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Abstract

We consider the limit of solutions of scaled linear kinetic equations with a reflection-
transmission-killing condition at the interface. Both the coefficient describing the
probability of killing and the scattering kernel degenerate. We prove that the long-
time, large-space limit is the unique solution of a version of the fractional in space heat
equation that corresponds to the Kolmogorov equation for a symmetric stable process,
which is reflected, or transmitted while crossing the interface and is killed upon the first
hitting of the interface. The results of the paper are related to the work in Komorowski
etal. (Ann Prob 48:2290-2322, 2020), where the case of a non-degenerate probability
of killing has been considered.
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1 Introduction

We study the asymptotic behaviour of a linear kinetic equation on the real line R:

{B,W(t, v, k) + o' (k)d,W(t, y, k) = yLyW(t,y,k), on(0,+00) x R, x T; (1.1

W, y, k) = Wo(y, k), onR x T,

with the following boundary condition at x = 0 and ¢ > O:

[W(t,0+,k) = p+(OW(,07,k) + p- ()W (t, 07, —k) + po(k)T,, onT; (12)

W, 07, k) = pr()W(t, 0%, k) + p_(k)W(t, 0™, —k) + po(k)T,, onT_.

Here, T denotes the unit one-dimensional forus, understood as the interval [—1/2, 1/2]
with identified endpoints, T+ := [k € T : &k > 0] and R, := R\ {0}. We call the
origin o := [y = 0] interface. The parameters y > 0, T, > 0 are given and the
functions w, p+, po, defined on T, are assumed to be continuous and non-negative.
The scattering operator Ly, acting only on the variable k in T, is given by

Liu(k) == fTR(k, K [u(k’y — u(k)] dk'. (1.3)

Here R : T? — [0, +00) is C? smooth and u belongs to LY(T).

This equation arises in the kinetic limit of the evolution of the energy density in a
stochastically perturbed harmonic chain interacting with a point Langevin thermostat
located at y = 0, see [22-25]. The energy density W (¢, y, k) at time ¢ is resolved
in both the spatial variable y € R and the frequency variable k € T. The function
@ is the dispersion relation of the harmonic chain and @' (k) is the group velocity
of phonons of mode k — theoretical particles that carry the energy due to the chain
vibrations of frequency k. The presence of the Langevin thermostat results in the
boundary (interface) condition (1.2). The number 7, corresponds to the temperature
of the thermostat, while p4 (k), p—(k) and po(k) are the respective probabilities of
transmission, reflection and killing of a mode k phonon at the interface; see [23]. They
are continuous, even functions that satisfy

p+(k) + p—(k) + potk) = 1, keT. (1.4)
With a small risk of ambiguity, in what follows we also write
P+ :=p+0), p—:=p-(0), po:= po0). (1.5)

Our main goal is to study the asymptotic behaviour of the solutions of (1.1) on macro-
scopic space-time scales. More precisely, we are interested in the limit of solutions,
when A — 400, for the family of rescaled equations
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1 _
&' (k)oy Wi,y k) = yLiWa(t, y. k),

1
Xazw)\(h v, k) +

AL/
(tsy7k)€(0,+oo)><R*><’]r; (1.6)
Wi0.y. k) = Wo(y. k), (. k) eRx T,

subject to the boundary condition (1.2), where 1 < o < 2 is a suitably chosen
exponent.

It turns out, see [5, 22], that under appropriate assumptions on the total scattering
kernel R(k) := [ R(k, k")dk’, group velocity &'(k) and a suitable choice of «, the
limit W(z, y) := limy_ 400 Wi (z, v, k) exists in a weak (distributional) sense. In the
case where supy (@’ *)1? /R(k) < 400 and o = 2 (diffusive space-time scaling),
W, y) satisfies the heat equation with the Dirichlet boundary condition W, 0) =
T, and W (0, y) = fT W (O, y, k)dk, see [5, Theorem 2.2]. On the other hand, if
|@'(k)|/R(k) ~ |k|~P, for |k| <« 1, with B > 1 and py = limy_.q po(k) > O (this
is, e.g., the case of an unpinned nearest neighbor harmonic chain, see [25, formula
(119)]), then letting « = 1 4+ 1/ one can show, see [22, Theorem 1.1], that W(t, y)
satisfies a fractional diffusion equation with a boundary condition at y = 0. In informal
terms, the equation states that

aWa, ) =£(Wa. ) -1,), (1.7)

where L is the generator of a modified symmetric (141/8)-stable process. The process
behaves like a “regular” symmetric (1 4+ 1/8)-stable process outside the interface
y = 0, but transmits, reflects, or dies at the interface with the respective probabilities
p+, p— and pg of (1.5).

In the present paper, we address the situations where py = 0, in fact, we assume
that the killing probability po(k) satisfies, for some k > 0,

K
ps = limint (1og|k|—1) pok) € (0, +00). (1.8)
Furthermore, we suppose that the fransmission probability does not vanish, that is,
inf k 0. 1.9
inf p+(k) > (1.9)

The dispersion relation @ : T — [0, +00) is assumed to be even and unimodal, i.e.,
it possesses exactly one local maximum, at 1/2, and one local minimum, at 0. In
addition it is of the Cz(T*) class of regularity, where T, := T \ {0}, and there exist
one-sided limits of its both derivatives at k = 0. A typical dispersion relation we
have in mind is w(k) = | sin(;rk)|, which corresponds to the harmonic chain with the
nearest-neighbour interaction.

Concerning the scattering kernel, we assume that it is of the multiplicative form

R(k, k') = Ri(k)Ry(K'), (1.10)
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where R, R, are non-negative, even functions belonging to C(T). Without loss of
generality, we also suppose that

/Rj(k)dk =1, j=12
T

We suppose that there exist exponents ; > 0, j = 1, 2, 3, such that

R (k) .
RY = / =1,2 1.11
jo= i s >0 =k (11D
k|P3 | (k
S = lim M > 0, (1.12)
k—0  yRi(k)
B1 < 14 B, (1.13)
1
o = 1+h e (1,2). (1.14)
B3

Consistent with the condition (1.13), we further require that

[ R
R = A Rl(k)dk € (0, +00). (1.15)

We define the probability measure 7w (dk) := Ry (k) /(RRl(k))dk and we can infor-
mally state the main result of the present work; see Theorem 2.5 for a rigorous
formulation.

Main Theorem. Let Wy (y, k) be a sufficiently regular function satisfying the interface
conditions in (1.2) and such that the averaged function

Wo(y) = /T Wo(y, k) 7 (dk) (1.16)

satisfies Wo(0) = T,. Let Wy(t,y, k) be the solution to (1.6) with interface
conditions (1.2). Then, under the hypotheses (1.8)—(1.14) made above, the limit
limy s 400 Wi(t, v, k) = Wi, y) exists in a distributional sense on R x T for any
t > 0. Moreover, W(t, y) is the unique weak solution, in the sense of Definition 2.4
below, of the equation:

W@, y)=vy p.V./

yy'>

+7p+ / Gu(y = MW, Y) = Wt, »dy +7p- / qa(y' =)
yy'<0 yy'<0

Oqa<y/ NIV, y) =W, »ldy
W, —y) — W, »ldy, (1.17)
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with the initial and boundary conditions W(0,y) = Wo(y) and W(t,0) = T,,
respectively. Here, y is a positive constant depending on the parameters of the model
(see (2.9) below),

o 2T (1 +@)/2)
©0) = i = e v A0 (1.18)

and T'(+) is the Euler gamma function.

Remark 1.1 The above result should be compared with the result of [22], where the
case po = limg_0 po(k) > 0 has been considered. As we have already mentioned,
the informal formulation of the limiting fractional dynamics involves the generator £
of the process that is symmetric stable and can be transmitted, reflected or killed when
crossing the interface at y = 0. In the situation considered in the present paper we can
also view the evolution of W (¢, y) as described by Eq. (1.7), with £ corresponding to a
symmetric «-stable process that is transmitted or reflected when crossing the interface
at y = 0, with the respective probabilities p; and p_. Furthermore, the process is
killed upon the first hitting of the interface.

The fractional diffusion limit of a kinetic equation has been the subject of intense
investigation in recent years. We refer the interested reader to a review of the existing
literature contained in [26]. However, there seem to be only few results dealing with
a fractional diffusion limit for kinetic equations with a boundary condition. In this
context, we mention the papers [1, 3, 9-12, 22]. The case that is somewhat related to
oursis consideredin [11] and [12]. In the first paper, the convergence of scaled solutions
to kinetic equations in spatial dimension one, with diffusive reflection condition on the
boundary, is investigated. However, this condition is different from ours. Furthermore,
the results of [11] do not establish the uniqueness of the limit, stating only that it
satisfies a certain fractional diffusive equation with a boundary condition and leaving
the question of the uniqueness of solutions for the limiting equation open, see the
remark after Theorem 1.2 in [11]. In the paper [12], the authors complete the results
of [11] and establish an anomalous diffusive limit for a family of solutions of scaled
linear kinetic equations in a one-dimensional bounded domain with diffusive boundary
conditions. The scattering kernel, defined on R2, is also of multiplicative form, as in
(1.10), and decays according to an appropriate power law.

Concerning our methods of proof, we rely on the probabilistic interpretation of
solutions to kinetic equations. As shown in [22, Proposition 3.2], the solution can
be expressed, with the help of an underlying two-dimensional stochastic process
{(Y °(), K° (t)) }1>0, see Proposition 3.1 below. The component K ° (¢) shall be referred
to as a frequency, while Y?(z) can be thought of as the position of a particle, whose
velocity is given by —@' (K (1)), see (3.7) below. Outside the interface [y = 0], i.e.
when Y°(¢) # 0, the component K(¢) is described by a pure jump, T-valued Markov
process corresponding to the operator Ly in (1.3). As a result, the particle performs a
uniform motion between the consecutive scattering events, with velocity —@'(K°(¢)).
On the other hand, if the particle tries to cross the interface at time ¢, it will be trans-
mitted (then K°(t) = K°(t—)), reflected (then K°(t) = —K°(t—)), or killed, with
the respective probabilities p (K°(t—)), p—(K°(t—)) and po(K°(t—)). Using this
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probabilistic interpretation, the asymptotic behaviour of the solutions of (1.6) can be
reformulated into the problem of finding the limit of appropriately scaled processes
{(Yf ®), KY (l))}zzo, with the parameter A > 0 corresponding to the ratio between the
macro- and microscopic time units. This approach has been successfully implemented
in the case of solutions of scaled kinetic equations without interface in [4, 19, 20]. In
the case when the killing probability py is strictly positive, as assumed in [22], one can
expect that typically the particle crosses the interface only finitely many times before
being killed. Its trajectory can then be obtained by a path transformation (consisting
in performing suitable reflections) of the trajectory when no interface is present. This
transformation turns out to be continuous in the Skorokhod J; topology on the path
space, thus the convergence of the scaled processes in the presence of the interface is
a consequence of the result for the process in the free space, done, e.g., in [20]. This
approach cannot be applied in our present situation, since with small py it is not so
obvious how to effectively control the number of interface crossings performed by the
particle before it gets killed. For this reason, we use a different method to deal with the
problem. We define a Lévy-type process {Z ®) } />0 Whose scaled limit { Z (1) } (0> 88
A — 400, is related to the respective limit of the position of the particle by a deter-
ministic time change. To find the limit of {Z;(+)},_ . we prove that the associated
Dirichlet forms converge in the sense of Mosco (see [27, Definition 2.1.1] and also
Definition 6.1 below), to the Dirichlet form corresponding to the modified «-stable
process, described in Remark 1.1. The method used in Sect.6 can also be applied
to the case considered in [22]. However, one should keep in mind that [22] covers a
broader range of scattering kernels than the multiplicative ones considered here, see
(1.10). In fact, it is this particular form of the scattering kernel that allows us to use
the machinery of Dirichlet forms in the present paper.

Apart from the limit theory of kinetic equations, we present here some new tech-
nical results, which may be of independent interest, for a construction of skew-stable
processes (Theorem 3.4), for the characterization of the fractional Sobolev spaces
(Proposition 6.3 and Corollary 6.4) and for the definition and uniqueness of solutions
to non-local parabolic equations (Definition 2.4 and Proposition 3.7).

The paper is organized as follows: after presenting some preliminaries in Sect. 2,
we reformulate the problem of finding the limit of solutions of (1.6), with the bound-
ary condition (1.2) into the problem of finding the limit of the respective stochastic
processes. This is done in Sect. 3. In Sect. 4, we show how to use the result concerning
the limit of stochastic processes to conclude our main result, formulated rigorously
in Theorem 2.5. Section5 is devoted to the proof of the convergence of the scaled
Lévy type processes, as stated in Theorem 3.4, assuming the convergence of their
respective Dirichlet forms in the sense of Mosco. The latter is established in Sect. 6.
Some auxiliary facts are proved in “Appendix A and B”.
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2 Preliminaries
2.1 Precise assumptions on the model

Given an arbitrary set A and two functions f, g : A — [0, 400], we write f < g on
A if there is a constant C > 0 such that

fla) = Cg(a), acA.

We also write f =~ g on A when f < g and g < f. In what follows, we always
assume the following conventions: >, f(a) = 0and [, f(a) = 1,if A = @, and
@'(0) := 0, even though as a rule, @ is not differentiable at k = 0.

Let us now denote for any k in T,

ik) == (yRi(k)~", (2.1)

which can be interpreted as expected waiting time for the scattering of a particle at
frequency k. The interplay between scattering kernel and drift will be captured by the
function

Sk) := o' (k)tk), kel[-1/2,1/2]. (2.2)

Clearly, we can interpret |S(k)| as the expected distance travelled by the particle
before scattering. According to our assumptions, S is an odd function and by (1.12),
limg_o |k|P3|S(k)| = S.. We impose some further restrictions on the model coeffi-
cients by assuming that:

R;(k) ~ |kfi, j=1,2,
S e (T,

cos(mk)
|
kP>

S = I}inb|k|1+ﬁ‘3|s’(k)| > 0.

(2.3)

|S(k)| ~ S’ (k)| ~ on T, and

1
FRE

Note that assumption made about S’ in third line of (2.3) together with the fact that
@' (k) > 0,fork € (0, 1/2]imply that S restricted to that interval is strictly decreasing.
From this point on, we shall assume that all the above hypotheses together with those
made including and between (1.8) and (1.15) are in force.!

Remark 2.1 1t follows from our subsequent argument that the limiting behavior of
W,.(t, y, k) is determined by the behavior of S(k) and R (k), j = 1, 2, in the vicinity
of k = 0, provided that these functions, together with 1/R; (k) remain bounded for k

! Assumptions made in the present paper hold, e.g., when the linear kinetic equation is obtained as the
limit of the Wigner functions corresponding to a harmonic chain with momenta randomly exchanged at
Poissonian times. See, e.g., [21, Section 2.1.3] The derivation of the corresponding kinetic equation follows
the same argument as in [6].
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away from 0. The generalization of the proof for a broader class of coefficients should
therefore be possible, at the expense of an additional complication of the argument.

2.2 Solution of the kinetic equation

Letus write R := (0, —l—oo),IF_QJr := [0, +00), R_ := (—o00, 0) and R_ = (—o0, 0].
Given T € R, we denote by Cr the class of functions ¢ in Cp(R, x T,) that can be
continuously extended to RL x Ty, for ¢ € {4, —}, and satisfy the following interface
conditions:

(0", k) = pr(k)$(0~, k) + p—(K)p (0T, —k) + po(k)T, on Ty;

_ _ 2.4)
¢, k) = py(k)pOF, k) + p_(k)p(0~, —k) + po(k)T, onT_.

Clearly, the constant function 7, belongs to Cr,. Furthermore, F € Cr, if and only if
F — T, € Cp. This allows us to reduce the proofs of some results below to the case
7, =0.

Remark 2.2 Note Ehat if ¢ GNCT,, and ¢ (y, k) = ¢~>(y) forall (y, k) € Ry x T, then, we
necessarily have ¢(0%) = ¢(07) = T,,. In light of the previous remark, it suffices to
verify the statement for 7,, = 0. Taking into account (2.4) (with 7, = 0) we conclude
that

0 = (1= p-(0) ($2(07) +§(07)) = 2p-(0)p+ 1HPO" PO,

The form (x,y) — (1 — p_(k)) (x> + y?) — 2p_(k) p+(k)xy is positive definite,
since

l—p_(k)  —p-()p+k)
det = (1= p-(0)* = p2 () p3.(k)
—p-(K)p+ (k) 1 = p_(k)

> —p_(k)? = p2()A — p_(k))* = (1 — p—())*(A + p_(k)) > 0,k € T,

due to (1.9).

Following [22], we now recall the definition of solution to equation (1.1) with the
interface conditions (1.2).

Definition 2.3 A bounded, continuous function W: Ry x R, x T, — R is called
a solution to equation (1.1) with the interface conditions (1.2) if all the following
conditions are satisfied:

e forany ¢, in {—, +}, the restriction of W to R} x R, x T, can be extended to a
bounded, continuous function on R+ X RL X ’]_I‘L/;

e forany (7, y, k) € Ry xR, x T, fixed, the functions > W (r+s, y+a&'(k)s, k) is
continuously differentiable in a neighborhood of s = 0, the directional derivative

d -
DiW(t,y, k) = ds| OW(t+s,y+w’(k)S,k) 2.5
§=
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is bounded in Ry x R, x T,, and
e the interface conditions in (1.2) hold, together with the initial condition

lim W(t.y.k) = Wo(y.k). (3.k) € Ru x T
t—

We highlight that, at least formally, the directional derivative satisfies
DlW(tv )77 k) = [at + C?)/(k)a)] W(t’ y’ k)’

which justifies the notation in (2.5). It has been shown in [22] that there exists a unique
(classical) solution, in the sense of Definition 2.3, to the Cauchy problem (1.1), if the
initial distribution Wy belongs to Cr, . On this regard, see as well Proposition 3.1 below.

2.3 Weak solution of the limit equation

Recalling the definitions of p4 in (1.5), we introduce the bilinear form

. 1
Elu,v] = 3 ./]RZ @) —u()WQ) = v (Y — ¥) (Lyys0 + pLyy<o) dydy’

1 / / / i
+3 Az(u(—y ) —uMW(=Y) —v(Mga (¥ = y)p-1,yodydy’,  (2.6)

and the assogiated quadratic form é [u] = E [u, u]. We now define the semi-norm
lully, = EV2[u] for any Borel function u: R, — R such that the expression is

finite. One can check that £/ 2[u] < +oo, if u belongs to C°(R,). We then denote
by ‘H, the completion of C°(R,) under || - |l7¢,. We proceed to the definition of a
weak solution to (1.17) with the interface conditions (1.2).

Definition 2.4 A bounded function W : ]1_%+ x R — R is a weak solution to (1.17)
with interface conditions (1.2) if

(i) W) =T, € L} ([0, +00); H,) and W () — T € C([0, +00); L?(R)) for some
T € R,
(ii) forany F € C2°([0, 400) x Ry) and any ¢ > 0, it holds that

/RF(O» NIWo(y) = To1dy =/H;F(t,y)[W(t,y) —T,]dy

t t
—/ / 0 F(s. )W (s. y) — T, dyds +)7/ ELF (s, ), W(s. ) — T,]ds.

0 JR 0
@7

By Proposition 3.7 below, our definition guarantees the uniqueness of solutions.
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2.4 Statement of the main result

Once we have formulated the definition of a solution, we are ready to formulate
rigorously our main result. It reads as follows:

Theorem 2.5 Assume that the hypotheses about p+, po, R and & made between (1.8)
and (1.15) hold. Furthermore, suppose that assumptions (2.3) are in force. Let T, € R
and Wy € Cr, be such that Wo — Too € L*(R) and Wy — T, € H,, with Wy defined
in (1.16). Let W, (¢, y, k) be the solution, in the sense of Definition 2.3, to the Cauchy
problem (1.6). Then,

lim Wx(t,y,k)F(y,k)dkdy=/ W(t, y)F(y, k) dkdy, (2.8)
A—=+00 JRxT RxT

forallt > 0 and test functions F € C°(R x T). Moreover, the limit Wiz, y) is the
weak solution, in the sense of Definition 2.4, to the Cauchy problem (1.17) with the
initial distribution Wy and the fractional diffusion coefficient

7 = yR3SSTT(a + 1)/S.. (2.9)

3 Probabilistic representation of solutions
3.1 Construction of the position-frequency process

As usual, N := {1,2,...} and Ny := {0, 1,2,...}. Let (2, F, P) be a probability
space carrying the following random objects. We consider a Markov chain K, (k) and
the renewal process T, (k). More precisely, { K, (k)},en, is such that Ko(k) = k and
{K, (k)}nen are i.i.d. random variables on T, distributed according to the following
probability measure:

u(dk) = Ro(k)dk, 3.1
and
Tak) = Z t_(Kj(k))rj, n € Ny, (3.2)
0<j<n

where {7, },¢n, is an independent sequence of i.i.d. exponentially distributed random
variables with intensity 1 and, we recall, 7(k) was defined in (2.1). We introduce the
process {T (¢, k)};>0 as the linear interpolation between the values of T, (k):

T, k) =%,k)+ (t —n)(Zp41(k) — %, (k) if teln,n+1), neNp.

We then define the continuous-time frequency process as

K(t,k) == Kig-1(1))(k) = Kn(k) if 1 € [T, (k), Tpy1(k)), n € No.
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Here T is the inverse function of 7 — T(t, k) and [-] denotes the integer part.
According to (2.2), the particle position at the time of the n-th renewal of its fre-
quency is

Zy(y, k) ==y — Z S(Kj)l'j, n € Np.

0<j<n

In particular, the law of Z, (y, k), for each n € N, is absolutely continuous with
respect to the Lebesgue measure on R. We then consider an auxiliary Poisson process
{N(t)}:>0 of intensity 1 that is independent of both {K,},>0 and {7, },>0. We define
{]\7 (t)}s>0 as the linear interpolation between the nodal points of N. Namely, if n :=
N (t) then

N@):=n+ @t —-D/r 1),

where [ := inf{s : N(s) = n} and r := inf{s : N(s) = n + 1}. Our next pro-
cess, {Z(t, y, k)};>0, is obtained by linearly interpolating between the nodal points of
ZNn(y, k):if n = N(t), then

Z(t,y, k) = Zy (3, k) + (Zy1 (0, k) — Zu (0, k)Nt = D/ (r = 1.

Next we define the transmission-reflection-killing mechanism at the interface 0 =
[y = 0]. To this end, we fix (y,k) € R, x T, and consider the times

{nm <lZ” (y, k)} )} when {Zn (y, k)} crosses the interface. Namely, we
n>0 m=0 n>0

let np := 0 and then define recursively
Nyt = inf {n >y (—=D"yZ,(y, k) < 0} , m=0,1,.... 3.3)

For the sake of brevity, when there is no danger of confusion, we skip the

sequence {Zn(y,k)} 0 from the notation. Similarly, we define the sequence
n>

{ﬁm ({Z(t, v, k)},zo)} o of consecutive times when the process Z(t, v, k) crosses
m>

the interface o. Namely, we let 50 = 0 and
Syl = inf {t S En: ()" yZ(, y, k) < 0], m=0,1,.... (34

Again, we simplify the notation by omitting the path of the process when there is no
danger of confusion. Sometimes, to highlight the dependence of the crossing times on
the starting point (which will be relevant in the argument), we may write 5y x , Or
Sy m-. Lets,, ;= inf{t > 0: n,, = N(t)}. Since the m-th passage of Z(t, v, k) across
the interface occurs before s,,, we have §,, < s,,, P-a.s. Likewise, the (m + 1)-st
passage has to occur after s,,, S0 5, < 5,41, P-a.s.

@ Springer



732 K.Bogdan et al.

We now consider a sequence {0y, },>0 of {—1, 0, 1}-valued random variables that
are independent when conditioned on {K,, (k)},>0, such that oy := 1 and

P (om = d{Kn(K)}nz0) = p(Kn,—1(k)), te{=1,0,1}, meN.  (3.5)

Here and below, p, means p+ if « = =1, respectively. Of course, {0/, },>1 can be
defined by applying the quantile functions for (3.5) to independent i.i.d. uniform ran-
dom variables. We can finally add the random interface mechanism to the considered
processes. Namely,

m
Z°(t, v, k) = 1_[ oj Z(t, v, k), ift €[y, 5n+1) for some m € Np.
j=1
(3.6)
We define S(7,k) := N1 (T71(t, k)) and w,, := S~ G, k). Let
m
Ko k)= |[]oj | K. k). ift € [up, wny1) for some m € No.
j=1
The “true” position process is then given by
~ 13
YO(t, y, k) == Z°(S(t, k), y, k) = y—/ &' (K°(s, k) ds. (3.7)
0

We now denote by §f := min {m € N: g,, = 0} the interface crossing at which the
particle gets killed and let u; := S‘l(ﬁf, k). To highlight the dependence of the
crossing times on the starting point, sometimes we may write uy ;. The following
probabilistic representation of the solution to (1.1), with interface conditions (1.2),
holds.

Proposition 3.1 Let Wy be in Cr,. Then, for any (t, y, k) € [0, 4+00) x R, x T,,

W(t,y, k) = E[Wo (Y, y. k), K°(t,K), t <uyps]+ TPt =uye5].
(3.8)

In addition, if Wy(0, k) = T, forallk € T, then

W(t,y, k) = E[Wo (Y, y. k), K°(t, k)], (t.y,k) €[0,+00) x Ry x Ty,
(3.9)

is the unique classical solution, in the sense of Definition 2.3, to the Cauchy problem
(1.1) with initial distribution Wy
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Proof The existence and uniqueness of a classic solution and its representation by for-
mula (3.8) have already been shown in [22], Section A, and Proposition 3.2. Recalling
that Y°(z, y, k) = 0if ¢ > u, x 1, we can use that Wy (0, k) = T,, to get that

T,P [l > uy,k’f] =E [W() (0, K°(t, k)) , > uy,k)f]
=E [WO (Yo(l‘, v, k), K°(t, k)) , 1> uy’k,f] .

Then, (3.9) follows immediately from (3.8). m]

3.2 Scaling of the process (Y°(t, y, k), K°(t, k))
Equations (1.6) may be considered a special case of (1.1), so we first focus on estab-

lishing a flexible notation for later use. As before, we fix (y, k) € R, x T,. We let
A > 0 and rescale the clock processes, introduced in the previous section, as follows:

N, (1) := Nh), Nu(@) := NOu), St k) = %T(At,k)
and
S . l _ n-1 —1
M1 k) = —S(t k) = N, (5" @m). (3.10)

We then notice that for large X, the process S, (¢, k) becomes almost deterministic.
More precisely, by (1.15) we have that

6 = (Bli(kD]) ' = yR™" < +oo. (3.11)

Except for the first deterministic term, the inverse S, ! (s, k) =%, (1\7 1(s), k) can be
represented as a Poisson sum of i.i.d. variables with finite first moment and so, by a
standard argument using the strong law of large numbers, it can be shown that:

Proposition 3.2 For any t, € [0, 400), we have

lim sup [S.(t,k)— 01| =0, P-as. (3.12)

A— 400 +€[0,2:]

We can now rescale the “position” process in the following way. Let us define
{Z,(t,y,k)}i>0 as the linear interpolation between the nodal points of Z, (¢, y, k),
where

Z(t,y, k) = Z, (v, b, (3.13)
1 n—1

Zy, k) =y — T > S(Kprj, neN. (3.14)
j=0
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We then construct the sequences {12 },,=0, {52 }m>0, {52 =0 of indices and stopping
times for the rescaled processes Z, (¢, y, k), Z 2 (t, v, k), defined by analogues of (3.3)
and (3.4), skipping (y, k) from the notation, when unambiguous. Since the law of
Z,(t,y, k) is absolutely continuous with respect to the Lebesgue measure, for each
y € R there exists a strictly increasing sequence n’, := N (s,) such that s, =
N N ! (nﬁ‘n) . To set the notation for the processes subject to the random mechanism at

the interface, let {U,i‘l}meN be a sequence of {—1, 0, 1}-valued random variables that
are independent when conditioned on {K, (k)},>0 and such that

P (o, = t{Kn(®K)}nz0) = p(Kp 1 (k),  1e{=1,01}.
We then set
~1 A

f)\ := min{m > 1: o,i‘, =0}, 57 = ?k, 5; = 5;3.

The jump process {ZZ(Z, ¥, k)};>0 1s now defined, for any m € Np, as

m
Zt,y. k) = | []o} | Zat.y. k). t€lsh. s 0). (3.15)
j=0
Here a& := 1. Similarly, the continuous trajectory process {Zi’(t, ¥, k)}i>0 can be

obtained as in (3.15) but with respect to the stopping times {E;\n JmeNy-

In what follows, we show that it is unlikely that the scaled position process
Z,(t,y, k) crosses the interface after the first jump, when A becomes large. Indeed,
recall from (3.14) that Z?(y, k)y=y— 2128 (k) where 1) is exp(1)-distributed.
Let

A, k) = {yZi (v, k) <0}. (3.16)

The following estimate follows immediately.

Proposition3.3 For all . > 0, y € Ry and k € T, we have P(Ak(y,k)) <

y[al/e
exp {_ NG] } :

3.3 Auxiliary stable Lévy process

To describe the limit, as A goes to +o0, of processes {Z] (¢)};>0, we consider the
a-stable Lévy process {¢(f)};>0 with the infinitesimal generator

Loyu(y) 1= 1y p.v. [I;[u(y’) — u(y)]qa(y’ —-y) dy’, u e CCZ(R), (3.17)

where r, = R;‘S}ﬁ"‘F(a + 1)/S.. For any y # 0, we denote ¢(¢,y) = y +
¢(t). By a straightforward modification of (3.4), we let ty := 0 and denote by
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{tm ({;(t, y)} 0)} 1 the consecutive times when the process ¢ (¢, y) crosses the
1>0/ Y m>

interface 0. We often abbreviate
tym = tm ({2, 1)}120) (3.18)
and we also let
tyj:= inf {t > 0: ¢(z, y) = 0}.

It is known that ty 5 is finite IP-a.s. and its law is absolutely continuous with respect to
the Lebesgue measure on R (cf. [30, Example 43.22]). We can finally introduce the
tentative limit process {¢°(¢, y)};>0 as follows. Recalling the definitions of p4 in (1.5)
and po = 0, stemming from (1.8), we take a sequence {0, } yen of i.i.d. {—1, 1}-valued
random variables such that for any m € N, the random variable oy, is independent of
{¢(t, ¥)}i>0 and P(0,, = £1) = p (the notation of (3.5) is best ignored from now
on). Letting o := 1, we define for m € Ny,

to(ty) = [[oi ey, if 1 €ltym tymin) (3.19)
j=0

and ¢°(t,y) :=0if t > ty.;. The process, discussed in detail below, is an interesting
take on the question of constructing skew stable Lévy processes, a topic recently
examined in [18]. The case of a diffusive limit, when the transmission probability
depends on whether the transmission occurs from the left to the right half-line or
otherwise, leads to the limit which is given by a skew Brownian motion, see [8,
Theorem 3.1].

However, in view of limit theorems for kinetic equations, the following is our main
motivation.

Theorem 3.4 When A tends to +00, the processes {Zg ,y, k)} (( converge both in
finite distributions and weakly, over D[0, 4-00) with the Jy-topology, to {¢°(t, y)},>o-

The proof of the theorem shall be presented in Sect. 5 below.

For simplicity, denote by X" the space D[0, +00) x C[0, +00) equipped with the
product of the M-topology and the topology of uniform convergence over compact
intervals. The precise definition of the M;-topology on D[0, +00) can be found in
[31, Section 12]. We only mention here that the topology is metrizable and for two
paths to be close, it means that they have their parametrizations, both in the temporal
and spatial domains, that are not far from each other in the supremum norm, see [31,
formula (3.7), Section 12, p. 395].

It then follows from Theorem 3.4 and Proposition 3.2 that:

Corollary 3.5 As A — 400, the processes { (Zﬁ (t,y, k), Su(t, k))} o converge both

>

in finite distributions and weakly, over X, to {({”(t, y), Q_t)}t>0.
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Let us denote K, (, k) := K(At, k) and u?, := Sy (5%, k). We finally define the

position- momentum process {Kf (t, k), Y(t, k, y)} o as
>

m
K{(t, k) = ]’[a} K(t,k), telup,ul ), meNy (3.20)
j=1

Yy, y, k) :

5 1 o
Z0S(t. k), y. k) = y— W/o @' (K{(s, k) ds.  (3.21)

If welet n°(t, y) :=¢° (O_t, y), where 0 is defined in (3.11), then the following result
is an immediate consequence of Corollary 3.5.

Corollary 3.6 As A goes to +00, the processes {Yf(t, y, k)}l>0 converge both in
finite distributions and weakly, over D[0, +00) with the M|-topology, to the process
{n?(, M=o

Proof Invoking Theorem 7.2.3 of [32] and using formula (3.21), we conclude the
weak convergence of the processes. Since, for any deterministic time ¢ > 0 we have

P, y) =n°@—, y)] = 1,

by virtue of Lemma 6.5.1 in [31], the set of discontinuities of the one-dimensional
projection mapping w +— n°(t, y, w) is of null probability. Using the continuous
mapping theorem, see Theorem 2.7 of [7], we conclude the convergence of the one-
dimensional distributions. The generalisation to finite-dimensional distributions is
trivial. O

We conclude this section by presenting a probabilistic characterisation of the weak
solution of the limit Cauchy problem (1.17) in terms of the process n°(¢, y). A proof
of this result can be found in the “Appendix B” below.

Proposition 3.7 Let Wo—T,, be in H such that Wo— T is in L*>(R) for some Ts, € R.
Then, the function

W, y) = E[Wo (1’ »)].  (t.y) € Ry xRy, (322)
is the unique weak solution, in the sense of Definition 2.4, to the Cauchy problem
(1.17) with initial condition W.

4 Proof of Theorem 2.5
Since W, (t, v, k) — T, is the solution of (1.6) with the interface condition (1.2) cor-
responding to the zero thermostat temperature, we assume without loss of generality

that T,, = 0. Clearly, the solution W, is given by (3.8). In what follows, we often write
W)\,(I) for W)\.(t’ ) ')'
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Fix a test function F in CZ°(R x T). Suppose that supp F C [—Myp, Mp] x T.
Thanks to Corollary 3.6 for any ¢ > 0 we can find a sufficiently large M > 1 such
that

limsup P[|Y{(r, y, k)| > M] < ¢, (y,k) € [—Mo, Mp] x T.

r——+00

By a standard approximation argument, it is enough therefore to consider an initial
condition Wy € C°(R x T) N Cp. If the initial condition Wy is independent of &, i.e.
Wo(y, k) = Wy(y), then, by Remark 2.2, we have W(0T) = Wy(0~) = 0 and we
can use formula (3.9) to represent W,.. As a result, we can immediately conclude the
proof of Theorem 2.5 using Proposition 3.1 (with respect to the rescaled processes),
(3.22) and Corollary 3.6.

The next result enables to replace an arbitrary initial condition Wy (y, k) by its aver-
age over T with respect to the measure 7w (dk) = Ra(k)/ (RR1 (k))dk. For notational
simplicity, we denote by L% (R x T) the L2-space on R x T with respect to the product
measure dy (dk).

Lemma 4.1 Suppose that Wy € C.(R x T). Let W be the function defined by (1.16).
Then, for any € > 0, there exists 6o > 0 such that

lim sup [| W5 (8) — Woll .2 sy < & 6 € [0, 80). “.1)

A—~00

The above lemma shall be proved at the end of this section.

Since W, (t) solves (1.6) in the sense of Definition 2.3, the existence of the
directional derivative D; W, (¢, y, k), see (2.5), implies the differentiability of ¢ >
||WA(t)||i% (®xT)- Computing %”W)»(t)”i% () and using (1.6) together with the
interface conditions (1.2), see the calculations in [5, Section 3], we immediately con-
clude the following.

Proposition 4.2 The norm ||W, (t) ”L% (RxT) defined as a function of t € [0, 00), does
not increase.

We can now finish the proof of Theorem 2.5. We first show the following variant of
(2.8),

lim W,(t,y,k)F(y, k)dy n(dk) = / W(t, y)F(y, k)dy m(dk).
A—=>+00 JRxT RxT

4.2)

Choose an arbitrary ¢ > 0. Let § > 0 be as in Lemma 4.1 and W, the solution
to the Cauchy problem (1.6) when the initial condition is given at time 7 = § by
W,.(8, v, k) = Wo(y). In particular, we can use Proposition 3.1 to represent W) as

Wit y, k) = E[Wo (Y2t —8,v,0)],  1=4. (4.3)
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By virtue of Proposition 4.2 and Lemma 4.1, we have that

lim sup | W;.(6) = Wa.()ll 2 mxery < limsup [|W(8) = Woll 2 mur) < &

A—>—+00 A—400

Therefore, it follows that

lim sup
A——+00

[ Fo [Witt ik = Wty 0] 7@y | < 1Pl
RxT

Recalling (3.22) and (4.3), it is not difficult to conclude from Corollary 3.6 that

limsup/ F(y, )Wy (1., y, k) dy 7 (dk) =/ F(y, )Wt — 8, y)dy m(dk).
r—>—+o00 JRxT RxT

Choosing 6 > 0 sufficiently small, we can then guarantee that

< E.

‘/ F(y, k) [W(t = 8,y) — W, y)] dy w(dk)
RxT
As a result, we conclude that for any ¢ > 0,

lim sup
A—+00

S 8’

/R PO W0 = W] dyx(ab

and (4.2) immediately follows. The conclusion of Theorem 2.5 with respect to the
Lebesgue measure on T, as in (2.8), immediately follows from (4.2) and the fact that
IEW, () oo < || FWollso- The claim that W (z, y) is a weak solution of (1.17) follows

from Proposition 3.7. O

Proof of Lemma 4.1

Recall that we have assumed that Wy € C.(R x T). Fix an arbitrary ¢ € (0, 1). We
shall show that there exists 5o € (0, 1) such that

lim sup || W5 (8) = WP 8)112 oy < & forall 8 € (0, 8o, (4.4)

A——+00

where Wf(t, v, k) :=E [Wo (y, K{(t, k))]. Indeed, let p > 0 be so small that

lim sup/ [Wy(6, v, k) — Wf(é, v, k)|2dy m(dk) < £ 4.5)
{Iyl<p}xT 10

A—400

for all § > 0. This is possible because the volume of integration can be made small
and W, (8) is bounded in the L°°-norm (thanks to (3.8)).
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Since Wy is compactly supported we claim that we can choose p € (0, 1) so small
that

N 2
limsupf (W,\((S,y,k) - Wf(a,y,k)) dyn(dk) < —  (4.6)
{ly|=p~1}xT 10

A—400

for any 6 > 0. Indeed, for a small p we have Wf(t, vy, k) = 0 for |y| > ,0_l and all
(t, k) € Ry x T,. To conclude (4.6) it suffices to show that

lim sup hmsup/ Wf(S,y,k) dyn(dk) = 0. “4.7)
P=0+5¢(0.1] A—>-+o0 J{|y[=p~1}xT

The function

Wi (y) = sup|Wo(y, k)| 4 sup [Wo(—y, k)|
keT keT

is continuous compactly supported and even. Since Y (8, y, k)| = |Y5.(8, y, k)| for
s €10, uy ;) we have W (YP (8, y, k) = W (Y(8, y. k) for 8 € [0, u;k P)-Asa
result, thanks to (3.8) with T, = 0,

IWi(8, y. D) <E[W§ (Y28, v,K), 8 <uyps] =E[W ¥, y,k), 8 <uypi]
<E[W5 (Y, (5. y. k)]
=E[W; (v + Y5.(5,0,k))].

Using the weak convergence of {YA (,0, k)} 0 to [n(t)} o we can write
> >

lim sup / W28, y, k) dy m(dk)
{lyl=p~1}xT

r——+00

A——+00

=E [ / [We(y +ne)] dy} :
{lyl=p~1}

Estimate (4.7) follows taking first the supremum over § € (0, 1] and then the limit as
£ goes to zero.

To conclude the proof of (4.4) we need to prove yet that given p € (0, 1), there
exist 8o € (0, 1) such that

< limsupE |:f [Wg(y + Y2(8,0, k))]2 d)’]
{lylzp™")

A—~+00

N 2
limsup/ [WA(S,y,k) — W;(a,y,k)] dy(dk) < —  (4.8)
{p=<lyl<p~1}xT 10

for § € (0, 5p].
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We start with the following observation. For any p’ € (0, p) and k € T, we have

sup sup |Y7(t,y, k) —yl<p'y = {sup sup [Yi(t,y.k)—yl<p't,
[yI=p t€[0,4] ly|>p te[0,8]

(4.9)

where Y) (¢, y, k) is the analogue of Yf (t, y, k), but without the interface (or, equiv-
alently, with p4 = 1 in our model). Taking the complements in (4.9) and using
Y, (t,y, k) —y =Y,(t,0,k), we conclude that

sup sup [Y{(t,y, k) —yl = p't =1 sup |¥;(t.0.k)=p'F. (4.10)
[y|>pt€[0,8] t€(0,6]

The processes {Y;L(t, 0, k)} 0 converge, as A — —+00, both in finite distributions
>
and weakly, over D[0, +o00) with the M|-topology, to a symmetric, (1 + 1/8)-stable
process {n(t)} o see [4, Theorem 3.2], or [20, Theorem 3.1]. Therefore by (4.10)
>

and [32, Theorem 7.4.1] we conclude that for any k € T and p’ < p, there exists a
sufficiently small g > O such that

. ep
limsup P| sup sup [Y2(t,y.k)—y|>p' | < —————
o <|y|>pte[o,a] ’ 100(| Woll%, + 1)
(4.11)
for all § € (0, o). In particular, it follows that
lim sup sup IP’((S >ut ) < limsup sup IP(S > ukk 1) < S —
oo iz N N T b ize v Y T 1000IWolI%, + 1)
(4.12)

where u)‘, k1o u; .5 are the first time the process Y, (¢, y, k) crosses the interface, and
the time it gets killed, correspondingly. Coming back to the proof of (4.8), note that, by
virtue of (3.8) (with T,, = 0), the expression inside the integral there can be rewritten
as

(E [Wo (Y28, y. k), KO8, k) — Wo (v, K25, k), 8 < u’)\,)kyf]}z

+{E [Wo (v, K76, K), 8 = uﬁ,k.f]}z

2
<E [sup (Wo (76, y.00.K) = Wo (1.K) ) } +3IWolE? [6= u) ]
k'eT
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Using uniform continuity of Wy and (4.9) we can select o’ in such a way that for some
8o € (0, 1), we have

ep

lim sup E [sup (Wo (Y28 y. k), k') — Wo (v, k’))2i| <1

A=>+0 |y >p  LieT

provided § € (0, §p]. Combining this with (4.12), we conclude that for each k € T,,
there exists 8o € (0, 1) such that

N 2
lim sup sup [WA(S,y,k) — W;(s,y,k)] <&
A=+00 [y|=p 4

for 6 € (0, §p]. Since the expression inside the integral in (4.8) is uniformly bounded
in A, we can use the "limsup version” of the Fatou lemma to conclude that (4.8) holds.
This ends the proof of (4.4).

The end of the proof of Lemma 4.1

Let Wk(t, v, k) :=E[Wy (y, Ky(t, k))]. Using (4.12) and the fact that Wy is compactly
supported, we conclude that for any ¢ > 0, there exists o > 0 such that

N N 2
limsup/ [Wf(a,y,k) - W,\((S,y,k)] dy 7 (dk) < — (4.13)
RxT 10

A—400

for all 6 € (0, 6p]. The dynamics of the frequency process K (¢, k) is reversible with
respect to the measure 7 on the torus T and 0 is a simple eigenvalue for the generator
L, i.e. Lyu = 0 implies u = const,  a.e. The latter can be easily seen, due to the
fact that Ly 1 = 0 and the identity

- / Leu(yu(ym(dk) = —— / Ra(k)Ro(K) [u (k) — u(t)]* dkd,
T 2R T

which holds for all u € L?(7r). As a consequence, we have

A _ 2
lim supf [WA(S, v, k) — Wo(y)] dy 7(dk) = 0 (4.14)
r—>400 JRxT
for all § € (0, §p]. Combining with (4.4), this ends the proof of the lemma. O

5 Proof of Theorem 3.4

To prove Theorem 3.4, we show the convergence of the Markov semigroups cor-

responding to processes {Zf ,y, k)}t>0, see (3.15). In the first part of the present

section, we focus on constructing a Lévy-type process {fi(t, ¥)}=0 whose incre-
ments, after the first jump, coincide with those of {Z{(z, y, k)} 10"
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5.1 Construction of the associated Markov process

Let us denote by r(y) the density of S(K;), where S(k) is defined in (2.2) and K
is distributed according to Ry (k)dk (see (3.1)). Recalling that the function S(k) is
bijective, the law of S(K) is then given by

us(A) = fr(y)dy =/ Ry(k)dk, A e B[R). (5.1)
A S(k)eA

Since S is odd, its law wg is even, and thus r(y) is even. Let us now define, for
simplicity,

Pr(®) = p (S*l(xl/“z)), Le{=1,0,1)

for any A > 0 and any z in R, with the classical notation p,(z) := p,1(z). Clearly,
all the above functions are even. Thanks to (1.8) we may assume, with no loss of
generality, that

po(y) = Iyl > 1. (5.2)

1
(1 +1loglyh*’

From the general assumptions of the model (cf. (1.8), (1.11), (1.12) and (2.3)), it is
not difficult to verify, by direct calculations, the following properties:

Lemma 5.1 We have

1

r(y) =~ W, yelR 5.3)
and
Jim o)y = = R2§1+ (5.4)
In addition,
ly@iﬂg po (y)log“y =: px > 0. (5.5)
where Py := p«f5, and py is given by (1.8).
Consider, for any y in R,
F(y) = /Om r (%) e:df, (5.6)
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and its rescaled version 7, (y) := A!*1/%F (11/¢y) for any A > 0. Lemma 5.1 then
implies that

1
O — R; 5.7
O~ T oD
+00
lim F(y)y'™® =7, = r*/ % T dr; (5.8)
. - * .
AETOOFA(}’) = [y ify #0. (5.9)

We now consider the Markov process {2; (t, y)} 0 starting at y, whose generator is
=

defined on Cy(RR) - the space of continuous functions vanishing at oo - by EAiu(O) =0
and, for any y € R,, by

Cou(y) = ffo(% () —um1dy’ + ki(y) [u(©0) —u(»1,  (5.10)
where the jump and killing kernels are given by

PO Y) = Lyyaoran(y — ) + Ly o [P0 (0 = EOG = y)

+5-2 0+ RO+ »];
“+o00

+00
k;. () :=/ Po (D) (2) dz =f| Po(2)r.(2) dz.
v

by

We will prove at the end of the present section that the Markov processes Zg (t,y)
converge as well to the limit process ¢°(z, y), defined in (3.19).

Theorem 5.2 Let y be in R,. As A — 400, the processes {Z;f(t, ¥)}i=0 converge
both in finite distributions and weakly, over D[0, +00) with the Ji-topology, to

{27, Y)}izo-

5.2 Properties of the Markov semigroup corresponding to {23 ()=

In order to show Theorem 5.2, we will strongly rely on a convergence property between
the corresponding Markov semigroups. The process Z{(z, y) killed at the interface is
Markovian and its transition semigroup is given by

P u(y) = E [u (Zg(z, y)), r < §§,,f], u € Co(R). (5.11)

Here %;’f = inf{t > 0: Zi(t, y) = 0}. According to [15, Corollary 4.2.8, p. 170],

(P[O’)‘) forms a strongly continuous semigroup of contractions on Co(RR).
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We shall also consider the process stopped at 3;4. Its transition semigroup equals

P tu(y) = E[u (23’(& y))] = P7Mu(y) + u(0)P (f = gﬁ,f)‘
(5.12)

According to Theorem 5.2 the process ¢°(¢, y) is the limit of the killed processes
{Z{(t, y)}i>0. Its Markov semigroup satisfies the following.

Proposition 5.3 For any y in R,, the process {{°(t, y)};>0 generates a symmetric,
strongly continuous Markov semigroup { P{};>0 on L*(R) given by

Plu(y) = E[u(c’(t, ). t < ty5]. t >0, ueL*R). (5.13)

Proof We firstly note that (5.13) is well defined on L(R). Let ux(y) := |u(y)| +
|u(—y)|. From (3.19), we see that [¢°(¢, y)| = [¢(t, y)|, fort < t, ;5. Therefore, since
Uy 1S even, we can write

E[luc’, y)I, t < ty5] < EluC, ), t < ty5] < Pux(y),

where { P;} is the transition semigroup corresponding to the stable process {£ (¢, ¥)}/>0
- well defined on any L? (R), see, e.g., [2, Section 3.4]. O

Proof that (P?)¢>o0 is a Markovian semigroup
Fixt,s > 0and N € N. Let us consider 0 < s1 < --- < sy < s, a finite family
{¢j, j = 1,..., N} of bounded Borel measurable functions ¢;: R, — R, and a

bounded Borel measurable function #: R, — R.. It is then enough to show that

E[u({”(t + 5, )P, t+s < ty,f] = E[Pt”u(g(’(s, P(y), s < ty,f].
(5.14)

where we denoted, for simplicity, ®(y) = ]—[j»v:l ¢;(£°(sj, y)). Recalling the defini-
tion of £°(t, y) in (3.19), we rewrite the left-hand side of (5.14) as:

D B[+ s PG tyn <5 < tyarts by S1HS < tymy ]

0<n<m
m
= > > Elufcet+sn]]e]| e,
0<n<mey,....eme{£1} Jj=1
Ol =E€l,e. s O =E8m, tyn <5 <ty i1, ty <t +s <tymp|. (5.15)

Letnow {Z (t)}:>0 be an independent copy of the stable process ¢ (). Similarly to (3.4),
we can also consider, for any m € {0, 1, ...} and z € R,, the m-th consecutive time
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{z,m that the process {z + g:(t)},zo crosses the interface. Using the independence of
increments for the stable Lévy process, we then rewrite the right-hand side of (5.15)
as

> Y Elu|(cen+im)[Ter | oo,
j=1

0<n<mey,....epe{xl}

0l =&y, 0m = Em, ty,n =s< ty,n+1a E{(s,y),mfn <tr< {C(s,y),mfnJrl
(5.16)

Then, using the symmetry of the law of a stable process, it follows that for any ¢ = +1
and any z in R, we have that

ORI S ORI

>0

Therefore, we can finally rewrite (5.16) as:

> E[u ((;“(s,y>+5(t>) Il ej) ().

0<n<mey,..., eme{£l} j=n+1
Ol =€lsev s Om =Em, tyn <5 < iy’”+1, t{”(s,y),mfn <t< t{”(S,y)»m*n+1i|

=Y Y E[Pu(t6.y)P(), o1 =&1,....00 =€n, tyn <5 <ty i)
n>0e¢y,....ene{£1}

and (5.14) then follows immediately.
The semigroup P/ is symmetric. Fixed u, v in L2(R), our aim is to show the fol-
lowing:

/RP,”u(y)v(y)dy = A;u(y)P,"v(y) dy, t>0. (5.17)

We start by rewriting the left-hand side of (5.17) as

Z Z /E u ¢, y)l_[ej V(y), 01 =&1,...,0m = Em, tym

m>0e¢y,..., epe{£l}

<t <tymyr | dy
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=Z Z ]_[ps_,/IE u C(t,y)nsj v(y)s tym

m=0¢1,...eme{£1} j=1 R j=1

<t <ty | dy. (5.18)

We have used the convention py| := p4.Byastandard argument, using the Chapman-
Kolmogorov equations, it is possible to show the following.

Lemma5.4 Let F: D[0, t] - Ry be bounded measurable. Then,

/RE[u(g“(t,y))v(y)F(C(-,y))] dy = /RE[M(y)v(é“(l,y))F(Cr(uy))] dy,
(5.19)

where the reversed time process is given by ¢" (s, y) == ¢((t —s)_, y), s € [0, t].

We can now exploit the above lemma with F'(¢) = 1, (r)<r<t,,1(¢)- Note that F'({) =
F(¢"). Therefore, we conclude that

/RE wlc@ ) []ei | v tn @C¥) <1< tupr G 9) | dy

j=1

= ,/]‘QE u yl_[‘?] U(é‘(ts y))’ tm (C(v )’)) =t < tm+1 (é‘(’ )’)) dy

j=1
(5.20)

If we assume for the moment that ]_['7:1 ¢; = 1, it then obviously follows from (5.20)
that '

m
/ Elu ;([, y) 1_[8/ U(y), ty,m <t< ty,m-H dy
R .
j=1

m
=/RE u v |t Tei |+ tom <1< tymst | dy,  (5.2D)
j=1

where, we recall, ty ,, is defined in (3.18). Suppose now that H;’Ll e; = —1. Since
the laws of {¢ (¢, ¥)};>0 and {—¢(f, —y)};>0 are identical, we can rewrite (5.20) as
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m
fE ul ¢, Y)l_[sj v(y), ty,m =1I< ty,erl dy
R .

j=1

= /RE[M(_)/)U(_{(I’ =), t—y,m <t < t—y,m—H] dy

m
:/RE w20 e ] tom <1 < tymsr | . 522)
j=1

Applying (5.21)—(5.22) to (5.18) above, we can finally conclude the proof of (5.17).
From the latter we infer that each P/ is a contraction in any L”(R), p € [1, +00). It
is easy to check that lim; o+ P’ f = f in the L?-sense for any compactly supported
continuous f. Since the set of such functions is L?-dense, the strong continuity of the
semigroup follows. O

Asin (5.12), it is now clear that for any u € Co(R) we have
Pru(y) i= Efu (¢, )] = Pu(y) +uOP (> t, ), (5.23)

where ﬁtou(y) is the semigroup associated with {£°(¢, ¥)};>0. We will show in Sect. 6
below that the following result holds:

Theorem 5.5 As X tends to +o00, the semigroups {P,O’)‘},zo, defined in (5.11), strongly
converge in L*(R), uniformly on compact intervals, to the semigroup {PP}i=0 given
in (5.13).

Thanks to the above result, we can now prove that the Markov process 2;’ (t, y) con-
verges to (¢, y).

5.3 Proof of Theorem 5.2
5.3.1 Convergence of finite dimensional distributions

Since the generalisation to finite distribution marginals is immediate, we will show
only the convergence of the one-dimensional distributions. Recalling the definition
of the process {2§(t, ¥)}i=o0 in (5.10), we start by considering the symmetric Lévy
process (2, (1)} ¢>0 corresponding to the following characteristic function:

E[ei%‘-zx(t)il — e ® g R

where the Lévy symbol ¥, (§) := —logE [e"g'zl(l)] can be written, thanks to (5.3),
as

00 sin? (ry)

y1+a

+00
W,(E) = 21+ fo sin? (r&y) 7 (A/2y) dy = [8]° dy.  (5.24)

[§12.7 1/
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As before, we then denote 2,\(t, y)i=y+ Z,\(t) for any y € R*. If we assume for
the moment that |£] > 1/, we have that

+00 E)
U (&) = A(ISIA‘”"‘)“[ Smlﬂdy = Ok, (5.25)
ea-ve  yIte
where
+00 ¢in2
0, = inf {Za / sy l(jz y) dy} =~ 0. (5.26)
z=1 z y

On the other hand, if |£] < A1/¢, we can write from (5.24) that

+00 1I12( y)

W (§) = &I / I—Jrady > 0E1%. (5.27)

Fixing ¢ > 0, we now notice from the above contArols that W, (§) > 6, > O for all
|€] = c. Then, it follows that the random variable Z; (¢) gdmits a density fi(z, -) and
belongs to LY R) N L®(R). Noticing that the process {Z7 (¢, y)};>0 can be obtained

from {fl(t, ¥)}i=0 by performing a transformation of the trajectory (consisting in
transmission-reflection, or moving the particle to the interface) described in Sect. 3.2,
we have in particular that

|Z8(t, y)| < |Za(t, y)|, P-as. (5.28)

Since we already know the weak convergence of the laws of (2 3 (2, y)), it in turn

implies the tightness of the laws of the random variables Zi (t,y),as A — 4o00. To
conclude the proof, it is enough to show that for any y € R, and any ¢ € C°(R), we
have

lim E[qs(z;(t,y))] - E[¢(§”(t,y))]. (5.29)

A—~400

Let ¢ > 0 be arbitrary. Choosing & € (0, ¢] sufficiently small, we can guarantee that

P(‘1<h)+hmsup]P’< §h> <e
A—400
where ty 1, §;’ | represents the first time the processes crosses the interface o (cf. (3.4)).

Recalling the definition of the semigroups IS,O’A, 13," in (5.12) and (5.13), we then have
that

IA

lim sup E[¢ (Zg(t,y))] [ po- ¢(2A(h,y))]‘ ¢ (5.30)

A—~00

IA

E[o (0. )] ~E[A 0 ch] <e 63D
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By the above reasoning and (5.12), it now follows that

lq@ﬁ¢@ﬂh”ﬂ /’fW&+ﬂﬂszz

400 [ 2128, ) hhadz 53

Thanks to Proposition 5.5 and [17, Theorem 46.2], we know that P” o n¢ and fi(h, -)
strongly converge in LZ(R), as A — 400, to Pf_ a® and f(h, -), the densny of ¢(h),
respectively. Therefore,

lim Pt”;?lqﬁ(z +y) fi(h,t)dz = [ P, ¢(z+y)f(h,2)dz. (5.33)
R R

A—>+400

To deal with the above limit we use the following lemma, whose proof is presented in
Sect.5.3.2.

Lemma5.6 Let f be in L' (R). Then,
. AL
lim fR FOP (t < SM) dy = /Rf(y)IP’ (r < ty) dy. (5.34)
Recalling that fj (h, -) converge to f(h, -) in L2(R), Lemma 5.6 implies that

tim [ (128, 0) thads = [ Bzt f00d

A—>+00

(5.35)

Hence, from (5.32), (5.33), (5.35), and (5.23), we conclude that

lim IE[ P (Zx(h Y)>] = E[PO 59 (7, y))]

A—+00

Combining the above equation with (5.30) and (5.31), we can easily conclude the
proof of the convergence of finite dimensional distributions.

5.3.2 Proof of Lemma 5.6

We are going to show (5.34) only for f in C2°(R). The general statement of Lemma
5.6 then follows from a density argument. Fixed M > 0, let us consider an even,
smooth function ¢,7: R — [0, 1] such that

L if |yl = M;
= 5.36
dm(y) {O, if |y| > 2M. (5.36)
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We can then define ¥ps := 1 — ¢ps. Using (5.28), we get that
E[ym (Z0.0)] = P[1256, 91 = M] < P10 = m/2]
for any |y| < M /2. Clearly, a similar reasoning holds for ¢°(¢, y) as well. Therefore,

for any ¢ > 0, we can choose M > 0 and Ao > 1 large enough, so that for A > A,
ly] < M /2, we have

E[yu (220, 0) |+ E[vm (70, )] =< &

Using again that M is large enough so that supp f € [—M /2, M /2], we then conclude
that

lim sup
A—>+400

fR T [P (tyf > 1) — PPou(y)] dy

/R FO [P (85> 1) = Prigm )] dy‘

+ X e

The above estimate and Proposition 5.5 finally imply that

lim sup
A—>+400

/Rf(y) [P (g% > t) —P(ty; > t)] dy

j S’

and (5.34) immediately follows. O
5.3.3 Weak convergence in J;-topology

By the previous argument, it is enough to prove tightness of the laws of {2;{0, W}=0
over D[0, +o00) with the Ji-topology. We shall make use of the following notation.
Given a function f in D[O0, t,], t, > O and a < b in [0, t,], we denote w (a, b, f) :=
sup{| f() — f(s)|: a <s <t < b}. We can then define the D-modulus of f of step
8 > 0as:

W06, )= inf  max o (-1t f). (5.37)
where I is composed of all the partitions P = {fg =t < --- < ty = t,} of [0, 2]
suchthatt; —¢;_y > §,forany j =1, ..., N.Itis not difficult to check that the laws

of {ix(t, ¥)}i=0 are tight over D[0, 4-00) with the J;-topology. Theorem 13.2 in [7]
then implies that for any 7, > 0 and any ¢ > 0, it holds that

lim supP | sup [Z,(t,y)| =a] = 0; (5.38)
a—>+00, > 1€[0,2,]
. ’ o _
51—1>I{)1+ igp <w[o”*] (8’ 2y y)) z 8) =0 (5.39)
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Moreover, using nested partitions of the time interval [0, #.], one can easily show that

w{o)f*] <5, ZZ('» y)) = 20){0)1*] (5, Zk('a y)) .

Thanks to the above control and (5.28), we therefore conclude that (5.38) and (5.39)
hold for Zf{ (t, y) as well and the tightness of the latter, as A — 400, immediately
follows. o

5.4 The end of the proof of Theorem 3.4

The conclusion of Theorem 3.4 follows from Theorem 5.2 and Proposition 3.3. Indeed,
suppose that {ii’ (t, ¥)}r>0, y € Ry is the process defined in the previous section. Let
70 be an exp(1) distributed random variable independent of the process. Define also
the random variable o that is independent of the process and 7¢ such that Pl[c =
1] = p.(k), v € {—1,0, 1}. Recall that A*(y, k) is defined by (3.16) and Z}(y, k) =
y — A"V S(k)to. Let AX(y, k) := {yZ}(y, k) < 0and o* = ¢}. Note that

y if1 < 1o/A,
on Aé(y, k), if /A <t,
0 law N
2y = 20(1 = wo/h, =73 0)) on A% (3 K) i 70/ <1,

2; t— 10/, Zf(y, k)) if otherwise.

Convergence of finite dimensional distributions, claimed in Theorem 3.4, is then a con-
sequence of Proposition 3.3 and Theorem 5.5. Tightness can be argued from tightness

of (ZA ,y, k)) analogously to Sect.5.3.3. O

6 Proof of Theorem 5.5

We are going to show here the strong L>-convergence of the semigroups PIO’A, defined
in (5.11) and associated with the Markov processes VAN y), to the semigroup
{P?}i=0, given in (5.13) and corresponding to the process (¢, y). The main tool
used in the proof is the notion of convergence of the Dirichlet forms corresponding to

the semigroups in the sense of Mosco. Before going into the actual proof, we recall
some basic facts on the subject.

6.1 Basic notions on Sobolev spaces and Dirichlet forms

For any b € (0, 2), we define the following quadratic form:

1
lul = / () — uPas(y — v) dydy’ ©.1)
]RZ
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for any Borel function #: R — R. We admit the possibility that the right-hand side of
(6.1) equals infinity. Then, H*/*(R) := {u € L*(R): €[u] < oo} is a Hilbert space
when endowed with the following norm

1/2
gy = (Nl + EMa1) 6.2)

Recalling that o, defined in (1.14), belongs to (1, 2), we have that H*/2(R) C Cj,(R)
(see, e.g., [16, formula (1.4.33)]) and thus, «(0) is well defined. Moreover, CZ°(R) is
dense in HY/ 2(R) and therefore (see [16, Example 1.4.1]) the form & is regular on
H*/?(R), i.e. there exists a set of compactly supported, smooth functions that is dense
in H*/?(R) (in the H%/*(R)-norm), see [16, p. 6].

Recalling that R, := R \ {0}, we also consider the set Hé? /2 (R4) obtained by the
completion of C°(R,) under the norm || - || gs/2 (r)- In particular, the space Hg /2 (Ry)
can be equivalently characterised as the set of functions u in H @/2(R) such that u(0) =
0. For a proof of this fact, see Corollary 6.4 below. It easily follows that the form £

is regular on H(‘)x / 2(IR*). Recall that & is the form defined in (2.6). Using (1.9), we
easily conclude c& < & , for some ¢ € (0, 1). On the other hand, thanks to the Hardy
inequality, see [14, Theorem 1.1, (T4)] and also Proposition 6.2 below, we can choose
¢ so small that £ < ¢~ on the space Hg /2 (R,). Hence, the form & is comparable

with £ on the space Hg/z (Ry). Thus, Eis regular on Hg/z (R,).
To prove Proposition 5.5, we will show that the corresponding Dirichlet forms,
defined below, converge in a suitable sense. More precisely (see [27, Definition 2.1.1]):

Definition 6.1 Let {£)},~0 be a family of Dirichlet forms on L?(R) endowed with
their natural domains:

D&, = [u € LX(R): & lu] < +oo] .

Then, &, is called M-convergent to a Dirichlet form £y, as A — 400, if for any
u € L*(R) the following conditions are satisfied:

i) for any family {u;}; -0 weakly convergent to u in L2(R), it holds that

liminf & [u] > Eoolu]
A——+00

ii) there exists a family {vy };,~o strongly convergent to « in L*(R) such that

limsup & [va] < Eoolul.
A—>+400

The notion of M-convergence is particularly useful for our purposes since it natu-
rally implies (cf. [27, Corollary 2.6.1]) the strong convergence of the corresponding
semigroups on L (R).
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We conclude this subsection presenting some properties of the Sobolev spaces we
have just introduced. The proofs of the results formulated below can be found in
“Appendix A”. Let us start with the following variant of the Hardy-type inequality of
Dyda [14].

Proposition 6.2 For b # 1, there exists a positive constant Cp, := C(b) such that

2
u”(y) ) b2
/]R y[? dy = Cb||“||H(1;/2(R*)7 forallu € Hy'"(R,). 6.3)

Moreover, if 1 < by < by < 2, then supp¢p, p,1 Cor < +00.
We then obtain a characterisation of Hg /2 (Ry) as a subspace of H b/2(R).

Proposition 6.3 For b # 1, we have

u

2
HYP(R,) = {u e H'2(R): fR y(;)dy < +oo}. (6.4)

Finally, two other characterisations of the space Hg o/ 2(R*) are proposed for indices
by € (1,2).

Corollary 6.4 For every by in (1, 2), we have

1<b<bg
HY R, = fu e HW2@®R): u(0) = 0. (6.6)

6.2 Properties of the associated Dirichlet forms

Let us consider the Dirichlet form corresponding to P,O’)‘:

~ 1
Exlul = 5 f (v, YO (y') — u(y)? dy'dy + f ki (nu*(y)dy,  (6.7)
R2 R

where the two kernels 7y, k; were defined in (5.10). Note that these forms are finite
forall u € L*(R).

It follows from Proposition 5.3 that the process {¢ O, ¥)}>0 admits a Dirichlet
form £ given by

1
E%u] := lim -/ [u(y) = PPu(»)]u(y)dy, (6.8)
t—0t 1 JR

for any function u belonging to its natural domain D(E°) := {u € L3(R): E%u] <
o0}. We extend £° to the entire L2(R) by letting £°[u] = 400 for u ¢ D(£°). Thanks
to (6.10) below, the form £° is regular in the sense of [16, p. 6], i.e., C°(R,) is its
core. The main result of the present section is the following:
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Theorem 6.5 The Dirichlet forms {EAA};QO are M -convergent, as A goes to +00, to the
Dirichlet form E°.

Before proving Theorem 6.5, we show that £ actually coincides with the Dirichlet
form r.£, defined by (2.6), and it is comparable to £ with b = «, which was given in
(6.1).

Proposition 6.6 For any u € HS/Q(R*), we have
E%lu] = F&lul. (6.9)
In addition
E°lu) ~ Elu), forallu € HY*(R,). (6.10)

Proof For notational simplicity, we start by denoting

1
£/l = - /R () — Plu(y)lu(y) dy, 6.11)

so that, in particular, £°[u] = lim,_, o+ £’ [u]. Using the symmetry of the semigroup
P?, we write

1
5 [ Blam) —u@’a, Y2t < tyildy
tJr

1 1
7/ PPu*(y)dy — 7/ u(y) P u(y)dy
t Jr tJRr

1
=&l -~ (/R () (1= PP1(y)) dy) .

We stress here that even though the constant function 1 is notin L2 (R), itis still possible
to use the symmetry of the operator P, arguing by approximation. Therefore,

1 1
Eu] = ~ / WP >ty ) dy + — / E[(u(y) — u(@°t, y))*, t < ty51dy.
t Jr 2t Jr
(6.12)

For any u € C2°(R,), we have
Elu] = lim E%[u] = Félul. (6.13)
t—0t

Indeed, as u € C2°(R,) we may assume that its support is contained in the interval
[p, p~'1for some p € (0, 1). As ty5 > t, 1 and £°(t, y) = ¢(t,y) = y + ¢(t) for
t <ty 1, we have

1 1
“P(t > ty5) < -P(sup [¢(s)| > p), y €suppu.
t I sel0]
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From elementary properties of a stable process we conclude that the right hand side
vanishes as ¢ — 0+. The above implies that for any u € C2°(Ry)

1
lim &7(u] = lim > / E[u(y) — u(y + £©))*1d

t—0t t—0t

The second equality in (6.13) follows from the formula for the Dirichlet form of a
symmetric stable process. O

Fix y in R, and let {E(t)},zo be the symmetric «-stable Lévy process starting at
y but killed at hitting 0. Clearly, its transition semigroup { P, } >0, given as in (5.13),
is made of symmetric Markov contractions on L2 (R). In particular, its corresponding
Dirichlet form equals:

y 1
Elu] = 5/ /[u(y’) —u(N gy — y)dydy' = Elul,
RJR

for any function u belonging to its natural domain DE) = Hg 2 (Ry). For a proof see,

e.g., [13, Section 3.3.3]. We consider as well g} [1] defined as in (6.11) with respect to
P,. The same calculations that lead to (6.12) can be performed again to show that

~ 1 1 -
Elul = ~ / WP >ty ) dy + — / E[(u(y) — u(C(t, y)))*, t <ty ;1dy.
t Jr 2t Jr

Recalling the construction of the process £(z, y) in (3.19), we now write that

tEu] = /Ruz(y)IP’(t >ty 5)dy

+5 Z > Hps,/E (u(y)—u(:(r,w]ﬂ[si))z,

m>0€1 ..... eme{£l} j=1 i=1

tym St <ty ml dy. (6.14)

We then denote by P, the family of sets {¢1, ..., &,} € {—1, 1}"" such that ]_[;7’:1 £j
= 1 and by P, its complement. Let

m
S = Z l_[pfj’ m=1,2,....
{e1 ,.‘.,em}er Jj=1

By a direct calculation,

+p )"+ (py—p)" 11
_ P+ +p)"+ (= p-) Yo,

Com=12 ...
" 2 272 "
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It is then possible to show the following:

Lemma 6.7 The sequence {sy }meN tends to 1/2. Moreover, if p > 1/2, then {sy, }meN
is strictly decreasing, if p+ = 1/2, then it holds that s,, = 1/2 for any m > 1 and if
P+ < 1/2, then {sy—1}meN increases while {s2,; }meN decreases.

From (6.14), we now have that

(€] > / O = b dy+ 5 Y s / w(y) — u(t, »)?,

m>0

<t <tymr] dy

> <p+A )r&(f) (6.15)

If we suppose now that u belongs to D(E°), the closure of CS°(R,) with respect to

the form £, then (6.15) implies that u belongs to D(g) a/ 2(]R*) as well. On the
other hand, if u is in C2°(R,) then we can use the Hardy mequallty (6.3) in (6.13)

to show that £%[u] < & [u]. Such an estimate then extends to H(‘)x /2 (R) and implies

in particular that H; 2(R,) C D(E°). We have thus proven that H*/*(R,) = D(£°)
and there exists a positive constant C such that

C7'EMm) < £%u) < CEM). u e Hy(R,),
which ends the proof of the proposition. O

6.3 Proof of Theorem 6.5

In the present section, we are going to show that the Dirichlet forms {é;L }»>0, defined
in (6.7), are M-convergent, when A tends to +o0, to the Dirichlet form F*é given in
(2.6)—(5.8). Thanks to Proposition 6.6, Theorem 6.5 will then follow immediately.

Recalling the meaning of the M-convergence in Definition 6.1, condition ii) easily
follows choosing the trivial family {vj},~0 of functions given by v) = u and using
the Lebesgue dominated convergence theorem, together with (1.9) and (5.9). We now
focus on showing condition i). Let {u, }, - be a family of functions weakly convergent
tou in LZ(R) We start by noticing that if lim inf _, 4 oo &[u 3] = +o00, then condition
i) clearly holds. We can then suppose without loss of generality that

liminf &.[u;] < +oo. (6.16)

rA—400

Let {1, },en be a sequence in (0, +00) such that A, — 400 and

lim &,[u,] = liminf & [u;],
n—+00 A—+00
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A

where we denoted u, := u;,, &, = EAAn. We will use the following lemma, whose
proof is presented in Sect. 6.4.

Lemma 6.8 Let{ f,},>1 be a bounded sequence in LZ(R) such thatlimy,_, o én [fn] <
00. Then, there exists a subsequence { fy, }i>1 that is a.s. convergent to f.

We claim that u is in Hg / 2(R*). Indeed, by Lemma 6.8 above, there exists a sub-
sequence of {u,},>1, that for simplicity we denote again by the same symbol, that is
a.s. convergent in R. From (5.10) and (1.9), we now notice that

P, Y = Lyyaorn, O = ¥) + Ly 0P, = D, O = y) = 7, 0" = y).

Fatou’s lemma and (5.9) then imply that

. A 1 .. A / / 2 ’
nggloofn[un] > E/R hmir;g [mn(y,y)(un(y)—un(y)) ] dy'dy > Elul.

2 n—

From (6.16), we now have that u € H*/%(R). Using again (6.16), we notice that
/ ur(Vky, (N dy <1, n =N, (6.17)
R
for some N € N. Assuming that )L,i/alyl > 1, we can use (5.2)—(5.7) to show that

1 —K
w0 [11og(1+0] 7 [1 4l + 4 D]
k)ln (y) i )"ﬂ 1 14+a < i o
ey (1+2) (4 11)

(6.18)
The second case, where A,l,/ “ |y] < 1, is trivial, since then

+oo [1 + log(1 + Z)]_K
(1 +Z)l+a

Z > Ag.

kx,l(y) > An/
1

Thus, k;,, (y) can also be controlled from below by the term appearing on the utmost
right hand side of (6.18). From (6.17) and (6.18), it follows that

/ IS 4y <1 (6.19)
R 1/a

—1/a “« -
(7 +191) " 1+ 10201+ 201y

for any n > N. We shall use the following.
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Lemma 6.9 Let {f,}n>1 be a bounded sequence in Lz(R) such that lim,_, o S:,[f,,] <
oo and the inequality (6.19) holds. Then, for any p in (0,1 — 1/®),

2
sup/ 1 ) dy < +oo. (6.20)
n=1JR (O % 4 (yyed—p)

The lemma is shown in Sect.6.5. We proceed with its application to the proof of
Theorem 6.5. Using Fatou’s lemma in (6.20), we conclude that

2
u=(y)
/R—|}’|“(1_p) dy < 400,

for any p in (0, 1 — 1/«). Thanks to Proposition 6.3 and Corollary 6.4, we then infer

that u is in Hg/z(R*). Since {u,},>1 is a.s. convergent to a function  in HS/Z(R*),
we can use Fatou’s lemma and (5.9) to write that:

lim inf &, [uy] > = f Hm (un(y) — un(0)?F, (v, ) dydy' = Fu€lul,
]RZ n——+oo

n——+o00

and we have proven part i) of Definition 6.1, which ends the proof of Theorem 6.5.
What remains to be done is to prove the auxiliary results presented above. Before
doing so, we however need the following result:

Lemma 6.10 Let {f,}n>1 be bounded in L2(R) such that lim,,_ s én[fn] < 00. Then,

lim | fu(®)dE = 0,

K—+o00 |E|>K

uniformly in n. Here we have denoted by f (-) the Fourier transform of a function
f € L*(R).

Proof Thanksto(1.9), weknow that p, := infre p4 (k) > 0.Sincelim,_ ff,,[fn] <
00, we then conclude from (6.7) that

L= &lf] = &/ (507 = 7 G — y) dydy',

where 7, is given by (5.6). The right-hand side is then of the same order of magnitude
as

[ 15@R( [ s oren i, o) ay)de < 1.
R R
Fixing K > 0, it now follows that

/ W& @PdE < 1, 621)
£1=K
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where ¥, := W, was defined in (5.24). Thus, for any n so large that K < A,l,/ “ the
estimates (6.21), (5.25) and (5.27) imply that

K“e*/,/a |fn($)|2d§§/ W (&)1 fu(®)Pds < 1.
Ml z|E =K 1=K

where 6, is given by (5.26). Hence,

n——+00

limsup/] |fu®Pde < K™%,
/= IE12K
and the conclusion of Lemma 6.10 follows. |

6.4 Proof of Lemma 6.8

Fix 6 > 0 and let us consider the function ¢s given in (5.36). We claim that the
sequence { f,¢s5}n>1 is strongly compact in L?(R). Using the Pego Criterion, see [29,
Theorem 3], it is enough to show that

lim | s> dy = 0; (6.22)
K=too Jiyl=k

lim | Futps (E)? dE = 0, (6.23)
K—+o00 |E|>K

uniformly in n € N. Clearly, (6.22) holds since the sequence is uniformly bounded in
L?(R). To show (6.23), we notice that

f [Futps (B2 dE = / / Fal& — s () dn
[&]>K E|>K |JR
+h(K, L), (6.24)

2
dé < I(K,L)

where for any fixed L > 0, we have

IﬂKgL)::Z/
El>K

bm;m:=2/1
El>K

The Cauchy-Schwartz inequality and Lemma 6.10 then imply that for any fixed L > 0,

2
dé,

/ fa6 —ms(n)dn
[n|<L

2

dE.

/ falE = m@s(n) dn
[n|>L

. . ~ 2
lim sup/l;(K,L) < 4L||¢5||2 lim sup/ fa&)|" dé = 0.
K—+00 N L2®) K—+00peNJig|>K-L | " |

(6.25)
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On the other hand, recalling that {f,},>1 is uniformly bounded in L*(R) and ¢35
belongs to the Schwartz class, we conclude that for any ¢ > 0 it is possible to choose
L := L(e), sufficiently large, such that

2
LK. L) < 20 full22g ( f| » |$a(n>|dn> < e, (6.26)
n|>

uniformly in 7. From (6.24)—(6.26), we can then conclude that (6.23) follows. From the
compactness of { f,,¢s},,~1, we can now choose a subsequence that is a.e. convergent on
[—38, 8]. Using the Cantor diagonal argument, we then find a subsequence of { Jalu=1
that converges a.e. on R. =

6.5 Proof of Lemma 6.9

First observe that since the sequence { f},>1 is bounded in L2(R), it is enough to
show that for any p small enough, we have:

1 2
lim sup/ i) 25 dy < 4o0. (6.27)
n—4o0o J—1 ( —1/a+| |>

We will actually prove an analogue of (6.27) with the integral over [0, 1], as the
argument in the case of [—1, 0] is similar. The proof is divided into three steps.
Step 1. We start by claiming that for any p in (0, 1), y > 1 and A, large enough,

cn(y) 2
/ —1/af" 2 dy < cn(y/2), (6.28)
0 (An + y)a(lfp)

where
cu(y) = exp {— log2 l/a} (6.29)
and log, x := loglog x, x > 1. Indeed, let us denote

I, = {ye[O, 1]:em_1A;1/a <y<e"r, Ua},

forany m € Nand [y := {y e[0,1]:y < A;l/a}. Estimate (6.19) now implies that

f () fz(y)
Z '"/ >a(1 Pk (1+m) / "‘dy =

(6.30)
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where a positive integer Nj is such that

M=) 1e < < Ny 1/ 6.31)
and
eP(N1—m)
ap = ——.
(1 +m)*

It is not difficult to check now that the sequence {a,,},»>1 is decreasing and thus, its
minimumin 1 < m < my(y) := Ny —[log” Ni]equals a,,, ). Hence, (6.30) implies
that

eMx()—N|

2
S ) dy < 1.

a
my(y) /(; (A;l/a R y)()((l*p) =

since e’"*(y))\,jl/a > ™ )=N1 (see (6.31)). Estimate (6.28) follows from an obser-
vation that e+~ > ¢, (y) and

1 N¥
= Z
my)  epollog’ NIl

< exp {k log Ny — paflog?” Ni1} < ca(y/2).

In order to prove the utmost right inequality, it is enough to show that
paflog? N1l —klog Ny = (logy Ay/*)Y72.

To see the last estimate, recall that by (6.31), we have N1 — 1 < log )\J,/a < Nj.Hence
it suffices to show paflog” Ni] — klog N1 > (log N1)7’/2. The latter holds, since
y>1vy/2

Step 2. We then show that for any A,, > 1, the function f; can be decomposed as:

L) = P00+ £2 ), (6.32)

for two functions fn(l), ,1(2) such that

sup [ £0(y +h) — £P ) = k@ D20 h> 0, (6.33)
yeR
1PN 2@y = 1/ A (6.34)
We start by defining

V) = f exp (27i&y) fu(&) dE
|E|<Al/e
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P= [ el fie)ds

Clearly, (6.32) then holds. We now use again the function W, defined in (5.24). Fixed
h > 0, we apply (5.27) to write that

—exp {2wi&h}|

gl
v, () P

A 1
00 +m — [P < fe|" de.

~/_ El<)

Using the Cauchy-Schwartz inequality and then (6.21), we conclude that estimate
(6.33) holds:

12
OO+ = P 2 ( [ e’]‘;ﬁ”’é}' ds) POV < e,

On the other hand, estimate (6.34) follows from (5.25) and (6.21):

2 = g [ ®F @ a6 =
Jn LZ(R) = 0 )» §;|>)L Ja n Jn = )\n.
Step 3. Fix n large enough so that A,, > e and y > 1, we consider

m = {y €[0,1]: mc,(y) <y < (m+ Dep(y)},

for any m € Ny. We can then write

1 2 Na 2
/ 7]/afn (y) dy < Z/: 7]/afn (y) dy < In—|—[In
0 (&, " 4 yed=r =0 In (0 "+ y)ed=p)

(6.35)

where N is the (unique) positive integer such that Noc,(y) < 1 < (N2 + Dy (y)
and

N

i: @) i)
I, == / —
= 00 fmea(y) + y)e(-p

gy /W) La(y + men () = fu )P
n - 0 (A —1/a +men(y) + y)a(l—p)

m=1
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To control the first term 7,,, we start by noticing that if |y| < ¢, (y), then A;l/ 4+ y <
2¢, () for sufficiently large n. We can then write:

N>

“+00

) : S T Eo

=0 men(p) + y)e=0) T o yye=p (2070 ) L matie)
1

(% )=’

provided that p is so small that (1 — p) > 1. From (6.28) we thus have that [, <
cn(y/2) =< 1, uniformly in n. Concerning the second term II,, we use (6.32) to
decompose it as 11,5“ + 11,52) where for any j = 1,2, 11,51' ) is obtained from 11,
by replacing there f,, with f,,(j ), Noticing that N = [cn_ 1(y)], Estimate (6.33) now
implies that

No N

a—1
o < Z cn(y)(mep(y)) < (y) Z
m=1

— (mcy(y)*!=P) = ()N = 1.

ml—pa —

(6.36)

To control 11,52), we recall that A, dominates c;a(l_p)(y) = exp {a(l - p0) logg An}
(cf. (6.29)) for n sufficiently large, and then, thanks to (6.34), we write

2 1 1
= <1
2(R) mXZ:I (meq(y))2=p) Ancg(l—p)(y)

® < 11212

This ends the proof of (6.27). O
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Appendix A. Proofs of the results of Sect. 6.1
A.1. Proof of Proposition 6.2

If we assume that u € C°(R,), then inequality (6.3) follows from [14, Theorem 1.1

part T4)]. By Fatou’s lemma, we can then extend (6.3) to all functions u in H(]; /2 (Ry)
with the same constant. The constant C, is bounded on compact subsets of (1, 2),
which follows from the inspection of the constant in the last inequality of the proof of
[14, Lemma 3.3], see also the proof of [14, Theorem 1.1]. O

A.2. Proof of Proposition 6.3

For simplicity, let us denote the set on the right hand side of (6.4) by H. We start
by noting that Hardy inequality (6.3) immediately implies that H,, b/ 2(R*) C H.In
order to show the other inclusion, let us take u € H. For any § > O let us consider
again the function ¢;, as considered in (5.36), and define ¥s = 1 — ¢s. Without any
loss of generality, we can also assume that [|[/5]lcc < 2/8. Let us := us. It is easy
to check that us is in 7 and that it can be approximated by elements of C°(RR,) in
HY/2(R)-norm. To conclude, it is then enough to show that lims_.¢ [|vs o2y = 0
where we denoted vs := ugs —u. Clearly, ||vs|| 2 — 0 as é goes to 0, by the dominated
convergence theorem. On the other hand, £[vs] can be decomposed as

[vs (y)) — vs(MI? s () —vsWMI*
dydy' + cp // dydy' =: Is + 1ls.
//}\ /<0 y _y|1+b yy'>0 y _y|1+b

To control the first term 75, we notice that for any fixed ¢ > 0, thereexists§ := §(¢) > 0
sufficiently small such that

[v§<y )+ v§<y> / / v (y) ,
dyd
//y <0 y|1+b yy' <0 1y’ —y|1+b e

2
=< / ﬂdy < €. (A.1)

_2s lylb

To deal with the second term 115, we start by splitting it as

s() —vsWP? / / s() —vsMP* L2
—————dydy" + —————dydy" =: II§ + II;.
/w/yy’>0, [y—y/|>48 [y = y|1+b yy'>0, [y—y'| <48 [y = y|l+b s s

Recalling that vs(y) = 0 if |y| > 28, we denote A = {yy’ > 0, |y — y'| > 48, |y| <
268} so that

2 2

v5 () , / (y) / vi(y)
1} dy < < dy < e,
b= //A =y D = ez @ T s o
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provided that é := §(e) > 0 is sufficiently small. Similarly, we also have that

2

v —v

I < // ) fg)] dydy < II]' + 132 + 1157,
yy'>0, [y[vy'l<10s Y — ¥

where we have denoted

/ 2.2/.7
2! - // (Vs (Y) — Ys()]u (y)d gy
) [y|V]y'|<68 |y/_J’|l+b ey

[u(y) — u( PP (y)
112,2 — /f 3 dydy’,
s Iy[V]y'|<68 ly’ — y|i+?

[u(y) — u(y)?
17 = / / s Y’
yviyl<6s Y — VI

Recalling that u € H, it follows that for any sufficiently small § > 0,

2+ 117 < e (A3)

Since we have chosen V5 such that [|1/]loc < 2/8, we have that

2,1 b 2,7 MZ(y/) /
1y <8 / u(yHdy < / —dy <e (A.4)
ly'|<68 Iy<6s 1Yl

for sufficiently small § > 0. Summarising, estimates (A.1)—(A.4) imply that E[vs] < €
for any § small enough, and the conclusion of the proof then follows. O

A.3. Proof of Corollary 6.4

First, we show (6.5). For simplicity, let us denote the set appearing on its right-hand
side by H'. Then, the inclusion Hg 0/2 (Ry) C H/ trivially follows once we show that

8
||’4||§1b/2(R) = (1 + ) ||M||Hb0/2(R)a (A.5)

for any b < bg in (0, 2) and u in H bo/2(R). Ifu € C2°(R), then the above inequality
immediately follows from

[u(y ) —u(? , / / W2 (y') + u*(y) ;8
dydy <2 — T dydy’ < Z|ul?sp
/v/w =1 Sy -yl —yl=1 1Y — y[i+P bR

The general conclusion can be then obtained by an approximation argument. To show
the other inclusion, let us take now a function u in H’. Proposition 6.2 and estimate
(A.5) then imply that for any (1 4 bg)/2 < b < by, we have
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2
u=(y) 8
dy < sup Cp (1 + —> ]|
/R Lyl ((l+b0)/2§b§bo b HYO2(®)

Thanks to Fatou’s lemma and Proposition 6.3, it follows that u € Hob 0/2 (R4). We have
thus showed (6.5). To prove (6.6), let us suppose that u € HY/2(R) satisfies u(0) = 0.
From (6.5) and Proposition 6.3, it suffices to show that

2
/M (y)dy < 400,
R

lylb

for any b € (1, bg). Since by > 1, we recall from [28, Theorem 1, p. 394] that u
possesses an Holder continuous representative and that in particular,

W~ _
yyer |y —y/|bo=D/2 = el groor2 ) -

It then follows that

2 B 2 bo—1
fu (i) / (u(y) }1)4(0)) dy ﬁ/ [y ; dy+/ 12(y) dy < 400,
R |yl [yl i<t |yl Iy|=1

and the proof of the corollary is concluded. O

Appendix B. Proof of Proposition 3.7
B.1. Representation of a weak solution

We will assume without loss of generality that 7, = 0. We also suppose for the
moment that 7, = 0. Then Proposition 3.7 can be obtained form the observation that

W(t,y) = E[Won’, y))] = P Wo(),
is the semigroup solution to Cauchy problem (1.17), where P? and 6 have been defined
in (5.13) and (3.11), respectively.
If T, # 0, let us consider again the smooth function ¢j; given in (5.36). Since
Wo —T. wPum 18 in L*(R) N'H, and (WO —T ¢M)(0) = 0, we already know that
W, y) := E[(Wo — Tobm) 0°t, y))] = P§, (Wo — Todm) (),

is a weak solution of (1.17) for 7, = 0. Thus, Wy € C ([0, +00); Lz(R)) N
([0, +00); H,) and

loc
/H;F(O, WIWo(y) — Topm(M1dy = /RF(t,y)[WM(t,y)]dy
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t t
—fo fRasF<s,y>[v'vM(s,y)]dyds+ny ELF(s. ), Wy (s, )]ds. (B.1)

It is not difficult to check now that Wy — Tody — Wo—T,,as M — +00, both in H,,
and pointwise. Recalling that P/ is the Markov semigroup associated with the form
&, we have that

E[Wn®] = €[ Pg, (Wo - Tupm)| = E[Wo - Toew].

It then follows that Wy — W — T, in H, and W — T, is in L2, (0, 4+00, H,). Finally,

loc
we can follow the same arguments in the proof of Lemma 5.6 to show that

lim /F(y)WM(t,y)dy = f F(y)[W(. y) = T,] dy,
M—oo Jr R

f(_)r any F in C2°(R). Hence, we can pass to the limit in (B.1) and we conclude that
W (t, y) given by (3.22) is a weak solution in the sense of Definition 2.4.

B.2. Uniqueness of a weak solution

For notational simplicity, let us denote by (-, -), the scalar product on H,. Let Wy,
W, be two weak solutions (in the sense of Definition 2.4) of Cauchy problem (1.17).

By definition, we know tha_t for each _] =1,2, tl_lere exists Tgo such that Wj — TOJo S
C ([0, +00); L2(R)) and W1(0) = W»(0) = W,. It then follows immediately that
T. = T2 . This in turn implies that

W= Wy — W, e c([o, +oo>;L2(R>) N LY ([0, +00); H,) .

Assuming for the moment that w belongs to C 1 ([0, +00); H,), it is easy to check

that
t —_
H/ W(s)ds
0

In the more general case where W is in leoc ([0, +00); H,), (B.2) follows by a mol-
lification argument in time. Recalling that W satisfies (2.7) for Wy = T, = 0, we can
now deduce that for any F € L?(R) N H,,, it holds that

2

t s
=2/ <W(s),/ W(s’)ds’> ds, t>0. (B.2)
Ho 0 0 H,

0
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t
fo (F.W (), ds = —(F. WD) 2m). (B.3)

In particular, from (B.2) and (B.3) with F' = W(s), we finally get that

t 2 t
’ / Wyds| = -2 / W12 g ds,
(R)
0 H, 0
which implies that W () = 0. o
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