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1. Introduction. In this paper we consider a higher integrability property of a
solution « to the problem of minimizing

/ L(z,u(x), Vu(x))dx.

Q

More precisely, our aim is to establish the local integrability of the map
(1) [VeL (-, a(-), Va()) [[Va()|.

In fact, for Lagrangians L(z,u,-) growing faster than exponential, the integrability
of L (-,a(-), Vi) does not, in general, imply the integrability of |V¢L (-, a(-), Va(-)) |
(see an example in [2]). However, the integrability of (1) is needed both to establish
the validity of the Euler-Lagrange equation for the solution to this problem, i.e., in
order to prove that the equation

/QKVsL(x, u(x), Vi(z)), Vn(z)) + Lu(z, u(x), Vi(z))n(z)]dx = 0

holds for every admissible variation n and to prove additional regularity properties
(higher differentiability) of the solution, as in [3].

Clearly, a proof of regularity (Vu in L*) of the solution is also a proof of the
higher integrability of the solution. In this sense, for the case L(¢) = el€I”, special
cases of higher integrability have been obtained by Lieberman [6] and by Naito [7];
Lieberman, in the same paper, considers also a more general Lagrangian but assumes,
among other regularity conditions, that the Euler-Lagrange equation admits a C?
solution.

In [2], a Lagrangian of the kind L = e/(IVuD) 4 g(2,u) was considered, where
f and g are regular functions satisfying some growth assumptions and f is convex,
and a higher integrability result was obtained. The purpose of the present paper
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is twofold: first we wish to present a more general result, suited for being used in
the investigation of further regularity properties of the solution; second, we wish to
use the higher integrability property to establish the validity of the Euler-Lagrange
equation for a class of Lagrangians growing faster than exponential.

It is well known, in fact (see, e.g., [4]), that so far, the validity of the Euler—
Lagrange equation for Lagrangians of general form has been established only for
Lagrangians growing at most exponentially; Lieberman and Naito consider the case
L= e|v“|2; more recently, Degiovanni and Marzocchi in [5] consider functionals of the
form [ L(Vu(z))dx + ¢(u), where ¢ € W17 without any upper growth condition
on L, and in [1], ¢(u) is replaced by a more general term g(x,u) concave w.r.t.
u. However, the few results proved so far for integrands having growth faster than
exponential hold only for Lagrangians of a very special form.

The proof of the higher integrability result, which will be presented below, is
independent on the validity of the Euler—Lagrange equation; this fact prompted us
to try to use the higher integrability property to extend the validity of the Euler—
Lagrange equation beyond exponential growth. A result along these lines is presented
in the second part of the paper: in it, we allow the growth of L with respect to £ to
be approximately up to |£]él = exp(|¢]log |€]).

2. Assumptions and higher integrability results. Some results in this paper
will depend on the properties of the polar or Legendre—Fenchel transform L* of a
convex function L, defined by

L*(p) = sup{(p, &) — L() };

for its properties, we refer to [8].

We shall consider Lagrangians L satisfying the following convexity and regularity
assumptions.

Assumption A. L(z,u,€) is nonnegative and positive whenever ¢ # 0, and the
map t — L(z,u,tf) is nondecreasing for ¢ > 0. In addition, for every (z,u), the
restriction to the set |£| > 1 of the mapping £ — L(x,u,§) is the restriction to the
same set of a convex function. Moreover, L(x,u,&) is C'(u x &) for each fixed z and
measurable in x for each fixed (u, ), and it is such that for every w CC Q and U there
exist constants M = M(w,U), K = K(w,U), and, for every R, a function o, y g in
L!(w) such that for almost every z € w and for every |u| < U we have

(i) for every £ € R™, |%| < KL(z,u,&);

(i) sup{[VeL(z, u,€)|: [ul < Uslé] < R} < cwv,n(@);

The higher integrability results will depend on the validity of the following con-
dition. In it, and for the remainder of the paper, for an open O CC 2 and § > 0, we
set Os = O + B(0,6). Explicit classes of Lagrangians satisfying Condition C will be
provided by Theorem 2.

ConDITION C. For every open O CC Q, 6° > 0, and U there exist a constant
§ < 6% such that Os is in Q, a Lipschitzian function n € C.(Os) with n(z) > 0 and
n(x) =1 on O, and constants K = K(U,0s) > 0 and R = R(U,Os) such that for
every & with €] > R, for every u with |u| < U, for almost every x € O, and for every
e > 0 sufficiently small, we have

(2) log L(z,u — enu, £(1 — en) — euVn) — log Lz, u, &) < eK.

The next theorem infers the higher integrability result from the validity of Con-
dition C.
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THEOREM 1. Let L satisfy Assumption A and Condition C. Let @ be a locally
bounded solution to the problem of minimizing

/ L(z,u(x), Vu(z))dz
Q

on u® + Wy (Q). Then,
IVeL (-, a(-), Va()) [[Va()| € Lig. (2).
Proof. (a) Fix O CC . It is enough to prove the existence of Hy such that

/O (VeL (z,u(z), Va(z)), Vi(z)) de < Hy.

In fact, if this is true, taking O to be w in Assumption A, point (iii) proves the claim.
Hence, let Og0 CC €, and let U be a bound for |i| on Ogo. Let §, n and the
constants R and K be provided by Condition C (we assume R > 1).
Since @ is a solution, for the variation —enu, with € > 0, we obtain

() 0< % / L (x, i — enit, Vii(1 — en) — V) — L (2, @, Vii)] da.
Os

We have
L (z,a—enu,Va(l —en) —eaVn) — L (z, 4, Vi)

'oL

= E/ [—(—m]) +(Ve¢L,—nVu —aVn) | ds,
0 8U

where ‘g—ﬁ and V¢L are computed at (z,4 — send, V(1 — sen) — se@Vn); hence, as

€ — 0, by the continuity of the partial derivatives of L,

@) L (z,a —enu, Vu(l —en) —eaVn) — L(z,u, Vi)

€
oL, _ o
= 5 (78 +(VeL, —nVa —aVn),
pointwise in 2, and with the right-hand side computed at (z, u(x), Vi(x)). Set O5~ =
{z € Os : |Vi(x)] < R} and Os" = {x € Os : |Va(z)| > R}: on Os ™, the left-hand
side of (4) is uniformly bounded so that for every ¢ and for some M we have

% / [L (2,0 — enit, V(1 — en) — eaVn) — L(z, a(z), Vi(z))]dz| < M.
Os ™~

(b) On Os™, consider the constant K: setting
le(x) = log L(z, a(x) — en(z)a(z), Va(z)(1 - en(x)) — ea(x)Vn(z)),

(ezs _ log L(r,ﬂ(r),Vﬁ(r)))
dz
(5+ €

ezs—sf(+sf( _ elog L(z,u(z),Va(z)) d
= x
L g

/ Pkt lesK 141 elos L(z,ﬁ(z),Vﬂ(z))—ls+sK‘| i,
o) g

from (3) we have

-M

IN
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| Jlog L(z,i(x), Via(z))—feteK _
>/ ele—eK ¢ 1 dz.
= Jor -

sf{_l

Since on Os T, l.(z) — eK < log L(z,i(x), Vi(x)) and also & -
hand side of (5) is bounded by

< KeX | the left-

M + KeX /Q L(z, i(z), Vi(z))de = H,

independent of . (c¢) Consider the right-hand side. For fixed = we have
- - ~ 10L . 1 U
log L(z,u(x), Vi(z)) — be(x) = —¢ z%(—nu) + I (VeL, —nVu —aVn) | + o(e)
so that, as € — 0, pointwise w.r.t. x,
elog L(z,a,Vi)—l+eK _

K+ =
(6) 5 — +L

10L 1
2 i+ — (Ve L, Vil + iV
8u7]u+L<V§ ,nVu + uVn)

In addition, by (2), log L(x, u(x), Vﬂ(gr:))—g5 (z)+eK > 0so that the left-hand side
of (6) is nonnegative and so is its limit, K + %g—ﬁm} + 1 (VeL,nVi+ aVn). Finally,

log L(

pointwise, ef=~¢K — e #,%, Vi) Hence, applying Fatou’s lemma, we obtain

/ L(z,a,Va)
of

oL

. oL 1
K+ 2% ni+ — (Ve L,nVi + aVn)

<H
L L -

ie.,
~ U oL o
KL(z,q,Va)+ =—nu+ (VeL,nVa+aVn)| < H.
og' ou
Since the integrand above is nonnegative, we have obtained, in particular, that

- oL
/ {KL(x,a, Va) + —ni+ (VeL,nVa + avm] < H.
onoy ou

On O we have that n = 1, @ is bounded, and that, by (i) of Assumption A, there
exists K such that

‘ OL(z, f‘(;i’ Vi(z)) < KL(z,a(x), Vi(r));

hence there exists HT such that

(7) /Omo+ (VeL (z,u(x), Vi(z)), Vi(z))de < HY.
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Consider O N Oy ; by Assumption A(ii), we have that

| (VeL (z, u(x), Vi(z)), Vi(z)) | < R-a,, ; z(z)

on O N Oy . Hence we have obtained that the integral

/O (VeL (z,u(x), Va(z)), Vi(z)) de

is bounded, thus proving the theorem. d

It is easy to show that the Lagrangians of exponential growth satisfy Condition C.
However, the following result shows that this condition is satisfied by a substantially
larger class of functions. We shall need the following.

DEFINITION 1. A convex function A € C1(R), A(t) > 0 for t # 0, is called a
comparison function for L if for every U there exist constants Ko, Ky, and Ko such
that for almost every x € w, |u] < U and €| > 1 imply

(i) KA (€]) < [VeL (7, u,€)] < KoA' ([€])

We shall also refer to the following.

EXPONENTIAL GROWTH CONDITION. For every open O CC Q and U there ex-
ists a constant ¢ such that for almost every x € O, |u] < U and [§] > 1 imply
|VeL(z,u,6)| < c- L(z,u,f).

THEOREM 2. Let L satisfy Assumption A. Assume that either

(i) L satisfies the exponential growth condition or

(ii) for |&| > 1, the map log(L(x,u,-)) is the restriction to the set |£| > 1 of a
convez function; there exists a comparison function A such that L(-) = log(A(")) is
convex and such that L* is defined on R. Assume that

o 1
(8) / Wdz < 00.

Then Condition C is satisfied.

Remarks. For every sufficiently large z, 0 ¢ 9(L*)(z); if this was not the case, in
fact, the map z — (£*)(z) would be constant and £, hence A, would be defined on a
single point.

The map ¢ — exp([t|P) for p > 1 satisfies condition (ii) but not condition (i); the
map t — exp(exp(t)) satisfies neither condition (i) nor condition (ii).

In the proof of Theorem 2, we shall need the following preliminary result (Lemma 1
in [2]).

LEMMA 1. Let G : R — 2% be upper semicontinuous, strictly increasing, and such
that G(0) = {0}. Assume that for a selection g from G

9) /00 g(1/s)ds < oc.

Then the implicit Cauchy problem

admits a solution Z, positive on some interval (0, 7].
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Proof of Theorem 2. Fix O, §°, and U. Let 0 < § < 6° be such that Oy is in Q.
For a fixed variation 7, we shall use the notation

éa(xvuaé-) = ]'OgL (xvu - 877%5(1 - 577) - 5UV77) :
0

1
2

(a) In case (i), choose any Lipschitz continuous function € C.(Os) with n(z)
and n(xz) = 1 on O, and set u = sup |Vn|. Choose R = max{4, 2Uu} so that for ¢
€] > R implies, for s € [0,1], |€(1 — en) — seuVn| > 1.

Fix u, |u| < U and notice that for s € [0, 1] we have |u — senu| < U. We have

2>
<

1
0o(z,u,€) — log Lz, u,€) = / Olog Llw,u — semu &1 — en) — eu¥) (g

0 ou
1
—|—/ (Velog L(z,u,§(1 — en) — seuVn), —euVn) ds
0
+10gL(ZII,U,€(1 - ET])) - IOgL(Qf, uvé.)

By Assumption A, ¢ — L(z,u,t€) is nondecreasing with respect to ¢ on {t > 0};
hence the third term on the right-hand side is nonpositive. Moreover, |BI§—EL| =
%|g—5| < K so that the first term is bounded by € times a constant. By the exponential
growth assumption, |V¢log L| = W—EL‘ < ¢, and hence the same is true for the second
term.

(b) Consider case (ii). From

1 1
10L Vel
£elovu, ) —tog L, €) = (o) [ 3 5eas e [ (VEE —ng—uvn)as
where the first integrand is evaluated at (x, u— senu, £(1—en) —euVn) and the second
at (x,u,&(1 — sen) — seuVn), we obtain

(10)  lo(z,u,&) —log L(z,u,§) <e [KU + <% (x,u,&), —né — an>] ,

where & = (1 — s.em) & — sceuVn for some 0 < s, < 1.
For z # 0, set

1 U

U2 = e

From the assumption of convexity, (L") is nonincreasing as a function of % and
WU*)(Z) is nondecreasing as a function of % so that G satisfies the assumptions of
Lemma 1.

Consider Z, the solution to € G(Z'), provided by Lemma 1, defined and positive
on (0, 7]. Possibly decreasing 7, we can assume, without loss of generality, that

(11) 2'(t) <1 for all t € (0, 7].

Notice that from the inclusion z(t) € G(2’(t)) we infer that 2’ > 0 on (0, 7], hence
that x is strictly increasing, so that ' is strictly increasing as well. Set §, = min{r, §}
and define 7 as follows: let d(z) be the distance from a point x € O;_ to 00s, and set

n(z) = inf{j(&)i:(d(a:)), 1}
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so that, in particular, n = 1 on O. Almost everywhere, d is differentiable with |Vd| = 1
and, at a point of differentiability, we have

0 it d(x) > 6,

Vi(z) = {i(}sT)j'(d(x))Vd(x) if d(z) < 6.

Hence, a.e., we have that |Vn| < i((lsT)i’(zST) and that either Vi = 0 or

= 1) = 5y le) = 53 3
= W)@

where we have set
U

(13) h(z) = W7

an increasing function. oL B
Consider the term 5(%(35, u, &), —né—uVn) in (10). Set & = (1 —en)&—euVn.
Set p11 = sup |Vp| and R = 2+ Upy so that for e < %, [¢] > R implies that both
€| > 1 and [¢] > 1.
For those x such that

(14) <% (xvuafs) ) _Tlf - UVU> < Oa

any K > KU will do to prove the result. Moreover, by Assumption A, we have
LI (z,u,&(1 — sen)) <0, ice., (VeL(z,u,&(1 — sen)), —ng) < 0, so that

(Ve e e —n) <o

from this we infer that, when Vr(z) =0, (14) holds.
Hence, we are left to consider those x such that, at once,

Vel
<% ($,u,€5) ’ _775 - Uvﬂ> >0
and n(z) = |Vn(z)|h(2(5-)[Vn(z)]).

Given any v, w € R", from the assumption of convexity of log L(x, u, -), we obtain
that its gradient is monotonic, i.e., that

VeL Vel
(s1 — s2) <%(x,u,v+slw) - %(x,u,v+52w),w> >0,

i.e., that the mapping s — (%(x, u,v + sw), w) is nondecreasing. Hence, from the

inequality

<% (x7u7€6) 9 _775 - Uvn> > 07

we obtain (%(x,u,g), —né —uVn) > 0. We infer that

VgL = VEL - V77 VEL = |V77|
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Recalling Assumption A(iii), we have
<% (x,u,f) ,§> = <% (x,u,g) ,Z> —€ <% (x,u,f) ,—né — an>
(16) > |V (o 8)| (M- enle - <019
From inequalities (15) and (16), we infer
U@ > M[E| — enlg] — eUIVn| > M[(1 —en) [¢] — eU|Vn[] — enlé| — eU[Vn],
ie.,
U@ +e|VnUM + 1] > [€|[M(1 — en) — en].
We are free to assume M < 1; taking ¢ < %, we finally have
(17) 3U|Vn—”| > U@ 4 e VnIUIM + 1] > [€][M(1 - en) — en] > %M|§|

and, recalling (12), we obtain

g<— U |
MGGV @)

(18)
From Definition 1 we have

L

noticing that

6U

(20) &I < TrRGE D

+e|Vn|U

and that £’ is nondecreasing, from (10), (12), (17), (19), and (20) we obtain

és(x,u,f) —IOgL(ﬂf,U,g)
<eKU +¢e ()&l +U|Vn|) KoK2L' (]&:])

6U 6U
< !
< eKU + e|Vi|Ko KL <M GG +E|V77|U) (M + U) .

By (11), we have that (d,)|Vn| < 1; there exists o such that for ¢ < o we have

1
h(l) < ——
()*MUt

so that for |[Vn| < o, h(Z(0,)|Vn]) < h(1) < m. Then,

6
M - h((6+)[Vn])

7
+e|VnlU < — .
ViU <SRG G



896 G. BONFANTI, A. CELLINA, AND M. MAZZOLA

Hence, for those z such that |Vn(x)| < o, recalling (13), we obtain

' 6U , TU
IVl (M-h(fwwn “'V”'U> < IValt (M-h(fmww)

= viie’ (o) (g ) ) = 760y

a constant independent on ¢, thus proving the result in this case.
It is left to consider those x such that |Vn(z)| > o: in this case, from (18), we
have |¢] < WK{&M, and, from (10), the result follows from the boundedness of

V).

3. The validity of the Euler—Lagrange equation. The higher integrability
property for a minimizer w is independent on the validity of the Euler-Lagrange
equation. In the next theorem we wish to use this result in order to establish the
validity of the Euler-Lagrange equation for a class of problems including Lagrangians
having growth faster than exponential.

THEOREM 3. Let L(x,u,&) satisfy Assumption A and assume that there exist a
comparison function A and a constant ¢ > 0 such that for t > 1 either

(i) %E(t) <cor

(ii) %E(t) <c(1l+logt), L(-) is convex, and Dom(L*) is open,
where L(-) =log A(). Then, a locally bounded solution @ to the problem of minimizing

(21) /QL (z,u(z),Vu(z))de for wueug+W," ()

satisfies the Fuler—Lagrange equation.

Lagrangians of exponential growth satisfy (i); the map A(t) = ¢* is not of expo-
nential growth but satisfies (ii): in this case, Dom(L*) = R.

In order to prove Theorem 3, we shall need the following lemma.

LEMMA 2. Let L : R — R be convez and C* and such that Dom(OL*) is open; let
0% be any selection from OL*. Then, there exists a sequence of conver C? functions
L,, such that

(i) Dom(L.,) D [-m+1,m —1]; Vo € Dom(L},), we have |L,, (z) — L'(z)| < L;

(i) L}, € CY(Dom(OL*)); for every [a,b] C Dom(OL*) there exists a subsequence
m(j) such that (Ly, ;)" — 0" pointwise a.e. on [a,b].

Proof. Ad (i). By assumption, L’ is a single-valued, continuous, nondecreasing
function; hence, its inverse, JL*, is strictly increasing, possibly multivalued, and
defined on the image of L’. The selection 0* (discontinuous at most on a set of
measure zero) is strictly increasing and bounded on sets compactly contained in its
domain. Consider the interval [—n,n]. The interval [L'(—n),L’'(n)] is a compact
subset of the open set Dom(0L*). There exists a subsequence n(m) such that both
L'(—n(m + 1)) < L'(—n(m)) and L'(n(m + 1)) > L'(n(m)); there exists N(n(m)),
with N(n(m)) > n(m) and o) S 2 min{L'(=n(m)) — L'(—n(m + 1)), L' (n(m +
1)) — L'(n(m))}, such that [L'(—n(m)) — m, L'(n(m)) + m] C Dom(0L*),
so that the map

(L) = PN (n(m)) * 07,

where py(n(m)) is a standard mollifier having support in [—m, m], is well
defined on [L'(—n(m)), L'(n(m))] as a strictly increasing function. Its image is the
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interval I(n(m)) = [(L%,) (L' (—n(m)), (L) (L' (n(m)))]. We claim that I(n(m+1)) D
[-n(m),n(m)] D [-m,m]. In fact consider p = % (L'(—n(m + 1)) + L'(—n(m))): for
every p such that [p—p| < 7 n(m)), we have 6*(p) < 6*(L'(—n(m))) = —n(m) so that
PN (n(m+1)) * 6*(P) < —n(m), and analogously for $(L'(n(m + 1)) + L'(n(m))).

The map (L},) is a C! and strictly increasing, hence invertible, function: on the
interval I(n(m)) we set L' = ((L?))~!. Fix arbitrarily m and = € I(n(m)). Set
Um = L1, (T) so that

T = (ON(nm)) *0°) TUm) = / PN (n(m)) Um — ¥)6"(y) dy.

— 1 - 1
e e B s ey

We notice that T € co{d*(y) : |y — T,,] < W} In fact, otherwise, there exists «
such that for every y € {ly — 7,,| < m} we have o > ad*(y); then,

ar = /006 PN (n(m)) (T ) > 0</5 PN (n(m)) T — Y) = OF.

Hence, there are y; and y2 such that |y; — 7,,| < m and §*(y1) < T < 6*(y2).

é
By the monotonicity of L', the last inequality can be written as y; < L'(T) < y2 so
that

] L <y <SL(T) <yo < Ty + .
m >~ Y1 2 m
N(n(m)) N(n(m))
We have obtained
1 1
L'(Z) - L (7)< < .
L) =~ @) < s < o

Ad (ii). Fix arbitrarily [a,b]. We have that (L%,)’ — 6* in L!([a,b]). Hence, there
exists a sequence (Lfn( )) converging to * pointwise a.e. on [a, b]. O

The condition that Dom(9L*) be open is not satisfied by a map like L(t) = [¢|; it
is satisfied by the minimal area functional L(t) = /1 + |t|? and a fortiori by any L
of superlinear growth.

Proof of Theorem 3. Fix 0 < hy < ; we claim that both in case (i) and in case
(ii), there exists K such that 0 < h < ho implies

(22) AN (t+h) <K[1+A®#)+tA (2)].

Set A* = sup{A’(s) : 0 < s <1+ ho}. In case (i), we have A’(t +h) < A* fort <1
while for t > 1, A(t + h) < cA(t)e", and we infer that (22) holds. In case (ii), again
AN (t+h) < A* for t <1, while for ¢ > 1 we have

t+h
A(jfi(‘ft')h)A(t): ﬁ’(t—l—h)'exp(/t ﬁ/(s)dS>A(t)

t+ho
c/ (1+logs)d51 “A ()

c (1 +logt + %) - (t+ o)™ - exp [c t (log (t + ho) — logt)] A (t)

N@E+h)=L(t+h)

< c[l+log(t+ ho)]-exp

<1 (1+logt) - tehoecho A (t) < ¢o - tA (2).
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By assumption, log(A) is convex for ¢t > 1 so that there exists c3 such that % > cs,

hence A’ (t + h) < cacs - tA' (t), and (22) is established.

Next, we claim that setting ¢t = |Va(x)| in the right-hand side of (22), we obtain
a function integrable on compact subsets of Q. By (i) of the comparison assumption,
we have that A(|Val) € Li, (Q). By (ii) of the comparison assumption, to show that
|ValA' (|[Val) € L},.(82) it is enough to show that Theorem 1 holds, i.e., that the
assumptions of Theorem 2 are satisfied. The assumptions are obviously satisfied in

case (i), so we consider case (ii). We have to prove that

o 1
(23) / Wdz < o0.

Since Dom(9L*) is open, Lemma 2 can be applied to £. Consider the sequence (L, );
for any «, 8 (o > 1), by the change of variables z = L] (t), we have

L£5.(8) B pn / B B /
(24) / :lz/ F Em/ (t) dt — log £, (t) n / log E;n (t) dat.
L (a) Z(‘Cm) (Z) a b ‘Cm (t) t o a t
By assumption (ii),
log £’ (t) P

B B ’
+/ log £ (t)dt < log(c (1 +logt)) ;

t |, 2 t
and there exists H such that for every o > 1 and for every 3, the right-hand side
is bounded by H. Whenever m — 1 > 3, Dom(£/,,) D [a, 8] and |£' — L],| < L. so
that the right-hand side of (24) is bounded by H + 2 (independent of «, 3, and m).
Consider the subsequence m(j) provided by (ii) of Lemma 2. Fix any a,b € R; let a,
B such that for j sufficiently large, [a,b] C [£], ;) (a), L], ;) (B)]. By (i) of Lemma 2
and by Fatou’s lemma,

/bédz—/b#dz<liminf/dez<H+2
), e s TN R

so that (8) is satisfied and the integrability claim holds.

To establish the validity of the Euler-Lagrange equation, fix n € C(Q) (we
assume supn < 1) and set h = sup |Vn| and S = spt(n). Since @ is a solution, we
have

(25) /SL(x,ﬁ(x) +en(z), Vi (x)+eVn(z) — L(z,a(z), Vi (x))

B
+/ log(c (1 +logt)) .

«

dz > 0;
€

the integrand converges pointwise to

oL
VeL (z,u,Va),V —
(VeL (2,3, Vi), Vi) + == (
and we wish to dominate the integrand by an integrable function. We have

‘L (x,0+en,Va+eVn) — L (z,a,Va)

x,u, Vi) - n

€
L(x,i4+4en,Va)— L(x,a, Vi)
3
n ‘L(x,ﬁ—i—gn,V&—l—aVn)—L(x,&—l—gn,Vﬁ)
3

IN

IN

Z—i (z, 1 + 3en, Vi) - n‘ + [(VeL (z,@+en, Vi +1Vn) , V).
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By Assumption A(i), the first term is bounded by KL(z,a,Va) - e - |n|, an
integrable function. Set E = {z : |Va(z)| > 1+ h} and write the second term as

[(VeL(z, i+ en, Vi +1eVn), V)| xs\e + [(VeL (z, @+ en, Vi + eVn) , Vi) | xe-

Set U = sup{|a(z)|} +1. On S\ E, |Vi+ eVny| < 1+ 2h = R, and hence by
Assumption A(ii), the first term is bounded by an integrable function. On E, we
have |V +¢eVn| > 1; hence by (ii) of the comparison assumption and (22), whenever
eh < ho,

|((VeL (2,04 en, Vi +1eVn) , V)| < KA (|Vi(z) + e Vn|)
< KoK [L+ A(|Vi(z)|) + Vi) A (|Va(z)])).

The last term is integrable, by our previous claim, and is independent of ¢, so
that we can pass to the limit under the integral sign. Finally, considering also —n, we
obtain that

/QKV&L(% u(x), Vi(z)), Vn(z)) + Lu(z, u(x), Vi(z))n(z)]dx = 0

for every admissible variation 7. d
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