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Introduction

An almost complex manifold is a differentiable manifold M endowed with an
almost complex structure, i.e. an endomorphism J on the tangent bundle
of M such that J? = —id. By a remarkable result by Newlander-Nirenberg,
[22], an almost complex manifold is a complex manifold if and only if the
Nijenhuis tensor, defined as

Nj(X,Y):=[JX,JY]—-[X,Y]=J([JX,Y]+[X,JY]), VX,Y eD(TM),

vanishes. In such a case, the complex manifolds are locally equivalent, in
other words, they have the same complex structure locally, but we cannot
say the same for the almost complex manifolds in general. In this thesis we
have studied the almost complex manifolds whose image of the Nijenhuis
tensor forms a non integrable bundle (that is, it is not closed with respect
to the Lie brakets) and we found some results when the real dimension of
M is 4.

In general, the almost complex manifolds are not parallelizzable, that is,
there exist no a global frame (X7, Xo, ..., X;,) formed by n (the dimension of
the manifold) globally defined vector fields which are linearly independent
at every point (see [23], [37] and [30]). When (M%,.J) is an almost com-
plex manifold of dimension 4 admitting a non-integrable subbundle given
by the image of the Nijenhuis tensor, it is possible to give a double ab-
solute parallelism on it. This means that, for any point p € M?*, there
are two adapted frames of the tangent space: (X1, X2, X3, X4)p € T,M and
(—X1,—X2, X3, X4)p € T,M. This provide a Zy-structure F on (M4, J). As
a consequence, it results that the group of the automorphisms Aut(M?,.J)
of (M*,.J) is a Lie group of dimension less or equal to 4, and its isotropy
subgroup has at most two elements.

When (M*,J) is locally homogeneous, one can define the Lie algebra g
associated to (M4%, J) thanks to the absolute parallelisms on (M*,.J). These
facts allow us to make the classification of the almost complex structures
related to (M4, J). Such a classification is complete when the Lie algebra
g is not solvable (in this case it is reductive too), while several examples
are shown to explain how to make the classification when the algebra g is
solvable (since the latter has more cases than the former).
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Finally, we studied if it is possible to introduce an invariant Riemannian
metric on (M*,J) such that it becomes an almost Kihler manifold.

More precisely, this thesis is structured as following.

The first chapter is an introduction of the relevant material and the
notations about (almost) complex manifolds, (almost) CR manifolds and
(almost) Ké&hler manifolds. The last two sections of the chapter are focused
on the theory of the principal fiber bundles and G-structures; here, the
most important theorems and properties useful to set the general problem
are given.

In the second chapter we recall the principal properties of 2n-dimensio-
nal almost complex manifolds (M?", J) and we define the torsion bundle V
of (M?",.J) as the subbundle of TM obtained as image of the Nijenhuis
tensor. Here, we focus our study on the manifolds (M?",J) with non-
degenerate torsion bundle, that is, with non-integrable V. In particular,
when the almost complex manifold (M*,J) is of dimension 4, such torsion
bundle V induces a filtration of the tangent bundle T'M given by

VCV,CV 3 CI(TM),

where
V_1:=T(V),
Voo :=T(V)+[[(V),T(WV)]#TV),
Vg :=V+[['(V),TWV)]+[T(V),[FW), TV

The behavior of the filtration in any point p € M* gives rise to two types
of torsion bundles: we will say that V), is fundamental when V_s,, = T),M,
otherwise V), is non-fundamental. It results that there are two distinguished
sections X in V| for which the filtration can be refined by
+
Vp SV, SV

CV_g, CT,M,

2lp = Y=3|p

where V; is the vector space generated by X,,. If £X are the distinguished
sections, we have that the bases (£X,, +JX,, [X, JX],, J[X, JX],), for pin
M*, form a couple of adapted frames, where (Xp, JXp) is a base of V), and
(Xp, JXp, [X, JX]p) is a base of V_);,. One of the main results is announced
in this chapter (here we set T := [X, JX] to be concise):

Theorem. If (M*,J) is an almost complex manifold of dimension 4 and
with non-degenerate torsion bundle V, then, for each point p € M, there
exists an unique pair of adapted frames

(Xp, JXp, T];X, JTZ;X),

(—Xp, —JX,, T;f, JTpX),

where £X are the distinguished sections of V' in a neighborhood of p.
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The theorem above leads to the following consequences: the set of all
adapted frames forms a reduction F' of the principal bundle of linear frames
on (M*,J) having structure group isomorphic to Zs; the dimension of the
symmetry algebra aut,(M*,.J) is less or equal to four; moreover, one can
define a natural metric and a norm on (M%,J). In this way there is an
Zo-structure on (M*,J) and an {e}-structure on F. In particular, the Zy-
structure on (M*,.J) allows to solve the problem of the locally equivalence
between four dimensional almost complex manifolds with non-degenerate
torsion bundle: we have that two almost complex manifolds are locally
equivalent if and only if they have the same structure functions (up to sign)
associated to the adapted frame. The remaining part of this chapter is
devoted to graded Lie algebras associated to the filtration given above.

The third chapter is devoted to the classification of the connected lo-
cally homogeneous almost complex manifolds (M*, .J), with non-degenerate
torsion bundle. Here, we expose how the adapted frame (X, J X, TI;X ,J TI;X )
forms the Lie algebra g associated to (M*,.J). It allows us to classify these
manifolds depending on the types of compatible Lie algebras. Because of the
existence of an Zg-structure on (M*,.J), it is possible to classify the almost
complex structures J in such a way to study the locally equivalence of these
manifolds. The classification is complete when g is non-solvable and it is
summarized in the following tables. We restrict our study to the general-
ization of some examples when g is solvable, because of the large number of
cases. Moreover, in the latter, we show with examples that there exist man-
ifolds M* = M3 x R for which M3 is locally equivalent to a 3-dimensional
hypersphere, but also for which M?3 is not.

Theorem. If (M*,J) is a connected locally homogeneous almost complex
manifold with a non-degenerate torsion bundle V, and its associated Lie al-
gebra g is non-solvable, we have the following classification for the almost
complex structures J:

V is non-fundamental

vce | vde
£ = 50(3) f = kmbel, ka,b 7& 0
le1,ea] =e3 || JE = aey +bea, ab# 0 | not possible
leg, ezl =e1 || = kqpbes
les,e1] =ea || Jn = eo+ capes
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V is fundamental

b0

e1 + yes + ze3+

vce | VZe
£ =ea
not possible | J§& = ae + b(eg + e2),
n = beg
gy = 2@ +1)
22 + 2abz — b2

2% + 2abz — b 4 ¢
+ e

0

Y
22+ 2abz — b? # 0

V is non-fundamental

yCce | Vg e
V has all regular elements
(except the null matrix)
£=sl(2,R) || & =kH £ =H
[X,H =X JE =app X +0Y +cppH | JE =eg+aX +bH
(X, Y]=2H || n  =k(-app X +bY) n  =-aX
HY]=Y || Jn =eo+t(—aps, X +bY) | Jp = %(t L)X +yY

with a0k #0

+2(b% + 1)H + teg

with a £ 0,y # 0

V has exactly two lines made
by non-regular elements

[\

—~

I
< RB=iE

£ =X

J¢ =aX+bY +cH
n =2bH + cX

Jn :eo—i—gX—i—zH

2b
with b #£ 0
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V is fundamental
vce | VZe
v with negative determinant
£=sl(2,R) £ =H
(X,H] =X not JE¢ =ey+aX+bY +cH
[X,Y] =2H | possible | nn = —aX +0bY
[H, Y] =Y J77 =rX + yY + Za:,y,a,b,cH + t:c7y,a7b,ce(]
with (a,b) # (0,0)
ay + bx — 2abty yqpc # 0
v with positive determinant
£=3sl(2,R) £ =H
[Z,H] =W not JE =ey+aH +b0W
[Z,W]=2H | possible | . =bZ
[HW]=2Z I =TapyH YW +2Z 414,y €0
with b # 0
bta,b,y,z 7& Y
v with null determinant
£=sl(2,R) £ =X
[X,H| =X not JE¢ =eg+aX+bY +cH
[X,Y]=2H | possible | . =cX + 2bH
[Hv Y] =Y J77 = wa,b,c,y,zX + yY +zH + ta,b,c,y,zeo
with b # 0
btw,y,a,b,c 7& Yy

In the last section of the third chapter, there are some significant examples
showing that, when (M*,.J) is homogeneous, it is not possible to have two
independent absolute parallelisms globally on (M*?,.J), but this is possible
only locally.

The fourth chapter is devoted to the metrics, invariant and not, which
are compatible with the almost complex structure J of an almost complex
manifold having non degenerate torsion bundle; the study is focused on
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some significant examples. In particular, when the manifold (M4, .J) is ho-
mogeneous, there is not an invariant metric on (M*,J) (see [6]). Here, are
touched only a few aspects of the theory; the topics we deal with are good
starting points for further research.

Other possible developments can be oriented to the study of almost com-
plex manifolds in six dimension. One can find some relevant material about
this topic in [2].



Chapter 1

Preliminaries

In this chapter we give a brief exposition of special structures on differen-
tiable manifolds. We set up notation and terminology summarizing, often
without proofs, the relevant material (for more details see, for example,
[7, 16, 37, 43]).

1.1 Almost complex manifolds and complex man-
ifolds

Definition 1.1. An almost complex structure on a real differential manifold
M is an endomorphism J : TM — T'M of the tangent bundle T'M such that
J? = —id. A manifold with an almost complex structure is called almost
complex manifold and it will be written as (M, J).

An almost complex structure has real even dimension 2n and the integer
n is called complex dimension of M.

A typical example of an almost complex structure is the standard com-
plex structure Jg on C". If z; = z; +iy; (with j = 1,...,n) are complex
coordinates of C", the standard complex structure Jg is defined by

1 () = (). = Len

Definition 1.2. Let (M, J) and (M’, J’) be two almost complex manifolds.
A differential mapping F : M — M’ is called (J,J’)-holomorphic, or briefly
holomorphic, if its differential satisfies

dF oJ =J odF.
If F is also a diffeomorphism, we say that F' is (J,J’)-biholomorphic.

The existence of holomorphic functions on manifolds is not granted in
general, but there are some results on almost complex manifolds: see [20,
21, 12, 13].
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Definition 1.3. A complez manifold is an almost complex manifold (M, J)
such that every point p € M has a neighborhood (J, J')-biholomorphic to an
open set of C™. In such a case, the structure .J is called complex structure.

We recall the following

Theorem 1.1.1 (Newlander-Nirenberg (see [22])). An almost complex
structure J is a complex structure if and only if it is integrable, that is the
Nijenhuis tensor

Ny(X,Y):=[JX,JY] - [X,Y] - J(JX,Y] + [X,JY]) (L1
vanishes VX,Y € I'(T'M).

We use I' to indicate smooth sections of a fiber bundle.
Since Ny is a (1, 2)-tensor, we can define

Ny(X,Y):=[JX, JY' - [ XY - J([JX", Y]+ [X',JY'])

VX,Y € T,M and Vp € M, where X', Y’ are vector fields that coincide with
X and Y at p respectively.

1.2 Almost CR manifolds and CR manifolds

Let M be a differentiable manifold endowed with a (almost) complex struc-
ture J and N any submanifold of M. The vector space defined as

H,N :=T,NNJ(T,N), VpeN

is the largest J-invariant subspace of the tangent space T, M and it is called
holomorphic tangent space. When the dimension of H,N does not depend
on the point p, then HN := Upe N HpN gives a fiber bundle which is called
holomorphic tangent bundle and the manifold N is an (immersed) almost

CR manifold.

Definition 1.4. A differentiable manifold M is an (abstract) almost CR
manifold ' if there exist a subbundle HM of TM and an almost CR struc-
ture, that is, an almost complex structure J : HM — HM with J? = —id,
such that

(X, Y] - [JX,JY]| e '(HM), VX, Y e T'(HM), (1.2)
or equivalently

[X,JY]+ [JX,Y] €eT(HM), VX,Y € T(HM). (1.3)

! Almost CR manifolds are a generalization of almost complex manifolds with HM #
TM.
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The dimension of H,M, with p € M, is even.

Definition 1.5. If rkr HM = 2n, we say that n is the CR dimension of M
and we indicate it as
dimop M = n.

Writing the dimension of M as m = 2n + k, we say that k is the (real) CR
codimension of M and we write

codimcorM = dim M — 2n.
When k& = 1, we call M of hypersurface type.

Remark 1.1. Let A, B € I'(HM). By definition of almost CR manifold we
have,

[A,B] — [JA,JB] e T(HM) and [JA,B]+[A,JB] € T(HM),
s0 also
Nj(A,B) :=[JA,JB] — [A, B] — J([JA, B] + [A, JB]) € T(HM).
Moreover, the following properties hold:
(i) Nj(A,JB) = —JN;(A,B) = N,(JA, B),
(i) Ny(
(iii) Ns(4,B)=—Ny(B,A),
J(4,

(iv) Nj(4,A) =
Definition 1.6. An almost CR manifold (M, J) such that

JA,JB) = —N,(A, B),

N;(X,Y)=0, VX, Y e T'(HM)
is called CR manifold.

Lemma 1.2.1. Let (M™,HM,J) be an almost CR manifold endowed with
a holomorphic tangent bundle, with CR dimension dimgr M = 1. Then
(M™ HM,J) is a CR manifold.

Proof. If X € T'(HM), also JX € I'(HM) (by definition of J) and every
Y € I'(HM) can be written as ¥ = aX + bJX, for some differentiable
functions a,b. Then, VX,Y € T'(HM), we have
NJ(X,Y) =Ny(X,aX +bJX)=
= aNy(X,X)+bNy(X,JX) =
=—-bJN;(X,X)=0.
O

Remark 1.2. If m = 2, we have that HM = TM and so (M? HM,J) is
a complex manifold, in other words, (M2, HM, J) is a Riemann surface.
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1.3 Almost Kahler manifolds and Kahler mani-
folds

Definition 1.7. Let (M, J) be an almost complex manifold of dimension
2n with an almost complex structure J. We say that (M, J,G) is an almost
Kahler manifold if

(i) G is a Riemannian metric such that G(JX,JY) = G(X,Y),

(ii) the fundamental 2-form €, defined as Q(X,Y) = G(X,JY), is such
that d€2 = 0.

An almost Kéahler manifold is called Kdhler manifold if the Nijenhuis tensor
vanishes.

1.4 Principal fiber bundles and G-structures

In this section we recall some well-known notions on principal fiber bundles
(see [37, 16, 30]).

Definition 1.8. Let M be a manifold and G be a Lie group. A principal
fiber bundle on M, with structure Lie group G, is a manifold P on which is
defined a right action
GxP —P
R: {

(9.p) +—p-yg
such that
1. the action R is free, that is, if I3p € P such that p-g = p, then g = idg;

2. the canonical projection m : P — M is differentiable;

3. M is the orbit space P/G, that is, if p,q € P then
m(p) =7(q) < (g€ G :p-g=q);

4. P is locally trivial, that is, Vz € M, dU neighborhood of = such that
77 1(x) is G-equivalent to U x G.

The manifold M is called base of the fiber P and the set 7~ !(x) (for all
x € M) is the fiber on z.

Definition 1.9. Given a principal fiber bundle P on a manifold M, a local
section on U, open set on M, is a smooth application

c:UCM—P
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such that 7o o = id|y.
The fiber bundle P is called trivial when P is G-equivalent to M x G,
in other words, there exists a global section

c: M — P.

Definition 1.10. Let P; e P, be two fiber bundles with structure groups
G1 e G4 respectively, such that G C Gbs.

We say that P; is a subbundle of P if there exists a regular immersion
¢ : P — P which is Gi-equivariant.

We say that P is a reduction of Py (with structure group Gjp) if the
induced regular immersion between the basis, (B : My — Mo, is surjective
(p(My) = M).

Definition 1.11. Let M be a manifold with dimension n. A linear frame
fz at a point x € M is a non singular linear map

Jo R - T, M.

If (eq, ..., ep) is the canonical base of R™, a linear frame is equivalent to give a
base of the tangent space (X7, ..., X;,) at a point « € M given by f.(e;) = X;
fori=1,...,n.

The vector space R" is called model vector space.

Proposition 1.4.1. The set of all linear frames on a manifold M, denoted
with L(M), forms a principal bundle with structure group GL(n,R).

Definition 1.12. Let G be a Lie subgroup of GL(n,R). A G-structure on a
manifold M is a reduction Pg of the frame fiber L(M) with structure group
G. So Pg is a submanifold of L(M) with the property

Vp € Pg,Vg € GL(n,R) we have that p- g € Pg < g € G.

Remark 1.3. When G = {e}, the neutral element of the group, there is a
biunivocal correspondence between the {e}-structures on M and the fields
(X1, Xo, ..., X)) of linear frame on M. Hence, the following definition makes
sense.

Definition 1.13. A manifold M is called parallelizable when it admits an
{e}-structure (that is so called absolute parallelism).

Theorem 1.4.2 (Kobayashi, see [17] and [30]). Let G = Aut({X;}) be the
group of the automorphisms of an {e}-structure

G={¢p:M—>M, X, =X, i=1,..,n}.
The group G is a Lie group of transformations of M and it has dimension

dim G < dim M.
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In particular, for any point x on M, the map

v = p(@)
is injective and its image {p(z), ¢ € Aut({X;})} is a closed regular subman-

ifold of M. The submanifold structure of the orbit G(x) induced by M is
compatible with the Lie group structure of G.

1.5 {e}-structures and structure functions

For more information about this section, see [30] and [37].
Let us fix an absolute parallelism (X7, ..., X;;) on the manifold M; it is
the same that to fix a global section

v M — L(M),
where the vector fields (X7, ..., X,,) are defined by
Xijp = plei)s 1=1,..,n,

and (ey, ..., €,) is the canonical base of R".
We call torsion of the {e}-structure v the application

¢y i M — Hom(A*R",R™)

ey(vr Ava)p =7 ([y(ve), v (v2)]p)-

If w!, ..., w™ are the 1-forms given by the dual bases of the bases defined by
X; = v(e;), we can determine the components cfj of ¢, with respect to the
base (e, ..., e,) as following:

n
cy(ei Nej) = Zcfjek = Zwk([Xi,Xj])ek.
k k=1

fj = w*([X;, X;]) are called structure functions of .
Remark 1.4. When M is a Lie group G and the {e}-structure is given by
the left invariant vector fields, the structure functions are constants and are
called structure constants of G.

To prove the opposite implication we need the hypothesis of completeness
on the vector fields defined on M, as we see in the following Lemma.

The functions ¢

Lemma 1.5.1. Let M™ be a connected differentiable manifold and let X4, ...,
X, be n complete independent fields at every point of M"™ such that the
structure functions are constant. Then it is defined a group structure G' on
M™ such that the Lie algebra g of G is generated by X1, ..., Xp.
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Proof. Let us fix a point g on M™ and let x and y be two generic points of

. . X, X, X, Y
M™. Since M™ is connected, there exist gotll(l), <pt2’(2), ceny gotp’(p) and @g/",
Yo Y; X;1 X; Y
©sa'?, .y 05 @, such that z = Lptlz( Yoo gptp’(”)(xg) and y = ps/M o0

goz/qj([” (o), where each Lpii(k) is the flux of Xy with tx € R and Xj(,,), Y
vary in (X1, ..., Xp).

For simplicity, we put ¢;* := ¢, Moo e, @ and Y = /P o0

Y.
g@sg(‘”. We can define the product of = and y as

z-y = Ry(z) = La(y) = ¢} 0 ¢ (w0).

It is easy to check that M"™, endowed with this product, is a Lie group.
We show that X7, ..., X,, are left invariants vector fields for M"™. For every
g € M™ we have that LgX¢ = X¢ (in other words, Xi,...,X,, are left

invariants vector fields) if and only if L,o0 cpi:& = gpfgg oLy, forall{ =1,...,n.
Since

X, X, X,
(Lg 0 93 )(Y) = Lg(7, 0 03 (w0)) = @3, 0 03 © i (w0),

z z
Zr) o H26@

Zgr
where g = ¢ (0) := ¥u; "

-0 @y, (zg), and

X,
(90155

J

X
o Ly)(y) = ¢;,° o9y 09l (o)
are equal, we have that Xq,..., X, are left invariants vector fields for M™
and so g =< Xy, ..., X, >. O

The following Lemma will be useful later.

Lemma 1.5.2. The Lie bracket between right and left invariant vector fields
of any Lie group G is zero.

Proof. If X is a left invariant vector field and Y is a right invariant vector
field, we denote with ;¥ the flux of X at time ¢ and ¢! the flux of Y at
time s. Note that any diffeomorphism commutes with every left translation
Ly, with g € G, if and only if it is a right multiplication. Then, since X is a
left invariant vector field if and only if L, 0 ¢ = ;¥ o Ly, there must exists
a h € G such that ¢;¥ = Ry, where Ry, is the right multiplication of h. For

the same reason there exists a h’ € G such that go? = Ly/. So we have:
o o9y —p) 0@ = Ryo Ly — Ly o Ry =0,
that is equivalent to (see [16] pag.16)

[X,Y] =0.






Chapter 2

Almost complex manifolds

2.1 Almost complex manifolds of dimension 2n

Let (M?",J) be an almost complex manifold of real dimension 2n. For any
p € M, we set

Vo ={X e€T,M: X = N;(A,B) for some A, B € T,M}.

If (M?",J) is a complex manifold, then V, = {0} and Upens Vp is the trivial
bundle.

Lemma 2.1.1. V, is J-invariant.
Proof. 1t follows from (i) of Remark (1.1). O

Definition 2.1. Suppose that the rank of V, is constant Vp € M?", we have

that
V= U Vo
peEM

forms a bundle called torsion bundle.
Definition 2.2. Let V be the torsion bundle, V is called non-degenerate at

p € M?" if we have
[(X,Y]p ¢ Vp,

for some X,Y € I'(V). The torsion bundle V is called non-degenerate if it
is non-degenerate at all p € M?".

Remark 2.1. If V is non-degenerate at a point p, then ) is non-degenerate
in a neighborhood of p.

Let us consider the complexification of the tangent bundle CT'M :=
C ®r T'M and let J be the C-linear extension to it, in such a way to have
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J :CI'M — CT'M. We have that J admits two eigenvalues i and —i, whose
eigenspaces are

TWOM={X —iJX:Xe€TM} and T"'M={X+iJX:XcTM)}
respectively. So, it is possible to decompose CI'M in the direct sum:
CTM =T""M o T M.

A section of THOM is called a (1,0)-vector field.

Remark 2.2. The integrability (see Theorem 1.1.1) of an almost complex
structure is equivalent to say that

[D(TYOM), T(THOM)] € T(THOM),

where we recall that I' indicate the smooth sections of the fiber bundle
TOM.

Remark 2.3. The Nijenhuis tensor (see (1.1)) of two (1, 0)-vector fields is
a (0,1)-vector field and vice versa; while the Nijenhuis tensor of two vector
fields of different type is null. In particular, VX € I'(T'M) and VY € I'(T'M)
we have

(i) Nj(X —iJX,Y —iJY) =2(N;(X,Y) +iJN;(X,Y)),
(ii) Nj(X +iJX,Y +iJY) =2(Nj(X,Y) —iJN;(X,Y)),
(iii) Nj(X +iJX,Y —iJY) =0.

If we denote as X0 the component in TH0M of a vector field X € T'(TM),
we also have that

1
(iv) [X —iJX,Y —iJY]"! = —INI(X =i XY —iJY),

(V) [X +iJX,Y +iJY]0 = —iNJ(X +iJX,Y +iJY).
2.1.1 Infinitesimal automorphisms

Definition 2.3. Let (M?",J) be an almost complex manifold!. An in-
finitesimal automorphism is a tangent vector field V' € I'(T'M) that satisfies

V,JX]=J[V,X], VX eD(TM). (2.1)

'This definition can be generalized to the case in which (M?",.J) is an almost CR
manifold: it is sufficient to consider the equation (2.1) with X € T'(HM).
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Remark 2.4. The condition (2.1) is equivalent to
V,Z) e (T M),  VZ eT(T"°M).

It is also equivalent to Ly J = 0, where Ly is the Lie derivative of the
vector field V. Therefore, an infinitesimal automorphism is a Lie derivative
that commutes with J.

Definition 2.4. The symmetry algebra aut,(M,J) of an almost complex
manifold (M, J) at p € M is the set of germs of infinitesimal automorphisms
at p.

Definition 2.5. We denote with aut)(M*,J) the set of infinitesimal auto-
morphisms that fix the point p € M?*, that is, when A € autg(M4, J) we
have that A, = 0. We call autg(M4, J) the isotropy algebra of p.

For a compact almost complex manifold the following theorem, due to
Boothby, Kobayashi and Wang, holds.

Theorem 2.1.2. (see [8] and [17] Corollary 4.2 pag.19) The automorphism
group of a compact almost complex manifold (M, J) is a Lie transformation
group.

2.2 Almost complex manifolds of dimension 4

Proposition 2.2.1. Let (M*,J) be an almost complex manifold with real
dimension 4 and with Ny # 0 at p € M. Then V, has real dimension 2.

Proof. Since V), is J-invariant, V), is even dimensional, so its dimension is 2
or 4. If (X, JX,Y, JY) forms a base of T,M, we have that

Nj(X,X)=0and Nj(X,JX) = —JN;(X,X) =0,

Ny(Y,Y) =0and Ny(Y,JY)=—JN;(Y,Y) =0

hence, V), is locally generated by N;(X,Y) and N;(X, JY).
O

Remark 2.5. Under the assumption of the Proposition 2.2.1, we have that

e VX €V, with X # 0, we have that (X, JX) gives a base of Vy;

e there exists a neighborhood U of p such that Vg € U the dimension of
V, is constant (and is 2).

Remark 2.6. By Lemma 1.2.1, we have that (M*,V, Jjv) is a CR manifold;
in particular, if A, B € V,, then N;(A, B) = 0.
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Let (M*,.J) be an almost complex manifold with real dimension 4, with
Ny # 0 at p and such that V is non-degenerate (see Definition 2.2). Then

W), L(V)] €T (V) (V is non-degenerate)

and we set
V_1:=T(V),

Vg i=T(V) + [L(V),T(V)] £T(V).

From here on we always suppose that V is non-degenerate at a fixed
point p, and so it is possible to construct the following vector spaces:

Vfl‘p = Vp,
Voo =V +[T(V),TWV)]p # Vp.

Proposition 2.2.2. If X € I'(V_1) is a vector field such that X, # 0, we
have that
(Xp, J Xy, Tp)

is a base of V_o,,, where we set T), := [X, JX],.

2|ps

Proof. Let X € I'(V_1) be a vector field such that X, # 0. Then (X, JX},)
forms a base of V_y,,.

Since we are considering the case in which V is non-degenerate at p, we
have that 0 # T}, ¢ V_;|, and in particular, the vectors (X, JXp,T},) form
a base of V_s|,. So dimg V_5), > 3 and can not be dimg V_y|, = 4, because
the Lie bracket of two generic vector fields of V_

2lp
1p

[a(p)X + B(p)JX,v(p) X + d(p)JX],

(where a(p), B(p),v(p), d(p) are functions depending on p) can be written as
linear combination of (X, JX,,Tp).

O

Iterating the Lie brackets, we have the following cases:
L), EV), TVl € Vp +[L(V), TW)lp = Vo, (%)
[CW), OV, Ty £ Vo + LV), T(V)]p = V_gip- ()

Remark 2.7. If p € M is such that the second case (*x) happens, then the
(*+) also holds in a neighborhood U of p.

Definition 2.6. When the case (xx) occurs, then V, is called fundamental,
otherwise V), is called non-fundamental.
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If we set

V*3|p =Vt [F(V)7 F(V)]P +[F(V)7 [F(V)7 P(V)Hpa

=V_app

we have that

Vo V_gp if (x) occurs,
—8p = T,M  if (xx) occurs.

In particular, the dimension of V_z), must be:

3 if (%) occurs,

dimR V_g‘p — {

4 if (xx) occurs.
In both cases we obtain a filtration of the tangent space T,,M:
Vp = V_1|p Q V_2|p Q V_3|p Q TpM

(we have an equality between V_gp and V_3);, when (*) holds, while the

equality is between V_s),, and T, M when (**) holds).

2.3 Absolute parallelisms on (M*,J)

In this and in the next section, we will consider (M*, J) as an almost complex
manifold with real dimension 4 and with non-degenerate torsion bundle V.

Remark 2.8. From Theorem 2.1 in [20] and Theorem 1.5 in [13], since
(M*,J) is an almost complex manifold having Nijenhuis tensor of rank 2,
the number of independent holomorphic functions on (M*,.J) is at most 1.
More precisely, because of the non degeneracy of the torsion bundle V, there
are not holomorphic functions on (M?*,.J).

Remark 2.9. When (M*,J) is an almost complex manifold of real dimen-
sion 4, one can write the normal form of its non-integrable almost complex
structures J (see [39]).

Definition 2.7. For p € M* and A € T(V), with A4, # 0, we set
A
T, = [A, JA]p.
Note that [A, JA], ¢ V), because V is non-degenerate.

Proposition 2.3.1. If A’ is a vector field of V that coincides with A at p,
we have

T;‘ = TZ;“, mod V.
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Proof. 1t is clear that T]f‘ depends on the field A € T'(V) by definition. Since,
by varying the point p in M, we have that (A, JA,) forms a base of V,, we
can write

=fA+gJA,

with f and ¢ differentiable functions such that f(p) =1 and g(p) = 0. Then
we have

(A7, JAT], = [fA+gJA fJA—gA],

(f(p)? +g(p)*)[A, JA]+

+((9(p) = F(0) JA(f)p — F(P)A(9)p — 9(P)JA(g) ) Ap+
+

(
FO)A()p + 9D)TAL)y = F(0)TAl9)y — 9(p)Alg)y ) T Ay
AT~ (Al + TAU A+ APy — TAG)) T

Hence, in general

A JA, # (A, JAl,.
Quotienting modulo V), we have
(A", JA, = [A,JA], mod V,.
O

Definition 2.8. We call TrA the linear application associated to T;‘ and
defined by

V, =V,

TTI;4 . A
Xp = N(Xp7 Tp )7

where TpA is a fixed vector which is not null, since A, # 0 (it is a consequence
of the previous proposition).

Remark 2.10. The application TrA is not the null application and we have
TT];A o J‘Vp = —J‘Vp o TTﬁA'

Since (Ap, JA,) gives a base of V,, the matrix which represents Tra with
respect to this base is of the form

(5 %)

with a,b € R. The matrix is symmetric with null trace, hence it is diago-
nalizable and it has two not null opposite eigenvalues:

AT =Va2+ b2 and AT = —va? + b2

If we set Vp+ and V, the eigenspaces associated to the two eigenvalues AT
and A, we have

JVS =V,
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Proposition 2.3.2. Varying the field A € T'(V), with A, # 0, the linear ap-
plication A varies of a positive constant, in other words: VB € I'(V), B), #
0, we have

Trp = QTra, with a>0.

Proof. Let B € T(V), B, # 0, then T2 = [B,JB], ¢ V,. Since TP €
V_gp and (Ay, JAp,Tp ) gives a base of V_
combination of vectors of this base

2lp» WE can write Tf as linear

TP = aTy' + BA, + 7T A,

for certain «, 5,7 € R.
Since B is a vector field of V, it can be write as

B=fA+gJA,

for certain functions f,g € C*°, with f(p)? + g(p)? # 0. Hence, we have
the following equalities, similarly to the calculation given in the proof of
Proposition 2.3.1:

T8 = [B,JB],
[fA+gJA, fJA - gA],
[fA, fIA]p — [fA, gAlp + [9J A, fTA]p — [g] A, gAlp
= (f2+¢)[A,JA], + BA, +vJA,
N’

=a>0
ans so a must necessarily be positive. Furthermore

TTB (Xp) = N(Xpa Tf)
N(Xp,alA, JA], + BA, +vJAp)

aN(X,,[A, JA],) + BN (Xp, Ay) + YN (X,, JAp)

al
= N(Xp,[A, JA]p)
= OU-TI;4 (Xp)7
where SN (X, Ap) and YN (X, JA,) are zero because the Nijenhuis tensor
of fields in V is always zero. O

From the previous proof, we deduce that f(p) = 1 and g(p) = 0 when
B, = A,, so the following corollary holds.

Corollary 2.3.3. If a field B coincides with the field A at a point p, then
we have that TrA = Trp- In other words, T, does not depend on the choice
of the field A, but only from its value at the point.

Corollary 2.3.4. The eigenspaces V;E do not depend on the choice of the
field A in the definition of A
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Proof. We have that 775 (Xp) = aTra (Xp) with a > 0, so the matrix asso-
ciated to B is of the form
ol @ b
b —a )’

which has eigenvalues aA™ and aA™. Hence, the associated eigenspaces are
+ +
Vp (TTZ])B) = Vp (TTI;“)'

O

Let U and V be two open sets of M containing the point p and let
A e I'(U,V) and B € I'(V,V) be two sections of V such that A; # 0 and
B, # 0, for all ¢ € UNV. Because of the previous corollary, the eigenspace
associated to the field B, V;E(TTf), coincide with the eigenspace associated
to the field A, V;E(TTqA), at each point ¢ of U N'V. Then the following
notation makes sense.

We denote by

ve= U v
peEM

the fiber bundles obtained by varying p € M.

Remark 2.11. We have the following filtration of the fiber bundle of the
almost complex manifold M:

Proposition 2.3.5. A distinguished section X is locally determined ? in
VT, such a section is unique up to sign and is such that TrX has eigenvalue
1, for all ¢ in an open neighborhood U of p € M.

Proof. Let U be a neighborhood of p € M such that Z : U — V7' is a
section of VT, with Z, # 0 for all ¢ € U. We want to find another section
Y : U — V7, such that Try has eigenvalue 1.

Computing Trz, We have

712(Zp) = A\ Zp,

for a certain positive eigenvalue )\; € RT. If we set Y, = ¢Z, with ¢ € R,
we obtain

2A similar result have been obtained independently by Kruglikov in [18].
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TTZ}’(ZP) = N(ZznTg/)
= N(Zp’ Y, JY]p)
N(Zy,[cZ,cJZ]p)
*N(Zp, (2, Z)p)
N (Zy, T7)

= CzTTg(Zp)

= CQA;ZP.
Choosing the constant c¢ as

we have that
Y (Zp) = Zp,

in other words, Y : U — V7 is a section such that Z, is an eigenvector
associated to the eigenvalue 1. In particular, the section Y is univocally
determined in V' up to the sign:

Y, =+——2, (2.2)

Let ¢ € U, then
TTY(ZQ) = A;qu

q

for a certain \] € R* depending on ¢ in U and A} = 1. We want to find
a section X : U — V7T such that the positive eigenvalue )\; of X is 1 for
every point ¢ € U. Such a section is univocally determined when the sign
of Y in (2.2) is determined.

All the sections of VT coinciding to Y at p are of the form X = fY, with
fec®U), f(p) =1and f(q) # 0, Vg € U; in particular, f > 0.

We have that the eigenvalue of Z, computed with respect to X is 1 for
all points ¢ € U when

TTX (Zg) =24 & TrfY (Zy) = 2,

= f2TTqY(Zq) =2
& AN Z, =2,
L (because f > 0).

P =
f + /A;},
Therefore, the section X we are looking for is univocally determined (up
to the sign) on varying ¢ in U, and it is

1
X, = Y,.

N
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Definition 2.9. We say that the section X, which is univocally determined
up to sign in Proposition 2.3.5, is the distinguished section of V7.

Definition 2.10. For any point p € M, the isomorphisms

f . (R4’J) _>(TPM7J)
" (er, ez e3,e4) > (Xp, JXp, T, JTY)
are called adapted frames at a point p, where (e, ea, €3, €4) is the canonical

base of R* and (Xp,JXp,TI;X,JT;() is a base of T, M, with X the distin-
guished section of V.

Remark 2.12. If X is the distinguished section of V' relative to the posi-
tive eigenvalue, that is N;(X,T%) = X, with X in T(V*), we note that JX
is the distinguished section of V™ relative to the negative eigenvalue:

N;y(JX,T7%) = Nj(JX,[JX,-X]) = —JN;(X,[X,JX]) = —JX.

Remark 2.13. Since TX = [X,JX] = [-X,-JX] = T, with X the
distinguished section of VT, we have that T and JT do not depend on
the sign, hence we have two adapted frames: (Xp,JXp,TI;X ,JTpX ) and
(—Xp, —J X, T,X, JTY).

From the Proposition 2.3.5 and the Remark 2.13 it follows:

Theorem 2.3.6. If (M*,J) is an almost complex manifold with dimension
4 and with non-degenerate torsion bundle V, then, for each point p € M,
there exists an unique pair of adapted frames

file1, ez, e3,e4) = (Xp, JXp, T, JT;Y)

fil(e1, ez, e3,e4) = (= Xp, —J X, T,X, JT,),

where X is one of the two distinguished sections of VT in a neighborhood of
p.

Corollary 2.3.7. Let ¢ : M — M’ be a diffeomorphism of (M*,J) in
(M"™,J") such that p(p) = p', withp € M e p' € M’'. Then we have either

dp(Xp, JXp, To', JTX) = (X}, X} T, JTS),

or
dp(Xp, JXp, TX, JTX) = (=X}, —J X}, Ty, JT),

that is, ¢ sends adapted frames into adapted frames.
In particular, when (M*,J) = (M"™,J") and p = p', we have either

do(Xp, JXp, T, JTY) = (X, J X, Ty, JT5Y),

or
dp(Xp, JXp,TZ;X, JTpX) = (—X,, —JXp,T;(, JT];X).
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Remark 2.14. If two transformations ¢ and ¢’ of (M*%,J) fix a point
p of M and have the differentiable that coincides at that point, that is

de(p) = d¢'(p), than ¢ = .
Proposition 2.3.8. The set of all adapted frames f,, by varying the point

p in M, forms a reduction F of the principal bundle of linear frames L(M)
on M which has structure group Go ~ Zs.

Proof. We have that F' is a submanifold of L(M).

Moreover, the matrices A € GL(4,R) that send bases of T,,M of the
form (X, JXp,TpX7 JT;(), with 0 # X, € V,, into bases of the same form
(Yp,JYp,Tg, JTI}/) are like

0 0  a®+0b?
with a,b,c,d € R.
Now, taking X, as the distinguished vector of Vz‘f , we have that the
matrices A, which send bases of the form (X,, JX,, T, zf( ,J T]f( ) into bases of

the same form or of the opposite form (—X,, —JX,, TpX, JTPX), become

-1, 0
I, and ( 0 I > .
So, if G is the set of these matrices, from the definition of G-structure, it
follows that F' is a Gy-structure, with structure group Ggy ~ Zo. O

Remark 2.15. From the proposition above it is clear that there is an {ei}—
structure on (M*,.J) (where {e*} = G,), given by the adapted frames

foler ez, e3,eq) = (Xp, JXp, Ty, JT;Y),

f;l)/(61)62)63764) = (7Xp) 7JXpaT;(7 JT;()

On the other hand, there is an {e}-structure on F'. Indeed, if 7 : F' — M is
the canonical projection of F' on M, for any point f := fy(e1,e2,e3,e4) in
F', we have that the isomorphism

(myp) o f R = TyF

is an adapted frame for F'. Hence, (F,J) has an absolute parallelism, where
we denote the lift of J to I’ with the same letter.

Definition 2.11. Two almost complex manifolds (M, J) and (M’, J) are
locally equivalent at points p € M and p’ € M’ if there exist a neighborhood
U of p, a neighborhood U’ of p’ and a (.J, J)-biholomorphic map ¢ : U — U’,
such that ¢(p) = p’ and @.(J) = J'.
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Remark 2.16. Since there is a double absolute parallelism on (M*,.J), the
problem of local equivalence of two almost complex manifolds is solved in
the case of four-dimensional almost complex manifolds (M?,.J) with non-
degenerate torsion bundle. Indeed, it is sufficient to compute the adapted
frames of the two manifolds, to find their structure functions (up to sign) and
to compare them: if the structure functions are the same, the two manifolds
are locally equivalent.

If we denote with Aut(M,J) the group of the automorphisms of an
almost complex manifold (M, J), we have the following results.

Corollary 2.3.9. There exists a bijection between the automorphisms ¢ €
Aut(M,J) and ¢ € Aut(F,J), where ¢ is the lift of ¢ to F.

Theorem 2.3.10. The group of automorphisms Aut(M,J) of (M*,J) is a
Lie group and it has dimension dim Aut(M,J) < 4 and so the symmetry al-
gebra of (M*,J) at p also has dimension dim aut,(M,J) < 4. In particular,
the group of automorphisms Aut®(M,J) of (M*,J) that fir a point p has at
most two elements and

aut) (M, J) = {0}.

Proof. Since, for Remark 2.15, there is an absolute parallelism on F, from
Kobayashi’s Theorem 1.4.2 it follows that Aut(F,J) is a Lie group of di-
mension less or equal to 4. Moreover, the lifts of the automorphisms of
(M*,J) on (F,J) are automorphisms of (F,J) that conserve the absolute
parallelism. Hence, for Corollary 2.3.9, we have that also Aut(M,J) is a
Lie group and that dim Aut(M, J) < 4. As a consequence, the same holds
for the dimension of aut,(M,J). For the Corollary 2.3.7, we deduce that
Aut®(M, J) has at most two elements and aut)(M,.J) = {0}. O

Remark 2.17. When (M*,J) is an almost complex manifold with non-
degenerate torsion bundle, we have that Theorem 2.1.2 is true without the
hypothesis of compactness.

Definition 2.12. We define a metric on M taking as orthogonal base of
T,M, with p € M, the following

(Xp, JXp, T, JTY),
where X is the distinguished section of VT in a neighborhood of p.

Corollary 2.3.11. To fix a frame (Xp,JXp,TpX,JTpX), with X the dis-
tinguished section of V¥ and p € M, is equivalent to have an invariant
canonical norm on T,M . In particular, the J-holomorphic transformations

are isometries of M.
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2.4 Graded Lie algebras of (M%)

Now, we are going to apply the theory of prolongations developed by Tanaka
in [38] and Alekseevsky and Spiro in [3] on the torsion bundle V of (M4, .J).
Let as consider the filtration

Vp =V 1jp Voo € Vogpp € TyM

of the tangent space 7,M made in Section 2.2 (see consequences of the
Definition 2.6). It induces a structure of graded Lie algebra 9% associated
to the filtered algebra (see [38] p. 9-10 and [3] p. 10). Indeed, quotienting
we have

m =V, = dimgm™!' =2,

m? = V*Q\P/V*”P = dimgm2 =1,
m 3=V 3, /V o, =V_op/V_gp =0 if (x) holds = dimgm™ =0,

m3 =V _3,/V o if (+%) holds = dimpm™3 =1,
from which we obtain

M=m ' om2em 3,

3

where the term m™ is not trivial only when (x%) holds.

Definition 2.13. (see [38], p. 10) Let V be the torsion bundle and 2i(p)
be the graduated Lie algebra generated by V associated to the point p. The
fiber bundle V is called (strongly) regular if the graduated algebras 9(p),
p € M*, are all isomorphic one with respect to the other.

Remark 2.18. (see [10]) If M = Y1 m~" is a graded algebra (of u-th
kind), with dimm~! = 2 and dim9 < 5, then we have the following 5
cases:

o dimM =2, p=1 (dimm~! = 2);

o dimM =3, p=2 (dimm™! =2, dimm=2 = 1);

o dimM =4, p=3 (dimm~! =2, dimm=? = dimm=3 = 1);

o dmM =05, =3 (dimm! =2, dimm2 =1,dimm =3 = 2);

o dimM =5, =4 (dimm™! =2, dimm 2 =dimm™2 =dimm™* = 1).

Definition 2.14. We denote with gl(7,,M) the algebra of the linear applica-
tions on the vector space T,,M. We say linear representation of the isotropy
of aut9(M*, J) the homomorphism of Lie algebras

: autd(M*,J) —>g~[(TpM)
A — A,



36 Almost complex manifolds

such that A(Z,) := [A, Z],, VZ, € T,M, and Z is a germ of vector fields
that in p is Zp.

Proposition 2.4.1. The definition of linear representation of the isotropy
is well defined, that is, it does not depend on the choice of Z.

Proof. Let Z and Z' be two vector fields of T, M such that
Z, =7,
then, Vg € M*, Z' can be written as
7' =Z + a(q)W,
with W € T,M and «o(p) = 0. We have

[A7 Z/]P = [A7 Z]p + [-Av Oz(p)W]p
= [A, Z]p + a(p)[A, W], + A(a(p)) W)
= [A’ Z]p?

where the term A(a(p))W, is zero because A, = Z?:o aia%i = 0, with
a; = 0. O]

Since any linear application A preserve the filtration of T,M, A induces
a linear application on 91 in a canonical way (that we also denote with A).
We denote A‘m—i, with ¢ = 1,2, 3, the application A restricted to the vectors

of m™*.

Proposition 2.4.2. Let A € autg(M4, J) be a germ of infinitesimal auto-

morphisms that fizes a point p. Then the linear application A associated to
A preserve the degree of MM, in other words, Vi = 1,2,3, we have

Ao :m ™ > m
|m

In particular,

A —am.

Let us study how A can be written.
Since A sendsNelements of m™! in elements of m~! and it commutes with
J, we have that Aj,-1 is of the form

A1 = al + B, (2.3)
where a, 3 € R and I is the identity. If (X,, JX,) is a base of m~!, called

T, = [X,JX]p, we have that (T},) (here, for simplicity of notation, we
represents the class of equivalence [T})] of T), without square brackets) forms
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a base of m™2 because of the assumption of non-degeneracy of V; hence,
considering A restricted to m~2, we have

A|m*2(TP) = A\m*Q([Xa JX]p) = [A|m*1Xa JX]p + [X, AImfl(JX)]P =
=[aX + BJX,JX], + [ X,aJX — BX], =
=a[X,JX], +o[X,JX], =
=2a[X,JX], =
= 2aT),.

Proposition 2.4.3. Let (M*,.J) be an almost complex manifold of real di-
mension 4, with Nj # 0 in p € M* and such that V is non-degenerate.

Then if X € m™1, setting S = [X,[X,JX]], and S' = [JX, [X, JX]]p,
the following equalities hold

1. A(S) =3aS + 85,
2. A(S") = 3aS’ — S,
where o and 8 are defined as in (2.3).

Proof.

LA(S) = A(X,[X, JX]],) =
= [Ap-1 X, [X, JX]]p + [X, Ajp—2[X, JX]], =
= [oX + BJX,[X, JX]], + [X, 20[X, JX]], =
= o[X, [X, JX]], + BIJX, [X, JX]],+
+2a[X, [X, JX]], =
= 3a[X, (X, JX]], + B[JX, [X, JX]], =
= 3aS + BS".

2. A(S") = A([JX,[X,JX]],) =
= [Ap-1 JX, [X, JX]]p + [T X, A2 [ X, JX]], =
= [aJX — BX,[X, JX]], + [JX,2a[X, JX]], =
=alJX, [X, JXHP - BIX, [X, JX]]p+
+2alJX,[X, JX]], =
= 3a[JX,[X, JX]], —
= 308’ — BS.

BIX X, JX]p =

We have the following proposition.

Proposition 2.4.4. Let (M*,.J) be an almost complex manifold of real di-
mension 4, with Ny # 0 inp € M* and such that V is non-degenerate. Then
the linear representation of the isotropy is trivial, i.e.

p(autg(M4, J)) =0.
This result is in agreement with the fact that the isotropy algebra fixing
a point p is zero: aut)(M*,J) = {0}.
To prove the proposition we need to consider both cases: fundamental
and non-fundamental V.
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2.4.1 Non-fundamental V),
When V), is non-fundamental, we have
Vpi=Voip & Voo = Vogp & T M,
and so quotienting
M:=m ' pm 2

Since M 2 T,M (because dim9M = 3 # 4 = dim7T,M), there exists a
”missing direction” n, such that

M=m 'om2on=T,M.
Such a n can be defined by
n:.= TpM/V,2|p.

Proposition 2.4.5. We have that ([JT]) forms a base of n, where [JT] is
the equivalence class whose representative is JT :={JT + X : X € V_Q‘p}.

Proof. Since the dimensions of m~! and m~2 are respectively 2 and 1, and
the dimension of T),M is 4, then dimgn = 1.

Moreover, for the Proposition 2.2.2, (X, JX,T) forms a base of V_y,,
and JT cannot be generated by (X, JX,T), otherwise there exist a,b,c € R
such that

JT' =aX +bJX + T

so, appling J to both members of the equality, we have
T=—-aJX+bX —cJT.

Comparing the two equalities we have that a =b=0and c= -1 =41, a
contradiction. O

Remark 2.19. When V), is non-fundamental, S and 5" defined in Proposi-
tion 2.4.3 belong to V_y,,.

IfAe autg(M 4.J) and A is the associated application, we already saw
that

.[l|m—1 =l + 5J, a, B €R;

moreover, if X = N;(A, B) € m~!, we have

A(N;(A,B)) = Nj(A(A),B) + N;(A, A(B)), VA,B¢€T,M.
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Remark 2.20. We note that, when we compute the Nijenhuis tensor of
two vector fields, we can always suppose to take one vector in V_;), and
the other vector outside of V_y),,. Indeed, if A and B were both in V_
because of the Remark (2.6), we would have

1|p>

Ny(A, B) = 0.

If A and B were both outside of V_;,, we can take A as T', since T" generates
m~2, and B as JT, since JT generates n; we would have

Ny(T,JT)=—JN,;(T,T)=0.
Therefore, we can always take

AeV_j,and B¢ V_

1lp 1lp-

From the remark above, we can take A € V_j, and B ¢ V_y),, in
particular, we can choose B = T' (we have the same result choosing B = JT).
Then

= Nj(aA+ BJA,T)+ Nj(A,2aT))

— aNy(A,T) + BN, (JA,T) + 2aN, (A, T)
= aNJ(A,T) - BJNJ(A,T) + 20£NJ(A,T)
= (Oé[ - IBJ)NJ(A, T) + QOéNJ(A,T)

= (3l — BJ)N; (A, T).

On the other hand, we have
A(Ns(A,T)) = (ol + BJ)N4(A,T),
therefore, we must have necessarily

a=0, pB=0.

In conclusion

A=0,

so we proved Proposition 2.4.4 with non-fundamental V).
2.4.2 Fundamental V,
When V), is fundamental, we have

Vpi=Voip & Voo & Vogp = T M,

and quotienting
Me=m'om2om 3 =T,M.
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Since Remark 2.20 also holds when V,, is fundamental (with the difference
that JT generates m~3 instead of n), if X = N;(A4, B) € m~!, we can always
suppose that

A€ V_1|p and B ¢ V_1|p;

in particular, choosing B = T € m~2 (it is the same if we take B = JT, but
when V), is fundamental, we have that B = JT belongs to m~3), we have
the same result of the non-fundamental case:

a=0, =0

and so

A=0.
When V), is fundamental, this conclusion can be shown in an alternative
way, using the following remark.

Remark 2.21. When V), is fundamental, there exists a field Y € m~!, with
Y # 0, such that

[Y,[Y,JY]]#0  and  [JY,]Y,JY]] =0.

Indeed, if X € m~!, X # 0, we have that the application

" m! S>m3
. X, = I[X, T

is linear and surjective, where we set T' = [X, JX], for brevity. Therefore,
since
dimg(m™!) = dimg (ker$) + dimg (Ima),

we have that dimpg(ker¢) = 1, this means that So there exists at least one
Y € m~! such that [Y,T], = 0. We note that it cannot be [JY,T], = 0,
otherwise we would have [Y,T], = [JY,T], = 0, that is

Y, [V, Y]l = [JY, [V, JY]]p,

and so m~3 should be null, against the assumption that Vp is fundamental.

By the preceding remark, we can choose an appropriate X € m~! such
that S" = [JX,[X,JX]], = 0 and S = [X,[X,JX]], # 0. Then, by the
second equality of Proposition 2.4.3, we have

A(JX, [X, JX]]p) = 3a[J X, [X, JX]|, =BIX, [X, JX],

=0 =0

and, since [X, [X, JX]], # 0, it must be

B=0.
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Moreover, because of the first equality of Proposition 2.4.3, we have

A([X, [X, JX]]IO) = 3a[X, [X, JXHP

So, A acts on the elements X, JX, T, S as follows:

AX = aX,
A(JX) = aJ X,
AT = 2aT,
AS = 3a8.

In particular, since J commutes with A, from AT = 2aT, we also have
A(JT) = JA(T) = J(2aT) = 2aJT.

Therefore, T and JT are both eigenvectors related to the eigenvalue 2«
and they are linearly independent. So, the eigenspace related to 2a has
dimension at least 2, against the hypothesis dimgr m™2 = 1. Necessarily it
must be & = 0 and so A = 0.

In conclusion

A=0,

so we proved Proposition 2.4.4 with fundamental V.






Chapter 3

Locally homogeneous almost
complex manifolds

3.1 Lie algebras associated to locally homogeneous
almost complex manifolds (M*, )

Let us consider a connected almost complex manifold (M*,.J) of dimension
4 with non-degenerate torsion bundle V. In the previous chapter we gave
an adapted frame (X, JX,T,JT) unique up to the sign of X and JX on
(M*,.J). From Theorem 2.3.10, we obtain that Aut(M,.J) is a Lie group
(having dimension dim Aut(M,J) < 4), hence, we can consider the left
action of the connected component G of Aut(M,J) on (M*,.J) given by

l:GxM— M,

such that (¢, p) = ¢(p). (For more details about Lie groups and Lie alge-
bras, see for example [1, 24, 25, 26, 27, 33, 40, 41].)

In this chapter we assume that (M4?, J) is locally homogeneous (with the
exception of the last section or when specified).

Under this assumption, if (£X1, £ X5, X3, X4) are the adapted frames of
(M*,.J), we have that the structure functions cfj associated to (£X7, +Xo,

X3, X4) (see Section 1.5) are locally constant, and are defined by
(X, Xj] = kX, dj=1,..4

(it is clear that some of these constants differ for the sign). We denote
with g the Lie algebra generated by < Xi, X2, X3,X4 >. We note that
the existence of two adapted frames on (M*,.J) imply that [,.(X;) = X,
Vi = 1,...,4, for any g € G, that is, X1, X2, X3 and X, are left invariant
vector fields under the action [.

For conciseness, from now on we will say that the Lie algebras built above
are associated to the (locally) homogeneous almost complex manifold.
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Now we are going to study the Lie algebra g; in order to do this, we need
some notations.
Given a Lie algebra a, we denote by a'®) its derived algebras

Y

for any £ =0,1,2,....
We denote by a¥ the descending central series of a given by

We recall that the algebra a is solvable if there exists a j such that al?) = 0;
the algebra a is nilpotent if there exists a j such that a/ = 0.
We denote by 3(a) the center of a Lie algebra a given by

3(a)={Z €a:[Z,A] =0,VA € a}.

Remark 3.1. We see at once that for the Lie algebra g, such that g =
[(TM), we have

3(8) NT(V) = {0}
Indeed, if we suppose by contradiction that there exists an element Z €
3(g) NI(V), with Z, # 0, we get that V), =< Z,, JZ, >, with [Z,JZ], =0,
since Z is in the center. This contradict the non-degeneracy of V.
We have the following result for the Lie algebras g and g) = g'. For

simplicity of notation, we will use the same writing for g when its vector
fields are computed into the points p of M4,

Proposition 3.1.1. If (M*,.J) is a locally homogeneous almost complex
manifold with non-degenerate torsion bundle, then the derived algebra gtV
of the Lie algebra g associated to (M*,.J) has dimension

2 < dimgM < 3.
In particular, if dim gt = 2 the algebra g is solvable.

Proof. We note that the dimension of the derived algebra g(!) of g cannot
be zero, because the vector 0 # T}, € g (since V, C g).

The dimension of gi) cannot be 1 because, otherwise, we had g(!) =<
T, >, from which

NJj(X,Y)=[JX,JY] - [X,Y]- J([JX,Y] + [X,JY]).

e<T> e<JT>

In other words, we had that V, =< T),, JT,, >, because V), is J-invariant,
and this is a contradiction.
We want to show that the dimension of g() cannot be 4.
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If the dimension of g(") was 4 with g solvable, we had that g*) = [g, g] #
g, a contradiction.
When g is not solvable, for the Levi-Malcev Theorem (see [14], pag.103)
we have
g=LKxr,

where £ is the Levi factor (semisimple Lie subalgebra of g) and t is the
radical of g (maximal solvable ideal). Since the dimension of £ is not zero
(because g is not solvable), the semisimple factor £ must have dimension 3
and so the the radical v has dimension 1 and is abelian, hence

g =18, 8]+ 8 =2+[L 1.

We have that [£,t] =0 (so £ is an ideal). Indeed, it is sufficient to construct
the homomorphism of algebras

| £ — Der(r)
v X = adx‘t,

to see that ¢ cannot be injective, because of the dimension of Der(r). Hence,
¢ must be the null homomorphism, from which adx|. = 0, that is, [£,t] = 0.
In conclusion, when g is not solvable, we have that gi') = £ and that v is
the center of g.

The proof above also implies that the dimension of g(l) cannot be 4 and
that g must be solvable when dim g = 2. O

Remark 3.2. When g is non-solvable, we have that the radical v equals
the center 3(g) of g. This is equivalent to say that g is a reductive algebra,
that is, it is the direct sum of a semisimple Lie algebra £ and an abelian Lie
algebra (see for example [14]). Hence, we can rewrite

g=~LDr.

Now we are going to make a complete classification of the almost com-
plex structures related to the locally homogeneous almost complex manifold
(M*,J) having non degenerate torsion bundle when g is non-solvable, and
we will show with examples how to make the classification when g is solvable
(which have more cases than the non-solvable case). For a deeper discus-
sion of invariant complex structure on solvable Lie groups see, for example,
[28, 34, 35, 36].

3.2 (M*" J) with non-solvable Lie algebras

Let us first consider the case in which the Lie algebra g, formed by the
adapted frames of (M*,.J), is non-solvable. For Proposition 3.1.1, we have
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that the dimension of g™ must be 3, so g(") have to be isomorphic to so(3)
or 5[(2,R). Since g = £® ¢ and g(V) = £, we have

g=s0(3)®tr or g=sl(2,R)&r,

where v is the center of g.
From now on, we identify g with s0(3) @ ¢, or with sl(2,R) & ¢, for
simplicity.

Proposition 3.2.1. Let g = £@ ¢ and suppose that V), is non-fundamental,
with V, ¢ £. Then £ = sl(2,R).

Proof. We have that £ is an ideal in g and that V_, is a 3-dimensional
subalgebra of g. So, the intersection m :=V_y,N £ is a 2-dimensional subal-
gebra of £ (and an ideal in V_y;,), considering that V), ¢ £ by assumption.
Since s0(3) has no nontrivial subalgebras, £ must be s[(2,R). O

Lemma 3.2.2. Let g = £®t, with V, non-fundamental and V, ¢ £. Then
£ (which is equal to sl(2,R)) has no abelian subalgebras of dimension 2. In
particular, ™ :=V_y, N £ is not an abelian subagebra.

Proof. Suppose, by contradiction, that £ has an abelian subalgebra of di-
mension 2. If (e, ez, e3) is a base of £ such that (e;,e2) is a base of its

abelian subalgebra, then we have [e1,es] = 0, f := [e1,e3] and g := [e3, e].
Since £ = &', it must be < f,g >= £, a contradiction, because £ is 3-
dimensional. O

Remark 3.3. Let g = £t and V, C £ Then V, is non-fundamental.
Indeed, since £ is an algebra containing V), we have that V_o,, must be an
algebra (in particular, it coincides with £).

2lp
First, let us classify the case in which £ = s0(3), that is, g = s0(3) @ .
3.2.1 Classification for g =s0(3) ¢
We can choose a base (e, €1, €2, e3) of g such that
t=<ey> and s0(3)=<ey,ez,e3>,
and such that

[e1,e2] = €3, [e2,e3] =e1, es,e1] =ea, [ep,ei] =0, Vi=1,23.
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CASE A: g =50(3) @t and V, non-fundamental

When V), is non-fundamental, from Proposition 3.2.1 and Remark 3.3 we
have that V, C £, so the base (e1,e2,e3) of £ can be chosen such that it
satisfies the conditions above and such that V), is generated by two of the
elements of the base (e1, ez, e3), for example V, =< ey, ez >.

Since V), =< &,J¢ >, for any 0 # £ € V,, we can define the almost
complex structure J in such a way that £ = ke; (with &k # 0) and J¢ =
aey + beg, for some a,b € R. So, n := [§, JE] = kbeg (with b # 0, because V),
is not degenerate) and Jn = eg + xe; + yes + zes, for some z,y,z € R (up
to rescaling e as base of t).

Computing the Nijenhuis tensor of ¢ and 7, we obtain

(b + a?® — k?)z — 2abk?

2 b + ab — bk?
(2az+ b +a )J§+
b
ay — bx ky
T T

Since Ny only depends on & and J¢, the coefficients of n and Jn must be
zero, hence x = 0,y = 0. Therefore,

2., .2 12 2 3, 2 2
N = (b +a —fk)z—Qabk - (2az+0b Za b— bk )Jf. (3.1)
To compute the distinguished vector field of V,, because of the arbitrari-
ness in the choice of £ in V), it is sufficient to impose that N;(&,n) = &,
that is, the coefficient of & must be 1 and the coefficient of J¢ must be 0 in
formula (3.1), so

(b? +a® — k?)z — 2abk?®

1
bk ’

(2az + b3 + a®b — bk?)
A =0.

We observe that a # 0, otherwise, from the previous conditions, we have
that bk = 0, against the assumptions. Computing the previous system, we
obtain the parameters k and z as a function of ¢ and b, and so

£ =kaoper, kap#0,

JE = aey + bey, ab#£ 0,
n = kqpbes,

Jn = e + zqpe3.

In conclusion, if (M*,.J) is a locally homogeneous almost complex mani-
fold with non-fundamental and non-degenerate torsion bundle V, and the Lie
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algebra g associated to (M*,.J) is non solvable with g = s0(3) @ t, we have
the following classification for the almost complex structure J by varying
the coefficients a,b € R:

V) is non-fundamental

V,C & | Vv Z<e
£ =50(3) & =keper, kqp#0
le1,ea] =es | J& =aer +bea, ab#0 | not possible
[62, 63] =€ |n = ka,bbezs
les,e1] = ez | Jn = eo+ capes

Table 3.1: CASE A: g = s0(3) @ ¢ with non-fundamental V.

Here, (&, J¢,m,Jn) is the adapted frame and k = kg3 and ¢ = ¢, are
function depending on the parameters a,b € R and are given as solutions of
the system:

(b% + a® — k?)c — 2abk® — bk = 0,

2ac + b3 + a?b — bk? = 0.

CASE B: g =s0(3) @t and V, fundamental

Similar to what is done for the previous case, when V), is fundamental, since
it must be V, € £ (because of Proposition 3.2.1 and Remark 3.3), the bases
(e1,e2,e3) of £ and (eg) of v can be chosen such that V, N £ =< e; > and
Vp =< e1,eg + e2 >, without loss of generality. In general, here we cannot
say that e; can be chosen as the distinguished field of V,,. Then, if we define:

52617
JE =ae; +b(eg+e2), bF#DO,
n = bes,

Jn = ze1 + yes + ze3 + teo,

for appropriate coefficients a,b, ¢, z,y, z,t of R, we have that (£, JE,n, JJn)
is not (in general) the adapted frame. The coefficients a, b, c, z,y, z,t of R
must be chosen such that the Nijenhuis tensor of & and 7 only depends on
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¢ and J¢, ie. in the formula

(b%y + abx + (b — a® + 1)t)z — bz + 2abt

NJ 57 n) = §+
&) by — 1)
2at — bx)z — by — ab? b2 + (a® — 1)b)t
(20t =ba)z =By —alo+ (B + (@ =Dt
b(y —t)
2 2b 2 + (=bx — at)y + btx — ab?
492 z 4 ay® + (—bx — at)y + btz — a -
b(y —t)
—2%2 — 2abz — y? + ty + b2
Jn,
by — 1)
the coefficients of n and Jn must be null, that is
az? — 2bz + ay® + (—bx — at)y + btz — ab® = 0,
—22 —2abz —y? +ty + b*> = 0.
Obtaining = and ¢ from the system, we have
2yz(a® +1)
224 2abz — b2’
. 2% 4 2abz — b + y?
; .
This leads to have the following construction:
f = €1,
JE =ae; +bleg +e2), b#0,
n = bes,
_ 2yz(a® + 1) 22 4+ 2abz — b2 + 32
n= —22+2ab2_b261+y€2+263+ y €o,
with 22 + 2abz — b? # 0. The Nijenhuis tensor becomes
1

where
A= (b®+a®—1)2°+ (4ab® + (463 — 6a)b)2* + ((a® — 1)y*+
+(4a% — 2)b* + (4a* — 14a® + 2)b%) 23+
+(—6aby® — 4ab® + (8a — 12a3)b3) 2%+
+((3 — 3a?)b%y? + b5 + (9a2 — 1)bY)z + 2ab3y? — 2ab®,

B = 2a2°+ (b + (9a% — 1)b)2*+
+(2ay? + 4ab* + (12a3 — 8a)b?) 23+
+((3a? — 3)by? + (4a® — 2)b° + (4a* — 14a® + 2)b3) 22+
+(—6ab*y? — 4ab® + (6a — 4a®)b*) 2+
+(1 = a®)b3y? + b7 + (a® — 1)b°,

C = b(z%+2abz —b?)2.
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To calculate the adapted frame (X, JX, T, JT), we have to find @ and § in
R such that the linear combination & + 5J¢ is the distinguished field X of
Vp, that is

Ny(a& + BJIE, [ag + BIE, J(ag + BIE)]) = a& + BIE.

In conclusion, if (M*,.J) is a locally homogeneous almost complex man-
ifold with fundamental and non-degenerate torsion bundle V, and the Lie
algebra g associated to (M?,.J) is non solvable with g = s0(3) @ v, we have
the following classification for the almost complex structure J by varying
the coefficients a, b, y, z € R:

V) is fundamental
v, e | V, Z L
£= 50(3) 15 =e1
not possible | J§ = ae; + b(eg + e2)
[617 62] =e3 n = bes ,
2yz(a® + 1)
e, €3] = €1 = 2 1 oab. — 2% + yes + zes+
22 4 2abz — b> 4 ¢
[63, 61] = €2 + €0
Yy
with b # 0 and 22 + 2abz — b? # 0

Table 3.2: CASE B: g = s0(3) & v with fundamental V.

Here, (&, J&,n, Jn) is not the adapted frame in general and the Nijenhuis
tensor of £ and 7 is given by (3.2).

3.2.2 Classification for g =sl(2,R) & ¢

For the classification when g = s[(2,R) @ ¢, we first need some notation and
terminology.

Definition 3.1. If £ is a Lie algebra of dimension n, we recall that for any
X € £, the characteristic polynomial of adX is of the form

n
> ai(X)t,  with a;(X) € R,
1=0

If k is the smallest integer such that ay # 0, an element is called regular
when ay(X) # 0.
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Remark 3.4. (see [9], ch. 7, sec. 2.2, p.16) Let £ = sl(2,R), then the set
of its regular elements is formed by the matrices with not null determinant
(and the smallest integer k in the definition is 1).

Proposition 3.2.3. Let £ =5sl(2,R). If (H,X,Y) is a base of £ such that
X,H]=X, [X,Y]=2H, [HY]=Y, (3.3)

then X and Y are non-reqular elements and H is a reqular element. If

(H, W, Z) is a base of £ such that
(H,Z]=-W, [HW]=2 [Z,W]=2H, (3.4)

then H, W, Z are reqular elements.

Vice wversa, if X is a non-regular element of £, there exists a base
(X,Y,H) containing X such that (3.3) holds; if H is a regular element
of £, we have one and only one of the following cases:

1. there exists a base (H,X,Y) of £ containing H, such that (3.3) holds
and such that X,Y are non-reqular elements, whereas H is a reqular
element (iff det H < 0);

2. there exists a base (H,W,Z) of £ containing H, such that (3.4) holds
and such that H, Z,W are regular elements (iff det H > 0).

Proof. Let (H,X,Y) be a base of £ such that (3.3) holds, then the matrix
of adX with respect to this base is of the form

0
0
1

o O O

0
2
0

It has the characteristic polynomial given by py(adX) = —A3, which has
the coefficient of the term of first degree equal to zero. So X is non-regular.
Similarly, we obtain the same result for Y.

The matrix of adH with respect to this base above is of the form

-1 0 0

0o 1 0],

0 0 0

that has the characteristic polynomial given by py(adX) = —A3 — \. Since
the term of the first degree is not null, the element H is regular.

Vice versa, let X be a non-regular element of £, then its rank is one (since
the regular elements of sl(2,R) are matrices with not null determinant).
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o . 01 . .
Hence, X must be similar to the matrix < 0 0 >, that is, there exists a

matrix A, with det A # 0, such that

(0 1Y
o0 )a

It is sufficient to consider Y and H as

Y:—A(? 8)A‘1, H:—iA(é _01 )A‘l,
to satisfy the properties (3.3).
Let H be a regular element of £, then its rank is two. Hence H must be
similar to one of these two matrices: < (1) _01 >, < _01 (1) .
If H is similar to the first one, then there exists a matrix A, with det A #

0 such that .
_ 1 1 0 1
H = 2A(O 1 >A .

Then it is sufficient to consider X and Y as

. 0 1 —-1 _ 00 -1
a0 Ya =00 )

to satisfy the properties (3.3).
If H is similar to the second one, then there exists a matrix A, with

det A # 0, such that
1 0 1Y\,
neta(( % )an

Then it is sufficient to consider Z and W as

1. (11 . ! 1 -1\,
z=sa(} ) wega( L D)

to satisfy the properties (3.4). O

The proof of the following proposition is straightforward.
Proposition 3.2.4. If £ =sl(2,R), then

1. every plane in £ contains a reqular element;

2. every plane in £ contains a unique line made by non-reqular elements
if and only if it is a subalgebra of £;

3. a plane of £, which is not a subalgebra, either contains all reqular
elements (except the null matriz), or it has exactly two distinct lines
made by non-reqular elements.

Now that we have stated the useful properties, we can proceed with the
classification.
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CASE C: g =sl(2,R) @, V, non-fundamental and V, ¢ s[(2,R)
Proposition 3.2.5. Let g = sl(2,R) @ v. If V), is non-fundamental with
Vp € £, then there exists a base (H,X,Y) of £ such that (3.3) holds and

1% =<ey, X,H >,

—2[p

Voo, NL=<X,H >,

2lp

where (eg) is a base of t.

Proof. Since V_,|,, and £ are subalgebras, the plane defined by 7 :=V_5,N£
is a subagebra of £, so, for Proposition 3.2.4, 7w contains a unique line made
by non-regular elements. If X is an element of this line, for Proposition 3.2.3
there exists a base (X,Y, H) of £ such that Y is non-regular, H is regular,
and (3.3) holds. Hence m =< X,aY + bH >, for certain a,b € R. Since 7
is a subalgebra, it must be a = 0, so that we can rewrite 7 =< X, H >.
From m C V_y, and V, € £, we have V_y, =< eg + ¢Y, X, H >, for some
¢ € R, but since V_y,, is a subalgebra, the coefficient ¢ must be zero, hence
V_Q‘p =< ey, X, H >. ]
Corollary 3.2.6. Let g = sl(2,R) @ v. If V, is non-fundamental, with
Vo € L, then < v >= V, N L is a line made by regular elements. In
particular, there exists a base (H,X,Y) of £ such that (3.3) holds and

VpyNL=<H >,

Vp=<H,ep+aX >, a#0.

Proof. From Proposition 3.2.5, we have < v >:=V,NL Cm:=V_5,NL =<
X,H > . If v is a non-regular element, we have < v >=< X > because
< X > is the unique non-regular line of 7 (see Proposition 3.2.4). Therefore,
we can write V), =< X, eq + bH >, for some b € R, since, for Proposition
3.2.5, (eo, X, H) is a base of V_y),, and V,, € £. In this way V), is degenerate,
against our assumption. Hence v must be a regular element and the base
(X,Y,H) of £ can be chosen such that < v >=< H >. As a consequence,
Vp =< H,eg + aX >, where a is not null because of the non degeneracy of
Vp. O

When g = sl(2,R) ¢ ¢ and V), is non-fundamental, with V, ¢ £, the
Corollary 3.2.6 asserts that there exists a base (H,X,Y) of £ such that
(3.3) holds and V, =< H,ep + aX >, with a # 0. Hence a base (&, J§) of
V) can be defined taking { = H and J§ = e + aX + bH, for some a,b € R,
with a # 0. Now, since n = [, J€], we have that n = —a X, while Jn is the
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linear combination of X, Y, H, e, for certain x,y, z,t € R such that N;(&,n)
is the linear combination of ¢ and J¢. Then we have

{=H,
JE=ey+aX +bH, a+#0,
n:_aX)

Jn=xX +yY +2zH +teg, y#0,

where a, b, x,y, z, t are appropriate coefficients in R such that the calculation
of Nj(&,m) only depends on £ and J¢, that is, since we have

Nyj(€n) = (2ay + b*t — bz — )€ + (2 — 2bt) JE+

2 2
+(lmzbt+2>n+(t+2bx) Jn,
a

a
it must be o
2 b42=0,
a
2
tron— 22—
a
This gives
z=2(b%+1),
a
=—(t+2b
so that we obtain
§=H,
JE=ey+aX +bH, a+#0,
U:_QX,

Jn = g(t +20)X +yY +2(b* + 1)H +teg, y #0,
and
Ny(&m) = (ay + 0%t — 1 = 26° = 20)6 +200° + 1 = b)JE. (3.5)

To calculate the adapted frame (X, JX, T, JT'), we have to find a and g in
R such that the linear combination a& + $J¢ is the distinguished field X of
Vp, that is

Ny(ag + BJIE, (o + B)n) = af + BJE.

In conclusion, if (M*,.]) is a locally homogeneous almost complex man-
ifold with non-fundamental and non-degenerate torsion bundle V, and the
Lie algebra g associated to (M*,.J) is non solvable with g = sl(2,R) @ t,
we have the following classification for the almost complex structure J by
varying the coefficients a, b,t € R:

Here (£, J€,m, Jn) is not the adapted frame in general and the Nijenhuis
tensor of £ and 7 is given by (3.5).
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V is non-fundamental

VZe
e=sl2,R) || ¢ =H
X,H] =X | JE =eo+aX +bH
(X,)Y]=2H |n =-aX
HY]=Y || Jg =2(t+20)X +yY +206% + 1)H + teg

2

with a # 0,y # 0

Table 3.3: CASE C: g = sl(2,R) & v, with non-fundamental V, and with
Vp € sl(2,R).

CASE D: g =5l(2,R) @ v, V, non-fundamental and V, C sl(2,R)

Consider the case in which g = sl(2,R) @ v and V), is non-fundamental, with
Vp, C £. Since V, is a plane of s[(2,R) which is not a subalgebra (because
we are assuming that V), is non-degenerate at any point p of (M*,.J)), from
the Proposition 3.2.4 we have that V, either contains all regular elements
(except the null matrix) or it has exactly two distinct lines made by non
regular elements. Hence, we have two cases: CASE D1, when V, contains
all regular elements, and CASE D2, when V), has exactly two distinct lines
made by non regular elements.

CASE D1: g =5l(2,R) & v, V, non-fundamental and V, C sl(2,R)

One can prove that if a plane have all regular elements, they all have negative
determinant. By the Proposition 3.2.3, this implies that for any regular
element H of V), there exist a base of s[(2,R) of type (H, X,Y) having H as
regular element and X,Y as non-regular elements of s[(2, R).

If H is such that the base of sl(2,R) is of the type (H,X,Y) and (3.3)
holds, then we have

¢E=kH, k#0,
JE=aX +0Y +cH, ab#0,
n = k(—aX +bY),
Jn=ey+zX +yY + 2zH,

for certain k, a, b, ¢, x,y, z in R taken such that the Nijenhuis tensor of £ and
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1 only depends on £ and J¢, that is, since the calculation gives

((—ak? + ac® — 4a®b)y + (bk? — bc? + 4ab?)x — 4abck?)

N —
J(gan) 2abk £+
—2acky + 2bckx + 2abk® + (8a%b* — 2abc?)k
+( acky + 2bckx + 2abk” + (8a ac))J§+
2abk
(2abz — acy — bex) (aky + bkx)
2abk 7 2abk "

and since the coefficients of n and J7n must be zero, we obtain

2abz — acy — bex = 0,
aky + bkx = 0,

that is
ay + bx =0,
z=0.

As a consequence, obtaining x from the system and replacing it into the
formula of N;(&,7)p, we have

(k* — ¢ + dab)y + chk2§ _ 2cky — bk® + (bc? — 4ab?)k

JE.

Another way to interpret the first equation of the system is as a proportion
between —aX + bY and X + yY in the definition of n and Jn. This leads
to have

§=FkH, k#0,

JE=aX +bY +cH, ab#0,

n=k(—aX +0bY),

Jn =eo+t(—aX +bY),

for any ¢ in R and the Nijenhuis tensor becomes

(k% — ¢ + 4ab)t + 2ck?)

k £+ (2ct — k* + % — 4ab)JE. (3.6)

NJ(fﬂ?) =

Here (§,J¢,n,Jn) is not the adapted frame in general, but since the
distinguished field of V, must have negative determinant (because all the
elements of V), are regular with negative determinant), we can compute
k,a,b,c,t such that H is exactly the distinguished field. In other words, we
impose that N;(&,n) = &:

(k? — ¢ + dab)t + 2ck* )
k - Y
2ct — k* + ¢® — 4ab = 0.



3.2 (M*,J) with non-solvable Lie algebras 57

It gives, for example, a and ¢ as functions of ¢, k, b:

—k(4ktt — 413 + 8k3t2 — Ak%t + 4k5 — k)
16b(t? 4 k2)? ’

a =

. k
2124+ k2)

In conclusion, if (M*,.J) is a locally homogeneous almost complex man-
ifold with non-fundamental and non-degenerate torsion bundle V such that
V), is a plane containing all regular elements (except the null matrix), for
any p in M, and the Lie algebra g associated to (M*,.J) is non solvable with
g = sl(2,R) @, we have the following classification for the almost complex
structure J by varying the coefficients ¢, k,b € R:

V is non-fundamental
yCcg
V all is made by regular
elements (except the null matrix)

S—sl(2,R) | ¢ =kH

[X, H] =X JE = a,;at’bX +bY + Ck,t,bH
X.Y]=2H |1 = k(—apX +bY)
[H,Y]=Y | Jn =eo+t(—agpX +bY)

with ay ; pbk #0

Table 3.4: CASE D1: g = sl(2,R) & ¢, with non-fundamental V,, and with
V, Csl(2,R).

Here (&, J€,n, Jn) is the adapted frame and ay, ¢, are functions depending
on the parameters t,k,b in R and are given by the solutions of the system:

—k(4kt* — 413 + SE31% — 4K%t + 4K° — k)
16b(t2 + k2)2 ’

a =

ok
T2+ k%)

CASE D2: g =sl(2,R) @ v, V, non-fundamental and V), C s[(2,R)

When V), is a plane having exactly two distinct lines made by non-regular
elements, by the Proposition 3.2.3, given a non-regular element X of V),
there exist a base of sl(2,R) of type (H,X,Y), with H as regular element
and X, Y as non-regular elements of s[(2,R) such that (3.3) holds.
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We can take a base (£, J¢) of V,, and n = [£, J¢], Jn as (up to rescaling
60)

£=X,
JE=aX +bY +cH b#0,
n = 2bH + cX,

Jn=-eg+zX +yY + zH,

for certain a,b,c,z,y,z in R taken such that the Nijenhuis tensor of £ and
7, given by

(4ab? — bc?)z + (¢3 — 4abe)y — 8b°

Ny n) = 2b2 &t
—4b%z + 4bcy + 2b%c? — 8ab?
+ 52 JE+
bez — (c? — 2ab)y — 2b%x y
+ 262 n— EJU,

only depends on & and J¢; this means that the coefficients of nn and Jn must

be zero:
bez — (c? — 2ab)y — 2b%x = 0,

y =0,
so that we obtain
cz
r=—
20’
y = 0.

Because of this system, we can redefine

§=X,
JE=aX +bY +cH b#0,

n=2bH + cX,
Jn:eo-k%X—FzH,

and the Nijenhuis tensor of £ and n becomes

2

Nj(&,n) = (—Czbz+2a—4b)f+(c2—2z—4ab)J§. (3.7)

Here (&, J¢,n, Jn) is not the adapted frame in general. To calculate the
distinguished field, it is sufficient to find the opportune linear combination
of £ and J¢ such that Nj(ag + BJE, [a€ + BIE, aJE — BE]) = af + BIE
(the calculation is similar to that of the previous cases). There is no reason
why & = X, which is a non-regular element, must be the distinguished field.
Indeed, one can find examples in which the distinguished field of the plane
V), is regular or non-regular.
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In conclusion, if (M*,.J) is a locally homogeneous almost complex man-
ifold with non-fundamental and non-degenerate torsion bundle V, such that
Vp is a plane containing exactly two distinct lines made by non-regular el-
ements for any p in M, and the Lie algebra g associated to (M*,.J) is non
solvable with g = sl(2,R) @ t, we have the following classification for the
almost complex structure J by varying the coeflicients a, b, c, z € R:

V is non-fundamental
VCce
V has exactly two lines made
by non-regular elements

e=sl2,R) | ¢ =X

(X, H|=X || J§ =aX+0bY +cH

[X,Y]=2H | n =2bH+cX

H,Y]=Y | Jn :eo+%X+zH
with b # 0

Table 3.5: CASE D2: g = s((2,R) & ¢, with non-fundamental V, and with
Vp Csl(2,R).

Here (&, J&,m, Jn) is not the adapted frame in general and the Nijenhuis
tensor is given by (3.7).

CASE E: g =5sl(2,R) @ t, V, fundamental and V, Z sl(2,R)

When g = s[(2,R) & v and V), is fundamental, it must be V, Z sl(2,R) (as
a consequence of Remark 3.3). As we are going to see, in this context it
is useful to consider the plane 7, defined as the intersection of V_y), and
sl(2,R), and the line < v >, defined as the intersection of V, and sl(2,R).
There are three cases, CASE E1, CASE E2 and CASE E3, depending on the
vector v: when v is regular of negative determinant, v is regular of positive
determinant, and v is non-regular (of null determinant) respectively.

Proposition 3.2.7. Let g =sl(2,R) @ t. If V), is fundamental (so V, L £),
then we have one of the following cases.

1. There exists a base (X,Y,H) of £ such that (3.3) holds and V, =<
H,eg +aX +b0Y >, ab # 0 and V,N £ =< H >. In particular,
m:=V_g, N L is plane which is not a subalgebra of £ and

e if ab > 0, then all elements of ™ are regular;
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e if ab < 0, then ™ has exactly two lines made by non-reqular ele-
ments.

2. There exists a base (K,W,Z) of £ such that (3.4) holds and V, =<
Keg+cW > ¢ #0and V,NL =< K >. In particular, ™ :=
V_op N L is plane which is not a subalgebra of £ and m has exactly two
lines made by non-reqular elements.

3. There exists a base (X,Y,H) of £ such that (3.3) holds and V, =<

X,eo+aY +bH >, a # 0 and V,N L =< X >. In particular,
7= V_y, N L is a subalgebra of £ and 7 has exactly one line made
by non-regqular elements.

Proof. Since V), is fundamental, we have that V_y, is not a subalgebra of g,

but 7 :=V_

2p M £ can be or cannot be a subalgebra of g.

Let us first consider that 7 is a plane which is not a subalgebra. Then,
for the Proposition 3.2.4, we have the following two possibilities.

(a)

All the elements of 7 are regular. Since < v >:= V, N £ is in m,
then v is regular. So, according to Proposition 3.2.3, there exist two
kinds of basis of £, one of the type (X,Y, H), such that (3.3) holds
and such that < v >=< H > and V, =< H,eg + aX + bY > (since
V) is fundamental and not degenerate, we have ab # 0; from the fact
that 7 only contains regular elements, an easy calculation shows that
ab > 0). The other base is of the type (K, W, Z), such that (3.4) holds
and such that < v >=< K > and V), =< K,eg + cW +dZ >. An
easy calculation shows that this last case never happens, since 7 only
contains regular elements.

The palne 7 has exactly two lines of non-regular elements. If < v >:=
Vp N £ is non-regular, from the Proposition 3.2.3 there exist a base
of £ of the type (X,Y,H), such that (3.3) holds and such that <
v>=< X >and V), =< X,eo+a¥Y +bH >. Hence, V_y, =< X, ¢ +
aY +bH,H >, from which 7 =< X, H >. Since 7 has exactly two
lines of non-regular elements, a calculation shows that this case never
happens. This implies that < v > is regular, so, there exist two kinds
of basis, one of the type (X, Y, H), such that (3.3) holds and such that
<v>=< H >andV, =< H,eg+aX +bY > (since V, is fundamental
and not degenerate, we have ab # 0; from the fact that 7 has exactly
two lines of non-regular elements, an easy calculation shows that ab <
0). The second base is of the type (K, W, Z), such that (3.4) holds
and such that < v >=< K > and V, =< K, ey + cW + dZ > (since
V), is fundamental and not degenerate, we have cd # 0); in particular,
we can chose a base of this type such that V, =< K, eq + cWW >, with
¢ # 0 (an easy calculation shows that effectively 7 has exactly two
lines of non-regular elements).
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Now let us consider that m is a subalgebra 2-dimensional of £, then
has a unique line of non-regular elements. There exist a base (X,Y, H) such
that (3.3) holds and such that 7 =< X, H + aY >, but the constant a is
zero, since 7 is a subalgebra.

If < v > is non-regular, then < v >=< X > (since < X > is the unique
line of non-regular elements) and so V, =< X,eq + aY + bH > (with a # 0
because V), is not degenerate and fundamental).

If < v > isregular, then < v >=< H+pX > and the base (X, Y, H) can
be chosen such that y = 0 and V, =< H, ep+aX+bY > (with ab # 0 because
V) is not degenerate and fundamental), so that 7 =< X, H >. We have
V_gp =< H,eg+aX +bY, —aX +bY >, from which 7 =< H, —aX +bY >.
As a consequence, b = 0 and this shows that such a case cannot happen.

O

CASE E1: g =sl(2,R)@r, V, fundamental, V, Z sl(2,R) and v regular
of negative determinant

Since v is regular of negative determinant, there exists a base (H, X,Y") of
£ such that (3.3) holds and v = H, then, for Proposition 3.2.7, we have

§=H,
JE=eg+aX +bY +cH, ab#0,
n=—aX + bY,

Jn=teg+xX +yY + zH,

for certain a, b, c, x,y, z,t in R taken such that the Nijenhuis tensor of £ and
n only depends on £ and J¢. The calculation gives

1

N, = —
5(&m) 2abt — ay — bx

{ (acyz — bexz — 2abz — 2a2y? — ac’ty + 4a’bty+
+aty + 26222 + bcPtx — 4ab’tx — btz + 4abct) &+

+ (ayz — bxz + 2abcz — 2acty — 4aby + 2bctx — 4ab’z+

—2abc?t + 8a2b?t + 2abt) JE+

+ (ayz + bxz — 2abtz — 2cxy + acty — 2ay + betx + 2bx — 2abc) n+

+ (Qacy — aty — 2acy + 2bcx — btx + 2ab) va},

where the denominator 2abt — ay — bx is not zero because it is equivalent to
the condition of linear independence between &, J€, n, Jn. We impose that
the coefficients of n and Jn must be zero:

ayz + bxz — 2abtz — 2cxy + acty — 2ay + betx 4+ 2bx — 2abe = 0,

2xy — aty — 2acy + 2bcx — btx + 2ab = 0,
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that is, solving in z and ¢:

- 2(c? + 1)(ay — bx)(ay + bx)
a2y? — 2abxy + 4a2bcy + b2x? — dab?cx — 4a2b?’
2(zy — acy + bex + ab)

t= .
ay + bz

Here (&, J€,n, Jn) is not the adapted frame in general. To calculate the
distinguished frame it is sufficient to do the same calculation seen for some
of the previous cases.

In conclusion, if (M*,.J) is a locally homogeneous almost complex man-
ifold with non-fundamental and non-degenerate torsion bundle V, and the
Lie algebra g associated to (M*,.J) is non solvable with g = sl(2, R) @, such
that < v >:=V, Nsl(2,R) is a negative determinant regular element (for p
in M), we have the following classification for the almost complex structure
J by varying the coefficients a, b, ¢, z,y € R:

V is fundamental
yCcge 1% SZ £

v with negative determinant

£=sl(2,R) & =H

(X,H] =X not J§ =ey+aX +bY +cH

[X,Y] =2H | possible | n = —aX +bY

[H,Y]=Y Jn  =xX +yY + zpyapcH + teyabco

with (a,b) # (0,0)
with ay + bx — 2abt, y qp.c # 0

Table 3.6: CASE El: g = sl(2,R) ¢ v, with fundamental V, and with
Vp € sl(2,R). The vector v, defined by < v >= sl(2,R) NV, is regular of
negative determinant.

Here z; 4 b and t; 4 45 are functions depending on z,y,a,b, c, given
by the system:

2(c? + 1) (ay — bx)(ay + bx)
a?y? — 2abry + 4a?bcy + b2x2 — 4abcx — 4a2b?’
2(zy — acy + bex + ab)
ay + bx

Zx7y7a7b7c =
(3.8)

tx7y7a7bic -

and (&, J&,m, Jn) is not the adapted frame in general.
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CASE E2: g =sl(2,R)@r, V, fundamental, V, Z s((2,R) and v regular
of positive determinant

Since v is regular of positive determinant, there exists a base (H, W, Z) of
£ such that (3.4) holds and v = H, then, for Proposition 3.2.7, we have

§=H,
JE=eyg+aH +bW, b#D0,
n=>bz,

Jn=xH +yW + 27 + teg,

for certain a, b, x,y, z,t in R taken such that the Nijenhuis tensor of £ and
1 only depends on & and J¢. The calculation gives

2byz — axz — 2%tz + a’tz — tz + bx — 2abt

+1:z — 2atz — 2b%y + abx + 2b3t — a?bt + bt Jet
bt —y
+ab2 —az? + 2bz — ay? + bxy + abty — btx n
b(bt — y)
22 + 2abz + y? — bty — b?
I,
b(ot — )

where the denominator bt — y is not zero because it is equivalent to the
condition of linear independence between &, J¢, 1, Jn. We impose that the
coefficients of 7 and Jn must be zero:

ab?® — az® + 2bz — ay® + bxy + abty — b*tx = 0,

2% + 2abz + y? — bty — b? = 0,
that is, solving in x and t¢:

_ 2yz(a® +1)

224 2abz — b2’

2% 4 2abz — b + 2
by '

t =
This gives the following Nijenhuis tensor of & and #:

Ny(&m) = (A€ + BUE), (39
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where

A= (=22 +a%—1)2°+ ((4a® — 6a)b — 8ab®)z*+
+((a® = 1)y + (4 — 8a®)b* + (4a* — 14a® + 2)b?) 23+
+(—6aby? + 8ab® + (8a — 12a3)b3) 22+
+((3 = 3a®)b?y? — 2b% + (9a% — 1)b*)z + 2ab>y? — 2ab°,
B = —2a2°+ (2b3 + (1 — 9a?)b)z* + (—2ay* + 8ab" + (8a — 12a3)b?) 23+
+((3 — 3a?)by? + (8a® — 4)b° + (—4a* + 14a® — 2)b®) 22+
+(2a(3b%y? — 4b%) + (4a® — 6a)b*)z + (a® — 1)b3y? + (262 + 1 — a?)b®,

C = b(2?+ 2abz — b?)%

Here (&, J€,n, Jn) is not the adapted frame in general. To calculate the
distinguished frame it is sufficient to do the same calculation seen for some
of the previous cases.

In conclusion, if (M*,.J) is a locally homogeneous almost complex man-
ifold with non-fundamental and non-degenerate torsion bundle V, and the
Lie algebra g associated to (M*, J) is non solvable with g = sl(2, R) @, such
that < v >:=V, Nsl(2,R) is a positive determinant regular element (for p
in M), we have the following classification for the almost complex structure
J by varying the coefficients a, b, y, z € R:

V is fundamental
yCcge % Q £

v with positive determinant

£ = sl(2,R) ¢ =H
[Z,H =W not J¢ =ey+aH +0W

[Z,W]=2H | possible | . =02

[HW])=2Z Jn  =xapyH +yW + 22 +1t4p,y.-€0

with b # 0
with btg by — ¥y #0

Table 3.7: CASE E2: g = sl(2,R) @ v, with fundamental V, and with
Vp € sl(2,R). The vector v, defined by < v >= sl(2,R) NV, is regular of
positive determinant.

Here x4, and t4 . are functions depending on a, b, y, z, obtained by
the system:
_ 2yz(a® +1)
Tabus = 3 oahs — 52
22 + 2abz — b 4 ¢?
by ’

(3.10)

ta7b7y1'2 =
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The Nijenhuis tensor is given by (3.9) and (£, J&,n, Jn) given above is not
the adapted frame in general.

CASE E3: g =sl(2,R) @, V, fundamental, V, ¢ s((2,R) and v non-

regular

Since v is non-regular, there exists a base (H,X,Y’) of £ such that (3.3)
holds and v = X, then, for Proposition 3.2.7, we have

=X,
JE=ey+aX +bY +cH, bc#0,
n=cX + 2bH,

Jn=xX +yY 4+ zH + tey,

for certain a, b, ¢, x,y, z,t in R taken such that the Nijenhuis tensor of £ and
1 only depends on £ and J&. The calculation gives

Ny(&nm) = { (bcz2 — Pyz — 2abyz — 2%z — btz + dab’tz+

L
2b(bt — y)

+2acy? + 2bcxy + 3ty — dabety + 4b%y — 8b3t)§ +2 (byz—i—
—2b%tz — b%cz — cy? + 2bcty + 2ab’y + 2037 + b2t — 4ab3t) JE+

+( — b2 + cyz + betz — 2ay? + 2bry — Aty + 2abty — 2b%ta+

+4b3>7] +2 (21)22 +y? — bty — 2bcy) Jn},

where the denominator 2b(bt — y) is not zero because it is equivalent to the
condition of linear independence between &, J¢, 1, Jn. We impose that the
coefficients of 7 and Jn must be zero

—b2% + cyz + betz — 2ay? + 2bxy — Aty + 2abty — 2b%tx + 403 = 0,
2022 + y? — bty — 2bcy = 0,
that is, solving in x and t¢:
( 1
= m <b2y22 — 2b3cz? — 2bey?z + 4b%cPyz — dabdyz+
+c2y3 — 2bc3y? + dab’ey? — 4b4y>,
262z + 3% — 2bcy
by '
This gives the following Nijenhuis tensor of ¢ and #:

t =

A
Ny ) = €+ B IE (3.11)



66

Locally homogeneous almost complex manifolds

where

b2y222 — 4btc?2? 4 16ab®2% — 2bey®z + 8b3cByz+
—32abcyz — 32092 + 2y — 4b%c*y? + 16ab3cPy>+
—12b%y? + 32b%cy,

—8b%23 — 3b%y%22 + 24b3cy2? + 4br P22+
—16ab°22 + 6bcy®z — 24b%2y% 2 — 8b3c3yz+
+32abcyz — 3¢yt + 8bc3y3 + 4b ety +
—16ab>c?y? + 4b*y?,

8b*(bz — cy),

4% (bz — cy)?.

Here (&, J€,n, Jn) is not the adapted frame in general. To calculate the
distinguished field, it is sufficient to do the same calculation seen for some
of the previous cases.

In conclusion, if (M*,.J) is a locally homogeneous almost complex man-
ifold with non-fundamental and non-degenerate torsion bundle V, and the
Lie algebra g associated to (M?,.J) is non solvable with g = s/(2, R) @, such
that < v >:= V, Nsl(2,R) is a non-regular element (for p in M), we have
the following classification for the almost complex structure J by varying
the coefficients a, b, c,y, z € R:

V is fundamental
VCce % Q £
v with null determinant
£=3sl(2,R) £ =X
(X, Hl =X not J¢ =ey+aX +b0Y +cH
[X,Y] =2H || possible | n =X +20H
[Ha Y] =Y J77 - xa,b,c,y,zX +yY +2H + ta,b,c,y,zel)
with b # 0
with b(bty yapec—y) #0

Table 3.8: CASE E3: g

sl(2,R) @ v, with fundamental V, and with

Vp € sl(2,R). The vector v, defined by < v >= s[(2,R) NV, is non-regular
of null determinant.

Here x4y, and t,p .y . are functions depending on a, b, ¢, y, 2, obtained
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by the system:

__ b2yz? — 2b%c2? — 2bey?z + A2y 2+

4b3(cy — b2)

—dab3yz + 2y3 — 2bc3y? + dab’cy? — 4b4y> , (3.12)

2022 + y?

by

— 2bcy

The Nijenhuis tensor is given by (3.11) and (&, J€,n, Jn) given above is not

the adapted frame in general.

3.2.3 Table of classification when g is non-solvable

In conclusion we have the following classification when g is non-solvable:

Theorem 3.2.8. If (M*,J

) is a locally homogeneous almost complex man-

ifold with a non-degenerate torsion bundle V, and its associated Lie algebra
g is non-solvable, we have the following classification for the almost complex

structure J:

V is non-fundamental
vce | vZe
£ = 50(3) f = kmbel, ka,b 7é 0
le1,ea] =e3 || JE = aer +bea, ab# 0 | not possible
leg, ezl =e1 || = kqpbes
[es,el] =e2 || Jn  =eo+ capes
V is fundamental
yCcge | VgL
£ =s50(3) & =e
not possible | J¢ = ae; +b(eg+e2), b#0
n  =bes
2yz(a® + 1
Jn = 2yz(a—+)el + yes + zes+
z j~ 2abz
+ 2abz — b? + 2
€0,
22 + 2abz — b2 # 0
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V is non-fundamental

vce | VgL

V has all reqular elements
(except the null matriz)

)

I
Vo)
©

)

=
I

P

T o<
==

I
=~

¢ —kH ¢ —H
JE = aki’bX +b0Y + Ck,t,bH JE =ey+aX +bH
n = k(—am,bX + bY) n = —aX

Jn = eg+t(—arpX +bY) | Jn :g@+2mx+yy
+2(b% + 1)H + teg
with ay ¢ pbk # 0
with a # 0,y # 0

V has exactly two lines made
by non-regular elements

el

|
V2]

—
[\

=

B
=5

I
<~ ExE

& =X

J¢ =aX +0Y +cH
n  =2bH +cX

Jn :eo—i—%X—i—zH

2b

with b # 0
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V is fundamental

vce | VZ£E
v with negative determinant

£=sl(2,R) ¢ =H
(X,H] =X not J¢ =eg+aX +bY +cH
(X,Y]=2H | possible | n = —aX +bY
[H Y] =Y Jn =xX+yY + Zx,y7a,b,cH + t2,y,a,b,c€0

with (a,b) # (0,0)

ay + br — 2abty 4 qpc # 0
and (3.8) holds
v with positive determinant

£=sl(2,R) ¢ =H
Z,H| =W not JE¢ =eg+aH +0W
Z,W|=2H | possible | n ~=0bZ
HW]|=Z Jn  =epyH+yW + 22 +tgp, €0

with b # 0

bta,b,y,z 7é )
and (3.10) holds
v with null determinant

£=sl(2,R) & =X
[X,H| =X not JE¢ =ey+aX+bY +cH
(X,Y]=2H | possible | n  =cX +2bH
[HY]=Y I = Tapey X +yY +2H +1apey €0

with b # 0

btz,y,a,b,c 7é Yy
and (3.12) holds
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3.3 (M*" J) with solvable Lie algebras

Now, let us consider the case in which the Lie algebra g is solvable. We restric
our study to the generalizaton of several examples, since the classification
of solvable Lie algebras provide a large number of cases.

In [15], Kim and Lee give an example (from now on we will denote it
as KL for simplicity) of an almost complex manifold (M*,.J) with non-
degenerate torsion bundle and with symmetry algebra aut,(M, J) of dimen-
sion 4.

3.3.1 Kim and Lee example

If (21, 22) are complex coordinates of C? (z; = x; + iy, for j = 1,2) and

o _1(o oy o9 100 .9
aZj_Q Ox;j 0y; ’ 823'_2 Ox;j 0y; ’

choosing
0 0
7= — —2Z1i—
! 621 212822’
_, 0 . 0 . 5, O 5, O
Z2=(21*Zl)aleﬂL(zl*21)216721+(*2Z*Z%+Z%)£+(*Z%+Z%)£a

they define an almost complex structure J on R* as (1,0) vector fields. A

base of germs of the infinitesimal automorphisms V1,
Va, Va3, Vy of (R4 J) is given by

Vi = Zy + Zo,

Vo=271+ Zl - i(Zl — 21)‘/1,

Va=1i(Z1 — Z1) — (21 + 21)V1 — (22121 + 22 + 22) V2,
Vi =i(Zy — Zy) — 2i(z1 — 21)Va — (21 — 21)* V.

They generate the symmetry algebra aut,(R*,.J) for any point p.

We want to generalize this example to a particular class of examples.

Remark 3.5. We observe that the Lie algebra associated to the manifold
(R*,.J), as we will see, is the solvable Lie algebra A4;. Moreover, it is
interesting to study this algebra because it is the unique nilpotent algebra
of dimension 4 which is not decomposable (see [27]).

Remark 3.6. The manifold (R*,.J) is homogeneous and its associated Lie
algebra is formed by the left invariant vector fields (see the beginning of the
Section 3.1).
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One can compute the distinguished vector field X, that is the vector
field such that N;(X,[X, JX]) = X (the eigenvalue is positive), hence the
adapted frame is given by:

1
X =—1ImZ,

V2 '

JX = —ReZy,

1\/5 1
TIERGZQ,
JT:—EIHIZQ7

2
where 5 5 5
1
ReZ1==-—— 21— —_—
e 281’1 $18x2+y18y2’
10 0 0
ImZ| = —=— — —
e 28y1+x18y2+y18x2’
0
ReZy, = ——,
? 0yo
0 0
ImZy =2y;— — (4 1)—.
m Zo yl&tl (411 + )8@

Moreover, an easy calculation gives that
[Re Zl, Im Zl] = —Re ZQ,
[Im Z1,Im Z5] = —2Re 71,

and all the other Lie brakets are null. Hence, for the fields of the adapted
frame, it holds
(X,JX] =T, [X,JT)=JX,

and all the other Lie brakets are null.

We also note that the torsion bundle V in KL is non-fundamental, since
V_gp =< X,JX,T > is a subalgebra of the Lie algebra g, defined by g =<
X, JX, T, JT >.

Note that g(!) = g' =< JX,T > and that its derived algebra g(® is null,
while the descending central series is g> =< T >. This is the well-known
solvable algebra A41 (see [31], [5] and [29]).

One can check that the infinitesimal automorphisms Vi, Vs, Vs, Vy, found
by Kim and Lee in KL, generate the Lie algebra g of the right invariant
vector fields as expected (it is sufficient to check that [V}, X;] = 0, for all
Jj=1,...,4, where the X; are the fields of the distinguished frame) and that

[Va, V3] = =2V, [V3, Va] = 4V3,
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with all the other Lie brackets null. Moreover, there is an isomorphism from
g to g given by

=21 = T
Vs —> JX
Vi = =X
Vi — —4JT.

\

Remark 3.7. The vector fields Vi, Vo, V3 are the infinitesimal automor-
phisms of the Heienberg group H; = {Rezs + |21|? = t}, with ¢ € R, which is
a 3-dimensional CR manifold. Moreover, Vi, Vs, V3 act transitively on each
H; and Vj is transversal to H;. So the manifold (R4, J) of KL is homoge-
neous and it is foliated with spherical hypersurfaces.

3.3.2 Generalizations of Kim and Lee example

Let us consider a locally homogeneous almost complex manifold (M*,.J)
of real dimension 4 with non-degenerate torsion bundle ¥V and with the
associated Lie algebra g given by the left invariant vector fields of T}, M,
for any p € M*. Suppose that g is the Lie algebra A4 defined by g =<
e1, €2, €3, €64 >, with

[e2,e4] = €1, [e3,eq] = e2.

Here, we are going to study the non equivalent almost complex structures
J on M* having the same Lie algebra A41.

We have that g = g! =< ej,e3 >, g@ = 0 and g% =< e; >. It is
clear that the center of g is 3(g) =< e; > and that V, # g(V) =< ey, ep >,
otherwise V, would be degenerate. So, we have two possibilities: dim(V, N
gM)is1or0.

Proposition 3.3.1. If g is the Lie algebra A41 associated to a connected
locally homogeneous almost complex manifold (M*,.J) with non-degenerate
torsion bundle V, then the following facts are equivalent:

(a) dim(V,Ng") = 1,

(b) Vp is non-fundamental,
(c) g* SV g,

(d) Vpngh)=Vy.

Proof. (a) = (b). Let us suppose that the dim(V, N g') = 1, then there
exist k,h € R, with (k,h) # (0,0), such that (V, N g') =< key + hea >,
hence V, =< ke; + hea, aei + bea + ces3 + dey > for some a, b, c,d € R (with
(c,d) # (0,0), otherwise the vector filed aej + bea + cez + dey is in g'). In
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this way we have that V_,, =< e1,e2,ce3 + deg >, so that V_y;, is a Lie
subalgebra of g, i.e. V), is non-fundamental.

(b) = (c). Since V), is non-fundamental, V_j,, is a 3-dimensional Lie subalge-
bra of g, hence there exist a,b,c,d, x,y, z,t € R such that V_,, is generated

by

2lp

2lp

£ = aej + beg + cez + dey,
JE := ze; + yea + yes + tey,
n:=[£, JE = (bt — dy)er + (ct — dz)ea,

with (¢t — dz,bt — dy) # (0,0) and (d,t) # (0,0); moreover
[§777] = _d(Ct - dz)el € V72|p7

[JE,n] = —t(ct — dz)er € V_y)p,.

If (ct — dz)(bt — dy) # 0, we have e; € V_y),, and hence ez € V_y,. If
(ct —dz) = 0 and (bt — dy) # 0, e1 € V_y), and ce3 + dey is proportional to
yes +teq so that ez € V_y),. If (¢t —dz) # 0 and (bt — dy) =0, < e1,e2 >C
V_gjp- In all cases gt C V olp-
(¢) = (d). Since < e1,e3 >=g' CV_y,,
such that ke; + hea € V,. Let us define

there esist k,h € R, not both null,

& =key + hea, (k,h) #(0,0),

JE = aey + bey + cez + des, (c,d) # (0,0),
n=1£, JE = hdeyr, hd #0,

Jn = xe; + yes + ze3 + tey.

We have that < £, J§ >= V), and that the Nijenhuis tensor of £ and 7 is

Ny(€m) = et — dzye + (

1
3 i (ct—dz)—i—(bt—dy))n—;,]n,

" h2d hd

and since the coefficients of 7 and Jn must be zero, we obtain
t=0
k
=—-z
Yy B

d
Ny(&m) = -3¢

This means that ¢ is the distinguished direction that generates Vp+ or V,
(it depends on the sign of the coefficients d, h, z appearing ahead £ in the
calculation of Ny). We have actually proved (d).

(d) = (a) is trivial. O

from which

Proposition 3.3.2. If g is the Lie algebra Ay41 associated to a connected
locally homogeneous almost complex manifold (M*,.J) with non-degenerate
torsion bundle V, then the following facts are equivalent:
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(a) dim(V, Ng') =0,
(b') Vp is fundamental,
() ¢ g V_aip;

(@) (Vpngt) ={0}.

Proof. From the previous proposition it is clear that (d') = (a) = (V) =
()= (d). O

Remark 3.8. KL is of the same type of Proposition 3.3.1.

Remark 3.9. We note that since 3(g) NV, = {0} (see Remark 3.1) and
e1 € 3(g), the space < e; > is never contained in V), (in agreement to the
fact that h, which appears into the proof of Proposition 3.3.1, is never zero).

Case A4 with non-fundamental V),

We first analyze the case of Proposition 3.3.1. Since V, =< &, J§ > for any
& not null in V,, we can choose £ such that it is one of the two distinguished
vector fields of V), for example such that V;r =< £ >. From the proof of
Proposition 3.3.1 we obtain the following

Corollary 3.3.3. If Ay is the Lie algebra g associated to a locally homo-
geneous almost complex manifold with non-fundamental and non-degenerate
torsion bundle V, taking & as the distinguished vector field of V, in p, we

have
& =ke; — dzes,

JE = aey + bex + ce3 +dey, dF#0,
n=1£JE = —d?ze1, 2#0

Jn =xe; — Eeg + zes,
with k,h,a,b,c,d,z,z € R.

Proof. From the proof of Proposition 3.3.1 we obtain the following writings
for any ¢ € V; .

& =key +hey, h#0,
JE =aey + beg +ces +dey, d#0,
n = 1§, JE| = hdey,

k
Jn =xe; + feg—i-zeg, z #0,

with &, h,a,b,c,d, z,z € R.
Since we want that £ is the distinguished field in p, that is Ny(§,n) = &,

computing the Nijenhuis tensor we have that N;(§,n) = —ﬁzf, so we have

dz
t t — = —1. O
0 pu .
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We make another example, which is equivalent to KL, having the same
associated Lie algebra A4, formed by the left invariant vector fields.

We choose h=d=1,z=—1and k =a =b=c=x =0, hence we have
5262>
JE = eu,
n= [S)Jg] = €1,
J77:_€37

and Nj(&,n) = £ (observe that Jey = eq and Je; = —e3). If we consider
the following realization of the algebra g = A1

€1 = 81)
€2 = 827
e3 = 03,

e4 = x101 + x302 + 04,
we can take the following (1,0)-vector fields
Z1 =e —iJe; = 0 +i0s,
Zy = e —iJea = —ix101 + (1 — ix3)02 — 10y,

they define an almost complex structure J. In this way the adapted frame
is exactly given by (&, J€,n, JJn) and it is easy to check that the structure
functions are constants.

Now we are going to find the infinitesimal automorphisms on g. Taking
a generic infinitesimal automorphism as W = af + 8JE + vyn + 6Jn, with
a, 3,7, ¢ differentiable functions, it is sufficient to compute the right invari-
ant vector fields imposing [, W] = 0,[J¢, W] = 0,[n, W] = 0,[Jn, W] = 0.
We define

1 1-
=7 7
14} 5 1+2 1,
1 1 - 1 1 -
Wy 2564 1+21L“4 1+2 2+2 2
Wa= sorZyt o1y — (es— )2y — (e + )2
3= gtl1 oty = oy — 1) 2y = o3 + 1) 2,
1 1. 1 1\ 1 1
W, = <4{L’Z + 2Z> Z1 + <4517421 - 2Z> Z1+ §$4Z2 + §$4Z2,

so that the algebra g of the right invariant vector fields is given by g =<
Wi, Wa, W3, Wy >; an easy calculation gives

[WQa W3] = _le {Wi’n W4] = WQa

with null all the other Lie brackets. We thus get ﬁl = ﬁ(l) =< Wi, Wy >,
g2 =<W; > and g? =0.
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Remark 3.10. There are vector fields that are both left and right invariant
vector fields, for example n = W; (they are vector fields belonging to the
center of the algebra).

Infinitesimal automorphisms of g send V;—L in itself, as a consequence V),
is sent in Vp, V_g), in V_y),, and V_g,, in V_3),,, but it is not possible to find
a canonical isomorphism between g and g.

It should be noted, too, that since V_y, is a subalgebra of g, there is a
foliation of (M?,.J) such that every vector field in V_), acts on the leaves
having V_y, as Lie algebra associated. All these leaves are locally equivalent
to a sphere (because of Remark 3.7). In particular, these vectors send the
points of any leaf in points of the same leaf; while the vector field W, send
the points of a leaf in points of another leaf.

3|p»

Case A4 with fundamental V,

It is of interest to know whether it is possible to find almost complex struc-
tures J on the Lie algebra A4 that are non equivalent to KL example.

For simplicity, in this section we will study only an example because
its generalization involves the use of too many parameters (although this
generalization can be done).

If we take
§ = es,
JE = ey,
n= [57’]5] = €2,
Jn =e; —e3,

we obtain that N;(&,n) = JE. An easy calculation gives that the adapted
frame is

1
X =—(e3+eq),
\/51(3 4)
JX = —(eq —e3),
2\/5(4 3)
T —

7226%
JT = E(el — 63).

Here the Lie algebra associated is again A4 1, but the almost complex struc-
ture J is non equivalent to that of the previous example and to KL: it is
easy to check that not only (V, Ng') = {0} holds, but V, is fundamental
too.



3.3 (M*,J) with solvable Lie algebras T

3.3.3 Solvable Lie algebra g associated to a locally homoge-
neous almost complex manifold M? x R with M? non-
equivalent to a hypersphere

Unlike the case of KL, we are interested in finding some examples of 4-
dimensional locally homogeneous almost complex manifold with non-degene-
rate torsion bundle and with foliation M3 xR such that M?3 is non-equivalent
to a hypersphere of dimension 3 (see [11]). Our propose is to extend this
kind of examples to a class of equivalent examples. We will consider the
3-dimensional Lie algebra Ag o defined by

le1,e3] =e1, [e2,e3] =e1+e2, er,ea] =0,

and will assume that the almost complex structure J, defined on the holo-
morphic tangent space H,M? in Ag 2, is given by

Jei = eg + ey,

Jeg = es,

where e4 is not in Az 2; we also assume that
[647 63} = Oa ] = 17 27 37

to get the Lie algebra Az @ A; (for the notation see [31]). It gives
3(A3.2 D Al) =< eq4 >=A1.

By a simple calculation we have that Nj(ei,e2) = e3 and, since V, is
J-invariant, we get V, =< eg,e3 >. Observe that V, is non-degenerate,
that V, = HpM3 and that V,2|p =< ey, e9,e3 >= Ago. By construction of
M3 x R and Asa @ Aj, we have

T,R=<e4>.

A simple calculation gives

= \2(62 —e3),

JE = \}5(62 + 63),

n=e1+ ey,
Jn = 2e3 + ey,
as adapted frame.
If we take
e1 = 01,
€2 = 627

es = (1’1 + 332)31 + 290 + 03,
eq = Oy,
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as realization of the given algebra Az s @ Aq, we can choose
Zl = (1 — i.%'l + i.%'g)al - il‘Q@Q - iag — i84,

Zy = —i(x1 + 22)01 + (1 — ixg)Do — 103

as (1,0)-vector fields. Hence the Lie algebra g of the right invariant vector
fields is given by

1 _
W1 = §€x3(21 + Zl),
Wy = 1513362‘703Z1 + 11‘36296321 + 1ex?’ZQ + 1€I3Z_2
2 2 2 2 ’
1 1 - 1 . 1 =
Ws = —5(% +x2)Z1 — 5(901 +x2)Z1 — 5(552 + )22 — 5(5172 — i) Za,
1. _ _
Wy = —§Z(Z1 — 1 — 2y + ZQ).

Remark 3.11. Since V_y, is a subalgebra of Az2® A1 (V_g;, = As2)
and Aj is the center of Ago @ Ay, there is a foliation of (M*,.J) such that
the action given by the vector fields of V_y), sends points of a leaf, having
V_y|p as Lie algebra, in points of the same leaf, and the field e4 sends points
of a leaf in points of another leaf.

Note that we have actually obtained a manifold M? which is a non-
degenerate CR manifold, in particular, M3 is not diffeomorphic to a hyper-
sphere of dimension 3. For more details we refer the reader to [11] pag.70.

3.3.4 Generalization of M3 x R

A more complete theory may be obtained by a generalization of the exam-
ples seen in the previous section. In this section we will make the follow-
ing assumptions: g =< ey, ea,e3,eq4 > is the Lie algebra Aga2 @ Aj, hence
gl =< eq,en >, 9(2) =0, g> = g'. We see at once that Vp # g', which is
clear because V, is non-degenerate, so dim(V,Ng') = 1 or dim(V,Ng") = 0.

Proposition 3.3.4. If g =< ey, eq,e3,e4 > is the Lie algebra Ago @® A1 as-
sociated to a connected locally homogeneous almost complex manifold (M*, .J)
with non-degenerate torsion bundle V, then the following facts are equiva-
lent:

(a) dim(V,Ngl) =1,
(b) dim(V_g, Ng') = 2.
As a consequence, the following facts are equivalent too:

(a') dim(V, Nng!) =0,
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(b)) dim(V_g, Ng') = 1.

Proof. (a) = (b). Let us assume, by contradiction, that dim(V_y,Ng') = 1,
we have that (V_g), N g') =< ae1 + bey >, for certain a,b € R with (a,b) #
(0,0), and V, =< ae; + bea, ve1 + yea + ze3 +tey >, for certain z,y, 2,t € R.
As a consequence, V_y),, =< e1, €2, 2€3 + teq >, a contradiction. The proof
of (b) = (a) is straightforward (it is sufficient to use Grassmann theorem on
the dimension of (V_g), + g!) considering that g! C V_olp)- O

Case Az @ A; with dim(V, N gy =1

When dim(V, N g!) = 1, we can proceed analogously to the construction of

§ = kei +ea,

JE = aey + beg +ces +dey, c¢#0,

n=1[£ JE = c(k + 1)er + cea,

Jn = (2ac + (k — 1)(y — 2bc))e1 + yea + 2c%e3 + teq, t # 2cd,

with k,a,b,¢,d,z,y,t € R. Here we can assume that the coefficient of e
in the definition of £ is 1, because it is not null: if it was null, £, J§ and
n would be dependent one each other (¢ would be proportional to n); the
condition ¢ # 2cd arises from the independence of £, J¢, n, Jn. A calculation
gives that

Ny(&,m) = ¢(2bc — y)& — *JE.

We note that the condition dim(}, N g!) = 1 implies that V), is non-
fundamental, but it is just a sufficient condition: in general the opposite
implication does not hold.

Case Az ® A; with dim(V,Ng!) =0

When dim(V, N g!) = 0, we just consider examples to lighten this case, since
the generalization involves a lot of parameters.
If we take the example

§ = es,

JE = e1 + ey,

n= [§7J§] = —€1,
Jn = —ea + ey,

we have that N;(§,n) = &, that is, £ is the distinguished vector field of V,
and (&, J&,n, Jn) is the adapted frame.
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We note that V), is non-fundamental, but, conversely from the previ-
ous case, the condition dim(V, N g') = 0 does not imply that V, is non-
fundamental in general. Indeed, we have the following counterexample:

§ = es,

‘]5262_'—641
n=1£JE =—e1 — ez
Jn = ez + 2es.

The Nijenhuis tensor is Nj(§,n) = —2¢ (hence < & >= V) and V), is
fundamental.

3.4 Lie algebras of homogeneous almost complex
manifolds of dimension 4

In this section we assume that (M, J) is a four dimensional connected, homo-
geneous almost complex manifold with non degenerate torsion bundle (see
also [42] for the group of automorphisms of a homogeneous almost complex
manifold). This means that the action of the connected component G of the
Lie group Aut(M,J), given by the automorphisms of (M, J), on (M, J) is
transitive and the following theorem holds (see [40] Theorem 2.9.4, p. 77).

Theorem 3.4.1. Let G be a Lie group, H a closed Lie subgroup. Then
there exist exactly one analytic structure on G/H which converts it into an
analytic manifold such that the natural action of G on G/H is analytic. If
M is any analytic manifold on which G acts analytically and transitively,
xo in M, and Gy, is the isotropy subgroup at xo, then the map

{G/G:,;0 — M
gG:Eo = g - xo

is an analytic diffeomorphism of G/Gy, in M.
As a consequence, we have that there exists a diffeomorphism such that
M= G/ Gpa
with G, the isotropy subgroup of G fixing a point p of M.
Let us now consider the double covering F' of (M, J) given by

¢:F— M, (3.13)

where F' is endowed with an {e}-structure and M is endowed with an
{e*}-structure (see Remark 2.15). Now, we have two possibilities based on
the fact that F' is connected or non-connected.
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Proposition 3.4.2. Given a connected homogeneous almost complex man-
ifold (M, J) of dimension 4 with non-degenerate torsion bundle, if (F,p) is
the double covering of (M, J) given by (3.13) and G is the connected com-
ponent of Aut(M, J), we have that:

(i) when F is connected, then F' = G and it has subgroups of order 2; in
particular, M is a Lie group if and only if the isotropy subgroup G, of
G is in the center of G;

(i) when F is non-connected, then F = G x {0,1} and M = G.

Proof. (i) Since the action of G on F' is an immersion, from the connection
of G we have that F' = G when F' is connected (because the only connected
subgroups of F' are the trivial ones). Hence, from M = G/G), and M =
F/Zs, we obtain M = G/Zs. This means that in this case there must be
subgroups of G of order 2, so we can write G, =< idg, h >, with h? =idg
and h # idg. In general, M = G/G), is not a Lie group, but just a manifold.
We have that M = G/G), is a Lie group if and only if either g hg = idg
or g~ 'hg = h holds, for all g € G. Since h # idg, the latter holds, i.e.
Gp C Z(G), where Z(@) is the center of G. So, G/G), is a Lie group if and
only if G, C Z(G).

(i) When F' is not connected, every sheet of F' is isomorphic to G and,
since F' =2 G x {0,1}, we have that M = G. In this case the isotropy
subgroup of G must be the trivial one. O

Let us analyze the KL example in consideration of the previous pro-
preties. A matrix representation of the Lie algebra A4 1 is (for instance see

[4], pag.30)

0 =z 0 ¢t
0 0 = =z

g_ 0 0 O y xay7zat€R
0 0 0 O

An easy computation of the exponential of g gives that a Lie group G asso-
ciated to A4 is

2
a
1 — d
) v
G= 01 a ¢ a,b,c,d € R
00 1 b
0 0 0 1

This group is connected and simply connected since it is isomorphic (as
topologic manifold) to R*; in particular, it is equivalent to the manifold
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studied by Kim and Lee in their example. Moreover, G is a nilpotent group
(since also its algebra is) and its center is

0
~ 0
Z(G) = .
0

SO O =
O O = O
— o O Q

It is easy to check that G has not subgroups of order two, that is, there
are not non-trivial solution of

2
1 a @ d
2
01 a c =idga,
00 1 b
00 0 1

for some a, b, c,d € R.

So, if M is any homogeneous almost complex manifold isomorphic to G
and [ is its double covering, for Proposition 3.4.2, we have that F' has to
be not connected.

Now, we want to build an example in which the double covering F' of
(M, J) is connected. Such example is obtained from the Lie group G studied
above.

Since G is connected and simply connected, all the other Lie groups
having A4 as Lie algebra are of the form G = G/N (see [25]), where N is

a (normal) dicrete subgroup contained into the center of G.
A normal discrete subgroup of G is of the form

10 0 th
010 0

Ne=410 01 o0 ke,
000 1

with ¢ € R. We have that G /Ny is connected and it is a double covering of
G/N;y. Moreover, G /N2 has non-trivial normal discrete subgroups of order

two as expected: if [No] and [gNa] are the classes of equivalence of the
elements Ny and gNy of G/Na, with

Q

I
cocor
co~=o
o~ oo
= o O =

we have that < [Na], [gN2] = [N1] > is a normal subgroup of order two of
G/Ns.
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Since there is an isomorphism between N; and Ny for any t,t' in R, we
have the following result.

Proposition 3.4.3. Any homogeneous almost complex manifold (M, J),
with non-degenerate torsion bundle and with the connected component of
the group of automorphisms Aut(M, J) isomorphic to Aq1, is equivalent to
one of these Lie groups:

(1)

2
a
1 _
) a 5 d
G = 01 a c a,byec,d € R 3|
00 1 b
00 0 1

which has a non-connected double covering F =2 G x {0,1};

(ii)

G/Ny,
1 0 0 tk
where Ny = 8 é (1) 8 k € Z 3, which has a connected
00 0 1

double covering F = G//Ny.

Remark 3.12. From the examples we have just analyzed, we obtain the
following considerations holding globally on (M, .J). When M is any ho-
mogeneous almost complex manifold isomorphic to G, the double covering
F' is non-connected, hence there are two independent absolute parallelisms
globally on (M, J). Whereas, when M is any homogeneous almost complex
manifold isomorphic to G /N, the double covering F' is connected, hence
there is no a global double absolute parallelism on (M, J). This fact implies
that, in general, there are two absolute parallelisms locally but not globally
on (M, J).

We can find other examples with connected F'. Let us consider the Lie
algebra s0(3) @ v, given by the matrix of the form

0 a b 0
—a 0 ¢ O
b —c 0 0
0 0 0 d

If (e1, e2,e3,e4) is a base of 50(3) & v such that

[61a€2] = €3, [62763] = €1, [63761] = €2, [€0a€i] = O,V’L = 152337
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it s sufficient to take, for example, V), =< e1,e2 > and the almost complex
stucture defined by Je; = e; + e and Jeg = e4. An easy calculation gives
that S := SO(3) x RT is a connected Lie group having so(3) @ v as Lie
algebra. The element

1 0 0 0
o —100
Tl o o 10

0 0 01

of S is such that s = idg, so < idg, s > is a discrete subgroup of S, then
S — S/ <idg,s >

is a covering of S/ < idg, s >. We found that the group S (having subgroups
of order 2) is a double covering of the almost complex manifold given by
S/ < idg,s > with J defined as above; in particular, S is connected as
wanted.



Chapter 4

Almost Kahler manifolds of
dimension 4

Let us consider an almost complex manifold (M%,J) of dimension 4 on
which is possible to introduce a Riemannian metric G such that G(X,Y) =
G(JX,JY), for any X,Y € I'(T'M), and a fundamental 2-form €2, defined by
Q(X,Y) = G(X,JY), in a way that (M*,J,G) becomes an almost Kéhler
manifold, that is d = 0. In [6], Blair shows that there are no almost
Kaéhler manifolds of constant curvature except in the case of the constant
equal to zero, and then the manifold is Kéahlerian. In the previous chapter we
developed the theory about the existence of two adapted frames on (M*,.J)
and we gave the way to find them. Our intention is to endowed these almost
complex manifolds with a metric induced by such adapted frames.

Let us suppose that (M*%,.J) is an almost complex manifold of real di-
mension 4 and that (X,JX,T,JT) is one of the two adapted frames of
(M*,J). When we consider (X,JX,T,JT) as an orthogonal base of the
tangent space T, M of (M*,.J), we have

G6(X,X)=a, GUJX,JX)=0b, G(T,T)=¢c, GJT,JT)=d,

for some real differentiable functions a, b, c,d and all the other G are zero.
For every A,B C T,M, we want that G(JA, JB) = G(A, B), so if we put
A=aX,+pBJX,+~T,+6JT, and B = o/ X, + ' J X, +~'T,+ 0' JT},, with
a,B,v,0,d, 8,4, 8 real constants, we obtain that

a="b
c=d.

d0(X,Y, Z) = % (XQY. Z) + YUZ X) + Z9(X,Y)
*Q([X7 Y]v Z) - Q([Z7 X]7Y) - Q([Y7 Z]’X)}v

The formula for d2 is
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hence, since we want that d{) = 0, a simple calculation gives

T(a) —G([T,X],X)+G([JX,T],JX)=0
JT(a) — ¢ — G(JT, X], X) + G([J X, JT], JX) = 0
X(c) = G(X,T],T) + G([JT, X], JT) + G([T, JT], JX) = 0

(4.1)

Remark 4.1. It is known that any almost complex manifold of dimen-
sion 4 has the local symplectic property (it was proved in Lemma A.1 [32]
in an incomplete way, but it is completely proved in [19]), i.e., given an
almost complex structure J on M? there exists a symplectic form which
is compatible with J in a neighborhood of each point of (M*4,.), that is
QJX,JY)=QX,Y), for any X,Y € I'(T'M).

Remark 4.2. From Theorem 4.2 in [20], the manifold (M4, J) can not be
nearly Kihler, since (M*,.J) is of type 0 (that is, according to the definition
of Muskarov, the maximal number of independent holomorphic functions on
(M*,J) is zero).

Remark 4.3. When (M*,.J) is a homogeneous almost complex manifold,
it is not possible to give on it a structure of almost Kéhler manifold. Indeed,
since any diffeomorphism of (M*, J) sends an adapted frame into an adaped
frame, it is an isometry, hence it conserves the almost complex structure J
and the metric G, so it also conserve the curvature. Now, because of [6], we
know that (M*,J) must be a (non-almost) Kihler manifold.

4.1 Metric on Kim and Lee example

We want to analyze the KL example in order to find some solutions of (4.1).
From the definition given above of G, we have

GgX,X)=a, GUJX,JX)=aqa, G(T,T)=c, GUJT,JT)=c;

hence, when a and ¢ are constants 7'(a), JT(a), X (c¢) and JX(c) are zero in
(4.1), and since in KL we have

[X,JX]=T  and [JT,JX] = X,
the system (4.1) becomes

G(0,X) +G(0,JX) =0
—c—G(0,X)+G(—X,JX) =0

~G(0,7) + G(0,JT) + G(0,JX) =0
~G(0,T) + G(X, JT) — G(0, X) = 0,

that is, ¢ = 0 for any a.
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So, when a and c are constants we can not introduce a metric compatible
with J on (M4, J).
There are different results when a and c are differentiable functions: the
system becomes
T(a)=0

A solution of this system is

a = e$%+22+y%
c= lexfﬂ”ﬁyf (4.2)
2 )

hence, with a and ¢ differentiable functions chosen as in (4.2), (M*,.J,G)
becomes a Kéahler manifold.

4.2 Metric on manifolds having non-solvable Lie
algebra

We want to see if it is possible to find a metric on manifolds having non-
solvable Lie algebra g. For example, we can consider g = sl(2,R) @ v with
non-fundamental ¥V C sl(2,R) such that it has exactly two lines made by
non-regular elements (CASE D2). We can take

¢=X,
JE=Y,
n=2H,

Jn = eo,
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where [X,Y] =2H,[X,H] = X,[H,Y] =Y. An easy calculation gives

1
X =-Y,
21
JX =X,
12
T:§H,
1
JTzze(),

as adapted frame (indeed we have N;(X,T) = X). If a and ¢ are constants,
it is easy to check that it is not possible to introduce a metric on the manifold;
taking a and c as differentiable functions, the system (4.1) becomes

0 0

<x18 ) +x2€9302> (a)=0
10
Eaim(a) =cC

x? + 23:1x2i +ax9— | (c)=0

18 81‘2 8953

0

873;‘1(0) =0

\

A solution of this system is given by

a = 4exp™
c = exp™.

Remark 4.4. In KL and in this example, we have a = k¢, with k € R.
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