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ABSTRACT

The results of randomized clinical trials (RCTs) are frequently assessed with the fragility index (FI). Although the information

provided by FI may supplement the p value, this indicator presents intrinsic weaknesses and shortcomings. In this article, we

establish an analysis of fragility within a broader framework so that it can reliably complement the information provided by the

p value. This perspective is named the analysis of strength. We first propose a new strength index (SI), which can be adopted in

normal distribution settings. This measure can be obtained for both significance and nonsignificance and is straightforward to

calculate, thus presenting compelling advantages over FI, starting from the presence of a threshold. The case of time-to-event

outcomes is also addressed. Then, beyond the p value, we develop the analysis of strength using likelihood ratios from Royall's

statistical evidence viewpoint. A new R package is provided for performing strength calculations, and a simulation study is con-

ducted to explore the behavior of ST and the likelihood-based indicator empirically across different settings. The newly proposed

analysis of strength is applied in the assessment of the results of three recent trials involving the treatment of COVID-19.

1 | Introduction

The analysis of fragility, adopted to assess the results of ran-
domized clinical trials (RCTs), is controversial. Fragility can be
conceived as a proxy to measure the robustness of a given proce-
dure. When small variations in a dataset can easily subvert the
significance of a p value, such a result can be interpreted as frag-
ile. A fragility index (FI) was proposed as early as 1990 [1] and
later revised by Walsh, Srinathan, and McAuley [2], who defined
it as the minimal number of outcomes whose status must change
from “nonevent” to “event” to transform a significant result into
a nonsignificant one. It is calculated by virtually adding events
to the group containing fewer events. Docherty et al. [3] extended
FI to nonsignificant results. FI is defined as forward in the case
of significance and as reverse in the case of nonsignificance [4].
In the latter case, it is defined as the minimal number of out-
comes whose status must change from “event” to “nonevent” to

transform a nonsignificant result into a significant one [5]. More
recently, many variants of FI have been discussed [4, 6].

FI has objective weaknesses. First, there is no threshold above
which the result can be considered robust according to the com-
mon terminology in the literature. Second, it has a negative cor-
relation with the p value, so large p values are considered fragile
and small p values are considered robust. Thus, the use of FI
has been put under scrutiny. For instance, Condon et al. [7] sug-
gested applying FI parsimoniously. Niforatos et al. [8] recom-
mended caution in its interpretation. Schréder, Muensterer, and
von Sochaczewski [9] and Potter [10] argued that the use of FI
should be avoided.

Despite this criticism, in the biomedical sciences, FI is still
widely used in many applied contexts [5, 11-19]. Moreover,
beyond its inherent weaknesses, FI is in line with one of the
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statements of the American Statistical Association (ASA),
namely, “scientific conclusions and business or policy deci-
sions should not be based only on whether a p value passes a
specific threshold.” [20] It is, therefore, worth reconsidering
the analysis of fragility, setting it in a broader context than is
currently adopted. In this article, we refer to this new frame-
work as the analysis of strength.

In the following sections, we present the analysis of strength
along two main directions, following the advice of Wasserstein,
Schirm, and Lazar [21], who recommended developing pos-
sible suggestions for “supplementing or replacing p values.”
In Section 2, we propose a new strength index (SI) based on
normal distributions together with an adaptive threshold. SI,
inspired by FI, can be considered a valid diagnostic of the p
value, as it is used to reduce both false positives and false neg-
atives. Indeed, if the index is larger than a prefixed thresh-
old, then the experimental result as expressed by the p value
is confirmed. By contrast, if the index is not larger than the
threshold, the experimental result can be questioned. In the
former case, the index supports the p value, and in the latter
case, it does not, thus reducing the rate of false positives or
false negatives. The case of time-to-event outcomes is also dis-
cussed, and a new index, the survival fragility index (SFI) is
proposed. In Section 3, we present a more general framework
that can be adopted as an alternative to the p value, built upon
the likelihood theory, which has been targeted as a possible
inferential framework in clinical research [22] and, in partic-
ular, for pharmacovigilance [23, 24]. We define the fragility
in the context of a likelihood-based approach, and then we
propose a new likelihood strength index (LSI). This is struc-
turally similar to SI but is used independently of the p value.
We then discuss the problem of setting the threshold for these
indices. In Section 4, the newly proposed strength indices SI
and LSI are extended to one-sided hypotheses, which are often
used in RCTs. In Section 5, we report the results of a simula-
tion study concerning the behavior of ST and LSI. In Section 6,
we illustrate our proposal in relevant medical settings regard-
ing three trials conducted to assess drugs for COVID-19. A
simulated setting to calculate SFI is also presented. Finally, in
Section 7, we draw our conclusions and make recommenda-
tions for practitioners.

2 | Analysis of Strength for 2 X 2 Binomial Trials
2.1 | Measuring Strength

Asa general premise, the analysis of strength will be discussed for
contexts in which changes from an event to a nonevent and vice
versa have the same probability of occurring [25]. Let us consider
two independent binomial random variables representing the
number of events x; in n; binomial trials performed under two dif-
ferent treatments G;, i = 1, 2. Hereafter, we will refer to a general
setting of comparing hypotheses concerning the unknown pro-
portions 6, and 6, of events in the two treatment groups, namely,

Hy:0,=0,vs.H,:6, #6, (1)

We will indicate with - and >2 the proportions of events ver-
ified in each group. Without loss of generality, we assume

X <% Ipn particular, # = 2 — X is an unbiased estimate of
n, n, ny m
0 =0,—-0,and
- X X X X
f:%(b~i>+%<bni> )
ny ny n; n,

is a suitable estimate of its variance. Assuming normal approx-
imations for the sample proportions, we introduce a quantity Q
such that

X, X,
___+Q
m-l;%—l=a ©)

where @ is the standard normal cumulative distribution
function.

In general terms, Q represents a rational number that is added
to the difference of the proportions obtained in the sample that
leads to a change in the p value with respect to the significance
level a. With some algebra, we can explicitly write Q as a func-
tion of the p value. First, Equation (3) is equivalent to

X x2+Q ~
—_ - =0Z_¢2 4
. s @

where z,_« is the 1 — % quantile of a standard normal random
2

variable. Hence, for Q we provide the explicit formula

X X A ~
Q =——— —0Z3_« = (Zl_B _Zl_ﬂ)a (S)
n, ny 2 2 2

2 _a ~

where z; » =2 =% and p= 2(I)<—
2 c

c

SH E-9

) is the two-sided p
value for the null hypothesis (1).

If the experiment leads to a significant result, then Equation (5)
takes a positive value, whereas it takes a negative value for a non-
significant result. In the case of significance, from Equation (4)
it follows that

x_l_x_2+Q

ny N ny n, m n,

_htmQ x _x %H-mQ

and, in this case, Q represents the value that leads to a change of
status when adding n, Q events to x; or subtracting n,Q from x,.
The case of nonsignificance can be treated in a similar way. In
the case of significance, from Equation (5) we have

X X
0<QL—=—-— 6)
n, m
and for non-significance,
-5 « <0<
62, Q<0 @
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Based on Q and Equations (5) to (7), we introduce the index SI,
defined as

e
2 _]'_x2 X =1_Z L p=a
2 1_B
) n, n 2
SI= X, X z (8)
2_ 4 e
_Q _mm o1 psa
_O—Zl—g — 0 _¢2 Zl*%

SI is a normalized indicator that takes a value in (0,1). The
greater its value, the stronger the reliability of the p value. It is
straightforward to determine how SI varies as a function of the
p value (see Supporting Information S1: Figure 1).

2.2 | Fixed Thresholds

Once introduced theoretically, SI needs to be compared with
an appropriate threshold to be adopted in applications. For any
value assumed by SI, without such a threshold, it is uncertain
whether SI should be interpreted as a proxy for the fragility of
the experiment or as a proxy for its strength. This is an inherent
weakness of the concept of fragility for which, to our knowledge,
no suitable thresholds have been proposed in the literature. The
proposal by Murad et al. [11] in cardiology has, instead, been
defined as a rule of thumb [26, 27].

An intuitive threshold value z for SI in the interval (0,1) is =
=1/2. However, in the common case a« = 0.05, this would imply
that, with a significant result, strength can be attributed to the
p value if and only if p < 2@(—2z1_%> =~ 0.0001. This value ap-

pears rather conservative, at least for biomedical applications.

An alternative is to adopt the thresholds proposed in the con-
text of the analysis of credibility, a Bayesian approach to assess-
ing experimental results. In the case of a significant result, to
attain the credibility threshold, Matthews [28] requires that

p< 2<I><—\/ HT\/gzl_a) =~ 0.0127. Held [29] instead requires
2

that p < 2@(—\/52175 ) = 0.0056. In the analysis of strength, we
2

recommend adopting Held's more conservative threshold, thus
obtaining

L_%
SI>1—%<:>"2 > szu:»p§2<1><—\/£z1,u>, p<La
2 2 2
X X
L m G Gt
SI>1-— <& ——X< Sp>20| — s p>a
2 G V2 V2

©
2.3 | Adaptive Thresholds

Adopting a fixed threshold is a general and easily reproducible
procedure; however, in some applied scenarios, it may not be
enough to control for false positives or false negatives. This is
an inherent problem of adopting a fixed threshold and can be
observed in simulations. To solve this problem, we propose an
adaptive threshold for SI, which can be modeled based on suit-
able parameters. It depends on the total sample size n and two

other parameters z and €, with 0 < r <1 and £ > 0. Such a thresh-
old, denoted by ¢, (n), should meet two desirable properties,
namely, (i) it should be a positive strictly increasing function
of the total sample size and (ii) it should satisfy the asymptotic
condition

nlingo (M=t (10)

The first property ensures that small sample sizes are handled
appropriately with respect to larger ones (see Section 2.4). The
second property guarantees that as the sample size increases,
there exists a value = < 1 indicating whether the p value is sup-
ported or not. Among the possible families satisfying (i) and (ii),
we propose

1
=7~ — (11)

where ¢ determines the rate of convergence to the value 7. For
instance, if we set the parameterstoz =1/2and e =1/2, it fol-
lows that

1 1
t, =t n==-—
n=t1212(N) 2" Un 12)
and with e =1/3, we have
1 1
ty=typ13(0) = CRYE 13)

which is positive (because the total sample size is larger than
two) and strictly increasing, and

limt, =7 = % (14)

n— oo

agreeing with Equation (10). Expressions (12) and (13) repre-
sent particularizations of the parametric family (11), which
will be the subject of the simulation study (see Section 5 and
the Supporting Information). Another example of a parametric
family satisfying the desirable properties (i) and (ii) is presented
in the Supporting Information. Note that, beyond these desir-
able properties, there is not stringent theoretical support for the
choice of these thresholds. The support instead comes from nu-
merical work, but other options may be possible.

It is worth observing that r = 1 /2 has a natural interpretation in
terms of the central value of SI. The values e =1/2 and € =1/3
have also been proposed as corrections to n for the so-called fra-
gility quotient (FQ), a relative version of FI [30]. We also remark
that in the case of Equation (12), it follows that t, > 1 — % for
n>23, and in the case of Equation (13), for n>112. :

2.4 | Remarks and Properties

The quantity Q in Equation (5) allows us to identify a rela-
tion between the newly proposed SI and the FI by introduc-
ing FI* = n,Q, which represents the number of changes (from
event to nonevent and vice versa) in G, (the group with the
smaller proportion of events) needed to subvert a significant or

30f 13
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nonsignificant p value. If x; < x,, FI* approximates FI based on
the normal distribution, namely, FI = n, Q for large sample sizes.

ST satisfies some desirable properties for a statistical procedure
[10, 31, 32]; for example, it is easy to implement, it does not de-
pend on the unknown intentions of the researcher through
priors, and it leads different researchers to reach the same con-
clusions under the same conditions and with the same experi-
mental results.

SI is not in agreement with Lindley and Scott's claim [33] that
“significant at 5% depends on the sample size: it is more indic-
ative of the falsity of the null hypothesis with a small sample
than with a large one.” This statement, in the case of signif-
icance, has been supported by Royall [33] and Berger and
Sellke [34]. Thus, experiments conducted with fewer statisti-
cal units and leading to the same p value should be conceived
as less fragile. Contrary to this assumption, SI is invariant to
sample size when the p value is kept constant. This is illus-
trated in Table 1. One might argue that this is a limitation of
SI, which, in other words, satisfies the so-called a-postulate,
defined by Cornfield [35], which was described by Royall [36]
as the statement that “equal p-values represent equal amounts
of evidence [against the null hypothesis]|, at least approxi-
mately.” This postulate has been deemed unreasonable [35] or
wrong [36].

ST is a diagnostic tool and does not aim to measure the evidence
for hypotheses since it is not an inferential procedure, and its
role is to support or contradict the p value with an appropriate
assessment. SI goes beyond the invariance thanks to the intro-
duction of the adaptive threshold, which is a strictly increasing
function of the sample size, for penalizing large samples com-
pared with smaller ones, in agreement with Lindley and Scott’s
perspective [10, 33, 37, 38].

2.5 | Time-To-Event Outcomes

The analysis of strength can be extended to the case of time-
to-event outcomes. To this end, as in the previous sections,
we consider two groups G; of sample sizes n; (i =1,2). For
each group, we can construct the corresponding survival
function S;(¢) via the Kaplan-Meier method. We consider the
null hypothesis of equality of the survival functions, namely,
H,: S,() = S,(). Let us focus on death as the event of interest.
The survival time T represents the time at which death occurs;
the censoring time C represents the time at which censoring
occurs. At the end of the study period, for each individual we
observe either T or C. If the event has occurred before censor-
ing (T < C), then we observe the survival time T. If censoring

occurs before the event (T > C), then we observe the censoring
time. So, we can introduce an indicator variable taking the
value 1 if T< C (i.e., the event has occurred) or 0if T > C (i.e.,
censoring has occurred). To test the hypothesis of equality of
the survival curves, we can adopt the log-rank test. Assume
that the test led to a significant p value. We define SFI, which
is calculated via the following algorithm. Focusing on the
group with the least number of events, a 0 is transformed into
a 1, that is, a censored unit is virtually considered as if it had
the event. This change starts from the unit that has the short-
est censoring time. Once this change has been made, the p
value is recalculated. If this is subverted to nonsignificance,
the algorithm stops, and the index is equal to 1. If the p value is
still significant, the outcome of another censored unit (the one
with the second longest censoring time) is transformed from
0 to 1. If the p value is not significant, the algorithm stops and
SFI=2. Otherwise, more outcomes are subverted until nonsig-
nificance occurs. SFI can be defined as the minimum number
of conversions from censoring to an event that leads to p>a.
If H, is supported by the p value, we again choose the group
with the least number of events and, within that group, we se-
lect the unit with the longest survival time and event indicator
equal to 1. For this unit, we change 1 into 0 and we re-evaluate
the p value. If it is significant, the algorithm stops; otherwise,
other steps will follow until the p value is subverted. Then, we
define SFI as the negative of the minimum number of conver-
sions from event to nonevent that causes p < a.

We remark that SFT is a variant of the survival-inferred fragility
index (SIFT) [39]. The latter has been introduced in the litera-
ture as a version of FI that is suitable for time-to-event data. The
following algorithm is used to calculate SIFI. Let us start with
the case of significance. The researcher considers the treatment
group and, starting from time & (the last observation time before
the end of follow-up), a unit is moved to the control group regard-
less of whether it is labeled with 1 or 0. If the p value becomes
nonsignificant, SIFI is equal to 1; otherwise, the procedure con-
tinues until nonsignificance is reached. In the case of a nonsig-
nificant result, the algorithm is reversed; that is, shifts of units
(from 0 to 1 or from 1 to 0) only occur from the control group
toward the treatment group until significance is reached [40].

There are two substantial differences between the two proce-
dures. First, SFI focuses on the group with the lowest number
of events, whereas SIFI focuses on the treatment group (in the
case of significance). Second, SFI only transforms nonevents to
events (the reverse in the case of nonsignificance) within the
same group, whereas, with SIFI, both events and nonevents can
be virtually shifted from one group to the other in the same anal-
ysis. Thus, the substantial difference is that SIFI moves units
from one group to the other, whereas SFI only converts outcomes

TABLE1 | For three different fictitious examples, we calculated SI with threshold ¢, in Equation (13). We also calculated FI and FQ.

G, event
Trial name G, event fraction fraction p value ST FI FQ=FI/n n=n;+n, t;,;(n)
A 160/400 314/600 0.0001 0.494 25 0.0025 1000 0.400
B 400/3000 507/3000 0.0001 0.494 51 0.0085 6000 0.445
C 250/4500 340/5500 0.0001 0.494 38 0.0038 10,000 0.454
40f 13 Pharmaceutical Statistics, 2025
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without moving units. This has been argued as a shortcoming of
SIFI since it does not respect the nature of the fragility concept
[26]. Note, however, that the calculation procedure might be
longer for SFI than SIFI (see Example 4 in Section 6). Finally,
neither index has a threshold. We remark that SFI can be com-
bined with SI. SFI, however, does not require the asymptotic
approximation; this is essential for SI, which is obtained via
Equation (8), and its application to the p value of the log-rank
test (see Example 4).

3 | Analysis of Strength via Likelihood Ratios
3.1 | Likelihood Fragility Index

The SI presented in Section 2 can be applied in the case of nor-
mal approximations. Thus, at least medium or large sample sizes
are required. Although this covers several applied scenarios,
small trials are not uncommon in medical research. In this sub-
section, we present how to proceed with the analysis of strength
via likelihood ratios (LRs). This procedure is the recommended
practice for small trials. Adopting the two independent binomial
random variables x; (i=1,2) and hypotheses (1), the likelihood
function is given by

2
L(6,.6,) =Py o, (X =x,X,=x,) = Hpei (Xi=x)

i=1

This attains its maximum at §, = %(i = 1,2). Similarly,

: i\ o n—x; +x. 1+, —X, =X, : 1;
L6,0) = H G5 (1 =) = gatR(] —gyntray,
X, i1 \ X;

i=1 i i

. . - 2 ~ . .
reaches its maximum at = 252 = $* p 4. with p, = —S—
. . Lt =L L R
Based on this premise, we introduce the LR

events that causes the LR to attain or exceed the threshold A.
Symmetrically, if H, is supported, we define LFI as the negative
value of the minimum number of conversions from event to
nonevent in the group with the smaller proportion of events that
causes LR < A.

We suggest adapting Royall's proposal [36] for the threshold 4,
according to which, if a likelihood ratio is equal to 1, there is no
evidence for the alternative hypothesis; if the ratio is less than
1/8 =1/23 there is fairly strong evidence in favor of the alter-
native hypothesis. A ratio of 1 /32 = 1/2° or less implies strong
evidence.

On the one hand, focusing on G,, if LR(x,x,) < A, we may add
LFI events to G, until we attain LR > A. On the other hand, if
LR (xl,xz) > A(i.e., there is support for the null hypothesis), then
to subvert the experimental result, a number equal to LFI events
should be subtracted from the first group until LR <A is attained.
Hence LFI assumes, in the context of likelihood, the same role as
FI in the setting of the p value.

3.2 | Likelihood Strength Index

The analysis of strength via likelihoods represents a more gen-
eral approach than SI, as the latter only works under the normal-
ity assumption. There is, however, a close relationship between
the two perspectives. For large sample sizes, Equation (15) can
be approximated through

LR (x1 S x2) ~e  2? (16)

As above, we assume that > < 2 without loss of generality.
Since FI  n, Q, v

for Q > 0, and

logLR(x, + FI,x,) z_z - z_ll -Q Q

_ ~1— = =SI
logLR(xy,x;) fl—zz - % ’;—z - %
supL(6,,0,) a7)
0,=0,
LR(x),%,) = ————
supL(Gl,Qz) 6 _ X
0,.0, logLR (x;,x;) P
X X x Xy n,—Xx ny—x, — o~ 1 _ 2 1
=p1"1p2”2<1+—2> <1+—1> <1+—2 2) logLR(x, +FL, x;) ~  =3-Q
X X, n =X o
n,—x, ny—Xx, — - Q — AQ =SI
1+ — Z_A_Q -6z«
n,—Xx, n, mn 2
(15) (18)
with 0 < LR(x},x,) <1 It is straightforward to show from  forQ <0.Thus, similarly to
Equation (15) that the smaller LR(xy,x,) is, the less support
the experiment provides to the null hypothesis compared with
the alternative hypothesis. Thus, we may establish a threshold 1- logLR (x; +FI, x,)
4 € (0,1) under which the null hypothesis cannot be supported. a \ —10 oLR (xl’xz) ,FI >
=
If H, is not supported, we propose a likelihood fragility index 1 10gLR (x;, ;) FI<0
(LFI), defined as the minimum number of conversions from \ lo—gLR (x1+ Fsz) >
nonevent to event in the group with the smaller proportion of
50f13
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we can define a LSI as

logLR (x, +LFI,
Lo | BROHLFL )
\ logLR (x;,x,)
LSI =1 19)
logLR (x,,
| oeRE) o
\ logLR (x; +LFL,x,)

LSI constitutes a normalized index of strength, valid for small
sample sizes and small clinical trials, generalizing SI in the
sense that, if LFI =~ FI in (19), we obtain LSI = SI through
Equations (17) and (18).

To make the index operative, one may use either the fixed
threshold (9) or the adaptive threshold (11). LSI has properties
similar to those already presented for SI. Like SI, it is easy to
implement, does not depend on the intentions of the researcher,
and leads different researchers to reach the same conclusions
under the same conditions.

4 | One-Sided Hypotheses

The indices ST and LSI can be extended to the case of a one-sided
alternative hypothesis, namely,

Hy:0,=0,vs.H,:0, <0, (20)

or

Hy: 6, >0,vs.H,:6, <0, (21)

For SI, from the equation

xl_x_2+Q
n 1y
(o —= =«
[

forx

n ny

< 2 it can be shown that

X, X ~ ~
=——— =031 4=\%1p = %14 )0
Q nz n] 1—a (1p 1a)

from which it follows that

Q &\zl—a 2—q
X, X =1_x2 X, _1_Z s pLa
n, m n, m 1-p
X X
SI =1 =t (22)
1—
Q _m om0 a<p<0.5
—0Z_q —02_4 2—q
1, p>0.5

We can use the same threshold already introduced for SI.
From Equation (22), it can be seen that if p > 0.5, then the ob-
tained experimental result provides maximum strength to the
null hypothesis and, in general, we set SI=1 (see Supporting

Information S1: Figure 2). For instance, this occurs if we test

Hy:0, = 6,0rHy: 0, < 0, versusH,:6; > 6, when >t < =2,
1 2

For either hypothesis (20) or (21), when /9\1 s@z, the likeli-

hood ratio

iy ) 03

X ’x = =

r2 sup L(8,,0,) L(@ ) )
HyUH, ¥z

coincides with Equation (15) and can be approximated with
Equation (16) for large sample sizes (for details, see Appendix A).

In a similar way to

5 _ 5 _
Q _, mm . logLR (x, +FI,x;) FIs0
% _x 0 5 _x - _\ logLR(x x) > >
SI = n, m n, m 2
L _ 5
Q . mn logLR (x,x,) Fi<o
oz, Z_3_9 \ logZR(x, + FI.x,)

we provide the normalized index (19) with the same thresholds
already proposed. In addition, for H,: 0, < 6, versus H;: 0, > 0,

L(6,,0 R
LR(x;,x,) o (o0 L(91’62> 1
xl’x2 = = PN =
ptOn®e)  1(02:)

follows from 91 < 52, and hence we have LSI=1.

5 | A Simulation Study

To investigate the empirical behavior of SI and LSI, we per-
formed a Monte Carlo study. Initially, we examined a sim-
ulated scenario in which the null hypothesis is supported.
Within this context, we sampled x; and x, from binomial ran-
dom variables, both characterized by a probability parame-
ter 6, = 6, = 0.75. In a putative clinical context, this outcome
would suggest that the two treatments can be deemed inter-
changeable. We then extended the study by setting the equal
probability parameters to 0.50, 0.25, or 0.10. As for the sample
size, we set n; = n, = 500, then 300, and 200. We also consid-
ered the case of unbalanced sample sizes. Under these con-
ditions, we performed N = 10,000 Monte Carlo simulations.
For each pair (x,x,), we calculated the log odds ratio, the as-
ymptotic confidence intervals (CIs) for the log odds, and the
p value. We calculated the log odds and CIs for the log odds,
instead of CIs for the difference of proportions, given that
the latter has a true coverage probability less than nominal
for proportions close to 0 or 1 [41]. The logarithmic transfor-
mation of the odds guarantees a faster convergence rate [42].
Since the simulation was carried out assuming the null hy-
pothesis of equal proportions, we anticipated not rejecting H,,
meaning that zero would be within the CI for the log odds.
However, due to random variation, there were instances in
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TABLE2 | Mainresults of the simulation study. Simulations were conducted under the null hypothesis 8, = 6,. We adopted the adaptive threshold:
by =tijps(M) =3 — %

0, 0, n, n, oecI SI>§—3Lﬁ LSI>§—3Lﬁ 0¢cCI SI>§—3Lﬁ LSI>§—3LW

0.75 0.75 500 500 9520 7621 (80.05) 7930 (83.29) 480 9(1.87) 8 (1.66)
300 300 9509 7769 (81.70) 8110 (85.28) 491 7 (1.42) 9(1.84)
200 200 9498 7796 (82.08) 8111 (85.39) 502 21 (4.18) 24 (4.78)
500 300 9539 7651 (80.21) 7872 (82.52) 461 8(1.73) 10 (2.17)
500 200 9492 7692 (81.03) 7942 (83.67) 508 8 (1.57) 14 (2.75)

0.50 0.50 500 500 9518 7570 (79.01) 7822 (81.64) 482 13 (2.69) 8 (1.66)
300 300 9545 7651 (80.15) 8011 (83.92) 455 14 (3.07) 14 (3.07)
200 200 9502 7907 (83.21) 8259 (86.92) 498 24 (4.82) 16 (3.21)
500 300 9490 7656 (80.67) 7938 (83.64) 510 8 (1.57) 7 (1.37)
500 200 9560 7781 (81.39) 8055 (84.25) 440 8(1.82) 9(2.04)

0.25 0.25 500 500 9520 7621 (80.05) 7960 (83.61) 480 9(1.87) 8 (1.66)
300 300 9509 7769 (81.70) 7991 (84.03) 491 7 (1.42) 9(1.83)
200 200 9498 7796 (82.08) 8137 (85.67) 502 21 (4.18) 26 (5.18)
500 300 9539 7651 (80.21) 7896 (82.77) 461 8(1.73) 10 (2.17)
500 200 9492 7692 (81.03) 7937 (83.62) 508 8(1.57) 14 (2.75)

0.10 0.10 500 500 9501 7617 (80.17) 7890 (83.04) 499 14 (2.80) 14 (2.80)
300 300 9553 7781 (81.45) 8139 (85.19) 447 9(2.01) 11 (2.46)
200 200 9564 7919 (82.80) 8419 (88.02) 436 9 (2.06) 19 (4.36)
500 300 9508 7645 (80.41) 7985 (83.98) 492 7 (1.42) 20 (4.06)
500 200 9525 7648 (80.29) 7956 (83.53) 475 7 (1.47) 28 (5.89)

Note: 0 € CI: CIs including 0 (reference value for the log(odds) ratio), the absolute number of cases are reported in the cell (percentage is given within parentheses).
0 ¢ CI: CIs not 1nclud1ng 0 (reference value for the log(odds) ratlo) absolute number (percentage). SI > 1 - Strength index > 1 - %Lf absolute number

(percentage); LSI >3- A Likelihood strength index > = — ==, absolute number (percentage).

if if

which the null hypothesis was erroneously rejected. In these
cases, as well as those in which the null hypothesis was cor-
rectly upheld, we evaluated the performance of SI. We deter-
mined the proportion of cases in which SI added support to
the experimental outcome while applying the adaptive thresh-
old (13). We repeated the analysis for the adaptive threshold
(12). Herein, we report the results for the threshold (13); other
findings are presented in the Supporting Information, where
additional scenarios with different parameters and sample
sizes are also considered. We then extended the study to LSI.
The results are shown in Table 2.

We observed that the obtained results are rather similar across
different sample sizes. When the null hypothesis was (wrongly)
rejected (with 8, = 6, = 0.75), SI provides strength to the exper-
imental results in only 4.18% of the cases for a sample size of
200 and 1.42% for a sample size of 300. For the simulations with
samples of size 500, we obtained strength in 1.87% of the cases.
This implies that the number of false-positive changes from 480
when using the p value to 9 when adopting the strength index.
Moreover, in about 80% of the cases, taking into consideration
SI would lead to confirming the correct non-rejection of the

V"

null hypothesis. Similar considerations apply when varying the
value of 0, = 0,, and concerning LSI. We remark that LSI shows
a behavior with that of SI.

We repeated the same simulation structure but setting
0, # 0,. The results are shown in Table 3. For instance, we set
H,:6, =0.70 and 6, = 0.60. For equal sample sizes of 500, ST
provides support to the p value in 56.07% of the cases, and LSI
in 53.89% of the cases. Furthermore, in 81.94% and 78.13% of
the cases, respectively, SI and LSI prevent a fallacy, namely,
they do not confirm the experimental result that wrongly indi-
cated non-rejection of the null hypothesis. We repeated all the
previous simulations setting different values for the parame-
ters 6, and 0, and, overall, we obtained quite similar results
(see the Supporting Information).

By careful inspection of Tables 2 and 3, one may object that both
SI and LSI could be rather selective in confirming the experi-
mental result. In principle, this can be mitigated by changing
the adaptive threshold or, in the case of LSI, by modifying the
value of the parameter A used for the likelihood ratio, for which
only rules of thumb have been proposed in the literature. In the
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TABLE 3 | Main results of the simulation study. Simulations were conducted under the alternative hypothesis 6, # 8,. We adopted the adaptive

threshold: ¢, = () = % —

1

=
0, 0, n, n, oecr SI>§—3L\/z LSI>§—3LW 0¢CI SI>§—3Lﬁ LSI>§—3Lﬁ
0.70 0.60 500 500 814 147 (18.06) 178 (21.87) 9186 5151(56.07) 4951 (53.89)
300 300 2741 919 (33.53) 1013 (36.96) 7259 2681 (36.93) 2630 (36.23)
200 200 4363 1890 (43.32) 2097 (48.06) 5637 1602 (28.42) 1599 (28.37)
500 300 1186 458 (38.62) 570 (48.06) 8184 3679 (44.95) 3399 (41.53)
500 200 2830 910 (32.15) 1154 (40.78) 7170 2546 (35.51) 2211 (30.84)
0.50 0.40 500 500 1064 222 (20.86) 257 (24.15) 8936 4616 (51.65) 4294 (48.05)
300 300 3009 995 (33.07) 1134 (37.68) 6991 2410 (34.47) 2410 (34.47)
200 200 4811 2215 (46.04) 2441 (50.74) 5189 1372 (26.44)  1172(22.58)
500 300 2109 579 (27.45) 719 (34.09) 7891 3125(39.60) 3136 (39.74)
500 200 3321 1173 (35.32) 1360 (40.95) 6679 1966 (29.43) 2151 (33.20)
0.30 0.20 500 500 434 66 (15.21) 80 (18.43) 9566 6452 (67.44) 6307 (65.93)
300 300 1865 478 (25.63) 562 (30.13) 8135 3625 (44.56) 3664 (41.35)
200 200 3624 1401 (38.65) 1613 (44.51) 6376 2064 (32.37) 2177 (34.14)
500 300 1112 216 (19.42) 252 (22.66) 8888 4530 (50.96) 5068 (57.02)
500 200 2147 567 (26.41) 637 (29.67) 7853 2837(36.13) 3783 (48.17)
0.20 0.10 500 500 43 2(4.65) 4(9.30) 9957 8833 (88.71)  8825(88.63)
300 300 696 119 (17.09) 149 (21.41) 9304 5962 (64.08) 6116 (65.73)
200 200 2018 571 (28.29) 678 (33.59) 7982 3618 (45.32) 4085 (51.17)
500 300 264 36 (13.64) 40 (15.15) 9736 6879 (70.66) 7683 (78.91)
500 200 826 134 (16.22) 151 (18.28) 9174 4744 (51.71)  6535(71.23)

Note: 0 € CI: CIs including 0 (reference value for the log(odds) ratio), the absolute number of cases are reported in the cell (percentage is given within parentheses).
0 ¢ CI: CIs not 1nclud1ng 0 (reference value for the log(odds) ratlo) absolute number (percentage). SI > 1 - Strength index > 1 - %Lf absolute number

(percentage); LSI T Likelihood strength index > = — ==, absolute number (percentage).

if if

V

TABLE 4 | Summary of the main results emerged in the illustrative examples. SI and LSI have been calculated through Formula (8) and (19),

respectively.
Study n, n, p value Q SI FI LFI LSI
Sterne et al. [43] 678 1025 0.0002 0.0407 0.467 28 26 0.448
Cao et al. [44] 99 100 0.32 —0.0568 0.495 -6 -6 0.541
RECOVERY [45] 3155 1561 0.16 —0.0074 0.277 -24 =27 0.309

Supporting Information, we show the results of the simulations
conducted with the fixed threshold 1 — % in Equation (9) or
with the adaptive threshold (12).

It should be stressed that the analysis of strength simply offers
possible confirmation of what is expressed by the p value, going
beyond the main limitations of the fragility index. To adopt this
procedure, an R package named strength.analysis has
been uploaded to Github.! This provides researchers with the
possibility of directly applying the analysis of strength to their
data analysis. The reader will find the main functions introduced

in this article already implemented in the package (see the
Supporting Information for details).

6 | Illustrative Examples

In this section, we report three empirical applications
of the analysis of strength discussed in the previous sec-
tions. These examples? address experimental treatments for
COVID-19 during the acute phase of the pandemic in 2020.
Example 1 concerns the administration of dexamethasone (an
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anti-inflammatory drug), with both ST and LSI supporting the
experimental treatment with the threshold (13). Example 2
concerns the administration of two antiviral drugs, lopinavir
and ritonavir, with the null hypothesis supported by both SI
and LSI with the threshold (13). Example 3 refers to the effect
of administering hydroxychloroquine. The empirical result
does not support the effect of the drug and is not confirmed
by SI or LSI with the threshold (13). With the threshold (9), the
null hypothesis is supported by LSI. For all these illustrative
examples, we set a significance threshold a = 0.05. As to the
level A, we set a value A = 1 /8. We also describe a fourth exam-
ple in which SFI and SIFI have been calculated on simulated
datasets.

Example 1. In 2020, Sterne et al. [43] (the WHO Rapid
Evidence Appraisal for COVID-19 Therapies Research Group)
published the results of a multicenter RCT conducted with
1703 subjects affected by COVID-19 and hospitalized. Of
these, 678 were randomized to receive low-dose dexameth-
asone (the treatment group) and 1025 were randomized to
receive the standard care (the control group). The primary
outcome was mortality after 28 days; 222 patients died in the
treatment group G, and 425 in the control group G,. Referring
to hypotheses (1), using the statistic 0= —2 — % and the estimate
(2) of its Var1ance it was found that & = 0,088 And & = 0. 0237, so
that Zp =3 = = 3.68, which, being greater than z,_ 1,5 = 1.96,
ensures p 0 0002 and therefore significance. We first calcu-
lated the quantity Q; from Equation (5), we obtained Q =0.040
and, by using Equation (8), it followed that SI = 0.467. By
adopting the threshold (13), it followed that ¢, ;o; = 0.416, and
the experimental result was confirmed.

The sample sizes and the numbers of deaths in the two groups
are large enough to justify the normal approximation. Thus,
from FI = n,Q we obtained FI = 28, which can be interpreted as
the minimum number of deaths that should have occurred in
addition to those observed in the treated group to subvert signif-
icance to nonsignificance.

We also applied the likelihood-based approach. Using
Equation (11), we obtained LR(xy,X,) = 0.00115. As expected,
considering the A threshold stated above, such a low likelihood
ratio would not support the null hypothesis. The minimum
number of events to be added to x, to subvert the result is given
by LFI = 26. Indeed, in this case, the likelihood ratio became
LR =0.127 > 51—; =0.125. We also calculated LSI = 0.448, which
confirmed the experimental result by setting the thresh-
old ¢, ;o3 = 0.416. The main calculations are summarized in
Table 4.

Example 2. Cao et al. [44] published the results of an RCT
on patients admitted to Jin Yin-Tan Hospital in Wuhan for
COVID-19. Of the 199 patients observed, 99 (G;) underwent
treatment with lopinavir and 100 (G,) underwent standard care.
Considering mortality as an outcome, after 28 days, 19 deaths
were reported in the treatment group and 25 in the control
group. Using the normal approximation, we obtained 6 =0.058
and & = 0.0587, with z1-2 = 0.99, Given that p = 0.32, the exper-
imental result was not significant. To assess the strength of the
result, we first calculated the quantity Q. From Equation (5),

we obtained Q = —0.0568. Using Equation (8), we calculated
SI = 0.495, which, being greater than the threshold (13) given the
value t,4 = 0.328, provided strength to the experimental result.
We also obtained FI =~ — 0.0568 X 99 = — 6. This represents the
number of deaths that would have to be subtracted from the
19 deaths to subvert the result from nonsignificance to signif-
icance. This can be obtained through a simple Fisher's test for
the 2 x 2 table. The negative sign of FI is a convention to show
the direction of the effect from nonsignificance to significance
[46]. The analysis of strength can also be conducted through a
likelihood-based approach. Using Equation (16), we obtained a
value LR (x;,X,) = 0.6135. This was above the threshold A =1/8,
thus supporting the null hypothesis. To subvert the experimental
result, we need to subtract 6 events from the 19 events obtained
in the treatment arm. It followed that LR = 0.097, LFI = — 6, and
LSI = 0.541, which strengthened the experimental result, being
greater than ;49 =0.328.

Example 3. In June 2020, the results of the Randomized
Evaluation of COVID-19 Therapy (RECOVERY) [45] study, re-
lating to 4716 patients affected by COVID-19 and hospitalized,
were made public. Of these patients, 1561 were treated with
hydroxychloroquine and 3155 underwent standard care. The
number of deaths after 28days was 421 in the treated group
(G, and 790 in the control group (G,). The experimental results
led to 6 = 0.019, 6 = 0.014, Z_p2 = 142, and p = 0.16, support-
ing the nonsignificance of the experimental result. However,
having found Q = —0.0074, using Equation (8) we obtained
SI=0.277, which is below the threshold t,716 = 0.440 and also
below the fixed threshold (9) 1 — W ~ 0.293. The experimental
result was not confirmed by the aneﬁysm of strength. It followed
that FI = — 24; that is, we would need to subtract 24 events
from the 790 deaths to subvert the result from nonsignificant
to significant. Adopting the likelihood approach, we obtained
LR(x,x,) = 0.367, which supports the null hypothesis. We cal-
culated LFI = — 27, implying that to subvert the experimental
result, 27 events would need to have been discarded from the
control group; this would have led to LR = 0.121. Finally, we
calculated LSI = 0.309, which was not larger than the adaptive
threshold ¢, ;;4 = 0.440 but was larger than the fixed threshold
0.293. To summarize, we found disagreement between the dif-
ferent statistical procedures used to assess the results of this
experiment. This would support the idea that the question of
whether hydroxychloroquine should be administered to patients
with COVID-19 is open.

Example 4. A survival analysis was conducted for a simulated
dataset containing 2000 observations (1000 each for the treat-
ment and control groups). The two groups were created so that
they would have small differences in median survival times
(10 and 12 months, respectively), which were generated from a
Weibull distribution. This led to a p value of the log-rank test
that was not statistically significant (p = 0.399). This scenario
represents a situation in which there is no difference in survival
between the two groups. Since the initial p value was not sig-
nificant, the SFI algorithm attempts to convert events (deaths)
to censored observations (nonevents) in the group with fewer
events, starting with those with the longest follow-up times.
The goal is to assess how many such conversions are needed
to make the p value significant. The number of conversions
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required is reported as the SFI value. For SIFI, the algorithm
moves subjects from the control group to the treatment group,
beginning with those closest to the end of follow-up. The pro-
cess continues until the p value is subverted, and the number
of required iterations is reported as the SIFI value. In these
conditions, we obtained SFI = — 56 and SIFI = 33.

A second simulated setting had a more pronounced differ-
ence in median survival times between the two groups (10
vs. 16 months), resulting in an initial p value that was statisti-
cally significant (p = 0.00012). In this case, the SFI algorithm
converts censored observations to events in the group with
fewer events, starting with those with the shortest follow-up
times. The process is repeated until the p value is no longer
significant. The number of conversions required is recorded
as the SFI value. For SIFI, the algorithm moves units from the
treatment group to the control group, beginning with those
with the longest follow-up times. This continues until the p
value is no longer significant, and the number of iterations is
reported as the SIFI value. In this case, we obtained SFI = 63
and SIFI = 35.

Finally, we repeated the simulation, setting the median survival
times in the two groups to 10 and 18 months (p = 0.00000052).
In this case, we obtained SFI = 104 and SIFI = 57. Note that, by
invoking the normal asymptotic null distribution of the log-rank
test statistic, in the three simulated settings, it is possible to cal-
culate the strength index

Zl,ﬁ
l—z ;, p<a
1-2
_ 2
SI= Z
1—z = p>a
1-3

which was found to be 0.56, 0.49, and 0.61, respectively. The R
code to reproduce these examples is available from the authors
upon request.

7 | Conclusions

This article has presented a new approach, the analysis of
strength, aimed at revising the traditional fragility analysis
of RCTs from a new perspective. This has been done in the
case of normal random variables by adopting SI, which can
be compared with ad hoc thresholds. ST allows practitioners
to establish a clear conclusion regarding the strength of an ex-
perimental result. Like the fragility index, SI has a predictable
relationship with the p value and, therefore, one may wonder
if ST might shed light on the suspicion [47] that the fragility
index could be a “p value in sheep's clothing.” [48] The an-
swer for SI seems more optimistic than that for FI since SI
thresholds can discern whether a “small” or “large” p value
can validate the null hypothesis. This is not possible by simply
adopting the fragility index. It should be noted that another
substantial difference between SI and the p value is that the
former is based on a counterfactual approach (“what would
have happened if,” or what-if), whereas the latter is based on
a purely probabilistic approach. Thus, we may draw for SI the

same conclusion drawn by Lin et al. [26] for FI: “this critique
[that it may be strongly associated with the p-value and the
sample size] is mostly from an undue conception that FI aims
to replace the P value, although it does not. Alternatively, FI
only serves as a supplemental measure to aid in the assess-
ment of the robustness of statistical significance.” In addition
to binomial outcomes, we considered the case of time-to-event
outcomes, and we proposed a new fragility index SFI, which
may represent a possible substitute to the already adopted
SIFI, as it may align more closely than SIFI with the original
concept of fragility. In addition, SFI can be combined with ST
(adopting the asymptotic approximation), thus allowing the p
value of the log-rank test to be evaluated.

The analysis of strength has been also extended, more generally,
through a likelihood approach [36]. This constitutes an alterna-
tive to the p value. Through the likelihood ratio, we showed how
to quantify the number of events that would subvert the experi-
mental result. This has been called LFI, and it has the same role
as FI but in the context of the analysis of strength. The index LSI
has the same function as SI, but the p value is substituted with
a likelihood ratio and the threshold « is substituted with A. LST
may or may not confirm what the likelihood ratio has shown
regarding the null hypothesis, and it has the advantage of being
useful for small sample sizes. In general, for a large sample size,
LSI~ SI

FI and LFI can lead to qualitatively different conclusions, as can
SI and LSI, being based on different metrics, as observed in the
case of the drug hydroxychloroquine (Example 3). In Section 2,
we recalled Lindley and Scott’s claim and showed that SI is not
in agreement with it. This was illustrated with an empirical ex-
ample from which it emerges that SI is independent of sample
size. This could seem an undesirable property of SI, but what
matters is the presence of the adaptive threshold ¢t,, which is
“small” for “small” values of the sample size. We proposed two
instances of the parametric family (11), and two other thresh-
olds are presented in the Supporting Information. The choice of
a threshold cannot be given in absolute terms, as it depends on
the operational context and should be selected to protect against
false positives and false negatives as required. For example, in a
context that stresses the need to rigorously protect against false

positives, the choice of the threshold ¢, = % - lugl(n) would be pref-
erable to that of t, = + — ——, as can be seen from Supporting
2 log,o(n)

Information S1: Tables S5 and S7.

To summarize, before selecting a metric to evaluate the reliabil-
ity of results, a researcher must first decide whether to use a p
value or not. This decision is crucial and has been the subject
of extensive debate in the recent literature. If the researcher
chooses to use a p value, then diagnostics like FI and SI are ap-
propriate. However, if a researcher opts against using a p value,
or if the asymptotic approximation is not suitable, a likelihood-
based approach is more appropriate. This is particularly relevant
in small trials, such as those in rare disease research, in which
sample sizes are often below 30. In such cases, it is more suitable
to use metrics like LFT or LSI.

In conclusion, this study offers a practical solution to the problem
of assessing p values and likelihood ratios in the context of RCTs
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and, more generally, in comparisons of sample proportions. The
proposed indices were corroborated by a simulation study. Such
indices have the potential to constitute an objective, sensitive,
and reliable marker to assess the strength of experimental results
in comparing two proportions. They are easy to implement, and
ready-to-use procedures [31] provide guidance for applied re-
searchers in drawing statistical inferences. In future work, both
SIand LSI may be appropriately reframed and applied to the case
of adaptive trials, such as those with group sequential designs or
designs with adaptive modification to the sample size.
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Endnotes

!See https://github.com/Binomial123/strength.analysis.git. The pack-
age will also be available on the CRAN website.

2The description of the studies reported in this section includes the
main analyses without details about stratification variables such as
gender, age, or variables linked to concomitant pathologies, or comple-
mentary ongoing treatments for Covid-19 such as the use of oxygen or
invasive ventilation.
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Appendix A

To maximize the concave log-likelihood function

2
1(6,,0,) = Z[xilogei + (n; —x;)log(1 - 6,)]
i=1
subject to the linear constraint

h(6,,0,) =6, -0, <0,

we apply the Karush-Kuhn-Tucker conditions, that is to say the first-
order conditions

ol _ x-—mb; _ oh

o, o,(1-0,) o0,
(i = 1,2) with the multiplier
uz0
and the complementary slackness
u(0,—0,) =0

which implies that there are two cases:

(1) for
u=0,

the maximum point is given by

if
X < x,
n T on,
due to the constraint
0, <0y
(2) for
0,-0,=0

the constrained maximum is attained at

X, + X,
0, =0,="1""2
N, +h,
if
h,%
nTon

because of 4 > 0.
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