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Abstract

We calculate the orbit-space sensitivity of two-step reaction gamma-ray spectroscopy
diagnostics in toroidally symmetric magnetic equilibria, using the reaction between alpha
particles and beryllium-9 as an example. To reduce the computational cost, we use analytical
solutions obtained by neglecting the velocity of the thermal beryllium. The sensitivity is
quantified by weight functions, which we calculate in the alpha-particle orbit space of energy,
maximum major radius and pitch at that maximum major radius. Each alpha-particle
guiding-center orbit leads to a characteristic gamma-ray spectrum depending on the
line-of-sight geometry. We highlight the geometry dependence by repeating the calculation for
three different cases, observing significant changes in the sensitivity patterns. Weight functions
also allow one to quickly compute forward model problems if spectra from many distribution
functions are to be calculated and compared with experimental measurements.

Keywords: energetic ions, tokamaks, fast ion orbits, gamma-ray spectroscopy, alpha particles,
orbit space sensitivity
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1. Introduction

In past and contemporary experiments in magnetic fusion
plasmas, fast-ion populations are almost always generated by
external heating via radio-frequency heating in the ion cyclo-
tron range of frequencies (ICRFs) and neutral beam injec-
tion (NBI) [2—4]. Alpha particles, on the contrary, are gen-
erated by plasma self-heating, itself sustained by the slowing-
down of those confined alphas, when fast ions undergo fusion
reactions with bulk plasma, i.e. T(D,a)n or D(*He, a)p. Fast
ions need to be well-confined such that they can heat the core
plasma. However, they can be transported to the periphery or
even to the wall due to interaction with plasma instabilities,
which must be studied in contemporary experiments to sup-
port good choices for the design of future machines [2, 5, 6].
For detection by gamma-ray spectroscopy (GRS), large fast-
ion energies are ideal since reaction cross sections become
significant when the center-of-mass energies are much higher
than the bulk plasma temperature Ecy > Touie [7, 8]. The
alpha-particle partial pressures achieved so far are a small
fraction of the total plasma pressure [9, 10]. Future reactors
with burning plasmas will have much higher alpha-particle
pressure. As a consequence, investigating how alpha particles
affect the plasma confinement is of the utmost importance
[11]. Firstly, a large fraction of the alpha-particle energy is
transferred to the electrons, whereas fusion energy produc-
tion requires ion heating [6, 12]. Secondly, contrary to NBI
and ICREF, fusion-born alphas are expected to be mostly iso-
tropic in velocity-space [13—15]. Lastly, since alpha-particles
are born at super-Alfvénic velocities, they can drive Alfvénic
instabilities [16—18].

One way to study alpha-particle distributions is by measur-
ing the signal they produce via fusion reactions, i.e. gamma-
ray producing two-step reactions through GRS [8, 14, 19—
21], or via collective-Thomson scattering induced in externally
injected probe waves [14, 22-26]. Confined alpha particles
can also be studied by ion cyclotron emission [27]. Fast-ion
loss detectors rely on loss mechanisms to measure alphas [10,
28], but for this reason cannot detect the confined population
within the plasma. In this work, we present a sensitivity study
of two-step GRS diagnostics in the three-dimensional space
of confined orbits [29] in toroidally symmetric equilibria. The
sensitivity is encoded in so-called weight functions [19, 23,
30—42], which are essential to understand diagnostic capab-
ilities in existing machines [43], to improve the envisioned
diagnostic setup of future machines [14, 44-47] and, perhaps
most interesting, to reconstruct fast-ion distributions in velo-
city space [48-55] and orbit space [45, 56, 57].

Representing the diagnostic sensitivity in phase spaces
that combine position and velocity makes it possible to also
account for geometrical effects, such as the detector line
of sight, and spatial gradients of the relevant parameters,
e.g. density and temperature of the reactant species. The
3D phase space of fast-ion guiding-center orbits [58-60]
meets these requirements, maintaining lower dimensional-
ity by averaging-out ignorable coordinates in the Lagrangian

associated with the trajectories in time and space. This treat-
ment further allows one to combine non-overlapping lines of
sight, which can be a very powerful feature for integrated data
analysis as done for overlapping lines of sight [55, 61-63] on
plasma machines with a diverse set of diagnostics.

Orbit weight functions have been developed for neutron-
emission spectroscopy and one-step reaction gamma-
ray spectroscopy [37, 38, 64, 65] and fast-ion D-alpha
spectroscopy [56, 66], and their essential features have been
understood [38, 41]. Here, we develop orbit weight functions
for two-step gamma-ray reactions, which are, as already men-
tioned, crucial for alpha-particle diagnostic. The computation
of two-step reaction GRS weight functions has now become
computationally affordable due to the development of a fast
analytic two-step GRS spectrum code which we apply in this
work [67]. By neglecting the relatively small velocity of the
second reactant, one can calculate gamma-ray rates with <1%
accuracy very quickly compared to Monte-Carlo simulations.

In section 2, we discuss the experimental conditions and
briefly introduce the spectrum formation modeling [15, 68];
in section 3, we illustrate the topology of orbit-space and use
this space to represent the diagnostic sensitivity; in section 4,
we present a detailed investigation of the spectrum origin and
furthermore show the geometrical effects when different lines
of sight are employed; in section 5, a brief forward-model
study is performed, assuming isotropic alpha distribution; in
section 6 we discuss other applications of this formalism and
next steps for future studies; in section 7, we summarize our
results.

2. GRS measurements at JET and synthetic
diagnostics

The recent DT experiments in the Joint European Torus
(JET) generated magnetically confined plasma discharges
with deuterium-tritium gas mixes for the first time since the
late 1990 s in JET and TFTR [16, 18, 69-75]. GRS has
improved substantially since then and can now detect not only
the presence of a reaction due to a peak in the GRS spectrum,
but can also measure the Doppler broadening of the emission
lines [8, 20, 76—78]. However, due to neutron fluxes up to two
orders-of-magnitude higher than in non-DT cases, gamma-
ray detectors with limited throughput are difficult to employs;
in general [43], these are also the diagnostic which best pre-
serve the Doppler-broadening information, critical for fast-
ion studies. In JET, high-purity Germanium (HpGe) detect-
ors can be employed for studying the fine Doppler-broadened
structure of gamma-ray spectra due to fusion reactions [77].
There are two available lines of sight (LOS) for this type
of detector [79], as shown in figure 1, which we will refer
to as ‘Vertical’ and ‘Oblique’. The detectors are in fact loc-
ated several meters away from the plasma, but the LOS
portion outside the machine wall are omitted in figure 1.
The ‘Vertical’ LOS is perpendicular to the magnetic field,
while the ‘Oblique’ one, sometimes referred to as the KM6T
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Figure 1. Available lines of sight in JET for high-purity Germanium detectors. (Left:) poloidal view, showing also the magnetic axis (red
dot) and the surfaces of constant poloidal magnetic flux 1, (dashed lines). (Right:) top view. The colored ‘HpGe’ labels do not show the real
location of the detectors which are, in the LOS direction, several meters away from the plasma.

tangential view [80, 81], passes circa 20 cm below the plasma
core and has a 40° angle with respect to the magnetic field
at R = Ryis.

2.1. Vertical HoGe gamma-ray measurements in #99335

We consider plasma scenarios at JET with relatively low fusion
power, and hence gamma-ray production, which were per-
formed on the first day of the DTE2 campaign. In plasma dis-
charge #99335 [1], the magnetic field on axis was By = 3.34 T
and the plasma current was I, = 2.3 MA. The tritium dens-
ity was about 12% of the electron density, and the plasma
was heated by deuterium and tritium beams (evenly split) at
110keV for an average power of 7.3 MW, plus 2 MW of ICRF
heating at f = 54.6 MHz, i.e. off-axis high-field-side proton
minority heating, competing with second harmonic heating
of deuterium. The total neutron production in this shot was
4.7-10"7 neutrons. Relatively low neutron rates prevent the
HpGe detector from reaching saturation, which is necessary
for doing gamma-ray studies. In this work, we study gamma-
ray spectra generated by the two-step reaction

a+°Be > n+'2C*

2cx L1204 g, (1
where an alpha-particle (o) reacts with a beryllium-9 ion in the
plasma (°Be), generating an excited carbon-12 nucleus '2C*
in the first excited energy level (1 L); in the second step, after
a few picoseconds, the carbon nucleus decays by emitting a
photon with a nominal energy of Eg ~ 4439keV. The same
energy level (1 L) can be populated by the upper energy

level (2 L) [82], which decays to 1 L with 100% probability,
emitting a photon with Egz/g ~ 3214 keV; since this second-
ary reaction is comparable in probability only for high energy
alphas with E,, > 3.9 MeV, we account for it only in section 5
for more accurate forward modeling.

In figure 2, we show time traces of the parameters of interest
during shot #99335. The top and middle panel show the elec-
tron density and temperature on axis as measured by High
Resolution Thomson Scattering; the bottom panel shows the
NBI and ICRF heating power. The gamma-ray spectrum meas-
ured from the vertical LOS from figure 1 during the flat-top
phase of the discharge ¢ € [47,56] s, indicated by the gray ver-
tical lines in the panels, is the starting point for the develop-
ment of the formalism described in this paper. In figure 3, we
show the gamma-ray measurement obtained by integrating the
photon count-rate per unit energy, observed by the vertical
HpGe, over the flat-top phase. High-energy photons interact
with the germanium crystal via photoelectric effect, Compton
scattering and pair production [83], generating voltage pulses
that can be digitized; a calibration routine ensures a proper
mapping of the detector channels into gamma-ray energy bins
with AE, =5 — 10keV. Besides the main 4439 keV emission
line, the data comprise other features which can be qualit-
atively ascribed to the detector response function and to the
interaction of the fusion-born 14 MeV neutrons with the spec-
trometer. In this work, we do not aim at reproducing these data
accurately, which will be the subject of future work. We rather
use them as a motivation for the development of an orbit-
based formalism which may help at performing sensitivity
studies, as well as inversions, of these and other data in a future
study.
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Figure 2. (Top:) time trace of volumetric electron density on axis.
(Center:) time trace of electron temperature on axis. (Bottom:) time
traces of ICRF (red) and NBI (blue) heating power. The vertical
gray lines mark the time interval of interest for this study.

2.2. Synthetic gamma-ray diagnostic for the « + Be reaction

To aid the understanding of the spectrum in figure 3, we
develop a formalism to calculate the count-rate per unit energy
for gamma-rays generated by an alpha particle cold ring o with
energy and pitch-angle (Eno,Aqo) and local density ngo =
na(Ro,20) [84]. Following [67], the gamma-ray count-rate per
unit energy is given by

ANy AQp dNeo-
dEgdt)— 4m? &\ dt ),

COS A\¢o/ COS
sin /\Q‘o ’

I

Eg
Yeo! Eqwo

\/ V3o — LsinAeor
—1
X(Sin/\¢0/|Eg0\/’yéo,—l) s

where AQy,, is the solid angle seen by the detector;
(dNgo-/dt), is the rate of carbon produced by the alpha cold
ring with index o; yeor = fnuZZ + 1 and A, are the Lorentz
factor and pitch-angle of the excited carbon cold ring with
index o’; ¢ = arccos (¥, l;) is the angle of observation with
respect to the local magnetic field direction. The rate of excited

carbon generated by the alpha cold ring, in the approximation

X | sin® p—

@

/

JET #99335, t=[47.,56.] s

Egyo = 4.44 MeV
5 §  Vertical HpGe
HT 4
>
)
=3
o0
<,
o0
=
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0
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Figure 3. Calibrated gamma-ray spectrum measured using HpGe
detector facing the plasma from the top. The nominal energy for
a +° Be gamma-rays is indicated by the red vertical line.

of target beryllium at rest, can be written as:

dN¢ (Fa7/\€) _ NooNBe Vo do (Vaoa)\aoa/\e‘ara)
dt /. T dcosOcm

SERTCMI AT AN AV,
3

as described in [67], where the energy of the product E¢ is
derived as a function of the gyro-angle of the alpha-particle
I',. This is essential to make use of equation (3) within
equation (2). In brief, for a given pitch-angle A¢,/, one gyro-
angle I', leads to an excited carbon energy Eg./, which in
turn leads to a single gamma-ray spectrum (d*Ny/dE,/df)o-
scaled by the local carbon rate in velocity space (dN¢o-/d?);
summing over different o/ gamma-ray spectra, as done in
equation (2), forms the total observed spectrum.

According to equation (2), various parameters affect the
observed gamma-ray spectrum. Firstly, the spectrum integ-
ral scales linearly with the solid angle seen by the detector,
the reactant densities n,, and ng. determining the carbon rate
dN¢ /dt, and the size of the considered part of the measurement
volume AV; these all vary depending on the location (R, 7).
Secondly, the spectrum integral scales inversely with the nom-
inal gamma-ray energy Eqo and the speed of the excited car-

bonve =f¢-c=4/1— l/vé - ¢ and depends on the speed of
the fast ion v, via the reactivity ov,, contained in the car-
bon rate dN¢ /dt. Lastly, the spectral shape for a single carbon
cold ring is governed by the second line in equation (2): for
example, cos A\¢g = Vg - b — +1 (ie. strongly co- or counter-
passing orbit) or cos¢ = Vg - b — +1 (i.e. almost tangential
view) imply that the square root is defined for a very nar-
row range of Ey; namely, the spectrum becomes narrower and
higher.
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In the next section, we extend these calculations from
velocity space to fast-ion orbit space. This forms a complete
description of fast-ion two-step reaction GRS in toroidally
symmetric magnetic devices.

3. Orbit-space weight functions

A number of publications have investigated forward model-
ing in the phase space of guiding-center orbits to obtain the
phase-space sensitivity of different diagnostics [29, 37, 38,
41, 45, 56, 66]. Here, we study the phase-space sensitivity of
two-step gamma-ray fusion reactions, which can be particu-
larly relevant for alpha-particle diagnosis. The starting point
is the action-angle formulation of the forward model of the
total spectrum seen by a diagnostic. In the canonical space
(J,©), the action variable J; is a conserved quantity of the
motion associated with a specific angle variable ©; that is
cyclic, or ignorable, and can hence be marginalized without
loss of information. In this work, we adopt the guiding-center
orbit-space of energy E, maximum major radius Ry, and pitch
value at the maximum major radius pp = cos Ay [59, 85];
the corresponding angle coordinates are the time ¢, the initial
toroidal angle ¢ and the gyro-angle I'. In the top panel of
figure 5, we show the topology of fast-ion orbits for 3.5 MeV
alpha-particles in the magnetic equilibrium for JET discharge
#99335 att = 52s.

Orbits can be classified into six orbit types according to
the sign of the parallel velocity, if they change the sign of
the parallel velocity and if they encircle the magnetic axis or
not. One additional class is for lost orbits. This classification is
summarized in table 1. Lastly, an orbit triplet (Eq,Pam,Ram)
can be invalid if no orbit corresponds to it for this choice of
coordinates.

For a fixed gamma-ray energy E,, an orbit-space weight
function w(E,,J) describes the signal per ion from every orbit
inJ = (Eq,Pam, Ram). Mathematically, weight functions cor-
respond to the kernel of a Fredholm integral equation express-
ing the signal as a function of the distribution function, i.e.

(B AE) = [w(EAEDLWY. @
where the measured signal in GRS is the spectral density of

the gamma-ray count rate with energies between Ey = E; —
AE,/2and Eyy = E, + AEg /2, i.e.

E Ng (Eg2) — Ng (Eg1)
dr AE, ot

_d (AN ag-o [ d*N,
7dt AEg tot dEgdt tot

Equation (4) connects the GRS signal to the distribution func-
tion; the transformation is governed by the weight function.
The number of ions is given by N, = [ f(J)dJ. Since the left-
hand side of equation (4) is in unit gamma-rays per time per
energy bin, the units of the weight function is gamma-rays per

s (Eg, AE,) =

&)

time per energy bin per ion. We can compute the weight func-
tion via the forward model by computing the spectrum gen-
erated by an alpha-particle at a single phase-space point, and
repeating the computation for every location in phase space.
Formally, we can compute the weight function by putting N,
ions at phase-space location J, so that the distribution func-
tion can be written as
fa(]):Na(s(J_Jk) ) (6)
where §(-) is the Dirac delta-function. Inserting this in
equation (4) and integrating leads to
sk (Eg, AEg)

= Now (Eg, AEg, Jk) , @)

and hence

1
W(Eg7 AEg,Jk) = FSk(

[e3%

Ey, AE,) . ®)

Equation (8) shows how to compute the weight function and
requires that the signal generated by an ion at any phase-
space point k is known, i.e. we must have a forward model
of the GRS emission. In our case, k spans a subset of the com-
plete (Eo,Pam; Ram) phase space, such that invalid orbits, i.e.
phase-space points not corresponding to any possible orbit, are
avoided [59]. Given a certain orbit k, we calculate wy by integ-
rating the cold-ring signal equation (2) along the specific k
trajectory

2T Tk d
AE
wi(Ee, zﬂpkN [ ( >o,,f” o

x dtdep,

where T, & is the orbit poloidal transit time and 27 is the tor-
oidal domain size. The quantities A, A, nge and AV from
equations (2) and (3) now depend on space, which is paramet-
rized by time via the trajectories. The trajectories are calcu-
lated by time-integration over at least a full poloidal traject-
ory, via the Orbit Weight Computational Framework (OWCF)
[29]. The equations of motion are obtained from the relativ-
istic Lagrangian in extended guiding-center coordinates [86].
After integration, the trajectories are interpolated to equally-
spaced time points to calculate the gamma-ray count-rates
along the drift orbit. Consequently, a higher sensitivity (or sig-
nal, or gamma-ray count-rate) is obtained for orbits overlap-
ping the line of sight with low parallel velocity v, (7); a sig-
nificant example are the turning points of trapped orbits, in
jargon ‘banana tips’, where the fast alpha reverses its motion
toroidally. The beryllium density and temperature are assumed
to have analytically given dependencies on the normalized
poloidal flux coordinate p,, which we display in figure 4.
However, note that the analytic formulas we use for calcu-
lating GRS spectra assume that the beryllium temperature is
zero, which is found to be a good approximation for the alpha-
beryllium reaction [67].
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Table 1. Classification of fast ion orbit types in a tokamak based on the parallel-velocity evolution along the orbit and whether the orbit
encircles the magnetic axis. The parallel-velocity sign is defined with respect to the plasma current.

Orbit Type Sign of v, Encircles B axis
Co-passing Positive Yes
Counter-passing Negative Yes
Trapped (banana) Changes sign No
Co-stagnation Positive No
Counter-stagnation Negative No
Potato Changes sign Yes
Lost Any sign No

3.0 NBe - 1018 [m—3]

TBc [keV]
2.5 1

2.0 1
1.5 1
1.0
0.5 1

0.0 1

0.0 0.2 0.4 0.6 0.8 1.0
Pp

Figure 4. Profiles for the beryllium density (light green) and the
beryllium temperature (orange) used in the calculations, as a
function of the normalized poloidal flux coordinate.

Lastly, we remark that, in order to compute signals,
equation (4) is generally discretized to

d>N,
( g) zz:"‘/kfozkAJk:‘/VFoz7
tot k

10
dE.dt (10

where the phase-space volume element has been absorbed into
wg. The so-called weight matrix W is effectively a row-wise
stack of vectorized wy, from equation (9).

Figure 5 illustrates the formation of spectra associated with
a drift orbit. The top panel shows a topological map of the
orbits, as calculated by the OWCEF, for an alpha-particle energy
of 3.5MeV in JET discharge #99335. Each valid point gen-
erates a characteristic gamma-ray spectrum. As an example,
we have marked a potato orbit (black square) and plotted its
trajectory in the center panel (yellow line). In the poloidal
cross section of the tokamak, this orbit spends a large fraction,
about 70%, of the poloidal transit time (7, ~ 11 ps) in the dia-
gnostic line of sight. Each point in the line of sight of the HpGe
detector contributes to the spectrum formation. We mark three
example locations along that orbit and show the corresponding
gamma-ray spectrum, obtained by equation (2), in the bottom

panel (circle, square and triangle markers). The main spectral
feature is the double-peaked shape [10, 67, 76]: in the labor-
atory rest-frame, the gamma-ray emission from the excited
carbon is heavily biased by the alpha-particle momentum.
Additionally, one emission angle corresponds to two differ-
ent physical solutions for the carbon momentum; one solu-
tion, at low carbon momenta, generates the two narrow peaks
close to the nominal energy E, ~ 4439 keV; the second solu-
tion, at high carbon momenta, imprints a higher Doppler-
shift on the gamma-rays and generates the broader shoulder-
like features in the spectra at significant red- and blue-shifted
energies. Recall that we assumed zero velocity for beryllium.
Nevertheless, evaluating the same spectra via Monte Carlo
sampling with T ~ 4 keV (see central panel of figure 2) leads
to no appreciable additional broadening, suggesting that the
beam-target approximation is adequate in this case.

Equation (9) depends on the line of sight, as different geo-
metries have different solid angles A2, and observation
angles ¢. To study this effect, we consider two additional lines
of sight, i.e. the ‘Oblique’ one from figure 1 and a ‘Midplane’
one. The latter is taken after the ITER-like Radial Gamma-
Ray Spectroscopy system [44], which is co-planar to the toka-
mak cross section and passes through the midplane region
z~0.3m. We remark that, since the detailed response func-
tion is not considered in this work (see section 2.1), the same
modeling can be applied to any geometry. If one required com-
paring different diagnostic techniques, then the weight func-
tion formalism would actually allow to easily implement the
detector response function, for a more detailed study.

In figure 6, the leftmost panel shows the three lines of sight,
which are colored in shades of gray depending on the local
toroidal angle with respect to ¢ =0. Additionally, six differ-
ent orbit types with energy E, = 3.5 MeV are shown, where
Ram = 3.475m except for the counter-stagnation orbit with
Ram = 2.95m. One p,n, value is chosen for each orbit such
that they belong to different types. The color labeling is the
same as in the top panel of figure 5. In the other panels, the
orbit signals calculated from equation (9) are shown for, from
left to right, the ‘Vertical’ geometry, the ‘Midplane’ geometry
and the ‘Oblique’ geometry. For a single orbit, the expected
signal per ion (equation (8)) changes both in terms of absolute
counts and of spectral shape.

In the “Vertical’ case, the highest signal contribution is
from the counter-stagnation orbit (pink), whose trajectory
is entirely contained in the line of sight; the second-highest
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Figure 5. (Top:) orbit-space topology at the alpha birth energy,
where one exemplary potato orbit is highlighted with a black square
marker. (Center:) the selected orbit guiding-center trajectory is
projected on the poloidal plane of the JET magnetic equilibrium,
where three points are highlighted with circle, square and triangle
markers. (Bottom:) the selected trajectory points generate three
distinct gamma-ray spectra, calculated via equation (2).

contributions are from the trapped (blue) and potato (yellow)
orbits, whose vertical part of the trajectory coincides with the
line of sight, for the selected (Eq, pam, Ram) values (we refer to

this as the trajectory being ‘poloidally tangential’ to the line of
sight); the double-peaked shape of the spectra is more accen-
tuated for orbits whose v, value is closest to zero when they
overlap with the line of sight.

In the ‘Midplane’ case, the line of sight is significantly more
sensitive to co-stagnation (red) and counter-stagnation (pink)
orbits, since the difference in the fraction of total transit time
spent in the line of sight is even greater (with respect to the
other orbits) for this geometry, i.e. 100% of 7, compared to
5% —20% of 7, depending on the orbit; the double peak is
more accentuated for the co-stagnation (red) orbit because the
associated |pam| value is lower.

In the ‘Oblique’ case, the spectra are not left-to-right
symmetric for co-passing (green) and counter-passing
(purple) orbits, due to the oblique angle of projection (¢ in
equation (2)); on the contrary, particles on trapped (blue)
and potato (yellow) orbits traverse the line of sight with pos-
itive pitch on one part of the orbit and with negative pitch
on another part of the orbit, which leads to blue- and red-
shifted gamma-rays; additionally, one can see that this specific
counter-passing (purple) orbit generates the most signal since
its trajectory is ‘toroidally tangential’ to the line of sight when
seen from the top (refer to figure 7, right-most panel).

In the next sections, we visualize the weight functions in the
full phase-space. Essentially, the calculated spectra are ana-
lyzed together for a fixed detected gamma-ray energy. For
every energy bin of the diagnostic, this describes the sensitivity
of the diagnostic in the phase-space of guiding-center orbits.

4. Phase-space sensitivity

Weight functions w depend on the gamma-ray energy Eg, the
bin width AE,, the alpha-particle energy E,, the alpha-orbit
pitch value at the maximum major radius p,n, and the alpha-
orbit maximum major radius R, . Since we are limited to two-
dimensional visual representations, we fix E,, AE,, and one
of the orbit-space parameters (E,Pam, Ram ), 1.€. we consider
2D slices of the 3D orbit space weight functions. One may
alternatively integrate over the third orbit-space parameter [56,
66], but we would like to capture the sensitivity dependence by
slice. To achieve this, we select four representative gamma-ray
energies at fixed bin width, four representative alpha-particle
energies and four representative maximum-major-radius val-
ues. Figure 7 illustrates the chosen E,’s related to the experi-
mentally measured gamma-ray spectrum (leftmost panel), the
chosen E,,’s related to the known reactivity for *Be (o, ng)'>C
(center panel) and the chosen R,,’s related to the top view
of the tokamak geometry (rightmost panel). In the following
subsections, the line-style (solid, dashed, dash-dotted or dot-
ted) will identify the gamma-ray energy £, and the line-color
(red, green, orange or blue) will identify either the fixed energy
E,, or the fixed major radius R -

4.1. Vertical GRS detector at JET

Figure 8 illustrates the phase-space sensitivity for the vertical
line-of-sight geometry at JET, adopted for the measurement
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Figure 6. (Left:) poloidal projection of six types of alpha guiding-center orbits with energy E, = 3.5 MeV and three line-of-sight
geometries ‘Vertical’, ‘Midplane’ and ‘Oblique’. (Center/right:) GRS signal per ion for each of the six orbit types with, respectively,

“Vertical’, ‘Midplane’ and ‘Oblique’ lines of sight.
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Figure 7. (Left:) measured gamma-ray spectrum against the four selected energies i.e. red-shift at 4409 keV (dashed), nominal energy at
4439 keV (solid), blue-shift at 4469 keV (dash-dotted) and high-blue-shift at 4499 keV (dotted). (Center:) tabulated reactivity for

9Be(a, n)12C against the four selected alpha particle energies, i.e. E, = 3.9 MeV (blue), E, = 3.5MeV (orange), E, = 2.7 MeV (green)
and E, = 1.9 MeV (red). (Right:) top view of the tokamak geometry, with the three proposed lines of sight, against the four selected
maximum major radius values, i.e. Rom = 3.150m (blue), Rom = 3.315 m (orange), Rom = 3.480 m (green) and Rom = 3.645 m (red).

shown in figure 3. Each column shows four slices, at selected
alpha energies E,’s, of the orbit weight function at a selec-
ted gamma-ray energy E, (see figure 7). We plot topological
boundaries in addition to the calculated sensitivity patterns,
so to distinguish orbit classes from each other. The sensitiv-
ity is normalized by the maximum value wp,x in each panel,
and every panel shows the average sensitivity from the corres-
ponding 2D sub-domain, calculated as

1
(B AE 1) = 5755 [ [ WE B
x dJjdJ3

Y

with J = (Eq,Pam, Ram). The averaging excludes invalid and
lost regions , since the GRS signal from these regions is
negligible (even in the presence of a lost particle population).
Figure 8 shows a typical representation of orbit weight func-
tions, where the sensitivity can be studied as a function of
Pom and R, at given alpha-particle energy E,. The main
advantages of studying (Rom,Pam) slices is that the topolo-
gical boundaries between the different regions of orbit classes
do not vary significantly with the alpha energy E,,, and that all
regions are included for any slice in alpha energy. We remark
some features of the phase-space sensitivity as follows.
Firstly, there are several patterns caused by the geometry
of the line of sight. This line of sight is most sensitive to
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Figure 8. Orbit-space sensitivity for the ‘Vertical’ line of sight described by four weight functions at different gamma-ray energies
(column-wise), sliced at four different alpha-particle energies (row-wise). The panel frames specify E; and E,, according to figure 7, while
panel legends indicate the average sensitivity (w). The gray vertical lines are a reference for the figure 9 slicing.

counter-stagnation orbits since they spend a large fraction of
the poloidal transit time in the line-of-sight.

Secondly, the diagnostic is almost completely insensitive to
co-stagnation orbits, which are localized on the low-field side
of the magnetic axis. This area is not observed at all by the
diagnostic.

Third, a thin strip of sensitivity always crosses the region
of trapped orbits, which corresponds to those trapped orbits
that have their turning points, or ‘tips’, in the line-of-sight.
The sensitivity is high, up to 0.5 in normalized units, since
the particles spend a large fraction of their time, up to 50% of
Tp, near the banana tips. Lower p.n, trapped orbits, i.e. deeply

trapped orbits (compare top panel of figure 5) are never
observed, since their entire trajectories lie entirely on the low-
field side of the line of sight and are never observed.

Fourth, the co- and counter-passing regions have their
highest sensitivities for low Rp,. These orbits spend much of
their trajectories in the line of sight as the near-vertical part of
their orbit coincides with the line of sight (poloidal tangency).
Co-passing orbits at larger Ry, spend only a short time in the
line of sight when the near-horizontal part of the orbit crosses
the line-of-sight.

Fifth, the phase-space sensitivity of the red- and the blue-
shifted parts of the spectrum, for equal red- and blue-shift, is
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Figure 9. Orbit-space sensitivity for the ‘Vertical’ line of sight described by four weight functions at different gamma-ray energies
(column-wise), sliced at four different maximum major radii (row-wise). The panel frames specify E; and Rom according to figure 7, while
panel legends indicate the average sensitivity (w). The gray vertical lines are a reference for the figure 8 slicing. Additionally, in the
rightmost column, the observable topological regions are labeled according to this representation..

very similar (dashed and dash-dotted frames). This is expec-
ted for the perpendicular line-of-sight geometry, and leads to
spectra that are nearly left-to-right symmetric regardless of the
alpha particle distribution function.

Lastly, the dependence of the weight function on E, has
different effects, depending on the Doppler-shift. For high-
blue-shift (dotted frame), higher E,, (from red to blue frames)
widens the sensitivity area towards higher |pom| orbits. If the
alpha-particles are strongly passing (|pam| ~ 1), they cannot
produce large Doppler shifts for perpendicular lines of sight.
On the contrary, for zero Doppler shift (solid frames) the per-
pendicular line of sight is mostly sensitive to alpha-particles

with |pam| ~ 1. The region of highest sensitivity widens as the
alpha energy goes down (from blue to red frames), since low-
momentum carbon has a wider emission range in the labor-
atory frame [67] (recall that there are two solutions to energy
and momentum conservation, one resulting in low-momentum
carbon and the other in high-momentum carbon). The same
effect is barely noticeable for red- and blue-shift (dashed and
dash-dotted frames), where the only significant change is in
the average sensitivity value (w) as defined in (11).

In figure 9, the weight function from figure 8 is plotted by
slicing the 3D phase-space at the four R, values illustrated
by four gray lines in figure 8. The topological regions vary
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Figure 10. Orbit-space sensitivity of the ‘Midplane’ line of sight as described by the calculated weight function for four different
gamma-ray energies (column-wise) and four different alpha-particle energies (row-wise). The panel frames specify E, and E,, according to

figure 7, while panel legends indicate the average sensitivity (w).

quite significantly from row to row, i.e. changing R, (see
figure 7). As before, the four columns correspond to weight
functions at four different gamma-ray energies E,;. The main
feature of the representation in figure 9 are the undulatory pat-
terns as a function of E,, which are due to the resonant nature
of the fusion reaction (see center panel of figure 7). Another
interesting feature is the dependence of (w) on the R,,,, values:
the smaller R, (from red to blue frames), the higher the over-
all sensitivity, since the fraction of poloidal transit time spent
in the chosen line of sight becomes larger (see equation (9)).
Lastly, we note that at high-blue-shift (dotted frames) the neg-
ative pom region is only observed for increasingly smaller

R.m (from red to blue frames), as could be observed in
figure 8 as well.

4.2. Midplane and oblique line-of-sight geometries

In the following, we study the phase-space sensitivity patterns
for different lines of sight, using the ‘Midplane’ and ‘Oblique’
geometries introduced in figures 1, 6 and 7. We choose to
represent the weight functions w sliced in the (Ram,Pam)
plane, at constant energies E,,. Figure 10 illustrates the phase-
space sensitivity pattern of a gamma-ray spectrometer for a
perpendicular, horizontal line of sight lying in the midplane of
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the torus. In comparison with figure 8, we remark the phase-
space sensitivity features as follows.

Firstly, almost all orbits pass through this line of sight loc-
ated in the midplane, so there is no exclusion of entire areas
due to the geometry of the line of sight.

Secondly, this geometry is very sensitive to co-stagnation
and counter-stagnation orbits, since these poloidally-small
orbits are for the most part contained within the line of sight.
For the ‘Vertical’ geometry, this was the case for counter-
stagnation only.

Third, so-called ‘banana tips’, i.e. the turning points for
trapped orbits, can only be observed for deeply trapped or
marginally trapped particles with this line of sight, so the sens-
itivity within the trapped particle region is highest for those.

Fourth, at the nominal gamma-ray energy (solid frames),
the signal is dominated by orbits with both low R, and high
absolute value |pom|, for which the alpha particle velocity pro-
jection towards the detector is small. These two regions of
high sensitivity spread towards lower |p,m| as the alpha energy
decreases (from blue to red frames).

Fifth, there is symmetry in the patterns between red-
shifted (dashed frames) and blue-shifted (dash-dotted frames)
gamma-ray energies, since the line-of-sight is still perpendic-
ular. However, at the same time, up to a 10% difference is
observed in (w). This discrepancy decreases with energy E,
(from blue to red frames), and is likely due to a relativistic
effect on the Doppler shift imprinted by the carbon on the
gamma-ray: this tends to skew the probability in favor, albeit
slightly, of the blue-shifted side of the spectrum.

Lastly, we note also that the average sensitivity, regardless
of the patterns in orbit phase space, is two to three times higher
than the calculations presented in figure 8. This is due to the
high sensitivity of both co- and counter-stagnation orbits.

In figure 11, we show the sensitivity pattern for an oblique
line of sight, which additionally does not pass through the core
of the plasma (~20 cm below the midplane). We highlight the
phase-space sensitivity features as follows.

Firstly, the diagnostic is largely insensitive to co- and
counter-stagnation orbits, which are localized close to the
midplane. This region is not covered by diagnostic, as seen
in figure 6.

Secondly, a clear difference in the sensitivity patterns can
now be observed between red-shifted (dashed frames) and
blue-shifted (dash-dotted frames) gamma-ray energies Eg,
since the line of sight is oblique with respect to the mag-
netic field. This leads to an asymmetric projection of the alpha
particle velocity, which ultimately governs the gamma-ray
Doppler shift [67]. This is crucial for distinguishing co- from
counter-passing orbits [38, 64]. At even higher blue-shift (dot-
ted frames), no counter-passing orbits are observed at all.

Third, in the negative p,m region, we can now distin-
guish two separate almost-vertical regions of high sensitiv-
ity, especially for red-shifted gamma-ray energies (dashed
frames). The leftmost one, at lower R, corresponds to orbits
that are poloidally tangential to the line of sight, i.e. whose
lower half of the trajectory overlaps significantly. The right-
most one, at higher R,,, corresponds to orbits that instead
are toroidally tangential, i.e. the high-field-side portion of the

trajectory overlaps significantly. The same effect is not seen
for co-passing orbits since they drift from the initial flux sur-
face towards the outer side of the tokamak, away from the
chosen line of sight.

Fourth, the thin sensitivity strip passing through the trapped
region (see top panel of figure 5) is now closer to the boundary
with the co-stagnation region, which is where deeply trapped
orbits have their lower banana tips in the line of sight.

Lastly, the average sensitivity (w) is slightly lower than for
the previous cases (figures 8 and 10). The reason is that all
visible orbits are observed for only a fraction of their traject-
ory, unlike stagnation orbits for the previous two geometries
(figures 9 and 10).

4.3. Distinction of co- and counter-going ions

In 2D velocity-space, it was shown [14, 23] that a detector
with a line of sight perpendicular to the magnetic field is not
sensitive to the sign of p, = cosA,. In other words, a co-
passing particle generates the same spectrum as a counter-
passing one with the same perpendicular velocity and the same
absolute value of the parallel velocity. Any attempt of recon-
structing f, leads to solutions that are always mirrored about
cos \, = 0, i.e. negative and positive pitch information is blen-
ded together. In the following, we want to study this behavior
in the (Ey,pam,Ram) space [38, 64] for two-step GRS, with
the complication that the space itself is not symmetric about
Pam = 0 in this case (note that pom 7 pe). In general, if two
distinct phase-space points k' and k// lead to the same signal
at all gamma-ray energies E, then the corresponding informa-
tion in the weight function is the same, i.e. wpy = wy,,, and the
orbits are indistinguishable. To quantify distinguishability of
orbits’in a systematic way, all over phase space, we compute
the singular value decomposition (SVD) [87] of the weight
function matrix W € R™*", where m is the number of meas-
urement points and 7 is the size of the phase-space grid, as
discussed in [14, 52]. This reads
w=uxv! (12)
where U € R™™ and V € R"*" are the matrices of, corres-
pondingly, the left and the right singular vectors, while > €
R"™*" is the matrix of which diagonal entries are the singular
values. In inverse problems solved by zeroth-order Tikhonov
regularization [45], the solution will be a linear combination
of the singular vectors, which act as ‘basis functions’; V;’s are
for the distribution function and U;’s are for the signal. The
weight, or ‘importance’, of each basis function V; (or U)) is
given by the corresponding singular value o;, which monoton-
ically decrease with the index i: higher order singular vectors
capture smaller features in the distribution function, but also
tend to amplify the noise contained in the signal. Nevertheless,
our decomposition of the weight matrix does not depend on
noise, and the first few right singular vectors reveal properties
of the diagnostic system independent of any noise, which we
present here.
In figure 12, we show the ten most important basis func-
tions for the ‘Vertical’ line of sight at energy £, = 3.5MeV,
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Figure 11. Orbit-space sensitivity of the ‘Oblique’ line of sight described by four weight functions at different gamma-ray energies
(column-wise), sliced at four different alpha-particle energies (row-wise). The panel frames specify E; and E,, according to figure 7, while

panel legends indicate the average sensitivity (w).

with associated singular values reported at the top of each
panel. The first right singular vector indicates which parts of
the phase-space the diagnostic is most sensitive to. At higher
orders, smaller features are resolved, but any pattern at posit-
ive pam, Whether positive (red) or negative (blue), is present
in some way at negative p,m, which suggests that it is very
difficult to distinguish co- and counter-going ions with this
view. The patterns are finer in p,,, for high orders, compared
with R, direction, where long tails extend to high maximum
major radii.

In figure 13, we show an SVD study for the ‘Oblique’ line
of sight at the same energy E, = 3.5MeV. In this case, we

observe the difference in phase-space regions that are covered
(as already shown in figure 11) and, most importantly, the
different behavior of the right singular vectors. In particular,
the first few odd singular vectors V5 clearly distinguish co-
from counter-passing orbits, as no pattern is repeated with the
same color (and the same shade) on either sides of p,, = 0. In
fast-ion tomography [14, 52], this is a key property for achiev-
ing proper reconstructions of the sought distribution—in this
case f .

In the following section, we calculate the spectra from a test
f« distribution function and compare it with the experimental
measurements.
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5. Forward modeling

In addition to sensitivity analysis, weight functions allow us
to perform forward modeling studies rapidly and efficiently.
If many distributions are considered and many spectra have to
be calculated, weight functions are advantageous. By assum-
ing a realistic distribution function f, in equation (10), we

can immediately solve for the expected measured signal and
compare it with the experimental spectrum recorded during
a discharge. In our case, we can attempt to model the spec-
trum from the JET shot in figure 3 by means of the weight
function computed and shown in figure 8(which is the same as
figure 9). As mentioned in section 2.1, we additionally need to
consider the three-step decay of the excited carbon whenever it
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is generated on the upper energy level 2 L (see figure 7 center
panel for the associated reactivity). This reads

a+'Be — n+'2 C**
lZC** _>l2 C* +g/
Per - C+g.

13)

The model, in this case, is analogous to the one used for (1),
where we additionally calculate the recoil, albeit small, from
the first photon g’ that is emitted with nominal energy
E,19 ~3213keV by the excited carbon. Equation (3) calcu-
lates the emitted carbon distribution for the updated excited-
carbon mass me = muc+ Egro + Ego; then a recoil is cal-
culated according to conservation of four-momentum while
emitting g’ isotropically in the carbon rest frame; finally, the
spectrum for the emission of the gamma-ray g can be calcu-
lated as usual with equation (2). The resulting weight function,
which we can call w/, corresponds to a new weight matrix W’
such that equation (10) becomes:

(

for a more accurate calculation.
At this point, we assume the alpha-particle distribution to
be separable in (Ey,pa,Ra,za) Space, i.e.

&N,
dEydr

) ~ 3 W+ W) far A = (W+ W) Fo, (14)
tot k

Ja (EmpavRaaZa) =N, 'fa (Ea)foz (Pa)f‘a (Ra)fa (Zoc) ,
(15)

where N, = 107 and a hatted distribution function is such that

jffKX)dx::I. (16)

In position space, we adopt the (R, z) coordinates since fast-ion
distributions are in general not flux functions, due to the sig-
nificant orbital drift for large energies. Equation (15) works
as long as alphas are primarily produced in the core and the
plasma can be assumed sufficiently uniform there; we there-
fore assume the plasma parameters to be position-independent
in this case. We choose the energy distribution to be a (hatted)
standard slowing-down distribution [84]

3

2m(1+(

\/EQH(EQO —Ea)
>3/2> Ei/erEg/z J

#SD
o

(Ea) a7
Ea

EC

with E, as the critical energy, where collisional drag on elec-
tron is as strong as on ions, E,o = 3.5 MeV as the fusion-born
energy and H(-) an Heaviside function. The distribution in
pitch is uniform, i.e. we neglect any pitch anisotropy induced
by the beam deuterium/tritium that generate the alphas. The
distributions in (R, z) are Gaussians centered at the core of the
plasma, reading

fo? (Ra) fg (za) :faG (Ra,za)
1 (ch 7Raxis)2
- 2012e

_ (Za — Zaxis)2
202

4mlogo,

)

(18)

where og = 0.15m and o, = 0.175 m. Before proceeding, we
map the ‘particle-space’ distribution function

N, ~ ~
fa (EaapouRouZa): Tast(Ea) f(S (Rouza) (19)
into orbit space, which is where our weight function
W(Eqy, Pams Ram) is defined, such that [88, 89]:

fa (EompocaRouZa) dEadpadRadZa

:fa (EompamyRozma t) dE(ydpadeo/mde ) (20)
where f,, (Eq, Pam, Ram, ©) is then averaged over the poloidal
phase of the particle around its trajectory [88], i.e. O, to get

fa (Eaapam,Ram) = /fcx (Ea7pamaRama@)d® . (21)

Since the mapping from particle space to orbit space is
performed by Monte Carlo sampling, we additionally keep
track of the initial pitch value p, for each of the markers.
This allows us to split the orbit-space distribution function
in four sub-populations, as shown in the smaller panels on
the left of figure 14. One population has strongly counter-
passing particles (purple frame), one population has weakly
counter-passing particles (brown frame), one population has
weakly co-passing particles (pink frame) and one popula-
tion has strongly co-passing particles (gray frame). The noise
in the represented distributions is due to a limited, albeit
large, number of samples used for the mapping (a few mil-
lion samples); in each of the cases, the calculated synthetic
signal is converged accurately enough for our purposes, des-
pite the remaining Monte Carlo noise one can notice in the
distributions.

In the rightmost panel of figure 14, the signal for each
sub-population is shown separately, computed by applying
equation (10). One can see a clear distinction in spectral shape,
as the double-peak feature disappears whenever strongly co-
and counter-passing orbits are considered. This effect is clear
also from looking at the nominal-energy (i.e. zero Doppler
shift) column in figure (8), where most of the signal is due
to very high |pom| orbits. Comparing the synthetic spectra
with the experimentally measured spectra in figure 3, we note
that the HpGe detector detects a double peak which seems to
suggest a larger trapped population compared to the strongly
passing populations. We discuss a possible explanation for this
in the next section. The detector is 10% — 30% more sensit-
ive towards counter-passing orbits, which gives a difference
in total signal between co- and counter-passing particles; this
happens because some orbits have a higher overlap with the
specific line of sight, combined with the spatial gradient of
the reactant ng. that is assumed in our calculations. Finally,
we notice that the E,-integral of the spectra is one order of
magnitude higher than what was measured during the actual
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Figure 14. The smaller panels on the left show the (Ea,pam,Ram) distribution function mapped from (19) and divided into p,, splits. The
rightmost panel shows the (rescaled) gamma-ray spectrum from 9Be(cu7 ng)IZC as calculated from the discrete forward model equation (10),

alongside with the experimental data from figure 3.

experiment (the time integration performed in figure 3 gives
a factor of ~9). This is due to the detection efficiency of the
instrument, which is being neglected here, and furthermore to
the uncertainty on both the reactant densities, which we have
set here to n, = 10" m~3 and ng. = 10" m~3 in the core of
the plasma.

6. Discussion

In the previous sections, we presented the orbit-space exten-
sion of two-step gamma-ray sensitivity studies for synthetic
detectors with varying lines of sight. This information is
encoded in weight functions. For the °Be(a,ng)'?C fusion
reaction, calculations by full Monte Carlo sampling of the
reactant velocities and calculations by the beam-target formu-
las in section 2.2 agree very well. This is because thermal
broadening is smaller than the intrinsic broadening due to
the intermediate step where an excited nucleus is emitted in
any direction in the center-of-mass rest frame. This is also
expected for '°B(«, pg)!3C, an analogous reaction that can be
exploited for alpha-particle detection in non-Be machines such
as ITER [44, 67, 90]. The formalism we developed [29] can be
applied to any other relevant two-step gamma-ray producing
reaction [79, 82, 91-96], provided that the cross section data
is available, and study any corresponding change in the orbit-
space sensitivity.

Lastly, we show in figure 14 that the generated alpha-
particle population may have a distribution function
that in some way differs from the expected fusion-born

pitch-isotropic distribution function. Indeed, in the chosen
discharge, two megawatts of radio-frequency at 54.6 MHz was
employed for proton minority heating. This heating scheme
can also accelerate bulk deuterium via second harmonic res-
onance. Furthermore, we note that the Z/A ratio, and hence
fundamental cyclotron frequency w, = ZeB/m, is the same as
for alpha-particles [97]. The resonance condition in this case
is met on axis for a certain Doppler shift kv, where k|| is the
wave-vector component that is parallel to B and v, is the fast
alpha parallel velocity. This RF heating is expected to heat ions
in the perpendicular direction [57, 98, 99] and drag a tail in
the distribution function towards p = 0 at higher energies. We
speculate that the alpha-particle population might be heated by
this ICRF scenario, too. To explore this idea and mimic these
conditions, we employ a bi-Maxwellian distribution function
[84], with parameters 7,1 =450KeV and T, =45KeV,
and sample the corresponding orbit-space distribution func-
tion (as done in equation (20)). The resulting distributions
are shown in figure 15 in (E,p,r,z) space on the left and in
(E,pm,Ry,) in the center. In the rightmost panel of figure 15,
the spectrum computed via equation (14) has been rescaled
to match the experimental data from figure 3. In this work,
we do not attempt to fully reproduce the data, as this would
require to take into account the signal induced on the detector
by the 14 MeV fusion-born neutrons, the detailed instrument
response function and the additional background contribution
possibly due to nuclear inelastic scattering of neutrons on the
JET divertor tiles [10]. Despite these complications, the sig-
nal we calculate from our assumption of bi-Maxwellian alpha
distribution shows the characteristic double-hump feature
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Figure 15. The first two panels on the left show the (R, z.) distribution and the (Eq,p. ) distribution accounting for radio-frequency
heating of alphas. The panel in the center shows the corresponding orbit-space distribution function, sliced at £, = 3.5 MeV. The rightmost
panel shows the (rescaled) gamma-ray spectrum from 9Be(a, ng)12C as calculated form the discrete forward model equation (14), alongside

with the experimental data from figure 3.

[77] found in the data; this suggests that the alpha-particle
distribution function generated in this discharge may not
be isotropic. Detailed modeling of the gamma-ray spectrum
measured here and in similar discharges will be the subject of
future work.

7. Conclusions

This work shows the spectrum calculations for two-step
gamma-ray fusion reactions in the phase-space of guiding-
center orbits. This is an extension of previous works made
in two-dimensional velocity space [19, 67], where the same
reaction “Be(c,ng)!?C is treated. The calculations allow us
to quantify the sensitivity, in terms of amount of signal per
ion, in the (E4, pam, Ram) space by means of the weight func-
tion formalism. Different sensitivity patterns arise depending
on the chosen line-of-sight geometry, which induces velocity-
space effects according to the required Doppler shift and
position-space effects according to the tokamak region that is
observed. If co- and counter-going ions can be distinguished
depends on the line-of-sight geometry which is reflected in the
weight functions and can be studied by SVD techniques. We
highlight the need for an oblique view with respect to the tor-
oidal direction in order to be able to tell co- and counter-going
apart. Evaluating a weight function also allows to swiftly com-
pute forward-model problems and compare the expected sig-
nal to the measured signal for different f, distributions.
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