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Abstract
This paper dealswith eigenelements of theLaplacian in boundeddomains, underRobin
boundary conditions, without any assumption on the sign of the Robin parameter. We
quantify the asymptotics of the variation of simple eigenvalues under the singular
perturbation produced by removing a shrinking set and imposing the same Robin
condition on its boundary. We also study the convergence rate of the corresponding
eigenfunctions.

Mathematics Subject Classification 35P15 · 35B40 · 35B44 · 35B25

1 Introduction

Let N ≥ 2 and � ⊂ R
N be a bounded, connected, and Lipschitz open set. We deal

with Robin eigenvalue problems of the type

{−�u = λu, in �,

∂u
∂ν

+ αu = 0, on ∂�,
(1.1)
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where α ∈ R and ν denotes the outer unit normal vector to ∂�. Let x0 ∈ �, r0 > 0,
and let � ⊂ R

N be an open, bounded, and Lipschitz set such that

Br0(x0) ⊂ �, � ⊂ Br0 , and Br0 \ � is connected, (1.2)

where Br0 = {y ∈ R
N : |y| < r0} and Br0(x0) = x0 + Br0 . We note that, for our

purposes, the first two conditions in (1.2) are not restrictive since � is open and �

is bounded; in fact, as � is open, there exists r0 such that Br0(x0) ⊂ � and, as � is
bounded, up to replacing it with a suitable scaling, we can assume that its closure is
contained within the ball Br0 - which is not restrictive given that we will work with
small scalings of �, see (1.3). For notational convenience, we will then require the
first two conditions in (1.2), noting however that one can easily reduce to the situation
where they hold, starting simply from any x0 ∈ � and a bounded�. On the other hand,
the validity of the third condition in (1.2) is essential, as shown by the counterexample
presented in Remark B.2.

For every ε ∈ (0, 1] we consider the scaled set

�ε := x0 + ε�. (1.3)

The aim of the present paper is to investigate the stability of the spectrum of problem
(1.1) under the removal of the set �ε from �, as the parameter ε ∈ (0, 1] goes to 0
and the hole �ε consequently disappears. More precisely, we study the asymptotic
behavior, as ε → 0+, of the eigenvalues of the problem

⎧⎪⎪⎨
⎪⎪⎩

−�u = λu, in � \ �ε,

∂u
∂ν

+ αu = 0, on ∂�,

∂u
∂ν

+ αu = 0, on ∂�ε,

(1.4)

proving, as a first step, that they converge to the eigenvalues of problem (1.1). While
some results in this direction are available in the literature, in this paper we are inter-
ested in quantitative estimates, with the aim of computing the vanishing order of the
eigenvalue variation. We will focus on the case

α �= 0 (1.5)

since, while the choice α = 0 could fall within our analysis as a special case, it has
already been analyzed in detail in [19].

In heat conduction theory, Robin boundary conditions serve to interpolate between
a perfectly insulating boundary, described by Neumann boundary conditions α = 0,
and a temperature-fixing boundary, represented by Dirichlet boundary conditions cor-
responding to α = +∞. Notably, the Robin boundary condition is themost commonly
used in optical imaging, see e.g. [7, 8]. Previous research has largely focused on the
initial few Robin eigenvalues, with particular emphasis on applications in shape opti-
mization, related isoperimetric inequalities, and the asymptotic behavior of the lowest
eigenvalues, see e.g. [12]. The aimof the present paper is instead to explore the stability
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of the spectrum of the Robin Laplacian amidst singular perturbations, specifically the
excision of small holes from a bounded domain. Given the significance of eigenvalues
and eigenvectors of differential operators in the theory of partial differential equations,
it is of interest to understand how eigenelements are affected by small perturbations,
such as changes in the domain: this has relevance in various fields, including quantum
mechanics, materials science, heat conduction, climate modeling, and acoustics.

Since the pioneering paper [41], a vast literature about quantitative spectral sta-
bility for elliptic operators has flourished. Geometric perturbations through domain
perforation for the Dirichlet Laplacian have been studied in [1, 4, 21, 36] in Euclidean
spaces and in [16] in the general setting of Riemannian manifolds. The same kind of
perturbations have been investigated in [2] for the fractional Laplacian under Dirich-
let boundary conditions and in [26] for polyharmonic operators, while the case of a
genericDirichlet formhas been addressed in [11, 34]. As discussed in [1], in dimension
N = 2 a relevant application of the study of the Dirichlet Laplacian under removal
of small slits can be found, through some isospectrality property, in Aharonov-Bohm
operators with moving poles, see e.g. [23, 24] for some recent quantitative spectral sta-
bility results. Regarding spectral stability under Neumann conditions on the boundary
of small holes, we refer to [19, 29–31, 37, 38], in addition to [41].

Eigenvalue problems in perforated domains have significant analogies with prob-
lems with mixed varying boundary conditions, as highlighted in [21], where a
homogeneous Neumann eigenvalue problem for the Laplacian is perturbed by pre-
scribing zero Dirichlet conditions on a small subset of the boundary. We refer to [6,
22] for the complementary problem, i.e. the perturbation of the Dirichlet Laplacian by
imposing a homogeneous Neumann condition on a vanishing portion of the boundary.
Furthermore, such problems exhibit the same singular nature and partially share the
difficulties and methodological approaches even of Dirichlet eigenvalue problems in
domains with a thin tube attached to the boundary, see [3, 6, 25].

More closely related to the Robin Laplacian is the study of the dependence of the
spectrum on α and the asymptotic behavior of eigenvalues as either α → +∞ or
α → −∞. There are many results in this direction, see for example [14, 27, 33, 35]
and [12] for a comprehensive overview. Regarding small perturbations produced by
perforation, qualitative spectral stability in dimension 2, under Dirichlet or Neumann
conditions on ∂� and Robin conditions on the hole’s boundary, has been established
in [9], in the case α > 0 (possibly depending on ε). Under Dirichlet conditions on
the external boundary of a planar domain and Robin conditions on the boundary of
a removed shrinking disk, asymptotic expansions have been obtained in [39, 40],
letting the parameter α varying as κεσ , with κ > 0 and σ ∈ R. The case of a large
positive parameter α = κε−1, under Robin boundary conditions on both external and
internal boundaries, has been treated in [43, 44], for a removed small subdomain of
radius O(ε). Spectral stability for elliptic operators in perturbed domains subject to
Robin boundary conditions has been investigated in [17], for a wide class of domain
perturbations, including cutting of small holes. Finally, we mention [13] for spectral
stability for the Laplacian under very general Robin conditions involving measures on
the boundary, under some weak notion of convergence of sets.

In the present paper, we first observe that the spectrum of the Robin problem is
stable under the removal of small holes, i.e. the eigenvalues of the perturbed problem
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(1.4) converge to those of the unperturbed one (1.1) as ε → 0+, see Theorem 2.1.
Although this result is well-known for α > 0, see e.g. [17] and [13, Corollary 3.5], to
the best of our knowledge it is new for α < 0. Once it is understood that the eigenvalue
variation due to the domain perturbation goes to zero as the hole disappears, we address
the problem of quantifying its vanishing order for simple eigenvalues. In Theorem
2.2, we establish that such an order is N − 1 if the point x0, where the holes are
concentrating, does not lie in the nodal set of the limit eigenfunction u0n . On the other
hand, if u0n vanishes at x0, the rate of convergence of the eigenvalues depends on the
vanishing order of u0n at x0. This is proved in Theorem 2.3 for N ≥ 3, exploiting the
blow-up result provided by Theorem 5.4, which allows us to obtain a sharp asymptotic
expansion for the eigenvalue variation. In dimension N = 2, the blow-up analysis fails
to be effective; consequently, in Theorem 2.4 we are able to provide only an estimate
for the vanishing rate of the eigenvalue variation, depending on the vanishing order
of the limit eigenfunction. Nevertheless, in the case of a spherical hole we can derive
a sharp expansion in any dimension N ≥ 2, providing a more explicit expression
for its coefficients, see Theorems 2.7 and 2.8. Some results about the convergence of
eigenfunctions are also obtained in Theorems 2.5 and 2.6.

The paper is organized as follows. In Sect. 2 we state and describe our main results.
In Sect. 3 we introduce the functional setting and discuss some preliminary trace and
extension results; furthermore, we prove Theorem 2.1 establishing qualitative spectral
stability. In Sect. 4 an asymptotic expansion for the eigenvalue variation is obtained
by applying the abstract result stated in Appendix A. This analysis is then refined in
Sect. 5 by means of a blow up procedure. Furthermore, Sect. 6 is focused on the case
of round holes. Finally, in Appendix B we give the details of the extension results
presented in Sect. 3 pointing out the relevance of the connectedness assumptions.

2 Main results

By classical spectral theory, see also Sect. 3, problem (1.1) admits a non-decreasing,
diverging sequence of eigenvalues {λ0j } j∈N\{0}, repeated according to theirmultiplicity.
Similarly, for every ε ∈ (0, 1], (1.4) admits a non-decreasing, diverging sequence of
eigenvalues {λε

j } j∈N\{0}, counted with their multiplicity.
The following spectral stability result serves as the starting point of our analysis.

Theorem 2.1 For every j ∈ N \ {0}
lim

ε→0+ λε
j = λ0j . (2.1)

Once the above spectral stability is achieved, our main goal is to quantify, for simple
eigenvalues, the convergence rate of λε

j to λ0j . Let us fix n ∈ N \ {0} such that

λ0n is simple. (2.2)

Let u0n ∈ H1(�) be an associated eigenfunction with∫
�

|u0n(x)|2 dx = 1. (2.3)
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By classical regularity theory, u0n is smooth in �. For every ε ∈ (0, 1] we choose an
eigenfunction uε

n associated with λε
n such that

∫
�\�ε

|uε
n(x)|2 dx = 1 and

∫
�\�ε

u0n(x)u
ε
n(x) dx ≥ 0. (2.4)

Different behaviors are observed in the two cases u0n(x0) �= 0 and u0n(x0) = 0.

Theorem 2.2 Let N ≥ 2 and u0n(x0) �= 0. Then

λε
n − λ0n = αHN−1(∂�) |u0n(x0)|2εN−1 + o(εN−1) as ε → 0+,

where HN−1 is the (N − 1)-dimensional Hausdorff measure.

An immediate consequence of the above theorem is that, if u0n(x0) �= 0, for small ε

the variation λε
n − λ0n has the same sign as the parameter α. In particular, if α > 0, we

have λε
n > λ0n provided ε is sufficiently small. This is consistent with the fact that, as

α → +∞, the Robin problem tends to be a Dirichlet problem, whose eigenvalues are
monotone with respect to domain inclusion, in the sense that each Dirichlet eigenvalue
increases as the domain gets smaller. It is worth noting that, in the presence of small
holes, the Robin problem exhibits an order of convergence N − 1 for the perturbed
eigenvalues which is intermediate between N − 2, which is the order obtained in [1]
(see also [21, Theorem 2.14] and [5, Appendix A]) for the Dirichlet problem, and
N , which is the one observed for the Neumann problem in [19]. This behavior is
naturally expected, given the nature of the Robin operator as an intermediary between
the Dirichlet and the Neumann Laplacians.

In the case u0n(x0) = 0, the situation is more intricate, since other quantities, that
vanish faster than εN−1, come into play. The vanishing order of the eigenvalue variation
λε
n − λ0n can be quantified in terms of the asymptotic behavior of the eigenfunctions

at x0. For every u ∈ C∞(�) and i ∈ N, we consider the polynomial

Pu,x0
i (x) :=

∑
β∈NN , |β|=i

1

β!D
βu(x0)x

β, x ∈ R
N , (2.5)

where |β| =∑N
j=1 β j denotes the length of the multi-index β = (β1, . . . , βN ) ∈ N

N .
In particular, for i = 0 we have Pu,x0

0 (x) := u(x0). We say that u vanishes of order
j ∈ N at x0 if

Pu,x0
j �≡ 0 and Pu,x0

i ≡ 0 for all 0 ≤ i < j .

In particular, if u(x0) �= 0, the vanishing order of u at x0 is 0.
From now on, we will denote by k ≥ 0 the vanishing order of u0n at x0. We define

h := max{k, 1}. (2.6)
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In dimension N ≥ 3, we consider the unique finite energy weak solution Ṽ to the
problem {−�Ṽ = 0, in RN \ �,

∂ν Ṽ = ∂ν P
u0n ,x0
h + α u0n(x0), on ∂�,

(2.7)

see Proposition 5.3. The related quantity

T̃ :=
∫
RN \�

|∇ Ṽ |2 dx =
∫

∂�

(
∂ν P

u0n ,x0
h + α u0n(x0)

)
Ṽ dσ (2.8)

plays a crucial role in the asymptotic expansion of perturbed eigenelements.
The following theorem shows that, if u0n(x0) = 0 and N ≥ 3, the quantity T̃ appears

in the first significant term of the asymptotic expansion of the eigenvalue variation.

Theorem 2.3 Let N ≥ 3. If u0n(x0) = 0 and k ≥ 1 is the vanishing order of u0n at x0,
then

λε
n − λ0n = −εN+2k−2

[
T̃ +

∫
�

|∇P
u0n ,x0
k |2 dx

]
+ o(εN+2k−2) as ε → 0+.

Under the hypotheses of Theorem 2.3, in particular under the condition u0n(x0) = 0,
we have h = k and formula (2.8) defining T̃ simplifies to

T̃ =
∫

∂�

(
∂ν P

u0n ,x0
k

)
Ṽ dσ.

In particular, in this case, the dominant term of the asymptotic expansion is the same
as obtained in [19] for the Neumann problem. Anyway, it is convenient to consider
the more general definition of T̃ given in (2.8), which also contemplates the case
u0n(x0) �= 0, since this will come into play in the description of the variation of
eigenfunctions even if u0n(x0) �= 0, see Theorem 2.5 below.

Theorem 2.3 implies that, if N ≥ 3, u0n(x0) = 0, and ε is sufficiently small, the
eigenvalue variation λε

n−λ0n has a negative sign, regardless of the sign of the parameter
α and in contrast to what happens in the Dirichlet case.

The proof of Theorem 2.3 is based on a blow-up analysis which does not seem to
have a direct generalization to the 2-dimensional case; indeed, a Hardy type inequality
is used to identify the concrete functional space containing the limit profile Ṽ , and
this is not available in dimension N = 2. However, if N = 2, we can still provide a
rougher estimate of the eigenvalue variation.

Theorem 2.4 Let N = 2. If u0n(x0) = 0 and k ≥ 1 is the vanishing order of u0n at x0,
then

λε
n − λ0n = O(ε2k−δ) as ε → 0+,

for every δ > 0.

From the blow-up analysis, it is also possible to obtain precise information on the
behavior of the perturbed eigenfunctions, as stated in the following theorem.

123



Quantitative spectral stability for the Robin Laplacian Page 7 of 42    96 

Theorem 2.5 Let N ≥ 3. Let

�ε(x) := uε
n(x0 + εx) − u0n(x0)

εh
,

where u0n and u
ε
n are as in (2.3) and (2.4) respectively, and h is defined in (2.6). Then,

for every R > 0 such that � ⊂ BR,

�ε → P
u0n ,x0
h − Ṽ in H1(BR \ �) as ε → 0+, (2.9)

where Ṽ is the unique finite energy weak solution of (2.7) (in the sense clarified in

(5.1)) and P
u0n ,x0
h is defined in (2.5). Furthermore,

lim
ε→0

ε−(N+2h−2)‖uε
n − u0n‖2H1(�\�ε)

= T̃ , (2.10)

where T̃ is defined in (2.8).

In dimension N = 2, we have the following rougher result.

Theorem 2.6 Let N = 2. If u0n and uε
n are as in (2.3) and (2.4) respectively, and h is

defined in (2.6), then

‖uε
n − u0n‖2H1(�\�ε)

= O(ε2h−δ) as ε → 0+,

for any δ > 0.

In any dimension N ≥ 2, more explicit expansions of the eigenvalue variation can be
derived for round holes, i.e. for

� = Br1 , (2.11)

for some 0 < r1 < r0.

Theorem 2.7 Let N ≥ 3 and � be as in (2.11). If u0n(x0) = 0 and k ≥ 1 is the
vanishing order of u0n at x0, then

λε
n − λ0n = − k(N + 2k − 2)

N + k − 2
r N+2k−2
1

(∫
∂B1

|Pu0n ,x0
k |2 dσ

)
εN+2k−2 + o(εN+2k−2) as ε → 0+,

where P
u0n ,x0
k is defined in (2.5).

In dimension 2, using the arguments developed in [19, Section 6], we obtain the
following expansion for round holes.

Theorem 2.8 Let N = 2 and � be as in (2.11). If u0n(x0) = 0 and k ≥ 1 is the
vanishing order of u0n at x0, then

λε
n−λ0n = −2kπr2k1

( ∣∣∣∣∣∂
ku0n
∂xk1

(x0)

∣∣∣∣∣
2

+ 1

k2

∣∣∣∣∣ ∂ku0n
∂xk−1

1 ∂x2
(x0)

∣∣∣∣∣
2 )

ε2k+o(ε2k) as ε → 0+.
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Remark 2.9 In this paper, we have assumed α to be constant for clarity of exposition.
However, our results can be generalized to the case where α is a function over�. More
precisely, let α ∈ C0(� \ {x0}) be such that

α0 := lim
x→x0

α(x)

|x − x0|σ exists, is finite and α0 �= 0,

for some σ ∈ (−1,+∞). For example, we expect that, if un0(x0) �= 0, by following
the proof of Theorem 2.2, one could prove the expansion

λε
n − λ0n = α0HN−1(∂�) |u0n(x0)|2εN+σ−1 + o(εN+σ−1) as ε → 0+;

similarly, all the other results presented in Sect. 2 are expected to be generalizable
accordingly.

Remark 2.10 In this paper, we have primarily focused on asymptotic expansions of
simple eigenvalues, leaving the multiple case for future research. In particular, we
expect that the tools introduced herein can be combined with the classical Lemma on
small eigenvalues by Y. Colin de Verdière [15] (see also [10]) to produce asymptotic
expansions of eigenbranches bifurcating from multiple eigenvalues, in the spirit of [4,
6]. Furthermore, we intend to investigate whether—and in what form—the splitting
phenomena, described in the recent paper [20] for the Neumann problem and in [28]
for Dirichlet eigenvalues, can also be observed in the Robin setting.

3 Preliminaries

3.1 Functional setting

For any open set E ⊂ R
N , we denote with L2(E) and H1(E) the usual Lebesgue

and Sobolev spaces, endowed with the scalar products (u, v)L2(E) := ∫
E uv dx and

(u, v)H1(E) := ∫E (∇u · ∇v + uv
)
dx , respectively.

The following proposition provides a uniform extension result, due to [42]. For
completeness, we provide a proof in Appendix B.

Proposition 3.1 For N ≥ 2, let � ⊂ R
N and � ⊂ R

N be open, bounded, and
Lipschitz sets such that � is connected and (1.2) is satisfied for some x0 ∈ � and
r0 > 0. For every ε ∈ (0, 1], let�ε be defined in (1.3). Then, for every ε ∈ (0, 1] there
exists an (inner) extension operator

Eε : H1(� \ �ε) → H1(�)

such that, for every u ∈ H1(� \ �ε) and ε ∈ (0, 1],

(Eεu)
∣∣
�\�ε

= u (3.1)
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and
‖Eεu‖2H1(�)

≤ K‖u‖2
H1(�\�ε)

, (3.2)

for some constant K > 0 which is independent of ε.

For clarity of exposition, in the following we will assume x0 to be the origin. This is
not a restrictive choice, as it can be easily verified by translation. For every ε ∈ (0, 1]
we define

�ε := � \ �ε. (3.3)

To study the variation of the eigenvalues as ε → 0+, it is important to understand
how the constants of the trace operators on the hole’s boundarydependon the parameter
ε.

Proposition 3.2 Let �ε and �ε be as in (1.3) (with x0 = 0) and (3.3), respectively.

(i) If N ≥ 3, there exists a constant C > 0, which does not depend on ε, such that,
for every ε ∈ (0, 1] and u ∈ H1(�ε),

∫
∂�ε

u2 dσ ≤ Cε

∫
�ε

(|∇u|2 + u2) dx . (3.4)

(ii) If N = 2, for every δ ∈ (0, 1) there exists a constant Cδ > 0, depending on δ

but independent of ε, such that, for every ε ∈ (0, 1] and u ∈ H1(�ε),

∫
∂�ε

u2 dσ ≤ Cδε
1−δ

∫
�ε

(|∇u|2 + u2) dx . (3.5)

Proof Let u ∈ H1(�ε) and uε(x) := (Eεu)(εx). Then uε ∈ H1(�). By the Hölder
inequality, a change of variables, and classical Sobolev trace theory

∫
∂�ε

u2 dσ = εN−1
∫

∂�

u2ε dσ ≤ C1ε
N−1

∫
�

(|∇uε|2 + u2ε) dx

= C1ε
N−1

∫
�

(ε2|∇(Eεu)(εx)|2 + |(Eεu)(εx)|2) dx

= C1ε
−1
∫

�ε

(ε2|∇(Eεu)|2 + |Eεu|2) dx,

for some positive constant C1 > 0 independent of ε. Furthermore, if N ≥ 3, by the
Hölder and Sobolev inequalities and (3.2)

∫
�ε

|Eεu|2 dx ≤ |�|2/N ε2
(∫

�
|Eεu| 2N

N−2 dx

)N−2
N ≤ C2ε

2‖Eεu‖2
H1(�)

≤ C2K ε2‖u‖2
H1(�ε)

,
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for some constant C2 > 0 independent of ε. On the other hand, if N = 2, for every
δ ∈ (0, 1) we have

∫
�ε

|Eεu|2 dx ≤ |�| p−2
p ε2−δ

(∫
�

|Eεu|p dx
) 2

p

≤ C3ε
2−δ‖Eεu‖2H1(�)

≤ C3K ε2−δ‖u‖2H1(�ε)
,

where p = 4
δ
and C3 > 0 is a positive constant depending on δ. Hence (3.4) and (3.5)

are proved. �

Remark 3.3 By the classical Sobolev trace inequality on the domain � \ Br0 , there
exists a constant Cr0 > 0, depending on � and r0, such that

(∫
∂�

v2 dσ

) 1
2 ≤ Cr0 ‖v‖H1(�\Br0 ) ≤ Cr0 ‖v‖H1(�ε)

for every ε ∈ (0, 1] and v ∈ H1(�ε).

For every α ∈ R and c ≥ 0, we consider the eigenvalue problem

{
−�u + cu = μu, in �,
∂u
∂ν

+ αu = 0, on ∂�,
(3.6)

which is equivalent to (1.1) in the sense that it has the sameeigenfunctions and eigenval-
ues that are shifted by an amount c. For every ε ∈ (0, 1], the corresponding perturbed
problem is ⎧⎪⎪⎨

⎪⎪⎩
−�u + cu = μu, in �ε,

∂u
∂ν

+ αu = 0, on ∂�,

∂u
∂ν

+ αu = 0, on ∂�ε,

(3.7)

where ν is the unit outer normal vector of �ε on ∂�ε. For every α ∈ R, c ≥ 0, and
ε ∈ [0, 1], we define the symmetric bilinear form

qε,c,α : H1(�ε) × H1(�ε) → R,

qε,c,α(v,w) =
∫

�ε

(∇v · ∇w + cvw) dx + α

∫
∂�ε

vw dσ, (3.8)

where �0 := �. We say that u ∈ H1(�ε) is an eigenfunction of problem (3.7)
associated to the eigenvalue μ ∈ R if

qε,c,α(u, v) = μ

∫
�ε

uv dx for every v ∈ H1(�ε),
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while u ∈ H1(�) is an eigenfunction of problem (3.6) associated to the eigenvalue μ

if

q0,c,α(u, v) = μ

∫
�

uv dx for every v ∈ H1(�).

By [32,Theorem18.1] the bilinear formqε,c,α is semibounded frombelow.Byclassical
spectral theory, the spectrumof problem (3.7) is a diverging sequence {μ j,ε,c,α} j∈N\{0}.
It is clear that

μ j,ε,c,α = c + λε
j for every c ∈ R and j ∈ N \ {0},

where {λε
j } j∈N\{0} are the eigenvalues of (1.4). Hence, studying the eigenvalue vari-

ation for problems (1.1) and (1.4) is equivalent to studying the eigenvalue variation
for problems (3.6) and (3.7) for any c ∈ R. Furthermore, by [32, Theorem 18.1] and
Proposition 3.2, for any α ∈ R there exist cα > 0, Cα > 0, and εα ∈ (0, 1), such that,
for all ε ∈ [0, εα),

μ1,ε,cα,α > 1

and
‖v‖2H1(�ε)

≤ Cαqε,cα,α(v, v) for every v ∈ H1(�ε). (3.9)

In view of Remark 3.3 and (3.4)–(3.5), there exists a constant κα > 0 which depends
only on �, r0, �, and α such that

‖v‖2H1(�ε)
≥ καqε,cα,α(v, v) for every v ∈ H1(�ε). (3.10)

We will study the eigenvalue variation for problems (3.6) and (3.7) with c = cα . For
any α ∈ R fixed (and cα chosen accordingly as explained above), let us define

qε := qε,cα,α for every ε ∈ [0, 1], (3.11)

and
με

j := μ j,ε,cα,α for every j ∈ N \ {0} and ε ∈ [0, 1]. (3.12)

By classical spectral theory, there exists an orthonormal basis {uε
j } j∈N\{0} of L2(�ε)

such that uε
j is an eigenfunction associated to the eigenvalue με

j ; consequently, it is
also an eigenfunction of (1.4) associated to

λε
j = με

j − cα. (3.13)

If j = n, u0n and uε
n are chosen to satisfy (2.3) and (2.4) respectively.

3.2 Spectral stability

In this subsection, we prove that με
j → μ0

j (and hence λε
j → λ0j ) as ε → 0+ for

every j ∈ N \ {0}. To this end, for every ε ∈ (0, εα), let Rε be the inverse of the
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operator −� + cα on �ε under Robin boundary conditions. More precisely, for every
ε ∈ (0, εα),

Rε : L2(�ε) → H1(�ε) ⊂ L2(�ε),

and, for every f ∈ L2(�ε), Rε f is the unique weak solution to the problem

⎧⎪⎨
⎪⎩

−�u + cαu = f , in �ε,
∂u
∂ν

+ αu = 0, on ∂�,
∂u
∂ν

+ αu = 0, on ∂�ε,

i.e.

qε(Rε f , v) =
∫

�ε

f v dx for all v ∈ H1(�ε). (3.14)

Similarly, we can define R0 as the inverse of the operator −� + cα on � under Robin
boundary conditions. For every ε ∈ [0, εα), the operator Rε is linear and bounded as
an operator from L2(�ε) into H1(�ε); furthermore, Rε, understood as an operator
from L2(�ε) into L2(�ε), is compact and self-adjoint. Moreover, since με

1 > 1, we
have ‖Rε‖L(L2(�ε))

≤ 1, where ‖Rε‖L(L2(�ε))
is the operator norm.

For every ε ∈ (0, 1], we define the linear and continuous operators

Pε : L2(�) → L2(�ε), Pεu := u|�ε ,

and
R̃ε : L2(�) → L2(�), R̃εu := EεRεPεu.

Proposition 3.4 For every u ∈ L2(�)

lim
ε→0+

∥∥R̃εu − R0u
∥∥
L2(�)

= 0.

Proof Let u ∈ L2(�). Then by (3.2), (3.9), and (3.14), and the fact that
‖Rε‖L(L2(�ε))

≤ 1,

‖R̃εu‖2H1(�)
≤ K‖RεPεu‖2H1(�ε)

≤ KCαqε(RεPεu, RεPεu)

= KCα(Pεu, RεPεu)L2(�ε)
≤ KCα ‖u‖2L2(�)

(3.15)

for every ε ∈ (0, εα). In particular, the family {R̃εu}ε∈(0,εα) is bounded in H1(�).
Hence there exist v ∈ H1(�) and a sequence ε j → 0+ such that R̃ε j u⇀v weakly in
H1(�) as j → ∞. Furthermore, for every w ∈ H1(�) and j ∈ N we have

qε j (Rε j Pε j u, w) = (Pε j u, w)L2(�ε j )
. (3.16)
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We would like to pass to the limit as j → ∞ in (3.16). By (3.11)

qε j (Rε j Pε j u, w) =
∫
�ε j

(∇(Rε j Pε j u) · ∇w + cα(Rε j Pε j u)w
)
dx + α

∫
∂�ε j

(Rε j Pε j u)w dσ

=
∫
�

(∇(R̃ε j u) · ∇w + cα(R̃ε j u)w
)
dx + α

∫
∂�

(Rε j Pε j u)w dσ

−
∫
�ε j

(∇(R̃ε j u) · ∇w + cα(R̃ε j u)w
)
dx + α

∫
∂�ε j

(Rε j Pε j u)w dσ

and, by the Cauchy–Schwarz inequality,∣∣∣∣
∫

�ε

(∇(R̃εu) · ∇w + cα(R̃εu)w
)
dx

∣∣∣∣ ≤ max{1, cα}‖R̃εu‖H1(�)‖w‖H1(�ε)
→ 0

as ε → 0+, thanks to the absolute continuity of integrals, since |�ε| = εN |�| → 0+.
Hence, thanks to (3.5) if N = 2 or (3.4) if N ≥ 3, we may pass to the limit as j → ∞
in (3.16), thus obtaining

q0(v,w) = (u, w)L2(�) for all w ∈ H1(�).

Hence v = R0u. By the Urysohn Subsequence principle and the Rellich–Kondrachov
Theorem, we conclude that R̃εu → R0u strongly in L2(�). �

BasedonProposition3.4,we are nowable to prove the stability result stated inTheorem
2.1.

Proof of Theorem 2.1 We claim that

lim
ε→0+ ‖R̃ε − R0‖L(L2(�)) = 0. (3.17)

By compactness of the operator R̃ε − R0, for every ε ∈ (0, εα) there exists some
fε ∈ L2(�) with ‖ fε‖L2(�) = 1 such that

‖R0 − R̃ε‖L(L2(�)) = ‖R0 fε − R̃ε fε‖L2(�).

Since { fε}ε is bounded in L2(�), there exist a sequence ε j → 0+ and some f ∈ L2(�)

such that fε j ⇀ f weakly in L2(�) as j → ∞. By compactness of the operator R0,
R0 fε j → R0 f strongly in L2(�), as j → ∞. Furthermore, thanks to (3.15), up to
a further subsequence, R̃ε j fε j ⇀g weakly in H1(�) for some g ∈ H1(�). For every
v ∈ L2(�), since Rε is self-adjoint we have

(R̃ε j fε j , v)L2(�) = (Pε j fε j , Rε j Pε j v)L2(�ε j )
+ (R̃ε j fε j , v)L2(�ε j )

.

By (3.15) and the absolute continuity of integrals, we have

(R̃ε j fε j , v)L2(�ε j )
→ 0+ as j → ∞.
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Furthermore,

(Pε j fε j , Rε j Pε j v)L2(�ε j )
= ( fε j , R̃ε j v)L2(�) − ( fε j , R̃ε j v)L2(�ε j )

and so, by Proposition 3.4 and the absolute continuity of integrals,

(g, v)L2(�) = lim
k→∞(R̃ε j fε j , v)L2(�) = ( f , R0v)L2(�) = (R0 f , v)L2(�).

Hence g = R0 f . We conclude that R̃ε j fε j → R0 f strongly in L2(�) as j → ∞. By
the Urysohn Subsequence principle and compactness of R0, we deduce (3.17).

It is easy to verify that σ(R̃ε) = { 1
με

j

}
j∈N\{0} ∪ {0}, where we are denoting with

σ(R̃ε) the spectrum of R̃ε. Hence (2.1) follows from (3.17), [18, Chapter XI 9.5,
Lemma 5, Page 1091], and (3.13). �


4 Eigenvalue variation

For any α ∈ R fixed, let cα > 0 and εα ∈ (0, 1) be as in Sect. 3. For every ε ∈ (0, εα),
we consider the bilinear form qε = qε,cα,α defined in (3.8) and (3.11). Let n ∈ N \ {0}
be such that (2.2) is satisfied; hence, by (3.13), also the eigenvalue μ0

n , defined as in
(3.12), is simple. Let u0n be an associated eigenfunction satisfying (2.3).

For every ε ∈ (0, εα), we define the linear functional Lε : H1(�ε) → R as

Lε(v) := qε(u
0
n, v) − μ0

n

∫
�ε

u0nv dx =
∫

∂�ε

(
∂u0n
∂ν

+ αu0n

)
v dσ, (4.1)

where ν is the outer normal unit vector to �ε on ∂�ε. We also consider the quadratic
functional

Jε : H1(�ε) → R, Jε(v) := 1

2
qε(v, v) − Lε(v).

We omit the proof of the following proposition, since it is standard. We refer to [19,
Proposition 3.4] and [11, Proposition 2.4] for analogous results in a different setting.

Proposition 4.1 For every ε ∈ (0, εα), there exists a unique function Vε ∈ H1(�ε)

such that
Jε(Vε) = min{Jε(v) : v ∈ H1(�ε)}.

Furthermore, Vε is the unique weak solution to the problem⎧⎪⎨
⎪⎩

−�Vε + cαVε = 0, in �ε,

∂νVε + αVε = 0, on ∂�,

∂νVε + αVε = ∂νu
0
n + αu0n, on ∂�ε,

that is,
qε(Vε, v) = Lε(v) for every v ∈ H1(�ε). (4.2)

123



Quantitative spectral stability for the Robin Laplacian Page 15 of 42    96 

For every ε ∈ (0, εα), we consider the quantity

Tε := −2

(
1

2
qε(Vε, Vε) − Lε(Vε)

)
= qε(Vε, Vε). (4.3)

The quantity Tε, which we refer to as torsional rigidity, turns out to be an important
ingredient in the asymptotic expansion of the eigenvalue variation. An alternative
characterization of Tε is given in the following lemma, whose proof is omitted, as it
is similar to the ones given in [23, Proposition 6.5] and [19, Lemma 3.1] in analogous
situations.

Lemma 4.2 For every ε ∈ (0, εα),

Tε = sup
u∈H1(�ε)\{0}

(Lε(u))2

qε(u, u)
. (4.4)

Thanks to the above lemma, we obtain the following quantitative estimate of the
vanishing order of Tε as ε → 0+.

Proposition 4.3 Let k ≥ 0 be the vanishing order of u0n at x0 = 0 and h := max{k, 1}.
Then

Tε =
{
O(εN+2h−2), if N ≥ 3,

O(ε2h−δ), if N = 2,
as ε → 0+, (4.5)

for every δ ∈ (0, 1). In particular,

lim
ε→0+ qε(Vε, Vε) = lim

ε→0+ ‖Vε‖2H1(�ε)
= lim

ε→0+ Tε = 0. (4.6)

Proof If N ≥ 3, by (3.4) and (3.9),

∫
∂�ε

[
∂u0n
∂ν

+ αu0n

]
u dσ ≤ √

C ε
1
2

∥∥∥∥∂u0n
∂ν

+ αu0n

∥∥∥∥
L2(∂�ε)

‖u‖H1(�ε)

≤ √
C
√
Cαε

1
2

∥∥∥∥∂u0n
∂ν

+ αu0n

∥∥∥∥
L2(∂�ε)

√
qε(u, u)

for every u ∈ H1(�ε). Hence, in view of (4.4),

Tε ≤ CCαε

∫
∂�ε

(
∂u0n
∂ν

+ αu0n

)2

dσ. (4.7)

If u0n(0) = 0, then k = h ≥ 1, u0n(x) = O(|x |k) and |∇u0n(x)| = O(|x |k−1) as x → 0,
so that (4.7) yields Tε = O(εN+2k−2) = O(εN+2h−2) as ε → 0+. If u0n(0) �= 0, then
h = 1 and, by boundedness of u0n and ∇u0n in a neighbourhood of 0, (4.7) directly
implies that Tε = O(εN ) = O(εN+2h−2) as ε → 0+. Estimate (4.5) is thereby proved
in the case N ≥ 3.
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The proof of (4.5) in the case N = 2 proceeds similarly, using (3.5) instead of
(3.4). �

Proposition 4.4 Let Vε be as in Proposition 4.1. Then

‖Vε‖2L2(�ε)
= o (Tε) as ε → 0+, (4.8)

and
‖Vε‖2L2(∂�)

= o (Tε) as ε → 0+. (4.9)

Proof In view of (3.9), to prove (4.8) it is enough to show that

‖Vε‖2L2(�ε)
= o
(‖Vε‖2H1(�ε)

)
as ε → 0+.

We argue by contradiction. Suppose that there exist a positive constant c > 0 and a
sequence ε j → 0+ such that

‖Vε j ‖2L2(�ε j )
≥ c‖Vε j ‖2H1(�ε j )

for every j ∈ N.

For every j ∈ N, we define

Wj := Eε j (Vε j )

‖Eε j (Vε j )‖L2(�)

,

where Eε j is the extension operator introduced in Proposition 3.1. Then {Wj } j∈N is
bounded in H1(�) by Proposition 3.1. It follows that, up to a subsequence, Wj⇀W
weakly in H1(�) as j → +∞, for some W ∈ H1(�). The compactness of the
embedding H1(�) ⊂ L2(�) implies that ‖W‖L2(�) = 1.

Let ϕ ∈ C∞
c (� \ {0}). Then there exists j0 ∈ N such that ϕ ∈ C∞

c (� \ �ε j ) for all
j ≥ j0. Then, by (3.1) and (4.2),∫

�

(∇Wj · ∇ϕ + cαWjϕ
)
dx + α

∫
∂�

Wjϕ dσ = 0. (4.10)

Passing to the limit as j → +∞, we conclude that∫
�

(∇W ·∇ϕ+cαWϕ
)
dx+α

∫
∂�

Wϕ dσ = 0 for every ϕ ∈ C∞
c (�\{0}). (4.11)

Since C∞
c (� \ {0}) is dense in H1(�), we may test the above equation with W and

conclude that W = 0 in view of (3.9) with ε = 0. This is a contradiction because
‖W‖L2(�) = 1. Estimate (4.8) is thereby proved.

To prove (4.9) we argue in a similar way, and assume, by contradiction, that there
exist c > 0 and a sequence ε j → 0+ such that

‖Vε j ‖2L2(∂�)
≥ c‖Vε j ‖2H1(�ε j )

for every j ∈ N.
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For every j ∈ N, we define Z j := ‖Vε j ‖−1
L2(∂�)

Eε j (Vε j ). By Proposition 3.1, it fol-

lows that {Z j } j∈N is bounded in H1(�), hence there exists Z ∈ H1(�) such that
Z j⇀Z weakly in H1(�), up to a subsequence. The compactness of the trace map
H1(�) → L2(∂�) implies that ‖Z‖L2(∂�) = 1.

Letting ϕ ∈ C∞
c (� \ {0}), we have that Z j satisfies (4.10) for all j sufficiently

large, so that, passing to the limit, Z satisfies (4.11) for every ϕ ∈ C∞
c (� \ {0}),

and hence, by density of C∞
c (� \ {0}) in H1(�), for every ϕ ∈ H1(�). As above,

this would imply that Z = 0 in view of (3.9), giving rise to a contradiction, because
‖Z‖L2(∂�) = 1. Estimate (4.9) is thereby proved. �


The following theoremapplies a knownperturbative theory for eigenvalue problems
in perforated domains to our context. Originally developed by Courtois in [16] for the
Dirichlet problem, this theory is based on the Lemma on small eigenvalues by Y.
Colin de Verdière [15]. It was later revisited in [1] for simple eigenvalues and in [4]
for multiple ones, whereas a recent extension to Neumann problem is due to [19].
A generalization to a broad class of abstract perturbative problems – including the
aforementioned ones – is provided in [11]; a simplified version of this, adapted to our
case, is presented in Appendix A and will now be applied to problem (1.4).

Theorem 4.5 Let n ∈ N \ {0} be such that the n-th eigenvalue λ0n of (1.1) satisfies
(2.2), with an associated eigenfunction u0n as in (2.3); for every ε ∈ (0, 1), let λε

n be
the n-th eigenvalue of (1.4). Then

λε
n − λ0n = −Tε −

∫
�ε

(|∇u0n|2 − λ0n|u0n|2
)
dx + α

∫
∂�ε

|u0n|2 dσ

+ o(Tε) + o

(∫
�ε

(|∇u0n|2 − λ0n|u0n|2
)
dx

)
+ o

(∫
∂�ε

|u0n|2 dσ
)

(4.12)

as ε → 0+. Moreover, if uε
n is the eigenfunction of (1.4) associated with the eigenvalue

λε
n chosen as in (2.4) for every ε ∈ (0, 1), then

‖uε
n − (u0n − Vε)‖2H1(�ε)

= o (Tε) + O
(‖u0n‖4L2(�ε)

)
, (4.13)

‖uε
n − u0n‖2H1(�ε)

= Tε + o (Tε) + O
(‖u0n‖4L2(�ε)

)+ O
(
T 1/2

ε ‖u0n‖2L2(�ε)

)
, (4.14)

as ε → 0+.

Proof In view of (1.3),
lim

ε→0+ |�ε|N = 0, (4.15)

where |�ε|N denotes the N -dimensional Lebesgue measure of�ε. This, together with
(2.2), Theorem 2.1, (3.13), (3.9), and (4.6), ensures that the assumptions of Theorem
A.1 are satisfied. Hence, Theorem A.1 yields

λε
n − λ0n = με

n − μ0
n =

μ0
n

∫
�ε

u0nVε dx + O
(‖Vε‖2L2(�ε)

)
∫
�ε

|u0n|2 dx + O
(‖Vε‖L2(�ε)

) as ε → 0+. (4.16)
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To clarify the above expansion further, we first observe, by (2.3), (4.15), and (4.6),
that

1∫
�ε

|u0n|2 dx + O(‖Vε‖L2(�ε)
)

= 1

1 + o(1)
= 1 + o(1) as ε → 0+. (4.17)

Furthermore,
O(‖Vε‖2L2(�ε)

) = o(Tε) as ε → 0+, (4.18)

in view of Proposition 4.4. Finally, by (4.1) tested with Vε, (4.2) tested with Vε, (4.2)
tested with u0n , (1.1), and an integration by part,

μ0
n

∫
�ε

u0nVε dx = qε(Vε, u
0
n) − Lε(Vε) = Lε(u

0
n) − Tε

=
∫

∂�ε

∂u0n
∂ν

u0n dσ + α

∫
∂�ε

|u0n|2 dσ − Tε

= −
∫

�ε

(|∇u0n|2 + (cα − μ0
n)|u0n|2

)
dx + α

∫
∂�ε

|u0n|2 dσ − Tε,

(4.19)

where ν is the outer normal derivative to �ε on ∂�ε. Plugging (4.17), (4.18), and
(4.19) into (4.16), and taking into account that cα − μ0

n = −λ0n , we obtain (4.12).
For every ε ∈ (0, 1), let uε

n be the eigenfunction of (1.4), associated with the
eigenvalue λε

n , chosen as in (2.4). We consider the orthogonal projection onto the
eigenspace associated with the eigenvalue λε

n , i.e.

�ε(v) := (v, uε
n)L2(�ε)

uε
n for every v ∈ L2(�ε).

By Theorem A.1, (3.9), (4.3), and Proposition 4.4

‖u0n − Vε − �ε(u
0
n − Vε)‖2H1(�ε)

= o (Tε) as ε → 0+, (4.20)

‖u0n − �ε(u
0
n − Vε)‖2H1(�ε)

= O (Tε) as ε → 0+, (4.21)

‖u0n − �ε(u
0
n − Vε)‖2L2(�ε)

= o (Tε) as ε → 0+. (4.22)

In particular, by (4.21) and Proposition 4.3,

lim
ε→0+ ‖u0n − �ε(u

0
n − Vε)‖H1(�ε)

= 0. (4.23)

It follows that, thanks to (2.4) and the simplicity of λε
n ,

uε
n = �ε(u0n − Vε)

‖�ε(u0n − Vε)‖L2(�ε)

(4.24)
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for all ε > 0 sufficiently small. Hence

‖uε
n − �ε(u

0
n − Vε)‖2H1(�ε)

=
∣∣1 − ‖�ε(u0n − Vε)‖L2(�ε)

∣∣2
‖�ε(u0n − Vε)‖2L2(�ε)

‖�ε(u
0
n − Vε)‖2H1(�ε)

.

(4.25)
Furthermore, in view of (4.6), (4.22), and the Cauchy–Schwarz inequality,

‖�ε(u
0
n − Vε)‖2L2(�ε)

= 1 −
∫
�ε

|u0n |2 dx + ‖u0n − �ε(u
0
n − Vε)‖2L2(�ε)

− 2(u0n − �ε(u
0
n − Vε), u

0
n)L2(�ε)

= 1 −
∫
�ε

|u0n |2 dx + o(T 1/2
ε ). (4.26)

Hence, plugging (4.26) in (4.25) we obtain

‖uε
n − �ε(u

0
n − Vε)‖2H1(�ε)

= o(Tε) + O(‖u0n‖4L2(�ε)
) + o

(√
Tε‖u0n‖2L2(�ε)

)
= o(Tε) + O(‖u0n‖4L2(�ε)

)

as ε → 0+, since ‖�ε(u0n − Vε)‖2H1(�ε)
= ‖u0n‖2H1(�)

+ o(1) in view of (4.23). By
the Cauchy–Schwarz inequality and (4.20), it then follows that

‖uε
n − (u0n − Vε)‖2H1(�ε)

= ‖u0n − Vε − �ε(u
0
n − Vε)‖2H1(�ε)

+ ‖uε
n − �ε(u

0
n − Vε)‖2H1(�ε)

− 2
(
uε
n − �ε(u

0
n − Vε), u

0
n − Vε − �ε(u

0
n − Vε)

)
H1(�ε)

= o(Tε) + O
(‖u0n‖4

L2(�ε)

)
as ε → 0+, (4.27)

so that (4.13) is proved.
To prove (4.14), we observe that, by (3.9), (4.3), Proposition 3.2, and Proposition

4.4,

‖Vε‖2H1(�ε)
= Tε + (1−cα)‖Vε‖2L2(�ε)

−α

∫
∂�

V 2
ε dσ −α

∫
∂�ε

V 2
ε dσ = Tε +o (Tε)

(4.28)
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as ε → 0+. Moreover, from (4.20), (4.24), and (4.26), it follows that

(uε
n − (u0n − Vε), Vε)H1(�ε)

= ‖�ε(u0n − Vε)‖L2(�ε)
− 1

‖�ε(u0n − Vε)‖L2(�ε)

‖Vε‖2H1(�ε)

+

(
�ε(u0n − Vε) − (u0n − Vε) +

(
1 − ‖�ε(u0n − Vε)‖L2(�ε)

)
u0n, Vε

)
H1(�ε)

‖�ε(u0n − Vε)‖L2(�ε)

= ‖�ε(u0n − Vε)‖L2(�ε)
− 1

‖�ε(u0n − Vε)‖L2(�ε)

(
Tε + o (Tε)

)+

(
�ε(u0n − Vε) − (u0n − Vε), Vε

)
H1(�ε)

‖�ε(u0n − Vε)‖L2(�ε)

+ 1 − ‖�ε(u0n − Vε)‖L2(�ε)

‖�ε(u0n − Vε)‖L2(�ε)

(u0n, Vε)H1(�ε)

= o (Tε) + O
(
T 1/2

ε ‖u0n‖2L2(�ε)

)
as ε → 0+. (4.29)

By (4.27), (4.28), and (4.29) we finally conclude that

‖uε
n − u0n‖2

H1(�ε)
= ‖uε

n − (u0n − Vε)‖2H1(�ε)
+ ‖Vε‖2H1(�ε)

− 2(uε
n − (u0n − Vε), Vε)H1(�ε)

= Tε + o (Tε) + O

(∥∥∥u0n∥∥∥4L2(�ε)

)
+ O

(
T 1/2

ε ‖u0n‖2
L2(�ε)

)
as ε → 0+,

thus completing the proof of (4.14). �

An asymptotic expansion for some of the terms appearing in (4.12) is provided in

the following proposition, enabling us to derive Theorems 2.2 and 2.4 directly from
expansion (4.12).

Proposition 4.6 Let � ≥ 1 be the vanishing order of u0n −u0n(0) at 0. Then, as ε → 0+,
∫

�ε

|∇u0n|2 dx = εN+2�−2
∫

�

|∇P
u0n ,0
� |2 dx + O(εN+2�−1),∫

�ε

|u0n|2 dx = εN |u0n(0)|2 |�|N + εN+2�
∫

�

|Pu0n ,0
� |2 dx+2εN+� u0n(0)

∫
�

P
u0n ,0
� dx

+ u0n(0)O(ε�+1+N ) + O(ε2�+1+N ),∫
∂�ε

|u0n|2 dσ = εN−1|u0n(0)|2HN−1(∂�) + εN+2�−1
∫

∂�

|Pu0n ,0
� |2 dσ

+ 2εN+�−1 u0n(0)
∫

∂�

P
u0n ,0
� dσ + u0n(0)O(ε�+N ) + O(ε2�+N ).

Proof By standard elliptic regularity theory, u0n is a smooth function; hence

u0n(x) − u0n(0) = P
u0n ,0
�

(x) + O(|x |�+1) and ∇u0n(x) = ∇P
u0n ,0
�

(x) + O(|x |�) as |x | → 0.
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Then, the desired estimates follow directly from a change of variables. �

Proof of Theorems 2.2 and 2.4 Theorems 2.2 and 2.4 are now a simple consequence of
Theorem 4.5, Proposition 4.3, and Proposition 4.6. �


5 Blow-up analysis for N ≥ 3

In this section, we use a blow-up analysis to derive the asymptotics of Tε, as ε → 0+,
for N ≥ 3.

The following proposition describes the asymptotic behavior of u0n near
x0 = 0 ∈ �; it directly follows from analyticity of u0n .

Proposition 5.1 If u0n vanishes of order k ≥ 0 at x0 = 0 ∈ �, then, for every R > 0,

r−ku0n(r x) → P
u0n ,0
k (x) uniformly in BR and in H1(BR)

as r → 0+; furthermore, Pu0n ,0
k is a harmonic and homogeneous polynomial of degree

k.
If u0n − u0n(0) vanishes of order � ≥ 1 at x0 = 0 ∈ �, then, for every R > 0,

u0n(r x) − u0n(0)

r�
→ P

u0n ,0
� (x) uniformly in BR and in H1(BR)

and

r−�+1∇u0n(r x) → ∇P
u0n ,0
� (x) uniformly in BR and in H1(BR;RN )

as r → 0+.

The following Hardy-type inequality serves as an essential tool for conducting
blow-up analysis, especially in the identification of limit profiles. We refer to [19,
Lemma 5.3] for a proof.

Lemma 5.2 Let N ≥ 3 and E be an open Lipschitz subset of RN such that E ⊂ BR0

and BR0 \ E is connected, for some R0 > 0. Then there exists CH = CH (N , E) > 0
such that

∫
BR\E

u2

|x |2 dx ≤ CH

(∫
BR\E

|∇u|2 dx + 1

R2

∫
BR\E

u2 dx

)

for all u ∈ H1(BR \ E) and R > 2R0. Moreover, for all u ∈ C∞
c (RN \ E), there

holds

∫
RN \E

u2

|x |2 dx ≤ CH

∫
RN \E

|∇u|2 dx .
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For every open Lipschitz set E ⊂ R
N such that E ⊂ BR0 and BR0 \ E is connected

for some R0 > 0, let us consider the functional space D1,2(RN \ E), defined as the
completion of C∞

c (RN \ E) with respect to the norm

‖u‖D1,2(RN \E) :=
(∫

RN \E
|∇u|2 dx

) 1
2

.

The Hardy inequality provided by the above lemma implies that

u �→
(∫

RN \E

(
|∇u|2 + u2

|x |2
)
dx

) 1
2

,

is an equivalent norm on D1,2(RN \ E), which can be characterized also as

D1,2(RN \ E) =
{
u ∈ W 1,1

loc (RN \ E) :
∫
RN \E

(
|∇u|2 + u2

|x |2
)
dx < ∞

}
.

Let h and P
u0n ,0
h be as in (2.6) and (2.5), respectively, with x0 = 0 ∈ �. We define the

functional J̃ : D1,2(RN\�) → R as

J̃ (v) := 1

2

∫
RN \�

|∇v|2 dx −
∫

∂�

(
∂ν P

u0n ,0
h + α u0n(0)

)
v dσ.

Proposition 5.3 There exists a unique Ṽ ∈ D1,2(RN\�) such that

J̃ (Ṽ ) = min{ J̃ (v) : v ∈ D1,2(RN \ �)}.
Furthermore, Ṽ �≡ 0 and Ṽ is the unique D1,2(RN \ �)-function satisfying∫

RN \�
∇ Ṽ · ∇ϕ dx =

∫
∂�

(
∂ν P

u0n ,0
h + α u0n(0)

)
ϕ dσ (5.1)

for all ϕ ∈ D1,2(RN \ �).

Proof The proof of the existence of a unique minimizer Ṽ can be obtained by standard
variational methods. To verify that Ṽ �≡ 0, we argue by contradiction. If Ṽ ≡ 0, (5.1)

would imply that ∂ν P
u0n ,0
h + αu0n(0) = 0 on ∂�. If u0n(0) = 0, then �P

u0n ,0
h = 0 and

0 =
∫

∂�

(∂νP
u0n ,0
h )P

u0n ,0
h dσ = −

∫
�

|∇P
u0n ,0
h |2 dx;

thiswould imply that P
u0n ,0
h is constant, contradicting the fact that P

u0n ,0
h is a polynomial

of degree h ≥ 1. On the other hand, if u0n(0) �= 0, then h = 1 and

P
u0n ,0
h (x) = ∇u0n(0) · x;
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hence, by the Divergence Theorem,

αu0n(0)HN−1(∂�) = −
∫

∂�

∇u0n(0) · ν dσ = 0,

giving rise to a contradiction in view of (1.5). �

We observe that (5.1) is the weak formulation of (2.7). We are now ready to state the
main result of this section.

Theorem 5.4 Let h and P
u0n ,0
h be as in (2.6) and (2.5), respectively, with x0 = 0 ∈ �.

If N ≥ 3 and Ṽ is the function introduced in Proposition 5.3, then

lim
ε→0+ ε−N−2h+2Tε = T̃ =

∫
∂�

(
∂νP

u0n ,0
h + α u0n(0)

)
Ṽ dσ,

where Tε is defined in (4.3). Furthermore, if Vε ∈ H1(�ε) is as in Proposition 4.1
and

Ṽε(x) := ε−hVε(εx), x ∈ ( 1
ε
�
) \ �, (5.2)

then
Ṽε → Ṽ in H1(BR \ �) as ε → 0+,

for all R > 0 such that � ⊂ BR.

Proof Let r0 > 0 be as in (1.2) with x0 = 0. Let R > r0 and ε < r0
2R . As

r0
ε

> 2r0
and R < r0

2ε < r0
ε
, applying Lemma 5.2 to the function Ṽε, by a change of variable

we have

∫
BR\�

(
|∇ Ṽε|2 + Ṽ 2

ε

|x |2
)
dx ≤

∫
Br0

ε
\�

(
|∇ Ṽε|2 + Ṽ 2

ε

|x |2
)
dx

≤
∫
Br0

ε
\�

|∇ Ṽε|2 dx + CH

(∫
Br0

ε
\�

|∇ Ṽε|2 dx + ε2

r20

∫
Br0

ε
\�

Ṽ 2
ε dx

)

= ε−N−2h+2
(∫

Br0\ε�
|∇Vε|2 dx + CH

∫
Br0\ε�

(
|∇Vε|2 + r−2

0 V 2
ε

)
dx

)

≤ C1ε
−N−2h+2

(∫
�ε

|∇Vε|2 dx +
∫

�ε

V 2
ε dx

)
= C1ε

−N−2h+2||Vε||2H1(�ε)
,

for some C1 > 0 independent of R and ε. Therefore, by (3.9), (4.3), and Proposi-
tion 4.3, we deduce that, for every 0 < ε < r0

2R ,

∫
BR\�

(
|∇ Ṽε|2 + Ṽ 2

ε

|x |2
)
dx ≤ C, (5.3)
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where the above constant C is independent of R and ε.
This implies that, for every R > r0, there exists CR > 0 such that

||Ṽε||H1(BR\�) < CR, for all ε ∈ (0, r0
2R

)
. (5.4)

Hence, by a diagonal argument, for every sequence ε j → 0+, there exist a subsequence
(still denoted as {ε j } j∈N) and W ∈ W 1,1

loc (RN \ �) such that, for every R > r0,
W ∈ H1(BR \ �) and

Ṽε j ⇀W weakly in H1(BR \ �) as j → +∞. (5.5)

Therefore, by the Rellich–Kondrachov Theorem and the compactness of the trace
operator into L2(∂�), we have, for all R > r0,

Ṽε j → W in L2(BR \ �) as j → +∞, (5.6)

Ṽε j → W in L2(∂�) as j → +∞. (5.7)

Hence, by (5.3) and the weak lower semicontinuity of norms, we have

∫
BR\�

(
|∇W |2 + W 2

|x |2
)
dx ≤ lim inf

j→+∞

∫
BR\�

(
|∇ Ṽε j |2 + Ṽ 2

ε j

|x |2
)
dx ≤ C

for every R > r0; hence, being C independent of R, we conclude that

∫
RN \�

(
|∇W |2 + W 2

|x |2
)
dx ≤ C,

so that W ∈ D1,2(RN \ �).
Let v ∈ C∞

c (RN \ �). There exist Rv > r0 and jv ∈ N such that

supp v ⊂ BRv \ � ⊂ 1
ε j

� \ � for all j ≥ jv.

Since Vε satisfies (4.2), by the change of variable x = ε j y we obtain∫
BRv \�

(∇ Ṽε j · ∇v + ε2j cα Ṽε j v
)
dx

= −αε j

∫
∂�

Ṽε j v dσ +
∫

∂�

(∇u0n(ε j x)

εh−1
j

· ν + α ε j
u0n(ε j x)

εhj

)
v dσ. (5.8)

In both cases, u0n(0) = 0 and u0n(0) �= 0, by Proposition 5.1 we have the uniform
convergence

∇u0n(εx)

εh−1 · ν + εα
u0n(εx)

εh
→ ∇P

u0n ,0
h (x) · ν + α u0n(0), in ∂�, (5.9)
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as ε → 0+. Consequently
∫

∂�

(∇u0n(ε j x)

εh−1
j

·ν+α ε j
u0n(ε j x)

εhj

)
v dσ →

∫
∂�

(
∂ν P

u0n ,0
h +α u0n(0)

)
v dσ, (5.10)

as j → +∞. Hence, applying (5.5), (5.6), (5.7), and (5.10), we can pass to the limit
in (5.8), thus obtaining

∫
RN \�

∇W · ∇v dx =
∫

∂�

(
∂ν P

u0n ,0
h + α u0n(0)

)
v dσ for all v ∈ D1,2(RN \ �).

By uniqueness of the solution to problem (2.7), we conclude that

W = Ṽ .

By Urysohn’s subsequence principle, we conclude that the convergences (5.5), (5.6),
and (5.7) hold as ε → 0, and not just along the sequence {ε j } j∈N.

Moreover, by a change of variable, (4.2) tested with Vε, (4.3), (5.7), and (5.9),

ε−N−2h+2Tε =
∫

∂�ε

ε−N−2h+2
(
∂νu

0
n + α u0n

)
Vε dσ

=
∫

∂�

ε−h+1
(
∂νu

0
n(εx) + α u0n(εx)

)
Ṽε dσ

→
∫

∂�

(
∂ν P

u0n ,0
h + α u0n(0)

)
Ṽ dσ as ε → 0+.

To conclude, it only remains to prove the strong H1 convergence. By scaling, Ṽε

weakly solves

⎧⎪⎨
⎪⎩

−�Ṽε + cαε2Ṽε = 0, in 1
ε
� \ �,

∂ν Ṽε + αεṼε = 0, on ∂
(

�
ε

)
,

∂ν Ṽε + αεṼε = ε−h+1∂νu
0
n(εx) + ε−h+1αu0n(εx), on ∂�.

For R > r0 fixed, let ε ∈ (0, r0
2R ), so that BR \ � ⊂ 1

ε
� \ �. Then, testing the

difference between the above equation and (2.7) with Ṽε − Ṽ we obtain

∫
BR\�

|∇(Ṽε − Ṽ )|2 dx

= −ε2cα

∫
BR\�

Ṽε(Ṽε − Ṽ ) dx +
∫

∂BR

(Ṽε − Ṽ )(∂ν Ṽε − ∂ν Ṽ ) dσ

+
∫

∂�

(Ṽε − Ṽ )

(
− αεṼε + ∇u0n(εx)

εh−1 · ν+εα
u0n(εx)

εh
−∂ν P

u0n ,0
h −αu0n(0)

)
dσ.

(5.11)
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Wenotice that, if 0 < ε < r0
2R , (1.2) ensures that B2R\Br0 ⊂ 1

ε
�\�. Hence, Ṽε weakly

solves −�Ṽε = −cαε2Ṽε in B2R \ Br0 . Since the family {ε2Ṽε}ε∈(0, r0
2R ) is bounded

in L2(B2R \ Br0) by (5.4), by classical elliptic regularity theory we have {Ṽε}0<ε<
r0
2R

is bounded in H2
(
B 3

2 R
\ Br0+R

2

)
uniformly with respect to ε. Therefore, passing to

traces, {∂ν Ṽε}0<ε<
r0
2R

is bounded in L2(∂BR). Hence, using this, (5.9), and the weak

convergence Ṽε⇀Ṽ in H1(BR \ �), which implies strong L2(BR \ �)-convergence
and strong convergence of traces in L2(∂BR) and in L2(∂�), the right hand side of
(5.11) vanishes in the limit as ε → 0+. This proves that ∇ Ṽε → ∇ Ṽ in L2(BR \ �).
This fact, along with (5.6), gives Ṽε → Ṽ in H1(BR \ �). This concludes the proof.

�

Proof of Theorem 2.3 By translation, it is not restrictive to assume x0 = 0. The result
is a direct consequence of Theorem 4.5, Proposition 4.6, and Theorem 5.4. �


Now, we study the rate of convergence of perturbed eigenfunctions, proving The-
orems 2.5 and 2.6.

Proof of Theorems 2.5 and 2.6 By translation, it is not restrictive to assume x0 = 0. Let
us consider the function ϕε := �ε − �0

ε + Ṽε, where Ṽε is defined in (5.2) and

�0
ε(x) := u0n(x0 + εx) − u0n(x0)

εh
.

By (4.13) and a change of variable,

∫
1
ε
�\�

|∇ϕε|2 dx + ε2
∫

1
ε
�\�

ϕ2
ε dx = o

(
ε−N−2h+2Tε

)
+ O

(
ε−N−2h+2

∥∥u0n∥∥4L2(�ε)

)
,

(5.12)
as ε → 0+. If u0n(0) = 0, then h = k, where k is the vanishing order of u0n at 0.
Therefore, u0n(x) = O(|x |k) as |x | → 0, hence

‖u0n‖4L2(�ε)
= O(ε2N+4k) = o(εN+2h−2)

as ε → 0+. On the other hand, in the case u0n(0) �= 0, we have h = 1 and u0n(x) =
u0n(0) + O(|x |) as |x | → 0+; hence

‖u0n‖4L2(�ε)
= O(ε2N ) = o(εN ) = o(εN+2h−2)

as ε → 0+. In both cases, we conclude that

‖u0n‖4L2(�ε)
= o(εN+2h−2) as ε → 0+. (5.13)

In particular, we have proved Theorem 2.6 in view of Theorem 4.5 and Proposition
4.3.
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Furthermore, by (5.12), Theorem 5.4, and (5.13),

∫
1
ε
�\�

|∇ϕε|2 dx + ε2
∫

1
ε
�\�

ϕ2
ε dx → 0 as ε → 0+. (5.14)

Let r0 > 0 be as in (1.2). Choose R > r0 and ε < r0
2R . If N ≥ 3, we can apply

Lemma 5.2 to obtain

∫
BR\�

(
|∇ϕε|2 + ϕ2

ε

|x |2
)

dx ≤
∫
Br0

ε
\�

(
|∇ϕε|2 + ϕ2

ε

|x |2
)

dx

≤
∫
Br0

ε
\�

|∇ϕε|2 dx + CH

(∫
Br0

ε
\�

|∇ϕε|2 dx + ε2

r20

∫
Br0

ε
\�

ϕ2
ε dx

)

≤ (CH + 1)

(∫
1
ε
�\�

|∇ϕε|2 dx + ε2

r20

∫
1
ε
�\�

ϕ2
ε dx

)
.

From this and (5.14) it follows that

∫
BR\�

(
|∇ϕε|2 + ϕ2

ε

|x |2
)

dx → 0 as ε → 0+,

for every R > 0 such that � ⊂ BR . Hence

ϕε → 0 strongly in H1(BR \ �) as ε → 0+. (5.15)

If u0n(0) = 0, then h is the vanishing order of u0n at 0 and, by Proposition 5.1,

�0
ε → P

u0n ,0
h as ε → 0+ in H1(BR) for any R > 0.

If u0n(0) �= 0, then h = 1 and

�0
ε(x) = ε−1(u0n(εx) − u0n(0)) → ∇u0n(0) · x = P

u0n ,0
1 (x)

as ε → 0+ in H1(BR) for any R > 0.
This, together with (5.15) and Theorem 5.4, establishes (2.9).
Finally, using (5.13) and Theorem 5.4 in (4.14), we obtain

lim
ε→0+ ε−(N+2h−2)‖uε

n − u0n‖2H1(�ε)
= T̃ ,

thus proving (2.10). �


123



   96 Page 28 of 42 V. Felli et al.

6 The case of a round hole

In this section, we focus on the case where

� = Br1 ,

for some 0 < r1 < r0. In this case, we can compute T̃ explicitly if N ≥ 3, while we
determine the exact asymptotic behavior of Tε if N = 2. We do this only in the case
u0n(0) = 0, since the case u0n(0) �= 0 is already completely covered by Theorem 2.2.

6.1 Dimension N ≥ 3

If N ≥ 3 and u0n(0) = 0, the quantity T̃ defined in (2.8) coincides with the one that
appears in the blow-up analysis carried out in [19] for the Neumann problem; in the
case of spherical holes, it can be explicitly computed as below.

Proposition 6.1 If u0n(0) = 0, N ≥ 3, and k is the vanishing order of u0n at 0, then

T̃ = k2r N+2k−2
1

N + k − 2

∫
∂B1

|Pu0n ,0
k |2 dσ,

where T̃ is as in (2.8).

Proof The proof is contained in [19, Lemma 6.1], up to a rescaling. �


We are now in a position to prove Theorem 2.7.

Proof of Theorem 2.7 Without loss of generality, we assume x0 = 0. By the divergence

theorem, since P
u0n ,0
k is harmonic by Proposition 5.1,

∫
Br1

|∇P
u0n ,0
k |2 dx =

∫
Br1

div
(
P
u0n ,0
k ∇P

u0n ,0
k

)
dx

=
∫

∂Br1

P
u0n ,0
k ∂ν P

u0n ,0
k dσ = kr N+2k−2

1

∫
∂B1

|Pu0n
k |2 dσ.

Therefore Theorem 2.7 follows from Theorem 2.3 and Proposition 6.1. �


6.2 Dimension N = 2

In dimension N = 2, we can instead determine an asymptotic expansion of Tε as
ε → 0+. To this aim, we proceed as in [19, Section 6.2].

Let N = 2, � = Br1 for some 0 < r1 < r0, x0 = 0 ∈ �, u0n(0) = 0 with k ≥ 1

being the vanishing order of u0n at 0. Let P
u0n ,0
k be as in (2.5).
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For every R > r1, R �= −k/α, and ε > 0 sufficiently small, the function
Wε,R : BR \ εBr1 → R, given in polar coordinates by

Wε,R(r , θ) = r2k1
(αR − k)rk − (αR + k)R2kr−k

(αR + k)R2k + (αR − k)r2k1 ε2k
P
u0n ,0
k (θ)ε2k, (6.1)

is well-defined. Moreover, Wε,R ∈ C∞(BR\εBr1). Since the polynomial P
u0n ,0
k is

harmonic and k-homogeneous, we have −�S1 P
u0n ,0
k = k2P

u0n ,0
k on S1; hence Wε,R is

a classical solution to the problem

⎧⎪⎨
⎪⎩

−�Wε,R = 0, in BR \ εBr1 ,

∂νWε,R + αWε,R = 0, on ∂BR,

∂νWε,R = ∂ν P
u0n ,0
k , on ε∂Br1 .

In particular, we also have Wε,R ∈ H1(BR\εBr1) and∫
BR\εBr1

∇Wε,R · ∇v dx + α

∫
∂BR

Wε,Rv dσ =
∫

∂(εBr1 )

(∂ν P
u0n ,0
k )v dσ (6.2)

for every v ∈ H1(BR \ εBr1). Let us define

T R
ε :=

∫
∂(εBr1 )

(∂ν P
u0n ,0
k )Wε,R dσ =

∫
BR\εBr1

|∇Wε,R |2 dx + α

∫
∂BR

W 2
ε,R dσ.

(6.3)

Remark 6.2 We observe that, in view of (6.1),

Wε,R(εr1, θ) = −rk1 P
u0n ,0
k (θ)εk + o(εk) as ε → 0+, (6.4)

uniformly with respect to θ ∈ S
1.

Proposition 6.3 Let u0n(0) = 0 and k ≥ 1 be the vanishing order of u0n at 0. Then, for
every R > r1, R �= −k/α, we have

T R
ε = kπr2k1

⎛
⎝
∣∣∣∣∣∂

ku0n
∂xk1

(0)

∣∣∣∣∣
2

+ 1

k2

∣∣∣∣∣ ∂ku0n
∂xk−1

1 ∂x2
(0)

∣∣∣∣∣
2
⎞
⎠ ε2k+o(ε2k) as ε → 0+. (6.5)

Furthermore,

∥∥Wε,R
∥∥
L2(BR\εBr1 )

= O(εk+1) as ε → 0+, (6.6)∥∥Wε,R
∥∥
H1(BR\εBr1 )

= O(εk) as ε → 0+. (6.7)
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Proof Since the polynomial P
u0n ,0
k is harmonic and k-homogeneous, we have neces-

sarily

P
u0n ,0
k (r cos t, r sin t) = rk

(
∂ku0n
∂xk1

(0) cos(kt) + 1

k

∂ku0n
∂xk−1

1 ∂x2
(0) sin(kt)

)
.

By (6.4) and a change of variables∫
∂Bεr1

∂ν P
u0n ,0
k Wε,R dσ = −k

∫
∂B1

P
u0n ,0
k (εr1θ)Wε,R(εr1θ) dσ

= kr2k1 ε2k
∫

∂B1
|Pu0n ,0

k (θ)|2 dσ + o(ε2k)

= kπr2k1 ε2k
(∣∣∣∣∂ku0n

∂xk1
(0)

∣∣∣∣
2

+ 1

k2

∣∣∣∣ ∂ku0n
∂xk−1

1 ∂x2
(0)

∣∣∣∣
2)

+ o(ε2k)

as ε → 0+, thus obtaining (6.5). Furthermore, (6.6) and (6.7) follow from (6.1). �

Let us now consider the problem as in Proposition 4.1, for the domain� = BR and

� = Br1 with R > r1, replacing the boundary Robin datum u0n with its approxima-

tion P
u0n ,0
k . More precisely, let Zε,R ∈ H1(BR \ εBr1) be the unique solution of the

problem ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−�Zε,R + cαZε,R = 0, in BR \ εBr1 ,

∂ν Zε,R + αZε,R = 0, on ∂BR,

∂ν Zε,R + αZε,R = ∂ν P
u0n ,0
k + αP

u0n ,0
k , on ε∂Br1 ,

that is, for every ϕ ∈ H1(BR \ εBr1),

∫
BR\Bεr1

(∇Zε,R · ∇ϕ + cαZε,Rϕ) dx + α

∫
∂(BR\Bεr1 )

Zε,R ϕ dσ

=
∫

∂Bεr1

(
∂ν P

u0n ,0
k + αP

u0n ,0
k

)
ϕ dσ. (6.8)

Let

T̃ε,R =
∫

∂Bεr1

(
∂νP

u0n ,0
k + αP

u0n ,0
k

)
Zε,R dσ

=
∫
BR\Bεr1

(|∇Zε,R |2 + cαZ
2
ε,R) dx + α

∫
∂(BR\Bεr1 )

Z2
ε,R dσ. (6.9)

Arguing as in Proposition 4.3 and using (3.9), it is easy to verify that, for any δ ∈ (0, 1),

∥∥Zε,R
∥∥
H1(BR\εBr1 )

= O(εk−
δ
2 ) as ε → 0+, (6.10)
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where k ≥ 1 is the vanishing order of u0n at 0.

Proposition 6.4 Let N = 2, u0n(0) = 0 and k be the vanishing order of u0n at 0. For
every R > r1, R �= −k/α, and ε > 0 sufficiently small, let T̃ε,R and T R

ε be as in (6.9)
and (6.3), respectively. Then

T̃ε,R = T R
ε + o(ε2k) as ε → 0+. (6.11)

Proof Let us choose ϕ = Wε,R in (6.8). By (6.3) we have

∫
BR\Bεr1

(∇Zε,R · ∇Wε,R + cαZε,RWε,R) dx

+ α

∫
∂(BR\Bεr1 )

Zε,RWε,R dσ − α

∫
∂Bεr1

P
u0n ,0
k Wε,R dσ = T R

ε .

On the other hand, choosing v = Zε,R in (6.2), in view of (6.9) we obtain

∫
BR\Bεr1

∇Wε,R · ∇Zε,R dx + α

∫
∂BR

Wε,R Zε,R dσ + α

∫
∂Bεr1

P
u0n ,0
k Zε,R dσ = T̃ε,R .

Hence

T̃ε,R − T R
ε = α

∫
∂Bεr1

P
u0n ,0
k

(
Zε,R + Wε,R

)
dσ

− α

∫
∂Bεr1

Zε,RWε,R dσ − cα

∫
BR\Bεr1

Zε,RWε,R dx .

By the Cauchy–Schwarz inequality, (3.5), (6.7) and (6.10), there exists a constant
C > 0, which does not depend on ε, such that

∣∣∣∣
∫
∂Bεr1

P
u0n ,0
k

(
Zε,R + Wε,R

)
dσ

∣∣∣∣ ≤ Cε
k+ 1

2

(∫
∂Bεr1

(
Zε,R + Wε,R

)2 dσ

) 1
2

≤ C
√
Cδε

k+1− δ
2
(‖Zε,R‖H1(BR\εBr1 )

+ ‖Wε,R‖H1(BR\εBr1 )

) = O(ε2k+1−δ) as ε → 0+,

for any δ ∈ (0, 1). Similarly, by the Cauchy–Schwarz inequality, (3.5), (6.7) and
(6.10), ∫

∂Bεr1

Zε,RWε,R dσ = O(ε2k+1− 3
2 δ) as ε → 0+,

for any δ ∈ (0, 1). Furthermore, by the Cauchy–Schwarz inequality, (6.6) and (6.10),∫
BR\Bεr1

Zε,RWε,R dx = O(ε2k+1− δ
2 ) as ε → 0+,

for any δ ∈ (0, 1). Choosing δ < 2
3 , we thereby prove (6.11). �
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Let us now consider the problem as in Proposition 4.1 for � = BR and � = Br1 ,
for some R > r1. Let Vε,R ∈ H1(BR \ εBr1) be the unique solution of the problem

⎧⎪⎨
⎪⎩

−�Vε,R + cαVε,R = 0, in BR \ εBr1 ,

∂νVε,R + αVε,R = 0, on ∂BR,

∂νVε,R + αVε,R = ∂νu
0
n + αu0n, on ε∂Br1 ,

that is, for every ϕ ∈ H1(BR \ εBr1),

∫
BR\Bεr1

(∇Vε,R · ∇ϕ + cαVε,Rϕ) dx + α

∫
∂(BR\Bεr1 )

Vε,R ϕ dσ =
∫
∂Bεr1

(
∂νu

0
n + αu0n

)
ϕ dσ.

Also, we denote the corresponding torsional rigidity as Tε,R , so that

Tε,R =
∫

∂Bεr1

(
∂νu

0
n + αu0n

)
Vε,R dσ

=
∫
BR\Bεr1

(|∇Vε,R |2 + cαV
2
ε,R) dx + α

∫
∂(BR\Bεr1 )

V 2
ε,R dσ. (6.12)

Proposition 6.5 Let N = 2, u0n(0) = 0, and k ≥ 1 be the vanishing order of u0n at 0.
For every R > r1, we have

Tε,R = T̃ε,R + O(ε2k+1− δ
2 ) as ε → 0+. (6.13)

Proof Let P
u0n ,0
k , P

u0n ,0
k+1 be as in (2.5). Let us denote with Yε,R the uniqueweak solution

of the problem

⎧⎪⎪⎨
⎪⎪⎩

−�Yε,R + cαYε,R = 0, in BR \ εBr1 ,

∂νYε,R + αYε,R = 0, on ∂BR,

∂νYε,R + αYε,R = ∂ν P
u0n ,0
k+1 + αP

u0n ,0
k+1 , on ε∂Br1 .

Let �ε = Vε,R − Zε,R − Yε,R ∈ H1(BR\εBr1). Then, for every ϕ ∈ H1(BR \ εBr1),

∫
BR\Bεr1

(∇�ε · ∇ϕ + cα�εϕ) dx + α

∫
∂(BR\Bεr1 )

�ε ϕ dσ

=
∫

∂Bεr1

(
∂ν

(
u0n − P

u0n ,0
k − P

u0n ,0
k+1

)+ α
(
u0n − P

u0n ,0
k − P

u0n ,0
k+1

))
ϕ dσ.
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In particular, testing with ϕ = �ε, we have

C−1
α ‖�ε‖2H1(BR\εBr1 )

≤
∫
BR\Bεr1

(|∇�ε|2 + cα�2
ε ) dx + α

∫
∂(BR\Bεr1 )

�2
ε dσ

=
∫
∂Bεr1

(
∂ν

(
u0n−P

u0n ,0
k − P

u0n ,0
k+1

)+ α
(
u0n−P

u0n ,0
k −P

u0n ,0
k+1

))
�ε dσ

by (3.9). Thanks to the Cauchy–Schwarz inequality, the Taylor expansion of u0n at 0,
and (3.5), there exists a constant C > 0, independent of ε, such that

∫
∂Bεr1

(
∂ν

(
u0n − P

u0n ,0
k − P

u0n ,0
k+1

)+ α
(
u0n − P

u0n ,0
k − P

u0n ,0
k+1

))
�ε dσ

≤ Cεk+
3
2

(∫
∂Bεr1

�2
ε dσ

) 1
2

≤ C
√
Cδε

k+2− δ
2 ‖�ε‖H1(BR\εBr1 )

for any δ ∈ (0, 1). Hence,

‖�ε‖H1(BR\εBr1 ) = O(εk+2− δ
2 ) as ε → 0+. (6.14)

Arguing as in Proposition 4.3, by (3.9) we obtain

‖Yε,R‖H1(BR\εBr1 ) = O(εk+1− δ
2 ) as ε → 0+, (6.15)

for any δ ∈ (0, 1). By (3.9) and (6.9), we have

‖Zε,R‖H1(BR\εBr1 ) = O(T̃ 1/2
ε,R ) as ε → 0+.

Hence, by (6.5) and Proposition 6.4, it follows that

‖Zε,R‖H1(BR\εBr1 ) = O(εk) as ε → 0+. (6.16)

Therefore, by (6.14), (6.15) and (6.16), we have

‖Vε,R‖H1(BR\εBr1 ) = O(εk) as ε → 0+. (6.17)

Furthermore, by the Cauchy–Schwarz inequality

‖Vε,R − Zε,R‖2
H1(BR\εBr1 )

− ‖Yε,R‖2
H1(BR\εBr1 )

= (�ε, Vε,R − Zε,R + Yε,R
)
H1(BR\εBr1 )

≤ ‖�ε‖H1(BR\εBr1 )

(
‖Vε,R‖H1(BR\εBr1 )

+‖Zε,R‖H1(BR\εBr1 )
+‖Yε,R, ‖H1(BR\εBr1 )

)
,
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so that, in view of (6.14), (6.15), (6.16), and (6.17),

‖Vε,R − Zε,R‖2
H1(BR\εBr1 )

− ‖Yε,R‖2
H1(BR\εBr1 )

= O(ε2k+2− δ
2 ) as ε → 0+,

(6.18)

for any δ ∈ (0, 1). From (6.15) and (6.18) it follows that

‖Vε,R − Zε,R‖H1(BR\εBr1 ) = O(εk+1− δ
2 ) as ε → 0+, (6.19)

for any δ ∈ (0, 1).
By the Cauchy–Schwarz inequality for qε, (3.10) for � = BR , (6.19), (6.16), and

(6.17)

qε(Vε,R − Zε,R , Vε,R + Zε,R) ≤
√
qε(Vε,R − Zε,R , Vε,R − Zε,R)

√
qε(Vε,R + Zε,R , Vε,R + Zε,R)

= O(ε
2k+1− δ

2 ) as ε → 0+,

for any δ ∈ (0, 1), where qε is as in (3.11) for the domain BR \ εBr1 . Hence, by (6.9)
and (6.12),

|T̃ε,R −Tε,R | = |qε(Zε,R , Zε,R) − qε(Vε,R , Vε,R)| = |qε(Vε,R − Zε,R , Vε,R + Zε,R)| = O(ε
2k+1− δ

2 )

as ε → 0+, for any δ ∈ (0, 1), thus proving (6.13). �

In order to complete the proof of Theorem 2.8, we need the following general

lemma concerning the comparison of quadratic forms with boundary terms. For any
open and connected Lipschitz set � ⊂ R

N and any constant C > 0, we define

q�,C : H1(�) → R, q�,C (u) :=
∫

�

(
|∇u|2 + Cu2

)
dx + α

∫
∂�

u2 dσ.

Lemma 6.6 Let �1,�2 be open and connected Lipschitz sets in R
N such that �1 ⊂

�2. For every α > 0 there exists a constant d = d(α,�1,�2) > 0, which depends
only on �1, �2, and α, such that

q�1,C (u) ≤ q�2,C (u) (6.20)

for every u ∈ H1(�2) and C ≥ d.

Proof Inequality (6.20) can be rewritten as

∫
�2\�1

(
|∇u|2 + Cu2

)
dx + α

∫
∂�2

u2 dσ − α

∫
∂�1

u2 dσ ≥ 0
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for any u ∈ H1(�2). Hence, to conclude it is enough to show that there exists a
constant d > 0, depending only on �1, �2, and α, such that

∫
�2\�1

(
|∇u|2 + du2

)
dx ≥ |α|

(∫
∂�2

u2 dσ +
∫

∂�1

u2 dσ

)

for every u ∈ H1(�2). The above inequality holds in view of [32, Theorem 18.1]. �


Proposition 6.7 Let N = 2, u0n(0) = 0 and k be the vanishing order of u0n at 0. Then

Tε = kπr2k1

⎛
⎝
∣∣∣∣∣∂

ku0n
∂xk1

(0)

∣∣∣∣∣
2

+ 1

k2

∣∣∣∣∣ ∂ku0n
∂xk−1

1 ∂x2
(0)

∣∣∣∣∣
2
⎞
⎠ ε2k + o(ε2k) as ε → 0+.

(6.21)

Proof For any R > r1 with R �= −k/α, by Propositions 6.5 and 6.4 we have

Tε,R = T̃ε,R + O(ε2k+1− δ
2 ) = T R

ε + o(ε2k) as ε → 0+.

Hence, by Proposition 6.3, for any R > r1 with R �= −k/α we have

Tε,R = kπr2k1

⎛
⎝
∣∣∣∣∣∂

ku0n
∂xk1

(0)

∣∣∣∣∣
2

+ 1

k2

∣∣∣∣∣ ∂ku0n
∂xk−1

1 ∂x2
(0)

∣∣∣∣∣
2
⎞
⎠ ε2k + o(ε2k) as ε → 0+.

(6.22)
Let R2 > R1 > r0 > r1 be such that BR1 ⊂ � and � ⊂ BR2 and R1, R2 �= −k/α.
Using the characterization of Tε,R2 , Tε,R1 , Tε given in (4.4) and choosing cα larger
than the constant d given by Lemma 6.6 applied first with �1 = BR1 and �2 = �,
and then with �1 = � and �2 = BR2 , we obtain that

Tε,R2 ≤ Tε ≤ Tε,R1 .

Estimate (6.21) finally follows from (6.22) by comparison. �


Proof of Theorem 2.8 Without loss of generality, we assume x0 = 0. We can proceed
as in the proof of Theorem 2.7 to obtain that

∫
Bεr1

|∇P
u0n ,0
k |2 dx = kr2k1 ε2k

∫
∂B1

|Pu0n ,0
k |2 dσ.

Then Theorem 2.8 follows from Theorem 4.5, Proposition 4.6, and Proposition 6.7. �
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Appendix A.

In this appendix we present a simplified version of [11, Theorem 3.1], adapted to our
case, specifically the removal of small sets in some bounded domain � ⊂ R

N . An
alternative proof of this can also be obtained quite directly by applying [19, Lemma
A.1], which revisits the well-known Lemma on small eigenvalues by Y. Colin de
Verdière [15] in the context of simple eigenvalues.

Theorem A.1 Let� ⊂ R
N be a bounded open Lipschitz set. Let {Kε}ε∈[0,1] be a family

of compact sets such that

Kε ⊂ � for every ε ∈ [0, 1], K0 = ∅, lim
ε→0+ |Kε|N = 0,

and

the embedding H1(�ε) ⊂ L2(�ε) is compact for every ε ∈ [0, 1], (A.1)

where �ε := � \ Kε. For every ε ∈ [0, 1], let qε : H1(�ε) × H1(�ε) → R be a
symmetric and continuous bilinear form such that

qε(v, v) ≥ η ‖v‖2H1(�ε)
for all v ∈ H1(�ε),

for some constant η > 0 that is independent of ε ∈ [0, 1]. Letting {ρε
j } j∈N\{0} be the

eigenvalues of qε, repeated according to their multiplicity, we assume that

lim
ε→0

ρε
j = ρ0

j

for every j ∈ N \ {0}. Suppose that, for some n ∈ N \ {0},

ρ0
n is simple,

and let u0n be an associated eigenfunction such that
∫
�

|u0n|2 dx = 1. For every
ε ∈ (0, 1], let

Lε : H1(�ε) → R, Lε(v) := qε(u
0
n, v) − ρ0

n (u
0
n, v)L2(�ε)

and

Jε : H1(�ε) → R, Jε(v) := 1

2
qε(v, v) − Lε(v).

Assume that
lim

ε→0+ qε(Vε, Vε) = 0,

where Vε is the unique solution to the minimization problem

Jε(Vε) = min
v∈H1(�ε)

Jε(v).
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Then

ρε
n − ρ0

n =
ρ0
n

∫
�ε

Vεu0n dx + O(‖Vε‖2L2(�ε)
)∫

�ε
|u0n|2 dx + O(‖Vε‖L2(�ε)

)
as ε → 0+.

Finally, as ε → 0+,

qε

(
u0n − Vε − �ε(u

0
n − Vε), u

0
n − Vε − �ε(u

0
n − Vε)

) = O
(‖Vε‖2L2(�ε)

)
,

qε(u
0
n−�ε(u

0
n−Vε), u

0
n−�ε(u

0
n − Vε)) = qε(Vε, Vε)+O

( ‖Vε‖L2(�ε)
(qε(Vε, Vε))

1
2
)
,

‖u0n − �ε(u
0
n − Vε)‖2L2(�ε)

= O
(‖Vε‖2L2(�ε)

)
,

where, for every ε ∈ (0, 1], �ε : L2(�ε) → L2(�ε) is the projection map onto the
eigenspace of qε associated to the eigenvalue ρε

n .

We observe that condition (A.1) is satisfied if Kε is the closure of an open Lipschitz
set; in particular, it holds for Kε = �ε, with �ε satisfying (1.3) for some Lipschitz
bounded open set �.

Appendix B.

In this appendix, we present a proof of Proposition 3.1. The following lemma states
that the Sobolev extension operator from a connected domain into an interior hole
undergoes an estimate not only of the complete H1-norms, but also of the L2-norms
of gradients.

Lemma B.1 Let � ⊂ R
N be an open, bounded, and Lipschitz set such that

� ⊂ Br0 and Br0 \ � is connected,

for some r0 > 0. There exist a linear bounded extension operator

E : H1(Br0 \ �) → H1(Br0)

and a constant C > 0 such that, for every u ∈ H1(Br0 \ �),

(Eu)
∣∣
Br0\� = u, (B.1)

‖Eu‖2H1(Br0 )
≤ C‖u‖2

H1(Br0\�)
, (B.2)

‖∇(Eu)‖2L2(Br0 )
≤ C‖∇u‖2

L2(Br0\�)
. (B.3)

Proof Let E : H1(Br0\�) → H1(Br0) be the linear and bounded extension operator
defined as

Eu =
{
u, in Br0 \ �,

v, in �,
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where v ∈ H1(�) is the unique harmonic function inside � whose trace on ∂�

coincides with the trace of u. In particular, E satisfies (B.1) and (B.2). Moreover,
Eu ≡ γ in Br0 if u ≡ γ in Br0\� for some constant γ ∈ R.

Assume by contradiction that (B.3) does not hold for any choice of the constant C .
Then there exists a sequence {un}n∈N\{0} ⊂ H1(Br0\�) such that

‖∇(Eun)‖2L2(Br0 )
> n‖∇un‖2L2(Br0\�)

for all n ∈ N \ {0}.

Let us define
wn := un

‖∇(Eun)‖L2(Br0 )

.

Then

‖∇wn‖2L2(Br0\�)
<

1

n
,

while
‖∇(Ewn)‖L2(Br0 ) = 1

for every n ∈ N \ {0}. By connectedness of Br0 \ � and the Poincaré-Wirtinger
inequality, see for example [32, Theorem 13.27],∫

Br0\�
|wn − γn|2 dx ≤ κ

∫
Br0\�

|∇wn|2 dx,

for some κ > 0 depending only on Br0 and �, where

γn := 1

|Br0 \ �|N
∫
Br0\�

wn dx .

Since ∇(Eγn) ≡ 0 in Br0 , it follows that, for every n ∈ N \ {0},

1 = ‖∇(Ewn)‖2L2(Br0 )
= ‖∇(E(wn − γn))‖2L2(Br0 )

≤ ‖E(wn − γn)‖2H1(Br0 )

≤ C‖wn − γn‖2H1(Br0\�)
≤ C(1 + κ)

∫
Br0\�

|∇wn|2 dx ≤ C(1 + κ)

n
,

a contradiction. �

Proof of Proposition 3.1 Thanks to an easy translation argument, it is not restrictive to
assume that x0 = 0, so that Br0 ⊂ �, � ⊂ Br0 , and �ε = ε�. For every ε ∈ (0, 1]
and u ∈ H1(�\�ε) we define

Eεu(x) =
{
E
(
u(ε·)∣∣Br0\�

)
(x/ε), if x ∈ εBr0 ,

u(x), if x ∈ � \ εBr0 ,

where E : H1(Br0\�) → H1(Br0) is the extension operator provided in Lemma B.1.
Hence, for every ε ∈ (0, 1], Eε : H1(� \ �ε) → H1(�) is a well-defined linear
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operator satisfying (3.1) in view of (B.1). For every u ∈ H1(� \ �ε), two changes of
variables and (B.2) yield

‖Eεu‖2L2(�)
=
∫

�\εBr0
|u|2 dx +

∫
εBr0

|Eεu|2 dx

=
∫

�\εBr0
|u|2 dx + εN

∫
Br0

|Euε|2 dx

≤
∫

�\εBr0
|u|2 dx + εNC

∫
Br0\�

(|∇uε|2 + u2ε
)
dx

=
∫

�\εBr0
|u|2 dx+C

∫
εBr0\�ε

(
ε2|∇u|2 + u2

)
dx ≤ (C+1)‖u‖2

H1(�\�ε)

(B.4)

where uε(x) := u(εx). Furthermore, by two change of variables and (B.3),

‖∇(Eεu)‖2L2(�)
=
∫

�\εBr0
|∇u|2 dx +

∫
εBr0

|∇(Eεu)|2 dx

=
∫

�\εBr0
|∇u|2 dx + εN−2

∫
Br0

|∇(Euε)|2 dx

≤
∫

�\εBr0
|∇u|2 dx + CεN−2

∫
Br0\�

|∇uε|2 dx

=
∫

�\εBr0
|∇u|2 dx + C

∫
εBr0\�ε

|∇u|2 dx ≤ (C+1)‖∇u‖2
L2(�\�ε)

.

(B.5)

The uniform estimate (3.2) then follows from (B.4)–(B.5). �


Remark B.2 The assumption that the set Br0 \ � is connected is necessary for the
validity of Proposition 3.1, as shown in the following example. Let x0 = 0 ∈ � and
r0 > 0 be such that Br0 ⊂ �. Let us consider an annular hole � := Br0/2 \ Br0/4,
which clearly violates the connectedness condition of Br0 \ �. Let us assume, for
the sake of contradiction, that there exists a family of uniformly bounded extension
operators Eε : H1(� \ �ε) → H1(�) satisfying (3.1) and (3.2) for every ε ∈ (0, 1],
where �ε = ε�. Let

uε(x) :=
{
1, if x ∈ Br0ε/4,

0, if x ∈ � \ Br0ε/2.
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Then, letting ωN be the Lebesgue measure of the N -dimensional unit ball,

r N0 ωN

4N
εN = |Br0ε/4|N

= ‖uε‖2H1(�\�ε)
≥ 1

K

∫
Br0ε/2

|∇(Eεuε)|2 dx ≥ 1

K
CapBr0ε/2

(
Br0ε/4

)
,

(B.6)

for every ε ∈ (0, 1], where CapBr0ε/2

(
Br0ε/4

)
is the classical condenser capacity of

Br0ε/4 in Br0ε/2. A direct computation yields

Cap
Br0ε/2

(
Br0ε/4

) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
N (N − 2)ωNr

N−2
0

4N−2 − 2N−2 εN−2, if N ≥ 3,

2π

log 2
, if N = 2,

thus contradicting (B.6).
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