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Carlo tuning
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Precise modeling of detector energy response is crucial for next-generation neutrino experiments,
which present computational challenges due to the lack of analytical likelihoods. We propose a
solution using neural likelihood estimation within the simulation-based inference framework. We
develop two complementary neural density estimators that model likelihoods of calibration data:
conditional normalizing flows and a transformer-based regressor. We adopt JUNO— a large neutrino
experiment— as a case study. The energy response of JUNO depends on several parameters, all of
which should be tuned, given their non-linear behavior and strong correlations in the calibration data.
To this end, we integrate the modeled likelihoods with Bayesian nested sampling for parameter
inference, achieving uncertainties limited only by statistics with near-zero systematic biases. The
normalizing flows model enables unbinned likelihood analysis, while the transformer provides an
efficient binned alternative. By providing both options, our framework offers flexibility to choose the
most appropriate method for specific needs. Finally, our approach establishes a template for similar
applications across experimental neutrino and broader particle physics.

The new precision era in neutrino physics1 demands accurate detector
energy response characterization. The relationship between the energy
released by a neutrino interaction in the detector (deposited energy) and the
measured experimental quantities rarely follows a simple analytical form in
high-precision detectors, instead representing a complex function, depen-
dent on detector geometry, material properties, and interacting particles.

The absence of analytical descriptionsnecessitates sophisticatedMonte
Carlo (MC) simulations that account for a wide range of physics effects.
However, these simulations may depend on multiple parameters that
summarize complex behaviors. Despite implementing detector properties
based on the best available knowledge, inherent uncertainties and necessary
simplifications remain. These limitations mean that simulations typically
require further refinement to accurately reproduce experimental observa-
tions through a process known as MC tuning, which involves systematic
adjustment of simulation parameters to achieve agreement between simu-
lated outputs and experimental data.

For MC tuning, parameter inference requires a likelihood function
p(x∣ϕ), where x represents either simulated or observed data and ϕ are the
parameters to be tuned. Once constructed, this likelihood enables recovery
of the parameter valuesϕ that bestmatch the observed data x. However, this

likelihood function is computationally intractable directly fromsimulations.
Approaches employed in neutrino experiments of the previous generation,
likeBorexino2 andDayaBay3, involve iterativeMCtuningwhereparameters
are adjusted manually to match calibration data. However, this becomes
computationally prohibitive for modern experiments.

Simulation-Based Inference (SBI, or likelihood-free inference)4–9

addresses this challenge by learning likelihood or posterior approximations
directly from simulations. These techniques are now widely used across
multiple scientific domains, including cosmology10–12, astrophysics13–15,
accelerator16–19, and neutrino physics20,21, and beyond22,23. Within SBI,
Neural Likelihood Estimation (NLE) constructs approximations to the
likelihood function p(x∣ϕ), while Neural Posterior Estimation (NPE) learns
the posterior q(ϕ∣x) directly and is attractive for ultra-fast inference. NLE
separates likelihood estimation from statistical inference, retaining full
control over statistical interpretation and uncertainty quantification. The
choice between NPE andNLE is guided by data dimensionality, simulation
cost, and the need for transparent statistical treatment.

The Jiangmen Underground Neutrino Observatory (JUNO)24,25

exemplifies these challenges. The experiment consists of a central detector
containing a 2 × 107 kg liquid scintillator-based (LS) target within a 35.4 m
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diameter acrylic sphere, monitored by 17,612 20” and 25,600 3” photo-
multiplier tubes (PMTs), converting light produced in the detectormedium
to electric charge. This design yields exceptional light collection, quantified
by the total number of photons converted to electrons by the PMTs, i.e., the
number of photo-electrons Np.e.. In our analysis, we exploit only the 20”
PMTs, which provide the most precise energy measurement by detecting,
on average, 1600 photo-electrons when a 1MeV gamma loses all its energy
at the center of the detector. However, incorporating the 3” PMTs is
straightforward if needed. JUNO’s primary goals include determining the
neutrino mass ordering26 and measuring three oscillation parameters
(Δm2

21, Δm
2
31, sin

2θ12) with sub-percent precision27, alongside a broad
program exploring phenomena from geoneutrinos to supernovae28–35. As a
large-scale, next-generation LS detector, it requires exceptional energy
resolution and control over energy-related systematic uncertainties25 to
achieve its goals. Thus, JUNO’s complex, non-uniform, and non-linear
response36, coupled with its strong reliance on highly precise MC simula-
tions, makes it a suitable platform for developing and validating SBI
approaches.

The energy response in JUNO is characterized by three keyparameters
with different physical origins and effects: (1) the Birks’ coefficient (kB),
whichmodels the non-linear energy quenching at high ionization densities,
where part of the energy deposited by the particle is dissipated as heat in the
LS rather than being converted into scintillation light; (2) the LS absolute
light yield (Y),whichdefines thenumberof scintillationphotons emittedper
unit energy after quenching; (3) the Cherenkov light yield factor (fC), which
scales the energy-dependent yield of photons originating from Cherenkov
radiation. Both kB and fC model the non-linear relation between the
deposited energy and the collected charge, while Y scales energy response
linearly36. Precisely calibrating these parameters within JUNO’s MC simu-
lation framework37 is pivotal for mitigating systematic uncertainties. Fur-
thermore, accurate simulations are important for any machine learning
(ML) applications used in JUNO38–44, preventing performance degradation
due to discrepancies between simulated training data and real
experimental data.

To constrain the energy response model and determine the optimal
(kB, fC,Y) parameters, JUNOemploys a comprehensive calibrationprogram
using radioactive sources deployedat various positionswithin thedetector45.
The strong correlations between kB, fC, andY require a combined analysis of
multiple sources with different energy spectra to break parameter degen-
eracies. Further details can be found in the JUNO’s calibration strategy
paper45.

For each event of the calibration data, the total signal collected by the
PMT array can be summarized by the total number of photo-electronsNp.e.

detected by all channels. Since the energy response is modeled at the event
level, this compression of the full PMT-wise information into one-
dimensional Np.e. distributions enables efficient likelihood modeling while
preserving the information relevant for parameter estimation.Np.e. serves as
a proxy for the visible energy of an event and translates to the x in the
notation used above, while ϕ is the vector of the energy response para-
meters (kB, fC, Y).

In this work, we employ the NLE method to address the challenge of
MC tuning. We first train a model for the likelihood estimation using
simulation data and then combine that model with conventional statistical
tools to obtain the posterior. We use simulated data corresponding to five
different calibration sources placed at the detector center: three gamma
sources (137Cs, 40K, 60Co) and two neutron sources (241Am-Be, 241Am-13C).
For neutron sources, the final state usually consists of an excited state (12C*,
16O*, respectively) emitting a gamma, and a neutron, which is captured by
hydrogen (n-H)or carbon (n-12C) atoms in theLS, leading to the emissionof
an additional gamma. Note that the light emission properties of the scin-
tillator are position-independent, and the detector center is chosen to follow
JUNO’s calibration strategy, where some sources are deployed exclusively at
the center. Should position-dependent calibration be desired to further
increase dataset statistics, our method naturally extends by treating source
position as an additional conditioning variable. We develop two

complementary neural density estimators that construct approximations to
the p(x∣ϕ) function using calibration data: a Transformer Encoder Density
Estimator (TEDE)46 that maps energy response parameters to histogram-
based density approximations, and a Normalizing Flows Density Estimator
(NFDE)47–49 that models continuous probability densities for unbinned
analysis. We integrate these learned likelihood approximations with Baye-
sian nested sampling50,51 for inference of the energy response parameters.
This paper also represents a substantial extension of our previous work52,
where we studied TEDE and a Wasserstein generative adversarial network
with gradient penalty53,54.

Both developed NLE methods successfully recover JUNO’s energy
response parameters (kB, fC, Y). Through systematic uncertainty estimation
analysis across 1,000 parameter combinations and varying statistical
exposures, we demonstrate robust parameter estimation with proper
uncertainty quantification in a highly correlated parameter space. Both
methods provide parameter estimates with near-zero systematic bias and
uncertainties limited only by statistics. Beyond the application to JUNO, this
work establishes a methodological template for applying NLE across
experimental neutrino physics for various problems where analytical like-
lihoods are intractable. As experiments like DUNE55 and Hyper-
Kamiokande56 come online with increasingly stringent precision require-
ments, NLE (and SBI methods, in general) will become essential tools for
extracting maximum physics information from data.

Results
Approach overview
As discussed above, the NLE approach requires models that can approx-
imate the conditional probability density function (PDF) p(x∣ϕ), where x
represents the observations (the total number of photo-electrons Np.e. as a
proxy for the visible energy) andϕdenotes theparameters to be inferred.We
present two complementaryNLE implementations: TEDE andNFDE, both
targeting the conditional density p(x∣ψ), where ψ = ϕ ∪ S = {kB, fC, Y, S}
combines the energy response parameters (ϕ) with the calibration source
type (S). Incorporating S as an additional conditioning variable alongside ϕ
enables us to utilize models in a unified way to handle different calibration
sources during the parameter inference process, where all five calibration
sources are fit simultaneously to jointly constrain the energy response
parameters. Thus, the TEDE and NFDE models serve as fast likelihood
estimators for the computationally expensive MC simulations.

While both approaches target the same conditional density estimation
task, they differ in how they handle the problem. In the setting of the TEDE
approach, we first approximate the conditional density using a histogram
representation, then the TEDE model is trained to learn a direct mapping
fromψ to the bin-to-bin approximations of the corresponding density. This
approach naturally integrates with binned likelihood analyses. In contrast,
NFDE directly models the continuous probability density through nor-
malizing flows, enabling unbinned likelihood evaluation that preserves the
full information content of the data. Below, we briefly outline the technical
details of bothmodels, while their comprehensive description can be found
in the “Machine learning approach” subsection in Methods. Additionally,
model training and hyperparameter optimization are described in the
“Hyperparameter optimization and training” subsection in “Methods”.

Specifically, the TEDE model uses a transformer encoder architecture
to learn the mapping from input parameters ψ to histogram-based density
approximations. The energy range, expressed inNp.e., from 400 to 16,400, is
divided intoNb =800 binswith awidth ofΔx=20Np.e.. Themodel produces
probability density values for each bin through a temperature-scaled soft-
max layer, which is given by:

bpTEDEi

n o
i¼1...Nb

¼ 1
Δx

ezi=TPNb
j¼1e

zj=T

( )
i¼1...Nb

; ð1Þ

where zi are the raw values from the preceding layer and T is the softmax
temperature hyperparameter, which controls the sharpness of the output
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distribution. By construction, this ensures proper normalization of the
PDF:

PNb
i¼1bpTEDEi Δx ¼ 1.

The NFDE model employs an exact approach to conditional density
estimation based onnormalizingflows. In the density estimation setting, the
normalizingflowsmodel is trained to transforma complex distribution into
a well-known simple base distribution through a sequence of invertible
transformations, flows. Usually, and in our specific case, the normal dis-
tribution is used as the base distribution. Invertibility of the flows allows
transformation in both directions. The direction from the complex dis-
tribution to the base distribution is called normalizing direction (following
the fact that thenormal distribution is a commonchoice),while the opposite
direction is called generative direction, since it allows us to produce new
samples of the complex distribution by sampling from the base and passing
the base samples through themodel. The density estimation is based on the
normalizing direction of the flow because it allows the exact likelihood
computation for each value of the complexdistribution.We train theNFDE
model to transform the complex energy distributions of the calibration
sources to the standardnormal distribution through a sequence of invertible
transformations fθ, conditioned on ψ via dedicated neural network-based
parameterizations. The exact probability density at any energy value x is
then computed using the change of variables formula:

bpðxjψÞ ¼ pZðf θðxjψÞÞ
∂f θðxjψÞ

∂x

���� ����; ð2Þ

where pZ is the density of the standardnormal distribution and the Jacobian
determinant, which is computed analytically, accounts for the volume
change induced by the transformations.

The principle of this normalizing flow approach is illustrated in Fig. 1,
which showshow the complex,multimodal energy distribution of 241Am-Be
is transformed through a sequence of 120 conditional flows into a simple
Gaussian distribution. These transformations enable exact likelihood
computation for unbinned data points—a key advantage for parameter
estimation.

We evaluate the performance of both approaches in two stages. First,
we demonstrate the ability of the models to accurately reproduce complex
energy spectra across the parameter space. Then, we assess their effective-
ness when used for parameter inference, evaluating the accuracy, precision,
and robustness of the resulting energy response parameter estimations.

Our study is based on extensive MC data produced using the official
JUNO software37, containing approximately 1 billion simulated events
acrossfive calibration sources (137Cs, 40K, 60Co, 241Am-Be, and 241Am-13C) for
different combinations of the parameters. Here, each event is ultimately
representedby a single value ofNp.e., which is conditionedon theparameters
ψ. Following standardML practices, we organize data into separate training
(~600 million events), validation (~270 million events), and testing (~370
million events) datasets, with specific parameter grids designed to evaluate
model performance in an unbiased manner. The training dataset covers a
comprehensive grid of 9261 parameter combinations (21 uniformly spaced
grid points per parameter) spanning kB ∈ [6, 24] g ⋅ cm−2 ⋅ GeV−1

(ΔkB = 0.9 g ⋅ cm−2 ⋅ GeV−1), fC ∈ [0, 1] (ΔfC = 0.05), and
Y∈ [8000, 12000]MeV−1 (ΔY=200MeV−1).Validationand testingdatasets
lie within the training parameter space, positioned exactly midway between
the training points to evaluate models’ interpolation performance in the
worst-case scenario.We produce two types of validation datasets: validation
dataset 1 covering a grid of 1,000 parameter points (with twice the training
step size) and validation dataset 2with high statistics at three specific points.
Similarly, we construct two testing datasets: testing dataset 1 is a grid with
1000 different parameter combinations (with twice the training step size,
shifted with respect to both validation and training grids), and testing
dataset 2 is focused on a single parameter point (close to the center of the
grid) with varying statistical exposures to perform a systematic uncertainty
analysis. A detailed description of these datasets is provided in the “Data
description” subsection in Methods.

Models performance
To evaluate and compare the ability of bothmodels to properly describe the
data,weuse a familyof statistical distancesbasedon theLp-normframework.
Specifically, for probability distributions u and vwith respective cumulative
distribution functions U and V, we define the Lp-norm distance as follows:

dpðu; vÞ ¼
Z þ1

�1
jUðxÞ � VðxÞjpdx

� �1=p

ð3Þ

This formulation yields three classical statistical distances depending on the
choice of p: Wasserstein (p = 1), Cramér-von Mises (p = 2), and
Kolmogorov-Smirnov (p=∞) distances.Using themasmetrics,wequantify
different aspects of the discrepancy between predicted and true probability
distributions.Among them,we select theCramér-vonMises distance (d2) as
our primary optimization criterion due to its balanced sensitivity to both
global distribution shifts and local deformations, making it particularly
useful for evaluating complex energy spectra with diverse features.
Furthermore, this unified Lp-norm framework is suitable for both TEDE
(with integral being approximated by a sum) and NFDE approaches. The
“Metrics” subsection in Methods includes a comprehensive discussion of
our metrics.

Figure 2 provides a visual comparison between the PDFs predicted by
bothmodels and the corresponding ground truth empirical PDF (limited in
statistics) for allfive calibration sources at a representativepoint from testing
dataset 1 (kB = 10.05 g ⋅ cm−2 ⋅GeV−1, fC = 0.225, Y = 11, 700MeV−1). Both
models demonstrate high fidelity in capturing diverse spectral features,
including sharp peaks, Compton edges, and the continuous components
characteristic of different source types. The TEDEmodel produces a binned
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Fig. 1 | Illustration of the normalizing direction of the normalizing flows model.
The Normalizing Flows Density Estimator (NFDE) transforms the complex energy
distribution of 241Am-Be into a simple Gaussian distribution through a series of
learned invertible mappings f θ : z ¼ f θðx;ψÞ ¼ f K f K�1 . . . f 1 x;ψ

� �� �� �
, where

ψ = {kB, fC, Y, S} is the vector of conditioning variables, andK is the number of flows.
More specifically, NFDE transforms the values x (the visible energy expressed in
number of photo-electrons, Np.e., (a) to latent space points z (c) through sequential
flow transformations (b). The conditional probability densitybpðxjψÞ for any value of
x given parameters ψ is calculated by applying the change-of-variables formula:bpðxjψÞ ¼ pZðzÞ � ∂f θðx;ψÞ=∂x

�� ��, where pZ(z) is the standard normal density and
∂fθ(x, ψ)/∂x is the Jacobian of the composite transformation fθ. This approach
enables exact likelihood evaluation needed for the unbinned parameter estimation
procedure.
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approximation that closely follows the target distribution while showing
some insignificant residual fluctuations in the low-statistics regions, while
the NFDE model generates smooth continuous curves that accurately
represent the spectra PDFs, reproducing the very tiny spectrum features
(such as the double gamma peak of the 241Am-13C at around 9000 Np.e.).

To quantitatively assess model performance, Table 1 presents a com-
parison of the statistical distance metrics for both models across validation
and testing datasets. Both models achieve similar near-zero discrepancies
with thedataPDFs, validatingbothapproachesas effectiveone-dimensional
conditional density estimators.However, TEDEslightly outperformsNFDE

inall themetricswithdifferenceswithin the sameorderofmagnitude.While
NFDE shows almost the same performance on the primary Cramér-von
Mises (d2)metric, it demonstrates noticeably worse results onKolmogorov-
Smirnov metric. This likely reflects the KS distance’s higher sensitivity to
localized distribution differences and outliers, as it measures maximum
deviation between cumulative distribution functions (CDFs) rather than
integrated differences across the entire distribution. It is worth noting that
when comparing these metrics, there is an additional source of uncertainty
related to the methodological differences in CDF estimation between
models: TEDE relies on binned histogram approximations, while NFDE
employs unbinned analytical CDFs. This methodological difference may
introduce small systematic variations in the distancemeasurements that are
independent of the actual model performance.

Beyond accurately modeling individual spectra, the models must
correctly capture the functional dependence of the spectrum shape on the
energy response parameters. Figure 3 visualizes this capability for theNFDE
model using the 241Am-13C source as an example. The heatmaps illustrate
how the predicted conditional PDF evolves as each parameter is varied
independently while holding the others fixed. The behavior of the modeled
PDF varies smoothly and continuously across the parameter space, with no
artificial discontinuities, demonstrating that the NFDE has learned physi-
cally consistent parameter dependencies essential for reliable interpolation
during parameter estimation.

While the kB and fC parameters introduce a non-linear relationship
between the deposited energy of an event and the collected charge (inNp.e.),
the dependence of the model’s output PDF values on the parameters for a
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Fig. 2 | Comparison of the modeled probability density functions with the cor-
responding energy spectra at a representative point from testing dataset 1.Allfive
calibration sources are shown with the following parameter values:
kB = 10.05 g ⋅ cm−2 ⋅GeV−1, fC = 0.225, and Y = 11,700 MeV−1. Panels (a, c) show the
gamma sources, while panels (b, d) show the neutron sources; this separation is for
visualization purposes only. Panels (a–d) present themodeled energy spectra of each
source built using the Transformer Encoder Density Estimator (TEDE) and the
Normalizing Flows Density Estimator (NFDE), respectively. The histograms

represent empirical probability density functions from Monte Carlo simulations of
the corresponding energy spectra, obtained using the JUNO software (JUNOSW)
for the given parameter values. The statistical fluctuations in the number of events in
each bin follow the expected Poisson distribution. Different calibration sources are
represented by different colors: 137Cs in green, 40K in blue, 60Co in red, 241Am-Be in
purple, and 241Am-13C in orange. Both models accurately reproduce the expected
energy distributions of all sources, while NFDE presents smooth continuous curves.

Table 1 | Performance comparison between models

Statistical
distance

Validation dataset Testing dataset

TEDE NFDE TEDE NFDE

d1 × 10−3 5.0 5.7 4.5 5.4

d2 × 10−3 2.6 2.6 2.4 2.6

d∞ × 10−3 3.8 4.4 3.5 5.6

The table presents three statistical distances for both validation and testing datasets used as
metrics in this study to compare theTransformerEncoderDensityEstimator (TEDE) andNormalizing
Flows Density Estimator (NFDE) models. Here, d1, d2, and d∞ are the Wasserstein, Cramér-von
Mises, and Kolmogorov-Smirnov distances, respectively. The metric values represent averages
between the broad grid but sparse-statistics dataset (validation dataset 1) and three points high-
statistics dataset (validation dataset 2), with similar averaging for the corresponding testing
datasets. All values are scaled by 10−3 for readability. Lower values indicate better model
performance in approximating the true probability distributions.

https://doi.org/10.1038/s42005-026-02499-6 Article

Communications Physics |            (2026) 9:63 4

www.nature.com/commsphys


fixed deposited energy may or may not be linear. For example, in Fig. 3, the
main gammapeaks shift as each parameter varies. For the kB parameter, this
shift is roughly linear, which is consistent with the first-order Taylor
expansion of Birks’ law being linear in kB. For the fC parameter, the behavior
is more complex: there is almost no effect on the lower energy peaks, while
the higher energy peaks show a more pronounced, approximately linear
dependence on the parameter value. Additionally, the fC parameter causes
the peaks to become wider as the parameter increases, indicating a degra-
dation in energy resolution. Finally, the dependence learned for the Y
parameter is truly linear by the nature of the parameter. This describes how
the PDF varieswith the parameters atfixed deposited energy. It is important
todistinguish this fromthe role thoseparameters play inproducing thenon-
linear relationship betweendeposited energy and collected charge across the
full energy scale when their values are fixed.

To analyze the non-linear relationship of energy response across dif-
ferent parameter values shown in Fig. 4, we use the following approach.
First, we select the main peaks of the spectra as standard candles: 137Cs, 40K,
n-H, n-12C peaks from neutron sources, as well as the 16O peak of the
241Am-13C source.Note thatwe exclude the 60Cophoto-peak andpeaks from

positron annihilation as they originate from the combined energy deposi-
tion of two simultaneous gamma emissions, thus effectively appearingmore
quenched. For each parameter, we takefive values spanning the full range of
the grid while keeping the other two parameters fixed at the mean values of
the grid. We use spectra with the lowest parameter values as references.
Using the NFDE model, we produce the PDFs for each parameter combi-
nation and measure the relative positions (in the number of photo-elec-
trons) of each peak compared to the reference spectra. This analysis reveals
different magnitudes of the parameter effects as shown in Fig. 4. Light yield
(Y) demonstrates the strongest overall influence, followed byBirks’ constant
(kB) and then by the Cherenkov light yield factor (fC). The effect of kB is
distinctly non-linear, becoming more pronounced at lower energies. Con-
versely, fC shows a non-linear behavior with its effect magnitude increasing
at higher energies while having minimal impact in the low-energy region
and almost zero impact for the 137Cs source. This makes the 137Cs source
particularly valuable for constraining the other parameters. The light yield
response appears nearly constant, with slight deviations at low energies
attributable to PMT dark noise contributions, whose relative impact
decreases as energy increases.
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Fig. 3 | Energy response parameter impact on calibration energy spectra using the
normalizing flows model. Heatmaps present the probability density given by the
Normalizing Flows Density Estimator (NFDE) for the 241Am-13C neutron source as
each parameter is varied independently: kB (b), fC (c), and Y (d). The rotated
spectrum (a) shows the 241Am-13C spectrum modeled by NFDE for illustration. The
following parameter values were used: kB = 6.0 g ⋅ cm−2 ⋅ GeV−1, fC = 0.5,
Y = 10000MeV−1. For each panel, the two parameters that are not varied are fixed at

their median grid values. Color intensity (from black to yellow) represents condi-
tional probability density function (PDF) values on a logarithmic scale, showing the
expected parameter-specific effects. Note that the y-axis upper limit of 12.5k Np.e.

(number of photo-electrons) is chosen for visualization purposes only, as it
encompasses the main parts of the spectra. A similar plot for the Transformer
Encoder Density Estimator (TEDE) can be found in Supplementary Fig. 1.
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Fig. 4 | The effect of the energy response parameters as a function of energy using
the normalizing flows model. This plot demonstrates how each parameter affects
the relative positions of the main peaks across the energy scale of the calibration
sources. The main peaks of the spectra from multiple calibration sources serve as
standard candles: 137Cs, 40K, and neutron capture peaks (n-H, n-12C), as well as the
16O excitation. Moving along the y-axis shows the same gamma peak under different
energy response scenarios (different parameter values), while moving along the
x-axis shows gamma peaks (i.e., different energies) under the same energy response

scenario. For each parameter (kB, fC, and Y), five values spanning the full parameter
range were selected while keeping the other two parameters fixed at the mean values
of the grid. The y-axis shows the relative shift in peak positions compared to
references. The plot also highlights the different influence of each parameter: kB
shows increasing non-linearity at lower energies (a), fC exhibits greater effect at
higher energies (b), while Y demonstrates a nearly constant scaling with slight
deviations at low energies due to photomultiplier tube dark noise contributions (c).
A similar plot for the transformer model can be found in Supplementary Fig. 2.
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Though relatively subtle, these non-linear effects are critical for the
high precision determination of the detector energy scale (as in the case of
JUNO36). Using the TEDE model, we obtained similar results to the ones
presented forNFDE in Figs. 3 and 4. These corresponding TEDE results are
provided in Supplementary Figs. 1 and 2.

The models’ ability to learn these complex dependencies (including
their non-linear nature) directly from the data is essential for their effec-
tiveness in the subsequent parameter estimation task, particularly for
breaking degeneracies between highly correlated parameters. As evidenced
by the parameter recovery accuracy shown in the subsequent section, both
models successfully capture these small but systematic non-linear effects.

The effectiveness of the NFDE approach can be further assessed by
examining how well it performs its core function: transforming complex
data distributions into the standard normal distribution. Supplementary
Fig. 3 shows an example of the model’s success in this task for a point from
validation dataset 2. The visualization shows how the complex, multimodal
energy distributions of the five calibration sources (a) are progressively
transformed through the learned flows (b) into well-formed standard
normal distributions (c). This successful normalization across different
source types is persistent across the entire parameter space of the validation
datasets and thus confirms that the model has learned appropriate condi-
tional transformations for all calibration sourceswithin theparameter space.

Parameter estimation
Single representative point in the parameter space. To demonstrate
the parameter recovery capabilities of the models, we first examine the
representative example from testing dataset 1, corresponding to true
parameters kB = 10.05 g ⋅ cm−2 ⋅GeV−1, fC = 0.225,Y = 11,700MeV−1. For
each point and each source of testing dataset 1, we generate 10,000 events.
Due to the decay scheme of the neutron sources, where both a neutron
and de-excitation gammas are emitted, the final amount of events is
doubled for these sources. Additionally, events with total charge collected
below the trigger threshold (of around 200 photo-electrons) are dis-
carded in the simulation. This effect varies by source: from several per-
cent event loss for 137Cs to almost no event loss for 60Co, with the total
event loss for all five sources combined being about 2.1%. Thus, the total
statistics for each point of testing dataset 1 are variable but approximately
equal to 70,000 events. For simplicity, we define the term “statistical
exposure level” as the number of generated events per source (i.e., 10,000
for testing dataset 1), which is therefore approximately seven times
smaller than the actual total statistics of the combined sample.

We perform a joint fit for all five calibration sources using likelihood
functions specific to each model’s approach. The total log-likelihood
function lnLðD jϕÞ is defined as a sumof individual source log-likelihoods,
lnLsðDs jϕÞ:

lnLðD jϕÞ ¼
X5
s¼1

lnLsðDs jϕÞ; ð4Þ

where s is the source index, D is the total dataset, Ds is the dataset for a
specific source S, and ϕ = {kB, fC, Y} are the three energy response para-
meters. In addition to ϕ, the fit simultaneously determines normalization
constants Ns=1…5 for each of the five calibration sources: 137Cs, 40K, 60Co,
241Am-Be, and 241Am-13C, respectively. These Ns parameters represent the
expected total number of events and are treated as free parameters.

For TEDE, we use a binned Poisson log-likelihood, which naturally
accommodates its histogram-based representation:

lnLsðDs jϕÞ ¼

¼ PNb

i¼1
ms;i � lnμs;iðϕÞ � μs;iðϕÞ � lnðms;i!Þ
h i

;
ð5Þ

where ms,i is the observed number of events for each of the Nb bins and

μs;iðϕÞ ¼ Ns � bpTEDE
i ðϕ; SÞ is the expected number of events, with

bpTEDE
i ðϕ; SÞ being the probability density per bin predicted by the TEDE
model. During optimization, the constant term lnðms;i!Þ is omitted since it
does not depend on ϕ.

For NFDE, we employ an extended unbinned likelihood57,58, which
benefits from the model’s ability to evaluate exact probability densities at
individual data points fxs;igMs

i¼1
:

lnLsðDs jϕÞ ¼

¼ MslnNs � Ns � lnðMs!Þ þ
PMs

i¼1
lnbpðxs;ijϕ; SÞ; ð6Þ

whereMs is the total numberof datapoints andbpðxs;ijϕ; SÞ are thepoint-by-
point density estimates provided by the NFDE model. Analogously to
lnðms;i!Þ in the binned case, the lnðMs!Þ term is omitted during optimization
since it does not depend on ϕ.

The Bayesian nested sampling algorithm51 (from ultranest50),
which efficiently explores the parameter space and computes posterior
distributions even for complex,multimodal cases, was employed to infer the
energy response parameters for both models.

The posterior distributions shown in Fig. 5 reveal well-constrained
parameters, with estimates that are both precise and accurate. Using mul-
tiple calibration sources helps effectively reduce the uncertainties in energy
responsemodeling. Bothmodels achieve comparable precision, successfully
recovering the input parameters within their uncertainties, as summarized
in Table 2.

As described above, the testing points liemidway between training grid
points (visible as gray lines in Fig. 5), i.e., 0.45 g ⋅ cm−2 ⋅ GeV−1 away in kB,
0.025 away in fC, and 100MeV−1 away inY from the nearest training points.
This demonstrates themodels’ ability to interpolate effectively in this worst-
case scenario—a critical feature for practical applications where the true
parameters may lie anywhere within the parameter space.

The posterior distribution plots also reveal the correlations between
parameters, which are quantitatively presented in Supplementary Fig. 4 for
the NFDE fit. Such high-correlation behavior is expected given parameters’
joint influence on the non-linear effects of the energy response. While the
correlation structure shown in Supplementary Fig. 4 is representative, the
analysis of all fits across both testing datasets shows consistent correlation
patterns throughout the parameter space. The fact that unbiased parameter
estimates were achievedwith proper uncertainty coverage (as demonstrated
in the subsequent subsection) further validates that the models correctly
capture these correlations.TheBayesiannestedsampling approachprovides
a complete picture of the parameter space, including these correlations,
degeneracies, and constraints.

Aggregated results and the robustness analysis. To assess the
robustness and potential biases of our approach, we conducted a com-
prehensive analysis across varying statistical conditions and throughout
the parameter space.

Stabilityundervarying statistical exposure levels.. Theanalysis basedon testing
data 2 corresponds to results obtained for a single point in the (kB, fC, Y)
parameter space with varying statistical exposure levels. This point is set at
kB=15.45 g ⋅ cm−2 ⋅GeV−1, fC=0.525, andY=10,100MeV−1, positionednear
the center of the parameter space and midway between training grid points.

Figure 6 presents a comparative assessment of the models, TEDE and
NFDE, studying their performance at a single point in the parameter space
across varying statistical exposure levels. Each data point corresponds to
1000 independent fits performed on different Poisson realizations of the
expected distribution (each generated using a different random seed in the
simulator), with a total of 10,000 fits conducted across five exposures and
two models. One key observation is that both models exhibit a near-zero
medianbias (colored solid lines),with relative deviationsbelow0.25% for kB,
0.55% for fC, and 0.02% forY, calculated with respect to their true values. In
addition, the medians of the estimated uncertainties (black solid lines)
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consistently align with the actual 1σ widths of the distributions of best-fit
values (shaded regions). Here, the 1σwidths represent intervals that enclose
34.1% of the probability on either side of the median in the best-fit dis-
tributions. The reported medians of the estimated uncertainties, along with
the medians of the lower and upper 1σ bounds, are derived from 1,000
individual fits. These findings indicate that neither model systematically
skews parameter estimates, reinforcing confidence in the overall accuracy of
the best-fit estimates. Additionally, the fit results for TEDE and NFDE
(black lines on Fig. 6) show negligible differences in the uncertainty esti-
mates, highlighting alignment of the results not only within eachmodel but
also between them.

Moreover, for both models, the estimated uncertainties closely follow
the expected dependence on the number of events per source, as dictated by
pure statistical errors57. Specifically, the uncertainties scale as 1=

ffiffiffiffi
N

p
, where

N is the statistical exposure level. Thus, the proportionality constants are:

0:32 g � cm�2 � GeV�1ffiffiffiffiffiffiffiffiffiffiffiffiffi
N=104

p ;
0:026ffiffiffiffiffiffiffiffiffiffiffiffiffi
N=104

p ;
21MeV�1ffiffiffiffiffiffiffiffiffiffiffiffiffi

N=104
p ;

for kB, fC, and Y, respectively, with the constants extracted by fitting the
squaredmedian uncertainties as a linear function of 1/N. At the benchmark

exposure level of 104, this translates to relative uncertainties of approxi-
mately 2.1% for kB, 4.9% for fC, and 0.2% for Y.

Finally, the 1σwidths of the estimated uncertainty distributions (error
bars of the corresponding points of black solid lines) are rather small for
bothmodels, indicating fit stability and reliability of obtained best-fit values
and their estimated errors.

JUNO’s calibration program is expected to collect significantly higher
statistics,with employed sources typically reaching activities of~100Hz and
detailed calibrations lasting hours45. Thus, the experimental data will pro-
vide sufficient events to reach or exceed the parameter precision demon-
strated in this study. Once best-fit values are determined, model-related
systematic uncertainties can be re-evaluated by applying the strategy out-
lined in this section with a focused grid around the best-fit point.

These findings demonstrate that both TEDE and NFDE models are
robust, exhibiting negligible systematic bias and producing uncertainty
estimates that alignwellwith expected statistical uncertainty. Their accuracy
remains consistent across different exposure levels, and uncertainties scale
precisely with the number of events per source, confirming their reliability
for statistical analyses.

Stability across varying parameter space. This analysis is based on testing
dataset 1 and investigates the behavior of theTEDEandNFDEmodels under a
fixedstatistical exposure (10,000eventsper source)while systematicallyvarying
the parameter space. Each data point in Fig. 7 represents the aggregated results
of100 individualfits, allowing foradetailedexaminationofbiasbehavioracross
the parameter range. The number 100 reflects our parameter grid structure:
when analyzing the bias for a specific parameter value (e.g., one value of kB), we
aggregate results from 100 fits corresponding to all combinations of the other
two parameters (10 values of fC × 10 values of Y) at that fixed kB.

Both TEDE andNFDEmodels demonstrate biases that consistently lie
within the 1σ best-fit width, indicating that neither model exhibits sig-
nificant systematic deviations. This suggests that the models are capable of
successfully interpolating between points in the training grid, maintaining
accuracy and robustness across the parameter space. Furthermore, the
observed bias behavior reinforces confidence in their predictive reliability,
ensuring stable performance even under varying parameter conditions.
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Fig. 5 | Parameter estimation performance for a single representative point of
testing dataset 1. Corner plots show the one- and two-dimensional marginalized
posterior probability distributions for the energy response parameters (kB, fC, Y),
obtained using the Transformer Encoder Density Estimator (TEDE, a) and Nor-
malizing Flows Density Estimator (NFDE, b) models with the Bayesian nested

sampling algorithm (from ultranest). Green lines indicate the true parameter
values, while orange stars show the best-fit values. The gray grid represents the
parameter values of the training dataset. Both models yield posterior distributions
centered near the true values, demonstrating the effective parameter recovery
through the combined fit across five calibration sources.

Table 2 | Parameter estimation results for a single
representative point from testing dataset 1

Parameter True value Estimated value

TEDE NFDE

kB, g ⋅ cm−2 ⋅ GeV−1 10.05 10:09þ0:26
�0:26 10:13þ0:26

�0:25

fC 0.225 0:242þ0:030
�0:030 0:238þ0:029

�0:029

Y, MeV−1 11, 700 11; 697þ23
�23 11; 701þ23

�22

The table presents a comparison of true values of the energy response parameters and best-fit
estimates (with their corresponding uncertainties, computed as the 34.1% of the probability on
either side of the median). Parameter inference is performed using the Bayesian nested sampling
method from ultranest for both the Transformer Encoder Density Estimator (TEDE) and
Normalizing Flows Density Estimator (NFDE) models.
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Fig. 6 | Aggregated parameter estimation results for testing dataset 2. The plots
show aggregated results for kB (a, d), fC (b, e), and Y (c, f), including themedian bias,
the 1σ widths of the best-fit value distributions, and the estimated uncertainties.
Results are shown for both the Transformer EncoderDensity Estimator (TEDE, a–c)
and Normalizing Flows Density Estimator (NFDE, d–f). Solid lines with circle
markers represent the median bias (i.e., the median of the distribution of differences
between best-fit and true parameter values). Purple and blue shaded regions indicate
the 1σ widths of the best-fit value distributions (i.e., 68.3% coverage of the obtained

best-fit values). Dashed lines with square markers represent the medians of the 1σ
uncertainty widths estimated by the fits. Finally, the black error bars show the 1σ
widths of these estimated uncertainty distributions. Each point corresponds to
results from 1000 fits at a given exposure level. These results demonstrate the
robustness and accuracy of bothmodels across varying statistical scenarios, showing
near-zero biases and estimated uncertainties that closely align with the actual
variability in best-fit values.

7.5 10.0 12.5 15.0 17.5 20.0 22.5
kB [g cm 2 GeV 1]

1.0

0.5

0.0

0.5

1.0

k B
 [g

cm
2

G
eV

1 ]

TEDE, kB

0.0 0.2 0.4 0.6 0.8
fC

0.10

0.05

0.00

0.05

0.10

f C

TEDE, fC

8.0 9.0 10.0 11.0
Y [MeV 1]

75

50

25

0

25

50

75

Y 
[M

eV
1 ]

TEDE, Y

×103

7.5 10.0 12.5 15.0 17.5 20.0 22.5
kB [g cm 2 GeV 1]

1.0

0.5

0.0

0.5

1.0

k B
 [g

cm
2

G
eV

1 ]

NFDE, kB

0.0 0.2 0.4 0.6 0.8
fC

0.10

0.05

0.00

0.05

0.10

f C

NFDE, fC

8.0 9.0 10.0 11.0
Y [MeV 1]

75

50

25

0

25

50

75

Y 
[M

eV
1 ]

NFDE, Y

×103

Median bias over 100 fits 1-2-3

a                                                b                                              c

d                                                e                                              f

Fig. 7 | Performance across the considered parameter space, obtained for testing
dataset 1. Results are shown for both the Transformer Encoder Density Estimator
(TEDE, a–c) and Normalizing Flows Density Estimator (NFDE, d–f). The dataset
comprises 1000 points sampling the (kB, fC, Y) space, each with the exposure level of
10,000. Purple and blue shaded areas represent 1, 2, and 3σ uncertainties obtained

from testing dataset 2 for the same exposure level. Each point represents the median
bias, defined as the difference between the best-fit and true parameter values,
computed over 100 fits. Both models maintain near-zero bias across the parameter
space, demonstrating their robustness and stability.
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Differences between the parameter minimization methods. In
addition to the Bayesian nested sampling algorithm, we employed two
other methods for parameter estimation: the Frequentist MIGRAD
optimization algorithm with its MINOS uncertainty estimation (from
iminuit59), and a self-written Bayesian Metropolis-Hastings Markov
chainMonteCarlo (MCMC)method60,61. All threemethods are described
in detail in the “Parameter estimation” subsection in Methods.

The analysis demonstrated the reliability of both TEDE and NFDE
models across different parameter estimation methods. Frequentist
approaches (MIGRAD+MINOS) and Bayesian techniques (nested sam-
pling and Metropolis-Hastings MCMC) produce consistent best-fit values
and confidence or credible intervals, ensuring robustness in parameter
inference. While MIGRAD+MINOS excels in speed, making it ideal for
rapid estimations, Bayesian methods provide a more comprehensive sta-
tistical understanding by delivering full posterior distributions and offering
deeper insights into parameter behavior. The results obtained with
MIGRAD+MINOS and Metropolis-Hastings MCMC can be found in
Supplementary Figs. 5–8, respectively.

This balance between efficiency and depth highlights the strengths of
each approach, underscoring their applicability indiverse analysis scenarios.

Discussion
NFDE’s ability to produce continuous PDFs for unbinned analysis provides
a potential advantage in statistical precision for parameter recovery, parti-
cularly in low-statistics cases. Although in our comparative analyses this
difference is negligible, it could be more significant in other applications.
Nevertheless, TEDE offers computational efficiency and implementation
simplicity while maintaining the same performance, serving as a com-
plementary approach that validates the overallmethodology.Wewould also
like tohighlight that computational considerationsdonot limit the adoption
of unbinned likelihood methods nowadays. While traditionally viewed as
computationally expensive, our implementation of the unbinned analyses
can be efficiently parallelized on both GPU and CPU with up toM parallel
units (where M is the number of events). The increased availability of
modern computing resources addresses a long-standing barrier to wider
adoption of unbinned techniques in large-scale experiments. The scalability
of these approaches is also promising when considering extensions to
higher-dimensional parameter spaces or larger data volumes. Our current
implementation of NFDE scales linearly with data size, while the parameter
space complexity primarily affects the training phase rather than inference.

To provide quantitative context for the computational advantages of
our approach, we present timing comparisons for the key components of
parameter estimation. Our TEDEmodel takes approximately 3 ms to build
each PDF, independently of the number of events in the dataset. TheNFDE
model requires approximately 40 + 0.002 ⋅ M ms for probability density
estimations, corresponding to 60 ms for a typical dataset of 104 events. In
contrast, the full event simulation and reconstruction, using the official
JUNOsoftware, takes approximately 15hours per parameter point perCPU
for 104 events. Critically, this number of events is insufficient to construct
reliable PDFs with negligible statistical fluctuations, necessitating orders of
magnitude more events and correspondingly longer computation times.
This represents a computational speedup of several orders of magnitude (in
~106 times in the case of 104 events), enabling previously intractable analyses
such as comprehensive uncertainty quantification.

Despite using neural networks, both approaches maintain physical
interpretability—an important advantage over typical “black box” ML
models62. The explicit connection to the underlying physical parameters (kB,
fC, Y) ensures that the results remain physically meaningful and that
uncertainties directly translate to constraints on detector properties.

Thisworkalso represents oneof the relatively rare successful applications
of one-dimensional conditional normalizing flows in an experimental physics
context.While normalizing flows have gained significant attention in particle
physics for tasks such as event generation, anomaly detection, and variational
inference in high-dimensional settings63, their use for one-dimensional con-
ditional density estimation in particle physics has been limited.

We also demonstrate that the presented approach is capable of resol-
ving highly correlated parameters. The energy response parameters in our
study exhibit strong correlations (as shown in Supplementary Fig. 4), pre-
senting a challenging parameter estimation scenario. Both models suc-
cessfully capture this correlation structure.

A fundamental assumption of our method is that the MC simulation
accurately represents the underlying physics and the detector. As common
in particle physics, JUNO’s simulation is based on well-validated Geant4
physics models and detailed detector descriptions, but any systematic dis-
crepancies between simulation and experimental data (mismodeled physics
processes, imperfect geometry description, etc.) may lead to biased para-
meter estimates. Someof these effects canbe incorporated aposteriori if they
can be modeled analytically at the level of the parameter estimation pro-
cedure, while others may require prior modifications to the simulation
framework and retraining the models from scratch on updated data before
parameter estimation. This limitation is inherent to any MC tuning
approach and highlights thatMC tuning is a refinement step that requires a
fundamentally sound simulation as its foundation, not a remedy for
underlying modeling deficiencies.

Looking forward, several avenues for improvement exist. Higher-
dimensional normalizing flows could potentially model the joint distribu-
tion of energy and other observables (such as time distribution or particle
identification discriminators). Although directly extending to higher
dimensions can be challenging, methods such as those presented in ref. 64
have the potential to effectively address this issue. Prior constraints could
also be incorporated into the Bayesian framework to further enhance
parameter estimation when prior knowledge is available and justified to be
used65. Extensions to time-dependent calibration, where detector para-
meters evolve, represent another promising direction for future research.

Methods
Data description
The well-established approach in the field of machine learning is to prepare
three different categories of datasets: so-called training, validation, and
testing datasets. The training dataset is used to train a model (to adjust the
model’s learnable weights by minimizing a loss function). The validation
dataset is used to evaluate model performance during the training process
and guides hyperparameter optimization, while the testing dataset provides
a final unbiased quantification of model performance once it is trained.
Thesedatasetsmust remain independent fromoneanother toprevent biases
and overfitting.

The data used in this study were generated using the official JUNO
software37, based on a detailed Geant466,67 detector simulation. Different
processes duringphoto-electron collection and further current amplification
(e.g., dark noise), as well as intrinsic effects of electronics, are also simulated.
Thewaveformreconstruction is performedusing the deconvolutionmethod
implemented in the official JUNO software based on the method described
in ref. 68. Our training, validation, and testing datasets are constructed to
balance comprehensive coverage of the parameter space with the density of
the points. We simulate three gamma sources (137Cs, 40K, 60Co) and two
neutron sources (241Am-Be, 241Am-13C) placed at the detector center.

Training dataset. We define a (kB, fC, Y) grid with 21 uniformly spaced
values for each parameter. The ranges are chosen to encompass the
default values currently used in the JUNO software
(kB = 12.05 g ⋅ cm−2 ⋅GeV−1, fC = 0.517, Y = 9846MeV−1)36 with sufficient
margin to robustly account for expected parameter variations. The grid is
defined as follows:

ΘTrain
kB

¼ f6þ 0:9jg g � cm�2 � GeV�1;

ΘTrain
f C

¼ f0þ 0:05jg;
ΘTrain

Y ¼ f8000þ 200jgMeV�1;

where j : j 2 Z; 0≤ j≤ 20:
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The full training parameter space is then defined as
ΘTrain ¼ ΘTrain

kB
×ΘTrain

f C
×ΘTrain

Y , resulting in 213 = 9261 unique parameter
combinations. For each parameter point and each of the five calibration
sources,we simulate 104 events. Eventswith light collectionbelow the trigger
threshold (~200 photo-electrons) are discarded. For the neutron sources
(241Am-Be, 241Am-13C), simulations yield prompt (de-excitation gammaand
neutron recoil) and delayed (gamma from neutron capture) events, both of
which are used together in a single distribution. Therefore, to construct
datasets for model training, ~600 million events are simulated.

Validationdatasets.We produce two validation datasets formonitoring
model performance during training and optimizing hyperparameters:

1)Validationdataset 1. This dataset uses a 103 =1000point grid, shifted
relative to the training grid to lie exactly midway between training points,
probing the models’ interpolation capability in an unbiased manner under
the most difficult conditions:

ΘVal1
kB

¼ f7:35þ 1:8jg g � cm�2 � GeV�1;

ΘVal1
f C

¼ f0:075þ 0:1jg;
ΘVal1

Y ¼ f8300þ 400jgMeV�1;

where j : j 2 Z; 0≤ j≤ 9:

Thus, ΘVal1 ¼ ΘVal1
kB

×ΘVal1
f C

×ΘVal1
Y . Analogously to the training dataset,

we simulate 104 events per source per point, yielding ~70 million events.
2)Validation dataset 2. This dataset comprises three specific parameter

points chosen from the validation dataset 1 grid space, but simulated with
high statistics (107 events per source per point, ~200 million total events):

ΘVal2 ¼ fðkB;i; f C;i; YiÞji ¼ 1; 2; 3g ¼
¼ ð7:35 g � cm�2 � GeV�1; 0:075; 8300MeV�1Þ;�

ð14:55 g � cm�2 � GeV�1; 0:475; 9900MeV�1Þ;
ð23:55 g � cm�2 � GeV�1; 0:975; 11900MeV�1Þ	

Although this dataset covers only three different points, the significantly
higher statistics per spectrum (1000 times greater than validation dataset 1)
provide statistically precise ground truth spectra, enabling accurate eva-
luation of model performance with minimal statistical uncertainties.

Testing datasets.. Two testing datasets, independent from the training and
validation ones, are used for final model evaluation.

1) Testing dataset 1. Similar to validation dataset 1, this uses a
103 = 1000 point grid, again shifted to lie midway between training points,
but different from the validation grid:

ΘTest1
kB

¼ f6:45þ 1:8jg g � cm�2 � GeV�1;

ΘTest1
f C

¼ f0:025þ 0:1jg;
ΘTest1

Y ¼ f8100þ 400jgMeV�1;

where j : j 2 Z; 0≤ j≤ 9:

Thus, ΘTest1 ¼ ΘTest1
kB

×ΘTest1
f C

×ΘTest1
Y . As with the other grid-based

datasets,we simulate 104 events per sourceperpoint (~70million total). This
dataset is used to assess theuniformityofparameter estimationperformance
across the entire parameter space, see Fig. 7.

2) Testing dataset 2. This dataset focuses on a single parameter point near
the center of the parameter space
({15.45g ⋅ cm−2 ⋅GeV−1, 0.525, 10,100MeV−1}), also locatedmidwaybetween
training points. For this point, we produce 1000 independent simulations
(using different random seeds) for each of five different event exposures per
source: {103, 2 ×103, 5×103, 104, 2.5× 104} events. This extensive dataset (~300
million total events) allows us to studyhowparameter uncertainties and biases

evolve as a function of event statistics. Moreover, it enables a comparison
between the uncertainty estimates derived from individual fits and the actual
distribution of best-fit values, therefore validating the uncertainty estimation
procedure and evaluating potential systematic effects, see Fig. 6.

The spatial relationship between these different parameter grids is shown
in Supplementary Fig. 9, which presents a two-dimensional projection of the
kB-Y parameter space. This structured approach to dataset design allows us to
comprehensively evaluate model performance: training on a dense grid while
testing on points that lie exactly midway between training points creates the
most challenging conditions for interpolation, ensuring that our evaluation
measures the models’ ability to generalize to unseen regions of the parameter
space rather than simplymemorize training examples. The carefully arranged
validation and testing grids, offset from each other and from the training grid,
enable robust cross-validation and ensure unbiased performance assessment.
Finally,wenote that our study is basedonuniformly sampledparameter grids,
which represent a natural and effective sampling strategy for MC tuning
applications where training data generation is under full control. A uniform
grid minimizes the average distance to the nearest training point, ensuring
reliable coverage of the parameter space.

Machine learning approach
Directly using the full chain of the JUNO software within the inference fra-
meworks (see the “Parameter estimation” subsection below) for energy
response parameter tuning is computationally prohibitive due to the extensive
time required for producing sufficient event statistics across the parameter
space. To overcome this bottleneck, we develop neural likelihood estimators
designed to emulate the simulation chain. These models provide rapid esti-
mates of the conditional PDF of the energy spectrum, p(x∣ψ), where x
represents the visible energy (in number of reconstructed photo-electrons
Np.e.) and ψ = {kB, fC, Y, S} is the vector of conditioning variables comprising
the energy response parameters (kB, fC, Y) and the calibration source type (S).
Once trained using the simulation dataset, these fast surrogatemodels replace
the full simulation during the parameter estimation procedures.

Thus, the core task for the ML models is formulated as one-
dimensional conditional density estimation. This task becomes challenging
due to the complex andmulti-modal nature of the data.We investigate two
different approachesaspowerful tools to achieve the goals: (1)adirectmulti-
output regressor and (2) a conditional normalizingflowsmodel.While both
of our approaches aim to approximate the conditional densities, the
regressor approach provides an estimation through representing the density
function using a histogram, and the normalizing flows solution offers the
exact likelihood modeling. These strategies require different model archi-
tectures, training details, and likelihood formulations for subsequent
parameter estimation, as detailed below.

Transformer Encoder Density Estimator (TEDE)
The method. This direct regression approach begins by approximating the
one-dimensional target continuous PDF p(x∣ψ) with a histogram using a
fixed binning scheme. Let this histogram-based approximation, derived
from the JUNO software output for a given condition ψ, be represented by
the vector pJSW ¼ fpJSW1 ; pJSW2 ; . . . ; pJSWNb

g. Here, JSW stands for “JUNO
software”. Each element pJSWi corresponds to the probability density in the i-
th bin, calculatedaspJSWi ¼ ni=ðN tot � ΔxÞ, whereni is the event count in bin
i, Ntot is the total number of events for that condition, and Δx is the bin
width. By definition, this target distribution is normalized such that its
discrete integral equals one:

PNb
i¼1p

JSW
i � Δx ¼ 1.TheTEDEmodel, denoted

as hθwith learnable parameters θ, is then trained to learn the directmapping
from the input conditions ψ to the vector of estimated PDF values bpTEDE ¼
fbpTEDE1 ;bpTEDE2 ; :::;bpTEDENb

g for the corresponding energy bins:

bpTEDE ¼ hθðψÞ; ð7Þ

where
PNb

i¼1bpTEDEi � Δx ¼ 1 must hold.
We discretize the x space into Nb = 800 bins with a bin width of

Δx = 20 Np.e., spanning from 400 to 16400 Np.e.. The core of the model is a
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transformer encoder architecture46, which is widely used in the ML
literature69,70 and becoming popular in particle physics applications inmany
different domains as well71–77.

Architecture. The TEDE model processes inputs through three main com-
ponents, as shown schematically in Fig. 8: (1) An input embedding block that
transforms the input parameters ψ into high-dimensional vector representa-
tions. This block employs separatemechanisms for numerical and categorical
inputs: the numericalMCparameters, after beingmin-max normalized to the
range [0, 1], are processed using a fully connected neural network with layer
normalization78, while the categorical source type is converted to a continuous
vector representation through a trainable embedding layer. The resultingMC
parameters and source type embeddings are then concatenated to form the
input sequence for the next component, while eachMCparameter is encoded
with ntokens—a tunable hyperparameter. Here, ntokens controls the number of
embedding vectors representing each continuous parameter in the transfor-
mer’s input sequence, affecting the model’s representational capacity. (2) A
transformerencoder, thecoreof themodel, consistingof several encoder layers
(the exact number determined by hyperparameter optimization). Each layer
utilizes multi-head self-attention mechanisms to capture complex depen-
dencies among the embedded input features. Dropout regularization79 can be
appliedwithin the encoder layers tomitigate overfitting; (3)A regressionhead,
also constructed using a fully connected neural network with layer normal-
ization, which processes the final representation from the transformer enco-
der. This head outputs a vector of Nb = 800 raw values (logits),
z ¼ fz1; :::; zNb

g. These logits are then passed through the final temperature-
scaled softmax layer and divided by the bin width Δx to create the output
probability density estimates bpTEDE:

bpTEDEi ¼ 1
Δx

ezi=TPNb
j¼1e

zj=T
; ð8Þ

where zi are the logits (outputs of the linear layer preceding the softmax) for
bin i, and T is the softmax temperature hyperparameter. This construction
inherently satisfies the PDF normalization require-
ment:

PNb
i¼1bpTEDEi Δx ¼ 1.

Loss function. As a standard information-theoretic measure for comparing
probability distributions, we use the Kullback-Leibler (KL) divergence80,81,
also known as relative entropy82, that quantifies the discrepancy between the
target pJSW and predicted bpTEDE distributions. We define the KL divergence
from bpTEDE to pJSW as follows:

DKLðpJSW k p̂TEDEÞ ¼ PNb

i¼1
pJSWi log

pJSWi
p̂TEDEi

¼

¼ PNb

i¼1
pJSWi ðlog pJSWi � log p̂TEDEi Þ;

ð9Þ

always hold by construction of the softmax-based model’s output.
A fundamental property of the KL divergence is established by Gibbs’

inequality83, which states that for any probability distributions P and Q:

DKLðP k QÞ≥ 0 ð10Þ

This inequality guarantees that the KL divergence is always non-negative.
Furthermore, the equality DKL(P∥Q) = 0 holds if and only if the two
distributions are identical. Gibbs’ inequality provides the theoretical
justification for using KL divergence as a loss function: minimizing
DKLðpJSW k bpTEDEÞ with respect to the TEDE parameters θ directly
encourages the model’s output bpTEDE to approximate the true distribu-
tion pJSW.

This direct mapping approach, based on histogram approximation of
the density function employed by the TEDEmodel, serves as a benchmark
for the exact conditional PDFmodeling approach utilized by a normalizing
flows model.

Normalizing Flows Density Estimator (NFDE)
The method. This approach directly models the continuous conditional
density p(x∣ψ) using the principle of normalizing flows47. In our study, we
consider conditional normalizing flows that learn an invertible and differ-
entiable transformation fθ, parameterized by learnable parameters θ and

a

b c

Fig. 8 | Schematic representation of the transformer model architecture. The
Transformer Encoder Density Estimator (TEDE, a) takes min-max normalized
energy response parameters (kB, fC, Y) and source type as inputs, processing them
through dedicated embedding layers (b). The outputs of the embeddings are con-
catenated and fed into a transformer encoder comprising several encoder layers with
multi-head attention. The transformer encoder’s output is then flattened and

processed by a regression head (c), with the softmax activation function as the final
layer, that produces bin-by-bin probability density estimates for the corresponding
energy spectrum. The transformer architecture is used as a powerful tool to capture
complex relationships between the input energy response parameters and the cali-
bration source probability densities.
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conditioned on ψ. Since the main goal is conditional density estimation, we
build inverted normalizing flows49 that map the complex data distribution
p(x∣ψ) to a simple base distribution pZ(z) (a standard normalN ð0; 1Þ) for
which the probability density is known analytically. The density p(x∣ψ)
estimates are then computed via the change of variables formula:

bpðxjψÞ ¼ pZðf θðxjψÞÞ
∂f θðxjψÞ

∂x

���� ����; ð11Þ

where the Jacobian determinant term accounts for the change in volume
induced by the transformation fθ. This approach allows for exact likelihood
evaluation and efficient sampling from the learned distribution.

Architecture. OurNFDE implementation constructs the transformation fθ as
a sequence ofNflows flows. We consider two simple types of transformations:
planarflowsandradialflows48.Theplanarflowapplies a simple, yet expressive,
invertible transformationof the form z0 ¼ z þ u tanhðwz þ bÞ,where z is the
input vector from the previous flow (or the original data x for the first flow),
and z0 is the output vector. This transformation provides local, direction-
specific deformations of the input space. The radial flow applies a transfor-
mation of the form z0 ¼ z þ αβðz�γÞ

αþjz�γj
49, which creates global, symmetric

transformations around a reference point γ. These parameters ({w, u, b} for
planar flows; {α, β, γ} for radial flows) for each flow are parametrized by a
dedicated conditioning neural network, shown schematically in Supplemen-
tary Fig. 10. Similarly to the TEDE’s input processing presented in Fig. 8, this
network takes the parameters ψ = {kB, fC, Y, S} as input and processes them
through an input block.Thenumerical parameters (kB, fC,Y), after beingmin-
maxnormalized to the range [0,1], areprocessedbya fully connectednetwork,
and the categorical source type (S) is mapped to an embedding vector. These
representations are concatenated and fed through another fully connected
network to produce the required flow parameters. This conditioning
mechanismmakes the overall transformation fθ dependent onψ, enabling the
model to learn how the energy spectrum’s shape changes across different
parameter settings and source types. By composing a sequence of such con-
ditional flows, the model can capture highly complex, multi-modal condi-
tional densities.

Loss function. The NFDE model is trained by directly maximizing the
likelihood of the training data, which is equivalent to minimizing the KL
divergence between the model’s likelihood bpðxjψÞ and the target distribu-
tion p(x∣ψ)84. Expanding the KL divergence gives:

DKL pðxjψÞ k bpðxjψÞ
 � ¼ R
pðxjψÞ log pðxjψÞbpðxjψÞ dx ¼

¼ R
pðxjψÞ log pðxjψÞ dx � R

pðxjψÞ logbpðxjψÞ dx ¼
¼ EpðxjψÞ log pðxjψÞ
 ��EpðxjψÞ logbpðxjψÞ
 �

:

ð12Þ

The first term depends only on the true data distribution and is therefore
independent of the model parameters θ. It can be treated as a constant with
respect to optimization. The second term involvesbpðxjψÞ and depends on θ
through the model. As a result,

argmin
θ

DKL pðxjψÞ k bpðxjψÞ
 � ¼
¼ argmax

θ
EpðxjψÞ½logbpðxjψÞ�; ð13Þ

which shows that minimizing the KL divergence is equivalent to max-
imizing the expected log-likelihood under the data distribution. In practice,
since p(x∣ψ) is unknown but we have a dataset consisting of N samples
fxi;ψ igNi¼1, the expectation can be estimated by the MC method using the
empirical average:

EpðxjψÞ½logbpðxjψÞ� � 1
N

XN
i¼1

logbpðxijψ iÞ: ð14Þ

Thus, we define the loss function L(θ) as the negative log-likelihood:

LðθÞ ¼ � 1
N

PN
i¼1

logbpðxijψ iÞ ¼

¼ � 1
N

PN
i¼1

log pZðf θðxijψ iÞÞ þ log det ∂f θðxijψiÞ
∂xi

��� ���� 

:

ð15Þ

This formulation allows themodel to learn the full conditional PDFwithout
requiring discretization (binning) or imposing strong parametric assump-
tions on the distribution’s shape, leveraging the unbinned nature of the
input data.

Both models were implemented in PyTorch85 and trained using
PyTorch Lightning86 framework. During training, we also employ
different distributed strategies—GPU acceleration for TEDE and multi-
CPU parallelization for NFDE—to optimize use of available computational
resources.

Metrics to quantify model performance
To systematically evaluate model performance during training and hyper-
parameter optimization, we employ a family of statistical distances based on
the Lp-norm framework to quantify differences between probability dis-
tributions. This approach straightforwardly unifies three classical statistical
distances—Wasserstein, Cramér-von Mises, and Kolmogorov-Smirnov—
within a single mathematical formalism. Specifically, for probability dis-
tributions u and vwith respective cumulative distribution functions (CDFs)
U and V, the Lp-norm distance is defined as:

dpðu; vÞ ¼
Z þ1

�1
jUðxÞ � VðxÞjpdx

� �1=p

ð16Þ

This formulation yieldsWasserstein, Cramér-vonMises, andKolmogorov-
Smirnov distances depending on the choice of p:
• For p = 1, we obtain the Wasserstein distance, which measures the

minimum “work” required to transform one distribution into another,
making it particularly sensitive to shifts in distribution mean or loca-
tion. Intuitively, it represents the minimum cost of transforming one
distribution into another, where cost is proportional to the amount of
probability mass moved multiplied by the distance it travels. It corre-
sponds to the integrated absolute difference between the CDFs:

d1ðu; vÞ ¼
Z þ1

�1
jUðxÞ � VðxÞj dx ð17Þ

• For p = 2, we obtain the Cramér-vonMises distance, which in the one-
dimensional case is directly related to the energy distance (differing
only by a factor of

ffiffiffi
2

p
)87. Thismetric balances sensitivity to both global

distribution shifts and local deformations, effectivelymeasuring theL2-
norm of the difference between CDFs:

d2ðu; vÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ þ1

�1
jUðxÞ � VðxÞj2 dx

s
ð18Þ

• For p → ∞, we obtain the Kolmogorov-Smirnov distance, which
measures the maximum absolute difference between the two CDFs
(L∞-norm) and is thus highly sensitive to localized discrepancies. This
makes it particularly valuable for detecting localized anomalies that
might be averaged out by other metrics:

d1ðu; vÞ ¼ sup
x

jUðxÞ � VðxÞj ð19Þ

This unified Lp-norm framework enables consistent
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evaluation across both TEDE andNFDE approaches.While
these metrics naturally accommodate the continuous
probability densities of NFDE, the binned case of TEDE
can be accomplished with the integral being approximated
by a sum. All three metrics were monitored throughout
training and hyperparameter optimization, and we selected
the Cramér-von Mises distance (d2) as our primary
optimization criterion due to its balanced sensitivity to both
global distribution shifts and local deformations. This
balance is particularly valuable when evaluating energy
spectrum predictions across multiple calibration sources
with diverse characteristics. We also found that d2 distance
provides the most robust translation to the ultimate goal of
the models: energy response parameter estimation.

Hyperparameter optimization and model training
In the context of machine learning, the term “hyperparameters” refers to
parameters that define amodel’s architecture and its learning process. These
parameters are set prior to the training process and must be optimized
independently from the learnable parameters of themodel (such as weights
in a neural network).

Table 3 presents a comprehensive summary of the hyperparameter
optimization spaces and results. For both models, we conduct systematic
hyperparameter optimization using Optuna88 with the Tree-structured
Parzen Estimator (TPE)89 algorithm. TPE is an efficient Bayesian optimi-
zation approach that sequentially builds probabilistic models of the
hyperparameter-to-objective function relationship, focusing search efforts
onpromising regionsof thehyperparameter space.As theobjective function
for the hyperparameter search, the average of the Cramér-von Mises

Table 3 | Comprehensive comparison of hyperparameter optimization for both models

Hyperparameters TEDE NFDE

Model architecture hyperparameters

ntokens fkjk 2 N; 1 � k � 5g : 1 ——–

dmodel f50kjk 2 N; 1 � k � 10g : 100 ——–

nhead {5, 10, 25}: 10 ——–

nlayers fkjk 2 N; 1 � k � 5g : 4 ——–

dff f32kjk 2 N; 1 � k � 15g : 384 ——–

nflows ——– f100þ 5kjk 2 Z; 0 � k � 20g : 120
nunits ——– f10þ 5kjk 2 Z; 0 � k � 8g : 30
Flow type ——– Planar (fixed)

Dropout rate {pdrop∣0.0≤pdrop≤0.5}: 0.0 ——–

Activation function91–94 ReLU, GeLU ReLU, GeLU, Tanh, SiLU

Softmax temperature {T∣0.25≤T≤3.0}: 2.03 ——–

General training hyperparameters

Optimizer95,96 AdamW, RMSprop AdamW (fixed)

Learning rate {η∣10−5≤η≤10−2}: 1.9 × 10−3 10−4 (fixed)

Scheduler type97,98 Exponential, ReduceOnPlateau, CosineAnnealing, None ReduceOnPlateau, CosineAnnealing

Weight decay {λ∣10−6≤λ≤10−1}: 8 × 10−5 10−4 (fixed)

Batch size f2k jk 2 N; 4 � k � 9g : 64 50 (fixed, 1 per CPU unit)

Optimizer-specific hyperparameters

AdamW decay rate β1 {β1∣0.5≤β1≤0.95}: 0.930 {β1∣0.5≤β1≤0.95}: 0.87

AdamW decay rate β2 {β2∣0.9≤β2≤0.999}: 0.929 {β2∣0.9≤β2≤0.999}: 0.901

RMSprop parameter α {α∣0.9≤α≤0.999}: − ——–

Scheduler-specific hyperparameters

Cosine annealing period Tmax fTmaxj5 � Tmax � 75g : � fTmaxj5 � Tmax � 75g : 50
Exponential rate τ {τ∣0.8≤τ≤0.99}: 0.92 ——–

Reduce on plateau factor γ {γ∣0.8≤γ≤0.99}: − {γ∣0.8≤γ≤0.99}: −

Optimization procedure setting

Number of trials 250 25

Accelerator GPU 50 parallel CPUs

The table presents search spaces and selected values (inbold) for both the Transformer Encoder Density Estimator (TEDE) andNormalizing FlowsDensity Estimator (NFDE). The table’s rows are organized
into several subsectionsby hyperparameters applicationdomain as follows:model architecture, general training, optimizer, learning rate scheduler, and theoptimization procedure, respectively. For TEDE,
the model architecture hyperparameters that define the model’s structure are: ntokens (the number of tokens that encode each input parameter), dmodel (the embedding dimension size of the transformer
encoder), nhead (the number of attention heads), nlayers (the number of encoder layers), and dff (the encoder’s feed-forward dimension), dropout rate (controls the regularization strength), and the softmax
temperature (the scaling factor for output probability distribution). For NFDE, the corresponding hyperparameters are: nflows (the number of flows), nunits (the number of hidden units in each flow’s
conditioning neural network), and flow type (the class of the transformations; kept fixed as Planar based on preliminary experiments). Common parameters include activation functions, optimizer type, and
scheduler type (with their specific hyperparameters). For optimizer hyperparameters, AdamW uses β1 and β2 as exponential decay rates for moment estimates, while RMSprop uses α as the smoothing
constant. For schedulers, τ represents the decay rate for Exponential and γ is the reduction factor for ReduceOnPlateau, while Tmax is the half-cycle period for CosineAnnealing. Finally, the weight decay
controls L2 regularization strength, and batch size determines the number of different spectra processed simultaneously. Bothmodels were optimized using Tree-structured Parzen Estimator, minimizing
Cramér-von Mises distance (d2) on the validation datasets.
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distances on the validation datasets is used:

dVal2 ¼ 1
2

1
NVal1

XNVal1

i¼1

dVal12;i þ 1
NVal2

XNVal2

j¼1

dVal22;j

" #
; ð20Þ

where Val1 is validation dataset 1 (NVal1
¼ 1000 different parameter grid

points) and Val2 is validation dataset 2 (NVal2
¼ 3 different parameter grid

points). Thus, we select the set of hyperparameters that bestminimizes dVal2 .
In addition, we employ early stopping during each optimization trial,

halting the training processwhen themodel performance on validation data
stops improving for a predefinednumber of epochs, the so-called “patience”
(set to 200 for TEDE and 50 for NFDE).

For TEDE, we perform a comprehensive search across 250 trials,
optimizing hyperparameters that can be split into two categories: (1) related
directly to themodel’s architecture and (2) related to the training procedure.
The architecture hyperparameters are focused on values defining the
transformer encoder structure46: the number of tokens that encode each
input MC parameter ntokens, the embedding dimension dmodel, the number
of attention heads nhead, the number of encoder layers nlayers, the feed-
forward dimension dff, the dropout rate pdrop, the activation function type,
and the softmax temperature. As for general training hyperparameters, we
explore optimizer selection (AdamW vs. RMSprop), learning rate and its
scheduling strategies, weight decay, and batch size. The batch size is defined
as the number of different calibration source spectra processed simulta-
neously. Additionally, various optimizer- and scheduler-specific hyper-
parameters were tuned.

For NFDE, we perform 25 trials, focusing on flow-specific hyper-
parameters: the number of flows (nflows) and the hidden unit dimension
of the conditioning neural networks (nunits), which controls their capa-
city. To optimize computational resource costs for the hyperparameter
search space, we first performed preliminary manual optimization using
a trial-and-error approach to identify the most promising hyperpara-
meters choices and fix them. Based on these preliminary experiments,
planar flows consistently outperformed radial flows across different
configurations, so the flow type was fixed as planar for the systematic
optimization. Several other training hyperparameters (optimizer type,
base learning rate, weight decay) were also fixed based on these pre-
liminary experiments, while others, particularly scheduler-related para-
meters and the β1, β2 decay rates for the AdamW optimizer, underwent
systematic optimization.

The best-found configurations (highlighted in bold in Table 3) show
the following patterns: TEDE benefited from amoderate-sized transformer
with no dropout (pdrop = 0.0) and with a softmax temperature more than
twice the value of one (T = 2.03), that smooths the output probability
distributions, and an Exponential learning rate scheduler. Meanwhile,
NFDE performed best with 120 planar transformations, moderate con-
ditioning network size (nunits = 30), and a CosineAnnealing learning
rate scheduler. Bothmodels favored theGeLU activation function, and both
converged on similar optimization strategies with AdamW, although with
different specific hyperparameter values (β1, β2, Tmax) reflecting their
approach-specific differences.

After the hyperparameter optimization procedure, both models were
re-trained from scratch using the resulting optimized sets of the hyper-
parameters. The training dynamics, which illustrates the minimization of
the average Cramér-vonMises distance for the validation data, is shown for
bothmodels in Supplementary Fig. 11. The early stopping patience was 200
and 100 epochs for TEDE and NFDE, respectively. Note that the final
patience value for NFDE model was set to be twice higher than the cosine
annealing period Tmax to ensure proper convergence through multiple
learning rate cycles.

Parameter estimation
We estimate the energy response parameters (kB, fC, Y) by comparing the
ML model predictions to target data (from the testing datasets) using both

Bayesian and Frequentist inference. In the Frequentist framework, the
iminuit package59 is used for cost-function minimization, while in the
Bayesian framework, we utilize a nested sampling method51 from
ultranest50 alongside a self-codedMetropolis-Hastings algorithm60,61 to
sample the posterior distributions.

Likelihood functions for statistical inference. Let the parameter vector
be denoted by ϕ = {kB, fC, Y}, and the total dataset by D. For a specific
source, we define the corresponding subset of data as Ds and the overall
normalization constantNs as the total number of expected events for that
source. Here and throughout this subsection, the index s denotes a spe-
cific calibration source, taken from the following list: 137Cs, 40K, 60Co,
241Am-Be, 241Am-13C.

For both models, the likelihood function used for statistical inference
quantifies the probability of observing the data given the parameters, where
the parameters to be optimized are ϕ and Ns.

The TEDE model (binned data). The TEDE model is designed for binned
data, where the observation in each of the Nb bins is given by ms,i (for
i = 1, …, Nb). The expected count of events for each bin can be found as
μs;iðϕÞ ¼ Ns � bpTEDE

i ðϕ; SÞ. The likelihoodbasedon thePoissondistribution
for a source s is given by:

LsðDs jϕÞ ¼
YNb

i¼1

ðμs;iðϕÞÞms;i e�μs;iðϕÞ

ðms;iÞ!
: ð21Þ

Taking the natural logarithm results in the log-likelihood:

lnLsðDs jϕÞ ¼

¼ PNb

i¼1
ms;i � lnμs;iðϕÞ � μs;iðϕÞ � lnðms;i!Þ
h i

:
ð22Þ

Because the constant term lnðms;i!Þ does not depend on ϕ, it can be
neglected during optimization. For the Bayesian method, this Poisson
log-likelihood is used directly in constructing the posterior distribution.
In the Frequentist approach, a related quantity known as the Poisson log-
likelihood ratio is employed. Frequently, one minimizes the test statistic
defined as:

�2ΔlnLsðDs jϕÞ ¼ �2lnLsðDs jϕÞ þ 2lnLsðDs jDsÞ ¼

¼ 2
PNb

i¼1
μs;iðϕÞ �ms;i þms;iln

ms;i

μs;iðϕÞ
h i

;
ð23Þ

whereLsðDs jDsÞ represents the likelihood of the saturatedmodel in which
the expected counts perfectlymatch the observed data (μs,i=ms,i), providing
a reference for the maximum achievable likelihood. The convention
ms;ilnðms;i=μs;iðϕÞÞ ¼ 0 when ms,i = 0 is adopted. This test statistic
asymptotically follows a χ2 distribution and is particularly useful when
comparing nested models or evaluating goodness-of-fit in a Frequentist
framework. Compared to (22), it differs only by a data-dependent constant
that does not affect minimization results.

TheNFDEmodel (unbinned data). ForNFDE, the analysis is performed on
unbinned data. Let the individual data points for source S be denoted as
fxs;igMs

i¼1
, where Ms is the total number of data points. The NFDE model

outputs a PDF bpðxs;ijϕ; SÞ.
With these ingredients, the extended unbinned likelihood57,58 can be

constructed as a product of a Poisson term and terms involving the PDF:

LsðDs jϕÞ ¼
NMs

s e�Ns

Ms!
�
YMs

i¼1

bpðxs;ijϕ; SÞ: ð24Þ
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Thus, the corresponding extended log-likelihood becomes:

lnLsðDs jϕÞ ¼

¼ MslnNs � Ns � lnðMs!Þ þ
PMs

i¼1
lnbpðxs;ijϕ; SÞ; ð25Þ

where lnðMs!Þ term may be omitted during optimization since it does not
depend on ϕ. This formulation naturally accounts for fluctuations in the
total number of events due to the Poisson component, while the distribution
shape is governed by the PDF term. The likelihood (25) is used directly in
Bayesian analysis and scaled by a factor of (−2) for Frequentist analysis.

Extension to multiple spectra. Since full information originates from mul-
tiple independent sources, our framework is required to account for their
combined contribution to parameter estimation. Using the five individual
likelihood functions described earlier—one for each calibration source—the
total likelihood function across all sources is defined as follows:

LðD jϕÞ ¼
Y5
s¼1

LsðDs jϕÞ: ð26Þ

Similarly, since the logarithm transforms products into sums, the
corresponding log-likelihood function can be expressed as:

lnLðD jϕÞ ¼
X5
s¼1

lnLsðDs jϕÞ: ð27Þ

We assume that data from different sources are statistically independent.
Consequently, in this formulation each spectrumcontributes independently
to the total likelihood.

Inference approaches. After constructing the appropriate likelihood
functions, the next step is to infer the parameter vector ϕ. In our study,
two different approaches are employed:

Frequentist inference. For the Frequentist perspective, the parameter esti-
mation is performed by maximizing the likelihood (or equivalently, mini-
mizing the negative logarithm of the likelihood). The minimization is
carried out with the iminuit package, which effectively finds the max-
imum likelihood estimates (MLEs) using the cost functions defined above.

Furthermore, the uncertainties in the parameter estimates are obtained
using the MINOS algorithm implemented within iminuit. MINOS
determines parameter uncertainties by scanning the profile of the likelihood
function around the minimum, thereby accounting for potential asymme-
tries in the error estimates. Unlike simple symmetric error approximations
(which are valid only when the likelihood surface is nearly quadratic),
MINOS provides robust, asymmetric uncertainties, ensuring more reliable
confidence intervals even when the likelihood is non-linear with respect to
specific parameters90.

Bayesian inference. In theBayesian approach, the inferential goal is toobtain
the posterior distribution of the parameters given the observed data,
qðϕ jDÞ. Bayes’ theorem states that:

qðϕ jDÞ / LðD jϕÞπðϕÞ; ð28Þ

whereπ(ϕ) is theprior distribution encoding anyprevious knowledge about
ϕ, which is considered flat in our study. The specific likelihood functions
used are the ones outlined above.

To sample the posterior distribution, we utilize Ultranest, a robust
nested sampling algorithm, which effectively explores the parameter space
even in complex high-dimensional settings. Nested sampling works by
iteratively sampling from constrained prior volumes with progressively

higher likelihood thresholds, systematically shrinking the sampling region
while maintaining uniform sampling within each likelihood contour. This
approach enables efficient computation of both the posterior distribution
and the Bayesian evidence (marginal likelihood) simultaneously.Moreover,
a self-coded implementation of the Metropolis-Hastings algorithm is also
applied to generate independent Markov chains, thereby providing com-
plementary checks on the convergence and the robustness of the Bayesian
inference.

The best-fit value of the parameters is determined as themedian of the
obtained posterior distribution, while the associated 1σ uncertainty is
quantified using the 34.1% of the probability on either side of the median.
This ensures a statistically robust characterization of the parameter esti-
mates, avoiding biases that could arise from asymmetric posterior
distributions.

Parameter estimation discussion. The dual approach, Frequentist
optimization with iminuit (using the MINOS algorithm for robust
uncertainty estimation) and Bayesian sampling with ultranest and
Metropolis-Hastings, allows for cross-validation of parameter estimates
while providing deep insights into the underlying uncertainties. The
formulation of likelihood functions is inherently tied to the data struc-
ture: binned Poisson likelihoods for the TEDE model and extended
unbinned likelihoods for the NFDE model ensure that the statistical
features of the data are properly accounted for. Together, these methods
yield not only point estimates from the MLE approach but also full
posterior distributions via Bayesian inference, thus enhancing the overall
robustness of our statistical conclusions.

Data availability
This study is based on simulation data produced within the JUNO colla-
boration. The data are not publicly available according to the collaboration
datapolicybut canbe sharedupon request to the correspondingauthors and
with permission obtained from the collaboration.

Code availability
The code used for this study is available at https://github.com/ArseniiGav/
neuromct.
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