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Abstract

This paper deals with eigenelements of the Laplacian in bounded domains, under Robin
boundary conditions, without any assumption on the sign of the Robin parameter. We
quantify the asymptotics of the variation of simple eigenvalues under the singular
perturbation produced by removing a shrinking set and imposing the same Robin
condition on its boundary. We also study the convergence rate of the corresponding
eigenfunctions.

Mathematics Subject Classification 35P15 - 35B40 - 35B44 - 35B25

1 Introduction

Let N > 2 and 2 C R" be a bounded, connected, and Lipschitz open set. We deal
with Robin eigenvalue problems of the type

—Au = Au, in Q,
(1.1)

g—l’f—i—au:O, on 0%2,
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where @ € R and v denotes the outer unit normal vector to 2. Let xg € 2, r9 > 0,
and let ¥ c RY be an open, bounded, and Lipschitz set such that

B,,(x0) CQ, X C B, and B, \ X is connected, (1.2)

where B,, = {y € RY :|y| < ro} and B,,(x0) = xo + By,. We note that, for our
purposes, the first two conditions in (1.2) are not restrictive since €2 is open and ¥
is bounded; in fact, as €2 is open, there exists ry such that B, (xp) C €2 and, as X is
bounded, up to replacing it with a suitable scaling, we can assume that its closure is
contained within the ball B,, - which is not restrictive given that we will work with
small scalings of X, see (1.3). For notational convenience, we will then require the
first two conditions in (1.2), noting however that one can easily reduce to the situation
where they hold, starting simply from any xo € €2 and abounded X. On the other hand,
the validity of the third condition in (1.2) is essential, as shown by the counterexample
presented in Remark B.2.
For every ¢ € (0, 1] we consider the scaled set

Yei=x0t+eX. (1.3)

The aim of the present paper is to investigate the stability of the spectrum of problem
(1.1) under the removal of the set =, from €, as the parameter ¢ € (0, 1] goes to 0
and the hole X, consequently disappears. More precisely, we study the asymptotic
behavior, as ¢ — 07, of the eigenvalues of the problem

—Au=iu, inQ\Z,,
4 qu=0, ondQ, (1.4)

g—l’f +au =0, onadX,,

proving, as a first step, that they converge to the eigenvalues of problem (1.1). While
some results in this direction are available in the literature, in this paper we are inter-
ested in quantitative estimates, with the aim of computing the vanishing order of the
eigenvalue variation. We will focus on the case

a#0 (1.5)

since, while the choice @ = 0 could fall within our analysis as a special case, it has
already been analyzed in detail in [19].

In heat conduction theory, Robin boundary conditions serve to interpolate between
a perfectly insulating boundary, described by Neumann boundary conditions & = 0,
and a temperature-fixing boundary, represented by Dirichlet boundary conditions cor-
responding to @ = +o00. Notably, the Robin boundary condition is the most commonly
used in optical imaging, see e.g. [7, 8]. Previous research has largely focused on the
initial few Robin eigenvalues, with particular emphasis on applications in shape opti-
mization, related isoperimetric inequalities, and the asymptotic behavior of the lowest
eigenvalues, see e.g. [12]. The aim of the present paper is instead to explore the stability
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of the spectrum of the Robin Laplacian amidst singular perturbations, specifically the
excision of small holes from a bounded domain. Given the significance of eigenvalues
and eigenvectors of differential operators in the theory of partial differential equations,
it is of interest to understand how eigenelements are affected by small perturbations,
such as changes in the domain: this has relevance in various fields, including quantum
mechanics, materials science, heat conduction, climate modeling, and acoustics.

Since the pioneering paper [41], a vast literature about quantitative spectral sta-
bility for elliptic operators has flourished. Geometric perturbations through domain
perforation for the Dirichlet Laplacian have been studied in [1, 4, 21, 36] in Euclidean
spaces and in [16] in the general setting of Riemannian manifolds. The same kind of
perturbations have been investigated in [2] for the fractional Laplacian under Dirich-
let boundary conditions and in [26] for polyharmonic operators, while the case of a
generic Dirichlet form has been addressedin [11, 34]. As discussed in [1], in dimension
N = 2 arelevant application of the study of the Dirichlet Laplacian under removal
of small slits can be found, through some isospectrality property, in Aharonov-Bohm
operators with moving poles, see e.g. [23, 24] for some recent quantitative spectral sta-
bility results. Regarding spectral stability under Neumann conditions on the boundary
of small holes, we refer to [19, 29-31, 37, 38], in addition to [41].

Eigenvalue problems in perforated domains have significant analogies with prob-
lems with mixed varying boundary conditions, as highlighted in [21], where a
homogeneous Neumann eigenvalue problem for the Laplacian is perturbed by pre-
scribing zero Dirichlet conditions on a small subset of the boundary. We refer to [6,
22] for the complementary problem, i.e. the perturbation of the Dirichlet Laplacian by
imposing a homogeneous Neumann condition on a vanishing portion of the boundary.
Furthermore, such problems exhibit the same singular nature and partially share the
difficulties and methodological approaches even of Dirichlet eigenvalue problems in
domains with a thin tube attached to the boundary, see [3, 6, 25].

More closely related to the Robin Laplacian is the study of the dependence of the
spectrum on « and the asymptotic behavior of eigenvalues as either « — +o00 or
o — —oo. There are many results in this direction, see for example [14, 27, 33, 35]
and [12] for a comprehensive overview. Regarding small perturbations produced by
perforation, qualitative spectral stability in dimension 2, under Dirichlet or Neumann
conditions on €2 and Robin conditions on the hole’s boundary, has been established
in [9], in the case ¢ > 0 (possibly depending on ¢). Under Dirichlet conditions on
the external boundary of a planar domain and Robin conditions on the boundary of
a removed shrinking disk, asymptotic expansions have been obtained in [39, 40],
letting the parameter « varying as k€, with x > 0 and o € R. The case of a large
positive parameter @ = k&~ !, under Robin boundary conditions on both external and
internal boundaries, has been treated in [43, 44], for a removed small subdomain of
radius O (g). Spectral stability for elliptic operators in perturbed domains subject to
Robin boundary conditions has been investigated in [17], for a wide class of domain
perturbations, including cutting of small holes. Finally, we mention [13] for spectral
stability for the Laplacian under very general Robin conditions involving measures on
the boundary, under some weak notion of convergence of sets.

In the present paper, we first observe that the spectrum of the Robin problem is
stable under the removal of small holes, i.e. the eigenvalues of the perturbed problem
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(1.4) converge to those of the unperturbed one (1.1) as ¢ — 0T, see Theorem 2.1.
Although this result is well-known for o > 0, see e.g. [17] and [13, Corollary 3.5], to
the best of our knowledge it is new for o < 0. Once it is understood that the eigenvalue
variation due to the domain perturbation goes to zero as the hole disappears, we address
the problem of quantifying its vanishing order for simple eigenvalues. In Theorem
2.2, we establish that such an order is N — 1 if the point xo, where the holes are
concentrating, does not lie in the nodal set of the limit eigenfunction ug. On the other
hand, if ug vanishes at xo, the rate of convergence of the eigenvalues depends on the
vanishing order of 142 at xo. This is proved in Theorem 2.3 for N > 3, exploiting the
blow-up result provided by Theorem 5.4, which allows us to obtain a sharp asymptotic
expansion for the eigenvalue variation. In dimension N = 2, the blow-up analysis fails
to be effective; consequently, in Theorem 2.4 we are able to provide only an estimate
for the vanishing rate of the eigenvalue variation, depending on the vanishing order
of the limit eigenfunction. Nevertheless, in the case of a spherical hole we can derive
a sharp expansion in any dimension N > 2, providing a more explicit expression
for its coefficients, see Theorems 2.7 and 2.8. Some results about the convergence of
eigenfunctions are also obtained in Theorems 2.5 and 2.6.

The paper is organized as follows. In Sect. 2 we state and describe our main results.
In Sect. 3 we introduce the functional setting and discuss some preliminary trace and
extension results; furthermore, we prove Theorem 2.1 establishing qualitative spectral
stability. In Sect. 4 an asymptotic expansion for the eigenvalue variation is obtained
by applying the abstract result stated in Appendix A. This analysis is then refined in
Sect. 5 by means of a blow up procedure. Furthermore, Sect. 6 is focused on the case
of round holes. Finally, in Appendix B we give the details of the extension results
presented in Sect. 3 pointing out the relevance of the connectedness assumptions.

2 Main results

By classical spectral theory, see also Sect. 3, problem (1.1) admits a non-decreasing,
diverging sequence of eigenvalues {)L(} } jeN\{0}» Tepeated according to their multiplicity.
Similarly, for every ¢ € (0, 1], (1.4) admits a non-decreasing, diverging sequence of
eigenvalues {A? } jem\ {0}, counted with their multiplicity.

The following spectral stability result serves as the starting point of our analysis.

Theorem 2.1 For every j € N\ {0}

lim 2§ =29, 2.1

e0t

Once the above spectral stability is achieved, our main goal is to quantify, for simple
eigenvalues, the convergence rate of k;’. to A?. Let us fix n € N\ {0} such that

20 is simple. (2.2)

Let ug € H'(Q) be an associated eigenfunction with
/ [l (x)>dx = 1. (2.3)
Q
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By classical regularity theory, ug is smooth in 2. For every ¢ € (0, 1] we choose an
eigenfunction u!, associated with A such that

/ lut(x)>dx =1 and /7u2(x)u2(x)dx > 0. (2.4)
Q\X¢ Q

\Ze

Different behaviors are observed in the two cases ug(xo) # 0 and ug (xp) = 0.

Theorem 2.2 Let N > 2 and u®(xo) # 0. Then
2 =20 =aHNLOD) Wl (o) PeN T + oV ase — OF,

where HN =1 is the (N — 1)-dimensional Hausdorff measure.

An immediate consequence of the above theorem is that, if ug(xo) # 0, for small ¢
the variation A{, — AS has the same sign as the parameter «. In particular, if « > 0, we
have 1% > 19 provided ¢ is sufficiently small. This is consistent with the fact that, as
o — 400, the Robin problem tends to be a Dirichlet problem, whose eigenvalues are
monotone with respect to domain inclusion, in the sense that each Dirichlet eigenvalue
increases as the domain gets smaller. It is worth noting that, in the presence of small
holes, the Robin problem exhibits an order of convergence N — 1 for the perturbed
eigenvalues which is intermediate between N — 2, which is the order obtained in [1]
(see also [21, Theorem 2.14] and [5, Appendix A]) for the Dirichlet problem, and
N, which is the one observed for the Neumann problem in [19]. This behavior is
naturally expected, given the nature of the Robin operator as an intermediary between
the Dirichlet and the Neumann Laplacians.

In the case ug (xp) = 0, the situation is more intricate, since other quantities, that
vanish faster than ¢ ~!, come into play. The vanishing order of the eigenvalue variation
AL — )\2 can be quantified in terms of the asymptotic behavior of the eigenfunctions
at xo. For every u € C*°(Q2) and i € N, we consider the polynomial

1
Py = Y —!Dﬂu(xo)xﬂ, x eRY, 2.5)
BeNV, |B|=i
where |8| = ZI,Y:1 B; denotes the length of the multi-index 8 = (81, ..., Bn) € NV,

In particular, for i = 0 we have P(;‘ *0(x) := u(xo). We say that u vanishes of order
j € Natxg if

PJL."XO #£0 and P =0 forall0<i < j.

In particular, if u(xg) # 0, the vanishing order of u at xq is O.
From now on, we will denote by k > 0 the vanishing order of ug at xo. We define

h = max{k, 1}. (2.6)
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In dimension N > 3, we consider the unique finite energy weak solution V to the
problem

—AV =0, inRV\ T,
_ oo @.7)
oV =0,P,""" +au,(xp), ondx,
see Proposition 5.3. The related quantity
~ ~ 0 ~
T = IVV|?dx = / (avp,j‘ﬂ”‘“ + aug(x0)> Vdo (2.8)
RN\ D

plays a crucial role in the asymptotic expansion of perturbed eigenelements.
The following theorem shows that, if uO (x0) = 0and N > 3, the quantity T appears
in the first significant term of the asymptotic expansion of the eigenvalue variation.

Theorem 2.3 Let N > 3. Ifug(xo) = 0 and k > 1 is the vanishing order ofug at xo,
then

~ 0
2E =20 = —gN+2Ak=2 [T +/ |VPk""‘x°|2dx} + 0Nty gse — 07,
)]

Under the hypotheses of Theorem 2.3, in particular under the condition uo(xo) =0,
we have i = k and formula (2.8) defining T simplifies to

F=[ (.P"")7do.
)

In particular, in this case, the dominant term of the asymptotic expansion is the same
as obtained in [19] for the Neumann problem. Anyway, it is convenient to consider
the more general definition of 7 given in (2.8), which also contemplates the case
ug (x9) # 0, since this will come into play in the description of the variation of
eigenfunctions even if ug (x0) # 0, see Theorem 2.5 below.

Theorem 2.3 implies that, if N > 3, ug(xo) = 0, and ¢ is sufficiently small, the
eigenvalue variation A;, — )»2 has a negative sign, regardless of the sign of the parameter
« and in contrast to what happens in the Dirichlet case.

The proof of Theorem 2.3 is based on a blow-up analysis which does not seem to
have a direct generalization to the 2-dimensional case; indeed, a Hardy type inequality
is used to identify the concrete functional space containing the limit profile V, and
this is not available in dimension N = 2. However, if N = 2, we can still provide a
rougher estimate of the eigenvalue variation.

Theorem2.4 Let N = 2. Ifug (x0) = 0and k > 1 is the vanishing order of ug at xo,
then
AL —AO 0(82k % ase — 0F,

for every § > 0.
From the blow-up analysis, it is also possible to obtain precise information on the

behavior of the perturbed eigenfunctions, as stated in the following theorem.
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Theorem 2.5 Let N > 3. Let

ué (xo + ex) — ud(xo)
8h

D, (x) =

)

where ug and uf, are as in (_2.3) and (2.4) respectively, and h is defined in (2.6). Then,
for every R > 0 such that ¥ C Bg,

0 ~ —
O — P~V inH'(BR\T) ase— 07, (2.9)
where V is the unique finite energy weak solution of (2.7) (in the sense clarified in
0
(5.1)) and Phu”’xo is defined in (2.5). Furthermore,

lim e~ ™20 g — w15 o 50 =7, (2.10)

where T is defined in (2.8).
In dimension N = 2, we have the following rougher result.

Theorem 2.6 Ler N = 2. Ifug and ut, are as in (2.3) and (2.4) respectively, and h is
defined in (2.6), then

”8 02

u, — un”Hl(sz\zT) =0 ase — 0T,

forany § > 0.

In any dimension N > 2, more explicit expansions of the eigenvalue variation can be
derived for round holes, i.e. for
¥ = B, (2.11)

for some 0 < r; < ry.

Theorem 2.7 Let N > 3 and X be as in (2.11). Ifu?l(xo) = 0and k > 1 is the
vanishing order of “91 at xo, then

k(N +2k —2 0
A0 = ,gr{wzk—z / PIOR2 45 | N4H=2 4o NH2K2) g5, o,
N+k-2 3B

MO,X() . .
where P,""" is defined in (2.5).

In dimension 2, using the arguments developed in [19, Section 6], we obtain the
following expansion for round holes.

Theorem 2.8 Let N = 2 and X be as in (2.11). Ifug(xo) =0and k > 1 is the
vanishing order of ug at xo, then

2
ak 0 ak 0
“n " )82k+0(82k) ase — 0T,

n
——— (x0)
8x]f_1 0x7

ﬁ-@:-%m%< (x0)+k—2

k
X
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Remark 2.9 In this paper, we have assumed « to be constant for clarity of exposition.
However, our results can be generalized to the case where « is a function over 2. More
precisely, let o € CO(Q2 \ {x0}) be such that

: or(x) o
o := lim ————— exists, is finite and ¢ 7%~ O,
x=x0 Jx — x0|”

for some o € (—1, +00). For example, we expect that, if ug(xo) # 0, by following
the proof of Theorem 2.2, one could prove the expansion

28 =20 = agHN1O) [l (xo) PN T 4+ o(eN Ol ase — 0T

similarly, all the other results presented in Sect. 2 are expected to be generalizable
accordingly.

Remark 2.10 In this paper, we have primarily focused on asymptotic expansions of
simple eigenvalues, leaving the multiple case for future research. In particular, we
expect that the tools introduced herein can be combined with the classical Lemma on
small eigenvalues by Y. Colin de Verdiere [15] (see also [10]) to produce asymptotic
expansions of eigenbranches bifurcating from multiple eigenvalues, in the spirit of [4,
6]. Furthermore, we intend to investigate whether—and in what form—the splitting
phenomena, described in the recent paper [20] for the Neumann problem and in [28]
for Dirichlet eigenvalues, can also be observed in the Robin setting.

3 Preliminaries
3.1 Functional setting

For any open set E C R, we denote with L?(E) and H'(E) the usual Lebesgue
and Sobolev spaces, endowed with the scalar products (u, v) L2(E) ‘= f g uv dx and
(u, V) gy = [p (Vu - Vv 4 uv) dx, respectively.

The following proposition provides a uniform extension result, due to [42]. For
completeness, we provide a proof in Appendix B.

Proposition3.1 For N > 2, let @ C RY and ¥ c RN be open, bounded, and
Lipschitz sets such that Q is connected and (1.2) is satisfied for some xy € Q and
ro > 0. Forevery ¢ € (0, 1], let X be defined in (1.3). Then, for every ¢ € (0, 1] there
exists an (inner) extension operator
E.: H(Q\ ) > H'(Q)
such that, for every u € HI(Q \ fg) and ¢ € (0, 1],
(Esu)|mf€ =u 3.1
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and
IEettl31 ) < Kllullf g5, (3.2)
for some constant K > 0 which is independent of ¢.

For clarity of exposition, in the following we will assume xg to be the origin. This is
not a restrictive choice, as it can be easily verified by translation. For every ¢ € (0, 1]
we define .

Q= Q\ X, (3.3)

To study the variation of the eigenvalues as ¢ — 07, it is important to understand
how the constants of the trace operators on the hole’s boundary depend on the parameter
€.

Proposition 3.2 Ler X, and Q2. be as in (1.3) (with xo = 0) and (3.3), respectively.

(1) If N = 3, there exists a constant C > 0, which does not depend on ¢, such that,
foreverye € (0,1l andu € H' (),

/ u*do < Ce | (IVul* + u?)dx. (3.4)
R Qe

(i) If N = 2, for every § € (0, 1) there exists a constant Cs > 0, depending on §
but independent of &, such that, for every ¢ € (0, 1] and u € H' (),

f udo < C581_5/ (IVul? + u?) dx. (3.5)
9%, Q

Proof Let u € H'(Q,) and u,(x) := (Ecu)(ex). Then u, € H'(X). By the Holder
inequality, a change of variables, and classical Sobolev trace theory

/ uzdozsN_I/ u?da §C18N_1/(|Vug|2+ug)dx
03, 0 >
= (el / (2| V(Esu0) (ex) ] + | (Eeu) (ex)[%) dx
)

=cls—1f (€2|V () |* + |Ecu?) dx,
Ze

for some positive constant C; > 0 independent of ¢. Furthermore, if N > 3, by the
Holder and Sobolev inequalities and (3.2)

N=2
2N N
2 2/N 2 2 2 2 2
[ teeu? ar < =PV ()" <ot g, < kil
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for some constant C> > 0 independent of . On the other hand, if N = 2, for every
8 € (0, 1) we have

2

p—2 7

/ Eouldx < |B|7 627 </ |E5u|pdx>p
s, Q

2—-§ 2 2-48 2
S C3‘9 ”EEu”Hl(Q) S C3K8 ”u“Hl(Qs)’

where p = ;—‘ and C3 > 0 1is a positive constant depending on §. Hence (3.4) and (3.5)
are proved. O

Remark 3.3 By the classical Sobolev trace inequality on the domain €2 \ B,,, there
exists a constant C,; > 0, depending on €2 and r, such that

1
2
(/ U2 d(7> = Cro “v”Hl(Q\BrO) = Cro ”v”HI(QE)
Q2

forevery ¢ € (0, 1]and v € HY(S,).

For every « € R and ¢ > 0, we consider the eigenvalue problem

{—Au—l—cu:uu, in 2, 3.6)

4 oqu=0, on 02,

whichis equivalentto (1.1) in the sense that it has the same eigenfunctions and eigenval-
ues that are shifted by an amount c. For every ¢ € (0, 1], the corresponding perturbed
problem is

—Au+cu = pu, in g,
M tou=0, on 9%, 3.7)

g—ﬁ—l—au:O, on 0%,

where v is the unit outer normal vector of 2, on 0€2,. For every o € R, ¢ > 0, and
¢ € [0, 1], we define the symmetric bilinear form

Gecw : H'(Qe) x H' (Q:) — R,

Ge.ca(V, W) = / (Vv - Vw + cvw) dx + a/ vwdo, 3.8)
Qe 02

where Qo = Q. We say that u €¢ H 1(Q,) is an eigenfunction of problem (3.7)
associated to the eigenvalue u € R if

Ge.ca(Ut,v) = ,u/ uvdx forevery v e H'(Q),
Qe

@ Springer



Quantitative spectral stability for the Robin Laplacian Page 11 of 42 96

while u € H'() is an eigenfunction of problem (3.6) associated to the eigenvalue p
if
q0,c,o(u, v) = p./ uvdx forevery v € H'(Q).
Q

By [32, Theorem 18.1] the bilinear form ¢, . ., is semibounded from below. By classical
spectral theory, the spectrum of problem (3.7) is a diverging sequence {4 j ¢ ¢ o } jeN\{0}-
It is clear that

Wjeca=c+1; foreveryc e Rand j € N\ {0},

where {kj} jeN\(o} are the eigenvalues of (1.4). Hence, studying the eigenvalue vari-
ation for problems (1.1) and (1.4) is equivalent to studying the eigenvalue variation
for problems (3.6) and (3.7) for any ¢ € R. Furthermore, by [32, Theorem 18.1] and
Proposition 3.2, for any @ € R there exist ¢y > 0, Cy > 0, and g4 € (0, 1), such that,
forall e € [0, gy),

Hlecqa > 1

and

”””Hl(sz ) < Cue.cp.ax(v,v) foreveryv e HY(Q,). 3.9

In view of Remark 3.3 and (3.4)—(3.5), there exists a constant x, > 0 which depends
only on €2, ro, ¥, and « such that

||v||Hl(Q ) Z Kage.cq. «(v,v) foreveryv e H'(Q,). (3.10)

We will study the eigenvalue variation for problems (3.6) and (3.7) with ¢ = ¢. For
any o € R fixed (and ¢, chosen accordingly as explained above), let us define

Ge *= qe.cq. forevery e € [0, 1], (3.11)

and
;Lj ‘= Ujecea forevery j € N\{0O}ande € [0, 1]. 3.12)

By classical spectral theory, there exists an orthonormal basis {uj} jeNy(oy of L2(S2)

such that % is an eigenfunction associated to the eigenvalue ,u';.; consequently, it is
also an eigenfunction of (1.4) associated to

)L‘; = ,u‘; — Cq. (3.13)

Ifj=n, ug and u;, are chosen to satisfy (2.3) and (2.4) respectively.

3.2 Spectral stability

In this subsection, we prove that u — uY i (and hence Ai — k(/)) as e — 07 for
every j € N\ {0}. To this end, for every ¢ € (0, &), let R, be the inverse of the
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96 Page 12 of 42 V.Fellietal.

operator —A 4 ¢, on 2, under Robin boundary conditions. More precisely, for every
S (03 80{)’
Re 1 L2(Qe) — H'(Q) C L2 (),

and, for every f € L?(S2¢), R. f is the unique weak solution to the problem

—Au+cqu = f, inQ,

"—‘: +au =0, on 092,
a—g~|—oeu=0, on dX,,
i.e.
qs(Re f,v) = / fvdx forallv e HI(QS). (3.14)
Qe

Similarly, we can define Ry as the inverse of the operator —A + ¢, on €2 under Robin
boundary conditions. For every ¢ € [0, &), the operator R, is linear and bounded as
an operator from L2($2,) into H'(S2,); furthermore, R,, understood as an operator
from L2?(€2) into L2(£2,), is compact and self-adjoint. Moreover, since uf > 1, we
have ”Rg”L(LZ(Q » = < 1, where || R, IIE(Lz(Q 0 is the operator norm.

For every ¢ € (0, 1], we define the linear and continuous operators

P L2(Q) — L*(Q), Peu:=ug,,

and ~ ~
R.: L*(Q) — L*(Q), Reu:=E.R,P.u.

Proposition 3.4 For every u € L*(R)

SE%L || Reu — RO””LZ(Q) =0.

Proof Let u € L2(). Then by (3.2), (3.9), and (3.14), and the fact that
IRl 22 = 1,
I Reuel|2,,

< KIIR: Pt < KCaqe(Re Pett, R Peut)

(@) — Q) —

= KCo(Pett, Re Patt) 12, < K Co llul? (3.15)

()

for every ¢ € (0, &y). In particular, the family {Rgu}ge(o &) is bounded in HY(Q).
Hence there exist v € H!(Q) and a sequence & — 0% such that R JU—v weakly in

H'(Q) as j — oo. Furthermore, for every w € H!(2) and j € N we have
qgj(jongu, w) = (ngbl, w)LZ(ng)’ (3.16)
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We would like to pass to the limit as j — oo in (3.16). By (3.11)
qe; (jo ngu, w) = ,/QF, (V(jo Ps_/.u) -Vw + ¢y (Rg_/ ng u)w) dx + « /{)Q (jo ngu)w do

5

:/ (V(ﬁg.u)-Vw-‘rca(ﬁg.u)w)dx-‘ra/ (Rg; Pe.u)wdo
Q J J ag T E

—/): (V(Egju) -Vw-i—ca(ﬁgju)w) dx +a/32 (Re; Pejwywdo
€j &j
and, by the Cauchy—Schwarz inequality,

< max{l, co}l|Rettll g1 llwllgis,) = 0

/ (V(ﬁgu) -Vw + ca(ﬁgu)w) dx
e

as & — 0%, thanks to the absolute continuity of integrals, since |X¢| = ¢V |X| — 0%.
Hence, thanks to (3.5)if N = 2 or (3.4) if N > 3, we may pass to the limitas j — oo
in (3.16), thus obtaining

qo(v, w) = (u, w) 2, forallw e H'(Q).

Hence v = Rou. By the Urysohn Subsequence principle and the Rellich-Kondrachov
Theorem, we conclude that R,u — Rou strongly in L2(£2). O

Based on Proposition 3.4, we are now able to prove the stability result stated in Theorem
2.1.

Proof of Theorem 2.1 We claim that

lim || — Rollz(12() = O (3.17)
e—0t

By compactness of the operator 178 — Ry, for every ¢ € (0, gy) there exists some
fe € L*(Q) with I fell L2(qy = 1 such that

| Ro — R8||L(L2(Q)) = [[Rofe — R fe ||L2(Q)-

Since { f: }¢ is bounded in L2(Q), there existasequence &; — 0T and some f € L2(Q)
such that f,— f weakly in L%(Q) as j — oo. By compactness of the operator Ry,

Rofe; = Rof strongly in L?(2), as j — oo. Furthermore, thanks to (3.15), up to
a further subsequence, Rg j Je;—g weakly in H'(Q) for some g € H' (). For every
v € L%(), since R, is self-adjoint we have

(Re; fo;2 V)12(@) = (Pej fej» Re; Pejv)12(9, ) + (Re; fej V)iaz, -
By (3.15) and the absolute continuity of integrals, we have
(Eejfej, U)Lz(Egj) — 0 as j — oo.
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Furthermore,
(P foy Rey Pe)ie, ) = (Foys Reyv)izey = (Foy Reyv)iac, )
and so, by Proposition 3.4 and the absolute continuity of integrals,
(8. V)12g) = Jim (R fo. )12 = (. Rov)r2(0) = (Rof . ) 2@

Hence g = Ry f. We conclude that I?E_/. Je; = Rof strongly in L?(Q) as j — oo. By
the Urysohn Subsequence principle and compactness of Ry, we deduce (3.17).

It is easy to verify that o(Re) = { L. U {0}, where we are denoting with
y y ( 6) {,UT/-}]EN\{O} { } g

U(Eg) the spectrum of ﬁg. Hence (2.1) follows from (3.17), [18, Chapter XI 9.5,
Lemma 5, Page 1091], and (3.13). |

4 Eigenvalue variation

For any a € R fixed, letc, > O and gy € (0, 1) be as in Sect. 3. For every ¢ € (0, &),
we consider the bilinear form g, = ¢z ¢,,o defined in (3.8) and (3.11). Let n € N\ {0}
be such that (2.2) is satisfied; hence, by (3.13), also the eigenvalue ,ug, defined as in
(3.12), is simple. Let ug be an associated eigenfunction satisfying (2.3).

For every ¢ € (0, ¢y), we define the linear functional L, : H 1@, > Ras

L.(v) = qs(ug,v)—ugf ugvdxzf

+ au, Jvdo, “.1)
Qe BN

ov

where v is the outer normal unit vector to €2, on 9 X.. We also consider the quadratic
functional

Jo: H' (Q,) > R, J.(v):= %qg(v, v) — L. (v).

We omit the proof of the following proposition, since it is standard. We refer to [19,
Proposition 3.4] and [11, Proposition 2.4] for analogous results in a different setting.

Proposition 4.1 For every ¢ € (0, &), there exists a unique function V, € Hl(Qg)
such that
Jo (V) = min{J, (v) : v € H (Q)}.

Furthermore, V, is the unique weak solution to the problem

—AVe+c¢4Ve =0, in Qg,
Ve +aV, =0, on 082,
BUV£+aVs:8ng+au2, on 0%,

that is,
qe(Ve,v) = Lo (v) foreveryv € HI(QS). “4.2)
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For every ¢ € (0, g¢), we consider the quantity

1
T = -2 (5 qe(Ve, Ve) — LS(V8)> =qe(Ve, V). 4.3)

The quantity 7., which we refer to as torsional rigidity, turns out to be an important
ingredient in the asymptotic expansion of the eigenvalue variation. An alternative
characterization of 7 is given in the following lemma, whose proof is omitted, as it
is similar to the ones given in [23, Proposition 6.5] and [19, Lemma 3.1] in analogous
situations.

Lemma 4.2 Foreverye € (0, &),

2
L= s LW (4.4)

weH (@o\(0) e (it 1)

Thanks to the above lemma, we obtain the following quantitative estimate of the
vanishing order of 7; as ¢ — 0.

Proposition 4.3 Let k > 0 be the vanishing order 0fu2 atxo = 0and h := max{k, 1}.
Then

e =

N42h-2y N > 3
{0(8 N Z3 e ot 4.5)

0 (279, ifN =2,

forevery § € (0, 1). In particular,

lim g (Ve, V) = lim [Vellfyq,, = lim 7, = 0. (4.6)

e—0F

Proof If N > 3, by (3.4) and (3.9),

8u2 0
—+ ou
v "

) 0
f |: M”+otu2]uda§\/68é
00X,

v

”M”HI(QS)

L2(3%¢)
V qé‘ (u7 M)

L2(0%)

0
du,

1
< AVC/Cue2 +ocu2

av

for every u € H'(Q,). Hence, in view of (4.4),

v

oul 2
T, < ccae/ <a_ +au2> do. 4.7)

0%

Iful(0) = 0,thenk = h > 1,u%(x) = O(|x|*) and |[Vul(x)| = O(|x[F"asx — 0,
so that (4.7) yields 7, = O(eV*%*72) = 0(eN*?"2) as ¢ — 0. If u%(0) # 0, then
h = 1 and, by boundedness of ug and Vug in a neighbourhood of 0, (4.7) directly
implies that 7, = O (eV) = 0(eV1t?"~2)as e — 0T, Estimate (4.5) is thereby proved
in the case N > 3.
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The proof of (4.5) in the case N = 2 proceeds similarly, using (3.5) instead of
(3.4). O

Proposition 4.4 Let V. be as in Proposition 4.1. Then

| Ve =0(Ty) ase — 0T, 4.8)

2
||L2(Qg)

and
l Va”%z(ag) =0(T;) ase— 0" 4.9)

Proof In view of (3.9), to prove (4.8) it is enough to show that

Ve = o(IIVel31 g, ase— 0"

I7
L2(R2)
We argue by contradiction. Suppose that there exist a positive constant ¢ > 0 and a
sequence £; — 0T such that

2
IV, I > ||V,

Lz(ng) > for every j € N.

”%—II(SZF.)
"]
For every j € N, we define

Wy Eue)
”Eé‘j (ng) “Lz(ﬂ)

where E;; is the extension operator introduced in Proposition 3.1. Then {W;} jen is
bounded in H' () by Proposition 3.1. It follows that, up to a subsequence, W =W
weakly in HY(Q) as j — oo, for some W € H! (). The compactness of the
embedding H'(Q) C L?() implies that || W | ;2.q) = 1.

Let g € C°(2\ {0}). Then there exists jo € N such that ¢ € C2°(Q\ X¢;) for all
Jj = jo. Then, by (3.1) and (4.2),

/ (VWj~V<p+caWj<p)dx+a/ Wipdo = 0. (4.10)
Q a0
Passing to the limit as j — +o00, we conclude that
/ (VW~V<p+caW<p) dx—l—a/ Wedo =0 forevery ¢ € Cfo(ﬁ\{O}). “4.11
Q aQ

Since C*° (ﬁ\ {0}) is dense in H 1(Q), we may test the above equation with W and
conclude that W = 0 in view of (3.9) with ¢ = 0. This is a contradiction because
W12 = 1. Estimate (4.8) is thereby proved.
To prove (4.9) we argue in a similar way, and assume, by contradiction, that there
exist ¢ > 0 and a sequence £; — 0% such that
Ve,

> ¢V for every j € N.

2 2
”LZ(aQ) ”Hl(Qsj)
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For every j € N, we define Z; := ||V, ||221(89)E5j(V8j). By Proposition 3.1, it fol-
lows that {Z} jen is bounded in HY(), hence there exists Z € H!(Q) such that
Z;—~Z weakly in H 1(Q), up to a subsequence. The compactness of the trace map
H'(Q) — L*(39) implies that 1Zll 2000 = 1.

Letting ¢ € C2° (2 \ {0}), we have that Z ; satisfies (4.10) for all j sufficiently
large, so that, passing to the limit, Z satisfies (4.11) for every ¢ € CX*° (Q\ {0}),
and hence, by density of Cé?o(ﬁ\ {0}) in HY(Q), for every ¢ € HY(). As above,
this would imply that Z = 0 in view of (3.9), giving rise to a contradiction, because
||Z||Lz(3Q) = 1. Estimate (4.9) is thereby proved. O

The following theorem applies a known perturbative theory for eigenvalue problems
in perforated domains to our context. Originally developed by Courtois in [16] for the
Dirichlet problem, this theory is based on the Lemma on small eigenvalues by Y.
Colin de Verdiere [15]. It was later revisited in [1] for simple eigenvalues and in [4]
for multiple ones, whereas a recent extension to Neumann problem is due to [19].
A generalization to a broad class of abstract perturbative problems — including the
aforementioned ones — is provided in [11]; a simplified version of this, adapted to our
case, is presented in Appendix A and will now be applied to problem (1.4).

Theorem 4.5 Let n € N\ {0} be such that the n-th eigenvalue )»2 of (1.1) satisfies
(2.2), with an associated eigenfunction ug as in (2.3); for every ¢ € (0, 1), let 1%, be
the n-th eigenvalue of (1.4). Then

x;—xgz—z—/ (IVu2|2—A2|u2|2)dx+a/a 18| do
e 9%

+o(72)+o</ (|Vu2|2—12|u2|2)dx>+0</ |u2|2do) (4.12)
P 0%,

ase — 0F. Moreover, ifu® is the eigenfunction of (1.4) associated with the eigenvalue
AL chosen as in (2.4) for every € € (0, 1), then

luy, = Gty = Vel g,y = 0 (T) + O(lul72s,): (4.13)

&

s = w11 gy =T + 0 (T) + O (Il 25,)) + O (T 21122, ) » (414)

ase — 0T,

Proof In view of (1.3), o
lim |X¢|y =0, (4.15)
e—0t

where |2, |y denotes the N-dimensional Lebes gue measure of .. This, together with
(2.2), Theorem 2.1, (3.13), (3.9), and (4.6), ensures that the assumptions of Theorem
A.1 are satisfied. Hence, Theorem A.1 yields

0 0 2
i Jo, upVe dx + O(I1Velja )

= ase —> 0T,  (4.16)
T [ QP dx 4+ O(I1Vell2qy)
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To clarify the above expansion further, we first observe, by (2.3), (4.15), and (4.6),
that

1

= =1+4o0(l) ase — 0. 4.17
Jo WOEdx + OVell gy 1+0(D M @1

Furthermore,

o(||Ve y=0(T;) ase — 0T, (4.18)

2
||L2(Qg)

in view of Proposition 4.4. Finally, by (4.1) tested with V,, (4.2) tested with V¢, (4.2)
tested with ug, (1.1), and an integration by part,

MS/ udVedx = qe(Ve, ul) — Le(Ve) = Le(ud) — T,
Qe

—/ auguoda—i—a/ (10> do — T;
- n n &
9z, OV 9%,

= —/ (IVupl® + (ca —;L2)|:42|2)dx+oef32 W2 do — T,
(4.19)

where v is the outer normal derivative to €2, on dX,. Plugging (4.17), (4.18), and
(4.19) into (4.16), and taking into account that ¢, — u = —19, we obtain (4.12).

For every ¢ € (0, 1), let u}, be the eigenfunction of (1.4), associated with the
eigenvalue A%, chosen as in (2.4). We consider the orthogonal projection onto the
eigenspace associated with the eigenvalue A;, i.e.

e (v) = (v, up)2(q,) 4, foreveryv e L*(2,).

By Theorem A.1, (3.9), (4.3), and Proposition 4.4

lu) = Ve = Te(uf) = V)l g,y =0 () ase — 0OF, (4.20)
) = Te @l = Vo)l g, = O (T) ase — 0F, (4.21)
luy = TGy = Volllaq,) =0 (Te) ase — 07, (4.22)

In particular, by (4.21) and Proposition 4.3,

1irg+ llug — T (ug — Vo)l 1q,) = O (4.23)
E—>

It follows that, thanks to (2.4) and the simplicity of A,

e ey = Vo)
e ) = Vol 2,

(4.24)
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for all ¢ > O sufficiently small. Hence

2

1 — T u® — Vo)l 2
e — M — V)12 |1 = ITe uyy = Vo)l 2,

1 =
s e () = Ve)ll7a g,

ey — V)l g, -

(4.25)

Furthermore, in view of (4.6), (4.22), and the Cauchy—Schwarz inequality,
0 2
”Hs(”n - Vg)”LZ(Qg)
=1 —/Z g de + ) = Tleuy = Vo) 72 ) = 20y = Te ey — Vo)) 2,
&
=1- /E 102 dx + o(7./%). (4.26)
I3

Hence, plugging (4.26) in (4.25) we obtain

luty = Tle ) = Vol . = 0(T2) + OS2z, ) + 0 (VIS 1225,.))

= o(Te) + Olup 725,
as ¢ — 07T, since ||TT, (9 — v6)||§]1(96) = ||u2||§,1(m + o(1) in view of (4.23). By

the Cauchy—Schwarz inequality and (4.20), it then follows that

gy = () = Vo)l 31 gy = e = Ve = Te () = Vo)l g, + = Moy = Vo)l

—2(ufy, = Te () — Vi), up) — Ve — Me () — Vo)) 1,
= 0(Tz) + O(Jlud ”12@8)) ase — 01, (4.27)

so that (4.13) is proved.
To prove (4.14), we observe that, by (3.9), (4.3), Proposition 3.2, and Proposition
4.4,

Vel 0, =7;+<1—ca)||vs||iz(gs)—a/m vgda_a/az V2do =T 40(T)
’ (4.28)
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as ¢ — 0T. Moreover, from (4.20), (4.24), and (4.26), it follows that

(= ) = Ve). Vo) g )
e (u) — Vo)l 2, — 1

= o Vel g,
(ITTe (uj, — V8)||L2(Q€) ¢

M@ — V) — ) — Vo) + (1 — 1T — Vo)l 200 ) 42, Ve
(R2¢)

HY(Q,
i 2B)

ITTe () = Vo)l 22,

e — Vo) — @ — Vo), Vs

ITLe ) — Vol 2y — | ( n= Ve n

_ & nO &€ L(Qg) (7’5‘}‘0(7—5))'{'
”l-ls(un - Vg)”LZ(QE)

H(Q)

I (uf) — Vo)l 12,

1 — 1T (u) — Yol 0
Uy,
e @) = Vol 2y

=0(Ts)+ 0 <7}]/2||u2||i2(28)) ase — 0. (4.29)

Ve,

By (4.27), (4.28), and (4.29) we finally conclude that

sy =31, = N5 = G = Vedll g gy 1 Vel g,y — 2005 — (u = Vo). Vo) g

4 1/2
7,
L2(25)) +o ( ¢

thus completing the proof of (4.14). O

=7;+o<7;>+0< ul)

2
”u’?”LZ(ES)> ase —> 07T,

An asymptotic expansion for some of the terms appearing in (4.12) is provided in
the following proposition, enabling us to derive Theorems 2.2 and 2.4 directly from
expansion (4.12).

Proposition 4.6 Let ¢ > 1 be the vanishing order ofug - ug (0) at0. Then, ase — 07,
0
/ |Vup > dx = 5N+2H/ VPR dx + 0N,
=, =

fz 0P dx = eV W00 ||y + aN““/E PO dx 2N+ :42(0)[E P d
+u2(0)0 (TN 4 0 (2N,
/ uj|* do =aN—1|u2(0)|2HN—1(az)+eN+2“/ PO do
9%, E)))
+2eNHE140(0) /B § Pg‘g’o do +u(0)0 (N + 0(2HN).
Proof By standard elliptic regularity theory, ug is a smooth function; hence

0 0
W00 — 120 = P ) + 0(x|H) and Vud(x) = VPO ) + 0(lxl®) as x| — 0.
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Then, the desired estimates follow directly from a change of variables. O

Proof of Theorems 2.2 and 2.4 Theorems 2.2 and 2.4 are now a simple consequence of
Theorem 4.5, Proposition 4.3, and Proposition 4.6. O

5 Blow-up analysis for N > 3

In this section, we use a blow-up analysis to derive the asymptotics of 7, as ¢ — 07T,
for N > 3.

The following proposition describes the asymptotic behavior of u
xo = 0 € Q; it directly follows from analyticity of u?.

0

, hear

Proposition 5.1 Ifug vanishes of order k > 0 at xo = 0 € 2, then, for every R > 0,
—k, 0 u3,0 . = R
ru,(rx) — P.""(x) wuniformly in Bg and in H" (BR)

0
asr — 0%, furthermore, P,? "% is a harmonic and homogeneous polynomial of degree
k.
Ifug - ug (0) vanishes of order £ > 1 at xo = 0 € Q, then, for every R > 0,

ug(rx) — ug )

0 —
z - Peu"’o(x) uniformly in Bg and in H'(Bg)

r

and
0 —_
r_HquB(rx) — VPKM"’O(x) uniformly in Bg and in HI(BR; RN)

asr — 0t.

The following Hardy-type inequality serves as an essential tool for conducting
blow-up analysis, especially in the identification of limit profiles. We refer to [19,
Lemma 5.3] for a proof.

Lemma5.2 Let N > 3 and E be an open Lipschitz subset of RN such that E C Bg,
and By, \ E is connected, for some Ry > 0. Then there exists Cy = Cy(N, E) > 0
such that

u’ 2 1 2
—dx <C |Vul“dx + — u”dx
2 H 2
Br\E x| BR\E R” JBR\E

forallu € H'(Bg \ E) and R > 2Ry. Moreover, for all u € C?O(RN \ E), there
holds

Lt2
/ — dx chf [Vu|* dx.
RM\E x| RN\E
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For every open Lipschitz set E C RN such that E C Bg, and Bg, \ E is connected
for some Ry > 0, let us consider the functional space D"2(RN \ E), defined as the
completion of CZ° (RN \ E) with respect to the norm

1

2

el 2y = ( / |W|2dx) .
RN\E

The Hardy inequality provided by the above lemma implies that

PN
U (/ <|Vu|2+—2>dx> ,
RN\E |x]

is an equivalent norm on D2(RV \ E), which can be characterized also as

2

DI2RN\ E) = {u e WhI RN\ E): / (|Vu|2 n ”—) dx < oo}.
2
RN\E x|

0
Let i and P;: n0 be as in (2.6) and (2.5), respectively, with xg = 0 € . We define the
functional J : DM"2(RVM\Z) - Ras

1 u%.0

T() := —/ |Vv|2dx—/ (8, P,
2 JrM\x )

Proposition 5.3 There exists a unique Ve DL2(RN\X) such that

+ o ug (O))v do.

J(V) =min{J (v) : v € D2RN \ )}.
Furthermore, V # 0 and V is the unique DV2(RN \ X)-function satisfying
ad u%.,0 0
/ VV.V(pdxzf <8vPh” —|—ozun(0)>(pda ;.1
RM\Z ED)
forall g € DV2(RN \ 2).

Proof The proof of the existence of a unique minimizer V canbe obtained by standard
variational methods. To verify that V £ 0, we argue by contradiction. If V = 0, (5.1)

. ug,o 0 0 Mg,()
would imply that 8, P,""" + au,(0) = 0on dX. If u,)(0) = 0, then AP,""" = 0 and
0 0 0
0= / @, Py P’ do = _/ IV P02 dx;
B )

0 0
this would imply that P; 0is constant, contradicting the fact that P; "Oisa polynomial
of degree 4 > 1. On the other hand, if u2(0) #0,then h = 1 and

0
P (x) = viud(0) - x;
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hence, by the Divergence Theorem,
audOH (%) = / Vud(0) - vdo =0,
ED)

giving rise to a contradiction in view of (1.5). O

We observe that (5.1) is the weak formulation of (2.7). We are now ready to state the
main result of this section.

0
Theorem 5.4 Let h and P;:”’O be as in (2.6) and (2.5), respectively, with xo = 0 € Q.
If N > 3 and V is the function introduced in Proposition 5.3, then

~ 0 ~
lim e VT, =T = / (0, P + a u%(0))V do,
)

e—>071

where T, is defined in (4.3). Furthermore, if V, € H'(Q,) is as in Proposition 4.1
and ~
Vo) :=e"Vo(ex), x e (1Q)\ =, (5.2)

then ~ ~ .
Ve >V inH'(BR\T) ase — 07,

forall R > 0 such that > C Bg.

Proof Let ro > 0 be as in (1.2) with xo = 0. Let R > rg and & < 5%. As "2 > 2rg

and R < 52 < "2, applying Lemma 5.2 to the function Ve, by a change of variable

&
we have

72 2
72 V8 72 Vs
VU P+ =5 ) dx < VT2 + =5 ) dx
Br\S | x| Brg\Z | x|
2 2 2
5[ A dx+cﬂ</ VT2 dx + v dx>
Brg\X Brg\X r() Bryg \Z
=8—N—2h+2(/ |vvg|2dx+cH/ (IVVel+r52v2) dx)
Br\eT Br\eT

< clg’“h“(f |VV8|2dx+/ Vfdx)
Qe Qe

—N—-2h+2 2
=C18 + ||V‘€||H1(QE)’

for some C; > 0 independent of R and ¢. Therefore, by (3.9), (4.3), and Proposi-

tion 4.3, we deduce that, for every 0 < ¢ < 2’—%,

2

~ %
f <|vvg|2 + €2> dx < C, (5.3)
Br\Z x|
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where the above constant C is independent of R and ¢.
This implies that, for every R > ry, there exists Cg > 0 such that

Vel 5p\s) < Cr» foralle € (0, 7%). (5.4)

Hence, by a diagonal argument, for every sequence ¢; — 07, there exist a subsequence
(still denoted as {e;}jen) and W € Wlifcl (RN \ %) such that, for every R > ro,
W e H'(Bg \ ) and

Ve,~W weaklyin H'(Bg \T) asj— +o0. (5.5)

Therefore, by the Rellich-Kondrachov Theorem and the compactness of the trace
operator into L2(3%), we have, for all R > ry,

Ve, > W inL?*(Bg\'3) asj — 400, (5.6)
Ve, > W inL?@%) asj — +o0. (5.7)

Hence, by (5.3) and the weak lower semicontinuity of norms, we have

, W2 o _ o, V2
/ <|VW| +—2> dxgl;mmf/ <|vvgj| +—"2> dx <C
BR\Z | x| j=+0o Jpp\z x|

for every R > rg; hence, being C independent of R, we conclude that

W2
f <|VW|2 + —2) dx < C,
RV\S x|

so that W € DL2(RN \ 3).
Letv € CP° (RN \ X). There exist R, > rg and ji, € N such that

suppv C B, \ X C -\ & forall j > j.

Since V satisfies (4.2), by the change of variable x = ¢;y we obtain
/ (V\Zi . Vv-l—&‘?Can/v) dx
Bp,\Z ‘ '

- \v4 (Ve O/n.
=_ae,-/ Vsjvd0+/ (%-v—i—aé‘ju”(iﬂ))vda. (5.8)
X X Ej 8/-

In both cases, uS(O) = 0 and ug (0) # 0, by Proposition 5.1 we have the uniform
convergence

Vil (ex) . u?(ex)

9.0 .
o v tea =y — VP (x)-v+au)0), indT, (5.9
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as ¢ — 0T. Consequently

\v/ 0 & 0 & 0
/ <—unh(_1jX)-v+ot8ju"(h]x))vda —>/ (3, P + 2 u®(0)) vdo, (5.10)
X Sj sj F)>

as j — +o0. Hence, applying (5.5), (5.6), (5.7), and (5.10), we can pass to the limit
in (5.8), thus obtaining

0
/RN\E VW - Vudx = /32 (8UP;:"’O +aul(0))vdo forallv e DRV \ D).

By uniqueness of the solution to problem (2.7), we conclude that
w=V.

By Urysohn’s subsequence principle, we conclude that the convergences (5.5), (5.6),
and (5.7) hold as ¢ — 0, and not just along the sequence {¢;} jen.
Moreover, by a change of variable, (4.2) tested with Vg, (4.3), (5.7), and (5.9),

5—N—2h+27; _ o~ N-2h+2 <8uu9, +a 142) V. do
T,

= / gl (E)vug(ex) +a uS(sx)) Vg do
D)

0 ~
— (aup,i‘"’o +au2(0)> Vdo ase — 0.
X

To conclude, it only remains to prove the strong H! convergence. By scaling, Vg
weakly solves

—AV, + ¢V, =0, inlQ\%,
8v\75+0t8\7520, on 8(%)

dy \75 + owVE = s_hHBng(sx) + s_hHomg(sx), onodx.

For R > rg fixed, let ¢ € (0, 5%), so that Bg \ ¥ C %SZ \ . Then, testing the
difference between the above equation and (2.7) with V, — V we obtain

/ IV(V, — V)|?dx
Br\T

= —8260,/ Vo(V. — V)dx +/ (Ve — V) (@3, V, — 3,V) do
BR\Z

dBR
~ o~ ~  vul 0 0
+ /{;E(Vg — V)( —_ 0[8\/8 + % . v+8a Mne(‘z-x) —3UP:'“O—au2(O)> da

(5.11)

@ Springer



96  Page 26 of 42 V. Felli et al.

We notice that, if0 < ¢ < zr—OR,(l 2) ensures that Bog\ B, C Q\E Hence, ‘73 weakly
solves —AV = —cyé& V in Bog \ By,. Since the family {8 Vs}ee(o ) is bounded

in L2(32 r \ Byy) by (5.4), by classical elliptic regularity theory we have { Vg}o <<l

is bounded in H 2(B3 2\ Br0+R) uniformly with respect to . Therefore, passing to
traces, {0, V8}0<£<£o is bounded in L2(3 Bg). Hence, using this, (5.9), and the weak

convergence V.—~Vin H'(Bg \ ¥), which implies strong L>(Bg \ ¥)-convergence
and strong convergence of traces in LZ(dBg) and in LZ(E)E) the right hand side of
(5.11) vanishes in the limit as & - ot. ThlS proves that VVE — VVin L?(Bg \ ).
This fact, along with (5.6), gives V — Vin H! (Br \ ). This concludes the proof.
O

Proof of Theorem 2.3 By translation, it is not restrictive to assume xg = 0. The result
is a direct consequence of Theorem 4.5, Proposition 4.6, and Theorem 5.4. O

Now, we study the rate of convergence of perturbed eigenfunctions, proving The-
orems 2.5 and 2.6.

Proof of Theorems 2.5 and 2.6 By translation, it is not restrictive to assume xo = 0. Let
us consider the function ¢, := &, — q;S + Ve, where V, is defined in (5.2) and

ud(xo + ex) — uo(xo)
(;‘h

®V(x) :=

By (4.13) and a change of variable,

_N— N— 4
[ welase [ grarmo (s ERT) b o (s il ).
oz lo\s ‘

(5 12)
ase — 0", If u, (0) = 0, then & = k, where k is the vanishing order of u at 0.
Therefore, uo(x) O(|x|*) as |x| — 0, hence

as ¢ — 0%. On the other hand, in the case u2 (0) # 0, we have h = 1 and ug(x) =
u%(0) + O(|x|) as |x| — 0F; hence

lugll?s i, = OE*N) = o(e") = (N 272

as ¢ — 07. In both cases, we conclude that

=o(eNt?h72) a5 e — 0T, (5.13)

||M ”LZ(E )

In particular, we have proved Theorem 2.6 in view of Theorem 4.5 and Proposition
4.3.
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Furthermore, by (5.12), Theorem 5.4, and (5.13),

/ Ve | dx +52/ @rdx - 0 ase — 0T, (5.14)
oz F1919)
Let rp > 0 be as in (1.2). Choose R > rp and ¢ < 2’—%. If N > 3, we can apply
Lemma 5.2 to obtain
2 2
f (IV¢8|2+ %2) dx 5/ <|V(P8|2+ ‘pgz) dx
Br\T x| Brg\Z x|

2
£
s/ W%Fm+cH(/ Vo P dx + & ¢M>
Brg\X Brg\X Ty JBr\Z

2
&
<(Cy+1) Ve |? dx + — @7 dx ).
laxs 7y Jlaz

From this and (5.14) it follows that

2
/ (|V<p8|2+ %2) dx >0 ase— 0T,
Br\Z |x]

for every R > 0 such that ¥ C Bg. Hence

@e — 0 strongly in H' (B \ T) ase — 07, (5.15)
If uS(O) = 0, then & is the vanishing order of ug at 0 and, by Proposition 5.1,
0

o) — Phu”’0 ase — 01 in H'(Bg) for any R > 0.
If u%(0) # 0, then h = 1 and

_ 00
@g(.x) =& 1(u2(8x) — MS(O)) — Vug(o) X = Plun (x)
ase — 0T in H'(Bg) forany R > 0.

This, together with (5.15) and Theorem 5.4, establishes (2.9).
Finally, using (5.13) and Theorem 5.4 in (4.14), we obtain

lim 8—(N+2/’L—2) ”M;i

02 _F
i ~ il =7

thus proving (2.10). O
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6 The case of around hole

In this section, we focus on the case where
Y= Br1 s

for some 0 < r| < rp. In this case, we can compute T explicitly if N > 3, while we
determine the exact asymptotic behavior of 7, if N = 2. We do this only in the case
ug (0) = 0, since the case ug (0) # 0 is already completely covered by Theorem 2.2.

6.1 Dimension N > 3
If N > 3 and ug(O) = 0, the quantity 7T defined in (2.8) coincides with the one that

appears in the blow-up analysis carried out in [19] for the Neumann problem; in the
case of spherical holes, it can be explicitly computed as below.

Proposition 6.1 Ifug(O) =0, N > 3, and k is the vanishing order ofug at 0, then
N+2k—2
where T is as in (2.8).
Proof The proof is contained in [19, Lemma 6.1], up to a rescaling. O
We are now in a position to prove Theorem 2.7.

Proof of Theorem 2.7 Without loss of generality, we assume xo = 0. By the divergence

0
. 0. . ..
theorem, since Pk" " is harmonic by Proposition 5.1,

0 0 0
/ |VPk""’O|2dx=/ div (P P"0) dx
By,

1

0!0 0’0 _ 0
= / P9, P do = ke P2 [P do
3By, 9B

Therefore Theorem 2.7 follows from Theorem 2.3 and Proposition 6.1. O

6.2 Dimension N = 2

In dimension N = 2, we can instead determine an asymptotic expansion of 7, as
& — 071. To this aim, we proceed as in [19, Section 6.2].
Let N =2, % = B,, forsome 0 < r; < ro, xo = 0 € , ul(0) = 0 with k > 1

0
being the vanishing order of ug at 0. Let P,f"’o be as in (2.5).
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For every R_ > r;, R # —k/a, and ¢ > O sufficiently small, the function
We. r : Br \ €B,, — R, given in polar coordinates by

o (@R = k)rk — (@R + k)R r=* pi0

0)ek, 6.1
" (@R + k)R + (aR — kyrke2k K ©) ©1)

Wer(r,0) =r

R 0
is well-defined. Moreover, W, g € C°(Bgr\&By,). Since the polynomial PZ 0 i

0 0
: ,0 .0 .
harmonic and k-homogeneous, we have —Ag: P:" = k2 P;" on S!: hence We R 1S
a classical solution to the problem

—AW, p =0, in BR\SB_”,
8UWE,R +Ole’R:0, on dBg,

0
W Wer = 8,;Pku"’0, on £3B,,.

In particular, we also have W, g € H'(Bg\eB,,) and
0
f VWer-Vvdx + o We grvdo = / (BVPZ”’O)U do (6.2)
BR\EBrl dBgr a(SBrl)
foreveryv € H L(Bg \ sB_rl). Let us define

R 9.0 2 2
’]; = (aka” YWe g do = [VWe rl“dx +« W, g do.
3(eBy)) Br\eBy, 9Br
(6.3)

Remark 6.2 We observe that, in view of (6.1),
0
We r(ert, 0) = —r{‘Pk”"’O(e)ek +o0(F) ase — 0T, (6.4)

uniformly with respect to 6 € S'.

Proposition 6.3 Let ug (0) = 0and k > 1 be the vanishing order ofug at 0. Then, for
every R > ri, R # —k/a, we have

78 — ot [ |24y 4 L |2t (0)2 e 1o(e) ase — 0%, (6.5)
= r E—— — | [ as . .
¢ ! dxk k2 | 9xk 19,
Furthermore,
[We k] 2y = O ase — 0%, (©6)
[We.rll i1 ey = 0" ase — 0. (6.7)
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0
. . 0 . .
Proof Since the polynomial P,? " is harmonic and k-homogeneous, we have neces-

sarily

0 ak 0 1 k,,0
P:'“O(r cost,rsint) = rk( Mk" (0) cos(kt) + E%(O) sin(kt)).
0x; x| dx2

By (6.4) and a change of variables
u%,0 u%.,0
akan Ws,RdU =—k Pkn (81’19)W8’R(8r19)d0
aBsrl dB;

0
- krfkg%/ 1P 001 do + o(e)
dB

9% y0 2 1 9% 0
= knr2k82k< —2O)| + —|——2—0)
! Bxll‘ ) k2 8x]f_13x2(

as ¢ — 07T, thus obtaining (6.5). Furthermore, (6.6) and (6.7) follow from (6.1).

2
) + 0(82k)

m}

Let us now consider the problem as in Proposition 4.1, for the domain €2 = Bg and
¥ = B,, with R > ry, replacing the boundary Robin datum ug with its approxima-

0 -
tion P:”’O. More precisely, let Z; g € HY(Bg \ €By,) be the unique solution of the

problem o
_AZS,R“‘CaZe,R:O, in BR\SB,.I,

0hZep+aZs g =0, on dBg,
0 0
0 Ze g +aZeg=0,P"" +aP™"  onedB,,,

that is, for every ¢ € H! (Br \ 8B_,1),

/ (VZe g - Vo +coZe RP) dx +0‘/ Zg R pdo
Br\Ber, 9(BRr\Ber)

0 0
_ / <aup,j‘"’° + aP,ﬁ’"")) ¢ do.
9B,

Let

0 0
~ ,0 ,0
8,R:f (avp,f" +aP” )Z&Rda
3Ber,

=/ (|VZS,R|2+CO,Z§’R)dx+a/ 7% pdo.
BR\BE}’I a(BR\B£r|)

(6.8)

(6.9)

Arguing as in Proposition 4.3 and using (3.9), it is easy to verify that, forany § € (0, 1),

[ Z&R”HI(BR\SBTI) = O(Ek_%) ase — 0T,
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where k > 1 is the vanishing order of ug at 0.

Proposition6.4 Let N = 2, uB(O) = 0 and k be the vanishing order of uS at 0. For
every R > r1, R # —k/a, and & > 0 sufficiently small, let T, g and T.X be as in (6.9)
and (6.3), respectively. Then

Tor =TR +0(e®) ase — 0% (6.11)

Proof Let us choose ¢ = W, g in (6.8). By (6.3) we have

/ (st,R . VW@,R +CaZ£,RW£,R) dx
Bg\Ber,
u%.,0 R
+Ol/ Zg,RWgdeO—_a\/‘ Pkn WS)RdO'ZIJ; .
B(BR\Bsr]) aB£r|
On the other hand, choosing v = Z; g in (6.2), in view of (6.9) we obtain

0 ~
/ VWer -VZegdx +a We R Ze. R da—i—a/ P;”’OZ&Rdo =T &
BR\Bsrl

0BRr 3Bsr1

Hence

~ 0 0
%,R_,Z;;R :a/ P]?n’ (Ze,R+We,R) do
0Ber,

—Ol/ ZE’RWE’RdG—Ca[ Ze RWe rdx.
aBsrl BR\Bsrl

By the Cauchy—Schwarz inequality, (3.5), (6.7) and (6.10), there exists a constant
C > 0, which does not depend on ¢, such that

1
K+ 2 2
<Ce" 2 / (Ze.r + We g)” do
0Bery

_4 _
< CVCoe T2 (126, Rl g1 () + Ve R 1 (gg\e) = O™ 7170 ase — 0,

ug.O
P (Ze,r + We,R) do
9 Ber,

for any § € (0, 1). Similarly, by the Cauchy—Schwarz inequality, (3.5), (6.7) and
(6.10),

3
Ze gWe rdo = 0(82k+1_78) ase — 0T,
aBerl

for any § € (0, 1). Furthermore, by the Cauchy—Schwarz inequality, (6.6) and (6.10),

)
/ Ze RWerdx = 0 T172) ase — 0T,
BR\Bsrl

for any § € (0, 1). Choosing § < %, we thereby prove (6.11). O
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Let us now consider the problem as in Proposition 4.1 for & = Bg and ¥ = B,,,
forsome R > ri. Let Vy g € H'(Bg \ ¢ B,,) be the unique solution of the problem

—AVe g +caVer =0, in Bg \SB_r],
Ve r +aVer =0, on 0Bg,

WVer+aVegr = 8vu2 +au2, on 0B,

that is, for every ¢ € HY(Bg \ €B),
— 0 0
/ (VVe R - Vo +caVe o) dx +a/ Ve . r @ do _/ <8Uun +aun>(pdo.
BR\Bsrl 3(3R\Bsrl) 935,1

Also, we denote the corresponding torsional rigidity as 7 g, so that

Ter = / (Buug + om2> Ve rdo
3Ber,

:/ (|VV8’R|2+CQVEZ’R)dx+a/ ng,RdU- (6.12)
Br\Ber, 3(BR\Ber,)

Proposition 6.5 Let N = 2, u?l(O) = 0, and k > 1 be the vanishing order of ug at 0.
For every R > r1, we have

Tor=Tor+0@E*73) ase — 0", (6.13)
0 0
Proof Let P: " ’0, PZ J’;’lo be asin (2.5). Letus denote with Y, g the unique weak solution
of the problem
—AYe R +coYe g =0, in Bg \SB_”,
oY r+a¥Y., g =0, on dBg,

u9,0 u?,0
WhYer+aYer=0P7 +aP ], onedB,.

LetWe =Ve g —Zer —Ye R € Hl(BR\sB_rl). Then, for every ¢ € Hl(BR \eB_rl),

/ VY, ~V(p+ca\118<p)dx+a/ Y, pdo
Br\Ber, 3(BR\Ber,))

0 0 0 0
ul,0 u’.0 u,,0 iy ,0
:/ <8v(u2—Pk" —PkJ’;l)—i—oz(uS—Pk" - P ))goda.
9B,
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In particular, testing with ¢ = W, we have

11w, 12 </ VW, |2 + oy U2) dx a/ W2 do
o | 5||H1(BR\EB,1)_ Be\Bor, (IVWe|” + cq¥7) dx + 9(Br\Bur,) €
0 0 0 9
0 uy,,0 uy,0 0 ity,0 0
Z/E;B (a\)(“n_Pk = Pefr) Tele =R R )> Yedo
Srl

by (3.9). Thanks to the Cauchy—Schwarz inequality, the Taylor expansion of ug at 0,
and (3.5), there exists a constant C > 0, independent of ¢, such that

0 0 0 0
0 u,,0 u,,0 0 u;,,0 u,,0
/BB <8V(un_Pk = Pfy) +a(uy, = B = P ) Wedo
Srl

1

< Cett ( /a i \Iffda)z < CVCE Ay ey
o)
for any § € (0, 1). Hence,
1Well 1 ey = 0@E*+27%) ase — 0. (6.14)
Arguing as in Proposition 4.3, by (3.9) we obtain
1Ye Rl i1 B = O(F1-%) ase — 0, (6.15)
for any § € (0, 1). By (3.9) and (6.9), we have
1Ze& 1 gy = O k) ase — 0.
Hence, by (6.5) and Proposition 6.4, it follows that
1Ze Rl g1 (5B = 0" ase — 0t (6.16)
Therefore, by (6.14), (6.15) and (6.16), we have
IVe.rll i1 gy = O ase — 07 (6.17)
Furthermore, by the Cauchy—Schwarz inequality
IVer = Ze. kU1 oy = Yokl g

= (\Ij&‘s VS,R - ZS,R + YS’R)HI(BR\ST”)

= ”lIISHHl(BR\&‘BirI) (”VS’R”HI(BR\‘E‘Bi,-l)—’_”Z&R”HI(BR\EBirl)—’—”YS’R’ ”HI(BR\sBi,l)) s
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so that, in view of (6.14), (6.15), (6.16), and (6.17),

_3
1Ve,k = ZeR I gy — 1Yok Wit ey = O 777) ase > 07,
(6.18)

for any § € (0, 1). From (6.15) and (6.18) it follows that
)
1Ve.r = Ze.rll g ey = 0("172) ase — 0T, (6.19)
for any § € (0, 1).

By the Cauchy—Schwarz inequality for ¢,, (3.10) for Q = Bg, (6.19), (6.16), and
(6.17)

qe(Ve,R — Ze, R Ve,R + Ze,R) < \/QE(VS.R —Zg, R, Ve,R — Zs,R)\/‘]s(Vs,R +Ze R, Ve, + Ze,R)

8
= 0@E** 12y ase - 07,

for any § € (0, 1), where ¢, is as in (3.11) for the domain Bg \ sB_rl. Hence, by (6.9)
and (6.12),

~ _d
1Te.k = Te. Rl = |96(Ze.Rs Ze R) — 0 (Ve Ry Ve )| = 1de (Ve R — Ze R Ve R + Ze. p) = 02177

as e — 0T, for any § € (0, 1), thus proving (6.13). O

In order to complete the proof of Theorem 2.8, we need the following general
lemma concerning the comparison of quadratic forms with boundary terms. For any
open and connected Lipschitz set A € RY and any constant C > 0, we define

qa.c: H'(A) > R, qa.c(u) :=/ <|Vu|2 + Cuz) dx ~|—a/ u? do.
A A

Lemma 6.6 Let Ay, Ay be open and connected Lipschitz sets in RY such that A| C
A». For every a > 0 there exists a constant d = d(o, A1, A2) > 0, which depends
only on A1, N>, and o, such that

CIAl,C(u) = qu,C(u) (620)
foreveryu € H'(Ay) and C > d.

Proof Inequality (6.20) can be rewritten as

/ (|Vu|2+Cu2) dx—i—ot/ uzda—a/ u>do >0
A2\Aq A A
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for any u € H'(Aj). Hence, to conclude it is enough to show that there exists a
constant d > 0, depending only on A1, A», and «, such that

f <|Vu|2 +du2) dx > |a ([ u?do +/ u2d0>
A2\Aq dAo dA

for every u € H'(A»). The above inequality holds in view of [32, Theorem 18.1]. O
Proposition 6.7 Let N = 2, u%(0) = 0 and k be the vanishing order of u® at 0. Then

1 ak() 2

3 k4 0(e™) ase — 0t

7. = knrit +— 0)

a"la

9% 0
)
X1

(6.21)

Proof For any R > r| with R # —k/«, by Propositions 6.5 and 6.4 we have
Tor=Tor+ 0(82k+1_%) =T 4 0(®) ase — 0T,

Hence, by Proposition 6.3, for any R > r; with R # —k /o we have

2
9% u0

2
1
n
(0)‘ + =
k 2
ax) k

ak 0
To.r = karik ﬁ(O) e + o) ase — 0T,

(6.22)
Let R, > Ry > ro > r; be such that Bg, C Q and @ C Bg, and Ry, Ry # —k/a.
Using the characterization of 7 g,, 7¢ r,, 7, given in (4.4) and choosing ¢, larger
than the constant d given by Lemma 6.6 applied first with A1 = Bg, and A = Q,
and then with A1 = © and A, = Bg,, we obtain that

IZTE‘,RQ =< 7; =< Z,Rl-

Estimate (6.21) finally follows from (6.22) by comparison. O

Proof of Theorem 2.8 Without loss of generality, we assume xo = 0. We can proceed
as in the proof of Theorem 2.7 to obtain that

0 0

) ,0
/ VPO dx = krke Zk/ |P""|% do.
Ber, 9B

Then Theorem 2.8 follows from Theorem 4.5, Proposition 4.6, and Proposition 6.7. O
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Appendix A.

In this appendix we present a simplified version of [11, Theorem 3.1], adapted to our
case, specifically the removal of small sets in some bounded domain & c RY. An
alternative proof of this can also be obtained quite directly by applying [19, Lemma

A.1], which revisits the well-known Lemma on small eigenvalues by Y. Colin de
Verdiere [15] in the context of simple eigenvalues.

Theorem A.1 Let Q C RY be a bounded open Lipschitz set. Let {K¢}eelo, 1) be afamily
of compact sets such that

K. C Q2 foreverye €[0,1], Ko=40, 1im+ |Kelny =0,
e—0

and
the embedding H! () C LZ(QE) is compact for every ¢ € [0, 1], (A.1D)

where Qg := Q\ K,. For every ¢ € [0,1], let go : H'(Q:) x H'(Q¢) = R be a
symmetric and continuous bilinear form such that

q:(v,v) = 0 vl g, forallv e H'(Q),

for some constant n > 0 that is independent of ¢ € [0, 1]. Letting {P;}jeN\{O} be the
eigenvalues of q., repeated according to their multiplicity, we assume that

: e _ 0
fimy05 = 4

for every j € N\ {0}. Suppose that, for some n € N\ {0},
0. ..
oy is simple,

and let ug be an associated eigenfunction such that fQ |u2|2dx = 1. For every
e € (0,1], let

Le: H' Q) > R, Le(v) = qe(ul, v) — po(ud, v) 120,

and {
Je : H(Q) > R, J.(v) := 540, v) = Le(v).

Assume that
lim qg(vav Ve) =0,
e—0F

where V, is the unique solution to the minimization problem

Jo(Ve) = min J.(v).
veH!(Q,)
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Then o o 5
e 0 _ pn ng Vé‘un d-x + O(HVS“LZ(QF))
On = Pp =

ase — 0T,
st ud|?dx + O ([ Vell 12(q,))

Finally, as ¢ — 0T,

qg(ug - Ve — ns(ug - Ve), MS - Ve — ns(ug - Vs)) = 0(”‘/8”%2(95)),

1
e U —TTe ()~ Vo), ud—To(uS — Vo)) = e (Ve, Vo) +O (I Vell 2 ) (qe (Ve Ve))?).
Ity = ety = Vollj2g,) = O(IVelL2(q,)).

where, for every ¢ € (0, 1], TT, : L2(Q:) — L*(S2) is the projection map onto the
eigenspace of g, associated to the eigenvalue pf,.

We observe that condition (A.1) is sa_tisﬁed if K, is the closure of an open Lipschitz
set; in particular, it holds for K, = X, with X, satisfying (1.3) for some Lipschitz
bounded open set X.

Appendix B.

In this appendix, we present a proof of Proposition 3.1. The following lemma states
that the Sobolev extension operator from a connected domain into an interior hole

undergoes an estimate not only of the complete H !'-norms, but also of the L2-norms
of gradients.

LemmaB.1 Let X C RY be an open, bounded, and Lipschitz set such that
T cC B,, and B \ T is connected,
for some ro > 0. There exist a linear bounded extension operator
E:H'(B,\X) - H'(By)

and a constant C > 0 such that, for everyu € H' (B, \ X),

(Eu)|Bro\f =u, (B.1)
2 2

1Bl 5,y < Cllulli s, 55 (B.2)

IVED a5, = CIVEIL g 5 (B.3)

Proof LetE : H! (B, \f) — H! (By,) be the linear and bounded extension operator
defined as .
Eu — u, %nBro\E»
v, In X,
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where v € H'(X) is the unique harmonic function inside ¥ whose trace on %
coincides with the trace of u. In particular, E satisfies (B.1) and (B.2). Moreover,
Eu =y in By, ifu = y in B,,\ X for some constant y € R.

Assume by contradiction that (B.3) does not hold for any choice of the constant C.
Then there exists a sequence {u,},en\0) C H ! (B, \X) such that

||V(Eun)||§2<3r0) > n||w,,||iz(3r0\§) forall n € N\ {0}.

Let us define

Up
w, = ————.
||V(E”n)||L2(B,O)
Then
Vw, ||? :
” wn“Lz(BrO\f) < ;7
while

IV Ewn)ll 205, = 1

for every n € N\ {0}. By connectedness of By, \ Y and the Poincaré-Wirtinger
inequality, see for example [32, Theorem 13.27],

/ |wn—yn|2dxsK/ IVl dx,
By\Z By\Z

for some « > 0 depending only on B, and X, where

=)
Vp = ——— wy dx.
"B\ Ty JE

Since V(Ey,) = 0in B, it follows that, for every n € N\ {0},

1= IVEw) G2, ) = IV Ewn =y 725, ) < IEn =yl g,

C(1
<ctt0 [ vupPar < SO
Bry\™ n

= Cllwn = valfp,\5)

a contradiction. O

Proof of Proposition 3.1 Thanks to an easy translation argument, it is not restrictive to
assume that x =_O, so that B, C 2, X C By, and X, = ¢X. For every ¢ € (0, 1]
and u € HI(SZ\ES) we define

E(”(S')|Bro\f)(x/8)’ if x € ¢By,,

E, = _
u [u(x), if x € Q\ eBy,

where E : H'(B,,\X) — H'(B,,) is the extension operator provided in Lemma B.1.
Hence, for every ¢ € (0,1], E, : H'(Q \ Z,) — H'(Q) is a well-defined linear
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operator satisfying (3.1) in view of (B.1). For every u € H'(Q \ T;), two changes of
variables and (B.2) yield

||Esu||iz(m=f 7|u|2dx+/ [Ecul® dx
Q\e &

By, By,

:/ |u|2dx+8N/ |Eu8|2dx
Q\eBy, B

0

5] |u|2dx+£NC/ (IVue|* + u?) dx
Q\eBy, B,O\f

= |u|2dx+C/ 2|Vul? + u?) dx < (C+Dul?,
/Q\EB,O ( ) HU(Q\T,)

£Bry\Te
(B.4)
where u. (x) := u(ex). Furthermore, by two change of variables and (B.3),
IVEI e = [ VulPar+ [ 9w
Q\sB,O EB,O
=/ |Vu|* dx +st2/ |V (Eue)|? dx
Q\eBy, B,
< / |Vu|? dx +C8N_2/ |Vue|? dx
Q\eBy, Brg\Z
= IVu|?dx + C/ IVul>dx < (CH+D)||Vul?,, . <.
/Q\aB,O £Byy\Te L2(Q\Xe)
(B.5)
The uniform estimate (3.2) then follows from (B.4)—(B.5). O

Remark B.2 The assumption that the set B,, \ X is connected is necessary for the
validity of Proposition 3.1, as shown in the following example. Let xo = 0 € Q and
ro > 0 be such that B, C . Let us consider an annular hole ¥ := B,y/2 \ Byy/4.
which clearly violates the connectedness condition of B, \ 3. Let us assume, for
the sake of contradiction, that there exists a family of uniformly bounded extension
operators E, : H!(Q\ ;) — H!(Q) satisfying (3.1) and (3.2) for every ¢ € (0, 1],
where X, = ¢X. Let

@) 1, ifxe Biye /4,
Ug(X) 1= _
‘ 0, ifx e Q\ B
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Then, letting wy be the Lebesgue measure of the N-dimensional unit ball,

N
oy WN
0 EN

AN = |Brye/aln

1 1
2 2
= Hu‘?“Hl(SZ\fg) = K ./1; |V (Ecug)|“dx > K CapBrog/z (Br0£/4) ,

roe/2
(B.6)

for every ¢ € (0, 1], where Cap Brye) (Broe /4) is the classical condenser capacity of

Byye /4 in Byye 2. A direct computation yields

N(N = 2)onr) 2

N-2
L AN T N2 & if N > 3,
Cap (Br08/4) =
Broe/2 2 N =2
log2’ ’

thus contradicting (B.6).
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