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Chapter 1
Introduction

This thesis deals with the properties satisfied by the solutions to minimization
problems in the Calculus of Variations.
The typical structure of a variational problem is the following: minimize a

functional of the type

/L(:E,u(m),Vu (x)) dz,
Q

over the function space ug + VVO1 - (Q), where L is a Carathéodory map and ug is
an appropriate boundary datum.

Suppose, for the moment, that at least one minimizer u does exist. It would be
interesting to know whether this solution of the variational problem satisfies any
necessary conditions: the Euler-Lagrange equation is the most classical answer to
this question, even if its validity has been proved, so far, only for particular cases
and we are still far from having a general theorem about its validity.

Another question could be whether @ belongs to any better function space
than W11 (Q). In other words: does % possess any further regularity properties?
These issues are not independent, in fact most of the regularity properties follow
from the necessary conditions satisfied by the solutions, mainly from the Euler-
Lagrange equation. On the other hand, regularity properties could be used, in
turn, to prove the validity of the Euler-Lagrange equation.

In the first part of this thesis we obtain the validity of necessary conditions in
the form of the Euler-Lagrange equation, or of the Pontryagin maximum principle,
for solutions to some particular variational problems; in the second part we prove
regularity results concerning higher differentiability properties.

The thesis is organized as follows: in the present chapter we introduce the

problems that we will treat in detail later, we recall a (far from being complete)
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list of known results, with their references, and we state our main results. In the
following chapters we will provide detailed arguments and will present the full
proofs of the results.

Most of the results exposed in this thesis are contained in the papers [10], [16],
[17] and [18].

1.1 Necessary conditions for solutions to variational

problems

Let us consider a variational problem (P) of the kind
minimize/ L(z,u(x),Vu(z)) dr,
Q

where Q is a bounded open subset of RY, u € ug + W&’l (Q) and L (z,u,§) :
QxR xRV — R is a Carathéodory map, that is L (-,u,&) is measurable for
fixed (u,§) and L (x,-,-) is continuous for almost every = € ). Moreover, assume
that L is convex with respect to £, differentiable with respect to u and £ and
such that also L, and L, i@ = 1,...,N, are Carathéodory. Classical results
show that, under reasonable regularity and growth assumptions from below on
the Lagrangian L, problem (P) admits a solution u: we say that u satisfies the

classical Euler-Lagrange equation if for every n € C2° (£2), we have

/Q Vel (z,u(x),Vu(x)),Vn(x)) + Ly (z,w (x),Vu(z))n (z)] de =0, (1.1)
or, in a more compact form,
div,VeL (z,u(x), VU (z)) = Ly (z,u(x), Vu (x)) (1.2)

in the sense of distributions.

So far, without any further assumptions on the Lagrangian L, the validity of
the Euler-Lagrange equation has to be considered a conjecture. Actually, even in
the one-dimensional case, the result cannot be true in this full generality. In fact,
a famous example by Ball and Mizel, [4], shows that there exist functionals whose
minimizers do not satisfy (1.1).

The main problems occurring in the classical argument for the validity of the
Euler-Lagrange equation are the following. Let u be a minimizer of the problem

(P) and consider a variation 7, that is a smooth function such that n = 0 at the
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boundary of 2. Using 7 to explore the neighborhood of @, for ¢ positive one has

/ L(z,u(z)+en(x),Vu(z)+eVn(z)) — L(z,u(z),Vu(x))
[¢) 9

dz >0. (1.3)

The integrand converges pointwise to
(VeL (x,u(x), Vu(z)),Vn(x)) + Ly (2,7 (z), Va(z)) n (z)],

but a theorem that allows to pass to the limit under the integral sign preserving
the inequality in (1.3) does not exist and it is easy to build counterexamples.
Hence, this passing to the limit under the integral sign remains a difficult point.

Another question is: does the integral in (1.1) make sense? In other words,
does the fact that

L(z,u(x),Vu(z)) dr < oo
Q

imply V¢L (-,u, Vu) and L, (-,u, V) are, at least locally, integrable? (We shall
focus mainly on the term concerning the derivatives with respect to &, indeed in

what follows we will assume
‘LU (J),U,g” S KL ('xvuvf) )

ae. x € O,V (u, &) € R x RY).
These obstacles are classically overcome by requiring assumptions of growth
type on the Lagrangian L, with respect to the variable £: for instance, for problems

of the kind
minimize /Q L (V@) + g (2,0 (2))] dz, (1.4)

it is possible to prove that if L has polynomial growth, i.e. there exist M > 0
and p > 1 such that |L(&)] < M (14 ||£||P) for all £ € RY, from the convexity
of L it follows that there is M such that [|[V¢L (€)]| < M (1 + ||§||p_1). Under
these growth conditions it is classical to prove that, if w € WP (Q), then the
Euler-Lagrange equation holds for w. In [13] Cellina shows that if L in (1.4) is of
at most exponential growth, then a slightly more accurate argument can be used
to prove that the Euler-Lagrange equation holds.

Beyond exponential growth some special results have been obtained: Lieber-

man, [30], proves that minimizers of the functional

/Qexp (\Vu (x)]Q) dx

are classical solutions to the corresponding Euler-Lagrange equation. Otherwise,

one could try to obtain some regularity properties for the solution w: for instance,
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ifue Wli’coo(Q) one can pass to the limit in (1.3) under the integral sign, then it
is easy to prove the validity of the Euler-Lagrange equation. Marcellini, in [33]
and [34], gains local Lipschitzianity for solutions to variational problems requiring
general growth conditions on the Lagrangian L. Cellina, [12], instead, proves
global Lipschitzianity through conditions on the set €2 and the boundary datum wuy.
More recently, weaker assumptions on {2 and on ug were introduced by Bousquet

and Clarke, [11], to obtain local Lipschitzianity.

1.1.1 Necessary conditions without differentiability assumptions
on the Lagrangian

Chapter 2 deals with the necessary conditions satisfied by a solution @ to the

problem of minimizing
/Q [ (IVu@)]) + g (2,u(@)]de on ug+ Wy (Q) (1.5)

where f is a convex function defined on R* and g is a Carathéodory function,
differentiable with respect to u, and whose derivative g, is also a Carathéodory
function. The main point here is that we ask f to be convex and to satisfy a
growth assumption, but we do not require any differentiability properties on f.
Indeed, in variational problems, the assumption of convexity of the Lagrangian is
more acceptable than the assumption of differentiability. Now we no longer have
the notion of differential but only the one of subdifferential: since in this case we
cannot write the Euler-Lagrange equation in the classical form (1.1), what is the
right statement of the necessary condition we should look for? A suggestion comes
from the Pontryagin maximum principle for optimal control problems [36].

To show what we mean, consider a 1-dimensional domain © = [a,b] C R and

express our variational problem in terms of an optimal control problem

b
min/ Flta @), u®)dt, z(a) =02 (b) =21 (1.6)

where the state 2 and the control u are linked by the differential condition 2’ (t) =
u (t) and the set of the admissible controls U equals to the effective domain of f.

The Pontryagin maximum principle states that if (Z,u) is a solution to (1.6),
then there exist a non negative pg and a map p € Wh! ([a, b]) such that (pg, p) #
(0,0) and a.e. in [a,b]:

O o0 =po- L 70 m0);
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(i) —po- f (= (¢),u(t)) +p @) u(t) = maxuev {—po- f (T (1), u) +p(t)u}.
In the normal case pp = 1, when we pass to the problem of minimizing func-

tionals of the form
/Q F (Vu(2)) + g (,u ()] du

with F' a convex function defined on R, one can conjecture that the suitable form

of the Euler-Lagrange equations satisfied by a solution @ should be

Ip ()€ LH(Q) :divp () = g0 (hu()

in the sense of distributions and, for a.e.  and every ¢ € RV, we have
(. Vu (@) — [F (Vu (@) + g (2,0 (2))] = (p,€) — [F (&) + g (a,u(x))].
Equivalently, the condition can be expressed as
Jp(-) € L' (Q), aselection from OF (Vu (+)), such that divp(-) = go (- u (-)).

In this form, this condition is the equivalent of the Pontryagin Maximum
Principle. The purpose of Chapter 2 is to prove this condition for the class of
mappings under consideration. Clearly, this cannot be the right condition for those
problems such that Dom (F') # Dom (OF'). Actually, the functionals we consider
are such that the domain of OF is the whole space. This is not the most general
problem about the validity of necessary conditions for minimization problems, as
(1.5), with f convex: our f is defined on R and in our result are not included
problems with restrictions on Vu, as |[Vu| < 1, that would require extended
valued convex functions. This is a very active and difficult area of research, with
very few results available [19], [6], [7].

Necessary conditions for problems similar to our problem (1.5) have been ob-
tained by F. H. Clarke in [20]: his methods and results are different from ours,
although there is some overlapping.

Very recently, the method exposed in Chapter 2 has been generalized in [8] to
obtain analogous necessary conditions for general problems of type (P) involving
nonradial lagrangians. The result is based on a variant of the Riesz representation

Theorem.

1.1.2 Higher integrability for solutions to variational problems

In Chapter 3 we consider the variational problem (P) and we look for regularity
properties for its solutions. More precisely, our investigation is about higher in-

tegrability properties for the gradient of a solution @ of (P). As we have already
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noticed, in order to establish the validity of the Euler Lagrange equation for the
solution to this problem, i.e., in order to prove that, for every admissible variation

7, the equation
/Q Vel (z,u(x),Vu(x)),Vn(x)) + Ly (z,u (x), Vu(xz))n (z)] de =0, (1.7)

holds, one has preliminarly to prove that the integrand is in L'; hence, in par-
ticular, that (V¢L (z,u(z), VU (z)),Vn(z)) € L}

growing faster than exponential, the integrability of a term like

ioc- However, for Lagrangeans L

/L(w u(z),Vu(x)) dr
Q

does not imply the integrability of
/ Vel (z,u(x),Vu(z)) de.
Q

In fact, consider L (s) = %, so that L' = 2se*". For N = 1, the function & (-)

whose derivative is
&= /-m(mor)

is such that ef'®’ | m 1( N is integrable on (—%, %), however, for |t| small,
t||In(?)|2
/ 1
€ (1) SV = - () >
2] |In (£)]2
1

— |In (¢)|
6] | ()] \1n Vsl V2|t [ (0)] |1n t)|’
hence L' (¢ (+)) is not locally 1ntegrable.
Obviously this problem does not occur when we are able to prove some addi-

tional regularity properties of the solution @. For problems of the type

minimize/ L(||Vu(z)|) dx
Q

by using a barrier as in [39], under smoothness conditions on the boundary and
on the second derivative of L one can prove that the gradient of the solution is in
L (Q); alternatively, taking advantage of the regularity properties of solutions to
elliptic equations, as in [30] for the case L (t) = e!*, and in [34], [35], under general

growth conditions on L, one proves that the gradient of the solution is in Ly;.
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When we do not have any further regularity results, the exponential growth
of L in (P), with respect to the variable £, has to be considered the limit case in
which the integrability of L (z,u (z),Vu (x)) garantees the local integrability of
Vel (z,u(x) ,Vu(x)). Indeed, this fact is valid for any function u, not just the
solution w. We wonder whether we can obtain any higher integrability properties
for a minimizer; whether these properties still hold for minimizers of functionals
having faster growth; finally, whether we can use these properties, that we obtain
only using the fact that @ is a minimum and not a solution of the Euler-Lagrange
equation, to prove the validity of the Euler-Lagrange equation itself for functionals
having growth faster than exponential.

More precisely, we prove that if | L, (z,u, )| < KL (x,u,{) and either
i) |VeL (z,u,§)| < KL (x,u,§) or

ii) 3A € C! (R) such that ‘% (:c,u,g)’ < KAK/ (I€]), the map I' (t) := log A ()

is convex and
/ R
A AP < 0O,
pol* (p)

where OT'* is the subdifferential of the polar of I, then a locally bounded solution
u to the problem (P) satisfies

‘va, |V£L (‘757 Vﬂ)‘ € Llloc (Q) :

The assumptions i) and ii) allow growth slower than exponential as well as faster
than exponential. In particular, in these cases the result garantees the existence
of the integral in (1.1).

Our result is weaker than the local boundedness of Vu, the result proved in
[30], [34], [35]; however, it holds for a larger class of functionals, where, possibly,
the stronger boundedness result might not hold. In fact, we do not assume further
regularity on L besides its being convex and differentiable: in particular, we do
not assume the existence of a second derivative of L, nor we assume its strict
convexity. Moreover, we allow also a dependence on x and on u.

Our method of proof is based on a simple variation and on the properties
of polarity. In particular, the validity of the Euler Lagrange equation related to
problem (P) is not needed.

1.1.3 On the validity of the Euler-Lagrange equation

In Chapter 4 we look for necessary conditions satisfied by solutions to variational

problems of type (P) with fast growth. We already saw that the exponential
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growth of L with respect to the variable & has to be considered a limit beyond
which it is difficult to prove the validity of the Euler-Lagrange equation; in fact,
in this case, the gradient V¢L grows faster, with respect to &, than the function L
itself. In Chapter 4 we succeed in overcoming this barrier in two cases. In section
4.1 we consider lagrangians satisfying a growth condition that allows faster than
exponential growth; in this case we use the higher integrability properties obtained
in Chapter 3 in order to prove the validity of the Euler-Lagrange equation. In

section 4.2 we treat the same topic in the case of problems of the type
minimize/ [L(Vu(z)) + g (x,u(x))| dx (1.8)
Q
without growth assumptions on L.

Let us consider the problem (P). As remarked above, we obtain higher inte-
grability for a minimizer u independently of the validity of the Euler-Lagrange
equation. Actually, one would like to use it to establish the validity of this equa-

tion. Indeed, as we have noticed, for any admissible variation 1 we have

L(z,u(x)+en(x),Vu(zr)+eVn(z)) — L(z,u(x),Vu(x))
€

— [(Vel (2,1 (2), Vu (), Vi (2)) + Lu (2,7 (x) , Vu (z)) n (z)]

pointwise with respect to x and

‘L (z,@ +en, Vu+eVn) — L (z,4, Va)
13

< ‘gi’ (z,7 + 5en, V) - n‘ + [{VeL (z, @+ en, Va + teVn) , Vn)| (1.9)

where 0 < 5, < 1. Suppose that, for every U > 0, there exists a comparison map
A € CH(R), A convex, such that

KiA([€]) < L (w,u,§) < KaA ([¢])
KA ([€]) < |VeL (z,u,€)] < KA (€])
a.e. x € Q, Yu < U. We prove that if there exists ¢ > 0 such that either
i) A'(t) <cA(t)or

ii) A0 5 non decreasing and, for every t > to, A’ (t) < c¢(1+ logt) A (),
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then the last term in (1.9) is bounded by |Vu| |V¢L (x,@, V)| |Vn|. Hence, one
can pass to the limit in (1.3) by higher integrability and dominated convergence.

We observe that assumption ii) allows faster than exponential growth: for
instance, we obtain the validity of the Euler-Lagrange equation for the problem
of minimizing

/ L(z,u(z),Vu(x))dx,
Q

when L (z,u,€) ~ €] as [¢] — oo.

In Section 4.2 we prove the validity of the Euler-Lagrange equation related
to the minimum problem (1.8) without requiring any growth assumptions on the
Lagrangian L, but only on the mapping u +— ¢ (x,u). This result is strongly
inspired by a recent paper by Degiovanni and Marzocchi [22]. In that work the

authors open a new path in order to prove that any minimizer of the functional

/QL(Vu (2)) o+ (u— up), (1.10)

where u € ug + Wol’p (0),1<p<ooand p € WL (Q), satisfies the associated

Euler-Lagrange equation

[ (L) Vi do = —p),  vgec @).

Their main assumptions are convexity and regularity of L, without any upper
growth condition. At present, this work represents the border of knowledge about
the validity of the Euler-Lagrange equation. We use some results of theirs as a
main tool applied to the problem (1.8): here we require L to be a convex map
and g to be a Carathéodory map such that v +— ¢ (x,u) is concave for almost
every x € ) and satisfies some growth assumptions. We prove that, for any
minimizer u of (1.8), the associated Euler-Lagrange equation holds, i.e. that there
exists a selection o (x) from the subdifferential dg (z, @ (x)) such that, for every
n € CX (), we have

/ (VL (Vu(z)),Vn(z))dx = —/ o (z)n(x)d.
Q Q

Our result generalizes the case considered by Degiovanni and Marzocchi: in fact,
their functional ¢ € W—1#' (), appearing in (1.10), is replaced here by a more
general map u — [ g (z,u(x)) dz.

Functionals of this type, with the same concavity assumption, were considered by
Cellina and Colombo, [15], but their purpose was to prove existence of solutions

and the domain of integration was one dimensional.



14 CHAPTER 1. INTRODUCTION

1.2 Higher differentiability of solutions to variational

problems

In Part II of the present work, we use some of the results of the previous sections
to investigate the higher differentiability properties of minimizers of large classes
of functionals.

In order to prove regularity for a solution @ to a variational problem, e.g. local
Lipschitzianity of @ or local Holderianity of Vw, the first step is often that of
estabilishing the (local) existence of weak second derivatives. To illustrate this

process, let us consider the special functional

/ F (Vu(x))dz (1.11)
Q

and suppose that u, a solution to the problem of minimizing (1.11), has weak

second derivatives. Let us suppose F' is a smooth function satisfying

IVF (§)] < Ks ¢
N
Kilz|* < ) Feg, (6) iz < Ka |2/
i,j=1

so that w satisfies the Euler-Lagrange equation
[ (VeF (V). v =0
Q

for all ¢ € I/VO1 2 (©). Since u admits weak second derivatives, we can take ¢ =
a%w, with ¢ € W02’2 (Q), and integrate by parts to obtain

| (e (90) - (va),, Vo) <0,

where Hp is the Hessian matrix of F'. Recalling the assumptions on F', we have
obtained that w = u,, satisfies an elliptic differential linear equation with bounded
measurable coefficients. By De Giorgi Theorem [21], w is locally Holder continu-
ous, then w € Cllo’g (©2) for some 6. Moreover, by induction, it is possible to prove
that F € C™® implies u € C}»“ (). In particular, F' € C*° implies u € C°.
Classical results can be found in the book by Ladyzhenskaya and Uraltseva [28].
Here the authors consider Lagrangians that, beyond an ellipticity condition, have

polynomial growth at infinity. More precisely, they consider smooth mappings L
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satisfying the so called natural growth condition, that is there exist K; = K; (Ju|) >
0,7=1,2, and p > 1 such that

K1 [€)P < L(z,u,§) < Kz (1+[¢])°

N
Ky (LD 12 < Y L, (@,u,€) zizg < Ko (14 €)% |2
ij=1
for all z € RY. They prove, among other results, that if @ is a locally bounded

solution to the problem of minimizing
/ L(z,u(x), Vu(z)) dz (1.12)
Q

in a bounded region © of RY, it belongs to the class W22 (w), where w is an
arbitrary interior subregion of €.

Our aim is the investigation of the differentiability properties of solutions to
variational problems having non-power growth of L with respect to [£].

In [31], [32] Marcellini introduces and investigates the regularity problem for
solutions of minimizing problems of the type (1.11) satisfying the so called p, g-
growth condition: there exist K1, Ko > 0 and ¢ > p > 2 such that

Ky (L) 2 < (Hp (&) 2,2) S Ko (L4 €D [z V€, 2 € RV,

By assuming that p, ¢ and n satisfy the condition % < 5, the author proves
that any solution of (1.11) belonging to VVllocq (©) has weak second derivatives
and is locally Lipschitz-continuous in Q. W?2? regularity for solutions of systems
satisfying p, g-growth condition is proved also in [5].

Anisotropic conditions have been the first non-standard growth conditions be-
ing investigated. Our results do not apply in these situations: we are interested
in Lagrangians having growth faster than polynomial at infinity. These varia-
tional problems are considered in [29] and [33]. In [29] Lieberman gives a natural
generalization of the natural conditions of Ladyzhenskaya and Uraltseva. In [33]
Marcellini considers integrals of the type (1.12) where L € C? (Q x R x RV ) sat-

isfies, besides other assumptions, the general growth condition

N
Kigi (|€) 2 < > Leg, (,u,8) zizj < Kaga (€]) 127,
i,j=1

where g1 and go are real maps linked by a condition involving the dimension N.
It is proved that if the minimizer uw of (1.12) satisfies the corresponding Euler-

Lagrange equation and

/ng(|Vu|)- (1+1vaP) <00
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for all w CC €, then it belongs to VVZQO’C2 (©) and it is locally Lipschitz continuous.

1.2.1 Higher differentiability of solutions to variational problems
of faster growth

In Chapter 5 we prove local existence and properties of the weak second derivatives
for solutions to variational problems of the kind (1.12). Here we assume that
there exist constants K1, Ko > 0 and a comparison function A : R — R, satisfying

certain properties, such that

N ([€]) € Ko [VeL (z,u,6))|

N (€))
K ™/
e

for all z € RY. Our assumptions on A allow small perturbations of polynomial

N
22 <Y Leg, (@, u.8) iz < Ko (€]) |2
ij=1

growth, e.g. A(t) = %t2 log (t + €), as well as slow exponential growth, e.g. A (t) ~

eta, a < 1.

The method is a variant of the well known method based on difference quotients

52”(:6) _ u(m%—he}i)—u(:c)7

that gives a characterization of Sobolev spaces. The key point here is that we do
not use as an admissible variation the map ¢ = (5i_h (172 . 5;1“) as usual, but the
function

¢ =6 (-4 (Ghu)),
where 7, is the (only) solution of the differential equation

7 () = g 7 (0

such that lim;_,o+ v (¢) = 0 and limy_,» 7y (t) = +o0. This function turns out to
be exactly c -t for the case L is of power growth, but does exist also in the other

cases covered by our assumptions.

1.2.2 Higher differentiability for minimizers of irregular function-
als

Finally, Chapter 6 deals with regularity properties for solutions to irregular vari-
ational problems. This issue has been studied in [25]: here the authors consider

functionals of the type

/ F(Vu (2)) de, (1.13)
Q
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where F' is a continuous function satisfying
Ky [§F < F (&) < K2 (1+[8])”

and they prove that any minimizer of (1.13) is locally Lipschitz continuous. The
main point of this theorem is that the authors do not need to assume further
assumptions on F', with the exception of a condition concerning uniform convexity.
This assumption does not depend on the existence of any kind of derivatives.
Similar results have been generalized in [23] and [24] for functionals verifying the
p, g-growth condition.

In these papers the lack of smoothness for F' is overcome by approximating it
with a sequence of smooth functions F,, uniformly converging to F' on compact
sets: for the approximate minimizers u. standard regularity theory holds. If one
succeeds in proving estimates for %., uniform with respect to ¢, then, passing to
the limit, the same estimate for the minimizer of the original problem holds.

We consider functionals of the form
[ @ r(vu @) + g (@ @)l de, (1.14)

where a is locally Lipschitz continuous and g satisfies some growth conditions.
We suppose f is a convex real map having quadratic growth, but we let it be not
differentiable in a finite number of points of R, possibly including the origin 0. We
prove that any minimizer of (1.14) admits weak second derivatives. As noticed
above, we treat these irregular variational problems also in Chapter 2, where we
prove the validity of a suitable form of the Euler-Lagrange equation: here we do
not make use of it, since we prove the result through an approximating argument,
and we have the validity of the Euler-Lagrange equation in the classical form for

the approximating functionals.



18

CHAPTER 1. INTRODUCTION



Part 1

Necessary conditions






Chapter 2

Necessary conditions without
differentiability assumptions on

the Lagrangian

This chapter is based on the paper Necessary conditions for solutions to variational
problems, STAM J. Control Optim. 48 (2009), no. 5, 2977-2983, joint work with
A. Cellina.

In what follows, B[0, 1] denotes the closed unit ball of RY. We set F (§) =

f(I€]]), f being a convex function, and
Of T (t) =sup{\: A€ af (1)},

Of (t) =inf {\: X\ € af (1)},

where Of (t) is the subdifferential of f at the point ¢ € R, defined by
If (t) ={seR: f(x) > f(t)+ (s,x—t), Yo € R}.

We consider mappings satisfying the following exponential growth condition.
Assumption A. The convex function f is such that there exist K and ty such
that, for ¢t > tg,

of T (t) < Kf(t).

Theorem 1 Let Q be a bounded open subset of R™. Let f : R — R be sym-

metric, convex, and satisfying the growth assumption A. Let g (-,-) and gy (-,-) be

1

loc Such

Carathéodory functions and assume that for every U there exists &g € L
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that |v| < U implies |g, (z,v)| < &y (x). Let u be a locally bounded solution to the

problem of minimizing
/Q [ (1o @)I]) + g (z,v (@) dz on vo+ Wy (Q). (2.1)

Then there exists p € L' (), a selection from the map x — OF (Vu (z)), such
that

div p(-) = gv (-, u(-))

in the sense of distributions.

Remarks:

(i) Notice that, although p has a weak divergence, there is no claim that it belongs
to WH1(Q).

(ii) The classical argument for the validity of the Euler-Lagrange equation, that is
passing to the limit under the integral sign, fails when F is not differentiable,
since p is not defined as a pointwise limit. The proof of the Theorem relies
on a decomposition of the domain and the use of the Hahn-Banach and Riesz

representation theorems.

(iii) As described in the Introduction, the condition stated in the Theorem is the
equivalent of the normal form of the Pontryagin mazximum principle for the

multidimensional case.

Proof: By the assumption of convexity, f is not differentiable at most on a
countable set, possibly containing 0. Set kg = 0 and call k; the other points of
non differentiability for f. Set

Ai ={z: [[Vu ()| = ki}
and B =Q\ (U;4;). Fix n € C} (), and set
Af ={z € A : (Vu,Vn) >0}

and

A7 ={x € A;: (Vu,Vn) <0} :
this partition of A; depends on 7. For € > 0, we have

1{/9 [f (IVu+eVnl)) + g (@, u+en) — f (|Vul)) —g(ib"U)]} >0 (22

3
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Consider a compact set O containing supp (); set D = sup {||Vn||}, U = sup {|u|}
and H =sup {|n|} on O. Then

‘g (z,u(x) +en(2) — g (z,u(z))

c ' < H£U+5H (.1‘)

so that, by dominated convergence,

g (z,u(z) +en(z) —g(z,u(x)
/Q dr — /ng (z,u(x))n(x) de.

€

When z € B, f is differentiable at |Vu (z)|| and

fIVu+evnl) = F (IVul)

3

e F (V) <”§ZH V77> .

On Ay, as € — 07, we have that

JUIVut+eVal) = £ (19ul) _ LUV =FO) v ) 1wml.

9 9

pointwise with respect to x, while, for x € A;, i = 1,..., 00, we have

FUNut el — FAVal) o,/ Vu
- — <’“’)<uwu’v’7>’

when (Vu, V) <0, and

f(HVUJrEVUH) — f(Hqu) SN 8f+ (k?z) < Vu ’vn>
£ [Vl
otherwise.
Moreover, for any x, we have

£

fIVu+evnl) - f(HVUH)‘ _ ’f UVul +0(e 7)) - f(HVUH)’

where |0 (¢,x)| < eD, and for some s (x) € df (£ (x)), with £ (z) in the interval of
extremes ||Vu (z)| and ||Vu (z)| + 6 (e, z). Consider assumption A. Then, either

max {[|Vu ()|, [Vu (2)[| + 6 (¢, )} <to + D,
and in this case s () < df " (to + D), or

max {[|Vu ()|, |Vu (2)| + 0 (g,2)} > to + D,
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i.e. both ||Vu (x)| and £ () are > tg, so that

fE@) < f(IVu(@)]) e < f((IVu(@)]]) P
and
Aft (£(2)) < Kf (| Vu(z)]) e
Hence

fVu+eVnll) -
9

/ “'WD' < max {DOJ (to + D), DK f (|[Vul) KL}

an integrable function independent of e. By dominated convergence, from (2.2),
we obtain

for oS | [ orw (i en) [ or 00 {Sip.vo)
+ [ 70w (e vn) + [ om0

The same considerations, when applied to the variation —n, yield

/Aoafﬂonwn— [/ of* (k <||v 2 vn> / of- <||v . v>
- [ v (o) = [ @anzo

From these two inequalities we obtain

‘/Aoaﬁ(o)”v””_ l/ o1+ ) (g ¥1) + 2 @ (g ¥)

< [ 0w (oo vn) + [anteans [ or@val-
‘Z[ o1+ ) (g 1) + [, 27 @ (5 7))

Adding the term

Z/ or* th) + 05~ )] (7 ¥7)
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to all sides, we have the following estimate, independent on the partition A;r and
A

S RRCIE i:: [ 3lort =5 wl [{ g vn)| 23
< [, 09w (g ) + Z/ 0" th) + 05 () (7 ¥7)

e

< /A o+ (0) [V + 2/,4 2 [07% (k) — 07~ (k) ’<H§Z”,Vn>' .

Set

X = {(U,w) € L' (Ag,R") x L! ([j Ai,R> :

i=1

In € C} () such that v =df" (0) Vil 4, 5

,i=1...,00.
A;

X is a linear subspace of L' (4, R™) x L' (U2, 4;, R).
Define the map T': X — R as follows:

T (o) == [ 749 {5 ) (2.4

_Z / [0fF (ki) +0f~ (k )]<||V R >—/ngu(w,U)n-

We claim that T is well defined and that it is a continuous linear functional
on X.

In fact, consider (v, w) in X, and assume that there exist 7; and 7, such that
v=20af"(0) Vil s, = aft(0) Vel 4, and

wly, = [05F (k) — 07 (k)] <H§ZH,W>

wly = [0 (k) —of (k)] <”§Z‘,w>

_ Tart (k) — o f (k)] { Y
= [or* ) - 05~ (k) (e Vi)

A;

A
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Applying the estimate (2.3) to the variation n; — 72 we have

, Vu = _
L7 awe (g vm - vm) + g [ ort o vor e

.<V“H,vn1 —V772> + /ng (@, u) [m — 2]

IVu
> 1
< /AO Oft (0) |V — V| + ;/AZ 3 [8f+ (ki) —0f~ (kz)]
Vu
g v = o

so that 7' is well defined. It is clearly linear and, from
1
Tw)< [ o5 [ el Vewex.
Ao 2 UA;

it is bounded. Hence, by the Hahn-Banach theorem, there exists L, a continuous
linear functional on L! (A, R") x L' (U2, A;,R), such that L|y, =T and

1
Lwwli< [ o+ [
Ao UA;

3

for every (v,w) € L' (Ap,R™) x L' (U2, 4i, R).
Let us define L* : L' (A, R") — R, setting

L* (v) = L(v,0)
and L** : LY (U2, 4i, R) — R, setting
L* (w) = L(0,w).

We have that
wwwwz/\wu\meL%Ame
Ao

and

3k 1 N
|L (w)|§2/uoo N lw| Ywe Lt (UA,,R),
=177

i=1
so that ||L*|| <1 and [|L**]| < 1.
By Riesz’s Theorem, there exists o € L™ (Ap, R"™), supess ||a|| < 1, such that,

for every v € L' (Ag, R"),
L* ('U) = / <Oé, U>
Ao
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and there exists 8 € L™ (U, A;,R), with || < 1 ae., such that, for every

2
we L' (U2, 4i,R),

L™ (w) = Bw.
UA;

Hence, we can conclude that, for n € C} (Q2), we have

! (aﬁ (0) Vnlay , (O (ki) = OF (k)] <u§uu V”>

UA¢>
UA¢>

L (aﬁ (0) Vitla, - [0FF (k) — O (k)] <”§ZH Vn>

= L (0 (0) Vil .0) + L (0, [0 (k) — 0f (k)] <‘§Z” Vn>

= L* (07 (0) Vil y,) + L™ ([8f+ (ki) —0f ™ (k)] <H§Z”, Vn>

Ao |Vl

Equating the definition (2.4) to the equality above, we obtain

/ a1+ (0) (a, Vi)
Ao

Vu

e [ [3lor v or Gal+slor o -or 6] (e ¥

+§;/B v (ot vy + [ ot =o0

Since
of*(0)B[0,1] for £=0
OF (&) ={ {brlr:0f () <b<Of* (k)} for ||lE] = ki
A€l ﬁ otherwise

from the properties of o and 8 we have that the map

p@) = Of 0)a(@)xa (@ +Z[ [0FF (k) + 0f (k)]

Vu (z)
IV (2)]

© (@) [ (k) — Of (m] i, ()

+ PV o e ()

UA)
UAz‘)

= [ ort @i+ [ slortm-or ] (V)

)



28 CHAPTER 2. WITHOUT DIFFERENTIABILITY ASSUMPTIONS

is a selection from OF (Vu (x)) and

/Q [(p(2), V(@) + g0 (2, )y (2)] da = 0

for every n € C1(Q2). Moreover, from our assumptions on g and the local bounded-
ness of u, we have that f (|Vu (-)||) € L' (€2); then, from assumption A, we obtain
that every selection from Of (||[Vu (+)]|) is integrable, thus proving the Theorem.

O

Example. Let Q be a bounded open subset of R?, and consider the minimiza-

tion problem (2.1) where g (z,v) = v and

F©)= el = { N g0
We have that OF (0) = v/2B 0, 1]. Then, as described in [14], the function
~ 0 for @ <2
a(x) = (@)2_2 for Izl > /5 (2.6)

is a solution to the minimization problem, among those functions v satisfying the

same values as 4 on 0f2, i.e., more precisely, for v € @ + VVO1 )1 (©2). We have

0 for lzl <V2
Vi = 2 2.7
Hence,
V2B0,1] for @ <2

OF (Vii(z)) = { VF (Vi(z)) = Vi(z) = 32 for @ >V2 28

Then, although the function V4 (x) is discontinuous, the vector function
p(z) =g

is an everywhere smooth selection from the map x — 0F (Va (x)) and has every-

where divergence equal to 1.



Chapter 3

Higher integrability for
solutions to variational

problems

In this Chapter we prove some regularity results in the form of higher integrability
properties for solutions to special variational problems. The proofs are indepen-
dent on the validity of the Euler-Lagrange equation; this fact prompted us to try to
use the higher integrability property to extend the validity of the Euler-Lagrange
equation for a class of functionals with super-exponential growth Lagrangians. A

result along these lines is presented in Chapter 4.

3.1 Statement of the result

Given a convex function f : RV — R, its subdifferential at the point & € RY is
the set
Af (&) ={s eRY: f(2) > f (&) + (s, =€), Vz e RV},
where (-,-) is the standard scalar product in RY.
Given f, a possibly extended valued function, by f* we denote the polar or

conjugate of f
;7 (@") = sup {(z,27) - f (x)}

and by Dom (f) its effective domain.

Suppose L (z,u,&) > 0 and the mapping  — L (x,u, ) is convex for £ such

that ||£]| > 1 and attains its minimum in 0 for every (z,u).
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Assumption A. Suppose L (z,-,-) € C'(R x R") for each fixed z and it
is such that, for every w CC Q and U, there exist constants M = M (w,U),
K = K (w,U) and m; = m; (w,U) > 0 and a function @ = o,y in L' (w) such

that for every x € w, for every |u| < U, we have:

oL s Uy
e for every £ € R", %’ < KL (z,u,§);

e for every ||&|| > 1, L (x,u,&) > my;
o auu (z) = supgy<uye)<1y I Vel (z,u, §)I);

o (VelL (2, u,8),8) = M[|VeL (x,u, &Il [[<]-

The higher integrability results will depend on the following Condition. In it,
and for the remainder of the Chapter, for an open O CC Q and § > 0, we set
Os =0+ B(0,9).

Condition C. For every open O CC €, 6° > 0 and U there exist: § < ¢°, such
that Oj is in Q; a Lipschitzian function n € C, (Os), with n(z) > 0 and n (z) =1
on O, and constants K = K (U,05) > 0 and R = R (U, Oy), such that, for every &
with [|£|| > R, for every u with |u| < U, for almost every x € Os, for every £ > 0

sufficiently small, we have:
log L (x,u — enu, & (1 — en) — euVn) —log L (z,u,§) < K. (3.1)

Next Theorem infers the higher integrability result from the validity of Con-
dition C.

Theorem 2 Let L satisfy Assumption A and Condition C. Let @ be a locally

bounded solution to the problem of minimizing
/L(m,u(m),Vu (x)) dx
Q
on u® + I/Vol’1 (). Then

IVeL (- a (), Va () [Va ()| € Ly ()

3.2 Validity of Condition C

We shall need the following preliminary result.



3.2. VALIDITY OF CONDITION C 31

Lemma 1 Let G : R — 2R be upper semicontinuous, strictly increasing and such
that G (0) = {0}. Assume that, for a selection g from G,

/OO g C) ds < 0. (3.2)

Then, the implicit Cauchy problem
z(t) € G (2 (1))
z(0)=0

admits a solution T, positive on some interval (0,7).

Notice that the condition expressed by (3.2) is independent on the selection g; in
fact, G is multi-valued at most on countably many points, and the map s — % is
strictly monotonic.

Proof: Set v = G~!: ~ is single-valued, continuous, defined on some interval

[0,6] and 7 (0) = 0. Define

IN

1 1
R:{(y"”)'ogygz’v(z) xS’v(y)}'

we claim that, for every z > 0,

1 1
/(o,z) mdy = zm + meas (R).

In fact, we have that R can be described as

so that - ) - .
meas (R) = / 4t <> dy = / g <> ds,
1 Y 1 S
v v

that is finite by assumption.
Hence, the map ® (z) = féc ﬁy)dy is well defined, differentiable, positive for
x>0 and ® (0) = 0. Define 7 (t) implicitely by

@ (2 (1) —t=0;

then, # is a differentiable function, # (0) = 0 and ' (t) = v (z (¢)).
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It is easy to show that the Lagrangeans of exponential growth satisfy Condi-
tion C. However, the following result shows that this Condition is satisfied by a

substantially larger class of functions.

Lemma 2 Let L satisfy Assumption A. In addition, assume that, for every w CC
Q and U > 0, either

i) L satisfies the Exponential growth condition, that is: 3k = k(w,U) such

that, for almost every x € w, for every |u| < U, for every & € R™, we have
Vel (z,u,6)| < kL (x,u,§); (3.3)
or

ii) there exist a convex twice differentiable function A, with A’ (t) > 0 for t >
0 and A’ (0) = 0, and a positive constant hi, such that |VeL (z,u,§)|| <

ha A ([[€]D), and -
/ = ((?) dt < oo; (3.4)

or

iii) for ||£]| > 1, the map & — log L (z,u,&) is convex ; moreover there exist a
constant hy and a twice differentiable function A, such that the map L (t) =
log A (t) is convex and such that, for almost every x € w, for every |u| < U
and for every ||€|| > 1, we have

\Y% L N
|V ) < o e

Finally, L satisfies

o0 ]L// (t)
/ 0 dt < oo

Then: Condition C is satisfied.
Examples. Condition i) is classical and is widely used to prove the validity of

the Euler Lagrange equation. The map ¢ — exp ([t|’) for p > 1 satisfies condition

iii). The map t — exp (exp (t)) does not satisfy the assumptions of the Lemma.

In the construction that follows, we shall need the subdifferential 9 (A)* of the
polar of a convex function A. Although A will be assumed to be smooth, its polar

need not be smooth.
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Proof: Having fixed a variation 7, we shall use the shorthand notation
le (2, u,§) =log L (z,u—enu,& (1 —en) —euVn).

Fix O, 6° and U, let § < 6° be such that O; is in €.
a) We claim that, in case i), to satisfy inequality (3.1) we can choose any
Lipschitz continuous function n € C. (Os), with  (z) > 0 and 7 (z) =1 on O.

In fact, since, for s € [0, 1], we have |u — senu| < U, we obtain

ga (xa u7§) - logL (.T,U,g)

B /1 dlog L (x,u — senu, & (1 — en) — euVn)
0

50 (—enu)ds

1
—I—/ (Velog L (z,u,& (1 —en) — seuVn) , —euVn) ds
0

+log L (a,u,& (1 —en)) —log L (w,u,€).

By assumption, L is non-decreasing with respect to ¢ on each half-line {¢£ : t > 0}

for fixed x and wu, hence the third term at the right is non positive. Moreover,

‘@
— 10u <K

L

Olog L
ou

so that the first term is bounded by & times a constant. By (3.3),
VeL
Ve log L] = Vel H <k,

hence, the same is true for the second term.

b) Consider case ii). From

oL

1oL 1
5(5)—logL(x,u,£):€(—77u)/O [‘% ds—{—s/o <VZL,—77§—an>ds,

where the first integrand is evaluated at (z,u — senu, & (1 —en) — euVn) and the

second at (z,u,& (1 — sen) — seuVn), we obtain

() —log I (z,u,€) < ¢ [KU + <VLﬁL (2, 1,6.) , —né — uV77>] . (35)

where & = (1 — s.en) € — sceuVn, for some 0 < s, < 1.

Consider the function

(3.6)
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so that
G(1_1 W
z)  2MO(N)*(2)
Notice that, under our assumptions, ¢ > 0 implies that 0 ¢ 9 (A)* (¢): in fact,
otherwise, 0 € 9 (A)" () for every 0 < 7 <t and A’ would be discontinuous at 0.

Notice also that G satisfies the assumptions of Lemma 1. In fact, set z = A’ (¢) so

that ¢ — 0o as z — oo and, by the change of variables formula,

[ e(Z)e= I mwmamrmay™ 0= | i O

so that the condition of Lemma 1 is satisfied by our assumption (3.4).

Consider Z, the solution to # € G (2'), provided by Lemma 1. Define 7 as
follows: let d (z) be the distance from a point z € O to 90 and set

0 (@) = inf{ié(s)i:(d(x)),l}

so that, in particular, n = 1 on O. Almost everywhere, d is differentiable with

|IVd|| =1 and, at a point of differentiability, we have

0 if d(z) > 6

Vi) = L (d(2) Vd (@) ifd(a)<d

Hence, a.e., we have that ||[Vnl|| < ﬁ:ﬁ/ () and that, either Vi) = 0, or

= z (d = v (d 3.7
7 @(5)35( ) z(9) e Mo (A*) (50’(1(1))) o
= IV (2)[1 2 (2 (0) [V (2)]]) ,

where we set -

h(z) = Mo(AY (1)’ (3.8)
an increasing function.
By the estimate (3.5), for those x such that

<V§L (x7 u, EE) s _77‘5 - UV??) < 07 (39)

any K > KU will do to prove the result. Since the mapping & — L (z,u,§) is

convex and attains its minimum in 0, for 0 < e < 1, we have

d
%L (.%',U,f(l - 8677)) < Oa



3.2. VALIDITY OF CONDITION C 35

ie., (VeL (x,u,& (1 —sen)), —né) <0, so that

Vel
(T g = sem),—ng) <o

we infer that, when V7 (z) =0, (3.9) holds.
Hence, we are left to consider those x such that at once 7 (z) = ||Vn (z)] -
h (2 (8) [[Vn (z)]]) and

<V§L (.%', u, fE) ; _775 - UV?Y) > 0.

Given any v, w € R", from the convexity of L (x,u,-) we obtain that its gradi-

ent is monotonic, i.e., that
(51 —52) (VeL (z,u,v + sqw) — VeL (z,u,v + saw) ,w) > 0,

i.e., that the mapping s — (V¢ L (z,u,v + sw) ,w) is non decreasing. Hence, from
the inequality
<V£L (.’L’, u, 58) ’ —77§ - UVW) > 07

we obtain
where £ = (1 — en) & — euVrn. We infer that

(VeL (w.u,€) ,€) < <V5L (2,u.8) ,—an”> < ||VeL (2., 8)]| - U”Vn””.

Hence, recalling the assumptions on V¢L, from the inequality
<VEL (xa u?E) 7‘£> = <V§L (iU,’LL,E) >g> — €& <VEL (.T, U,g) ’ _775 - UV"7>

> ||VeL (z,u, &) || [M ||| — en i€l — U |Vnll],
we obtain

\V4 _
U”n"” > M |[€l| - enlléll — €U |V

> M[(1—en) €l = U IVnll] —enllgll — U [[Vall,
ie.,

\Y%
oy eyl 3+ 11> 1l 101 (0 - o) - ).

We are free to assume M < 1; taking ¢ < %, we finally have

3UHV77H > UHVnnH

Ui

eVl U M +1] > el [M (1= en) - en] > S M ]
(3.10)



36 CHAPTER 3. HIGHER INTEGRABILITY

and, recalling (3.7), we obtain
6U
Mh(z (0) ||V (2)[I)

Since || Vn|| is bounded, there exists R such that, for all e sufficiently small, ||£]| >

R implies that ||| > 1. Hence, from the assumptions on the existence and

1€l < (3.11)

properties of A, we have

Il + U lvall),
(3.12)

<WL (‘Tauvgé) ) _775 - uV

/
n> < haA ([[€]] + €U ([ Vnll)
L mi

hence, recalling (3.5), from (3.10) we have

l(e) —log L (z,u,§)

6U 6U
<5KU+6||V77H <M AEOIZ —|—6||V17||U> (M—i-U).

There exists o such that, for [|Vn|| < o, we have

6

G @ IS

7 .
M - h(E(8) [IVnll)’

hence, for those = such that [|[Vn (z)| < o, recalling (3.8), we obtain

Lo 6U
g 1V A (M-h(aé GIND) “”V””U)
hy , U
< oy IVl A <M h ()HWH))

::;rvmm’( E uvnn))

hy 1
" m3(0)
a constant independent on &, thus proving the result in this case.
It is left to consider those x such that [|[Vn (z)|| > o: in this case, from (3.11),

we have

1€ < 5 s
~ M-h(z(0)o)
and, from (3.5), the result follows from the boundedness of ||[Vrn]|.

c¢) Case iii). Consider the function

~ U
G(z) = ZW, (3.13)
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so that ) U
a(y-_"__
<Z> 20 (L)" (2)
As in the proof of point ii), the condition of Lemma 1 is satisfied. Let Z be the
solution to & € G ('), provided by Lemma 1 and define 7 so that

0 ifd(z)>46
Vn(z)=9 | _ , :
0 Z(d(zx)Vd(z) ifd(z)<d

hence either Vi = 0, or 7 (z) = ||V (z)|| h (& (6) ||V (z)]) , with

~ U
h(2) = ———5F+~- 3.14
(2) Mo (L)* (1) (3.14)
For those x such that
L
<vz (‘T’ u, 56) 3 —Tlf - UVU> S 0, (315)

any K > KU will do to prove the result. Since V7 (z) = 0 implies

(T @ - sem),ng ) <0

(3.15) holds in this case. So we consider the case where at once

0 (x) = |V (@) 7 (2 () | Vn(2)])

and <VLL (z,u,&),—nE — an> > 0. From the convexity of log L and the in-
equality

<VEL (x,u,& (1 —sen)), —n& — uV77> >0

setting £ = (1 — en) & — euVn, we obtain

(T 8.0~ uvn) >0

Hence, from

Vel = Vel HWH
(Fr e .) < (Fend >H H ,

we infer
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Vel A eV (Yl A BN Vel LB e
<L(m,u, ),£>—< 7 (:c,u,f),§> €< 7 (ac,u,ﬁ), né uV77>

Vel - )
= Hé (x’%f)H (M [[€]) = enlléll — U 1Vl
so that
v _
A

> My [(1—en) €Nl — U [[Vn[l] —enllll — U [V,

and, assuming M; < 1 and € < %, we obtain

6U [Vl

< 2
nliel < =57

and
6U

Mih (2 (8) [V (2)])
For R sufficiently large, ||£|| > R implies that ||| > 1. We infer that

€1l <

Ve¢L
<'S (z,u, &), —ns — an> < (IEN+ T IVall) hall ([I€1) ,

L
that 6U
[€ell € ——=— +elVnllU
Mih (2 (6) [[Vnl])
and that I/ is non-decreasing, hence we obtain
IVl 60D < 19l (5= 29l U)
2 ell) > 2 = .
Mih (2 (6) [Vnl])

There exists o such that, for [|[Vn|| < o, we have

0 e —
h (2 (8) [IVn]]) ~ h(@(8)IVal)

For those z such that ||V (z)|| < o, recalling (3.14), we obtain

6U
Mih (& (8) [ Val)

. U
< |1Vall b (L) <M1B(9E (%) |an|))

1] 7 (LY ( el U)
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~1valie ) (00" (55571 ) ) = 50

Hence, from the estimate (3.5), the result is true in this case.
For those z such that [|[Vn (z)|| > ¢ we have

6U

||£|| < m

and the result follows again from the boundedness of ||V7||.

3.3 Higher integrability of a solution

Now we can prove the higher integrability result.
Proof of Theorem 2: a) Fix O CC Q. It is enough to prove the existence of
H, such that

| Vel (w.a). V() Vi @) do < i

In fact, taking O to be w in Assumption A, the fourth point proves the claim. Let
Og0 CC Q, let U a bound for |@| on Og. Let &,  and the constants R and K be
provided by Condition C (we assume R > 1).

Since @ is a solution, for the variation —enu, with € > 0, we obtain

1
0< 5/ (L (2, — enit, Vi (1 — en) — eaVn) — L (2,3, V) dz.  (3.16)
Q

We have
L(z,a—enu,Vu(l—en)—euVn) — L(z,a,Va)
LTor - .
=c — (—nu) +(VeL, —nVa — aVn) | ds,
0 8’U
where g—ﬁ and V¢L are computed at (x,@ — sen, Vi (1 — sen) — seuVn), hence,
as € — 0, by the continuity of L and of its partial derivatives,
L(z,u—enu,Vu(l—en)—eaVn) — L(x,u,Va)
€

(3.17)

oL

Nt

ou
pointwise w.r.t. , and with the r.h.s. computed at (z,u (), Vi (z)). Set Oy =
{z € Os:||Va(z)| <R} and Of = {x € Os: ||[Va(z)| > R}: on Oj, the left

(=nu) + (VeL, —nVa — aVn) ,
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hand side of (3.17) is uniformly bounded, so that we can say that for some M, we
have, for every ¢,
1

. /_ [L (2,0 — eni, Vi (1 — en) — eaVn) — L (z, 4 (z), Vi (z))] de| < M.

b) On Oy, consider the constant K: setting

le (x) =log L (z,u () —en (z) a (), Vau(z) (1 —en (2)) - eu(x) Vn (2)),

from (3.16), we have

_ l- _ Jlog L(z,a(x),Va(z))
—-M g/ (e ¢ )dx
Ot £

egefsf(Jref( _ elogL(x,ﬂ(w),Vﬁ(w))
= / dx
QO+ €

i e 141 — elogLiwile) V(@) —le+eK
:/ o [e : : ] dr,
O+t

e

ie,

i I
M+ / gle—<k [e ] dx (3.18)
QO+ €

> / 625 —SK
- o+

Since, on O;, l.—cK < log L (x, 4, Va) and also
side of (3.18) is bounded by

3

elog L(z,a(x),Vi(x))—leteK _ 1]
dzx.

ek 1

< IN(ef(, the left hand

€

independent of e.

c¢) Consider the right hand side. For fixed x we have

oL

. oL 1
log L (z,u,Va) — l: = —¢ [aL“ (—nu) + 7 (VeL,—nVu —aVn) | +o(e)

so that, as ¢ — 0, pointwise w.r.t. x,

elog L(z,u,Vi)—le+eK _ 1 oL

- 1
- = K+ S+ - (VeL, Vi + aV). (3.19)
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In addition, by (3.1), log L (x,u, Va) — l. +eK >0, so that the left hand side of

(3.19) is non negative and so is its limit,

oL
~ o 1
K+ %nfa + 7 (VeL,nVii +aVn),

l.—eK — elog L(z,u,Va)

is also non negative. Finally, pointwise, e Hence, applying

Fatou’s lemma, we obtain

oL

. 4L 1
K+ %nii+ — (VeL,nVia + aVn)

<H
L L -

/ L (z,, Vi)
oF

ie.,
_ L
/ [KL (z, 1, Vi) + 8—7711 + (VeL,nVa + Wn)} <H.
O; Bu

Since the integrand above is non-negative, we have obtained, in particular, that
~ . 0L _ L
KL (z,a,Va)+ —nu+ (VeL,nViu+aVn) | < H.
onof u

On O we have that n = 1, @ bounded and that, by Assumption A, there exists K
such that, for z € O,

< KL (z,u(x),Vi(r))

‘6L (z,u(z), Vi (z))
ou

hence there exists HT such that
/ (VeL (z,a(x),Vi(z)),Vi(z))de < HT. (3.20)

onoy
On the other hand, we have that

[(VeL (z,t(x), Vi (), Vi (z))| < owy (x),
on O N Oy, hence we obtain that the integral

/ (VeL (z,a(x),Vu(r)),Va (x)) do
O

is bounded, thus proving the theorem.
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3.4 Higher integrability for solutions to variational prob-

lems with fast growth

In this section we take into account minimum problems having simpler structure.
They represent a particular case of the problems treated before: in this way the
hypothesis of Theorem 2 become essentially one simple assumption. Moreover,
this version of the higher integrability result is the one contained in the paper
Higher integrability for solutions to variational problems with fast growth, Journal
of Convex Analysis 18 (2011), no. 1, joint work with A. Cellina.

We consider the problem of minimizing an integral functional of the kind

/Q (U g (2 ()] d (3.21)

In general, in order to establish the validity of the Euler Lagrange equation for
the solution to this problem , i.e., in order to prove that, for every admissible
variation 7, the equation

Vi (z)

SUVEDD ¢ 19z (o) { VEE) oo i (N 1 () b dy =
1 P UV @I (o V() + gu (@) (o) d o

holds, one has preliminarly to prove that the integrand is in L!. Indeed, the

difficulties come mainly from the first term: we prove
UV £ (V@ ()1 € () € Lie (),

for every function £ such that fQ el E@) dr < 0.
In the Theorem that follows, we use the notation m: we mean 0 when
p ¢ Dom (0f*) and, when p € Dom (0f*), we mean any selection from the set-
1 Lo 1 . . . o s .
valued map p — s ) SINCe arey 18 strictly decreasing, it is multi-valued at
most on a countable set, and any two selections will differ only on a set of measure

Z€ero.

Theorem 3 Let f : R — R be convex, differentiable, symmetric, f(0) = 0 and

assume that

/ Tl g
————dp < .
pof* (p)
Let g be differentiable with respect to u, and let g and g, be Carathéodory functions,

1
loc

lgu (2,0)| < ay (x). Let i € u® + VVOL1 (Q) be a locally bounded solution to the

and assume that for every U there exists ay € L; . such that |v| < U implies
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problem of minimizing

/Q{eﬂvm)) +g(x7u(x))] d.

Then, for every function & such that fQ ef€@) dx < 00, we have that
INEON 7 (I7a (Y1) € () € Lo ().
Examples.

1. Themap f (s) = s—24/s + 1+2 is convex, differentiable and of linear growth.

Its conjugate is the extended-valued function f* (p) = 2

2|p\ for [p| <1, =00
elsewhere. The conditions of the theorem are satisfied.

2. Another map satisfying the assumption of the Theorem is f (s) = 2¢*

s; then f* (p) = (In(p + 1))2 and [~ mdp < 00.

N
/N
V)

SIS
|
—_
N—
|

3. A map f that does not satisfy the assumption of the Theorem is f(s) =

1 (e¥ — s —1); in this case, we have f* (p) =1+1n(p+1).

e

Remarks.

(1) The result applies, in particular, to the function & (x) = ||Vau (z)||, so that we
have

JUNEON (17 ()N IV ()] € Lige () -

(ii) This result is weaker than the Lipschitz reqularity or the local Lipschitz reg-
ularity of u, that are the results already known in the literature; however, it

holds for a larger class of functionals.

(iii) We do not assume further reqularity on f besides its being convex and differ-
entiable: in particular, we do not assume the existence of a second derivative

of f, nor we assume its strict convezity.

In Theorem 3 we assume the solution @ to be locally bounded. The validity of

this assumption can be guaranteed:

i) when g = 0, assuming that the boundary datum u°

is in L°°, through a
standard comparison result, noticing that, with the exception of the case

f=0, el ig a strictly convex function of z.
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ii) in general, assuming that there exist p € RT, o € L' (Q) and 8 € R such
that ug € WHP (Q) and

g (z,u)| < o (2) + Blul”.

In fact, with the exception of the case f = 0, there are A and B > 0 such that
that f (t) > A+ Bt; hence, fix N* larger than sup { N, p}. For suitable constants,

we have

00 > /Q [ef(”Vﬁ(x)”) —i—g(x,&(:v))} dx >/

[6A+B||W(cc)ll — | (x)] — |6] @ (z)[P| dz
Q
> A1+ B ||Va (x)Hg;f*(Q) = 1Bl 1l 0
> A1 + Bl ||V’l~JJ ($)|’g;*(g) - Cl HUOHQZP(Q) - Cl HZNL - uOHip(Q) .
By Poincaré’s inequality,

oo > As + By ||Va (x)llg;*(g) - Cy|[Va — VUOHI[),P(Q) :

By Holder’s inequality,

oo > Ay + By Hva (:U)Hg;*(ﬂ) — (5 HVUOHZE/p(Q) -D HVQHZN*(Q) )

so that there are positive constants h and k such that

*

00 > —h +k ||V (2) | 1x+ (g -

Hence, @ belongs to Cp () ([1]).

It is sufficient to prove the higher integrability result for the special case where
() =Va ()|l Indeed the following Lemma holds:

Lemma 3 Let ¢ non negative and such that

/ el W) f () < M.
O

Then, for any & such that fo ef©) is bounded, we have that

/ £/ W) 1 (4)
O

1s bounded.
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Proof: a) Consider the strictly increasing function z (t) = f (t) ef® and call

t =i (z) its inverse, so that we have
2= el f (i (2)). (3.23)

We have that i (v) — 0o as v — oo. Define the function ¢ as ¢ (2) = i (z) 2z, hence,

in terms of ¢,

& ( f’ef(t)> —tf'el®, (3.24)

b) We wish to compute the polar ¢g* of the function g (b) = e/®). Define b,
implicitely, setting
z=¢ (b:) = ef(bz)f/ (02),

and notice that the previous equality defines b, uniquely and we have b, = i(z),

where 7 is defined in a). Then
g (z) = s%p bz —g(b) = bl B (b)) — el ) =p 2 — eI 02) = (2) » — /(12D
so that, by (3.24) and (3.23),
g () <o (£ (0:) /) = 0 (1 (i(2) /) = 6 (2)..
For any ¢ and b, we have
bf' (1) ! = bv (t) < g" (v (1)) + 9 (b) < & (v (t) + g (b).

Set, in the previous inequality, t = ¥ and b = &. From the definition of ¢, we

obtain

&f' () ef®) < ¢ <f/ (1) 6f(¢)> + e/
= f () el W) 4 /O,

From the assumptions of the Lemma, the proof is completed.

The argument used to prove Theorem 3 is similar to the one of the proof of
Theorem 2: we do not repeat it here. We only recall the special variation 7 is
defined as

1@ =int { @)1},
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where 7 is the solution to Z € G (z'), provided by Lemma 1, and
2U
z
of* (3)

satisfies the assumptions of Lemma 1. In fact, G (0) = {0} and G is a strictly

G(z) = (3.25)

increasing multi-valued map (single-valued except on a countable set); we have

1 2U
“ () = vof (@)

so that, by the assumptions of Theorem 3, the condition of Lemma 1 is satisfied.



Chapter 4

On the validity of the

Euler-Lagrange equation

This Chapter is devoted to the validity of the Euler-Lagrange equation related
to some classes of smooth integral functionals, whose lagrangians could eventu-
ally have derivatives growing faster than the lagrangian itself. In section 4.1 we

consider minimizers @ of the integral functional

/ L(z,u(x),Vu(zx))d.
Q

Under the assumptions on L stated in the previous chapter, we have obtained
\Val - |VL (-, @, Va)| € L}, (Q): we use this fact in order to prove that, when
L satisfies a simple growth assumption, the Euler-Lagrange equation holds. The
remarkable point here is that faster than exponential growths for L, with respect
to the third variable, are allowed.

In section 4.2 we consider the functional I satisfying the following structure

condition:
I(u) = /Q L (Va () + g (2, u (2))] da.

Here g (z,u) is a concave map with respect the variable u, but L does not have to

satisfy any growth assumptions.

4.1 On the validity of the Euler-Lagrange equation for

a special class of functionals

Let L (x,u, ) be as in Assumption A of section 3.1. Let us assume £ — L (z,u, &)

has radial growth at infinity: more precisely, suppose that for every U > 0 there
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exists a comparison map A € C! (R), A convex, such that
KiA([§]) < L (w,u,§) < KaA([¢])
KA ([€]) < |VeL (z,u,8)| < Ko (1€])

ae. € Vu<U.

Theorem 4 Set z (t) = /X((tt)) : if there exists ¢ > 0 such that either

i) z(t) <cor
ii) z (t) is non decreasing and, for every t > to, z (t) < c(1+ logt),

then the Euler-Lagrange equation for the functional
/ L(z,u(x),Vu(z))dr u€uy+ VVOI’1 (Q) (4.1)
Q
holds.

Examples. The hypothesis of Theorem 4 are satisfied by maps L having less
than exponential growths with respect to £. On the other hand, also faster maps A
are taken into account: for instance, the derivative of the map A (t) = #! has faster
growth than A itself; but, in this case, the assumptions of point ii) are satisfied

and the Euler-Lagrange equation holds.

Proof of the Theorem: Let % be a locally bounded minimizer of the functional
(4.1) and let n € C} (). We have

/ L(z,a(z) +en(x),Va(z) +eVn(2) — L(z,a(z),Va(z) , (4.2)
Q g
and

'L(x,ft+5n, Va+eVn) — L(x,a,Va)
5

< ’L(a:7ﬂ+sn,Vﬂ) — L (z,u,Va)
- €

+‘L($,ﬂ+€n,va+evn)—L(w,ﬂ+€n,Vﬂ)
g

< ‘gﬁ (z,@ + Sen, Va) - 77‘ + [(VeL (x,0 + en, Vi + teVn) , V)|
< K L(z, 0+ 3en, Va) |n| + K2 A (|Va + eVn]) |[Vn|

K
< K22 L(,@,Va) || + K2 A |V + ¢ [Va]) [Vn], (4.3)
1
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where 0 < 35, < 1.

In order to pass to the limit in (4.2) by dominated convergence and then to
obtain the validity of the Euler-Lagrange equation we need to prove there exist
K, hg > 0 such that

N(@t+h) <K[1+A@{)+tA ()] VO<h< ho. (4.4)

Indeed in this case we obtain the integrability of the term (4.3) by Theorem
2: the assumptions of the Theorem are satisfied since the convexity of the map
L :t— logA (t) is equivalent to z to be non decreasing and
/°° L (t) gt = /oo 2 (t) gt — logz(t)‘oo +/°° lOgZ(t)dt =
-1 () t-z(t) ¢ 12
since z (t) < ¢ (1 4 logt) for every t > ty.
Let us prove (4.4). We have

N(@t+h) = z(t+h) WA (t) (4.5)
t+h
= z(t+h)- exp (/t z(s)ds) “A(t) : (4.6)

in case i), for h < hg, the term (4.6) is less than K - A (¢); in case ii) if ¢ < tp then
AN (t+ h) < K since A is convex, otherwise

t+ho
(4.6) < c[l+log(t+ hg)]-exp [c/t (1+logs) ds} A (t)

IN

c (1 +logt + ZO) (t+ ho)" - exp e t (log (t + ho) — logt)] - A (t)

IN

c1 (14 logt) - tMoecho A (t)
co tA (t)
K -tN (t)

IN

IN

since z is non decreasing and t > tg.

0

4.2 On the validity of the Euler-Lagrange equation
without growth assumptions
This section is based on the paper On the validity of the Fuler-Lagrange equation

in a nonlinear case , Nonlinear Analysis: Theory, Methods & Applications 73
(2010), Issue 1, 266-269, joint work with G. Bonfanti.
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In the following, we denote by p’ the dual conjugate exponent of p, i.e. 1/p +

1/p’ = 1, and by p* the Sobolev conjugate exponent of p, that is p* = NN—_’;} if

p < N. For the properties of Sobolev functions we refer to [1] and, for those of
convex and concave functions, to [37]: we only recall here that, given a concave
function f : RY — R, its subdifferential at the point ¢ € RY is the set

0f ) ={s € R : f(2) < f(&) +(s,2—€), Ve e RV},
where (-,-) is the standard scalar product in R,

Let © be a bounded open subset of RY and L : RY — R be a convex map. Let
us consider the problem (P) of minimizing I on the set ug + Wol’p (Q),1<p< oo,

where [ is the integral functional

I(u) = /Q L (Vu () + g (2,u(2))] dz

and the boundary datum wg is such that I (up) < +oo and ug € WP (Q) N
LOO

. (£2). We observe that assuming ug to be locally bounded is non restrictive if

the Lavrentiev phenomenon does not occur, as already remarked in [22].

In order to prove our result we need the following growth assumption on g:

Assumption A. Let g : QxR — R be a Carathéodory map such that u +— g (z, u)

is concave for almost every x € {2. Moreover:
e if p < N, there exist aq € L®) (Q) and 3, € L™ () such that

9 (2,u)| < a1 (@) + 6 (@) [ul”', ae. weQ, Vuek;

e if p= N, there exist r > 1, ap € L' () and By € L™ (Q) such that

lg (z,u) | < ag(z)+ P2 (x)|ul", ae. ze, YuelR;

e if p > N, there exist ag € L' (2) and 33 : R — R non-decreasing such that

lg (z,u) | < as(x)+ O3 (u), ae z€f, YuelR.

We can now state our main result
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Theorem 5 If L is convez of class C1(RN) and g satisfies Assumption A, then the
Euler-Lagrange equation associated to problem (P) holds, i.e. if w is a minimizer
for I, then there exists a selection o(-) from the set-valued map x — Og (z,u (x))
such that

/ (VL (Vu(zx)),Vn(z)) de = —/ o(x)n(z)de ¥Yne CX ().
Q Q

Remark: We observe that Assumption A is sufficient in order to prove our
main result, but it does not guarantee the existence of a minimum for problem
(P) in the case p > N.

During the proof we will use some tools from the theory of multivalued func-
tions and selections: for these topics we refer to [2]. We only give the notion of
upper semicontinuity for a set-valued map F : X — QRN, where (X, d) is a metric
space: F'is upper semicontinuous on X if for every x € X and ¢ > 0, there exists
0 > 0 such that if d (z,y) < § then

F(y) C{¢eRY:|¢—(¢|<e, for some ¢ € F (z)}.

We recall that if F' is closed graph and it has values all contained in a compact

subset of RN, then it is upper semicontinuous.

For the sake of brevity, we will treat at the same time the cases p < N and

p = N, by assuming ¢ to satisfy the following general condition:
lg(z,u)] < a(x)+ B(x)|u]", ae ze, VueR, (4.7)
where r = p* if p < N, some r € (1,00) if p= N and a € L (Q), B € L*(Q).
Proof of Theorem 5: Given a set X, we denote
| X = max {|z|: z € X}.

We prove the theorem in several steps.

(a) When p < N, we show that if ¢ satisfies (4.7), then there exist a constant
C > 0 and a function 3 € L* (Q2) such that

109 (z,u)|| < 2 (2) + B (2) [u] ™" + C,

a.e. ¢ €, YueR.
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Fix (z,u) € 2 x R and let y € d¢g (x,u). From the concavity of u — g (x,u),

we have
g(z,u+h) <g(x,u)+yh, Vh € R.

Define the constant

ho = —i(l + |u’r)1/r'

|y

By the choice of hg, we have

lyhol < g (z,u+ ho)| + |g (v, u)]
< 2a(x) + B(z) [Ju+ hol" + |ul"]
< 2a(x) + 4 () [lhol” + [ul"]

2a(2) + B (2) [L+ 2 ul"].

Finally, using the inequality
_1 _
T+ 1) <1+ [g

and up to renaming /3, we obtain

2a (I’) / ry1-21
< — 1 v
|yl RERANRYG B () (L+ [ul)
< 20 (x) 4+ 6 (@) [u] "t 4 C.

(b) Recalling that g is a Carathéodory map, we have that for any v : Q@ — R
measurable, the set valued map x — 0dg(z,u(x)) is also measurable (see Corollary
4.6 of [38]).

In our special case, the validity of this statement follows also from the proof of
Lemma 1, pag. 100 of [15]. Indeed, for any ¢ > 0 by Lusin and Scorza Dragoni
theorems there exists a closed subset E. C Q such that u|g,, a|g, and g|g, x[—
are continuous, m (2 \ E:) < € and |u(z)| < M for any x in E..

When p < N, from (a) we have

10g (z,u)|| < 2a(z) + 5 (2) |u|" +C, ae. 2€Q, VueR
so there exists K > 0 such that
109 (2, u)| < KV (z,u) € B x [~M, M].

If p > N, we obtain the same result using the definition of subdifferential and the

monotonicity of ;.
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The set valued map (x,u) — 0g(x,u) on E. x [—M, M] has values all contained
in a compact set, and it can be easily seen that its graph is closed; then it is
upper semicontinuous. From the boundedness of u|g,, it follows that the map
x +— Og(x,u(x)) is upper semicontinuous on E.. Finally, Lusin’s theorem yields

the claim.

(c) Assume that g satisfies Assumption A. We claim that for any u € L" (Q2)
there exists a measurable selection o () from the set valued map x +— 9g (z,u (x))
such that o belongs to L () if 1 < r < oo (that is case p < N) and to L' (Q) if
r =00 (case p > N).

The Kuratowski and Ryll-Nardzewski theorem, [27], yields the existence of a mea-
surable selection o (z) from the map g (z,u (x)).

As for the integrability, by step (a), we obtain that in the case p < N
lo (z)] < ||0g (z,u (2))]| < 2a(x) + 6 (z) ]u(x)\r_l +C, ae. x e
Then, Assumption A let us conclude that o belongs to L' (€2). When p > N, we

use the boundedness of u in order to prove that o is in L1 (Q2).

(d) Let w be a solution of problem (P) and let o (z) € dg (z,u(x)) be the
selection given by step (c¢). For u € ug + VVO1 ?(Q), define the functional

J@»—K}MVuw»+a@wumm—@»+g@m@MMw

We claim that @ is a minimizer for J, too.
Indeed, let v € ug + Wol’p (Q); from the concavity of the map u — g (z,u), we

have

g(zv(x) <g(zu(z)+o(x) (v(z)—u(z) ae zecll

then
J@)=1I(@w)<I(v)<J(v).

(e) Consider the functional & : VVO1 P (Q) — R such that
o [o@)o@) d
Q
Since, by step (c¢), o belongs to L&) (Q) if p < N, to L (Q) if p = N and to

L' (Q) if p > N, Sobolev embedding theorem let us conclude that @ is continuous

in all three cases.
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Finally, Theorem 1.1 in [22] yields that the minimizer @ of J satisfies the

Euler-Lagrange equation, that is

| (La@) In @) de =0 viecF @),

hence our claim.
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Higher differentiability






Chapter 5

Higher differentiability of
solutions to variational

problems of faster growth

Chapters 5 and 6 concern the local existence and the properties of the weak
second derivatives for solutions to some classes of variational problems. In Chapter
5 we consider smooth lagrangians whose growth could possibly be more than
polynomial. In Chapter 6 we extend the result to the case of irregular lagrangians,

that is, lagrangians that could possibly have no derivatives.

In what follows we are concerned with the higher differentiability properties

of a solution u to the problem of minimizing
I(v)= / f(z,v(z),Vv(z))dx (5.1)
Q

on ug + WH (Q), where f (x,u,£) is a smooth function, convex in the variable ¢
and satisfying further regularity and growth assumptions, that will be described
below. In particular, under our conditions, it will be equivalent to define u as a

solution to the corresponding Euler Lagrange equation, i.e., a solution to

/Q (Vef (z,u(x), Vu(x)), Vi (2)) + fu(z,u (@), Vu () n (z)] de =0

for every suitable variation 7. The regularity that we seek are the local exis-
tence and the properties of the weak second derivatives. Similar results are often
deduced, in the theory of partial differential equations or systems, through a stan-

dard difference quotient argument. The technique is shown in next section for a
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model case; here we also present the difficulties arising when the natural growth
conditions are not satisfied, that is the context in which we look for regularity
of minimizers. Of course, we are not the first ones to consider problems of faster
growth: regularity results for this class of functionals have been already considered
in [29], [33] and [35], with techniques, assumptions and results that are different

from ours.

5.1 Natural growth conditions and general growth con-

ditions
Let us consider, for the moment, the solution u for the problem of minimizing

/ F (Vv (z))dx (5.2)
Q

on ug + VVO1 1(Q). In the classical case of a function F growing as |¢|?, the local
existence of the second derivative of u is well known and one can proceed as follows.

The function u satisfies the Euler-Lagrange equation

/Q (VF (Vu(z)),Veo(z))dx =0

for every suitable variation ¢. Fix w CC  and let  be a smooth map, equal to

1 on w and such that spt (n) CC Q and consider ¢ = 5ih (7725;#)7 where by 52u

u(a:—l—he]i)—u(x) . ¢

we mean the difference quotient is, morally, —% (nQ%u), but

these derivatives could not exist.

By integrating by parts the difference quotients, we obtain
0= /Q (54,VF (Vu),V (n*5ju)),
that is,
0= /Q (6}, V'u, 2nVndhu + n°5;, V)
_ /Q (208} (53,0, Vi) + 1[5, Vul?]

that can be written as

/ (\Vn|(52u)2 = / ‘Vnézu—i—néZVuf.
spt

spt 1
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2
The first term is bounded by [, |Vn? (%) . Then, the right hand side is bounded

by a constant independent of h: recalling that the integrand reduces to ‘52Vu|2
on w, we can deduce that u € I/Vlif

More generally, similar arguments can be used to treat minimizers of integral
funtionals satisfying the natural growth conditions and involving also the variables
u and x. In the context of general growth conditions (see for example [33]),
one needs to use a class of variations, nonlinear in the difference quotient 52“7
that is wider than the class of variations, [linear in 52“7 that has been used
for the standard problems. More precisely, one uses variations of the kind ¢ =
5’;h (172 -y (cﬂlu)), so that the Euler-Lagrange equation becomes, in the case of
functional (5.2),

0= / (8, VF (Vu),2nVny (5hu) +n°y (5hu) 6, V),
Q

ie.,

/ [<5ZVF (Vu) ,V77> ~ ((ﬂlu)} 2
spt 7 <5};VF (Vu) ,52Vu> ~! (5;1“)
(5.3)
2

+ 1 [(64VF (Vu) , 8, Vu) ' (du)] ®

) / (8iVF (Vu), V)7 (6u)
st | [(03VF (Vu) , 0, V) o' ()] 2

In order to handle the left hand side of (5.3) and prove the integrability of

[<52VF (Vu) ,Vn> ~ (5;1“)]2
(0iVF (Vu), 8t Vu)y' (8iu)’

(5.4)

we have to compare it with an integrable function, independent of h: for F' (&)
growing as a function A (|¢|), we have, from Chapter 3, that, under slight assump-
tions, the map |Vu|- A’ (|Vul) is locally integrable: we shall reduce the term (5.4)

to this function. In order to do that, we look for solutions to the differential

equation
. A (¢
7 (0= 0020 = 10 0. (55
Under the simple conditions
to 00

0 to
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there exists one and only one solution v, of (5.5), defined on (0, 00) and such that
lim; o+ v (t) = 0 and lim; . v (t) = +00: we can write it as
1

YA (t) = ftoo¢(s) ds’
In such a way, the variation reduces to the standard variation in the cases consid-
ered by Ladyzhenskaya and Ural’tseva; that is, the function 4 (¢) turns out to be
exactly c -t for the case A (¢) = tP. In addition, the hypothesis (5.6) are satisfied
also by maps A having faster than polynomial growth. They are not satisfied by
A(t) = €' in this case, ¢ (t) = + and [* ¢ diverges. If the differential equation
(5.5) admits a solution, we succeed in controlling the left hand side of (5.3) with
a term of the type

|Vu (z)] - A (|Vu (2)]) dz.

spt 1

Hence, we obtain an estimate for the right hand side of (5.3), independent of h,
and, with some efforts, the local existence of the weak second derivatives of v and
their properties.

When we consider general problems of the type (5.1), we have to handle also
terms involving mixed derivatives of f with respect to its variables. We will reduce
them to integrable term |Vu| - A’ (]Vu|) using the properties of polar functions.
Of course, we shall need some assumptions on the derivatives of A and a lot of

comparison conditions involving f and A. We list them in next section.

5.2 Basic assumptions

For a given function g, in this section we shall use the notation ¢, to denote the

_9"®
R0

We shall assume the following properties on the integrand f and on the com-

function

parison real function A.
Assumption A. The function A is symmetric with respect to 0, three times

differentiable and satisfies:

1. A’(0) =0 and, for t > 0, A’ (¢) > 0, @ > ¢ >0 and A" (t) > 0; hence, in

particular, A’ () is convex.

2. For t > 0, the map ¢, (t) =
tA'A — (A +tA”) < 0;

is such that %(JSA (t) < 0; equivalently,
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3. [,° 6 (1) = +o0, [ (t) < +oo;

4. The map % is bounded.
(7 ea(9)

The above point 3) in Assumption A is independent of the choice of tg > 0. In
the case of A (t) = %tp, we have [~ ¢ (s) = @; for A (t) = €', we have ¢ (t) = 1,
so that the requirement of Assumption A, that f ° ¢ be convergent, is not verified
by e'. A sufficient condition for the validity of (4) is the following: there exists K

3
such that —¢), < K¢3. In fact, if this is the case, 2¢ (t)% <K [ ¢(s)ds.

The map A is connected to f through the following comparison assumptions.
In it, and in the sequel, Hf (z,u,§) is the Hessian matrix of f with respect to the
variable &.

Assumption B. For every w CC §2 and positive U, there exist positive con-
stants K1, Ko, K, and a function 7 € L? (w), such that, for i = 1,...n, a.e. € w
and |u| < U, we have, V¢ € R™,

) N ([¢]) < K2|Vef (2, u,8);

ii) A eigenvalue of Hy (z,u,§) implies K Algf” < A < KA ([€]);

iii)

FoVef (v, 6)| < 7 (@) + KA (¢)):

iv) |2 Vef (2,u,6)] < KAED

V) e (0,)] < KA,

vi)

P fu @, )| < 7 () + K (g1 A (16D A" (1))

The regularity properties of a solution, that we are going to prove, are based
on two facts: first, the validity of the Euler-Lagrange equation for a solution wu;
second, the integrability of the term |Vu| - |V f (z,u, Vu)|. We shall assume their

validity in next assumption.

Assumption C.

i) Let u be a solution to the problem of minimizing (5.1). Then, for every
variation ¢ € VVol’1 (€2), we have

/Q[(ng(m,u(x), Vu(x)), V() + fu(z, u(z), Vu(z))¢(x)]dz = 0.
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ii) For a solution u, for every w CC €,
/ IVu(z)| - |V f (x,u(x), Vu(x)) |dx < oo.
w

Point iii) of Assumption B rules out the occurrence of the phenomenon of
non-validity of the Euler-Lagrange equation described in [3].

Point ii) of Assumption C is verified whenever, for some p > 1 and M, we have
[z, u,&) < M (14 |¢P), since in this case, by the convexity of f, Ve f (z,u,§)| <
M* (1 + &P _1>. It is also verified by a larger class of functions f, including
functions of exponential growth and of growth faster than exponential, as shown
in [17] and [9].

5.3 Properties of f and of A

Proposition 1 Under Assumption A (3), the map

(1) :
A= T T o
ft oA (s)ds
is the only solution to the differential equation
A// (t)
/ _ A2 — A2

defined on (0,+00) and such that lim;_oy (t) = 0 and lim;—oo vy (t) = +o00. In
addition, Assumption A (1) implies that y5 (t) < t and Assumption A (4), that

Y (t) is bounded.

Proof: From the convexity of A’ we infer 0 = A’ (0) > A’ (¢t) + A” (¢) (0 — ¢), hence
oA (t) > t%, so that v (t) < t. Since v} (t) = %, we obtain that ~/ is

(ft INE ds)
bounded.
O

12, we have ¢ (t) = t12 and v, () = t. In the case of

A(t) = %tP’ we have ¢p (1) = (p— 1) 4 25 YA (1) = (pfl) and v} = ﬁ However,

Examples. For A (t)

the condition

DA (t) < 400
to

is satisfied, for instance, by functions A such that (for ¢ > 1)
A (t) 1
A(t) - (log (1)




5.3. PROPERTIES OF F AND OF A 63

or

A () 1 .
A'(t)  (log (1)) (log (log (1))’

in these cases, the corresponding solutions vy, are vj (t) = log(¢) and v, (t) =

log (log (t)).
In what follows, it will be convenient to assume that v5 has been extended to

the whole real axis (—oo,+00), setting yo (—t) = —vya (t). Notice that, from he
properties of v4 we have that v € Wh! implies that v5 (v) € WhH.

Lemma 4 Let g : [0,00) — [0,00) be continuous and differentiable on (0,00),
with ¢ > 0, and such that g (0) = 0 and lim,— ﬁ =k > 0. Assume, further,

that the map G (t) = @ is non-decreasing. Then, for every a,b > 0,

g(b)

<a-+b.
g(a)

Proof: Define ® (t fo : @ is convex with minimum 0 for ¢ = 0, defined
for every t > 0 and such that

:/Og(b)G(s)ds:/ObG(g(t)) / e

)
Since G (g (t)) is non decreasing, %G (g(t)) >0, hence g (t) <1, that implies
®(g(b)) <.
Consider the polar ®*: we obtain that ®* (0) = 0; moreover, from
. / T . a _
zli%q) (=) _zll%hG( ?) _ali%LG( 9(@)) _clzlgtl)g(a) o
we infer ®* (k) = 0. Set
0 ift>0 = o (5f5) >0
t* = !
sup {t o (g(t ) } otherwise.
Fix any a > 0. From _& (9 (a)) = @' (g (a)) we infer that ( 5 € Dom (®*).
For t € (0, ﬁ), set ( Y (t) = inf{y:y € 00* (t)}, so that (®*)" coincides

a.e. with the derivative (®*)" of the locally Lipschitian function ®*. The function

(®*)’, hence the function (®*)"_, is integrable on (O, ﬁ), since ®* (f‘;)) is finite;

moreover, the map z (s) = g( ) is differentiable on (0 . Hence, by the change

’ g(a)
of variables formula ([40]), we obtain

() = Gin) - G@)

a

_ /” (@) (t)dt:/: (@) (g&) g;jf’lds.

g(t*)
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From the definition of G we have &5 = ®' (g (s)), so that g(s) € 0P* (ﬁ»

hence g (s) > (®*)_ <ﬁ): we obtain

a _ / a _ /
@* < a > _ / (@*)/_ ( S > g 289 ds S / g 59 dS S a — t*
g(a) t 9(s)) g g

Finally, by polarity, we have

O

The inequality in the previous Lemma is sharp: when g (a) = a, we obtain: for
every a,b>0,b < a-+b.

The derivatives of f and of V f with respect to their variables, that have to
be considered in the proof of the higher differentiability result, yield, through the
comparison assumptions, several different combinations of derivatives of A, and
these combinations have to be estimated. In the case of a polynomial A, all these
different combinations of derivatives turn out to be the same expression, apart
from multiplicative constants. This is clearly not the case in general; however,
next Corollary shows that Assumption 2 is sufficient to provide a common upper

estimate for all these different expressions.

Corollary 1 Let A satisfy Assumption A. Then, for a,b > 0,

a)
N(a) b< AN (a)a+ N (b)b

b)

and

d)
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Proof: a) Set a = A (a)a, B = A (b)b, and define the map g setting g (o) =
g (A (a)a) = A (a), so that 7y = @ and limg o 55 = limgoa = 0. More-
over, differentiating with respect to a the identity G (g («)) = J(ey> We obtain
G’ (g (a)) A" (a) = 1 that implies that G is non-decreasing. Lemma 4 can be
applied.

b) Set a = A’ (a) a, and define g by g (A’ (a)a) = a?, so that T = A/éa) and
G (g())2a = W Recalling that aA” (a) — A’ (a) > 0, we obtain that

G’ is non-negative.

¢) Set @« = A’ (a) a, and define g by g (aA’ (a)) = ?\/},/((g)). Differentiating g, we
obtain )
A//A/ + a (A//) _ aA/A///
g’ (ah' (a)) (aA” + A') = (A7) >0

by Assumption A (2), so that ¢’ > 0. In addition, we have that, as « — 0, a — 0,

o

we obtain
g(a)

so that lims o 5y = lima—o A" (a) > ¢ and, from G (g (a)) =

AN +q (A//)Q — alN A"
(A”)?

G’ (g9(a)) = A",

that implies that G is non-decreasing, by Assumptions A (1) and (2).
a

1
d) Set o = A’ (a)a, and define g by g (aA (a)) = (i\[},/((a))) * so that Ty =

(aA’ (@) A" (a))2. We obtain G <(GAA(<‘1)>) 5) — (al (a) A (a))? and

G/( (a)) A'A + a(A”)2 — alN A" B EAIA” + CL(A”)2 + al'A"
! 2(AM)2az (M) 2 (aA A7)

)

so that G’ is positive by Assumptions A (1) and (2).

5.4 Higher differentiability of a solution

For any real h # 0 and i = 1,...,n, we set 6flu to be the difference quotient of

w, where e; is the unit vector in

the function u, defined by 0;u (z) =
the direction x;. Here we list the main properties of the difference quotients that

will be used in the following proofs (for more details see, for example, [26]):

i) Let u € WP (). Then §lu € LP(w) for any w CC  satisfying h <
dist (w, 092), and we have

“52“‘&?(“}) < Juaill ooy -
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ii) Let uw € LP (), 1 < p < 00, and suppose there exists a constant k such that
§iu € LP (w) and HéfzuHLp(w) < K for all h > 0 and w CC 2 satisfying h <
dist (w, 092). Then the weak derivative ug, exists and satisfies ||uz,|[1p (o) <
K.

iii) Integration by parts formula holds: suppose spt (v) CC €2, then
/ u (x) 6hv (z) do = —/ v () 0 u (z) dr,
Q Q

with A small enough.

iv)

61 (u-v) (z) = u(z + he;) 6hv (z) +v () Shu(x).

v) Let u € WP (Q), 1 < p < co. Then §ju — ug, in LP (w) for any w CC
satisfying h < dist (w, 90Q).

The following Lemmas are basic to the proof of the regularity of a solution.

Lemma 5 Let A satisfy Assumptions A; let u be such that
[ Vu@]- 4 (Vu o)) do < Ha,
Then, for every w CC W', for every h sufficiently small,
[ @] A () dr < Ha.

Proof: Let h be so small that {w+th:0<t <1} CC w'. The function a(t) =

t - A’ (t) is increasing and convex by Assumption A; then,

/wa(a,gu) _/wa@/ol (Vu(:r—i—shei),h)ds) da
S/wa</01wu(m—|—she,;)\ds) dxg/w(/Ola(\Vu(:c—Fshei)\)ds) dx

= /01 (/wa(\Vu (x+shei)|)dac> ds < /w/ |Vu (z)] - A (|Vu (x)|) de.
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Lemma 6 Under Assumptions A, B and C, let u € W1 (Q) be a locally bounded

solution to the problem of minimizing

|5 @o@, Vo @)dr
Q

Then there exists a constant H such that, for every w CC §Q, for every i and j

and for every h sufficiently small,

/

2

Uy, (x + he;) — uy, () ;
: . 7a (Ohu)

h

dsdx < H.

_/1 AN (J(1 = s) Vu(x) + (s) Vu (z + he;)))
o (1 =38)Vu(z)+ (s) Vu(z + he;)|

Proof: a) The Euler Lagrange equation is: V¢ € VVO1 1),

0= /Q (Vef (@, u(z), Vu(z)), Ve (2)) + fulz,u(z), Vu(z)) ¢ (x)der = A+ B.

(5.7)
Fix w cC Q; let 7 € C1(Q) be such that 7 = 1 on w; set h = %dist (sptn, C)
and consider h such that |h| < h; there exists w’ CC Q such that, for [v] = 1,
sptn + hv CC w'. Choose, as a variation, ¢ = §° (172 “YA (5}111,)) Consider A,
the first term in the Euler Lagrange equation. Calling b(x) = Vu (z + he;) and

a(z) = Vu(z), we have

, , -
A= /Q <V§f (x,u,Vu),0",, <277V7]7A (0iw) + n?h (Ghu) - a>>
, , o b—
= /Q <5,Zl (Vef (z,u, Vu)), 20V, (6ju) + RN (6},u) ha>

:/Qill(ng(aH—hei,u(:n—l—hei),Vu(a:+hei)) — Vef(z,u(z),Vu(z)),

~ . b—a
20V s () + 04 (Ghu) — > :
Set
ot =z +the;, u' =u(x)+t(u(z+the) —u(x)),
Vu! = Vu (x) +t (Vu (z + he;) — Vu (),

to obtain
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1
— a t t t g t ¢ ¢ u(l‘_i_hel) _U(Jf)
A= Spm</0 [amivgf(x,u,Vu)—Faquf(g:’u,vu) :

b—a
h
=A+ Ay + A

(af, Vut)] dt, 2091 (5fu) + 07 () 0 a> e

It is convenient to set Hy = sup {|Vn[}, Hx = [, A’ (|Vu|) |Vu| and H, such that
|vj (t)] < Hy . Consider A;: we have

/1 N (|Vat]) 20 |Vn| |ya (6,u)| dida
(5.8)

i [ 09 e o i G <Al|(‘vzft‘)>2 b

|A;] < / 721 | V| [ya (65) |dz + K
sptn sptn

N dtd

b—a

dz.

+ / 77727;\ ((5}Lu)
sptn

Recall that ”yA (52“)’ < |5}Lu‘ Corollary 1 a) and Lemma 5 can be applied to
yield that the sum of the first two terms at the right hand side of (5.8), for all
sufficiently small h, is bounded by a constant independent on h. Moreover, the
third term is bounded by

1 1A/ t
1 TN N 20 (s / A (‘VU D 2
/Spt , </0 . ‘Vu ‘A (}Vu ‘) YA ((5hu) dt + ¢ ; N dtn 'yA(

and, recalling that f V] Ddt > ¢, the fourth is bounded by
2
) dx
2

11 99 /g 2/1 A/(W“t{) rosioy |0
/spt ) ( n°ya (hu) +en ; V| dtvy (67,u)
dz.

—a

h

gcC

and we obtain the existence of C] such that, for h sufficiently small,

LA (|Vat]) s |b—a
s d) e [ [k i |

Consider As. Recalling Assumption B iv), we have

A (|Vu! 4 ,
|Ag| < / K/ M dt ‘(5,211‘ 2n |V ‘fyA ((ﬁbu)‘ dz (5.9)
spt n |v |
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[N

o (R s

1
Pt (N(Ve) ) [b-a
O Bhe)) ( V| ‘ h
and Corollary 1 b) and Lemma 5 can be applied, to yield that, for h sufficiently

small, the first term at the right hand side of (5.9) is bounded by 4K HyHy.

Moreover
—a

/01 (W)Z |52u}77('yg (5@))% (1 ((%u))%n <A/|(‘VZZL;D>2 b h

A’ Vut ;2 1 ; A’(Vut) b—a

and Corollary 1 b) can be applied, to yield the existence of a constant Co such

dtdzx.

dt

2
dt,

that, for h sufficiently small,

LA (|Vat|) -\ |b
A2<Cg<1+ >+6/ / | :L} vj\(d}lu)
spt n ‘v ’

Consider

1rp _
Az = / </ [b ; ¢ (mt,ut,Vut)] dt, 2nVnya (Shu) + 1?4 (hu) b ; a> dx
sptn 0

L [l ey

_<b‘T“> Hf (', ', V') V77> A (5;@)

2
dz.

—a

+<b;  Hy (a8, ul, Val) n?) (6] )b_haﬂdtdm.

2
. . H
For a symmetric matrix Hy, we have that Ay < |s2|
<z,Hfz>

< Amaz; In particular,

by Assumption B, we obtain
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so that

1 . B 1 i
452 / / !2n (A (5;;u))%<”h“,ﬂf (xf,ut,vut)bhay [ (Ohu)]

(74 (34))

=

- (K (‘Vut‘))% V| + 7*vh (6u) <b;a,Hf (2", u', Vul) b;a>] dtdx

:/Q [—QOéh'ﬁth (%)2} dz.

Consider

1
_ ok /1 oy N (8hul) (056 \*
B = K3 |Vn| i (A (yvu y) (G dt;

applying Corollary 1 c), we obtain, for all h sufficiently small,
/ (Br)* < 2K, HEH), = Cp,
spt n
with Cg independent of h; hence we have that

As+Cz > / 8 — an|?
spt n

S I IOy IO MRS

2

and we infer

1 _
/ ,/ Hy (mt,ut,Vut) ba>
spt n 0 h

A fortiori, by Assumption B, for each ¢, we have

2

b—a

1

1A @)

2

b—a it o pnb—a ' b—al® _ N (|VU]) |b—a
< - ,Hf(a:,u,Vu) >2)\mm(t)‘ - > 2 h ,
and we obtain
. LA (’Vut’) b—al? 1
1— 240 (61 / ‘ < As+ ~Cj. 5.10
= [ k) [ Sourt || sas i 60

We are left to estimate the term

|B| =

[ T s o o 6|
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/ 5 [ (2, V)] - 7270 (8h)
spt n

9
aﬂfi

fu (2t ut, Ve

9 t ot ¢
+’8ufu(:c,u,Vu)

‘5,2111’) "YA ((ﬁbu)‘ dx

<L
U

Recalling Assumption B vi) and Corollary 1 d), we obtain, for every h sufficiently

(Ve atsate 9y S a2 o (1))

= B1 + By + Bs.

small,

NI
[NIE

- (h (|0hul))

1
< | [T\agu\ug/ ([Vut| A (|Vat]) A” (|Vec])
spt n 0

(1w g\
A" ([07,ul)
1
<KT+KH7[// N (9al]) [V dad + | A’(‘éﬁu!)‘é%u‘dw}
0 Jsptn spt 1

< K, +2KH,Hy.

Analogously, from Assumption B v) and recalling that A’ (¢t) < ¢tA” (¢), from
Corollary 1 b), we obtain

1
LA ‘Vut‘ . |52“‘AI(‘5Z“D 3
- /Sptn/ [Vuf| ’h I WA(‘ D ( A" ([65,u)) )
1
< | [ w (v e o [ (g S ]
0 Jsptn spt 7
Finally,
B <K/ /1A’ (|Vut]) ’
25 fende IV T
1
N (Ve D2 (G)| (A ([Vul]) )
=K 5
Lok ( Vi ) "pa @ F A9 b i

A’ ’Vut’ 1A’(}Vut‘) b—a
<K 5 u? / AUVEY 20 (s ‘
ptn</‘h‘ [Vul| 60 |Vul| (h) h

772 ‘VA (5;1“)‘ dt dx

b—a
h
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From the above estimates we infer the existence of a constant CP such that,

for h sufficiently small,

1 A/ v t ) o
|B| < CP <1 + ) +€/ / | :L | dtn®yy (),u) b
spt n ‘v |

From (5.10) and (5.7) we obtain

, LA (‘Vut‘) b—al?
1_ 2/ (51 / ‘
a=a) [ k) [ S

1 A’ t ‘ _
(Ct+C?+CP) <1 + > + 35/ / Mdmm (8hu) b
spt n ’v |

h

2

1 1

< A3+g05 = —Al—AQ—B-i-gCg

2da: +EC
- B

<(C'+c*+CP) (1 + 8)Jng.

a

hence,

. 1 A’(‘Vut’) b—a
1—4 v (07 / '
( 8) /s‘ptnn fYA( hu) 0 |V’U,t| h

Recalling that n = 1 on w, we obtain, for all sufficiently small A,

h— 2 ) 1 AN vut
/w| |hg| YA (&u)/o WdtdeH (5.11)

2

3

hence, the result.

To state the higher differentiability theorem, let us set

= [ M0 e

so that we have (G’ (t))* = A/t(t) Y ().

Theorem 6 Besides assumptions A and B, assume that there exist s* and € > 0,
such that, for s > s*, we have A" (s) > (s’ (s))°. Then:

i) for somep>1, uz; € WH? (w) and

i) G (|ug,|) € WH2.
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Proof: a) Assuming ¢ < 1, set p = 2—35, so that 1 < p < 2 and 5 (1 —g)=1.

We have
1

b—al\" _(b-a]\" [, LA (|vat)) |
C) =) <7A<|5hu\>/0 v ) (o4 ) Jy 2450

(5.12)
p[(lo-a\"(, L (V) )
SE=) (mwhuo | e

hSAIN

2 p 1 .
: (<7A(\5huy) 1 AII(%TD))p

Since ~) is positive and continuous and v, is non-decreasing, there exist I' and
*, va > I'. Moreover,

IV such that: for z < z* we have v} (z) > I" and, for z > z

AT/ > c.
From (5.11) we have

_ 1 A/ t
b—af*, )/ N (V)
0

|n? [Vuf|
- / Z= / 7+ / z
w wN{z:|dpu|<z*} wN{z:|0pu|>2z*}

so that both

/ b—af _ H

wN{z:|0pul<z*} |h|2 e
and 2 1 /(‘ tD

|b—al” / A (|Vu

Ya (Opu) | —=—<~dtde < H (5.13)
/wﬂ{r PP o ([Vul])
hold.
Consider (5.12) to obtain
_ p
/‘ Cb ag (5.14)
wn{z:|opul>=*} \ |7
o
</ 2P ) (a e [ 2D
N wN{z:|0pu|>2*} 2 ‘h| 0 ’vut‘
_2
2—p

+/ 2—0p 1
wN{z:|dpu|>z*} 2 1L A([Vul])
(|5h |) [Vul|

2
2
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For |dpu| > z*, we have

e e
1 o [Ohu| A (|3wu]) '
Yy (I6nul) fy 202D 7 (18nul) A7 (18l fiy 20D
<< O] A' (3 )
— \I%c(|opul A (|0nul))®
_ (L = dnu| A (|6
— (12 ) 100l A ()
hence,
_2
2—-p
1 '
o g S C \(5hu]A (\5hu\)
wN{x:|dpul>2z*} (’Y;\(‘éhUD 0 |(|qu:| |)) w

and the second integral at the r.h.s. of (5.14) is bounded. The first integral equals

2 1 A/ t
P b—a A (|Vu
2 wN{z:|0pu|>2z*} | | 0 |V’LL|

bounded by (5.11). We have shown the existence of H; such that, for all sufficiently

small h

/ Ug; (2 4 he;) — ug; () P <
w h -
that gives
Uy, € WP (w). (5.15)

b) To prove the Theorem, notice that, as |h| — 0, Vu (- + he;) — Vau (+) in L,

hence pointwise along the subsequence (hy,), so that

/1 AN (|(L = s) Vu(z) + (s) Vu(z + hpei)]) , - A ([Vu(@)])
o |(1=9)Vu(z)+(s) Vu(z+ hnei)| Vu(z)]

Moreover, dp,, (u) converges to u,, in LP, hence, taking subsequences, v}, (|05, u|) —

. . . z; (z+hn i) Uz, . . .
7\ (luz,;|) pointwise. Finally, the subsequence <u i he )7y (90)> is contained in
n n

a bounded set of L? (w), with p > 1, hence a subsequence (still called h,,) converges
weakly and it is classical to show that the weak limit is u,.,. A subsequence of
convex combinations, ¢, =Y, A\l0p, (uxj), converges pointwise to Uy, s,

Apply Fatou’s Lemma and inequality (5.11): we have
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N (Vu (o)) e
< [ Twat s OF e )

< liminf /w [ /O Alf(’l(l_;s)vzléi )+(3( Wié ﬁ;ﬁ:ﬁ)’)d%

<Z)‘k|5hn U \) Y (10n,ul)

§liminf/w [/0 AN (J(1 =) Vu(x)+ (s Vu(a:—i—hnel)])ds}

(1= 5) Vu(z) + (s) Vu (2 + hne;)|
: (Z AR [0h, (U%)F) Y (|6, ul)
k

it S [ [ A0 =) Vu(@) + () V(@ + hnei)])
- fzk:/\k/w{/o (1= 5) Vu (z) + () Vu (z + hne;)| d}

J6h, (ua, )| * L (160ul)
< H.

Hence, the map G (‘umJ |) is in W12,
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Chapter 6

Higher differentiability for
minimizers of irregular

functionals

In Chapter 5 we looked for local existence and properties of weak second derivatives
for solutions to smooth variational problems. In what follows, we discuss the
same topic without assuming everywhere differentiability of the functional being
minimized.

The problem of regularity for solutions to variational problems of the type

/Q F (Vo (2)) da,

with F' satisfying only an uniform convexity condition, has been treated in [25],

[23] and [24]. Here, we consider the problem of minimizing the functional
Tl = [ (o) F (Vo(@) + g (@0 (@)} do

on u0+W01’2 (Q), where Q is a bounded subset of R", a € VVi)coO (Q),a(x)>a>0,
and there exist K > 0 and 7 € L2 () such that

i) g (z,0) < K;

i) g, (2,0) < 7 ().
Assume F' is such that F (§) = f(|¢|) for every £ € R", f : R — R being a
convex even function. By convexity, f is not differentiable at most on a countable
set; let us assume f is not differentiable on a finite number of points in R: call
a; = 0 and ag, k = 2,--- , K, the other points of nondifferentiability for f. Set
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A =sup{A: A€ df (ar)}—inf {A: X\ € 0f (a)} and assume 0 < ¢g < f" () < 1
YVt # ag.

Theorem 7 If the functional I satisfies the assumptions stated above and u €
ug + W01’2 (Q) is a minimizer of I, then u € W22 (Q).

loc

Proof: For ¢ € R, set

A A
Eak:{tER:ak—kStSak—Fk}.
C c

For c large enough {E_.}, is a family of disjoint sets; then, for every c large
enough, there exists a map f. € C? (R) such that f.(t) = f (t) for t € R\ UpE.x
and

co < flt)<e Vt € Eg .

Let I. be the functional
I [v] = /Q la (z) Fe (Vv(2)) + g (2,0 (2))] dv

where F, (§) = f.(]£]) and let u. be a locally bounded minimizer of I, on ug +
VVO1 2 (Q): as ¢ — o0, {uc} is a minimizing sequence for the functional I. In fact,
setting Ac, = {x : |Vuc (2)| € Ec i} and B, = Q \ U, A¢ i, we obtain

OgI[uc]—I[u]:/UA a(x)F(Vuc)+/ a(x)F(Vuc)—{—/g(x,uC)—I[u]

c Q

= /U kAC’ka(a:)F(Vuc)—F / a(z) F, (Vue) + / g (z,ue) — I [u]

c Q

—/ a(z) [F (Vue) = Fe (Vue)] +/ [a (z) Fe (Vue) + g (2, uc)] = 1 [u]
UrAck Q

< /UkAc,k a (x) [F (VUC) - Fc (VUC)] + /Q a (x) [FC (Vu) - F (Vu)]

— / o () [F (Vue) — Fu (Vo) + Fo (Vu) — F (V)]
UrAc,k
From the convexity of f and f. and the definition of E_, it is possible to prove
that there exists I' > 0 such that if t € E,j, then

)~ F )<

]
C
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so we obtain

OSI[UC]—I[U]SQF/CL—>O
Q

C
as ¢ — OQ.

Let us introduce the absolutely continuous map v, : R™ — R such that v, (0) =
1 and v, (t) = cif t € E.j, for some k, v, (t) = 0 otherwise. It is clear that v, is
bounded by a constant V' independent of c.

From the regularity of I. we have that the minimizer wu,. satisfies the Euler

Lagrange equation
0= [ @@ VeR. (Vu) Vo) + [ o) -0

for all ¢ € VVO1 2 (©); moreover, we have u, € V[/if (Q): for instance, in Chapter 5,
A(t) = %tZ satisfies Assumptions A and B, then Lemma 6 implies u. € VVlif (Q).

Having fixed w CC w; CC wy CC Q, let n € C}(w2) be such that n = 1 on
wy and, for |h| < %dist (Owa,spt m), let ¢ = 8%, (n* - dhuc - Vi), where 8} uc (z) =
w, Oplle = (5,1Zuc, . ,52%)” and V. = v (|0puc|). In order to prove
that ¢ € Wol’2 (Q), we have in particular to show that 7]252uCVVC € L?: setting

Achg = {x : |0puc (z) | € Ec}, we have

2 S/ ‘52%}2
sptn

i, 12 2 2
‘6huc‘ c ‘(5h (“0>xj
sptnNUg Ac i,k

2
< HCQ/ on (UC)Q:]-
sptn

2
< Hc2/
w2

Using the properties of difference quotients we obtain

Ontte - On (ue),, |

Uv/:(|5hu0|) |5hu |

[t g |02,
Q

J

IN

(Vue),,

0= / <a (z) 52V§Fc (Vue), QnVndzuc‘/c + n25%VuCX/; + n25flucVVc> (6.1)
Q
—l—/ <52a () - VeF. (Vue (x4 he;)) , 2nVnéjucVe + n*85, Ve Ve + n252uCVVC>
Q

+/ 6291} (l'a Uc) : 772 : 52“0 Ve
Q

Recalling the assumptions on g, one can prove that

1
‘(ﬁlgv (z,uc)| < K ‘521/@‘ +/ 7 (z + the;) dt.
0



80 CHAPTER 6. MINIMIZERS OF IRREGULAR FUNCTIONALS

Since
1 2 1
/ (/ 7 (x4 the;) dt> dx < / / 72 (x + the;) dadt < / 7% () dz,
sptn 0 0 Jsptn w2
we obtain

/ 5igo (2, u0) -1 - Siue - Vi <
0

1
V/ [K‘S}luc} —I—/ T(x+thei)dt] }5fluc|
sptn 0

<K,
with K independent of h and c.

Considering the second term of (6.1), we have

‘/ <52a (2) - VeFe (Vue (x + he;y)) , 2nVndhucVe + 126), Vu Ve + 7725,ilucVVc>
Q

S HaHWlxoo(sptn) : ||V£FC (VUC)HLQ(&;Q) : ”d)levz(sptn) ; (62)

since
2
< cost - I [ue] — cost - I [u]

/\fé(qucl)}zﬁ/ [ZAk+61|WcI
w2 w2 k

as ¢ — 00, we obtain that also the right hand side of (6.2) is bounded by a constant

independent of ¢ and h.

Now we can write
K> / (a(z) 01 VeF. (Vue) , 2nVndhucVe + 065 Vu Ve + n252uCV%> ;
Q

summing over the indices ¢ we have

nK > hmmfZ/ ) 6, VeFe: (Vue) , 2nVnsdyucVe) (6.3)
+hzn_}élfz / ) 8, VeF, (Vue) ,n°5,Vu Ve ) (6.4)
+11215ng / ) 8, VeF, (Vue) , n°0hucVV,) (6.5)
Setting Hp, the Hessian matrix of F,, we write
A 1 1
0,VeF, (Vu,) = EVgFC (Vue (x) + t [Vue (z + he;) — Vue (2))])
0

1
= /0 Hp, (Vue (x) 4 t [Vue (z + he;) — Ve (2)]) - 0k Ve (z)

1
_ / Hp, (Vul?) - 6 Vu,.
0



Consider (6.4) and recall that there exist Kj, K2 > 0 such that

AL
€

for every &,z € R"; we have

|2* < (Hr, (€) z,2) < Kaf? (I€]) |2

. . ; & C 26Z cVvc
luhn_}(l)lfzi:/ﬂ@ (2) 6, VeFe (Vue) , 06, VucVe)

—hmmfZ/an?V </ Hp, (Vub?) - 5hVuc,(5hVuc>
>\6h of*

vub

> aKq hmlan/

‘V tyi

> acoKi liznjgfz /Q 772 \5;;Vuc\2
(A

> acoK Z/QWQ |(Vue), |

by Fatou’s Lemma.
Consider the term (6.5): we obtain

hmmfZ/ (a(z ) 6, VeF. (Vue) ,n 5hucVV>

CLT]26 1
= lim inf/ <</ HFC) (5huc . 5hVuc, (5huc . 5hVuc> XUrAch ke
h—0  Jo [Opuc] 0 "

2

n

> ac/ (Hp, (Vue) Vue - Hy,,Vue - Hy,)
UkAck |vuc|

s [ e (T Tt i, ?
N K2 UrAc k ‘vuc|

Finally consider (6.3):

L N )
hgggfz / ) 04, VeF. (Vue) , 2nVndhucVe)

> =2l ey 500 {191} Vlimin [

> Shuc- 65 VeFe (Vue)| .

81
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In order to apply Vitali’s Convergence Theorem, we just need to show that 7 -
1> Shue - 65 Ve F, (Vuc)’ is an equi-integrable sequence. Fix € > 0 and let § > 0
be such that for any E C Q: m(E) < 6 we have

Ll <s [ p

Vi. Fix such an F, then
< Z/ (18he* + [0} Ve Fe ()]

o
<Z/ !

= Z 2/ at /Eﬂsptn U(uc)xz (x+ thei)f + ‘HFc (Vue (x + the;)) - (Vuc)xi (@ + thei)f]

nK202

Z(Shuc 5iVeF, (Vue)

Uc),. (r + the;) dt

+ / Hp, (Vue (z + the;)) - (Vuc)xi (x + the;) dt
0

7

Sy faf (00 0 R (T ) (T o the] <

since m ((E Nsptn) + the;) < m (E).

Leaving out several constants, we found K independent of ¢ such that

K> - 2[4 zi+;/ﬂn2»<wc>m\

/ 2 |HF, (Vue) - Vue - H uc‘Q
+ Ui
UrAc |VUC|

Z HFC vuc c) (qu)

> 5 [ 20l | (Tue) |+ 7P (T, ]
BC

DY) L,
; Uk:Ac,k

7

|HFC (Vue) - Vue - H uc|2
|V

4 / [—277 Hp, (Vug) - Vi Hy| + 1
UrAc ke

From this inequality we obtain

K+ Y, /13’(u6)$i’2+/uA |V
> 5 [ o] - alww, )

2
|Hp, - Vu, - H,|
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the left hand side is bounded by a constant K independent of ¢, then

?Z / ngl(VUc)x}Q
UrAc k ‘
and
= 2
K> [ [l =nl(vVuo, [
Vi. Since [ B. ‘(uc) - ? is bounded by a constant independent of ¢, the same holds
for [ B. > ‘(Vuc) IJ . Then we can find a constant M such that

M > / 7 ‘(Vuc)gcf > / |(Vuc)xi}2 Ve, Vi.
Q w1
Since for every h,c > 0

/|5;’L (V) |2§/ | (Vaue),, %,
w w1

there exists a sequence {ucj} such that 52 (Vucj) N 52 (Vu) in L2 (w) and we
have [ |0; (Vu)|? < M for all h. Then u € W22 ().
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