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Introduction

Let © be a bounded open subset of R", with n > 2, and let a € L>*(Q; M,,,,), where

M,, ,, denotes the space of n x n matrices. Assume that there exists v > 0 satisfying
(a(x)€) - € >v|Ef for a.e. x € Q and every £ € R"

and denote by A, A* : Wy 3(Q) — W12(Q) the operators defined as Au = —div(aVu),
A*u = —div(a’ Vu).

The regularity results of De Giorgi [12], Nash [23] and Stampacchia (see [27, 28])
ensure that every v € Wy*(Q), with A*v € W~14(Q) for some ¢ > n, is continuous and
bounded on . As observed in [27], this fact allows to define, by duality, a generalized
solution u of

1
M) u=>0 on 0f),

{ —div(aVu) = u in Q,
for any p € M,(2), the space of (signed) Radon measures with bounded total variation.
More precisely, for every u € M,(€2), there exists one and only one u satisfying
ueD(Q),
(2) * 1,2 : * e
(u, Av) = [ vdu for every v € Wy"(Q) with A*v € C°(Q) .
Q
According to [27, Définition 9.1], it will be considered as the generalized solution of (1).
Moreover, such a solution u satisfies

we [ W@ < () L'(9),

n n
p< <53

n—1

(A*v,u) = / vdp for every v € W01’2(Q) with A*v € U Wha(Q).
Q

g>n
In particular, u satisfies (2) if and only if
ue LY,

3
®) / uAvdr = / vdp  for every v € Wy *(Q) with A% € L=(Q).
Q Q

111



iv INTRODUCTION

If a and 02 are smooth enough to guarantee that

{veWy?(Q): Ave ()} C{veC?(Q): v=0on0Q}
C{oeW,?(Q): Ave L¥(Q)},

then an equivalent reformulation of (3) is given by

ue L'Q),
/ uA*vdr = / vdp for every v € C*(Q) with v = 0 on 99.
Q Q

A first important development of this topic has concerned quasilinear problems of the

form

—div(a(x, Vu)) = u in 2,
{ u=>0 on 0f,
where a : (2 x R" — R" satisfies assumptions of Leray-Lions type. In such a case, it is a
challenging open question to give a definition of generalized solution which provides both
existence and uniqueness for any u € M,(€2). Let us refer the reader to [2, 1, 11, 30] and
references therein.

A second development has concerned semilinear problems of the form

n { —div(aVu) + g(u) = p in Q,

u=20 on 0f,
where g : R — R is a nondecreasing, continuous function, whose study started with the
work of Brezis and Strauss [7], in the case p € L'(Q), and will be the object of this thesis.

First of all, u is said to be a generalized solution of (4) if

we LNQ), gu) € L'(9).

(5) /QuA*vda:—F/Qg(u)vda::/deu

for every v € Wy*(Q) with A*v € L>®(9Q).
Let us mention that such a solution w is unique whenever p € M;(2) and does exist
if 4 e LY(Q). If u € My(Q), then subtle existence/nonexistence phenomena occur, as
described in [1, 3, 18, 19]. Let us mention in particular [0], which provides also an overview
on the whole subject.
Assume now that a(x) is symmetric for a.e. x € €. In spite of the fact that (4) looks

as the Euler-Lagrange equation of the functional

J(U)Z%/Q(avu)-vuda:+/9c:(u)da:—/ﬂudu, G(s):/osg(t)dt,
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the application of variational methods to (4) seems to be impossible, as in general the
solution u is not expected to belong to W'?(Q2). However, in the recent papers [15,
, 17], Ferrero and Saccon were able to find, by a clever change of variable, a direct
variational approach which recovers, for instance, the (known) existence of a solution u
when g(s) = |s|P"'s and p < n/(n —2). Moreover, they also started the study of multiple
solutions by variational methods, when ¢ is not assumed to be nondecreasing. On the
other hand, their approach seems to require an asymptotic growth estimate on ¢ also
when ¢ is nondecreasing and pu € L*(Q), in contrast with the results of [7].
The purpose of this thesis is to propose a different variational approach, more in the
line of [9], and then prove some existence and multiplicity results for the solutions of (4).
More precisely, we assume that a(z) is symmetric, that g is nondecreasing, that
€ My(2) and that there exists the solution uy of (4). Then we look for solutions
(A, u) € R x L'(Q) of

©) { —div(aVu) + g(u) = Mu — ug) + p in Q,

u=>0 on 0f),

without assuming any growth estimate on g. Of course, (A, ) is a solution of (6) for any
A € R, so that (6) admits the “trivial branch” of solutions {(\, ug) : A € R}. Therefore
both local and global questions can be raised for (6).

As a result of global type, we will show that (6) admits at least two nontrivial

solutions provided that

lim G(s)

|s]—o0 52

and that ) is large enough. If g is of class C!, then the condition on A can be expressed

in a more precise way by requiring that

)\>inf{/(aVv)~Vvdx+/g’(u0)vzdx: ve W), /dele}.
Q Q Q

This result has already appeared in [14].
As a result of local type, we will prove an adaptation to our setting of a celebrated

bifurcation theorem of Rabinowitz (see [25, Theorem 11.35]).






Chapter 1

Some auxiliary results

1 On the regularity of solutions defined by duality

From now on, Q will denote a bounded open subset of R", with n > 2, and

a € L>(Q; M,,,) a map such that there exists v > 0 satisfying
(a(2)€) - € >v|Ef for a.e. z € Q and every £ € R™.

Then we denote by A, A* : W,*(Q) — W~12(Q) the bijective maps defined as
Au = —div(aVu), A*u = —div(a’ Vu).

When 1 < p < o0, || ||, will denote the usual norm in LP(€2) and LP(€2) the subspace
of w’s in LP(§2) vanishing a.e. outside some compact subset of 2. Finally, for every s € R,
we set sT = max{+s,0} and define T} : R — R by T} (s) = min{max{s, —k}, k}.

The regularity results of De Giorgi [12], Nash [23] and Stampacchia (see [27, 28])
ensure that (A*)~!¢ is continuous and bounded on € for every ¢ € W=14(Q) with ¢ > n

and
1(A") Yol < c(n, ¢, Q)|lellw-1.0 -

Therefore, for every u € My(2) and 1 < p < "5, we can define a linear and continuous

function

U:W=(Q) >R

as

(U,g) = / (A0 dpi.

Since Wy (Q) is reflexive, there exists one and only one u € W, (Q) such that
(oo = [((4) ) forany o € W),
0

1
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namely
(A*v,u) = /deu for any v € W, () with A*v € W=17(Q).
In particular, we have v € D'(§2) and
(u, Av) = /de,u for any v € W, () with A*v € C=(Q)

and this last formulation is enough to guarantee the uniqueness of u in D’(Q2). Therefore
u is independent of the choice of p €]1,n/(n — 1)|.
We conclude that, given p € M;(£2), there exists one and only one u € D'(2) such
that
(u, A*v) = / vdp  for any v € W, *(Q) with A*v € C2(Q).
Q

Moreover u € () Wy *(R2) and

1<p<ﬁ

(A", u) = / vdp for any v € WOI’Q(Q) with A*v € U Wt4(Q).
Q

n<g<oo

In particular, v can be also characterized by

u € LYQ),
/ uA*vdr = / vdu for every v € Wy *(Q) with A*v € L>®(1Q).
Q 0

Recall also that, according to [l1, Theorem 10.1 and Formula (2.22)], we have
Ty (u) € Wy*(Q) for every k > 0,

(1.1.1) v /Q (VT (w)? d < k|p|(Q) Vk >0

and there exists a cap,-quasi continuous function « : 2 — R such that @ = u a.e. in €2,
where cap, denotes the capacity as defined in [11]. Moreover, a standard summability
result holds.

Theorem 1.1.2 Let g: Q X R — R be a Carathéodory function such that
(1.1.3) sg(x,s) >0  forae x € and every s € R.
Let uw € L) and w € LP(Q) with p > 1 be such that g(z,u) € L' () and
/QUA*U dx + /Qg(x,u) vdr = /va dz  for every v € Wy (Q) with A*v € L®(9Q).

Then the following facts hold:
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(a) ifn >3 and p < 2n/(n +2), we have u € Wy "P)(Q) C Lw/=20)(Q) and

IVull 22 < e(n, p,v)||wll,;

(b) if n >3 and 2n/(n+2) < p < n/2, we have u € Wy (Q) N L™/ (=2)(Q),

IVull2

<
[ul| 22 < c(n, p,v)|lw],

n—2p

and

aVu) - v x+ g I7u v ar = VW axr
Vu) - Vod d d
0 Q Q
for every v € Wy (Q) N L>®(Q) ;

(¢) if n>2 and p > n/2, we have u € W,2(Q) N L®(Q),

IVullz + [[ullse < c(n, p, v, Q)]Jw],

and

/(aVu) -Vodzr + / g(x,u)vdr = / vw dx
Q Q Q
for every v € Wy*(Q) N L>¥(Q) .

(d) ifn > 2 and |w| < wo(1+|u|) with we € LY(Q),q > n/2, then u € Wy *(Q)NL®(1),

[ull o < e(n, p, v, Q) [Jwoll, (1 + [[Vully)

and

/(aVu) -Vodzr + / g(x,u)vdr = / vw dx
Q 0 Q
for every v € Wy*(Q) N L>¥(Q) .

Proof. Let ¢ : R — R be a nondecreasing, locally Lipschitz function with 9(0) = 0.
According to [! 1, Definition 2.25 and Theorem 2.33], we have

y/ﬂq?’(Tk(u))]VTk(u)]deg/Slﬁ’(Tk(u))(aVTk(u))~VTk(u) da::/wﬁ(Tk(u))dx.

Q
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(a) Given r €0, 1] and € > 0, let

5 1
9.(s) :/O et

If we set p* = np/(n — p), then p* < 2 and, as in the proof of [21, Lemma 2.1}, we have

/Q|VTk(u)|p* iz < (/ﬂ%dm) (/Q(er T (u)) 75 dx) )

< (3 [1ul rwk(u))\dm)p; ([ mn#ar)

Passing to the limit as ¢ — 0 and applying Lebesgue’s theorem, it follows

*

2-p
2

*

2—-p

/QWT’“(UNP* 4z < (ﬁ/ﬂw T ()" d:c)p; (/Q Ty ()| 75 dgj) i

Then the same argument of [24, Lemma 2.1] yields assertion (a).

The proof of assertions (b) and (c) is more standard and follows the same lines of
the regularity results of [21, 22, 27, 28].
(d) Considered u € ﬂ L"(Q)), we deduce from (a) that there exists qo > 1 with

_n_
<, 3

wou € LP(§2) and

[wllg, < flwolly e(€2) [full, .

so that w € L%(Q).

Then, from (a),(b), (¢) and a standard bootstrap argument, the assertion follows.

2 Convex functionals

Throughout this section, we also assume that a(z) is symmetric for a.e. = € €2, so that

A* = A, and consider a Carathéodory function g : 2 x R — R such that:
(1) for a.e. x € Q, the function g(z,-) is nondecreasing;

(g2) for a.e. x € ), we have g(z,0) = 0.
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We set G(x,s) := [ g(x,t)dt and observe that 0 < G(x,s) < sg(x,s) for a.e. z € Q and

every s € R. In particular, we can define a lower semicontinuous and convex functional

J: Wy (Q) =] — 00, +]
J(u) = % /Q(aVu) : Vuda:‘—l—/QG(a:,u)da:.

Theorem 1.2.1 Let u € W, *(Q) and w € W12(Q) with J(u) < +oo and w € J(u).
Then we have g(x,u)u € LY(Q)) and the following facts hold:

(a) if w € Lip,(€), we have g(x, u) € Lj,.(Q);
(b) if w e LY(Q), we have g(x,u) € LY(Q) and ||g(z,u)|; < ||w|;-
Proof. First of all, it is standard that G(z,u) € L'(Q) and
g(x,u)(v —u) € L'(Q) for every v € W,*(Q) with G(z,v) € L'(Q),

/Q(aVu) (Vv = Vu)dr + / g(z,u)(v—u)dr > (w,v —u)

Q
for every v € Wy*(Q) with G(z,v) € L*(Q)

(see also [13, Corollary 2.2]). The choice v = 0 yields g(x,u)u € L'(2). Moreover, for
every p € Wh(Q) with 0 < ¢ < 1 and every k > 0, we can also choose as test function

v=u—"Tyxu)e,

obtaining

/QTl/k(u)(aVu)-Vgodrx—l—/gg(x,u)Tl/k(u)godx
< /Q Ty x(u)(aVu) - Vo da + /Q T} (u)(aVu) - Vudr + / 9(@, u)Tk(u)p da

< (w, Tty (u /|w|<pdx

hence

/Qk:Tl/k(u)(aVu) -Vpdx —|—/

g(x,u)k:Tl/k(u)gode/]w]godx.
0 Q
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Passing to the limit as k — oo, from the Lebesgue and the monotone convergence theorem,

we get

[ @) Veds+ [ g wlpds < [ fulods
Q Q Q
for any ¢ € Wh(Q) with 0 < ¢ < 1

and assertions (a) and (b) easily follow. m

Now we are interested in ruling out the possibility that d.J be multivalued. For this

purpose, we add the assumption:

(g3) for every compact subset K of ), every S > 0 and every € > 0, there exists an open
subset w of Q with cap,(w, ) < e such that

sup [g(-,8)] € LMK \ w).

s|<S
Proposition 1.2.2 Let uy : 2 — R be a capy-quasi continuous function and define
G:QAXR =R by g(z,s) = g(x,ug(x) + s) — g(z,ug(x)). Then g also is a Carathéodory
function satisfying (g1) — (g3)-

Assume moreover that {s > g(x,s)} is of class C* for a.e. x € Q and that the

Carathéodory function Dsg satisfies (g3). If we define §g: Q2 xR — R by

glw,s) = (sup Dsg(x,tuo(x))> s,

t<1

then g also is a Carathéodory function satisfying (g1) — (g3)-

Proof. Of course, ¢ is a Carathéodory function satisfying (g;) and (g2). In particular, for
every S > 0 the function
sup [g(-, )| = sup [g(-,s)|  ae inQ

1sl<$ jsl<$
s€Q

is measurable.

Given a compact subset K of 2, S > 0 and € > 0, let &’ be an open subset of
with cap,(w’, 2) < €/2 such that the restriction of ug to Q \ w’ is continuous. Let S’ be
the maximum of |up| on K \ w’ and let w” be an open subset of 2 with cap,(w”,Q2) < /2
such that

sup |g(-,s)] € L' (K \w").
|s|<S/+S
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If we set w = w' Uw”, then cap,(w, ) < € and, for every x € K \ w, we have

sup |g(z,s)| < sup |g(z,s)| + sup |g(z,s)| <2 sup |g(z,s)],
|s|<S |s|<S"+5 |s|<S" |s|<S'+S

whence property (gs).

The assertions concerning ¢ can be proved in a similar way. m

Theorem 1.2.3 For every u € W,22(Q) and every v € Wy (), there exists a sequence

loc

(v) in Wy (Q) N L2(Q) converging to v in W, (Q) with

v <oy, <ot oae inQ, ue L®{zeQ: v(x)#0}),
G(.Z'7Uk) S LI(Q>7 g(ZE,U)Uk € Ll(Q) :

In particular,

{ve Wy Q) NLX(Q) : gz, u)v € L'()}
is a dense linear subspace of W, (Q).

Proof. Given u € W2*(Q), v € Wy*(Q) and ¢ > 0, there exists a sequence (%)
in C°(Q) converging to v in Wy*(Q). Then z, = min{max{%,, —v~},v"} belongs to
Wy?(Q) N L2(Q), satisfies —v~ < 2z, < v and is still convergent to v in Wy?(€). Let
k € N be such that ||Vz, — Volls < e.

Let now 9 : R — [0, 1] be a C*°-function with ¥ = 1 on [—1,1] and ¥ = 0 outside
] —2,2[. Then 2, = ¥(u/h)z, belongs to W, (Q) N LX(Q), satisfies —v~ < 25 < v,
u € L™ ({zn #0}) and is convergent to z, in Wy?(Q). Let h € N be such that
IVzen — Va2 < e

Finally, let K = supt 2z, S = 2h + ||zgn]|0 and, given j € N, let w; be an open
subset of 2 with cap,(wj, 2) < 1/j such that

sup l9(-,8)| € L'(K \wy).

Let 1; € Wy*(Q) with ||Vl < 1/, 1; = 1 ae. on w; and 1; < 1 a.e. on Q. Then
Zrny = min{max{z,,, —S(1 — ¥;)},S(1 — 1;)} belongs to Wy*(Q) N LX(Q), satisfies
—v~ < zppy < vt u € L ({zrn; # 0}) and is convergent to 2, in Wy*(Q). Let j € N
be such that [|[Vzy 5 — Vzinl|l2 < e, so that ||Vzgp; — V|2 < 3e. Since

IsI<llzk,nllo0

|G (2, 2r,n,5)| < <||Zk,h||oo sup |g(l’»S)|> XK\w, (T)
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lg(x,u) 2k p;| < <||Zkh||oo sup |g(x,s)|) XK \w; (T)

|s|<2h

we also have G(z, z.5;) € L'(Q), g(z,u) 2.5 € L' () and the assertion follows. m

Now we can show the main consequences of assumption (g3). Let us point out that

the next assertion (b) is an adaptation to our setting of the result of [5].
Theorem 1.2.4 Let u € Wy ?(Q) and w € W=1%(Q). Then the following facts hold:

(a) we have J(u) < +00 and w € dJ(u) if and only if

/ ((aVu) - Vo + g(z,u)v) de = (w,v)
Q
for every v e Wy (Q) with g(z,u)v € L(Q);

(b) if J(u) < 400, w € dJ(u), v € Wy*Q) and (g(z,u)v)” € L'(Q), then
g(z,u)v € LY(Q) and

/Q ((aVu) - Vo + g(z,u)v) de = (w,v) ;

(c) if J(u) < 400, the set 0J(u) contains at most one element.

Proof. Let J(u) < +oo and w € dJ(u). As before, for every v € Wy *(Q) with
G(x,v) € L), we have g(x,u)(v —u) € L' (R2) and

/Q(aVu)-(Vv—Vu)dx—l—/Qg(:c,u)(v—u)d:cZ (w,v —uy,

namely, as g(z,u)u € L'(Q2) by Theorem 1.2.1,

/Q(aVu)-Vvder/Qg(m,u)vdx—(w,v}Z/Q(aVu)-Vudx+/g(x,u)udx—<w,u).

Q

Now let v € W, () with g(z,u) v € L*(Q) and let (v;) be a sequence as in Theorem 1.2.3.

Since

(1.2.5) /Q(aVu) -V dr + / g(x,u) vg dr — (w, vy)

Q

Z/Q(aVu)-Vudx—l—/ﬂg(x,u)udx—(w,u)

and |g(x,u) vg| < |g(z,u)v|, we can pass to the limit as k — oo in (1.2.5), obtaining

/Q(avu)-Vvda:—l—/gg(a:,u)vdx—(w,v)2/

Q(@Vu) -Vudzr + / g(x,u)udr — (w,u) .

Q
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Since {v € Wy*(Q) : g(z,u)v € L(Q)} is a dense linear subspace of Wy?(9), it follows

/(aVu) -Vo d$+/ g(z,u)vdr = (w,v) for every v € Wy *(Q) with g(x,u)v € L*()
Q Q

and 0J(u) = {w}. In particular, the proof of assertion (c¢) is complete.
Consider now v € W, *(Q) with (g(z,u)v)” € L'(Q) and let (vj) be a sequence as in
Theorem 1.2.3. Since

/Qg(%u) vpdr = (w,vy) — /Q(aVu) -V, dx

and g(z,u)v, > — (g(x,u)v)”, from Fatou’s lemma we infer that g(z,u)v € L'(Q) and
assertion (b) also follows.
Finally, let us complete the proof of (a). Therefore, assume that w € W=12(Q)

satisfies

/ ((aVu) - Vo + g(x,u)v) de = (w,v)
Q
for every v € Wy?(Q) with g(z, u)v € L}(Q).

As before, we automatically have

/Q ((aVu) - Vo + g(x,u)v) de = (w,v)
for every v € Wy*(Q) with (g(z,u)v)” € LY(Q).

In particular, from g(x,u)u > 0 we infer that g(z,u)u € L'(Q), hence that
G(z,u) € L'(Q), namely J(u) < +oo. Moreover, for every v € Wy?(Q) with
G(z,v) € L*(Q), from

g(xz,u)(u—v) > G(z,u) — G(z,v)

it follows

i ((aVu) - (Vu — Vv) + g(z,u) (u —v)) de = (w,u —v),

hence, by convexity,

J(v) > J(u) + /Q ((aVu) - (Vo — Vu) + g(z,u) (v —u)) de = J(u) + (w,v — u).
If v € Wy(Q) and G(x,v) & L'(Q), it is obvious that
J(v) > J(u) + (w,v —u) .

Therefore w € 0J(u) and the proof of assertion (a) is complete. m
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Corollary 1.2.6 Letu € Wy*(Q) and w € LY(Q)NW~12(Q). Then we have J(u) < +00
and w € 0J(u) if and only if g(x,u) € L () and

/Q ((aVu) - Vv + g(z,u)v) de = (w,v) for every v € Wy (Q) N L>¥(Q) .

Proof. 1If J(u) < 400 and w € 0.J(u), we infer from Theorems 1.2.1 and 1.2.4 that
g(z,u) € L(Q2) and

/Q ((aVu) - Vo + g(z,u)v) de = (w,v) for every v € Wy (Q) N L>¥(R) .

To prove the converse, consider v € W,*(Q) with g(z,u)v € LY(Q). Let (v;) be a

sequence as in Theorem 1.2.3. Since
/Q ((aVu) - Vo, + g(z,u) vg) de = (w, vg)
and |g(z,u) vg| < |g(x,u)v|, we can pass to the limit, obtaining
/ ((aVu) - Vo + g(xz,u)v) de = (w,v)
' for every v € Wy?(Q) with g(z, u)v € L}(Q).

From Theorem 1.2.4 we conclude that J(u) < +oo and w € 9J(u). m

3 Variational characterization

Throughout this section, we keep on €2, @ and ¢ the same assumptions of Section 2.

Moreover, we consider 1 € M,;(Q2) and assume that

there exists ug € L'(Q) such that g(z,u) € L'(Q) and

(1.3.1) / upAv dx + / g(x,up)vdr = / vdp
Q Q Q
for every v € Wy2(Q) with Av € L®(Q).

We set G(z,5) = [ g(x,t)dt and define §,G : Q@ x R — R by

g(z,s) = glz,uo(z) +s) — g(z,uo(x)),
@(x,s) = /0 gz, t)dt = G(z,up(x) +s) — G(z,up(x)) — g(z,up(z)) s.
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According to Proposition 1.2.2, also g is a Carathéodory function satisfying (g1) — (g3).

Finally, as in Section 2 we define a lower semicontinuous and convex functional
J W) =] — o0, +00]

by
~ 1 ~
J(u) == /(aVu) -Vudzr + / G(z,u)dz.
2 Ja Q
The main result of the section is the next characterization.

Theorem 1.3.2 For every A € R and u € LY(Q), the following facts are equivalent:

(a) we have

g(z,u) € L'(Q),

/uAvdx+/g(x,u)vdx:)\/(u—uo)vdx—l—/vdu
Q Q Q Q
for every v € Wy (Q) with Av € L=(Q);

(b) if we set z = u — ug, we have
2z e W2 (Q),

J(w) > J(2) + >\/ 2(v— z)dx for every v € Wy (Q) .
Q

Proof. If (a) holds, then z € L'(Q2), (=, 2) = g(x,u) — g(z,up) € L*(Q) and

/ zAvdr + / g(x,2)vdr = /\/ zvdx for every v € Wy*(Q) with Av € L®(Q).
Q Q Q

Then z € L"(2) for any r < n/(n — 2). By Theorem 1.1.2 and a standard bootstrap
argument, it follows that z € W,*(2) N L=(Q) and

/(aVz) -Vudx + / §(z,z)vde = )\/ zodr  for every v € Wy (Q) N L=(Q).
Q Q Q

-~ ~

By Corollary 1.2.6 we deduce that J(z) < 400 and Az € 9.J(z), namely

~ ~

(v) > J(2) + )\/ z(v—z)dr for every v € Wy *(Q).
0

<

Conversely, assume that z € W,*(Q2) and

o~ -~

J(v) > J(2) + )\/ z(v—2)dx for every v € Wol’Q(Q).
Q
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Then J(z) < +oo and by Corollary 1.2.6 we deduce that §(z,z) € L'(Q), namely
g(z,u) € L}(Q), and
/(aVz) -Vudr + / g(x,2)vdr = )\/ zv dx for every v € Wy*(Q) N L™ (Q).
Q Q Q

In particular, for every v € W,?(Q) with Av € L>®(€), we have

/zAvd:L’—l—/g(x,z)vdx:)\/zvdx,
0 Q 0

/uAvdx+/g(x,u)vdm:)\/(u—uo)vdx—i-/vd,u
0 Q Q 0

and assertion (a) follows. m

namely

Corollary 1.3.3 The function ug introduced in assumption (1.3.1) is unique.

Proof. Let 4y be another function as in (1.3.1). If we apply Theorem 1.3.2 with A = 0,
we find that 0 and 4y — ug are two minima of the strictly convex functional J. , whence

ﬂOZUO. |

4 Parametric minimization

Let X be a Banach space and I : X — [—00,+00] a convex function. Assume also
that X = X_ & X,, with X_ finite dimensional and X, closed in X, and define
p: X_ — [—00,400] as

ew)=inf{I(v+w): weX,}.

Finally, denote by P : X — X_ the projection associated to the direct decomposition and
by P': X_' — X' the dual map defined as

(P'ayu) = (a, Pu) Yae X' VuelX.

Theorem 1.4.1 The following facts hold:
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(a) the function ¢ is convex;
(b) ifve X_ and w € X, satisfy I(v+ w) = ¢(v) € R, then
Al(v+w)NP (X ")={Pa: aedp)};
(¢) if U is an open subset of X_ and go‘U has values in R, then QO‘U 18 locally Lipschitz

and dp(v) # O for any v € U; if one also knows that dp(v) contains exactly one
element for any v € U, then gp’U is of class C' and dp(v) = {¢'(v)} for anyv € U.

Proof. Let (vo, So), (v1,51) € X_ x R with ¢(v;) < s; and let ¢ €]0, 1]. Let also € > 0 and
let wq, wy € X be such that I(v;+w;) < s;+¢. Then (vo+wy, so+¢) and (v1+wy, s1+¢€)
belong to the epigraph of I, which is convex. It follows

©((1 = t)vg + tvy) < I((1 —t)(vg +wo) + t(vr +wy)) < (1 —1t)sg+tsy + €,

hence
@((1 — t)Uo + tUl) S (1 — t)S() —+ t51

by the arbitrariness of €. Therefore the epigraph of ¢ is convex, namely ¢ is convex.

If a € Op(v), for every u € X we have

I(w) > p(Pu) > ¢(v) + (o, Pu — v)
=I(v+w)+ (o, Plu—v—w))
=I(v+w)+ (Pa,u—v—w),

whence P'a € 01(v + w).
On the other hand, if P'a € 9I(v+ w), for every u_ € X_ and uy € X we have

Tu-+uy) > I(v+w)+ (Pou_ +up —v—w) =p) + (o, u_ —v),

whence
p(u) > o(v) + (@ u_ — ).
It follows v € Dy (v).

Finally, if U is an open subset of X_ and cp{U has values in R, it follows from [20,
Corollary 2.36 and Example 9.14] that go‘U is locally Lipschitz with dp(v) # 0 for any
v € U. In particular, ¢ is strictly continuous at any v € U. If dp(v) contains exactly one
element for any v € U, from [26, Theorems 9.18 and Corollary 9.19] it follows that gp‘U is
of class C' and 9p(v) = {¢'(v)} for any v € U. m
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5 Abstarct bifurcation in finite dimension

First of all, let us recall [8, Theorem 5.1], which is in turn related to a celebrated bifur-

cation result of Rabinowitz [25, Theorem 11.35] (see also [20, Theorem 2]).

Theorem 1.5.1 Let X be a finite dimensional normed space, let § > 0, AeER and, for
every A € [\ — 8, A+ 0], let o5 : B(0,8) — R be a function of class C*. Assume that:

(a) the maps {(\u)— @a(u)} and {(\u)— \(u)} are continuous on
(A =6, X+ 4] x B(0,6);

(b) ©x has an isolated local minimum (mazimum) at zero for every A €|\, A+ 8] and an

isolated local mazimum (minimum) at zero for every A € [\ — 3§, Al
Then one at least of the following assertions holds:
(1) uw =0 is not an isolated critical point of 5 ;

(ii) for every \ # \in a neighborhood of \ there is a nontrivial critical point of @y

converging to zero as A — A;

(iii) there is a one-sided (right or left) neighborhood of \ such that for every A\ =+ A in
the neighborhood there are two distinct nontrivial critical points of @, converging to

zero as A — .
For our purposes, the next adaptation is more suited.

Theorem 1.5.2 Let X be a finite dimensional normed space, let 6 > 0, AeER and, for
every \ € [5\ — 0 A+ 8], let oy : B(0,6) — R be a function of class C*. Assume that:

(a) ox(0) =0, ©4(0) =0 for every A € [\ — 6, X+ 6], and the map {(\,u) — @ (u)} is
continuous on [\ — 6, X + 8] x B(0,0);

(b) Ker ¢f(0) # {0} and there exist two linear maps L, K : X — X' such that

(Lu,v) = (Lv,u), (Ku,v) = (Kv,u), Yu,v € X,
(Ku,u) >0 Yu # 0,
O1(0) =L — \K YAeA=8,A+4].

Then one at least of the following assertions holds:
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(i) u=0 is not an isolated critical point of p5;

(ii) for every A\ # \in a neighborhood of;\ there 1s a nontrivial critical point of )

converging to zero as X\ — \;

(7ii) there is a one-sided (right or left) neighborhood of X such that for every A # X in
the neighborhood there are two distinct nontrivial critical points of @, converging to

zero as A — \.
Proof. Consider in X the scalar product
(ulv) = (Ku,v),

which induces a compatible norm in X, as X is finite dimensional.
Let
Xo = Kerg(0),

Xy ={we X: (Kv,w)=0VWVv € X},

so that
X =X,® X;.

On the other hand, if v € Xy and w € X, we have

(Lv,w) = A (Kv,w) = 0.

Therefore
(1 (0)v,w) =0 YA€ [A—8,\+4], Yoe X, Yw e X;.

By the implicit function theorem, we can define a C* map 1, such that ¥,(0) = 0 and

(Ph(v+Ua(v),w) =0 Yw e X;.

The map ¥, (v) is defined for v in a neighborhood of zero in Xy and for A in a neighbor-

hood of A (possibly smaller than [A — 8, A + 6]). Moreover, % (0) is injective on Xj.
Proceeding by differentation we find

(@X(0) (v + A (0)v), w) =0 Vv € Xo, Yw € X1,
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hence
(A3 (0)A (0)v,w) =0 Yv € X, Yw € X;.

From the previous statements, we have

(5(0)¢3(0)v,u) =0 Vv € Xy, Vu € X,

then
000400 =0 in X

It follows, from the injectivity of ¢%(0), that

P (0)v =0 Yv e X,

namely
(1.5.3) P\ (0) = 0.
Let us introduce the function ¢ defined as
Pa(v) = oa(v + ¥ (v)).
Then @, is of class O with
(@3(2),v) = (A (2 + ¥a(2)),v) .
Then @, is of class C? with

(@X(2)v,v) = (@X(z + ¥a(2)) (v + ¥ (2)v),v) -

Then it is easily seen that the function @, satisfies the assumptions of theorem (1.5.1).

In particular, we have

(@Y (0)v,v) = (L (0)v,v) = (Lv,v) — AL (Kv,v) = (A — A) (Kv,v) .
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It follows that

(a) for A < A, 0 is an isolated local minimum,

(b) for A > A, 0 is an isolated local maximum.

From the Theorem (1.5.1), the assertion follows. m

17



Chapter 2

The main results

1 Existence of nontrivial solutions

Throughout this section, we keep on €2, a and g the same assumptions of Chapter 1,
Section 2. More explicitly,  is a bounded open subset of R™, with n > 2, and
a € L>(Q;M,,,) satisfies

a(x) is symmetric for a.e. x € Q,

(a(x)€) - € >v|Ef for a.e. x € Q and every £ € R"

for some v > 0.

Moreover, g : {2 x R — R is a Carathéodory function satisfying:
(g1) for a.e. x € Q, the function g(x,-) is nondecreasing;
(g2) for a.e. x € Q, we have g(z,0) = 0;

(g3) for every compact subset K of 2, every S > 0 and every £ > 0, there exists an open

subset w of Q with cap,(w,?) < ¢ such that

sup [g(+, s)| € L' (K \w).

s|<S

Finally, we consider u € M(2) and assume that

there exists ug € L'(Q) such that g(z,ug) € L'(Q) and

/quvdaj+/g(x,uo)vdx:/vdu
Q Q Q

for every v € Wy?(Q) with Av € L®(Q).

18
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We consider the problem
{ —div(aVu) + g(x,u) = Mu —up) + p in Q,

(2.1.1)
u=>0 on 0f,

namely

we LYQ), g(z,u) € L}Y(Q),

/uAvdx+/g(x,u)vdx:)\/(u—uo)vdx—i-/vdu
Q Q Q 0
for every v € Wy*(Q) with Av € L®(Q),

which admits ug as solution for any A € R, and look for other solutions wu.

As before, we set G(z,s) = fos g(x,t) dt and, throughout this section, suppose that

(g4) we have

G(z,
lim (xQ ) = 400 for a.e. x € Q).
|s|—+o00 S

The first result we aim to prove is the next

Theorem 2.1.2 There exists X\ > 0 such that, for every A > X, problem (2.1.1) admits

at least two other different solutions uy and uy with uy < ug < ug a.e. in €.

Proof. If we define §,G : @ x R — R and J : W)3(Q) —] — 00, +0¢] as in Chapter 1,
Section 3, we already know that § satisfies (gy) — (gs). It is also clear that G satisfies
(g94). Define now 0+,G+ : QxR = R by g+ (z,8) = g(z,sT), @+(m,s) = [y ge(z,t)dt
and consider the functionals J,, I : Wi*(Q) —] — 00, +-00] defined as

T (u) = % /Q(aVu) -Vudz —1—/Qé+(x,u) dr
I(u) = J, (u) — A /(u+)2da:.
2 Ja

It is clear that also ¢, satisfies (1) — (g3), so that J; is convex and lower semicontinuous,
and that [ is sequentially lower semicontinuous with respect to the weak topology of
W,2(Q).

Let us show that [ is also coercive. Assume, for a contradiction, that (vy) is a sequence
in Wy(Q) with |[|[Vug/ls = 1 and (0x) a sequence with g, — —+00 such that I(gzvg) is
bounded from above. Up to a subsequence, (v;) is convergent weakly in W,"*(€2) and a.e.

on ) to some v. It follows that
G x, 0pVg) dx
lim inf fQ + QQk 2 < 400,
k 0z
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hence, as @+(x, s) > 0, that

-~

G
lim inf — 2 SRR (x’fkvk)
k 03

< 400 a.e. in €2.

From (g4) it follows that v < 0 a.e. in €2, whence

1 1
lim inf (- / (aVug) - Vo dw) < liminfw <0,
k 2 Jq k 0%
in contradiction with |[Vug|l2 = 1.
Since I(0) = 0 < 400, the functional I admits a minimum point u € W,*(Q), which
satisfies Aut € 9.J, (u) (see e.g. [29]), namely

~

To(0) > To(u) + A/Qm(v Cuyde Vo e WQ).

The choice v = u™ yields

1/(aVu)~Vudx§O,
2 Jo

~

whence u > 0 a.e. in . Therefore, we also have Au € d.J(u) and from Theorem 1.3.2 we
infer that uy + u is a solution of (2.1.1) with uy < up + w a.e. in .

Now let us show that I(u) < 0, provided that A is large enough, so that uy + u is
different from wug. By Theorem 1.2.3 there exists v € W,*(2) \ {0} with v > 0 a.e. in Q
and G (z,v) € L'(Q). Then it is clear that

](U)SI(U):—/Q((lVU)'VUdCL"f‘/@.,.(I,U)d!E—%/SZ(U+)2dZIZ<O,

Q

provided that A is large enough.
If we apply we same argument to §_(z,s) = g(x,—s~), we find another solution wu;

different from ug with u; < ug a.e. in Q. m

Under further assumptions on g, an estimate of A can be provided.

Theorem 2.1.3 Assume also that {s — g(x,s)} is of class C* for a.e. x € Q and that
the Carathéodory function Dyg satisfies (gs3). Then

A= inf{/(aVv) -Vudzr + / Dyg(z,u)v*dz = v e Wy?(Q), /U2 dx = 1} < 400
Q Q Q

and, for every A > Ay, problem (2.1.1) admits at least two other different solutions uy and

ug with u; < ug < ug a.e. in €.
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Proof. By Proposition 1.2.2 and Theorem 1.2.3, there exists v € W;2(Q) \ {0} such that
Dyg(x,up) v? € LY(), whence \; < +o00. Then it is standard that the infimum which
defines )\ is achieved. Let ¢ € W, *(Q)\ {0} be such that

/(ach) -Vpdx + / D.g(x,uo)p? do = M\ /gpQ dzx .
Q Q Q

By substituting ¢ with |¢|, we may assume that ¢ > 0 a.e. in  and, by choosing a
suitable representative, that ¢ is cap,-quasi continuous.

Now let A > A; and let g, @Jr, j+ and I be as in the previous proof. We only have
to show that there exists v € Wy *(Q) with I(v) < 0.

Again by Proposition 1.2.2 and Theorem 1.2.3, there exists a sequence (py) in
Wy () N L2 (Q) converging to ¢ in Wy *(Q) with 0 < ¢, < ¢ and

(sup Dsg(, t(|uol + w))) or € LN(Q).

[tI<1
Since 0 < Dyg(x,up)ps < Dsg(x,up)¢?®, by Lebesgue theorem there exists k¥ € N such
that
/(anok) -Vr dr + / D,g(x,uo)p; do < A / ©r dx .
Q Q Q

Since, for every t €]0, 1], we have

~

Gy(x,t 1 1
0< S < 2 ((swp Dugtount t0) ) o < 5 (sup Dagle o] + w))) a.

0<t<1 [t|<1

again by Lebesgue theorem we infer that

. fQ a+(x>t90k> dx 1 2
t1_1>%£- 2 = 5 /QDsg(x7 UO) Pk d[L‘,
hence that
tlir(l)n+ =5 /Q(CLVgok) -V de + 3 /QDSg(:U,uO) o dr — 3 Q(pkdx <0.

For ¢ > 0 small enough, we have I(tp) < 0, whence the existence of uy > ug.

Arguing on §_(z,s) = g(z, —s~), one finds in a similar way u; < ug. =
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2 Bifurcation from trivial solutions

To avoid some technicalities, we will consider here a less general situation. More precisely,
let €2 be a bounded open subset of R", with n > 2, let ¢ : R — R be a nondecreasing
function of class C* with g(0) = 0 and let u € My(Q2). Assume that

there exists ug € L'(€) such that g(ug) € L'(2) and
—/uOAvdm—l— / g(up)vdr = / vdp
Q 0 v
for every v € Wy ?(Q) with Av € L®(Q),

so that (A, ug) is a solution of the problem
we LNQ), g(u) € LN (Q),
(2.2.1) —/uAvdx—i—/g(u)vdx:A/(u—uo)vdx—i-/vd,u
Q Q Q Q
for every v € Wy (Q) with Av € L®(Q),

for any A € R.
As before, we set G(s) = [ g(t) dt and define g, G:QOxR—Rby

9(@,s) = gluo(z) + ) — g(uo(x)),
Glw,s) = /Osﬁ(xﬁt)dt = Gluo(z) +s) = Guo(x)) — g(uo(z)) s,
and
J W32 () =] — o0, +00]
by

j(u):%/Q|Vu|2dx—i-/ﬂé(x,u)dx.

Definition 2.2.2 A real number \ is said to be of bifurcation for (2.2.1) if there exists a
sequence (A, wy) of solutions of (2.2.1) withwy, # ug and (A, wp) = (A, ug) in Rx L'(Q).

Theorem 2.2.3 Let A be a bifurcation value of (2.2.1). Then there exists
we Wy () \ {0} such that /¢ (uo) u € L*() and

/ (Vu - Vo + ¢ (up)uv) doe = 5\/ uv dx
Q

Q
for every v e Wy (Q) with \/g'(ug) v € L*(Q).
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Proof. Let uj, = wy, — ug, so that by Theorems 1.3.2 and 1.2.4 u;, € W, () satisfies

/Vuh Vvdx—i—/ g(x, uh)vdx—kh/uhvdx
Q Q

for every v € Wy*(Q) with §(x, up)v € LY(Q).

By theorem (1.2.1) we have §(z, up)u, € L'(Q) and, as u, — 0 in L'(Q), also g(x, uz) — 0
in L'(Q), namely g(wy) — g(uo) in L'(Q).
From the definition of generalized solution, it follows that (wy) is bounded in any L"(€2)

with 7 < ~%5 so that also (up) is bounded in any L"(€2) with r < 5. From theorem

(1.1.2), we infer, by a bootstrap argument, that Vu, — 0 in L?(Q).

Coming back to the equation

/Vuh Vvd:t:—i—/ 9(z, uh)vdx—)\h/uhvd:c,
Q 0

u
we set op, = ||Vuyl|, and define z;, = .

Oh
Dividing both the sides of the previous equation by g, we find

/Vzh-Vvda:—l—/Mvdxzkh/zhvdx,
Q Q Oh Q

for every v € Wy*(Q) with §(x, opzn)v € L*(Q).

Since zj, is bounded in W,*(€2), up to a subsequence we have z, — z in W, () and

/]Vzh\ dm—l—/ 9z, onzn) thh) hdx:)\h/z,zldx,
0

whence
Ah / 2,21 de >1
Q
and, finally,
A / 22 dr > 1,
0
so that z # 0.

We also have by Fatou’s lemma

5\/22 dr —1 :hminf/ Mzh dx E/Dsﬁ(aj,O)zQ dzx
Q h Q Oh Q
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whence /¢/(ug)z = \/Dsg(x,0)z € L*(1).

Coming back to the equation satisfied by zj, we introduce the function

1 if |s| <1,
d(s)=q2—|s| ifl<]s| <2,
0 if |s| > 2,

and we test in 0 (%) - v -9 (wy), with v € C2°(Q), which is strongly convergent to ¢ (%) v
: 1,2
in W, ().

Since, from Lagrange theorem,

9(z, onzn
g(g—) = g/(uo —+ tthZh>Zh == g,(u() + thuh)zh7
h

with 0 <, < 1, we have

< / . .
< max lg/(s)] |zl o

'/g\(x,QthZh) D (%) v -9 (up)

with 2z, — 2z in L*(Q).

Passing to the limit as h — 0o, we deduce that
/QVZ -V [19 (%) v} dr + /Qg'(uo)zé‘ (%) vdr = 5\/9219 <%> vdz,

for every v € C°(2). An easy density argument shows that then we can take any
v e W2 (Q) N LX(Q).
In particular, if v € Wy*(Q) N L®(Q) with /¢ (ug)v € L*(R), by (1.1.1) we can pass to

the limit as kK — oo, obtaining

/Vz-Vvda:—l—/g'(uo)zvdx = 5\/ 2v dx
Q 0 Q
for every v € Wy(Q) N L=(Q) with \/¢'(ug) v € L*(Q) .

Finally, given v € W, *(Q) with \/¢'(ug) v € L*(Q), consider v; = T;(v).
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Testing the previous equation in v; and passing to the limit as ¢ — oo, we obtain

/Vz-Vvdx—i—/g'(uo)zvdx = ;\/ zv dx
Q Q Q
for every v € Wy (Q) with \/¢'(uo) v € L*()

and the proof is complete. m
The previous result justifies the next notion.

Definition 2.2.4 A real number \ is said to be an eigenvalue of the linearized problem

—Au+ ¢ (ug)u = u in ),
(2.2.5) g/ (o)
u=>0 on 0N,

if there exists u € Wy *(Q) \ {0} such that \/g'(uo) u € L*(Q) and

/ (Vu - Vo + ¢ (up)uv) doe = 5\/ uv dx
Q Q
for every v e Wy(Q) with \/g'(ug) v € L*(Q).

Our main result is an adaptation to our setting of a celebrated bifurcation theorem of
Rabinowitz (see e.g. [25, Theorem 11.35]).

Theorem 2.2.6 Let \ be an eigenvalue of (2.2.5). Then one at least of the following

assertions hold:
(i) (N ug) is not an isolated solution of (2.2.1) in {5\} x LY(Q);

(ii) for every A # X in a neighborhood of \ there is a nontrivial solution (X, uy) of (2.2.1)

with uy converging to ug in L'(Q) as X — 5\;

(iii) there is a one-sided (right or left) neighborhood of \ such that for every A # A
in the neighborhood there are two distinct nontrivial solutions (X, uf\l)) and ()\,ug))

of (2.2.1) with ug\j) converging to ug in L'(Q) as A — .

To prove this result we observe that, given A € R, by Theorem 1.3.2 we have that u is a

solution of (2.2.1) if and only if z = u — uy satisfies
z € Wy (Q),

(2.2.7) ~ ~ 1,2
Jw)>J(z)+ A [ z2(v—2)de for every v € Wy (2) .
Q
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Observe also that (A, 0) is a solution of (2.2.7) for any A € R and that
Dyg(x,s) = g'(uo(x) +5) -
Consider the space H defined as

(2.2.8) H:{ueWﬁGD:MD@@MMGL%W}QH@%W.

It is easily seen that H is a Hilbert space with respect to the scalar product

(u|v) gy ::/Vu~Vvd:c+/Ds§(a:,O)uvdx,
Q Q

{W/Quwx}

is a smooth quadratic form on H with compact gradient.

while

Since A is an eigenvalue of (2.2.5), there exist three linear subspaces H_, Hy and H,
of H such that:

(a) we have
H=H_@®Hy®H, CW,?*Q)

with dim H_ < oo, 1 < dim Hy < oo, and the decomposition is orthogonal with
respect to both the scalar product of L*(2) and the scalar product ( | )g;

(b) there exist A < A < A such that
/ \Vol” + Dyg(z,000% dz < A/ v? dx Yve H_,
Q 0
/Vu-Vv+DS§(x,0)uvdx:X/uvdx Yu e Hy, Yv e H,
Q Q

/ \Vw|> + Dyg(z, 0w’ de > X/ w’dr  Ywe Hy .
0 0

Since D;g(x,0) > 0, by standard regularity results, we have H_ & Hy C L>(2). We set

~

Y = {ue LY(Q) : /uvdx:()for every v GH_®H0}.
Q
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Then H, CY,Y is closed in L'(€2) and we have

L'Q)=H_ & HaY.

Let P : LY(Q)) — H_ & H, the associated projection.
We also have
Wy?(Q)=H_®HydY,

where Y = Y N Wy*(Q), and P = ./P\‘Wl,Q(Q): Wy*(Q) — H_ @ H, is the associated
0
projection, which is continuous with respect to the L'(Q) topology.
Given A € R, introduce the functional Ty : Wo(€2) =] — 0o, +00] defined as

ﬂ(u):%/ﬂ|Vu|2 dx—i—/ﬂ@(x,u)dx—%/ﬂzﬁdx:j\(u)—%/ﬂlﬁdm

We also set

D(r1,12) = {u € Wy(Q) : [[V(Pu)ll, < 11, [|[V(u— Pu)|l, <1}

Lemma 2.2.9 There exists vy > 0 and € > 0 such that

~ 1~ 1
< S (wo) + §IA(W1) — e ||V (wy — Pwo) — V(wy — Pwy)|; + z |(Pwo) — (Pw)|[3

N

whenever

A — 5\‘ <ry and wo,wy; € D(ry, 7).

Proof. By contradiction, let’s consider wyj and wy ; such that wg, wy; — 0 in WOI’Q(Q)
and A\ — )\ such that

~ /1 1 1~ 1~
[)\k (§w0’k + §w1,k> > §Iz\k (U)()Jg) + 51)‘/9 (wl’k)+

1
% IV (wo — Pwog) — V(wiy, — Pwig)|la + & ||(Pwog) — (Pwig)| -

Let us set

1 +1
Uk = =W —w
k= 5Wok T 5 WE
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1
Vg = E(wl,k - wo,k) ,

so that

. 1. 1. 4
Iy, (ug) > §ka(uk — ) + Qhk(uk +vg) — z IV (vx — Pug) |5 + 4k || Pogl5 .

namely

~ 1 ~ 1 ~ 1 4
/G(x,uk)d:v>—/G(:v,uk—vk)dx+—/G(a:,uk+vk)d:r+ ~— = ) IVl
o 2 /o 2 /o 2 k&

4 8 A
L IVPulE + F(VulVPu)e = 5 [ ofde 4k |Pol}.
Introduced gy = [|[Vupll, and zx = £, up to a subsequence we have z, — 2 in Wy ().

1 ~
Dividing both the sides by 59%, from the convexity of G(z,-) we obtain

N 1 7 ~ 17 -~
/ G(x,uy) dr — 5/ G(z, ux — op2i) doe — 5/ G(x,u, + opz) do
O > 9] 9] Q

1 2
29

>

8 8 16
> (1) = 9Pl + 3 (ValvPa, — Ml + sk 1P},

First of all it follows that Pz, — 0 and, since Pz, — Pz, we infer that Pz = 0, namely
zeY.

From the inequality

/ G(z,ug) dx — 5/ G(z,ux — opzr) dx — 5/ G(z,ur + opz) dx
0> Jo Q Q

1.2 >

2%

8 8 16
> (1 — E) -7 IV P25 + & (Vi V P2)y — Arllzll3

and from Fatou’s lemma and De I’'Hopital theorem, we have

—/Dsg(:v,O)szxz1—5\/z2da:2/lv,z\2 dx—ﬁ/fd:t.
Q Q Q Q
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Then
/|Vz|2 dx+/DS§(:E, 0)2? dx < 5\/22d$.
Q 0 e

On the other hand, since z € Y \ {0}, we have

/|VZ|2 d:zc—l—/DSQ(x,O)szxZX/z?dx,
Q Q Q

A<,

whence

that is an absurd. m

Lemma 2.2.10 There exist r. > 0 and ¢ > 0 such that, for every A € R with
))\ — 5\‘ <ry, the functional

~ 1
{um B - 19— Pl + L iPult)

is conver on D(ry,ry).

Proof. Since the functional is lower semicontinuous, it is enough to verify convexity on
convex combinations (1 — ¢)wy + tw; with ¢ = m2~™. Then the assertion follows from

lemma 2.2.9. m

It follows that, for every A € R with ’)\— 5\’ < r, and every v € H_ & H, with

Vo], < ry, there exists one and only one minimum ,(v) of {w — B\(v—i—w)} on
{weY: ||Vwl|, <r;}. Moreover, we have 1,(0) = 0. We set also

oa(v) == f)\(v +(v)) = min{f,\(v +w): weY, |Vuw|, < 7“+} .

To investigate the properties of ¥ and ), we introduce an auxiliary decomposition, with
better properties of the finite dimensional part at the expenses of the orthogonality of the

decomposition itself.
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Let {e1,e2,...,e,} be a base of H_ and e,,,1, ..., ex a base of H.

Introduce the spaces

H" H

Hﬁzspan{ﬁ< )61"" (%) }
Hg:span{19<h)€m+lv" ( ) }

n)e
Taking into account (1.1.1), it is easily seen that ||¢ (42) e;
L

defined as:

ejHH—>Oash—>+oo.

Therefore H" @ H is a finite dimensional subspace of HNL>(2) and, if h is large enough,

we have
L) =H'@H &Y,

W, (Q)=H'@ Hl oY,
H=H'sH)® H, .

Accordingly, we denote by P Wy?(Q) — H" @ H} the associated projection, which is
again continuous with respect to the L'(Q) topology.
The advantage is that, for every v € H" @ H[, we have |ug(z)| < 2h where v(z) # 0.

Lemma 2.2.11 There exists r— €]0,74] such that
])\(U) > ])\(Z)

whenever ‘/\ - ;\’ <ry, andu,z € D(r_,ry) with |V(u— Pu)|l, =r, and z € H" ® H}.
In particular, we have |V(z — Pz)||, < ry and ||[Via(v)|, < ry whenever |[Volls < r_.

Proof. By contradiction, consider w, with Pu, — 0 and [|[V(uy — Puy)|l, = 7y,
2 € H' @ Hoh with Pz, — 0 and A\, — )\ such that

Up to a subsequence, z; — z and up — u. It follows Pz = 0 namely z € Y, whence
z = 0. Therefore, we have z; — 0. Since |ug(x)| < 2h where zx(z) # 0, it follows that
I, (z) = 0.

Moreover, u € Y and ||[Vu|, < r;.
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~

Passing to the lower limit in T)\k (ur) < I, (2), we obtain f/\(u) < 0, hence, from the strict
convexity on Y, u = 0.

Since @(m, s) > 0, it easily follows that

limsup/ |Vug|? de <0,
k Q

so that u, — 0, that is an absurd. m

Now we set
U={ve H_-®H,: |Vv|,<r_}.

Theorem 2.2.12 For every A € R with ’)\ — 5\’ <r, and every v € U, we have

Ya(v) € L>(Q),
g(z,v+\(v)) € L(Q)

and

/QV(v—i—@/J,\(v))-dex—i—/g/g\(x,qul/z,\(v))wdx:)\/(v—i—w)\(v))wdx

Q
for any w € Y with g(z,v + ¥x(v))w € L) .

Moreover, ||1x(v)]|oo is bounded by a uniform constant and the function @, is of class C*
on U with

/V z 4+ Ua(z Vvdx—l—/ﬁ(:c,z—i—z/))\(z))vd:c— )x/ (z+ Ya(2)) vdu.
) Q

In particular, ©\(0) =

Proof. We set

; I L||Pul; ifue D(r-
[A(u):{mmu ully ifwe D(rory),

—+00 otherwise ,

Pa(v) = {}fjrlHIA—IA(Wr"lPA( v)),

so that I, is convex by lemma 2.2.10 and

P3(v) = @a(v) = = ol
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Moreover, ¢, is finite by lemma 2.2.11, so that by theorem 1.4.1 gb,\‘U is convex and locally
Lipschitz with 9@y (v) # 0 for any v € U. If o € (H_ @ Hy)', for every u € W, () we
have

(P, u)| = (e, Pu)| < [lall|Pul < Cllalull: .
It follows that P'a € L>(2) with

[Pl < Cllal].
If o € 95 (v), we have P'a € OI, (v + 95 (v)), hence

~ 1
Pacd {u = In(u) 4 - ||Pu||§} :
< u=v-+95 (v)

as ||Vvll, < r— and |[V¢x(v)|, < 7. From theorems 1.2.1 and 1.2.4 we infer that
g(z,v+y(v) € LY(Q) and

/QV(U + () - Vwdz + /Qﬁ(x, 0+ r(0))wdz — )\/Q(v (o)) da
+ (o, Pw) — g (v|Pw)s for any w € W, () with §(z,v + ¥ (v))w € LY(Q).

whence

/§2V(U+¢/\(U))-de:v+/

Q

g(z,v+Yx(v)wdr = )\/(v + Y (v))w dx

Q
for any w € Y with g(z,v + ¥y (v))w € L*(Q).

Moreover, we have (v + ¥, (v)) € L*®(Q2), hence ¥, (v) € L*(R2), by theorem (1.1.2).
Since 1, (v + A (v)) contains at most one element by theorem 1.2.4, also 91, (v + ¥ (v))
does the same.

From the injectivity of the map P’ : (H_ @ Hy)' — W~12(Q), it follows that also 9y (v)
contains at most one element.

We deduce from theorem (1.4.1) that () is of class C, so that also ¢, is of class C'.

In particular we have

(h(2),0) = (94(2),0) = =l

1.e.

(o5 (2),v) :/QV(z—l-w,\(z))Vvdx+/Q§(x,z—i—lﬁ,\(z))vda:—)\/Q(z—l-iﬂA(Z))vdx.
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We set
U= {veH'® H} : |[VPv|,<r_}

and we define ¢, : U — Y N L=2(Q) as a(v) = ¢a(Pv) — (v—Pv). It holds
v + 1y (v) = Pv + ¥\ (Pv).

Theorem 2.2.13 The map {(\,v) — ¥ (v)} is continuous and the map vy is Lipschitz

continuous uniformly with respect to X\, when 'Y is endowed with the W&’Q(Q) metric.
Proof. We have
/ \Y (z + J)\(z)) -V (@Z,\(z +v) — @Z;(z)) dx
Q
- / G (2.2 +00(2) (0 +v) = Un(2)) do
Q

= )\/Q (Z—i-{ﬁv)\(z)) <¢A(z+v) —1%(z)> dx

and

/QV (Z + v+ Py(2 +v)) Y (15,\(2 + ) — 1/4(2)) dx
+/qu\(a:,z+v—|—1%(z+v)> (@Z,\(z~|—v) —%&z)) dx
= )\/Q (z—irv—l—z%(z—l—v)) (%(z%—v) —zZA(z)) dx .

We deduce that

/Qw.v [02(2 4+ v) = U (2)] da:+/Q)V (JA(Z—FU)—@D)\(Z))F da
—i—/g [Zj (x,z—l—v—l—"tZA(szv)) —ﬁ(a:,z—i—%(z)ﬂ <1Z,\(z—|—v) —%(z)) dx
:)\/Qv (QZ/\(Z—FU) —i[j,\(z)> dx—}—)\/ﬂ (12;)\(2—}-1)) _J/\(Z)Y.

By lemma 2.2.10 we obtain
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A/Qv({p}(zm NE dx—/w V (dr(z+0) () de
—/Q [’j <x,z+v+1})}(2)) —’Q(m,z—i—tﬁk(z))} (1/1,\(z+v) —¢A(2)> dr =
= [ ¥ (B0 -a@)f

dx
4 / (2 +v+da+0) =G (m.2+0+00(2)) (B +0) = da(2)) do

2

_)\/Q (@A(z +v) — %(z))2 dx > 2¢ HV (z%(z +v) — %(z))

)
There exists 0 < o < 1 such that

ﬁ(m,z—l—v—%%(z)) —§<:L’,z—|—7;,\(z))
:g<u0+z+v+{ﬂv,\(z)> —g<u0+z+{/;,\(z)> =q <u0+z+@z,\(z)+av>v,

whence

"g\ (m,z + v+ IZA(Z>) -q (m,z + 1%(2)))
<max{g'(s) : Is| <20+ |z 4+ ¥r(2) oo + 0lloc o] -

It follows
2 [V (2 +0) = 5r2)) |, < € [V (Bl +0) = 5a(2) | 192

so that the map zb,\ is Lipschitz continuous.
Now, to prove that the map {(\,v) — ©,(v)} is continuous, it is enough to show

that {\ — @Z,\(v)} is continuous for any v, which is easy to verify. m

Given z € U and v € H" @ H}*, we have
D.g(x, z +1x(2))0* € L'(Q)
and there is one and only one 7 in Y with D,g(z, z + ¢ (2))n? € L}(2) and
/ V(v+n) - Vwdr + / D,j(z, z + Ur(2)) (v + n)w dx
Q Q

= )\/(v +n)wdz  for any w € Y with D,g(x, z + ¥x(2))w? € L'(Q),
Q
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as
/ Vn - Vwdx + / D,j(x, 2 + ¥ (2))qw do — /\/ nw dx
Q Q Q

is a Hilbert scalar product on

{wey;D@@z+%@mﬁepmg.

Moreover, the map {v — 7} is linear and continuous from H" @ H} into W,*(Q). We set

L,v=n.

Theorem 2.2.14 If (\;) is a sequence convergent to X in [A — r X +ry], (z) is a

sequence convergent to z in U and (vy,) is a sequence convergent to 0 in H" ® HY, we have

lim U (2 + 0) — n (1) — Lawy

=0
k [k

in the weak topology of Wol’z(Q).
Proof. Since JM is uniformly locally Lipschitz, we have that, up to a subsequence,

QZ/\I@ (Zk’ + Uk’) - JM (Zk) - szk
vkl

—¢

in the weak topology of Wy*(Q). We know that £ € Y and we have to prove that £ = 0.

If we set np = L, vy, for every w € Y with

/g\<$,2k +Uk +J)\k(zk +Uk)> (NS Ll(Q)7 /g\<$azk +,[Z>\k(zk>> w e Ll(Q) )
Dj(x, 2 + ha(2))w® € L(Q),

we have

/V[zk+vk+1;,\k(zk+vk)} -dex+/§<x,zk+vk+1%k(zk+vk)>wda:
Q Q

—)\k/ (zk + vy + %\k(zk + Uk)) wdr =0,
Q

/QV [zk + J,\k(zk)] -Vw d:z:—i—/ﬂﬁ (3:, 25+ YZ,\k(zk)) wdx—)\k/ (zk + JAk(zk)> wdr =0,

Q
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/V(Uk+77k) ~dex+/Ds§<x,z+IZ,\(z)> (v + M) wdx — )\/ (vg + n) wdz = 0.
Q Q Q
In particular, for every w € Y such that uy € L ({w # 0}), it follows

/QV [@Z,\k(zk +vg) — JAk(zk) — nk] -Vwdz
+/Q [/g\ (z, 2k + vp + JM (zx + vk)> -q (a:, 2k + JAk(zk)> — Dsg(z, z + @fZ;,\(z))(vk + )| wdx

—)\k/ <{/;Ak(zk + ) — Jkk(zk) — nk> wdr — (A — A)/ (vg + m) wdx = 0.
Q Q
On the other hand, by Lagrange theorem we have

G (2 20+ v+ Da (i + 1)) =G (2,2 4+ o (1)) = Dagile, 2 + U (2)) (v + )
— D, 01) [V + G, (26 + v6) = G, (20)]| = DG, = + Da(2) (v + i)

= Dg(a, 00) [ (o +0) = Dac() — ] + [, 00) — DGl 2+ Da(2)] (on + ),
where

Ok = 2k + TZ/\,C (z1) + o <Uk + {Pv,\k(zk + vg) — {/;)\k<zk)> )

with o €]0, 1].
After dividing both sides by ||vx|| and passing to the limit as k — 400, we obtain

/ V¢ -Vwdr + / Dg(z, 2z + @ZA(Z))fw dr — )\/ Swdr = 0.
Q Q Q
Now we choose as test function [19(%)5 - P (19(%)5)] Consider, in particular,

Ug

| Data +daee [ - POCRIO) do.

:Ammm+%@W%WMHADﬁ%H@WMﬁM%ﬂdm

Passing to the limit as h — +oo and taking into account (1.1.1) we get, from Beppo Levi

and Lebesgue theorem,

AD@@z+%@ﬁ%m
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Therefore, we have D,j(x, z + ¥ (2))£2 € LY(Q) and

/ ’V€’2 dx + / D.g(x,z + JA(Z)EQ dx — )\/ & dr =0.
Q Q Q
We deduce that £ =0. m

Now we define also ¢ : U— R as

PA(v) = pa(Pv).

Theorem 2.2.15 ¢, is of class C' with
BAe0) = [ VD) Vodo+ [ Gz +iaEvde A [ G+ aEds.
Q Q Q

In particular, ¢,(0) = 0.

Proof. Since v — Pv € Y N L*>®(Q), we have

(@1(2),v) = (P\(P2), Pu)

:/V(Pz+¢,\(PZ))-VPvd:v+//g\(x,Pz+¢>\(Pz))Pvdx—)\/(Per@/),\(Pz))Pvdx
Q Q Q

:/V(Pz%—@/}A(PZ))-Vvdx—l—//g\(x,Pz+@/J,\(Pz))vdx—)\/(Pz+¢),\(Pz))vdm
Q Q Q

Z/QV(z—l—gZ)\(z))-Vvdx+/ﬂfq\(x,z+@z,\(z))vdx—)\/Q(z%—{/;,\(z))vdx.

Theorem 2.2.16 The function @y is of class C* with

(@x "(2)v,0) = / V(v+ L) -Vodr + / Dgg(x,u)(v+ Lv)ode — A / (v+ Lv)odex,
Q Q Q

where u = z + (). Moreover the map {(\, z) — @y "(2)} is continuous.
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Proof. Define
L.:H" ® H' - (H" ® H})

as
(Lv,0) = / V(v+ L) - Vide + / Dsg(x,u)(v+ Lov)ode — A / (v+ Lov)ode.
0 0 0

Then ZZ is linear and of course continuous.
Fix z € U and o € H" & H!. Then consider a sequence (z;) convergent to z in U

and a sequence (vy) convergent to 0 in H ) Hg. If we set mp, = L,vi, we have

(B (2 + k) — B(2x) = Lavy, 0)
ol
/ V [QZ)\(Zk + Uk) — {/\;)\(Zk) — Uk} . Vf) de )\/ [{/\;)\(zk + Uk) — JA(ZIC) — T}k} ’LA)dZE
— JQ Q

[k [k

/Q [EJ\ (33, Zg + v + TZ)\(Z]C + Uk)) -9q (ZL’, 2 + QZ,\(zk)> — Dyg(z,u) (v + nk)} vdz

+
[k

By theorem 2.2.14 we have

/ \V4 |:{/;)\<Zk + Uk) — QZ)\(Zk) — T]k] -Vodx / [QZ)\(Zk —+ Uk) — '(ZA(Z]J — Nk 0 dx
lim £ = Jim <&

=0.
k vk g [[og ]

On the other hand, by Lagrange theorem there exists g5 such that
[§ (% 2k + U+ J)\(Zk + Uk)) —g(z, 2z + &A(zk»] =

= D,g(z, or) (Uk + (2 + vg) — @E\(%)) =

= D, o0) (v + ) + Dgla, 00) (Va1 +v0) = daln) = )

Since ug is bounded where v # 0 and since QZ)\ is also bounded in L>(2), we get

/QDS?J\(% Ok) (%(Zk +vp) — a(zk) — 77k> Odx
lim

[k

=0,
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/Q (D,3(z, o) — DG, w)] (v + 1) 6 dav
lim

k [[or

=0,

and the assertion follows. m

Now we come back to the decompositions

H=H ¢HoH, =H'©oH!®H,.

Theorem 2.2.17 The function @y is of class C* with

{ox "(0)v,v) —/|Vv|2dx+/Dsﬁ(x,O)Uzdx—/\/v2dx.
Q Q Q

Moreover the map {(X, z) = @\ "(2)} is continuous.

Proof. Observe that

pa(v) = Pa(Pv),

so that ¢, is of class C? with
(@h(2)0,v) = (F(P=)Pv, Pv)
If we set v, =v — Pv and © = Pv, we have

(0X(0)v,v) = (2X(0)D,v — v4)
= / V(04 Lov) - V(v —vy)de + / Dsg(z,0)(0 + Lov)(v — vy ) dx
0 Q

- )\/(f)—l—Lng)(v —vy)dx
Q
:/V(17+L017)-Vvdx—i—/Ds/g\(:c,O)(17+L017)vdx—)\/(17+L017)vdx
Q Q Q
= / V(v —wvy+ Lod) - Vodz + / Dyg(x,0)(v — vy + Lo0)v dx
Q Q

—)\/(v—v++L06)vdx
Q

:/|Vv|2dm+/Ds/g\(x,O)Ude—/\/v2dx.
Q v Q
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We can now define the linear maps

L,K: H ®Hy— (H.® Hy)

such that
(Lu,v) = / Vu- Vv dx—l—/D{j(x,O)uv dx,
Q Q

(Ku,v) :/uvdx.
Q

The maps L and K satisfy the assumption (b) of theorem (1.5.2) and

o (0) =L — \K.

On the other hand, if ¢\ (2) = 0, we have

/QV(z +Yr(2)) - Vodz + /Q?](:v, z 4+ Ux(z))vde = )\/Q(z +Yr(2))vde Vv e H- & Hy
and also

/V(z+1/),\(z))-dex+/ g(z, 2+ (2))wdx = )\/(Z—HZJ,\(Z))wdx Yw € YNL™(Q),
Q Q Q

whence

/QV(Z—H/J)\(Z))'VU d:U—i—/Q gz, z+a(2))vde = )\/Q(z—l—w,\(z))v dr Vv e Wy (QNL®(Q).

If we set u = z + ¥, (2), from Corollary 1.2.6 we infer that

~ ~

(v) > J(u) + )\/ u(v —u)de for every v € Wy%(Q),
Q

<

namely that uo + u is a solution of (2.2.1).
Moreover, if z # 0 we have u # 0 and if z — 0 we have u — 0 in W, ().
Then Theorem (2.2.6) follows from theorem (1.5.2).
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