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ABSTRACT 

We characterize the families of self-adjoint Dirac and Schrödinger operators with Aharonov–Bohm magnetic field, 
and we exploit the non-relativistic limit of infinite light speed to connect the former to the latter. The limit consists 
of the customary removal of the rest energy and of a suitable scaling, with the light speed, of the short-scale 
boundary condition of self-adjointness. This ensures that the scattering length of the Aharonov–Bohm interaction is 
preserved along the limit. Noteworthy is the fact that the whole family of Dirac-AB operators is mapped, in the non- 
relativistic limit, into the physically relevant sub-family of 𝑠-wave, angular-momentum-commuting, Schrödinger–AB 

Hamiltonians with relativistic Dirac approximants. 
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 Introduction 

he motion of a charged spin- 1 
2 
quantum particle in the presence of a thin, infinite solenoid displays the celebrated

haronov–Bohm effect , with the gauge vector potential affecting the particle’s motion even in regions where both the
lectric and magnetic fields are zero. 
his is described by the Dirac–Aharonov–Bohm Hamiltonian (Dirac-AB) in the relativistic setting, and by the
chrödinger–Aharonov–Bohm Hamiltonian (Schrödinger-AB) in the non-relativistic setting. As a matter of fact, it is well
nown that neither such operator, when minimally defined on smooth functions supported away from the solenoid, is
elf-adjoint. This is the standard signature of the need of further physics to be declared in the vicinity of the solenoid, in
he form of suitable asymptotic behavior of the wave functions in the Hamiltonian’s domain. 
he goal of this paper is twofold. On the one hand, we characterize the families of (relevant) self-adjoint realizations of the
haronov–Bohm model both in the relativistic and in the non-relativistic case. To this aim, we shall proceed by exploiting
he Kreı̆n–Višik–Birman–Grubb scheme for self-adjoint extensions of densely defined and gapped symmetric operators in
ilbert space. 
his is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any 
edium, provided the original work is properly cited. 
2026 The Author(s). Studies in Applied Mathematics published by Wiley Periodicals LLC. 
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rea
fter that, we identify, for each Dirac-AB self-adjoint Hamiltonian, its “non-relativistic limit” obtained by subtracting the
est energy 𝑚𝑐2 and sending 𝑐 → +∞ (infinite speed of light). We show, in particular, that a suitable, physically meaningful
e-scaling in 𝑐 allows to connect Dirac-AB with Schrödinger-AB self-adjoint extensions, thereby providing a complete
icture of the relativistic vs non-relativistic correspondence. 
n this section, we present the two classes of models and the nature of the 𝑐 → +∞ limit. We then state and discuss our
ain results, supplemented with further comments and remarks. 

.1 Relativistic Setting 

n the usual modeling of the Aharonov–Bohm effect, the solenoid is idealized as straight and infinitesimally thin. Owing
o the natural translational symmetry along the solenoid’s axis, the analysis of the physical problem is reduced to the
wo-dimensional plane orthogonal to such axis. 
onsider first the relativistic setting. It should be actually observed that not only is the Dirac-AB operator a model for
 relativistic particle in an Aharonov–Bohm field [ 1–6 ], but also a meaningful tool for modeling scattering and pair
roduction from a gravitational spinning point source, a model known as cosmic string [ 1, 4, 6–8 ]. 

he Hilbert space of a relativistic spin- 1 
2 
particle in two spatial dimension is 

 ∶ = 𝐿2 ( ℝ2 , d 𝑥 d 𝑦) ⊗ℂ2 ≅ 𝐿2 ( ℝ2 ; ℂ2 , d 𝑥 d 𝑦) ≅ 𝐿2 ( ℝ2 ; ℂ , d 𝑥 d 𝑦) ⊕ 𝐿2 ( ℝ2 ; ℂ , d 𝑥 d 𝑦) . (1)

he dynamics of the free particle is described by the Dirac operator acting as 

𝐻free = − i 𝑐 ℏ 𝝈 ⋅ ∇ + 𝜎3 𝑚 𝑐2 , (2)

here, as customary, 𝑚 ⩾ 0 is the particle’s mass, 𝝈 is the vector 𝝈 = ( 𝜎1 , 𝜎2 , 𝜎3 ) of Pauli matrices 

𝜎1 ∶ =
( 

0 1 

1 0 

) 

, 𝜎2 ∶ =
( 

0 − i 

i 0 

) 

, 𝜎3 ∶ =
( 

1 0 

0 − 1 

) 

, (3)

nd ∇ = ( 𝜕𝑥 , 𝜕𝑦 , 0) . We adopt units throughout so that the Plank’s constant is conveniently set to ℏ = 1 , since we are solely
iscussing the quantum setting with no focus on ℏ → 0 semi-classics. 
o account for the magnetic field for the Aharonov–Bohm effect, one modifies ( 2 ) above by introducing on ℝ2 the
haronov–Bohm vector potential 

𝐴𝛼( 𝑥, 𝑦) = −
( 

𝛼 + 1 
2 

) ( 

− 𝑦 

𝑥2 + 𝑦2 
,

𝑥 

𝑥2 + 𝑦2 

) 

≡ ( 𝐴1 ,𝛼, 𝐴2 ,𝛼) , (4)

hich corresponds to the 𝛿-type magnetic field 

𝐵𝛼 = 𝜕𝑥 𝐴2 ,𝛼 − 𝜕𝑦 𝐴1 ,𝛼 = − 2 𝜋

( 

𝛼 + 1 
2 

) 

𝛿( 𝑥,𝑦) = (0 , 0) (5)

ocated at the origin with flux 

Φ𝛼 = − 2 𝜋

( 

𝛼 + 1 
2 

) 

, (6)

s a standard computation in the sense of Schwartz distributions shows. Note that, the case 𝛼 = − 1 
2 
corresponds to the

ree Dirac operator, for which the non-relativistic limit is known. 
hus, by making use of minimal magnetic coupling in ( 2 ), one obtains the operator 

𝐻𝛼 =

( 

𝑚𝑐2 𝑐( − i 𝜕𝑥 − 𝐴1 ,𝛼) − i 𝑐( − i 𝜕𝑦 − 𝐴2 ,𝛼) 

𝑐( − i 𝜕𝑥 − 𝐴1 ,𝛼) + i 𝑐( − i 𝜕𝑦 − 𝐴2 ,𝛼) − 𝑚𝑐2 

) 

, (7)
of 44 Studies in Applied Mathematics, 2026
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reat
xpressed in blocks with respect to the last representation ( 1 ) of the underlying Hilbert space in direct orthogonal sum.
his is the (action of the) Dirac-AB operator with flux parameter ( 6 ). 
n the expressions above we directly switched to units where the particle’s charge is 𝑞 = 1 , another constant that is mute
n the present discussion. We also omitted to write the pre-factor 𝑐 in ( 4 ) as it does not participate in the limit 𝑐 → +∞,
eing it canceled as usual by the 𝑐− 1 factor of the “minimal coupling substitution” (see, e.g., Remark 2 of section 6.1.1 in
 9 ]). 

ith reference to [ 2, 3, 10 ], in the notation above we re-named as ( 𝛼 + 1 

2 
) the pre-factor in the definition ( 4 ) of 𝐴𝛼( 𝑥, 𝑦) ,

o as to have simple 𝛼-dependent expressions of relevant short-distance asymptotics of the wave-function throughout our
iscussion (see ( 12 ) and formulas below). Concerning the overall sign in 𝐴𝛼 and hence in Φ𝛼, this is here the same as in
 10 ] and the opposite to the convention of [ 2 ] and [ 3 ]. 

or the present purposes, we obviously exclude the case 𝛼 + 1 

2 
= 0 of absence of magnetic field. Moreover, it is standard

nowledge, which is straightforward to check from ( 4 ) and ( 7 ), that for any 𝑧 ∈ ℤ the operators 𝐻𝛼 and 𝐻𝛼− 𝑧 are
nitarily equivalent via the correspondence exp (i 𝑧𝜗 ( 𝑥, 𝑦 )) 𝐻𝛼 exp ( − i 𝑧𝜗 ( 𝑥, 𝑦 )) = 𝐻𝛼− 𝑧 , where 𝜗 ( 𝑥, 𝑦 ) = arg ( 𝑥, 𝑦) in polar
oordinates. Thus, changing 𝛼 into 𝛼 − 𝑧, an operation that amounts to increasing by 𝑧 the normalized flux Φ∕(2 𝜋) , merely
uplicates the discussion on the self-adjointess and the self-adjoint realizations of the Dirac-AB operator, which we will
ot repeat. Based on these considerations, in the following we restrict, as customary, to the regime 𝛼 + 1 

2 
∈ (0 , 1) , namely,

∈ ( − 1 
2 
,
1 

2 
) . 

n fact, it is known from the works of [ 1–3 ] (see also [ 5 ] for the three-dimensional Dirac-AB counterpart) that assigning to
𝛼 the minimal domain 𝐶∞

0 
( ℝ2 ⧵ {(0 , 0)}; ℂ2 ) only defines a symmetric, non–self-adjoint operator (with dense domain)

n , which admits a one-real-parameter family of self-adjoint extensions. 
ifferently from the preceding literature, where the extension problem for 

𝐻𝛼 ↾ 𝐶
∞
0 
( ℝ2 ⧵ {(0 , 0)}; ℂ2 ) 

s analyzed by Green function’s methods and the von Neumann’s extension scheme, here we identify the family of
elf-adjoint extensions, both in the relativistic setting and in the non-relativistic setting below, by means of the Kreı̆n–
išik–Birman–Grubb scheme [ 11–14 ]. Within this framework, it is more transparent to draw a correspondence between
elativistic and non-relativistic realizations in the 𝑐 → +∞ limit and to interpret the scaling in 𝑐 needed to obtain
ontrivial limits. 
n preparation for that, we exploit as customary the commutativity of 𝐻𝛼 with the total angular momentum operator
3 = 𝐿3 + 𝑆3 = ( − i 𝑥𝜕2 + i 𝑦𝜕1 ) +

1 

2 
𝜎3 and the consequent decomposition onto common eigenspaces. Thus, we implement

anonical isomorphisms (with polar coordinates ( 𝑟, 𝜑) ≡ ( 𝑥, 𝑦)) 
𝐿2 ( ℝ2 ; ℂ2 , d 𝑥 d 𝑦) ≅ 𝐿2 ( ℝ+ × 𝕊1 ; ℂ2 , 𝑟 d 𝑟 d 𝜑) ≅

⨁
𝑘∈ℤ 

𝑘 , (8)

𝑘 ∶ = 𝐿2 ( ℝ+ ; ℂ2 , d 𝑟) ≅ 𝐿2 ( ℝ+ ; ℂ , d 𝑟) ⊕ 𝐿2 ( ℝ+ ; ℂ , d 𝑟) , (9)

ith the latter expression in ( 8 ) accounting for suitable Fourier modes of the compact variable 𝜑, so that the corresponding
nitarily equivalent version of 𝐻𝛼 is reduced by the Hilbert space direct orthogonal sum above as 

𝐻𝛼 ≅
⨁
𝑘∈ℤ 

𝗁𝛼,𝑘 ,  ( 𝗁𝛼,𝑘 ) = 𝐶∞
0 
( ℝ+ ; ℂ2 ) , (10)

here 𝗁𝛼,𝑘 , with respect to the last representation of ( 9 ), acts as the block operator 

𝗁𝛼,𝑘 =
⎛ ⎜ ⎜ ⎝ 

𝑚𝑐2 i 𝑐
(
− d 

d 𝑟 
+ 𝛼+ 𝑘 

𝑟 

)
− i 𝑐

(
d 

d 𝑟 
+ 𝛼+ 𝑘 

𝑟 

)
− 𝑚𝑐2 

⎞ ⎟ ⎟ ⎠ . (11)

he essential details of this procedure are collected in Appendix B . The same reasoning can be found, for example, in
roposition 2.1 of [ 15 ] where the analogous massless model is treated. 
tudies in Applied Mathematics, 2026 3 of 44
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n fact, the way we pass from 𝐻𝛼 to the unitarily equivalent version ( 10 )–( 11 ) is completely analogous to the customary
partial wave decomposition” of the free Dirac operator in the absence magnetic potential, that is, when formally 𝛼 = − 1 

2 
see, e.g., section 4.6 in [ 9 ] or section 1 in [ 16 ]). 
he block decomposition ( 10 )–( 11 ) boils down the problem of the self-adjoint realizations of 𝐻𝛼 to the same problem in
ach 𝑘-block separately, where it becomes more easily manageable. This analysis is carried on in Section 2 within the
reı̆n–Višik–Birman–Grubb extension scheme. The result is the following. 
he operator 𝗁𝛼,𝑘 is essentially self-adjoint in 𝐿2 ( ℝ+ ; ℂ2 , d 𝑟) for all 𝑘s but 𝑘 = 0 , where its deficiency indices are instead
1,1). Thus, 𝗁𝛼, 0 admits a one-real-parameter family ( 𝗁

( 𝛾) 
𝛼, 0 
)𝛾∈ℝ ∪{ ∞} of self-adjoint extensions. To describe this family, first

ne establishes that a generic function 𝑔 ∈  ( 𝗁∗ 
𝛼, 0 
) is characterized by the short-distance asymptotics 

𝑔 ( 𝑟)
( 𝑟 ↓0) 
= 

( 

1 

0 

) 

𝑔0 𝑟
− 𝛼 +

( 

0 

1 

) 

𝑔1 𝑟
𝛼 + 𝑜( 𝑟

1 
2 ) (12)

or 𝑔-dependent constants 𝑔0 , 𝑔1 ∈ ℂ . In the correspondence 𝛾 ↔ 𝗁
( 𝛾) 
𝛼, 0 
, the action of 𝗁( 𝛾) 

𝛼, 0 
is the same as ( 11 ) and the domain

s 

(
𝗁
( 𝛾) 
𝛼, 0 

)
=
{ 

𝑔 ∈ (
𝗁∗ 
𝛼, 0 

) | 𝑔1 = − i 𝛾𝑔0 

} 

. (13)

e-assembling, block by block, the self-adjoint extensions of the 𝗁𝛼,𝑘 s , namely setting 

𝐻
( 𝛾) 
𝛼 ∶ =

⎛ ⎜ ⎜ ⎜ ⎝ 
⨁
𝑘∈ℤ 

𝑘⩽− 1 

𝗁𝛼,𝑘 

⎞ ⎟ ⎟ ⎟ ⎠ ⊕ 𝗁
( 𝛾) 
𝛼, 0 

⊕

⎛ ⎜ ⎜ ⎜ ⎝ 
⨁
𝑘∈ℤ 

𝑘⩾1 

𝗁𝛼,𝑘 

⎞ ⎟ ⎟ ⎟ ⎠ , (14)

ields the family ( 𝐻( 𝛾) 𝛼 )𝛾∈ℝ ∪{ ∞} of self-adjoint extensions of 𝐻𝛼 in , the Dirac-AB Hamiltonians under consideration in
his work. 

emark 1. One would question about the physical meaningfulness of the Dirac-AB Hamiltonians ( 14 ). 𝐻( ∞) 𝛼 is the standard
ick in modeling, and has a distinguished status together with its counterpart 𝐻(0) 𝛼 , for a variety of reasons. 

1. 𝐻( ∞) 𝛼 and 𝐻(0) 𝛼 are the sole self-adjoint extensions for which the short-distance behavior of the functions in their
domain displays only one of the two leading terms 𝑟− 𝛼 and 𝑟𝛼 (since either 𝑔0 = 0 or 𝑔1 = 0 in ( 12 )), followed by the

𝑜( 𝑟
1 
2 ) -subleading term. All other extensions have both the 𝑟± 𝛼-terms. 

2. 𝐻( ∞) 𝛼 and 𝐻(0) 𝛼 also emerge as distinguished Hamiltonians in suitable processes of removal of regularization from
smoothed versions of the Aharonov–Bohm vector potential. In [ 2 ] regularized operators were considered, given by
the massless free Dirac plus a suitably scaled vector potentials that in the limit where the regularization is removed
reproduce the 𝛿-type Aharonov–Bohm field ( 5 ). These regularized operators are actually proved to converge to 𝐻( ∞)𝛼
in norm resolvent sense, as long as 𝛼 ≠ 0 . With an additional, conveniently scaled scalar potential, the regularized
operators converge to 𝐻( ∞) 𝛼 or to 𝐻(0) 𝛼 depending on the sign of 𝛼 ≠ 0 and on the presence or absence of certain zero-
energy resonances. 

3. 𝐻( ∞) 𝛼 and 𝐻(0) 𝛼 are the sole supersymmetric extensions in the sense described, for example, in eq. (5.66) of [ 9 ]. This
will be clear from Proposition 8 and the expressions ( 127 )–( 129 ) and ( 130 )–( 132 ), in comparison with eq. (5.66) of [ 9 ]. 

eneric 𝐻( 𝛾) 𝛼 s ( 𝛾 ≠ ∞ and 𝛾 ≠ 0 ) model a singular point-like interaction localized at the origin, whose scattering length
oes in fact depend on 𝛾: This is discussed below in Section 1.3 . In the “exceptional case” 𝛼 = 0 (corresponding to half-
nteger normalized flux Φ0 ∕(2 𝜋) = − 1 

2 
, see ( 6 ) above), the same above-mentioned analysis [ 2 ] shows that the removal of

he regularization from a smoothed Dirac-AB Hamiltonian can indeed be tuned in such a way as to obtain a generic 𝐻( 𝛾) 
0 
,

ith a convenient dependence 𝛾 = 𝛾( 𝑐 ) . 

emark 2. Recently, a particular self-adjoint realization of the massless Dirac-AB operator has received attention
oncerning its dispersive properties [ 15, 17, 18 ]. 
of 44 Studies in Applied Mathematics, 2026
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.2 Non-Relativistic Setting 

n a completely analogous fashion, Schrödinger operators with Aharonov–Bohm magnetic potentials (Schrödinger-AB)
re defined and the problem of their self-adjointness is studied. We refer to [ 10, 19–23 ] for this segment of the literature
nd related investigations. 
n the Hilbert space 

ℌ ∶ = 𝐿2 ( ℝ2 ; ℂ , d 𝑥 d 𝑦) (15)

upporting the description of a non-relativistic quantum particle, one introduces the densely defined, symmetric, non-
egative operator 

𝑆𝛼 ∶ =
1 

2 𝑚 

( − i∇ − 𝐴𝛼( 𝑥, 𝑦))
2 ,  ( 𝑆𝛼) ∶ = 𝐶∞

0 
( ℝ2 ; ℂ ) (16)

ith 𝐴𝛼 from ( 4 ). 
nalogous to ( 8 )–( 11 ), one exploits canonical isomorphisms (with polar coordinates ( 𝑟, 𝜑) ≡ ( 𝑥, 𝑦)) 

𝐿2 ( ℝ2 ; ℂ , d 𝑥 d 𝑦) ≅ 𝐿2 ( ℝ+ × 𝕊1 ; ℂ , 𝑟 d 𝑟 d 𝜑) ≅
⨁
𝑘∈ℤ 

ℌ𝑘 , (17)

ℌ𝑘 ∶ = 𝐿2 ( ℝ+ ; ℂ , d 𝑟) , (18)

o that the corresponding unitarily equivalent version of 𝑆𝛼 is reduced by the Hilbert space direct orthogonal sum above
s 

𝑆𝛼 ≅
⨁
𝑘∈ℤ 

𝖲𝛼,𝑘 , (19)

here 

𝖲𝛼,𝑘 ∶ =
1 

2 𝑚 

( 

− d
2 

d 𝑟2 
+ ( 𝛼 + 𝑘)( 𝛼 + 𝑘 + 1) 

𝑟2 

) 

,  ( 𝖲𝛼,𝑘 ) ∶ = 𝐶∞
0 
( ℝ+ ; ℂ ) . (20)

See again Appendix B for the relevant computations.) 
adial Schrödinger operators with inverse square potentials, like ( 20 ), have been widely investigated and are by now
lassical material (see, e.g., section X-1 in [ 24 ]). They are also the object of a renewed flurry of abstract interest in
odern days concerning self-adjointness and spectral properties [ 25–27 ], as well as in application to singular point-like
erturbations of quantum models of non-relativistic particles with central potentials (see, e.g., [ 28 ] and references therein).
t turns out that the 𝖲𝛼,𝑘 s are essentially self-adjoint in 𝐿2 ( ℝ+ ; ℂ , d 𝑟) except for the blocks 𝑘 = − 1 and 𝑘 = 0 , in each of
hich the deficiency indices are (1,1). Thus, 𝑆𝛼 admits a four-real-parameter family of self-adjoint extensions in ℌ . The
hysically grounded requirement that extensions commute with the angular momentum selects a two-real-parameter
ub-family. Out of the latter, we further select the one-real-parameter collection of extensions 𝑆( 𝜃) 𝛼 , 𝜃 ∈ ℝ ∪ { ∞} , defined
y 

𝑆
( 𝜃) 
𝛼 ≅

⎛ ⎜ ⎜ ⎜ ⎝ 
⨁
𝑘∈ℤ 

𝑘⩽− 2 

𝖲𝛼,𝑘 

⎞ ⎟ ⎟ ⎟ ⎠ ⊕ 𝖲
( 𝐹) 
𝛼, − 1 

⊕ 𝖲
( 𝜃) 
𝛼, 0 
⊕

⎛ ⎜ ⎜ ⎜ ⎝ 
⨁
𝑘∈ℤ 

𝑘⩾1 

𝖲𝛼,𝑘 

⎞ ⎟ ⎟ ⎟ ⎠ (21)

here, with respect to the decomposition ( 19 ) above, 𝖲( 𝐹) 
𝛼, − 1 

is the Friedrichs extension of 𝖲𝛼, − 1 and 
(
𝖲
( 𝜃) 
𝛼, 0 

)
𝜃∈ℝ ∪{ ∞} 

is the

amily of self-adjoint extensions of 𝑆𝛼, 0 in 𝐿2 ( ℝ+ ; ℂ , d 𝑟) . 

he extension parameter 𝜃 accounts for the short-distance behavior of the functions in the domain of 𝖲( 𝜃) 
𝛼, 0 

in the following
ense. A generic function 𝑔 ∈  ( 𝖲∗ 

𝛼, 0 
) is characterized by the short-distance asymptotics 

𝑔 ( 𝑟)
( 𝑟 ↓0) 
= 𝑎0 𝑟

− 𝛼 + 𝑎1 𝑟
1 + 𝛼 + 𝑜( 𝑟

3 
2 ) (22)
tudies in Applied Mathematics, 2026 5 of 44
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rea
or 𝑔-dependent constants 𝑎0 , 𝑎1 ∈ ℂ . In the correspondence 𝜃 ↔ 𝖲
( 𝜃) 
𝛼, 0 
, the differential action of 𝖲( 𝜃) 

𝛼, 0 
is the same as ( 20 )

nd the domain is 

(
𝖲
( 𝜃) 
𝛼, 0 

)
=
{ 

𝑔 ∈ (
𝖲∗ 
𝛼, 0 

) |𝑎1 = 𝜃𝑎0 

} 

. (23)

bserve in particular that the extension with 𝜃 = ∞ is the one with boundary condition 𝑎0 = 0 in ( 22 ), hence it is
haracterized by having a domain with regular functions at the origin: This is precisely the Friedrichs extension 𝖲

( 𝐹)
𝛼, 0

f 𝑆𝛼, 0 . 
or completeness of discussion and for a transparent comparison between the relativistic and non-relativistic treatments
f each 𝑘-block, we review in Section 3 the derivation of the well-known information ( 22 )–( 23 ) using again the Kreı̆n–
išik–Birman–Grubb extension scheme, thus mirroring how we used such scheme to obtain ( 12 )–( 13 ) in the counterpart
elativistic setting above. 

emark 3. Similar considerations can be made here, as in Remark 1 , concerning the physical meaningfulness of
he Schrödinger-AB Hamiltonians 𝑆( 𝜃) 𝛼 , that is, of the 𝜃-dependent short-distance boundary condition ( 23 ). Moreover,
nalogous to the already-mentioned analysis [ 2 ] on smoothed Dirac-AB operators, suitably regularized Schrödinger-AB
perators were studied in [ 21 ]: For them it is possible to adjust to any arbitrary 𝜃 the scaling of the regularization in such a
ay that in the limit when the regularization is removed one either obtains the operator 𝑆( 𝜃) 𝛼 from ( 21 ), namely Friedrichs
n the block 𝑘 = − 1 and 𝜃-extension in the block 𝑘 = 0 , or vice versa the counterpart of ( 21 ) with Friedrichs in the block
 = 0 and 𝜃 extension in the block 𝑘 = − 1 . 

emark 4. Our self-adjointness analysis of Sections 2 and 3 also provides a complete characterization of the squares of self-
djoint Dirac-AB Hamiltonians, a side question recently considered in analogous contexts [ 23, 29, 30 ]. It is straightforward
o check that, ∀𝑘 ∈ ℤ , 

( 𝗁𝛼,𝑘 )
2 and 2 𝑚 𝑐2 

( 

𝖲𝛼,𝑘 𝕆 

𝕆 𝖲− 𝛼, − 𝑘 

) 

+ ( 𝑚 𝑐2 )2 𝟙 

ave the same differential action (tacitly representing 𝐿2 ( ℝ2 ; ℂ2 , d 𝑥 d 𝑦) ≅ 𝐿2 ( ℝ2 ; ℂ , d 𝑥 d 𝑦) ⊕ 𝐿2 ( ℝ2 ; ℂ , d 𝑥 d 𝑦) ), and the
uestion is to determine the boundary conditions of self-adjointness when the square of a self-adjoint realization of 𝗁𝛼,𝑘 is
aken. It turns out (Section 3 , Theorem 6 ) that all self-adjoint operators (𝗁𝛼,𝑘 )2 , 𝑘 ∈ ℤ ⧵ {0} , are reduced as 𝖲( 𝐹) 

𝛼,𝑘 
⊕ 𝖲

( 𝐹) 
− 𝛼, − 𝑘 

,

p to trivial 𝑚𝑐2 multiplicative/additive factors (recall that for 𝑘 ≠ 1 , 𝖲( 𝐹) 
𝛼,𝑘 

is merely 𝖲𝛼,𝑘 ), whereas in general 
(
𝗁
( 𝛾) 
𝛼, 0 

)2 
is

ot reduced and has boundary conditions of self-adjointness that entangle the electron and positron sector. Explicitly, (
𝗁
( 𝛾) 
𝛼, 0 

)2 
=
(
2 𝑚 𝑐2 

(
𝖲∗ 
𝛼, 0 
⊕ 𝖲∗ 

𝛼, 0 

)
+ 𝑚2 𝑐4 𝟙

)
↾ 

( (
𝗁
( 𝛾) 
𝛼, 0 

)2 ) 

, 


( (
𝗁
( 𝛾) 
𝛼, 0 

)2 ) 

=

⎧ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎩ 

𝑔 ∈ (
𝖲∗ 
𝛼, 0 
⊕ 𝖲∗ 

𝛼, 0 

) |||||||
𝑏0 = − i 𝛾𝑎0 , 

𝑎1 = − i 𝛾
2i 𝑎0 𝑚𝑐 + (1 − 2 𝛼) 𝑏1 

2 𝛼 + 1 
, 

where 𝑎0 , 𝑎1 , 𝑏0 , 𝑏1 ∈ ℂ are the 𝑔-dependent constants 
characterized by the asymptotics 

𝑔 ( 𝑟)
𝑟 ↓0 
= 

( 

𝑎0 𝑟
− 𝛼 + 𝑎1 𝑟

1 + 𝛼

𝑏0 𝑟
𝛼 + 𝑏1 𝑟

1 − 𝛼

) 

+ 𝑜( 𝑟
3 
2 ) 

⎫ ⎪ ⎪ ⎪ ⎪ ⎬ ⎪ ⎪ ⎪ ⎪ ⎭ 

. 

(24)

rom ( 24 ) one deduces (see for details Theorem 6 , Corollary 1 , and the subsequent Remark) that in the block 𝑘 = 0 only
he supersymmetric Dirac-AB Hamiltonians ( 𝛾 = ∞ or 𝛾 = 0 ) have exactly reduced squares: (

𝗁
( ∞) 
𝛼,𝑘 

)2 
= 2 𝑚 𝑐2 

(
𝖲
( ∞) 
𝛼, 0 

⊕ 𝖲
(0) 
𝛼, 0 

)
+ 𝑚2 𝑐4 𝟙 , (25)

(
𝗁
(0) 
𝛼,𝑘 

)2 
= 2 𝑚 𝑐2 

(
𝖲
(0) 
𝛼, 0 
⊕ 𝖲

( ∞) 
𝛼, 0 

)
+ 𝑚2 𝑐4 𝟙 . (26)
of 44 Studies in Applied Mathematics, 2026

tive C
om

m
ons L

icense



T  

i
T  

s

1

O  

l  

f
T  

b
I  

o
A  

i  

r  

l  

p
C  

i  

o  

o  

b
C  

H  

r  

o  

s  

t  

f  

p

O  

a  

r  

R
A  

f
R  

S  

a  

t  

e  

a  

f  

w  

t

 

T  

d

S

 14679590, 2026, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/sapm

.70209 by M
atteo G

allone - U
niversita'D

egli Studi D
i M

ila , W
iley O

nline L
ibrary on [06/04/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reat
he special cases ( 25 )–( 26 ) of ( 24 ) recover the same recent findings of Proposition 2.26 in [ 30 ], where the massless case
s considered. 
his analysis makes explicit the general fact that each self-adjoint realization of the Dirac operator gives rise, upon
quaring, to a distinct self-adjoint operator. 

.3 Non-Relativistic Limit 

ur next goal, after characterizing the two families of operators ( 14 ) and ( 21 ) (Section 2 ), is to investigate the non-relativistic
imit of the Dirac-AB Hamiltonians, consisting, as discussed in a moment, of removing the rest energy and sending
ormally 𝑐 → +∞. 
he analysis of the connection between the Dirac theory and its non-relativistic approximation has a long history started
y Pauli himself (see, e.g., section 6.1 in [ 9 ] and references therein). 
n the Aharonov-Bohm setting, we are not aware of explicit precursors; the conceptual scheme is the same, but the presence
f the magnetic vector potential 𝐴𝛼 alters non-trivially the control of the limit. 
t least we should recall in this respect the above-mentioned works [ 2, 21 ], for two technical features that are central also
n the present analysis. The first is the control of the convergence of the unbounded operators of interest in the norm-
esolvent sense and block by block, as we do in this work when letting 𝑐 → +∞; and the second is the general idea that the
imit is reached by re-scaling the approximating operators in the parameter on which the limit is taken—the smoothing
arameter therein, the speed of light 𝑐 here. 
oncerning the first aspect, the representation ( 14 ) and ( 21 ), respectively, of Dirac-AB and Schrödinger-AB Hamiltonians
s clearly functional to taking the non-relativistic limit block by block, thus preserving the block structure. The choice
f the sub-family ( 21 ) of self-adjoint realizations of Schrödinger-AB operators is dictated by the nature of the family ( 14 )
f Dirac-AB Hamiltonians. Indeed, in ( 14 ) there is room for a variety of non-trivial self-adjoint realizations in the 𝑘 = 0

lock only. 
oncerning instead the realization of the limit 𝑐 → +∞ by introducing a 𝑐-dependent scaling in the Dirac-AB
amiltonians, as customary, the general principle should be maintained that in the idealization when 𝑐 → +∞ certain
elevant physical quantities of interest remain unaltered (see, e.g., the analogous discussion in the well-known problems
f the effective many-body dynamics in the formal limit of infinitely many particles [ 31 ] and references therein). A
imilar idea is behind renormalization of several model field theories (see, e.g., [ 32, 33 ]). Letting 𝑐 → +∞ does amount
o considering a trajectory of distinct Dirac-AB Hamiltonians (different 𝑐s identify different operators ( 10 )–( 11 )), starting
rom 𝐻

( 𝛾) 
𝛼 with the “real-world” parameter 𝑐real ≃ 3 ⋅ 105 km/s: Yet, one should ensure that along such trajectory the model

reserves relevant physical properties of the initial “physical” operator. 

ne obvious modification with 𝑐, as mentioned, is the removal of the rest energy of the Dirac electron from 𝐻
( 𝛾) 
𝛼 : The

ctual limit is therefore taken in 𝐻
( 𝛾) 
𝛼 − 𝑚𝑐2 . The rest energy is indeed a purely relativistic object that does not have non-

elativist limit. It has to be subtracted in order to maintain the possibility of getting a non-trivial limit as 𝑐 → +∞ (see, e.g.,
emark 1 in section 6.1.1 in [ 9 ]). 
 less obvious modification concerns the scaling of 𝛾 with 𝑐 to preserve the scattering length of the interaction even when
ormally 𝑐 is sent to infinity. Here is an amount of heuristics to justify this. 
ecall from elementary scattering theory (see, e.g., section 4.2 in [ 34 ]) that in a low-energy scattering process of a
chrödinger quantum particle subject to a short-range central potential, say, for concreteness, in the approximation of
 small spherical potential well 𝑉0 , one defines the ( 𝑠-wave) scattering length 𝑎 in terms of the total cross section 𝜎 (the
otal probability to be scattered in any direction) through the following reasoning. First, the eigenvalue problem at (low)
nergy 𝐸 is solved, from which incident and scattered currents 𝑗incident and 𝑗scattered are computed, and the differential
ngular cross section d 𝜎∕dΩ is obtained by d 𝜎 = ( 𝑗scattered ∕𝑗incident ) 𝑟

2 dΩ. Then, from 𝜎 = ∫ (d 𝜎∕dΩ)dΩ one obtains the
amiliar expression 𝜎( 𝑝) = 4 𝜋(sin 

2 
𝛿0 ( 𝑝 ))∕ 𝑝 , 𝑝 ∶ =

√
(2 𝑚( 𝐸 + 𝑉0 ) , where 2 𝛿0 ( 𝑝 ) is the phase shift of the outgoing wave

ith wave number 𝑝 compared to the incident one. Finally, one computes the zero-energy limit 𝑝 → 0 in 𝜎 and defines
he scattering length 𝑎 by 

lim 

𝑝→0 
𝜎 = 4 𝜋𝑎2 , that is, 𝑎 = − lim 

𝑝→0 

sin 𝛿0 ( 𝑝 ) 

𝑝 
. (27)

his in turn implies that 𝑎 is the first node of the zero-energy wave function in the positive or in the negative radial
irection, depending on the attractive or repulsive nature of the interaction (see, e.g., fig. 4.7 in [ 34 ]). 
tudies in Applied Mathematics, 2026 7 of 44
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euristically, the key point is the identification of the node(s) of the wave function solving the zero-energy
igenvalue problem. 

et us apply this reasoning to the self-adjoint Hamiltonians 𝑆( 𝜃) 𝛼 and 𝐻( 𝛾) 𝛼 from ( 21 ) and from ( 14 ), respectively, considering
he non-trivial sector 𝑘 = 0 . Such a procedure, relates the zero-energy scattering properties of the “perturbed”Hamiltonian
( 𝜃) 
𝛼 (resp. 𝐻( 𝛾) 𝛼 ) with respect to the reference Hamiltonian 𝑆

( ∞) 
𝛼 (resp. 𝐻( ∞) 𝛼 ) exploiting in a heuristic way the analogy for

he standard quantum mechanical problem recalled above. 
or Schrödinger-AB operators, the zero-energy problem consists of finding the 𝐿1 

loc 
-solution (up to multiples) 𝑢 to ( 

− d
2 

d 𝑟2 
+ 𝛼( 𝛼 + 1) 

𝑟2 

) 

𝑢 = 0 , 𝑎
( 𝑢) 
1 

= 𝜃 𝑎
( 𝑢) 
0 
. (28)

mposing the short-range condition that characterizes the domain of 𝑆( 𝜃) 𝛼 is the signature of the fact that ideally first
ne solves the 𝐿2 -eigenvalue problem in that domain, and then sends 𝐸 → 0 , this way loosing the square-integrability of
he solution. 
he scattering length of 𝑆( 𝜃) 𝛼 , in this approximation, is then the first zero 𝑟S- AB of the solution to ( 28 ). The latter is 𝑢 =
( 𝑢) 
0 
( 𝑟− 𝛼 + 𝜃 𝑟1 + 𝛼) . For 𝜃 < 0 such zero is in the positive radial half-line, and we find 

𝑟S- AB = ( − 𝜃)
− 1 
1 + 2 𝛼 . (29)

he reasoning for 𝜃 > 0 would produce the same power of 𝜃: In this case the node is to be found in the negative radial
alf-line upon extrapolating the wave function for 𝑟 < 0 from its short-scale behavior (its tangent) at the distance 𝑟 = 𝑅 of
he effective range of the interaction—the radius of the potential well, in that approximation (see, e.g., fig. 4.7 in [ 34 ]). 
n a completely analogous manner, for Dirac-AB operators, we take as (first approximation of the) scattering length the
irst zero 𝑟D- AB of the upper (electron) component of a 𝐿1 loc -solution (up to multiples) 𝑢 to 

⎛ ⎜ ⎜ ⎝ 
⎛ ⎜ ⎜ ⎝ 

𝑚𝑐2 i 𝑐
(
− d 

d 𝑟 
+ 𝛼+ 𝑘 

𝑟 

)
− i 𝑐

(
d 

d 𝑟 
+ 𝛼+ 𝑘 

𝑟 

)
− 𝑚𝑐2 

⎞ ⎟ ⎟ ⎠ − 𝑚𝑐2 𝟙
⎞ ⎟ ⎟ ⎠ 𝑢 = 0 , 𝑔

( 𝑢) 
1 

= − i 𝛾𝑔
( 𝑢) 
0 
. (30)

ince ( 30 ) is solved by scalar multiples of 

𝑢( 𝑟) =

( 

𝑟− 𝛼 + 2 𝑚𝑐𝛾

2 𝛼+ 1 
𝑟𝛼+ 1 

− i 𝛾𝑟𝛼

) 

, 

hen 

𝑟D- AB =
( 

−1 + 2 𝛼

2 𝑚𝑐𝛾

) 

1 
1 + 2 𝛼

, (31)

aving assumed 𝛾 < 0 (and repeating what observed above for 𝜃 > 0 vs 𝜃 < 0 when instead 𝛾 > 0 ). 
otice that the scattering length ( 29 ) depends on the extension parameter 𝜃 and the scattering length ( 31 ) depends both
n the extension parameter 𝛾 and on the parameter 𝑐 to be sent to infinity. This confirms the link between each extension
arameter for a given Aharonov–Bohm Hamiltonian 𝑆

( 𝜃) 
𝛼 or 𝐻( 𝛾) 𝛼 and quantities (short-distance singularity, scattering

ength) that are determined by the point-like interaction localized at the origin. 
n addition, ( 31 ) indicates that in the order for the limit 𝑐 → +∞ to preserve the scattering length and set it equal to the
on-relativistic scattering length ( 29 ), one must have 

lim 

𝑐→+∞
2 𝑚𝑐𝛾

1 + 2 𝛼
= 𝜃. (32)

ondition ( 32 ) thus prescribes how to re-scale with 𝑐 either of the quantities 𝑚, 𝛼, 𝛾 to obtain in the non-relativistic limit
n interaction with given 𝜃. 
onceptually, any re-scaling 𝑚( 𝑐 ) , 𝛼( 𝑐 ) , 𝛾( 𝑐 ) which fulfills ( 32 ) is compatible with the idea of a trajectory of artificial
amiltonians (i.e., with non-physical values of the parameters) that preserve the scattering length of the interaction. In
of 44 Studies in Applied Mathematics, 2026
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reat
ractice, it is technically more manageable to keep the mass 𝑚 and the magnitude 𝛼 of the Aharonov–Bohm field as fixed
arameters, and to only re-scale 𝛾 as 𝛾( 𝑐) . 

emark 5. Scattering theory for Dirac equation with Aharonov–Bohm magnetic field has been investigated in [ 35–38 ].
otice, moreover, that in [ 38 ] it is discussed in depth the role played by the anomalous magnetic moment in scattering
heory, a topic which is not touched in this paper. 

.4 Main Results and Further Remarks 

he characterization, using the Kreı̆n–Višik–Birman–Grubb self-adjoint extension scheme, of the two families of
haronov–Bohm Hamiltonians ( 𝐻( 𝛾) 𝛼 )𝛾∈ℝ ∪{ ∞} and ( 𝑆

( 𝜃) 
𝛼 )𝜃∈ℝ ∪{ ∞} in the relativistic (Dirac-AB) and non-relativistic

Schrödinger-AB) setting is, as mentioned, our first main result. It is stated in Theorems 3 and 4 , and the proofs are
eveloped in Sections 2 and 3 . 
ote in particular the explicit expressions ( 49 ) and ( 113 ) of the resolvents, a crucial information to take the limit in the
esolvent sense. 
ur second main result is the analysis of the non-relativistic limit in the Dirac-AB Hamiltonians 𝐻( 𝛾) 𝛼 ’s. 
his can be regarded as a generalization of the non-relativistic limit of the free Dirac operator 𝐻free = − i 𝑐 𝝈 ⋅ ∇ + 𝜎3 𝑚𝑐

2

 2 ), realized as a self-adjoint operator in 𝐿2 ( ℝ2 ; ℂ2 , d 𝑥d 𝑦) (see ( 1 ) above) on the domain 𝐻1 ( ℝ2 ; ℂ2 ) . In that well-known
ase (see, e.g., Corollary 6.2 in [ 9 ]), for any 𝑧 in the resolvent set 𝜌( 𝐻free − 𝑚𝑐2 ) one also has 𝑧 ∈ 𝜌( 𝑆free ) , the resolvent

et of the free Schrödinger operator 𝑆free = − 1 

2 𝑚 

Δ in 𝐿2 ( ℝ2 , ℂ , d 𝑥d 𝑦) ( Δ ≡ d2 

d 𝑥2 
+ d2 

d 𝑦2 
) with domain of self-adjointness

2 ( ℝ2 ; ℂ ) , and moreover, in operator norm, 

lim 

𝑐→+∞

(
𝐻free − 𝑚𝑐2 − 𝑧

)− 1 
=

( 

( 𝑆free − 𝑧)− 1 𝕆 

𝕆 𝕆 

) 

= ( 𝑆free − 𝜆)− 1 ⊕𝕆 . (33)

hat is, 𝐻free − 𝑚 𝑐2 
𝑐 →+∞
XX X X X X X X → 𝑆free ⊕𝕆 in norm resolvent sense. 

n this work, we prove 𝐻( 𝛾) 𝛼 − 𝑚 𝑐2 
𝑐 →+∞
XX X X X X X X → 𝑆

( 𝜃) 
𝛼 ⊕ 𝕆 , thereby establishing a correspondence in the non-relativistic limit

etween Dirac-AB ( 𝐻( 𝛾) 𝛼 ) and Schrödinger-AB ( 𝑆( 𝜃) 𝛼 ) Hamiltonians, with the scaling ( 32 ), whose physical meaningfulness
as discussed above. 

heorem 1. Let 𝛼 ∈ ( − 1 
2 
,
1 

2 
) , 𝑚 > 0 , 𝑐 > 0 , 𝜃 ∈ ℝ ∪ { ∞} , and let 𝛾 ≡ 𝛾( 𝑐 ) ∈ ℝ ∪ { ∞} scale with 𝑐 according to 

lim 

𝑐→+∞
2 𝑚 𝑐 𝛾( 𝑐 ) 

1 + 2 𝛼
= 𝜃. (34)

hen there is a non-empty 𝑐-independent interval 𝐽 of the negative real line contained, eventually as 𝑐 → +∞, in the infinite
ntersection 

⋂
𝑐 𝜌

(
𝐻
( 𝛾( 𝑐 ) ) 
𝛼 − 𝑚𝑐2 

)
and also in 𝜌

(
𝑆
( 𝜃) 
𝛼

)
. Moreover, ∀𝑧 ∈ 𝐽 ∪ ℂ± , 

lim 

𝑐→+∞

(
𝐻
( 𝛾( 𝑐 )) 
𝛼 − 𝑚𝑐2 − 𝑧

)− 1 

=
(
𝑆
( 𝜃) 
𝛼 − 𝑧

)− 1 

⊕𝕆 (35)

n operator norm (i.e., we establish convergence in the space of bounded operators on 𝐿2 ( ℝ2 ; ℂ2 ) ). 

ere, as customary, ℂ± = { 𝑧 ∈ ℂ |ℑ𝔪 𝑧 ≷ 0} , and we content ourselves to indicate that the limit ( 35 ) can be taken at fixed
omplex non-real 𝑧 , or also for 𝑧 in an eventually 𝑐-fixed region 𝐽 of the negative real axis (further details in Proposition 11 ).
n this respect, we stress that by extending to the relativistic and multi-component case of the Dirac equation a reasoning
orking for the scalar Schrödinger equation, we are adopting clearly a heuristic argument. However, what the previous
heorem 1 shows is that the scalings so obtained actually distinguish in a rigorous way different behaviors in the non-
elativistic limit 𝑐 → +∞. So, Theorem 1 validates a posteriori the heuristics for the scaling ( 32 ): Along the limit the
agnitude of the relativistic Aharonov–Bohm interaction, measured through its scattering length, remains of the same
rder and attains the limit value of the prescribed non-relativistic Aharonov–Bohm interaction. 
tudies in Applied Mathematics, 2026 9 of 44
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n this respect, assuming 𝜃 fixed and the validity of ( 34 ), one gets that either ( 𝛾( 𝑐 ))− 1 = 𝑜 ( 𝑐 ) , 𝛾( 𝑐 ) ∼ 𝑐− 1 , or 𝛾 = 𝑜 ( 𝑐− 1 ) and
hus, Theorem 1 covers these three scenarios. 

1. If 𝛾 stays fixed in the limit, or more generally if 𝛾− 1 = 𝑜 ( 𝑐 ) as 𝑐 → +∞, then the non-relativistic limit of 𝐻( 𝛾) 𝛼 reproduces
the standard Friedrichs realization of the Aharonov–Bohm operator 𝑆( ∞) 𝛼 . The latter is therefore the non-relativistic
“attractor” of all the Dirac-AB Hamiltonians at fixed 𝛾. 

2. The regime 𝛾 ∼ 𝑐− 1 reproduces, in the limit of 𝐻( 𝛾) 𝛼 as 𝑐 → +∞, any of the 𝜃-labeled Schrödinger-AB Hamiltonians,
except for 𝑆(0) 𝛼 . The precise 𝜃 is the one satisfying ( 34 ). 

3. If 𝛾 = 𝑜 ( 𝑐− 1 ) , then the non-relativistic limit of 𝐻( 𝛾) 𝛼 reproduces 𝑆(0) 𝛼 . 

cenario (1) above includes, in particular, the case where 𝛾 = ∞ constantly in 𝑐: The non-relativistic limit of 𝐻( ∞) 𝛼 is 𝑆( ∞) 𝛼 .
his is the direct counterpart, in the presence of an Aharonov–Bohm magnetic field, of the non-magnetic limit ( 33 ). 
hus, Theorem 1 connects trajectories of self-adjoint Dirac-AB Hamiltonians, running with specific 𝑐-dependent self-
djoint extension parameters 𝛾( 𝑐) , with Schrödinger-AB Hamiltonians, this way mapping, in the non-relativistic limit,
he whole family of Dirac-AB operators into a distinguished sub-family of Schrödinger-AB operators. It is spontaneous
o refer to the latter as the sub-family of 𝑠-wave, angular-momentum-commuting, Schrödinger-AB Hamiltonians with
elativistic Dirac approximants (namely, admitting natural, block-wise relativistic Ahrnonov–Bohm approximants), since
he non-triviality of self-adjoint realizations occurs in the respective (relativistic and non-relativistic) 𝑘 = 0 blocks. This
eaves the interesting question of what status to attribute to the rest of the family of self-adjoint Schrödinger-AB operators,
rom the point of view of the relativistic approximability. 

e already argued about the distinguished status of the two supersymmetric Dirac-AB Hamiltonians 𝐻( ∞) 𝛼 and 𝐻(0)𝛼
Remark 1 ). As a matter of fact, these two operators are connected by positron-electron exchange symmetry. By exchanging
↔ − 𝛼, 𝑚 ↔ − 𝑚 and 𝛾 ↔ 𝛾− 1 , and going through the same steps of the proof of Theorem 1 , one obtains the following
ositron-counterpart version of the non-relativistic limit. 

heorem 2. Let 𝛼 ∈ ( − 1 
2 
,
1 

2 
) , 𝑚 > 0 , 𝑐 > 0 , 𝜃 ∈ ℝ ∪ { ∞} , and let 𝛾 ≡ 𝛾( 𝑐 ) ∈ ℝ ∪ { ∞} scale with 𝑐 according to 

lim 

𝑐→+∞
2 𝑚 𝑐 

(1 − 2 𝛼) 𝛾( 𝑐 ) 
= 𝜃. (36)

hen there is a non-empty 𝑐-independent interval 𝐽 of the negative real line contained, eventually as 𝑐 → +∞, in the infinite
ntersection 

⋂
𝑐 𝜌

(
𝐻
( 𝛾( 𝑐 ) ) 
𝛼 + 𝑚𝑐2 

)
and also in 𝜌

(
− 𝑆

( 𝜃) 
𝛼

)
. Moreover, ∀𝑧 ∈ 𝐽 ∪ ℂ± , 

lim 

𝑐→+∞

(
𝐻
( 𝛾( 𝑐 )) 
𝛼 + 𝑚𝑐2 − 𝑧

)− 1 

= 𝕆 ⊕
(
− 𝑆

( 𝜃) 
𝛼 − 𝑧

)− 1 

(37)

n operator norm. 

hus, whereas the non-relativistic limit in the Dirac-AB Hamiltonian 𝐻
( ∞) 
𝛼 with re-scaling ( 34 ) yields the Friedrichs

ealization 𝑆
( ∞) 
𝛼 of the Schrödinger-AB Hamiltonian, here in the limit ( 37 ) with re-scaling ( 36 ) the analogous role for

he positron is played by the Dirac operator 𝐻(0) 𝛼 . 

emark 6. One may conceive a sequence of two limiting procedures: first, the removal of regularization from a smoothed
irac-AB Hamiltonian as in [ 2 ] (Remark 1 ), and then the non-relativistic limit described in Theorem 1 . This gives rise to
 generic case, when 𝛼 ≠ 0 , where the removal of the regularisation only selects 𝐻( ∞) 𝛼 or 𝐻(0) 𝛼 , and hence the subsequent
on-relativistic limit only produces 𝑆( ∞) 𝛼 or 𝑆(0) 𝛼 , respectively. Next to this “rigid” case, there is the exceptional case 𝛼 = 0

f half-integer flux: As recalled already (Remark 1 ), here the removal of regularization can be tuned so as to yield in
he limit 𝐻( 𝛾) 

0 
for suitable 𝛾 = 𝛾( 𝑐 ) ; from this, the further non-relativistic limit re-scaled with 𝑐 would then yield generic

chrödinger-AB Hamiltonians 𝑆( 𝜃) 
0 
. 

emark 7. We do not indulge here in the explicit spectral analysis of the Hamiltonians 𝐻( 𝛾) 𝛼 and 𝑆( 𝜃) 𝛼 —even though the
iscussion that follows shall make all basic features well evident, including the emergence of one isolated eigenvalue for
0 of 44 Studies in Applied Mathematics, 2026
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( 𝛾) 
𝛼 in the gap, and for 𝑆( 𝜃) 𝛼 below the continuum threshold. Yet, it is worth recalling that the limit in Theorem 1 being
n the norm resolvent sense, then a principle of non-contraction of the spectrum of 𝐻( 𝛾) 𝛼 − 𝑚𝑐2 holds (see, e.g., Theorem
III.23 in [ 39 ]). In particular, if below the continuum threshold the operator 𝑆( 𝜃) 𝛼 has an isolated eigenvalue, then that is
he limit, as 𝑐 → +∞, of the isolated eigenvalue in the gap of 𝐻( 𝛾( 𝑐 )) 𝛼 − 𝑚𝑐2 . 

.5 Notation 

ll the general notation used here is standard in the field, and specific definitions are made in the following when special
ymbols or notions are introduced. For general reference, the 𝐻𝑠 

0 
-Sobolev spaces used in our discussion are, as customary,

he 𝐻𝑠 -closures of the underlying 𝐶∞
0 
-spaces (the vanishing being declared at the origin). Thus, for our purposes, 

𝐻1 
0 
( ℝ+ ; ℂ2 ) = { 𝜑 ∈ 𝐿2 ( ℝ+ ; ℂ2 ) |𝜑′ ∈ 𝐿2 ( ℝ+ ; ℂ2 ) and 𝜑(0) = 0} (38)

nd 

𝐻2 
0 
( ℝ+ ; ℂ ) = { 𝜑 ∈ 𝐿2 ( ℝ+ ; ℂ ) |𝜑′, 𝜑′′ ∈ 𝐿2 ( ℝ+ ; ℂ ) and 𝜑′(0) = 𝜑(0) = 0} (39)

see, e.g., Definition 4.5(2) and Theorem 4.25 in [ 40 ]). 
et us also point out that the adjoint operators considered in the following are in fact adjoints of minimally defined
ifferential operators and, as such, they are maximally defined and act with the same differential action, by standard
eneral facts (see, e.g., Lemma 4.3 in [ 40 ]). 

 Block-Wise Self-Adjoint Extensions of the Dirac-AB Operator 

he object of this section is the classification of the self-adjoint extensions in 𝐿2 ( ℝ+ ; ℂ2 , d 𝑟) of the operators 𝗁𝛼,𝑘 , 𝑘 ∈ ℤ ,
ntroduced in ( 11 ) and minimally defined on the domain 𝐶∞

0 
( ℝ+ ; ℂ2 ) . The final result is Theorem 3 here below. 

or convenience, we also introduce, for 𝜆 ∈ (0 , 2 𝑚𝑐2 ) , the short-hand expression 

𝜇𝑐,𝜆 ∶ =
√
2 𝑚𝑐2 − 𝜆

𝑐 
(40)

nd the two ℝ+ → ℂ2 functions 

Φ
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟) ∶ =
⎛ ⎜ ⎜ ⎜ ⎝ 
− i 𝑐 √

𝜆
𝜇𝑐,𝜆

√
𝑟 𝐾
𝛼+ 1 
2 

( 𝜇𝑐,𝜆
√
𝜆 𝑟) √

𝑟 𝐾
𝛼− 1 
2 

( 𝜇𝑐,𝜆
√
𝜆 𝑟) 

⎞ ⎟ ⎟ ⎟ ⎠ , (41)

𝐹
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟) ∶ =
⎛ ⎜ ⎜ ⎜ ⎝ 
i 𝑐 √
𝜆
𝜇𝑐,𝜆

√
𝑟 𝐼
𝛼+ 1 
2 

( 𝜇𝑐,𝜆
√
𝜆 𝑟) √

𝑟 𝐼
𝛼− 1 
2 

( 𝜇𝑐,𝜆
√
𝜆 𝑟) 

⎞ ⎟ ⎟ ⎟ ⎠ (42)

efined in terms of the Bessel functions of the second kind 𝐾𝜈 and 𝐼𝜈 (see, e.g., eqs. (9.6.2) and (9.6.10) in [ 41 ]). 

heorem 3. Let 𝛼 ∈ ( − 1 
2 
,
1 

2 
) . 

i. For all 𝑘 ∈ ℤ the operator 𝗁𝛼,𝑘 is closable in 𝐿2 ( ℝ+ ; ℂ2 , d 𝑟) , with closure 

 (𝗁𝛼,𝑘 ) = 𝐻1 
0 
( ℝ+ ; ℂ2 ) (43)

and spectral gap such that 

( − 𝑚 𝑐2 , 𝑚 𝑐2 ) ⊂ 𝜌(𝗁𝛼,𝑘 ) . (44)
tudies in Applied Mathematics, 2026 11 of 44
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ii. For all 𝑘 ∈ ℤ ⧵ {0} , the operator 𝗁𝛼,𝑘 is essentially self-adjoint in 𝐿2 ( ℝ+ ; ℂ2 , d 𝑟) . 
iii. 𝗁𝛼, 0 has deficiency indices (1,1). Any function 𝑔 ∈  ( 𝗁∗ 

𝛼, 0 
) satisfies the short-distance asymptotics 

𝑔 ( 𝑟)
( 𝑟 ↓0) 
= 

( 

1 

0 

) 

𝑔0 𝑟
− 𝛼 +

( 

0 

1 

) 

𝑔1 𝑟
𝛼 + 𝑜( 𝑟

1 
2 ) (45)

for 𝑔 - dependent constants 𝑔0 , 𝑔1 ∈ ℂ . The self-adjoint extensions of 𝗁𝛼, 0 in 𝐿2 ( ℝ+ ; ℂ2 , d 𝑟) constitute a one-real-
parameter family ( 𝗁( 𝛾) 

𝛼, 0 
)𝛾∈ℝ ∪{ ∞} of restrictions of the adjoint 𝗁∗ 𝛼, 0 each of which is defined, in terms of ( 45 ),

by 

𝗁
( 𝛾) 
𝛼, 0 

∶ = 𝗁∗ 
𝛼, 0 
↾ (

𝗁
( 𝛾) 
𝛼, 0 

)
, 

(
𝗁
( 𝛾) 
𝛼, 0 

)
∶ =

{ 

𝑔 ∈ (
𝗁∗ 
𝛼, 0 

) | 𝑔1 = − i 𝛾𝑔0 

} 

. 

(46)

iv. Both 𝗁( ∞) 
𝛼, 0 

and 𝗁( 𝛾) 
𝛼, 0 

have spectral gap, with 𝜌( 𝗁( ∞) 
𝛼, 0 

− 𝑚𝑐2 ) ⊃ ( − 2 𝑚𝑐2 , 0) and with 𝜌( 𝗁( 𝛾) 
𝛼, 0 

− 𝑚𝑐2 ) containing ( − 2 𝑚𝑐2 , 0)

up to possibly a single point. For − 𝜆 ∈ ( − 2 𝑚𝑐2 , 0) ⊂ 𝜌( 𝗁
( ∞) 
𝛼, 0 

− 𝑚𝑐2 ) , respectively, − 𝜆 ∈ 𝜌( 𝗁
( 𝛾) 
𝛼, 0 

− 𝑚𝑐2 ) ∩ ( − 2 𝑚𝑐2 , 0) , the

extensions 𝗁( ∞) 
𝛼, 0 

− 𝑚𝑐2 and 𝗁( 𝛾) 
𝛼, 0 

− 𝑚𝑐2 , 𝛾 ∈ ℝ , have resolvent, respectively, 

( 𝗁
( ∞) 
𝛼, 0 

− 𝑚𝑐2 + 𝜆)− 1 = integral operator with kernel 𝐺( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟, 𝜌) , (47)

where, for 𝑟, 𝜌 > 0 , 

𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟, 𝜌) ∶ = − 𝜆

𝑐2 

( 

Φ
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟) ⊗ℂ2 𝐹
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝜌) 𝟏(0 ,𝑟) ( 𝜌) + 𝐹
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟) ⊗ℂ2 Φ
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝜌) 𝟏( 𝑟, +∞) ( 𝜌)

) 

, (48)

and (
𝗁
( 𝛾) 
𝛼, 0 

− 𝑚𝑐2 + 𝜆
)− 1 

=
(
𝗁
( ∞) 
𝛼, 0 

− 𝑚𝑐2 + 𝜆
)− 1 

+ 𝜏
( 𝐷) 
𝛼,𝜆,𝛾,𝑐 

𝜆

𝑐2 
|||Φ( 𝐷) 𝛼,𝜆,𝑐 

⟩⟨
Φ
( 𝐷) 
𝛼,𝜆,𝑐 

|||, (49)

where 

𝜏
( 𝐷) 
𝛼,𝜆,𝛾,𝑐 

∶ = 2 

𝜋 sec ( 𝜋𝛼) + 4𝛼𝜇2 
𝑐,𝜆
( 𝜇𝑐,𝜆

√
𝜆)− 1 − 2 𝛼 Γ2 

(
1 

2 
+ 𝛼

)
𝑐𝛾
. (50)

heorem 3 (i)–(iii) states facts that are general knowledge in the non-magnetic case and are well expected in the Aharonov–
ohm setting as well. 
 version of Theorem 3 in the framework of von Neumann’s self-adjoint extension scheme is established in section II of

 2 ]. Here, instead, as announced, we obtain Theorem 3 within the Kreı̆n–Višik–Birman–Grubb extension theory [ 11–14 ],
or which we refer to the general discussion in [ 42 ], chapter 2 in [ 43 ], chapter 13 in [ 40 ], and [ 44 ], and to the short summary
ast in Appendix A specifically for the case of deficiency indices (1,1). 
his is a constructive procedure that goes through the following sequence of steps: 

1. the identification of the operator closure 𝗁𝛼,𝑘 (Section 2.1 ); 
2. the characterization of the canonical deficiency subspace ker ( 𝗁∗ 

𝛼,𝑘 
− 𝑧) (Section 2.2 ); 

3. the identification of a distinguished self-adjoint extension, actually 𝗁( ∞) 
𝛼,𝑘 

, such that 𝗁( ∞) 
𝛼,𝑘 

− 𝑧 is invertible with

everywhere bounded inverse, and the characterization of the action of ( 𝗁( ∞) 
𝛼,𝑘 

− 𝑧)− 1 on ker ( 𝗁∗ 
𝛼,𝑘 

− 𝑧) (Section 2.3 ). 

nce the above data 𝗁𝛼,𝑘 , ker ( 𝗁∗ 𝛼,𝑘 − 𝑧) , and ( 𝗁( ∞) 
𝛼,𝑘 

− 𝑧)− 1 are available, a general construction (see Theorem A1 ) allows to
btain the whole family of self-adjoint extensions of 𝗁𝛼,𝑘 . 
e shall exploit this construction in Section 2.4 , after the necessary preparation developed in Sections 2.1–2.3 . 
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.1 Operator Closure and Deficiency Indices 

e start by characterizing 𝗁𝛼,𝑘 and computing its deficiency indices. The result is the following. 

roposition 1. 
i. For |𝛼 + 𝑘| ≠ 1 

2 
, 

 (𝗁𝛼,𝑘 ) = 𝐻1 
0 
( ℝ+ ; ℂ2 ) . (51)

In particular, for |𝛼 + 𝑘| ≠ 1 

2 
, any 𝜑 ∈  (𝗁𝛼,𝑘 ) is absolutely continuous and satisfies 

𝜑( 𝑟 )
𝑟↓0 
= 𝑜 ( 𝑟

1 
2 ) . (52)

ii. ( − 𝑚 𝑐2 , 𝑚 𝑐2 ) ⊂ 𝜌(𝗁𝛼,𝑘 ) . 

iii. The deficiency indices of 𝗁𝛼,𝑘 are (0,0) if |𝑘 + 𝛼| ⩾ 1 

2 
, and (1,1) otherwise. 

or the following manipulations, it is convenient to re-write 

𝗁𝛼,𝑘 = − i 𝑐
d 

d 𝑟 
⊗ 𝜎1 − 𝑐

𝛼 + 𝑘 

𝑟 
⊗ 𝜎2 + 𝑚𝑐2 𝟙 ⊗ 𝜎3 (53)

ith respect to the canonical Hilbert space isomorphism 

𝐿2 ( ℝ+ ; ℂ2 , d 𝑟) ≅ 𝐿2 ( ℝ+ ; ℂ , d 𝑟) ⊗ℂ2 . (54)

e shall also use the short-hand 

𝗁
( 𝑚= 0) 
𝛼,𝑘 

∶ = 𝗁𝛼,𝑘 − 𝑚𝑐2 𝟙 ⊗ 𝜎3 (55)

or the massless operator. 
n preparation for the proof of Proposition 1 , let us show that 𝗁𝛼,𝑘 is coercive (Lemma 1 ), that its graph norm 

‖𝗁𝛼,𝑘 𝑔‖2 𝗁𝛼,𝑘 ∶ = ‖𝗁𝛼,𝑘 𝑔‖2 𝐿2 ( ℝ+ ; ℂ2 ) 
+ ‖𝑔‖2 

𝐿2 ( ℝ+ ; ℂ2 ) 
(56)

s equivalent to the 𝐻1 -norm (Lemma 2 ), and that its deficiency indices are calculated with a limit-point limit-circle
rgument (Lemma 3 ). 

emma 1. For any 𝑔 ∈ 𝐶∞
0 
( ℝ+ ; ℂ2 ) , 

‖𝗁𝛼,𝑘 𝑔 ‖2 𝐿2 ( ℝ+ ; ℂ2 ) 
= ‖𝗁( 𝑚= 0) 

𝛼,𝑘 
𝑔 ‖2 
𝐿2 ( ℝ+ ; ℂ2 ) 

+ 𝑚2 𝑐4 ‖𝑔 ‖2 
𝐿2 ( ℝ+ ; ℂ2 ) 

. (57)

n particular, 

‖𝗁𝛼,𝑘 𝑔 ‖𝐿2 ( ℝ+ ; ℂ2 ) ⩾ 𝑚 𝑐2 ‖𝑔 ‖𝐿2 ( ℝ+ ; ℂ2 ) . (58)

roof. Using ( 53 ), 

⟨
𝗁𝛼,𝑘 𝑔, 𝗁𝛼,𝑘 𝑔

⟩
𝐿2 ( ℝ+ ; ℂ2 ) 

= ‖‖‖𝗁( 𝑚= 0) 
𝛼,𝑘 

𝑔
‖‖‖2 𝐿2 ( ℝ+ ; ℂ ) ⊗ℂ2 

+ 𝑚 𝑐2 
( ⟨ 

𝗁
( 𝑚= 0) 
𝛼,𝑘 

𝑔 , ( 𝟙 ⊗ 𝜎3 ) 𝑔
⟩ 

𝐿2 ( ℝ+ ; ℂ ) ⊗ℂ2 
+
⟨ 

( 𝟙 ⊗ 𝜎3 ) 𝑔 , 𝗁
( 𝑚= 0) 
𝛼,𝑘 

𝑔
⟩ 

𝐿2 ( ℝ+ ; ℂ ) ⊗ℂ2 

) 

+ 𝑚2 𝑐4 ‖𝑔 ‖2 
𝐿2 ( ℝ+ ; ℂ ) ⊗ℂ2 

. 
tudies in Applied Mathematics, 2026 13 of 44
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 articles are governed by the applicable C
rea
s a consequence of the standard anti-commutation relations 

𝜎𝑗 𝜎𝑘 + 𝜎𝑘 𝜎𝑗 = 2 𝛿𝑗,𝑘 

( 

1 0 

0 1 

) 

, 𝑗, 𝑘 ∈ {1 , 2 , 3} , 

he second summand in the right-hand side above vanishes. This establishes ( 57 ). □

emma 2. Let 𝑚 > 0 . For any 𝑔 ∈ 𝐶∞
0 
( ℝ+ ; ℂ2 ) and |𝛼 + 𝑘| ≠ 1 

2 
, 

‖𝑔 ‖𝗁𝛼,𝑘 ∼ ‖𝑔 ‖𝐻1 ( ℝ+ ; ℂ2 ) (59)

n the sense of equivalence of norms. 

roof. Owing to ( 56 ) and ( 58 ), ‖ ⋅ ‖𝗁𝛼,𝑘 ∼ ‖𝗁𝛼,𝑘 ⋅ ‖𝐿2 ( ℝ+ ; ℂ2 ) (equivalence of norms). Then it is sufficient to prove that
𝗁𝛼,𝑘 ⋅ ‖𝐿2 ( ℝ+ ; ℂ2 ) ∼ ‖ ⋅ ‖𝐻1 ( ℝ+ ; ℂ2 ) . 
sing ( 57 ) one finds 

‖𝗁𝛼,𝑘 𝑔‖2 𝐿2 ( ℝ+ ; ℂ2 ) 
= ‖𝗁( 𝑚= 0) 

𝛼,𝑘 
𝑔 ‖2 
𝐿2 ( ℝ+ ; ℂ2 ) 

+ 𝑚2 𝑐4 ‖𝑔 ‖2 
𝐿2 ( ℝ+ ; ℂ2 ) 

= 𝑐2 ‖𝑔′‖2 
𝐿2 ( ℝ+ ; ℂ2 ) 

+ 𝑐2 
‖‖‖‖𝛼 + 𝑘 

𝑟 
𝑔
‖‖‖‖
2 

𝐿2 ( ℝ+ ; ℂ2 ) 
+ 𝑚2 𝑐4 ‖𝑔‖2 

𝐿2 ( ℝ+ ; ℂ2 ) 

− 𝑐2 ( 𝛼 + 𝑘)

( ⟨ 

( 𝑟− 1 ⊗ 𝜎2 ) 𝑔,

( 

− i
d 

d 𝑟 
⊗ 𝜎1 

) 

𝑔

⟩ 

𝐿2 ( ℝ+ ; ℂ ) ⊗ℂ2 

+
⟨ ( 

− i
d 

d 𝑟 
⊗ 𝜎1 

) 

𝑔 ,
(
𝑟− 1 ⊗ 𝜎2 

)
𝑔

⟩ 

𝐿2 ( ℝ+ ; ℂ ) ⊗ℂ2 

) 

. 

oncerning the last term in the right-hand side above, the self-adjointness of the Pauli matrices, the identity 𝜎2 𝜎1 = − i 𝜎3 ,
nd integration by parts for compactly supported-in- ℝ+ 𝑔s , yield ⟨ (

𝑟− 1 ⊗ 𝜎2 
)
𝑔 ,

( 

− i
d 

d 𝑟 
⊗ 𝜎1 

) 

𝑔

⟩ 

𝐿2 ( ℝ+ ; ℂ ) ⊗ℂ2 
+
⟨ ( 

− i
d 

d 𝑟 
⊗ 𝜎1 

) 

𝑔 ,
(
𝑟− 1 ⊗ 𝜎2 

)
𝑔

⟩ 

𝐿2 ( ℝ+ ; ℂ ) ⊗ℂ2 

=
⟨ (
𝑟− 1 ⊗ 𝟙

)
𝑔 ,

( 

− i
d 

d 𝑟 
⊗ 𝜎2 𝜎1 

) 

𝑔

⟩ 

𝐿2 ( ℝ+ ; ℂ ) ⊗ℂ2 
+
⟨ ( 

− i
d 

d 𝑟 
⊗ 𝜎2 𝜎1 

) 

𝑔 ,
(
𝑟− 1 ⊗ 𝟙

)
𝑔

⟩ 

𝐿2 ( ℝ+ ; ℂ ) ⊗ℂ2 

=
⟨ (
𝑟− 1 ⊗ i 𝜎3 

)
𝑔 ,

( 

− i
d 

d 𝑟 
⊗ 𝟙

) 

𝑔

⟩ 

𝐿2 ( ℝ+ ; ℂ ) ⊗ℂ2 
+
⟨ ( 

− i
d 

d 𝑟 
⊗ 𝟙

) 

𝑔 ,
(
𝑟− 1 ⊗ i 𝜎3 

)
𝑔

⟩ 

𝐿2 ( ℝ+ ; ℂ ) ⊗ℂ2 

=
⟨ 

− i
d 

d 𝑟 

(
𝑟− 1 ⊗ i 𝜎3 

)
𝑔 , 𝑔

⟩ 

𝐿2 ( ℝ+ ; ℂ ) ⊗ℂ2 
−
⟨ (
𝑟− 1 ⊗ i 𝜎3 

)( 

− i
d 

d 𝑟 
⊗ 𝟙

) 

𝑔 , 𝑔

⟩ 

𝐿2 ( ℝ+ ; ℂ ) ⊗ℂ2 

= −
⟨
( 𝑟− 2 ⊗ 𝜎3 ) 𝑔 , 𝑔

⟩
𝐿2 ( ℝ+ ; ℂ ) ⊗ℂ2 

, 

hence 

‖𝗁𝛼,𝑘 𝑔‖2 𝐿2 ( ℝ+ ; ℂ2 ) 
= 𝑐2 ‖𝑔′‖2 

𝐿2 ( ℝ+ ; ℂ2 ) 
+ 𝑐2 

‖‖‖‖𝛼 + 𝑘 

𝑟 
𝑔
‖‖‖‖
2 

𝐿2 ( ℝ+ ; ℂ2 ) 
+ 𝑚2 𝑐4 ‖𝑔‖2 

𝐿2 ( ℝ+ ; ℂ2 ) 

+ 𝑐2 ( 𝛼 + 𝑘)
⟨
( 𝑟− 1 ⊗ 𝜎3 ) 𝑔, ( 𝑟

− 1 ⊗ 𝟙 ) 𝑔
⟩
𝐿2 ( ℝ+ ; ℂ2 ) 

. 
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reati
hen, using Hardy’s inequality (see, e.g., lemma on p. 169 of [ 24 ]) ‖𝑟− 1 𝑔 ‖𝐿2 ( ℝ+ ; ℂ ) ⩽ 2 ‖𝑔′‖𝐿2 ( ℝ+ ; ℂ ) and the Cauchy–
chwarz inequality, 

‖𝗁𝛼,𝑘 𝑔‖2 𝐿2 ( ℝ+ ; ℂ2 ) 
⩽ 𝑐2 (4( 𝛼 + 𝑘)2 + 4 |𝛼 + 𝑘| + 1) ‖𝑔′‖2 

𝐿2 ( ℝ+ ; ℂ2 ) 
+ 𝑚2 𝑐4 ‖𝑔‖2 

𝐿2 ( ℝ+ ; ℂ2 ) 

≲ ‖𝑔‖2 
𝐻1 ( ℝ+ ; ℂ2 ) 

. 

o establish the converse bound, the Cauchy–Schwarz inequality yields |||( 𝛼 + 𝑘)
⟨
( 𝑟− 1 ⊗ 𝜎3 ) 𝑔, ( 𝑟

− 1 ⊗ 𝟙 ) 𝑔
⟩
𝐿2 ( ℝ+ ; ℂ2 ) 

||| ⩽ |𝛼 + 𝑘|‖𝑟− 1 𝑔‖2 
𝐿2 ( ℝ+ ; ℂ2 ) 

, 

hence 

‖𝗁𝛼,𝑘 𝑔 ‖2 𝐿2 ( ℝ+ ; ℂ2 ) 
⩾ 𝑐2 ‖𝑔′‖2 

𝐿2 ( ℝ+ ; ℂ2 ) 
+ 𝑐2 |𝛼 + 𝑘|( |𝛼 + 𝑘| − 1) ‖𝑟− 1 𝑔‖2 

𝐿2 ( ℝ+ ; ℂ2 ) 
+ 𝑚2 𝑐4 ‖𝑔‖2 

𝐿2 ( ℝ+ ; ℂ2 ) 
. 

ne then checks two cases separately. If |𝛼 + 𝑘| ⩾ 1 or 𝛼 + 𝑘 = 0 , then the second summand in the right-hand side above
s non-negative, and therefore 

‖𝗁𝛼,𝑘 𝑔 ‖2 𝐿2 ( ℝ+ ; ℂ2 ) 
⩾ 𝑐2 ‖𝑔′‖2 

𝐿2 ( ℝ+ ; ℂ2 ) 
+ 𝑚2 𝑐4 ‖𝑔 ‖2 

𝐿2 ( ℝ+ ; ℂ2 ) 
∼ ‖𝑔 ‖2 

𝐻1 ( ℝ+ ; ℂ2 ) 
. 

f instead 0 < |𝛼 + 𝑘| < 1 and |𝛼 + 𝑘| ≠ 1 

2 
, then by Hardy’s inequality 

‖𝗁𝛼,𝑘 𝑔‖2 𝐿2 ( ℝ+ ; ℂ2 ) 
⩾ 𝑐2 (1 − 2 |𝛼 + 𝑘|)2 ‖𝑔′‖2 

𝐿2 ( ℝ+ ; ℂ2 ) 
+ 𝑚2 𝑐4 ‖𝑔‖2 

𝐿2 ( ℝ+ ; ℂ2 ) 
∼ ‖𝑔‖2 

𝐻1 ( ℝ+ ; ℂ2 ) 
. 

n either case, 

‖𝗁𝛼,𝑘 𝑔 ‖2 𝐿2 ( ℝ+ ; ℂ2 ) 
≳ ‖𝑔 ‖2 

𝐻1 ( ℝ+ ; ℂ2 ) 
. 

he norm equivalence ‖ ⋅ ‖𝗁𝛼,𝑘 ∼ ‖𝗁𝛼,𝑘 ⋅ ‖𝐿2 ( ℝ+ ; ℂ2 ) ∼ ‖ ⋅ ‖𝐻1 ( ℝ+ ; ℂ2 ) is thus established. □

emma 3. The operator 𝗁𝛼,𝑘 is 

i. in the limit point case at 𝑟 = +∞ for any 𝑘 ∈ ℤ and 𝛼 ∈ ( − 1 
2 
,
1 

2 
) , 

ii. in the limit point case at 𝑟 = 0 if |𝑘 + 𝛼| ⩾ 1 

2 
, 

iii. in the limit-circle case at 𝑟 = 0 if |𝑘 + 𝛼| < 1 

2 
. 

roof. These are classical facts concerning the square-integrability at the considered edge (zero or infinity) of all the
olutions to 

⎛ ⎜ ⎜ ⎝ 
𝑚𝑐2 i 𝑐

(
− d 

d 𝑟 
+ 𝛼+ 𝑘 

𝑟 

)
− i 𝑐

(
d 

d 𝑟 
+ 𝛼+ 𝑘 

𝑟 

)
− 𝑚𝑐2 

⎞ ⎟ ⎟ ⎠ 𝜓 = ± i 𝜓 

limit-circle case), or lack of thereof for a unique solution, up to multiplicative constant (limit-point case). Parts (i) and
ii) are discussed, for example, in Corollary to Theorem 6.8 and Theorem 6.9 in [ 45 ], respectively. Then part (iii) follows
rom Theorem 6.9 in [ 45 ] and Weyl’s alternative, Theorem 5.6 [ 45 ]. □

roof of Proposition 1. One has 

 (𝗁𝛼,𝑘 ) =  ( 𝗁𝛼,𝑘 ) 
‖⋅‖𝗁𝛼,𝑘 = 𝐶∞

0 
( ℝ+ ; ℂ2 ) 

‖⋅‖𝗁𝛼,𝑘 = 𝐶∞
0 
( ℝ+ ; ℂ2 ) 

‖⋅‖
𝐻1 ( ℝ+ ; ℂ2 ) 

= 𝐻1 
0 
( ℝ+ ; ℂ2 ) , 
tudies in Applied Mathematics, 2026 15 of 44
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rea
he third equality following from Lemma 2 under the constraint |𝛼 + 𝑘| ≠ 1 

2 
. 

he asymptotics ( 52 ) then follows from 

‖𝜓( 𝑟) ‖ℂ2 = ‖‖‖‖‖∫
𝑟 

0 

𝜓′( 𝜌) d 𝜌
‖‖‖‖‖ℂ2 ⩽ ∫

𝑟 

0 

‖𝜓′( 𝜌) ‖ℂ2 d 𝜌 ⩽ 𝑟
1 
2 ‖𝜓′‖𝐿2 ((0 ,𝑟); ℂ2 ) = 𝑟

1 
2 𝑜(1) = 𝑜( 𝑟

1 
2 ) . 

oncerning part (ii), ( 58 ) from Lemma 1 implies that for 𝜆 ∈ ( − 𝑚 𝑐2 , 𝑚 𝑐2 ) the operator 𝗁𝛼, 0 − 𝜆 is invertible on its range
nd with bounded inverse, with bound 

‖( 𝗁𝛼, 0 − 𝜆𝟙 )− 1 ‖𝐿2 ( ℝ+ ; ℂ2 ) →𝐿2 ( ℝ+ ; ℂ2 ) ⩽
1 

𝑚 𝑐2 − |𝜆| . 
ince ( 𝗁𝛼, 0 − 𝜆𝟙 )− 1 = (𝗁𝛼, 0 − 𝜆)− 1 by Theorem 1.8(v) in [ 46 ], then also 

‖(𝗁𝛼, 0 − 𝜆𝟙 )− 1 ‖𝐿2 ( ℝ+ ; ℂ2 ) →𝐿2 ( ℝ+ ; ℂ2 ) ⩽
1 

𝑚 𝑐2 − |𝜆| , 
hich proves that ( − 𝑚 𝑐2 , 𝑚 𝑐2 ) ⊂ 𝜌(𝗁𝛼,𝑘 ) . 
ast, part (iii) follows from Lemma 3 in view of the standard relations between deficiency indices and limit-point/limit-
ircle cases (see, e.g., Theorem 5.7 in [ 45 ]). □

.2 Characterization of 𝐤𝐞𝐫 ( 𝗵∗ 
𝜶, 𝟎 

− 𝒎𝒄𝟐 + 𝝀) 

he self-adjoint extension problem of 𝗁𝛼,𝑘 is non-trivial only for 𝑘 = 0 . This follows at once from Proposition 1 (iii) or,
lternatively, can be deduced from the fact that ( − 𝑚 𝑐2 , 𝑚 𝑐2 ) is contained in the resolvent set of 𝗁𝛼, 0 (Proposition 1 (ii)),
ecause then for any 𝑧 ∈ ( − 𝑚 𝑐2 , 𝑚 𝑐2 ) there exists a self-adjoint extension of 𝗁𝛼, 0 with 𝑧 in its resolvent set (see,
.g., Theorem 2 in [ 47 ]). 
o, 𝗁𝛼, 0 − 𝑧 admits for 𝑧 ∈ ( − 𝑚𝑐2 , 𝑚𝑐2 ) non-trivial self-adjoint extensions with everywhere defined and bounded inverse.
s a consequence, for any 𝜆 ∈ (0 , 2 𝑚𝑐2 ) the operator 𝗁𝛼, 0 − 𝑚𝑐2 + 𝜆 admits non-trivial self-adjoint extensions, and
recisely ∞1 extensions, since the deficiency indices of 𝗁𝛼, 0 − 𝑚𝑐2 + 𝜆 and 𝗁𝛼, 0 are the same and are equal to (1,1)
Proposition 1 (iii)). 
his is also equivalent to the fact that the deficiency subspace ker ( 𝗁∗ 

𝛼, 0 
− 𝑚𝑐2 + 𝜆) is one-dimensional . Here we characterize

uch subspace in the following proposition. 

roposition 2. Let 𝜆 ∈ (0 , 2 𝑚𝑐2 ) . Then 

ker 
(
𝗁∗ 
𝛼, 0 

− 𝑚𝑐2 + 𝜆
)
= span ℂ 

{ 

Φ
( 𝐷) 
𝛼,𝜆,𝑐 

} 

. (60)

roposition 2 follows from standard ODE analysis and the following asymptotics for the special functions Φ( 𝐷) 
𝛼,𝜆,𝑐 

and 𝐹( 𝐷) 
𝛼,𝜆,𝑐 

ntroduced in ( 41 )-( 42 ). 

emma 4. Let 𝜆 ∈ (0 , 2 𝑚𝑐2 ) . Then Φ( 𝐷) 
𝛼,𝜆,𝑐 

and 𝐹( 𝐷) 
𝛼,𝜆,𝑐 

are smooth on ℝ+ with asymptotic expansions 

Φ
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟) 
( 𝑟→+∞) 

= 

( 

− i 

1 

) 

𝑒− 𝑟 𝜇𝑐,𝜆

√
𝜆(1 + 𝑂( 𝑟

− 1 
2 )) , (61)

𝐹
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟) 
( 𝑟→+∞) 

= 

( 

i 

1 

) 

𝑒𝑟 𝜇𝑐,𝜆
√
𝜆(1 + 𝑂( 𝑟

− 1 
2 )) , (62)

nd 
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 articles are governed by the applicable C
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Φ
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟) 
( 𝑟↓0) 
= 

( 

1 

0 

) 

𝐴𝛼,𝜆,𝑐 𝑟
− 𝛼 +

( 

0 

1 

) 

𝐵𝛼,𝜆,𝑐 𝑟
𝛼 + 𝑂( 𝑟1 − |𝛼|) , (63)

𝐹
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟) 
( 𝑟↓0) 
= 

( 

0 

1 

) 

𝐶𝛼,𝜆,𝑐 𝑟
𝛼 + 𝑂( 𝑟2 + 𝛼) , (64)

here 

𝐴𝛼,𝜆,𝑐 = −
i 2
𝛼− 1 
2 𝑐 𝜇𝑐,𝜆( 𝜇𝑐,𝜆

√
𝜆)

− 1 
2 
− 𝛼
Γ
(
1 

2 
+ 𝛼

)
√
𝜆

, (65)

𝐵𝛼,𝜆,𝑐 = 2
− 1 
2 
− 𝛼
( 𝜇𝑐,𝜆

√
𝜆)
𝛼− 1 
2 Γ

( 

1 

2 
− 𝛼

) 

, (66)

𝐶𝛼,𝜆,𝑐 =
2
1 
2 
− 𝛼
( 𝜇𝑐,𝜆

√
𝜆)

− 1 
2 
+ 𝛼

Γ
(
1 

2 
+ 𝛼

) . (67)

oreover, 

‖‖‖Φ( 𝐷) 𝛼,𝜆,𝑐 
‖‖‖2 𝐿2 ( ℝ+ ; ℂ2 ) 

= 𝜋(1 + 2 𝛼) 

4 𝜆2 cos ( 𝜋𝛼) 
𝑐2 + 𝜋(1 − 2 𝛼) 

4 𝜆𝜇2 
𝑐 ,𝜆
cos ( 𝜋𝛼) 

. (68)

roof. All straightforward computations directly follow from the definition of Φ( 𝐷) 
𝛼,𝜆,𝑐 

and 𝐹( 𝐷) 
𝛼,𝜆,𝑐 

in terms of the Bessel
unctions of second kind 𝐾𝜈 and 𝐼𝜈 (see ( 41 )–( 42 ) above), and from the asymptotic expansions of the latter special functions,
pecifically eqs. (9.7.1) and (9.7.2) in [ 41 ] for 𝑟 → +∞ and eqs. (9.6.2) and (9.6.10) in the same book for 𝑟 ↓ 0 . □

roof of Proposition 2. By general facts (see, e.g., section 4.1 of [ 40 ]), 𝗁∗ 
𝛼, 0 

has the same differential action as 𝗁𝛼, 0 and
herefore the eigenvalue problem (

𝗁∗ 
𝛼, 0 

− 𝑚𝑐2 + 𝜆
)
𝑢 = 0 , 𝑢 ∈ (

𝗁∗ 
𝛼, 0 

)
⊂ 𝐿2 ( ℝ+ ; ℂ2 , d 𝑟) , (i)

s solved by selecting the square-integrable solutions to the differential problem 

⎛ ⎜ ⎜ ⎝ 
𝜆 − i 𝑐

(
d 

d 𝑟 
− 𝛼

𝑟 

)
− i 𝑐

(
d 

d 𝑟 
+ 𝛼

𝑟 

)
− 2 𝑚𝑐2 + 𝜆

⎞ ⎟ ⎟ ⎠ 𝑢 = 0 . (ii)

enote for convenience 

𝑢 ≡
( 

𝑢+ 

𝑢− 

) 

∈ 𝐿2 ( ℝ+ ; ℂ , d 𝑟) ⊕ 𝐿2 ( ℝ+ ; ℂ , d 𝑟) , 

hen ( ii ) reads 

⎧ ⎪ ⎨ ⎪ ⎩ 

𝑢+ 

= i 𝑐 

𝜆
𝑢′− 

− i 𝑐 

𝜆

𝛼

𝑟 
𝑢− 

, 

− i 𝑐𝑢′+ 

− i 𝑐𝛼

𝑟 
𝑢+ 

− 2 𝑚𝑐2 𝑢− 

+ 𝜆𝑢− 

= 0 . 
(iii)

y substitution of 𝑢+ 

, 

𝑟2 𝑢′′− 

( 𝑟) +
( ( 

𝜆2 

𝑐2 
− 2 𝑚 𝜆

) 

𝑟2 + 𝑐2 ( 𝛼 − 𝛼2 )

) 

𝑢− 

( 𝑟) = 0 . (iv)
tudies in Applied Mathematics, 2026 17 of 44
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 articles are governed by the applicable C
rea
he change of variable 

𝜉 ∶ = 𝑟 𝜇𝑐,𝜆
√
𝜆, 𝑢− 

( 𝑟) ≡ √
𝑟 𝑣( 𝑟 𝜇𝑐,𝜆

√
𝜆) 

ields 

𝜉2 
d2 𝑣 

d 𝜉2 
+ 𝜉

d 𝑣 

d 𝜉
−

( ( 

1 

2 
− 𝛼

) 2 

+ 𝜉2 

) 

𝑣 = 0 , 

 modified Bessel equation (see eq. (9.6.1) in [ 41 ]) whose two-dimensional space of solutions is spanned by the modified
essel functions 𝐼

𝛼− 1 
2 

( 𝜉) and 𝐾
𝛼− 1 
2 

( 𝜉) (see eqs. (9.6.10) and (9.6.2) in [ 41 ]). Then the two-dimensional space of solutions

o ( iv ) is spanned by √
𝑟 𝐾
𝛼− 1 
2 

( 𝑟 𝜇𝑐,𝜆
√
𝜆) and 

√
𝑟 𝐼
𝛼− 1 
2 

( 𝑟 𝜇𝑐,𝜆
√
𝜆) . 

he choice 𝑢− 

( 𝑟) =
√
𝑟 𝐼
𝛼− 1 
2 

( 𝑟 𝜇𝑐,𝜆
√
𝜆) yields, through the first of ( iii ), 

𝑢+ 

( 𝑟 ) =
i 𝑐 𝜇𝑐,𝜆√
𝜆

√
𝑟 
⎛ ⎜ ⎜ ⎝ 𝐼′𝛼− 1 2 ( 𝑟 𝜇𝑐,𝜆

√
𝜆) +

1 

2 
− 𝛼

𝑟 𝜇𝑐,𝜆
√
𝜆
𝐼
𝛼− 1 
2 

( 𝑟 𝜇𝑐,𝜆
√
𝜆)
⎞ ⎟ ⎟ ⎠ . 

y means of the recurrence relations (see eq. (9.6.26)-(iv) in [ 41 ]) 

𝐼′𝜈( 𝑧) −
𝜈

𝑧 
𝐼𝜈( 𝑧) = 𝐼𝜈+ 1 ( 𝑧) , 

he latter expression for 𝑢+ 

is re-written as 

𝑢+ 

( 𝑟 ) =
i 𝑐 𝜇𝑐,𝜆√
𝜆

√
𝑟 𝐼
𝛼+ 1 
2 

( 𝑟 𝜇𝑐,𝜆
√
𝜆) . 

y comparison to ( 42 ), the above argument shows that 𝐹( 𝐷) 
𝛼,𝜆,𝑐 

is a solution to ( ii ). 

he alternative choice 𝑢− 

( 𝑟) =
√
𝑟 𝐾
𝛼− 1 
2 

( 𝑟 𝜇𝑐,𝜆
√
𝜆) can be discussed in a completely analogous manner, using now the

ecurrence relations (see eq. (9.6.26)-(iv) in [ 41 ]) 

𝐾𝜈+ 1 ( 𝑧 ) =
𝜈

𝑧 
𝐾𝜈( 𝑧 ) − 𝐾′𝜈( 𝑧) . 

his way, one proves that also Φ( 𝐷) 
𝛼,𝜆,𝑐 

is a solution to ( ii ). 

he linear independence between Φ
( 𝐷) 
𝛼,𝜆,𝑐 

and 𝐹( 𝐷) 
𝛼,𝜆,𝑐 

is obvious. This completes the characterization of the space of solutions
o ( ii ). 

wing to Lemma 4 , only Φ( 𝐷) 
𝛼,𝜆,𝑐 

∈ 𝐿2 ( ℝ+ ; ℂ2 , d 𝑟) , which finally proves that the solutions to the eigenvalue problem ( i ) are

he multiples of Φ( 𝐷) 
𝛼,𝜆,𝑐 

. □

emark 8. Observe from ( 68 ) of Lemma 4 that 

lim 

𝛼→± 1 
2 

‖Φ( 𝐷) 
𝛼,𝜆,𝑐 

‖𝐿2 ( ℝ+ ; ℂ2 ) = +∞. 

his is consistent with Propositions 1 and 2 above: indeed, when 𝛼 = ± 1 
2 
the deficiency indices of 𝗁𝛼, 0 are (0,0)

Proposition 1 (iii)), meaning that ker ( 𝗁∗ 
𝛼, 0 

− 𝑚𝑐2 + 𝜆) is trivial. 
8 of 44 Studies in Applied Mathematics, 2026
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rea
.3 Distinguished Self-Adjoint Extension 

he next step of our analysis is to identify a distinguished self-adjoint extension of 𝗁𝛼, 0 , temporarily denoted by 𝗁
( 𝐷)
𝛼, 0 

eventually, 𝗁( ∞) 
𝛼, 0 

), such that 𝗁( 𝐷) 
𝛼, 0 

− 𝑚𝑐2 + 𝜆 has everywhere defined and bounded inverse. 

roposition 3. Let 𝛼 ∈ ( − 1 
2 
,
1 

2 
) and 𝜆 ∈ (0 , 2 𝑚𝑐2 ) . Let 𝑅

𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

be the integral operator acting on ℝ+ → ℂ2 functions with

he integral kernel 𝐺( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟, 𝜌) defined in ( 48 ). 

i. 𝑅
𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

is everywhere defined, bounded, and self-adjoint in 𝐿2 ( ℝ+ ; ℂ2 , d 𝑟) . 

ii. 𝑅
𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

is invertible on its range and the operator 

𝗁
( 𝐷) 
𝛼, 0 

∶ = ( 𝑅
𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

)− 1 + 𝑚𝑐2 − 𝜆 (69)

is a self-adjoint extension of 𝗁𝛼, 0 such that 𝗁
( 𝐷) 
𝛼, 0 

− 𝑚𝑐2 + 𝜆 has everywhere defined and bounded inverse. 

iii. The operator ( 𝗁( 𝐷) 
𝛼, 0 

− 𝑚𝑐2 + 𝜆)− 1 is an everywhere defined and bounded integral operator in 𝐿2 ( ℝ+ ; ℂ2 , d 𝑟) with integral

kernel 𝐺( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟, 𝜌) . As a consequence, the resolvent set 𝜌( 𝗁( 𝐷) 
𝛼, 0 

− 𝑚𝑐2 ) includes the open interval ( − 2 𝑚𝑐2 , 0) . 
iv. Let 

Ψ
( 𝐷) 
𝛼,𝜆,𝑐 

∶ = 𝑅
𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

Φ
( 𝐷) 
𝛼,𝜆,𝑐 

=
(
𝗁
( 𝐷) 
𝛼, 0 

− 𝑚𝑐2 + 𝜆
)− 1 

Φ
( 𝐷) 
𝛼,𝜆,𝑐 

. (70)

Then Ψ( 𝐷) 
𝛼,𝜆,𝑐 

∈ 𝐶∞( ℝ+ ; ℂ2 ) and 

Ψ
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟 )
( 𝑟↓0) 
= − 𝜆

𝑐2 
𝐶𝛼,𝜆,𝑐 ‖Φ( 𝐷) 𝛼,𝜆,𝑐 

‖2 
𝐿2 ( ℝ+ ; ℂ2 ) 

( 

0 

1 

) 

𝑟𝛼 + 𝑜 ( 𝑟
1 
2 ) , (71)

where the constant 𝐶𝛼,𝜆,𝑐 is defined in ( 67 ). 

or the proof of Proposition 3 we need the results contained in Lemmas 5 –7 below. 

emma 5. Let 𝛼 ∈ ( − 1 
2 
,
1 

2 
) and 𝜆 ∈ (0 , 2 𝑚𝑐2 ) . The maximally defined integral operator 𝑅

𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

acting on ℝ+ →

2 functions with the integral kernel 𝐺( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟, 𝜌) defined in ( 48 ) is everywhere defined, bounded, and self-adjoint in
2 ( ℝ+ ; ℂ2 , d 𝑟) . 

roof. From 

𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟, 𝜌) = − 𝜆

𝑐2 

( 

Φ
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟) ⊗ℂ2 𝜎3 𝐹
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝜌) 𝟏(0 ,𝑟) ( 𝜌) + 𝐹
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟) ⊗ℂ2 𝜎3 Φ
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝜌) 𝟏( 𝑟, +∞) ( 𝜌)

) 

, 
tudies in Applied Mathematics, 2026 19 of 44
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ne sees that 𝑅
𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

splits into the sum of four integral operators with kernels given by 

𝐺++ ( 𝑟, 𝜌) ∶ = 𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟 , 𝜌) 𝟏(1 , +∞) ( 𝑟 ) 𝟏(1 , +∞) ( 𝜌) , 

𝐺+− ( 𝑟, 𝜌) ∶ = 𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟 , 𝜌) 𝟏(1 , +∞) ( 𝑟 ) 𝟏(0 , 1) ( 𝜌) , 

𝐺−+ ( 𝑟, 𝜌) ∶ = 𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟 , 𝜌) 𝟏(0 , 1) ( 𝑟 ) 𝟏(1 , +∞) ( 𝜌) , 

𝐺− ( 𝑟, 𝜌) ∶ = 𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟 , 𝜌) 𝟏(0 , 1) ( 𝑟 ) 𝟏(0 , 1) ( 𝜌) . 

e estimate each 𝐺𝐿𝑀 ( 𝑟, 𝜌) , 𝐿, 𝑀 ∈ { + , − } , by means of the large- and short-distance asymptotics ( 61 )–( 62 ) and ( 63 )–( 64 )
or Φ( 𝐷) 

𝛼,𝜆,𝑐 
and 𝐹( 𝐷) 

𝛼,𝜆,𝑐 
. For instance, 

‖𝐺+− ( 𝑟, 𝜌) ‖M2 ( ℂ ) ≲
‖‖‖Φ( 𝐷) 𝛼,𝜆,𝑐 

( 𝑟)
‖‖‖M2 ( ℂ ) 

‖‖‖𝐹( 𝐷) 𝛼,𝜆,𝑐 
( 𝜌)

‖‖‖M2 ( ℂ ) 
𝟏(1 , +∞) ( 𝑟) 𝟏(0 , 1) ( 𝜌) 

≲ 𝑒− 𝑟 𝜇𝑐,𝜆

√
𝜆 𝜌𝛼 𝟏(1 , +∞) ( 𝑟) 𝟏(0 , 1) ( 𝜌) . 

he net result is 

‖𝐺++ ( 𝑟, 𝜌) ‖M2 ( ℂ ) ≲ 𝑒− |𝑟 − 𝜌|𝜇𝑐 ,𝜆√𝜆 𝟏(1 , +∞) ( 𝑟) 𝟏(1 , +∞) ( 𝜌) , 
‖𝐺+− ( 𝑟, 𝜌) ‖M2 ( ℂ ) ≲ 𝜌𝛼𝑒− 𝑟 𝜇𝑐,𝜆

√
𝜆 𝟏(1 , +∞) ( 𝑟) 𝟏(0 , 1) ( 𝜌) , 

‖𝐺−+ ( 𝑟, 𝜌) ‖M2 ( ℂ ) ≲ 𝑟𝛼𝑒− 𝜌 𝜇𝑐,𝜆

√
𝜆 𝟏(0 , 1) ( 𝑟) 𝟏(1 , +∞) ( 𝜌) , 

‖𝐺− ( 𝑟, 𝜌) ‖M2 ( ℂ ) ≲ ( 𝑟 𝜌)− |𝛼|𝟏(0 , 1) ( 𝑟 ) 𝟏(0 , 1) ( 𝜌) , 

(*)

here ‖ ⋅ ‖M2 ( ℂ ) denotes the matrix norm, with respect to the representation 

𝐺𝐿𝑀 ( 𝑟, 𝜌) =

( 

𝐺𝐿𝑀 

11 
( 𝑟, 𝜌) 𝐺𝐿𝑀 

12 
( 𝑟, 𝜌) 

𝐺𝐿𝑀 

21 
( 𝑟, 𝜌) 𝐺𝐿𝑀 

22 
( 𝑟, 𝜌) 

) 

, 

𝐿2 ( ℝ+ ; ℂ2 , d 𝑟) ≅ 𝐿2 ( ℝ+ ; ℂ , d 𝑟) ⊕ 𝐿2 ( ℝ+ ; ℂ , d 𝑟) . 

he last three estimates in ( * ) show that the kernels 𝐺+− ( 𝑟, 𝜌) , 𝐺−+ ( 𝑟, 𝜌) , and 𝐺− ( 𝑟, 𝜌) are in 𝐿2 ( ℝ+ ×ℝ+ , d 𝑟d 𝜌) ⊗M 2 ( ℂ )

nd therefore the corresponding integral operators are Hilbert–Schmidt operators, hence bounded, on 𝐿2 ( ℝ+ ; ℂ2 , d 𝑟) . The
irst estimate in ( * ) allows to conclude, by an obvious Schur test, that also the integral operator with kernel 𝐺++ ( 𝑟, 𝜌) is
ounded on 𝐿2 ( ℝ+ ; ℂ2 , d 𝑟) . This proves the overall boundedness of 𝑅

𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

. 

he self-adjointness of 𝑅
𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

is clear from ( 48 ): The adjoint ( 𝑅
𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

)∗ of 𝑅
𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

has kernel 𝐺( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟, 𝜌) 

𝑇 

, where 𝑇 denotes

atrix transposition. Since 𝐾
𝛼+ 1 
2 

and 𝐼
𝛼+ 1 
2 

in the definition ( 41 )–( 42 ) of Φ( 𝐷) 
𝛼,𝜆,𝑐 

and 𝐹( 𝐷) 
𝛼,𝜆,𝑐 

are real-valued functions, then

y direct inspection one sees that 𝐺( 𝐷) 
𝛼,𝜆,𝑐 

( 𝜌, 𝑟) 

𝑇 

= 𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟, 𝜌) , thus showing that ( 𝑅
𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

)∗ = 𝑅
𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

. □

emma 6. Let 𝛼 ∈ ( − 1 
2 
,
1 

2 
) and 𝜆 ∈ (0 , 2 𝑚𝑐2 ) . The operator 𝑅

𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

satisfies 

⎛ ⎜ ⎜ ⎝ 
𝜆 − i 𝑐

(
d 

d 𝑟 
− 𝛼

𝑟 

)
− i 𝑐

(
d 

d 𝑟 
+ 𝛼

𝑟 

)
− 2 𝑚𝑐2 + 𝜆

⎞ ⎟ ⎟ ⎠ 𝑅𝐺( 𝐷) 𝛼,𝜆,𝑐 

𝑔 = 𝑔 ∀𝑔 ∈ 𝐿2 ( ℝ+ ; ℂ2 , d 𝑟) . (72)
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 articles are governed by the applicable C
rea
roof. Consider the inhomogeneous differential problem 

⎛ ⎜ ⎜ ⎝ 
𝜆 − i 𝑐

(
d 

d 𝑟 
− 𝛼

𝑟 

)
− i 𝑐

(
d 

d 𝑟 
+ 𝛼

𝑟 

)
− 2 𝑚𝑐2 + 𝜆

⎞ ⎟ ⎟ ⎠ 𝑢 = 𝑔 (i)

n the unknown 𝑢 for given 𝑔, and the associated homogeneous problem 

⎛ ⎜ ⎜ ⎝ 
𝜆 − i 𝑐

(
d 

d 𝑟 
− 𝛼

𝑟 

)
− i 𝑐

(
d 

d 𝑟 
+ 𝛼

𝑟 

)
− 2 𝑚𝑐2 + 𝜆

⎞ ⎟ ⎟ ⎠ 𝑢 = 0 . (ii)

n the proof of Proposition 2 it was established that the solutions to ( ii ) form the two-dimensional subspace 

span ℂ 

{ 

Φ
( 𝐷) 
𝛼,𝜆,𝑐 

, 𝐹
( 𝐷) 
𝛼,𝜆,𝑐 

} 

. 

oreover, Liouville’s theorem prescribes that the Wronskian of any pair of solutions to ( ii ) is constant in 𝑟: The Wronskian
an therefore computed as 

𝑊
( 𝐷) 
𝛼,𝜆,𝑐 

∶ = 𝑊
(
𝐹
( 𝐷) 
𝛼,𝜆,𝑐 

, Φ
( 𝐷) 
𝛼,𝜆,𝑐 

)
∶ = det 

(
𝐹
( 𝐷) 
𝛼,𝜆,𝑐 

|Φ( 𝐷) 
𝛼,𝜆,𝑐 

)
= i 𝑐 

𝜆
, 

aving used the asymptotics ( 63 )–( 64 ) for the explicit computation in the last identity (here ( 𝐹( 𝐷) 
𝛼,𝜆,𝑐 

|Φ( 𝐷) 
𝛼,𝜆,𝑐 

) denotes the

atrix with columns 𝐹( 𝐷) 
𝛼,𝜆,𝑐 

and Φ( 𝐷) 
𝛼,𝜆,𝑐 

). Now, a standard application of the method of variation of constants (see section 2.4
f [ 48 ]) implies that there is a particular solution 𝑢part to ( i ) given by 

𝑢part ( 𝑟) = ∫
𝑟 

0 

𝐺( 𝑟, 𝜌) 𝑔( 𝜌) d 𝜌, 

here 

𝐺( 𝑟, 𝜌) ∶ =

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 

− i 

𝑐 𝑊
( 𝐷) 
𝛼,𝜆,𝑐 

Φ
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟) ⊗ℂ2 𝐹
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝜌) if 0 < 𝜌 < 𝑟, 

− i 

𝑐 𝑊
( 𝐷) 
𝛼,𝜆,𝑐 

𝐹
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟) ⊗ℂ2 Φ
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝜌) if 0 < 𝑟 < 𝜌. 

lugging in the explicit value of 𝑊( 𝐷) 
𝛼,𝜆,𝑐 

above, one recognizes that the above integral kernel is precisely the integral kernel
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟, 𝜌) defined in ( 48 ). Therefore, 

𝑢part = 𝑅
𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

𝑔, 

nd ( 72 ) is proved. □

emma 7. For every 𝑔 ∈ 𝐿2 ( ℝ+ ; ℂ2 ) one has 

( 𝑅
𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

𝑔 )( 𝑟)
( 𝑟 ↓0) 
= − 𝜆

𝑐2 
𝐶𝛼,𝜆,𝑐 ⟨Φ( 𝐷) 𝛼,𝜆,𝑐 

, 𝑔⟩𝐿2 ( ℝ+ ; ℂ2 ) 

( 

0 

1 

) 

𝑟𝛼 + 𝑜( 𝑟
1 
2 ) (73)

ith 𝐶𝛼,𝜆,𝑐 defined in ( 67 ) above. 
tudies in Applied Mathematics, 2026 21 of 44
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 articles are governed by the applicable C
rea
roof. From ( 48 ) we compute 

𝑐2 

𝜆
( 𝑅
𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

𝑔)( 𝑟) = − 𝐹
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟) ⟨Φ( 𝐷) 
𝛼,𝜆,𝑐 

, 𝑔 ⟩𝐿2 (( 𝑟 , +∞); ℂ2 ) − Φ
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟) ⟨𝐹( 𝐷) 
𝛼,𝜆,𝑐 

, 𝑔 ⟩𝐿2 ((0 ,𝑟 ); ℂ2 ) 
= − 𝐹

( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟) ⟨Φ( 𝐷) 
𝛼,𝜆,𝑐 

, 𝑔⟩𝐿2 ( ℝ+ ; ℂ2 ) − Φ
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟) ⟨𝐹( 𝐷) 
𝛼,𝜆,𝑐 

, 𝑔 ⟩𝐿2 ((0 ,𝑟 ); ℂ2 ) + 𝐹
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟) ⟨Φ( 𝐷) 
𝛼,𝜆,𝑐 

, 𝑔 ⟩𝐿2 ((0 ,𝑟 ); ℂ2 ) . 
y means of the asymptotics ( 64 ) for 𝐹( 𝐷) 

𝛼,𝜆,𝑐 
, we re-write 

𝑐2 

𝜆
( 𝑅
𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

𝑔)( 𝑟) = − 𝐶𝛼,𝜆,𝑐 ⟨Φ( 𝐷) 𝛼,𝜆,𝑐 
, 𝑔⟩𝐿2 ( ℝ+ ; ℂ2 ) 

( 

0 

1 

) 

𝑟𝛼 +  ( 𝑟) 

ith 

 ( 𝑟) ∶ = 𝑂( 𝑟2 + 𝛼)
⟨ 

Φ
( 𝐷) 
𝛼,𝜆,𝑐 

, 𝑔
⟩ 

𝐿2 ( ℝ+ ; ℂ2 ) 
− Φ

( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟)
⟨ 

𝐹
( 𝐷) 
𝛼,𝜆,𝑐 

, 𝑔
⟩ 

𝐿2 ((0 ,𝑟); ℂ2 ) 
+ 𝐹

( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟)
⟨ 

Φ
( 𝐷) 
𝛼,𝜆,𝑐 

, 𝑔
⟩ 

𝐿2 ((0 ,𝑟); ℂ2 ) 
. 

he goal now is to prove that  ( 𝑟 )
( 𝑟↓0) 
= 𝑜 ( 𝑟

1 
2 ) . 

n fact, obviously the first summand in the right-hand side above is 𝑂( 𝑟2 + 𝛼) = 𝑜( 𝑟
1 
2 ) , so we are left with proving 

Φ
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟)
⟨ 

𝐹
( 𝐷) 
𝛼,𝜆,𝑐 

, 𝑔
⟩ 

𝐿2 ((0 ,𝑟); ℂ2 ) 
− 𝐹

( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟)
⟨ 

Φ
( 𝐷) 
𝛼,𝜆,𝑐 

, 𝑔
⟩ 

𝐿2 ((0 ,𝑟); ℂ2 ) 
= 𝑜( 𝑟

1 
2 ) . (*)

epending on the sign of 𝛼, ( * ) is established as follows. For 𝛼 > 0 we estimate separately 

|||Φ( 𝐷) 𝛼,𝜆,𝑐 
( 𝑟) ⟨𝐹( 𝐷) 

𝛼,𝜆,𝑐 
, 𝑔 ⟩𝐿2 ((0 ,𝑟 ); ℂ2 ) ||| ⩽ |||Φ( 𝐷) 𝛼,𝜆,𝑐 

( 𝑟)
||| ‖‖‖𝐹( 𝐷) 𝛼,𝜆,𝑐 

‖‖‖𝐿2 ((0 ,𝑟); ℂ2 ‖ 𝑔 ‖𝐿2 ((0 ,𝑟 ); ℂ2 ) 
≲ 𝑟− 𝛼𝑟

𝛼+ 1 
2 𝑜(1) = 𝑜( 𝑟

1 
2 ) 

nd 

||||𝐹( 𝐷) 𝛼,𝜆,𝑐 
( 𝑟)

⟨ 

Φ
( 𝐷) 
𝛼,𝜆,𝑐 

, 𝑔
⟩ 

𝐿2 ((0 ,𝑟); ℂ2 ) 

|||| ≤ |||𝐹( 𝐷) 𝛼,𝜆,𝑐 
( 𝑟)

|||‖‖‖Φ( 𝐷) 𝛼,𝜆,𝑐 
‖‖‖𝐿2 ((0 ,𝑟); ℂ2 ) ‖𝑔 ‖𝐿2 ((0 ,𝑟 ); ℂ2 ) 

≲ 𝑟𝛼𝑟
− 𝛼+ 1 

2 𝑜(1) = 𝑜( 𝑟
1 
2 ) , 

ased on the short-distance asymptotics ( 63 )–( 64 ). 
or 𝛼 ⩽ 0 it is crucial instead to exploit the exact cancelation of the leading singularities of each summand in the left-hand
ide of ( * ). In terms of ( 63 )–( 66 ) we re-write 

Φ
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟) 
⟨ 

𝐹
( 𝐷) 
𝛼,𝜆,𝑐 

, 𝑔
⟩ 

𝐿2 ((0 ,𝑟); ℂ2 ) 

=

( 

Φ
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟) −

( 

1 

0 

) 

𝐴𝛼,𝜆,𝑐 𝑟
− 𝛼 −

( 

0 

1 

) 

𝐵𝛼,𝜆,𝑐 𝑟
𝛼

) ⟨𝐹( 𝐷) 
𝛼,𝜆,𝑐 

, 𝑔 ⟩𝐿2 ((0 ,𝑟 ); ℂ2 ) 
+

( ( 

1 

0 

) 

𝐴𝛼,𝜆,𝑐 𝑟
− 𝛼 +

( 

0 

1 

) 

𝐵𝛼,𝜆,𝑐 𝑟
𝛼

) ⟨𝐹( 𝐷) 
𝛼,𝜆,𝑐 

, 𝑔 ⟩𝐿2 ((0 ,𝑟 ); ℂ2 ) . 
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 articles are governed by the applicable C
rea
he first summand in the right-hand side above was singled out because it is subleading: Indeed, for small positive 𝑟 the
oundedness of the scalar product ⟨𝐹( 𝐷) 

𝛼,𝜆,𝑐 
, 𝑔 ⟩𝐿2 ((0 ,𝑟 ); ℂ2 ) and the asymptotics ( 63 ) yield ( 

Φ
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟) −

( 

1 

0 

) 

𝐴𝛼,𝜆,𝑐 𝑟
− 𝛼 −

( 

0 

1 

) 

𝐵𝛼,𝜆,𝑐 𝑟
𝛼

) ⟨ 

𝐹
( 𝐷) 
𝛼,𝜆,𝑐 

, 𝑔
⟩ 

𝐿2 ((0 ,𝑟); ℂ2 ) 

= 𝑂( 𝑟1 − |𝛼|) = 𝑜( 𝑟
1 
2 ) . 

n the other hand, the asymptotics ( 64 ) for 𝐹( 𝐷) 
𝛼,𝜆,𝑐 

yield ( ( 

1 

0 

) 

𝐴𝛼,𝜆,𝑐 𝑟
− 𝛼 +

( 

0 

1 

) 

𝐵𝛼,𝜆,𝑐 𝑟
𝛼

) ⟨ 

𝐹
( 𝐷) 
𝛼,𝜆,𝑐 

, 𝑔
⟩ 

𝐿2 ((0 ,𝑟); ℂ2 ) 

=

( ( 

1 

0 

) 

𝐴𝛼,𝜆,𝑐 𝑟
− 𝛼 +

( 

0 

1 

) 

𝐵𝛼,𝜆,𝑐 𝑟
𝛼

) 

𝐶𝛼,𝜆,𝑐 

⟨ 

( 

0 

1 

) 

𝜌𝛼, 𝑔

⟩ 

𝐿2 ((0 ,𝑟); ℂ2 ) 

+

( ( 

1 

0 

) 

𝐴𝛼,𝜆,𝑐 𝑟
− 𝛼 +

( 

0 

1 

) 

𝐵𝛼,𝜆,𝑐 𝑟
𝛼

) ⟨𝑂( 𝜌2 + 𝛼) , 𝑔⟩𝐿2 ((0 ,𝑟); ℂ2 ) . 
ince |⟨𝑂( 𝜌2 + 𝛼) , 𝑔 ⟩𝐿2 ((0 ,𝑟 ); ℂ2 ) | ≲ 𝑟 5 2 + 𝛼‖𝑔 ‖𝐿2 ((0 ,𝑟 ); ℂ2 ) = 𝑜( 𝑟

5 
2 
+ 𝛼
) by the Cauchy–Schwarz inequality, ( ( 

1 

0 

) 

𝐴𝛼,𝜆,𝑐 𝑟
− 𝛼 +

( 

0 

1 

) 

𝐵𝛼,𝜆,𝑐 𝑟
𝛼

) ⟨𝐹( 𝐷) 
𝛼,𝜆,𝑐 

, 𝑔 ⟩𝐿2 ((0 ,𝑟 ); ℂ2 ) 
=

( ( 

1 

0 

) 

𝐴𝛼,𝜆,𝑐 𝑟
− 𝛼 +

( 

0 

1 

) 

𝐵𝛼,𝜆,𝑐 𝑟
𝛼

) 

𝐶𝛼,𝜆,𝑐 

⟨ 

( 

0 

1 

) 

𝜌𝛼, 𝑔

⟩ 

𝐿2 ((0 ,𝑟); ℂ2 ) + 𝑜( 𝑟
1 
2 ) . 

sing again the asymptotics ( 64 ) for 𝐹( 𝐷) 
𝛼,𝜆,𝑐 

and the Cauchy–Schwarz inequality now yields 

||||
( 

1 

0 

) 

𝐴𝛼,𝜆,𝑐 𝑟
− 𝛼 𝐶𝛼,𝜆,𝑐 

⟨ 

( 

0 

1 

) 

𝜌𝛼, 𝑔

⟩ 

𝐿2 ((0 ,𝑟); ℂ2 ) 

|||| ⩽ |||𝐴𝛼,𝜆,𝑐 𝐶𝛼,𝜆,𝑐 ||| 𝑟− 𝛼 𝑟
𝛼+ 1 
2 𝑜(1) = 𝑜( 𝑟

1 
2 ) . 

ummarizing, 

Φ
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟)⟨𝐹( 𝐷) 
𝛼,𝜆,𝑐 

, 𝑔⟩
𝐿2 ((0 ,𝑟); ℂ2 ) 

=

( 

0 

1 

) 

𝐵𝛼,𝜆,𝑐 𝐶𝛼,𝜆,𝑐 𝑟
𝛼

⟨ 

( 

0 

1 

) 

𝜌𝛼, 𝑔

⟩ 

𝐿2 ((0 ,𝑟); ℂ2 ) 

+ 𝑜( 𝑟
1 
2 ) . 

ith a completely analogous reasoning, we find 

𝐹
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟)⟨Φ( 𝐷) 
𝛼,𝜆,𝑐 

, 𝑔⟩
𝐿2 ((0 ,𝑟); ℂ2 ) 

=

( 

0 

1 

) 

𝐵𝛼,𝜆,𝑐 𝐶𝛼,𝜆,𝑐 𝑟
𝛼

⟨ 

( 

0 

1 

) 

𝜌𝛼, 𝑔

⟩ 

𝐿2 ((0 ,𝑟); ℂ2 ) 

+ 𝑜( 𝑟
1 
2 ) . 

lugging the latter two asymptotics into the left-hand side of ( * ), one obtains the desired bound also when 𝛼 ⩽ 0 . □

roof of Proposition 3. Part (i) is established in Lemma 5 . Concerning part (ii), Lemma 6 establishes that 

⎡ ⎢ ⎢ ⎣ 
⎛ ⎜ ⎜ ⎝ 

𝑚𝑐2 i 𝑐
(
− d 

d 𝑟 
+ 𝛼

𝑟 

)
− i 𝑐

(
d 

d 𝑟 
+ 𝛼

𝑟 

)
− 𝑚𝑐2 

⎞ ⎟ ⎟ ⎠ + ( 𝜆 − 𝑚𝑐2 )

( 

1 0 

0 1 

) ⎤ ⎥ ⎥ ⎦ 𝑅𝐺( 𝐷) 𝛼,𝜆,𝑐 

𝑔 = 𝑔 
tudies in Applied Mathematics, 2026 23 of 44
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rea
or any 𝑔 ∈ 𝐿2 ( ℝ+ ; ℂ2 , d 𝑟) , and therefore there is a self-adjoint extension  of 𝗁𝛼, 0 such that 

(  − 𝑚𝑐2 + 𝜆) 𝑅
𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

𝑔 = 𝑔 ∀𝑔 ∈ 𝐿2 ( ℝ+ ; ℂ2 , d 𝑟) . 

hen, by self-adjointness, also 

𝑅
𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

(  − 𝑚𝑐2 + 𝜆) 𝑓 = 𝑓 ∀𝑓 ∈  ( ) . 

hus, 𝑅
𝐺
( 𝐷) 
𝛼,𝜆,𝑐 

= (  − 𝑚𝑐2 + 𝜆)− 1 and necessarily  = 𝗁
( 𝐷) 
𝛼, 0 

, the operator defined in ( 69 ). Part (iii) is an equivalent

ephrasing of part (ii). Concerning part (iv), the smoothness of Ψ( 𝐷) 
𝛼,𝜆,𝑐 

follows from the smoothness of the integral kernel

f ( 𝗁( 𝐷) 
𝛼, 0 

− 𝑚𝑐2 + 𝜆)− 1 and the smoothness of Φ( 𝐷) 
𝛼,𝜆,𝑐 

, whereas the asymptotics ( 71 ) follows at once from Lemma 7 . □

.4 Proof of Theorem 3 

art (i) of Theorem 3 is established in Proposition 1 (i)–(ii). 
art (ii) follows from Proposition 1 (iii). 
oncerning part (iii) of Theorem 3 , any 𝑔 ∈  ( 𝗁∗ 

𝛼, 0 
) =  ( 𝗁∗ 

𝛼, 0 
− 𝑚𝑐2 + 𝜆) has the form 

𝑔 = 𝜑 + 𝑐1 Ψ
( 𝐷) 
𝛼,𝜆,𝑐 

+ 𝑐0 Φ
( 𝐷) 
𝛼,𝜆,𝑐 

(74)

or 𝑔-dependent 𝜑 ∈ 𝐻1 
0 
( ℝ+ ; ℂ2 ) and 𝑐0 , 𝑐1 ∈ ℂ . This is a direct application of the general formula ( A3 ): the fact that

 (𝗁𝛼, 0 ) = 𝐻1 
0 
( ℝ+ ; ℂ2 ) is proved in Proposition 1 (i), the fact that Φ( 𝐷) 

𝛼,𝜆,𝑐 
spans ker ( 𝗁∗ 

𝛼, 0 
− 𝑚𝑐2 + 𝜆) is proved in Proposition 2 ,

nd Ψ( 𝐷) 
𝛼,𝜆,𝑐 

is defined in ( 70 ) as the result of the action on Φ
( 𝐷) 
𝛼,𝜆,𝑐 

of the bounded inverse ( 𝗁( 𝐷) 
𝛼, 0 

− 𝑚𝑐2 + 𝜆)− 1 of the
istinguished self-adjoint extension of 𝗁𝛼, 0 − 𝑚𝑐2 + 𝜆 produced in Proposition 3 . 
he short-distance version of ( 74 ) is obtained by means of the 𝑟 ↓ 0 -asymptotics, respectively, of 𝜑 (( 52 ) from Proposition 1 ),
( 𝐷) 
𝛼,𝜆,𝑐 

(( 63 ) from Lemma 4 ), and Ψ( 𝐷) 
𝛼,𝜆,𝑐 

(( 71 ) from Proposition 3 (iv)). The net result is

𝑔( 𝑟) ≡
( 

𝑔+ 

( 𝑟) 

𝑔− 

( 𝑟) 

) 

=

( 

1 

0 

) 

𝑔0 𝑟
− 𝛼 +

( 

0 

1 

) 

𝑔1 𝑟
𝛼 + 𝑜( 𝑟

1 
2 ) , (75)

here 

𝑔0 ∶ = lim 

𝑟→0+ 

𝑟𝛼𝑔+ 

( 𝑟) = 𝑐0 𝐴𝛼,𝜆,𝑐 , (76)

𝑔1 ∶ = lim 

𝑟→0+ 

𝑟− 𝛼𝑔− 

( 𝑟) = 𝑐0 𝐵𝛼,𝜆,𝑐 − 𝑐1 
𝜆

𝑐2 
𝐶𝛼,𝜆,𝑐 ‖Φ( 𝐷) 𝛼,𝜆,𝑐 

‖2 
𝐿2 ( ℝ+ ; ℂ2 ) 

. (77)

his proves ( 45 ) in Theorem 3 (iii). 
y general facts of the Kreı̆n–Višik–Birman–Grubb self-adjoint extension theory (see Theorem A2 and formula ( A4 )
herein), the self-adjoint extensions of 𝗁𝛼, 0 form the family 

(
𝗁𝛼, 0 ,𝛽

)
𝛽∈ℝ+ ∪{ ∞} , where 𝗁𝛼, 0 , ∞ is precisely the distinguished

xtension 𝗁
( 𝐷) 
𝛼, 0 

, whereas, for 𝛽 ∈ ℝ , 

𝗁𝛼, 0 ,𝛽 = 𝗁∗ 
𝛼, 0 
↾
{ 

𝑔 ∈ (
𝗁∗ 
𝛼, 0 

) | 𝑐1 = 𝛽𝑐0 

} 

(78)

ith respect to the notation of ( 74 ). Plugging the self-adjointness condition 𝑐1 = 𝛽𝑐0 into ( 76 )–( 77 ) yields the equivalent
ondition 

𝑔1 = − i 𝛾𝑔0 , (79)
4 of 44 Studies in Applied Mathematics, 2026
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reati
aving set 

𝛾 ∶ =
𝛽
𝜆

𝑐2 
𝐶𝛼,𝜆,𝑐 

‖‖‖Φ( 𝐷) 𝛼,𝜆,𝑐 
‖‖‖2 𝐿2 ( ℝ+ ; ℂ2 ) 

− 𝐵𝛼,𝜆,𝑐 

i 𝐴𝛼,𝜆,𝑐 
. (80)

n practice, this amounts to re-labeling 𝗁𝛼, 0 ,𝛽 ≡ 𝗁( 𝛾) 
𝛼, 0 

by means of the correspondence 𝛾 = 𝛾( 𝛽) given by ( 80 ). Observe that
is real and monotone increasing with 𝛽. In particular, 𝛾 = ∞ if and only if 𝛽 = ∞. So, 

𝗁
( 𝐷) 
𝛼, 0 

= 𝗁𝛼, 0 , ∞ = 𝗁
( ∞) 
𝛼, 0 
, 

nd the notation 𝗁
( ∞) 
𝛼, 0 

shall be used henceforth. This establishes ( 46 ) and completes the proof of Theorem 3 (iii). 

oncerning part (iv) of Theorem 3 , the inclusion 𝜌( 𝗁
( ∞) 
𝛼, 0 

− 𝑚𝑐2 ) ⊃ ( − 2 𝑚𝑐2 , 0) and the identity ( 47 ) are established in
roposition 3 (iii). Again by general facts of the Kreı̆n–Višik–Birman–Grubb self-adjoint extension theory (see Theorem A3
nd formula ( A6 ) therein), (

𝗁
( 𝛾) 
𝛼, 0 

− 𝑚𝑐2 + 𝜆
)− 1 

=
(
𝗁
( ∞) 
𝛼, 0 

− 𝑚𝑐2 + 𝜆
)− 1 

+ 𝛽− 1 ‖‖‖Φ( 𝐷) 𝛼,𝜆,𝑐 
‖‖‖− 2 

𝐿2 ( ℝ+ ; ℂ2 ) 

|||Φ( 𝐷) 𝛼,𝜆,𝑐 

⟩⟨
Φ
( 𝐷) 
𝛼,𝜆,𝑐 

|||. (81)

ince 𝗁( 𝛾) 
𝛼, 0 

− 𝑚𝑐2 is a rank one perturbation of 𝗁( ∞) 
𝛼, 0 

− 𝑚𝑐2 , for 𝛾 ≠ ∞ the resolvent set 𝜌( 𝗁( 𝛾) 
𝛼, 0 

− 𝑚𝑐2 ) contains ( − 2 𝑚𝑐2 , 0)

p to possibly an isolated eigenvalue in the gap. The identity ( 81 ) is re-written as (
𝗁
( 𝛾) 
𝛼, 0 

− 𝑚𝑐2 + 𝜆
)− 1 

=
(
𝗁
( ∞) 
𝛼, 0 

− 𝑚𝑐2 + 𝜆
)− 1 

+ 𝜏
𝜆

𝑐2 
|||Φ( 𝐷) 𝛼,𝜆,𝑐 

⟩⟨
Φ
( 𝐷) 
𝛼,𝜆,𝑐 

||| (82)

pon setting 

𝜏 ∶ =
( 

𝛽‖Φ( 𝐷) 
𝛼,𝜆,𝑐 

‖2 
𝐿2 ( ℝ+ ; ℂ2 ) 

𝜆

𝑐2 

) − 1 

=
𝐶𝛼,𝜆,𝑐 

𝛾(i 𝐴𝛼,𝜆,𝑐 ) + 𝐵𝛼,𝜆,𝑐 
, (83)

nd having used ( 80 ) in the second identity above. Using now the explicit expressions ( 65 )–( 67 ) for 𝐴𝛼,𝜆,𝑐 , 𝐵𝛼,𝜆,𝑐 , and 𝐶𝛼,𝜆,𝑐 ,
nd the identity 

Γ

( 

1 

2 
+ 𝑧

) 

Γ

( 

1 

2 
− 𝑧

) 

= 𝜋 sec ( 𝜋𝑧) 

see eq. (6.1.17) in [ 41 ]), one finds 

𝜏 =
Γ
(
1 

2 
+ 𝛼

)− 1 

2
1 
2 
− 𝛼
( 𝜇𝑐,𝜆

√
𝜆)

− 1 
2 
+ 𝛼

𝛾

( 

2
𝛼− 1 
2 𝑐 𝜇2 

𝑐,𝜆
( 𝜇𝑐,𝜆

√
𝜆)

− 3 
2 
− 𝛼
Γ
(
1 

2 
+ 𝛼

)) 

+ 2
− 1 
2 
+ 𝛼
( 𝜇𝑐,𝜆

√
𝜆)
𝛼− 1 
2 Γ

(
1 

2 
− 𝛼

)
= 2 

Γ
(
1 

2 
+ 𝛼

)(
𝛾 4𝛼 𝑐 𝜇2 

𝑐,𝜆
( 𝜇𝑐,𝜆

√
𝜆)− 1 − 2 𝛼 Γ

(
1 

2 
+ 𝛼

)
+ Γ

(
1 

2 
− 𝛼

))
= 2 

𝜋 sec ( 𝜋𝛼) + 4𝛼𝜇2 
𝑐,𝜆
( 𝜇𝑐,𝜆

√
𝜆)− 1 − 2 𝛼 Γ2 

(
1 

2 
+ 𝛼

)
𝑐𝛾
. 

(84)

his means that 𝜏 = 𝜏
( 𝐷) 
𝛼,𝜆,𝛾,𝑐 

as defined in ( 50 ). Thus, ( 82 ) reproduces ( 49 ). This completes the proof of Theorem 3 (iv). 

 Block-Wise Self-Adjoint Extensions of the Schrödinger-AB Operator 

or completeness and self-consistency of presentation, we mirror in this section the main findings of Section 2 , now
oncerning the self-adjoint extensions in 𝐿2 ( ℝ+ ; ℂ , d 𝑟) of the operators 𝖲𝛼,𝑘 , 𝑘 ∈ ℤ , introduced in ( 20 ) and minimally
efined on the domain 𝐶∞

0 
( ℝ+ ; ℂ ) . 
tudies in Applied Mathematics, 2026 25 of 44
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 articles are governed by the applicable C
rea
ere too, the discussion is modeled along the Kreı̆n–Višik–Birman–Grubb self-adjoint extension scheme. For a quite
ecent analysis making use of quadratic form techniques and the Kreı̆n theory of self-adjoint extensions, including the case
f multiple AB fluxes, see [ 49 ]. Thus, the conceptual path is precisely the same as the one of Section 2 and Appendix A :
nly the computations are updated accordingly. We opt therefore for quoting with a few elucidative remarks, instead of
omplete proofs, the main results relevant for the present discussion. 
ne observes, as customary, that for the operator 

𝖲𝛼,𝑘 ∶ =
1 

2 𝑚 

( 

− d
2 

d 𝑟2 
+ ( 𝛼 + 𝑘)( 𝛼 + 𝑘 + 1) 

𝑟2 

) 

,  ( 𝖲𝛼,𝑘 ) ∶ = 𝐶∞
0 
( ℝ+ ; ℂ ) , 

ardy’s inequality ‖𝑢′‖𝐿2 ( ℝ+ ; ℂ ) ⩾
1 

2 
‖𝑟− 1 𝑢‖𝐿2 ( ℝ+ ; ℂ ) and the bound ( 𝛼 + 𝑘)( 𝛼 + 𝑘 − 1) ⩾ − 1 

4 
imply 

⟨𝑢 , 𝖲𝛼,𝑘 𝑢 ⟩𝐿2 ( ℝ+ ; ℂ ) ⩾ 0 , ∀𝑢 ∈ 𝐶∞
0 
( ℝ+ ; ℂ ) , (85)

eaning that 𝖲𝛼,𝑘 is non-negative. Any shift 𝜆 > 0 makes therefore 𝖲𝛼,𝑘 + 𝜆 a lower semi-bounded operator with strictly
ositive lower bound , making it treatable within the Kreı̆n–Višik–Birman scheme using the Friedrichs extension as
eference extension with everywhere defined and bounded inverse in 𝐿2 ( ℝ+ ; ℂ , d 𝑟) . The actual extensions for 𝖲𝛼,𝑘 are
hen read out by removing the 𝜆-shift. 
nalogously to Proposition 1 (i), the operator closure is characterized following Theorems 4.1 and 6.1 in [ 27 ]: 

roposition 4. For 𝛼 ∈ ( − 1 
2 
,
1 

2 
) and 𝑘 ∈ ℤ , one has  (𝖲𝛼,𝑘 ) = 𝐻2 

0 
( ℝ+ ; ℂ ) . 

or 𝜆 > 0 , we introduce the ℝ+ → ℝ functions 

Φ
( 𝑆) 
𝛼,𝜆,𝑘 

( 𝑟) ∶ =
√
𝑟 𝐾
𝛼+ 𝑘 + 1 

2 

( 𝑟
√
2 𝑚𝜆) , (86)

𝐹
( 𝑆) 
𝛼,𝜆,𝑘 

( 𝑟) ∶ =
√
𝑟 𝐼
𝛼+ 𝑘 + 1 

2 

( 𝑟
√
2 𝑚𝜆) . (87)

et us also introduce the short-hand notation 

Φ
( 𝑆) 
𝛼,𝜆

∶ = Φ
( 𝑆) 
𝛼,𝜆, 0 

, (88)

𝐹
( 𝑆) 
𝛼,𝜆

∶ = 𝐹
( 𝑆) 
𝛼,𝜆, 0 

. (89)

nalogous to Lemma 4 one here has the following: 

emma 8. Let 𝛼 ∈ ( − 1 
2 
,
1 

2 
) , 𝑘 ∈ ℤ , and 𝜆 > 0 . Then Φ( 𝑆) 

𝛼,𝜆,𝑘 
and 𝐹( 𝑆) 

𝛼,𝜆,𝑘 
are smooth and with asymptotics 

Φ
( 𝑆) 
𝛼,𝜆,𝑘 

( 𝑟) 
( 𝑟↓0) 
= 𝐴

( 𝑆) 
𝛼,𝜆,𝑘 

𝑟− ( 𝛼+ 𝑘 ) + 𝐵
( 𝑆) 
𝛼,𝜆,𝑘 

𝑟1 + 𝛼+ 𝑘 + 𝑂(max { 𝑟3 + 𝑘+ 𝛼, 𝑟2 − 𝑘− 𝛼}) , (90)

𝐹
( 𝑆) 
𝛼,𝜆,𝑘 

( 𝑟) 
( 𝑟↓0) 
= 𝐶

( 𝑆) 
𝛼,𝜆,𝑘 

𝑟1 + 𝛼+ 𝑘 + 𝑂( 𝑟2 + 𝛼+ 𝑘 ) , (91)

here 

𝐴
( 𝑆) 
𝛼,𝜆,𝑘 

∶ = 2
𝛼
2 
+𝑘 
2 
− 3 
4 ( 𝑚 𝜆)

−𝛼
2 
−𝑘 
2 
− 1 
4 Γ

( 

𝑘 + 𝛼 + 1 
2 

) 

, (92)

𝐵
( 𝑆) 
𝛼,𝜆,𝑘 

∶ = 2
−𝛼
2 
−𝑘 
2 
− 5 
4 ( 𝑚 𝜆)

𝛼
2 
+𝑘 
2 
+ 1 
4 Γ

( 

− 𝑘 − 𝛼 − 1 
2 

) 

, (93)

𝐶
( 𝑆) 
𝛼,𝜆,𝑘 

∶ = 2
−𝛼
2 
−𝑘 
2 
− 1 
4 ( 𝜆𝑚 )

𝛼
2 
+𝑘 
2 
+ 1 
4 

Γ
(
𝑘 + 𝛼 + 3 

2 

) . (94)
6 of 44 Studies in Applied Mathematics, 2026
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 articles are governed by the applicable C
rea
he counterpart to Propositions 1 (iii) and 2 now reads as follows: 

roposition 5. Let 𝛼 ∈ ( − 1 
2 
,
1 

2 
) , 𝑘 ∈ ℤ , and 𝜆 > 0 . Then 

ker ( 𝖲∗ 
𝛼,𝑘 
) = span ℂ 

{
Φ
( 𝑆) 
𝛼,𝜆,𝑘 

}
, if 𝑘 ∈ { − 1 , 0} , (95)

ker ( 𝖲∗ 
𝛼,𝑘 
) = {0} , if 𝑘 ∈ ℤ ⧵ { − 1 , 0} . (96)

his result follows from the search of square-integrable solutions to the homogeneous differential problem ( 

− d
2 

d 𝑟2 
+ ( 𝛼 + 𝑘)( 𝛼 + 𝑘 + 1) 

𝑟2 
+ 𝜆

) 

𝑢 = 0 , (97)

hose general solution has the form 

𝑢( 𝑟) = 𝑐1 
√
𝑟 𝐾
𝛼+ 𝑘 + 1 

2 

( 𝑟
√
2 𝑚𝜆) + 𝑐2 

√
𝑟 𝐼
𝛼+ 𝑘 + 1 

2 

( 𝑟
√
2 𝑚𝜆) . (98)

quare-integrability is checked by means of the asymptotics given in eqs. (9.6.2), (9.6.10), (9.7.1), (9.7.2) in [ 41 ]: as 𝑟 → +∞,

𝛼+ 𝑘 + 1 
2 

is exponentially dumped and 𝐼
𝛼+ 𝑘 + 1 

2 

grows exponentially instead, whereas, as 𝑟 ↓ 0 , 

𝐾
𝛼+ 𝑘 + 1 

2 

(
√
2 𝑚𝜆𝑟) ∼ max { 𝑟− 𝑘− 𝛼, 𝑟1 + 𝑘+ 𝛼} . 

hus, since 𝛼 ∈ ( − 1 
2 
,
1 

2 
) , the function 𝐾

𝛼+ 𝑘 + 1 
2 

is square-integrable also at the origin if and only if 𝑘 ∈ ℤ ⧵ { − 1 , 0} . 

or our purposes and keeping into account the result of the non-relativistic limit, it will be sufficient to present a detailed
nalysis only for self-adjoint extensions of the Schrödinger-AB operator with the Friedrichs extension in the sector 𝑘 = − 1 .
o, when 𝑘 = 0 , the analogue of Proposition 3 is the following. 

roposition 6. Let 𝛼 ∈ ( − 1 
2 
,
1 

2 
) and 𝜆 > 0 . Let 𝑅

𝐺
( 𝑆) 
𝛼,𝜆

be the integral operator acting on ℝ+ → ℂ functions with integral

ernel 

𝐺
( 𝑆) 
𝛼,𝜆
( 𝑟, 𝜌) ∶ = 2 𝑚

(
Φ
( 𝑆) 
𝛼,𝜆
( 𝑟) 𝐹

( 𝑆) 
𝛼,𝜆
( 𝜌) 𝟏(0 ,𝑟) ( 𝜌) + 𝐹

( 𝑆) 
𝛼,𝜆
( 𝑟)Φ

( 𝑆) 
𝛼,𝜆
( 𝜌) 𝟏( 𝑟, +∞) ( 𝜌)

)
, 𝑟, 𝜌 > 0 . (99)

i. 𝑅
𝐺
( 𝐹 ) 
𝛼,𝜆

is everywhere defined, bounded, and self-adjoint in 𝐿2 ( ℝ+ ; ℂ , d 𝑟) , it is invertible on its range, and , ( 𝑅
𝐺
( 𝑆) 
𝛼,𝜆

)− 1 − 𝜆

is the Friedrichs extension of 𝖲𝛼, 0 , denoted directly with 𝖲
( ∞) 
𝛼, 0 

. Thus, 

(
𝖲
( ∞) 
𝛼, 0 

+ 𝜆
)− 1 

= 𝑅
𝐺
( 𝑆) 
𝛼,𝜆

. (100)

ii. The function 

Ψ
( 𝑆) 
𝛼,𝜆
∶ = 𝑅

𝐺
( 𝑆) 
𝛼,𝜆

Φ
( 𝑆) 
𝛼,𝜆

=
(
𝖲
( ∞) 
𝛼, 0 

+ 𝜆
)− 1 

Φ
( 𝑆) 
𝛼,𝜆

(101)

satisfies 

Ψ
( 𝑆) 
𝛼,𝜆
( 𝑟)

( 𝑟↓0) 
= 2 𝑚𝐶𝛼,𝜆, 0 

‖‖‖Φ( 𝑆) 𝛼,𝜆
‖‖‖2 𝐿2 ( ℝ+ ; ℂ ) 

𝑟1 + 𝛼 + 𝑜( 𝑟
3 
2 ) . (102)
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reat
ne can now finally mimic the reasoning of Section 2.4 and Appendix A , reconstructing à la Kreı̆n–Višik–Birman the
hole family ( 𝖲𝛼, 0 ,𝜔 )𝜔∈ℝ ∪{ ∞} of self-adjoint extensions of 𝖲𝛼, 0 . First, the domain of the adjoint of 𝖲𝛼, 0 is characterized as 

 ( 𝖲∗ 
𝛼, 0 
) =  ( 𝖲∗ 

𝛼, 0 
+ 𝜆) =

{ 

𝜑 + 𝑐1 Ψ
( 𝑆) 
𝛼,𝜆

+ 𝑐0 Φ
( 𝑆) 
𝛼,𝜆

|||𝜑 ∈ 𝐻2 
0 
( ℝ+ ; ℂ ) , 

𝑐0 , 𝑐1 ∈ ℂ 

} 

(103)

analogously to ( 74 )). The extension with 𝜔 = ∞ is the Friedrichs extension, and for 𝜔 ∈ ℝ 

𝖲𝛼, 0 ,𝜔 ∶ = 𝖲∗ 
𝛼, 0 
↾ { 𝑔 ∈  ( 𝖲∗ 

𝛼, 0 
) | 𝑐1 = 𝜔𝑐0 } . (104)

he short-distance version of ( 103 ) is obtained by implementing in 𝑔 ∈  ( 𝖲∗ 
𝛼, 0 
) the asymptotics ( 90 ), and ( 102 ) and reads 

𝑔 ( 𝑟)
( 𝑟 ↓0) 
= 𝑎0 𝑟

− 𝛼 + 𝑎1 𝑟
1 + 𝛼 + 𝑜( 𝑟

3 
2 ) (105)

or 𝑐0 , 𝑐1 -dependent constants 𝑎0 , 𝑎1 ∈ ℂ (analogously to ( 75 )). Correspondingly, the self-adjointness condition 𝑐1 = 𝜔𝑐0
akes the form 

𝑎1 = 𝜃𝑎0 (106)

ith 

𝜃 ∶ =
𝐵
( 𝑆) 
𝛼,𝜆, 0 

+ 2 𝑚𝜔𝐶
( 𝑆) 
𝛼,𝜆, 0 

‖Φ( 𝑆) 
𝛼,𝜆

‖2 
𝐿2 ( ℝ+ ; ℂ ) 

𝐴
( 𝑆) 
𝛼,𝜆, 0 

(107)

analogously to ( 79 )–( 80 )). This amounts to re-labeling 𝖲𝛼, 0 ,𝜔 ≡ 𝖲( 𝜃) 𝛼, 0 
with 𝜃 = 𝜃( 𝜔) given by ( 107 ). Actually 𝜃 is monotone

ncreasing with 𝜔 and 𝜔 = ∞ if and only if 𝜃 = ∞. The notation 𝖲
( ∞) 
𝛼, 0 

for the Friedrichs extension is thus justified. 
ast, concerning resolvents, the general theory (see Theorem A3 and formula ( A6 ) therein) prescribes that 𝖲𝛼, 0 ,𝜔 + 𝜆 is
nvertible with everywhere defined bounded inverse if and only if 𝜔 ≠ 0 , in which case 

( 𝖲𝛼, 0 ,𝜔 + 𝜆)− 1 = ( 𝖲𝛼, 0 , ∞ + 𝜆)− 1 + 𝜔− 1 ‖‖‖Φ( 𝑆) 𝛼,𝜆
‖‖‖− 2 

𝐿2 ( ℝ+ ; ℂ ) 

|||Φ( 𝑆) 𝛼,𝜆

⟩⟨
Φ
( 𝑆) 
𝛼,𝜆

|||. (108)

n the 𝜃-parameterization we set 

𝜏
( 𝑆) 
𝛼,𝜆,𝜃

∶ =
( 

2 𝑚𝜔
‖‖‖Φ( 𝑆) 𝛼,𝜆

‖‖‖2 𝐿2 ( ℝ+ ; ℂ ) 

) − 1 

(109)

nd calculate, by means of ( 107 ), 

𝜏
( 𝑆) 
𝛼,𝜆,𝜃

= 2 

𝜋 sec ( 𝜋𝛼) + 2
1 
2 
+ 𝛼
( 𝑚 𝜆)

− 1 
2 
− 𝛼
Γ
(
1 

2 
+ 𝛼

)
Γ
(
3 

2 
+ 𝛼

)
𝜃

. (110)

his turns ( 108 ) into its final form ( 113 ) below. 
he above discussion is summarized as follows, in analogy to Theorem 3 . 

heorem 4. Let 𝛼 ∈ ( − 1 
2 
,
1 

2 
) . 

i. Any 𝜓 ∈  ( 𝖲∗ 
𝛼, 0 
) displays the short-distance asymptotics 

𝜓( 𝑟 )
( 𝑟↓0) 
= 𝑎0 𝑟

− 𝛼 + 𝑎1 𝑟
1 + 𝛼 + 𝑜 ( 𝑟

3 
2 ) (111)

for 𝜓-dependent 𝑎 , 𝑎 ∈ ℂ . 
0 1 
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rea
ii. The self-adjoint extensions in 𝐿2 ( ℝ+ ; ℂ , d 𝑟) of the operator 𝖲𝛼, 0 form the one-parameter family 
(
𝖲
( 𝜃) 
𝛼, 0 

)
𝜃∈ℝ ∪{ ∞} 

defined,

with the notation of ( 111 ), by 

 ( 𝖲
( 𝜃) 
𝛼, 0 
) ∶ =

{ 

𝜓 ∈  ( 𝖲∗ 
𝛼, 0 
) |𝑎1 = 𝜃𝑎0 

} 

, 

𝖲
( 𝜃) 
𝛼, 0 

∶ = 𝖲∗ 
𝛼, 0 
↾  ( 𝖲

( 𝜃) 
𝛼, 0 
) . 

(112)

The case 𝜃 = ∞ (Friedrichs extension) selects 𝑎0 = 0 in ( 112 ). 

iii. For − 𝜆 ∈ 𝜌( 𝖲
( 𝜃) 
𝛼, 0 
) ∩ ℝ , 𝖲( 𝜃) 

𝛼, 0 
has resolvent 

(
𝖲
( 𝜃) 
𝛼, 0 

+ 𝜆
)− 1 

=
(
𝖲
( ∞) 
𝛼, 0 

+ 𝜆
)− 1 

+ 2 𝑚𝜏
( 𝑆) 
𝛼,𝜆,𝜃

|||Φ( 𝑆) 𝛼,𝜆

⟩⟨
Φ
( 𝑆) 
𝛼,𝜆

|||, (113)

where (
𝖲
( 𝜃) 
𝛼, 0 

+ 𝜆
)− 1 

= integral operator with kernel 𝐺( 𝑆) 
𝛼,𝜆,𝑐 

( 𝑟 , 𝜌) , 𝑟 , 𝜌 > 0 , 

𝐺
( 𝑆) 
𝛼,𝜆,𝑐 

( 𝑟, 𝜌) ∶ = 2 𝑚
(
Φ
( 𝑆) 
𝛼,𝜆
( 𝑟) 𝐹

( 𝑆) 
𝛼,𝜆
( 𝜌) 𝟏(0 ,𝑟) ( 𝜌) + 𝐹

( 𝑆) 
𝛼,𝜆
( 𝑟)Φ

( 𝑆) 
𝛼,𝜆
( 𝜌) 𝟏( 𝑟, +∞) ( 𝜌)

)
, 

(114)

and where 

𝜏
( 𝑆) 
𝛼,𝜆,𝜃

∶ = 2 

𝜋 sec ( 𝜋𝛼) + 2
1 
2 
+ 𝛼
( 𝑚 𝜆)

− 1 
2 
− 𝛼
Γ
(
1 

2 
+ 𝛼

)
Γ
(
3 

2 
+ 𝛼

)
𝜃

. (115)

or later convenience, let us also add the analogous extension classification in the block 𝑘 = − 1 . 

heorem 5. Let 𝛼 ∈ ( − 1 
2 
,
1 

2 
) . 

i. Any 𝜓 ∈  ( 𝖲∗ 
𝛼, − 1 

) displays the short-distance asymptotics 

𝜓( 𝑟 )
( 𝑟↓0) 
= 𝑏0 𝑟

𝛼 + 𝑏1 𝑟
1 − 𝛼 + 𝑜 ( 𝑟

3 
2 ) (116)

for 𝜓-dependent 𝑏0 , 𝑏1 ∈ ℂ . 

ii. The self-adjoint extensions in 𝐿2 ( ℝ+ ; ℂ , d 𝑟) of the operator 𝖲𝛼, − 1 form the one-parameter family 
(
𝖲
( 𝜈) 
𝛼, − 1 

)
𝜈∈ℝ ∪{ ∞} 

defined,

with the notation of ( 116 ), by 

 ( 𝖲
( 𝜈) 
𝛼, − 1 

) ∶ =
{ 

𝜓 ∈  ( 𝖲∗ 
𝛼, − 1 

) | 𝑏1 = 𝜈𝑏0 

} 

, 

𝖲
( 𝜈) 
𝛼, − 1 

∶ = 𝖲∗ 
𝛼, − 1 

↾  ( 𝖲
( 𝜈) 
𝛼, − 1 

) . 

(117)

The case 𝜈 = ∞ (Friedrichs extension) selects 𝑏0 = 0 in ( 117 ). 

s anticipated in Remark 4 , we conclude this section by analyzing the squares of the Dirac-AB Hamiltonians in comparison
o the Schrödinger-AB Hamiltonians. 

heorem 6. Let 𝛼 ∈ ( − 1 
2 
,
1 

2 
) and 𝛾 ∈ ℝ ∪ { ∞} . Then, with respect to the canonical isomorphism 

𝐿2 ( ℝ+ ; ℂ2 , d 𝑟) ≅ 𝐿2 ( ℝ+ ; ℂ , d 𝑟) ⊕ 𝐿2 ( ℝ+ ; ℂ , d 𝑟) , 

ne has: 

(𝗁𝛼,𝑘 )
2 = 2 𝑚 𝑐2 

(
𝖲𝛼,𝑘 ⊕ 𝖲− 𝛼, − 𝑘 

)
+ 𝑚2 𝑐4 𝟙 , 𝑘 ∈ ℤ ⧵ {0 , ± 1} , (118)
tudies in Applied Mathematics, 2026 29 of 44
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rea
(𝗁𝛼, − 1 )
2 = 2 𝑚 𝑐2 

(
𝖲
( ∞) 
𝛼, − 1 

⊕ 𝖲− 𝛼, 1 

)
+ 𝑚2 𝑐4 𝟙 , (119)

(𝗁𝛼, 1 )
2 = 2 𝑚 𝑐2 

(
𝖲𝛼, 1 ⊕ 𝖲

( ∞) 
− 𝛼, − 1 

)
+ 𝑚2 𝑐4 𝟙 , (120)

s well as 

(
𝗁
( 𝛾) 
𝛼, 0 

)2 
=
(
2 𝑚 𝑐2 

(
𝖲∗ 
𝛼, 0 
⊕ 𝖲∗ 

𝛼, 0 

)
+ 𝑚2 𝑐4 𝟙

)
↾ 

( (
𝗁
( 𝛾) 
𝛼, 0 

)2 ) 

, 


( (
𝗁
( 𝛾) 
𝛼, 0 

)2 ) 

=

⎧ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎩ 

𝑔 ∈ (
𝖲∗ 
𝛼, 0 
⊕ 𝖲∗ 

𝛼, 0 

) |||||||
𝑏0 = − i 𝛾𝑎0 , 

𝑎1 = − i 𝛾
2i 𝑎0 𝑚𝑐 + (1 − 2 𝛼) 𝑏1 

2 𝛼 + 1 
where 𝑎0 , 𝑎1 , 𝑏0 , 𝑏1 ∈ ℂ are the 𝑔 - dependent constants 
characterized by the asymptotics 

𝑔 ( 𝑟)
𝑟 ↓0 
= 

( 

𝑎0 𝑟
− 𝛼 + 𝑎1 𝑟

1 + 𝛼

𝑏0 𝑟
𝛼 + 𝑏1 𝑟

1 − 𝛼

) 

+ 𝑜( 𝑟
3 
2 ) 

⎫ ⎪ ⎪ ⎪ ⎪ ⎬ ⎪ ⎪ ⎪ ⎪ ⎭ 

. 

(121)

n particular, 

(
𝗁
( ∞) 
𝛼,𝑘 

)2 
= 2 𝑚 𝑐2 

(
𝖲
( ∞) 
𝛼, 0 

⊕ 𝖲
(0) 
𝛼, 0 

)
+ 𝑚2 𝑐4 𝟙 , (122)

(
𝗁
(0) 
𝛼,𝑘 

)2 
= 2 𝑚 𝑐2 

(
𝖲
(0) 
𝛼, 0 
⊕ 𝖲

( ∞) 
𝛼, 0 

)
+ 𝑚2 𝑐4 𝟙 . (123)

orollary 1. Let 𝛼 ∈ ( − 1 
2 
,
1 

2 
) and let 𝑃el denote the orthogonal projection onto the first (“electron”-) component of 

𝐿2 ( ℝ2 ; ℂ2 , d 𝑥 d 𝑦) ≅ 𝐿2 ( ℝ2 ; ℂ , d 𝑥 d 𝑦) ⊕ 𝐿2 ( ℝ2 ; ℂ , d 𝑥 d 𝑦) . 

hen: 

𝑃el 

(
𝐻
( ∞) 
𝛼

)2 
= 2 𝑚 𝑐2 𝑆

( ∞) 
𝛼, 0 

+ 𝑚2 𝑐4 , (124)

𝑃el 

(
𝐻
(0) 
𝛼

)2 
= 2 𝑚 𝑐2 𝑆

(0) 
𝛼, 0 

+ 𝑚2 𝑐4 . (125)

roof of Theorem 6. On the one hand, observe that the 𝗁𝛼,𝑘 s for 𝑘 ≠ 0 and the 𝗁( 𝛾) 𝛼, 0 
s for 𝑘 = 0 are all self-adjoint in

2 ( ℝ+ ; ℂ2 ; d 𝑟) , hence their squares are self-adjoint and extend the corresponding ( 𝗁𝛼,𝑘 )2 s (each 𝗁𝛼,𝑘 being minimally
efined as in ( 10 )–( 11 )). On the other hand, a simple computation shows that, as an identity of differential actions, 

⎛ ⎜ ⎜ ⎝ 
𝑚𝑐2 i 𝑐

(
− d 

d 𝑟 
+ 𝛼+ 𝑘 

𝑟 

)
− i 𝑐

(
d 

d 𝑟 
+ 𝛼+ 𝑘 

𝑟 

)
− 𝑚𝑐2 

⎞ ⎟ ⎟ ⎠ 
2 

= 

=
⎛ ⎜ ⎜ ⎜ ⎝ 
𝑐2 
( 

− d2 

d 𝑟2 
+ ( 𝛼+ 𝑘 )(1 + 𝛼+ 𝑘 ) 

𝑟2 

) 

+ 𝑚2 𝑐4 𝕆 

𝕆 𝑐2 
( 

− d2 

d 𝑟2 
− ( 𝛼+ 𝑘 )(1 − 𝛼− 𝑘 ) 

𝑟2 

) 

+ 𝑚2 𝑐4 

⎞ ⎟ ⎟ ⎟ ⎠ . 
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 articles are governed by the applicable C
rea
ll together this implies that for each 𝑘 ∈ ℤ the operator (𝗁𝛼,𝑘 )2 ( 𝑘 ≠ 0 ), as well as the operator ( 𝗁( 𝛾) 𝛼, 0 
)2 , 𝛾 ∈ ℝ ∪ { ∞}

 𝑘 = 0 ), is a self-adjoint restriction , for the corresponding 𝑘, of 

2 𝑚 𝑐2 

( 

𝖲∗ 
𝛼,𝑘 

𝕆 

𝕆 𝖲∗ − 𝛼, − 𝑘 

) 

+ 𝑚2 𝑐4 𝟙 . 

n turn, the above operator is self-adjoint for 𝑘 ∈ ℤ ⧵ {0 , ± 1} (Proposition 5 ). Thus, 

(𝗁𝛼,𝑘 )
2 = 2 𝑚 𝑐2 

( 

𝖲𝛼,𝑘 𝕆 

𝕆 𝖲− 𝛼, − 𝑘 

) 

+ 𝑚2 𝑐4 𝟙 , 𝑘 ∈ ℤ ⧵ {0 , ± 1} . 

or the remaining blocks 𝑘 ∈ {0 , ± 1} , recall from Theorems 4 (i) and 5 (i) that 

𝑔 ∈  ( 𝖲∗ 
𝛼,𝑘 
⊕ 𝖲∗ − 𝛼, − 𝑘 

) ⇒ 𝑔 ( 𝑟)
𝑟 ↓0 
= 

( 

𝑎0 𝑟
− 𝛼− 𝑘 + 𝑎1 𝑟

1 + 𝛼+ 𝑘 

𝑏0 𝑟
𝛼+ 𝑘 + 𝑏1 𝑟

1 − 𝛼− 𝑘 

) 

+ 𝑜( 𝑟
3 
2 ) (*)

for 𝑔-dependent 𝑎0 , 𝑎1 , 𝑏0 , 𝑏1 ∈ ℂ ). 
ake 𝑘 = − 1 and 𝑔 ∈  ((𝗁𝛼, − 1 )

2 ) . The leading term of 𝑔 is square-integrable as 𝑟 ↓ 0 , in view of ( * ), if and only if 𝑏0 = 0 .
urthermore, since  ((𝗁𝛼, − 1 )

2 ) is the domain of a self-adjoint restriction of 2 𝑚𝑐2 ( 𝖲∗ 
𝛼, − 1 

⊕ 𝖲∗ − 𝛼, 1 
) + 𝑚2 𝑐4 𝟙 = 2 𝑚𝑐2 ( 𝖲∗ 

𝛼, − 1 
⊕

− 𝛼, 1 ) + 𝑚2 𝑐4 𝟙 , necessarily also 𝑎1 = 𝜈𝑎0 for some 𝜈 ∈ ℝ ∪ { ∞} (Theorem 5 (ii)), with the usual convention that 𝜈 = ∞

orresponds to 𝑎0 = 0 for any such 𝑔, whereas 𝑏1 𝑟2 − 𝛼 = 𝑜( 𝑟
3 
2 ) . Thus, 

𝑔 ∈  ((𝗁𝛼, − 1 )
2 ) ⇒ 𝑔

𝑟↓0 
= 𝑎0 

( 

𝑟1 − 𝛼 + 𝜈 𝑟𝛼

0 

) 

+ 𝑜( 𝑟
3 
2 ) . 

n top of that, it must be 𝗁𝛼, − 1 𝑔 ∈  (𝗁𝛼, − 1 ) , that is, ( 𝗁𝛼, − 1 being self-adjoint), 𝗁∗ 𝛼, − 1 
𝑔 ∈  ( 𝗁∗ 

𝛼, − 1 
) . The latter condition is

antamount as the square-integrability of 

⎛ ⎜ ⎜ ⎝ 
𝑚𝑐2 i 𝑐

(
− d 

d 𝑟 
+ 𝛼− 1 

𝑟 

)
− i 𝑐

(
d 

d 𝑟 
+ 𝛼− 1 

𝑟 

)
− 𝑚𝑐2 

⎞ ⎟ ⎟ ⎠ 𝑔
𝑟↓0 
= 𝑎0 

( 

𝑚𝑐2 ( 𝑟1 − 𝛼 + 𝜈𝑟𝛼) 

− i 𝑐 𝜈(2 𝛼 − 1) 𝑟𝛼− 1 

) 

+ 𝑜( 𝑟
1 
2 ) , 

here we used the preceding asymptotics for 𝑔. For the above expression to be square-integrable for all considered 𝑔s ,
ecessarily 𝑎0 = 0 . This proves that 

 ((𝗁𝛼, − 1 )
2 ) ⊂  ( 𝖲

( ∞) 
𝛼, − 1 

⊕ 𝖲− 𝛼, 1 ) 

nd the inclusion above is an actual identity, by self-adjointness. The conclusion in this case is 

(𝗁𝛼, − 1 )
2 = 2 𝑚𝑐2 ( 𝖲

( ∞) 
𝛼, − 1 

⊕ 𝖲− 𝛼, 1 ) + 𝑚2 𝑐4 𝟙 . 

he case 𝑘 = 1 is completely analogous. 

ast, let 𝑘 = 0 , 𝛾 ∈ ℝ ∪ { ∞} , and 𝑔 ∈ (
( 𝗁
( 𝛾) 
𝛼, 0 
)2 
)
. Now ( * ) prescribes 

𝑔 ( 𝑟)
𝑟 ↓0 
= 

( 

𝑎0 𝑟
− 𝛼 + 𝑎1 𝑟

1 + 𝛼

𝑏0 𝑟
𝛼 + 𝑏1 𝑟

1 − 𝛼

) 

+ 𝑜( 𝑟
3 
2 ) 

for 𝑔-dependent 𝑎0 , 𝑎1 , 𝑏0 , 𝑏1 ∈ ℂ ). Since 𝑔 ∈  ( 𝗁
( 𝛾) 
𝛼, 0 
) , then 𝑏0 = − i 𝛾𝑎0 (Theorem 3 (iii)). The latter asymptotics then yield

𝗁
( 𝛾) 
𝛼, 0 
𝑔 =

⎛ ⎜ ⎜ ⎝ 
𝑚𝑐2 i 𝑐

(
− d 

d 𝑟 
+ 𝛼

𝑟 

)
− i 𝑐

(
d 

d 𝑟 
+ 𝛼

𝑟 

)
− 𝑚𝑐2 

⎞ ⎟ ⎟ ⎠ 𝑔
𝑟↓0 
= 

( (
𝑎0 𝑚𝑐

2 + i 𝑐(2 𝛼 − 1) 𝑏1 
)
𝑟− 𝛼(

i 𝛾𝑎0 𝑚𝑐
2 − i 𝑐 (2 𝛼 + 1) 𝑎1 

)
𝑟𝛼

) 

+ 𝑜( 𝑟
1 
2 ) . 
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 articles are governed by the applicable C
reat
ince 𝗁( 𝛾) 
𝛼, 0 
𝑔 ∈  ( 𝗁

( 𝛾) 
𝛼, 0 
) , then 

i 𝛾𝑎0 𝑚𝑐
2 − i 𝑐 (2 𝛼 + 1) 𝑎1 = − i 𝛾

(
𝑎0 𝑚𝑐

2 + i 𝑐 (2 𝛼 − 1) 𝑏1 
)

owing again to Theorem 3 (iii)), whence 

𝑎1 = − i 𝛾
2i 𝑎0 𝑚𝑐 + (1 − 2 𝛼) 𝑏1 

2 𝛼 + 1 
. 

his completes the proof of ( 118 )–( 121 ). The identities ( 122 )–( 123 ) are consequence of ( 121 ). Indeed, when 𝛾 = ∞ ( 121 ) yields
0 = 0 , 𝑏1 = 0 , and Theorem 4 (ii) then yields 

𝑔 =

( 

𝑔+ 

𝑔− 

) 

with 𝑔+ 

∈ (
𝖲
( ∞) 
𝛼, 0 

)
, 𝑔− 

∈ (
𝖲
(0) 
𝛼, 0 

)
. 

onversely, when 𝛾 = 0 ( 121 ) yields 𝑏0 = 0 , 𝑎1 = 0 , and Theorem 4 (ii) then yields 

𝑔 =

( 

𝑔+ 

𝑔− 

) 

with 𝑔+ 

∈ (
𝖲
(0) 
𝛼, 0 

)
, 𝑔− 

∈ (
𝖲
(0) 
𝛼, ∞

)
. 

he proof is now complete. □

emark 9. As the proof of Theorem 6 shows, (𝗁𝛼,𝑘 )2 ( 𝑘 ≠ 0 ) or ( 𝗁( 𝛾) 𝛼, 0 
)2 ( 𝑘 = 0 ), is a self-adjoint restriction of 

2 𝑚 𝑐2 

( 

𝖲∗ 
𝛼,𝑘 

𝕆 

𝕆 𝖲∗ − 𝛼, − 𝑘 

) 

+ 𝑚2 𝑐4 𝟙 . (*)

hen 𝑘 = ± 1 , the self-adjoint restrictions of ( * ) form a one-real-parameter family, because only one block is non-self-
djoint (Proposition 5 and Theorem 5 (ii)). Thus, (𝗁𝛼,𝑘 )2 is always reduced with respect to 

𝐿2 ( ℝ+ ; ℂ2 , d 𝑟) ≅ 𝐿2 ( ℝ+ ; ℂ , d 𝑟) ⊕ 𝐿2 ( ℝ+ ; ℂ , d 𝑟) , 

s ( 119 )–( 120 ) indeed show. Instead, when 𝑘 = 0 , the self-adjoint restrictions of ( * ) form a four-real-parameter family and
re not reduced in general, which is reflected in the domain ( 121 ). The cases 𝛾 = ∞ and 𝛾 = 0 are the sole case of reducibility
f 𝗁( 𝛾) 
𝛼,𝑘 
—see ( 122 )–( 123 ). 

roof of Corollary 1. Immediate from Theorem 6 , in particular from ( 122 )–( 123 ), in view of the general expressions ( 14 )
nd ( 21 ), respectively, for 𝐻( 𝛾) 𝛼 and 𝑆( 𝜃) 𝛼 . Indeed, the square is taken block-wise. □

 Proof of Theorem 1 

ased on the general set-up of Section 1 , it is clear that it suffices to establish the operator limit ( 35 ) separately in each
-block. 
ecall that the block 𝑘 = 0 is the one that accommodates non-trivial self-adjoint extensions both before (Dirac-AB) and
fter (Schrödinger-AB) the limit, and the block 𝑘 = − 1 has non-trivial self-adjoint extensions after the limit. These blocks
hen require a special treatment, which would lead to the special scaling of the extension parameter as 𝑐 → +∞ in order
o connect self-adjoint realizations before and after the limit. 
e start the preparation to the proof of Theorem 1 with a closer analysis of the operator closure of 𝗁𝛼,𝑘 in the non-zero
locks and of the Friedrichs extension in the block 𝑘 = 0 (Propositions 7 and 8 below). We tacitly exploit as usual the
anonical Hilbert space orthogonal direct sum 

𝐿2 ( ℝ+ ; ℂ2 , d 𝑟) ≅ 𝐿2 ( ℝ+ ; ℂ , d 𝑟) ⊕ 𝐿2 ( ℝ+ ; ℂ , d 𝑟) . (126)
2 of 44 Studies in Applied Mathematics, 2026
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roposition 7. When 𝑘 ∈ ℤ ⧵ {0} one has 

𝗁𝛼,𝑘 =

( 

𝑚𝑐2 𝑐 𝐵+ 

𝛼,𝑘 

𝑐𝐵𝛼,𝑘 − 𝑚𝑐2 

) 

( 𝑘 ∈ ℤ ⧵ {0}) (127)

ith respect to the decomposition ( 126 ) and in terms of the two closed operators 𝐵𝛼,𝑘 and 𝐵+ 

𝛼,𝑘 
in 𝐿2 ( ℝ+ ; ℂ , d 𝑟) defined by 

 ( 𝐵𝛼,𝑘 ) ∶ = 𝐻1 
0 
( ℝ+ ; ℂ ) , 𝐵𝛼,𝑘 𝜓 ∶ = − i

( 

d 

d 𝑟 
+ 𝛼 + 𝑘 

𝑟 

) 

𝜓, (128)

 ( 𝐵+ 

𝛼,𝑘 
) ∶ = 𝐻1 

0 
( ℝ+ ; ℂ ) , 𝐵+ 

𝛼,𝑘 
𝜓 ∶ = − i

( 

d 

d 𝑟 
− 𝛼 + 𝑘 

𝑟 

) 

𝜓. (129)

roof. The differential action of 𝗁𝛼,𝑘 is immediately read out from ( 11 ). Thus, as an identity between differential actions , 

𝗁𝛼,𝑘 − 𝑚𝑐2 𝜎3 =

( 

𝕆 𝑐 𝐵+ 

𝛼,𝑘 

𝑐𝐵𝛼,𝑘 𝕆 

) 

. 

n the l.h.s. above the domain is 

 (𝗁𝛼,𝑘 − 𝑚𝑐2 𝜎3 ) =  (𝗁𝛼,𝑘 ) = 𝐻1 
0 
( ℝ+ ; ℂ2 ) , 

wing to the boundedness of 𝑚𝑐2 𝜎3 and to Theorem 3 (i). Then, on this very domain, the r.h.s. is closed too, and the
orresponding domain of both 𝐵𝛼,𝑘 and 𝐵+ 

𝛼,𝑘 
as operators in 𝐿2 ( ℝ+ ; ℂ , d 𝑟) is 𝐻1 

0 
( ℝ+ ; ℂ ) . □

roposition 8. One has 

𝗁
( ∞) 
𝛼, 0 

=

( 

𝑚𝑐2 𝑐 𝐵+ 

𝛼, 0 

𝑐𝐵𝛼, 0 − 𝑚𝑐2 

) 

(130)

ith respect to the decomposition ( 126 ) and in terms of the two closed operators 𝐵𝛼, 0 and 𝐵+ 

𝛼, 0 
in 𝐿2 ( ℝ+ ; ℂ , d 𝑟) defined by 

 ( 𝐵𝛼, 0 ) ∶ = 𝐻1 
0 
( ℝ+ ; ℂ ) , 𝐵𝛼, 0 𝜓 ∶ = − i

( 

d 

d 𝑟 
+ 𝛼
𝑟 

) 

𝜓, (131)

 ( 𝐵+ 

𝛼, 0 
) ∶ = 𝐻1 

0 
( ℝ+ ; ℂ ) +̇ span ℂ 

{ √
𝑟 𝐾

𝛼− 1 
2 

} 

, 𝐵+ 

𝛼, 0 
𝜓 ∶ = − i

( 

d 

d 𝑟 
− 𝛼
𝑟 

) 

𝜓. (132)

roof. In the general classification of the self-adjoint extensions of 𝗁𝛼, 0 , see ( 74 ) and ( 78 ) above, 

(
𝗁
( ∞) 
𝛼, 0 

)
=  (𝗁𝛼, 0 ) +̇ span ℂ 

{ 

Ψ
( 𝐷) 
𝛼,𝜆,𝑐 

} 

, 

here (Proposition 3 (iv)) 

Ψ
( 𝐷) 
𝛼,𝜆,𝑐 

=
(
𝗁
( ∞) 
𝛼, 0 

− 𝑚𝑐2 + 𝜆
)− 1 

Φ
( 𝐷) 
𝛼,𝜆,𝑐 

nd (Proposition 1 (i)) 

 (𝗁𝛼, 0 ) = 𝐻1 
0 
( ℝ+ ; ℂ2 ) . 
tudies in Applied Mathematics, 2026 33 of 44
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reati
et us split 

Ψ
( 𝐷) 
𝛼,𝜆,𝑐 

=
⎛ ⎜ ⎜ ⎝ 

0 

𝑞𝛼
√
𝑟 𝐾
𝛼− 1 
2 

⎞ ⎟ ⎟ ⎠ + Ξ𝛼,𝜆,𝑐 

ith 

𝑞𝛼 ∶ = − 2
1 
2 
+ 𝛼 𝜆

𝑐2 

𝐶𝛼,𝜆,𝑐 

Γ
(
1 

2 
− 𝛼

)‖‖‖Φ( 𝐷) 𝛼,𝜆,𝑐 
‖‖‖2 𝐿2 ( ℝ+ ; ℂ2 ) 

. 

ince by eqs. (9.6.1) and (9.6.10) in [ 41 ] 

√
𝑟 𝐾
𝛼− 1 
2 

( 𝑟 )
( 𝑟↓0) 
= 2

− 𝛼− 1 
2 Γ

( 

1 

2 
− 𝛼

) 

𝑟𝛼 + 2
𝛼− 3 
2 Γ

( 

𝛼 − 1 
2 

) 

𝑟1 − 𝛼 + 𝑂( 𝑟2 + 𝛼) , 

hen 𝑞𝛼
√
𝑟 𝐾
𝛼− 1 
2 

has the same 𝑟𝛼-leading term as the asymptotics ( 71 ) for Ψ( 𝐷) 
𝛼,𝜆,𝑐 

, whence 

Ξ𝛼,𝜆,𝑐 
( 𝑟↓0) 
= 𝑜( 𝑟

1 
2 ) . 

n fact, we shall now argue that 

Ξ𝛼,𝜆,𝑐 ∈ 𝐻1 
0 
( ℝ+ ; ℂ2 ) . 

learly, Ξ𝛼,𝜆,𝑐 ∈ 𝐶∞( ℝ+ ; ℂ2 ) , since both Ψ
( 𝐷) 
𝛼,𝜆,𝑐 

and 𝐾
𝛼− 1 
2 

( 𝑟) are smooth functions on ℝ+ . Moreover, in the notation

( 𝐷) 
𝛼,𝜆,𝑐 

≡
( 

Ψ+ 

Ψ− 

) 

, Φ( 𝐷) 
𝛼,𝜆,𝑐 

=

( 

Φ+ 

Φ− 

) 

, the identity Ψ( 𝐷) 
𝛼,𝜆,𝑐 

= ( 𝗁
( ∞) 
𝛼, 0 

− 𝑚𝑐2 + 𝜆)− 1 Φ
( 𝐷) 
𝛼,𝜆,𝑐 

reads 

⎧ ⎪ ⎨ ⎪ ⎩ 

− i 𝑐
dΨ− 

d 𝑟 
= 𝑚𝑐2 Ψ+ 

− i 𝑐
𝛼

𝑟 
Ψ− 

+ Φ+ 

, 

− i 𝑐
dΨ+ 

d 𝑟 
= i 𝑐

𝛼

𝑟 
Ψ+ 

− 𝑚𝑐2 Ψ− 

+ Φ− 

. 

n the right-hand sides above, all functions are square-integrable on any interval [ 𝜀, +∞] , 𝜀 > 0 (the 𝛼∕𝑟-terms are bounded
s 𝑟 ⩾ 𝜀), implying 

Ψ
( 𝐷) 
𝛼,𝜆,𝑐 

|||[ 𝜀, +∞) ∈ 𝐻1 ([ 𝜀, +∞); ℂ2 ) ∀𝜀 > 0 . 

s a matter of fact, also 

𝐾
𝛼− 1 
2 

|||[ 𝜀, +∞) ∈ 𝐻1 ([ 𝜀, +∞); ℂ ) ∀𝜀 > 0 . 

ndeed, 
√
𝑟 𝐾
𝛼− 1 
2 

∈ 𝐻1 loc ( ℝ
+ ; ℂ ) because 𝐾

𝛼− 1 
2 

∈ 𝐶∞( ℝ+ ; ℂ ) , and the exponential decay of 𝐾𝜈 at infinity (see eq. (9.7.2)

n [ 41 ]) together with the recurrence relation given in eq. (9.6.26)-(iv) in [ 41 ] 

𝐾′

𝛼− 1 
2 

( 𝑟) = −1 
2 

( 

𝐾
− 1 
2 
− 𝛼
( 𝑟) + 𝐾3 

2 
− 𝛼
( 𝑟)

) 

, 

mply that 
√
𝑟 𝐾
𝛼− 1 
2 

is an 𝐻1 -function at infinity. Since both Ψ
( 𝐷) 
𝛼,𝜆,𝑐 

|||[ 𝜀, +∞) and 𝐾𝛼− 1 2 |||[ 𝜀, +∞) are 𝐻1 -functions, so is
𝛼,𝜆,𝑐 

|||[ 𝜀, +∞) . But since Ξ𝛼,𝜆,𝑐 ( 𝑟↓0) = 𝑜( 𝑟
1 
2 ) , then Ξ𝛼,𝜆,𝑐 ∈ 𝐻

1 
0 
( ℝ+ ; ℂ2 ) as claimed. 
4 of 44 Studies in Applied Mathematics, 2026
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herefore, 

(
𝗁
( ∞) 
𝛼, 0 

)
= 𝐻1 

0 
( ℝ+ ; ℂ2 ) +̇ span ℂ 

{ 

Ψ
( 𝐷) 
𝛼,𝜆,𝑐 

} 

= 𝐻1 
0 
( ℝ+ ; ℂ2 ) +̇ span ℂ 

{ 

𝑞𝛼
√
𝑟 𝐾
𝛼− 1 
2 

( 𝑟)

( 

0 

1 

) 

+ 𝑅𝛼( 𝑟)

} 

= 𝐻1 
0 
( ℝ+ ; ℂ2 ) +̇ span ℂ 

{ √
𝑟 𝐾
𝛼− 1 
2 

( 𝑟)

( 

0 

1 

) } 

. 

ow, ( 130 ), as an identity of differential actions , follows directly from ( 11 ) and is equivalent to 

𝗁
( ∞) 
𝛼, 0 

− 𝑚𝑐2 𝜎3 =

( 

𝕆 𝑐 𝐵+ 

𝛼, 0 

𝑐𝐵𝛼, 0 𝕆 

) 

. 

ince the domain of the l.h.s. is 

(
𝗁
( ∞) 
𝛼, 0 

− 𝑚𝑐2 𝜎3 

)
= (

𝗁
( ∞) 
𝛼, 0 

)
= 𝐻1 

0 
( ℝ+ ; ℂ2 ) +̇ span ℂ 

{ √
𝑟 𝐾
𝛼− 1 
2 

( 𝑟)

( 

0 

1 

) } 

, 

hen the domains of the non-zero blocks in the r.h.s. must be the ones indicated in ( 131 )–( 132 ). □

s a matter of fact, the above 𝐵+ 

𝛼,𝑘 
s are nothing but the adjoints in 𝐿2 ( ℝ+ ; ℂ , d 𝑟) of the corresponding 𝐵𝛼,𝑘 s . 

roposition 9. 𝐵+ 

𝛼,𝑘 
= ( 𝐵𝛼,𝑘 )

∗ ∀𝑘 ∈ ℤ , where 

 (( 𝐵𝛼,𝑘 )
∗ ) =

{ 

𝜓 ∈ 𝐿2 ( ℝ+ ; ℂ , d 𝑟)
|||
( 

d 

d 𝑟 
− 𝛼 + 𝑘 

𝑟 

) 

𝜓 ∈ 𝐿2 ( ℝ+ ; ℂ , d 𝑟)
} 

, 

( 𝐵𝛼,𝑘 )
∗ 𝜓 = − i

( 

d 

d 𝑟 
− 𝛼 + 𝑘 

𝑟 

) 

𝜓. 

(133)

roof. Formula ( 133 ) follows by general facts (see, e.g., Lemma 4.3 in [ 40 ]) directly from ( 128 ) and ( 131 ). 
s a follow-up of (the proof of) Proposition 8 , one sees that on the domain 

(
𝗁
( ∞) 
𝛼, 0 

− 𝑚𝑐2 𝜎3 

)
= (

𝗁
( ∞) 
𝛼, 0 

)
= 𝐻1 

0 
( ℝ+ ; ℂ2 ) +̇ span ℂ 

{ √
𝑟 𝐾
𝛼− 1 
2 

( 𝑟)

( 

0 

1 

) } 

he left-hand side of 

𝗁
( ∞) 
𝛼, 0 

− 𝑚𝑐2 𝜎3 =

( 

𝕆 𝑐 𝐵+ 

𝛼, 0 

𝑐𝐵𝛼, 0 𝕆 

) 

s self-adjoint. Then necessarily 𝐵𝛼, 0 and 𝐵+ 

𝛼, 0 
are mutually adjoint. □

ith the above preparations, we now control the non-relativistic limit 𝑐 → +∞ of the operator closures in each 𝑘-block. 

roposition 10. 
i. If 𝑘 ∈ ℤ ⧵ { − 1 , 0} , then ∀𝑐 > 0 𝜌(𝗁𝛼,𝑘 − 𝑚𝑐2 ) ⊂ 𝜌(𝖲𝛼,𝑘 ) and ∀𝑧 ∈ 𝜌(𝗁𝛼,𝑘 − 𝑚𝑐2 ) , 

lim 

𝑐→+∞
(𝗁𝛼,𝑘 − 𝑚𝑐2 − 𝑧)− 1 = (𝖲𝛼,𝑘 − 𝑧)− 1 ⊕ℂ2 𝕆 . (134)
tudies in Applied Mathematics, 2026 35 of 44
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 articles are governed by the applicable C
rea
ii. ∀𝑐 > 0 𝜌( 𝗁
( ∞) 
𝛼, 0 

− 𝑚𝑐2 ) ⊂ 𝜌( 𝖲
( ∞) 
𝛼, 0 
) and for any 𝑧 ∈ 𝜌( 𝗁( ∞) 

𝛼, 0 
− 𝑚𝑐2 ) , we have 

lim 

𝑐→+∞
( 𝗁
( ∞) 
𝛼, 0 

− 𝑚𝑐2 − 𝑧)− 1 = ( 𝖲
( ∞) 
𝛼, 0 

− 𝑧)− 1 ⊕ℂ2 𝕆 . (135)

iii. ∀𝑐 > 0 𝜌(𝗁𝛼, − 1 − 𝑚𝑐2 ) ⊂ 𝜌( 𝖲
( ∞) 
𝛼, − 1 

) and for any 𝑧 ∈ 𝜌(𝗁𝛼, − 1 − 𝑚𝑐2 ) , we have 

lim 

𝑐→+∞
(𝗁𝛼, − 1 − 𝑚𝑐2 − 𝑧)− 1 = ( 𝖲

( ∞) 
𝛼, − 1 

− 𝑧)− 1 ⊕ℂ2 𝕆 . (136)

ll limits above are meant in operator norm. 

roof. The result in all three cases relies on the operator-norm limit, ∀𝑘 ∈ ℤ , 

lim 

𝑐→+∞

[ ( 

𝑚𝑐2 ( 𝑐𝐵𝛼,𝑘 )
∗ 

𝑐𝐵𝛼,𝑘 − 𝑚𝑐2 

) 

− 𝑚𝑐2 − 𝑧

] − 1 

=
[ 
1 

2 𝑚 

( 𝐵𝛼,𝑘 )
∗ 𝐵𝛼,𝑘 − 𝑧

] − 1 

⊕𝕆 , (a)

 simple but fundamental classical result discussed, for example, in Corollary 6.2 in [ 9 ]. 
bserve also that the differential action of ( 𝐵𝛼,𝑘 )∗ 𝐵𝛼,𝑘 (namely 𝐵+ 

𝛼,𝑘 
𝐵𝛼,𝑘 , in view of Proposition 9 ) and of 𝖲∗ 

𝛼,𝑘 
is the same

nd amounts to 

1 

2 𝑚 

( 

− d
2 

d 𝑟2 
+ ( 𝛼 + 𝑘)( 𝛼 + 𝑘 + 1) 

𝑟2 

) 

, 

s one deduces from ( 128 )–( 129 ) and ( 131 )–( 132 ). Moreover, since both 𝐵𝛼,𝑘 and ( 𝐵𝛼,𝑘 )∗ are closed operators, their product
 𝐵𝛼,𝑘 )

∗ 𝐵𝛼,𝑘 is self-adjoint. 
wing to ( 127 ), ( 130 ), and Proposition 9 , the left-hand side of ( a ) has exactly the form of the left-hand side of ( 134 ), of ( 135 ),
nd of ( 136 ). Therefore, in order to establish such three formulas, one has to show that 

1 

2 𝑚 

( 𝐵𝛼,𝑘 )
∗ 𝐵𝛼,𝑘 = 𝖲𝛼,𝑘 , 𝑘 ∈ ℤ ⧵ {0 , − 1} , (b)

1 

2 𝑚 

( 𝐵𝛼, 0 )
∗ 𝐵𝛼, 0 = 𝖲

( ∞) 
𝛼, 0 
, (c)

1 

2 𝑚 

( 𝐵𝛼, − 1 )
∗ 𝐵𝛼, − 1 = 𝖲

( ∞) 
𝛼, − 1 

. (d)

or all cases 𝑘 ∈ ℤ ⧵ {0 , − 1} , the self-adjoint operator (2 𝑚)− 1 ( 𝐵𝛼,𝑘 )
∗ 𝐵𝛼,𝑘 , having the same differential action as 𝖲𝛼,𝑘 , must

e a self-adjoint extension of 𝖲𝛼,𝑘 itself. Then ( b ) follows because 𝖲𝛼,𝑘 is essentially self-adjoint. 
oncerning 𝑘 = 0 and 𝑘 = − 1 , also in these cases (2 𝑚)− 1 ( 𝐵𝛼,𝑘 )

∗ 𝐵𝛼,𝑘 is a self-adjoint extension of 𝖲𝛼,𝑘 . In order to prove
hat this extension is precisely 𝖲( ∞) 

𝛼,𝑘 
, and hence to establish ( c ) and ( d ), we now show that the only self-adjoint extension

f 𝖲𝛼,𝑘 whose domain is contained in  (( 𝐵𝛼,𝑘 )
∗ 𝐵𝛼,𝑘 ) is actually 𝖲

( ∞) 
𝛼,𝑘 

. 

o, when 𝑘 = 0 , take 𝜓 ∈  ( 𝖲
( 𝜃) 
𝛼, 0 
) , a function in the domain of a generic member of the family of extensions described in

heorem 4 . Due to ( 111 )–( 112 ), 

𝜓 ( 𝑟)
( 𝑟↓0) 
= 𝜃− 1 𝑎1 𝑟

− 𝛼 + 𝑎1 𝑟
1 + 𝛼 + 𝑜( 𝑟

3 
2 ) . 

n the other hand, due to ( 131 )–( 132 ), 

 (( 𝐵𝛼, 0 )
∗ 𝐵𝛼, 0 ) =

{ 

𝑓 ∈ 𝐻1 
0 
( ℝ+ )

|||
( 

d 

d 𝑟 
− 𝛼
𝑟 

) 

𝑓 ∈ 𝐻1 
0 
( ℝ+ )+̇ span ℂ 

{
√
𝑟 𝐾

𝛼− 1 
2 

}
} 

. 
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rea
s argued already, the short-distance asymptotics for 𝐻1 
0 
( ℝ+ ) -functions is ∼ 𝑜( 𝑟

1 
2 ) , and for the function 

√
𝑟 𝐾
𝛼− 1 
2 

it is 

√
𝑟 𝐾
𝛼− 1 
2 

( 𝑟 )
( 𝑟↓0) 
= 𝑑𝛼,𝑘 

( 

2
𝛼− 1 
2 𝑟− 𝛼+ 1 + 2

− 𝛼+ 1 
2 𝑟𝛼

) (
1 + 𝑜 ( 𝑟2 )

)
see the proof of Proposition 9 ). One thus sees that, in order for the above 𝜓 to belong to  (( 𝐵𝛼, 0 )

∗ 𝐵𝛼, 0 ) , the part of
behaving as 𝑟− 𝛼 as 𝑟 ↓ 0 must be absent, for otherwise the function (

d 

d 𝑟 
− 𝛼

𝑟 
) 𝜓 would display an incompatible 𝑟− 𝛼− 1

ingularity. Requiring this to hold for all 𝜓s in  ( 𝖲
( 𝜃) 
𝛼, 0 
) , implies 𝜃 = ∞, which selects the extension 𝖲

( ∞) 
𝛼, 0 

. Then also ( c )
s established. 
he remaining case 𝑘 = − 1 is treated analogously. Take now 𝜓 ∈  ( 𝖲

( 𝜈) 
𝛼, − 1 

) , a function in the domain of a generic member
f the family of extensions described in Theorem 5 . Due to ( 116 )–( 117 ), 

𝜓 ( 𝑟)
( 𝑟↓0) 
= 𝜈− 1 𝑏1 𝑟

𝛼 + 𝑏1 𝑟
1 − 𝛼 + 𝑜( 𝑟

3 
2 ) , 

nd due to ( 128 )–( 129 ), 

 (( 𝐵𝛼, − 1 )
∗ 𝐵𝛼, − 1 ) =

{ 

𝑓 ∈ 𝐻1 
0 
( ℝ+ )

|||
( 

d 

d 𝑟 
− 𝛼 − 1 

𝑟 

) 

𝑓 ∈ 𝐻1 
0 
( ℝ+ )

} 

. 

hus, in order for 𝜓 to belong to  (( 𝐵𝛼, − 1 )
∗ 𝐵𝛼, − 1 ) , the part of 𝜓 behaving as 𝑟𝛼 as 𝑟 ↓ 0 must be absent, otherwise the

unction (
d 

d 𝑟 
− 𝛼− 1 

𝑟 
) 𝜓would display an incompatible 𝑟𝛼− 1 singularity. Requiring this to hold for all 𝜓s in  ( 𝖲

( 𝜈) 
𝛼, − 1 

) , implies

= ∞, which selects the extension 𝖲
( ∞) 
𝛼, − 1 

. Then also ( d ) is established. 
ll three limits ( 134 )–( 136 ) are proved. □

wo more bits of information are needed to identify the limits of generic self-adjoint realizations in the non-trivial block
 = 0 . The first concerns the connection in the limit between the two pre-factors 𝜏( 𝐷) 

𝛼,𝜆,𝛾,𝑐 
and 𝜏( 𝑆) 

𝛼,𝜆,𝜃
introduced in ( 50 ) and

 115 ), respectively. 

emma 9. Let 𝛼 ∈ ( − 1 
2 
,
1 

2 
) . For given 𝜃 ∈ ℝ ∪ { ∞} , let 𝛾 = 𝛾( 𝑐 ) scale with 𝑐 according to ( 34 ), that is, 

lim 

𝑐→+∞
2 𝑚 𝑐 𝛾( 𝑐 ) 

1 + 2 𝛼
= 𝜃. 

hen 

lim 

𝑐→+∞
𝜏
( 𝐷) 

𝛼,𝜆,𝛾( 𝑐 ) ,𝑐 
= 𝜏

( 𝑆) 
𝛼,𝜆,𝜃

. (137)

roof. In the expression 

( 𝜏
( 𝐷) 

𝛼,𝜆,𝛾( 𝑐) ,𝑐 
)− 1 = 1 

2 

( 

𝜋 sec ( 𝜋𝛼) + 4𝛼𝜇2 
𝑐,𝜆

(
𝜇𝑐,𝜆

√
𝜆
)− 1 − 2 𝛼

Γ2 
( 

1 

2 
+ 𝛼

) 

𝑐𝛾( 𝑐)

) 

e observe that 𝜇𝑐,𝜆
𝑐→+∞
XX X X X X X →

√
2 𝑚 and hence 

lim 

𝑐→+∞
4𝛼𝜇2 

𝑐,𝜆

(
𝜇𝑐,𝜆

√
𝜆
)− 1 − 2 𝛼

= 2
1 
2 
+ 𝛼
𝑚
1 
2 
− 𝛼
𝜆
− 1 
2 
− 𝛼
. 

oreover, since ( 1 
2 
+ 𝛼)Γ(

1 

2 
+ 𝛼) = Γ(

3 

2 
+ 𝛼) (see eq. (6.1.15) in [ 41 ]), 

Γ2 
( 

1 

2 
+ 𝛼

) 

= Γ

( 

1 

2 
+ 𝛼

) 

Γ

( 

3 

2 
+ 𝛼

) 

2 

1 + 2 𝛼
. 
tudies in Applied Mathematics, 2026 37 of 44
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reat
ombining all together, 

lim 

𝑐→+∞
( 𝜏
( 𝐷) 

𝛼,𝜆,𝛾( 𝑐 ) ,𝑐 
)− 1 = 1 

2 

( 

𝜋 sec ( 𝜋𝛼) + 2
1 
2 
+ 𝛼
( 𝑚 𝜆)

− 1 
2 
− 𝛼
Γ

( 

1 

2 
+ 𝛼

) 

Γ

( 

3 

2 
+ 𝛼

) ( 

lim 

𝑐→+∞
2 𝑚𝑐𝛾( 𝑐) 

1 + 2 𝛼

) ) 

= 1 

2 

( 

𝜋 sec ( 𝜋𝛼) + 2
1 
2 
+ 𝛼
( 𝑚 𝜆)

− 1 
2 
− 𝛼
Γ

( 

1 

2 
+ 𝛼

) 

Γ

( 

3 

2 
+ 𝛼

) 

𝜃

) 

= ( 𝜏
( 𝑆) 
𝛼,𝜆,𝜃

)− 1 , 

aving implemented ( 34 ) in the second equality and ( 115 ) in the third. □

he final ingredient is the proof that eventually as 𝑐 → +∞ all resolvent sets 𝜌
(
𝗁
( 𝛾( 𝑐 )) 
𝛼, 0 

− 𝑚𝑐2 
)
along the trajectory 𝛾 ≡ 𝛾( 𝑐 )

atisfying the scaling ( 34 ), do contain a common, fixed (i.e., 𝑐-independent) sub-interval of the negative real half-line. 

roposition 11. Let 𝛼 ∈ ( − 1 
2 
,
1 

2 
) . For given 𝜃 ∈ ℝ ∪ { ∞} , let 𝛾 = 𝛾( 𝑐 ) scale with 𝑐 according to ( 34 ), that is, 

lim 

𝑐→+∞
2 𝑚 𝑐 𝛾( 𝑐 ) 

1 + 2 𝛼
= 𝜃. 

hen, eventually as 𝑐 → +∞, say, ∀𝑐 > 𝑐0 for some sufficiently high threshold 𝑐0 > 0 , the whole interval ( − 2 𝑚𝑐2 , 0) , with the
ossible exception of an open, 𝑐-independent, proper sub-interval 𝐼𝛼,𝜃,𝑐0 , is entirely contained in 𝜌

(
𝗁
( 𝛾( 𝑐 )) 
𝛼, 0 

− 𝑚𝑐2 
)
. 

s a consequence of Proposition 11 , there is a convenient threshold 𝑐0 > 0 and a non-empty region 

𝐽𝛼,𝜃,𝑐0 ∶ = ( − 2 𝑚𝑐2 
0 
) ⧵ 𝐼𝛼,𝜃,𝑐0 (138)

uch that 

𝐽𝛼,𝜃,𝑐0 ⊂
⋂
𝑐> 𝑐0 

𝜌
(
𝗁
( 𝛾( 𝑐 )) 
𝛼, 0 

− 𝑚𝑐2 
)
. (139)

or the present purposes we do not quite need to characterize 𝐽𝛼,𝜃,𝑐0 further, nor need we identify for which values of 𝜃
here is no interval 𝐼𝛼,𝜃,𝑐0 to remove from ( − 2 𝑚𝑐2 

0 
, 0) . We only need the crucial property that either 𝐽𝛼,𝜃,𝑐0 is a non-empty

pen interval, or a non-empty difference of an open interval minus an open sub-interval. Owing to such features, it is in
his very 𝐽𝛼,𝜃,𝑐0 ⊂ ℝ

− that we shall take − 𝜆 in order to compute the limits 

lim 

𝑐→+∞
( 𝗁
( 𝛾( 𝑐)) 
𝛼, 0 

− 𝑚𝑐2 + 𝜆)− 1 . 

roof of Proposition 11. From Theorem 3 (iv), 𝜌( 𝗁( ∞) 
𝛼, 0 

− 𝑚 𝑐2 ) contains the interval ( − 2 𝑚 𝑐2 , 0) , for 𝛾( 𝑐 ) ≠ ∞ 𝜌( 𝗁
( 𝛾( 𝑐 )) 
𝛼, 0 

−

𝑐2 ) contains ( − 2 𝑚𝑐2 , 0) up to possibly one single point 𝐸𝛼,𝜃,𝑐,𝛾( 𝑐) , the actual eigenvalue of 𝗁
( 𝛾( 𝑐)) 
𝛼, 0 

− 𝑚𝑐2 inside the gap,
nd for 𝜆 ∈ ( − 2 𝑚𝑐2 , 0) ⧵ { 𝐸𝛼,𝜃,𝑐,𝛾( 𝑐) } one has (

𝗁
( 𝛾( 𝑐 )) 
𝛼, 0 

− 𝑚𝑐2 + 𝜆
)− 1 

=
(
𝗁
( ∞) 
𝛼, 0 

− 𝑚𝑐2 + 𝜆
)− 1 

+ 𝜏
( 𝐷) 

𝛼,𝜆,𝛾( 𝑐 ) ,𝑐 

𝜆

𝑐2 
|||Φ( 𝐷) 𝛼,𝜆,𝑐 

⟩⟨
Φ
( 𝐷) 
𝛼,𝜆,𝑐 

|||. 
e first establish the limit 

lim 

𝑐→+∞
𝜆

𝑐2 
|||Φ( 𝐷) 𝛼,𝜆,𝑐 

⟩⟨
Φ
( 𝐷) 
𝛼,𝜆,𝑐 

||| = 2 𝑚
|||Φ( 𝑆) 𝛼,𝜆

⟩⟨
Φ
( 𝑆) 
𝛼,𝜆

||| ⊕ℂ2 𝕆 , ( ♣)

n operator norm. A pointwise limit between the integral kernels can be established using the explicit expression of the
pinor function Φ

( 𝐷) 
𝛼,𝜆,𝑐 

and of the scalar function Φ
( 𝑆) 
𝛼,𝜆
—see ( 41 ) and ( 88 ) above. To transform such a pointwise limit to a

imit in operator topology, it is sufficient to prove that the limit ( ♣) holds in 𝐿2 ( ℝ+ ×ℝ+ , d 𝑟d 𝜌) ⊗M 2 ( ℂ ) . Indeed, using
he matrix representation of the operators appearing in ( ♣) according to the decomposition 𝐿2 ( ℝ+ ; ℂ2 ) ≅ 𝐿2 ( ℝ+ ; ℂ ) ⊕
8 of 44 Studies in Applied Mathematics, 2026
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2 ( ℝ+ ; ℂ ) , one has to show the following: 

lim 

𝑐→+∞

‖‖‖‖ 𝜆𝑐2 (Φ( 𝐷) 𝛼,𝜆,𝑐 
( 𝑟))− 

(Φ
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝜌))± 

‖‖‖‖𝐿2 ( ℝ+ ×ℝ+ , d 𝑟 d 𝜌) 
= 0 

lim 

𝑐→+∞

‖‖‖‖ 𝜆𝑐2 (Φ( 𝐷) 𝛼,𝜆,𝑐 
( 𝑟))+ 

(Φ
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝜌))+ 

− 2 𝑚Φ
( 𝑆) 
𝛼,𝜆
( 𝑟)Φ

( 𝑆) 
𝛼,𝜆
( 𝜌)

‖‖‖‖𝐿2 ( ℝ+ ×ℝ+ , d 𝑟 d 𝜌) 
= 0 . 

t follows from self-adjointness that the control of the matrix element ( + , − ) is the same as ( − , + ) . Concerning the element
 − , − ) one has, by explicit computation 

𝜆

𝑐2 

‖‖‖‖(Φ( 𝐷) 𝛼,𝜆,𝑐 
( 𝑟))− 

(Φ
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝜌))− 

‖‖‖‖𝐿2 ( ℝ+ ×ℝ+ , d 𝑟 d 𝜌) 
= 𝜆

𝑐2 
‖√𝑟 𝐾

𝛼− 1 
2 

( 𝜇𝑐,𝜆
√
𝜆𝑟 ) ‖2 

𝐿2 ( ℝ+ ) 
= 𝜆

𝑐2 
𝜋(1 − 2 𝛼) 

4 𝜆𝜇2 
𝑐 ,𝜆
cos ( 𝜋𝛼) 

hich clearly tends to zero as 𝑐 → +∞ (we computed the 𝐿2 norm of the Bessel function exactly as we did for ( 68 )).
oncerning the element ( + , − ) , one has 

𝜆

𝑐2 

‖‖‖‖(Φ( 𝐷) 𝛼,𝜆,𝑐 
( 𝑟))− 

(Φ
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝜌))+ 

‖‖‖‖𝐿2 ( ℝ+ ×ℝ+ , d 𝑟 d 𝜌) 
=

√
𝜆𝜇𝑐,𝜆
𝑐 

‖‖‖‖‖
√
𝑟 𝐾
𝛼+ 1 
2 

( 𝜇𝑐,𝜆
√
𝜆𝑟)

‖‖‖‖‖𝐿2 ( ℝ+ ) 

‖‖‖‖‖√𝜌𝐾𝛼− 1 2 ( 𝜇𝑐,𝜆
√
𝜆𝜌)

‖‖‖‖‖𝐿2 ( ℝ+ ) 

=

√
𝜆𝜇𝑐,𝜆
𝑐 

𝜋
√
1 − 4 𝛼2 

4 𝜆𝜇2 
𝑐 ,𝜆
cos ( 𝜋𝛼) 

hich also tends to zero as 𝑐 → +∞. Last, we know that pointwise one has lim 𝑐→+∞(Φ
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟 ))+ 

= Φ
( 𝑆) 
𝛼,𝜆
( 𝑟 ) . Thus to lift

ointwise convergence to 𝐿2 convergence it is sufficient to use the dominated convergence theorem. The latter requires the

resentation of a majorant, that is, an 𝐿1 function 𝐺( 𝑟, 𝜌) such that, definitively in 𝑐 , 𝜆
𝑐2 
(Φ
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝑟 ))+ 

(Φ
( 𝐷) 
𝛼,𝜆,𝑐 

( 𝜌))− 

≤ 𝐺( 𝑟 , 𝜌) .
o this aim, we use the integral representation of the modified Bessel function given in eq. (9.6.23) in [ 41 ] to get 

𝐾
𝛼+ 1 
2 

( 𝜇𝑐,𝜆
√
𝜆𝑟) =

𝜋
1 
2 (
1 

2 
𝜇𝑐,𝜆

√
𝜆𝑟)

𝛼+ 1 
2 

Γ( 𝛼 + 1) ∫
+∞

1 

𝑒− 𝜇𝑐,𝜆

√
𝜆𝑟𝑡 ( 𝑡2 − 1)𝛼 d 𝑡 

ince, for 𝑐 large enough, one has 
√ 

𝑚 

2 
≤ 𝜇𝑐,𝜆 ≤ √

2 𝑚 , and thus one gets 

𝐾
𝛼+ 1 
2 

( 𝜇𝑐,𝜆
√
𝜆𝑟) ≤ 2

𝛼+ 1 
2 𝐾

𝛼+ 1 
2 

( √ 

𝑚 

2 

√
𝜆𝑟

) 

, 

hence the definition of 𝐺( 𝑟, 𝜌) ∶ = 2
𝛼+ 1 
2 
√
2 𝑚 

√
𝑟𝜌𝐾

𝛼+ 1 
2 

(
√ 

𝑚 

2 

√
𝜆𝑟) 𝐾

𝛼+ 1 
2 

(
√ 

𝑚 

2 

√
𝜆𝜌) which is in 𝐿1 ( ℝ+ ×ℝ+ , d 𝑟 d 𝜌) ∩

2 ( ℝ+ ×ℝ+ , d 𝑟 d 𝜌) . 
he limit 

lim 

𝑐→+∞
𝜏
( 𝐷) 

𝛼,𝜆,𝛾( 𝑐 ) ,𝑐 
= 𝜏

( 𝑆) 
𝛼,𝜆,𝜃

, 

as been already proved with Lemma 9 . In view of such limits and of the above expression for the resolvent of
( 𝛾( 𝑐)) 
𝛼, 0 

− 𝑚𝑐2 , one concludes that for arbitrary 𝜀 > 0 there is 𝑐𝜀 > 0 such that for 𝑐1 , 𝑐2 > 𝑐𝜀 and for − 𝜆 ∈ ( − 2 𝑚𝑐2 𝜀 , 0) ⧵

 𝐸𝛼,𝜃,𝑐1 ,𝛾( 𝑐1 ) , 𝐸𝛼,𝜃,𝑐2 ,𝛾( 𝑐2 ) } , one has ‖‖‖‖‖
(
𝗁
( 𝛾( 𝑐1 )) 

𝛼, 0 
− 𝑚𝑐2 

1 
+ 𝜆

)− 1 

−
(
𝗁
( 𝛾( 𝑐2 )) 

𝛼, 0 
− 𝑚𝑐2 

2 
+ 𝜆

)− 1 ‖‖‖‖‖𝐿2 ( ℝ+ ; ℂ2 ) →𝐿2 ( ℝ+ ; ℂ2 ) 

⩽ 𝜀. 

s a further consequence of Theorem VIII.23(b) in [ 24 ], the eigenvalues 𝐸𝛼,𝜃,𝑐1 ,𝛾( 𝑐1 ) and 𝐸𝛼,𝜃,𝑐2 ,𝛾( 𝑐2 ) are 𝜀-close, since they

re the unique poles, respectively, of the resolvent of 𝗁( 𝛾( 𝑐1 )) 
𝛼, 0 

− 𝑚𝑐2 
2 
and of 𝗁( 𝛾( 𝑐2 )) 

𝛼, 0 
− 𝑚𝑐2 

2 
. This establishes that eventually
tudies in Applied Mathematics, 2026 39 of 44
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n 𝑐 the eigenvalues 𝐸𝛼,𝜃,𝑐 ,𝛾( 𝑐 ) inside the gap, if any , are asymptotically close to a 𝑐-independent limit, and hence fall all
ithin an open sub-interval 𝐼𝛼,𝜃,𝑐0 of ( − 2 𝑚𝑐2 

0 
, 0) . □

roof of Theorem 1. With respect to the block-decomposition ( 8 )–( 9 ), namely 

𝐿2 ( ℝ2 ; ℂ2 , d 𝑥 d 𝑦) ≅
⨁
𝑘∈ℤ 

𝐿2 ( ℝ+ ; ℂ2 , d 𝑟) , 

espectively, with respect to the block-decomposition ( 17 )–( 18 ), namely 

𝐿2 ( ℝ2 ; ℂ , d 𝑥 d 𝑦) ≅
⨁
𝑘∈ℤ 

𝐿2 ( ℝ+ ; ℂ , d 𝑟) , 

e write 𝐻( 𝛾) 𝛼 and 𝑆( 𝜃) 𝛼 in reduced form as 

𝐻
( 𝛾) 
𝛼 =

⎛ ⎜ ⎜ ⎜ ⎝ 
⨁
𝑘∈ℤ 

𝑘⩽− 2 

𝗁𝛼,𝑘 

⎞ ⎟ ⎟ ⎟ ⎠ ⊕ 𝗁𝛼, − 1 ⊕ 𝗁
( 𝛾) 
𝛼, 0 

⊕

⎛ ⎜ ⎜ ⎜ ⎝ 
⨁
𝑘∈ℤ 

𝑘⩾1 

𝗁𝛼,𝑘 

⎞ ⎟ ⎟ ⎟ ⎠ , 

𝑆
( 𝜃) 
𝛼 =

⎛ ⎜ ⎜ ⎜ ⎝ 
⨁
𝑘∈ℤ 

𝑘⩽− 2 

𝑆𝛼,𝑘 

⎞ ⎟ ⎟ ⎟ ⎠ ⊕ 𝑆
( 𝐹) 
𝛼, − 1 

⊕ 𝑆
( 𝜃) 
𝛼, 0 

⊕

⎛ ⎜ ⎜ ⎜ ⎝ 
⨁
𝑘∈ℤ 

𝑘⩾1 

𝑆𝛼,𝑘 

⎞ ⎟ ⎟ ⎟ ⎠ . 
n the blocks 𝑘 ∈ ℤ ⧵ {0} there is no dependence on 𝛾 or 𝜃: the block-wise limit 𝑐 → +∞, upon subtracting the rest energy
𝑐2 , and in the norm resolvent sense, is a direct consequence of Proposition 10 (i) and (iii). Here resolvents are taken at the
oint 𝑧 in the gap ( − 2 𝑚𝑐2 , 0) and hence automatically also at 𝑧 with non-zero imaginary part, owing to self-adjointness. 
oncerning the block 𝑘 = 0 , it follows from Theorem 3 (iv) and Proposition 11 that there is 𝑐0 > 0 and a non-empty 𝑐-
ndependent union 𝐽𝛼,𝜃,𝑐0 of two intervals of the negative real line ( 𝐽𝛼,𝜃,𝑐0 is actually defined in ( 138 )) such that 

𝐽𝛼,𝜃,𝑐0 ⊂
⋂
𝑐> 𝑐0 

𝜌
(
𝗁
( 𝛾( 𝑐 )) 
𝛼, 0 

− 𝑚𝑐2 
)

nd (
𝗁
( 𝛾( 𝑐 )) 
𝛼, 0 

− 𝑚𝑐2 + 𝜆
)− 1 

=
(
𝗁
( ∞) 
𝛼, 0 

− 𝑚𝑐2 + 𝜆
)− 1 

+ 𝜏
( 𝐷) 

𝛼,𝜆,𝛾( 𝑐 ) ,𝑐 

𝜆

𝑐2 
|||Φ( 𝐷) 𝛼,𝜆,𝑐 

⟩⟨
Φ
( 𝐷) 
𝛼,𝜆,𝑐 

|||, 
∀( − 𝜆) ∈ 𝐽𝛼,𝜃,𝑐0 . 

(i)

e already proved that 

lim 

𝑐→+∞
( 𝗁
( ∞) 
𝛼, 0 

− 𝑚𝑐2 + 𝜆)− 1 = ( 𝖲
( ∞) 
𝛼, 0 

+ 𝜆)− 1 ⊕ℂ2 𝕆 (ii)

Proposition 10 (ii)), as well as 

lim 

𝑐→+∞
𝜆

𝑐2 
|||Φ( 𝐷) 𝛼,𝜆,𝑐 

⟩⟨
Φ
( 𝐷) 
𝛼,𝜆,𝑐 

||| = 2 𝑚
|||Φ( 𝑆) 𝛼,𝜆

⟩⟨
Φ
( 𝑆) 
𝛼,𝜆

||| ⊕ℂ2 𝕆 (iii)

following from ( 41 ) and ( 88 ) above), and 

lim 

𝑐→+∞
𝜏
( 𝐷) 

𝛼,𝜆,𝛾( 𝑐 ) ,𝑐 
= 𝜏

( 𝑆) 
𝛼,𝜆,𝜃

(iv)

Lemma 9 ). Plugging ( ii ), ( iii ), and ( iv ) into ( i ) yields 

lim 

𝑐→+∞
( 𝗁
( 𝛾( 𝑐 )) 
𝛼, 0 

− 𝑚𝑐2 + 𝜆)− 1 =
(
( 𝖲
( ∞) 
𝛼, 0 

+ 𝜆)− 1 + 2 𝑚𝜏
( 𝑆) 
𝛼,𝜆,𝜃

|||Φ( 𝑆) 𝛼,𝜆

⟩⟨
Φ
( 𝑆) 
𝛼,𝜆

|||)⊕ℂ2 𝕆 

∀( − 𝜆) ∈ 𝐽𝛼,𝜃,𝑐0 . 
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reat
n view of Theorem 4 (iii), this limit is precisely ( 𝖲( 𝜃) 
𝛼, 0 

+ 𝜆)− 1 ⊕ℂ2 𝕆 . The extension of the above limit from ( − 𝜆) ∈ 𝐽𝛼,𝜃,𝑐0 
o ( − 𝜆) ∈ ℂ± is automatic by holomorphicity. 
his establishes ( 35 ) in all 𝑘-blocks and completes the proof. □
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ppendix A: Elements of Kreı̆n–Višik–Birman–Grubb Self-Adjoint Extension Theory 
e extract from the general discussion available, for example, in [ 42 ], Chapter 2 in [ 43 ], Chapter 13 [ 40 ], and [ 44 ], a concise summary
f the tools of the Kreı̆n–Višik–Birman–Grubb self-adjoint extension theory needed in the present work. 
he main result is the following (see, e.g., Theorem 2.17 in [ 43 ]). 

heorem A1. Let 𝑆 be a densely defined symmetric operator on a complex Hilbert space , which admits a self-adjoint extension 𝑆𝐷 that
as everywhere defined bounded inverse on . Then 

 ( 𝑆∗ ) =

{ 

𝜑 + 𝑆− 1 𝐷 𝑧 + 𝑣
||| 𝜑 ∈  (𝑆 ) , 

𝑧, 𝑣 ∈ ker 𝑆∗ 

} 

. (A1)

oreover, there is a one-to-one correspondence between the family of the self-adjoint extensions of 𝑆 in  and the family of self-adjoint
perators on Hilbert subspaces of ker 𝑆∗ . If 𝑇 is any such operator, in the correspondence 𝑇 ↔ 𝑆𝑇 each self-adjoint extension 𝑆𝑇 of 𝑆 is given
y 

𝑆𝑇 = 𝑆∗ ↾  ( 𝑆𝑇 ) , 

 ( 𝑆𝑇 ) =

{ 

𝜑 + 𝑆− 1 𝐷 ( 𝑇𝑣 + 𝑤) + 𝑣
|||𝜑 ∈  (𝑆 ) , 𝑣 ∈  ( 𝑇) 

𝑤 ∈ ker 𝑆∗ ∩ ( 𝑇)⟂

} 

. 
(A2)

heorem A1 , specialized to the case of interest of the present work, namely deficiency indices (1,1), reads as follows. 

heorem A2. Let 𝑆 be a densely defined symmetric operator on a complex Hilbert space , with deficiency indices (1,1), and admitting a
elf-adjoint extension 𝑆𝐷 that has everywhere defined bounded inverse on . Define 

Ψ ∶ = 𝑆− 1 𝐷 Φ

or a choice Φ ∈  ⧵ {0} such that 

ker 𝑆∗ = span ℂ {Φ} . 

hen 

 ( 𝑆∗ ) =

{ 

𝜑 + 𝑐1 Ψ + 𝑐0 Φ
|||𝜑 ∈  (𝑆 ) , 

𝑐0 , 𝑐1 ∈ ℂ 

} 

. (A3)

oreover, the self-adjoint extensions of 𝑆 in  form the family ( 𝑆( 𝛽) )𝛽∈ℝ ∪{ ∞} where 𝑆( ∞) = 𝑆𝐷 and where, for 𝛽 ∈ ℝ , 

𝑆( 𝛽) = 𝑆∗ ↾  ( 𝑆( 𝛽) ) , 

 ( 𝑆( 𝛽) ) =

{ 

𝜑 + 𝑐( 𝛽Ψ + Φ)
|||𝜑 ∈  (𝑆 ) , 

𝑐 ∈ ℂ 

} 

. 
(A4)

he operator 𝑇 is the “Birman parameter ” of the extension 𝑆𝑇 . In the special case of deficiency indices (1,1), 𝑇 is the multiplication by
∈ ℝ on span ℂ {Φ} , and each self-adjoint extension 𝑆

( 𝛽) of 𝑆 is identified by restricting 𝑆∗ to the sub-domain obtained from ( A3 ) with
he condition of self-adjointness 

𝑐1 = 𝛽𝑐0 . (A5)
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 articles are governed by the applicabl
he extension 𝑆( ∞) ≡ 𝑆𝐷 is characterized by 𝑐0 = 0 . 
heorem A2 shows that in order to find the domain ( A4 ), one needs the following data: the operator closure domain  (𝑆 ) , a spanning
lement Φ of ker 𝑆∗ , and the action of 𝑆− 1 𝐷 on Φ for a distinguished self-adjoint extension 𝑆𝐷 of 𝑆 having everywhere defined bounded
nverse on . 
he Birman parameter 𝑇 also determines the expression of 𝑆− 1 𝑇 for those extensions 𝑆𝑇 that are invertible with everywhere defined and
ounded inverse in . In the special case of deficiency indices (1,1) such an expression is given as follows (see, e.g., Theorems 2.21 and
.27 in [ 43 ]). 
egarding the validity of the assumptions of Theorem A2 in our setting, we note that the existence of 𝑆𝐷 with the required properties is
xplicitly verified in section 2.3 for Dirac Aharonov–Bohm operators. For Schrödinger-AB operators, such an operator can be obtained
y considering the Friedrichs extension of 𝖲𝛼,𝑘 + 𝜆̃ 𝟙 for any 𝜆̃ > 0 , since 𝖲𝛼,𝑘 ≥ 0 (see eq. ( 85 )). Indeed, by a standard application of
ato’s theorem (cf. Theorem X.12 in [ 24 ]), the domain of self-adjointness is independent of the shift 𝜆̃. 

heorem A3. Under the assumptions of Theorem A2 , the self-adjoint extension 𝑆( 𝛽) is invertible with everywhere defined and bounded
nverse in  if and only if 𝛽 ≠ 0 , in which case 

( 𝑆( 𝛽) )− 1 = 𝑆− 1 𝐷 + 𝛽− 1 ‖Φ‖− 2  

|Φ⟩⟨Φ|. (A6)

ppendix B: Canonical Decomposition of the AB-Operators 

.1 Dirac Operator 
et us consider the following unitary operators: 

𝑉1 ∶ 𝐿2 ( ℝ2 ; ℂ2 , d 𝑥 d 𝑦) ⟶ 𝐿2 ( ℝ+ × 𝕊1 ; ℂ2 , 𝑟 d 𝑟 d 𝜑) 

𝜓 ( 𝑥 , 𝑦) =

( 

𝜓+ ( 𝑥, 𝑦) 

𝜓− ( 𝑥, 𝑦) 

) 

↦
⎛ ⎜ ⎜ ⎝ 
𝑒
i
𝜑 

2 𝜓+ ( 𝑥( 𝑟, 𝜑) , 𝑦( 𝑟, 𝜑)) 

𝑒
− i 𝜑 
2 𝜓− ( 𝑥( 𝑟, 𝜑) , 𝑦( 𝑟, 𝜑)) 

⎞ ⎟ ⎟ ⎠ 
(B1)

nd then 

𝑉2 = 𝑈2 ⊕𝑈2 , 𝑉3 = ̃𝜑 ⊕ ̃𝜑 (B2)

𝑉3 ∶ 𝐿
2 ( ℝ+ × 𝕊1 ; ℂ2 , d 𝑟 d 𝜑) ⟶

⨁
𝑘∈ℤ 

𝐿2 ( ℝ+ ; ℂ2 , d 𝑟) 

𝜓( 𝑟, 𝜑) ↦
1 

2 𝜋
∫ 2 𝜋
0 
𝑒
i( 𝑘− 1 

2 
) 𝜑 
𝜓( 𝑟, 𝜑) d 𝜑 . 

(B3)

hen for the Dirac operator with Aharonov–Bohm vector potential 𝐻𝛼 defined in ( 7 ) one has 

𝑉3 𝑉2 𝑉1 𝐻𝛼𝑉
∗ 
1 𝑉

∗ 
2 𝑉

∗ 
3 =

⨁
𝑘∈ℤ 

𝗁𝛼,𝑘 . (B4)

.2 Schrödinger Operator 
et us consider the following unitary operators: 

𝑈1 ∶ 𝐿
2 ( ℝ2 , d 𝑥 d 𝑦) ⟶ 𝐿2 ( ℝ+ × 𝕊1 , 𝑟 d 𝑟 d 𝜑) 
𝜓 ( 𝑥 , 𝑦) ↦ ( 𝑈1 𝜓)( 𝑟, 𝜑) = 𝜓( 𝑥( 𝑟, 𝜑) , 𝑦( 𝑟, 𝜑)) 

(B5)

𝑈2 ∶ 𝐿
2 ( ℝ+ × 𝕊1 , 𝑟 d 𝑟 d 𝜑) ⟶ 𝐿2 ( ℝ+ × 𝕊1 , d 𝑟 d 𝜑) 

𝜓( 𝑟, 𝜑) ↦ ( 𝑈2 𝜓)( 𝑟, 𝜑) =
√
𝑟 𝜓( 𝑟, 𝜑) 

(B6)

𝜑 ∶ 𝐿2 ( ℝ+ × 𝕊1 , d 𝑟 d 𝜑) ⟶
⨁
𝑘∈ℤ 

𝐿2 ( ℝ+ , d 𝑟) 

𝜓( 𝑟, 𝜑) ↦ ( 𝜑 𝜓) 𝑘 ( 𝑟 ) = 1 √
2 𝜋

∫ 2 𝜋
0 
𝑒i 𝑘𝜑 𝜓( 𝑟 , 𝜑) d 𝜑 . 

(B7)

hen for the Schrödinger operator with Aharonov–Bohm vector potential 𝑆𝛼 defined in ( 16 ), one has 

𝜑 𝑈2 𝑈1 𝑆𝛼𝑈∗ 1 𝑈∗ 2 ∗ 𝜑 =
⨁
𝑘∈ℤ 

S𝛼,𝑘 . (B8)
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