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Abstract

Reliable plume-state classification is essential for monitoring geological carbon

dioxide storage, but benchmark reservoir data are often spatially heterogeneous,

severely imbalanced, and affected by collinearity among geological and petrophys-

ical predictors. We develop a spatially informed, expectation-maximization-type

cluster-weighted multinomial logit mixture for classifying binned plume states.

Spatial coordinates enter the component-specific covariate distributions, while

plume-state probabilities are represented by component-specific multinomial

logit models. A two-parameter shrinkage update stabilizes local estimates under

collinearity and small effective component sizes, and class-weighted estimation

addresses class imbalance. The method is evaluated on a 200-metre binned table

from the Sleipner 2019 carbon dioxide storage benchmark, containing 3,409 bins

and three plume-state classes, with 87% of observations outside the plume.

Performance is assessed using spatial-block cross-validation, leave-one-layer-out

transfer, and an ablation analysis. The model identifies three interpretable,

depth-organized latent regimes and provides posterior uncertainty for each bin.

It achieves a cross-validated balanced accuracy of 0.561, compared with 0.343

for an unweighted global multinomial logit model and 0.333 for a majority-class

baseline. The ablation analysis shows that class weighting and spatial covariates

drive most of the improvement. The latent mixture and shrinkage update pro-

vide smaller, statistically indistinguishable gains. Overall, the framework offers

an interpretable and uncertainty-aware approach to minority plume-state recov-

ery under severe imbalance, while the shrinkage update primarily stabilizes

ill-conditioned local fits.
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1 Introduction

Geological storage of carbon dioxide is a major technology for reducing industrial
greenhouse-gas emissions while maintaining energy and industrial production systems.
In operational storage projects, monitoring the spatial migration of injected CO2

is central to evaluating containment, conformance and long-term risk. The Sleipner
project in the Norwegian North Sea is one of the most studied industrial-scale off-
shore CO2 storage sites. Since injection began in 1996, repeated seismic surveys and
modelling studies have made Sleipner a reference case for analysing plume migration
in a layered saline aquifer (Arts et al, 2004; Chadwick et al, 2004; Chadwick and Noy,
2010, 2015; Furre et al, 2024).

Open benchmark datasets create an opportunity to develop reproducible statis-
tical methods for storage monitoring. The Sleipner 2019 Benchmark Model released
through CO2 DataShare contains simulation grids, petrophysical properties, well infor-
mation, velocity maps, interpreted horizons and plume-related spatial information
(CO2 DataShare, 2020). These data are scientifically valuable but statistically dif-
ficult. Observations are spatially arranged, often aggregated into grid cells or bins,
and involve continuous predictors, categorical layer indicators, distances to geological
or operational features, interpreted plume boundaries and uncertain response labels.
Moreover, plume-state classes are typically imbalanced: most grid cells are outside the
plume, while plume-boundary and plume-interior cells are the scientifically important
minority classes.

A single global classifier is unlikely to represent such data adequately. Geolog-
ical layering, structural trapping, depth variation and plume migration imply that
the relationship between reservoir predictors and plume state may change across the
storage formation. For example, depth, velocity, layer index, distance to the injec-
tion well and plume-boundary geometry may have different implications in lower
reservoir units, intermediate compartments and upper accumulations. A model that
assumes one global regression surface can therefore be both statistically restrictive
and geologically hard to interpret.

Finite mixture models provide a natural approach to latent heterogeneity by
assuming that observations arise from several unobserved sub-populations or regimes
(Titterington et al, 1985; McLachlan and Peel, 2000; Frühwirth-Schnatter, 2006). In
spatial reservoir analysis, a latent component may be interpreted as a statistical regime
characterized by a particular distribution of covariates and a particular response
mechanism. However, ordinary mixture models generally focus on the marginal dis-
tribution of observed variables and do not always provide a direct conditional model
for a plume-state response.

Cluster-weighted models address this limitation by modelling the joint distribu-
tion of a response and covariates as a mixture of products of component-specific
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covariate densities and component-specific conditional response models (Gershenfeld,
1997; Gershenfeld et al, 1999; Ingrassia et al, 2012, 2014, 2015). This makes them
attractive for binned reservoir analysis because each component can describe both a
local reservoir-covariate profile and a local plume-state classification rule. The present
paper builds on this idea by considering a spatially informed cluster-weighted model
with multinomial logit response components.

Multinomial logit regression is a standard model for unordered multi-class
responses (Luce, 1959; McFadden, 1974). In reservoir applications, however,
component-specific multinomial logit estimates may be unstable because component
effective sample sizes can be small and reservoir predictors are often collinear. This
collinearity is not merely numerical; it reflects geological structure. Depth, layer
position, velocity, petrophysical properties and distance measures may be correlated
because they all arise from related depositional, structural and spatial processes.
Removing correlated variables can discard scientifically meaningful information, while
unregularized local estimation can inflate coefficients and degrade minority-class
recovery.

Ridge-type, Liu-type and two-parameter estimators have been proposed to stabi-
lize regression and discrete-choice models under multicollinearity (Hoerl and Kennard,
1970; Liu, 1993; Yang and Chang, 2010; Farghali et al, 2023). The contribution of
this paper is to embed a component-specific two-parameter shrinkage update inside
an EM-type spatially informed cluster-weighted multinomial logit mixture. In this
setting, regularization is not presented as a new estimator by itself. Instead, it is a sta-
bilizing mechanism for local multinomial logit updates within a heterogeneous spatial
mixture model.

The paper is deliberately positioned as an applied methodological contribution.
The aim is to combine three ideas that are usually treated separately: spatial mixture
modelling for latent reservoir regimes, multinomial logit classification for plume-
state responses and component-specific two-parameter shrinkage for local estimation
under collinearity. The empirical analysis uses the Sleipner 2019 Benchmark Model to
examine whether the framework can identify interpretable latent statistical regimes,
improve minority plume-state recovery relative to unweighted baselines, and produce
model-based posterior uncertainty maps.

The remainder of the paper is organized as follows. Section 2 reviews related work
on mixture and cluster-weighted models, mixtures of multinomial logits, regulariza-
tion under multicollinearity, and statistical learning for Sleipner. Section 3 states the
contribution relative to existing methods. Section 4 defines the spatially informed
cluster-weighted multinomial logit mixture and the component-specific two-parameter
update. Section 5 presents the Sleipner application, including model selection, the
latent regimes, conditioning and regime-specific shrinkage, apparent performance,
spatial-block and leave-one-layer-out cross-validation, an ablation, and class-wise
behaviour. Section 6 discusses interpretation and limitations, Section 7 concludes, and
Section 8 outlines future work.
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2 Related Literature

2.1 Finite mixture models and model-based classification

Finite mixture models are widely used for clustering, density estimation, model-based
classification and latent heterogeneity analysis. Let ui denote an observed vector. A
finite mixture density has the form

f(ui; Θ) =
G
∑

g=1

πgfg(ui; θg), (1)

where G is the number of mixture components, πg > 0,
∑G

g=1 πg = 1, and fg is
the component density. Introducing a latent indicator Zi ∈ {1, . . . , G} gives posterior
membership probabilities that can be used for soft and hard classification. Mixture
models are commonly estimated by the expectation–maximization algorithm (Demp-
ster et al, 1977), and information criteria such as BIC and ICL are often used for
model selection (Schwarz, 1978; Biernacki et al, 2000).

For reservoir data, mixture models are useful because the subsurface is spatially
heterogeneous and layered. A mixture representation allows latent statistical regimes
to be inferred from the data rather than imposed through deterministic geological
rules. However, standard Gaussian mixtures are limited when the scientific target is a
response variable such as plume state. They cluster covariates, but they do not nec-
essarily explain how a categorical plume response changes conditionally on reservoir
predictors.

2.2 Cluster-weighted models

Cluster-weighted models extend mixture modelling by factorizing the joint distribu-
tion of a response Y and covariates X as

p(yi,xi) =
G
∑

g=1

πgfg(xi; θg)qg(yi | xi;βg), (2)

where fg is the component-specific marginal distribution of the covariates and qg is
the component-specific conditional distribution of the response. This representation
supports local statistical modelling because each component describes both a covari-
ate profile and a response mechanism (Ingrassia et al, 2012, 2014, 2015). Generalized
cluster-weighted models allow response distributions from the exponential family,
making the approach relevant for binary, count and categorical response settings.

The present paper uses the cluster-weighted view because plume-state classifi-
cation depends on both spatial/geological heterogeneity and conditional response
behaviour. A latent component may represent, for example, a deeper background
regime, a transition regime or a shallow accumulation regime. These should be inter-
preted as statistical regimes, not deterministic geological facies. Their scientific value
lies in summarizing where the relationship between covariates and plume state differs
across the reservoir.
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2.3 Mixtures of multinomial logit models

Finite mixtures of multinomial logit models and related mixtures of generalized lin-
ear models have been used for clustering and classification with categorical outcomes
(Grün and Leisch, 2008; Papastamoulis, 2023). In such models, different latent com-
ponents have different multinomial regression coefficients. This allows the effect of
covariates on category probabilities to vary across latent groups. In the reservoir set-
ting, this is attractive because the same predictor may have different implications in
different layers or spatial regimes.

However, mixture models with multinomial logit components can be numerically
fragile. The M-step requires fitting weighted multinomial logit models, and the effec-
tive sample size for some components may be small. If the design matrix is collinear
or if a minority response class is rare inside a component, the Hessian or information
matrix may be ill-conditioned. Stabilized Newton or ridge-type updates are therefore
often useful in practice.

Most closely related to the present work, Olobatuyi and Ariyo (2022) proposed
a multinomial cluster-weighted model (MCWM) in which the conditional response
distribution given the covariates is multinomial logit and estimation proceeds by
an EM algorithm with iteratively reweighted least squares (EM-IRLS). Their for-
mulation establishes identifiability for this model class and demonstrates strong
clustering performance on high-dimensional data. The model proposed here shares
this multinomial-logit cluster-weighted core but differs in three respects that are cen-
tral to the reservoir-monitoring setting. First, spatial heterogeneity is captured by
including the spatial coordinates and depth among the covariates of each component’s
density, so that the estimated regimes occupy distinct spatial regions of the reservoir;
a fully spatial gating model, in the tradition of finite mixtures of regressions with con-
comitant variables (Ingrassia et al, 2015), is a natural generalization that we leave to
future work.

Second, the local multinomial logit M-step is replaced by a component-specific
two-parameter regularized update (Eq. (20)) that stabilizes estimation when local
information matrices are ill-conditioned because of multicollinearity, rare classes or
small effective component sizes; earlier mixture-of-logit work has used ridge-type or
penalized updates Bashir and Carter (2010) but not a component-wise two-parameter
estimator.

Third, the framework is developed for severely imbalanced, spatially binned plume-
state data, with class-weighted fitting and balanced evaluation rather than ordinary
clustering accuracy. The contribution is therefore the integration of these elements,
not the multinomial-CWM idea itself, which is due to Olobatuyi and Ariyo (2022).

2.4 Regularization and two-parameter estimators under
multicollinearity

Multicollinearity can make maximum likelihood estimates unstable in logistic and
multinomial logit models. Ridge-type estimators introduce shrinkage through a pos-
itive diagonal adjustment to the information matrix (Hoerl and Kennard, 1970;
Schaefer et al, 1984; le Cessie and van Houwelingen, 1992). Liu-type estimators
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introduce an additional shrinkage structure that can reduce variance under certain
conditions (Liu, 1993). Two-parameter estimators combine ridge and Liu-type ideas
and have been extended to generalized linear and multinomial logit settings (Yang
and Chang, 2010; Farghali et al, 2023).

The present paper does not claim to derive the first two-parameter estimator for
multinomial logit regression. Instead, it uses a two-parameter update as a component-
specific stabilization step inside a spatially informed cluster-weighted multinomial
logit mixture. This is important because the degree of collinearity and the amount of
shrinkage required may vary across latent reservoir regimes.

2.5 Statistical learning for CO2 storage and Sleipner data

The Sleipner site has been studied extensively using seismic monitoring, reservoir
modelling, plume-geometry interpretation, history matching and uncertainty analy-
sis (Arts et al, 2004; Chadwick et al, 2004; Chadwick and Noy, 2010, 2015; Furre
et al, 2024). The Sleipner 2019 Benchmark Model provides a reproducible basis for
method development because it includes a simulation grid, petrophysical properties,
well data, horizons, velocity maps and interpreted plume-related information (CO2
DataShare, 2020). Machine-learning and statistical methods are increasingly used for
CO2 storage monitoring, including plume detection, uncertainty quantification and
simulation-model calibration (Ahmadinia et al, 2020; Romero et al, 2023; Bruer et al,
2024).

A common limitation of purely predictive machine-learning approaches is that
they may produce class labels without latent-regime interpretation or posterior uncer-
tainty. The proposed model is designed to fill this gap by combining classification,
latent reservoir-regime identification and uncertainty mapping in one probabilistic
framework.

3 Contribution and Scope

The contribution of this paper is deliberately framed to avoid overstating novelty.
The individual ingredients cluster-weighted modelling, mixtures of multinomial logits,
spatial gating functions and two-parameter shrinkage estimators are established. The
novelty lies in integrating these elements for imbalanced, spatially binned reservoir
plume-state classification and in evaluating the resulting framework through spatial
validation and ablation, rather than in proposing cluster-weighted multinomial logits
or two-parameter shrinkage as standalone new methods.

The main contributions are as follows.
First, the paper formulates a spatially informed cluster-weighted multinomial logit

mixture for binned reservoir plume-state classification. Each grid bin is represented
by spatial coordinates, reservoir covariates, layer information and a categorical plume-
state response. The model estimates latent statistical regimes and allows each regime
to have its own covariate distribution and multinomial logit response mechanism. In
the implementation used here, the mixing weights are constant and spatial informa-
tion enters through the component covariate densities; the model should therefore be
read as spatially informed rather than as a full spatial random-field or spatial gating
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model. This extends the multinomial cluster-weighted model of Olobatuyi and Ariyo
(2022) by incorporating the spatial coordinates in the component covariate densi-
ties, component-specific two-parameter regularized local updates, and a class-weighted
fitting and evaluation protocol for imbalanced plume-state data.

Second, the paper embeds a component-specific two-parameter regularized update
into the local multinomial logit M-step. The update is intended to stabilize coef-
ficient estimation when local information matrices are ill-conditioned because of
multicollinearity, rare classes or small effective component sizes.

Third, the paper distinguishes between likelihood-based model fitting and class-
weighted pseudo-likelihood fitting. Because class weighting changes the likelihood
target, information criteria computed from weighted objectives are reported as
pseudo-BIC and pseudo-ICL unless an unweighted observed-data likelihood is used.

Fourth, the paper emphasizes spatial validation. Apparent in-sample results are
reported only as descriptive evidence. Predictive claims should be based on spatial-
block cross-validation or held-out spatial/layer regions.

Fifth, the empirical application to the Sleipner 2019 Benchmark Model illus-
trates how the proposed framework can produce latent-regime maps, plume-state
predictions, class-wise minority-plume recovery metrics and posterior uncertainty
maps.

4 Methodology

4.1 Binned reservoir observations

Let the reservoir domain be partitioned into n spatial bins. For bin i, let si =
(si1, si2, si3)

⊤ denote spatial coordinates, such as easting, northing and depth. Let
xi ∈ R

p denote continuous reservoir predictors, such as standardized depth, thick-
ness, distance to the injection well, distance to interpreted plume boundary, velocity
or transformed petrophysical quantities. Let ci denote categorical predictors such as
layer or stratigraphic interval.

The response is a plume-state class

Yi ∈ {1, . . . , J}. (3)

In the Sleipner application, J = 3 and the classes are outside plume, plume boundary
and plume interior. If a bin aggregates many fine cells, the response may alternatively
be represented by multinomial counts

yi = (yi1, . . . , yiJ)
⊤, Ni =

J
∑

j=1

yij . (4)

The single-label case is obtained by setting Ni = 1.

7



4.2 spatially informed cluster-weighted multinomial logit
mixture

Assume that each bin belongs to one of G latent statistical reservoir regimes. Let
Zi ∈ {1, . . . , G} be the unobserved component label. The model factorizes the joint
distribution of response and covariates as

p(yi, si,xi, ci; Θ) =
G
∑

g=1

πg fg(si,xi, ci;θg) qg(yi | xi, ci;βg), (5)

where πg > 0,
∑G

g=1 πg = 1 are the finite mixture weights, the component covariate
density fg is defined over the spatial coordinates si together with the reservoir covari-
ates, and qg is the component-specific multinomial logit response model. Because fg
carries the spatial coordinates, the components occupy distinct spatial regions even
though the mixture weights are constant. The full parameter vector is

Θ = {π1, . . . , πG−1,θ1, . . . ,θG,β1, . . . ,βG}. (6)

4.3 Mixing weights and the role of spatial covariates

The fitted model uses constant mixture weights, πg, across bins. Spatial heterogeneity
is introduced through the component covariate density fg, which includes standardized
easting, northing and depth together with the other reservoir covariates. Consequently,
the posterior component probabilities vary spatially because the likelihood of the
spatial-covariate vector varies by component, even though the prior mixing weights
are constant. This differs from a spatial gating model, where πg itself would be an
explicit function of location. A natural extension is

πg(si; η) =
exp{η⊤g h(si)}

∑G

r=1 exp{η
⊤
r h(si)}

, (7)

with spatial basis functions h(si). We leave this extension to future work.

4.4 Component-specific covariate model

For mixed-type reservoir attributes, write x
(c)
i for continuous variables and x

(d)
i or ci

for discrete variables. A practical component model is

fg(xi, ci;θg) = ϕp(x
(c)
i ;µg,Σg)

R
∏

r=1

Mr
∏

m=1

ρI(cir=m)
grm , (8)

where ϕp is a multivariate Gaussian density and ρgrm is the probability of category m

for categorical predictor r in component g. Log-transformations should be applied to
highly skewed predictors such as permeability before standardization. If heavy tails or
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outliers are substantial, a multivariate t density can be substituted for the Gaussian
density.

4.5 Component-specific multinomial logit response model

Let vi = (1,x⊤
i ,d

⊤
i )

⊤ be the design vector in the response model, where di con-
tains dummy variables for selected categorical predictors. Conditional on Zi = g, the
multinomial logit probabilities are

p
(g)
igj = Pr(Yi = j | vi, Zi = g) =

exp(v⊤
i βgj)

1 +
∑J−1

ℓ=1 exp(v⊤
i βgℓ)

, j = 1, . . . , J − 1, (9)

with baseline category probability

p
(g)
igJ = 1−

J−1
∑

j=1

p
(g)
igj . (10)

For a binned count response,

qg(yi | vi;βg) =
Ni!

∏J

j=1 yij !

J
∏

j=1

(

p
(g)
igj

)yij

. (11)

For single-label classification, yij = I(Yi = j).

4.6 Observed-data likelihood and class-weighted
pseudo-likelihood

The unweighted observed-data log-likelihood is

ℓ(Θ) =
n
∑

i=1

log

[

G
∑

g=1

πg fg(si,xi, ci;θg) qg(yi | vi;βg)

]

. (12)

When class imbalance is severe, class weights may be introduced in the conditional
response part. Let wj be the weight for class j. For a single-label response, the weighted
conditional contribution is

q(w)
g (Yi | vi;βg) =

J
∏

j=1

(

p
(g)
igj

)wjI(Yi=j)

. (13)

This produces a class-weighted pseudo-likelihood rather than the ordinary proba-
bility model. Therefore, information criteria computed from weighted objectives are
reported as pseudo-BIC or pseudo-ICL. For formal likelihood-based model selection,
the unweighted likelihood in Eq. (12) should also be reported.
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4.7 E-step

At iteration t, compute the posterior probability that bin i belongs to component g:

τ
(t)
ig =

π
(t)
g fg(si,xi, ci;θ

(t)
g ) qg(yi | vi;β

(t)
g )

∑G

r=1 π
(t)
r fr(si,xi, ci;θ

(t)
r ) qr(yi | vi;β

(t)
r )

. (14)

If class weights are used, the corresponding weighted conditional contribution can
be used for fitting. Posterior probabilities should be interpreted relative to the fitted
objective.

4.8 M-step for gates and covariate distributions

The mixture weights are updated by π̂g = 1
n

∑n

i=1 τig. The covariate-model param-
eters are updated by weighted maximum likelihood. For the Gaussian part of
Eq. (8),

µ̂g =

∑n

i=1 τigx
(c)
i

∑n

i=1 τig
, (15)

Σ̂g =

∑n

i=1 τig(x
(c)
i − µ̂g)(x

(c)
i − µ̂g)

⊤

∑n

i=1 τig
. (16)

Small diagonal covariance regularization may be used to avoid singular estimates. For
categorical variables,

ρ̂grm =

∑n

i=1 τigI(cir = m)
∑n

i=1 τig
. (17)

4.9 Component-specific two-parameter regularized
multinomial logit update

For component g, let βg collect all non-baseline multinomial logit coefficients. Its
dimension is r = (J − 1)pv, where pv is the number of variables in vi, including the
intercept. In an IWLS approximation, define

Ag = Ṽ ⊤WgṼ , bg = Ṽ ⊤Wgzg, (18)

where Ṽ is the block design matrix, Wg is the working weight matrix incorporating
posterior weights τig and, where used, class weights, and zg is the working response
vector. The unregularized IWLS update is

β̂g,ML = A−1
g bg. (19)

When Ag is ill-conditioned, this update may be unstable. The proposed component-
specific two-parameter update is

β̂g,TPE(kg, dg) = (Ag + Ir)
−1(Ag + dgIr)(Ag + kgIr)

−1bg, (20)
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where kg ≥ 0, 0 ≤ dg ≤ 1, and Ir is the r × r identity matrix. The update includes
useful special cases:

β̂g,TPE(0, 1) = β̂g,ML, (21)

β̂g,TPE(kg, 1) = (Ag + kgIr)
−1bg, (22)

β̂g,TPE(0, dg) = (Ag + Ir)
−1(Ag + dgIr)β̂g,ML. (23)

Thus, maximum likelihood, ridge-type and Liu-type updates are obtained as limiting
cases.

Because Eq. (20) is a biased regularized update, it is not automatically a true
maximum-likelihood M-step. We therefore describe the algorithm as an EM-type
or regularized generalized EM algorithm. In implementation, a monotonicity check
can be added: accept the regularized update only if the fitted objective increases;
otherwise reduce the step size toward the previous coefficient vector or use the
unregularized/ridge fallback update.

4.10 Choice of shrinkage parameters

The shrinkage parameters (kg, dg) are selected component by component. For pre-
dictive work, the preferred choice is nested spatial-block cross-validation over a grid
K×D. For computationally cheaper fitting, a local pseudo-BIC criterion may be used:

(k̂g, d̂g) = arg min
k∈K, d∈D

{

−2Qg

(

β̂g,TPE(k, d)
)

+ an dfg(k, d)
}

, (24)

where Qg is the weighted conditional log-likelihood contribution for component g,
an = log(n) gives a BIC-type penalty, and

dfg(k, d) = tr{Sg(k, d)}, (25)

with
Sg(k, d) = (Ag + Ir)

−1(Ag + dIr)(Ag + kIr)
−1Ag. (26)

The grid for k should include zero and a range of positive values, while the grid for d
should cover [0, 1]. All continuous predictors must be standardized so that shrinkage
parameters are comparable across coefficients.

4.11 Approximate mean squared error

Let
Mg(k, d) = (Ag + Ir)

−1(Ag + dIr)(Ag + kIr)
−1Ag. (27)

Then
β̂g,TPE(k, d) = Mg(k, d)β̂g,ML. (28)

Under the local quadratic approximation,

Cov{β̂g,TPE(k, d)} ≈ Mg(k, d)A
−1
g Mg(k, d)

⊤, (29)
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while the approximate bias is

Bias{β̂g,TPE(k, d)} ≈ {Mg(k, d)− Ir}βg. (30)

The approximate scalar mean squared error is therefore

MSEg(k, d) = tr
[

Mg(k, d)A
−1
g Mg(k, d)

⊤
]

+β⊤
g {Mg(k, d)− Ir}

⊤{Mg(k, d)− Ir}βg.

(31)
In applications, βg can be replaced by a pilot estimate. Eq. (31) clarifies the bias–
variance trade-off: shrinkage reduces variance at the cost of bias, and is useful when
variance reduction dominates.

4.12 Algorithm

Algorithm 1 Regularized spatially informed cluster-weighted multinomial logit
mixture
1: Select candidate component numbers G = 1, . . . , Gmax.
2: for each G do

3: Initialize component labels using spatially constrained k-means, Gaussian
mixtures or multiple random starts.

4: Initialize π
(0)
g ,θ

(0)
g ,β

(0)
g for g = 1, . . . , G.

5: repeat

6: E-step: compute posterior probabilities τig using Eq. (14).
7: M-step 1: update mixture weights π̂g = 1

n

∑

i τig.
8: M-step 2: update covariate-distribution parameters θg by weighted

maximum likelihood.
9: M-step 3: compute IWLS quantities Ag and bg for each component.

10: Select (kg, dg) using local pseudo-BIC or nested spatial-block validation.
11: Compute the two-parameter update in Eq. (20).
12: Accept the update if the fitted objective increases; otherwise use a damped

step or fallback ridge update.
13: Evaluate the unweighted log-likelihood and, where applicable, the weighted

pseudo-likelihood.
14: until relative change is below ϵ or maximum iterations are reached.
15: Store likelihood, pseudo-likelihood, BIC, pseudo-BIC, ICL, pseudo-ICL, and

entropy.
Store active-component diagnostics and validation metrics.

16: end for

17: Select the preferred model using validation performance, active-component diag-
nostics and interpretability.
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4.13 Model selection and active-component diagnostics

For an unweighted fitted model with mG free parameters, the Bayesian information
criterion is

BIC(G) = −2 ℓ(Θ̂G) +mG log(n), (32)

so that lower values indicate a better penalized fit. The integrated completed likelihood
adds an entropy penalty,

ICL(G) = BIC(G)− 2
n
∑

i=1

G
∑

g=1

τ̂ig log(τ̂ig), (33)

which favours solutions with well-separated components. If class weights are used in
fitting, the corresponding quantities are labelled pseudo-BIC and pseudo-ICL.

An active-component diagnostic is used to avoid interpreting empty or negligible
components. Let neff

g =
∑n

i=1 τ̂ig be the effective size of component g. A component
is considered active if

neff
g > max(30, 0.02n). (34)

5 Empirical Study: Sleipner CO2 Benchmark

5.1 Constructing the binned reservoir table

The empirical analysis uses the Sleipner 2019 Benchmark Model from CO2 DataShare,
which provides interpreted plume-boundary outlines, well-pick information, spatial
coordinates and layer-specific reservoir descriptors. Our question is deliberately nar-
row: can a regularized spatially informed cluster-weighted multinomial logit mixture
recover interpretable latent regimes and improve the detection of minority plume
states in a spatially binned, strongly imbalanced grid, and which parts of the
framework are responsible for any improvement?

The plume-boundary files for layers L1, . . . , L9 were parsed into spatial poly-
gons, a 200 m grid was generated per layer, and the plume-coverage fraction of
each bin was computed. A representative point of each bin supplied spatial covari-
ates (easting, northing, reference depth, layer index, distance to the injection well),
with reference depths and thicknesses taken from the well picks. Continuous covari-
ates were standardized before fitting. Feeder and chimney files were excluded because
their coordinate columns could not be parsed reliably. We therefore do not define
a feeder-proximal class and do not make claims about feeder-controlled plume
behaviour.

Each bin was labelled outside-plume, plume-boundary or plume-interior. The final
table held n = 3409 bins, dominated by the background class (Table 1). Fig. 1 shows
the spatial footprint of each response class across the nine layers, illustrating how the
boundary and interior classes occupy a small, spatially concentrated fraction of each
layer relative to the dominant background class. With roughly 87% of bins outside
the plume, ordinary accuracy is a misleading target, and we evaluate throughout with
balanced accuracy, macro-F1, and class-wise recall.
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Table 1 Distribution of response classes in the
binned Sleipner modelling table.

Response class Number of bins Percentage

Outside plume 2965 86.98
Plume boundary 331 9.71
Plume interior 113 3.31

Total 3409 100.00

To counter the imbalance, the conditional response model was fitted with class
weights formed as an inverse-power transform of the class frequencies (exponent 0.75),
capped at 12, floored at 0.20 and rescaled to unit mean weight so the effective sample
size is preserved. The resulting weights were 0.578, 2.99 and 6.24 for the outside,
boundary and interior classes. Because these weights change the fitting objective,
all weighted model-selection criteria are reported as pseudo-BIC and pseudo-ICL.
Specifically, if nj is the number of observations in class j, preliminary weights were
computed as w∗

j ∝ n−0.75
j , truncated to the interval [0.20, 12], and rescaled so that

the sample average weight was one. These weights were used only in the conditional
response part of the fitting objective.

5.2 Models compared

The proposed mixture was fitted for G = 1, . . . , 5 with three random starts each. In the
fitted implementation the component mixing weights are constant and spatial hetero-
geneity is carried by the spatial covariates inside each component’s covariate density.
The model is benchmarked against a graded set of alternatives so that the source of
any improvement can be isolated: a majority-class baseline; a global multinomial logit
(MLE); the same with class weights; a global two-parameter (TPE) multinomial logit;
and the cluster-weighted mixture with, in turn, an unregularized (MLE) M-step, a
ridge M-step and the proposed two-parameter M-step. A non-spatial mixture (covari-
ate density without the horizontal coordinates) is included to test whether spatial
position adds anything beyond depth and layer.

5.3 Selecting the number of latent regimes

The selection diagnostics are in Table 2. The weighted information criteria favour
larger mixture candidates, with the best raw pseudo-BIC and pseudo-ICL values
occurring among fits that contain empty or negligible components. Specifically, the
G = 4 and G = 5 candidates have one and two empty components, respectively, and
therefore cannot be interpreted at face value. Fig. 2 plots the pseudo-BIC and pseudo-
ICL criteria in Table 2 across candidate mixture sizes, showing the sharp improvement
from G = 1 to G = 2 and the subsequent plateau among the degenerate larger can-
didates. A strict rule admitting only fits with no empty components selects G = 2.
Pruning the negligible components from the G = 5 candidate leaves three active
regimes, each above the minimum effective-size threshold of max(30, 0.02n) = 68.2
bins. We therefore report a three-active-component solution and keep G = 2 as a
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Fig. 1 Observed plume-state classes on the binned Sleipner grid, by layer.

conservative reference, and we are explicit that three is what survives pruning rather
than a value any clean criterion selects directly.

15



Table 2 Model-selection diagnostics across candidate mixture sizes. Weighted criteria are
pseudo-BIC and pseudo-ICL (class-weighted fitting changes the likelihood target). Lower is
better.

Candidate G Active G Empty Objective Pseudo-BIC Pseudo-ICL Degenerate

5 3 2 46351 −89659 −89375 Yes
4 3 1 46350 −90269 −89982 Yes
2 2 0 44771 −88330 −88330 No
3 2 1 44771 −87720 −87720 Yes
1 1 0 36189 −71775 −71775 No

Fig. 2 Model-selection criteria across candidate mixture sizes.

5.4 The latent regimes

The three regimes separate mainly by depth and stratigraphic position (Table 3). One
regime concentrates on the deeper stack (mean layer index 8.19, mean depth 0.954
km, mixing weight 0.352); the other two sit in shallower to intermediate layers with
very similar depths (mean layer indices 3.81 and 3.69). The mixture has, in effect,
partitioned the reservoir along a deep–shallow axis. Fig. 3 maps the three estimated
regimes across layers, showing this deep-shallow partition spatially and confirming
that regime 1 dominates the deeper layers while regimes 2 and 3 partition the shal-
lower layers. This is consistent with the layered Utsira interval and is reassuring as
a geological sanity check. At the same time, it indicates that the latent structure is
partly re-expressing known stratigraphic organization rather than discovering wholly
new geological units. These are statistical regimes, not facies; their practical value
is the posterior membership probability, and therefore the uncertainty, attached to
every bin. Fig. 4 maps this posterior uncertainty across the grid, showing that it
concentrates along the spatial transitions between regimes.
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Table 3 Active latent components after pruning. Effective n is the sum of posterior responsibilities.

Active Raw Weight Effective n Mean depth (km) Mean layer

1 2 0.352 1201 0.954 8.19
2 4 0.236 805 0.863 3.81
3 5 0.411 1403 0.861 3.69

Fig. 3 Estimated latent reservoir regimes on the binned Sleipner grid, by layer.
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Fig. 4 Posterior uncertainty for latent-regime assignment (one minus the maximum posterior com-
ponent probability).

5.5 Conditioning and regime-specific shrinkage

The two-parameter estimator is justified only if the local response models are
ill-conditioned, so we measured it (Table 4). All three components are severely ill-
conditioned, with condition numbers of order 109. Crucially, the selected shrinkage
varies across regimes in the direction the method predicts: the most ill-conditioned
component (1) is pulled toward strong shrinkage (k̂ = 0.5, d̂ = 0.5), whereas
the better-conditioned components (2 and 3) remain close to maximum likelihood

(k̂ = 0.01, d̂ = 0.95 and 0.80). This provides diagnostic evidence that the selected
amount of regularization varies across latent regimes, with stronger shrinkage selected
for the most ill-conditioned local fit.

Two cautions accompany this table. First, the extreme magnitude of cond(Ag),
and especially the maximum VIF in component 1, is inflated by covariates that are
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constant or nearly constant in the present modelling table. In the final implemen-
tation, such variables should be removed before fitting or replaced with spatially
varying petrophysical information. Second, as the cross-validation below shows,
adaptive shrinkage stabilizes local estimation but does not produce a statistically
distinguishable predictive gain on this benchmark.

Table 4 Local conditioning and selected shrinkage by active component.
(Magnitudes of cond(Ag) and VIF are inflated by two constant covariates;
see text.)

Active component Effective n cond(Ag) Max VIF k̂g d̂g

1 1201 5.2× 109 5.7× 108 0.50 0.50
2 805 2.7× 109 125 0.01 0.95
3 1403 4.1× 109 113 0.01 0.80

5.6 Apparent (in-sample) performance

We first report apparent performance (Table 5) as a diagnostic only; it is computed
on the bins used for fitting, and with spatially autocorrelated data it is optimistic.
The pattern is nonetheless instructive. The majority baseline wins ordinary accu-
racy (0.870) by never predicting a plume class, with balanced accuracy 0.333; the
unweighted global models behave the same way (0.864/0.363). Class weighting lifts
the global model to about 0.61 balanced accuracy, and the mixture to 0.732. Tellingly,
global TPE and global MLE are identical here, and the two class-weighted global
models differ only at the third decimal – a first indication, confirmed below, that
two-parameter shrinkage contributes little. Fig. 5 displays these results graphically,
contrasting ordinary accuracy with balanced accuracy and macro F1 across the fitted
models.

Table 5 Apparent (in-sample) classification performance. Diagnostic only; claims rest on Table 7.

Model Accuracy Balanced acc. Macro prec. Macro recall Macro F1 Brier Log-loss

Proposed spatial CWM-MNL-TPE 0.847 0.732 0.603 0.732 0.648 0.214 0.380
Class-weighted global MNL-MLE 0.785 0.611 0.490 0.611 0.523 0.296 0.532
Class-weighted global MNL-TPE 0.785 0.609 0.489 0.609 0.522 0.296 0.532
Global MNL-TPE 0.864 0.363 0.499 0.363 0.367 0.189 0.347
Global MNL-MLE 0.864 0.363 0.495 0.363 0.367 0.189 0.347
Majority-class baseline 0.870 0.333 0.290 0.333 0.310 – –
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Fig. 5 Ordinary versus balanced performance across fitted models (apparent).

5.7 Spatial-block cross-validation

Because adjacent 200 m bins are correlated and plume classes are spatially concen-
trated, we evaluate generalization with spatial-block cross-validation: the easting–
northing plane is tiled into contiguous 1 km blocks, all bins in a block are kept in
one fold, and blocks are assigned so minority bins are spread across folds (Table 6).
Mixture predictions use covariate-only gating, so the response label never enters the
assignment of a test bin to a component; shrinkage was selected on the training folds
only.

For a held-out bin, predicted class probabilities were computed as

Pr(Yi = j | si, xi, ci) =
G
∑

g=1

Pr(Zi = g | si, xi, ci) Pr(Yi = j | xi, ci, Zi = g), (35)

where

Pr(Zi = g | si, xi, ci) =
π̂gfg(si, xi, ci; θ̂g)

∑G

r=1 π̂rfr(si, xi, ci; θ̂r)
. (36)

The observed response Yi is not used in this test-time gating calculation.

Table 6 Class composition of the five spatial-block folds
(1 km blocks, minority-stratified).

Fold Outside plume Plume boundary Plume interior

1 628 102 62
2 672 78 13
3 589 49 13
4 551 55 14
5 525 47 11
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The cross-validated comparison is in Table 7. Three things stand out, and we
report them plainly. First, honest generalization is well below the apparent figure:
the proposed model attains a balanced accuracy of 0.561 (SD 0.093) out of sample,
against 0.732 in-sample, the difference being exactly the optimism that label-informed
responsibilities introduce. Second, the proposed model is the best point estimate, but
only marginally: the class-weighted global multinomial logit reaches 0.548–0.550 and
the unregularized and ridge mixtures reach 0.547 and 0.550. With only five spatial
folds, paired tests have limited power. A paired Wilcoxon comparison does not sepa-
rate the proposed model from the class-weighted global model, the ridge mixture, or
the unregularized mixture (p = 0.31–1.0). Third, the large gaps are elsewhere: the pro-
posed model beats the majority baseline (0.333), the unweighted global model (0.343)
and the non-spatial mixture (0.422) in every fold (p = 0.0625, the smallest attain-
able value at five folds). In other words, the balanced-class performance is driven by
class weighting and by the spatial covariates, not by the latent mixture or the two-
parameter shrinkage. Fig. 6 plots the cross-validated balanced accuracy with fold-wise
standard deviations for each model, illustrating the overlap in error bars among the
top-performing candidates.

Table 7 Spatial-block cross-validation (5 folds, 1 km blocks; covariate-only gating; training-fold
shrinkage selection). ”Fold” means SD for balanced accuracy in parentheses. CB = class-balanced.
Best per column in bold.

Model Balanced acc. Macro F1 Recall (bdy) Recall (int) CB log-loss CB Brier

Proposed spatial CWM-MNL-TPE 0.561 (0.093) 0.473 0.394 0.451 1.27 0.617

Class-weighted global MNL-TPE 0.550 (0.085) 0.472 0.430 0.397 1.28 0.618
Spatial CWM-MNL-ridge 0.550 (0.089) 0.458 0.406 0.422 1.37 0.627
Class-weighted global MNL-MLE 0.548 (0.085) 0.470 0.421 0.400 1.32 0.619
Spatial CWM-MNL-MLE 0.547 (0.088) 0.455 0.392 0.422 1.38 0.626
Non-spatial CWM-MNL-TPE 0.422 (0.068) 0.364 0.174 0.306 1.26 0.693
Global MNL-MLE 0.343 (0.019) 0.330 0.037 0.010 1.99 0.889
Majority-class baseline 0.333 (0.000) 0.311 0.000 0.000 18.4 1.33
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Fig. 6 Spatial-block cross-validated balanced accuracy by model (mean ± SD across folds).

A leave-one-layer-out analysis (Table 8) tests stratigraphic transfer and is, if any-
thing, less favourable to the regularization. Held-out balanced accuracy falls to 0.490
for the proposed model and 0.507 for the unregularized mixture, with the class-
weighted global models close behind (0.487–0.488). Transfer across unseen layers is
genuinely hard, the class-balanced log-loss and Brier degrade for every model, and
the two-parameter shrinkage provides no advantage in this setting; the plain mixture
transfers best on this metric. We report this candidly because it bounds the strength
of any predictive claim.

Table 8 Leave-one-layer-out performance (train on eight layers, predict the ninth; fold means).

Model Balanced acc. Macro F1 Recall (bdy) Recall (int)

Spatial CWM-MNL-MLE 0.507 0.390 0.521 0.214
Proposed spatial CWM-MNL-TPE 0.490 0.393 0.459 0.222
Class-weighted global MNL-TPE 0.488 0.402 0.370 0.293

Class-weighted global MNL-MLE 0.487 0.401 0.367 0.293
Spatial CWM-MNL-ridge 0.457 0.345 0.414 0.222
Non-spatial CWM-MNL-TPE 0.403 0.268 0.459 0.222
Global MNL-MLE 0.363 0.323 0.026 0.111
Majority-class baseline 0.333 0.311 0.000 0.000

5.8 Ablation: where the improvement comes from

The ablation in Table 9 runs under the same folds and changes one element at a time,
and it resolves the question the title raises. Moving from the unweighted global model
to the class-weighted global model is the decisive step (balanced accuracy 0.343 →
0.548). Adding the latent mixture on top of class weighting moves balanced accuracy
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only from 0.548 to 0.547–0.561, a change within fold-to-fold noise. Within the mixture,
ridge and two-parameter shrinkage raise balanced accuracy from 0.547 (MLE) to
0.550 and 0.561, again inside the noise band. Removing the horizontal coordinates, by
contrast, is costly: the non-spatial mixture falls to 0.422. The conclusion we draw, and
state, is that the balanced recovery of minority plume bins is driven by class weighting
and spatial covariates; the mixture contributes interpretability and adaptive local
stabilization rather than a measurable accuracy gain; and the two-parameter shrinkage
yields the best point estimate but no statistically distinguishable improvement on this
benchmark. Fig. 7 visualizes these ablation results across balanced accuracy, macro
F1 and class-wise recall for each model variant.

Table 9 Ablation under spatial-block cross-validation. Each adjacent contrast isolates one
component. Fold means.

Model variant Balanced acc. Macro F1 Recall (bdy) Recall (int) CB log-loss

Class-weighted global MNL-MLE 0.548 0.470 0.421 0.400 1.32
Class-weighted global MNL-TPE 0.550 0.472 0.430 0.397 1.28
Spatial CWM-MNL-MLE 0.547 0.455 0.392 0.422 1.38
Spatial CWM-MNL-ridge 0.550 0.458 0.406 0.422 1.37
Proposed spatial CWM-MNL-TPE 0.561 0.473 0.394 0.451 1.27
Non-spatial CWM-MNL-TPE 0.422 0.364 0.174 0.306 1.26

Fig. 7 Ablation under spatial-block cross-validation.

5.9 Class-wise behaviour

The class-wise breakdown of the selected model and its confusion matrix are in
Tables 10–12. The model is strong on the background class and, importantly, recovers
minority bins that the global models miss: in-sample recall is 0.647 for boundary and
0.673 for interior bins, and out of sample (Table 7) it holds 0.39–0.45 recall for those
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classes against essentially zero for the unweighted global model. Boundary precision
is modest by construction, since the boundary is a transition category; the row-
normalized matrix shows the errors are mostly confusions with the adjacent interior or
outside classes rather than wholesale misses. Fig. 8 presents this row-normalized con-
fusion matrix as a heatmap, and Fig. 9 compares class-wise recall across the majority
baseline, the class-weighted global model and the proposed mixture. For monitoring-
oriented screening, this error structure may be preferable to a classifier that misses
plume-associated bins entirely, although the relative cost of false boundary alarms
and missed plume bins should ultimately be specified by the monitoring objective.

Table 10 Class-wise performance of the selected model (in-sample).

Response class Support Predicted Precision Recall F1

Outside plume 2965 2666 0.974 0.876 0.922
Plume boundary 331 580 0.369 0.647 0.470
Plume interior 113 163 0.466 0.673 0.551

Table 11 Confusion matrix for the selected model (in-sample).

Observed \ Predicted Outside plume Plume boundary Plume interior

Outside plume 2597 334 34
Plume boundary 64 214 53
Plume interior 5 32 76

Table 12 Row-percent confusion matrix for the selected model (in-sample).

Observed \ Predicted Outside plume Plume boundary Plume interior

Outside plume 87.59 11.26 1.15
Plume boundary 19.34 64.65 16.01
Plume interior 4.42 28.32 67.26
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Fig. 8 Row-normalized confusion matrix for the selected model.

Fig. 9 Class-wise recall across the majority baseline, the class-weighted global model and the pro-
posed mixture.

5.10 What the empirical study shows

The honest summary is more nuanced than “the proposed model wins.” Under spatial-
block cross-validation the proposed mixture has the best point estimate of balanced
accuracy (0.561) and the best macro F1 (0.473), and it recovers a substantial share
of the minority plume bins that the global baselines effectively ignore. But the mar-
gin over a class-weighted global multinomial logit (0.548–0.550) and over its own
unregularized and ridge variants is small and not statistically separable at five folds,
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and under leave-one-layer-out the unregularized mixture transfers slightly better. The
ablation locates the real drivers: class weighting (worth about 0.21 in balanced accu-
racy) and spatial covariates (whose removal costs about 0.14). The latent mixture
adds interpretable regimes, model-based posterior uncertainty and adaptive local sta-
bilization rather than a clearly measurable accuracy gain. The conditioning analysis
suggests that the two-parameter shrinkage operates more strongly in the worse-
conditioned regime, which is the behaviour the update was designed to produce, but
its predictive payoff on this benchmark is modest.

6 Discussion

The Sleipner application makes a clean point about modelling strongly imbalanced
spatial reservoir data, and it makes it in a way that is more measured than we had
initially expected. A global multinomial logit, faced with a background class that
fills 87% of the grid, simply predicts the background almost everywhere; its ordinary
accuracy is high and its balanced accuracy is barely above chance. The single most
effective remedy is not a richer model but a corrected objective: weighting the rare
classes raises balanced accuracy from about 0.34 to about 0.55 on its own. Spatial
information is the second lever, as the collapse of the non-spatial mixture shows.
Against that backdrop, the latent mixture and the two-parameter shrinkage each add
only a small, statistically indistinguishable increment to predictive accuracy.

We think this is still a worthwhile result, provided the contribution is framed
for what it is. The mixture’s value is not primarily a higher accuracy number; it
is interpretability and model-based posterior uncertainty. The model returns three
depth-organized regimes consistent with the Utsira architecture, a posterior member-
ship probability for every bin, and uncertainty maps that flag exactly the transition
zones a monitoring analyst would want to scrutinize. The two-parameter estimator’s
value, similarly, is mechanistic rather than headline-grabbing: the conditioning analy-
sis shows that the local information matrices are severely ill-conditioned and that the
selected shrinkage adapts across regimes, applying strong shrinkage where condition-
ing is worst and reverting to near-maximum-likelihood where it is not. That adaptivity
stabilizes the local coefficients, which matters for interpreting the component-specific
effects even when it does not move the aggregate score. A reader interested in
robust local inference under collinearity should care about this even though a reader
interested only in a leaderboard number would not.

Three methodological lessons carry beyond Sleipner. The first concerns evaluation:
Ordinary accuracy and unbalanced aggregate probabilistic scores can reward predict-
ing the majority class, so they are not sufficient for this problem. Balanced accuracy,
macro F1, class-wise recall and class-balanced probabilistic scores are more appropri-
ate yardsticks for minority plume-state recovery. The second concerns the gap between
apparent and predictive performance: the in-sample balanced accuracy of 0.732 fell
to 0.561 under honest spatial-block evaluation, and reporting the in-sample figure as
a result would have overstated the model by a wide margin. The third concerns mix-
ture reporting: raw information criteria here prefer fit with empty components, and
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pruning to effective-size-bearing components while reporting the strict non-degenerate
model as a reference is a small discipline worth adopting in any spatial mixture study.

Several limitations bound the claims. The labels are constructed from interpreted
plume polygons and bin-level rules, so the class distribution depends on bin size,
interior threshold and boundary buffer, and a sensitivity sweep over those choices
belongs in the final version. Feeder and leakage information was set aside because the
coordinates could not be parsed, which both narrows the response and removes a class
of scientifically interesting bins. The fitted model uses constant mixing weights with
spatial covariates in the component density rather than the spatial gating function of
the methodology; the two should be reconciled. The reported local conditioning is also
inflated by two petrophysical covariates that are constant across the table and should
be dropped or replaced. Finally, this is a statistical classifier built on interpreted
boundaries, and it should be read alongside seismic interpretation and flow simulation
rather than as a substitute.

7 Conclusion

We proposed and evaluated a spatially informed cluster-weighted multinomial logit
mixture with component-specific two-parameter regularized updates for plume-state
classification in imbalanced, binned reservoir data, and applied it to the Sleipner
2019 benchmark. The framework recovers three interpretable, depth-organized latent
statistical regimes; attaches model-based posterior uncertainty to every bin; and,
under spatial-block cross-validation, recovers a substantial fraction of the minority
plume-boundary and plume-interior bins missed by unweighted baselines. It reaches
a cross-validated balanced accuracy of 0.561, compared with 0.333 for the majority
classifier and 0.343 for an unweighted global multinomial logit.

The candid finding is that this balanced recovery is driven primarily by class
weighting and by the use of spatial covariates, while the latent mixture and the two-
parameter shrinkage each contribute small, statistically indistinguishable increments
on this benchmark. The mixture’s enduring value is therefore interpretability and
model-based posterior uncertainty rather than raw accuracy, and the two-parameter
estimator’s value is adaptive, regime-specific stabilization of local multinomial logit
updates. On this benchmark, however, that stabilization does not translate into a
statistically distinguishable predictive improvement over simpler class-weighted alter-
natives. Read this way, the contribution is an interpretable, uncertainty-aware and
honestly validated framework for minority plume-state recovery under severe imbal-
ance, rather than a claim that two-parameter regularization improves classification
accuracy.

8 Future work

Four extensions would sharpen the conclusions. First, the response construction should
be stress-tested by varying bin size (for example 100, 200 and 300 m), the interior
threshold and the boundary buffer, reporting the range of outcomes rather than a
single configuration. Second, the constant petrophysical covariates should be replaced
with spatially varying porosity and permeability, the feeder and leakage information
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reinstated once coordinates are verified, and the spatial gating function implemented
so that the code matches the stated model; each of these directly addresses a lim-
itation above. Third, because the differences among the class-weighted variants are
small relative to fold variance at five folds, the final evaluation should use ten spatial-
block folds, which would also let the paired tests separate the proposed model from
the weak baselines below the conventional threshold. Fourth, a controlled simula-
tion study generating spatial bins from known regimes with tunable collinearity and
imbalance would isolate the conditions under which two-parameter shrinkage mea-
surably improves on ridge and maximum likelihood, putting the regularization claim
on a footing that a single benchmark cannot provide; the natural application exten-
sion is to the time-lapse Sleipner surveys, allowing the latent regimes and plume-state
probabilities to evolve across seismic vintages.
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