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Abstract
The fact that the solution of theMarkowitzmodel is numerically unstable is recognized
as one of the principal reasons for its poor out-of-sample results when applied in
practice. In the present paper, we show that, alongside standard instability sources
such as the estimation of the covariance matrix and returns, there is a structural source
of instability. This source depends on the geometry of the admissible region defined by
the linear constraints of the optimization problemnamely, the budget constraint and the
target expected return. We provide theoretical results based on numerical arguments
and propose a set of suitable target returns that restricts the standard mean-variance
efficient frontier to a subset of portfolios that are numerically stable with respect to a
given parameter δ. The increased stability of these portfolios is achieved by imposing
a condition that preserves the numerical rank of the constraint matrix. An application
to various real-world financial databases highlights the effectiveness of our proposal
in reducing the numerical instability of the optimal solution.

Keywords Numerical stability · Portfolio optimization · Numerical rank ·
Condition number

1 Introduction

The Markowitz model [1] is widely considered the foundation of modern portfo-
lio theory. Since its inception, the model and its underlying assumptions have been
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extensively studied and debated in the literature. One of the primary challenges in
applying the mean-variance framework in practice is the numerical instability of the
optimal solution; specifically, small perturbations in the input parameters, the covari-
ance matrix and the vector of expected returns, can produce large variations in the
optimal allocation. Consequently, portfolios that are contiguous on the efficient fron-
tier may exhibit radically different compositions, both in terms of weights and the
specific assets selected, which complicates practical implementation. This instability
is often cited as a primary reason for the model’s poor out-of-sample performance
when compared to naive allocation strategies, such as the 1/N rule [2]. Within the
context of the Markowitz model, the uncertainty arising from parameter estimation
has been rigorously examined (see, for example, [3, 4]).

Furthermore, in [5], the authors provide evidence that errors in estimating expected
returns are roughly ten times more damaging than errors in variances and twenty
timesmore damaging than errors in covariances. This explains whyminimumvariance
portfolios which ignore expected returns often outperform full mean-variance models.
In [4], the authors document that simply “plugging in” sample estimates leads to
massive performance degradation, suggesting that parameter uncertainty is the primary
obstacle to successful risk-based allocation.

Following these milestones, the academic debate has evolved in several directions
which, upon deeper analysis, represent different perspectives on the same fundamental
problem. A substantial body of research [6–9] continues to confirm the superiority
of naive allocation over complex optimization in out-of-sample tests. Conversely,
some authors defend the optimization framework [10–12], often emphasizing that the
success of these models is contingent upon the accuracy of the parameter forecasts.

To mitigate numerical instability, numerous approaches have been developed, most
of which are motivated by estimation uncertainty. These strategies can be broadly
classified into two main categories. The first major stream focuses on the objec-
tive function, specifically the regularization of the covariance matrix. This includes
Bayesian procedures [13], shrinkage estimation [14, 15]which has evolved from linear
models to sophisticated nonlinear approaches [16, 17] and Lasso-type regularization
or robust covariance techniques [18, 19]. A parallel branch focuses on robust opti-
mization, which explicitly incorporates parameter uncertainty by assuming that true
parameters lie within a predefined “uncertainty set” [19–21]. By seeking a portfolio
that performs best under a “worst-case” scenario, these models attempt to shield the
allocation from the extreme sensitivity typical of traditional optimizers (see [22, 23]
for comprehensive reviews).

The 2008 global financial crisis further exposed the inability of standard models to
handle extreme market conditions, leading to the rise of new paradigms: risk parity
and maximum diversification. Risk parity shifts the focus from capital allocation to
risk allocation, ensuring each asset contributes equally to total portfolio risk [24, 25].
Alternatively, diversificationmaximization aims tomaximize the portfolio’s “breadth”
rather than minimizing a risk proxy. Strategies include optimizing the diversification
ratio [26], maximizing the effective number of independent risk factors [27], or uti-
lizing entropy-based measures [28].

The problem of numerical instability in asset allocation models remains a highly
relevant topic in modern quantitative finance, with many recent studies proposing
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alternative strategies to robustify portfolio weights and mitigate estimation error [29–
32].

Despite these advances, the fact that numerical instability may also stem from
the structure of the constraints has been only marginally discussed. For instance,
[33] suggest that the estimation error of the mean is so significant that ignoring the
mean constraint entirely can sometimes improve results. Similarly, [34] describes the
tendency of the optimizer to over-allocate to assets with large estimation errors as
“error-maximization.” While these works support the intuition that numerical issues
could depend also on linear restrictions, there is a lack of approaches rooted in
numerical mathematics to address this directly. Only recently, the structure of lin-
ear restrictions has been formally recognized as a distinct source of instability, with
[35] proposing to reduce this sensitivity through optimal rescaling techniques.

This paper builds on that foundation by examining the numerical rank and condi-
tioning of the linear constraints. Our approach highlights that numerical instability can
arise even within a strictly deterministic framework, independent of the uncertainty
associated with parameter estimation. Consequently, our results address a structural
phenomenon not directly covered by standard approaches focusing on estimation error.
Weprove that the choice of the target expected return can, in itself, be a driver of numer-
ical instability. The intuition behind our proposal is as follows: consider the two linear
constraints, the budget constraint and the target expected return. In the framework
of exact mathematics, two extreme cases exist. First, if the two vectors defining the
constraints are linearly dependent, one constraint becomes redundant, and the effi-
cient frontier collapses to the global minimum variance portfolio. Second, if they are
linearly independent, the optimization is solvable for any target return and the entire
frontier exists. We focus on the intermediate case between these extremes, which is
highly relevant for practical applications. When the matrix of the constraints is ill-
conditioned, choosing extreme values for the target return can “stress” the admissible
region, causing specific segments of the efficient frontier to become numerically unsta-
ble. Therefore, we propose to restrict the admissible portfolio target returns to preserve
the numerical rank of the matrices involved in the optimization. We highlight the con-
sequences of this choice on the condition number of the constraint matrix and show,
through both toy examples and real-world data, that our proposal effectively reduces
numerical instability. The segment of the frontier that remains stable with respect to
a parameter δ (which defines the numerical rank) is called the δ-stable frontier. Our
empirical findings confirm that this approach significantly reduces instability in prac-
tice. We also demonstrate, through an out-of-sample experiment based on empirical
data, that stable portfolios yield compelling risk-adjusted returns compared to less
stable ones once transaction costs are accounted for.

The paper is organized as follows: Sect. 2 collects assumptions and preliminary
results. Section3 presents the main result regarding the δ-stable frontier. Section4
contains the empirical application, including a discussion on the choice of δ, the data
description, and the results. Section5 concludes the paper.AppendicesA andB contain
the technical results and the graphical stability analysis for a selection of the databases,
respectively.
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2 Assumptions, Definitions, and Preliminary Results

We assume that n > 2 risky assets are available on a given market. The generic
column vector x ∈ R

n identifies a portfolio when it satisfies the budget constraint∑n
i=1 xi = 1; in that case, its i th entry xi (i = 1, . . . , n) represents the share invested

in the i th asset. The covariance matrix of the assets’ returns, denoted by V ∈ R
n×n , is

assumed to be square, symmetric, positive-definite, and consequently, non-singular.
Finally, the column vector μ ∈ R

n contains the expected returns of the n assets, and
1 = (1, . . . , 1)t ∈ R

n represents the vector with unitary entries. We consider the
following standard portfolio optimization problem:

Problem 1 1

Minimizex σ 2
p = xt V x

subject to μtx = μp

1tx = 1
xi ≥ 0 for i = 1, . . . , n

where σ 2
p and μp are, respectively, the variance and the expected return of the port-

folio p identified by the vector of weights x. We denote x∗
lo(μp) as the solution to

Problem 1, emphasizing that it is a function ofμp since the solution is unique for each
value of the parameter. This portfolio optimization problem is known to suffer from
numerical instability (refer to the introduction for the literature on the point); that is,
small perturbations in the input data can cause considerable variations in the optimal
allocation. We show how the choice of μp impacts this stability by measuring the
portfolio TurnOver (TO), a formal definition of which is provided in the application.
In an economic context, TO is more than a mere metric for the sensitivity of the opti-
mal solution to variations in μp; it also captures the effective cost of implementing
the investment strategy’s allocation.

The efficient frontier Flo is the set containing the solutions to Problem 1 as μp

varies:
Flo = {

x∗
lo(μp) ∈ R

n,∀μp ∈ [min(μ),max(μ)]} .

Wenote that to obtain Flo, the choice ofμp must be restricted to the interval between
the minimum and maximum values of μ. We now introduce some technical concepts
and results that will be used throughout the remainder of this paper. First, we recall
the definition of the δ-numerical rank of a matrix (see [36]).

Definition 1 Given a real number δ ≥ 0 and a matrix A ∈ R
m×n , such that rank(A) =

p, the δ-numerical rank of A, Pδ(A), is given by

Pδ(A) = Card {λi : λi > δ, for i = 1, . . . , p}

where λ1 ≥ λ2 ≥ . . . ≥ λp > 0 are the singular values of A taken, as usual, in
decreasing order and Card(·) is the cardinality function.

We note that for a generic matrix A ∈ R
m×n , Pδ(A) = rank(A) if δ = 0 or when

0 ≤ δ ≤ λp. From the Eckart-Young theorem (see [37]), if Pδ(A) < rank(A), there
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exists a matrix Ã such that ‖A − Ã‖2 ≤ δ and rank( Ã) = Pδ(A); that is, A is very
close to a rank-deficient matrix.

We also recall the definition of the condition number of a matrix (see [38, Section
2.1]), which measures how sensitive the solutions of a linear system are with respect
to perturbations in the input data and rounding errors in the solution process.

Definition 2 Let A ∈ R
m×n such that rank(A) = min{m, n}; the (2-norm) condition

number of A, denoted by K2(A), is given by the following:

K2(A) := λ1(A)

λmin{m,n}(A)
.

Subsequently, we investigate the behavior of the equality constraints of Problem 1
by analyzing their numerical rank and condition number.

The linear equality constraints of Problem 1 can be rewritten as Bx = [μp 1]t ,
where the matrix B ∈ R

2×n (n > 2) is defined as

B =
(

μt

1t

)

=
(

β1t + ρt
μ

1t

)

,

and ρμ = μ − β1 ∈ R
n is the residual of the linear system 1β = μ. Consequently,

β = 1tμ
n is the arithmetic mean of the entries of μ, and ρt

μ1 = 0.
In the following, we assess whether B is close to a rank-deficient matrix by exam-

ining its numerical rank and its condition number. The following proposition provides
a computationally efficient way to detect if Pδ(B) = 1, thereby avoiding the need to
calculate the singular values of B.

Proposition 1 Given 0 < δ <
√
n, we have

Pδ(B) = 1 if and only if ‖ρμ‖2 ≤ δ

√
n

n − δ2
β2 + 1 .

Proof The singular values λ1 ≥ λ2 ≥ 0 of B correspond to the square roots of the
eigenvalues of

BBt =
(‖ρμ‖22 + nβ2 nβ

nβ n

)

,

and can be calculated by solving the characteristic equation:

σ 2 − σ
(
‖ρμ‖22 + n(β2 + 1)

)
+ n‖ρμ‖22 = 0 ,

which yields

λ21,2 =
(‖ρμ‖22 + n(β2 + 1)

) ±
√(‖ρμ‖22 + n(β2 + 1)

)2 − 4n‖ρμ‖22
2

. (1)
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The condition λ22 ≤ δ2 is equivalent to

√
(‖ρμ‖22 + n(β2 + 1)

)2 − 4n‖ρμ‖22 ≥ ‖ρμ‖22 + n(β2 + 1) − 2δ2 ,

which simplifies to

‖ρμ‖22 ≤ δ2
n(β2 + 1) − δ2

n − δ2
= δ2

(
n

n − δ2
β2 + 1

)

.

Therefore, since Pδ(B) = 1 if and only if λ2 ≤ δ, we conclude that

Pδ(B) = 1 ⇔ ‖ρμ‖2 ≤ δ

√
n

n − δ2
β2 + 1 .


�
From Eq.1, it follows that when ‖ρμ‖22 takes small values, λ2 approaches zero,

causing the matrix B to become ill-conditioned as K2(B) = λ1/λ2 increases signifi-
cantly. In the following, we analyze the scenario where ‖ρμ‖22 is sufficiently small to
require a dedicated numerical strategy to mitigate the instability stemming from the
ill-conditioning of matrix B.

3 The Opportune Choice of �p

In this section, we address the issues that arise when the condition number of B is large
due to the small magnitude of the vector μ. In such scenarios, μp must be selected
within an appropriate interval to ensure that minor variations in its value do not induce
severe perturbations in the optimal solution, as illustrated in the following example.

Example 1 Let the linear constraints be given by

{
ε1x1 + · · · + εnxn = μp

x1 + · · · + xn = 1
with |εi | < ε � 1 .

Roughly speaking, the coefficients of the first equation are negligible compared to
those of the second equation, which causes B to be ill-conditioned. Consequently, a
small perturbation in μp can lead to substantial differences in the solution.

For example, if μp = 0, we have
∑n

i=1 εi xi = 0. If we instead consider a
perturbed value μ̂p 
= 0, the corresponding perturbed solution x̂ = (̂x1, . . . , x̂n)t

satisfies
∑n

i=1 εi x̂i = μ̂p. It follows that
∑n

i=1 εi (̂xi − xi ) = μ̂p, and thus,
|μ̂p| ≤ ε

∑n
i=1 |̂xi − xi |. Under the assumption that ‖x‖1 = 1, we obtain

‖̂x − x‖1
‖x‖1 =

n∑

i=1

|̂xi − xi | ≥ |μ̂p|
ε

.
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Given a small ε, minor perturbations in μp can cause a large variation in the
entries of the solution. For this reason, in this example, the choice of μ̂p cannot differ
significantly from 0. Note that if μ̂p is small enough, both matrices B and B̂,

B̂ =
(

B
μ̂p

1

)

=
(

ε1 . . . εn μ̂p

1 . . . 1 1

)

are ill-conditioned.

The previous example suggests that μp should be chosen sufficiently close to the
mean value β. To this end, we propose a strategy in the following to determine an
interval, centered at β, from which a suitable μp can be selected. This strategy is
inspired by the Rouché–Capelli theorem, which states that a linear system Ax = b is
consistent (i.e., it admits at least one solution) if and only if rank(A) = rank([A|b]).
Accordingly,we suggest choosing the value ofμp such that, for a given small threshold
δ ≥ 0, if Pδ(B) = 1 then Pδ(B̂) = 1, where B̂ = [B|[μp 1]t ] is the augmented
matrix associated with the linear system Bx = [μp 1]t .1 A key motivation behind
this framework is to provide a criterion aimed at enhancing the numerical stability of
the optimal allocation, whose practical effectiveness is supported in the application.

Let us consider the matrix B. Using the notation of the previous section, B can be
rewritten as

B =
(

β1t + ρt
μ

1t

)

with β = μt1
n

.

We express the matrix B̂ as

B̂ =
(

μ̂t

1̂t

)

with μ̂t = (μt , μp) ∈ R
n+1, 1̂t = (1t , 1) ∈ R

n+1.

Theorem 2 states that if Pδ(B) = 1, there exists an interval in R such that if μp

belongs to this interval, then Pδ(B̂) = 1 as well.

Theorem 2 Let 0 < δ <
√
n and let

R0 =
√

1 + 1

n − δ2

√

δ2
(

n

n − δ2
β2 + 1

)

− ‖ρμ‖22 .

If ‖ρμ‖22 ≤ δ2
(

n
n−δ2

β2 + 1
)
and μp ∈

[
n

n−δ2
β − R0,

n
n−δ2

β + R0

]
, then Pδ(B) =

Pδ(B̂) = 1.

Proof First, since 0 < δ <
√
n, Proposition 1 implies that Pδ(B) = 1.

1 When δ = 0, we require that rank(B) = rank([B|[μp 1]t ]), which is the exact condition of the
Rouché–Capelli theorem for the existence of a solution.
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Applying the results of the previous section to the (n + 1)-dimensional case, we
can rewrite the matrix B̂ as

B̂ =
(

β̂1̂t + ρt
μ̂

1̂t

)

with β̂ = μ̂t 1̂
n + 1

= 1tμ + μp

n + 1
= nβ + μp

n + 1
.

As a consequence,

ρμ̂ = μ̂ − β̂1̂ =
(

μ − β̂1
μp − β̂

)

=
(

ρμ + β1 − β̂1
μp − nβ+μp

n+1

)

=
(

ρμ + (β − β̂)1
n

n+1 (μp − β)

)

=
(

ρμ + 1
n+1 (β − μp)1

n
n+1 (μp − β)

)

.

Since ρt
μ1 = 0, it holds that

‖ρμ̂‖22 = ρt
μ̂ρμ̂ = ρt

μρμ + 1

(n + 1)2
(β − μp)

21t1 + n2

(n + 1)2
(μp − β)2

= ‖ρμ‖22 + (β − μp)
2

(n + 1)2
(n + n2) = ‖ρμ‖22 + n

n + 1
(β − μp)

2 .

From Proposition 1, since 0 < δ <
√
n <

√
n + 1, Pδ(B̂) = 1 if and only if

‖ρμ̂‖22 ≤ δ2
(

n + 1

n + 1 − δ2
β̂2 + 1

)

.

Setting

R0 =
√

1 + 1

n − δ2

√

δ2
(

n

n − δ2
β2 + 1

)

− ‖ρμ‖22 ,

which is well defined since ‖ρμ‖22 ≤ δ2
(

n
n−δ2

β2 + 1
)
, the condition

‖ρμ̂‖22 ≤ δ2
(

n + 1

n + 1 − δ2
β̂2 + 1

)

is satisfied (see Appendix 1, Prop. 4) for any μp ∈
[

n
n−δ2

β − R0,
n

n−δ2
β + R0

]
.

In conclusion, choosing μp ∈
[

n
n−δ2

β − R0,
n

n−δ2
β + R0

]
ensures that ‖ρμ̂‖2 ≤

δ
√

n+1
n+1−δ2

β̂2 + 1, and thus, by Proposition 1, Pδ(B̂) = 1. 
�

We emphasize that the previous result is useful only when, given a small parameter
δ, Pδ(B) = 1, i.e., when B is a δ-numerical rank-deficient matrix, a case that is
very common in practical applications. Conversely, when Pδ(B) = 2 and B has full
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δ-numerical rank, no numerical issues arising from the choice of μp are expected,
allowing the parameter to be set at any desired level.

We now define the concept of the δ-stable part of the frontier.

Definition 3 Given δ > 0, and the set Flo defined above, the δ-stable part of the
frontier, denoted by Fδ

lo, is defined as

Fδ
lo =

{

x∗
lo(μp) ∈ Flo : μp ∈

[
n

n − δ2
β − R0,

n

n − δ2
β + R0

]

∩ [min(μ),max(μ)]
}

.

Remark 1 From a strictly economic perspective, we cannot rule out the possibility
that the δ-stable part of the frontier is located on a dominated portion of the efficient
frontier. In other words, it may be possible to find portfolios with higher returns and
lower risks elsewhere. Under short-sale constraints (x ≥ 0), the dominant portion of
the efficient frontier corresponds to target return levels μp ≥ μGMV, where μGMV
is the expected return of the constrained global minimum variance (GMV) portfolio
obtained from Problem 1, when the short-sale constraints and the expected return
constraint are avoided or non-active.

In the absence of short-sale constraints (or when nonnegativity constraints are non-
binding), the expected return of the GMV portfolio simplifies to the closed-form

expression μGMV = μt V−11
1t V−11 . Setting μp = μt V−11

1t V−11 , and using our previous notation,
we can express this benchmark return as follows:

μp = (β1t + ρt
μ)V−11

1t V−11
= β + ρt

μV
−11

1t V−11

From this, it straightforwardly follows that ifρt
μV

−11 ≤ 0, there exists a segment of
the efficient frontier composed of dominant portfolios that is also δ-stable. Conversely,

if ρt
μV

−11 > 0, a δ-stable part of the frontier exists only when μt V−11
1t V−11 ≤ β + R0.

While partially counter-intuitive, this approach suggests choosing portfolios that
may be dominated in the standard unconstrained mean-variance sense to prioritize
numerical stability. This idea aligns with a broad stream of research highlighting
that standard allocation techniques often yield poor out-of-sample results due to
allocation instability, where the resulting transaction costs erode any potential per-
formance gains from active management. For example, in [2], the authors show that
the equally weighted stable allocation is highly competitive with standard minimiza-
tion approaches, while in [15], the authors demonstrate the increased stability related
to the estimation of the covariance matrix. Another allocation explicitly designed
for stability is the risk parity portfolio, where risk is equally distributed across asset
classes; see [24].

The following toy example makes our proposal more explicit.

Example 2 We set n = 10 and

B =
(

μt

1t

)

, with

μt = 10−4(1.693, 2.435, 0.337, 1.395, 0.467, 2.137, 2.601, 1.669, −0.879, 1.798).
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Table 1 Different values of μp and the associated ‖ρμ̂‖2 and K2(B̂)

μp = 10−4· 0.962 1.0965 1.231 1.3654 1.500 1.6345 1.7690

‖ρμ̂‖2 = 10−4· 3.2716 3.2590 3.2514 3.2489 3.2514 3.2590 3.2716

K2(B̂) = 103· 10.138 10.177 10.200 10.208 10.200 10.177 10.138

Despite the illustrative nature of this toy example, the values in μ are calculated
from real financial data; specifically, they represent the average historical daily returns
of the ten sectors of the S&P500.2 It follows that β = 1.3654 · 10−4, and ‖ρμ‖2 =
3.2490 · 10−4. Choosing δ = 3.2717 · 10−4 yields Pδ(B) = 1, since ‖ρμ‖2 <

δ
√

β2 n
n−δ2

+ 1 ≈ 3.2717 · 10−4. Furthermore, from Theorem 2,

R0 =
√

1 + 1

n − δ2

√

δ2
(

n

n − δ2
β2 + 1

)

− ‖ρμ‖22 ≈ 4.035 · 10−5 .

Therefore, we restrict μp to the interval [β n
n−δ2

− R0, β
n

n−δ2
+ R0] = 10−4 ·

[0.962, 1.769] to ensure that the matrix

B̂ =
(

μt μp

1t 1

)

maintains a δ-numerical rank equal to 1, since, as highlighted in Table 1, ‖ρμ̂‖2 ≤
δ = 3.2719 · 10−4, and so ‖ρμ̂‖2 ≤ δ

√
β̂2 n+1

n+1−δ2
+ 1. Furthermore, Table 1 shows

that K2(B̂) is greater than K2(B) = 9.733 · 103, confirming that both matrices are
ill-conditioned.

The bold entries in Table 1 correspond to the case μp = β. In Fig. 1, we report
a graphical representation of the δ-stable part of the frontier (in bold in the figure)
according to the data of the example.

The principal idea behind this paper is that to mitigate allocation instability, the
value of the parameter μp is selected such that Pδ(B) = Pδ(B̂), establishing a rank
condition whose association with lower target return sensitivity is examined empiri-
cally. As shown in Table 1, this choice has interesting implications for the condition
numbers of B and B̂. Specifically, as proved in the following theorem, ifμp = β, then
K2(B̂) ≥ K2(B). Since the condition number increases when the rows of a matrix are
nearly linearly dependent, the subsequent theoremdemonstrates that choosingμp = β

remains admissible even when the rows of B are nearly collinear and/or badly scaled.

Theorem 3 Let μp = β. It holds that K2(B) ≤ K2(B̂) if and only if 0 <
‖ρμ‖22

n ≤
√

n+1
n (β2 + 1). Equality holds if and only if

‖ρμ‖22
n =

√
n+1
n (β2 + 1).

2 A detailed description of the databases used in the real-data application is provided in the next section.
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Fig. 1 The frontier calculated for Problem 1 and, in bold, the δ stable part

Furthermore, if limn→+∞
‖ρμ‖22
n(n+1) = 0, then limn→+∞ K2(B̂) = K2(B).

Proof Forμp = β, we have β̂ = β and ‖ρμ‖22 = ‖ρμ̂‖22 (see the proof of Theorem 2).
It follows that the matrices BBt and B̂ B̂t can be expressed as

BBt =
(

(β1 + ρμ)t (β1 + ρμ) 1tμ
1tμ n

)

= n

(

β2 + ‖ρμ‖22
n β

β 1

)

,

B̂ B̂t =
(

(β1̂ + [ρμ;β])t (β1̂ + [ρμ;β]) 1̂t μ̂
1̂t μ̂ n + 1

)

= (n + 1)

(

β2 + ‖ρμ‖22
n+1 β

β 1

)

.

Let us define the quantities q = ‖ρμ‖22
n(n+1) and a = β2 + ‖ρμ‖22

n . Since

β2 + ‖ρμ‖22
n + 1

= β2 + ‖ρμ‖22
n

− ‖ρμ‖22
n(n + 1)

= a − q ,

the matrices above can be rewritten as

BBt = n

(
a β

β 1

)

and B̂ B̂t = (n + 1)

(
a − q β

β 1

)

.

The eigenvalues of BBt and B̂ B̂t , denoted by λ1,2 and λ̂1,2 respectively, are given
by

λ1,2 = n
(a + 1) ± √

(a − 1)2 + 4β2

2

λ̂1,2 = (n + 1)
(a + 1 − q) ± √

(a − 1)2 + 4β2 + q(q − 2a + 2)

2
.
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If we consider the condition K2(B) ≤ K2(B̂), which is equivalent to

√
λ1√
λ2

≤
√

λ̂1
√

λ̂2
,

we must solve the inequality λ1̂λ2 ≤ λ̂1λ2. This yields

[(a + 1) +
√

(a − 1)2 + 4β2][(a + 1 − q) −
√

(a − 1)2 + 4β2 + q(q − 2a + 2)] ≤

≤ [(a + 1)−
√

(a − 1)2 + 4β2][(a + 1− q)+
√

(a − 1)2 + 4β2 + q(q − 2a + 2)] ,

which, since q 
= 0, simplifies to q(β2 −a)+ (β2 −a)2 − (β2 +1)2 ≤ 0. Substituting
the previously defined values of a and q, we obtain

‖ρ‖42
n(n + 1)

≤ (β2 + 1)2 or, equivalently,
‖ρ‖22
n

≤
√
n + 1

n
(β2 + 1) .

This final condition is satisfied by hypothesis, thereby establishing that K2(B) ≤
K2(B̂).

Finally, if limn→+∞
‖ρ‖22

n(n+1) = 0, meaning that limn→+∞ q = 0, it follows

that limn→+∞ λ̂1 = λ1 and limn→+∞ λ̂2 = λ2. We therefore conclude that
limn→+∞ K2(B̂) = K2(B). 
�

Choosing δ2 < n/2, if ‖ρμ‖2 ≤ δ
√

β2 n
n−δ2

+ 1, the hypotheses of Theorem 2 are

satisfied, and thus Pδ(B) = Pδ(B̂) = 1 provided that μp is sufficiently close to β.

Furthermore, since
‖ρμ‖22

n ≤ δ2(β2/(n− δ2)+1/n) ≤ n
2 (2β2/n+1/n) ≤ β2 +1, the

hypotheses of Theorem 3 are also satisfied, implying thatK2(B)−K2(B̂) ≤ 0. Since
thematrix condition number is a continuous function of its entries, there exists a neigh-
borhood around β such that K2(B) ≤ K2(B̂) for every μp within this neighborhood.
Therefore, whenμp is sufficiently close to β, not only does Pδ(B) = Pδ(B̂) = 1 hold,
but B̂ is also more ill-conditioned than B, a result clearly demonstrated in Table 1.

Remark 2 Using the Maclaurin expansion, we have

1

n − δ2
= 1

n
+

∞∑

j=1

δ2 j

n j+1 = 1

n
+ O

(
δ2

n2

)

.

Hence, provided that
δ2

n
� 1 ,

the higher-order terms in the expansion can be neglected, and we may use the approx-
imation

1

n − δ2
� 1

n
.
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In the remainder of the paper, this approximation is adopted throughout both the
theoretical analysis and the illustrative examples. Under this assumption, the condition

Pδ(B) = 1

is equivalent, up to the aforementioned approximation, to

‖ρμ‖2 ≤ δ

√

β2 + 1.

Moreover, the corresponding quantity R0 is approximated by

R =
√

1 + 1

n

√
δ2(β2 + 1) − ‖ρμ‖22.

Consequently, within the regime δ2/n � 1, we characterize the condition

Pδ(B) = Pδ(B̂) = 1

by the simultaneous requirements

‖ρμ‖22 ≤ δ2(β2 + 1) and μp ∈ [β − R, β + R].

4 Application

The empirical analysis is divided into three subsections: the first subsection discusses
the selection of δ with respect to the number of assets n; the second describes the real
financial data used for the application and defines the criteria for evaluating the results;
and the third presents the numerical results on real data along with the corresponding
discussion.

4.1 The Choice of ı

In the proposed approach, we deal with ill-conditioned matrices B. Conversely, if
‖ρμ‖2 is not small enough, no significant numerical issues are expected, and con-
sequently, no restrictions on the value of μp are necessary. In the cases under
consideration, ‖ρμ‖2 is a small value and δ is a user-defined parameter. If δ

√
β2 + 1 ≥

‖ρμ‖2 and δ2/n � 1, we can apply the results established in the previous sections
to compute the optimal interval for μp. Thus, the choice of δ clearly plays a central
role in this methodology. Through the following example, we demonstrate that the
assumption δ2/n � 1, where n denotes the number of assets in the portfolio, ensures
the avoidance of scenarios where the minimum singular value of B remains relatively
large despite B being ill-conditioned.
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Example 3 Without loss of generality, we set an even integer n and define a matrix
B ∈ R

2×n as

B =
(

ε 2ε ε 2ε . . . ε 2ε
1 1 1 1 . . . 1 1

)

with 0 < ε � 1 .

By construction, it holds that β = 1.5ε and ρμ = 0.5(−ε, ε,−ε, ε, . . . ,−ε, ε)t ,
from which ‖ρμ‖2 = 0.5ε

√
n. Furthermore, using Eq. 1 and neglecting the term 9ε4,

we have

λ21,2 = n

4

(
5ε2 + 2 ±

√
(2 + 4ε2)2 + 9ε4

)
≈ n

4

(
5ε2 + 2 ± (2 + 4ε2)

)

and so λ1 ≈
√
n

2

√
9ε2 + 4 and λ2 ≈

√
n

2
ε .

It follows that K2(B) ≈
√
9ε2+4

ε
, meaning that B is ill-conditioned independently

of n.
Conversely, for large values of n, λ2 can be relatively large even if B remains

ill-conditioned.
We choose δ such that ‖ρμ‖22 ≤ δ2(1 + β2), which yields δ2 ≥ nε2

4+9ε2
. Choosing

δ = ε
√
1.01n√
4+9ε2

, we have δ2/n = 1.01 ε2

4+9ε2
� 1, and we obtain

R =
√
n + 1

n

√
δ2(1 + β2) − ‖ρμ‖22 =

√
n + 1

n

√

0.01
nε2

4
= ε

√
n + 1

20
.

If n = 500 and ε = 0.001, then K2(B) ≈ 2000 and λ2(B) ≈ 0.01118. Choosing

δ = ε
√
1.01n√
4+9ε2

≈ 0.011236, we have λ2(B) < δ, which implies that Pδ(B) = 1.
Furthermore, we obtain R ≈ 0.001119. Consequently, if μp ∈ [β − R, β + R] =
[0.00038, 0.0026], then Pδ(B̂) = 1. For example, if μp = 0.002, then λ2(B̂) =
0.0111914 < δ ≈ 0.011236.

Example 3 highlights the following fact: when n is large, it is possible to obtain a
non-negligible value for λ2 even when the matrix B is severely ill-conditioned. This
outcome strongly underscores the necessity of linking the choice of δ to the value of
n when applying the proposed strategy in practical applications.

In the following, we propose a suitable choice of δ for the scenario under con-
sideration, namely when Pδ(B) = 1 and δ � √

n. The value of this parameter is
derived from both theoretical considerations and mathematical arguments. Let B and
B̂ = [B | [μp, 1]t ]. By the interlacing property of singular values [39], the following
relationship holds:

λ1(B̂) ≥ λ1(B) ≥ λ2(B̂) ≥ λ2(B) .

Assume that the hypotheses of Theorem 2 are satisfied, meaning that λ2(B) and
λ2(B̂) are both strictly less than δ; consequently, we have

λ2(B) ≤ λ2(B̂) ≤ δ.
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Since the smallest singular value of a matrix coincides with its distance in the
2-norm to the nearest rank-deficient matrix, choosing δ sufficiently close to λ2(B)

ensures that the respective distances of B and B̂ from rank deficiency remain tightly
close.

Since we are concerned with the case in which λ2(B) ≤ δ � √
n, and recalling

from Proposition 1 that

λ2(B) ≤ δ ⇔ ‖ρμ‖2
√

β2 + 1
≤ δ ,

a reasonable choice of δ is obtained by requiring it to be slightly larger than, yet
sufficiently close to, λ2(B). Accordingly, one may set

δ = 1.005
‖ρμ‖2

√
β2 + 1

. (2)

Observe that the choice δ = ‖ρμ‖2√
β2+1

is not acceptable, as it forces R = 0, thereby

making μp = β the only feasible value. On the other hand, selecting a value of δ that
is too large distorts the concept of δ-numerical rank, which is precisely intended to
indicate the presence of a rank-deficient matrix in the immediate neighborhood of B.

4.2 Data Description

The empirical application in the next section is performed on five different datasets.
All datasets contain daily asset returns from 1/3/2000 to 9/17/2020. For simplicity,
assets without a complete time series over the chosen period have been removed.
Consequently, the number n of effective constituents in the financial indexes under
analysis is smaller than the nominal one. The datasets are the following:

• S&P500 sectors (n = 10) are composed of the ten sector portfolios of the S&P500
index, obtained using the Global Industry Classification Standard (GICS): Energy,
Materials, Industrials, Consumer Discretionary, Consumer Staples, Health Care,
Financials, Information Technology, Communication Services, and Utilities.

• DAX (n = 23) is the stock index of themajorGerman blue-chip companies trading
on the Frankfurt Stock Exchange.

• ESX (n = 38), EURO STOXX 50, is a stock index for the Eurozone composed of
European blue-chip companies considered leaders in their respective sectors.

• FTSE (n = 69) is the Financial Times Stock Exchange 100 Index, composed
of the companies listed on the London Stock Exchange with the highest market
capitalization.

• Nikkei (n = 181) is the Nikkei 225, a stock market index for the Tokyo Stock
Exchange composed of large, publicly owned companies in Japan.

The datasets allow us to test our proposal for different values of the portfolio size
n.
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In the next section, the results are discussed on the basis of the Turnover (T O).
Given a small positive number ε, T Oε(μp) is defined as

T Oε(μp) =
n∑

i=1

|x∗
i (μp) − x∗

i (μp + ε)|. (3)

Both the mathematical and economic interpretations of the T O are immediate.
From a strict mathematical point of view, the T O measures the numerical sensitivity
of the optimal solution to small variations ε in the parameter μp. From an economic
point of view, the T O provides ameasure of the transaction costs required to adjust the
investment portfoliowith respect to a small variation ε inμp.Moreover, to fully capture
the economic consequences of numerical instability, we incorporate transaction costs
of 10 basis points (as supported by [40]) proportional to the TO. This ensures a
realistic performance comparison between active portfolio strategies in the out-of-
sample rolling-window exercise.

4.3 Real Data Application

The empirical application is divided into twomain experiments, each detailed in a ded-
icated subsection. The first experiment provides a descriptive analysis of the numerical
stability of the optimal portfolios when the expected return is chosen within the sug-
gested interval (see Section 4.4). The second experiment quantifies the economic
impact of this numerical stability in terms of out-of-sample risk-adjusted returns (see
Section 4.5). Both applications are implemented using the datasets described in the
previous section.

4.4 Experiment One

In the first experiment, we demonstrate the stability of the optimal allocation whenμp

is selected within the proposed theoretical interval. This is achieved by constructing
the efficient frontier for each dataset and evaluating the T O metric associated with
contiguous points along the frontier. To further emphasize the role of the linear equal-
ity constraints as a primary source of numerical instability, the allocation model is
implemented for each dataset using both the historical covariance matrix and, alterna-
tively, the identitymatrix. In the latter case, any potential numerical instability depends
exclusively on the restrictions imposed by the optimization problem, given that the
identity matrix represents the ideal benchmark in terms of conditioning. As noted in
the introduction, a broad strand of literature has focused on alternative covariance
estimators to reduce the numerical instability ascribed to sample estimation errors.
While our focus centers on the instability caused by the linear equality constraints
and the choice of μp, we emphasize that predicting how these two distinct sources of
instability, the covariance matrix and the linear constraints, interact to determine the
overall conditioning of the problem remains a challenging task. Interestingly, these
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two sources may interact to mutually mitigate the overall instability or, in the worst-
case scenarios, they may compound, resulting in amplified fragility. For this reason,
we explicitly report the results obtained by replacing the covariance matrix with the
identity matrix.

The analysis and discussion presented in this section are focused on two specific
datasets: S&P500 Sectors and DAX. For both datasets, the stability analysis is pre-
sented both graphically and through a table displaying the exact optimal portfolio
weights across different levels of μp, leveraging the fact that these asset universes
include a limited number of constituents. For the remaining datasets, namely ESX,
FTSE, and Nikkei, we limit our analysis to the graphical representations provided in
Appendix 2 (Figs. 6, 7, 9, 10, 11), noting that the results are qualitatively identical to
those discussed here. For each dataset, we solve the optimization problem formulated
using the sample covariance matrix, as well as its counterpart obtained by replacing
the covariance matrix with the identity matrix. As previously emphasized, this second
framework allows us to isolate and focus on the role of the constraints in generating
numerical instability. The graphical representations comprise three subfigures: the top
panel illustrates the evolution of the optimal portfolio composition along the efficient
frontier as a function of μp. The vertical green lines delineate the δ-stable region
identified by our theoretical proposal. The middle panel shows the behavior of the
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Fig. 2 Optimal portfolio structure and turnover across target returns. The dataset comprises S&P 500
sectors, and the optimization model relies on the sample covariance matrix. Top panel: Asset weight com-
position of the optimal portfolio across varying target returns (μp).Middle panel: Portfolio turnover (TO)
plotted as a function of the target return μp . Bottom panel:Detailed asset weight composition restricted to
the δ-stable region of the efficient frontier, corresponding to target returns μp ∈ [0.1054, 0.1686] × 10−3.
Across all panels, the vertical lines indicate key portfolio benchmarks: the global minimum variance (GMV)
portfolio (red dashed line), the boundaries of the δ-stable interval (green lines), and the specific return level
μp = β (pink line)
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T O metric as μp varies. Again, the vertical green lines identify the interval where the
portfolio composition along the frontier is most stable, while the vertical red and pink
lines mark the global minimum variance portfolio and the portfolio with μp = β,
respectively. The location of the global minimum variance portfolio is of fundamental
importance for the economic interpretation, given that the dominant portion of the
frontier consists of all portfolios lying to the right of this point, which are character-
ized by higher expected returns. Finally, the bottom panel provides a specific view of
the top plot, focusing specifically on the stability interval identified by the theoretical
approach.

Figure 2 illustrates the stability analysis of the efficient frontier for the S&P500
Sectors dataset using the historical covariance matrix. From the top panel, it is evident
that the optimal portfolio composition changes very rapidly for small variations in μp

when the latter is close to its extreme feasible values. Under these circumstances, both
the specific assets selected in the portfolio and their corresponding weights are highly
sensitive tominor changes inμp. It is alsoworth noting that the optimal portfolio holds
only a few asset classes at extreme values ofμp, whereas a significantly larger number
of assets are included for more central values of μp. The vertical green lines delineate
the region of maximum stability identified by our theoretical approach. The middle
panel shows the behavior of the T O as a function of μp. The most striking feature is
that turnover is extremely high for extreme values of μp, while it remains remarkably
low for choices of μp within the δ-stable interval. In this specific case, it is interesting
to observe that the global minimum variance portfolio (indicated by the vertical red
line in the middle panel) exactly overlaps with the portfolio obtained when μp = β.
This occurrence is coincidental, as will become evident from the subsequent examples.
As a consequence of this coincidence, a portion of the efficient frontier exists that is
simultaneously dominant in amean-variance sense and numerically stable. The bottom
panel, by focusing on the segment of the frontier identified by the theoretical interval,
provides an immediate visual representation of the allocative stability in this region.

Table 2 Effective portfolio composition within the δ-stable region. The results are based on S&P 500
sectors return data, and the optimization problem is defined starting from the historical sample covariance
matrix. This displays the effective asset weight allocation for optimal portfolios when the target return
(μp) is restricted to the identified stable region. This highlights how asset weights stabilize and remain
well-behaved inside the central interval compared to the unconstrained efficient frontier

μ p = 10−3· 0.1054 0.1124 0.1195 0.1265 0.1335 0.1405 0.1476 0.1546 0.1616 0.1686

x1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0008 0.0000 0.0014 0.0000 0.0001
x2 0.0000 0.0000 0.0001 0.0006 0.0055 0.0185 0.0320 0.0445 0.0598 0.0736
x3 0.0014 0.0007 0.0003 0.0001 0.0001 0.0014 0.0000 0.0007 0.0000 0.0000
x4 0.1379 0.1370 0.1361 0.1349 0.1333 0.1298 0.1279 0.1247 0.1223 0.1195
x5 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
x6 0.5363 0.5605 0.5847 0.6083 0.6275 0.6372 0.6490 0.6588 0.6693 0.6795
x7 0.0000 0.0000 0.0000 0.0000 0.0000 0.0001 0.0000 0.0002 0.0000 0.0000
x8 0.0000 0.0000 0.0000 0.0000 0.0000 0.0003 0.0000 0.0003 0.0000 0.0000
x9 0.3244 0.3017 0.2789 0.2560 0.2337 0.2116 0.1911 0.1691 0.1486 0.1274
x10 0.0000 0.0000 0.0000 0.0000 0.0000 0.0002 0.0000 0.0002 0.0000 0.0000
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The nearly horizontal lines in this plot illustrate that the portfolio composition remains
stable even when slightly modifying μp. Conversely, returning to the top panel, it can
be seen that outside the stable region, the lines exhibit very steep slopes, corresponding
to highly pronounced changes in the optimal portfolio composition relative to small
variations in the expected return.

Table 2 reports the optimal portfolio composition as μp varies within the identified
theoretical interval. This provides numerical, rather than just graphical, evidence of
how gradually the optimal portfolio composition changes in response to small varia-
tions in μp.

Figure 3 illustrates the stability of the optimal portfolio composition for the S&P500
Sectors dataset when the covariance matrix is replaced with the identity matrix in the
optimization problem. The most immediate observation compared to the previous
case is the significant impact that the dependence structure provided by the covariance
matrix exerts on the allocation. Specifically, when asset dependence and variances are
omitted, a generally larger number of asset classes comprise the optimal portfolio. That
being said, the observations regarding this figure are entirely analogous to those made
previously. When μp takes on extreme values, the portfolio concentrates on a few
assets, and small variations in μp heavily impact the composition. Conversely, when
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Fig. 3 Optimal portfolio structure and turnover across target returns. The dataset comprises S&P 500
sectors, and the optimization model relies on the identity matrix in place of the sample covariance matrix.
Top panel: Asset weight composition of the optimal portfolio across varying target returns (μp). Middle
panel: Portfolio turnover (TO) plotted as a function of the target return μp . Bottom panel: Detailed asset
weight composition restricted to the δ-stable region of the efficient frontier, corresponding to target returns
μp ∈ [0.1054, 0.1686] × 10−3. Across all panels, the vertical lines indicate key portfolio benchmarks: the
global minimum variance (GMV) portfolio (red dashed line), the boundaries of the δ-stable interval (green
lines), and the specific return level μp = β (pink line)
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Table 3 Effective portfolio composition within the δ-stable region. The dataset comprises S&P 500 sectors,
and the optimization model relies on the identity matrix in place of the sample covariance matrix. This
displays the effective asset weight allocation for optimal portfolios when the target return (μp) is restricted
to the identified stable region. This highlights how asset weights stabilize and remain well-behaved inside
the central interval compared to the unconstrained efficient frontier

μ p = 10−3· 0.1054 0.1124 0.1195 0.1265 0.1335 0.1405 0.1476 0.1546 0.1616 0.1686

x1 0.0903 0.0925 0.0947 0.0969 0.0991 0.1012 0.1034 0.1056 0.1078 0.1100
x2 0.0685 0.0756 0.0827 0.0898 0.0969 0.1041 0.1112 0.1183 0.1254 0.1325
x3 0.1303 0.1235 0.1166 0.1098 0.1029 0.0961 0.0893 0.0824 0.0756 0.0687
x4 0.0991 0.0993 0.0995 0.0997 0.0999 0.1001 0.1003 0.1005 0.1007 0.1009
x5 0.1265 0.1205 0.1145 0.1086 0.1026 0.0966 0.0906 0.0846 0.0787 0.0727
x6 0.0772 0.0824 0.0875 0.0926 0.0978 0.1029 0.1081 0.1132 0.1183 0.1235
x7 0.0636 0.0718 0.0800 0.0882 0.0965 0.1047 0.1129 0.1211 0.1293 0.1376
x8 0.0910 0.0931 0.0951 0.0971 0.0991 0.1011 0.1032 0.1052 0.1072 0.1092
x9 0.1662 0.1512 0.1363 0.1214 0.1064 0.0915 0.0766 0.0616 0.0467 0.0318
x10 0.0872 0.0901 0.0930 0.0959 0.0988 0.1016 0.1045 0.1074 0.1103 0.1132

μp is selected within the identified region, the composition appears more diversified
and stable. This evidence is confirmed by Table 3, which, similarly to the previous
case, numerically demonstrates how the optimal portfolio composition varies withμp.

DAX
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Fig. 4 Optimal portfolio structure and turnover across target returns. The dataset comprises DAX
index constituents, and the optimization model relies on the sample covariance matrix. Top panel: Asset
weight composition of the optimal portfolio across varying target returns (μp). Middle panel: Portfo-
lio turnover (TO) plotted as a function of the target return μp . Bottom panel: Detailed asset weight
composition restricted to the δ-stable region of the efficient frontier, corresponding to target returns
μp ∈ [0.1856, 0.3894] × 10−3. Across all panels, the vertical lines indicate key portfolio benchmarks: the
global minimum variance (GMV) portfolio (red dashed line), the boundaries of the δ-stable interval (green
lines), and the specific return level μp = β (pink line)
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DAX
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Fig. 5 Optimal portfolio structure and turnover across target returns. The dataset comprises the DAX
index components, and the optimization model relies on the identity matrix in place of the sample covari-
ance matrix. Top panel: Asset weight composition of the optimal portfolio across varying target returns
(μp). Middle panel: Portfolio turnover (TO) plotted as a function of the target return μp . Bottom panel:
Detailed asset weight composition restricted to the δ-stable region of the efficient frontier, corresponding
to target returns μp ∈ [0.1856, 0.3894] × 10−3. Across all panels, the vertical lines indicate key portfolio
benchmarks: the global minimum variance (GMV) portfolio (red dashed line), the boundaries of the δ-stable
interval (green lines), and the specific return level μp = β (pink line)

In a completely analogous manner to the results shown for the S&P500 Sectors
dataset, Figs. 4 and 5, along with Tables 4 and 5, present the empirical findings for the
DAX dataset using the historical covariance matrix and the identity matrix, respec-
tively. In terms of numerical stability, it is difficult to identify any significantly different
behavior in this example compared to the previous case.When utilizing the covariance
matrix, the optimal portfolio concentrates on a subset of the available asset classes; for
extreme values ofμp, the portfolio composition is highly sensitive to small variations,
whereas the allocation is clearly more stable within the region identified by the theo-
retical approach. Similarly, when the identity matrix replaces the covariance matrix,
the optimal portfolio generally includes a larger number of assets, and once again, the
theoretically identified stable region effectively corresponds to a more numerically
stable allocation.

Remark 3 It is worth noting that, as anticipated, the stable interval for μp depends
exclusively on the linear restrictions of the optimization problem. As an immediate
consequence, this stable interval remains unchanged when the historical covariance
matrix is replaced with the identity matrix.

The middle panel of Fig. 4 warrants a dedicated economic discussion. In this case,
as theoretically anticipated in Remark 1, the numerically stable allocation region lies
entirely to the left of the global minimum variance portfolio. This implies that if
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Table 4 Effective portfolio composition within the δ-stable region. The dataset comprises DAX index
constituents, and the optimization model relies on the sample covariance matrix. This displays the effective
asset weight allocation for optimal portfolios when the target return (μp) is restricted to the identified stable
region. This highlights how asset weights stabilize and remain well-behaved inside the central interval
compared to the unconstrained efficient frontier

μ p = 10−3· 0.1856 0.2111 0.2366 0.2620 0.2875 0.3130 0.3385 0.3640 0.3894

x1 0.0000 0.0000 0.0000 0.0000 0.0035 0.0246 0.0424 0.0607 0.0783

x2 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

x3 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0002 0.0003 0.0003

x4 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0002 0.0002 0.0002

x5 0.1098 0.1224 0.1331 0.1441 0.1543 0.1603 0.1650 0.1699 0.1745

x6 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0006 0.0008 0.0006

x7 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0002 0.0005 0.0008

x8 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0001 0.0001 0.0000

x9 0.0294 0.0120 0.0010 0.0000 0.0000 0.0000 0.0001 0.0000 0.0000

x10 0.2121 0.1887 0.1650 0.1386 0.1131 0.0945 0.0762 0.0581 0.0398

x11 0.0633 0.0588 0.0532 0.0453 0.0372 0.0298 0.0231 0.0168 0.0113

x12 0.1850 0.1867 0.1832 0.1755 0.1679 0.1613 0.1548 0.1483 0.1417

x13 0.0000 0.0002 0.0085 0.0259 0.0423 0.0531 0.0619 0.0709 0.0796

x14 0.0408 0.0449 0.0471 0.0473 0.0469 0.0447 0.0414 0.0382 0.0348

x15 0.1565 0.1688 0.1795 0.1903 0.1995 0.2007 0.2007 0.2007 0.2006

x16 0.0580 0.0587 0.0577 0.0537 0.0492 0.0433 0.0362 0.0294 0.0222

x17 0.0006 0.0167 0.0353 0.0533 0.0700 0.0801 0.0882 0.0964 0.1043

x18 0.0267 0.0326 0.0350 0.0334 0.0312 0.0277 0.0226 0.0178 0.0134

x19 0.1159 0.1085 0.1010 0.0926 0.0845 0.0783 0.0723 0.0660 0.0593

x20 0.0000 0.0000 0.0000 0.0000 0.0001 0.0005 0.0059 0.0102 0.0154

x21 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0001 0.0001 0.0001

x22 0.0019 0.0009 0.0003 0.0000 0.0000 0.0000 0.0002 0.0001 0.0001

x23 0.0000 0.0000 0.0000 0.0000 0.0001 0.0010 0.0078 0.0144 0.0225

numerical stability is prioritized, the investor will select a portfolio that is dominated
in a mean-variance sense by alternative allocations. This aspect is of such critical
importance that the entire out-of-sample experiment in Section 4.5 is dedicated to
analyzing this specific scenario by incorporating transaction costs.

4.5 Experiment Two

This subsection is dedicated to investigating the economic consequences of numerical
instability by incorporating transaction costs into the analysis. This second experiment
is conducted within a standard rolling-window out-of-sample framework. For a given
estimation window of length w, the covariance matrix and the vector of expected
returns are computed using historical data to determine the optimal asset allocation.
The window lengthw is set to be strictly larger than the number of constituents in each
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Table 5 Effective portfolio composition within the δ-stable region. The dataset comprises the DAX index
components, and the optimization model relies on the identity matrix in place of the sample covariance
matrix. This displays the effective asset weight allocation for optimal portfolios when the target return
(μp) is restricted to the identified stable region. This highlights how asset weights stabilize and remain
well-behaved inside the central interval compared to the unconstrained efficient frontier

μ p = 10−3· 0.1856 0.2111 0.2366 0.2620 0.2875 0.3130 0.3385 0.3640 0.3894

x1 0.0061 0.0154 0.0248 0.0341 0.0434 0.0528 0.0621 0.0715 0.0808

x2 0.0564 0.0532 0.0499 0.0467 0.0435 0.0403 0.0370 0.0338 0.0306

x3 0.0399 0.0408 0.0417 0.0426 0.0435 0.0444 0.0453 0.0462 0.0471

x4 0.0480 0.0468 0.0457 0.0446 0.0435 0.0424 0.0412 0.0401 0.0390

x5 0.0279 0.0318 0.0357 0.0396 0.0435 0.0474 0.0513 0.0552 0.0591

x6 0.0387 0.0399 0.0411 0.0423 0.0435 0.0447 0.0459 0.0470 0.0482

x7 0.0093 0.0178 0.0264 0.0349 0.0435 0.0520 0.0605 0.0691 0.0776

x8 0.0589 0.0551 0.0512 0.0473 0.0435 0.0396 0.0358 0.0319 0.0281

x9 0.0849 0.0745 0.0642 0.0538 0.0435 0.0332 0.0228 0.0125 0.0022

x10 0.0791 0.0702 0.0613 0.0524 0.0435 0.0346 0.0257 0.0168 0.0079

x11 0.0617 0.0571 0.0526 0.0480 0.0435 0.0390 0.0344 0.0299 0.0253

x12 0.0408 0.0415 0.0421 0.0428 0.0435 0.0441 0.0448 0.0455 0.0461

x13 0.0209 0.0265 0.0322 0.0378 0.0435 0.0491 0.0547 0.0604 0.0660

x14 0.0427 0.0429 0.0431 0.0433 0.0435 0.0437 0.0439 0.0440 0.0442

x15 0.0347 0.0369 0.0391 0.0413 0.0435 0.0457 0.0479 0.0500 0.0522

x16 0.0551 0.0522 0.0493 0.0464 0.0435 0.0406 0.0377 0.0348 0.0319

x17 0.0217 0.0271 0.0326 0.0380 0.0435 0.0489 0.0543 0.0598 0.0652

x18 0.0551 0.0522 0.0493 0.0464 0.0435 0.0406 0.0377 0.0348 0.0319

x19 0.0627 0.0579 0.0531 0.0483 0.0435 0.0387 0.0339 0.0291 0.0243

x20 0.0288 0.0325 0.0361 0.0398 0.0435 0.0471 0.0508 0.0545 0.0582

x21 0.0459 0.0453 0.0447 0.0441 0.0435 0.0429 0.0423 0.0417 0.0411

x22 0.0630 0.0581 0.0532 0.0484 0.0435 0.0386 0.0338 0.0289 0.0240

x23 0.0178 0.0242 0.0306 0.0370 0.0435 0.0499 0.0563 0.0627 0.0691

dataset to ensure a full-rank covariance matrix. In this setup, we omit testing the per-
formance under the identity matrix substitution, as our primary objective is to evaluate
the economic significance of the asset allocation strategy rather than its mathemati-
cal properties. The out-of-sample portfolio return is subsequently computed based on
the realizations of the (w + 1)-th period. The procedure is then iteratively repeated
by shifting the estimation window one period forward. Transaction costs are incorpo-
rated as detailed in the previous section, specifically by multiplying the turnover (T O)
metric by 10 basis points. In this rolling-window exercise, the T O corresponds to the
L1-norm distance between the optimal allocations of two consecutive periods. Follow-
ing standard empirical practices, transaction costs, reflecting the rebalancing expenses
required to realign the actual portfolio with the newly computed optimal weights, are
deducted from the raw portfolio returns. This approach naturally accounts for market
frictions, thereby penalizing highly active investment strategies. To demonstrate the
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practical impact of a stable allocation in a realistic investment scenario, we compare
the performance of two specific portfolios along the efficient frontier. The first portfo-
lio is associated with μp = β; as established analytically in this paper, this allocation
exhibits the highest stability with respect to the choice ofμp. The benchmark portfolio
selected for comparison is chosen from the dominant portion of the frontier, setting
μp to identify the portfolio located halfway between the global minimum variance
portfolio and the portfolio with the theoretical maximum expected return. This choice
ensures that the benchmark belongs to the dominant region of the efficient frontier,
while simultaneously avoiding extreme allocations characterized by severe instability,
as demonstrated in the first experiment. The two portfolios, denoted as x∗

β and x∗
b , are

compared in terms of their out-of-sample Sharpe ratios (SR). Recall that the Sharpe
ratio is defined as the average return in excess of the risk-free rate divided by the stan-
dard deviation of returns, serving as the most widely used risk-adjusted performance
metric in practice; see [41].

Table 6 displays the out-of-sample Sharpe ratios for the two portfolios across esti-
mation window lengths (w = 120, 180, 240, 480), corresponding approximately to
6 months, 9 months, 1 year, and 2 years of daily data. Across all datasets and win-
dow sizes, the stable portfolio x∗

β consistently achieves higher Sharpe ratios than
the benchmark portfolio x∗

b . Looking across estimation windows, performance trends
vary by dataset. For the S&P Sectors and DAX, Sharpe ratios generally improve as w

increases, reaching their highest values at w = 480. Conversely, for ESX and FTSE,
performance peaks at an intermediate window length (w = 240) before declining
slightly atw = 480. These empirical patterns reflect fundamental trade-offs in portfo-
lio construction. While a longer estimation window provides a larger sample size that
stabilizes covariance estimates and smooths out portfolio turnover, thereby mitigat-
ing transaction costs, it simultaneously relies on older historical data that may suffer
from reduced forecasting power in changingmarket environments. Conversely, shorter
windows adapt more quickly to recent market dynamics but are inherently subject to
higher estimation noise and increased turnover. Overall, these results suggest that the
observed performance differentials stem from a combination of transaction costs, the

Table 6 Out-of-sample Sharpe ratios across asset universes and estimation horizons. This table reports
the out-of-sample Sharpe ratios achieved by the optimal portfolios across five major international equity
markets: S&P500 Sectors, DAX,ESX, FTSE, andNikkei. Performance is evaluated using rolling estimation
windows (w) of varying lengths (w ∈ {120, 180, 240, 480} days). All metrics are calculated out-of-sample
to assess the stability and empirical performance of the proposed strategy under different market conditions
and estimation horizons

w = 120 w = 180 w = 240 w = 480

SR
(
x∗
β

)
SR

(
x∗
b

)
SR

(
x∗
β

)
SR

(
x∗
b

)
SR

(
x∗
β

)
SR

(
x∗
b

)
SR

(
x∗
β

)
SR

(
x∗
b

)

S&P Sectors 0.0069 −0.0007 0.009 −10−7 0.0125 0.0058 0.016 0.011

DAX 0.0099 −0.0061 0.013 −0.0104 0.0206 0.005 0.0312 0.0242

ESX 0.014 −0.0218 0.0175 −0.0076 0.0192 −0.0056 0.0172 0.0084

FTSE 0.0318 −0.007 0.033 0.0027 0.0413 0.0091 0.0389 0.0125

Nikkei − − − − 0.0059 −0.005 0.0162 0.0043
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turnover-reducing effects of longer rolling windows, and the inherent balance between
parameter estimation stability and data timeliness.

5 Conclusions

In this paper, we investigate how the target expected return influences the numerical
instability of optimal portfolio allocation. From a theoretical perspective, we establish
a link between the numerical rank of the matrix defining the optimization problem’s
linear constraints and the choice of the expected return. Furthermore, we demonstrate
that numerical stability is preserved when the target expected return is selected such
that it avoids degrading the condition number of the linear constraints matrix. By
introducing a parameter δ, calibrated as a function of the number of assets, we restrict
μp to a suitable interval, thereby isolating what we define as the δ-stable region of the
efficient frontier. The empirical analysis on financial datasets validates this theoretical
framework, explicitly demonstratinghow the choice ofμp drives portfolio stability.We
evaluate this allocation stability in a descriptive framework by computing the turnover
between contiguous portfolios along the efficient frontier. Additionally, a rolling-
window backtest reveals that these stable portfolios outperform traditional dominant
portfolios once transaction costs are considered, reinforcing a broad body of empiri-
cal literature that emphasizes the practical importance of allocation stability. Finally,
while traditional literature primarily identifies covariancematrix estimation andmodel
uncertainty as the main drivers of numerical instability, our approach shifts the focus
toward constraints-driven instability. Future research will focus on the examination of
how these distinct sources of instability interact to determine the overall robustness of
the optimal allocation problem, as well as establishing a formal, scale-invariant link
between the numerical rank and KKT conditioning of the equality constraints and
parametric optimizer sensitivity.

Appendix 1: Technical results

The appendix contains instrumental technical results that are removed from the main
body of the paper to preserve the logical structure of the proposal.

Proposition 4 Let 0 < δ <
√
n. The condition ‖ρμ̂‖22 ≤ δ2

(
n+1

n+1−δ2
β̂2 + 1

)
is

satisfied by μp ∈
[

n
n−δ2

β − R0,
n

n−δ2
β + R0

]
, where

R0 =
√

1 + 1

n − δ2

√

δ2
(

n

n − δ2
β2 + 1

)

− ‖ρμ‖22 .
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Proof The condition ‖ρμ̂‖22 ≤ δ2
(

n+1
n+1−δ2

β̂2 + 1
)
can be rewritten as

‖ρμ‖22 + n

n + 1
(β − μp)

2 ≤ δ2
(

1 + (nβ + μp)
2

(n + 1)(n + 1 − δ2)

)

which corresponds to

μ2
p(n − δ2) − 2nβμp + (n + 1 − δ2)(‖ρμ‖22 − δ2) + nβ2

(
1 − δ2

)
≤ 0 . (4)

First, we solve the second-order equation associated with Inequality Eq. 4, whose
discriminant �μ is

�μ = (n + 1 − δ2)
(
nβ2δ2 − (n − δ2)

(
‖ρμ‖22 − δ2

))

and so

μ(1,2)
p = nβ

n − δ2
±

√
n + 1 − δ2

n − δ2

√
nδ2β2

n − δ2
− ‖ρμ‖22 + δ2 = nβ

n − δ2
± R0 .

Since Inequality Eq.4 is satisfied for μ
(1)
p ≤ μp ≤ μ

(2)
p , the proof is complete. 
�

Appendix 2: Stability analysis for the remaining databases

In this appendix, we provide a graphical analysis of the stability of the δ-stable part of
the efficient frontier for the ESX, FTSE, and Nikkei datasets. For all the datasets, we
show what happens both when the optimization problem is solved using the historical
covariance matrix and the identity matrix. Due to the large number of assets in these
datasets, the stability analysis is presented only in a graphical way, avoiding to show
the composition of the optimal portfolios. As already underlined in the main text, the
results are qualitatively equivalent to the ones described in Subsection 4.4. When the
covariancematrix is replacedwith the identitymatrix for the two largest datasets, FTSE
andNikkei, the number of assets included in the optimal portfolio becomes so large that
the corresponding area plots lose visual clarity. For this reason, in these two scenarios,
we omit the plot displaying the turnover (T O) as a function of μp, thereby allocating
more space to the graphs illustrating the optimal portfolio composition. Under the
identity matrix substitution, the asset allocation becomes independent of both the
correlation and risk structures, solely accounting for expected returns. Consequently,
each available asset enters the optimal allocation, resulting in a portfolio that remains
remarkably close to the equally weighted benchmark.
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Fig. 6 Optimal portfolio structure and turnover across target returns. The dataset comprises ESX
index constituents, and the optimization model relies on the sample covariance matrix. Top panel: Asset
weight composition of the optimal portfolio across varying target returns (μp). Middle panel: Portfo-
lio turnover (TO) plotted as a function of the target return μp . Bottom panel: Detailed asset weight
composition restricted to the δ-stable region of the efficient frontier, corresponding to target returns
μp ∈ [−0.1201, 0.1712] × 10−3. Across all panels, the vertical lines indicate key portfolio benchmarks:
the global minimum variance (GMV) portfolio (red dashed line), the boundaries of the δ-stable interval
(green lines), and the specific return level μp = β (pink line)

ESX

-4 -3 -2 -1 0 1 2 3 4 5

p 10-4

0

0.5

1

x* ( p)

-4 -3 -2 -1 0 1 2 3 4 5

p 10-4

0
0.2
0.4
0.6
0.8

Tu
rnO

ve
r  TO

gmv
+R
-R

-1 -0.5 0 0.5 1 1.5

p   [  - R,  + R] 10-4

0

0.5

1

x* ( p)

Fig. 7 Optimal portfolio structure and turnover across target returns. The dataset comprises the ESX
index components, and the optimization model relies on the identity matrix in place of the sample covari-
ance matrix. Top panel: Asset weight composition of the optimal portfolio across varying target returns
(μp). Middle panel: Portfolio turnover (TO) plotted as a function of the target return μp . Bottom panel:
Detailed asset weight composition restricted to the δ-stable region of the efficient frontier, corresponding to
target returns μp ∈ [−0.1201, 0.1712] × 10−3. Across all panels, the vertical lines indicate key portfolio
benchmarks: the global minimum variance (GMV) portfolio (red dashed line), the boundaries of the δ-stable
interval (green lines), and the specific return level μp = β (pink line)
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Fig. 8 Optimal portfolio structure and turnover across target returns. The dataset comprises FTSE
index constituents, and the optimization model relies on the sample covariance matrix. Top panel: Asset
weight composition of the optimal portfolio across varying target returns (μp). Middle panel: Portfo-
lio turnover (TO) plotted as a function of the target return μp . Bottom panel: Detailed asset weight
composition restricted to the δ-stable region of the efficient frontier, corresponding to target returns
μp ∈ [0.1243, 0.5393] × 10−3. Across all panels, the vertical lines indicate key portfolio benchmarks: the
global minimum variance (GMV) portfolio (red dashed line), the boundaries of the δ-stable interval (green
lines), and the specific return level μp = β (pink line).labelFTSEcov
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Fig. 9 Optimal portfolio structure and turnover across target returns. The dataset comprises the FTSE
index components, and the optimizationmodel relies on the identitymatrix in place of the sample covariance
matrix. Top panel: Asset weight composition of the optimal portfolio across varying target returns (μp).
Bottom panel: Detailed asset weight composition restricted to the δ-stable region of the efficient frontier,
corresponding to target returns μp ∈ [0.1243, 0.5393]×10−3. Across all panels, the vertical lines indicate
key portfolio benchmarks: the global minimum variance (GMV) portfolio (red dashed line), the boundaries
of the δ-stable interval (green lines), and the specific return level μp = β (pink line)
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Fig. 10 Optimal portfolio structure and turnover across target returns. The dataset comprises Nikkei
index constituents, and the optimization model relies on the sample covariance matrix. Top panel: Asset
weight composition of the optimal portfolio across varying target returns (μp). Middle panel: Portfo-
lio turnover (TO) plotted as a function of the target return μp . Bottom panel: Detailed asset weight
composition restricted to the δ-stable region of the efficient frontier, corresponding to target returns
μp ∈ [0.0888, 0.5739] × 10−3. Across all panels, the vertical lines indicate key portfolio benchmarks: the
global minimum variance (GMV) portfolio (red dashed line), the boundaries of the δ-stable interval (green
lines), and the specific return level μp = β (pink line)
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Fig. 11 Optimal portfolio structure and turnover across target returns. The dataset comprises the
Nikkei index components, and the optimization model relies on the identity matrix in place of the sample
covariance matrix. Top panel: Asset weight composition of the optimal portfolio across varying target
returns (μp). Bottom panel: Detailed asset weight composition restricted to the δ-stable region of the
efficient frontier, corresponding to target returns μp ∈ [0.0888, 0.5739] × 10−3. Across all panels, the
vertical lines indicate key portfolio benchmarks: the global minimum variance (GMV) portfolio (red dashed
line), the boundaries of the δ-stable interval (green lines), and the specific return level μp = β (pink line)
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