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Introduction

Since the 60’s, in the mathematical research, there have been several theories
developed, concerning cohomology with non-abelian coefficients. Despite the
efforts made by many researchers in order to make uniform the context, today
there isn’t a general theory that unifies the various approaches. Indeed,
within the same algebraic setting exist small differences between the various
theories.

Our aim is to study the low-dimensional cohomology theory in the categ-
ory of crossed modules.
A lot of people have worked to define the cohomology of a group with coef-
ficients in a crossed module. In general, the approach is to use an explicit
cocycle description of the cohomology groups. The original idea goes back to
Dedecker [19], [20], [21]. He defined the cohomology of a group I' with coeffi-
cients in a crossed module, considering a trivial I'-action on crossed module.
After many years, Borovoi [1] treated the general case, with a generic action.
Another approach is given by Lue [35].
Firstly, we want to recall some known facts concerning the group cohomology
in the abelian case. Given a group T', let G be a I'-module. A derivation
from I' to G is a function n: ' — G such that n(o7) = n(o)n(r). In
this case, the set Der(I',G) of all derivations has a natural abelian group
structure, with a composition given by punctual composition. Each element
g in the abelian group G defines a derivation 7, (called inner derivation),
given by n4(c) = g%g~'. The map

v:G — Der(I',G)
g — Ty

is a homomorphism of abelian groups. This homomorphism can be consid-
ered as the starting point for the creation of the first abelian cohomology
groups. In fact, the kernel of v is precisely H(I',G) while the cokernel of
v is HY(T',G), according to the kernel-cokernel diagram:

HO(T,G) G\ ”/Der(r, Q) H\T,G)
7(G)



where, as known:

Der(T', G)

0 _ _ AT 1 _ _
H°(T,G) =ker(y)=G* and H (I',G) = coker(y) = Hder(T,G)

with Ider(I', G) denoting the group of inner derivations.

In general, if the group I' acts on a non-abelian group G, the set of deriva-
tions Der(I', G) is just a pointed set. If G is a I'-crossed module, in [49]
Withehead showed, defining a special product of derivations, that Der(I', G)
has a natural monoid structure. Furthermore, he characterized the group of
units Der *(I', G) in relation to the automorphisms of I' and G. Finally,
Whitehead showed that the set of inner derivations Ider(I',G) is a normal
subgroup of Der*(T',G). Therefore, in a similar way to the abelian case,
given G a I'-crossed module, Lue in [35] defined the cohomology groups in
dimension 0 and 1 of I with coefficients in G as follows:

H%(F,G):{QEG : Yoel,% =g}

and Der *(T', G)
1 B ~ Der*(T,
H;(I',G) = coker(T) = T .G

Serre [45] was the first one to construct a low-dimensional cohomology
theory for a group I' with coefficients in a non-abelian group, considering a
I-group G. He defined a group HY(I',G) and a pointed set H(T', G) (see
A.2). This set satisfies the property of cohomological functors, in particular
a short exact sequence gives rise to an exact sequence with six terms in coho-
mology, but H'(T',G) hasn’t a group structure. At a later time, Guin [30],
considering a group G equipped with a I'-crossed module structure, defined
a notion of 1-cocycle to obtain a cohomology group HL(I',G). The Guin
cohomology is a particular case of the more general Borovoi cohomology.

Given a I'-categorical group G, in [14], the authors have defined the cate-
gory Der(I',G) of derivations from T' into G, which is a pointed groupoid.
If (G, T,v,x) is a categorical I'-crossed module, then Der(I',G) has a
natural monoidal structure, which is inherited from the I'-crossed module
structure in G. Then, they have considered a Whitehead categorical group
of derivations Der *(T', G) as the Picard categorical group, P(Der(T, G)), of
the monoidal category Der(T', G).

There is a homomorphism of categorical groups

G—L-Der (T, G)

given by inner derivations. There are natural isomorphisms 7 and x such
that (G, T,7,X) is a categorical Der*(T", G)-crossed module.
Therefore, in a similar way to the abelian case and Lue cohomology, they



have defined the cohomology of categorical groups, in dimension 0 and 1, of
I’ with coefficients in categorical I'-crossed module G as follows:

HO(T, G) = ker(T : G — Der *(T', G))
and
Der (T, G)
<G,T>"
The first one is the kernel of the homomorphism T of categorical groups

while the second one is the quotient categorical group for the categorical
crossed module (G,T,7,%).

H'(T,G) =

There are some well-known particular crossed modules associated to cat-
egorical crossed modules, for example:

e braided crossed modules 0 : G — Gg, endowed with an action by
a crossed module 9’ : I'y — TI'y and with the braiding equivariant
respect this action;

e 2-crossed modules (introduced by Guin-Valery and Loday [30]);
e crossed squares (introduced by Daniel Conduché [16]).

In the Chapter 5, we present the cohomology in these three particular cases.
Before describing this last chapter, we want to recall what we have done in

Chapter 4. We show how some known results related to the crossed modules

can be extended to the context of crossed squares.

It is well-known that if 9 : G7 — Gy is a crossed module, then there exists

an action of coker(d) on ker(d) making the composition

ker ¢ G1—2-Gy coker 0 (1)

a crossed module.
We show that given a crossed square, using its representation as a strict

categorical crossed module T : G — I', we obtain a 2-dimensional version
of (1):

T r r

ker T —>G
o <GT>

(2)

for suitable categorical groups ker T (kernel categorical group, see [33] and

[48]) and GT>
strict categorical crossed module.

In Chapter 4, we describe in terms of crossed modules these strict categorical
groups, the kernel and cokernels by the homotopical versions. The homotopi-
cal kernel is obtained by the construction of a pullback while the homotopical

(quotient categorical group, see [14]), where (2) is a



cokernel by a generalized semi-direct product. Moreover, in Proposition 4.4.1
we describe, in terms of crossed squares, the strict categorical crossed module
(2).

Finally, in Chapter 5, in all the three cases before emphasized, the zero-th
cohomology categorical group is strict and we present it as a crossed module
(under the equivalence between strict categorical groups and crossed mod-
ules).

Given a braided crossed module equivariant respect an action of crossed
module 9’ : T'; — Ty, in Proposition 5.3.3, we show that the crossed module
associated to the zero-th cohomology categorical group is a braided crossed
module equivariant respect an action of crossed module 9’ : T’y — T.
Given a 2-crossed module, in Proposition 5.4.3, we show that the crossed
module associated to the zero-th cohomology categorical group has a 2-
crossed module structure.

Given a crossed square, in Proposition 5.5.2, we show that the crossed mod-
ule associated to the zero-th cohomology categorical group has a crossed
square structure.

In the first two cases, we do the same for the first cohomology categorical

group, being a strict categorical group.
In the third case, given a crossed square we consider its representation as
a strict categorical crossed module T : G — T’ and the categorical crossed
module T : G — Der *(T', G). We have that the first cohomology categorical
group is just a categorical group (not strict).

Then we define a category D, included in Der *(T', G), such that we can
consider a restriction of the homomorphism T

T:G—>D

and this is a strict categorical D-crossed module (generalization of that
happens in the context of the crossed modules to crossed squares). As a
consequence of Proposition 4.4.1, in Proposition 5.5.3, we can give a descrip-
tion as crossed square of the strict categorical crossed module H(T', G) —
HL (T, G), where HL (T, G) is the quotient categorical group for the strict

categorical crossed module T : G — D.



Chapter 1

Crossed modules

The notion of crossed module, that generalizes the notion of a G-module,
goes back to Whitehead [49] in the course of his studies on the algebraic
structure of the second group of relative homotopy. The relevance of crossed
modules to homotopy types follows from the existence of a classifying space
functor B (see [34], [9]) assigning to a crossed module £ = (0 : G; —
Go) a connected pointed CW-space BL that is defined as the geometrical
realization of the nerve of the crossed module (see [9]). The only two non-
trivial homotopy groups of BL are respectively given by m = coker(0)
and 79 = ker(d). Moreover, for any connected pointed CW-complex X
with base point =z, there is a crossed module £X and a map X — BLX
inducing an isomorphism of 7; and 7. If X! is the 1-skeleton of X, then
LX is the Whitehead crossed module (X, X1, 29) — 71 (X!, 20). These
results reveal that crossed modules model all pointed homotopy 2-types (a
result due originally to Mac Lane and Whitehead [36] although with the old
teminology of 3-types).

In this chapter, we first recall the algebraic definition of crossed module,
that is a group endowed with an additional structure related to its group of
automorphisms. Then we briefly review some known results on the theory
of crossed modules.

1.1 Crossed modules

Definition 1.1.1. [49] A crossed module consists of a group homomorphism
0 : G1 — Gy, endowed with a left action Gy on Gy (denoted by (g,a) —
Yo ), satisfying:

d(%a) =gd(a)g™? Vo € G, Vg € Go; (1.1)
! Yai,as € Gy. (1.2)

90100 = vy (g ay

The first one is called pre-crossed module property and the second one
the Peiffer identity.
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The two conditions are equivalent to the request of the commutativity of
the following diagram:

G1 X G1L>G1

((9,id(;1 )\L \L’idcl
Go X G1 i>G1

(idGO 78) l la

GO X G0$G0

where x represents the conjugation action for the group G; and Gq respec-
tively, & represents the given action of Gg on Gj.

Examples. (a) Every group G can be seen as a trivial crossed module
1—-G.

(b) Let G be a group, the identity homomorphism of G, sending every-
thing g € G to the same element g, is a crossed module. In this case, G
acts on itself by conjugation.

(c¢) Let G; be a normal subgroup of Gy, the inclusion 0 : G; < Gy is a
crossed module. In this case, Gy acts on the left of G by conjugation.

(d) Any epimorphism 0 : G; — Gy with central kernel is a crossed
module. An element g € Gy acts on a € G; by 9a = Gag~' where § is
any lifting of g to G1.

(e) Let & : Gy x G1 — G1 be an action of groups; the pair (£,1: G —
Go), where 1 is the trivial map, is a crossed module if and only if G; is
abelian.

(f) Let G be a group and let Aut( G) be the automorphism group of G.
Conjugation gives a homomorphism

9: G — Aut(G)

and the last is a crossed module, with an action of Aut(G) on G given by
Y9 = p(g) for all p € Aut(G) and g € G.

(8) The homomorphism 9 : SLa(L) <> GLa(L) — PGLy(L) = Sb),
where L is a field, is a crossed module with an action of PGLa(L) on SLa(L)
given by:

CIB=CcBC™  VC e GLy(L),VB e SLy(L).

(h) J. H. C. Whitehead [49], who introduced the notion of a crossed mod-
ule, considered the boundary homomorphism 0 : ma(X,Y, z0) — 71 (Y, x0)
(where X is a topological space and Y C X is a pointed subspace with the
base point xp). There exists an action of m1(A,z9) on me(X, A, z9) which
makes the boundary map a crossed module.
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(i) [44] Any simplicial group Ge (see B.3 for the definition), yields a
crossed module, the crossed 1-cube M (G,, 1) associated with simplicial group

G, defined by

NG,
0. —2L @
d2(NGs) 0

where 0 is induced from d; and Gy acts on % by conjugation via

S0, 1.e. if g € Gy and x € %, then 92 = so(g) z so(g) "

Definition 1.1.2. A morphism between crossed modules 9 : G; — Gg and
8’:G£—>G(l) s a pair < @, > where @:G1—>G£ and @ZJ:GO—>G(;
are homomorphisms such that the diagram

Gi—>G,

o w Jo

Go—=G,

commutes and o(9a) = YWe(a) forall a € Gy and g € Go. If 9 =0’ and
©, Y are automorphisms then < @, > is an automorphism of 0 : G1 — Gj.
The group of automorphisms of 0 : G1 — Gy is denoted by Aut( G, Gy, D).

Crossed modules and their morphisms form a category. That will be
denoted by CM.

Definition 1.1.3. Let 0 : G4 — Gy, 0/ : G{ — G(; be a crossed modules
and < @, >, < @'’ > be a morphism between 0 : Gi — Gy and
a': G{ — Gé, A transformation between < @, > and < @’ ¢’ > s
given by a function 0 : Gy — G1' salisfying:

¢'()0(g) = 0(d() g) p();
d"0(9)(g) =" (9);
0(g192) = 0(g1) V9V0(go);

for all o € G1 and g, g1, g2 € Gp.

< o, > and < ¢’,9’ > are homotopy equivalent if there exists a
transformation between them.

Now recall some known results arising from the definition of crossed mod-
ule.

Lemma 1.1.1. Let 0: Gy — G be a crossed module. Then
(i) the group ker O is central in Gy;

(ii) ker @ is Go -invariant;
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(iii) Im 9 is normal in Gy .

Corollary 1.1.1.1. The action of Gy on G1 induces an action of coker 0
on the abelian group ker 0.

It was known to Verdier in 1965, that groups in the category GPD of
groupoids (see for definition Appendix B.1 and B.2) are equivalent to crossed
modules.

From a crossed module 9 : Gy — Gy we construct a groupoid G with a
set of objects Gy, as set of arrows the semi-direct product G1xGp, associated
with the given action &, as follows:

s
G1 X G04>G0.
~_t~

(2

The source map s, target map ¢ and the unit map ¢ are defined respectively
by

S:G1>4G() — Gg t:G1NGO — Go i:Go — G1><]G0
(,9) — g (a,9) — 0d(a)yg g — (Lyg)

while the composition of arrows in G is given by (a’,g9")o(a,g) = (o’ «, g).
The groupoid G is a group in the category of groupoids. We can define the
functor m on objects and on arrows

m:G0><G0—>GQ m:(Gleo)x(GlmGo)HGleo
(91,92) — 9192 (a1, 91), (2, 92)) — (a1 9 2, g1 g2)

respectively. Therefore, m on the objects is the product on Gg and m
on the arrows is the usual semi-direct product. If 1 denotes the terminal
category with one object *, we can define e : 1 — G on objects and on

arrows
e:x — Gy e:l, — G1xGy

*  — 1Go 1, — (1@1, 1(;0)
respectively. Therefore, e associates with * the neutral element of Gy and
with the arrow 1, the neutral element of G1 % Gg. Finally, the functor inv
is given by
inv: Gy — Gy inv: G xGy — G1 xGy
1 gt -1 —1
g — g (a,9) — (9 a,97)

on objects and on arrows, respectively. Therefore, inv associates with any
object the inverse in Gy and with any arrow the inverse in G X Gg.

Conversely, let G be a group in GPD. G is a groupoid with set of arrows
G, set of objects Gy, source and target maps s,t: G — Gp and unit map
i, that is:

S
G: G xo G—>G—=Gy.
wt

7
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Since G is a group in GPD, we have three functors m : G x G — G,
e: 1 — G and inv : G — G such that the obvious diagrams commute
(see for details Appendix B.2). We can show that G and Gy are groups
and s, t, ¢ are homomorphisms of groups. The multiplications, the neutral
elements and the inverse ones in G and Gy are respectively induced by the
functors m, e and inv. Then we can define t\kers : kers — Gy, with an
action of Gy on kers given by conjugation, i.e if g € Gy and k € kers, then
Ik =i(g) ki(g)~L. tkers : kers — Go turns out to be a crossed module.

Recall that a cat'-group is a group G with two endomorphisms do,
dy : G — G such that

d1 do = do do dl = dl [kel‘do, kerdl] =1.

A morphism of cat'-groups (G,do,d;) — (G',dy,d;) is a group homomor-
phism f:G — G’ such that dl-/f = fd;,;i=0,1.

The category of crossed modules is equivalent to the category of cat!-
groups (see [34]). Given a crossed module 9 : G; — Gy, the corresponding
catl-group is (G1 % Go,do,d1) where do(a, g) = (1,9), di(a, g) = (1,0(a) g)
for all (a, g) € G1 % Go.

Another description of the category of crossed modules is given by the
equivalent category of simplicial groups (see B.3 for the definition) whose
Moore complex with length 1 (see [34]).

1.2 The actor of a crossed module

Norrie, in [42], defines actor crossed modules and shows how they provide
an analogue of automorphism groups of groups.

For a crossed module 0 : G; — Gy, denote by Der (Go, G1) the set of
all derivations from Gy to G, i.e. all maps n: Gg — G1 such that for all
91, 92 € Go,

(g1 92) = n(g1) ' n(g2)-

Each such derivation n defines endomorphisms (= ) and ¢(= ¢,) of Gy
and (1 respectively, given

P(g) =0(n(g))g and ¢(a) =n(d(a))a.
Whitehead (see [49]) defined a multiplication in Der (Gp, G1) by the formula
m - m2 =1, where

n(g) = m (P, (9)) m2(9) (= iy (n2(9)) m(g))-

This turns Der (Gp, G1) into a monoid, with the identity element the deriva-
tion which maps each element of Gg into the identity element of G;. The
Whitehead group Der*(Gg, G1) is defined to be the group of units of Der (Gy,
G1). The following Proposition combines results from [49] and [35].
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Proposition 1.2.1. The following statements are equivalent:
(i) n € Der*(Go, G1) ;
(ii) ¢n € AutGy;
(ili) ¢p € Aut Gp.

Moreover, A\ : Der*(Go, G1) = Aut(G1, Gy, 0) defined by A(n) =< @y, 1y, >
is a homomorphism of groups and there is an action of Aut(Gy,Go,d) on
Der*(Gy, G1) given by (<9¥>n)(g) = pn =1 (g), which makes A\ : Der* (G,
G1) — Aut(G1,Go,0) a crossed module. This crossed module is called the
actor crossed module of the crossed module 0 : G, — Gy .

There is a morphism of crossed modules

G1——=Der*(Gy, G1)

0 A

GQ*’Y>AUt (Gl, Go, (9)
defined as follows. Let o € Gy, then 1, : Go — G1 defined by n,(g) =
a9a~! is an inner derivation associated with « and the map a — 7,
defines a homomorphism 7 : G; — Der*(Go, G1) of groups. Let v : Gy —

Aut (G1,Go, 0) be the homomorphism ¢ —< ¢4, 9, >, where pg4(a) = o
and 1,(g) =ggg ' for all a« € Gy and g, € Go.

1.3 Actions of crossed modules

Norrie (see [42]) uses this actor to define actions of crossed modules. An
action of a crossed module 8’/ : 'y — I'g on a crossed module 9 : G1 — Gy
is defined to be a morphism of crossed modules from 0’ : I'y — I'g to the
actor of 0: Gy — Gy, that is:

I —2>Der*(Go, G1)
o’ A
To—2>Aut (G1, Go, 9).
We have seen that this is equivalent to requiring the following conditions:
(i) o1, 02 are homomorphisms of groups;
(1) e1(B)(9192) = e1(B)(91)- 7 01(B)(g2)  (since ¢1(F) € Der(Go, G1));

(i) ©g,(5) € Aut(G1) where @, (5)(a) = 01(8)(9(a)) o (since 01(B) €
Der*(Go, G1));



CHAPTER 1. CROSSED MODULES 14

(iv) 03 =< 04,05 > € Aut (Gy,Gy,0)

where g, : T — Aut (G1) (then I'y acts on Gy, “a := gy(0)(a))
and g, : Tg — Aut (Go) (then I'y acts on Go, 79 := 04 (0)(9))
such that : 9(°a) = 70(«)

7(9a) =79 (7a)

(v) the above diagram commutes, then:
21()(0(a) - o = 2P
do1(B)(9) - 9= 2" PDg;

(vi) 01(°B)(9) = (o1 (5)(“719)) (equivariant condition);

forall a € Gy, B €Ty, g, g1, g2 € G and o € I'.

Therefore, an action of a crossed module 9’ : 'y — I'g on a crossed module
0: G1 — Gy is equivalent to an action of I'g on Gy and on G (and hence
an action of I’y on Gy and on G; via d') and a function h: 'y x Gy — G,
defined by h(8,g9) = 01(8)(g), such that the above axioms become:

(i) h(B1 B2, 9) = P (B2, g) h(B1, 9);
(1) h(B, 91 92) = h(B, g1) *h(B, g2);
(iv) the map O preserve the actions of 'y and ?(9a) =9 (“a);
(v) h(B,0(a)) = Paa™, ON(B,9) = gg™";
(vi) (78,7 g) = Th(B, 9);
for all a € Gy, B, 51, B2 € T'1, g, 91, g2 € Go and ¢ € I'y.

Remark 1.3.1. In particular, the action of a group T', seen as the crossed
module 1 — T", on the crossed module 0 : G1 — Gy is reduced to having two
actions of I' on Gog and G1 (denoted by g, “a forall c €T, a € G1, g €
Go) such that the following relations hold:

J(%a) = 7(0()) Vo €T, Va € Gi;
7(90) = 9(a) Vo €T, Va € Gy, Vg € Gy.

If the crossed module @’ : I'1 — Iy acts on the crossed module 0 :
G1 — Gy, Norrie, in [42], constructs the following semi-direct product of
these crossed modules:

(3,6’):G1 ><IF1—>GU NFO

where I'; acts on Gy via 0’ and I'g acts on Gy with the induced action
of 9/ : 1 =+ T on d:G1 — Gy. The action of G; xI'1 on Gg x Iy is
defined by:

@), 8) = (9(7) h(7B,9) 7", 7).



Chapter 2

Algebraic models for connected
3-types

Groups are algebraic models of connected 1-types: that is, there is a classi-
fying space functor:

B : GP — (pointed connected CW — complexes);
such that for any group G, the associated classifying space BG satisfies:
m(BG) =G and mi(BG) =1 for i > 1.

Furthermore any pointed connected CW-complex X with m;(X) = 1 for
i > 1 is the homotopy type of Bmi(X).

Crossed modules, introduced by Whitehead, are algebraic models of con-
nected 2-types. There is a classifying space functor:

B : CM — (pointed connected CW — complexes)
such that if £=(0: Gy — Gy) is a crossed module then BL has
m1(BL) = coker(0) ma(BL) = ker(0) mi(BL) =1 for ¢ > 2

Furthermore any pointed connected CW-complex with 7;(X) =1 for ¢ > 2
is the homotopy type of BL for some crossed module £ = (9 : G1 — Gy).

Crossed squares arose from a study of excision in algebraic K-theory,
introduced by Loday and Guin-Walery in 1981(see [30]). They also form
algebraic models of connected 3-type (see [34]).

The use of simplicial groups as algebraic models of homotopy types is
of long standing (see [34]). Counduché showed in 1983, in [16], that the
category of simplicial groups with Moore complex of lenght 2 is equivalent
to that one of 2-crossed modules.

Brown and Gilbert introduced in 1988, in [8], the braided crossed modules
for an algebraic models of 3-types. Then they showed that these structure

15
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are closely related to simplicial groups; they proved that the category of
braided (regular) crossed modules is equivalent to that of simplicial groups
with Moore complex of length 2. This gives a composite equivalence between
the category of braided crossed modules and that of 2-crossed modules.

The category of braided crossed modules is equivalent to the category of
reduced simplicial groups with Moore complex of length 2.

So braided crossed modules of groups, 2-crossed modules and crossed
squares are seen to arise from algebraic consideration and are all algebraic
models for homotopy 3-types.

2.1 Braided crossed modules
Definition 2.1.1. /8] A braided crossed module of groups
0 : G1 — Go

is a crossed module with a braiding function {—, —} : Gox Gy — G satisfying
the following azioms:

(1) {91,9293} = {91, 92} {91, 95}
(il) {9192, 93} = 9*{92, 93} {91, 93}
(iii) 9{g1,92} = 919291 " 95 '

(iv) {9(a),g} = a%al;

(v) {9,9(a)} = Jaa™!;

for all o€ G1 and g, q1, g2, g3 € Go.
If the braiding is symmetric, we also have:

(vi) {g1,92} {92, 1} =1,
then the crossed module 0 : G1 — Gy is called symmetric crossed module.

Let 0 : G; — Gp be a braided crossed module, we recall some useful
identities that are used in the proofs of many statements:

(@) {7 " 02} = {g1.92} 7' = #{g1.05' };
(b) 92{g ", 95"} = {91, 92};

(c) 49,9} ={9.9};

(d) {9192, 93} = {91, 929395 '} {2, 93};

(

e) {91,9293} = {91,903} {9391 95 %, g2 };
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() 9{g2, 93} = {g1 9297 " g1 9397 ' };
(g) {0(a1) g1,0(2) g2} a2 Py = a1 9 a2 {g1, g2 };

for all a1, ae € G1 and g, g1, g2, g3 € Gp.

We call I'-equivariant braided crossed module a braided crossed module
0 : G1 — Gy equipped with an action by a group I' and the braidings are
assumed to be I'-equivariant in the sense that “{g1, 92} = {791, “92}-

A morphism between braided crossed modules is a morphism between
crossed modules which is compatible with the braiding map {—,—}. The
category of braided crossed modules will be denoted by BCM.

2.2 Crossed squares

Definition 2.2.1. A crossed square is a commutative diagram of groups

G1L>F1

al i la,

Go——=T

together with actions of the group Ty on Gy, T'1 and Gy (and hence actions
of T'1 on Gy and Goy via 0" and of Gy on G1 and Ty wvia py) and a
function h:T'1 x Go — G4, such that the following azioms are satisfied:

(i) the maps p1, O preserve the actions of I'g. Furthermore, with the given
actions the maps 9', pg and 0’ p1 = ppd are crossed modules;

ii) prLh(B,g) = B9B~", Oh(B.g) = Pgg!;
iii) h(pi(a),g) = a%a™t, h(B,0(a)) = Paa;
iv) h(B1 B2, 9) = Prh(B2,9) h(B1,9) , h(B, g1 92) = h(B, 1) I h(B, g2);

v) h(°B,7 g) = “h(B,9);
fOT all o € le Ba Bl) 62 € F17 g, 91, 92 € GO and o € FO-

(
(
(
(

Note that in these axioms a term such as %« is a acted on by 3, and
so Pa = 9B, Tt is a consequence of i) that 0, p; are crossed modules.
Further, by (iv), h is normalized and by iii), Gy acts trivially on kerp; and
I’y acts trivially on kerd.

Given a crossed square as above, we have some useful identities (see [34],

[6]):
(a) P(90) h(B,9) = h(B,9)?(Pa);
(b) PL(9h(B2, g2)) h(B1, g1) = h(B1, 91) 9 (P h(Ba, g2));
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(c) h(p1h(B.g1),92) = h(B, g1) *h(B, g1)"";

(d) h(B2, 0Nh(B1,9)) = Ph(B1,g) h(B1,9) "

() h(p1(en),0(a2)) = a1 az oyt ay s

() (BB, P2g2951) = h(B1, 91) h(B2, g2) (B, 1) ~* h(Ba, 92) 7
(&) Ph(B7,9) = h(B,g)™" = 9n(B,g7");

(h) P(9h(8,g)) = h(B,9);

(1) h(p1(ar) Br,d(as)ga) ag a1 = a1 Prag h(B, g2);

for all a, ay, ag € G1 and g, g1, g2 € Gg. The last three identities do not
appear in any text and they are deducted from the axiom (iv).

Definition 2.2.2. A morphism of crossed squares

/

D1

G14>F1 GI F/

9 La"¢> al la/
Po / Py /

Go—">T, G-ty

consists of four group homomorphisms ¢g, : G1 — G| ¢g, : Go — G§,
¢r, : T1 = T, ér, : To — T'( such that the resulting cube of group ho-
momorphisms is commutative; ¢a, (h(B,9)) = h(¢or,(B), ¢a,(g)) for every
B € I't, g € Go; each of the homomorphisms ¢q,, ¢G,, ¢r, 5 ¢r,-
equivariant.

Crossed squares and their morphisms form a category, that will be de-
noted by CS.

Examples. (a) Given a pair of normal subgroups Ny, Ns of a group G,
we can form the following square:

N1 N Ng——=N;

L

Ny G

in which each morphism is an inclusion crossed module and there is a com-
mutator map

h:Ny XNy — NiNNy

(n1,m2) — [n1,ng].

This forms a crossed square of groups.
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(b) [44] Any simplicial group G, yields a crossed square, the crossed
2-cube M(G,,2) associated with simplicial group G, defined by:

LGZ k 81
d3(NG3) T !
k:eraé Gy

for suitable maps. This is part of the construction that shows that all con-
nected 3-types are modelled by crossed squares.
(c) [42] Let

GILFI

al la’
Po

Go——=Tg

be a crossed square with a function h : I'y X Gg — G1. Then < p1,pg > is
a morphism of crossed modules, and 0’ : 'y — Iy acts on 0 : G1 — Gy.
(d) Let

G1LF1

al la'
Goﬂ>ro

be a crossed square with a function h : I't xGg — G1. Then we can construct
the semi-direct crossed module (see for the description the section 1.3) and
an other one, given by:

(P1,P0) : G1 X G — I'1 x Ty.

The actions of Gg on G7 and of I'g on I'y are the natural actions and the
action of I'y X I'g on Gy x Gy is defined by:

B9 (a,g) = (9" P7an(B, 7g), 7g).

(e) [42] If 0 : G1 — Gy is a crossed module, then we have the following
crossed square:

G1 477>Del‘* (Go, Gl)
5] AN
Go—=Aut (G1, Go, d)

with the function h : Der*(Gyp, G1) X Gy — G1 given by (e,9) — €(g) and
where Aut (G1,Gp,0) acts on Gy and on G via the appropriate projec-
tions.

(f) [15] Crossed squares can be seen as crossed modules in the category
of crossed modules and they provide algebraic models of connected 3-types.
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2.3 2-crossed modules
Definition 2.3.1. A 2-crossed module is a normal complex of groups *
o—2-Gy-te1,

together with actions of Ty on all three groups and a mapping {—,—} :
Go x Gog — G1 satisfying the following azioms:

(i) the action on Ty on itself is by conjugation, O and py are Tg-equivariant;
(it) 9{g1, 92} = g1 9297 P9 gy "

(iii) {9(1),0(2)} = a1 ava;tay?t;

(iv) {0(a), g} {g.0()} = aP@al;

(V) {g1,9293} = {g1,92} {91, 93} {0({gn, g3}) 7 7(9") go};

(vi) {9192,95} = {91,9293 95 '} 79 {g2, g},

(vi)) {9192} = {7917 g2}
for all o, a1, as € Gy, g, g1, g2, g3 € Go and o € I'y.

The pairing {—, =} : Go X Gy — G is often called the Peiffer lifting of
the 2-crossed module. Note that we have not specified that Gy acts on Gj.
We could have done that as follows: if ¢ € Gy and «a € GG1, define:

Ia:= a{0(a)"}, g}.

The homomorphism 0 : G; — Gg, endowed with this action, is a crossed
module. Now (iv) and (v) simplify to the following expressions:

(91)
{91,9293} = {g1,92} """ 9 {g1, 93 };
{9192, 93} = 9{g2, 93} {g1, P°9g3}.

Let G1*6>G0i>1“0 be a 2-crossed module, we recall some useful
identities that are used in the proofs of many statements:

1

Definition 2.3.2. A chain complez of groups is a sequence (of any length, finite or
infinite) of groups and homomorphisms, for instance,

On On—1
Cn Cn—l Cn—2 ceey

in which each composite O,_1 0 On s the trivial homomorphism.

The chain complex is normal if each image 0, (Cr) is a normal subgroup of the next group
Cn-1.
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(a) {9y " g2} = {g1, ™91 Dga} 71
(b) "9 {g1, 95"} = {g1, 92} 7;
(c) {0(a1) g1, 9(az) g2} Py 920y = ag Nan {g1, g}
(d) {0(), g} = a9al;
(£) {9,0(c)} = 9am @,
for all a1, ae, a € G1 and g1, g2, g € Gp.

Definition 2.3.3. A morphism of 2-crossed modules is given by a diagram

G1$G0£>Fo

e bk
G{LGSLF(;

such that commutes and

U(79) = XDp(g),  @(Ta)=XDp(a),  {¥(g1),%(g2)} = ({91, 92}),
for all o € Gy, g, g1, g2 € Gy and o € I'y.

2-Crossed modules and their morphisms form a category, that will be
denoted by 2—CM.

Examples. (a) Any crossed module 0 : G; — Go gives a 2-crossed
module:
1—>a -G
with the obvious actions. This construction is functorial and CM can be
considered to be a full subcategory of 2—CM in this way.

Viceversa, any 2-crossed module having trivial top dimensional group is
a crossed module.

(b) G1—2~Gy is a braided crossed module if and only if
G1—2>Gy——~1

is a 2-crossed module. In this way, we can consider the functor from BCM
to 2—CM and BCM is a full subcategory of 2—CM.
(c) G1 .Gy isa I'p-equivariant braided crossed module if and only if

G4 $G0*1>F0 is a 2-crossed module.

(d) If G1$Goﬂ>f‘o is a 2-crossed module, then < 1,pg > is a
morphism of crossed modules from 0: Gy — Gg to 1 — I'g with an action
of 1 -Ty on 0: G1 — Gy.
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If
G1L>G0£>Fo

is a 2-crossed module, obviously we have that Im @ is a normal subgroup of
Go. Now we recall a well-known Proposition (with a small abuse of notation).

Proposition 2.3.1. If G1$G0LFO 18 a 2-crossed module then there
15 an induced crossed module structure on

Go
Imo

*>F0 .

Pbo -

2.4 2-crossed modules with trivial Peiffer lifting

Suppose we have a 2-crossed module
-2 1,

with the extra condition that {g1,g2} = 1 for all g1, g2 € Go. The obvious
thing to do is to see what each of the defining properties of a 2-crossed
module give in this case.

(i) There is an action of Iy on Gy and on G and the maps 9, py are
[p-equivariant (this gives nothing new in this special case).

(#i) The Peiffer identity holds for pg : Go — I'g, i.e. po is a crossed module.
(#i) G1 is an abelian group.

(i) The Peiffer lifting {—, —} is trivial, i.e. P@a = a, so po(Gp) has
trivial action on Gj.

Axioms (v),(vi) and (vii) vanish and consequently Gy has trivial action on
Gi.

Example. The following diagram

Gi——1

) ]

Go——=I

is a crossed square if and only if G LGU&FO is a 2-crossed module
whit trivial Peiffer lifting.
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2.5 Crossed squares and 2-crossed modules

Suppose that

GILFI

al i la,

Go——=T"

is a crossed square, then its associated 2-crossed module is given by:
Cll4>8 GO X F14>p0 FO

where 9(a) = (0(a), p1(a™1)) and po(g,8) = 0'(B) Po(g) (this is a part of
the construction to transform morphisms of crossed modules into butterflies
[40]). The semi-direct product of I'y on Gy is formed by making Gp act
on I'y via Iy, i.e

98 = ﬁo(g)[g VB € T1,Vg € Gy

where the I'g-action is the given one. Conduché, in [17], defined the Peiffer
lifting in this situation by

{(91,81), (92, 82)} = h(Br, 91 9297 ).

We thus have two ways of going from a simplicial group G,e to a 2-crossed
module:

(a) directly to get
NGo

NG G
d3(NG3) ! 0

(b) indirectly via M (G,,2) and then by the above construction to get

NGy 1 1
& (NGs) —=kerd; x kerdy—=G1

and they give the same homotopy type. More precisely, G1 decomposes
as s9(Go) x Kerd} and the Kerd} factor in the middle term of (b) maps
down to that in this decomposition by the identity map, thus 8& induces a
quotient map from (b) to (a) with kernel isomorphic to

1 k‘er@é — k:er@é

which is acyclic/contractible.



Chapter 3

Categorical groups

In [14], the authors develop a cohomological theory with coefficients in a
categorical crossed module. Our purpose (see Chapter 5) is to describe in
details the cohomology in some strict cases. This chapter serves to start from
recall the concept of categorical crossed module, so the definition of monoidal
category (category enriched by a tensor product), categorical group and ac-
tions of categorical groups. At the end of this chapter we are giving some
examples of categorical crossed modules that they will be the protagonists
of the Chapter 5.

3.1 DMonoidal categories

Definition 3.1.1. A monoidal category C = (C,®,a,1,l,7) consists of a
category C, a bifunctor (tensor product) @ : Cx C — C, an object I (unit)
and natural isomorphisms called, respectively, the associativity, left unit and
right unit constraints:

a={axyz: (X@Y)®Z =X (Y @2)}xy ¢c0h0)
={lx : T®X = X}y Opo)
r={rx: X®I %X}XeOb(C);

such that for any objects X, Y, Z, W in Ob(C) the following diagrams (as-
sociativity coherence and unit coherence) commute:

AXQY,Z,W

(XeY)eZ)oW (XoY)e(ZaW)
ax,y,zQidw
(X® (Y®Z)) ®W AX Y, ZQW

ax,YQZ,Ww

Xo((Y®eZ)oW)

XY ((ZoW))

idx®ay,z,w

24
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(X)®Y ey X®(I®Y)
TX@M %
X®Y

Definition 3.1.2. A braided monoidal category is a monoidal category C
equipped with a family of natural isomorphisms

Cc = {CX7Y X ®Y — Y X® Y}X,YEOb(C)’

such that for any objects X,Y,Z in Ob(C) the following diagrams (asso-
ciativity coherence) commute:

cx,y ®idz

(X0Y)®Z YeoX)0Z
y m
XY &2 Y& (X 2)
Y©2)9X— Y ®(Z0X)
id
L XeWez) . xe(zey) |
(XoY)6Z (X02)0Y
Z0(X8Y)—(Z0X)& Y,
Az XY

Definition 3.1.3. A symmeiric monoidal category is a braided monoidal
category C for which the braiding satisfies cxy = c;,lX, for all objects X
and Y.

A (braided, symmetric) monoidal category is called strict if axy 7, lx, rx
are all identity morphisms, for all objects X, Y, Z in Ob(C). In this case,
we have:

(X0Y)®Z=X®(Y®Z) and I@X=X=X®I. (3.1)

Definition 3.1.4. A monoidal functor between monoidal categories,
C = (C,®,a,Ic,l,r) and D = (D,®,a’,Ip,l’,r"), consists of a functor
F : C — D equipped with:

e a natural isomorphism ®xy : F(X)@ F(Y) = F(X®Y);

e an isomorphism ®;:Ip — F(Ic);
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such that for any objects X, Y, Z in C the following diagrams commutate:

@ (x),F(YV),F(2)

(F(X)@ F(Y))® F(Z) FX)®(F(Y)® F(Z))
q>X,Y®’L'dF(Z)l idp(x)®Py,z
FIX®Y)® F(Z) FX)@ F(Y ® Z)
Pxwv,z Pxyvez

F(X®Y)® Z) FX®((Y®2);

F(ax,y,z)

dp(x)®Pr
—_—

F(X)&Ip F(X)® F(Ic)

Tlp(x) <I>X,IC

F(X F(X®Ic):;

( ) F(rx) ( 02 C)H
Pr®id

Ip® F(Y)———YL F(Ic) ® F(Y)

l%(Y)l J{‘I’Ic,y
F(Y F(I Y).
V)= FlIlc®Y)
Definition 3.1.5. A braided monoidal functor between braided monoidal
categories, C = (C,®,a,Ic,l,r,¢) and D = (D,®,a’,Ip,l’,r',¢’), is a
monoidal functor (F : C — D, ®) such that the following diagram commutes
forall X, Y € Ob(C):

.ﬂﬂ@FwﬁﬂﬁﬂLﬂm®Fm)

Dxy Sy, x

F(X®Y) F(Y ® Z).

F(ex,y)

A symmetric monoidal functor is simply a braided monoidal functor be-
tween symmetric monoidal categories.

A (braided, symmetric) monoidal functor is called strict if ®xy, @5 are
identity morphisms, for all objects X, Y in Ob(C). In this case, we have:

FX)®FY)=F(X®Y) and F(Ic)=Ip.
Definition 3.1.6. Suppose that
C=(C,®,a,Ic,l,7,¢) and D= (D,®,a’,Ip,l’',7' c")

are two monoidal categories and (F : C — D,®) and (F': C — D,d’)
are two monoidal functors between these categories.
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A monoidal natural transformation « : (F,®) = (F',®') between these
functors is a natural transformation « : F = F' between the underlying
functors such that the diagrams

ax@ay

F(X)® F(Y) F/(X)® F'(Y)

Ip
o e 27 N
) F"(lc)

F(X®Y) FI(X®Y) FIG

axXY

commute for all objects X,Y € Ob(C).

3.2 Categorical groups

Definition 3.2.1. A categorical group G (see [23], [46], [2], [24]) is a
monoidal category (G, ®,a,1,l,r) such that:

e G is a groupoid (see Appendiz B.1);

o for each object X, there is an object X* (inverse) and an arrow nx :
I — X®X*

If G is a categorical group, then it is possible to choose an arrow ex :
X*® X — I in such a way that (X, X* nx,ex) is a duality, this means
that the two following diagrams commute:

—1 .
idx* @Nx

XX X w T X9 X®X*

X*

X+ I1®X*:
In
171 .
XX oTo x9N  x o XxteX

idX \Lidx@&‘x

X<~ — Xl

Moreover, one can choose I* = 1.

Categorical groups and their monoidal functors form a category, that will
be denoted by CG.

A categorical group is said to be braided (symmetric) (see [32]) if it is
braided (symmetric) as a monoidal category.

A (braided, symmetric) categorical group is called strict if it is strict as
a monoidal category and ny is an identity morphism, for all objects X in
Ob(C). In this case, we have the identities (3.1) and furthermore

XX " =I=X"®X.
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Strict categorical groups and their strict monoidal functors form a cate-
gory, that will be denoted by StrCgG.

Remark 3.2.1. If we consider a monoidal functor between categorical groups,
then each canonical isomorphism ®; can be deduced from Pxy.

A natural transformation between morphisms of categorical groups is a
monoidal natural transformation between the underlying monoidal functors.

It easy to see that the category SitrCG is equivalent to the category
of groups in GPD. The last one being equivalent to CM, it follows that
StrCG is equivalent to CM. Given a crossed module 0 : G; — Gy we
denote by G(0) the strict categorical group associated with it.

Examples. (a) If G is a group, the associated discrete category GJ0]

idg
NG

ida

is a strict categorical group where the tensor product is given by the group
operation. If G is an abelian group, then the category denoted by GI[1]:
G—/=1
A S
i¥e!

is also a strict categorical group where the tensor product is given by the
group operation.

(b) Let G be a categorical group. Eq(G) is the categorical group of the
equivalences of G; the set of objects of Eq(G) are the monoidal functors
(F: G — G,®) with F an equivalence of categories and the arrows are
the monoidal natural transformations between them. The composition in
Eq(G) is given by the usual vertical composition of natural transformations.
It is clear that Eq(G) is a groupoid. The composition of functors and the
horizontal composition of the natural transformations define a tensor functor
Eq(G) ® Eq(G) — Eq(G). Thus, Eq(G) is a categorical group in which
I = idg and an inverse for an object (F,®) is obtained by taking a quasi-
inverse F~! of F.

(¢) Aut(G) is the categorical subgroup of Eq(G), whose objects, called
automorphisms, are strict monoidal functor (F,®), where F' is an isomor-
phism.

3.3 Actions of categorical groups

Fix a categorical group I'. A T'-categorical group (see [24]) consists of
a categorical group G together with a morphism of categorical groups (a
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G-action) (F,u):T' — Eq(G). Equivalently, we have a functor

ac: IT'xG — G
(X,4) — XA

together with three natural isomorphisms:

Yxap: (A®B)— YA® *B;
Pr,A - TA A;
dxya: KA X(Y Q)

such that, for any objects X, Y, Z in Ob(T') and A, B, C' in Ob(G), the
following diagrams commutate:

4X,Y,Z A Xov.z,a

(xav)2) g XY (Za)

4’% %

(X®Y) ( ZA)

I

DX,I,A

(X®I)A X(IA)

e
XA AA

XA;

X(A® (B C)— X4 X4 q X(Bg ()

Xaa B,c dx ,®Vx B,C
X(A® B)®0) XA (*BeX(0)
VX, A®B,C AX A XBXC

YA B)® XC (YA® XB)e XC;

¥x,A,BRidx

(XoY)(A @ B) ox@v.A B (XoY) 4 o (XoY)p
¢X,Y,A®Bl i¢X,Y,A®¢X,Y,B
X(Y(Ae B)) X(YA)© X (Y B);

Yx Y4, Y BO Xy a,B

Note that a canonical morphism ¢r 4 : TA — A can be deduced from
DX,Y,A-
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Definition 3.3.1. Let G and G’ be TI'-categorical groups. A morphism
(T,¢) : G = G’ consists of a categorical group morphism T = (T,pn) and
a natural transformation ¢
I'<G—=>G
Idel el lT
I xG'’ “ac G’

compatible with 1, ¢ and ¢r in the sense of [24].

I[-categorical groups and morphisms of I'-categorical groups are the
objects and 1-cells of a 2-category, denoted by I'-CG, where a 2-cell « :
(T,9) = (T, ') isa2-cell a: T = T'in CG satisfying the corresponding
compatibility condition with ¢ and ¢’.

3.4 Categorical crossed modules

Definition 3.4.1. Fiz a categorical group T'. A categorical T -precrossed
module consists of a triple (G, T,v), where G is a I'-categorical group,
T = (T,un) : G = T is a morphism of categorical groups and

v=(vxa:T(*A)® X = X @T(A))x a)e Obr)x Obc)

is a family of natural isomorphisms in T such that the following diagrams
commute:

¢X v.4)®idx gy

T(X(YA)) XY T XY
vy, YA®'Lle UXQY,A
Y .
XeT( RY X By A XY eT(A);

idp (X 4)OVX,B

T(XA)T(¥B)® X T(¥A)® X @ T(B)
MXA7XB®idXi vx,A®idr(B)
T(*A® *B)o X X®T(A) ®T(B)
T(wX}A,B)i idx ®pa, B

T(X(A®B)® X X ®T(A® B).

VX,AQB

Now, a morphism of categorical T'-precrossed modules is a triple

(F,n,a): (G, T,v) = (G, T v')
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with (F,n) : G — G’ a morphism in T'-CG and o : T = T'F a 2-cell
in CG such that, for any X in Ob(T) and A in Ob(G), the following
diagram is commutative (which corresponds to the coherence condition for
a:T=T'F being a 2-cell in T-CG):

T(XA)® X A X @ T(A)
aXA®idX\L idx ®oa
T'F(¥A)®X X ®T'F(A)

T/(m /F(A)r

T'(XF(A)® X.

Definition 3.4.2. A categorical T'-crossed module consists of a 4-tuple
(G, T,v,x), where (G,T,v) is a categorical T-precrossed module and

Xx=(ap: "WBoA - A B) (4,5) 0b(G)x Ob(G)

18 a family of natural isomorphisms in G such that the following diagrams

commutate:
XA®B,C
“;}Bc®idA®B ida ® XB,C

TANTE Y Ao B Ag TBC g B;

X4 T(B)o ® idg

TNBTENC g A g R

A),T(B),c ®idagB

XA,BRC

TABeC)R A A®B®C
Yra),B,c®ida TXA,B(@?;dC
idr(a) p®XA,C ’
XXA,BS
X(T(A)‘B®A) *(A® B)
wX,T(A)B,A wx,‘A,B
X(T(A)B)®XA XA®XB
I A
¢X,T(A),B ®idx 4 XXA‘,XB
— > (7(¥ T(XA) X X 4.
(XeT(A) g g XAV}}AB ®idXA<T( ARX) B X(I)A;"(XA),X,B ® idx , ("B)® " A;
T
T(TAB g A) Can) L pasB)
M;(lA)B,A J/“A}B
T(TAWB) ® T(A) T(A) ® T(B).

YT(A),B
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Now, a morphism of categorical T'-crossed modules
(F,n,0): (G, T,v,x) > (G, T',v',x")

18 a morphism between the underlying categorical I'-precrossed modules such
that, for any A, B in Ob(G), the following diagram (expressing a compati-
bility condition between the natural isomorphisms x and x') commutates:

F(xa,B)

F(TWB® A) F(A® B)
F(TAB)® F(A) F(A)® F(B)
77T(A),B®idF(A)l TXIF(A%F(B)
TWF(B)® F(4) “AF(B)®idp a) TEAFR(B) ® F(A).

A categorical I'-crossed module (G, T,v,x) is called:

- semistrict if G and T' are strict categorical groups, the action of T’ on
G is strict and T is strictly equivariant (i.e., v is an identity);

- special semistrict if G is a strict categorical group and I' is a discrete
categorical group acting strictly on G;

- strict if it is semistrict and x is an identity.

Examples. (a) Any crossed module of groups 0 : G1 — Gq is a categor-
ical crossed module when both G and Gy are seen as discrete categorical
groups. This is a trivial example of strict categorical crossed module.

(b) Let (G 9 Gy-2Ty, {,}) be a 2-crossed module. Then, follow-
ing [13], it has an associated categorical I'g[0]-crossed module (G(9), T, 1id, x)
where G(0) is the strict categorical group associated with crossed module
0 : G1 — Gy, the morphism of categorical groups T = (T, ) with T de-
fined as pg on the objects and as trivial map on the arrows of G(9) and
p = identity. v is the identity and x4, = ({g1,92}, W ga g1), for all
91,92 € Go, where {—,—} is the Peiffer lifting. So 2-crossed modules are
examples of special semistrict categorical crossed modules.

(¢) In [12], a categorical T'-module is defined as a braided categorical
group (G, c) provided with a I'-action such that

X
cx g xpW¥x.AB="xBA CAB

for any X € Ob(G) and A, B € Ob(T"). If G is a categorical I'-module,
the trivial morphism 1: G — T is a categorical I'-crossed module where,
for any A, B € Ob(G), xap: !B® A — A® B is given by the braiding
CB,A, up to composition with the obvious canonical isomorphism.

This example contains the following two special cases.
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1. Let 0: G1 — Gy be a braided crossed module equipped with an action
by a crossed module 9’ : I'y — I'g. The braiding are assumed to be
equivariant respect the action, that is “{g1,92} = {791, g2}, for all
o in Ty and g1, g2 in Gp. Then (G(9),c) is a categorical G(9')-
module where cg4, g, = ({91,92}, 92 91), for all g1, g2 € Go. So we have
an example of semistrict categorical crossed module.

2. Let 0 : G1 — Gy be a T'g-equivariant braided crossed module (see
2.1 for the definition). Then (G(0),c) is a categorical T'¢[0]-module
where cg, g, = ({91, 92}, 92 91) , for all g1, g2 € Go. So we have another
example of special semistrict categorical crossed module.

Notice that this last case is a special case both of (b) and (c)1..
(d) [15] Crossed squares correspond, up to isomorphisms, to strict cate-
gorical crossed modules.

Finally, we want to summarize with the following diagram the inclusions
and the equivalences between the categories presented.

~ Strict
Crossed modules ——> (G Categorical groups
categorical groups
|,
Braided ~ Strict braided Braided Semistric categorical
i crossed ROdUIQS categorical groups categorical groups crossed modules
c Special semistric

2-crossed modules .
categorical crossed modules

~ Stric categorical
Crossed squares

crossed modules



Chapter 4

Crossed squares

First of all, let us recall a few well-known facts about crossed modules. Let
0: Gy — Gy be a crossed module, then:

(a) ker 0 is Gy -invariant;
(b) Im O is normal in Gy ;
(c) there is an action of coker & on the abelian group ker d such that

0

ker € G1 Go coker 0 (4.1)

is a crossed module.

We are going to show that these properties hold, in a 2-dimensional form,
provided we change the notions of kernels and cokernels by the homotopical
versions. Using the representation of strict categorical crossed modules given
by crossed squares, we show that, starting from a strict categorical crossed
module T : G — I', we obtain a 2-dimensional version of (4.1):

T
ker T T
o G <G.T>
for suitable categorical ker T d#('td d in [33], [48]
O Sultable ca egonca groups er all < G,T > mmtroduced 1n s

and [14]), where ker T

is shown to be a strict categorical
<G T> &

crossed module.

34
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4.1 Crossed square version of homotopy kernels

In literature, there are two versions of the kernel of a morphism of crossed
module

Gi—>G,

|

Go—=G,,.

The strict version is introduced by Norrie in [42]. In this approach, she
considers crossed modules as the objects of a category CM and the kernel
of the morphism < ¢, > is a|kel'g0 : keryp — kery.

The homotopical version is analyzed in [14] where the authors consider
crossed modules as the objects of a 2-category (thanks the equivalence be-
tween strict categorical groups and crossed modules). The kernel is given
by the homotopy fibre over the unit object of the morphism of categorical
groups G(9) — G(0’). In this case the objects of the kernel are the elements
of the pullback Go x ;- G, (see 6.7. REMARK in [14]).

In this section we use this last version.

Let us consider the crossed square

G-, (4.2)

ai X ia,

GQ HFQ.

If we call G the strict categorical group associated with 0 : G; — Gy and
I' the strict categorical group associated with 8’ : I'y — T'g, then there
is a strict categorical crossed module T : G — T (see the example (d) in
3.4). The kernel ker T of T : G — T is a strict categorical group with
Ob(ker T) = GO XTo I';.

An arrow in ker T from (g1, 1) to (g2,02) is an arrow ¢; Mg% with

g1 = 0(a) go, such that the triangle

Po (91)4>(p1 (©).polsa)) Po(92)

(B1,1) (B2,1)
1

commutes, that is pj(a)fe = [1. Therefore, an arrow in the categorical
group ker T is uniquely specified by triple (a, g2, 52) with (g2, 82) € Go X1,
I'1 and an element a € G;. The target of («,g2,B2) is given by (g2, 52);
the source of (a, g2, 32) is given by (g1,31) where g = d(«) g2 and f; =
p1(e) Pa.
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It is easy to check that the tensor product on objects is given by the
direct product.

(a1,91,51) (02,92,82)

Let (?1731)—>(93ﬁ1) and  (gy, 3,) (g2,B2) be

two arrows in ker T, where (g;, 5;) are determined by (v, g;, 8;) for i = 1,2,
the tensor product of these two arrows is given by:

(alvglaﬁl) ((12792752) = ((11 910@,91 g2, 61 62)

Because ker T is a strict categorical group, under the equivalence between
strict categorical groups and crossed modules, it is equivalent to the crossed
module constructed as follows:

E:Kert — Go Xrorl

with 0 = 5 Kert where s and ¢ are the source and target maps, respectively,
of the underlying groupoid ker T. We denote with ker T'; the set of arrows
in ker T and we recall the target map:

t:kerTy — Goxr,I'1

(1,01,61) — (91,61)
while the source map is given by:

s:kerTy — Goxr,I'1

(a1,91,00) — (g2,02)

where (ga,02) are given by go = 0(a1) g1 and [y = p1(ay) f.
Thus we have

5 :Kert — Go XTq Fl
(04,1,1) — (6(06),]31(04))

The product of two arrows (aq,1,1) and (ag,1,1) in ker T is (g ag,1,1)
and the product in Go xp, I'1 is the direct product, checked above. The
action of the group Go xr,I'1 on Kert is given by:

@5 (,1,1) = i(g, B) (v, 1,1)(i(g, B)) "
We recall that the map ¢ for the groupoid ker T is given by:
1 GQ XTo It — kerT,
(9.8) — (1,9,8).
Therefore, using the multiplication defined above on ker T ;, we have:
@A (a,1,1) = (1,9,8) (a,1,1)(1,9,8)" = (1,9, 8) (e, 1,1)
(Lg g =
= (Ya,9.8) (L,g ', 87" = (Ya,1,1).
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Because Kert is isomorphic to (7, it is clear the isomorphism between 0
and a homomorphism

giGl — G()XFOFl

which, by abuse of notation, we have denoted again by 0.
In the category of categorical groups CG we have a morphism e :
KerT — G defined on objects and on arrows

eTO:GQ ><p0F1 — GO eTl:kerTl — G1>4G()
(9.8) — g (a,9,8) — (o, 9)

and it is a categorical G-crossed module.
If we interpret these facts in the context of crossed modules, we can prove
the following Proposition.

Proposition 4.1.1. The diagram

G——G (4.3)

|k

Go xr, I''—=G)

gives rise to a crossed square (that is a crossed module of crossed modules)
with actions, group homomorphism pg, and function h : G1 x(Goxr,I'1) —
G1 defined as following:

the action of Go on G1 is the action of the crossed module 9 : Gy — Gq;

the action of Gy on Go xr, I'1 is defined by 9(g2, B2) = (9 92 g 1, 9B9);

- PGy Go xr, I't = Go s the canonical projection on Gj.

n(a, (g2, B2)) = a%2a~) (notice that h(c, (g2, 82)) = h(p1(e), g2) where
the function h is given by the crossed square structure of (4.2));

Proof. The action of G on G xr,I'1 is well defined. We now want to
check the five properties making this diagram a crossed square (see definition
2.2.1).

(¢) The map idg, : G1 — G obviously preserves the actions of Go.

The map O preserves the actions of Go:

0(%a) = (9(%a),p(a)) = (g0(a) g~ 1 (™Wa)) =
g ' P Dpi(a)) = (90(e) g7, pr(a) =
a),p1(a)) = 70(a).
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0 is a crossed module because (4.2) is a crossed square and we want to
prove that pg, is a crossed module. In fact, we have:

Pao(9(92,82)) = pao(9929", 9B2) = 929" =
= 9pco(g2,B2) 9"
PGol92:82) (o By = 92(go, o) = (9o g2’ g5, ©2Ba’) =
(292" 95", P92 By ") =

9o g2/92—1’ 8’(62)52/) _

(
= (292" 95" B2 285 1) =
(92, B2) (92", B2") (g2, B2) "

DGy 0 = 0idg, is a crossed module because 0 : G; — Gy is a crossed
module.

(7/7/) 1dG1 (ﬁ(a’ (92’/32))) = a92a_1 =« (92762)a_1.
Now we want to prove that dh(a, (ga, 82)) = *(g2, B2) (92, B2) ! and
we develop the two members separately:

h(a, (g2, 2)) = (D

(g, Ba) (g2,82) 1 = D (go, B2) (g2

)

)L gyt ol

)71 92—1, 8’(*1(04))62 62_1) —
)

In the first development, the next to last passage is given by the fact
that (g2, 32) belongs to the pullback Gy xr, I';.

~

(iii) Rlidg, (a), (92, 52)) = h(a (g2, B2) = a0~} = a2,

he, 0(a’)) = (e, ('), pr(a") = a?@a! = aa’ala’ ! =
_ 8(a)a/a/—1 — an 'l
(iv)
hlaa',(g2,82) = aa'®(aa’) ! =aa’'?a’ 2o =

= aa' 2o o ta®2a ! =

= aiAL(a/, (92,52)) ot E(Oéa (g2, 02)) =
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“h(a’, (g2, B2)) h(ex, (g2, B2));

B, (g2, 82) (92", B2")) = h(,(g292", 52 2")) = a 9292 a7t =
— a%Rqle2g9292 1 =
= a%2q7! gz(agz’afl) —
= ho, (g2, 82) “h(ax (92",52)) =
= (e, (g2 82)) k(e (92", 8)).

(v)

B(gavg(QQaﬁZ)) - E(QO{, (992 -1 952)) 9929 l(ga—l) —
gaggza—l — g(ag a 1) — gﬁ(a, (QZ,BQ)).

O

Remark 4.1.1. If < p1,po > is just a morphism of crossed modules then
(4.3) is still a crossed square. This is a generalization of the well-known fact
in the category of groups that if 0 : Gy — Gqo 1is a morphism of groups then
kerd — G is a crossed module (of groups).

4.2 kerT as a strict categorical I'-crossed module

It is well-known that given a crossed module (of groups) 0 : G1 — G then
kerd — G1 — Gy is a crossed module (of groups). In the context of crossed
squares, we prove the following Proposition.

Proposition 4.2.1. The outer diagram

p1

G1:G1LF1 (4.4)

A P

Gg XFO Fl *>G04>F0

Po

gives rise to a crossed square with actions and function h : T'y x (Goxr,I'1) —

G1 defined as following:

- the action of Ty on Gy is induced by the action of ' : Ty — Ty on
0: Gy — Gy N

- the action of T'g on T'y is the action of the crossed module 0’ : T'y — Tg;

- the action of Iy on Go xp, I'1 is defined by 7 (g2, 82) = (792, 7P2);
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- h(B,(92,B2)) = h(B,g2) where the function h is given by the crossed

square structure of (4.2);

Proof. The action of 'y on Gy xp, I'1 is well defined. P, is a group

homomorphism because pp is and the diagram (4.4) commutes.

Now we

want to check the five properties making this diagram a crossed square.

(i) The map p; preserves the actions of T'y because (4.2) is a crossed square.

(it) pi(h(B

(ii1) h(

The map O preserves the actions of T'g:
3(23)( :) (O(7a), p1(7a)) = (“0(a), “p1(@)) = 7(0(e), pr(ax)) =

0’ is a crossed module because (4.2) is a crossed square and we want to
prove that Py is a crossed module. The pre-crossed module property
holds because pg satisfies the pre-crossed module property. It also
holds the Peiffer condition:

50(92,52)(92’752/) — 130(92)(

" B2') =
(PO 92 /750 92 ,82/):
(9292 95 1 0"(B2) gy 1) =
= (9292" 95 ,5252 "By
(
(

(92, B2) (92", B2") (92, B2) ™" = 92,52) (92 Ba') (g5t By ) =
9292" 95, B2 B’ By ).

PpO0 = 0'p1 is a crossed module because (4.2) is a crossed square.
(92, 82))) = p1(h(B, g2)) = BB~ = proe)g—1 =
= BPol92:82) =1 — 3 (92,82) g1,

Now we want to show that dh(3, (ga, 32)) = #(go, B2) (92, B2) L. We
develop the two members separately:

(B, (g2,B2)) = (IR(B,(g2,52)), 01 h(B, (92, 2))) =
= (ah(@gz),ﬁlh(ﬁ,gz)) (Pg295", 8987 Y);
(g2, 82) (g2, 82)"1 = 7 (92752)(92,52) =
(7P ga, " )85) (95,8, 1) =
(" Pgagyt, o ﬂﬁ By') =
= (Pgogy ' p?" P g7 =
= (Pg295", 870 571 = (Pgagy ', % 571).
In the development of the first member, the last passage is allowed

since (4.2) is a crossed square. In the second, the next to last passage
is given by the fact that (go,52) belongs to the pullback Go xr, I'1.

p1(a), (92, B2)) =
h(B,0(a)) = h(B,(9(a),p1(a))) =

/

/

h(p1(a), ga) = a®2a™! = o (@282,
h(B,0(a)) = Paa.
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(1v)
R(BB',(g2.82)) = h(BB'.g2) = Ph(B’, g2) h(B,g2) =
= Ph(B’, (g2, 82)) (B, (g2, B2));
h(B,(g2,B2) (92", 82")) = h(B,(9292".8282")) = h(B,9292") =
= h(B,92)"h(B,g2") =
= h(B, (g2, 82)) “PIn(B, (92", B2))-
(v)

E( 7B, 0(92762)) = E( 78, (092’ 052)) = h(aﬁv 092) = Uh(ﬁagﬂ =
= "h(B, (g2, B2))-

O

Remark 4.2.1. In the category of groups, it is obvious that the following
composition

ke’f’ac—>G148>G0

1s the trivial homomorphism.

If we interpret this fact in the context of crossed modules, we can prove
that the morphism of crossed modules (4.4) is homotopy equivalent to the
trivial morphism. In fact, there exists a transformation between them given
by a function 0 : Go xr, I'1 — 'y, defined by 0(g,B3) = L.

4.3 Crossed square version of homotopy cokernels

r
We can consider the quotient categorical group “GT> as defined in
r
[14]. We have Ob(<G,7T>) = I'p and the tensor product on objects in
r
is the same as the product in I'y. Then ————— is a strict

<G, T>
categorical group because I'y is a group.

We are going to describe morphisms in this category specifying the gen-
eral construction given in [14].

<G, T>

r
<G, T>
(g9,8,02) with (B,po(g)o2) € T'1 x Ty (the set of arrows of T'), g € Gp.
The target of (g,8,02) is po(g) oz and the source of (g,[B,02) is given by
o1 where

Definition 4.3.1. A premorphism in 1s uniquely specified by

o1=0"(B) po(g) o2- (4.5)
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Definition 4.3.2. A morphism in from o1 to o2 is a class

r
<G, T >
of premorphisms [g,B,09) where (g,8,02) and (g',8',02) are equivalent
if there is an arrow in G from g to g’', that is an o € Gy such that

g=0(a)g’ and the diagram

(B:po(g) o2) _

01 po(g) 02
(B',po(g") o2) AM@MQ’)@)
po(g’) o2

9,8,02] oo l9",6% 03] 03, we define their

Given two morphisms 01
composition by
l:ﬁ gﬁ /703
o1 lgg ] o

[91,81,02] [92,82,02] ,

Given two morphisms 01 o2 and o1’/ ———— 09/, their

tensor product is given by

[972g2,B,0002"].
B is given by the composition of the following three morphisms:
9'(B1) po(g1) o2 9" (B2) Po(g2) o2
|
(B 170(91)"252715065?1)02130(92)02/)

Po(91) 02 Po(g2) 2

Po(91) Po(72g2) o2 02’

Po(g17292) 02 02’
hence
B = pyolaozg,
r . . . o .
Because “GTS is a strict categorical group it is equivalent to the
9

crossed module constructed as follows:

r

d : Kert Ob(—=——) =
e = (<G,T>)
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with d = S Kert: where s and ¢ are the source and target maps, respectively,

r r
f th derlyi id ————. We denote with ———— the set
of the underlying groupoid — G.T> e denote with — G.T>, e se
of arrows in ZG.T> and we consider the target map:
r
t:————— — T
<G,T>, 0

(ga ﬁa 02) — 02
while the source map:

. r
TTCG,T >
(9,8,00) — 9'(B)Po(g) o

—)FO

Thus we have

d:Kert — T

The product of two arrows [g,3,1] and [¢’,8,1] in Kert is
99", 875" 1] =1[gg", 578" 1].
The action of the group I'g on Kert is given by:

0[97/87 1] = ’L(O-) [ga5> 1]i(0)_1

We recall that the map 4 for the groupoid is given by:

<G, T >
r
<G,T>,

c — (1,1,0)

iZFO —

Therefore, using the multiplication defined above on —————— , we have:
) g p < G’, T > 17

[1,1,0][g,8,1][1, 170]_1 =
[1,1,0][g,8,1][1, 130_1] =
= [79.7B,0][L,1,07"] =
(79, 78,1].

719,6,1] = [1,1
1,1

Gob(Fl

It is easy to observe that: Kert is isomorphic to where (g1, 51) ~

(g2, B2) if there is an « € G such that

g = 9(a)ge, (4.6)
B = Bapr(a)”" (4.7)
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Gox T
We can also show that the group LEAEE isomorphic to the generalized

semi-direct product Go x Ty of Gy and T'; along Gy, introduced by
Gox T
Noohi in [40]. By definition, Gy xt Ty is equal to 0 1, where N =

N
{(8(0‘)7]31(04)_1)7 Q€ Gl}
In fact, (g1,81) ~ (g2,82) if there is an o € G such that the identities
(4.6) and (4.7) hold. Then we have:

(91,81) = (0(a) g2, Bopr(a)™h) = (3(a) g2, pr(a) H 2" P1e) 3y) =
= (3() g2, i (@) PO By) = (3(a) g2, 1 () 71 /) By) =
= (9(a),p1(a)™) (g2, Ba)

So we have a homomorphism
d:GoIXGl Fl — F()
which, by abuse of notation, we have denoted again by d.

Remark 4.3.1. Starting from the crossed square (4.2), Conduché in [17]
introduced a construction called the mapping cone complex, given by:

p
G1 - F1
02
0 Go x I'y o’
01
2
Go ’ Ty

where da(a) = (O(a), p1(a™t)) and 01(g,B) = 0"(B)po(g). It is immediate
to observe that the generalized semi-direct product Go x©' Ty is obtained
from the mapping cone complex as cokerOs.

From the previous remark, we obtain the following Proposition.
Proposition 4.3.1. d : Gy xC1 T, = T is a crossed module

Proof. Proposition 2.3.1.

T
4.4 kerT as a strict categorical —————-crossed
g <G T>

module

It is well-known that given a crossed module (of groups) 0 : G1 — Gy then
kerd — G — Gy — cokerd is a crossed module (of groups). In the context
of a crossed squares, we prove the following Proposition.
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Proposition 4.4.1. The outer diagram

p1

Ge——xG 21,2 Gy Ty (4.8)
ai al laf ld
Go X1, 111ﬁ>Goﬂ>Fo:Fo
Po Po

giwes rise to a crossed square with actions, group homomorphism 0" and
function h: (Go xC T) x (Go xr, ') = G1 defined as following:

the action of T'g on Gy is induced by the action of ' : Ty — I'g on
0:G1 — Gy ;

the action of Ty on Go xC' Ty is the action of a crossed module d :
G() I><G1 I' — F(),'

the action of Ty on Go xr, I'1 is defined by 7 (g2, B2) = (g2, 752) (the
same action seen in the crossed square (4.4));

- 0" : Ty = GoxC1 Ty is the canonical inclusion map of T in GoxC1 T'y;

h((g1,B1), (92, B2)) = h(B1, 91 92 97") (B2, 91) ™" where the function h is
given by the crossed square structure of (4.2).

Proof. pg = Py is a group homomorphism, where p, is defined in (4.4).
p1(a) = (1,p1(a)) is a group homomorphism because p; is and it is easy to
check that dp; = 0'p1 = pod = Po 0 (so the diagram (4.8) commutes and
the last map is a crossed module). h is well defined, in fact we have:

h((0(e) g1, Br pr(a) ™), (g2, B2)) =

= h(Brpi(a)~", 0(a) 19297 ' A() 1) h(B2, 0(a) 1) " =

= h(B1pr(a)"", P (g1 ga g") X (Ba, g1) T 1B, D)) =

= P00l (P00 (B 1 () 7Y), g1 g2 97 ") @ h(Ba, 1) o a et =
= ah(PPO (B pr(a) ), g1 gagr ) Tt ah(Ba, 1) o =

= ah(p1(c) ™ Br,g1 9297 ) (B2, g1) 2o =

= a2 PO BB g1 g2 g7 ") RBL (@) T g1 g2 97 M2y g1) T 2t =
a ' h(B g1 g2y ) 919291 o (B, g1) " 2ot =

(B, 919297 1) " P29 ) h(Bay 1) 20 =

(B g1 92.97") (B, 1)~ P2 (91 ) 20! =

(B1, 919291 ") h(B2, 1) P2a®a! =

(Br, 919297 ) (B2, 91)

Il
> > > = o
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The equalities above are consequences of the axioms of the crossed square
(4.2). We also want to emphasize that in the eighth passage we have used the
fact that (g2, 82) belongs to the pullback Go xr, I'1 and we have po(g2) =
d'(B2) and in general for any «; € Gy, we have:

920, = 150(92)&1 _ 6’(/32)0[1 _ ,32@1_

Instead, in the ninth passage, we used the property (a) of the crossed square
(4.2) (see section 2.2).

Now we want to check the five properties making the diagram (4.8) a
crossed square.

(i) The map p; preserves the actions of I'g; in fact:
a) = (1,p1(%a)) = (1, 7pr(a)) = 7(1, p1(e)) = “p1().

We have already seen that the map O preserves the actions of Ty.

d is a crossed module and pg is a crossed module because p, is.

(ii) We want to prove that 71 (h((g1,51), (92, 52))) = (g1, B1) 9252 (g1, B1) !
and we develop the two members separately:
BL(h((91, B); (92, 82))) = B1 (h(Br, 91 92 97 ) h(Bay 1) ") =
= (1,21 (h(B1, 919297 ) (B2, 1) 1)) =
= (1,3 29 B9 By By );
(g1, B1) 9% (g1, 1)1 = (g1, 1) 0022 (g1, By) ! =
= (g1, ) ™) (g7, 9B = (g1, 81) (9297 5, 29 BT =
= (g1g2g7 g5, B 919290 Bt =
= (0h(B2, 1) " -1, B 929;151_1 9By By - p1h(Ba, g1)).

So ﬁl(ﬁ((glaﬁl)7(925ﬁ2))) ~ (glvﬁl> (92’62)(91,51)_1 in Gy x I' ~

GQ I><G1 Fl.

Now we want to prove that

Bh((g1,B1), (92, 82)) = 9D (ga, B2) (g2, Ba)

and we develop the two members separately:

Oh((g1, 1), (92, B2)) = O(h(B1, 91 9297 ") h(B2, g1) 1) =

= (Oh(Br, 919297 ) Oh(Ba, g1) ", b1 h(Br, 91 9297 ")
pLh(B2,g1)7 ") =

= (19297 9195 g7 1 P2yt B 0 BBy By =
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= ("(g19201 ) 92 S LP0le) gt g 910 (9 gy, gty =
= (P (19297 ) 105 g2 gm 921,5191B2B;191B5191B2B51>=
= (Mg o) g3t B B B BT
@15 (g9, Ba) (g2, B2) ™4 = 0" BRI (gy 35 (g3, B5") =
= ("
= ("

919297 0), B9 B2 B (954, B3 Y) =
G19297 1) 954, B19 B2 Byt By ).

(iii)

h(p1(a), (92, 82)) = ((1 pi(a)), (g2, B2)) =
= h(p1(), g2) h(B2, 1)~ 1 _ 92071 = qPol92)—1 —
— Po(92:82) o, =1 —  (92,02) ,,—1

B((91,51),8(a)) = h((g1, B1), (), i () =
= h(B1, g1 0() g ") h(pr(a), g1) "

h(Br,0(¢ a)h( 1(a), g1)"
:51(91) —1 _ 9'(B1)po(91) o, o1

I

(a) e aa! =

d(91,81) o =1 = (91.81) o, o~ 1.
(iv) We want to prove that:

B((g1, 81) (917, B1"), (92, 82)) = W DR((g1”, B1"), (g2, B2)) B((g1, B), (g2, B2))

and we develop the two members separately:

R((g1,61) (91", "), (92,52)) B((g1 91", B1%Br"), (g2, Ba)) =
=h(B19B 191 291" g ) h(Bosrn )t =
=981 191" o T g RBr i 9291 g )

(B2, 91") " By 1)t =

=P nB g g2 g1 (B g1 g1 P9 (g1 91 ) g2)
h(Ba,g1") h(B2,g1) "

=9 h(B g1 gagr ") h(BLgr g P P (g1 g1 ) g2)
Th(B2,01") " h(Ba, 1) =

= apB g1 go g1 ™) h(B1, O h(Bay g1 917) T g2) (B, 91 ")
h(B2,91) " =

= 9B g1 g2 91" ) (B, g1 1) T B(Br, g2) h(Ba, g1 g1 )
M h(Ba, 1) h(B2,g1) " =

= P91 g1 290" ) P h(Ba. g1 g )_lh(ﬂ1,gz)h(ﬁ2»91)
I h(B2,01") " h(Ba, g1 ') h(Ba, 1)t =

= P Oh(B 91" g2.01"") P (B2, g1 91") " h(Br. g2);
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(91,51)5((91 "B, (g2, 2)) h((g1, B1), (92, B2)) =
= P9 nB g1 g291" ) h(Bas i) R(Br, 91 92 97 )
h(B2,91) " =
= P9n(B1 g1 go g1 ) I h(Ba, g1 ") R(B1, g1 709 g1t go)
h(B2,g1) " =
= B h(B g1 go gt TP I R(Bay g1 ) T (B, 912 PP g7 go)
h(B2,91) " =
=PI R(B1 g1 9o g1 ) PP (Bay g1 ) T R(Br, O h(Bay g1) T g2)
h(Ba, 91) " =
= P9 h(B g1 ga g1 ) P R(Bay g1 ')t P R(Bay 91) T (B, g2)
h(Ba, 91) h(B2, g1) " =
= P 9nB 91 g2 P9 M(Bay g1 ) h(Bay 1) T R(B, g2) =
= (B g1 g2 91" ) (B, g1 91") T BB g2).
In the development of both members, we used the axioms relating to
crossed square (4.2). We want to emphasize that, in the development
of the first member (second member) in the fourth (third) step, we
used the fact that (g2, B2) belongs to the pullback Gy xr, I'1 and in

the sixth (fifth) step we used the identity (1) for the crossed square
(4.2) (see section 2.2).

(v)

(7(g1,81), 7 (g2, B2)) = h((7 917 B1), (792, 7B2)) =
(“B1, “91792 797 ) h(7 B2, “gn) ! =

(781, “(919297 ")) h( B2, 91)_12

= "h(B1, 919291 ") “h(B2, 1)

= 7(h(Br, 919297 ) h(Ba, 91) ") =

“R((91, 1), (g2, B2))-

=l

I
> =

O

Transferring in a categorical crossed module language, we can summarize
the previous results by saying
T r

ker T G_T.r
o <G.T>

is a strict categorical crossed module.

Remark 4.4.1. In the category of groups, it is obvious that the following
composition

0

ker ¢ Gy Go cokerd
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is the trivial homomorphism.

If we interpret this fact in the context of crossed modules, we can prove
that the morphism of crossed modules (4.8) is homotopy equivalent to the
trivial morphism. In fact, there exists a transformation between them given
by a function 0 : Go xp, I't — Go x T'y, defined by 0(g,B) = (1g,, 571).

4.5 Images of crossed modules

In this last section, we consider the Norrie’s approach (see [42]) of the image
of a crossed module morphism and we well prove another result showing the
analogy between crossed modules and crossed squares.
It is well-known that given a crossed module (of groups) 0 : G; — G then
Imo is normal in Gy.

If we interpret these facts in the context of crossed squares, we can prove
the following proposition.

Proposition 4.5.1. Let

Glel
al la'
Go—2>Ty,

/

|Im

be a crossed square, the subcrossed module O - Impy — Impy of 0 :
1

I't = Ty is normal.
Proof.

- Impy is a normal subgroup of T’y (because py : Go — Iy is a crossed
module);

- for all 0 € Ty and B € Imp; (that is there exists @ € Gy such that

p1(@) = ), we have:

so °B € Imp;.

- for all @ € Impy (that is there exists g € G such that po(g) = ) and
B € T'1, we have:

BBt =P@paT = 9557 = py h(B.7),

so 7337t €Imp;.



Chapter 5

Cohomologies

In this chapter, we recall and revisit some results of Dedecker [20]-[21],
Borovoi [1] and Noohi [41] relative to the cohomology of a group with coef-
ficients in crossed modules.

In the sections 5.3, 5.4 and 5.5, we present (thanks to the article [14]
on the cohomology for categorical groups) a low-dimensional cohomology
for crossed modules with coefficients in braided crossed modules, 2-crossed
modules and crossed squares, respectively.

5.1 Cohomology of a group with coefficients in cros-
sed module

5.1.1 Dedecker Cohomology

The category of I'-groups (with objects I'-groups and arrows group homo-
morphisms respecting the action of T') is suitable as a category of coefficients
to describe a good cohomological theory of T' only in dimension 0 and 1 (see
A.2). This is not true in dimension 2 and therefore Dedecker replaced the
category of I'-groups with the category of crossed modules. In 1964 Dedecker
[20]-|21] defined the cohomology in dimension 2 of a group I' with coeffi-
cients in a crossed module 0 : G; — Gy, considering the trivial action of T’
on 0:Gp — Gg. The usefulness of this cohomological theory is that:

1. it is functorial;

2. it produces a cohomological exact sequence associated with short exact
sequence in the coefficients category, a notion respected by the forgetful
functors from CM to the category of I'-groups.

For an arbitrary group I', Dedecker denotes by:

CO(,0: Gy — Go) =Gy 0-cochains,
CH(T,0: Gy — Go) = App(T', G1) 1-cochains,

50
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C%(T,0: Gy — Go) = App(T', Go) x App(I' x ', Gy) 2-cochains,

where App represents the set of all maps between the underlying sets. Dedecker
defines the set of 2-cocycles in the following way:

Z%(I‘,O : Gl — Go) = { (p,E) S C%(F,@ : G1 — GO) /
p(o) p(1) = 0e(o, 7) p(oT)
p(")s(r,v) e(o,Tv) =¢e(o,7)e(oT,v) }.

Z2(T,0: G1 — Gy) is a pointed set with as base point the pair of constant
functions (1g,, 1, ), where 1g,(9) = 1g, and 1g,(a) = 1, forall g in Gy
and all « in Gp. An action of the group CH(T',0 : G1 — Go) = App(T, G1)
(with the product given by (61 - 62)(c) = 61(c) 62(c)) on the set Z5 (T, :
G1 — G) is given by the following function:

%:CH(,0: Gy — Go) x ZH(1,0: Gy — Go) = ZH(T,0: Gy — Go)
where we have 6 x (p1,e1) = (p2,2) and:

(i) p2(o) = 00(0) pi1(0);
(i) ea(o,7) = 0(0) P OO(r) ey (0, 7)0(0 )7L

Dedecker considers the orbits of this action that form a set H% (I,0:Gy —
Go).

5.1.2 Borovoi Cohomology

Actually Dedecker cohomology does not fully generalizes the abelian case,
presented in A.1, since it represents the cohomology for trivial actions of T'.
After more than 20 years, Borovoi [1] gave a full generalization of cohomology
of a group I' with coefficients in a I'-module in dimension 0, 1, 2. In this
theory, the main tool is the notion of action of a group on a crossed module
(see section 1.3).

Given an action of a group I' on the crossed module 9 : G; — Gy,
Borovoi denotes by:

CY%(T,d: Gy — Go) = Gy 0-cochains,
CL(,0: Gy — Go) = Gy x App(T, Gy) 1-cochains,
C%(T,d: G — Go) = App(T', Go) x App(T' x I', G1) 2-cochains.
Borovoi defines
H%(T,0: G — Go) = (kerd)"
and this is an abelian group.

CL(,0: Gy — Gy) is a group with the product given by:

(91,01)(92,02) = (91 92, 9102 01)
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where (9102 601)(c) = 9105(c) 61 (o). The inverse of (g, 0) is the pair (¢g~1, 6%),
where %(0) = 9 '0(o) L.
The 1-cocycles form a subgroup of C5(T',d : G1 — Gj), defined as

Zp(L,0: G~ Go) = {(g9,0) € Cp / 0(o7) = 0(0) 76(7) , 79 = 00(0) " g}.

The 1-coboundaries form a normal subgroup of Z5(I',d : G — Gy), defined
as

BY(I,0:G1 — Go)={(g,0) € ZL /3a € Gy : g=0(a), (o) =aa '}
Then Borovoi introduces the following group (in general not abelian):

Zé(r,a : Gl — Go)
BlB(F,a G — G())

H}B(F,@ G — Go) =

He defines the following pointed set:

Z%(F,@:G1—>Go):{ (p )GCQ(Fa G1—>G0)/
p(U)"p(T)Za((d 7))p(oT)
e

P@)(%e(r,v))e(o,7v) =¢e(o,T)e(oT,v) }

with as base point the pair of constant functions (lg,,1lq,). There is an
action of the group CL(T, 8 : G1 — Go) on the set Z3(I',0: G1 — Go):

%:CL(,0: Gy — Go) x Z(T,0 : G1 — Go) — Z5(T,0: Gy — Gy).
This is defined by (g1,601) * (p1,€1) = (p2,€2), where:

(i) pa(o) =gy '001(0) p1(0) Tg1;
(1) 2o, T) = gfl[91(0)1)1(0)(091(7))51(077) 0 (o7)"].

Borovoi considers the orbits of this action that form a set H5(I',0 : G —
Go).

Remark 5.1.1. If we regard crossed modules as 2-dimensional forms of
groups, this is also a generalization of the Serre cohomology A.2 because
there is just the action of the group I' on the crossed module 0 : Gy — Gy.

Examples. (a) Let G; be an abelian group, then G; — 1 is a crossed
module and an action of I' on G; — 1 corresponds to an action of I' on
G1. In this standard example, the Borovoi cohomology recovers the abelian
cohomology introduced in A.1 and we have:

H%(T, Gy — 1) =Gt = HYI',Gy);

HE(,Gy — 1) = HY(T,Gy);
Hi(T,Gy — 1) = H*(T,Gy).
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(b) Let Go be a group, then 1 — Gy is a crossed module and an action
of I on 1 — Gy corresponds to an action of I' on Gy. Furthermore, in this
case, the Borovoi cohomology recovers the Serre cohomology introduced in
A.2 and we have

HR(T,1 — Go) = 1;
Hp(T,1 — Go) = G} = HY(T, Go);
H%(T,1 — Go) = HL(T, Gy).

(c) Let 0: Gy — Go be a crossed module endowed with a trivial action
of a group I'. In an analogous way of the previous examples, we have:

H%(F, Gl — Go) = H%(F, G1 — Go)

(d) Finally, we are going to describe the Borovoi cohomology for a specific
example. Let us consider the crossed module 0 : SLa(L) — PGL2(L) (see
example (g) in 1.1), we have:

H%(Gal(L\ K),0:SLo(L) — PGLy(L)) 2 Zy  if carL # 2;
HY%(Gal(L\ K),0:SLo(L) — PGLy(L)) =1  if car L = 2;
Hj(Gal(L\ K),0 : SLy(L) — PGLy(L)) = 1.

5.1.3 Noohi Cohomology

In this section, we are going to recall and revisit some well-known facts about
the cohomology presented by Noohi in [41].

First of all, Noohi notes that H%(T',G; — Go) and HE(I',G1 — Gp) are
the kernel and cokernel, respectively, of the crossed module:

giGl — Zé(F,G:Gl —)Go)
a — (0(a),0a)

where 0,(0) = a%a~! with the action of Z5(T,0: G1 — Go) on G; given
by
@9 .= 9q.

He analyzes also the Borovoi cohomology of a group I' with coefficients in
a I'-equivariant braided crossed module 9 : G; — Gq (see for the definition
the section 2.1). In this case, Noohi observes that H5(I',d : G; — Gp) is
abelian. This is true thanks to the following Lemma.

Lemma 5.1.1. [41] The commutator of the two I-cocycles (g1,61) and
(92,02) in Z5(T,0 : G — Go) is equal to the I-coboundary (9(c),0q),
where o = {g1,92}.
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It follows, from the above Lemma, that the bracket {(g1,01),(g2,02)} =

{g1,92} makes the crossed module 9 : G1 — ZL(I',G1 — Go) (defined
above) a braided crossed module.

In the presence of a braiding on 0 : G; — Gp, Noohi introduces a second
product on C§(T, 8 : G1 — Go) which makes it into a group as well. Given
two 1-cochains (g1,601) and (g2, 62), their product is the 1-cochain (g1 go, ),
where 6 is defined by the formula

o -1
0(0) = 9{g2795", “g; '} 9791 O5(0) 01 ().

When restricted to Z5(T,0 : G1 — Gy), the above product coincides with
the Borovoi product.
Noohi defines the following group homomorphism:
d:Cy(I,0:G1 — Gy) — Z3(,0:G1— Gy)
(9.0) — (p,e)

o p(o) =90(0) 1979
o (0, 7) =0(a) 1979 (?0(r) ") 8(o 7).
The product in C(T, 8 : G1 — Gy) is the one defined above and the product

in Z%(I',0: G1 — Gy) is defined as follows. Let (p1,e1) and (pe2,£2) be in
Z%(T,0 : G1 — Gp), the product (p1,e1) (p2,€2) is the pair (p,e) where

p(o) = pi(o) p2(0);

e(o,7) = pl("){pg(a), p1(7)}e1(o, T)pl(UT)€2(U, T).
The inverse of the element (p,e) in Z%(F, 0: G1 — Gy) is the pair (p*, &%)
where

p (o) = plo)™;

e*(o,7) = {p(e) ", “p(r) P (o 7).
Next he constructs the crossed module:

. C}B(F,a G — Go)
' Bé(r,a : Gl — Go)

Z%(F,@ : Gl — Go)

because the group homomorphism d vanishes on the subgroup B]13(F,8 :
G1 — Gy) C C%(F,(‘? : G1 — Gy) of 1-coboundaries. Therefore, the group
homomorphism d factors through the new homomorphism d, by abuse of no-

. . 2 . Cl (F76:G1—>G0)
tation. The action of (p,e) € Z5(I',0: G1 — Go) on [g,0] € m
is given by:

() [ga 9] = [ga 5]
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where 0(c) = 9{p(c), "9~} {g,p(0)} P 70(0).

It is easy to observe that the kernel of d coincides with H5(I',0 : G1 —
Go). Noohi shows that the cokernel of d coincides with H5(I', 9 : G1 — Gy).
He does so by comparing the action of CL(T',0 : G1 — Go) on Z%(I,0 :
G1 — Gyp), introduced in 5.1.2, with the multiplication action of C(T',d :
Gi1 — Go) on Z%(,0 : Gi — Gyp) via d. More precisely, we have the
following Lemma.

Lemma 5.1.2. [/1] Let (g,0) be in C5(I,0 : Gi — Go) and (p,e) in
Z3(T,0: G1 — Gy). Let 99 (p,e) be the action of CL(T',0: G1 — Go) on
Z%(T,0 : G1 — Go) introduced in the section 5.1.2. Then,

WO(p,e) = dlg™,0) (p.e)
where 8 :T — Gy is defined by 6(c) = 9 {p(c), g} 19 '0(c) L.

Proof.
d(g~",0) (p.) = (.€) (p,€) = (7, )

Plo) = 08(0) g 7g=0(" {p(o), %9} " O(0) ) g g =
= g '06(o)p ~lo

lo

999

)
(o) CCE ”95(0, T

lo ) -~ -1 -~ -~

)

IPO8(r) ) {p(o), T g~ 779} 78(7)]6(0) B(o) !

~

o (1))
V0(o )19 (0, 7) B0 T) =
)
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{p(0) 7p(7), "g} Le(o, )] (o)t =
= 979(0)9 PO(79(r)) 9 PO p(r), g} {p(0), T g}
97 (0, 1) 9 T Ie(o,7) I {p(0) Tp(T), TTgy LY e (o, T)

O

Corollary 5.1.2.1. [41] When 0 : G1 — Gy has a T'-equivariant braiding,
the second cohomology set HJQB(F,@ : G1 — Go) inherits a natural group
structure, H%;(F,a : G1 — Q) is abelian, and there is a natural action of

H%(F,a G — Go) on Hé(F,(? G — Go)
In the case where the braiding is symmetric, we can do even better.

Lemma 5.1.3. [/1] Suppose that the braiding on 0 : G1 — Gq is symmelric.

Then, the crossed-module d : % — Z%(,0 : G1 — Gy) is

braided and symmetric. The braiding is given by

{(p1,€1), (p2,€2)} = [1,{p1, p2}]

where {p1,p2} : To — G1 is the pointwise bracket of the maps p1,pa : o —
Gy .

Corollary 5.1.3.1. [41] When the braiding on 0 : G1 — Gq is symmetric,
the structure on H%(L',d: G1 — Gy) is abelian.

5.2 Cohomology with coefficients in categorical
crossed modules

Categorical groups are regarded as 2-dimensional sorts of groups. From this
point of view, the cohomology for categorical groups with coefficients in
categorical crossed modules [14] can be considered a generalization of the
Lue cohomology, with coefficients in crossed modules [35].

We are going to recall the Lue cohomology and we briefly introduce the
one with coefficients in categorical crossed modules.

Let G1 be a Gg-group, Der(Go, G1) is the set of all derivations from Gy
to G1. This is a pointed set with as base point the function 1g, : Go — Gi
where 1¢,(g9) = 1g, for all g in Go.

If we consider a crossed module 0 : G — Go, Der(Go, G1) becomes a
monoid, with the Whitehead product. Then we can take the group Der *(Gy,
G1) of the units of Der(Gy,G1).
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There is a homomorphism ~ of groups

G1—>Der*(Go, G1) (5.1)

sending an element « in G to the associated inner derivation. The group
homomorphism v : G; — Der*(Gp, G1) is a crossed module with the action
of Der*(Gy,G1) on G; given by:

Ta =n(0(a)) a.
So Lue, in [35], defines a cohomology in dimension 0 and 1 as follows:

H}(Go, G1) = kex(7);
H}(Go,G1) = coker(7).

Now we want to give an idea of the construction of a low-dimensional
cohomology of a categorical group I' with coefficients in a categorical I'-
crossed module (see [14] for details).

Let G be a I'-categorical group, in [14], the authors define a pointed
groupoid Der(T', G) of derivations of categorical groups from I' to G.

They show that starting with a categorical I'-crossed module (G, T, v, x),
the groupoid Der(T', G) becomes a monoidal category. Then they introduce
a Whitehead categorical group of derivations Der *(I', G). This is the Picard
categorical group of the monoidal category Der(T', G), that is the subcat-
egory of Der(I',G) given by invertible objects and isomorphisms between
them.

There is a homomorphism of categorical groups

G—T-Der*(T, G)

given by inner derivations. There are natural isomorphisms 7 and x such
that (G, T,7,X) is a categorical Der*(I', G)-crossed module.

So they define a cohomology in dimension 0 and 1 as follows:
HO(T,G) = ker(T : G — Der *(T', G))
(g =2 TG
<G, T>

where the first one is the kernel (see [48]) of the categorical group homomor-
phism T while the second one is the quotient categorical group (see [14])
for the categorical crossed module (G, T,7,Y).

5.3 Cohomology with coefficients in braided crossed

modules

Our work arises from the observation that the Noohi cohomology, of a group
I with coefficients in a I'-equivariant braided crossed module 9 : G; — Gy,
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falls within the setting of the cohomology with coefficients in categorical
crossed modules.

We have already observed (see the example (c¢)2. of section 3.4) that a
T'-equivariant braided crossed module can be seen as a special semistrict cat-
egorical I'[0]-crossed module, where I'[0] is the discrete category associated
with I'. Thanks to this remark, we notice that

9:Gy — Z5(T,0: Gy — Go)

defined in 5.1.3 is a model for the strict categorical group H°(I'[0], G(9)),
where G(0) is the strict categorical group associated with 0 : G1 — Gy,

and
. C%(F,a : G1 — Go)

’ Bé(r,ﬁ G — Go)
defined in 5.1.3 is a model for the strict categorical group H*(T'[0], G(9)).

— Z%(F,@ : G1 — Go)

In this section, we want to revisit the cohomology with coefficients in
categorical crossed modules for another particular case. We have just seen
if 0:G1 — Gy is a braided crossed module, endowed with an action by a
crossed module @' : Ty — Ty and the braiding is equivariant respect this
action, we have an example of semistrict G(9')-categorical crossed module
(see the example (c)1. section 3.4). We use T to denote G(9') and G for
G(9).

In this case (see |27]), Der(I', G) is a categorical group, so Der(I', G) =
Der*(T', G) . The associativity a, left unit ! and right unit r of the monoidal
structure of Der (I', G) are defined by using the canonical isomorphisms of
I', G and the trivial morphism 1: T — G (see [14]). In this case, they are
all identity maps. Furthermore, for any object in Der(T', G) exists an strict
inverse (so that n = ¢ = identity). Thus Der(T', G) is a strict categorical
group.

We are going to describe the objects and arrows of Der(T, G).

Lemma 5.3.1. A derivation from T' into G is uniquely specified by a triple
of functions p:Tg — Gp, f:T'1xg— Gy and € : ToxT'g — Gy satisfying

/

p(0 (B)o) =0f(B, )p(U)' (5.2)
f(B1 B2,0) = (517 (5)0) f(B2,0); 5.3
F(B,0) "B, 7p(d'(B") ") PO (F(B',0")) (0, 0") =
=¢(9'(B)0,0"(B")0") f(B7B",00"); (5.4)
p(o) 7p(r) = d(e(o, 7)) ploT);

PO (9¢(r,0)) (o, 7v) = e(0,7) e(o T, V).

Proof.
An object in Der(I',G) is a functor D : T' — G together with a family
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of natural isomorphisms ¢ = ¢y, : D(o7) — D(0)°D(7), 0,7 € Ob(T"),
verifying a coherence condition with respect to the canonical isomorphisms
of the action. The functor D : I' — G is defined on objects

D():FO — Go
o — plo)

by a map p: [y — Gg and on arrows

D1:F1>4P0 — G1><]G0
(B)O-) — (f(ﬁ?o-)?f()(ﬁao‘))

by a pair of functions f: 'y xI'g = Gy and fy: 'y x 'y = Gp.
Because D : ' — G is a functor, the following diagrams have to commute:

Fl X Fg D Gl X Go Fl X Fg D Gl X Go
| ; | ;
To Do Go T'o Do Go

e Do(s(B,0)) = s(D1(B,0)) = plo) = fo(B;0);

o Do(t(B,0)) = t(D1(B,0)) = p(0'(B)o) =0f(B,0) fo(B,0) =
p(0'(B) o) =9 f(B,0) p(0).

Furthermore, the following conditions of functoriality have to be satisfied:

Di((B1,0'(B2) 0) 0 (B2,0)) = D1(B1,0'(B2) o) 0 D1 (fa,0) =

Dy(B1 B2, 0) = (f(B1,0"(B2) 0),p(d"(B2) 9)) o (f(B2,0),p(0)) =

(f(B1B2,0),p(0)) = (f(B1,0"(B2) 0) f(B2,0),p(0)) =

f(B1B2,0) = f(B1,0"(B2) 0) f(B2,0); (5.7)
e Vo eIy

Di(i(0)) =i(Do(0)) = Di(l,0)=(1,Do(0)) =
(f(L,0),p(0)) = (1,p(0)) = f(l,0)=1.

The last request is equivalent to the commutativity of the following diagram:

Fl X FO D Gl X Go
F() Go.

Do

We can observe that the relation f(1,0) =1 is a consequence of the identity
(5.7).
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A natural isomorphism ¢ is defined by the map p and a new function
e:TogxTyg— Gy

Dy(oT) for

Do(0) 7 Do(7)

(e(oy7),p(0 7))
) —————>

o

p(o) 7p(7)

and the codomain of this arrow is defined by the following condition:

ploT

o

e de(o,7)p(oT) =p(o)p(r).

Let aﬂﬁ/(ﬁ) o and U’Mﬁ’(ﬁ’)o’ be two arrows of T', the nat-
uralness of ¢ is equivalent to requiring the commutativity of the following
diagram:

(e(o,0"),p(c0"))

ploa’) p(a) 7p(a’)

(f(BoB’, a@ DRICE ) (F(B, o) PO h(B, “pd'(B") U’)ﬁ‘"(")("f(ﬁ’-, o)), p(c) “p(c))

’ s’ ol / - 8/([3)0- ’ o
p(@'(B)e o’ (B") (Q(B/(B)a,al(ﬁ/)(r/),p(al(ﬂ)08/(5/)011)()8 B) o) p(@'(B") )
therefore

o f(B,0)PDn(B, 7p(d"(B") o))" (7 f(B',0"))e(0,0") =
=e(0'(B)o,0"(B") ") f(B7B,007).

The coherence condition is equivalent to requiring the commutativity of
the following diagram:

(g(o,7v),p(o TV))

p(oTv) p(0) “p(Tv)
(e(oT0)p(o T v))i i(ﬁ“’) (7e(r,v)).p(0) Tp(r v))
p(o7)7"p(v) p(a) 7p(7) 7 "p(v),

therefore
. p(")("e(T, v))e(o,Tv) =¢e(o,7)e(oT,0).
O

Proposition 5.3.1. An arrow in the categorical group Der(T', G) is uniquely
specified by a quadruple (0,p1, fi,e1) with (p1, fi,€1) as in Lemma 5.3.1
and an arbitrary function 0 : Ty — G1. The source of (0,p1, f1,€1) is the
derivation from T into G given by (p1, f1,€1); the target of (0,p1, f1,€1)
1§ the derivation from T' into G given by the triple of functions:

p2(0) = 90(0) pr(0);

fa(B,0) =0(0"(B) o) f1(B,0)0(0) "
e9(0,7) = 0(c) PO (70(1)) e1(0,7) O(c T) L.
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Proof.
An arrow in Der(I',G) from (p1, fi,€1) to (p2, fo,e2) is a natural trans-
formation, that is a function (6,¢) : I'o — G1 x Gy such that the square

(0(9),(9))

p1(o) p2(0)
(fl(ﬁ»U)J?l(U))i i(ﬁ(ﬁﬂ)apz(a))
PO B9 Gamasarmay 20 o)
commutes in G. Therefore
» = Dp1, (5.8)
p2(0) = 00(0) p(0), :
f2(B,0)0(0) = 0(3"(B) o) f1(B, o). (5.10)

This natural transformation has to be compatible with €1 and e, that is
the following square:

(e1(0:7)p1 (0 7)) .,
pi(oT) —= pi(o)7pi(7)

(6(0),p1(0)) & “(6(r), 1 (7)) =

(“”T”p“”T”l i:<ewapﬂonaewoxplwaapu7»
p2(oT) p2(o) “p2(7)

(2(0,7),p2(0 7))
has to commute. Therefore
0(c) ") (70(7))e1(0,7) = e2(0,7) (0 T).

Thus (0,p1, f1,e1) determines (p2, f2,€2), and it is simple to check that
if (p1, f1,e1) € Ob(Der(T', G)) and if (p2, f2,e2) is defined as above, then
(p2, f2,e2) € Ob(Der(T', G)).

O

Der(T', G) is a strict categorical group and the tensor product on objects
(see Theorem 5.2 in [14]) is given by:

(p1, f1,€1) (P2, f2,€2) = (p, f,€)
p(o) = pi(o) p2(o) (5.11)
£(B,0) = f1(B,0) ") f2(B, ) (5.12)

and ¢ is defined by the composition of the following sequence of arrows in
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G:

p1(oT)pa(oT)
\
(e1(0,7),p1(0 7)) ®(e2(0,7),p2(0 T)):i& (o,7) P10 eg(a,7),p1 (0 7) p2(o 7))

p1(0) 7p1(7T) p2(0) “p2(T)

(L,p1(9)) ® ({p2(0), “p1(7)}, “p1(7) p2(0)) ® (1, 7p2(7))
= (71 {pa(0), Tp1(7)},p1(0) “p1(7) p2(0) “p2(T))

p1(o) p2(0) “p1(7) Tpa(T)

p1(o) p2(a) 7 (p1(7) p2(7)).

Therefore, we have:
(o, 7) = PO py(0), Tp1(r)}er(o, 7) PO ey (0, 7). (5.13)

Because Der(T', G) is a strict categorical group the set of objects of Der(T,
G) is a group, thus this product is a group product.
Let

(01,p1,f1,€1) (02,p2,f2,62)

(ﬁlu?lagl) and (p27f2’52)—>(p27?27§2)

(p1, f1,€1)

be two arrows in Der(T, G), where (p;, f;,&;) are determined by (6;, p;, fi,€:)
under the Proposition 5.3.1 for i = 1, 2, the tensor product of these two ar-
rows (see Theorem 5.2 in [14]) is given by:
p1(o) p2(o)
(91(0)7:01(U))®(17p2(0é)=(01(0),p1(0):02(0))

P1(o)p2(0)

(1,71(0)®(62(0),p2(0))=(P1(7)62(0) b1 (0) p2(0))

<

Pi(0) P2(0).

Therefore, we obtain:

(01,1, f1,€1)(02, p2, f2,2) = (0,p, f,€)
00) = P D(0)01(0) = PP 0(0) 01 0) = 01() V(o)

and (p, f,€) = (p1, f1,€1)(p2, f2,€2), as in (5.11), (5.12) and (5.13).
Because Der(IT', G) is a strict categorical group it corresponds to the
crossed module constructed as follows:

0:Kers — Ob(Der(T, G))
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with 0 = t|Kers7 where s and ¢ are the source and target maps, respectively,
of the underlying groupoid Der(T', G). We denote with Der; (T, G) the set
of arrows in Der(I', G) and we recall the source map:

s:Deri(I'G) — Ob(Der(T',G))

(01,p1, f1.e1) — (p1, f1.€1)
while the target map:

t:Deri(I'G) — Ob(Der(I',G))

(elaplaf].)gl) — (p27f2382)

where (po, f2,£2) as in Proposition 5.3.1.
Thus we have

0:Kers — Ob(Der(T,G))
0,1,1,1) — (p, f,e)

where
o p(o) =00(0);
o f(B,0)=0(0"(8)a)0(0)Y;
o c(0,7) = 0(0)°0(r) B(o 7).

The product of two arrows (61,1,1,1) and (#2,1,1,1) in Kers is (0,1,1,1)
where 6(o) = 61(0)02(c) and the product in Ob(Der(T', G)) as defined
above. The inverse of the element (p, f,e) € Ob(Der(I',G)) is the triple
(p", f*,€") where

p*(0) =plo) ™

(o) =P f(B,0) 7

e*(o.7) = {p(o) ", Tp(r) P e(o, )

The action of the group Ob(Der(I',G)) on Kers is given by:
P19(6,1,1,1) = i(p, f.£)(6,1,1,1)(ilp, f.2)) ~".
We recall that the map ¢ for the groupoid Der(T', G) is defined by:

i: Ob(Der(I',G)) — Der (T, G)
. fe) — (Lp, fe)
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Therefore, using the multiplication defined above on Der;(I',G) and the
inverse in Ob(Der(I', G)), we have:
(p,f,s)(97 1,1,1) = (L,p, f.e)(0, 17 L1)L,p f, 5)
:(1p,f€)(, 1) (Lp" f7€%)
(9 p, f,e) (1,p *76 )
(9, 1,1,1)

(0) = Uo)"b(o) = "70(0);

(0) = 8(0)""1(0) = b(0) = "b(0).

Because Kers is isomorphic to App(To,G1), it is clear the isomorphism
between 0 and a homomorphism

0 : App(Ty,G1) — Ob(Der(T,G))
which, by abuse of notation, we have denoted again by 0.

Remark 5.3.1. [27] If 0 : G1 — Gq is a symmetric crossed module, then
0 : App(To, G1) — Ob(Der(T, G)) is a symmetric crossed module where the
braiding

{—,=}: 0b(Der(T',G)) x Ob(Der(T',G)) — App(Ly, G1)

is determined by {(p1, f1,€1), (P2, f2,€2)}(0) = {p1(0),p2(0)}. However, if
{=,—1} is just a braiding in 0 : G1 — Gp (but not a symmetry), then

0 : App(To, G1) — Ob(Der(T, G)) is not a braided crossed module.

Now we are going to describe the structure of H°(T',G), presented in
[14]. HO(T,G) is well-known to be equivalent to the categorical group of
T-invariant objects GT (see [26]). The associativity a, left unit [ and
right unit » of the monoidal structure of G are given by the respective
constraints a, [ and r of G and in this case they are all identity maps.
Furthermore, for any object in GT there exists a strict inverse. Thus GT
is a strict categorical group.

Lemma 5.3.2. A T-invariant object of G is uniquely specified by a pair
(9,0), with g € Gy and a function 0 : Ty — Gy satisfying

960(c) =g°g" (5.14)
O(oT)=06(c)0(7) (5.15)
(o) =0(0'(B) o) h(B, 79) (5.16)
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Proof.
An object in GT (see [14]) is a pair consisting of an object g € Gy and a
natural transformation, that is a function (0,¢) : I'o — G1 X Gy such that
the square

(0(0),())

(1,9)

7g
(h(B,79), ”g)l
o' (B

)o

900" (8) 0),p(0(8) )

commutes in G. Therefore we have:

Furthermore, the following square has to commute:

or (0(o7),779)

g
T(G(U): 79)

[

0'(7'

9) g,

7(0(),"g)=(70(7),7("9))

therefore we obtain:

O(oT)=0(c)0(T).
O

Proposition 5.3.2. An arrow in the categorical group G is uniquely spec-
ified by a triple (o, g1,01) with (g1,01) as in Lemma 5.3.2 and an element
a € G1. The source of (a,g1,01) is the T-invariant object of G given by
(91,01); the target of (c,g1,01) is the T'-invariant object of G given by
(g2,02) where go = 0(a) g1 and Ox(c) = aby(o)7a™t.

Proof.

An arrow in GT from (g1,601) to (go,02) is an arrow gl(aﬂlgg in G such
that the square

O‘gl (61(0),791) g1

g(avgl):(aavggl)l l(avgl)

92 gy o)
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commutes in G. Therefore we have:

g2 = 9(a) g1;
0491(0') = 02(0’) UCV.

Thus («, g1,61) determines (ga,62), and it is simple to check that if (gq,61) €
Ob(GT) and if (go,62) is defined as above, then (go2,62) € Ob(GT).

O

GT is a strict categorical group and the tensor product on objects (see
[26]) is given by:
(91,61) (92,02) = (91 92,0)

70 792 791792
l(el(ox 791) l(92 (0),792) l(éh(o) 79105(0),9 g1 7 g2)
g1 g2 g1 92

0(0) = 01(c) M0s(a) = 2 905(0) 0y () = 79 “9G5(0) 1 (0) =
= 9192(0’)91(0).

Because GT is a strict categorical group the set of objects of GT is a group,
thus this product is a group product.
Let

(c2,92,02)

(a1,91,01) ,_ — =
(G1,01) and (g2,602) ——— (G, 62)

(91,61)
be two arrows in GT, where (g;,0;) are determined by (as,g;,0;) under
the Proposition 5.3.2 for ¢ = 1,2, the tensor product of these two arrows is
given by:

(a1, 91,01) (a2, g2, 02) = (a1 7 2, g1 g2, 0)
where 6 is defined as above.
Because GT is a strict categorical group it corresponds to the crossed
module constructed as follows:

0:Kers — Ob(G)

with 0 = t|Kers7 where s and ¢ are the source and target maps, respectively,

of the underlying groupoid GF. We denote with GT the set of arrows in
GT and we recall the source map:

s:GY — Ob(Gh)
(a1,91,01) — (g1,01)
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while the target map:
t:GI — Ob(Gh)
(a1,91,61) —> (g2,02)

where (g2,602) as in Proposition 5.3.2.
Thus we have

d:
(a,1,1) = (9(),ba)

where 0,(c) = a®a~!. The product of two arrows (ag,1,1) and (ag,1,1)
in Kers is (ajag,1,1) and the product in Ob(GT) is defined as above.
The inverse of the element (g,0) € Ob(GT) is the pair (g~',6*) where

The action of the group Ob(GT) on Kers is given by:
9 (a,1,1) = i(g,0)(a, 1,1)(i(g, 6)) "
We recall that the map 4 for the groupoid GT is given by:

i:Ob(GF) — Gt
(979) — (17970)‘

Therefore, using the multiplication defined above on GI' and the inverse in
Ob(GT), we have:

@9 (a,1,1) = (1,9,0) (2, 1,1)(1,9,0) "t = (1,9,0) (2, 1,1) (1, g7 %, 6%) =
= (Ya,9,0)(1,g7",0%) = (Y, 1,1).

Because Kers is isomorphic to G, it is clear the isomorphism between 9
and a homomorphism

0:G; — Ob(Gh)

which, by abuse of notation, we have denoted again by d.
HO(T, G) is defined by the kernel (see [14]) as follows:

HO(T, G) = ker(T : G — Der(T, G)).

In this case, the functor T : G — Der(T", G) is defined on objects and on
arrows by
TO : GO — Ob(Der(I‘,G)) Tl : Gl X GO — Derl(l",G)
9 — (g fg,1) (.9) — (0,pg, [y, 1)
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respectively, where py(o) = g%, fy(B,0) = 9h(B, g~ !) and 6(c) =
@979 (7).

There are natural isomorphisms 7 and X such that (G, T,7,X) is a cat-
egorical Der(I', G)-crossed module (see [14]).

In this case, we observe that the isomorphism ¥ is given by the composition

of the three morphisms:

(1,91) ® ({92,907 '}, 97 " 92) ® (1, 91) =

—1 —1
= (91{92,9; }, 9197 9291)

To91) gy gy 9191 201 919297 g1 =—=9192

therefore Xy, 5, = ({92,091 '}, 9191 ' g2 91)-
Thanks to this observation H°(T', G) can be equipped with a braiding (see
Proposition 2.7 in [14]) given by

Xg1,92

9291 9291 To(g1) gy gy ——= 91 92

Then 9 : Gy — Ob(GT) is also a braided crossed module with braiding
defined by

{(glael)a (92792)} = 91{92791_1} = {92791}_1' (517)

Moreover, we have that this braiding is equivariant respect an action of
0" :T1 — Ty (see the following Proposition).

Proposition 5.3.3. The crossed module d: G — Ob(GT) is a braided
crossed module equivariant respect the action of 0’ : Ty — Ty defined as
follows:

- the action of Ty on Gy is induced by the action of ' : Ty — Ty on
0: Gy — Gy ;

- the action of Ty on Ob(GT) is defined by °(g,0) = (°g,0), where (1) =
9(c ' 10);

- the map h: T x Ob(GY) — Gy is defined by h(B3,(g,0)) = h(B,g) where
the function h is given by the action of 3’ : Ty — Ty on 0 : G1 — Gy.

Proof.
First of all, we are going to show that the action of I'y on Ob(GT) is well
defined.

- (9g,0) € Ob(GF), in fact, we have:
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0(r7) = 99 7To)="0c  ro0 7o) =
= 0o 7o) 70" 7o) =3) B
o)1y = A0 r o) g = o0 ) =

(TG )T = T = T(%g);
-1

0(r) = 0o 'r0)="000'(" B0 Ta) (" 8,7 T7g) =
= 76(c'9'(8) 7o) h(B. "79) = 6(9'(8) ™) h(B, "("9))-

- Ty acts on Ob(GT), in fact, we have:

71(%2(g,0)) = (7 g,e>—<UI<”29>,5>=<01029,5>;

O(t) = “20(0y ' To2);
5(7‘) = 9oy To1) = T(20(0y oy T or09)) =
= 1200 o7 T or09);

) = (77g,0);
0(r) = 7720(0y" 07 To109) = 5( );
7(91,61)7(92,62) = (“91,01) (“92,02) = ("91 792, "90261);
"10201(7) 10y(1) 01(7) = " (7020 1 7)) 701(c™" 7 0);
“[(g1,01)(g2, 02)] 7(91 92, 902 91) = ("o 92)75);
0(7) 7(02601) (0" 7o) = (9192( “1r0)bi(0 o)) =

(70y(07 7 0)) T01(0 7o) = (B2 01) (7).

Secondly, we are going to check the five conditions making the action of
0':T1 =Ty on d:G — Ob(GY) a good action (see section 1.3):

(i) T(B1B2,(9,0)) = h(B1 B2, g) = P h(Ba, g) h(B1,9) =
= P1h(Ba, (9,0)) h(B1. (9,6))-

(i) h(B,(g1,01) (92,02)) = h(B, (91 g2, 7*0261) = h(B3, 91 92) =
= h(B,91) "' h(B,g2) = h(B, (91,01)) W"IR(B, (g2, 02)).

(i) 9(%a)=(9(%a),000);

(v)  1(B,0(a)) = h(B. (0(c).0)) = h(B.0() = Pova™;
2 gh(ﬁv ) ( (6? ) On ﬁg)) ( /(ﬁ)gg_lveh(ﬁ,g));
"©)(g,0) (9,0)" = (2" Dg,8) (g71,0%) = (V' Pg g1, " Pagpy;
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where
(799 9) o) = P96%(0)8(0) =
= "9 9(0) g0 (8) 1 0 0'(8)) =
= PN (o)1 D9 (8) " 0 0'(8)) =
= 0(0'(8) " 0(0) " 0(0"(B)) " Po(d'(8) ") 60 0" (B)) =
= 0(0"(8)) " 0(c) 1 0(8"(8)) 0(0"(B)) " O(c0"(B)) =
= 0(9'(8)) " 0(0) " 0(c 8’
(

= h

(vi)  h(7B,7(g,0)) =h(°B,(%9,0)) = h(?B,7g) = “h(B,g) =
= “h(B,(g,9)).

Finally, we are going to prove that the braiding defined in (5.17) is equiv-
ariant respect the action of @’ :T; — 'y on 9: G; — Ob(GF):

g1,01). (92,02)} = “{g2,01} ' ={", "n} ' =
= {(Ugla§1)7 (092752)} = {U(glael)v 0(92102)}'

O

In the symmetric case we have {(g1,01), (g2, 02)} = {92,901}t = {91, 92}
and 0:G1 — Ob(GT) becomes a symmetric crossed module.

Remark 5.3.2. Here we want to show (as discussed in section 4.1) that
Ob(GT) coincides with the pullback of the pair of maps:

App(F07 Gl)

|
To

Go Ob(Der(T', G))
indeed, we have:
GoX oppenr. ey App(To, G1) = {(9,0) € Go x App(Lo, G1) : Tolg) = 8(0)}
= {(g9,0) € Go x App(To,G1) :
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The third condition becomes:

0(0'(B) o) = 299 n(B, 7g1)0(c) = 0(c) h(B, “g) "

Then we have 0(c) = 0(0'(B) o) h(B, %g).

Now we can consider H(T', G) as defined in [14]. H}(T', G) is a quotient
categorical group defined in the following way:

Der(I', G)

HUT,G) = -
<G, T>

We have Ob(HY(T', G)) = Ob(Der(T', G)) and the tensor product on objects
in HY(T',G) is the same defined in Der(T',G). Then HY(T',G) is a strict
categorical group because Der(T', G) is a strict categorical group.

We are going to describe the morphisms in H!(T, G).

Proposition 5.3.4. A premorphism in H'(T,G) is uniquely specified by
(g9,0,p2, f2,62) with (p2, fo,e2) € Ob(Der(T',G)), g € Gy and a function
0 :Ty — Gi. The target of (g,60,p2, f2,e2) is (p2, f2,e2) and the source of
(g9,0,p2, f2,e2) is given by (p1, f1,€1) where

pi(o) = 90(0) " g%g " pa(0); (5.18)

F1(B,0) =0(0"(8) o) 0B, 7™ 97T fa(B,0) B(0);  (5.19)

e1(o,7) = 0(0) 71979 P (7G(r) 71979 po (o), Tg 7Ty}
97797" eo(o,7)0(0 7). (5.20)

Proof.
A premorphism in HY(T', G) from (p1, f1,€1) to (p2, f2,€2) is a pair of an
object g € Gy and an arrow in Der(I', G) from (p1, f1,€1) to (pg, fg,1)(p2,
f2,€2), that is (see Proposition 5.3.1) an arbitrary function 6 : I'y — G such
that:

979" p2(0) = 96(0) pr(0);
ghw, 7g 1979 f5(8,0) = 0(9"(8) o) f1(B,0) 8(0);
{m(o) 77T} 97T ey(0,7) =

=0(0) " (“9( ))61(0, 7)0(o 7).

From this we obtain the three relations introduced in the Proposition with
same easy computations.
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Definition 5.3.1. A morphism in HY(T',G) from (p1, f1,€1) to (p2, f2,€2)
is a class of premorphisms (g, 0, p2, f2,e2] where (g,0, pa, f2,e2) and (g',0’,
D2, f2,€2) are equivalent if there is an arrow in G from g to g’, that is an
a € Gy such that g’ = 0(a) g and the diagram

(6(0),p1(0))

pi(o) 979" pa(o)
(0" (0),p1(0) %"al),g"glm(a))
g'79" 1 pa(o)

commutes in G. Therefore we have:

o,—1

0'(c)=a?°9 (“a1)d(0).

Given two morphisms

[9,0,p2, f2,€2] l9',0",p3,f3,€3]
(p1, f1,61) ———— (P2, fa,€2) ——— (p3, [3,€3)

. . [99",0,p3,[3,€3] —
we define their composition by (p1, f1,61) ———— (ps, f3,€3) where 6
is given by:

(1,699 1) ® (07(0):p2(0)) =
o —1
(0(0),p1(0)) _ = (979 0'(0),979 " p2(0)) _ _

pi(0) ————>g7g "' p2(0) 9797 9"79" " p3(o)

1,9 ® {9’ 79", 797}, 797 9" 79" ® (1, p3(0)) =

—_ (9 te 1—1 o _—1 o —1 _to,_1—1
=(9"7¢"7", %97 },9%9" 9" 79" p3(o)) o I-1o

99'79" 7 g ps(o).

Therefore we obtain:

B(o) = 9{g"7g"1, 79711979 '9"(0) 6(0).
Given two morphisms

)[9797p1'7f1',€1 '}( Sg/ﬁ',m’,fz'ﬁz 'g
e _

(p1, f1, €1 p1’, fi'ser’)  (p2, fo, €2 p2’, fal,e2’)

their tensor product is given by:
g g7 0,p, el = [gp1 /(1) g',0,p, €]

where (p, f,e) = (p1/, f1’,e1")(p2’, f2',e2") (see (5.11), (5.12), (5.13)). The
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function @ is given by the composition of the following three morphisms:
p1(o)p2(o)

(0(0),p1(0)) ® (8/(0),p2(0)) =
= (0(0) P1(D 0/ (5), p1(0) p2(0))

1o 1—1

9797 'm"(0) 9" 79" 2’ (o)

(1,9797H® ® (1,p2 /()

——1
Y(p1" 81721009 e

gagflpl /(1) g/crg 1—1 Upl /(1)—1p1 /(J) pg/(a)
|

(L) ®Xy 11y grogi—1oy 1(1)=1,04-1 @ (L1 (@) P2/ () =
=1Lg®{p1’ Mg’ 7g' 7 7p1 (1), 797, 9T p /(1) g’ T’ T T ()TH ® (1,1 (0) p2(0)) =

=(9p1'Wg' ¢ P’ ()71, 797 9% T p1 ' (1) g P9’ TP ' ()T py (@) p2 (0))

gp1 /(1) g/gg/—l ”p1 /(1)—1 og—1p1 /(0.) P2 /(U)
where U, 7 1,7.¢,7),9")0 18 one of the natural isomorphisms given in the struc-
ture of G as a categorical Der(T', G)-crossed module (see [14]) and it is given
by:
p1'(1)g"7g" 1" (1) " p1 /(o)

(1,p1' M gH®{p1'(0), g’ 7p1 ' (1)}, 79 T p /(1) py /(0)=

= (P’ M9 (), Tg’ 1o p (1) Y p (1) g T T ()T 1 ()

) /(1) g/p1 /(G) ag/—l ”p1 /(1)—1

(Lpr ' (1)) ®{g",p1’ (@)} Lg' p1 (@) ® (1, g’ " op '(1) "=
= (71 W ig’ p1 (@)} L e /(Mg  p1(0) 79 "L P ()Y

pi'Wp’(0)g" 79" op (1)

Lp1 ' Wp1’ (@)@ {9’ 7¢" 1 o'W g g " T T(1) T )=
= (1 WP (o) ggrogi1 op '<1>1ll,m "Wp1(0) g’ Tg' " T (1))

pr'(1)p1'(0)7pr’ (1)~ g 79"

(1,p1' (M) p1’(6) ® T(e1/(1,1) €1/ (1,1),p1 ' ()" H @ (1,9'7g'~H)=
= (r1' WP 7 /(1,1) 6,7, 1)\£],p1 ") p1’(0) 71 ()" g’ 79T

P /(1)])1 /(0.) crpl /(1) g/gg —1
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(1,p1' (1) ® (e1 (0, 1), p1'(0) Tp1 /(1)) @ (1,9 Tg'~H)=

= (P1'Wey "(0,1)7 1, p1 /(D p1/(0) Tp1 (1) g’ 79’ )

pll(l)pll(o_)g/ag/—l

(e1'(1,0) /(W p1 ' (e) ® (1,97 7g' 1=
=(e1'(1,0) L p1 ’ll)m "(0)g’?g"™1)

1o, 1—1

p1'(0)g'%g

Finally, we have:

0(o) = ' (Mg 79" 2’ ()7, 797"}
979 ' {m() gy (1))
pll(l){g/’pl (o )}pl )p1’ (o) {9/ %"~ 1o /(1)*1}
PP (ey/(1,1) e,/ (1,1))) 1 P (1)51’(0, 1)er'(1,0)]0(0)
Py’ ().
Because HY(T',G) is a strict categorical group it corresponds to the
crossed module constructed as follows:

d:Kert — Ob(HYT,G)) = Ob(Der(T',G))

with d = S Kert: where s and ¢ are the source and target maps, respectively,

of the underlying groupoid H!(T', G). We denote with H}(T, G) the set of
arrows in H!(T, G) and we consider the target map:

t:H{(T,G) — Ob(Der(T,G))
(9,0,p2, fo,e2) — (p2, f2,€2)
while the source map:
s:HI(,G) — Ob(Der(T,G))
(9,0, p2, f2,82) — (p1, f1,€1)

where (p1, f1,€1) as in Proposition 5.3.4.
Thus we have:

d:Kert — Ob(Der(T',G))
(9,0,1,1,1) — (p, f,e)

where
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e p(o) =00(0) ' g7g7";
o f(B,0)=10(0"(8)o) 1 9h(B, “g~") b(0);

1

o c(o,7)=0(0) 1979 (79(r)"H (o T).
The product of two arrows [g,6, 1,1, 1] and [g’,60',1,1,1] in Kert is [gg’,é,
1,1,1], where @ is given by:
5(0) _ g{g/aglfla’ ogfl}9(0)89(0)—1909—10/(0):
Hg'79" 7, 79711970 (0) Bo). (5.21)

The action of the group Ob(Der(T',G)) on Kert is given by:

(p7f75)[g 97 17 17 1] - Z(pv f 5) [97 97 17 17 1] (p7 f 8)
We recall that the map i for the groupoid H(T, G) is defined by:

i: Ob(Der(T,G)) — Hi(T,G)
(p, fre) — (1,1,p, f,e)

Therefore, using the multiplication defined above on Hi(T',G) and the in-
verse in Ob(Der(T", G)), we have:

®S91g,0,1,1,1] = [1,1,p, fel[9,0,1,1,1][1,1,p, f,e]
[1717p7f7€] [970717171] [1’]"p*7f*75*]:
= [p(1)g,0,p, f,e][1,1,p", f*, "]

0(0) = "Vp(e),7 g7 Tp(1) 7 Mg, p(e)} I g g™, Tp(1) 71}
POPO7e(1,1) 7(1,1)] 7 PWVe(o, 1) (1, 0) "0 (0).
(p, f,e) € Ob(Der(T',G)) then p(1) = 0e(1,1) and we are going to prove

that R N
p(1)g,0,p, f,e] ~ [9,0,p, f, €]

where 5(0) = 9p(o), g~} {g,p(c)} (D)0 (0).

0(c) = e(1,1)p(0),” g~ 70e(1,1)""} {g,p(0)}
PO gogt 70e(1,1) " PO [e(1,1) 7e(1,1)] L e(o, 1) e(1,1)
(1,0)7) ( ) =
= &(1,1)9° {p(o)” ( )T Y p(0),” g7 g, pl0)}
P@)9T9 (e < > NP (1, )P (e(1,1) ") PO (e(1,1) )

™
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= £(1,1)979(7e(1,1)7H 979 PO (7e(1,1)) Yp(o),” g1}
{g,p(0 )}p"

- <Lye
p(o)

= c(1,1)?

79"

o

g

(”5

(" (1,

79"

(”6

gl(

7e(1,1) ) "0(0) =

(1, 1)~ )g{p(a)” _1}_1{9 p(o)}

(1,

1) 79797 (7(1,1)71) PG (o) =

D7) {p(0),” g7} g p(0)} "?6(0).

In the last equalities, we have used the following relations:

1. since (p, f,e) € Ob(Der(T',G)) (in particular (p,e) € Z%(To,0 :
Gi — Go)) then:

2. since 0 : G1 — Gy

9°g ' p(o)

Thus we obtain:

P)(7¢(1,1)) = e(0, 1);
e(l,0) = e(1,1);

is a braided crossed module we have:

o1%p(c), g~} N gplo)7g"

o1%{p(0), “g~ "} {g.p(0)}1p(c) 979"

P99, 0,1,1,1]

where gp(1) =g0e(1,1) =
o) = {p(1)7p

7e(1, )]
1)%

= 901,

(1,

1)

— [g7§7p7f76] {171’p*7f*)€*:|:
= [gp(1),0,1,1,1]

d(9(1,1)) g and

1

(1)~ g 97 [P p(o), Tp(1) T} PIPEL(1, 1)
"WMe(g,1)e(1,0)]0(0) =

—1

T 79T (1 1) {p( ), 70e(1,1)71} 7

PO e(1,1) )P (7e(1,1) ) e, 1) (1, 1) e(L,0)]

9p(o), 79"} {g,p(0)} P0(0) =
= 9(e(1,1)%(1,1)" 1979 (7e(1,1) e(1,1) 1) 979 (2(1,1)
7e(1,1)71) 970 PO (7e(1,1)) PO (7e(1, 1)) U p(o), Tg 1}
{9.p(0)} (o) =
= 9(e(1,1)%e(1, 1)) Yp(o), g} {g,p(0)} PD0(0) =
= I5(L,1)979(7(9(1,1)7H) p(o), Tg 1 g, p(0)} P70(0).
So we have:

We can prove that:

Kert

is isomorphic to

#19)g,0,1,1,1] = [g,6,1,1,1].

C%(Fo,a : Gl — Go)
Bé(ro,a : Gl — Go)

76
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Thanks to the definition of the product in Kert (see (5.21)), we have:
[0(0), 00,1,1,1] [9,0,1,1,1] = [9(a) g.0,1,1,1]

where:

D>
—
Q
~—
|

Y {g7g7", 70(a) 1} (o) V0N g () —
= a9 1("ofl) aataat0(o) =
@t (7! 0(0).

When restricted to Z5(I'9,0 : G1 — Gp) the product defined in (5.21)
coincides with the Borovoi product.
It is clear the isomorphism between d and a homomorphism

0}3(1“0,8 : Gl — Go)

d:
Bé(Fo,@ G — Go)

Ob(Der(T', G))

which, by abuse of notation, we have denoted again by d.

Remark 5.3.3. [26] If 0 : G1 — Go is a symmetric crossed module, then
d . CE(F0,8:G1*>G0)
' Bllg(l—‘o,a:CH%Go)
the braiding

— Ob(Der(T', G)) is a symmetric crossed module where

C%(Fo,a : G1 — Go)
B}B(Fo,a : G1 — Go)
is determined by {(p1, f1,1), (p2, f2,€2)}(0) = [1,{p1, p2}] where {p1,p2}(0)
= {pi(0),p2(0)}. However, if {— —} z's Just a braiding in 0 : G1 — Gy

{—,=}: 0b(Der(T’, G)) x Ob(Der(I',G)) —

(but not a symmetry), then d :

braided crossed module.

Remark 5.3.4. If I'1 =1 then 0 : G1 — Gq is a Tg-equivariant braided
crossed module (case considered by Noohi). In this case, Der(Iy[0],G) is
associated with crossed module:

5 : App(FO,G1 Z%(Fo,a : G1 — G[))

.
- (p,e)

)
0
e p(o) =06(0);
o (0,7)=0(0)70(1) B(cT) L.
The product in Z%(To,0 : G1 — Go) is given by:

(p1,e1)(p2,€2) = (p, €);
p(o) = p1(o) p2(0);
e(o,7) = PN py(0), “pi(r)} er(o,7) P10 ey (0, 7);
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and the product in App(Lo, G1) is given by:
(91 . 92)(0‘) = 91(0‘) 92(0‘).

The action of the group Z%(To,0 : G1 — Go) on the group App(To,G1) is
defined by: R R
P9 =0 where 0(c) = "0(0).

As we have already introduced at the beginning of this section, we can
easily observe that HO(I'9[0], G), H'(I'0[0],G) are associated respectively
with crossed modules 0 : G1 — Z%, d : C’};/B]l3 — Z%, presented in section
5.1.3.

Noohi proves in the Lemma 5.1.1 that H}B is abelian. From the cat-
egorical point of view, H°(I'o[0],G) can be equipped with a braiding and

consequently 0 : Gy — Z]g, can be seen as a braided crossed module. Then

G1*a>Z}5,1*>1 is a 2 crossed module (example (b) in section 2.3) and
1: Hp — 1 is a crossed module (consequence of Proposition 2.3.1) then
H} is abelian.

5.4 Cohomology in 2-crossed modules

In this section, we want to revisit the cohomology with coefficients in cat-
egorical crossed modules for another particular case. We have already seen
that if

G1—2-Gy-2-T (5.22)

is a 2-crossed module, then this is an example of special semistrict I'[0]-
categorical crossed modules (see example (b) of the section 3.4). We use T’
to denote T'y[0] and G for G(0).

In this case, we consider the monoidal category Der(T", G). The associa-
tivity a, left unit ! and right unit r of the monoidal structure of Der(T", G)
are defined by using the canonical isomorphisms of I'; G and the strict func-
tor T (induced by the morphism pg) from I' to G (see [14]) and they are
all identity maps. Thus Der(T', G) is a strict monoidal category.

We are going to describe the objects and arrows of Der(T', G).

Lemma 5.4.1. A derivation from T into G is uniquely specified by a pair
of functions p: Ty — Go and ¢ : g x I'g = Gy satisfying

p(0) 7p(t) = d(e(o, 7)) p(oT) (5.23)
p(0)<a€(7', v))e(o,T7v) =¢e(o,7)e(oT,v) (5.24)

Thus Ob(Der(T', G)) = Z%(T0,0 : G1 — Gp).
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Proof. As in the braided case.
O

Proposition 5.4.1. An arrow in the categorical group Der(I', G) is uniquely
specified by a triple (0,p1,e1) with (p1,€1) as in Lemma 5.4.1 and an ar-
bitrary function 0 : Ty — Gi. The source of (0,p1,e1) is the derivation
from T into G given by (p1,€1); the target of (0,p1,e1) is the derivation
from T into G given by the pair of functions pa(oc) = 90(c)p1(c) and
e9(0,7) = 0(a) P (70(7)) e1(0,7) O(o 7).

Proof. As in the braided case.
O

Der(I', G) is a strict monoidal category and the tensor product on objects
(see Theorem 5.2 in [14]) is given by:

(p1,€1)(p2,€2) = (p,€);
p(o) = p1(po(p2(0))o) p2(0); (5.25)

where ¢ is defined by the composition of the following sequence of arrows
in G:

p1(po(p2(o 7))o 7) pa(oT)

p1(po(p2(0)) o po(p2(7)) 7) p2(0 7)

(e1(po(p2(0)) o, po(p2(7)) 7), P1(P0o(P2(0)) o Po(p2(7)) 7)) ® (e2(0, T), p2(0 7)) =

(e1(Po(p2(0)) o, po (p2 () 7) PLPO(P2(0)) o 20(P2(T) Tey (0, 1), p1 (o (p2(0)) 0 po (P2 (7)) 7) p2(0 7))

p1(po(p2(0)) 0) P ®27) 7 p1 (po(p2 (7)) 7) p2(0) “pa(7)

p1(po(p2(0)) o) P27y (po(pa(7)) )] p2(0) “pa(T)

(1,p1(Po(p2(0)) @) ® ({p2(0), Tp1(po(p2()) T)}, POP2(D) [T p1 (po(p2(7)) T)] p2(0)) ® (1, Tpa(r)) =
= (P1Po(P2(9) D) {10 (o), “p1(po(p2(7)) T}, P1(P0(P2(0)) 0) POP2(EN [Ty (pg(p2(7)) 7)] p2(0) T p2(T))

p1(po(p2(0)) o) p2(o) 7p1(po(p2(7)) ) “pa(T)

p1(po(p2(0)) o) p2(o) ° (p1(po(p2(7)) T) P2(7))-
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Therefore, we have:

eloy7) = Pr@N py(a), Tpi(po(pa(7)) 7))
e1(po(p2(0)) o, po(pa(7)) 7) PrPo@2(@) P02 )y (5 7).
(5.26)
Let
01,1, L 02,p2, L
(p17 61) Grmer) (p17 51) and (p27 €2> M) (p27 62)

be two arrows in Der(T',G), where (p;,g;) are determined by (6;,p;,e;)
under the Proposition 5.4.1 for ¢ = 1,2, the tensor product of these two
arrows (defined in the Theorem 5.2 in [14]) is given by:

p1(po(p2(0)) o) pa2(0)
(01(po(p2(0)) 7),p1(po(p2(9)) 7)) @(1,p2 (Gé)=(91 (po(p2(0)) @),p1(po(p2(0)) o) p2(0))
P1(po(p2(9)) o) p2(0)
(1,p1(po(p2(0)) 0))@(02() p2 (o)) =( plipo(”(")) )62(0),1 (Po(p2(0)) ) p2(0))
P1(po(p2(0)) o) Pa(0).

Therefore, we obtain:

(01,p1,€1)(02,p2,62) = (0,p,¢€);
where

0(c) = 131(po(pz(cr))<f)92(g) 01 (po(p2(0)) o) =
= 90 o(p2(0) o) Pr(po(P2(2) ) g, () 0, (po(p2(0)) o) =
= O1(po(p2(0)) o) 1P P2(9) 2Ny ()

and (p,e) = (p1,€1)(p2,e2) as in (5.25) and (5.26).

Now we consider the categorical group Der*(T', G) and we observe (thanks
to the Theorem 4.7 in [25]) that a strict inverse exists for any object in
Der*(I', G). In the Theorem 4.7, we have the following equivalent state-
ments:

a) (p,e) € Der* (T, G);
b) Op: I'op—Tge Aut(Fo).

In the proof b) = a), we observe that the inverse of (p,e) is strict. In fact:
let (p,e) € Der(I', G) such that o, is an automorphism (in this case o,

is given by o,(0) = po(p(0)) o), an inverse (p,e)* = (p*,e*) for (p,e) is
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obtained as follows. p*(o) = (p(ap_l(o)))_l and ¢* is determined by the

composition of the following morphisms:

p*(o7)=(p(o, (o))~ = (p(o, ' (0) 0,1 (7))
|
(#lop @ oy 1“>>>‘ls<o;1<a>,avgl(T>>-1,<p(a;1<o> o7 ()

(o () 7 @p(oy ()]
\
o= L(oN—-1P0w(op (@) (op (o) ) o =1 )y - _ oo _
(P( p (o))" 170 (7r ploy H(7))) 1{p(0p1(0))’ » ( )p(a 1(7.)>}7

therefore

" — o1 (o))~ L Po(op @) ot @) 1)y -1 _ oo _
e*(o,7) p(o, ()~ PO (7 p(o, (7))~ {p( 1( ), %» ( )p(gpl(T))}

(p(ff;l(cr)G;l(f)))’ls(gpfl(g)’0171( )L

And we have:
(p,e)* (pe) = (p",€7) (p,e) = (A§)7
Blo) = p*(ap(0)) p(a) = (p(0, * 0 p(0))) " p(o) = (p(0)) ™" plo) = 1;
Elo,7) = P p(0), Tp*(0p(7))} (0 (0), 0p(7))
p*(op(o) op(T ))5(0’ T) =
= 70" p(o), “p(r) " PO (o), Tp(r))
p(”)fls(a, T)_lp(07)715(0',7') =
[ REQAGHE
= 7 {p(o), “p(r) " 7p(r)}) = PO {p(0),1} = 1;
Thus Der*(T',G) is a strict categorical group and it corresponds to the
crossed module constructed as follows:

— p(o)™! {p(a), O'p(T)—l} po(p(o)) o p(7)
p

J:Kers — Ob(Der* (T, G))
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with 0 = t|Kers7 where s and ¢ are the source and target maps, respectively,
of the underlying groupoid Der*(T", G). We denote with Der] (T, G) the set
of arrows in Der*(I", G) and we recall the source map:
s:Derj(I',G) — Z%"(T9,8:G1 — Go)
(61,p1,61) — (p1,€1)

where Z?B*(FO,E) : G1 — Gy) is the group of invertible elements of the
monoid Z%(To,d : G — Gyp) under the product defined above. The target
map is given by:
t:Derf(T,G) — Z%7(To,0:G1 — Go)
(01,p1,61) —  (p2,€2)

where (p2,e2) as in Proposition 5.4.1.
Thus we have

d:Kers — 7% (To,0:G1 — Gy)
0,1,1) — (pe)
where
 p(o) =06(0);
e c(o,7) =0(0)%0(1)0(c7)" L.
The product of two arrows (61,1,1) and (62,1,1) in Kers is (0,1,1) where
0(c) = 61(c) f2(c). The action of the group Z%"(T'g, 0 : G1 — Go) on Kers
is given by:
#)(0,1,1) = i(p,e) (0,1, 1) (i(p, ) "
We recall that the map ¢ for the groupoid Der* (T, G) is given by:
i: 2% (T0,0: Gy — Gy) — Deri(T,G)
(pa 5) — (17p75)'

Therefore, using the multiplication defined above on Der] (T, G), we have:

®)(9,1,1) = (1,p,e)(0,1,1)(1,p,e)""
= (17p75>(97171)(1ap*75*)
= (0,p,e)(1,p%,€")
= (6,1,1)
where 5

»

() = "6(0)
(

)
—~
Q
S—
Il
< D)
)
=
o
)
=
*
Q
S~—
S~—
Q
S—
Il
=
S
o
S
*
2
=
)
=
o
—~
=
*
—
Q
N—
S~—
Q
S~—
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and the pair (p*,e*) is the strict inverse of (p,e).
Because Kers is isomorphic to App(I'o,G1), it is clear the isomorphism
between 0 and a homomorphism

8 : App(To,G1) — Z37(Ig,0:G1 — Go)
which, by abuse of notation, we have denoted again by 0.

Now we are going to describe the structure of H(T', G). H°(T, G) cor-
responds to the categorical group of T-invariant objects G (see [26]). The
associativity a, left unit [ and right unit r of the monoidal structure of
GT are given by the respective constraints a, [ and r of G and they are
all identity maps. Furthermore for any object in GT there exists a strict
inverse. Thus G is a strict categorical group.

Lemma 5.4.2. A T-invariant object of G 1is uniquely specified by a pair
(9,0), with g € Gy and a function 0 : Ty — Gy satisfying

20(c) =g " (5.27)
O(ocT)=0(c)?0(T) (5.28)
Thus Ob(GF) = Zé(F(), 0 : G1 — G())
Proof. As in the braided case.
O

Proposition 5.4.2. An arrow in the categorical group G is uniquely spec-
ified by a triple (o, g1,01) with (g1,61) as in Lemma 5.4.2 and an element
a € Gy. The source of (o, g1,61) is the T-invariant object of G given by
(g1,01); the target of (a,q1,01) is the T'-invariant object of G given by
(92,02) where g2 = 0(a) g1 and 02(c) = aby(0)aL.

Proof. As in the braided case.
O

GT is a strict categorical group and the tensor product on objects (see
[26]) is given by:
(91,01) (92,02) = (91 92,0)

g1 g9 791792
l(%(ﬂ), 7g1) l(02(0)7 7g2) l(%(a) 79105(0),7 91 7 g2)
g1 g2 g1 92

B(o) = 61(0) 962(0) = 2N 79G5(0) 61(0) = 79 T9195(0) 61 (0) =
910y(0) 01(0).
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Thus this product in Z5(I,8 : G1 — Gp) is the Borovoi product defined
on 1-cochains.
Let

(91,01)

be two arrows in GT, where (g;,0;) are determined by (as,g;,6;) under
the Proposition 5.4.2 for ¢ = 1,2, the tensor product of these two arrows is
given by:

(a2,92,02)

(a1,91.61)  ,_ = _ =
(gl)el) and (92792) - (92792)

(a1, 91,01) (a2, g2, 02) = (17 2, g1 g2, 0)
where 6 is defined as above.
Because GT is a strict categorical group it corresponds to the following
crossed module:

8:G1 — leg(rg,atGlﬁGo)
a — (0(a),0a)

where 0,(0) = a®a! and the action of ZL(To,0 : Gi — Gp) on G is
given by @9 = 9a (the calculations are similar to the braided case).

HO(T', G) is defined by the kernel of T : G — Der*(T', G). The last one
is defined on objects and on arrows

TU :Gp — Z%*(Fo,a G — Go) Tl :Gi )Gy — Derf(l",G)
g — (pg:1) (a,9) — (0,pg,1)

respectively, where py(0) = g%¢~ ! and 0(0) = @797 (o).

There are natural isomorphisms 7 and X such that (G, T,7,X) is a cat-
egorical Der*(T', G)-crossed module (see [14]).

In this case, we observe that the isomorphism % is given by the composition
of the three morphisms:

(1,91) ® ({g2,97 '}, P092) g7 g0) @ (1,91) =

—1 > —1
= (91{g2,97 '}, 91 P092) g1 g5 g1)

To91) gy gy g1 7092 gt g gy 919297 g1 =—=9192

therefore X, .. = (992,97}, 917°92) g g2 g1). Thanks to this observa-
tion H°(T',G) can be equipped with a braiding (Proposition 2.7 in [14])
given by:

[ , _ Xgq,
g2 g1 (01(po(g2)),92 91) T0(91)92 " 92 g1 go.

92 91

Then 9 : Gi1 — Zé(l“o, 0: G1 — Gp) is also a braided crossed module with
a braiding defined by:
{(91,61), (g2,02)} = 9{g2, 97"} 01(po(g2)) =
= D0l 0 g g7} 61 (po(g2)) =
= 61(po(92)) {g2, 1} .
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Moreover we can define a structure of 2-crossed module on 0 : Gy —
Zé(ro,a : G1 — Go)

Proposition 5.4.3. The complex of groups

G14£9>Zé(rg, 0:G1 — Go)LFQ (5.29)

together with:

the action of I'y on G1 determined by the 2-crossed module structure of
(5.22);

the action of To on Z5(To,0 : G1 — Go) defined by 9(g,0) = (99,0);
where (1) = 70(c~ ' 10);

the Peiffer lifting {—,—} : Z}B(Fo,a : G — Go) X Z}B(Fo,ﬁ : G — Go) —
Gy given by {(g1,601), (92,02)} = {91, 92};

the map po : Z5([To,0 : G1 — Go) — Lo, by abuse of notation, given by
po(g,8) = po(g);

15 a 2-crossed module.

Proof. The calculations to show that the action of I'y on Zé(l“o,a :
G1 — Gy) is well defined, are similar to those used to prove that I'y acts
on Ob(GT) in the braided case (see Proposition 5.3.3).

G1*a>Z}B(F0, 0:G1 — Go)&f‘o is a normal complex of groups; in
fact, we have:

- po(8(a)) = po(d(a), ba) = po(d(a)) = 1;

G1 = B(T9,0 : Gi — Gp) is a normal subgroup of Z5(Ip,d : Gi —
Go);

Qll

- po(Z5(T0, 0 : G1 — Gp)) < po(Gop) and the last one is a normal subgroup
of Fo.

We have already seen that 0 : G — Z]13(F0,8 : G1 — Gp) is a group
homomorphism and a crossed module. py : Z}B(FO, 0:G1— Gy)—Tpisa
morphism of groups because pg: Gg — I'g is.

Now we want to check the seven properties making (5.29) a 2-crossed
module.

(i) the maps 9 and po are I'g-equivariant:

3(%a) = (A(%a),000) = (“0(),004);

eaa(T) _ O'aTO'afl;
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“(a) = 7(9(a),0a) = (“0(a),ba);
( o

(1) = “Ou(c7 7

|

po(7(9,0)) = po(’g
(12)
5{(91791)7 (92,02)} = 5{91792} = (8{91’92}79{91,92}) =

g5 091,21

(91,01) (g2,02) (g1,01) " P90 (g5 05)71 = (g1,01) (g2, 02)

(g7%,07) (P9 g3 83) = (g1 g2 g7 1 P°@) g5t 0)  where

(o) = 919290 [P091) (92" 0y (po(g1) " o po(g1)) )] 19291 0y (o))
g192(0') 01(0’).

Because (5.22) is a 2-crossed module, we can observe that

= (g1 929, 7

)

po(g1) "t opolgr) = polgr)po(g1) o =polgi' “g1) o =
= po(0(ti(0))o =0

~

thus 6(o) becomes:

@\(U) — glgzgfl[po(gl)(9§192(0)*1)] 9192917191(0)*1 910y(0) 01(0) =
_ o gzgflPﬂ(gl)ggl(po(gl)%(a)—l) 91 92 gflgl(a)—l 90, (r)
01(0’) =
= 8{gl’g2}(p0(91)92(0)_1p0<gl)9291(0)_1)9192(0)91(0):
= {0102} P 0y(0) %0, (0) 7 g1, 92} 9 0a(0)
01(0) =
= {91,921 {001(0) " g1,002(0) " g2} O1(0) ! 91 Oa(0)
902(0) 01(0) =
= {g1.92H 91, 792} " = {01,923 {91, 92} " =0y, 4} (0)
(i4i)

{8(a1), 8(a2)} = {(9(a1), 0, ), (3(a2),00,)} = {D(1), D)} =
= a1 Qs al_l a2_1.
(iv)
{8(a), (9,0)} {(9,0),8(a)} = {(3(), ba), (9,0)} {(9.6), (D), 60)} =
= {9(a), g} {g.8(a)} = aP@a~1 = arolsfa 1,
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(v)
{(g1,01), (92, 02) (93,03)} = {(91,061), (92 93, P03 02)} =
— {91,929} = {91,923} "% {1, 93} =
= {(91,01), (g2, 62)} """V @202) {(g1,6,), (g3,65)}.
(vi)

{(g1,01) (92,02), (93,03)} = {(91 g2, 902 01), (g3,03)} =
= {9192, 93} = {92, 93} {g1, "9 g3} =
= @9 0(gs.05), (g3, 03)} {(g1,01), P°0292) (g3, 05)}.

The previous relation holds because:

@ = a{gofl, (9,0)} = a{(8a7179a71)7 (9,0)} =
= af{dat g} =%

(vii) “{(g1,01),(g2,02)} = “{g1,92} = {7 91," 92} = {7 (91,61),7 (92,02)}.

O

Remark 5.4.1. [t is easy to observe (as discussed in section 4.1) that
Ob(GT) = ZL(T0,0 : Gi — Go) coincides with the pullback of the pair
of maps:

App(To, G1)

} L

Go To Z%*(Fma G — G())

Now we are going to analyze H'(T', G), introduced in the generale case
in [14]. HYT,G) is a quotient categorical group defined in the following

way:
Der* (T, G
H\(r,G) = 2 (LG
<G, T>

We have Ob(HYT,G)) = Ob(Der*(T',G)) = Z%"(T0,0 : G1 — Go)
and the tensor product on objects in HY(T',G) is the same defined in
Der*(T, G). Then HY(T', G) is a strict categorical group because Der* (T, G)
is.

We are going to describe the morphisms in H!(T', G).

Proposition 5.4.4. A premorphism in HY (T, G) is uniquely specified by
(9,0,p2,e2) with (p2,e2) € Ob(Der*(T,G)), g € Gy and a function 0 :
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Lo — Gy. The target of (g,0,p2,€2) is (p2,e2) and the source of (g,0,p2,e2)
is given by (p1,€1) where

pi(o) = 90(c) " g7 P71 po(q) (5.30)
51(0-77.) — 9(0.)71 gpo(pQ(O'))Ug—1p2(o')(0'0(7_)71)
9”0(‘72(”))”5]_1{1)2(0_)’ agapo(Pz(T))Tg—l}

gror2lo) e @2 (6 1) 0(0 7) (5.31)
Proof. As in the braided case.

O

Definition 5.4.1. A morphism in HY(T,G) from (p1,e1) to (pa,e2) is
a class of premorphisms [g,0,pa,e2] where (g,0,p2,e2) and (g',0', pa,e2)
are equivalent if there is an arrow in G from g to g’', that is an o € Gy
such that g’ = 9(a) g and the diagram

(0(0),p1())

D1 (O') gpo(P2(0)) O’g*lp2(0—>

(6'(0).p1(2)) p0®2() 7g—1 oo ) 1
R (ag/ 9 (Poe2(oD) o q1) gPo(P2(e) o g=1 py(g))
g/ Pop2(0))o g "1 po(07)
commutes in G. Therefore, we have:

0'(0) = agpo‘”("”"g*l(po(pz(o)) a1 0(0).

797 b ,70/7 b
Given two morphisms (p1,e1) lo.6:p2.€2] (p2,€2) 976" psesl (p3,€3) ,
we define their composition by:
l99'.0.p3.€3]
(p1,61) ———— (ps3,€3)

where 0 is given by:
pi(0)
(6(o), p1(2))

gpﬂ(pQ(U)) Ug_l p2(0')

(1,gP0P2(7D) 7 g=1) @ (67(0), pa(o)) =
_ (gpo(Pz(U)) Uglg/(ajgpo(m(g)) 791 pa(o))
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gPo2(9)e gl g pops(@) 7 g/~ () =
= gPolg’ P07 py(0)) o =1 o1 po(pa(0)) o g =1 o ()

(1,9) ® ({g’ Po(P3(e)) o g /=1 po(p3(e) o g=1y pola’ POP3(O) 79/~ py(a)) o =1 11 po(p3(e)) o gr—1y

®(1, p3(c)) = (g{g/po(p;;(d)) g1, po(ps(a))ﬂg—l}’gm(m(ﬂ)) 7g=1g/Polp3(e))ogr—1 p3(c))

gg'Pows) e g1 pows(@) o g1 pa(q).
Therefore, we obtain:
Blo) = 9{g' MmN g/ () gty g1 ) g ),
Given two morphisms

[9707171 /751 /] [9/79/71)2/752 /]
_— _—

(p1,€1) (p1',e1’) and (p2,e2) (p2',e2”)

their tensor product is given by:

l9®"10g",0,p,¢] = [gp1 (po(9")) 9", 0, p. €]

where (p,e) = (p1’,e1")(p2’,e2’) as in (5.25), (5.26). The function 6 is
given by the composition of the three complicated morphisms. When we
will describe the crossed module associated with the strict categorical group
HY (T, G), we will calculate this product for particular morphisms.

HI(T, G) is a strict categorical group and it corresponds to the crossed
module constructed as follows:

d:Kert — Ob(HYT,G)) = Ob(Der*(T', G))

with d = S[Kerts where s and t are the source and target maps, respectively,

of the underlying groupoid H!(T', G). We denote with H}(T',G) the set of
arrows in H!'(T', G) and we consider the target map:

t:HHD,G) — Z%7([0,0:G1 — Go)
(9,0.p2,€2) —> (p2,€2)

while the source map:
s:HUD,G) — Z3 (Ty,0:G1 — Go)
(9,0,p2,62) — (p1,€1)

where (pi1,e1) as in Proposition 5.4.4.
Thus we have:

d:Kert — Z%"(T0,0:G1 — Go)
(9797171) H (p’g)

where:
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e p(o)=00(c)" g% ",
o c(0,7) = 0(c) 1979 (70(r)"1) 6(0 7).

Given two arrows in Kert

(pr2) —2Em (1) (prm) — 2 (1)
where:
- pi(o) =90(0) " 97971,
- p2(0) =00'(0) "1 g' 79",
- e1(o,m) = 0(0)71 97T (70(r) ) B(o 7),
- ea(0,7) = 0/(0) 7197 (70 (1)) 0/ (0 7),
their product is given by:

(p1,€1) (P2, €2) o BNl L] (1,1).

The map 6 is defined by the composition of the following two morphisms:
p1(po(p2(0)) o) p2(0)

(8(po(p2(0)) &), p1(Po(p2(0)) o) ® (8/(0), p2(0))) =
= (0(po(p2(0)) o) PLPO(P2(9)) D)9/ (5) py (pg(p2(0)) ) p2(0))

o, /-1

gpo(p2(0))Ug—1g/Ug/—1 — gp()(g’ g )ag—lglog/—l

_ _ ro =1 _ _
(1,g) ® ({g' 79’7, g1y, Pole" 79 "N og=lgrogr—1y
_ _ Jo 1—1 _ B
=(9{g’'7g'7t, TgTt},gP0ola  Ta T N ogml gl ol

to 1—1o,—1

99 "9 9

therefore we have:
(o) = g'79"", 797} 0(po(pa(0)) o) P1#0P2L0) )9 (5) =
9’79, 797" H0(po(g’ 79" ) o) 1Pl 7T (g) =
= g'7g" g 00 ol 7 ) 0)(5:32)
The action of the element (p,e) € Z%"(To,0 : G1 — Go) on Kert is

given by:
Pe)[g,0,1,1] = i(p, ) [9,0,1,1]i(p, ) L.
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We recall that the map i for the groupoid H!(T', G) is defined by:
i: 257 (00,0: G — Gy) — HUT,G)
(pvg) — (1717p75)'

Therefore, using the tensor product on the arrows of Hi(T,G) and the
inverse in Z]% “(To,0 : G — Gp), we have:

(Pe)[g,0,1,1] =

,0,1,1][1,1,p,e] T =
9,0,1,1][1,1,p", "] =

,0,p,e][1,1,p, "] =
p(1),0,1,1].

The map 6 is obtained by the composition of the following morphisms:

p(po(90(0) Lg% 1) 0)00(0) g9t =
=p(po(g9~ 1) o) 00(c) 1 g7g7"

(1,1, p,
(1,1, p,

= [p(po(9)

= [p(po(9)

el
ell

) g
) g

(1,p(po(g°97 1) ) ® (8(0),00(0) L g7g™ 1) =
= (P®09 797 ) g(0), p(po(g7g~1) ) 00(c) "1 gTg™ )

p(po(g?g~1) o) g9

\
((P(p,€)¢g)0') -1

p(po(9)) 977 (p(po(g)) 9) " p(o)

where (V) 4)o for any o € I'g is given by the following composition (see
Proposition 5.6. in [14]):

p(po(9)) 97°* )7 (p(po(9)) 9) " p(0)

(1,p(Po(9)) 9) ® ({P(a), “g™ 1 Tp(po(9)) "1}, POP() 7 (p(po(g)) )™ (o)) =
= (PP 9{p(5), “g71 Tp(po(9)) "1}, p(Po(9)) 9 PO P 7 (p(pg(9)) 9) "L p(o))

p(po(9)) gp(0) g~ 7p(po(g))~!

(1,p(p0(9)) @ ({9, ()}, PODp(0) ) "1 @ (1, g~ Tp(po(9) 1) =
= (P09 {g,p(0)} "1, p(po(9)) 9p(0) “g™ Tp(po(9) 1)

1

—1lo

p(po(9))™9p(a) 979 7p(polg))~

(1, p(p0(9)) P09 p(0)) ® ({979, “p(po(9) ™1}, P00 797 p(p(g)) =L gog= )"t =
= (0@ PO (@) g g1, “p(p()(g))—li—l,p(pow))P0<9>p<a>g<’g—1 “p(po(9) 1)
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p(po(g)) P29 p(a) 9797 p(po(g)) " g 79~

p(po(g)) P9 [p(a) (797 p(po(g)) 1] g 79~

p(po(g)) P9 [p(a) 770 Ip(po(g)) Y g% ~"

(1, p(po(9))) ® PO [(1, p(0)) ® 7 (e(po(9) ™1, po(9)) e(1,1), P p(po(g) "Dl ® (1,979~ 1) =
= (P@o (@) PO p(0) [20(9) 72 (g (9) =1, o (9)) PO 7 2(1, 1)], p(po(9)) PO D [p(e) 7 PO Dp(pg (g)) =11 g7 g~ 1)

p(po(9)) P*9W[p(c) “p(po(g))] g9~

(1, p(p0(9)) ® PO (e(o, po(g™ 1)), p(opo(g™ N ® (1,979 1) =
= (PP [P0 e(a,po(g71)) 7, p(po(9)) PO [p() Tp(po(g™ )] g g™ 1)

p(po(9)) P Wp(opo(g™)) 979"

p(po(9)) P Dp(po(“g7 ) o) g%g"

(e(po(9),po(“g™ 1) o), p(Po(9) Po(g™ o)™t ® (1,997 1) =
= (e(po(9), P09~ 1) o) ™1, p(p0(9)) PO D p(po (g™ ) o) g7g™ 1)

p(po(9)po(“g~ ) o) g9 !
ppo(9°g 1) o) g9t
We obtain:
Pperg)o = (elpo(9), po(”g‘l) o)L PPo@) P06 e (5. po (g7 1))

p(po(9)) P09 (0)[170(9)0 (po(9) ™Y, po(9)) P09 7e(1,1)]

IR (o797, “p(pola)) YO g pl))

o) 9{p(a), 7g~" p(po( )~} p(pol9)) g

Po®(@) (p(p o(g))g) p(9)); (5.33)
(Plpeyg)e) ™ = p°<9>9{p<a>,0 “p(po(g) "} P g, (o)}

P(po(@) 0 Wp(0) 10051 Tpn0(g)) 1}

P(po(9) V(@) [P0(@) o (py ()7L, po(g)) PO 71, 1)]

P m@e(o, po(g~"))] e(po(9) po(7g~") o),
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p(po(g%g ") o) g%g"); (5.34)

and accordingly we have

(o) = P@Ip(),7 g7 p(po(g)) Tt} PP Lg, p(o)}
p(po(g)) P09p(c) [po(g)%(po(g)’l,po(g)) po(g) 7¢(1,1)]!
PP (@) [P0 (g, po(g) 1)) e(po(g), po( “g~ " )o) PPN ().

@ is obtained by the composition of following morphisms:
P(po(gP® )7 g™) po(p*(0)) 0) D8 (po(p* (0)) 0)~* g7 (V) 79~ p* (o)

(B(po(p™(2)) @), p(po(g PO P (D)) 7= 1) o (p* () 0) D O(po (p™ () o) L g POPT (D) g1y @ (1, p* () =
= (6(po(p*(0)) &), p(po (g PO ™ (7)) 7 g=1) 4 (p* (0)) 0) B O(po (p* (0)) ) 1 g PO(PT () 7 g=1 p*(5))

p(po(g)) gPowe@ (@) N po™ (@D (p(py(g)) g) ! p(po(p*(0)) o) p* (o) =
= p(po(g)) gpo(p(po(p*(a))a)p*(a» 7 (p(po(g)) g)—l
= p(po(9)) 9° (p(po(9)) 9) "

\
(1,p(po(9)) g7 (p(po(9)) g)*1$®((7(p,e>,1)a) 1o (1,p*(0))

p(po(g)) g7 @D P07 (p(pg(g)) g) ' p(1) Tp(1) " =
= p(po(9)) 97 (p(po(9)) 9)~* p(1) “p(1)~"

(1, p(po(9)) 9) ® ({p(1) “p(1) ™1, “(p(po(9)) 9) ™1}, 7 (p(po(9)) 9)~ L p(1) “p(1) 1) =
= (PCo@) 9{p(1) 7p(1) 71, 7 (p(po(9)) 9) "'} p(P0(9)) 9 (P(po(9)) 9) ™ p(1) Tp(1) 1)

p(po(9)) g p(1)7 (p(po(9)) g p(1))~".

The domain of the second arrow is simplified because we know that

p(po(p*(0)) o) p*(o) =1

where p* is the inverse of p. The codomain is simplified because we can
easily observe that p(1) = de(1,1) (with (p,e) € Z%"(T0,0 : G1 — Go))
and in a 2-crossed module it holds pgod = 1.

In the second morphism, the first component of the arrow ((Z(p)1)s) ',
thanks to (5.34), is given by:

1 (Fpeyn)e) 711 = PD{p(o), “p(1) 1} 1 POPO[7£(1,1) 7e(1, 1))
PMe(o,1)e(1,0) =
= 75 {p(0), 79e(1, 1) OSDPO (1 1)
7e(1,1)] 105 De(g, 1) (1, 0) =
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= (L, 1){p(a),d(
PO)(7e(1,1) 1) e (o,

_ 8(1’1)170(12(0))(05 1,
PO)(7e(1,1) 7! =

= e(1,1)PoPl@Dog(1 1)1,

In the last equalities, we have used the following relations:

1. since (p,e) € Z3"(To,0: Gy — Go) then:

p(”("( )) ( 1);
e(1,0) = &(1, 1);

2. since G1—8>G0£>F0 is a 2-crossed module, we have
{g,0(a)} = famDa™!
Therefore we have:
(o) = P®)9fp(1)7p(1)7", “(p(po(9)) 9) '}
)~

p(Po(9)) 97 (p(po(9)) 9)~*

= Prol9)9{y(e(1,1)%(
p(po(9)) 97 (P(po(9)) )" (
= Pro(9)9(g(1,1)%(1,1)" ) PPo@) g7 (p(Po(9)) 9) ™" (£(1, 1)
(o) 1

1L,1)7), “(p(po(9)) 9)~
(

Po(p(@) 7 (1, 1)~ 1)~ 1P(Po(9) 97 (p(k0(9)) 9) " (£(1, 1) Po(P(@) o
0(po(p"(0)) 0) = A

_ p(po(g))g( (1’1)05( DY (po(p*(0)) o) =

— P0@) g1, 1)Ppol9) "(p(po(g))g)‘l[U(p(po(g))gg(l DY
O(po(p*(0)) o).

(6(1 1) P e(1,1)7) b(po(p*(0)) 0)
B

e(1,1) @ 7e(1,1)71) 0(po(p*(0)) o)

94

_1)

In the last equalities, we have used together with the relations above the

following:

. 0 Po .
- since G1——=Go——=1y is a 2 crossed module we have

{0(a), g} = a9a™L.

Because p(po(g)) 9p(1) = p(po(g)) g0=(1,1) = (P9 9=(1,1))p(po(g)) g

we can observe that:

(p,E)[g’a L, 1] = [p(pO(g))gp(1)7§7 L, 1] = [p(p()(g)).%ga 1, 1]
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where 6(a) = 0(po(p*(0))0).
We can prove that:
C}B(Fo,a : G1 — Go)

Kert is i hic ¢ '
ert IS WomOTPHICtO - BUE 5T G = Go)

Thanks to the definition of the product in Kert, we have:

A~

[0(a),bq,1,1][g1,01,1,1] = [0() 01,0, 1,1]
where
8(a){g1 agl—l7 O’a(a)—l} () Po (91 Ugfl)aa(a)flel (J)
Oa(po(g1 gy o) =
_ o ~1 gco —1\1polg17g; o, —1 —
= afg%y; ,0(°%a" )} 1% (o) =

— %79 (7a7 N0 (o).

D>
—~
R
SN—
|

We want to emphasize that in the third passage we have used the property
(c) (see section 2.3) of the 2-crossed module (5.22).

When restricted to Z5(To,0 : G1 — Go), the product defined in (5.32)
coincides with the Borovoi product.

It is clear the isomorphism between d and a homomorphism

d-: C%(Po,a G — GU)
. BE(Fma : G1 — GU)

7% (Ty,d: Gy — Gy)

which, by abuse of notation, we have denoted again by d.

Remark 5.4.2. The Noohi cohomology is a particular case of the cohomology
in 2-crossed modules because every I'g-equivariant braided crossed module can
be seen as a 2-crossed module as in (5.22) with py = 1.

5.5 Cohomology in crossed squares

Let

G -2eT, (5.35)

ai i la,

Go *>]_—‘o

be a crossed square. If we call G the strict categorical group associated with
0:G1 — G and T the strict categorical group associated with 9’ : 'y —
Iy, then G is a strict categorical I'-crossed module (see the example (d) in
3.4).
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In this case (see [14]), Der(T', G) is just a strict monoidal category. The
associativity a, left unit [ and right unit r of Der(I',G) are defined by
using the canonical isomorphisms of I, G and the strict functor T : I' — G,
so that they are all identity maps. Then we consider the categorical group
Der*(I',G). The last one is not a strict categorical group because every
object in Der*(I', G) has an inverse but this inverse is not necessarily strict
(see Proposition 5.5 in [14]).

Lemma 5.5.1. A derivation from T' into G is uniquely specified by a triple
of functions p:Tg — Gp, f:T1x[g— Gy and € : ToxT'g — Gy satisfying

/

p(@ (B) o) = 0f(B,0) plo); (5.36)
f(B1Ba,0) = f(B1,0(B2) o) (62, o); (5.37)
F(8,0) (B, Tp(d"(B") o )P f(B',0")) e(0,0") =
=e(0'(8)a,0'(8") ') f(B7B",00"); (5.38)
p(o) “p(7) = 0(e(o, 7)) p(o 7); (5.39)
PO (Te(r,v)) e(o, Tv) = e(o,7) e(o T, V). (5.40)
Proof.
As in the braided case.
O

Proposition 5.5.1. An arrow in the categorical group Der(T', G) is uniquely
specified by a quadruple (0,p1, fi,e1) with (p1, fi,€1) as in Lemma 5.5.1
and an arbitrary function 0 : Ty — G1. The source of (0,p1, f1,€1) is the
derivation from T into G given by (p1, fi,€1); the target of (0,p1, f1,€1)
is the derivation from T into G given by the triple of functions pa(o) =
90(a)p1(o), f2(B,0) =0(0"(B) o) f1(B,0)0(c)~! and e2(o,7) = (o)

PO (70(1)) e1(o, T)0(o 7).

Proof.
As in the braided case.

O

Der(T', G) is a strict monoidal category and the tensor product on objects
(see Theorem 5.2 in [14]) is given by:

(p1, f1,€1) (P2, f2,€2) = (p, f,€) where

p(o) = p1(po(p2(0)) o) pa(0), (5.41)

f(B.0) = filpr(f2(8,0)) PPN, po(py(0)) o) PrPo2(0))0) (8 7).
(5.42)
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¢ is defined by the composition of the following sequence of arrows in G:

p1(Po(p2(o 7)) o 7) pa(o7)

(f1(P1(e2(0, 7)), Po(p2(o 7)) o 7), p1(Po(p2(0 7)) 0 7)) @ (1, p2(o 7)) =

= (f1(P1(e2(0, 7)), Po(p2(c 7)) o 7),p1(Po(p2(c 7)) o T) p2(0 7))

p1(Po(p2(0)) o po(p2(T)) T) p2(0 7)

(e1(Po(p2(0)) o, Po(p2(7)) T), P1(Po(P2(0)) o Po(P2(7)) 7)) ® (e2(0, 7), p2(0 7)) =

= (e1(Po(p2(0)) &, Bo (p2 (7)) 7) PLPOP2(o)) o 20 (P2(T) T ey (o, 1), p1 (Fo (p2(0)) o Bo(p2(7)) T) p2 (o 7))

p1(Po(p2(0)) o) POP2OD oy (5o (pa (7)) T) p2() Tpa(T)

p1(Po(p2(0)) o) POP2O) (T (Bo(pa(7)) 7)) p2(0) Tpa(T)

p1(Po(p2(0)) o) p2(o) “p1(Po(p2(T)) 7)) “p2(T)

p1(po(p2(9)) 0) p2(a) “[p1(Po(p2(7)) 7)) P2(7)]

therefore we have:

elo,7) = e1(Bo(p2(0)) o, popa(T)) 7—)Pl(?O(pQ(U))0'150(]32(7))7')82<0—7 7)
f1(p1(e2(0, 7)), po(p2(0 7)) 0 7). (5.43)

Since Der (T, G) is a strict monoidal category the set of objects of Der(T', G)
is a monoid.
Let

(917p17f1751) (627p27f2762)
— 5

(p1, f1,€1) (P1, f1,61) and  (pa, fo,e2) ————> (D2, f2, E2)

be two arrows in Der(T', G), where (p;, ﬁ-, g;) are determined by (0;, p;, fi, i)
under the Proposition 5.5.1 for i = 1, 2; the tensor product of these two ar-
rows, is defined in the Theorem 5.2 in [14] by:

p1(Po(p2(0)) o) p2(0)

(01(Po(p2(0)) o), P1(Po(p2(0)) o)) ® (1,p2(0)) =

= (01(Po(p2(0)) o), p1(Po(p2(0)) o) p2(o))

p1(Po(p2(0)) o) p2(0)
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(F1(51(02(0)), Bo (p2(0)) @), B1 (Bo (p2(0)) 0)) ® (02(0), p2(0)) =
= (F1(B1(62(0)), Po(p2(0)) o) PLPO(P2(9)) )6y (o), 1 (5o (p2(0)) o) p2(0))

p1(Po(p2(0)) o) p2(0)

therefore we obtain:

(01,p1, f1,€1)(02,p2, f2,€2) = (0,p, f,e) with

(02(0)), po(p2(0)) ) PLE P2 0)a () 01 (o (p2(0)) 0) =
)), Bo(p2(0)) o) 201 (Po(p2(0)) ) p1 (o (p2(2)) 7)), ()

I
=
—
bl
=
—~
D
no
)
S—
N—
=
o
—~
ks
no
—~
Q
N—
S~—
Q
N~—
)
i,
—~
=
o
—
3
(V]
—~
Q
N~—
S—
Q
N—
=
=
=
o
<
[§]
=
Q
Q
>
no
—
Q
S~—

and (p, f,€) = (p1, f1,€1)(p2, fo, €2) as in (5.41), (5.42), (5.43).

Now we are going to describe the structure of H(I',G). H(T,G)
corresponds to the categorical group of T-invariant objects GT (see [14]).
The associativity a, left unit [ and right unit r of the monoidal structure
of GT' are given by the respective constraints a, ! and r of G, so that they
are all identity maps. Furthermore, for any object in GT an strict inverse
exists. Thus G is a strict categorical group associated with a crossed
module (analogous to what has already done in the braided case):

0:Gy — Ob(Gh)
a — (0(a),8y)

1

where 0,(0) = a%a™" and

Ob(G") = {(g,0) € Z5(T0,0: G1 — Go) / 0(3"(8)o) h(B, “g) = 6(0)}.

The product in G is the usual product and the product in Ob(GT) is the
Borovoi product. The action of (g,0) € Ob(GF) on a € Gy is given by
@9 q = 90.

HO(T', G) is defined by the kernel of T : G — Der*(T", G), the last one
is defined on objects and on arrows

TO : GO — Ob(Der(I‘,G)) Tl : G1 X G() — Derl(l",G)

g — (pg, fg:1) (a,9) — (0,pg, fg: 1)
respectively, where py(c) = g%~ %, fy(B,0) = 9h(B, g~ !) and 6(0) =
@797 (7o),

There are natural isomorphisms 7 and ¥ such that (G, T,7,Y) is a cat-
egorical Der*(T', G)-crossed module (see [14]).
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In this case, we observe that the isomorphism % is given by the composition
of the three morphisms:

To(91) gy gy == 1 P92 g go g1 ——= g1 g2 97 ' g1 ——= 91 92

therefore Y is the identity map. Thanks to this observation H%(T',G) can
be equipped with a braiding (Proposition 2.7 in [14]) given by

01 (p , _ Xgq,
9291 ——92 91 (61(Po(g2)).92 91) To(91)9291ﬂ9192-

Then 0 : Gy — Ob(GT) is also a braided crossed module with a braiding
defined by

{(g1,01), (g92,02)} = 01(po(g2))-

In this case, we can do even better.

Proposition 5.5.2. The following diagram

G —2—Ty (5.44)
5 |o
0b(GT)—2~T

is a crossed square with actions, group homomorphism py and function h :
I'1 x Ob(GY) = Gy defined as following:

the action of Ty on Gy is induced by the action of ' : T'y — Ty on
0: Gy — Gy N

the action of I'y on T'y is the action of the crossed module 0’ :T'1 — Ty;

the action of Tg on Ob(GY) is defined by °(g,0) = (°g,0) where 0(1) =
9o~ 10);

po : Ob(GY) — Ty is determined by po(g,0) = po(g);

h(B,(g,0)) = h(B,g) where the function h is given by the crossed square
structure of (5.85).

Proof. The action of Ty on Ob(GT) is well defined and the proof is the
same as in the Proposition 5.3.3. pg is a group homomorphism because pg
is and the diagram (5.44) commutes:

Po(9()) = po(9(a), ) = Po(d(ar)) = 0" (p1 ().

Now we want to check the five properties making the diagram (5.44) a crossed
square (see Definition 2.2.1 in the section 2.2).
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(i) The map O preserves the actions of Ty and the proof is the same as
in the Proposition 5.4.3. The map p; preserves the actions of T’y
because (5.35) is a crossed square. 9’ is a crossed module because
(5.35) is a crossed square and we want to prove that pg is a crossed
module. The pre-crossed module property is shown the same way as
in the Proposition 5.4.3. Now, also the Peiffer condition holds:

p0(91,91)( 9, 92> _ ﬁo(gl)(92792) _ (150(91)927&) = (9192 gl_lvé)7
(g1,601) (g2,02) (g1,01) " = (g1,601) (92,02) (97", 07) =
=(g1929,4,0),

O(0) = 99207(0) 90(0) b1(0) = M9 01 (0) " 02(0) 1 (0),
0(c) = P90, (po(g1) " o polgr)) = P90 (po(g; " Tg1) o) =
= P)g,(po 003 (o) o) = P°9)05(0 1 05 (0) ) =

= PW@)[0y(0) h(p1 07 (), °g ) ]

= 9105(0) 9 9207 (0) 905 (o)

= D05(0) " 729 01(0) 7 01 (0) =

— 0(9162(0) 9179297 " 01(c) "1 9105(c) 61 (0) =
_ 9192"9519{191092917191(0)*19192(0)91(0):

—_ a gzgflgl(g)_l 9105 (0) 01(0) = (o).

03 = 0'py is a crossed module because (5.35) is a crossed square.

(i) pr(h(B, (9.0))) = p1(h(B,g)) = B9B~" = P31 = groloflg=t =

=

(iv) h(B1 B2, (g,0)) = Prh(Ba, (g,6)) h(B1, (g,6)) (as in the Proposition 5.3.3).

h(B (917 01) (g2,602)) = h(B, (g91,61)) WP R(B, (g2, 62)) (as in the Propo-
sition 5.3.3).
)

(v) h(7B,7(9.0)) = h(?B,(79,0)) = h(°B, 7g) = “h(B,9) = “h(B, (g,0)).
O

Now we want to generalize what happens in the context of crossed mod-
ules with objects groups.
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It is known that given a crossed module of groups 0 : G; — Gy, the
homomorphism v : G; — Der*(Gy, G1) becomes a crossed module of groups
(see section 5.1).

At this point, we want to interpret what happens in the new context of
crossed modules with objects crossed modules.

Given a crossed square (5.35), that is a crossed module of crossed mod-
ules, we can consider the morphism of categorical groups T : G — Der*(T, G),
previously defined. The last one is a categorical Der*(T', G)-crossed module
(see [14]) but it is certainly not strict because Der*(I', G) is not a strict
categorical group.

In this section, we want to define a category D included in Der *(T', G)
such that we can consider a restriction of the homomorphism T':

T:G—>D

and this is a strict categorical D-crossed module (that is equivalent to a
crossed square, that is a crossed module of crossed modules).

One condition to have a strict categorical crossed module (G, T, v, ) is
that the maps v and x are identity maps. Then, we analyze these maps
for the categorical crossed module T : G — Der*(T', G). Thanks to [14] we
observe that the map v, r. 4 1 given by:

p(Po(9)) g7 (p(po(g)) 9) ' p(o)

o,—1o

p(Po(9)) gp(o)

p(Bo(9)) P9 [p(0) 770 p(5o(g)) ] 979
|

(P(Po(9) PO n(e) [P0(9) 7 (50 (g) 1, 50 (9)) PO() 7 (1, 1)], p(0(9)) P09 [p(0) “ P05~ (g (9)) 1] g 79 1)

p(Po(9)) ™ [p(e) “p(Po(g~"))] g9~ "

(PP0(9) (P0(D (0, 5 (g7 1)), p(Bo(9)) PO D [p(0) Tp(Bog ™ )] g 797 h)
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p(P0(9)) *Dp(opo(g1)) g9~

p(P0(9)) P Wp(po(“g~1) o) g9

(e(Bo(9), Po(“g~ 1) o) ™1, p(B0(9)) PO D p(Ho(“g~ 1) o) g g™ Y)

p(po(9)po(7g~ 1) o) g9~

pPo(9°g 1) o) g

o,—1

g

Therefore we have:

Vp.re)glo) = (6(150(9)25("9‘1) o)~ PP) (P9 (a0, po(g 1))
p(po(g)) Pole (J)[po(g)o'( o(g L P0(9)) po(9) o (1,1)],
)

)"
p(Bo(9)) 97PN 7 (p(o(9)) 9) ! p(o))

while ¥ is the identity (as previously seen).

Then we considers Dery (T, G) as the full subcategory of Der(T, G)
with objects satisfying the conditions:

e(o,p0(g1)) = e(Po(g1),0) =1 Vg1 € Go,Vo €T (5.45)

Ob(Dern (T, G)) is a submonoid of Ob(Der(T", G)); in fact, given the prod-

uct in Ob(Dery(T', G)) of two objects (p1, f1,1)(p2, f2,€2) = (p, f,€), we
have:

e(a,p0(91)) = e1(po(pa()) o, po(p2(Po(g1 ))3 Po(91))

p1(Po(p2(0)) o Po(p2(Po(g1))) Po( )5 (o,P0(91))

J1(P1(e2(o,p0(91))), Po(p2(0 Po(g1))) o Polg1)) = 1;

(o
e(Po(g1),0) = e1(Po(p2(po(91))) Po(91), Po(p2(0)) o)
P1(Po(p2(Po(91))) Po(91) Po(P2(2) 7)o (50 (1), o)

f1(P1(e2(Po(g1), 7)); Po(p2(Po(91) o)) Po(g1) o) = 1.

Then Dery (T, G) is a monoidal subcategory of Der(T', G), because Dery (T,
G) is a subcategory of Der(T', G), closed under the tensor product of objects
and morphisms (because Dery (T, G) is a full subcategory of Der(T', G)).
Dery(T', G) is a strict monoidal subcategory of Der(T", G).

Now we consider Der}y (T, G) the subcategory of Dery(T', G) given by strict
invertible objects and isomorphisms between them. Then Deryf (T, G) is a
strict categorical group and it corresponds to the crossed module constructed
as follows:

0:Kers — Ob(Dery (T, G))
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with 0 = t|Kersv where s and t are the source and target maps, respec-
tively, of the underlying groupoid Dery/ (T, G).

We can observe that Ob(Dery (T, G)) is the group of invertible elements of
the monoid Ob(Dery (T, G)), and usually it is denoted by Ob(Dery (T, G))*.
We denote with Deryf (I, G); the set of arrows in Derjy; (I, G) and we recall
the source map:

s:Dery(I',G); — Ob(Dery(T, G))"
(01, p1, fr,e1) — (p1, fr,e1)

while the target map:
t:Dery(T',G); — Ob(Dery(T, G))*
(01,p1, f1,€1) — (P2, f2,€2)

where (p2, f2,€2) as in Proposition 5.5.1. Because (p2, f2,£2) has to belong
to Ob(Dery (T, G))*, 61 has to satisfy the following conditions:

1(150(91))m(ﬁo(m))(ﬁo(gl)gl(g)); (5.46)
1(0) P17 (7601 (Bo(91)))- (5.47)

01(Polg1) o) =
01(0 po(g1)) =

Thus we have

0:Kers — Ob(Dery(T,G))*
0,1,1,1) — (p, f,e)

where
o p(o) =00(),
o f(B,0)=0(0"(B)a)b(0)",
e c(0,7) =0(0)70(r) (o 7).

The product of two arrows (01,1,1,1) and (62,1,1,1) in Dery(I',G) is
(0,1,1,1) where 6(0) = 01(po(9(62(c))) o) 2(c) and the product on objects
of Dery (T, G) is the same as defined in Ob(Der(T', G)). The action of the
group Ob(Dery(I',G))* on Kers is given by:

®12(0,1,1,1) = i(p, f£,)(0,1, 1, 1)(i(p, f,€)) "
We recall that the map ¢ for the groupoid Dery/ (T, G) is given by:

i : Ob(Dery(T, G))* —» Der’(T,G)
(p, fre) — (1,p, f,e).
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Therefore, using the multiplication defined above on arrows in Der(T", G),
we have:

®1)(9,1,1,1) (0,1,1,1) (L,p. f,e)~"
(97 17 17 1) (Lp*a f*7 8*)

Lp, f,e)
)
) (1,p", f*,€)
)

93
17p7f75
é\?pvf;E

(
(
(/\
6,1,1,1

= [ 6o(p*(9)) ), 2o (p" () ) 0(po(p* () o).

Kers is isomorphic to D*, that is the group of the invertible elements of the
following monoid:

D = {0 € App(T'9,G1) /  0(po(g1) o) = 0(Po(g1)) 0910 (o)
0(opo(g1)) = 0(c)70(po(g1))  }

under the product (61 - 62)(0) = 01(po(9(02(0))) o) O2(). Tt is clear the
isomorphism between 0 and a homomorphism

0:D* — Ob(Dery(T,G))*
which, by abuse of notation, we have denoted again by 0.

Now we want to show that:
T:G — Dery (T, G)

is a strict categorical Dery/ (I, G)-crossed module.
Firstly T : G — Der*(T, G) is strict monoidal functor:

(1) = (1,1,1);
T(gl 92) = (pg1 g2 fgl g2 1);
T

(91) T(g2) = (p917f917 1) (pg2vfg2v 1) =(p, f,1);

where

Pgg2(0) = 91927 (91 92) ' =919 0951 09f17

Jarg2(B.0) = #2h(B, 7 (g192)7"),
_ o —1 _ o —
P@) = Py (Po(Pes(0)) 0) Py (0) = g1 P79 Vg1t ga 7gy ! =
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f(B,0) =

9192795 791" = pgy g2 (0),

For (B1(fgo (B, 0)) P0P920OD B 5(pg, (0)) o)
pgl(ﬁo(pQQ(U))o-)f (5 O‘) —

fml(%(g? h(B, “g3 1) 727928 5o (g2 g5 1) 0)
pol92 %95 o (th(B, p _1)) _

fgl(ﬁo(gz (ﬁpo )ﬂ )po(gz 951)/37]30(92092—1)0)

9192795 " g7 QQh(B o —1)_

Far (P28 5o(g27 g5 )U)glng’g;l 9 th(57 “g5t) =
g1h(ﬁo(gz)ﬁ’ 130(92"951)091—1)9192”92 79, gzh([g? o —1) _
9192 (1 (8, ﬁo("ggl)agl—l) 92 791 gzh(ﬂ 795 h)) =

992 (BB, 79y Tgr Tgn) T T TR N(B, 7 gy ) =
9192h(67 0951 Ugfl) — 9192h(l3’ (91 92) 1) —
fo19:(B;0).

91

It is easy to see that Im(T) C Dery (T, G). Then we can consider a cat-
egorical Der’y (T, G)-crossed module (G,T,7,Y). In this case, 7 and Y
are the identities. Furthermore, the action of Dery (I', G) on G defined by
P:2) g = p(o(g)) g is strict, in fact:

(p,f,a)(
(:th,S)g1

((p1,f1,61) (P2, f2,€2))

(p1,f1,61) [ (pz,f2,€2)g]

(Po(91 92)) 91 92;
p(po(91)) 91 p(Po(g2)) g2 =
P(Bo(91)) ™9 p(po(g2)) g1 g2 =
(91),P0(92))p(Po(91 92)) g1 92 =

Do

de(Po

po(9192)) 9192 = (p’f’s)(gl 92);
f€)

g192) =
(p7f76)92

%

(

I
o=

g

p1(Po(p2(p
(p17f1’€1

N
/\
/\
\/
\_/
O
—
<
S—
S~—
he)
[\V]
)
]
()
—~
Q
SN—
S—
Q

P1(Po(p2

(Po(9)
p1(Po(p2(Po(9))) P
((p1,f1,61) (P2, fz,Ez))

Thus we have the following crossed square:

el Ll D*

IR

Go Ob(Dery (T, G))*
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where T1(a) = 6, (by abuse of notation, we have denoted again by T1),
0o(0) = a’a!, the action of the group Ob(Dery (T, G))* on D* and on
Gyo given above, the action of Ob(Dery(T',G))* on G is defined by

Wl = f(pi(a), 1) Da = f(p1(e), 1) a
and the function h: D* x Gg — G is given by h(6,g) = 6(po(g))-

Finally, we conclude, as we have seen in the Chapter 4, that ’H}V(I‘, G)
constructed as follows:

Dery (T, G)

HY(T,G) = )
w ) <GT>

corresponds to the crossed module d : Gy x“' D* — Ob(Dery(T, G))*
where d(g,0) = 9(0)-To(g) and the action of Ob(Dery (T, G))* on Gox&1
D* is given by (p,fr¢) (g’ 0) — ((p,fﬁ)g? (p7f75)9)_

Using Proposition 4.4.1 we easily obtain the following result.

Proposition 5.5.3. The following outer diagram

p1

Tl 8//
Gi——— G D* Go xG1 D*

L P :

Go X op(Dery (T, @) P —>Go—> Ob(Dern (T, G))* Ob(Dern (T, G))*

po
s a crossed square.
Examples. The following standard examples show when H) (T, G) is
isomorphic to H1(T, G) defined in [14] as follows:

HY(T G):w.
’ <G, T>

Notice that the last one is, in general, a categorical group not strict.
7—[]1\,(1", G) is valid as a generalization of the known cohomologies theory.

(a) If 0 : G1 — Gy is a crossed module, then we can see it as the crossed
square:

1l——1

L

a—2-a,.
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In this case, we denote by I' = G1[0], G = G¢[0] and Ob(Der(T’, G)) is the
set Der(Go,G1) of all derivations from Gy to Gp. The tensor product on
derivations is the Whitehead product. Ob(Der*(T", G)) becomes the White-
head group Der*(Go,G1), that is the group of units of Der(Gp,G1). The
set of arrows of H!(T', G) is isomorphic to G and the tensor product is the
usual product in G1. Then we have:

=G1% = HY(Gy, G1);
B Der*(Gg, G1)

= — H! .
Ider(Go,Gl) L(G()’Gl)’

where L stands for Lue (see the recalls in the section 5.2 and the references
[35], [29]). Moreover, we can easy observe that:

HUT, G) = HY (T, G).

In the particular case where G is a left Gp-module, we can see it as the
trivial crossed module 1: G; — Gy and as the crossed square

1 1
G1—1-G,.

Then we find the abelian cohomology (see A.1):

m(HY T, G)) = G, ° = HY(Go, Gy);

1 - Der(GO,Gl) o 1 i
(YT, G)) = [der(Co. G = HY(Go, G1);
m(H(T,G)) = 1;
mo(HO(T, G)) = G, “° = H(Gy, Gy).

(b) If 0:G1 — Gy is a T'p-equivariant braided crossed module, then we
can see it as the crossed square:

Gi——1 (5.48)

|

GQ HFQ.

where GG1 and G are abelian groups and the action of Gg on Gy is trivial.
In this case, Der(I',G) = Der*(I',G) and we have Ob(Der(T',G)) =
Z%(To,0 : G1 — Gy) (the set of 2-cocycles defined by Borovoi). The tensor



CHAPTER 5. COHOMOLOGIES 108

product on Ob(Der(T', G)) is simplified to:

(p1,¢1) (p2,€2) = (p,e) where
p(o) = pi(o) p2(0),

e(o, 1) =¢e1(o, 1) ea(0, 7).

Then we have:

m(HY (T, G)) = H;(Ty,0 : G1 — Go);
mo(HY(T, G)) = H5(Ty,0 : G1 — Gy);
T (HY(T, G)) = kerd™® = H%(I'y, 0 : G1 — Go);
mo(HY (T, G)) = H5(Ty,0 : G1 — Gy).

Moreover, we can easy observe that:
HY(T,G) = HN (T, G).
In the particular case where Gy = 1, the crossed square (5.48) becomes:

Gi——1

L

1——T

and this implies that G is a I'g-module.

In this case, Ob(Der(T', G)) is the set Z2(I'g,G1) of 2-cocycles defined
by Mac Lane (see A.1), with the obviously product. Then we find the coho-
mology in the abelian context:

m(HN(T,G)) = H' (To, G1);
mo(H' (T, G)) = H*(To, G1);
m(HO(T,G)) = G, 1o = HY(Ty, Gy);
mo(HY(T, G)) = HY(Ty, G1).



Appendix A

Cohomology of groups

A.1 Group cohomology with abelian coefficients via
cochains

From K. S. Brown [3] “The cohomology theory of groups arose from both
topological and algebraic sources. The starting point for topological aspect
of the theory was the work of Hurewicz (1936) on aspherical spaces. [...] A
few years later there was a rapid development of this subject by Eckmann,
Eilenberg-Mac Lane, Freudenthal and Hopf. In particular, one had by the
mid-1940’s purely algebraic definition of group homology and cohomology,
from which it became clear that the subject was of interest to algebraists
as well as topologists. Indeed, the low dimensional cohomology groups were
seen to coincide with groups which had been introduced much earlier in
connection with various algebraic problems. H', for instance, consists of
equivalence classes of derivations. And H? consists of equivalence classes of
factor sets, the study of which goes back to Schur (1904), Schreier (1926),
and Brauer (1926). Even H? had appeared in algebraic context (Teichmiiller
1940).”

The cohomology of a group I' with coefficients in a I'-module G can
be defined by using various constructions. One approach is to treat I'-
modules as modules over the group ring Z[G], which allows one to define
group cohomology via Ext functors. This is a formal definition of group
cohomology.

Another simpler way is to define H"(I',G) via cochains. These group
cohomology is defined in terms of the standard “bar resolution”.
Let T' be a group. A TI'-module is an abelian group G together with an
action of I' on G. We shall denote this action by writing g, where o € I’
and g € G.
The group of n-cochains of I' with coefficients in G is the set of functions
from I'™ to G:

c'(,G)={f:T" — G}.

109
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CO(I, Q) is taken simply to be G, as I'V is a singleton set. The nth differ-
ential 9" = 9% : C"(I',G) — C" (I, G) is the map

9"(f)(01,02, ..., 0n41) =" f(02, ..y Ony1) H(f(Uh...,Ui Titts ey Oppr)) Y

=1

(f(on, oy o)) U
Lemma A.1.1. For any n >0, one has 0" od" =1.

This Lemma shows that C(I', G) = (C™(T", G), d") is a cochain complex.
Then we can consider the cohomology groups of C(I', G).

For n > 0, we set Z™(T',G) = ker(9"), the group of n-cocycles of T
with coefficients in G. We set BY(I',G) =1 and B*(T,G) = Im(9"!) for
n > 1. We refer to B"(I',G) as the group of n-coboundaries of I" with
coefficients in G. Finally, because C(I',G) is a cochain complex, we may
make the following definition:

n _2"I,G)
H"(T',G) = B T.G)
The cohomology groups measure how far the cochain complex C(T',G) is
from being exact.
So the cohomology groups in low degree are:

e 70IG)={a€eG/°a=a Voel}=Gr

e BUI,G)=1
0
« H'I',G) = goﬁ? gi =G"

e Z'T,G)={0:T = G /0(c7)=0(c)?0(7)} =Der(T',G)
e BIT,G)={0:T -G /IueqG : 0(c) = puut} =lder(T, G)

Z'T,G)  Der(I',G)

o« H'(T,G) = BY(I',G)  Ider(T,G)

e 7°(1,G)={e: T xT = G /%(r,v)e(o,7v) = e(o,7) e(o7,v)}
e B2(I,G)={e€C?/F:T =G : eo,7) = “t(1)t(or) 1 (o)}
ZXT,G)

o H*(I,G) = B Q)
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A.2 Serre cohomology

Serre (see [45]) was the first one to construct a low-dimensional cohomology
theory for a group I' with coefficients in a non-abelian group. Let G be a
I'-group, i.e. G is a group with an action of I' on G, then he set:

e HY(T,G) = G" the group of I'-invariant elements;
e ZL(I',G) =Der(T, G) the set of 1-cocycles of T' with coefficients in G.

There exists an equivalence relation on ZL(T, G):
91 N02 4 92(0’) :/,6_1(91(0'>UIU,

for every 61, 62 € ZL(T',G). The quotient set of this relation is H&(T', G).

The sets of cohomology H2(I',G) and HY(T',G) are functorial on G.
In particular, if G is abelian then G is a I'-module and we find the usual
cohomology, defined in A.1.



Appendix B

B.1 Groupoids [7]

A groupoid G is a small category in which every morphism is an isomor-
phism. Thus G has a set of arrows, denoted by G, and a set Gg of objects
or vertices, together with functions s,t : G — Gy, i : Gog — G such that
si=ti=idg,.

S

G—= Gy
.t

i
The functions s,t are sometimes called the source and target maps respec-
tively. If f, g € G and t(f) = s(9), (g, f) € G X, G, where the latter set is
defined by the following pullback diagram

T2

G %o G G

i lt

G £ Go.

The composition of arrows: o : G X, G — G denoted by go f = g f, is
such that s(gf) = s(f), t(gf) = t(g). Furthermore, this composition is
associative; the elements i(x), x € Gy, act as identities; and each arrow f
has an inverse f~! with

s(fFY =), Y =), FE =), =)
An element f is often written as an arrow f: s(f) — t(f).

f g gf

o [ ] —_— 0
s(f) t(f)=s(9) t(9) s(f) t(9)

A morphism of groupoids is just a functor, and the category of groupoids
will be denoted by GPD.
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B.2 Groups in a category

Let C be a category with finite products and a terminal object 1. Let G
be an object of C. Then a monoid in C [37] is a triple < G,m : G X G —
G,e: 1 — G > such that the following diagrams

idG xXm

GxGxG Gxd
mXidGl \Lm
GxG — G,
1x G exide GxG e xe Gx1
o J o~

commute. A group in a category C is a monoid < G,m : G x G — G,e :
1 - G > together with an arrow inv : G — G such that the diagram
commutes

invXidg

G-S-axa—Me g
! -
1 < G
where A : G — G x G is the diagonal morphism (i.e. pA =qA = idg,
where p, g are the projections from the product to its components).

B.3 Simplicial groups

Definition B.3.1. [38] A simplicial set Ko is a graded set indexed on the
non-negative integers together with maps 0; : Kg — Ky—1 and s; : K; —
Ky 11,0 <1 < q, which satisfy the following identities:

(i) 00, =0, 10; if i <j,
(ii) sisj=sj418 if i <7,
(lli) 8Z S5 = §j-1 81 Zf 1< j:

0j s; = identity = 0j11 55,
aiSj :Sjaz;l ’Zf 1> 7+ 1.
The element of K, are called g-simplices. The O; and s; are called face

and degeneracy operators.

If C is any category, a simplicial object in C is given by a family of
objects of C, {K,,n >0} and morphisms 0; and s; as above. A simplicial
group is a simplicial object in the category of groups.
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Definition B.3.2. Given a simplicial group G , the Moore complex ((NG)s,
d) is the normal chain complez defined by

(NG),, = N ker(0F)
that is the joint kernel in degree n of all face maps except the 0-face,

o and the differential maps given by the remaining 0-face

dn = o (NG = (NG,



Bibliography

1]

2]

3]

[4]

[5]

[6]

[7]

8]

[9]

M. Borovolt, Abelian Galois cohomology of reductive groups , Mem.
Amer. Math. Soc. 132 (1998), no. 626.

L. BREEN, Théorie de Schreier supérieure , Ann. scient. Ec. Norm. Sup.
4 série 25 (1992) 465-514.

K. S. BRowN, Cohomology of Groups, Graduate texts in Mathematics
87, Springer, (1982).

R. Brown, C. B. SPENCER, G-groupoids, crossed modules and the fun-
damental groupoid of a topological group , Proc. Konink. Nederl. Akad.
Wetensch. (1976) 296-302.

R. BROWN, Higher dimensional group theory, in Low Dimensional Topo-
logy , London Mathematical Society Lecture Notes, 48 (1982) 215-238.

R. BrROwN AND J.-L. LoDAY, Van Kampen theorems for diagrams of
spaces , Topology 26 (1987) 311-334.

R. BROWN, From groups to groupoids: a brief survey , Bulletin of the
London Mathematical Society 19 (1987) 113-140.

R. BROwWN, N. D. GILBERT, Algebraic Models of 3-Types and Automor-
phism Structures for Crossed Modules, Proc. London Math. Soc. (3) 59
(1989), 51-73.

R. BROWN aAND P.J. HiGGINS, The classifying space of a crossed com-
plex, Math. Proc. Cambridge Phil. Soc. 110 (1991) 95-120.

[10] R. BROWN, Groupoids and crossed objects in algebric topology , Homo-

logy, Homotopy and Applications, vol.1, No.1 (1999) 1-78.

[11] A. CarBONI, M.C. PEDICCHIO, N. PIROVANO, Internal graphs and

internal groupoids in Malc’cev categories, (1991).

[12] P. CARRASCO, A.R. GARZON, J.G. MIRANDA, Schreier theory for sin-

gular extensions of categorical groups and homotopy classification, Com-
munications in Algebra 28 (2000) 2585-2613.

115



BIBLIOGRAPHY 116

[13] P. CARRASCO, J. MARTINEZ MORENO, Categorical G-crossed modules
and 2-fold extensions, J. Pure Appl. Algebra 163 (2001) 235-257.

[14] P. CArrAscO, A. R. GARZON, E. M. VITALE, On categorical crossed
module, Theory and Applications of Categories 16 (2006) 585-618.

[15] P. CAarrAsco, A. M. CEGARRA, A. R. GARZON, The classifying
space of a cateqorical crossed module, Mathematische Nachrichten vol.
283, Tssue 4, (2010) 544-567.

[16] D. CONDUCHE, Modules croisés généralisés de longueur 2, Journal Pure
Appl. Algebra, 34 (1984) 155-178.

[17] D. CONDUCHE, Simplicial Crossed Modules and Mapping Cones, Geor-
gian Mathematical Journal, 10 (2003) 623-636. 108, 121

[18] E. B. Curris, Simplicial homotopy theory, Adv. in Math. 8 (1971)
107-209.

[19] P. DEDECKER, Cohomologie & coefficients non abéliens, C. R. Acad.
Sc. Paris 287 (1958), 1160-1162.

[20] P. DEDECKER, Les foncteurs Extr, HE et Hy non abéliens, C. R. Acad.
Sc. Paris 258 (1964), 4891-4894.

[21] P. DEDECKER, Three dimensional non-abelian cohomology for groups,
In: Hilton, P. (ed.) Category Theory, Homology Theory and Their Appli-
cations II. (Lecture Notes in Math. vol. 92, pp. 32-64). Berlin: Springer
(1969).

[22] M. FORRESTER-BARKER, Group objects and internal categories, Avai-
lable as arXiv:math/0212065, (2002).

[23] M. A. Frouricu AND C.T.C. WALL, Graded monoidal categories,
Compositio Mathematica 28 (1974) 229-285.

[24] A. R. GARzZON, H. INASSARIDZE, Semidirect products of categorical
groups. Obstruction theory. Homology, Homotopy and Applications 3
(2001) 111-138.

[25] A. R. GARrzON, A. DEL Rio, The Whitehead categorical group of
derivations, Georgian Math. J. (2002) 9 (4), 709-721.

[26] A. R. GARzON, A. DEL R10, Low-dimensional cohomology for catego-
rical groups, Cahiers de Top. et Géom. Diff. Cat. XLIV-4 (2003) 247-280.

[27] A. R. GARZON, H. INASSARIDZE, A. DEL RI0, Derivations of cate-
gorical groups, Theory and Applications of Categories 13 (2004) 86-105.



BIBLIOGRAPHY 117

[28] A. R. GARZON, A. DEL RIo, On H' of categorical groups, Comm.
Algebra 34 (2006) no. 10 3691-3699.

[29] N.D. GILBERT, Derivations, automorphisms and crossed modules,
Communications in algebra 18 (1990) 2703-2734.

[30] D. GUIN-WALERY, J. L. LODAY, Obstructions a l’excision en K -theorie
algébrique, Algebraic K-theory. Evanston 1980, Lecture Notes in Math-
ematics 854 (Springer, Berlin, 1981) 179-216.

[31] P.J. HittoN, U. STAMMBACH, A course in homological algebra,
Springer-Verlag (1971).

[32] A. JoyaL, R. STREET, Braided tensor categories, Advances in Math.
82 (1991) 20-78.

[33] S. KASANGIAN AND E.M. VITALE, Factorization systems for symmet-
ric cat-groups, Theory and Applications of Categories 7 (2000) 47-70.

[34] J. L. LopAY, Spaces with finitely many non-trivial homotopy groups ,
Journal of Pure and Appl. Algebra 24, n. 2, (1982) 179-202.

[35] A.S-T. LUE, Semicomplete crossed modules and holomorphs of groups
, Bulletin of the London Mathematical Society 11 (1979) 8-16.

[36] S. MAC LANE, J.H.C. WHITEHEAD, On the 3-type of a complex, Proc.
Nat. Acad. Sci. U.S.A. 36 (1950) 41-48.

[37] S. MAc LANE, Categories for the Working Mathematician, no. 5 in
Graduate Texts in Mathematics, Springer-Verlag, New York, 2nd edn.
(1998).

[38] P. MAyY, Simplicial Objects in Algebraic Topology (1967).

[39] B. NooHI, Notes on 2-groupoids, 2-groups and crossed-modules, Ho-
mology, Homotopy, and Applications, 9 (2007), no. 1, 75-106.

[40] B. NooOHI, On weak maps between 2-groups, Available as
arXiv:math/0506313v3 (2008).

[41] B. NOOHI, Group cohomology with coefficients in a crossed-module,
J. Inst. Math. Jussieu, 10 (2011), no. 2, 359-404. Available as
arXiv:0902.0161.

[42] K. NORRIE, Action and automorphisms of crossed modules , Bulletin
de la société mathématique de France 118 (1990) 129-146.

[43] T. PORTER, Eztensions, crossed modules and internal categories in ca-
tegories of groups with operations , Proceedings of the Edinburgh Ma-
thematical Society (1987) 30 373-381.



BIBLIOGRAPHY 118

[44] T. PORTER, n-types of simplicial groups and crossed n-cubes. , Topology
32 (1993), no. 1, 5-24.

[45] J.-P. SERRE, Cohomologie galoisienne , Fifth edition. Lecture Notes in
Mathematics, 5. Springer-Verlag, Berlin, (1994).

[46] H.X. SINH, Gr-catégories, Université Paris 7, Thése de doctorat 1975.
[47] E.H. SPANIER, Algebraic topology, McGraw-Hill (1966).

[48] E.M. VITALE, A Picard-Brauer exact sequence of categorical groups, J.
Pure Applied Algebra, 175 (2002) 383-408.

[49] J.H.C. WHITEHEAD, On operators in relative homotopy groups, Annual
of Math 49 (1948) 610-640.



