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Abstract

We present an abstract critical point theorem about the existence of infinitely many critical
orbits to strongly indefinite functionals with a sign-changing nonlinear part defined on a
dislocation space with a discrete group action. We apply the abstract result to a Schrodinger
equation

—Au+V@u=fu)—rgu)

with 0 in the spectral gap of the Schrodinger operator —A + V(x), that appears in non-
linear optics. We also consider equations with singular potentials arising from the study of
cylindrically symmetric, electromagnetic waves to the system of Maxwell equations.

Mathematics Subject Classification 35Q55 - 35A15 - 35J20 - 35Q60 - 58E05

1 Introduction

In this paper, we are interested in an abstract critical point theory that allows us to study the
multiplicity of critical points of strongly indefinite functionals. Consider a real Hilbert space
(X, (-, -)) and a nonlinear, C I_functional J : X — R. In variational methods, looking for
solutions to certain partial differential equations reduces to finding nontrivial critical points
of J, namely points u € X \ {0} with 7’ (u) = 0.

To introduce the notion of strongly indefinite problems, assume that 7 is of C> class and
that there is an orthogonal splitting X = X @ X ~ such that the second variation 7" (0)[u, u]
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is positive definite on X and negative definite on X . If X~ = {0} then we say that 7 is
positive definite; otherwise we say that 7 is strongly indefinite.

Existence of nontrivial critical points of positive definite functionals can be obtained, under
some geometrical assumptions, via the mountain pass theorem introduced by Ambrosetti and
Rabinowitz [1] or via the Nehari manifold method proposed in [30] that is closely related
to the PohoZaev’s fibering method [33, 34]. For strongly indefinite problems, the mentioned
techniques have been generalized. An important contribution is due to Rabinowitz [35] in
the case when one of the subspaces X, X ~ is finite-dimensional and is known as the linking
theorem. It was later generalized by Kryszewski and Szulkin [22] to the case where both
subspaces have infinite dimensions. The Nehari manifold approach was extended by Pankov
[32], and later applied by Szulkin and Weth [42] to the setting where both subspaces are
infinite-dimensional. Suppose that the functional 7 has the following form

TN S T N
j(u)—zllu I 2||M II© = Z(w),

where u = u™ +u~ € X and and the nonlinear functional Z exhibits super-quadratic growth
at infinity. In applications, the quadratic part of 7 is related to a differential operator L and
7 to the nonlinearity f of a partial differential equation Lu = f(u). We emphasize that in
all the mentioned results it is required that Z(u) > 0.

Recently, there have been contributions that allow Z to change its sign in X . For the positive
definite case, we refer to [13], where the Nehari manifold method has been adapted, and to
[12] for the mountain pass approach. In the strongly indefinite case, we refer the reader to
[10, 17].

In the case where 7 enjoys symmetry properties, e.g. if it is even, one can expect to show
also the multiplicity of solutions (more precisely: existence of infinitely many solutions). a
particularly powerful tool is the fountain theorem provided by Bartsch [4], applied already
in many contexts, see e.g2. [8]. Another possible approach is to use the linking geometry
and the notion of the so-called (PS)-attractors [5, 22] or the Nehari-Pankov manifold [19,
42]. Recently, under some convexity assumptions on Z, it has been shown that the strongly
indefinite problem may be reduced to the positive definite one, obtaining the existence and
multiplicity of solutions [14, 29]. We remark again that in all the mentioned papers, the
assumption Z(u#) > 0 is crucial.

In the case of a sign-changing Z, not much is known so far. In the positive definite setting,
the approaches developed in [19, 42] have been adapted to sign-changing 7 in [11, 12].
For the strongly indefinite case, there is a very recent contribution [21], where the authors
established the multiplicity of critical points for a strongly indefinite functional corresponding
to the stationary Schrodinger equation with sign-changing nonlinearity.

Usually, differential equations admit certain symmetries. If G is a group acting on X and
X*, X~ are G-invariant, and J is a G-invariant functional, then for every critical point
u € X, the whole orbit O(u) of u under the action of G consists of critical points. Hence,
in the mentioned results, the authors have shown the existence of infinitely many critical
orbits of 7. Two solutions whose orbits are disjoint are then called geometrically distinct
(see Section 2 for the formal definition).

In the present paper, we are interested in providing an abstract critical point theorem about
the existence of infinitely many critical orbits of a given functional [ under the action of
a group G. The theorem is stated in abstract dislocation spaces introduced by Tintarev and
Fieseler [44].

The paper is organized as follows. In Section 2 we introduce the notion of dislocation
spaces and the functional setting. The main theorem (Theorem 3.2) is stated and proved in
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Section 3. Sections 4 and 5 are devoted to applications, where we show the multiplicity of
solutions to strongly indefinite Schrodinger-type equations with sign-changing nonlinearities
that appear in nonlinear optics and when one looks for time-harmonic electromagnetic waves
to the system of Maxwell equations.

2 Functional setting

Let (X, (-, -)) be a separable, real Hilbert space and 7 : X — RbeaC 1_class nonlinear
functional. We recall that, due to the Riesz representation theorem, for any # € X there exists
VJ () € X such that (V.7 (1), v) = J'(u)(v) forallv € X.

Definition 2.1 We say that a sequence (u#,) C X is a Palais-Smale sequence (or a
(P S)-sequence) for J if

(J (uy)) is bounded and J'(u,) — 0in X*.

We shall say that (u,,) is a (P .S).-sequence if it is a Palais-Smale sequence and additionally
J (u,) — c.

Moreover we recall that 7' is sequentially weak-to-weak* continuous if
Uup—u = Yv € X (VJ(u,),v) - (VI (u),v).

Clearly, this implies that any weak limit of the (P S)-sequence is a critical point of 7.
Suppose that there is an orthogonal splitting X = X @ X~ and for u = u™* + u~ with
ut e X* we have

2 2 -2
llall® = M™% 4 lle 117,

where || - || is the norm induced by the scalar product (-, -). Furthermore, suppose that 7 is
of the following form

1 1
Ju) = 5||u+||2 —~ Enu—n2 ~Zu), u=u"+u" eXT@X, Q.1

where 7 : X — R is a nonlinear functional.
We make use of the following notation:

Je=ueX a<Jw) TP=weX: gw<p), JP=TJnIl.

2.1 Dislocation spaces and profile decompositions

From now on, we assume that on X there is given a unitary action of the group G, i.e. there
is a group homomorphism T : G — GL(X) such that T, = T'(g) is a unitary operator. For
simplicity, we will denote the operator T, by g if no confusion can arise.

Definition 2.2 We say that the functional 7 : X — R is G-invariant if for any g € G and
u € X, wehave J(gu) = J(u). We say that a subset A C X is G-invariant if forany g € G
and u € A, we have gu € A.

Remark 2.3 If 7 : X — R is G-invariant then the gradient V.7 : X — X is G-equivariant
i.e.forany g € G andu € X there holds V.7 (gu) = gV.J (u). In particular, the set of critical
points is G-invariant.
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Observe that for G-invariant functional 7 the sets J,, J* are G-invariant.

Hereafter, we assume that the spaces X * and X~ are G-invariant. We will introduce the
notion of a dislocation space based on [43, 44] in the setting we deal with. Note that this
definition could be given for a more general set of linear operators.

G
Definition 2.4 Let (u,) C X, u € X. We say that u,, — u if forall ¢ € X

lim sup(u, —u, gp) =0.

n=>00 4

Definition 2.5 We say that a sequence (g,) C GL(X) converges strongly (resp. weakly) to
g if we have g,u — gu (resp. gou—gu) for all u € X. We will use the notation g,—g in
the case of weak convergence.

Note that the notion introduced above is weaker than convergence and weak-convergence
in X*.

Definition 2.6 We say that the pair (X, G) is a dislocation space if for any sequences
(un) C X and (g,) C G the following holds
gn 70, u,—0 = g,u,—0 up to a subsequence.

From now on, until the end of the section, (X, G) is a dislocation space. In dislocation
spaces, one can show the following, general profile decomposition for bounded sequences.

Theorem 2.7 ([44], Theorem 3.1) Let (u,) C X be a bounded sequence. Then either
G
u, — 0
or there are K € {1,2,...} U {oo}, w* € X \ {0}, gﬁ € G forl <k < K + 1 such that
g,ll =1id and
(&) up—w,
gn(gn) ' =0 fork #1,

K

k2 : 2
D lw*|? < limsup flu, |1,
k=l n—0o0

K
G
k. .k
Uy, — Zgnw — 0.
k=1

Observe that, thanks to the G-invariance of X* and their mutual orthogonality, we obtain
the following fact.

G
N

G
Proposition 2.8 Ifu, — 0, then u;X — 0.

Proof Letp = ¢ + ¢~ € X @ X~. By the orthogonality of X and X~ we have
(). g0y = (ut, go™) + (). g07) = (uf, go™)
= (i, g9T) + (uy, g9™) = (un, g0™).
By the assumption limy— o0 SUP,e (Un, go™) = 0, so taking the supremum and the limit,

G .
we get u;m — 0. The proof for u;, is analogous. O
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Recall that 7 : X — R is a nonlinear functional of the form (2.1). Assume in addition
that 7 is G-invariant and that the following two conditions are satisfied

JdD Z:X — Ris of Cl-class with Z(0) = 0;
(J2) J’ is sequentially weak-to-weak* continuous.

We introduce the following notation
crit(J) :={u e X : J'(u) =0}.

As we are interested in a profile decomposition of Palais-Smale sequences, we note the
following consequence of Theorem 2.7.

Corollary 2.9 If (uy,) is a bounded Palais-Smale sequence for [J, with J being G-invariant
and satisfying (J1) and (J2), then, in the notion of Theorem 2.7,
(i) wX are critical points of 7 ;

; 2
limsup, ., o llunll

(ii) if, in addition, n := infyccri (o) lull > 0, then K < ,

< 00.
Proof (i) Note that, since [J is G-invariant, (J1) and (J2) hold, and G acts unitarly, we get
|7 @h@)| = lim |7 )] = lim (VT ). ¢}
n—o00 n—o00
= lim [((g) ™' VT @), ¢)| = lim [(VT@n). gho)|
n—o00 n—oQ
< lim [VI@a)lllgyell = lim [V wa)llell =0
n—oo n—0oo
for any ¢ € X.

(i1) From Theorem 2.7

K
. 2 k2 2
lim sup ||u, || > ZHW I©>n"K
n—0o0 k:1

lim sup,, _, o llunI*
2

and therefore K < p

< oQ.
O

Remark 2.10 Since J is G-invariant and satisfies (J1), (J2), the critical points wk can be
chosen as any representatives of their orbits.

We introduce the following sequential, uniform G-weak-to-weak*-type continuity of Z':
G
if (v,), (@,) C X, (v,) is bounded and ¢, — 0, then Z'(v,)(¢,) — O. (GWO)

G
Observe that if ¢, — 0, then ¢,—0. Hence for strongly convergent sequence
v, — v € X, the property Z'(v,)(¢n) = (VI(vn), @) — 0 is clear. In (GWC), under
a stronger convergence on ¢,, we require that Z’(v,) (¢,) — 0 for every bounded sequence

(vn).

Corollary 2.11 Suppose that T’ satisfies (GWC). In the setting of Corollary 2.9(ii) we have

K
U, — Zgﬁwk — 0.
k=1
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Proof Put&, := u,— Z,le g,’jwk. Since (£,) is bounded and (u,,) is a Palais-Smale sequence,
we get

|7 ) ED| < 1T @) NEEN < 1T @) €l — 0.
On the other hand,
T un)EF) = £, £F) — 7' () (£)

K
=& Z er N EE) — T (un) () = ().

Since g w* are critical points of 7, we get
0= T (gD = £gy W) * 67) — T (g,w") (&)

G
Hence, since (u,) and (gﬁwk) are bounded and Sni — 0O (cf. Proposition 2.8)
K
() = &1+ DT (ghw")EF) — T wa) EF) = 215517 + o(D).
k_

Thus, [|&F]| — 0 and therefore &, — 0. .

In our work, we need an additional property of dislocation spaces, which we refer to as
discreteness property.
For ¢ € N and a finite set A C X we will denote

J
[A €= gui : 1<j<t g e€G u €A

Definition 2.12 We say that a dislocation space (X, G) has a discreteness property if for any
finite set A C X and £ € N

inf{llu—u'| :u,u’ €A L], u#u}>0.

The discreteness property implies, among others things, that the orbit of each element u € X
is discrete. This obviously excludes connected topological groups, like e.g. SO(N), from
acting on dislocation spaces endowed with the discreteness property.

Below we give some examples of dislocation spaces (X, G) having the discreteness prop-

. .. G
erty, with a description of — convergence. From now on | - |, denotes the usual L"-norm.

Example2.13 Let s € (0,1], N > 1 and H*(R") denote the usual Sobolev space. Then
(H*(RYN), ZV) is a dislocation space with the discreteness property, where the action of ZV
on H*(RY) is given by translations. Moreover, we have the following description of the
topology:

(i) for (z,) C ZN, zz—0 if and only if |zx| — o0;

ZN
(ii) for a bounded sequence (u,) C H® (RM), u,, = 0 if and only if |u,|, — O for any
p € (2,2%).

Proof In the case s = 1, the statement follows from [44, Lemma 3.2], while for s € (0, 1)
the proof is similar. Again, in the case s = 1, the discreteness property follows from [18,
Proposition 1.55] and the proof in the case s € (0, 1) is the same. Then the description of the
topology follows from [44, Lemma 3.1, Lemma 3.3]. O
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Example2.14 Suppose that N > K > 2. Let G(K) := O(K) x {idy_g} be the group
acting on H L@RN). We will write x = (y, z) € RK x RN=K _Then we consider the space of
G(K)-invariant functions Hg (K) (RN). Then ( ( ) (RN), ZN—K) is a dislocation space with

the discreteness property, where the action of ZV K is given by translations with respect to
the z-coordinate. Then, the topology is described as follows:
(i) for (z,) c ZN=K, z;—0if and only if |zx| — o0;
ZN—K
(ii) for a bounded sequence (u,) C Hgl(K) ®M),u, — 0Oifand only if |u,|, — O for any
p € (2,2%).

Proof Recalling the concentration compactness principle [28, Corollary 3.2, Remark 3.3],
we can repeat the proof of [44, Lemma 3.1, Lemma 3.2, Lemma 3.3] to show that
(Hgl (K) (RVM), ZN=K) is a dislocation space with the description of the topology given by (i)
and (ii). To show the discreteness property, it is enough to repeat the proof of [18, Proposition
1.55]. O

For the sake of completeness, we believe it could also be interesting to mention an example
of a dislocation space without the discreteness property.

Example2.15 Let N > 3, DV2(RV) := {u e L¥®RN) : Vue LZ(RN)}. It is a Hilbert
space with the norm u +> |Vu|y. Consider the action of R x RY on DI2(R") given by
® x RY) x D'2®RY) 5 (s, y), u) = 27 (@' (- — y)) € D2 RY).

Then (DM2(RY), R x RY) is a dislocation space, and we have the following description of
the topology:

(1) for (Sna yn) CRx RN, (Sn» yn)_\o if and Only if |5n| + |yn| — 0OQ;
RxRN
(ii) for a bounded sequence (u,) C DLZ(RN)Y, u, = 0 if and only if |uy|2+ — 0.
Proof The statement follows directly from [44, Lemma 5.1, Lemma 5.2, Lemma 5.3]. O

Note that the dislocation space in Example 2.15 does not satisfy the discreteness property
as the orbits of elements under the described action are not discrete.

2.2 7-topology and admissible maps

For the proof of Theorem 3.2, we rely on the t-topology, originally introduced in [22]. Let
(ex)f2, C X~ be a complete orthonormal sequence in the space X . Then we define a new
norm |||-||| in X by

21
el —max{nu*n >l k>|}.
k=1

We denote by t the topology on X generated by [[|-[|. We note that t is weaker than the
topology generated by the norm || - || and that the following inequalities hold

N < Mulll < Nuell.

We also recall that for bounded sequences (u,) C X the following equivalence holds true
(see e.g. [22, Remark 2.1(iii)])

T — —
up —>u = ul —utandu, —~u".
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Based on [22], we introduce the notion of admissible maps. Let A C X be a closed subset.
We say thatamap i : A — X is admissible if

e itis t-continuous, namely h(u,) = h(u) if u, = u,

e the map /d—h, where Id denotes the identity map, is T-locally finite-dimensional, namely
for every u € A there is a T-open neighborhood U, in X such that (Id — h)(U, N A) is
contained in a finite-dimensional subspace of X.

Let W C X be a -open set. We say that the map & : W — X is t-locally t-Lipschitzian
if for any u € W there is t-open neighborhood U, C W such that |Hh(u’) — h(u”)’” <
Lu|||u’ — u”||| forall u’, u” € U, and some L, > 0.

Remark2.16 Let W C X be a t-open set and V : W — X be a t-locally t-Lipschitzian,
locally Lipschitzian and t-locally finite-dimensional. Let A C W be closed and assume
that the flow generated by V|4 exists on [0, 1]; denote itby n : A x [0, 1] — X. Then the
map n(-, 1) : A — X is an admissible map, see [22, Proposition 2.2]. Note that admissible
maps are continuous due to the equivalence of the norms [|-||| and || - || on finite-dimensional
subspaces of X.

PutY ={ACX : A=—A= A} Fortheset A € ¥, assuming that 7 : X — Ris an
even functional, we define

h(A) is closed,
H(A, J)=13h:A— X: hisanodd, admissible map, .2
for any u € A there holds J (h(u)) < J(u)

If the functional 7 is known from the context, we will write H(A) instead of H(A, J). Now
we recall the definition of the Krasnoselskii genus (see e.g. [40, Definition IL.5.1]).

Definition 2.17 For A € ¥ we define
y(A) := inf {k € N : there exists an odd, continuous ¢ : A — R¥ \ {0}] .

We set y(¢) = 0.

Note thatif A € ¥ and 0 € A then the set in the definition of y (A) is empty and y (A) = oco.
One can find more properties of the Krasnoselskii genus in [36, 40]. In the next section we
will construct some extensions of this tool.

3 Abstract critical point theory

Let (X, (-, -)) be a real, separable Hilbert space with a given action of a group G such
that (X, G) is a dislocation space with the discreteness property. Let 7 : X — R be a
G-invariant functional of the class C!. This symmetry implies that the set of critical points
crit(J) consists of G-orbits O(u) := {gu : g € G}. We say that critical points uy, uy €
crit(J) are geometrically distinct if O(u1) # O(uz).

We are going to formulate and prove Theorem 3.2 about the existence of multiple orbits
of critical points of 7. Our idea is based on Theorem 4.1 from [22] and the flow of our
proof will be similar, with two main differences: we state and prove the abstract theorem
under the assumptions given on the functional, and we do not assume that the functional is
T-upper-semicontinuous which was an important property of the reasoning given in [22], but
does not hold in our applications.

We consider the following assumptions
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(Al) (X, G) is a dislocation space with the discreteness property and X = X @ X, where
X7 is infinite dimensional, X and X~ are orthogonal and G-invariant;

(A2) J : X — Risgivenby J(u) = $l|lut)|? — Slu~||*> — Z(u), where T : X — Ris of
C!-class, 7' is sequentially weak-to-weak* continuous, satisfying (GWC)-property, and
Z(0) =0;

(A3) J iseven and G-invariant;

(Ad) crit(7) \ {0} # 7;

(AS5) there exist r > 0 and ro > 0 such that

b= infj >sup{Jw) : ueX, |ut| <ry)=:a,
Sy

where S = {x € XT : |Ix|| = r}.
(A6) if ||u, || — oo and lu;" |l is bounded then J (u,) — —o0;
(A7) J is bounded from above on bounded sets;
(A8) Z(uy)

lly 112
Xt
(A9) forevery B € R there is a constant Mg > 0 such that for every sequence (u,) satisfying

— 00, if IIM,T” — oo and (urf) is contained in a finite-dimensional subspace of

limsup J (up) < B, T (uy) — 0

n—0o0

there holds lim sup, _, o llu, || < Mpg.

Remark 3.1 Note that (A8) implies that J (u;}) — —oo, if |[u;"|| — oo and (u;") is contained
in a finite-dimensional subspace of X . Indeed, suppose by contradiction that J (u;}) > C
for some C € R. Then

+ +
e € Twh 1 T

lua 12~ Jus |12

— — —00
+ b
2 ug |I?

which is a contradiction.
We are now ready to state our main theorem, which reads as follows.

Theorem 3.2 Under the assumptions (Al)—(A9) the functional J has infinitely many geo-
metrically distinct critical points.

Before starting the proof, some comments are in order.

Remark 3.3 In(A4), we assume that the functional 7 already has at least one nontrivial critical
point. Hence, the above theorem is purely of multiplicity-type. However, if we replace (A4)
by assumptions that provide the existence of a Palais-Smale-type sequence, we are still able
to obtain the result. For this version of the theorem, see Appendix A.

Remark 3.4 Note that, under our assumptions, the functional is not necessarily T-upper-
semicontinuous, so we cannot directly apply the results from [22]. Similarly, if instead of
7 we consider T being a product of the strong topology in X and weak topology in X,
J 1is still not necessarily T-upper-semicontinuous, so the results in [5] do not apply. Such
conditions in [5, 22] are implied by the positivity of the nonlinear term, and have been replaced
here by the weak-to-weak* continuity and (GWC) property of 7', see (A2). Instead of the
classical linking geometry, we require (A5). Assumptions (A6) and (A8) are quite standard,
in the spirit of assumptions (I4), (I7) in [14, 29].
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Hereafter, we work under assumptions (A1)—(A9). First, we formulate a couple of technical
lemmas and then prove the main theorem. From now on, we denote by P and Q the orthogonal
projections onto X~ and X, respectively. Moreover, for a given norm || - || on X, |lu — A]|
denotes the distance of u € X from the subset A C X.

We will proceed by contradiction, i.e. assuming that

crit(7) consists of finitely many orbits 3.1

and denoting by F a finite set of arbitrarily chosen representatives of all the orbits. Since 7
is odd we may replace F by F U (—F), and therefore we can assume that 7 = —F. We will
use the notation F* = QF = {u™ : u € F}.

We start our reasoning by defining the number 8 such that the superlevel set Jg is away
from the finite set 7 in the norm ||-|||. Recall that the level sets of 7 are G-invariant therefore
we get also that Jg is T-away from crit(J).

Lemma 3.5 There is a number By such that for u € Jg, we have ||lu — Fl|| > 1.

Proof Let u € F and consideraset B = {v € X : ||lv—ul| < 1}. Since |[vT —u™| <
llv — ull < 1 the norm |[v™|| is bounded for v € B. By assumption (A6), there is R > 0
such thatif |[v™|| > Randv € B,then J(v) < 0.Puts, =sup{J(v) : ve B, ||[v || <R}.
Thanks to (A7), s, is finite and we can finally define

Bo = max s,,.
ueF

Note thatb > a > J(0) =0, and fix ¢ > 1 and B > max{b, Bp} > 0 such that

B >maxJ >minJ > —a + 1.
F F

Since (X, G) is a dislocation space, Z satisfies the condition (GWC), and (A9) holds, the
assumptions of Corollaries 2.9 and 2.11 are satisfied, giving rise to the following result.

2
Lemma 3.6 Under the assumptions of Theorem 3.2, for any ¢ € R there is (. > % such
that for every (PS). sequence there holds

0 < lllup — [F, LIl < llup — [F, €]l — O,

M2
n

where the lower bound comes from Corollary 2.9 and (A9).

Proof From assumption (A9), (u,) is bounded. Applying Theorem 2.7 and Corollaries 2.9,
and 2.11 (in particular, from (3.1), K < 00), we get that

K

k. k

Up — Zgnw
k=1

for some g,’i € G and critical points w* € F. Clearly Zle gﬁwk e[F,l]fort>K. O

-0

We are going to prove the main part of our argument, i.e. the suitable deformation lemma.

Lemma3.7 Ler§ > B + 2. There exist 1 > ¢ > 0, a symmetric T-open set N C X with
y(N) = 1, and a map h € H(T¥) such that
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(i) foranyd € [b,& — 1], (T4 \N) C J97¢;
(ii) moreover, ifd > B + 1, then h(J9+¢) c J4-=.

Proof The proof consists of three steps.

Step 1. Construction of N. The set F is assumed to be finite, so we can fix £ := g4
from Lemma 3.6. Since (X, G) has a discreteness property and F is also finite there exists
@ > 0 such that ¢ < min{rg, 1}, with ry given in (AS5), and

inf{llu—u'|| :u,u’ €[F, 0, u+#u})>p. (3.2)

We will define V" as a neighborhood of [F, £] \ {0}. For any z € [F T, £] we take an open
ball in X T centered at z with small radius %. From (3.2) these balls are disjoint. Put

N= U (X_GBBX+(Z,%))=X_@ U BX+(z,%).

ze[F L]\ {0} ze[FT.e]\{0}

Since F1 and [f*, 6] are symmetric, it is clear that A is a symmetric set. On X the
T-topology is the strong one, so A is a T-open set. Since A/ can be contracted to a finite
collection of points, we have y (M) = 1 (see Remark 7.3 in [36]). Note that 0 ¢ A and
therefore y (NV) is well defined.

Consider the set

Ne=x"@ |J By (z, %) CNU (X— ® By+ (o, %)) . (3.3)
ze[Ft,]

In view of Lemma 3.6, there is § > O such that |V.7 (u)| > é provided u € .75;_2 \ M.
Step II. Vector field and flow. Now we construct the vector field that we use to define

the map g as a generated flow. Firstly, let w : jijz \ crit(J) — X be given by

W) = 2VJ (u)
VI

Since the map VJ is weak-to-weak* sequentially continuous, the function
v > (VI (), w(u)) is t-continuous on Jifz for any u € Jijz \ crit(J). Indeed, let
Un 5 v. Then (Quy,) is bounded. If (Pv,) is unbounded, thanks to (A6), J(v,) — —o0

along a subsequence, which is a contradiction. Hence, (Pvj,) is bounded as well. Then v, —~v
and (VI (vy), w(u)) - (VI (v), w(u)). Moreover,

(VI ), w(u)) =2,

thus there exists a 7-open neighborhood U,, C X of u € jf;rz \ crit(J), such that

v —ull < %M and (VJ (), wu)) > 1 (3.4)
forv € U,.

This way we have constructed the 7-open covering {U,, } of jf;rz\crit(j ).LetUd :=J U,.
Then {U,} is an open covering of a metric space (U, t). Hence, there is a locally finite
refinement {M;};c; and denote by {A;};es the subordinated r-Lipschitzian partition of
unity, A; : U — [0, 1]. For any j € J we arbitrarily choose u; € Jf;rz \ crit(J) such that
M; C Uy,.
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Note that (¢,

symmetric set M such that ji_:z \crit(J) C M C U/EJ M; = U. On this set, we define
amapV : M — X as

M does not need to be a symmetric set, therefore we take a T-open and

1~ ~ ~
V) =3 [V@w) = V(—w)], where V(u) =" rjw(u;).
jeJ

The map V has the following properties.

(1) Visodd.
(2) Since V7 is odd, we have

1 ~ ~
(VI W), V(u)) = 5 [(VT W), VW) + (VT (—u), V(-u))].
Moreover, for u € M we can compute

(VT@), V)= Y »@(VIw, ww)> Y rjw=1

JiueM;CUy; JiueM;CUy;

Therefore (V7 (1), V(1)) > 1 foru € Jijz \ crit(J) C M.

(3) For every u € M there is t-open neighborhood L, C M such that the set {j € J :
M; N L, # @} is finite. Hence V (L,) is contained in a finite-dimensional subspace of
X.

(4) Since the functions A, j € J, are t-Lipschitzian and we have [[|u — v|| < |lu — v||, we
see that V is t-locally t-Lipschitzian and locally Lipschitzian.

We define two even, t-locally 7-Lipschitzian (and therefore locally Lipschitzian also)
functions 0, ¢ : X — [0, 1] that vanish outside Jifz and close to crit(7), respectively.
More precisely:

e O(u) =1on Jiﬁl and O(u) =0on Je12 UJT ™%
o Y(u) =0if |lu — crit( D)l < 51 and () = 1if [Ju — crit( D) = .
Define W : X — X by ¥ := 0y V and consider the Cauchy problem

?TIZ =—W(@), nw,0)=uecJt (3.5)

The map W is locally Lipschitzian, hence the problem (3.5) has a unique solution defined
on the open interval (w_(u), w4 (1)) containing 0. Moreover the map W is odd, therefore
w+ () = wx(—u) and n(—u,t) = —n(u,t) foru € J5 and 1 € (w_ (1), wy ().

Claim. The solution of the Cauchy problem (3.5) is global for any u € J¢+!, ie.
w4+ () = Fo0.

Proof of Claim. We will prove that w (u) = oo, the proof of the second case follows in
a similar way. We argue by contradiction. Suppose that e () is finite for some # € 75+,

By standard argument, the map W cannot be bounded along trajectories. Therefore,
there exists an increasing sequence (f,,) such that f,, — w4 (), Y(n(U,t,)) # 0 and
lV(n(, t,))|| — oo. Put z,, = n(, t,). Since the sum in the definition of the map V
is locally finite, for all m we find an index j(m) € J such that [|w(u )| — oo and
Aj(m) (n(U, ty)) # O (taking a subsequence or switching from u to —u if necessary). It means
that

2

m = lw@jm)ll = 00 < VI Wjm)l = 0 < T (ujm) — 0.
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Since (¢ jm)) C inz \ crit(J) we have (J (ujm))) C [—a, & +2] and therefore (u (n))
is a (PS)-sequence. By Lemma 3.6 we get |Huj(m) - [F, Z]|H — 0 and as a consequence
| Qujam = 1F*. 1| — ©.

Note that A ) (n(#, 1,,)) 7 0 means n (i, t,,) € Mjony C Uuj(y and in the view of (3.4)
we have |1 ) — | < 4.

Now, two cases can occur, and both of which must be ruled out.

Case 1. Suppose there is z € [F, €] such that uji,y € X~ @ By+ (z, 4¢) for almost
all m. Then Qu j(,y — z. Moreover, since || Qu j(n)ll is bounded and J (u j () is bounded
from below, due to the assumption (A6) we obtain that the sequence (P j(y))n is bounded,

and therefore weakly convergent to y € X ™. Finally, u () 5N y 4z € X. The map J' is
sequentially weak-to-weak* continuous, therefore J'(y + z) = lim;,— 00 J' (1 jm)) = 0.
Hence y + z € crit(7) and

G ) = exitCDIN = ([0 1) = | + 14 50m) = exit( |
" . "
< 16 + |”“./’(m) - cr1t(j)||| < o

for almost all m. Therefore, by the definition of the map vy we have ¥(n(u, 1,,)) = O,
a contradiction.

Case 2. There are infinitely many z € [F™T,£] such that u j(m) enters the sets
X~ @ Bx+ (2. 1¢)- Then, since G, tm) — wjom|| < 1% the sequence (i, 1,,) enters
the sets of the form X~ @ By+ (z, %) for infinitely many z € [F 7, £]. It means that the flow
n(ii, t) switches among disjoint sets X~ & Bx+ (z, %) C N for t arbitrarily close to w4 ().
Put Nig := X~ & UZE[]HJ] Bx+ (z, %) Letf; < tp < w4 (&) and 71 # 7z be such
that

n(,n) € X~ & Bx+ (m, %) n(u,n) e X~ @ Bx+ (zz, %)

and n(it, t) ¢ Ng fort € (11, ). Since z1, z2 € [FT, ] due to (3.2) we have

~ ~ ~ ~ n 3
InGe, 11) — @, )l = llz1 — 220l = (21 — @@, 1) + llz2 = @@, 22)|) = =2 Flaa
On the other hand for ¢ € (1, t7) there is

VG o)l = || > ajmGi )y wy) | < sup [lw(u )],
jedo jedo
where the set Jj is finite and, by construction, if j € Jy then |Hu, —n(u, t)|” < %.Therefore,

since n(ii, t) ¢ Ng,u; ¢ Nig.Note, as for Vg, that there exist §; > Osuchthat | V.7 (u)|| > &;
foru e JSFD? \ NVi¢. Hence

IV (@i, )] < sup lw;)| = sup

2 2
0 = 3.6)
jedo jedo IVT @l — &

Finally, we get

3 - - 7 - 2
2= @ )~ 0@, 1)1 5/ IV G@ sl ds < 512 = 1)
1

leading to a contradiction, since #; and 7, may be chosen arbitrarily close to @ (). This
concludes the study of the second case and the proof of the claim.
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Step II1. Definition and properties of /.

Since the map W is t-locally t-Lipschitzian and t-locally finite-dimensional, the map
h: J% — X givenby h(u) := n(u, 1) is an admissible odd map, see Remark 2.16. To prove
that 7 (h(u)) < J(u) we compute

fj(n(u 0) = (VI ((u, 1), =V u, 1)) = —[0¢ 1@, VT @, 1), V(nu, 1)) <

due to the property (2) of the map V. It means that 7 is non-increasing along trajectories
and, in particular, 7 (h(#)) = J(n(u, 1)) < J(n(u,0) = J(u). Note that h(J% c Jt.
To prove that h(J €) is closed in X consider a sequence v, = h(z,) = n(zm, 1), where
zm € J¢ and v,, — v. Applying the continuous map 7(-, —1) we obtain

im = U(Um, _1) - T](U, —1) =:z.

Since the set J¢ is closed, z € J¢ and finally v = n(z, 1) = h(z),i.e. v € h(J%) and the
set h(J%) is closed. To summarize, h € H(J%).

Now we will show that & has the properties (i) and (ii) required in the thesis of Lemma
3.7. Put

1 .1 1
g=—min{—-,b—a, —=8uy,
2 4 32
where b and a are defined in the assumption (AS), u comes from (3.2) and § is defined below

(3.3).
Property (i) Since b — ¢ > a, due to assumption (A5) and the inequality . < ro we have

Ne\ N = {u Dt < %} clu: utl <r) cg®c g

Take any d € [b, & — 1] and suppose there is i € d“ \N C J d” \ Ag such that

(@, 1) C J§*E. Then n(i, 1) € 97 € J°F, fort e [o, 11, smced —e>b—e>0,
and therefore 9(n(u 1) =1.
Ifn@,t)eJ ’HS \ Mg forall ¢ € [0, 1], then ¥ (n(it, 1)) = 1 and

1
26 = J((@, 0)) = T(n@, 1) = /0 (VI (G, 5)), W(n(i, s))) ds =

1
:/o (VI (G, 5)), V(n(d, s))ds > 1,

a contradiction.

Recall that 4 < ro, and by the assumption (A5), for u € X~ @ By+ (0, ’;{) we have
J(W) < a < b—g < d—e¢.Therefore, since i € J d+€ S\N there holds || Qi —[F T, £]|| > 4.
Moreover % ¢ Ng. If there is fp € (0, 1] such that n(i, to) € Ng (e n(i, 1) € X~ 69
By+ (z. %) for some z € [F*, £]) and n(it,s) ¢ Ny for s € [0, 19), then W(n(it, s)) =
V(nu, s)) and we have

no

i Z_ = = 1Qu =zl = 1@n(, 1) — zll < 1Qu — On (i, o)l

~ ~ fo ~ 2
< [l = nu, o) | S/O IV . ))lids < <to.
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where the last inequality comes exactly the same way as in (3.6). It gives us the condition
to > ‘Sl—’é > 2¢&. On the other hand

0
26 = T, 0) — T, 1)) = [0 (VT (@, $)). (10T, 5))) ds =

fo
=/O (VI s)), V(n(u,s)))ds > to,

a contradiction.

Property (ii) If £ — 1 > d > B+ 1, we are far away from the set crit([7). More precisely,
since 8 > fo, by Lemma 3.5 we have |||u — crit(7)|| > 1 > % foru € jjj:.

Suppose there is & € J;f; such that h(#) = n(, 1) C J;f;‘ Then n(it,t) € ij; C
T for t € [0, 1] and therefore 8 (n (@, 1)) = 1 and ¥ (y (37, 1)) = 1. Finally,

1
2e = T, 0) — T (n(u, 1)) = /0 (VI (@, $)), Y(n(t, 5))) ds =

1
:./0 (VI (@, 8)), V(n(i, s)) ds = 1,

a contradiction.
This completes the proof of Lemma 3.7. O

Pseudo-indices

In order to prove our multiplicity result, we need to use two generalizations of the Krasnosel-
skii genus (see Definition 2.17), namely, some variants of the so-called Benci’s pseudoindex
(or Z2-index, see [9]). These definitions depend on the choice of the functional, so here-
after we fix J satisfying assumptions (A1)—(A9) of Theorem 3.2. Recall the notation
T={AcCX: A=-A=A}

Definition 3.8 For A € ~ we define

yH(A) = (h(A) NS,

inf
heH(A) v
where r comes from assumption (AS5).
Recall that the family H (A, ), defined in (2.2), depends on the functional 7, but since it is
fixed, we use the short notation H(A). However, we should remember that the definition of
pseudoindex y* depends on J. Note that since #(A) is closed for A € ¥, then h(A)NS" €
and the index is well-defined.

We recall some properties of this pseudoindex (see [22, Lemma 4.7]). These properties
do not depend on 7.

Lemma3.9 Let A, B € X. Then:

(i) if y*(A) # O then A # ;
(ii) if A C B then y*(A) < y*(B);
(iii) if h € H(A) then y*(h(A)) > y*(A).

We also need the following variant of Benci’s pseudoindex (see [22, Lemma 4.10]), which
additionally satisfies the subadditivity property. Let Y € X. We set

Yy:={AeX:ACY}.
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Definition 3.10 For any A € Xy we define

vy (A) = (h(A)NSF).

inf
heH(Y) 4
As before, we recall some properties which do not depend on the functional 7 (see [22,
Lemma 4.10]).

Lemma3.11 Let A, B € Xy. Then:

(i) yy(A) = y*(A);

(i) if A C B then y;(A) < y;(B);
(iii) if h € H(Y) and h(A) C Y then y;f(h(A)) > y;(A);
(iv) yy(AUB) < yy(A) + y(B).

Kryszewski and Szulkin have proven in [22] that in X there are sets of arbitrarily large
pseudoindex. Their reasoning is based on the properties of 7.

Lemma3.12 For any k € N there exists a set Ay € X such that y*(Ay) > k.

Proof Let X,’: denote the k-dimensional subspace of X+ and put X := X,j @ X~ . Due to
the assumption (A8) and Remark 3.1 there is a number Ry > r, where r is defined in (AS5),
such that

sup J(v) < inf J(u).
veXy lull<r
lvll= Ry
Let us define
Ak = BXk(O, Rk).

The proof that y*(Ay) > k with the properties of 7 mentioned above is exactly the same as
that of [22, Lemma 4.8].
O

We are finally in a position to prove the main abstract result of this paper.

Proof of Theorem 3.2 We define the min-max value
cy = inf sup J(u).
Y2k 1A
Due to Lemma 3.12 the set {A € £ : y(A) > k} is non-empty and therefore (cx)x>1 is a
sequence of real numbers. Moreover
b < cp < cpr, (3.7

for all k > 1, where b is defined in (A5). Indeed, let A € ¥ and h € H(A). If y*(A) > k,
then y (h(A) NS;) > k and, in particular, 2(A) N S," 3 0. Therefore, there exists u € A
such that h(u) € St and J(u) > J(h(u)) > infg+ J = b, by the third property of
family H(A). The second inequality follows from the inclusion {A € X : y(A) > k+ 1} C
{AeX:y(A) >k}

There are two possible cases depending on the maximum of the values ci:

(i) there is an integer ko > 1 such that ¢, > B + 1;
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(i) forallk > 1,itholdsb < ¢y < B+ 1.

‘We show that both (i) and (ii) cannot hold.

Case (i). Applying Lemma 3.7, thesis (i7), for § > ¢, +1 > B+ 2 and d = ¢, we got
h € H(J%) and & > 0 with their properties. From the definition of infimum, there exists an
A € X such that y*(A) > ko and

B+1<supJu) < cy +e.

ucA
It implies A ¢ J% ™ < J%. Moreover, by the properties of z,
h(A) C h(T%F) € J%~*,
hence

sup J (h(u)) < cky — e.

ueA

On the other hand, by property (iii) of pseudoindex y* (see Lemma 3.9 and note that 1(A) €
%) we have y*(h(A)) > y*(A) > ko, which implies sup, ¢4y J (#) > ck,, a contradiction.

Case (ii). In this case we utilise pseudoindex y; for Y = JP+2. The sequence (ck)k is
convergent since it is bounded by B + 1 and nondecreasing, so let ¢ := kll)rrgo ck. By the

definition of the c;’s, we have that y*(7¢tV) > k forall 1 > v > 0 and k > 1. Note that
JC+V cY.
We define a new sequence (dj) as

diy := inf sup J(u).
AEEY MGH
ry (A)=k

The numbers d, are well-defined, since from Lemma 3.11(i) we have
y{/k (jc+v) > )/* (jc+v) = 00, (3.8)

so the set {A € Zy : yy(A) > k} is non-empty.
Acting similarly as in (3.7), by definition of the sequence (dj) and by (3.8), we have

b <di <diy1 Zc.
Therefore, the sequence (dy ) is nondecreasing and bounded, so
b<d:= lim d; <c.
k—00

For all ¢ > 0 sufficiently small, 79 c 7/ = v, thus y; (797*) is well-defined and
arguing as for y* (7°1"), we have y; (79+¢) = oo.

By Lemma 3.7 applied for & > 7/3 + 2, and d > b constructed above, there exist ¢ > 0, a
symmetric T-open set N with y (V) = 1, and h € H(Y) such that h(F9H¢ \ N) C J92.

Note that 797 \ W, N' N 79+ € By and 79+ = (794 \ V) U (N N J97) therefore
we can apply Lemma 3.11(iv) to get

oo =y; (74°) =y (7 \N) 4y (W 79) <
=77 (M \N)) +y W) = 7 (797) + 1,

SO y)*,‘ (jd‘g) = o0. It follows that d;y < d — ¢ for all k > 1, but this is a contradiction, since
dyr — d.Hence (3.1) cannot hold and the proof is completed. O
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4 Applications: Nonlinear Schrodinger equations

Consider the following stationary Schrodinger equation
—Au+Vx@u= f(u) —rgu), inRN, N > 3. “4.1)

When V is Z" -periodic, (4.1) appears in nonlinear optics, where photonic crystals admit-
ting nonlinear effects are studied, see [23, 32]. In this case, it describes the propagation of
solitons being solitary wave solutions W (¢, u) = u(x)e™ ! to the time-dependent, nonlinear
Schrodinger equation.

Then, the term f (1) —Xig(u) describes the nonlinear part of the polarization of the medium,
e.g. in self-focusing Kerr-like media one has f(u) = |u|2u and g(u) = 0, see [16, 39]. In
the case, when g # 0, e.g. f(u) = |u|P"2u, g(u) = [u|?%u,2 < g < p, we deal with a
mixture of self-focusing and defocusing materials.

Suppose that the external potential V € L% (R") is Z¥ -periodic. Then it is known that the
spectrum of the operator A := —A + V (x) on L>(R") consists of closed, pairwise disjoint
intervals ( [38, Theorem XIII. 100]) and is unbounded from above. Hence, we assume the
following

(V1) V e L®(RN) is Z"N -periodic,
0¢o(A) and info(A) <O.

In such a case, we say that O lies in the spectral gap of .A. Note that, in particular, V cannot be
constant, since for V = Vy € R we have 6 (A) = o (—A 4+ V(x)) = [V, 00) and therefore
spectral gaps do not exist.

Here, in addition, we assume that inf o (A) < 0, since the multiplicity of solutions in the
positive-definite case inf o (4) > 0 has been shown in [11, Theorem 1.2]. If g(u) = 0, the
existence of ground states has been widely studied by many authors, e.g. [22, 24-27, 32, 37,
42] and the references therein.

In what follows, we use < to denote the inequality up to a positive multiplicative constant.
We impose the following on the nonlinear functions f and g.

(F1) f:R — Ris odd, continuous and there is 2 < p < 2* := % such that

|f @) <14 |u|P~! forall u € R.

(F2) f(u) =o(ul)asu — 0.

(F3) Thereis2 < g < psuchthat F(u)/|u|? — ooas|u| — oo, where F(u) = f(;l f(s)dx
and F(u) > 0 forallu € R.

(F4) ur— f@)/|ul? " is nondecreasing in (—oo, 0) and on (0, 00).

(F5) Thereis p > 0 such that [u|P~' < | f ()| < |u|?~! for |u| > p.

(G1) g : R — Ris odd, continuous such that
lg()] < 14 |ul?! forall u € R.

(G2) g(u) = o(Jul) as u — 0.
(G3) u +— g(u)/|ul9~" is nonincreasing in (—oo, 0) and on (0, co) and there holds

gw)u >0 forallu € R.

For examples of f and g satisfying the foregoing assumptions, we refer to [10].
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It is classical to check that under (F1), (F2), (G1), (G2) the energy functional J :
H'(RY) — R given by

T(u) = %/RN [Vul®> + V(x)u?dx — /RN F(u)dx +A/RN Gu)dx,

where G (u) = fou g(s)ds, is of C'-class and its critical points correspond to weak solutions
to (4.1). Since 0 lies in the spectral gap of .4, there is an orthogonal decomposition of the
space X := H'(RY) = Xt @ X, which corresponds to the decomposition of the spectrum
o (A) into positive and negative parts, such that the quadratic form

u ;—>/ [Vul® + V(x)u®dx
]RN

is positive definite on X+ and negative definite on X . Hence, ifu = u™ +u~ ¢ XT® X,
with u® € X+, we may introduce the norm, equivalent to the standard one on H 1 (RM), as
follows

| = if Vul? + Vo da
RN
and |lu||? := luT||> + |lu"||3. Then J can be rewritten as
1 1
J(u) = 5||u+||2 - 5||u—||2 — T,

where Z(u) = f]RN F(u) — AG(u) dx. Moreover, from the assumption (V1), there is pg > 0
such that

moluly < llull foru € X. 4.2)

4.1 Verification of (A1)-(A9)

Note that, thanks to Example 2.13, (H L®RN)Y, ZN) is a dislocation space with discreteness
property. It is well known that the derivative 7’ is sequentially weak-to-weak* continuous.

Lemma 4.1 7’ satisfies (GWC).

ZN
Proof To verify (GWC), take any bounded sequences (v,), (¢,) C H L(RN) with on — 0.
Thanks to Example 2.13(ii) it means that ¢, — 0 in L?(R") and in L9 (R"). Thus, thanks
to (F1), (F2), (G1), (G2) for every ¢ > 0 we find C; > 0 such that

7" () ()| = ‘/RN S n)pn — Ag(vn)@n dx

- s/ (ol ln] dx + cs/ (oal?" + [0n]9)lgn] dx
RN RN

—1 —1
§5|vn|2|‘pn|2+cs|vn|p |‘Pn|p+ca|vn|g |¢nlq
S &+ |‘Pn|p + |§0n|q~

Hence
lim sup |Z' (v, ()| S &
n—0o0
for every ¢ > 0 and therefore 7’ (vy,) (¢,) — 0. =
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It is clear that 7 is even and Z" -invariant and X —, Xt are ZN -invariant. Hence (A1)—
(A3) are satisfied. Thanks to [10, Theorem 1.2] we know that (A4) is satisfied for sufficiently
small A > 0 and p > 0.

Lemma4.2 Thereisr > 0 such that

b:=inf 7 > 0.
st

Proof Fix u™ € X and note that, by the continuity of Sobolev embeddings,
1 1 ~
Ty = Sllut)? —/ Fub)ydx = S |lut|? — eCllu|* — Cellu™|”
2 RN 2

for some C, 6‘; > (. Choosing ¢ = % and sufficiently small » > 0 we easily obtain that

r2
b=infJ>—>0.
St 8

Lemma 4.3 Suppose that » > 0 is sufficiently small. There is radius ro > 0 such that
sup{lZ () : ue X, |lut| <ro} <b.

Proof We recall that, thanks to (F1)—(F3) and (G1)-(G2), for every ¢ > 0 we can find
Cr.¢, Cg,e > 0 such that

G) < eu® + Cgelul?, Fu) > Crelul? —eu®, Cge> Crp. (4.3)

Then, for e = 52 and A < (C;(fi , using (4.2),

1 1
Jw) < 5||u+||2 — 5l I> = (Cp.e — 2CGo)luld + e+ 1) |ul3

1 1 1 2¢ 1 2¢
< Nt = ST 1P+ 2eful3 < (=4 — ) et 12— (5 = =) 11 = R
2 2 2 o 2 wo

Hence it is sufficient to take ro = % ]

Lemma 4.4 Assume that . > 0 is sufficiently small. Suppose that (u,) C X is so that
lu, || — oo and ||un+|| stays bounded. Then [J (u,) — —o0.

Proof Let (u,) be a sequence as in the statement. Then, repeating the computation from the
Cr L€
Cge |

1 2¢ 1 2¢e _
T (uy) < (— + —) llu)|* — (f — —) llu~ ||
2 o 2 o

Choosing & = & we get

proof of Lemma 4.3, we get that for every ¢ > 0 and for A € (0,

3 1
T () = 17 = e I = —o0,
[m}
From Lemmas 4.2,4.3,and 4.4 we see that (AS), (A6), and (A7) are satisfied for sufficiently

small A.
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Lemma 4.5 Assume that A > 0 is sufficiently small. (A8) holds.

Proof Let W C X be a finite-dimensional subspace and let (u,j) C W. Note that on W all

norms are equivalent. Then, using (4.3), for A € (0, ggp)
T(u)) = fR Fu) = 2Gw,) dx = (Cre — ACo.luf 1§ — e(1+ W)t 13 2 w17 = lluf |,

Zas))

and therefore e
n

— 00, since g > 2. O

Lemma 4.6 Assume that A > Qand p > 0in (F5) are sufficiently small. Let (u,) C X satisfy
J(un) < B, j/(un) -0
for some B € R. Then (uy) is bounded in X.

Proof We will follow the argument from [10, Lemma 5.1]. Suppose by contradiction that
llun || = oo. Note that for sufficiently large n

1
[T () )| < 1T @) llun |l < Ellunll. 4.4
Thus
2 +12 -2 + - 1
lunlI7 = Moy 17+ lluy, 17 < o (f (un) — Ag(up)) (u,, —u,)dx + Ellunll.
Then we write
[, ) = gty i =y = 1+ 1
R
where

I ::/l | (f (un) — 2g(un)) (u;f — uyy) dx,
Up|<p

I6) :=/| | (f (un) — Agupn)) (w7 — uy) dx.
Un|Zp

Repeating the same argument as in [10, Lemma 5.1] we obtain that for every ¢ > 0 there is
C, such that

I S (4 2)g + Cep?P ™7 + 1Cep? ) unl*. 4.5)
Moreover, for I, we get the following estimate
8(p) P
I < <1 —l—)»—) lunlp. (4.6)
fy) "7

Then we note that, by (4.4),
1 1
:3 + 7”“11 ” > j(un) - 7j/(un)(un) = / qD(un)dx
4 2 RN
with ®(u) = %f(u)u — F(u)+AG(u) — %g(u)u. Next, we arrive at

1 g(p)
B+ gl +/ 1D ()l dx > (1 —x—)/ ln? dix.
4 lin|<p F ) ) Junizp
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Thus

»\" 1
|un|? dx §C<1—>~g7> (ﬂ""*”un”_"/ |d>(un)ldX>
/\un\zp f(p) 4 litn]<p

for some C > 0. Hence, from (4.6),

L <D, p) </ |un|pdx+/ |”n|pdx>
lunl<p [tn|>p

pP~2 C | (1)] ~
<D, p) + sup —— | llunll® + CCA+ lunl)
o (1= A58 ) g iz

f(p)

with D(X, p) defined as in the proof of [10, Lemma 5.1] and some C = 5()», p,e) > 0.
Finally, taking into account also (4.5),

1 K ~
lunll® < It + I + Ellunll < —lunl? + CA + flunl)
o

and,asin[10,Lemma5.1], K < pg forsufficiently small p and A, which gives a contradiction.
O

Now, repeating the argument of [10, Proposition 5.2], we see that (A9) is satisfied. As a
consequence of Theorem 3.2, we obtain the following result.

Theorem 4.7 Suppose that (V1), (FI1)~(F5), (G1)~(G3) hold. If » > 0 and p > 0 are suffi-
ciently small, there are infinitely many pairs +u of geometrically distinct solutions to (4.1).
5 Applications: Time-harmonic, electromagnetic waves

We consider the system of Maxwell equations of the form

VxH=J+22

div(D) =p
BLvxe=0
div (B) =0,

where £ is the electric field, B is the magnetic field, D is the electric displacement field, H
denotes the magnetic induction, J the electric current intensity, and p the electric charge
density. We also have the following constitutive relations

D=¢c¢E+P
H=1B-M,

where P is the polarization and M is the magnetization. In the absence of charges, currents,
and magnetization, and assuming that . = 1, where p is the permeability of the medium,
we obtain the time-dependent, electromagnetic wave equation (see e.g. [7])

9% *P

VX(VX(C/‘)‘FSa?—_W’
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where ¢ is the permittivity of the medium. We look for a time-harmonic field
&€ = E(x) cos(wt) and suppose that the nonlinear polarization P is of the form

1
P =y (§|E|2> E cos(wt),

i.e. the scalar dielectric susceptibility x depends only on the time average
17 1
7 [ ewniar = Jie?
T Jo 2

of the intensity of the electric field, where 7' := %” Hence, P = P(E(x)) cos(wt), where
PE) =y (%|E|2) E. This ansatz leads to

V x (VxE)+V&E=h@E), xeR? (5.1)

with V(x) := —w?e(x) and h(E(x)) := P(E(x))w?. For media with Kerr effect, strong
electric fields £ of high intensity cause the refractive index to vary quadratically, and then P
is of the form

P(t, x) = ?lEﬁEcos(aﬂ),

see [31, 41]. Assuming that a(x) = « is a constant, we get P(E(x)) = %|E(x)|2E(x). In
this example, we are interested in the more general case, where the polarization may consist
of two competing terms, e.g. P(E) = |[E|”’~2E — |[E|Y2E.

Looking for classical solutions to (5.1) of the form (see e.g. [6, 45])

u(r, x3) v 2 2
Ex)=—"— , =,/ 5.2
(x) p )8 r Xy + x5 5.2)

leads to the following equation with a singular term
— AU+ V@u+ Su= f@) —rgw), x=(y.2) e RE xRV K r =y, (5.3)
r

with N =3, K =2,a =1, where A = % + %% + %22 is the 3-dimensional Laplacian
3

operator in cylindrically symmetric coordinates (r, x3), and nonlinear terms are described
by the following relation

h(E) = f(o)w — Ag(x)w, 5.4

where E = qw for some w € R3, |w| = 1, « € R and % is the nonlinear term in (5.1). This
equivalence also holds for weak solutions (see [12, 20]). We note that equations of the form
(5.3) with V = 0 and g = 0 have been studied in [2, 15].

It is known that in this setting, the total electromagnetic energy

1
L(t) = f/ ED + BHdx
2 R3

is finite and constant (does not depend on ¢), see [10, Proposition 6.3]. To study the more
general equation (5.3), we assume N > K > 2,a € R and

(V2) V e L®([R")is O(K) x {idy_x} invariant and ZN ~K -periodic in z,

0¢o (—A n f—z n V(x)) and inf (—A n r% + V(x)) <0
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We will use the same assumptions (F1)—(F5), (G1)—(G3) as in Section 4.
Let G(K) := O(K) x {idy—k} and recall that Hgl(K)(RN) denotes the subspace of

H'(RY) consisting of G(K)-invariant functions. We introduce the space
1 N u’
X = € H, R™) : dx <ooy,
[« oo @+ [ Ty <o)

which admits an orthogonal splitting X = X @ X~ corresponding to the decomposition of
the spectrum o (—A + % + V(x)) into its positive and negative parts. Then we introduce

the norm in X¥ as

+
flu~|

2
2. j:/ Vul® +a%s + Voouddx, u* e X*,
RN r

and we put Null? := luT)* + |lu"||? foru = uT + u~ € X. Hence, the energy functional
associated with (5.3) is given by

1 1
Tw) = =|ut > = =|lu"||? —/ F(u)dx +A/ Gw)dx, uceX.
2 2 RN RN

For K > 2 we have the following Hardy inequality (see [3])

u? 2 2
/ —zdx§<7>/ |Vul>dx, ue H'[RY);
RN T K -2 RN

therefore, fRN :—Z dx < oo foreveryu € H 1 (RM), and in particular for every test function
u e Cy° (RM). Hence, thanks to the Palais’ principle of symmetric criticality, we know that
critical points of J are weak solutions to (5.3). For K = 2 it is not true that C§° RNy ¢
[u e HI(RV) fRN ’;—; dx < oo] so, in this case, we say that # € X is a weak solution if
it is a critical point of 7.

Thanks to Example 2.14 we know that (Hé( k) ZN=K) is a dislocation space with dis-
creteness property, and one can check that (X, ZV~K) is such a space as well. Then, as in

Section 4, it can be shown (A1)—(A9) are satisfied, assuming that A > 0 and p > 0 in (F5)
are small enough. Hence, we obtain the following result.

Theorem 5.1 Suppose that (V2), (F1)~(F5), (G1)—(G3) hold. If » > 0 and p > 0 are suffi-
ciently small, there are infinitely many pairs £u € X of geometrically distinct solutions to
(5.3).

To apply the foregoing theorem to the curl-curl problem (5.1), we define the energy
functional Jp,; : H'(R?; R3) — R by

1
Teurt (B) := f/ IV x E* + V(x)|[E|* dx —f H(E)dx,
2 R3 ]RN

where H(E) := fol h(tE) - Edt. Then J.,,; is of C'-class and its critical points are weak
solutions to (5.1). From [12, Theorem 1.1], under our assumptions, we have the following.

Proposition5.2 Let N =3, K =2, a = 1. IfE € H'(R3: R?) is a weak solution to (5.1),
with h given by (5.4), of the form (5.2) with some cylindrically symmetric u, then u € X is
a weak solution to (5.3). If u € X is a weak solution to (5.3), then E given by the formula
(5.2) belongs to HY(R3; R3) and is a weak solution to (5.1). In addition, divE = 0 and
Teurl (E) = j(”)
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We note the following fact.

Lemma5.3 Let N = 3, K = 2, a = 1. Solutions uy,ur € X are geometrically distinct if
and only if E1, Ey € H'(R?; R3) are geometrically distinct.

Proof Suppose that O(u1) = O(uz). Then uy(r, x3) = us(r, x3 + z) for some z € Z and
a.e.r > 0, x3 € R. Then clearly

—X2 —X2
ui(r,x ur(r,x3 +z
El(r,x3)=M X1 :M x1 | =Ei(r,x3+2)
r 0 r 0

and O(E1) = O(E;). On the other hand, suppose that E{, E; are of the form (5.2) and
O(E1) = O(E»), which means that

w(rx) [T waato) [T
d 0 " 0
for some z € Z and a.e. r > 0, x3 € R. In particular
{ —xau1(r, x3) = —xoua(r, x3 + 2),
xpup(r, x3) = xquz(r, x3 + 2).
Thus u(r, x3) = us(r,x3 + z) fora.e. r > 0, x3 € R. Hence O(u1) = O(uy). ]

As a straightforward consequence of Theorem 5.1, Proposition 5.2, and Lemma 5.3, we
obtain the following result.

Theorem 5.4 Suppose that (V2), (F1)—~(F5), (G1)—(G3) hold. If » > 0 and p > 0 are suffi-
ciently small, there are infinitely many pairs £E € H'(R3; R3) of the form (5.2), in particular
with divE = 0, of geometrically distinct solutions to (5.1) with h given by (5.4).

Appendix A. Existence of critical points - an abstract formulation

Suppose that instead of (A4), we assume

(A4’) thereare § > 0, p > 0, and a nonempty set ? C X \ X~ such that for every u € P there
is radius R = R(u) > p with

inf J > max{ sup J, sup j(v)} ,
Sy M) llvll<s
where
Mu):={tu+v- v €eX ,t>0, |tu+v || <R}
Then the following holds true.

Theorem A.1 Suppose that (X, G) is a dislocation space with G acting unitarily on X.
Suppose that J is a nonlinear functional of the form (2.1) with X = X* @& X~, where X*
are G-invariant. If T is G-invariant, C'-class with T(0) = 0, T’ being sequentially weak-
to-weak* continuous satisfying (GWC) and (A4’), (A9) hold, then there exists a nontrivial
critical point of J.
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Proof From [10, Theorem 2.1] there exists a sequence (u,) C X such that

| >

sup J (up) < ¢, (1 + llunlDT (un) — 0in X*, inf [fluey || =
n

for some ¢ > 0. Thanks to (A9), (u,) is bounded.

G
Suppose that u, — 0, namely sup,cq(un,gp) — O for any ¢ € X. Since
j’(un)(uf) — 0, using Proposition 2.8 and (GWC), we get

luE)? = £ (un) () + o(1) — 0.

This is a contradiction with §/2 < |[|u, ||| < ||u,|| — 0.Hence, up to choosing a subsequence,
we can find g, € G such that v, := g,u,—v # 0. Therefore, |VT (v)|| = VT (gnitn)|l =
lgn VT (un)| = IIVTI (un)|l — 0, since G acts on X by isometries. Thus J'(v,) — 0 and
from the weak-to-weak* continuity of 7" we get that 7' (v) = 0, socrit(7) \ {0} #4. O

Clearly, under the assumptions of Theorem A.1, there exists a nontrivial G-orbit of critical
points of 7. Combining Theorem A.1 and Theorem 3.2, we obtain the following result.

Theorem A.2 Under the assumptions (Al)—(A3), (A4’), (A5)—(A9) the functional J has
infinitely many geometrically distinct critical points.
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