
role, as long as it satisfies (2.4).

In particular, in this section we will estimate the frequency function for
u = ¢ and A = A{. We shall omit the index k since we will work with a fixed
k from now up to Subsection 2.7.5. By Lemma 2.7.1, we can assume that 0 is
locally flat near the origin, so that we consider the following equation

(iV + Aa)%¢" = Ap(x)p” Ds,,(0)
©* =0 {z1 =0} (2.85)
v € Hy, (D3, (0)).
Here 7( is chosen such that

o < (20%|p|| L) "Y/? for |a| sufficiently small, (2.86)

which is possible due to the fact that p is bounded and that A\* — X as
a — 0, as recalled in Theorem 2.1.1. For r < ry and |a| < r we have that
Df(r(a)) C D;ro (0) so that, for such r and a, the frequency function for
solutions of (2.85) is well defined.
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Estimates on H (% r,7(a))

We can compute the derivative of H with respect to r similarly to the standard
frequency function for non-magnetic eigenfunctions. In the following a =

(a1,as2).

Lemma 2.7.8. If ¢* is a solution of (2.85), for a1 < r < rg we have

d 21 _
—H(e% r,7(a)) = _2 (iV + Ay)p® - vt do
dr r Jop (r(a))
2
= ;E(gpa,r,ﬂ(a), A AL). (2.87)
Proof. By the change of variables y = (x — w(a))/r we have
1
Hg'rr(a) = [ o) dot) = [ ey + (@) do(y)
T JoD} (n(a)) oDy (0)

By taking the derivative with respect to r we obtain

d
L (e, r, () = 2Re / Ve (ry + m(a)) - y 22 (g + (@) dor(y)
dr oDy (0)
2 .
= - Re/ Ve vep®do(x)
r oD (n(a))

2 _
=~ Re —i/ (iIV 4+ Ay v tdo p,
r dD;f (w(a))

where we used the fact that Re(—i|p%|?A, - ¥) = 0. On the other hand, by
testing equation (2.85) by ¢® and integrating by parts, we see that

E((p“,r,w(a), )‘aa Aa) — _2/ ('Lv + AQ)QOQ . I/Wda' - R7
aD; (m(a))

which concludes the proof. U

We can prove the following estimate.

Lemma 2.7.9. Let ¢® be a solution of (2.85) and ro be as in (2.86). If
a1 <ry <rg<rg then

i > ()

If |a| is sufficiently small, we can choose C' = 4\||p||L~, where X is the limit of
A as a — 0.
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Proof. By combining Lemmas 2.7.3 and 2.7.4 we see that

1

12+ (na)) [o]* dz < 2/ (iV + Ag)¢? da. (2.88)

Dif (n(a))

Next we apply Lemma 2.7.8 and, in order, the inequalities (2.88) and (2.70) in
the following way

d 2 . a a a
SHE @) =2 [ (VA - Al ) do
r "D (n(a))
2
> 20 pler®) [ 69+ A s
r Df (w(a))
2
> 21— 2 pllp~r?) H (g, 7, (a).

Integrating the last inequality between r; and ro we obtain

H(Qpaﬂl%ﬁ(a))) (T2>2 2 2
lo >log | — ) —2)\¢ <(ry5 —7T
g (H(@G,Tl,ﬂ'(a)) =z 1og " ||p”L ( 2 1)

2
> log (:—2) — 2)\|Ip| o<
1

Taking the exponential of both sides and recalling that A®> — A we obtain the
statement. O

Remark 2.7.10. Relation (2.88) shows that E(¢% r,m(a),\* As) > 0 for
r<rg.
Estimates on E (¢, r,m(a), A%, A,)

We will need the following Pohozaev-type identity for the solution ¢* of (2.85).
Also compare with [7, Section 4].

Lemma 2.7.11 (Pohozaev-type identity). If o® is the solution of (2.85) and
ro given in (2.86), the following identity is valid for a; < r < g

r

—/ (Y + A)e®? — 20(iV + Ad)o® - v]2 — Xplp® P} do
2 Jop# (r(a))

(2.89)
+ A“/ 0% (p+ Ve (@ ﬂa”) dz 4 M, = 0,
Dy (r(a)) 2
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where

M= tim [ {Re [+ Ao TV F AT (o)
€=0JaD. (a) (2.90)

1
—§|(iV + Ad) e (x — 7(a)) - l/} do.
Proof. We test the equation (2.85) with the vector field £ = (iV + A,)p® -
(x — m(a)) in D (m(a)) \ D:(a). We need to remove a small ball around the
singularity because Vp® may be singular at a (it is singular in the case that

©® has a zero of order 1/2 at a). Multiplying by ¢ and taking the real part we
obtain

Re (z/ iV + Aa)ngagdx) =Re (i)\a / @apgdac).
Df (m(a))\De(a) Dif (w(a))\D<(a)

(2.91)

Similarly to (2.68), the following identity with the weight holds almost every-
where in D (7(a))\D:(a)

%V (p|g0a’2(x_ﬂ_(a))) _ ‘@a|2 (p+ Vp- (:E —W(&)))

5 + Re (ip(p“f) .
It allows to rewrite the right hand side of (2.91) as
)\a

y Pl (@ = (@) - vdo
d(Df ((a))\De(a))

_)\a/ |90a|2 (p+vP(x_7r(a>)) dr.
Dy (w(a))\D- (a) 2

Taking the limit as ¢ — 0, we obtain

A%r a a a Vp-(x —7(a
L letrara [ e (pe T g
D (1(a)) D}t (n(a))

The integral on D, (a) vanishes as € — 0 because |¢?| behaves at least like £/2
on 0D (a) by (2.17). Next we look at the left-hand side of (2.91). Integrating
by parts and using the following identity valid for a.e. z € D (7(a))\De(a)

Re (i(iV + Au)e - IV + A2)E) = 5V - (169 + A"z — m(a),
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we rewrite it as

Re {z/ (iV + Ay)p® - 1V + Ay)Ede
Dif (w(a))\D:(a)

—/ (iV—i—Aa)go‘Ldea}
d(Df (w(a))\De(a))

1
:/ L6V + 40" (@ — 7(a)) - vdo
8(DF (w(a))\De(a)) 2

- Re/ (iV + A" - v do
d(D{f (w(a))\D=(a))

1
:r/ {—|(iV+Aa)g0a|2—|(iV—|—Aa)g0a-V|2} do
oD (n(a)) (2

' a.,/_—li a2 —m(a))-v S do
+/apg<a){Re[(ZV+Aa)9" =30V + Ae™w — mla)) }d.

By taking the limit as ¢ — 0 and by combining the two contributions in (2.91)
we obtain the result. O

This identity allows to compute the derivative of E(p®,r,m(a), \*, A,) with
respect to r.

Lemma 2.7.12. If ¢® is a solution of (2.85) and ro is given in (2.86), then
for a; <r <rg we have

d
_E(¢G7T77T(a)a)‘a714a) :2/ |(iv+Aa)(pa-V|2d0'
dr oD} (r(a))
A? a2 2
- 1" (2p + Vp - (z = 7(a))) dz — = M,,
" JDf (n(a)) r
(2.92)
where M, is defined in (2.90).
Proof. We have
d a a N a a a
SECE@AA) = [ (|GY 4+ At = Xl ) do
r oD} (w(a))
Then we use the Pohozaev identity (2.89) to conclude. O

In what follows we will estimate the remainder M, which appears in the
derivative of E in equation (2.92).
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Lemma 2.7.13. Let v(y) = e W (a1y? + a), defined in the set {y : ayy® +

a € D3, (0)}. Then
M, =mRe { (ag—(y())) } . (2.93)

Proof. First we shall prove that

M, = lim Re ((z’V+Aa)g0a vV + Ag)pt (x—w(a))) do
e—0 8Dg(a/)
alm
= (- dp), (2.94)

where ¢; = ¢1(a), di = dy(a) are the coefficients appearing in the asymptotic
expansion (2.17) of ¢%, and a = (ay,a2). Indeed, by differentiating (2.17) we
obtain almost everywhere

jet0a/? 0, 0, 0, 0,
(1V+ A" = Z;\/ﬁ (01 cos 5 — dy sin 5 sin Y + d; cos 3) +o(r;1/?),

as r, — 0 and hence

1
1(iV + Ag)®|* = F(c% +d¥) +o(r;!) asr, — 0.

a

Moreover notice that x —m(a) = (a1,0)+¢e(cosb,,sind,) and v = (cos b, sin 0,)
on 0D.(a). Therefore

lim 1(iV + Ag)p**(z — 7(a)) - vdo =
e—0 8D5(a)

2m
1
lim 6/0 [E(c% +d3) + 0(6_1)} [a1 cosl, + €] db, =0,

e—0

and we have estimated the second term in (2.90). By a direct calculation one
estimates the first term in (2.90) and obtains (2.94).
Now, by changing variables in (2.17), we obtain the following expansion for v

v(r,0) = \/a1r (c1 cosO + dy sinf) + o(r) asr — 0.

Hence we have 82—;0) = ‘/QLTI (c1 —idy) and (2.93) follows by combining with

(2.94). O

Remark 2.7.14. From (2.94), we remark that the constant M, is identically
zero if the eigenfunction ® has a zero of order stricly greater than 1/2 at a.
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Moreover, we can give a geometrical meaning to this constant M,. In case
©® has a zero of order 1/2 at a, for which M, # 0, we can rewrite (2.17) in the
following way

0, —

i ba

P =e"2 (/A + d3 racos<

) +o(rt/?),  asr, — 0,

where cos(a/2) = c1/\/c} + d3 and sin(a/2) = d1/+\/c3 + d3. The unique nodal
line of p* ending at a leaves then the point a with an angle given by 0, = o+
(mod 27 ). We immediately see that M, = 0 if and only if cosa = 0, that is
a=m/2 or 3w /2. This corresponds to a nodal line leaving a in parallel with the
boundary of the domain.

Lemma 2.7.15. There exists C' > 0 not depending on a; such that

| M|

<C.
H(e?, 2a1,m(a)) ~

Proof. The quantity M, is expressed in terms of v in Lemma 2.7.13. We also
rewrite

H(4" 2y, 7(a)) = /v2]y| do, (2.95)

2l

where, letting Q = {y : a1y +a € DJ, (7(a))}, we have v = 0Q. By Lemma

2a1

2.2.8, v solves —Av = 4a?|y|*pA?v in Q, where p(y) = p(a1y* + a) has the
same properties as p(z). Since v does not depend on a, Lemma A.2.1 applies,
providing for a; sufficiently small the representation formula

mwz—/ww@mawwwx

for z € 2 and moreover,
102, G (@, ) = 0z, ®(, ) [w2a) < Caf  for1<g<2.

Therefore we have, by the Holder and traces inequalities (for the trace embedding,
see for example [49, Theorem 5.36]) and the estimate above, taking for example
q = 4/3, we have

02,0(0)[2 = ( A va,,ax,.Gm,y)da(y))z

g/ﬁmﬁ/@@ﬁﬁwFMSC/ﬁMw,
¥ ¥ v

74



Chapter 2. Aharonov—Bohm operators with varying poles

where we divided and multiplicated by |y|, recording that |y| > 0 on ~. Hence,
by Lemma 2.7.13 and by (2.95), we have

M, IVeO)P
H(¢a72a1ﬂ7r(a)) N H(@aaQCleﬂ-(a))
Lemma 2.7.16. There exists C' > 0 independent of a1 such that

H(p® kay,m(a)) — k2

<C. O

for every k > 2.

Proof. 1t is a straightforward consequence of Lemmas 2.7.9 and 2.7.15

| M| _ | Ma| CH(p® 2ay,7(a)) O
H(p% kay,m(a)) H(p*2a1,7(a)) H(p% kay,m(a)) ~ k2

Estimates on N (%, r,7(a),\, A,)

The function N may not be increasing, because of the remainder M, which
appears in the derivative of F in (2.92). Nonetheless, we can use the estimates

proved in the previous paragraph to obtain a bound from below on the derivative
of N.

Lemma 2.7.17. Let ¢ be a solution of (2.85) and ro be as in (2.86). For
a1 < r <rg we have

1

% J D (n(a))

E(p*, r,m(a), \*, Ay) + H(p%, 7, W(a)).

a|2
de <
[ |" do < 1—-Cr3

If |a| is sufficiently small, we can choose C' = 2\||p||Le, where X is the limit of

A% as a — 0.

Proof. On one hand, the Poincaré inequality (2.67) provides
1

r? Dif (n(a))

R N C L
D} (w(a))
< E(p* rym(a), \*, Ay) + H(p r,m(a)).

On the other hand, if we take r < ry, we obtain that

1 — rg\*||p Lo
o 2HpHL / |Q0a|2dl‘
r D (w(a))
1
< o= [ pa)let .
" JDt(n(a)) D ((a))
The result follows by combining the previous two inequalities. O
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Lemma 2.7.18. Let ¢® be a solution of (2.85) and ro be as in (2.86). For
every k > 1, a1 <ro/k and kay < r < ry we have

N(¢® r,m(a), A, Aq)

Crg 2
< (N(Soa7 7"0,71'(&), )\a7Aa) + 1) exXp (C@ CTO > _ 17

2oT1o Cré
with C' > 0 independent from a1, k,r,rg.

Proof. Let for the moment N = N (%, r,m(a), \*, A,) and analogously for H
and E. We use Lemmas 2.7.8 and 2.7.12 to obtain, for r > a,

AN 1 [2 / , ) )
— === - (iV 4+ Ay)e® - v da/ |p?®* do
dr  H? {?" aDrwa»‘ | oD} (x(a)) |

2
2 z/ (iV + A)o" - v 7 do
r D (n(a))

1
e 2Ma—|—)\a/ 0 *(2p+ Vp - (x — 7(a))) dz
TH{ N (2~ (a)

1
> L mMu+Awmwwm-w—wwmuw/
rH D} (n(a))

%) dx} . (2.96)

In the last step we used the Schwarz inequality and the regularity assumption
on p (2.4). Therefore we have

d
= log(N + 1
5 og(N + 1)

1
> —————— < 2AM |+ A[2p + Vp - (z — 7 (a L°°/ @“2dx .
NE+H){| [+ 2] L NN

(2.97)

We look at the first term in the right hand side of (2.97). By Lemma 2.7.9 we

have 5
H((;O ,7”,7'('(&)) > efcrg r ,
H(p® kay,m(a)) (kay)?
This together with Remark 2.7.10 and Lemma 2.7.16 provides

kar <r <rg.

Ml M| O Mal(ka)? L ondd
r(E+H)~ rH — 1 H(p*kay,m(a)) ~ rs
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for ka; < r < ry. Concerning the second term in the right hand side of (2.97),
we apply Lemma 2.7.17 to obtain

1

——/ |¢“\2dx2—%, ka; <r <rg.
r(E+ H) Jp# ((a)) 1= Crg
Thus we have obtained
d CeCroa? Cr
—log(N +1) > — L_ k .
dr og(N +1) = r3 1—-Cr3’ =TT

By integrating between r and ro we arrive at

N(p® ro,m(a), \*, Ay) + 1 9 Gcrg eCT(Q) C 2 2
1 o - B )
Og N(Soa,’,r.’ﬂ-(a/)’)\a7Aa) + 1 - a/l rg 7‘2 1 — Crg (TO T )

2 2
> _Celra ™ _ _Crg
- r2  1-0Crd
S _Cecrg B Cré
- k2 1—-Cr3’
for ka; < r < rg. The statement follows by exponentiating both terms. U

2.7.4. Proof of Proposition 2.1.12

In this section, we prove the existence and uniqueness of the limit profile of
Proposition 2.1.12.

Proof of Proposition 2.1.12. Step 1. Suppose by contradiction that there are
two solutions ¢ and ¢ to (2.7) in H)_,..(R%), which do not differ by a mul-

tiplicative constant, that is % + 3—1 ifer,dy 0,6 £0ifeq =0, dp # 0 if
d; = 0. By Proposition 2.2.10 we have

i 5 0. 0.
1/}(7"@, (96) = el%ﬁ (01 CoS 5 + dq sin 5) + o(\/a)7

b =) Oe 1 0.
Bres00) = % iz (ereos % 4 drsin ) + ol

as re = [v —e| = 0, e = (1,0). Suppose first that ¢} 4 d} # 0. We consider the
linear combination tv + ¢ that we can write, thanks to the expressions above,

(t) + 1) (re, 0e) = eie?e\/r_e {(tcl +¢1) COS% + (tdy + dy) sin %e] + o(\/re).
(2.98)
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The parameter ¢ is chosen in such a way that

t c1)2 — (tdy + dp)?
M::W(C1+C1) 4( 1+ di) —0,

where M is the constant associated to ¢ + Y, see (2.94). More explicitly we
have ¢t = (d1 — 51)/(01 — dl) if C1 75 d1 ort= —(51 + dl)/(cl + dl) if C1 # —dl.
Exactly as in (2.96) we have for r > 1

2M

d -
3 Nt +4,7,0,0,4c) = CTHGw LT 0, (2.99)

thanks to our choice of ¢, so that N(t1) 4 1), -,0,0, A.) is increasing.
We claim that
lim N (£ + 4,7,0,0, A.) < 1. (2.100)
r—00

Assume by contradiction that there exist 4 > 0 and Rs > 0 such that, for every
r > Rs, N(tp +1,7r,0,0,A.) > 1+ 6. Then, since i) + 1) solves the equation,
proceeding as in (2.87), we find

SN

~ 2 ~
i log H (ty+1,r,0) = ;N(tdz—I—?ﬂ,r,0,0,Ae) >

1+6 . (2.101
T (1+9), r > Rs. (2.101)

Integrating between Rs and r we obtain
H(th +p,r,0) > Cr21+9) > R, (2.102)

On the other hand, by assumption (2.8), we have (by eventually taking a larger
Rs)

5 . 5
N(¢7T70707A6)<1+§7 N(I/}7T70707A€)<1+§7 T>R5'

Proceeding as above, this implies H (1), 7, 0)+H (1), 7,0) < Cr21+9/2) for 1 > Rs.
Hence, by the Young inequality, we obtain

H(tp +,r,0) < 2 [H(t,r,0) + H(,r,0)] < Cr2ATo/2 0 p > Ry,

which contradicts (2.102). Hence (2.100) is proved. .
On the other hand, it is not difficult to see that, since ¢t + 1) vanishes on
{z1 = 0} but is not identically zero, we must have

N(t) +1,0,0,0,4,) > 1. (2.103)
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Indeed, suppose by contradiction that there exist € > 0, r. < 1 such that
Nt +,7,0,0, A,) < 1 —¢, r<re.

Using this inequality as we did in (2.101), and then integrating between r and
T, We arrive at

H(t+1),7,0) _ (T_s>2—26
H(tih +1p,r,0) ~ '

r
Conversely, Lemmas 2.7.8 and 2.7.4 provide

r

SH@ 4 D0 =2 [0V A0+ D) de > ZH( +5.5,0),
r D (0) r

and hence

H(ty +¢,7:,0) <T_>2
H(ty +,r,0) — \r/°

which contradicts the previous inequality for r < r..

We conclude from (2.99), (2.100) and (2.103) that N () 4 ),7,0,0, A.) = 1
and, in turn, that ti) + 1) = e%</2rg(#), for some function g depending only on
the angle. This contradicts the asymptotic behaviour (2.98) of ti) + 1) at e. We
have obtained uniqueness up to a multiplicative constant in case c¢f + d? # 0. If
¢1 = di = 0 then all the previous considerations apply with ¢ in place of t) + 1
and we still obtain a contradiction.

We remark that a more precise analysis of the results above and (2.99) tells
us that M must be positive, otherwise we obtain again a contradiction. As
explained in Remark 2.7.14, M > 0 is equivalent to have the nodal line of
leaving e with 6. € (7/2,37/2). Moreover, we cannot have neither a zero of
order h/2 at e with h > 3 since in that case M = 0.

Step 2. We will use some ideas in [50], in particular Lemmas 2.4 and
2.9 (see also [51]). Let Q1 = {(z1,22) € R* : 27 > 0, 22 > 0} and let
'y = {(z1,0) € R? : 0 < 27 < 1}. We consider the following minimization
problem

5 = inf {/ Vu?dz : v € DM*(Q1), u =0 on {z; =0}, u = —x1 on Fl},

2 1
(2.104)
where we denote by D'?(Q1) the closure of C§°(Q1) with respect to || Vul|12(q,)-
By standard variational methods, the infimum is achieved by a unique function
w € DY2(Q1) (see for example [52, Theorem 8.4]). Due to the symmetries of
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the problem, we can extend w to R3 in such a way that w(z1, —22) = w(z1, z2)
and moreover w satisfies the following properties

—Aw:OinRi\Fl, w=0on{r; =0}, w=—x70nly

and
/ IVw|?dz = 8 < oco.
w2

By the maximum principle we have w < 0 in Ri. If the discontinuity segment
of . is chosen on I'{, one can check that

) = e/ (21 4+ w)

solves (2.7), by passing to the double covering as in Lemma 2.2.8. We aim
at showing that ¢ = 1; thanks to step 1, it will be sufficient to prove that 1
satisfies (2.8). Let w be the Kelvin transform of w, that is w(y) = w(y/|y|?)
for |y| < 1. Because w is harmonic outside of D{ (0), @ is harmonic in D} (0)
with zero boundary conditions on {y; = 0}. Moreover, [ DF () Vw2 dz =

g2 \D (0) |[Vw|? dx < B3, then 1 has finite energy. Therefore 1 is analytic in
+\
D7 (0) and admits the following expansion in D} (0)

= ZRe(i)ny“), b, € C,
so that

ZRe ( |2n) for |x| > 1.

By passing to polar coordinates and taking into account the symmetries of w,
we find

br,
w(r,0) = > Srcos(nf), r>1, by €R, with by <0. (2.105)
n odd

Hence w(r,0) = bycos@/r + O(r=3) as r — oo, and an explicit calculation
provides

lim N(@Z,T,0,0,Ae) =1 andhence ¢ =1 = ei96/2(ac1 + w),

r—00
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by the uniqueness proved in Step 1. To conclude the proof of point (ii) it
remains to show that by = —3/m. By testing the equation —Aw =0 in R2 \ I'y
by w we deduce

B:/ \Vw|2da::—2/ z1Vw - vdo. (2.106)
R2 r

On the other hand, by testing the equation of w by 1 in DE (0), R > 1, and
the equation —Az; = 0 by w in D};(O), and subtracting them, we obtain

/ (wVz1 — 21Vw) - vdo — 2/ x1Vw-vdo =0. (2.107)
oD% (0) I,

By combining (2.105)-(2.107) we obtain

S = lim (x1Vw —wVzy) -vdo
R— o0 GD;(O)

1 " 7'('/2
:Rlim {— Z (n];T)lb/ cos(n#) COSQd@}
— 00

n odd /2

/2
= —2b; / cos?0df = —7by
—7/2

which concludes the proof. U

We can interpret § as the cost, in terms of energy, needed to impose that w
vanishes on I'y, or equivalently as the energy cost of the nodal line of .

2.7.5. Pole approaching the boundary not on a nodal line of
. estimate from below

Without loss of generality, we assume that b = 0 € 92 and that condition (2.65)
is satisfied, meaning that the boundary is flat around 0. Let ¢* be a solution of
(2.85). In this section we treat the case when a — 0 and ¢ has a zero of order
1 at 0 (no nodal lines). In this case, if w(a) = (0, a2) is sufficiently close to 0,
then ¢ has a zero of order 1 also at 7(a): there exists as > 0 such that, for
|7(a)| < a2, we have

©(Tr(a)s On(a)) = Tr(a)C1(7(a)) €OS Or(a) + O(1 0); (2.108)

as Tr(q) = |r —m(a)] = 0, where x — m(a) = 7,(4)(cosOr(q),sin b)) and
ci(m(a)) # 0. We remark that only the cos 0, (,)-term remains since ¢ vanishes
on the boundary {z; = 0}. In the following, we keep the notation used in
Section 2.7.3.

81



Chapter 2. Aharonov—Bohm operators with varying poles

Estimates on the frequency function

Lemma 2.7.19. Let ¢® be a solution of (2.85) and suppose that ¢ has a zero
of order 1 at 0. Let |m(a)| = |az| < a2 so that (2.108) holds. For every e > 0,
there exists 7. > 0 such that for all r. < 7. there exists aj ¢ ,. > 0 such that

1< N(e re,m(a), A% A,) <1+ % forall ay < @y ..

Proof. The bound from below can be proved as in (2.103). Let us concentrate
on the bound from above. Relation (2.108) implies that 1 < N(p,r,m(a), A, 0) <
14+ 0O(r) as r — 0 (see for example [53, Corollary 2.2.4]). Let 7. be such that
N(p,7,m(a),A,0) < 1+ ¢/8. By the monotonicity property of the Almgren
function for the eigenfunctions of the Laplacian (see for example [53, Corollary
3.1.2]), we have that N(p,r,m(a),X,0) < 14¢/4 for every r < 7.. Fix 0 < r. <
7e. Since we know from Remark 2.4.4 that

A= X and e /200 — ollar@) — 0, asa—0,

we deduce |N(p® r.,m(a), A%, Ay) — N(p,re,m(a), N, 0)| < e/4 for |r(a)| < a2
and a1 < @y, . O

So far we have obtained an estimate on N for a fixed radius .. Since N is not
increasing, this is not sufficient to obtain the estimate for » — 0. Nonetheless,
we can provide a bound on N for r sufficiently far from the singularity. This is
done by exploiting the estimates proved in the Section 2.7.3.

Lemma 2.7.20. Let ¢® be a solution of (2.85) and suppose that ¢ has a zero
of order 1 at 0. Let |m(a)| < a2 so that (2.108) holds. For every e > 0, there
exist re,a1 > 0 and k. > 1 such that

N(p* rym(a), A", Ag) <1+¢ (2.109)

for every a; < ay . and for every k.a; <r <71, and

s ()

™
for every a1 < ai . and kcay <rp <re < 7.

(2.110)

Proof. To prove the first inequality we combine the previous lemma with
Lemma 2.7.18. In Lemma 2.7.18 we choose rq = r. < 7.. For every k > 1,
a1 < min{r./k,a; ..} and ka; < r < r. we have

Cr2 a,.2
c 2
N rm(a), A" Ag) < (2 + E) exp (Ce + Te ) — 1.

2 k2 1 — Aoy
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We can impose that the right hand side above is less than 1 + ¢ by choos-
ing r. sufficiently small and k = k. sufficiently large. Then we let a; . <
min{r: /ke, a1, }-

Let us look at the second inequality. We deduce from Lemma 2.7.8 and from
(2.109) that

d 2 2(1
—log H(¢% 1, m(a)) = —N (¢ r,m(a), A, As) < 20+e)
dr r r
for a; < a; . and k.a; <r < r.. Integrating between r; and ro we obtain the
result. O

In Lemma 2.7.9, we obtained a superior bound on the function H (%, r, w(a)).
In the case where r is sufficiently far from the singularity, we can obtain an
inferior bound on H (%, 7, m(a)), which can be improved with respect to (2.110).
This is the object of the following lemma.

Lemma 2.7.21. Let ¢® be a solution of (2.85) and suppose that ¢ has a zero
of order 1 at 0. Let |m(a)| < a2 so that (2.108) holds. Let k. > max{1l,/3/7},
a1,e, 7e be as in Lemma 2.7.20. Then, there exists C' > 0 independent from aq
such that

H(p" keay,m(a)) > C(koar)®  for every ay < @ c.

Moreover,

H(p%, k.aq,
liminf lim inf \/ (2, kear, w(a)) > \/§C17

k5*>+00 CL1—>0 ksal
where ¢1 € R is defined in (2.108).

Proof. We consider the function ¢ which has been introduced in the statement
of Proposition 2.1.12 (with abuse of notation we divide by the multiplicative
constant C' which is not relevant in this context). The rescaled function

B(z) = a1 (x_—”(“)>

aj

satisfies
(iV + Aa)2<I> =0 ]R%r
bd=0 {z1 =0},

and the following expansion, where x — 7(a) = p (cos O (q),sin Or(q))

5t 97‘( a eﬂ- a
(p(p, eﬂ(a)) = 6197 p Cos 071'((1) _ ﬁ 2COS ( ) Z b,a n+1 COS N ( )) :
n>3

n odd
(2.111)
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for p > a;. By testing the equation satisfied by ¢® by ® in D, (7(a)) (r > a1),
we obtain

A? / p(z)¢® dz
Dt (n(a))

:i/ {(N+Aa)gpa-u$+gpa (iV+Aa)<I>-y} do.  (2.112)
oD} (n(a))

Fix k. > \/B/n. For p > a; we also define

00 B cos@wa i1 COS(NOr(a))
L(p,0r(a)) = €3 <’f§--> 2T N paptt @)

@ n>3 pn
n odd
(2.113)
so that
(iV+A4,)°C =0 R2\ Dy (r(a))
=0 {.’1)1 = 0}
r=ao aD,jal( (a)).

By testing the equation satisfied by ¢® by I' in an annulus (D, \ D})(n(a))
(re > r > k.a1), we obtain

A? / p(z)eT dx
(DFA\DF)(w(a))

:i/ {(iV—i—Aa)goa-Vf+<,0a (iVJrAa)F-I/} do.  (2.114)
(DS \DF)(m(a))

In equations (2.112) and (2.114) we choose r = k.a;. Adding the two equations
we obtain

z/ go“{(iV+Aa)(I>-z/—(iV+Aa)1“-y} do
oD  (m(a))

= )\a/ p(z)p*®dx + \* / p(2)p°T dz
D}, (w(a) (DD}, )(r(a))

—i/ {(iV—i—Aa)sOa-Vf-l—QD“(iV-I-Aa)F-V} do. (2.115)
aD; (n(a))

Noticing that
(ZV+A )(I) v ’8D+

keay(m(a))

— it {(1 + %) €08 Or(q) — Z ,Zfll COS(new(a)>}

n>3 ¢
n odd
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and
vV + AT -
(Z +_ ) v |8l)2;a1(ﬂ(an
. j8a 5 E TL_bn
= —e'2 {(1 — m) COS gﬂ(a) + k?"‘l COS(neﬂ(a))}7
€ n>3
n odd

we can estimate the left hand side of (2.115) from above as follows

z/ o {(iV+Aa)<I>-V—(iV+Aa)F-V} da‘
oD}, (r(a))

go“e_i%a 2080, (q) do
+
oD, (m(a))

keaj

< 219"l z200; , (x(@l €8 On@ 22007, (x(a))
= keai\/2mH(p%, k.ay,m(a)). (2.116)

In what follows we will estimate the right hand side of (2.115). To this aim,
recall that for every r > 0 it holds

_i8a 4
le™ 20" = ¢llgee @\ pi o)) 70 asa—0.
Moreover, ¢ satisfies (2.108). Hence we have

.0,
©? |8Dj(7r(a)): e'2 c1pcos Or(q) + h(p, 0r(a)) + 04, (1), for every p > ay,
(2.117)
where ¢; € R was defined in (2.108) and h satisfies (see (2.16))

i 17(0; Mt @pt (x(a)) _
p—0 P

Let’s first look at the boundary term in the right hand side of (2.115). Taking
into account that r. is fixed and a; — 0, we have

0. (2.118)

iV + Aa)¢" - vT |apt (n(a))

2
=1 <k§ - é) 4 {01 cos® O () + Z—Z(Ta O (a)) COS gw(a)} +o(a?),

mT) re

and

" IV + AT v |opit (x(a))

2 h/ 7€W a
=1 (l{:g — é) i {cl cos? Or(a) + M cos Hﬁ(a)} + o(a?),
r

s Te £
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so that

- z/ {(iV + A UT + 0" (iV + Ag)T - V} do = c1(7k? — B)a?
aD; (w(a))

2 h 7671' a
. (k2 - é) ﬂ/ (M N @(Ts,gw(a))) €08 0 () do + 0(a?)
re Jopt (n(a)) Op

T Te
h(re, - oh
> cl(ﬁk? — B)a? — Ca? (:; ) + a—p(Ts, ) . + o(ai)
e L= (0D (n(a)))
> C'kZa3, (2.119)

for suitable C’ > 0 and a; sufficiently small, thanks to (2.118).
Concerning the integral in the annulus in (2.115), we replace (2.113) and

(2.117) to obtain
/ p(z)°T dz c1— (k2 - é) air.?
(DD}, )(w(a)) 4 m

e cos(nbx(q)) )
P a1 S @) | a4 a2y
keai JOD} (7(a)) Z p" !

< |[pllze

n>3
n odd
1
<C a2k:27‘2 + by, a”+1 — + o(a?
= 17ve 7;3 ’ | — (k?sa1)”_2 ( 1)
n odd
< Calk?r? + o(a?), (2.120)

since ., k. are fixed while a; — 0.

In order to estimate the last term, we apply Lemma 2.7.3, the equation
satisfied by ® and the expansion (2.111) with p = k.ay > a1, as follows

2
121z, ()

< keal/ |®>do + (k’eal)Q/ 1(iV + Ay)®|* dx
oDy, (m(a)) (m(a))

:kgal/ ]@]2da—i(k5a1)2/ (iV 4+ A)® - v® do
oDy, (r(a)) oD}, (n(a))

= O(a}).
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In a similar way

o1 < kear / 2 do
L?(D_,, (m(a)) oD% (r(@)

+ (kear)A? (@)l * do
Dy, (n(a))

keaq
= (hoay)?i / (iV + Ag)o" - v do
oD, (n(a))
so that, using (2.117),
(1 — )\aHpHLOO (k5a1)2)||¢a||iQ(D:6al (m(a))) — O(aéll)

The Holder inequality provides

0" ® dx
Dy, (n(a))

< ¢*lzaof , m@nI®lLe ot neay) = O(ay).

(2.121)
By combining (2.115), (2.116), (2.119), (2.120) and (2.121), we obtain

keai\/2mH (0% keay, m(a)) > C(kear)? — O (keaire)* 4+ o(a?) > C" (keay)?,

for a; sufficiently small, and hence the first thesis.
To obtain the more precise estimate, we remark that, combining the same
expressions (2.116), (2.119), (2.120) and (2.121), we get

\/H((Paa ksala ﬂ-(a))

1
> ——— [e1 (k2 — B)a? + a2o,. (1) + k2a%0,_ (1) + o(a?
= \/ﬂk‘sm [ 1(TkZ — B)ay 10r.(1) zajor. (1) ( 1)]

Then, dividing by k.a; and remembering that the estimate is valid for every
ay < ay ., we can consider liminf,, o

lim inf \/H(goa, kear, 7(a)) > 1

a1 =0 kea = V272

[e1(mkZ = B) + 0. (1) + k2o, (1)] -
Next, k. can be taken as large as we want

H(p k
lim inf lim inf VH{", kea1, 7(0)) > | T +o,.(1)]).
ke—+oc0 a1—0 ]{,‘ECLI 2 €

Finally, since 7. can be taken arbitrary small (see Lemma 2.7.19), we obtain
the thesis. O

Lemma 2.7.9 and 2.7.21 allow us to say that H(¢%, k.a1,7(a)) = O ((k-a1)?)
for k. > max{f/7,1} and a1 < aq .
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Normalized blow-up at the pole

In order to analyse the behaviour of ¢* near a (for |a| close to 0), we perform a
normalized blow-up of the function near the pole. For a fixed € > 0, let

Te, 1., ke be as in Lemma 2.7.20.

We define

¢*(a1y + 7(a))
\/H(90a7 kt?ala ﬂ-(a))

. y€D}(0), R = =, (2.122)

aj

Y (y) =

Note that these are the functions which appear in the statement of Theorem
2.1.13 (with K = k.) and that they are singular at e = (0, 1), independently of
a. We also remark that 1® solves the problem

{ (iV + Ae)*" = XaZp(y)y* Dy (0)
T =0 {11 =0},
where p(y) = p(ary + 7(a)).

A direct calculation provides the following relations between the frequency
function for ¢* and that for ®

_ E(¢% Ray,m(a),\, Ay)

E(®* R,0,\%?, A,) = , 2.123

v P A = TR e, (o) (2129
H(Spa7Ra177T(a))

H(y* R,0) = : 2.124

W0 = e ear, (@) (2124)

N(® R,0,\*a3, A.) = N(¢%, Ray,m(a), \*, Ay), (2.125)

for R > 1. Here, with an abuse of notation, the frequency function for ¢*
contains the weight p(z), while in the frequency function for ¥* appears p(y)
due to the change of variables in the integral. This has no influence in the
calculations, since both p and p satisfy (2.4).

We will show that the boundedness of the Almgren’s function implies the
convergence of the blow-up sequence as a; — 0. To this aim, notice that Lemma
2.7.20 and relations (2.123)-(2.125) provide the following bounds.

Lemma 2.7.22. Given € > 0, take the same assumptions and notations of
Lemma 2.7.20. Let ¥® be as in (2.122). Then

N@* R,0,\%3%, A,) <1+¢ (2.126)

88



Chapter 2. Aharonov—Bohm operators with varying poles

for every a1 < ai . and k. < R <r:/ay, and

H(wa7R2’0) _ (R2>2(1+6)

H(e, R, 0) ~ \ Ry (2.127)

for every a1 < a1 and k. < R1 < Ry <rc/a;.

Lemma 2.7.23. Given € > 0, take the same assumptions and notations of
Lemma 2.7.20. Let ¥ be as in (2.122). For every R > k., there exists a
constant C(e, R) > 0 such that

. TE —
||¢QHH}4 (Dt < C(e, R) for every a; < min {ﬁ’ a1,5} . (2.128)
Proof. Relation (2.127) and our choice of the normalization provide
H(¥° R,0) (R)Q(HE) )
H@W* R,0)= —— 2L <= < C(e)R?0H+e), 2.129
(w ) H(wa7k€,0) — kg — ( ) ( )

This, together with the definition of N and (2.126), implies
E()%, R,0,\%a%, A.) = N(¥*, R,0,\%2, A )H (¢, R,0) < C(e)R*1+9),

Both relations hold for R > k. and a; < min{r./R,a;}. Then

/ (Y + A2 dy < O 21+ 4+ Aag? / P(y)|6° 2 dy
D} (0) D} (0)

< C(e)R*M9) 4 X2 ||p|| o R (H(wa, R,0) + / 1(iV + A )y®? dy>
D

PN ()
< C(e)R*MT) 4 X*|p|| o r2C () R*HHE)

+)\a||p||LooT§/+( |(7/V+Ae)r¢}a|2 dy.

D (0

At the second line we used the Poincaré inequality (2.67), at the third line we
used (2.129) and the fact that R < r./a;. Then, thanks to (2.86), we have

a 2
[ 167+ e ay < copi R
D% (0) 1 — A||p[|eer?

We look then at the second part of the norm. Using Poincaré inequality (2.67),
we obtain

[ A S BH RO R [ 69 4 e dy < O R
=0

D (0)
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where we used the previous inequality and (2.129). Finally, we combine the two
contributions and obtain a constant depending only on R and e¢. U

Lemma 2.7.24. Given € > 0, take the same assumptions and notations of
Lemma 2.7.20. Let ¢* be as in (2.122). There exists 1 € Hy_,,.(R3), 1 # 0,

such that for every R > k. we have, up to a subsequence, ¥* — ¢ in H} (D}(0))
as a1 — 0. Moreover, 1 solves

(2.130)

(iV + A)*p =0 R2
=0 {y1 = 0}.

Proof. By Lemma 2.7.23, there exists 1) such that, up to a subsequence, Y —

in H} (D}(0)) and * — ¢ in L?(D£(0)) as a; — 0. Due to the compactness

of the trace embedding, we have f8D+ ©) [p|?do = k., so that p £ 0. ! For
ke

every R > k. and for every test function ¢ € C5°(D7(0)\{e}), we have

/ (iV + A - GV T AJddy = A“a? / Py)v d dy.
D} (0)

D} (0)

By the weak convergence in H)_ (D%(0)), the first term converges

/ (1Y + A" - GV T AJddy — (1 + A - GV + A)pdy.
D} (0) DF(0)

We estimate the second term as follows by means of Lemma 2.7.23

< X262 Pl < 18 2 o 19 20 0

Aa? / By) b dy
D (0)

< CG%H¢CLHH}%(D;(O)) < C(e, R)ai — 0,

so that 1 solves the limit equation (2.130). In order to prove the strong
convergence, we consider the equation satisfied by ¥* — 1. We have

0V + Ae)* (9" —9) = Naip(y)y®  in Dg(0).

1 We remark that to use the embeddings, we first need to use the equivalent characterization
of Hi‘e (D; (0)) given in Section 2.2 and then [49, Theorem 5.36]. This equivalent char-
acterization makes use of the Hardy inequality of Lemma 2.2.1. However, this Lemma
requires that the domain is smooth, which is not the case of Bﬁ. Nevertheless, since the
functions we work with are identically zero on the boundary {y1 = 0}, we extend them in
the entire ball Br(0) by zero and we obtained functions in Hi‘e (Bgr(0)). This argument
repeat every time we use the compact embedding of the traces.
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By Lemma 2.7.23 and the Sobolev embeddings, the right hand side above
converges to 0 in LP(D}(0)) for every p < oo as a; — 0. The Kato inequality

—AR® =Y <@V + Ae) (Y — )]

(see for example [9]) and the standard regularity theory for elliptic equations,
imply that [¢)* —¢| — 0 in W2P(D%(0)) for every p < oo as a; — 0. This in
turn implies that the convergence is C’llo’g(DE(O) \ {e}) for every 7 € (0,1) and
H'(Df(0)). O

As a consequence of the strong convergence and of Lemma 2.7.22; we deduce
the following.

Lemma 2.7.25. Let ¢ be defined in Lemma 2.7.24. We have

N(,R,0,0,A.) <1+4+¢ for every R > k., (2.131)

H(¢7R270) < (RQ

2(14¢)
— ke < R Rs.
H(, Ry, 0) = R1> for every k. 1 < Ry

Lemma 2.7.26. Let ¢ be defined in Lemma 2.7.24. There exists d € [0, +o0]
such that

Rgr}rlooN(w, R,0,0,A.) =d.
Proof. Reasoning as in (2.96) we find

d 2M

— N, R,0,0,A) > ——
ap YW R0.0,4c) = RH(¢, R, 0)

where M is now the constant

e—0

M = lim Re/ (itV +Ae)Y - v(iV + Ae)Y - ydo > 0.
9D, (e)

We can prove as in Lemma 2.7.9 that

H(¢, R,0) . (3)27

H(,k,0) = \ ke

for R > k.. Recalling that H (1, k.,0) = 1, we obtain

d Ck?
— > e
dRN(/l/},R’ 07 07 AE) — R3 bl
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for a positive constant C'. Let us show that this implies the existence of the limit.
Let for the moment N(R) = N (¢, R, 0,0, A.). Integrating the last inequality in
(Rl, Rg), with k. < Ry < RQ, we obtain

1 1
N(Ry) — N(Ry) > Ck? (—2 — —2> : (2.132)

Ry RY
If d = 400 there is nothing to prove. Otherwise, we claim that N(R) is bounded.
Indeed, d # oo implies the existence of K > 0 and of a sequence R,, — oo such

that N(R,) < K for every n, so that for R sufficiently large and R,, > R we
have, by (2.132)

N(R)gN(Rn)—(Jkg( ! ! ) <K +o(l) as R— oo,

R2 R?
so that N is bounded. Suppose by contradiction that N(R) does not admit
limit d € [0,00). Then for every 6 > 0 there exists a sequence R,, — oo such
that |N(R,) — N(Rp+1)| > d. The case N(R,,) > N(Ry,+1) + 0 contradicts
(2.132) if R, is great enough, the case N(R,4+1) > N(R,) + d contradicts the
fact that IV is bounded. O

In the next subsection we will prove that d = 1.

Proof of Theorem 2.1.13

In order to study the behaviour of the limit function ¢ at infinity, we perform
a rescaling (blow-down) on the independent variable by a factor R. As before,
using the boundedness of the Almgren’s frequence of v, we prove the convergence
of the blow-down function as R — oo. Moreover, we will prove that the limit
function is an homogeneous harmonic function of degree 1. Then, this aims us
to conclude that sufficiently far from the singularity ¢/ behaves like an harmonic
function of degree 1, up to a complex phase. More specifically, we prove that
this function v verifies the conditions of Proposition 2.1.12.

Lemma 2.7.27. Let 1 be the function introduced in Lemma 2.7.24. We define

(Re)
VH(,R,0)

For every r > 0, there exists a constant C(e,r) such that ||wR||H114 (DF(0)) =
e/R "

C(e,r) for every R > k..

wr(r) = (2.133)
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Proof. For r > 1 and R > k. we have
N(wg,7,0,0,A./r) = N(¥,7R,0,0,A.) <1+¢

and
H(¢7 TR, 0) < T‘2(1+€),

H(wg,r,0) = Ao R0) =

by Lemma 2.7.25. By combining the two, we obtain
E(wR7 r, 0,0, Ae/R) < (1 + E)Tz(l—i_s)
for every r > 1 and R > k.. As a consequence, using Lemma 2.7.3 we estimate

||wR”Hi‘ (proy < (1+ rz)E(wR,r,O,O,Ae/R) +r?H(wg,r,0) < C(e,7)
e/R

for R > k.. O

Lemma 2.7.28. Let wr be defined in (2.133). There exists w € H} (R?%),
w # 0, such that e=e/n/2wp —w in HL (R2). In addition, w is harmonic in
Rﬁ_ with zero boundary conditions and, for almost every r > 0, we have

lim E(wg,7,0,0,A./r) = E(w,7,0,0,0). (2.134)

R—o0

Proof. Fixr > 0. By (2.11) and Lemma 2.7.27, there exists a constant C(e,r) >
0 (not depending on R) such that

lwrll g1 (g o)) < Cllwrllg PRCADIES Cle,r).

In order to check that the constant C' in the previous inequality does not
depend on the position of the singularity e/R, one can extend functions in
H}XG/R(D;F (0)) which vanish on {x; = 0} trivially to functions belonging to
HA@/R(DT(O)), and then proceed as in the proof of [17, Lemma 7.4]. Hence
there exists @ € H(D; (0)) such that wg — @ in H'(D;(0)) and wg — @
in L2(D;}(0)), as R — +o0. Since H(wg,1,0) = 1 for every R, the trace
embeddings provide w # 0.

Let w = e /2. In order to prove that w is harmonic, notice first that
(iV + Ae/r)*wr = 0 in RZ. for every R. Given a test function ¢ € C§°(D;F(0)),
let R be so large that e/R ¢ supp{¢}. Consequently we have

— A(eWe/r/2hp) = 0 (2.135)
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in supp{¢}. This implies, using the weak convergence,

0= / V(e %e/n/?yg) . Vodr — Vw-V¢dr as R— oo,
D; (0) D (0)

so that w is harmonic in D;(0).

To prove the last part of the statement, fix two concentric semi-annuli
A; C As, centred at the origin and having positive distance from it. Let n be a
cut-off function which is 1 in A; and vanishes outside A;. For R sufficiently
large, we have that (2.135) holds in A;. By testing the equation satisfied by
e~We/r/2yp —w by (e="e/r/2wr — w)n in Ay, we obtain

/ IV (e~ ®ern/2uwp — w)|? do
Aq

< V(e ®e/r/2yp — w)Vn(e e/m/2ypp — w) de

Az

— 0, as R — 400,

by the weak convergence. This implies that

/ (yV(e—“’e/R/%R —w)|2 4 |e7Oe/r/2pp — w|2> do =0, (2.136)
aD} (0)

for almost every p such that 9D} (0) C Aj, as R — +oo.
Finally, we use integration by parts as follows (the second equality is well
defined provided for R > 1/r)

|E(wg,r,0,0,A./r) — E(w,r,0,0,0)]

§/ ‘—i(iV+Ae/R)wR-1/w_R—Vw-Vw’ do

oD, (0)

= / ‘V(e_we/meR) cve We/r/ 2 — Vw - Vw‘ do — 0,
oD, (0)

where the convergence to 0 comes from (2.136) for almost every r > 0. U

End of the proof of theorem 2.1.13. By combining (2.134) and Lemma 2.7.26
we obtain, for almost every r > 0,

N(w,r0,0,0) = B}im N(wg,r,0,0,Ac/R) N(,rR,0,0,A.) =d
— 00

= lim
R—o0
(recall that ¢ was introduced in Lemma 2.7.24). Since N(w,-,0,0,0) is continu-

ous, it is constant. Since we proved in the previous lemma that w is harmonic
with zero boundary conditions on {z; = 0}, we deduce from standard arguments
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(see for example [54, Proposition 3.9]) that w(r,8) = Cr?cos(df), for some
d € Ny odd or w(r,0) = Cr?sinf, for some d € Ny even. Comparing with
(2.131), taking for example € = 1/2, we conclude that d = 1. In conclusion, by
Proposition 2.1.12, 1 solves (2.7)-(2.8). Then,

Y = Ce'le/? (rcos@ _ Boost

m™ T

+ O(r_?’)) ,  forr>1,

(the exact asymptotic is given in (2.105)). Moreover, since H (¢, k.,0) = 1, the
constant C' is given by

1
IC|? = S o) (2.137)
2 k2

This constant will be useful in the exact estimates computed later.

Proof of Theorem 2.1.14

We can assume without loss of generality that b = 0 and moreover, by Lemma
2.7.1, that € satisfies (2.65). Let @y have a zero of order 1 at 0 € 0f), meaning
that there are no nodal lines of ¢ ending at 0. Let k. > \/3/7 large be such
that the statement of Theorem 2.1.13 holds, a; ., 7. be as in Lemma 2.7.20.
We proceed similarly to the proof of Theorem 2.1.11.
Fori=1,... k let
ext

vert = e=F 8 in Q\ Dy, (1(a)).

?

int
7

inf{/D+ (IVo]> = Ap(x)|0]?) d :

by (7(@)

For a; sufficiently small, v!™" is defined as the unique function which achieves
ve H (D, (n(a))), v=v"" on aD,anl(w(a))}.

We let v; = 0" in Df , (7(a)), v; = v{*" in Q\ Dy_q,(n(a)). Notice that
estimate (2.81) holds in this case for every 1 < i < k since @y, has no nodal line
at 0. We take

k
F, = {Q:Zaiviz a=(ag,...,af) GRR} CH&(Q),
i=1
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so that

Ve TM
A < sup SR (LR sup aT—a = )\mm(N_lM). (2.138)
<I>eFk Jop(@)|®2dz  ,cgr aTNa

Here A4z (+) is the largest eigenvalue of a matrix and M, N are k X k matrices
with entries

mg; = / Vvi : V’Uj dx
Q

=\ / p(x)viv; dz + / V(0™ — vty - po; do,
Q oDy, (n(a))

and
Nij :/p(a:)vivj dz.
Q

As in the proof of Theorem 2.1.11, the significant part is myx, and more
precisely the boundary term in mygy. Let us then estimate it. We perform the
following change of variables in order to work with the function 1f defined in
(2.122)

vt a1y + m(a))
\/H @k7k€a17 ( ))7
v (a1y + 7 (a))
\/H @k7k€a17 ( ))

Frest(y) = e 0Pyl (y) =

it y) =

By Theorem 2.1.13, we have that f{"*"* — e=%/24y in HI(DJr (0)) as a; — 0.
Moreover, we have f,? oty fint i HY(D{ (0)) as ay — 0 and —Afi" =

in D} (0), fi"t = e " /24y, on GD,:’E (0) (with constant C given by (2.137)).
From Proposition 2.1.12 (ii), we deduce the following behaviour of the harmonic
extension f;mt

) b, "
nt(p 9) =C (1 — Wi?) rcosf + C T;’ R cos(nf)r”, r <k,
n odd
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for b, as in Proposition 2.1.12, (ii), and C' given by (2.137). Therefore we have

/ N V(o™ — vf*t) - vy do
oD

feay (7(a))
— H(gf kear, 7(a)) / V(foint _ poenty y peat 4o
aDle(o)
= H(pf, kear, m(a)) C® {—B + O(kZ?) + 04, (1)} (2.139)
= —Crai + o(af)
for some Cj, > 0 as soon as k. is sufficiently large and a; is sufficiently small,
where in the last step we used Lemma 2.7.21.

We deduce that the matrices M and N appearing in (2.138) have the following
form

A 4+ O(a?) O(a?)
M = ; ' O(af)
O(a¥) Ae_1 +O(ay)
O(a?) Af — Crai + o(a?)
1+ 0O(a}) O(a?)
N =
O(af)
1+ O(a?)

Since Ay is simple, proceeding similarly to Lemma 2.7.6, we obtain
Me < AE — Cra? + o(a?), (2.140)

which concludes the proof. Indeed, N~'M has the same form as M. When
looking for the eigenvalues of this matrix we search the ¢ such that

(A¢ — Cra? — t)Qr_1(t,a?) + alQr_o(t,a®) =0,

where
E—1

Qr-1(t,a}) = [J (0 +0(a?) — 1)

i=1
and Q_2(t,a?) is a polynomial of degree k — 2 in the variable ¢, which depends
on aj with terms of order O(a?). We set ¢ = a? and we apply the implicit
function theorem to

f(E,CU,t) = (I — t)Qkfl(t,&?) + 62Qk72(t, 6)
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at the point (0, \¢ — Cra?, \¢ — Cra?). We see that at any point (0,Z,7) we
have

k-1
%(O,E,:E) = —Q-1(7,0) = — il;[l()\i - I),

so that the implicit function theorem applies at any point (0, x,z) such that
T # A foreveryi=1,...,k—1, and we have t(¢,Z) = £+o0(¢) in a neighborhood
of (g,z) = (0,Z). Taking T = A\¢ — Cra?} we obtain (2.140).

Proof of the exact estimate from below

Finally, to obtain the exact estimate, we use what was done before and rewrite
(2.139) and (2.140) as

Az - )\k H(¢z7k6a17ﬂ-(a))
2 Z 2
aj k2a

(k2C%) (B — O(kZ?) + 0a, (1)) -

We can first take the liminf,, ,o. Then, since k. can be taken as large as we
want, we use the expression of the normalization constant C' given by (2.137) to
see that limy__, | k?CQ = % By the exact estimate of Lemma 2.7.21, we get

AL — A
liminf 2£ 78 > (23, (2.141)

a1 —0 ay

where ¢; was given in (2.108).

2.7.6. Pole approaching the boundary not on a nodal line of
. estimate from above

Some ideas and proofs of this section were first developed in [38]. Let’s consider
K > 2 sufficiently big, and a; > 0 (depending on K') small enough. As in the
previous section, we assume that b = 0 € 99 and that (2.65) is satisfied around
0, meaning that 02 is locally flat around 0. As already said at the begin of
Section 2.7.5, if ¢ has a zero of order 1 at 0, then if 7(a) = (0, az) is sufficiently
close to 0, ¢ has a zero of order 1 also at 7(a): there exists a; > 0 such that,
for |m(a)| < az, we have

@(Tﬂ(a)v 07’(‘(@)) = T'r(a)C1 (W(a)) cos 971'(&) + O(rgr(a))v

as Tr(q) = |z —m(a)] — 0, where x — m(a) = 7,(4)(cosbOr(4),sin b)) and
c1(m(a)) # 0 is the same as in (2.108).

In the same way as in Sections 2.7.2 and 2.7.5, the idea is to use the variational
characterization of the eigenvalues and to construct suitable functions to obtain
the right estimates. We first begin by the construction of those functions.
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Construction of the test functions

First, for : = 1,...,k we define

Uiemt — eieTa Pis in Q\DKCM (7T(CL)>

Here, we choose the discontinuity segment of 6, in such a way that e?+/2 is

regular in Q\ Dk, (7(a)). In its domain, we have that

{ (1V + A2 0™ = \ip(z)vs™ N\ Dgq,(m(a))
.0,
Vi =" T 9 (N\Dka, (7(a))) -
Next, in D};al (m(a)), we consider the unique function v i =1,..., k, which

achieves the infimum

: , 2 .
1nf{/D+ (W(a))\(zV+AG)u\ :

Kaq

we Hi (Df,, (7())), u = ¢ 4; on 0D, (x(a)) }.

In its domain, this function solves the equation

(V+ A =0 Df, (w(a)
ot =ty ODicq, (n(a))
Finally, for i = 1,...,k, the function v; is equal to v" in D;gal (m(a)) and to

0¥ in Q\ Dy, (7(a)).

(3

We consider the k-dimensional subspace of sz(Q)

k
F = {cp =S awila=(a1,....a5) € @’“} C D)
=1

so that

¢ < sup GV + )@l = sup o Ma
T oer,  Jop(®)|®[2dx acck @l Na

= Mnaz(NT1M).

Here Ajqz(+) is the largest eigenvalue of a matrix and M, N are k x k hermitian
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matrices with entries

mij = /Q(ZV + Ag)v; - (iIV + Ag)v; da
=\ / p(z)viv; de — \; / p(z) vitui? da
@ D, (w(a))

+ z/ iV + Aa)(vfxt — U,f"t) -v7; do,
8D;L(a1 (m(a))
and

N :/p(x)viv_jdx.
Q

We notice that for all ¢ = 1,...,k, the estimates of the m;; and n;; are
provided by (2.81) and (2.82), (2.83) (with n = 0 for the last ones) since ¢y,
does not have any nodal lines ending at 0. Then, we deduce that the matrices
M and N have the following form

A1+ O(a?) O(a?)
M = O(a%)
O(a?) Ak—1+ O(a3)
0(a?) A + Cra? + o(a?)
1+ 0O(a}) O(a?)
N = '
O(a?) 14+ O(a?)

Since Ay is simple, proceeding similarly to Lemma 2.7.6, we obtain
A < g + Cra? + o(a?).

Finally, we want to estimate more precisely the constant C} above. To this aim,
in the same way as before, the significant part to look at is the boundary term
in Mgk, that is

i / (1V + Ay) (vEt — v vy do. (2.142)
8Dy, (m(a))

To estimate (2.142), we will perform as before a convenient blow-up on v"

and v{**. Those blow-up functions will converge to their own limit profile (in

@ .
the same way as f;"*"" and f{*"* were converging in Section 2.7.5). The next
section studies more precisely the limit profile associated to v}, as we will see

later.
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Limit profile

Let Wik be the unique function which achieves the infimum

inf{/ |(iV—1—Ae)u’2 dy :
D} (0)

we Hy (DE(0), u=eF ey on 6D};(0)}. (2.143)

Again the discontinuity segment of 6. is chosen in such a way that the boundary
trace is continuous. We notice that the boundary trace can be rewritten by

making use of the polar coordinates as s c1 K cosf. That function W verifies
the equation

(iV + A)*Wg =0 D% (0)
Wk = ei%clyl 8D};(O).

The following lemma proves that, locally, W converges to the limit profile
¥ defined in (2.7) (by adapting suitably the constant in front of ).

Lemma 2.7.29. For every r > 1, Wx — ¢ in Hj (D} (0)) as K — o0,
where 1 is the limit profile defined in (2.7), with constant C = ¢y, ¢1 being as
in (2.108).

Proof. First, since we remember that 1 has the form ¢ = i c1(y1 +w), w
being defined in (2.105), we conclude that

(iV + A)> (Wi — ) =0 D (0)
Wi — 1 = —¢''F cyw oD (0).

In the same way as in [38], we introduce a smooth cut-off function nx such
that nx =0 in D}L(/Q(O), nk =1 in R2\D}(0) and |Vnk| < C/K. We remark

that the function nx (eie?e ay — w> € H} (D}(0)) thanks to the fact that the

singularity e lies in a region where ng = 0, K > 2. Moreover, it is equal to
Wi — 1 on dD}(0). Then, since Wy — 1t realises the infimum of the energy,
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we have for K large enough

[ NG+ AW =P < [ (G + AW - 0P
D;(0)

DL(0)

< /D;;(O) ‘(z’V + Ae) <77K(€i97661y1 - @D)) ‘2

2 . i Oe 2 2C? i Oe 2
S/ 205 |1V + Ae) (612013/1—1#)’ Tz 61201y1—1/1‘
D} (0\DF ,(0)
02 2
_ 2/ (ni(c% IVwl|? + 7§1|w|2) .
DY (0\Dj ,,(0)

Since [po |Vw|? = B < +00, the first term becomes
+

/ n% | Vw|? < / Vw[* -0 as K — +o0.
D (0\D} ,(0) E2\D, , (0)
If we remember the asymptotic expansion w = —% +O(r=3), for r > 1, see

(2.105), the second term gives

02
/ ﬁ|w|2—>0 as K — +00.
D3 (0\D}; ,,(0)

Finally, we use the Poincaré-type inequalities (2.67), (2.71) to obtain
/ ]WK—¢\2§27"2/ |(iV + A)(Wg —)|> =0 as K — +oo,
Dt (0) D}t (0)

by the previous step. This concludes the proof. U

In the following, we would like to estimate the boundary integral
—i/ (iV + A )W - v Wk do.
oD} (0)
Thanks to (2.143), we already know W}, on D7 (0) but it still misses the gradient

part. The function Zx = e~*'F W solves in the annulus D7 (0)\ Dy (0)

—AZk =0 DE(0\DY(0)
ZK = C1Y1 OD};(O)
ZK =0 {y1 = 0} .
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In this annulus, we can develop Zx in Fourier series, in the basis {cos m#, sinnf},
for @ € (—m/2,7/2), m odd and n even, corresponding to the functions being
zero on the boundary {y; = 0}

Zg(r,0) = Z ax m(r)cosmb + Z b n(r)sinng, 1<r <K,

m Odd n even
where
1 m?
Wem(7) + () = S am(r) =0 (214)
and
1 n?

forl <r < K.

Lemma 2.7.30. We have that

T K% 44 4 2
_Z/ (Zv-i—Ae)WKyWKda-:chKQ ( + ¢l — Cle]_( )) 7
dDF(0)

2 K? -4 K2 -4

where ¢y is defined in (2.108) and ax 1(2) is the Fourier coefficient in r = 2.
Moreover, we have that

ax1(2) = 2c1 (1 — f) ,  as K — o0,
T

B being defined in (2.104).

Proof. In the following, we use in order the definition of Z, its expression in
Fourier series, the fact that Zx = c1y; on OD}L{(O), and the orthogonality of
the element of the basis

—z’/ (iV + AW - v Wi do :/ VZk v 7 do
aD%(0) oD (0)
— cngQ dre 1 (K).

It remains us to estimate a/K,l(K ). To this aim, we remember that ax 1(r)
solves (2.144). This equation may be rewritten as
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By integrating between 2 and r, we obtain

A A 2
ag(r)=—o-+ or+ —aK’l( )r

2 K
or 8 9 <T< i

where A is an integration constant. Next, we use the expression of Zx in Fourier
series and its value on 9D (0) to obtain

T 1 T
K- ari(K)=— Zgyrdo=c1K?—,
2 K Japt (o) 2
that is
CLK71(K) :ClK.

By simple calculations, we can deduce the value of the integration constant A

and obtain
. 01K2 4 ZGK’1(2> K2
“K’l(r)_K2—4(r r)+K2—4 )

By computing the derivative and estimating it in » = K, we obtain the first
claim.
To prove the second claim, we use the same tools as before to obtain

1
aKl(Z)z—/ Zy y1 do.
’ 27 Jop; (0)

Since we proved in Lemma 2.7.29 the strong convergence of Wk to 1 in
H} (D;f(0)) for every r > 1, this is in particular valid for 7 = 2. By using a trace
embedding (see for example [49, Theorem 5.36]), the L2-convergence of the traces

holds. Then, by remembering the expression of 1) = clei%e (7“ — ﬁ) cos 6 +

wr

O(r=3), given exactly in (2.105), we obtain

1
— Zgyi1do — 2¢; (1—£>, as K — +oo.
21 Japs (0) 47
O
Normalized Blow-up sequences
We define first the blow-up function related to v§**.
Up(y) = 2eay @) (2.145)

ai
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Since we know that ¢, has a zero of order 1 and satisfies the asymptotic
expansion (2.108), we can rewrite U as

2
Ui (r,0) = cyrcosf + M, (2.146)
1

where y = r(cos 0, sin ).
Lemma 2.7.31. For every R >0, U® — cyy; in HY(D£(0)), as a; — 0.

Proof. The proof is immediate by the shape of U}. O

Next, we define the blow-up sequence

v (ary + 7(a))

Wi(y) = o : (2.147)
which solves
(iV 4+ A)*WE =0 D}(0)
{ We =5 Ue dD%(0).

The following Lemma tells us that the blow-up function W} converges in
fact to the limit profile Wi introduced above.

Lemma 2.7.32. The function W — Wg in H)_ (D%(0)), as a1 — 0, where
Wi was defined in (2.143).

Proof. We use the same ideas and the cut-off function nx as in the proof of
Lemma 2.7.29. The function eie?enK (U — crgn) is in H} (D3(0)) and moreover

eie?enK (U2 — c1y1) = W — Wk on 0D (0). Then, since W — W realizes
the infimum of the energy

. a . i2e a
J 67 AW WP < [ 69+ 0 (0 — )

£(0)

02
S/ (n%]V(U,?—clyl)P%—F\Uﬁ—clyl\z) —0, asa; —0,
D} (0O\Df ,,(0)

K/2

because of Lemma 2.7.31. O
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Proof of the exact estimate from above

First, we look at the first term in (2.142). By using (2.145), (2.146) and the
convergence of Lemma 2.7.31, we obtain that

z/ (iV+Aa)vz’”t~Vﬁd0:—/ Vo -verdo
oD}, (r(a) dD%,, ((a))

/2
= —Ka%/ VUg -vU; df = —K%fc%g +o((Kay)?). (2.148)
—7/2

Next, we look at the second part in (2.142). For this, we use the blow-up
function defined in (2.147) and the strong convergence of Lemma 2.7.32

—i/ (iV 4 Ag)vi™ - v do
oD%, (n(a))
= —ia%/ (iV + A)WE - vWido
aD} (0)

= —ia%/ (iV 4+ AW - v Wi do + o(a?)
aD} (0)

=K CL1C1§ (mCl - m + o(al), (2149)

where in the last step, we used Lemma 2.7.30. Finally, if we add the two
contributions (2.148) and (2.149), we obtain

Z/ (iV + Ag) (vE — i) . v T do
oD}, (r(a))

7 SK? T 4K?
= a%ﬁgm - afclg—alm@) +o(a?)

K2 —4
= aigk + o(ai).
This gives us a more precise estimate from above on the eigenvalues

) AL = Ag
lim sup —& 5 < gk.
a1—0 a]_

Finally, since this is valid for any large K > 2, we can consider limg_, . We
use the second claim of Lemma 2.7.30 to obtain

gK — 2B, as K — +o0,
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that is

@ _ )\
limsup 2E—2F < 23, (2.150)

a1 —0 a’l

Proof of Theorem 2.1.15
By putting together (2.141) and (2.150), we obtain that

A=A
lim ~% 5 = 2.
a1—0 CLl

Here, we remember that ¢; = ¢1(7(a)) depends in fact on 7(a). Since we are
interested in the limit a — 0, m(a) can be taken as small as possible and by
the continuity of the eigenvalues of the Laplacian, we have ¢1(7(a)) — g%’f(()).

Then,
AR — Dk Dy, ?
i = (52 0) =5 ()

Finally, to obtain the result in the general domain (and not the rectified one),
we recall that

1 () = ¢ (2(2)),

where ¢} and ¢f are respectively the eigenfunctions of the Laplacian in the
rectified domain and in the general domain (with different weights). Then,

Iy, a ooy i, & g
8_:):1(0) = [®°(0)] (8_y1(b) v+ 6_y2(b) vy | = |®°(0)| Vi (b) - v,

where

1 OP, 0P
=01 = 557 (G 5 )

is the interior normal to the general domain at b = ®(0). This combined with
the discussion of Section 2.7.1, and more particularly with (2.66), gives us the
result in the general domain.

2.8. Numerical illustration

Let us now illustrate the previous results with some numerical simulations pro-
vided by Virginie Bonnaillie-Noél. Those simulations were made for circulation
a=1/2.
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Those simulations were made for the angular sector of aperture 7/4
s
Srja = {(ml,xg) €R?, 21 >0, |72| < z;tan 2 T3+ 25 < 1}.

An analysis of the spectral minimal partitions of angular sectors can be found
in [31] and more details about the methods used to perform the simulations can
be found in [1]. She considered a discretization grid of step 1/N with N = 100
or N = 1000
m n In| © m?+n?
My := (—,—):0 N,0< —<tan—, ——— < 1.
a € lly {NN <m < <m<aun8 e <}

Figure 2.6 gives the first nine eigenvalues Aj; for a € ¥ /,. In these figures,
the angular sector is represented by a dark thick line. Outside the angular sector
are represented the eigenvalues Ay of the Dirichlet Laplacian on ¥ /4 (which
do not depend on a). We observe the convergence proved in Theorem 2.1.1

Vk > 1, AZ—)Ak asa—>627r/4.

Moreover, Figure 2.6(a) corroborate the fact that A\{ > A;, given by the
diamagnetic inequality. This fact is obviously not true for the other eigenvalues,
as we can see in the others eight figures.

Figure 2.7 provides the 3-D representation of Figures 2.6(a) and 2.6(b). Here,
we remark that the maximum and minimum points of both A{ and A§ correspond
to non differentiable points.

Let us now deal more accurately with the singular points on the symmetry
axis {y = 0} of X /4. Numerically, the discretization step is equal to 1/1000
and a € {(m/1000,0),1 <m < 1000}. Figure 2.8 gives the first nine eigenvalues
when a lies on the symmetry axis. Here we can identify the points a such that

i is not simple. If we look for example at the first and second eigenvalues,
we see that they are not simple respectively for one and three values of a on
the symmetry axis. At such values, the function a — A}, &k = 1,2, is not
differentiable, as can be seen in Figure 2.7. Figure 2.7 and Figure 2.8 illustrate
Theorem 2.1.3 for a domain with a piecewise C* boundary: we see that the
function a — A{, k = 1,2, is regular except at the points where the eigenvalue
A% is not simple.

By looking at Figure 2.8, we see that the only critical points of A{ which
correspond to simple eigenvalues are inflexion points. As an example, the
inflexion points for \§, A}, A when a = (a1,0) with a; € (0.6,0.7), a1 €
(0.75,0.85) and a; € (0.45,0.55) respectively were analysed. Those inflexion
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Vo)
7

(a) ar> A§ (b) a— A (c) a— A

B B B 8 8 2 %

(e) a— A (f) a— A

@ Qe0
\.5 0e0

TH

(g) ar A2 (h) a+ A§ (i) a A§

Figure 2.6.: First nine eigenvalues of (iV + A,)? for a varying in ¥, /4-

points are denoted by a(), k = 3,4,5. Figure 2.9 gives the nodal lines of A5 for
three different points a = (a1,0) on the symmetry axis with a; = 0.6, 0.63 and
0.65, that is a closed to a(y. This figure illustrates the emergence of a triple
point when the pole is moved along the symmetry axis. Figure 2.10 represents
the nodal lines of the eigenfunctions goz(k) associated with )\Z““), k=3,4,5. We
observe that each goz(k) has a zero of order 3/2 at a(jy. Correspondingly, the
derivative of A\ at a(;) vanishes in Figure 2.8, thus illustrating Theorem 2.1.7.
In the three examples proposed here, also the second derivative of A vanishes
at ar). We can then think that our estimate (2.5) in Theorem 2.1.7 is not
optimal, and can be improved as seen in [38].

Let us now move a little the singular point around a;). We use here a
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(a) ai—>)\‘11,a€H100 (b) aHAS,aEHlog

Figure 2.7.: 3-D representation of Figures 2.6(a) and 2.6(b).
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0 ‘ ‘ ‘ ‘ 9) i N ) ‘ ‘
0 0.1 0.2 03 0.4 05 06 07 08 0.9 1

Figure 2.8.: a = X}, a € {(5%5,0),0 <m < 1000}, 1 < j <9.

discretization step of 1/1000.

Figure 2.11 represents a zoom of the behaviour of A for a close to a,,
k = 3,4,5. It indicates that these points are degenerated saddle points. The
behaviour of the function a — A%, k = 3,4,5, around a) is quite similar to
that of the function (¢,x) — t(t> — 2?) around the origin (0,0).

We remark that computing the first twelve eigenvalues of (iV + A4,)? on X /45
we have never found an eigenfunction for which five or more nodal lines end at
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<L

(a) A, a = (0.60,0) ~agg (b) A4, a=(0.63,0)~a@ (c) A, a = (0.65,0) = aGg

Figure 2.9.: Nodal lines of an eigenfunction associated with A\§, a = (aq,0),
a; = 0.6,0.63,0.65.

<0<,

a,CL—(O 63 0)_(1(3) (b) )\4,(1—(0 79 0)_a(4) (C) )\“,a_(O 48 0)_(1(5)

Figure 2.10.: Nodal lines of an eigenfunction associated with )\;L(j ' j=3,4,5.

a singular point a.

As we have already remarked, all the local maxima and minima of A} in
Figure 2.8 correspond to non-simple eigenvalues. The plots of the nodal lines of
the corresponding eigenfunctions show that they all have a zero of order 1/2
at a, i.e. one nodal line ending at a. Nonetheless, this is not a general fact:
in performing the same analysis in the case where € is a square [0, 1] x [0, 1],
we have found that the third and fourth eigenfunctions have a zero of order
3/2 at the center a = (%, %), see Figure 2.12, which is in this case a maximum
of a — A§ and a minimum of a — \{, see Figures 2.13, 2.14. We observe in
Figure 2.13 that the first and second derivatives of A\§ and of A\{ seem to vanish
at the center a = (%, %) Therefore, in that case we do not encounter the saddle
point profile that we would except, as explained in Remark 2.1.9. However, \§
and A{ have the particular property to be non simple at a = (2, 2) but still

differentiable. This situation seems to be related to the strong symmetries of
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160.7 .
1606
160.5 <.
1604 ..
1603
1602 ..

160.1

(@) a> A%, a € { (7855 1055),600 < m < 680,0 < n < 30}.

(b) a— A%, a € {(18, 1a5), 750 < m < 840,0 < n < 30}.

271

2705

(c) arr A2, a € {85, Tou5)- 450 < m < 530,0 <n < 30}.

Figure 2.11.: A7 vs. a for a around the inflexion point a(;), j = 3,4,5.
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the square.
(a) Ay, a=(3,3) (b) Af,a= (3,3

Figure 2.12.: Nodal lines of an eigenfunction associated with A}, j = 3,4,
a=(3,3).

180 T T T T T T T T T 180

160~ 4 160t
1401 4 140f
120 4 120t
100~ 4 100f
80 - 4 sof

I
.

% o1 oz 05 o4 05 08 o7 08 os 1 % o1 o0z o3 04 05 05 07 o8 08 1
(@) a2, a € {({% 125),0<n<200},(b) a ~ A2, a € {(%,3),0<n<200},

j I
1 < j <9 (square). 1 <j <9 (square).

40

|

20

Figure 2.13.: a — A} for a along the perpendicular bisector or the diagonal of a
square

Finally, as already explained in the Introduction, Figure 2.8 illustrates Theo-
rems 2.1.11 and 2.1.14. Indeed, focus for example on A\{. Since we know that
1, the eigenfunction of the Laplacian associated to A; does not have any nodal
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(a) A\§ vs. a (b) A vs. a (c) A2 vs. a

Figure 2.14.: Eigenvalues of (iV + A,)? in [0, 1] x [0, 1], a € Isxo.

lines, by Theorem 2.1.14, the convergence of A\{ to A\; should take place from
above, as observed in the Figure. The same discussion, already made in the
introduction, can be made on A\§ and A§.
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Equivariant potentials under
cylindrical symmetries in R’

3.1. Introduction

As already said in the main Introduction, the nonlinear Schrédinger equation
(NLS) with a magnetic field B, having source in the magnetic vector potential
A, and a scalar (electric) potential U has the form

ov 1
ih— - = 5 — (ihV — AU +U2)¥ = f(|¥2W, zeRV,
where N > 3, i2 = —1, h is the Planck constant, m the mass of the particle and

q its charge. For simplicity, we will take m = 1/2 and ¢ = —1. The magnetic
Laplacian is defined by

(ihV + A(z))* = —B2A + 2hiA(x) - V + ihdiv A(z) + |A(z)|?,

and f(|y|?)¢ is a nonlinear term. In dimension N = 3, it is known that
the magnetic potential A is related to the magnetic field B by the relation
B =V x A. Such evolution equation arises in various physical contexts, such as
nonlinear optics or plasma physics, where one simulates the interaction effect
among many particles by introducing a nonlinear term.

The search of standing waves solutions U (xz,t) = e %t u(z) leads to study
the stationary nonlinear magnetic Schrodinger equation

(ihV + A(@)) u+ (U(z) — E)u = f([ul*)u,  xecRV. (3.1)

In the following, we write V(x) = U(z) — E and for simplicity we fix f(t) =
t(P=2)/2 even if a more general nonlinearity could be considered, as long as it
verifies some growth properties at zero and at infinity and some monotonicity,
see e.g. [H5].
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For i > 0 fixed, the existence of a solution of (3.1) whose modulus |up|
vanishes at infinity was first proved by Esteban and Lions in [56] using a
constrained minimization approach. They applied concentration-compactness
arguments to solve such minimization problem for special classes of magnetic
fields, typically the uniformly constant magnetic field. Successively in [57],
Arioli and Szulkin studied the existence of infinitely many solutions of (3.1)
assuming that V and B are periodic.

Here, we are interested in the semiclassical analysis of the magnetic nonlinear
Schrodinger equation (3.1). From a mathematical point of view, the transition
from quantum to classical mechanics can be formally performed by letting
h — 0. For small values of & > 0, solutions uj : RY — C of (3.1) are usually
referred to as semiclassical bound states.

When A = 0, the study of the nonlinear Schrodinger equation
—R?Au+V(z)u = f(|u]*)u, r € RY, (3.2)

in the semiclassical regime was first performed by Floer and Weinstein in [58],
in dimension N = 1 and for the cubic nonlinearity. In that paper, they used
a Lyapunov-Schmidt reduction method to prove that if V' is bounded and has
a positive global and non degenerate minimum, then there exists a solution
of (3.2) concentrating at that minimum point, for & > 0 small. By using the
same methods, this work was extended by Oh in [59] and [60], where in the
second article the author proved the existence of a multi-peaks solution, that
is a solution concentrating simultaneously at several critical points of V. A
bit later, variational methods were used by Rabinowitz in [55] to prove the
existence of a positive ground state solution to (3.2) for small & > 0. To use a
mountain pass argument, he required some global condition on the potential
V, more precisely 0 < infgy V' < liminf|; 4o V(2). Successively in [61], by
using variational methods with the same assumptions on V', Wang studied the
concentration of the ground state solution around a global minimum of the
potential. Later on, in [62], del Pino and Felmer exhibited positive solutions
concentrating at an arbitrary, not necessarily non degenerate, minimum of V,
and not any more at the global minimum. As global assumption on V', they
only assumed 0 < infgny V, without any condition at infinity on V as in [55].
Moreover, they also required the existence of a smooth bounded set A in which
V possesses a local minimum, that is
inf V(z) < inf V(x).
z€A €A

To prove their result, they performed a penalization on the energy functional
associated to (3.2) outside this set A, in order to recover enough compactness
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and use a mountain pass theorem. Furthermore, this methods allows them
to catch a solution having a maximum on this set, for A > 0 small, and then
concentrating at the local minimum in A as A~ — 0. Finally, they showed that
this solution is in fact a solution to the original problem, if A > 0 is small
enough.

We remark that in all the above papers, the arguments used rely strongly
on the positivity condition on V', that is infgx V' > 0. The study of the case
infgx V' = 0, including the cases where V vanishes at some points in RY,
or V vanishes at infinity, was then investigated. When infp~y V' is achieved,
Byeon and Wang studied in [63, 64] the concentration of solutions around that
minimum point of V. This case is often referred to as critical frequency case,
since the behaviour of the semiclassical solutions differs strongly from the non
critical frequency case (for more details, see Section 3.7.1). On the other hand,
the case V' > 0 but infgx V = 0 has been initiated by Ambrosetti, Felli and
Malchiodi in [65]. They considered (3.2) with a slow decaying potential V' and
an additional function K (z) in the right-hand side, in front of the nonlinearity,
and they proved existence of solutions assuming that K decreases sufficiently
fast at infinity. By slow decay, we mean that V must decay slower that the
Hardy potential 1/|z|2. We also quote the paper of Ambrosetti, Malchiodi and
Ruiz [66] which relies on a Lyapunov-Schmidt reduction argument. Later on
in several papers [67-70], by using the penalization argument introduced by
del Pino and Felmer, the authors extended the concentration results to fast
decaying potentials, i.e. decaying faster than the Hardy potential 1/|z|?. This
Hardy potential represents a critical threshold, in the sense that solutions to
(3.2) with slow decaying potentials present an exponential decay at infinity,
while the decay becomes polynomial in case of fast decaying potentials. This
last situation requires additional tools which are explained more precisely in
Section 3.4 (see also [69, 70]).

In addition to those papers, we quote several others dealing with the semiclassi-
cal regime [71-84], in which is proved the existence of one-peak or multiple-peaks
solutions. Those solutions concentrates at some critical points of the electric
potential V' (and then, not always minimum points), for 4 > 0 small.

Successively, the question of existence of semiclassical solutions to NLS
equations concentrating on higher dimensional sets has been investigated. In
[16], Ambrosetti, Malchiodi and Ni considered the case of a radial potential
V(]z|) and constructed radial solutions exhibiting concentration on a sphere,
whose radius is a non degenerate critical point of the auxiliary function M(r) =
rN=1Vo(r), where o = p/(p — 2) — 1/2. Moreover they conjectured that this
phenomenon takes place, at least along a sequence h,, — 0, whenever the sphere
is replaced by a closed hypersurface I', stationary and non degenerate for the
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weighted area functional [.V?. We also cite the following papers [85-89)],
that focus on concentration around spheres in the radial case. In [90], Molle
and Passaseo studied concentration on spheres of co-dimension 2. In [91], the
above conjecture of Ambrosetti and al. was completely solved in the planar
case. We also quote [92], where the authors considered the NLS equation on
a smooth bounded domain  in R? with Neumann boundary conditions and
proved, for a suitable sequence h,, — 0, the existence of positive solutions
up, concentrating at the whole boundary of {2 or at some components. In
[93, 94], this boundary concentration on a geodesic of the boundary has been
treated in the three dimensional case. More recently in [95], Bonheure, Di
Cosmo and Van Schaftingen proved the existence of semiclassical solutions to
(3.2) concentrating around a k-dimensional sphere, where 1 < k < N — 1, for
a large class of symmetric potentials V' including fast decaying potentials at
infinity. They argued with the penalization techniques from [62] adapted with
the symmetries, and arguments from [69, 70] to deal with the possible fast
decay of V. We also quote the book of Ambrosetti and Malchiodi, in which they
study concentration of solutions on k-dimensional spheres, see in particular [96,
Theorem 10.11].

In presence of a magnetic field (A # 0), a challenging question is to establish
how the magnetic field influences the existence and the concentration of the
modula of the complex-valued solutions of (3.1), for A > 0 small. A first result
dealing with the concentration of least-energy solutions for the magnetic NLS
equation was obtained in [97]. In this paper, Kurata proved that if (up)s is a
sequence of least-energy solution to (3.1) with f(¢) = t(?=2/2 then the sequence
(lun|)n of their modula must concentrate at a global minimum xg of V, for
h > 0 small. More precisely, there exist a sequence of points (z,), C RY and a
subsequence still denoted by (hy,),, with z,, — x and kA, — 0 as n — +o00, such
that the rescaled function vy, (y) = up, (T, + hny) converges to some v € C2

loc
and also converges weakly in LP. Moreover, v satisfies weakly the limit equation

(iV 4+ A(xo))> v+ V(zo)v = |v|P"%v,  z€R>.
If we let w(z) = e~ *A(®0) % y(z), it follows that w satisfies weakly the equation
—Aw + V(2o)w = |w|P~?w, r € R%.

Hence the concentration of the least-energy solutions is driven by the electric
potential while the magnetic potential influences the phase factor of the solutions,
but does not affect the location of the peaks of their modula.

The existence of such semiclassical least-energy solutions for magnetic NLS
equations was established in [98]. Successively in [99], Cingolani and Secchi
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proved the existence of semiclassical bound state solutions to (3.1), concentrating
at local minima of V', in case of bounded potentials. Then in [100], by using a
penalization argument, the same authors extended the result to a large class of
magnetic potentials, covering the case of potentials having polynomial growth,
as for instance those corresponding to a constant magnetic field in a given
direction. We also refer to [101] for existence results of multi-spikes solutions to
(3.1), whose modula have multiple concentration points around local minima of
V, dealing with a large class of nonlinear terms (possibly not monotone) (see
also [102]); and to [103] for semiclassical solutions having specific symmetries
concentrating around orbits of critical points of V. In [104], the authors have
established necessary conditions for a sequence of standing wave solutions of
(3.1) to concentrate, in different senses, around a given point. More precisely,
they showed that if f(t) = t(P=2)/2 then the modula of the peaks have to locate
at critical points of V', independently of A, confirming what was conjectured in
[99].

We point out the fact that in all the above cited papers, the concentration
of the modula of the complex valued solutions occurs at one or a finite set of
critical points of the electric potential V', while the magnetic field only influences
the phase factor of the standing waves, for A > 0 small.

In the present work, we are interested in studying concentration phenomena
on higher dimensional sets in the presence of a magnetic field and for a large
class of electric potentials. More particularly, we aim to understand how and
in which situations the magnetic field influences such concentration. This is
totally new with respect to the results available in the literature, in which the
constructed solutions do not see the magnetic field in the semiclassical limit.
In the following, we restrict ourself to consider (3.1) in R3, for which we can
already detect some interesting phenomena.

More specifically, we consider the class of scalar potentials V' invariant under
a group G of orthogonal transformations, and the class of magnetic potentials
A equivariant under the same group, that is

g A(g™'z) = A(z), (3.3)

for every g € G.

In dimension 3, the simplest group is G = O(3) which corresponds to a
radially symmetric setting. The potential V' then depends only on |z|, while
A satisfies the equivariance condition (3.3) for every g € O(3). However, this
last constraint on A is too strong, in the sense that the only possible vector
potential satisfying this condition is a multiple of the normal vector to the
sphere depending only on the radius of the sphere. Indeed, if x is a point on a
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sphere of radius r, there always exist rotations g, € O(3) that leave the axis
going through the center of the sphere and x invariant, that is g,z = x for those
particular g,. Then, at that point z, the equivariance condition (3.3) rewrites

9: Alg, 'z) = A(z) = g Alz) = A(x).

This means that at that point x, A(x) = f(z)x, where f(x) is any arbitrary
real function of z. Finally, if we consider any g € O(3) with A having the above
expression, we obtain

g flg ') (g_lx) = f(g7'z)x = f(x)z, forall g O(3).

Then A(z) = f(r)x is a normal vector to the sphere, depending only on the
radius r. Furthermore, we immediately notice that V x A = B = 0 and therefore
A is a conservative field. We remark that this result was already obtained in
[105, Theorem 1.3]. Then physically, for that class of magnetic potentials, (3.1)
is equivalent to (3.2). In particular, the concentration on spheres of the solutions
of (3.1) is only driven by the scalar potential V' and we are exactly in the case
studied by Ambrosetti, Malchiodi and Ni in [16].

A physically relevant case occurs in R? in presence of magnetic and electric
potentials having cylindrical symmetries. In that setting, we obtain a new
surprising result for (3.1). We prove that the existence and the concentration
of semiclassical bound states is influenced by the magnetic field when the
concentration occurs on a circle. We conjecture that this result should also
occur in more general situations. More specifically, we consider the class of
invariant scalar potentials and equivariant magnetic potentials under the action
of the group

G :={g9o € O(3), a €]0,27]}, (3.4)
where
cosae —sina 0
Jo = | sina  cosa 0
0 0 +1

Namely, we assume that A = (A;, A, A3) € C*(R3,R3) satisfies (3.3) for every
g € G given by (3.4). If we use the cylindrical coordinates (z1,z2,x3) =
(pcosB, psin b, z3), the condition (3.3) can be rewritten as

Ai1(p,0 — a, £x3) = cosa A1 (p, 0, x3) + sina Az(p, 0, x3)
As(p,0 — a, £x3) = —sina Ay (p, 0, x3) + cosa As(p, 0, x3)
As(p,0 — a, £x3) = £A3(p, 0, x3).
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If we denote by
e = (—sinf,cos6,0), e, =(cosf,sin6,0),  es=(0,0,1)

an orthonormal basis of R? adapted to the cylindrical setting, we therefore
observe that A has the form

Ap,0,x3) = ¢(p, |3]) en + c(p, |z3]) er + As(p,23) e,

for some functions ¢,c € C'(RT x RT) and some A3 € C'(RT x R) which is
odd in z3. The typical example ¢ =0 = Az and ¢ = bp/2, b € R, corresponds
to the constant magnetic field B = b in the direction x3 which is the simplest
but also one of the most relevant case.

Next, we consider nonnegative potentials V' € C(R?\ {0}) being cylindrically
invariant, that is V(gz) = V() for every g € G. This is equivalent to assume
that V' depends only on p and |z3|. Moreover, we impose a growth condition at
infinity when p € (2,4] :

(V=) there exists a < 2 such that liminf V(z)]z|* > 0.

|z| =400

This hypothesis (VV°°) states that V' must have a slower decay, in comparison
with the Hardy potential. An explanation to this assumption for p € (2,4] is
that the equation (3.2), without magnetic potential and with fast decaying scalar
potential, does not have any solution outside a large ball for p < N/(N —2) + 1,
see e.g. [106, 69]. When N = 3, which is the case we are interested in, we exactly
recover that p should be greater than 4 to allow fast decaying potentials. When
p > 4, we do not impose any restriction, so that V' could verify (V) as well as
it could be fast decaying or even compactly supported. Nonetheless, as we will
see later, we cannot consider V' = 0. Note that the additional assumption (V)
induces a better decrease at infinity on the solutions (see Lemma 3.6.5).

At the origin, we do not require any specific assumptions on V. For instance,
V' can behave singularly at the origin, or be locally bounded at the origin.
However, if V' has a singularity, one can single out the Hardy potential as a
threshold behaviour as in [95]. If we assume in addition that

(V9 there exists a > 2 such that liminf V(x)|z|* > 0,

|z|—0

then one can deduce a strong flatness of the solutions at the origin which
depends on the order of the singularity.

We denote by H C R? the 1-dimensional vectorial subspace spanned by es,
and by H* its orthogonal complement. We also introduce some notations and
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tools adapted to the cylindrical symmetry of the problem. For y,z € R3, we
define the pseudo-metric

et (¥, 2) = ((py — p2)® + (w3 — 23)2) /2,

where p, = (y? + y3)"/? and p, = (2 + 22)!/2. This function accounts for
the distance between two circles. Then, for » > 0 and z € R3, we denote by
Beyi(z,7) the ball (which is torus shaped)

chl(xar) = {y S RS ’ dcyl(xvy) < T} :
We are interested in solutions v : R® — C to the problem

(ihV + A u+ Vu = |[uf’ " u, r € R,
ue L*(R?,C), (3.5)
(ihV + A)u € L*(R?,C?),

which satisfy the symmetry condition
u(gz) = u(z), Vge G, VreR?

and, due to the symmetry of the problem, concentrate around a circle in H=+ for
h > 0 small. To this aim, we introduce the concentration function M : R3 — R¥

M(z) = M(p, |us]) = 2mp [2(p, [3]) + V(p, |s)] 72 £(0,1),  (3.6)

where £(0,1) is a positive irrelevant constant (see Section 3.3 for the details
about the definition of the concentration function).

We assume the existence of a smooth bounded and open set A C R3 such
that

ANH=0, ANH'#0, andforeveryge G g(A)=A. (3.7)
Furthermore we assume that

inf M< inf M and inf M < 2inf M, (3.8)
ANHL OANHL ANHL A

and that

inf V> 0. (3.9)
A

We remark that the second assumption in (3.8) is just a technical condition and
is in fact not restrictive if we take A sufficiently small, since A is smooth.
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Using the facts that A and V have cylindrical symmetry, the equation (3.5)
can be reduced to a problem in R?. Let py > 0 be a fixed radius and consider
the constant magnetic potential Ay : R?> — R?, and the constant potential
ap > 0, respectively defined by

Ao = (¢(p0,0),0) and ag = c*(po,0) + V(po,0).
The following two-dimensional problem
(iV + Ao)*u + agu = |uPu, y € R?, (3.10)

can be regarded as a limiting problem for (3.5). In this way, following the
approach in [95], we will obtain the existence of cylindrically symmetric solutions
of (3.1) concentrating around a circle in A NHL, for A > 0 small.

We stress that the two-dimensional limiting problem (3.10), as well as the
concentration function M, take into account the magnetic field which will
therefore influence the location of the concentration set of the semiclassical
solutions of (3.1). This feature is new and, up to our knowledge, different from
all the previous results in literature when dealing with an exterior magnetic
field.

Moreover, if we let A.(p) = A(p,0,0) - e, = c(p,0) be the tangential com-
ponent of A(p,0,0) and A, (p) = A(p,0,0) - e, = ¢(p,0) be its normal com-
ponent, the solution of the two-dimensional limit problem (3.10) is given by
e (An(p0):0) Yy where w is the ground state solution of

—Aw + apw = |w|P 2w,

and y € R2. In this equation, ag = c¢*(po,0) + V(po,0) = A2(po) + V(po,0).
Therefore, our result below shows that the location of the concentration of
the semiclassical bound states is influenced by the tangential component of A
and by the scalar potential V', while the phase factor of the semiclassical wave
depends on the normal component of A. We conjecture that this is a general
fact and that it is not just a consequence of the symmetry assumptions.

Our main theorem states, for & > 0 sufficiently small, the existence of solutions
of (3.5) that concentrate around a circle in the plane H~, centred at the origin
and of radius pp, where p, converges to a minimizer of M in A NH*.

Theorem 3.1.1. Letp > 2. Let V € C(R3\ {0}) and A € C'(R3,R3) be such
that V(gz) = V(z) and g A(g~1z) = A(z), for every g € G defined in (3.4).
Moreover, if p € (2,4], we suppose that V' satisfies (V°). Assume that there
exists a smooth bounded set A C R3 such that (3.7), (3.8) and (3.9) are satisfied.
Then there exists hg > 0 such that for every 0 < h < hg, and for 0 < a < 1,
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(i) the problem (3.5) has at least one solution up € Cpo*(R3\ {0}) such that
ur(gx) = up(x) for every g € G.

Moreover, for every 0 < h < hg, |up| attains its mazximum at some xp =
(prcosB, prsinb, zs ) C A, 6 € [0,2n[, such that

(i) liminf |up(zy)| > 0;
h—0
(iii) %%M(xh) = A}%& M;

1
(iv) limsup —dcyl<xh’H )
h—0 h

(v) li}rin_jglf deyi(zn, OA) > 0.

< +o0 , that is x3 p — 0

Finally, for every 0 < h < hg, there exist C' > 0 and A\ > 0 such that the

following asymptotic holds

_é dcyl(x7$h)
h1 + dcyl(.’li, Ih

(vi) 0 < |up(z)| gCexp( )> (14 ]z[)~t Vo e R*\ {0}

We remark that the last assertion (vi) in Theorem 3.1.1 combines a concen-
tration estimate with a decay as |x| — oo. This decay at infinity is not enough
to guarantee that our solutions are L? (since the ambient space is R3). However,
this is only a rough estimate valid without further assumption on V' and it
can be improved when assuming a slower decay of V' at infinity. Namely if we
assume that (V°°) holds, then the solutions decay fast enough to be square
integrable and thus they are true bounded state solutions. We mention also
that when (V) holds, we can estimate the flatness of the solution at the origin.
We refer to Lemma 3.6.5 for more details.

Example 3.1.2. As a striking example, which is the one presented in the main
Introduction, we observe that the presence of a constant magnetic field can
produce a concentration phenomenon when coupled with a decaying electric
potential. If we consider for instance the cubic nonlinearity, i.e. p = 4, and
the cylindrical Hardy potential V (p) = 1/p?, where p?> = 2% + 23, there is no
concentrated bound state (probably no bound state at all) of the equation without
magnetic field. The presence of a constant magnetic field B = b in the direction
x3 produces a solution that concentrates on the circle of radius 2'/%/(3b%)/4.

As a particular case of Theorem 3.1.1, we also deduce another somewhat
surprising result that if the scalar potential V' is constant, the existence and
the location of such semiclassical state is only driven by the magnetic field.

124



Chapter 3. Equivariant potentials under cylindrical symmetries in R3

Corollary 3.1.3. Assume V = w, where w is a positive constant. Then, under
the assumptions of Theorem 3.1.1, the concentration of the solutions uy, holds at

inf M= inf 2mp(c? +w)f%2 £(0,1).
ANHL ANHL
Finally, we remark that in the present work our existence results is established
for any value of p > 2. So we can treat critical and supercritical exponent
problems looking for cylindrical symmetric solutions to (3.1) which concentrate
outside the origin.

The chapter is organized as follows. In Section 3.2, we give the variational
framework and some related properties. Section 3.3 is devoted to the study of
the two dimensional limit problem (3.10). A penalization scheme similar to the
ones in [62, 95] is introduced in Section 3.4 and the existence of least-energy
solutions of this penalized problem is proved. The asymptotics of those solutions
is studied in Section 3.5, while their concentration behaviour is established
in Section 3.6, showing that the solutions of the penalized problem solve the
original one. Theorem 3.1.1 is our main result. Finally, Section 3.7 is devoted
to another class of symmetric solutions in the special case of a Lorentz magnetic
potential. In particular, in that Section, we treat the critical frequency case
already mentioned above.

3.2. The variational framework

In this section, we will fix our variational framework. In particular, we will
define the Hilbert spaces adapted to the presence of a magnetic potential. We
emphasize that in all Hilbert spaces we use, the scalar product will always be
taken as the real scalar product, i.e. for every z,w € C, the scalar product will
be defined by (w|z) = Re(wz). Moreover, in the following we will always use
the parameter € = h.

The spaces and inequalities introduced below are written making use of
magnetic potentials A € L2 (RY ,RY) (as usually found in the literature).

loc
Since we consider A € C, in particular A is also in L2 .

3.2.1. The magnetic spaces
Let N > 2. For A € L2 _(RY RY), we define the space Dk?& (RN, C) as the

loc

closure of C§°(RY,C) with respect to the norm defined through

fulldse = [ 1=V + Ayl
A,e RN
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Similarly, D»2(RY,C) (resp. DV2?(RY,R)) is the closure of C5°(RY,C) (resp.
Cs°(RY | R)) with respect to the norm defined through

B = / IVup.

Remember that the Sobolev inequality implies that D%2(RY,C) (and resp.
DU2(RN,R)) is embedded in L? (RN, C) (resp. L*> (RN, R)). We also consider
the space

Hj (RY,C) ={ue L*RY,C)|(icV + A)u € L*(RY,CM)},

endowed with the norm
Hu||§{}4 = / |(ieV + A)u|2 + |u\2
s € RN

We remark that, in general, this space is not embedded in H!(RY,C) (and
inversely). However, if u € H) _(RY,C), then |u| € H'(RY,R). This is the
diamagnetic inequality that we recall here.

Lemma 3.2.1 (Diamagnetic inequality). Let A : RY — RY be in L7 (RN, RY)

and let u € D}L"i(RN, C). Then, |u| € DV2(RYN | R) and the diamagnetic inequal-
ity

e |[V]u|(x)] < |(ieV + A)u(x)] (3.11)
holds for almost every x € RY and for every e > 0.

Proof. We compute

eVl]u| = Im (ieVui> =Im ((iev + A)u i) a.e.

Jul i

because A is real-valued. We conclude using the fact that |Im(z)| < |z| for any
complex number z. O

Using (3.11), we can verify that, for every u € D}L"i(RN, C),

52/ |V|uy|2dg:§/ (ieV + A)u|? dz, (3.12)
RN RN

for any € > 0.
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In some particular cases, the spaces H) _(RY,C) and H'(R",C) are equiva-
lent, as for instance if A is bounded. The following lemma is proved for example
in [99, Lemma 3.1].

Lemma 3.2.2. Let A : RY — R¥ be such that ||A|p~ < C where C > 0.
Then, for every e > 0, the spaces H}LE(RN, C) and HY(RYN,C) are equivalent.

Finally, we introduce the following Hilbert space

v ®.0) = {ue D@ 0)| [

V(o)uf? < oo} ,
endowed with the norm
HuH?{l :/ |(i6V+A)u\2+V(x)]u|2.
A, V,e RN

In what follows, for simplicity, we write [lul|. instead of |lu[[g1 .

We remark that the Hardy potential 1/|z|? represents also in that case
a critical potential, both at zero and at infinity. Indeed, if V behaves like
1/|z|* at infinity, for « > 2, and as 1/|z|* for a < 2 at zero, then we have
an equivalence between H}LV’E(RN ,C) and D}q’i(RN ,C). It means that the

condition [,y V(x)ul* < 0o is unnecessary in that case.

3.2.2. Hardy and Kato inequalities

In dimensions N > 3, the Hardy inequality for functions u € DV2(RY, C) writes

(R s [

and for functions u € Di"i (RN, C)

N -2\? 2
o (N-2 / degg/ \vyu||2§/ (i2V + Ay, (3.14)
5 ) Jow T2l . -

for any € > 0. Furthermore, we recall the following Kato’s inequalities. First,
for functions u € L (RN, C) with Vu € LL (RN, CV), we define

loc loc
u(z) .

sign(u)(z) = { u(@)] u(@) #0

0 u(x) = 0.
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We have
Alu| > Re (sign(u)Au) . (3.15)

We also have a similar inequality in presence of a magnetic potential A €
L}, (RN, RY),

loc
e?Alu| > —Re (sign(u)(ieV + A)%u) . (3.16)

Throughout the text, we will use an auxiliary Hardy-type potential. This
potential was first introduced in [69, 70] to extend the penalization method
of Del Pino and Felmer to compactly supported potentials V. For N > 3, we
define the function H : RN — R by

K

H(z) =

148 0

|2 ((log [«])? + 1) 2

for f>0and 0 < Kk < (%)2 Notice that, for all z € RY, we have

K K
—, or H(x)< . 3.17
’ @ ]2 [log ||| " 347

H(z) <

The interest of this auxiliary potential comes mainly from the following com-
parison principle for —A — H which was proved in [95, Proposition 3.1].

Lemma 3.2.3. Let N > 3 and Q C RY be a smooth domain. Let v,W E
H! (Q,R) be such that V(w —v)_ € L*(Q), (w —v)_/|z| € L*() and

loc
—Aw — H(zx)w > —Av — H(z)v, VzeQ.

Moreover, if 0Q # (), assume that w > v on 0. Then, w > v in .

3.2.3. Notations adapted to the cylindrical symmetry

From now on, we deal with dimension N = 3. As we will work with functions
having cylindrical symmetry, that is functions such that v o g = u for g € G,
where G is defined in (3.4), the significant variables are p € Rt and z3 € R,
where p = (22 + 23)'/2, 2 = (21, z2, x3). The angular variable 6 € [0, 27) plays
no role. However, even if those functions only depend on p and |x3|, there are
still functions defined in R3 and with some abuse of notations we will write
either u(p, x3) or u(zy, z2, r3) depending on the situation.

We also recall the distance adapted to cylindrical symmetry already mentioned
in the introduction: for y,z € R3,

eyt (1, 2) = ((py — p2)% + (w3 — 23)2) "2,
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for p, = (y? +v2)Y/? and p, = (22 + 22)1/2, as well as the cylindrical ball

chl(IE,T‘) = {y € Rs | dcyl('rmy) < T} )

for 7 > 0 and = € R3.
The following lemma gives us some compact embedding of the magnetic
Sobolev spaces with cylindrical symmetry.

Lemma 3.2.4. Assume that Q C R? is an open bounded set such that
g(2) = Q for every g € G

and
0<po<p<pr forevery(pcosh,psinf, xs) e Q.

Then, the space {u € H}LE(Q, C)|uog=wu for every g € G} is compactly em-
bedded in L1(QY), for 2 < g < +00.

Proof. First, since  is bounded and A € C'(R3,R?), we have seen in Lemma
3.2.2 that this space is equivalent to {u € H*(Q,C)|uo g = u for every g € G}.
Since u depends only on p and x3, we can write the square of the H'-norm of
u as

/ (IVul + [uf) de:desdes :%/ (19,ul* +103yul® + ) pdpdas,
Q

Qo
where (g is the parametrization of {2 in the p, x3 variables. Now, take a bounded
sequence (un)n, C H) (92, C). Considering each u, as a function of the two
variables p,z3 in R?, we infer that the sequence is bounded as a sequence
(tun)n C HY(£). We can then use the compact embedding in dimension 2 to
conclude. O

3.3. The limit problem

Because of the symmetry, our solutions will concentrate on circles and the limit
problem will hold in R?. The aim of this section is to describe such a limit
problem. Consider a constant potential Aj : R? — R? and a positive constant
ao > 0. The equation

(1V + AO)Qu + agu = \u]p_zu, y=(y,y2) € R? (3.18)

will be referred to as the limit equation associated to the problem (3.1). For
solutions concentrating around a circle of radius py > 0, we will have

Ao = (6(p0,0),0) and ag= c(,oo,())2 + V(po,0).
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By lemma 3.2.2, the weak solutions of (3.18) are critical points of the functional
JAo . HY(R?,C) — R defined by

1 . 1
jcfjo (u) = 5/ [|(2V + Ao)u|2 + a0|u|2] dy — —/ |u|P dy. (3.19)
R2 P Jr2

Any non trivial critical point v € H!(R?,C) of J;}]O belongs to the Nehari
manifold

Né)oz{ueHl(RQ C)|u # 0 and (j({go' ),u) =0} .

A solution u € H!(R?,C) is called a least energy solution, or ground state, of
(3.18) if

Jdo(u) = ele\l/’f T2 (v).

The following lemma states that any least energy solution of the limit problem
(3.18) is real up to a change of gauge and a complex phase.

Lemma 3.3.1. Suppose v is a least energy solution of equation (3.18). Then

v(y) = wly — yo)e e Moy,

for some a € R, yg € R? and where w is the unique radially symmetric real
positive solution of the scalar equation

—Aw + aqw = |w|P~ 2w, y € R%. (3.20)
Proof. First, we consider the functional J2 : H'(R?,C) — R associated to
equation (3.20)
o) = [ 19uP +aoluPdy [ julray,

Again, any nontrivial critical point v € H!(R?, C) of jgo belongs to the Nehari
manifold N/ (90. By performing the change of gauge

v(y) = e Vu(y) (3.21)

on functions v € N and u € N2, we observe that there is an isomorphism
between the two Neharl mamfolds Indeed any least energy solution v of J,;; Ao
provides a least energy solution u of J;, O by (3.21) and vice-versa.

Since it is well-known, see for example [97, Lemma 7], that the set of complex
valued least energy solutions u of .7(?0 can be written as

{u(y) = e“w(y — o), a €R, yo € R?},
the proof is completed. O
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We may now define the ground energy function £ : R? x RS’ — RT by

E(Ao,a0) = inf J2o(v).

vGN;%O

The following lemma gives some properties of this ground energy function. We
refer to [95] or [55] for more details.

Lemma 3.3.2. For every (Ag,ap) € R?2 x R}, £(Ag, ag) is a critical value of
‘7(;20 and we have the following variational characterization

S(O,ao) = S(Ao,ao) = jAO (U)

inf max J,
vEH1(R2,C)\{0} >0 0

Moreover,
(i) for every Ag € R?, ag € Rf + E(Ag,a0) is continuous;
(i3) for every Ay € R%, ag € RY +— E(Ag, ap) is strictly increasing.

In fact, for our nonlinearity

2

£(0,a0) = E(Ao,a0) = E(Agag ">, 1)al? = £(0,1)ag>. (3.22)

Finally, the concentration function M : R3 — R*, already introduced in
(3.6), is defined more precisely by

M(x) = Mp, |as]) = 2mp £(0,(p, [acal) + V(s |3]))
— 270 [(p, |23]) + V(p, |23])] 72 £(0, 1),

We will look for solutions concentrating around local minima of M in ANH>.

3.4. The penalization scheme

The functional associated to equation (3.1) is given by
1
/ (1Y + A)uf> + Vul?) dz — © / (uf? da.
R3 D Jrs

It is natural to consider this functional in the Sobolev space H}LV’E(R?’,C).
However, the mere assumptions on V', and more particularly the fact that V'
can decay to zero at infinity, do not ensure that Hj y,_(R?,C) is embedded in

the LP(R3,C). Then, the last term of the functional is not necessarily finite.
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Moreover, even if we assume that V is bounded away from zero, the functional
would have a mountain-pass geometry in H}LV’E(]R:%, C), but the Palais-Smale
condition could fail without further specific assumptions on V' (as for example
in [55]).

For those reasons, following del Pino and Felmer [62], we truncate the
nonlinear term through a penalization outside the set where the concentration
is expected. Basically, the penalization approach in [62] consists in modifying
the nonlinearity outside the bounded set A, where A verifies (3.7), (3.8) and
(3.9), in the following way

f(z,5) = min{pV(z)s, f(s)},

where 0 < p < 1. The penalized functional, given by
/ (](i€V+A)u|2+V\u|2) d:z:—/ F(|u]) dz,
R3 R3

where F(7) = Iy f(s) ds, has the mountain-pass geometry and we recover the
Palais-Smale condition thanks to the penalization, so that we can easily deduce
the existence of a mountain pass critical point u. Then, if we succeed to show
that f(u) < pV(x)u outside the set A, we recover a solution of the initial
problem.

We will argue slightly differently for two reasons. The first one is that this
approach works fine when V' stays bounded away from zero, or at least when
V' does not converge to fast to zero at infinity, that is slower than the Hardy
potential 1/|z|?. Indeed, as said in the introduction, in that case solutions decay
exponentially to zero at infinity, so that it is not difficult to prove f(u) < pV(x)u
and recover a solution of the initial problem. However, we do not want to restrict
our assumptions on the potentials V' to this class. To solve this issue, we will
add the term e?H (x) to uV in the modified nonlinearity. This penalization
approach was first introduced in [69, 70] and subsequently used in [95]. The
second reason, as already said before, is that our functions are complex-valued.
We will then perform the penalization on the modulus of the unknown.

3.4.1. The penalized functional

We fix 1 € (0,1). We define the penalized nonlinearity g. : R® x Rt — R by

9e(,8) = xa(2) f(5) + (1 = xa(2)) min { (*H(z) + uV (2)), f(s)}  (3.23)
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for f(s) = s 7. Let G:(z,s) = %fos ge(z,0)do. There exists 2 < 6 < p such
that

0<0G:(x,s) < ge(z,s)s Ve e A, Vs >0, (3.24)
0 < 2G.(z,8) < gc(z,8)s < (*H(x) + uV(x))s  Vr¢ A Vs>0. (3.25)

Moreover, we have that
g-(w,s%) is nondecreasing Vz € R?, (3.26)

which is a useful property, see for example [55].

In the following we look for cylindrically symmetric solutions of the penalized
equation

(1eV + A)?u + V(2)u = g-(z, |u*)u, r € R3. (3.27)

Let us define the penalized functional J; : H} i, .(R?,C) — R

7. () (ieV + AYul? + V(@)|ul? —/R3 G, |ul?),

== RB‘

and the space
X.={ue H}‘ME(RS,C) luog=u, Vge G},

By the principle of symmetric criticality [107], the critical points of J. in X, are
weak solutions of the penalized problem (3.27), having cylindrical symmetry.

Thanks to the properties (3.24) and (3.25), the functional has a mountain
pass geometry.

Lemma 3.4.1. Let g. : R? x Rt — R be defined in (3.23) and satisfy (3.24),
(3.25) and (3.26). Then, for every € > 0, the functional J. : X. — R has a
mountain pass geometry.

Proof. We first prove that the functional displays a local minimum at zero. To
prove this, we use in order (3.24), (3.25), (3.17), the Hardy inequality (3.14) and
the fact that {u € H}LV’E(A, C)|uog=u for g € G} is compactly embedded
in LI(A), 2 < g < 400, thanks to Lemma 3.2.4, (3.7) and (3.9). Then, for any
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u € X, we consider

J=(u)

O~ N~ NIE o~ N -

/RS|(2'5V+A)U| + V(z)|ul —/ G-(x,|ul?)

R3

1
/ \(z’eV+A)u!2+V(x)|u\2——/ |u|P
R3 b Ja

/ (e®H(z) + pV (2)) Jul®
R3\A

Vv

1
> 5 (= max{m ) Jul2 = 2 [ Jul
P Ja

C
> — (1 — max{4r, pu}) [Jul|? — Ellullé’
> C|lul?,

if |ul]le <n,n > 0small enough. and thanks to the fact that (1 — max{4x, u}) >
0. This clearly shows that 0 is a strict local minimum.

Now, if we consider any v # 0 in X, thanks to the shape of the functional,
we remark immediately that J.(tu) — —oo, as t — +o0. O

Standard arguments imply then the existence of a Palais-Smale sequence
(up)n C Xz for J:, that is a sequence such that

Te(up) <C  and  J!(un) — 0 as n — oco.

To secure the existence of a weak solution of (3.27) for every ¢ > 0, it only
remains to prove that J. satisfies the Palais-Smale condition, i.e. each Palais-
Smale sequence possesses a convergent subsequence. This is our next aim.

3.4.2. The Palais-Smale condition

Lemma 3.4.2. For every € > 0, every Palais-Smale sequence for J. in X
contains a convergent subsequence.

Proof. We proceed in several steps.

Step 1. As usual, the first step of the proof consists in proving that the
Palais-Smale sequence (uy, ), is bounded in X.. By proceeding identically to
Lemma 3.4.1 and using successively the properties of the Palais-Smale sequence
(Un)n, (3.24), (3.25) and finally the magnetic Hardy inequality (3.14), we infer

134



Chapter 3. Equivariant potentials under cylindrical symmetries in R3
that
1 2 2
Slunllz = Te(un) + | Gela, unl”)
R3
<C +/ Ge(z, |un|?) +/ Ge(z, |un|?)
A R3\ A
1 2 2 11 2 2
SC+ 2 | ge(@ lun)un"+ | 5 — 5 9 (2, [tn|7) | un]
0 Jrs 2 0) Jrs\a

1 1
<C+ 5”“%”? - 5(&75/(Un):un>

1 1 1
< C o+ Sl +o(D)llunlle + (5 — 5 u/ V(2)]un|?
7 2 0)" Jus

1 1
+(=—=>)46 | |GV + Ay
279 s
1 ) 1 1 2
< Ct SllunllZ +o()lunlle + (5 = 5 ) max{p, 46} un]2.

Since 6 > 2 and max{p, 4k} < 1, the inequality

1 1
<§ — 5) (1 — max{p, 4k}) [[un |2 < C + o(1) |||

leads to the conclusion.

From Step 1, we deduce the existence of a function u € A such that, up to a
subsequence still denoted in the same way, u,, weakly converges to u.

Step 2. In this step, we prove two useful claims aiming to deduce the strong
convergence. We define the closed set Ay = B(0,e*) \ B(0,e~?), where A > 0.

Claim 1 - for every 6 > 0, there exists \s > 0 such that

lim sup £ / H(z)|un|* < 0. (3.28)
n—00 [[{3\14>\(S
The inequality (3.17) together with Hardy inequality (3.14) yields
4K
H(a) | < / (1Y + A)un |-
/R3\A>\ )\1+B R3

Since (uy,), is bounded, we now infer that for every ¢ > 0, there exists As > 0
such that (3.28) holds.
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Claim 2 - for every 6 > 0, there exists A\s > 0 (eventually bigger than the
previous one) such that

lim Sup/ V(z)|un|? < 6. (3.29)
R3\ A

n—oo

We first define £ € C*°(R) such that 0 < ¢ <1 and
_Jo ifs| <3
5(5)_{ 1 if|s| > 1
to build the cut-off function 7, € C*°(R3,R) as

i) =€ (<5,

Since (up), is a bounded Palais-Smale sequence and 7, < 1, we deduce that
(T (un), nxun) = o(1). We then infer that

/Re, (|(i€V + Au, | + V(x)|un|2) X

:/ gs(m,|un|2)|un|2n>\+Re/ ie(ieV + A)u, - Via, +o(1).  (3.30)
R3 R3

Since A C R?\ {0}, there exists A\g > 0 such that A C Ay,. Then, if we take
A > 2)g, we have ) = 0 on A. Now, using (3.25) and the above remark, we get

/ 02 (2 in ) [un [Ps = / 92 ) 10
R3 R3\ A
s/ (e H(x) + pV (x)) [un*n
R3\A

< / (2H(z) + uV (@) [un 2. (331)
R3

Next, using the properties of 7, and the magnetic Hardy inequality (3.14), we
deduce that

Re/ ie(ieV + A)u, - Vi, < e
RS

/ (ieV + A)uy,) - Vnrty,
R3

O 1/2 |2 1/2
< = i€V+Aun2> (/ n )
X (RB’( Jun e

4
¢ (ieV + A)u,|?. (3.32)

< |
X oo
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Combining (3.30), (3.31) and (3.32), we get the estimate
[ (9 + D 41 = Vi) )
R3\ A,
< [ (6T + D+ (1= @V @)uaf?) 0y
R

4C
< Tl +2 [ H@luans +0(0),
R3

for A > 2)g. Finally, thanks to (3.28), if we take A\ > 2)s, the second term in
the right hand side is smaller than §. It follows that, for every § > 0, we can
choose (a new) A\s > 2max{Ag, As} such that (3.29) holds.

Step 3. We are now in a position to deduce the strong convergence. We
compute

[[un — u||§ = <Jé<un)7un —u) — <Jé(u),un —u)

+Re [ [gc(on P = g2 )] (o =),

From Step 1, we know that (uy), is bounded so that in the right hand side,
the first two terms converge to zero. For the last term in the right hand side,
we divide the integral in three pieces. We treat separately the integrals on A,
Ax; \ A and R?\ Ay, and we next prove that they converge to zero.

For the integral on A, we can use the fact that u, € Hj _(A,C) because
infA V > 0 and u,, € &.. Then, we conclude by using the compact embedding
of H}LE(A, C) in L1(A,C) for 2 < g < +00. Indeed, Lemma 3.2.4 applies since
A is bounded away from H.

For the integral in Ay, \ A, we use the fact that u,, € H!(Ay, \ A, C). Indeed,
Az, \ A is bounded. In dimension 3, this space is compactly embedded in
Li(Ax, \ A,C) for 1 < g < 6. Moreover, the penalization g. is bounded on this
bounded set. This and the strong convergence in L? allows to conclude.

The claims in Step 2 were intended to treat the remaining integral. Indeed,
using (3.28) and (3.29), we infer that

lim sup
n—oo

Re / [0 (@, [un|)ttn — o (2, [ul2)ue] (T =0)
R3\ Aj,

< 2lim sup/ (e®H(z) + pV (@) (Junl® + |ul?)
n—o00 RS\AA(;

<AC(1 + p)d.

Then, since 6 > 0 is arbitrary, we are done. O
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As a direct consequence, we deduce the existence of a least energy solution
of the penalized problem (3.27).

Theorem 3.4.3. Let g. : R x RT — R defined in (3.23) satisfying (3.24),
(3.25), (3.26) and V € C(R3\ {0}) wverifying the hypothesis of Section 2.2.
Then, for every e > 0, the functional J- has a non trivial critical point u. € X.,
which is also a weak solution of (3.27), characterized by

e = el = oy e T ) (3.33)

This solution u. belongs to T/Vli’Cq(RB \ {0}) for 2 < ¢ < 400 and therefore to

C’llo’cCY (R3\ {0}). We cannot hope a better regularity since the penalization g. is
not even continuous.

In the next section, we estimate the critical value ¢, from above. In the study
of the asymptotics of the solutions u., this upper estimate will be useful to
determine that the concentration occurs exactly in A.

3.4.3. Upper estimate of the mountain pass level

Proposition 3.4.4 (Upper estimate of the critical value c.). Suppose that the
assumptions of Theorem 5.4.3 are satisfied. For every e > 0 small enough, the
critical value c. defined in (3.33) satisfies

liminfe 2c. < inf M. (3.34)
e—0 ANHL
Moreover, there exists C' > 0 such that the solution u. found in Theorem 3.4.3
satisfies

|ue||? < Ce2. (3.35)

Proof. Let zo = (pocosf, posind,0) € AN HL, with pg > 0 and 0 € [0,27),
be such that M(zg) = infy~y 1t M. The existence of z( is ensured by the
continuity of M on A and (3.8). Consider the functional J;* defined by (3.19),
with ag = [c(x0)? + V(20)] and Ag = (¢(x0),0). Next, we define the cut-off
function n € C§°(R* X R) such that 0 < n < 1, n =1 in a small neighbourhood
of (po,0), and is compactly supported in a small neighbourhood of (pg,0), and
IVn||Le < C. We define the cylindrically symmetric function

— A
u(x17$27$3) = U(p, 1'3) = 77(,0, 373),0 (p €p07?3) )
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where v is the least-energy solution of jajgo. If we perform the change of variables

P — Po T3
and Yy = —
€ €

=
in the computation of J.(tu), we get

T (tu)
2

=5 [ 169 + Al + V@)l dx—/ G- (o, 2ul?) du

= 2re? — / / (po + ey1,ey2) |(iV + Ao,g(y))v|2
+ 17 (po + 5917892) [c(po +ey1,ey2)® + V(po + €y, €y2)] |U|2} (po +ey1) dy
— 271'52/ oo / Ga(pO + €Y1, Y2, t2|1}|27]2) (pO + 6y1) dy + 0(62)7

_eo Jr

where Ao (y) = (¢(po + €y1,ey2), A3(po + €y1,€y2)). The o(?) includes the
terms where the derivatives were applied to 7 instead of v. This term is controlled
thanks the the compactness of the support of n and the control ||Vn| L= < C.
Finally, as 7 is compactly supported around (pg,0), Ge(x, t?|v|?n?) will coincide
with F(t%|v|?n?) for € small enough. We then deduce that

.. -9 A
11£rl>151f5 Je(tu) < 2mpo J5.° (tv).

Now we exploit the fact that c. is the least-energy level for 7. and v is the least-
energy function for J; 4o as well as Lemma 3.3.1 where w is the least-energy
solution to J,,, 0 to obtaln

liminf e 2c. < liminfe 2 max tu) < 27po max J20 (ty
0 £ = 50 >0 Je(tu) < 2mpo t>0 Jay' (t)

— 2rpp T (0) = 270 T, ().
The last equality follows from (3.22).

To deduce the second statement of the proposition, we argue as in Step
1 of the proof of Lemma 3.4.2, with the extra properties that J!(u.) = 0,
because we have the additional information that wu. is a critical point, and
J-(us) = c. < Ce?. We then infer that

1 1
(5 - 5) (1 — max{dr, 1}) e 2 < 2.
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3.5. Asymptotic estimates

In this section, we study the behaviour of solutions when ¢ — 0. With those
estimates at hand, we will be able to prove that the solutions of the penalized
problem solve the original equation for £ small enough.

3.5.1. No uniform convergence to 0 on A

We start by proving that the solution u. does not converge uniformly to 0 in A
as € — 0.

Proposition 3.5.1. Suppose the assumptions of Theorem 3.4.3 are satisfied
and let (ue)e C X. be the solutions found in Theorem 3.4.3. Then,

11£Il_>1(1)1f l|ue| Loe (a) > 0.

Proof. By contradiction, assume that there exists a sequence (g,,), C RT such
that e, — 0 and |[|uc,, ||z ) — 0 as n — +oo. Using Kato inequality (3.16)
and the equation (3.27), we obtain

—en” (A+ H) Jue, | + (1= )V ue, |

By (3.25), we infer that the right hand side of the last inequality is non positive
in R? \ A. On the other hand, since we assume that ||ue, ||z () — 0, the facts
that p > 2 and infa V > 0 imply |uc, [P~ < uV (x)|ue, | in A for n large. We
thus conclude that

—e.2 (A + H(x)]) Jue, | + (1 — p)V(z)|ue, | <0, in R3.

We then reach a contradiction because the comparison principle (Lemma 3.2.3)
implies that |u., | = 0 for large n. O

3.5.2. Estimates on the rescaled solutions

As we have seen in Proposition 3.4.4, the norm of the solution u. is of the
order €. It is then natural to rescale u. around some family of points (ze)e =
(pecosB, pesind, xs ). C A, 6 €[0,2n] as

Ve(y) = ue(pe + €Y1, 23,0 + €ya). (3.36)

The rescaled solution is defined for y = (y1,y2) € (—pe/e,+0) x R. The
following lemma shows the convergence of those rescaled sequences of solutions.
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Lemma 3.5.2 (Convergence of the rescaled solutions). Suppose the assumptions
of Theorem 3.4.3 are satisfied. Let (xp)n = (pncosb, p,sind,xs ), C A and
(en)n C RT be such that e, — 0 and x, — = = (pcosb, psinb,z3) € A, as
n — 400, 0 € [0,27). Set

A= (¢(p, Z3), A3(p, T3)) , a = c*(p,T3) + V(p, T3).

Consider the sequence of solutions (ue, )n C X, found in Theorem 3.4.3. There
exists v € H1(R?,C) such that, up to a subsequence,

ve, v in CL¥R2,C)  forae(0,1),

loc

where (ve, )n s the sequence defined by (3.36), and v solves the equation
(iV + A)?v +av = gy, [v|*)v  in R? (3.37)
with
3(y, [v*) = x() f(Jo]*) + (1 = x(v)) min{uV (5, Z3), f([v[*)}, (3.38)
X being the limit a.e. of xn(y) = xa(pn +EnY1,T3,n+Eny2). Moreover, we have

27rﬁ/ (|(V + A)]* + alv|?) dy =
R2

lim liminf 652/ (|(ienV + A)ue, |* + V(2)|ue, [?) dz.  (3.39)
Beyi(zn,enR)

R—+o00 n—+o0

Proof. We proceed again in several steps.

Step 1. Convergence of the sequence (v., ). First, the equation solved by
Ve, in (—pe, /€n, +00) X R is the following
En  Ove, L En
Pn + Enl1 ayl Pn + Enl1
= gEn,TL(y7 ‘U5n|2)van (340)

The two-dimensional magnetic potential is given by A, (y) = (¢n(v), A3, (y))
and the other functions are defined by

(iV + Ap)2v., — Pne, + [Vo + o] ve,

¢n7 A3,n7 Cn, Vn7 gan,n(y) = ¢7 A37 C, ‘/a Ge., (pn + Enyi, Z3.n + €ny2)-
By using the definition of v., and (3.35), we obtain the following inequality
+oo
[ L1169+ o, 4 0 e, ] (o + )
_en JR

1
= ﬁ”uenHQ <C, (3.41)
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for C' > 0 independent from n.
Next, we choose a sequence R, such that R,, - 4+oc and ¢,R,, — 0 as n —
+00, and we define the cut-off function ng, € C§°(R) such that 0 < nr, <1,

_ [0 ifjyl >R,
nr, (y) = { 1 if ly| < Rn/2

and ||Vngr, ||z~ < C/R, for some C > 0. Since A NH = (), we have that
pn — p > 0, and then, for n sufficiently large, ¢, R, < p/2 < pn,. Set
wn(y) = nr, (y)ve, (y), where v, is extended by 0 where it is not defined
(anyway ng, = 0 therein).

We now estimate the L?-norm of |w,|. Observe that if y? + y53 < R2, then
(p— pn)? + (z3 — 23.,)? < €2R?, so that for n large enough, p, + ,y1 € A.
Hence, since by hypothesis inf5(c* + V) > 0 and (p,, — e, R,,) > p/2 for n large
enough, we infer that

/ wa? dy < / os, P dy
R2 B(0,R»)

2 1
b/° e, 22 + Vi) (pn + £at) dy.
B(O,Rn)

7P T

Using the fact that B(0, R,) C (—g—”, +oo> x R, for n large enough and (3.41),
we deduce the estimate

2 1
2 272
dy < — sup —— + Vo) (pn + d
/RQ ‘wn’ y D S_p 02 ‘2 / n / |U€n’ (C?’L n)( n 5ny1) y

on
<C.

Next, we study the L?-norm of V|w,|. By using the diamagnetic inequality
(3.12) and arguing as before, we get

R
R2

< |(Zv +An)(anU€n)|2dy
RQ

<2 [ 16V + A, P, dy+2 [ [Viw, Pl P dy
R R

4
p(c2+V)

IN

sup / (1GV + An)ve, I* + (e, + Va)lve, [*) (pn + €nyn) dy
B(0,R.)

A
C.

IA
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We have just shown that (|w,|), C H'(R? R) is a bounded sequence. Hence,
there exists a function |v| € H!(R?,R) such that, up to a subsequence, |w,|
converges weakly to |v|. Moreover, we deduce from Sobolev embeddings that
the convergence is strong in LY (R?,C) for 2 < p < 4o0.

To prove the convergence in Cllo’co‘, we consider any compact set K C R2. For
n sufficiently large, we have K C B(0, %) which implies w,, = v,, in K. In that
compact set K, w, solves the equation (3.40) and using a standard bootstrap
argument (see for example [108, Theorem 9.1]) and the fact that w,, € LP(K,C)

for 2 < p < +o00, we conclude that

sup ||wn ||w2r ) < C.

Finally, since this estimate holds for all 2 < p < 400, Sobolev embeddings
imply that w,, = v, converges in C**(K) to v. The claim then follows from a
diagonal procedure.

Step 2. Limit equation satisfied by v. Since A is smooth, the characteristic
functions converge almost everywhere to a measurable function 0 < x(y) < 1.
We therefore obtain equation (3.37) from (3.40) by using the Cllo’f—convergence.
Moreover, if Z € A, we remark that g(y, |v|?) = f(Jv|?), that is x = 1.

Step 3. Proof of the estimate (3.39). Using the preceding arguments and

1
the Cy - -convergence, we have

n——+oo

lim inf e~ / (I(i£nV + A, 2 + V(@) |uc, 2) dz
Beyi(zn,enR)

= 27 lim inf/ U(ZV + Ap)ve, |2 + (Ci + Vi) |ve,, |2} (pn +enyr) dy
B(0,R)

n——+00
= 2%,5/ [1(iV + A)v|* + alv[*] dy.
B(0,R)

Finally, we let R go to +oo to complete the proof. O

Next, we examine the contribution of u. to the action functional in a neigh-
bourhood of a circle. In particular, we derive a lower estimate on the action of
ue which accounts for the number of circles around which u. is non negligible.
By combining the next lemmas with the upper estimate on the critical level c.,
we reach the conclusion that u. concentrates around exactly one circle.

Lemma 3.5.3 (lower bound in a small ball). Suppose that the assumptions
of Theorem 3.4.3 are satisfied. Let (xy,)n = (pn c0S0, ppsinb, xs )n C A and
(€n)n C R be such that €, — 0 and x,, — T = (pcosf,psind,x3) € A, as
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n — +oo, 0 € [0,27). Let (uc,)n C X, be the solutions found in Theorem
3.4.3. If

liminf |u., (z,,)] > 0, (3.42)

n—4+oo

then, up to a subsequence, we have

1
lim inf lim inf ¢, 2 / ~(|(ien,V + A)ue, |* + V(2)|ue, )
chl((L‘n,EnR) 2

R—+40c0 n—+o00
-/ G, (x. |uen|2>}
chl(xnaanR)

> M(pa j3)

Proof. We set again v., as in (3.36). First, by (3.42), we have that |v(0)| =
lim;, 40 |ve,, (0)| > 0, then v is not identically zero. Moreover, we know from
Lemma 3.36 that v satisfies the equation (3.37). This implies that v is a critical

point of the functional G2 : H1(R2,C) — R defined by

1 . e _ =
G w) = 5 [ 16V + AP+ alulay — [ GlofuP)

a and A being defined in Lemma 3.5.2, and where

= 1

G(y,S) = 5 /Os g(y70-) do.

Since g(y, |u|?) < f(|u]?), it follows immediately that
Git (w) = T ().
Since v is a critical point of gg‘ and g satisfies the property (3.26), we have that

gg§ v) =su g§ tv) > inf  su Q(i? tu
W) =G 2 | lfen oy 328 9 ()
2

> inf su jaA tu) = E(A,a) = £(0,1)ar—=2.
weriihe o) SP (tu) = £(A,a) = £(0,1)
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By using the C’llo’?—convergence of the sequence (v, ), we obtain that

1
lim inf 552/ — (|(i6nV + A)ue,, |2 + V(x)|ue, |2) — G, (z, |ue, |2) dz
n—+too chl(mnaEnR) 2

n—-+00

1
= 27 lim inf / {— (1GV + Ap)ve, |? + (Vi + 2)]|ve, ’2)} (pn + eny1) dy
B(0,R) |2

- / Gsn,n(ya |U5n|2)(pn + Enyl) dy}
B(0,R)

_ 1, . - _ A
— zﬂp/ {5 (1(iV + A)v|* + alv|?) — G(y, W)] dy.
B(0,R)

Finally, we let R — 400 to conclude.
O

The following lemma estimates what happens outside those small balls where
u. concentrates. In particular we show that the contribution to the action
of u. is nonnegative so that the lower estimate from the preceding lemma is
meaningful.

Lemma 3.5.4 (Inferior bound outside small balls). Assume that the as-
sumptions of Theorem 3.4.3 are satisfied. Let (¢,), C RT and (x%), =
(p}, cos O, pl,sinf, x% | )y C A be such that xt — ' = (p* cos 0, p' sin 6, T4) € A,
for1<i< M, and e, — 0, as n — +oo, 6 € [0,27). Let (u,)n C X., be the
solutions found in Theorem 3.4.53. Then, up to a subsequence, we have

1
lim inf lim inf ¢, 2 / = (|(ienV + A)ue, |* + V(2)|ue, |?)
—/ G., (z,|uc, [*) ¢ >0, (3.43)
R3\ B, (R)

B.(R) = UM, Bzl enR). (3.44)

Proof. We consider yet another smooth test function ng ., such that ng., =0
on B,,(R/2), nr.e, =1 on R?*\B,(R) and |Vnge, ||L= < C/(e,R). From (3.24)
and (3.25), we infer that

where

1
Lo 5067+ e P 4 V@, ) = Gy e, )|
R\B, (R) L2

1 .
> [ LY+ A P+ V@ ) = g o P, ]
R3\Bn (R)

145



Chapter 3. Equivariant potentials under cylindrical symmetries in R3

If we test the equation (3.27) on (u.,nR., ), we obtain

+ / U(ienv + A)ue, |2 + V(z)|ue, |2 — G, (T, |ue,, |2>|u5n |2} 7712%,en dz
Ay, (R)
— i, / VR, - (i, V + A)u,, U, dz,
A, (R)

where we defined A, (R) = B,(R) \ B,(R/2). Then, to deduce the estimate
(3.43), it is enough to estimate the last two integrals in A4, (R).

We start with the first of these two terms. First, we have that A, (R) is
a bounded set having the cylindrical symmetry and with A,(R) N H = 0.
Moreover, for every R > 0, we can consider n sufficiently large (and then &,
sufficiently small) such that inf 4 gy V' > 0. This allows us to use the compact

embeddings from Lemma 3.2.4. Then, we conclude that

liminf e, ?
n—4+oo

/ (e + Aue, 2 + V(@) ue, [2] 1. da
A, (R)

[ e Pl P, da
An(R)

<liminfe,C (12 5 + I 1)

n——4+oo

where we denoted

N[

Ing = [/ (10 V + A)ue,, |* + V(2)]ue, ] dx]
An(R)

Next, we estimate the second term

liminfe;?
n——+oo

en/ (ienV + A)ue, - Vnr., U, do
An(R)

< liminf Ce;2R™* / |(ienV + A)ue, [|ue,, | dz
An(R)

n—+oo

n—-+oo

< liminf 2Ce 2R~} / (1(ienV + A)ue, |* + |ue, [?) da
A, (R)

< liminf2Ce, *R'I} .

n—+oo

146



Chapter 3. Equivariant potentials under cylindrical symmetries in R3

Finally, by taking the liminfr_, ., and using relation (3.39), we obtain that
both integrals converge to zero, which concludes the result. U

The next lemma combines the informations from the two preceding ones and
yields a lower bound on the action of u. as a function of the points in A where
the solution concentrates.

Lemma 3.5.5 (lower bound on the critical level). Suppose that the assumptions
of Theorem 3.4.3 are satisfied. Let (x},)n = (p}, cos®, p,sinf, x5 ), C A and
(6n)n C RY be such that €, — 0 and =i, — T = (p' cos, p' sin 0, %) € A, for
1<i< M, asn— +o0, 0 € [0,2m). Let (u.,)n C Xz, be the solutions found
in Theorem 3./.3. Assume that for every 1 <i < j < M, we have

lim sup —dcyl(x"’ )

n—-+o00 En

= +00, (3.45)

and

liminf |u., (z%)] > 0.

n——4+oo

Then it holds

liminfe, %c., > Z./\/l o, Th).

n——+oo
Proof. We infer from the previous lemmas that for every § > 0, there exists

Rs > 0 large enough, such that for all R > R;

n—-+oo

1
liminfe, / —(|(ie,V + A)ue,, \2 + V(2)|ue, ]2) -G, (z,|ue, |2) dz
R3\B,,(R) 2

> —0

1
fimint =,? S + A, P 4 V(@) [2) ~ G, (& e, )
yl(x;menR)

n—+oo
= M(ﬁla jé) -0,

where B, (R) is defined in (3.44). Then, thanks to the hypothesis (3.45), the
balls are disjoint. We then decompose €, 27 (u., ) as the sum of the M integrals
on each ball By (2!, e, R) and one integral in R \ B,,(R). We then have

M
liminfe 27 (ue, ) > Z/\/l(ﬁz,a_:g) — (M +1)6.

n—-+oo
=1

Since § > 0 is arbitrary, the conclusion follows. O
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The following proposition is a key result of the proof. It concludes to
the existence of a sequence of maximum points for u. in A and tells us that
sequence of maximum points will in fact converge to the point of infimum of
our concentration function M at the interior of A.

Proposition 3.5.6. Suppose that the assumptions of Theorem 3.4.3 are satis-
fied. Let (uc). C X, be the solutions found in Theorem 3.4.3 for e > 0. Then,
there exist (xe)e = (pe cosB, pesinb, x3 ). C A such that

11211;(1)1f |ue(z2)| > 0. (3.46)

Moreover, we have

dcyl(xm /HJ_)
15

(i) limsup < 400, that is x3. — 0;

e—0

(ii) liren_j(r)lf deyi(ze, ON) > 0;

5 i _inf '

(iii) Egr(l)/\/l(xg) Arlw%{LM’

(iv) for every § > 0, there exists Rs > 0, such that for every R > Ry there
exist er > 0 such that, for every e < egr, |us| <0 in A\ Beyi(ze,eR).

Proof. First, observe that the existence of a sequence (z.). C A of local
maximum points of |uc| in A follows from the continuity of u. in A. The
estimate (3.46) holds because we know from Proposition 3.5.1 that u. does not
converge uniformly to zero in A.

Proof of assertion (i). By contradiction, assume that there exist se-
quences (en), C R and (x,), C A such that ¢, — 0 and z, — = =
(pcosb, psinf,z3) € A, as n — o0, 6 € [0,27) (this is always possible because
of the compactness of A),

liminf |ue, (z,)| > 0,

n——4+oo
and
d(x,, H
lim sup M = 400.
n——+oo En

Let gt € G be the reflection with respect to H+. We know that Ue, OFref = Ue,,,
so that

liminf |ue, (gres(xn))| > 0.

n——+oo

148



Chapter 3. Equivariant potentials under cylindrical symmetries in R3

Moreover, by our assumption

dc re n)s L
b ent(res () 1Y)
n——+oo En

Therefore, we infer that

lim sup dcyl(xna Gref (l’n))

n—-+o0o En

— —{—OQ’

We can now use Lemma 3.5.5 to deduce that

liminfe, ?c., > (M(Z) + M(gres(Z))) > 2inf M,

n—+oo

whereas we know from (3.34) in Proposition 3.4.4 that

liminfe, %c., < inf M.
n——+oo ANHL

This yields the inequality

2inf M < inf M,
A ANHL

which is impossible because of the property (3.8) of the set A.

Proof of the assertion (i7). Arguing again by contradiction, assume that
there exist sequences (¢,), C R™ and (z,), C A such that ¢, — 0,

IT%E_'I_I;E |ue,, (0)| > 0,

and

lim dcyl(a:n, 8A) = 0,

n—-+o0o

that is z,, — = = (pcosf,psind,z3) € O\, as n — 400, 0 € [0,27). By
assertion (i), we also know that Z € Ht. From Lemma 3.5.5, we have

liminfe 2c. > M(p,Z3) > inf M
n—too ™ = (P 3)_8ArmL ’

so that (3.34) in Proposition 3.4.4 implies

inf - M < inf M,
OANHL ANHL

which is again a contradiction to (3.8).
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Proof of assertion (iii). This is also an easy consequence of Proposition
3.4.4 and Lemma 3.5.5. Indeed, using (i) and (ii), we can assume by con-
tradiction the existence of a sequence (z,,), such that z,, converges to some
T = (pcos®, psinf,0) € ANHL and M(z) > infyryr M. Then combining
Lemma 3.5.5 and Proposition 3.4.4, we deduce that

inf M < M(z) <liminfe, %c., < inf M,
ANHL n—+00 ANHL

which is a contradiction.

Proof of assertion (iv). Assume by contradiction the existence of § > 0
and a sequence ¥y, € A such that

e, (Yn)| > 6,
and
d ns Yn
lim —Cyl(x Y ) = +00.
n—-+oo En

Up to a subsequence, we know that y, — § € AN HL, Then, using again
Lemma 3.5.5, Proposition 3.4.4 and (3.8), we obtain

inf > liminf e, %c., > T y)) > 2 inf
i M2 minfen”ee, 2 (M(E) + M) 22 Inf, M,

which is impossible. U

3.6. Solutions of the initial problem

All this section is inspired by [95], where they study concentration of solutions
around k-spheres for Laplacian problems.

3.6.1. Linear inequation outside small balls

Lemma 3.6.1. Suppose that the assumptions of Theorem 3.4.3 are satisfied.
Let (uc)e C X- be the solutions found in Theorem 3.4.5. Let (x.). C A, found
in Proposition 3.5.6, be such that

lim inf |ue (z¢)| > 0.
e—0

Then, there exists ro > 0 such that for every r > rqy, there exists €, > 0 such
that for every e < &,

—e? (A+ H) Jue| + (1 — p)V]ue| <0 in R*\ Beyi(ze, er).
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Proof. First, we have that
pV(z) =6 >0,

for x € A. By Proposition 3.5.6 (iv), there exists ry > 0 sufficiently large, such
that, for every r > ry there exist €, > 0 such that for every € < ¢,

lue(z)[P72 < §  in A\ Beyi(ze,er).
Then, we use the Kato inequality (3.15) to obtain in A \ Beyi(z.,er) that
—2 (A4 H) luc| + (1 = p)V]ue| < JueP™' — pV]ue| — e*Hu.| < 0.
Now, in R3\ A, we use again the Kato inequality to obtain
—2(A+H)lu| + (1 — p)V]ue| <0 in R\ A,

by the definition of the nonlinearity g. in R\ A. This concludes the proof. [J

3.6.2. Barrier functions

Once we can construct functions w. verifying the opposite inequation
—2(A+ H)w. + (1 — p)Vw. >0, in R?\ By (e, er),

with some convenient boundary conditions on 0Bcyi(x.,er), Lemma 3.6.1 sug-
gests that we can use the comparison principle to obtain an upper bound on
|ue|. Those functions w, will be chosen in such a good way that the bound
lue| < Cwe imply that |u.|P~2? < uV(x) +e2H(x) for all x € R3\ A, so that we
recover solutions of the initial problem (3.1).

We now define more precisely the notion of barrier functions.

Definition 3.6.2. Let (z.). C R® and r > 0. We say that
(we)e € CH(R3\ (Beyi(ze,er) U{0})) is a family of barrier functions if there
exists eg > 0 such that, for every € < ey, we have that

(i) we satisfies the inequation
—? (A+ H)w. + (1 —p)Vw. >0 in R¥\ Boyi(w.,er);
(i1) Vwe € L*(R3\ Beyi(zc,e7));
(117) we > 1 on OByi(ze,er).

We remark that the boundary condition on 0Byi(z.,er) is arbitrary as long
as it is positive since we can always multiply w. by a positive constant.
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Construction of the comparison functions

In this section, we recall how to construct some comparison functions in A and
in R?\ A. Those comparison functions will be used to construct the barrier
functions. We first begin by the construction in R? \ A.

Lemma 3.6.3. For every ¢ > 0, there exists U, € CL% (R \ (AU {0})) such
that

—2(A+H)V, + (1 —p)V¥, =0 in R?\ A,
v, =1 on OA,

and
o, P
/ A RCHE L (3.47)
R3\A |z

We also have the following estimate for every x € R*\ (AU {0}) and C >0

0< ¥ (x) <

. 3.48
1+ |z ( )

Moreover, if we assume that

(V) holds with o = 2, then, for every v > 1 and for every large R > 1, with
A C B(0,R), there exist C > 0 and g > 0 such that, for every e < &g
and for every x € R3\ B(0, R),

0< U (x) < c.

— ‘x’V’

(3.49)

(V°) holds with oo < 2, then, for every v > 0 and for every large R > 1, with
A C B(0,R), there exist C > 0 and 9 > 0 such that, for every e < &g
and for every x € R3\ B(0, R),

0< U (z) <Cexp (—V|:c]2_Ta) ; (3.50)

(V°) holds with o = 2, then, for every v > 0 and for every 0 < r < 1, with
B(0,7) N A =10, there exist C > 0 and g9 > 0 such that, for every e < &g
and for every x € B(0,r) \ {0},

0< V. (x) <Clx|”; (3.51)
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(V9) holds with o > 2, then, for every v > 0 and for every 0 < r < 1, with
B(0,7) N A =10, there exist C > 0 and g9 > 0 such that, for every e < &g
and for every x € B(0,r) \ {0},

0 < V. (x) <Cexp <—V|x|25a> . (3.52)

Proof. Step 1. Proof of the existence and regularity. To prove the existence of
the function V., we minimize the functional

/ e (|Vul* — Hu?) + (1 — p)Vu®
R3\ A
on the set of functions

{u € D'3(R*R)| | Vu* < +oco and u=1on 8A} :
RB

Estimate (3.47) follows from the Hardy inequality (3.13). By standard regularity

theory, ¥, € W24(R3 \ (AU {0})), for 2 < ¢ < +oo. Then, by Sobolev

loc

embeddings, U. € CL%(R3\ (AU {0})), for a € [0,1).

loc
Step 2. Proof of the estimate (3.48). Now, we want to obtain the estimate
(3.48) corresponding to the case in which we make no assumptions on the
potential V. Using the comparison principle with the function 0 in R3\ (AU{0}),
we obtain immediately that . > 0 in R3\ (A U{0}). It remains us to prove
the upper estimate. To this aim, let us first introduce the function

fa) = % (5-rGogla) "), forz e R\ BO.R)

where R > 1 is chosen in such a way that A ¢ B(0, R), f(z) > 0 in R3\ B(0, R)
and f(z) > 0 on 0B(0, R). Using (3.17), we compute that

%k

(A4 H)f> o (ﬁ(ﬁ+ 1)+ m) >0.

~ |=[? (log ||

Then, for every € > 0, the inequality
_EAH) f+ (- V>0, iR\ B(O,R),

follows by the positivity of V' and f. If we use the comparison principle of
Lemma 3.2.3 with U, and f in R3\ B(0, R), there exists a positive constant
C' > 0 such that

<

] in R*\ B(0, R). (3.53)

V. (z) < Cf(z) <
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Next, we consider the function

-8
1
glx)=p—k (log m) : for x € B(0,r) \ {0},
where r < 1 is chosen in such a way that B(0,7) N A =0, g(z) > 0 in B(0,7)
and g(z) > 0 on 0B(0,7). Using again (3.17), we obtain that

62

) K 1\ "2 1\ !
—“(A+H)g> 2 (ﬁ(ﬁ+1) (logm) +/<o(10g m) ) > 0.

Then, for every € > 0, the inequation
~?(A+H)g+(1-p)g=0,  inB0,r)\{0},

follows by the positivity of V' and g. Using the comparison principle for ¥, and
g in B(0,r) \ {0}, there exists a positive constant C' such that

V. (z) < Cg(x) <C in B(0,r)\{0}. (3.54)

Finally, we use the continuity of W, and the fact that . = 1 on 0A to say that
U, is bounded from above in B(0, R) \ (AU B(0,7)). Combining this, (3.53) and
(3.54), we obtain (3.48) for every x € R®\ (AU {0}), for a well chosen constant.

Step 3. Proof of the other estimates (3.49)-(3.52). When we add some
assumptions on the potential V', either at zero or at infinity, we would like to
obtain more precise bounds on V.. Indeed, if we do not assume anything on
V', meaning that V' can decreasing as fast as possible at infinity and can be as
low as possible at zero, the better estimate we can obtain is (3.48). What we
expect is that slower is the decrease of V' at infinity, faster is the convergence
of W, to zero at infinity (and inversely at zero). As already mentioned in the
introduction, the Hardy potential 1/|x|? is critical in the sense that there is a
transition from polynomial onto exponential decrease in the profile of ¥.. The
strategy to get the estimates is always the same. We find convenient functions
f and g being supersolution of the problem to which we will compare ¥.. When
(V°°) is assumed with a = 2, we introduce

f(x) for x € R®\ B(0, R),

el
where v > 1 and R > 1 is taken large enough to have A ¢ B(0, R) and

Viz) > — for |x| > R.
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We compute
—e? (A + H) f+(1—p)Vf
> 2|72 (e 4 2v(v — 1)) — e2k|z| V72 (log |2]) 7.

For every € < gg small enough (¢¢ depending on v and R), this expression is
larger than 0. By the comparison principle, we obtain the estimate (3.49).

When we assume (V°°) with a < 2, the comparison function will be
f(xz) =exp (—1/|x|277a> ) for z € R®\ B(0, R),

where v > 0 and R > 1 is taken large enough to have A C B(0, R) and

V(z)> —,  for|z| > R.

x|
In that case, we compute
S (A+H)f+(1-p)Vf
> &2 (= 2)(a - Dla| TS = rlal > (logla)) "

Thanks to the fact that o < 2, for every e < ¢p small enough (g9 depending
on v and R), this expression is larger than 0. By the comparison principle, we
obtain the estimate (3.50).

For the estimates at the origin, we proceed exactly in the same way. We
consider 7 < 1 small enough to have B(0,7) N A = () and

V(x)z%, a>2,0<|z| <
af;a

When we assume (V) with o = 2, we introduce the comparison function
g(x) = |=[",
for v > 0 such that

—2(A+H)g+(1—p)Vyg

—B-1
1
> |z (e — 2v(v + 1)) — e2k|z|" 2 (log |x—|> :
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which is greater than 0 for & small enough. In the case (V°) with o > 2, the
comparison function will be

g(z) = exp (—V\xl%a> :
for v > 0. O

Now, we construct a comparison function inside of A.

Lemma 3.6.4. Consider v > 0. Let (z:): = (pescosf,pssinf,x3.). C A,
6 € [0,2m), and R > 0 be such that Bey(z-, R) C A. We define

®.(r) = cosh <)\R — dewl, xa)) ,

3

where X > 0 is chosen such that

2
infV > A .
A (1—p)

Then, there exists eg > 0 such that, for every e < gg,

—®(A+H)®.+ (1 —p)V®. >0 in Bey(we, R) \ Beyi(we, er).

Proof. By simple calculation, we obtain that

— A+ H)D. +(1—p)Vd, =

2 — — dey(z,
(024 (1= V)b, — 2H. + eA—PL P g (2B n(@ze)\ S g
pdeyi(z, z2) €

thanks to the assumption on A and for € small enough. U

Thanks to Proposition 3.5.6 (ii), we remark that the assumption Bgy(zc, R) C
A is verified if ¢ is taken sufficiently small. From now, we will always consider
that €9 > 0 is taken small enough to have this property.

With those two functions ¥, and ®., we are ready to construct the barrier
functions.

Lemma 3.6.5. Take r > 1o (ro introduced in Lemma 3.6.1). Let A > 0 be as
in Lemma 5.6.4 and (xc)e be as in Proposition 3.5.6. Then, there exists g > 0
and a family (w.)e C C%(R3\ (Beyi(we,er) U{0})) of barrier functions such
that for e < g

A deyi(z, x:)

0 < we(x) < Cexp (—g T dcyl(%%)) (1+ =)t (3.55)

for all x € R3 \ (Bey(zc,er) U{0}). Moreover, if we assume that
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(V°) holds with o = 2, then, for every v > 1 and for every large R > 1 with
A C B(0,R), there exist C > 0 and ey (eventually smaller than the
previous one) such that, for all € < g,

A deyi(, xe)

0 < we(x) < Cexp (_gl g )) lx| ™" (3.56)
cyl(Ly Le

for every x € R®\ B(0, R);

(V) holds with oo < 2, then, for every v > 0 and for every large R > 1 with
A C B(0,R), there exist C > 0 and g9 > 0 such that, for all € < &g,

A deyi(, xe)
e 1+ deyi(z, zc

0 < we(x) < Cexp (— )) exp (—I/|$|2_Ta> (3.57)

for every x € R®\ B(0, R);

(V) holds with @ = 2, then, for every v > 0 and for every r < 1 with
B(0,r)NA =0, there exist C > 0 and g9 > 0 such that, for all ¢ < e,

A deyi(, xe y
0 < we(z) < Cexp <_21—|—§(1(m 3: )> || (3.58)
cyl\Ly Le

for every x € B(0,7) \ {0};

(V?) holds for o > 2, then, for every v > 0 and for every r > 1 with B(0,7) N
A =0, there exist C > 0 and g9 > 0 such that, for all € < &g,

i dcyl(xyxs)
e 1+ deyi(z, ze

0 < we(z) < Cexp <— )) exp (—V|I|2_Ta) (3.59)

for every x € B(0,r) \ {0}.

Proof. First, we choose a open bounded set U C R3 such that A ¢ U, 0 ¢ U
and inf; V' > 0. This is always possible since inf5 V' > 0. We consider a new
function ¥, € Cu%(R3 \ {0}) such that ¥. = ¥_ in R3\ U, for . defined in
Lemma 3.6.3, and ¥, = 1 in A. Thanks to the regularity of ¥, we have that
||\i16||Loo(U) < C. Then, we choose R > 0 such that B.y(z.,R) C A for all
€ < €9, which is possible thanks to Proposition 3.5.6. We construct the barrier

function as follows. We first define

(z) = o () x € Beyi(ze, R)
TV 0i@) 2 e R\ B, R).
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This function has the good regularity because ¥, and ®. are both C’llo’g and the
junction on 0Bcyi(z., R) is also C’i.’f (thanks to the choice of an cosh in ®.).
The property (i) of the barrier functions is verified in Beyi(zz, R) \ Beyi (e, €7)
and in R®\ U. Indeed, Lemma 3.6.4 implies that ®. is a supersolution of
the operator in Beyi (e, R) \ Beyi(2e, er), while Lemma 3.6.3 says that U, is a

solution of the operator in R3\ U. In U \ A, we have
2 (A+H)ze+ (1 —p)Vze=—>(A+H) T+ (1 — p)VI, >0,

for € small enough, since V\ilE > 0 on U and \ile is bounded in U. In A\
Beyi(ze, R), we have

—2(A+H)ze +(1—p)Vze = —H+ (1 —p)V >0,

for € small enough, since inf; V' > 0. Then, condition (7) is verified. Condition
(1) is also verified thanks to our specific construction of W.. It remains us to
show that (iii) is true. To this aim, we set

ze()

we() = cosh (A%) )

The conclusion follows immediatly.
Since we have the following asymptotic behaviour in Bgyi(zc, R) \ Beyi (2, €7)

R—dcyi(x,z.)
cosh <A+

cosh (A%)

and estimates found in Lemma 3.6.3, we obtain (3.55)-(3.59).

) < 26)\r exp (_gdcyl(xame)) )

Solutions of the initial problem
Thanks to Lemmas 3.6.1 and 3.6.5, we obtain an upper bound on |u.]|.

Proposition 3.6.6. Suppose the assumptions of Theorem 3.4.3 and Proposition
3.5.6 are satisfied. Let X\ > 0 be as in Lemma 3.6.4, (x:)e C A be as in
Proposition 3.5.6 and (uz)e C X be the solutions found in Theorem 3.4.3.
Then, there exists C' > 0 and €9 > 0 such that, for all € < ey,

A deyi(, x.)

0 < |ue(x)] < Cexp (_E T duy(s :c,s)) (14 ]z))~, Vo eR3\{0}.
(3.60)

Moreover, (3.56)-(3.59) hold for |uc| in place of w. if we make the same as-
sumptions on V.
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Proof. By Lemma 3.6.1, we know that |u.| is a subsolution in R? \ Beyi(@e,er),
for some r > rg. Furthermore, thanks to Lemma 3.5.2, we deduce that
|tell oo (Beyi(az,er)) 18 bounded for e < 9. We can then say that |uc| <
e | Loo (Beyi (2. er)) ON OBeyi(Te, er). With the comparison principle, we conclude
that

0 < ue(@)] < el o (Bep (oo erywe(®), Vo € RP\ (Beyi(we, er) U{0}).

Finally, since |u.| is bounded in Beyi(x.,er), we obtain the estimate (3.60) for
all x € R?\ {0}. The other estimates follow by reasoning in the same way. [J

We can now proof the main Theorem.

Proof of Theorem 3.1.1. 1t remains us to prove that u. is in fact a solution of
the initial problem (3.1). For this, we need to show that

Flual) = [uP™® < 2H(z) + uV(2), Vo e R*\ Al

We prove this for example in the case where we make no assumptions on V'
(then p > 4). We use Proposition 3.6.6 to say that

uc(2)|P~2 < Ce 2= (1 4 |2)~ P2 < 2H(z) + pV (x),

for small €. The last inequality is verified since we considered p > 4. Indeed,
for |z| large, the right hand side behaves as 1/ (|z|?log |z[). The left hand side
decays then faster since it behaves as 1/|x|P~2. For |z| small, the left hand side
behaves as a constant while the right hand side is unbounded. The other cases
may be treated in a similar way. O

Remark 3.6.7. In addition of theorem 3.1.1, we may also prove that estimates
(3.56)-(3.59) hold for |u.| instead of w. if we make the corresponding assumptions
on V.

3.7. Another class of symmetric solutions

When A is equal to the Lorentz potential, i.e. A = (—z2,x1,0) or has the
slightly more general form

A(p,0,z3) = c(p)(—sinb,cosb,0), (3.61)

Esteban and Lions have proposed in [56, Section 4.3] the class of solutions

. k
To + 12
U = Ck <#) Vi,
p
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where k € Z, C), € Ry and vy are real and cylindrically symmetric solutions of
an auxiliary problem. One can check easily that the functions uy solve

(ieV + A up + V(p, x3)up, = |upP2up, 2 € R, (3.62)

if and only if the vy are real solutions of

I 2
— 2 Auy, + ((f + c(p)) + V(p, scg)) v = CP 2 |ug [P~ 20y, r € R3.

(3.63)
The limit equation in R? has the form
—Awy, + (2(po) + V(po, 23,0)) wi = CL 2wy, [P~ 2wy, (3.64)
where (pg, z3,0) is such that the concentration function
_2
M(p,3) = p (*(p) + V(p,a3)) 77 (3.65)

is locally minimized at this point.

Observe that this reduction to a real valued problem allows us to use directly
the arguments from [95] without much modifications. One can then consider
several cases according to the properties of ¢ and V. We do not address all these
cases in details. We will focus on the special case which for instance allows to
consider a critical frequency.

3.7.1. Existence at the critical frequency

Remember that the potential V' stands for U — E, where U is the electrical
potential and E is the frequency of the standing wave ¥ (z,t) = eimt u(x).
When E = infgn U(z), we say that E is the critical frequency. When A = 0, the
critical frequency was studied by many authors, starting with the contribution
of Byeon and Wang [63, 64] and followed by many others.

Byeon and Wang have shown that there exists a standing wave which is
trapped in a neighbourhood of the isolated minimum points of V' and whose
amplitude goes to 0 as h — 0. Moreover, depending upon the local behaviour
of the potential function V' near the minimum points, the limiting profile of
the standing wave solutions was shown to exhibit quite different characteristic
features. This is in striking contrast with the non-critical frequency case
(inf U(x) > E) where the solution develops a spike in the semiclassical limit.

Here we show that even if the frequency is critical, the presence of an external
magnetic field allows for the existence of a solution concentrating on a circle
and whose amplitude does not vanish in the semiclassical limit so that this
solution is a spike type solution.
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Let p > 2 and k € Z. Let V € C(R?\ {0}) be nonnegative and such that
V(gx) = V(z) for every g € G. Assume A € C1(R3,R?) is of the form (3.61)
and such that ¢(p) > 0 for every p > 0 and

lim inf ¢(p)p > 0.

pP—>r 00

With those assumptions, the assumption lim inf|,_, 4 W (x)|z|* > 0 holds
for the potential

w= (% c<p>)2 +V(p,z3)

and ¢ small. Moreover this potential is nonnegative everywhere and for every
0 <6 <1ande >0, there exists pg. > 0 such that

(% + c(p)) +V(p,x3) > 0c(p)* + V(p, r3),

for p > pg . Clearly pg. — 0 as € — 0 for any fixed 6.
The proof of the following theorem can be easily recovered from [95] with
straightforward modifications.

Theorem 3.7.1. With the above conditions on ¢, V', k and p, assume there
exists a bounded smooth set A C R3 wverifying (3.7), such that (3.8) is verified
with M now defined by (3.65) and (3.9) is verified for 6c +V, 6 € (0,1).
If € > 0 is small enough, the equation (3.63) has a solution vy . such that
Vke(gr) = vge(x) for all g € G, v attains its maximum at some Ty . =
(Pr,ccosb, pr-sinb, x3 i .) € A such that

(ii) hren_}(r)lf |Vg.e(xg.e)] > 0;

(117) lim M(zp ) = inf M;
e—0

ANHL

(iv) limsup

e—0

(v) liin_)i(_‘glf deyi(zg,e, OA) > 0.

deyi(Tpe, H
cyl< k,e ) < +oo , that is w31, — 0;
g

Finally, there exists Cy € Rqy such that

.\ k
To +1T1
ug,e = Ck T, ) ke
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solves (3.62) and for every v > 1, the asymptotic estimate holds

é dcyl(xa xk:,e)
el+ dcyl(il,’, Tk,e

0 < (o) < Coxp - el v\ ()

As previously discussed, we can consider the critical frequency as one can
allow V' to vanish at the local minimum point of M in A.

Observe also that the ansatz fixes the concentration as the concentration set
is the same for any choice of k € Z.
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Appendix
Appendix of Chapter 2

A.1. Domains with conical singularities

The proofs of the main theorems can be partially adapted to the case when ()
presents isolated conical singularities, as in the numerical simulations which
appear in the Introduction. The results are qualitatively the same as for the
smooth domain, but the rate of convergence of the eigenvalues depends on the
aperture of the cone. We can interpret this fact in the following way: the zero
boundary conditions on an acute angle of 0€) play the same role as the nodal
lines of the eigenfunction. The tighter is the angle, the faster is the convergence.
Consider the following conical domain of aperture «, for some 0 < § < 7

Q:{(r,e): re(0,1),0¢€ (—éé)} (A.1)

The counterpart of Theorem 2.1.11 holds.

Theorem A.1.1. Let o = 1/2. Let Q2 be as in (A.1) and let p satisfy (2.4).
Suppose that \i is simple and that there exists an eigenfunction i associated
to N\, having a zero of order h/2 > 2 at the origin (at least one nodal line).
Then there exists C' > 0, not depending on a, such that

A< A\ —Clal"®  for a — 0 along a nodal line of py.

As for the analogous of Theorem 2.1.14, we can prescribe the behaviour of
the eigenvalues only in case the pole approaches the vertex of the cone along

the angle bisector. This restriction is related to the open problem presented in
Remark 2.1.16 (i).

Theorem A.1.2. Let o = 1/2. Let Q2 be as in (A.1) and let p satisfy (2.4).
Suppose that Ay is simple and that ¢y has a zero of order 1 at the origin (no
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nodal lines). Then there exists C' > 0, not depending on a, such that
A > A + Cafﬁ for a = (a1,0), a7 — 0.

The strategy of proof consists in applying the conformal map z7, so that
the conical domain is transformed into the regular half ball D} (0). We end up
with a singular equation of the following type

. a a ﬂ ? T a :
(1V +Aa)290k = Ak (;) ( )2_3(10k in D" (0).

The singular potential ]x|*2+¥ belongs to the Kato class, which allows to adapt
the proofs of the previous sections. In particular, the following Hardy inequality
holds: for every € > 0 there exists a positive constant C' such that

¢ Jul®

¢ Jp,(0) [7|>7F

1
dz g/ IV [ul? de + -/ (uf? do, (A.2)
D,.(0) T JoD,.(0)

for every u € H'(D,(0),C) and for every r > 0 (see [109]). By combining with
the diamagnetic inequality

/ IV [ul? de g/ (Y + A )ul? dz,
D (0) D,.(0)
we obtain the counterpart of the Poincaré inequality (2.67).
Concerning Proposition 2.2.9, its validity in case of a singular potential
belonging to the Kato class is stated in [7, Theorem 1.3].

A.2. Green’s function for a perturbation of the
Laplacian

Lemma A.2.1. Consider the set of equations (depending on the parameter €)
—Af =ec(z)f in Q C R? bounded, with ¢ € L>°(Y). Fore > 0 sufficiently small
there exists a Green’s function G(x,y) such that the following representation
formula holds for x € )

f(ZL‘) == fa,,G(x, ) do_(:U)‘
o2

Moreover, for every 1 < p < oo there exists C' independent from € such that we
have

||ax1G(£L‘, ) - 8331@(1', ')HleP(aQ) < Ck,
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for x € Q, where ® is the Green function of the Laplacian with homogeneous
Dirichlet boundary conditions in Q.

Proof. We define the Green function as G(z,y) = I'(y — z) + L(z,y), where
I'(z) = — 5= log || is the fundamental solution of the Laplacian in R? and L(z, )
solves, for x € ),

{ —AL(z,y) —ec(y)L(z,y) = ec(y)T(y —x) yeQ
L(z,y) = -T'(y — ) y € 0f.

Notice that this equation admits a solution for € small because the quadratic
form

/Q(|Vv|2 — ec(z)v?) dx (A.3)

is coercive for v € H}(Q), and moreover I' € L2().
The validity of the representation formula is standard. Indeed, the following
identity holds (see for example [110], equation (25) in paragraph 2.2.4)

flz)=— /Q Dy —2)Af(y)dy + / (C(y =)0, f(y) — f(y)0.T(y — x)) do(y).

o0

By using the Green formula

/ (AL~ LAf)dy = / (DL f — L0, f)do(y)
Q

oN

and the equation satisfied by L(z,-), we obtain the representation formula for

f
In order to estimate 0., (G — @), we write ®(z,y) =I'(y — x) + H(x,y), with

—AH(z,y) =0 y e
H(z,y)=-T(y—z) yeoQ,

so that 0, (G — ®) = 0,,(L — H) =: u solves

—Au —ec(y)u = ec(y) Oy, P(x, ) y e
u=20 y € 0N).

We apply Poincaré inequality and the positivity of the quadratic form in (A.3)
as follows

ull g1 @) < ClIVul L2 ()

<c ( [ vu = cctye? dy)m

—C < /Q ecly)dy, ®(z, y)udy) v
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Since 0, ®(z,-) € LI(N) for 1 < g < 2, we can apply the Holder inequality and
the Sobolev embedding to obtain
1/2 1/2
Jullis sy < O (102, @ 5200y [l o) ' < 2 ull 2.

Finally, using again the Sobolev embeddings and a bootstrap argument, we
obtain that u € W24(Q) for every 1 < ¢ < 2 and

[ullw2.a(0) < Ce. (A.4)

O
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