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Abstract Upcoming space-based gravitational-wave
detectors will be sensitive to millions and resolve tens of
thousands of stellar-mass binary systems at mHz frequen-
cies. The vast majority of these will be double white dwarfs
in our Galaxy. The greatest part will remain unresolved, form-
ing an incoherent stochastic foreground signal. Using state-
of-the-art galactic models for the formation and evolution of
binary white dwarfs and accurate LISA simulated signals, we
introduce a test for foreground Gaussianity and stationarity,
building on methods available for ground-based detectors.
We explain the observed non-stationarity with a new analyt-
ical modulation induced by the LISA constellation motion
and the intrinsic anisotropy of the source distribution. By
demodulating the foreground signal, we reveal a deviation
from Gaussianity in the 2—10 mHz frequency band. Our find-
ing is crucial to design faithful data models: the proposed
method serves as a diagnostic and estimation tool to flag and
model deviations, respectively. Neglecting them would intro-
duce systematic biases on individual sources and astrophys-
ical foregrounds parameter estimation, ultimately leading to
inaccurate interpretation of the LISA data.

1 Introduction

The Laser Interferometer Space Antenna (LISA) will observe
gravitational waves (GWs) from a large variety of physi-
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cal systems emitting in the frequency range 10~*—10~! Hz.
In particular, LISA will observe millions of double white
dwarfs (DWDs) in our Galaxy, and resolve tens of thou-
sands of them (for a review see Ref. [1]). The superposition
of their unresolved signals (quasi-monochromatic, though
either too faint or too similar to be extracted individually
from the data) will form a stochastic foreground — a dom-
inant source of noise at frequencies ~0.1—3 mHz — often
referred to as “confusion noise” [2,3]. Additional populations
of astrophysical sources are also expected to form confu-
sion backgrounds, e.g. from extra-Galactic DWDs [4], Milky
way satellites [5,6], extreme-mass-ratio inspirals [7—12] and
stellar-mass binary black holes [13].

The incoherent nature of the confusion noise precludes its
analysis as a deterministic signal. However, it is possible to
model, hence infer upon, its underlying statistical properties.
A large variety of confusion-noise spectral signatures have
been modeled in the literature, focusing on the underlying
population distribution and individual binary dynamics [14—
17].

Data-analysis pipelines for the estimation of LISA fore-
ground signals have been developed under a number of sim-
plifying assumptions: the majority of them assumes station-
arity and Gaussianity, therefore uniquely describing fore-
grounds by their power spectral density (PSD) [18-25].
This is part of the larger effort to build a coherent, all-
encompassing, data-analysis scheme for LISA data, includ-
ing the estimation of individual sources, astrophysical fore-
grounds, and instrumental noise parameters [26-30]. Alter-
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native approaches have been proposed to devise parametrized
models for long-term periodic non-stationarities, frequently
referred to as “cyclostationarities” [31-35], or to directly
model source distribution anisotropies [36,37]. Similarly,
recent progress has been made on the development of
heavy-tailed likelihoods to infer statistical properties of non-
Gaussian signals [38]. The Galactic spatial distribution,
together with the peculiar source frequency distribution in
the LISA band, makes the confusion noise a prime candidate
for both extensions. In this work, we employ a realistic model
of the Milky Way DWD population, and connect it directly
to the LISA datastream. We focus on spatial and frequency
distributions as the main drivers of foreground Gaussianity
and stationarity [38—41]. In doing so, we provide a diagnos-
tic tool to reveal such features, and the required formalism
to explain them directly with the underlying astrophysical
population.

In addition, as pointed out in Ref. [42], residual non-
Gaussianities may arise in the residual data of a Global Fit
after identification and conditioning on resolvable sources:
we argue that our proposed test statistics is suitable for rapid
residual consistency check.

The paper is organized as follows. In Sect. 2, we provide
a concise overview of our approach to construct a represen-
tative synthetic population of Galactic DWDs. In Sect. 3,
we introduce our model for the LISA datastream and pro-
vide some key definitions. In Sect. 4, we conduct a prelim-
inary analysis of the stochastic foreground signal. We char-
acterise the source parameter distributions and signal cross-
contamination as probes to identify frequencies where target
deviations are expected. In Sect. 5, we detail a description for
the stationarity and Gaussianity of stochastic timeseries. We
then introduce a frequentist test sensitive to both, inspired
by methods developed for ground-based detectors [43—45].
In Sect. 6, we describe a semi-analytical model for the fore-
ground signal envelope. A detailed derivation is provided in
Appendix A. In Sect. 7, we present the results of our test
applied to simulated LISA signals. Finally, in Sect. 8 we dis-
cuss the implications of our findings and the potential impact
on the analysis of LISA data.

2 Galactic DWD population

In this section, we briefly summarize the methodology used
to assemble a representative synthetic population of Galactic
DWDs detectable by LISA. This is a two-step process: first,
we adopt a model to describe the DWD evolution and, second,
we integrate this with a representation of the Milky Way.
We employ the DWD evolution models of Ref. [46], which
are generated using the rapid binary population synthesis
code SeBa [46-48]. In these models, binaries are evolved
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starting from the Zero-Age Main Sequence until DWD for-
mation. We stress that these synthetic models are calibrated
for DWDs against available observations, matching both the
mass-ratio distribution and the local number density [46,49].
From the SeBa models, we extract DWD binary component
masses, orbital separations at DWD formation, and DWD
formation time.

Next, we consider the stellar density distribution and star
formation history of the Milky Way. These choices influ-
ence individual DWD distances and sky positions, as well
as their present-day orbital and GW frequencies. The stellar
density distribution of our model is made of two compo-
nents: a central bulge and an extended stellar disk. The for-
mer is described by an exponential radial stellar disk profile
with an isothermal height distribution, while the former fol-
lows a spherically-symmetric exponential distribution (for
details, see [50,51]). These choices, as well as the scale
parameters describing the density profiles, are motivated by
observations [52]. We limit this study to a two-component
(bulge + disc) model as the stellar halo contributes negligi-
bly to the overall Galactic GW signal [53].

To describe the star formation history of the Galaxy, we
use the plane-projected star formation rate from a chemo-
spectrophotometric model by [54] for the stellar disc while
doubling the star formation rate in the inner 3 kpc for the
bulge. We post-process the orbital parameters of the binaries
by accounting for gravitational-wave emission from DWD
formation until the present age of the Galaxy, here assumed
to be 13.5 Gyr. As a result, our Galaxy formed inside-out,
such that the median age of binaries is approximately 10 Gyr
in the bulge, decreasing to around 3 Gyr at the Solar radius
(8.2 kpc, e.g., [55]), and further decreasing to about 2 Gyr at
the outskirts of the disk, as expected from observations (e.g.,
in [56]). With the assumptions above, we obtain a total stellar
mass of 8.2 x 10'0 M.

As a result of our modeling, we find approximately
26 x 109 DWDs emitting GWs in the LISA band. Each binary
is described by a set of 8 parameters 6, namely the GW initial
frequency fj, its derivative f , amplitude A, ecliptic latitude
b, ecliptic longitude /, inclination ¢, initial phase ¢g, and
polarization angle V. fo and ¢ are defined as measured at
the start of the LISA mission. The first five parameters repre-
sent the outcome of the modeling procedure described above,
while the remaining three angular parameters are assigned
randomly: ¢ is sampled from a uniform distribution in cos ¢,
while i and ¢ are sampled from a uniform distribution
in [0, 27 ]. Our model assumes that each binary evolves in
isolation and that interactions between its individual compo-
nent objects (e.g., via tides) are negligible from DWD for-
mation until present time (for a more general phenomenol-
ogy, see e.g. [1] and references therein). Thus, the frequency
derivative is completely determined by the GW-driven orbital
decay
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where M, denotes the source chirp mass
Me = (mim2)*P [(my +m2)'>, ©)

with m; > my being the binary component masses. The
amplitude of the GW signal is given by

_ 2(GM)P ()

A
4D
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where D is the distance, and G and c are the gravitational
constant and the speed of light, respectively.

Only about 1% of the entire Galactic DWD population
— mainly those with frequencies f > 2 —3mHz or f <
2—3 mHzbutlocated nearby —are expected to be individually
detectable by LISA with signal-to-noise ratio (SNR) = 7 [1].
The rest of the population will contribute to an unresolved
stochastic foreground that we aim to characterize.

3 LISA data processing

LISA data are collected in the form of six raw interferometric
outputs, each associated with a one-way laser link between
two spacecrafts. Individual link signals are then linearly com-
bined after suitable delays to form Time-Delay Interferome-
try (TDI) variables, which suppress the laser phase noise [57].
In Sect. 4, we consider first-generation TDI variables, and
denote them as X, Y, and Z. To simulate single-link observ-
ables, we apply to each GW strain signal a time-dependent
response. In addition, we apply a linear transformation to the
(X, Y, Z) vector to diagonalize the noise covariance matrix.
We denote the resulting set of TDI variables as A, E, and T,
or collectively as h = (A, E, T).

The LISA response effectively induces a periodic Doppler
and amplitude modulation on each signal, which can be
modeled as a function of the source ecliptic latitude, lon-
gitude, inclination and polarization, together with the initial
position and orbital motion of each satellite. We summarize
the response properties relevant to this work in Sect. 6. In
Appendix A, we provide a detailed derivation followed by
an analytical model for the resulting foreground-signal enve-
lope, arising from the incoherent superposition of a popula-
tion of signals.

We simulate TDIs sampled with a cadence of 15 s, the
Nyquist frequency being well above the highest GW fre-
quency content in the foreground, f < 5 mHz. By construc-
tion, instrumental noises in the three TDIs are Gaussian and
statistically uncorrelated, hence we model them through three
PSDs, Sy A(f). Sn.e(f), and S, 7(f) [58]. Once a signal is
simulated, we evaluate its SNR — a measure of its detectabil-

ity relative to the expected noise — as follows

SNR = /Z(hk|hk)k. “)
k

InEq. (4), (a|b)y denotes the inner product of two TDI datas-
treams a and b, weighted by the corresponding Sy (/) which
reads
a*(f)b(f)
Sn,k(f ) '
and summation is performed over elements of i, i.e. A, E, T.
A source is classified as “detectable” if its signal SNR
exceeds a threshold of 7 and “undetectable” otherwise. We
perform such classification using the BALROG code, a suite of
tools used to perform a variety of inferences on LISA sources
and instrumental artifacts. This includes supermassive binary
black hole mergers [59], double WDs and NSs [60-63],
stellar-mass binary black holes [64-67], glitches [68], and
GW stochastic backgrounds [40].

In a realistic scenario with numerous sources, the simul-
taneous presence of DWD signals affects their individual
detectability. We quantify the similarity between signals
(hence their cross-contamination) by their mutual overlap

(OREAT)!
0ij = 4<h.|h.) —, (6)
VO | ROy (D | hD)
where the indexes i and j label the DWDs in the simulated
catalog and

(alb)y=> (ar | bp). (7)
k

(alb)r = 4Re/00 df &)
0

The overlap matrix O quantifies the correlation between sig-
nals and thus our capacity to resolve them individually. This
is readily shown by inspection of the likelihood used to infer
on a single-source model with parameter 6

log £(d | 0) = —% (d —h(@9)|d— h())+ const. ®)

when the data contain multiple signals with parameters
O}, e

S
d=n+) h@. €)

k=1

In fact, if the inferred parameter exactly matches the true
value 6; of one source in the data, the (much simpler) log-
likelihood value one would obtain on single-source datad; =
n + h(6;) is corrected by additional terms

log £(d | 0) —log L(d; | 0) ~ — Z(h(@i) | h(6;)). (10)
i#]j

Therefore, when the overlap between two given sources is
close to unity and the two sources have comparable SNRs,
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the additional likelihood terms in Eq. (10) read
0;;SNR;SNR; ~ SNR} & SNR; (11)

yielding false peaks in the full likelihood, i.e. source confu-
sion.

This is the reason why O;; is often used as an approximate
metric to quantify inference contamination due to multiple
source signals being present in the data [69]. In Sect. 4 we
show the expected overlap between DWDs, describe it in
terms of the source parameter distribution, and discuss the
robustness of our results in light of the frequencies where it
becomes dominant.

In the LISA context, the sum in Eq. (10) is large. As men-
tioned in Sect. 2, as many as 26 x 10° DWDs are expected to
be unresolvable; they build up to form a foreground, whose
spectral density is expected to be larger than the instrumen-
tal noise at frequencies from 0.1 up to 5 mHz. Consequently,
one needs to take it into account as an additional noise source
with an overall amplitude that depends on the observation
time: as more individual sources are resolved the effective
noise level lowers. Analytical spectral models incorporat-
ing such time dependence are available in literature [70],
and we employ them to evaluate the SNRs in Sect. 4. We
denote analytical estimates of the instrumental noise spec-
tral density as S, (f). Similarly, the confusion noise after an
observation time 7 is denoted by Sconf,7. Instead, numeri-
cal estimates obtained applying the Welch algorithm [71] to
individual realizations are denoted with 3‘,, (f) and S'C(,mcj,
respectively. More recently, Ref. [41] devised an approximate
method, often referred to as “iterative foreground estimation”
(IFE), which goes beyond the individual source resolvability
criterion based solely on the SNR.

In Sect. 7, we use the classification obtained by the IFE
algorithm to simulate again each signal with BALROG and
provide a more faithful realization of the foreground.

In Fig. 1 we show representative realizations of the con-
fusion noise at both the start of the mission and after 4 years
of observation, as purple and teal solid curves, respectively.
A realization of the instrumental noise and its underlying
analytical model are shown as red solid and dashed curves,
respectively.

4 Galactic foreground properties

We conduct a preliminary analysis of the foreground by gen-
erating individual signals and computing their resolvability
in isolation (i.e. based solely on their SNR). In Fig. 2, we
show the distribution of the DWD population in the LISA
band, alongside the two subpopulations of detectable and
undetectable sources. We show both as a function of source

@ Springer

Eur. Phys. J. C (2025) 85:887
10-40{ T S
Sn
Scont dyr
E‘ gn + Sconf.()yr
£ 10~ 4§ S, + S‘cuanyr Lkl
A \\ "™
& L "
\\\ |
10742 J \\\‘ ~~~~~ ’//’
101 1073 102
f [Hz|

Fig. 1 PSDs of dominant noise sources in LISA. The solid and dashed
red curves denote the PSD analytical model and an estimate from a
realization of the instrumental noise, respectively. The purple curve
denotes the confusion noise PSD expected at the start of the mission.
This is simulated using the full DWD population of Sect. 2, assuming no
source is detected, yet. After a nominal observation of 4 yr, the residual
confusion noise PSD after identification of resolvable sources is shown
as a teal curve. Its sum with the instrumental noise is shown as a solid
black curve

GW initial frequency fo, amplitude A, sine-ecliptic latitude
sin b, ecliptic longitude /, and inclination ¢.

The majority of the detectable sources have fy >
0.4 mHz. This is due to the LISA sensitivity curve steeply
increasing at lower frequencies and to a milder decrease of
the GW amplitudes, A fo2 . Overall, sources with ampli-
tude A below 10723 are systematically undetected. We addi-
tionally explore the detectability as a function of extrinsic
parameters, relevant for the foreground modulation discussed
in Sect. 6. We report a mildly higher detectability for sources
high in the ecliptic plane, as shown by the narrow peaks
around [sin b| &~ 0.9. Similarly, a slightly higher detectabil-
ity is found for sources with inclinations close to face-on
(face-off), i.e. cost & 1 (cost ~ —1), relative to edge-on
cases with cos ¢ &~ 0. The higher detectability for sources at
[ —90°| < 30° depends significantly on the assumed ini-
tial position of the LISA constellation, which is yet to be
established.

To improve the SNR-based classification, we additionally
quantify the overlap between unresolvable sources. Evaluat-
ing O from Eq. (6) over the whole population is computa-
tionally prohibitive, as it requires the generation and storage
of ~ 107 signals and the evaluation ~ 10'* overlaps. We
coarse-grain it over chunks of N, = 50 sources neighbour-
ing each other in frequency, hence reducing the number of
overlap evaluations to 5 x 10% and eliminating the need for
storage. In practice, we evaluate the average overlap
Oi = (OGi+)i+6)) j j—1.... v, » (12)

.....

the median frequency ( fy), and the average frequency width
A r, over each chunk. The latter is the sum of the Doppler
modulation and the intrinsic, narrower frequency drift due to
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Fig. 2 Population distribution of DWDs in the LISA band. The full
population is shown in purple, containing approximately 2 x 107
sources. Teal (red) solid curves denote the undetectable (detectable)
subpopulation. The top panels show the source distribution in frequency
fo and amplitude A. The bottom panels show the source distribution
in sine-ecliptic latitude sin b, longitude /, inclination ¢. Our model is
constructed following prescriptions described in Sect. 2. We simulate

the GW-driven orbital tightening in Eq. (1). While the former
depends on the sky-position of each source, the latter does
not depend on extrinsic parameters and is influenced by the
mission duration, only.

Figure 3 (top panel) shows a trend in A 7 close to 1077
({fo)/1 mHz)>, which maps in Fig. 3 (bottom panel) to an
average overlap that scales roughly as oc (fo) ™' (though
with larger variability) across sources. Two frequency scales
are relevant in both figures: first, the intrinsic LISA frequency
resolution after T = 4 yr of observation and, second, the
maximal frequency drift induced on a source on the ecliptic
plane, b = 0.

Source non-resolvability below 0.5 mHz is not a con-
sequence of the former, alone. In fact, LISA orbits will
be known by telemetry, hence incorporated in the time-
dependent response as part of the likelihood model. This
effect becomes negligible when the Doppler modulation
itselfis small, i.e. for sources close to the ecliptic poles. How-
ever, less than 5% fall in the range |b| > 45°. Overall, as we
will see in Sect. 7 and illustrate in Fig. 7, the strongest devi-

~30
! [deg]

30 90 150 0 45 90 135 180
¢ |deg]

each source individually following the procedure described in Sect. 3,
and classified it as resolvable if its SNR exceeds a threshold of 7. About
1% of the whole population is classified as such, the largest majority
above 1 mHz (red histograms). The reminder (teal histograms) remains
unresolvable. Below 0.44 mHz (shaded gray area), fewer than 1 in 10°
sources are resolvable

ation from Gaussianity occurs at and above &~ 3 mHz where
the overlap is only mild, O < 0.4. Therefore, results obtained
using the IFE algorithm are robust: assessing the detectability
solely based on individual source SNRs and neglecting the
correlations introduced in Egs. (6) and (11), is a good proxy
for the residuals of a perfect global fit, i.e. one not introduc-
ing additional non-Gaussianities and non-stationarities from,
e.g., modelling mismatches.

5 Statistical framework

We detail below a description of stationary and Gaussian
stochastic timeseries, leading to the formulation of a statisti-
cal test sensitive to both properties.

5.1 Stationary Gaussian processes

A foreground can be modeled by a probability distribution
over functions, e.g. x(¢), or in its discretized form by a mul-
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Fig. 3 Correlation and frequency drift of unresolvable DWDs in LISA.
We show the average overlap as defined in Egs. (6) and (12) and the
average frequency width of individual signals, as a function of the aver-
age frequency over chunks of 50 sources, neighbouring in frequency.
Relevant frequency scalings are discussed in Sect. 4

tivariate distribution over their samples {x(#;)}; . Gaussian
processes have the exclusive peculiarity of being completely
specified by a finite number of correlators, i.e. their mean
and covariance functions [72]. In the time domain, this is
summarized by the following properties

x(1) ~ N(u@), 2@, 1)), (13)
n(@) = (x()), (14)
2, 1) = (x@)x()), (15)

where angled brackets denote average over ensemble, ((t)
and X (z,1") denote mean and covariance function, respec-
tively.

To overcome the availability of only a single astrophys-
ical realization of the process, ergodicity is often assumed.
If the observation time is larger than the inverse minimum
non-zero frequency of interest — as it is the case for LISA,
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with Tisa = 4 yr and fiow > 2 x 1077 Hz — averages
over ensemble are estimated trading off frequency resolution
for the availability of multiple signal realizations. This is,
e.g., the same procedure followed by the Welch algorithm to
obtain a PSD estimator through multiple periodograms from
(possibly overlapping) data segments. In LISA, this amounts
to approximately 103 non-overlapping realizations of 103 s
each.

If the process is also second-order weakly stationary [73,
74], the covariance in Eq. (15) effectively depends only on
the difference ¢ — ¢’. In Fourier domain, this is equivalent to

(FOESD) o 8(F = fHSx (), (16)

where §(f — f”) denotes a Dirac delta in frequency domain,
X(f) is the Fourier transform of x (¢)

o .

X(f) = / de x(t)e ", (17)
—0oQ

and Sy (f) is the process PSD, related to the covariance func-

tion [75]

Sy (f) = / T Z(t, e 2 =), (18)

—00
5.2 A frequentist, frequency—domain test

The null-hypothesis we want to test is that satisfied by an
ergodic, zero-mean, second-order weakly stationary Gaus-
sian process, i.e. completely specified by its spectrum
through Eq. (18).

The Fourier transform in Eq. (17) is a linear operator,
which implies the process is equivalently described by two
independent Gaussian variables

ReX(f), 3X(f) ~ N0, Sx(f)), (19)

where Re (3J) denotes the real (imaginary) part of a complex
number, respectively. The norm of the complex variable X ()
is therefore distributed as an infinite sequence of Rayleigh
variables

xX(HI = \/Re)?(f)2 +3%(f)? ~ Rayleigh(Sc (f)). (20)
Its square is distributed as
RO~ T(1,28:(f)). 2

where I'(k, 6) denotes the Gamma distribution and k, 0 are
the defining shape and scale parameters. The Gamma distri-
bution mean and variance are given by

(y) = k6, (22)
(v — (Y% = ko? (23)

respectively. Therefore, the coefficient of variation, defined
as the ratio between the square-root of the variance in Eq. (23)



Eur. Phys. J. C (2025) 85:887

Page 7of 17 887

and the mean in Eq. (22), serves as a test statistic pjy],
whose value for stationary Gaussian processes is frequency-
independent and identically one across its whole domain,
i.e.

((y = (y)?)
(»)

In Eq. (24), the quantity p[(f) denotes the operator map-
ping a realization of the process x onto its test statistic as a
function of frequency.

Processes whose Fourier-transform squared norm fluctu-
ates around their mean more than the mean itself yield a test
statistic larger than one. This is the case, e.g., of cyclosta-
tionary Gaussian processes: they are defined similarly to sta-
tionary processes, where the two-point correlation function
X (t, 1) exhibit a short-term dependence on the difference
t —t" and a periodic long-term one on, e.g., t +t" with period
T. In the frequency domain, the correlation function can be
conveniently decomposed using a Fourier-series

o (f) = =L (24)

00
>, t/) — Z 2t — t/)efZJTint/T’ (25)

n=—oo

where X, (t —t') are the Fourier coefficients of the covariance
function

1 [T ‘
>, (1) = - /O dr X(t,t + 1t)e” 27m/T (26)

and their Fourier transform are often referred to as cyclic
spectra. As T approaches infinity, the process becomes sta-
tionary and the Fourier coefficients X, are suppressed except
for the covariance function X(t). Such processes are not
auto-covariance ergodic over timescales comparable to T
the covariance estimated from segments of a realization has
contributions from X (7) and from higher-order terms X, ¢,
while they preserve the same mean PSD. The opposite limit-
ing case is that of a deterministic signal 4(¢), interpreted as a
realization x (¢) of a stochastic process. Its Fourier transforms
X(f) are distributed at each frequency as §(x(f) — h(f)),
yielding effectively zero variance, hence pp;)(f) = 0. We
anticipate a similar scenario in our study, at frequencies
between 3 and 6 mHz where the foreground is dominated
by just a few unresolved sources, see Fig. 2.

In practice, the test is carried out constructing estima-
tors for each random quantity in Eq. (24). The denominator
is evaluated via the Welch’s PSD estimator [71] while the
numerator is obtained through individual FFTs.

In Fig. 4, we show a toy model illustrating different test
violations of stationarity and Gaussianity and how they are
identified by the proposed test.

The signal in our toy-model is a sum of two sinusoids
at f = 0.5—1mHz, a Gaussian stationary noise across the
whole band, a cyclostationary Gaussian noise with a period
of T = 1 yr band-passed at frequencies in 20—25 mHz,

101<

T

104 103 10-2
Frequency [Hz|

20
Gaussian
Cyclostationary
?: 1091 —— Bursts
=
<
2 9
=
g
< 10
—20 T T T T T T T
0 1 2 3 4 5 6
Time |[s] x107

Fig. 4 Toy model showing the response of our test to violations of sta-
tionarity and Gaussianity (teal solid line, top panel). At frequencies of
0.5 and 1 mHz (black dashed lines, top panel) violations of Gaussianities
appear due to the two monochromatic, deterministic signals injected in
the data (black solid curve, bottom panel inset). In the range 3—5 mHz
(red shaded area, top panel) the test reveals violations of stationarity
due to the simulated, suitably bandpassed, heavy-tailed Cauchy noise
(red solid lines, bottom panel and inset). This is a proxy for a super-
position of transient unresolved signals. For completeness, we show a
5.4h segment of the data to reveal the structure of deterministic and
burst signals. In the range 20—25 mHz (teal shaded area, top panel) the
test exhibits violations of stationarity due to the Gaussian, bandpassed
noise modulated by a long-term trend with period 7 = 1.5 x 107 s (dark
teal solid curve in bottom panel). A white broadband Gaussian noise is
also injected across the whole frequency range (light teal solid curves in
bottom panel), yielding no test statistic violation. The effect of different
violations on the test statistic is discussed in Sect. 5. Their significance
is established in Sect. 7, where we apply the test on simulated LISA
data

and a Cauchy noise band-passed at frequencies in 3—5 mHz.
In order to obtain the latter two, we band pass broadband
realizations with a fourth order Butterworth filter [76]. The
clear frequency separation of the injected signals let us illus-
trate intuitively the test behaviour in different regimes. On
one hand, the two fully deterministic sinusoids (black curves
in bottom panel, inset plot) have almost constant squared
Fourier-amplitudes if sufficiently many oscillations are accu-
mulated in each chunk. The arbitrarily small variances in
Eq. 24 yield p[x] <« 1, as we observe at the injected fre-
quencies (top panel). On the other hand, the superposition
of burst-like signals (red curves in bottom panel) produces a
heavy-tailed distribution for y, alternating between segments
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of negligible power and bursts of high energy. The resulting
distribution has larger variance as compared to that of a Gaus-
sian, white, stationary signal. Deviations in p[x] > 1 arise
at the associated frequency (red shaded area in top panel,
at f ~ 4mHz). An intermediate behaviour is observed for
the cyclostationary signal (dark teal curve in bottom panel)
and the test statistic deviation (teal shaded area in top panel)
significance is controlled by its amplitude relatively to the
superimposed white, stationary noise.

Critical values for the test statistic — applied on a time-
series of finite duration and split in N, segments — can be
obtained under the null-hypothesis, i.e. for a perfectly Gaus-
sian stationary signal of the same (finite) duration of the
GWB datastream. Asymptotically, for a finite number N,
of segments, the test is distributed as a J\f(l, 1/2«/N). We
will use such scaling to establish the significance of our
results in Sect. 7. In order to further decouple long-term
cyclostationarities from narrowband non-Gaussianities, in
Sect. 6 we construct a semi-analytical model of the fore-
ground envelope. This serves as a tool to further demodulate
any long-term trend and robustly confirm the presence of
non-Gaussianities.

6 Foreground envelope

In order to derive an approximation of the envelope in time of
the confusion foreground, we make a few helpful simplifying
assumptions. At the low frequencies, in which the galactic
binary signal exists, the LISA signal can be approximated by
two independent effective Michelson interferometers corre-
sponding to the A and E channels, referred to as the low
frequency approximation. In this framework, we first derive
the envelope of the LISA response as a function of time for
a large number of sources located at one point in the sky by
averaging the square signal over a period, and the inclination
and polarization angles.

5 1 T 1 2
(haE) (t bs,ls) = —/ dt’/ dcou/ dy h3 p.
T Jo -1 0 ’
(27)

This results in envelopes as a function of time ¢, and the
location of the sources in the sky (bg, I5). The details of this
derivation are provided in Appendix A.1. With this result in
mind, we then model the projected 2D spatial distribution of
unresolved binaries by a bivariate Gaussian

1 I 7 7
pbs,ls) = ———exp| —=a’ R' MRe |, (28)
2mwo10n 2
a=<bs_bM>, (29)
Is —In

@ Springer

0.057

0.04 4

0.031

) [deg "]

= 0.02 1
IS

0.014

0.00

90 150

10

p(sinbg)

—-0.4 —0.2 0.0 0.2 0.4
sin bg

Fig. 5 Spatial source distribution for our simulated MW population of

DWDs presented in Sect. 2. Sky-coordinates (/s, sin bg) are shifted and

rotated to yield zero mean and minimize their correlation. While the

latitude distribution is well approximated by a univariate Gaussian, the

longitude — roughly corresponding to the Galactic longitude — exhibits
heavier tails

-2
o 0
M = 1 , 30
( 0 02—2> (30)
cosd —sind
R_<sin8 cos 8 >’ GD

centered at ecliptic coordinates (byy, [5r), with variances o1 2
along the principal axes, rotated by an angle § with respect
to the ecliptic. We use this model to derive the envelope of
the LISA response to the unresolved galactic foreground as
a function of time and the model parameters with

Hj p(t, by, Iy, 01,02, B)

= [ cosbsdbs [ dis pibs.15) (£ 1. 15). G2)

For simplicity, we perform the integral over the whole
real line in the ecliptic parameters: this should not affect the
results significantly provided that the model distribution falls
off sufficiently quickly as the ecliptic parameters approach
their physical boundary. We present the details of this deriva-
tion in Appendix A.2.

We then fit the model parameters to the simulated galaxy
presented in Sect. 2. We show a comparison of our best-fit
distribution with the simulated catalogue in Figs. 5 and 6, and
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Fig. 6 Distribution of sources in Ecliptic latitude and longitudes. Black
ellipses and white nested shaded areas denote the 68%, 95% and 99.7%
contour levels of the bivariate Gaussian approximation shown in Fig. 5

acomparison of the approximate envelope to a full simulation
of the LISA data in Fig. 7. The simulated distribution is wider
than the model, particularly along the ecliptic longitude. This
is due to the Galaxy being not very well approximated by a
single bivariate Gaussian distribution. Nevertheless, Fig. 7
shows that our simple model is effective in representing the
time dependence of the Galactic foreground. This could be
improved by refining the model, e.g. by using a mixture of
Gaussians or more realistic distributions. We leave this for
future work.

7 Results

We now apply the proposed test on simulated LISA data.
Results are presented in Fig. 8, where four distinct timeseries
are considered. For brevity, we show results for the A chan-
nel, though we stress that the E channel behaves very simi-
larly. First, we cross-check our formalism against a realiza-
tion of perfectly Gaussian instrumental noise. The test yields
results largely compatible with the null-hypothesis across
the whole frequency range, as shown by the critical values at
68%, 95% and 99% credibility, shown as nested grey shaded
areas. Then, we test the DWD foreground in isolation as
approximated by the IFE algorithm after 4 yr of observation:
broadband violations of stationarity are identified at all fre-
quencies while violations of Gaussianity appear at frequen-
cies around 4 mHz. The latter are due to individual contri-
butions to the foreground from less than 40 sources emitting
between 3.8 and 4.3 mHz, as revealed by the source count
in frequency (top left panel in Fig. 2). At such frequencies,
the signals superposition does not suffice to build an effec-
tive incoherent signal, due to the limited number of sources
contributing to it. The former arise instead from the coherent

x10~2
5.0
_. 2.51
5]
=
g
= 0.09
<
- —2.51 v".‘l‘ :
—5.01 — Modulation
x10~2"
5.0
251
5]
=
£ 00
(5]
€3]
—2.51 ‘ b i n
—5.01 ---- Modulation
0 1 2 3 1
Time [yr]

Fig. 7 TDI time-domain envelope for a bivariate Gaussian source dis-
tribution over the sky. The envelope reproduces globally the signal mod-
ulation over each period (7" = 1 yr), with limited inaccuracies close to
the foreground maxima and minima. These are likely to arise from the
rotated longitude (/5) source distribution, which exhibits heavier-than-
Gaussian tails, as shown in Fig. 5

modulation of the foreground due to the orbital motion of the
LISA satellites.

In order to confirm the origin of this non-stationarity, we
demodulate in time-domain the foreground realization using
the formalism developed in Sect. 6 as follows

Aconf,4 yr(t)

, (33)
Aenvelope )

Aconf,demod.(t) =
and apply the test to the resulting signal. We observe mainly
two effects: while the violation of stationarity is mildly
reduced between 2.0 and 3.0 mHz, it is amplified to a greater
significance level outside this range. We associate it to the
limited accuracy of the envelope model close to each peak
and valley of the signal, see Fig. 7.

Finally, we perform the test on the superposition of
the instrumental noise and the foreground signal, yielding
a somewhat surprising result: non-Gaussianities are sup-
pressed, while the non-stationarity persists at frequencies
where the foreground spectrum dominates over the instru-
mental noise one. This is due to the test being sensitive to vio-
lations in the amplitude of each segment Fourier transform.
Therefore the instrumental noise masks violations where its
Fourier transform amplitude distribution dominates over that
of the foreground. This is further confirmed by the non-
stationarity at the lowest frequencies of interest, disappearing
below approximately 0.5 mHz. While the relative amplitudes
of instrumental and confusion noise is expected to play a
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Fig. 8 Our proposed test statistic applied to the LISA simulated fore-
ground. We focus on the A channel, similar results holding for the E
channel. Critical values for the hypothesis test are shown as nested grey
shaded areas at 68%, 95% and 99% confidence. We test four timeseries
and accompany them by the histogram of foreground sources count in
frequency (teal solid histogram, top panel). The test does not reveal vio-
lations for Gaussian instrumental noise (red solid curve, top panel). The
DWD foreground in isolation (orange solid curve), shows broadband
violations of stationarity (p[,] > 1) across all frequencies, and viola-
tions of Gaussianity (p[y] < 1) around 4 mHz. The latter arise from
the foreground coherence between 3.8 and 4.3 mHz, due to the limited

dominant role, additional factors contribute to the suppres-
sion or strengthening of the test statistic: e.g., the number
of modulation cycles accumulated and the duration of the
time-domain chunks relative to the modulation timescale.
In addition, in a realistic LISA context, this is further com-
plicated by the availability and length of uninterrupted data
segments. We leave a detailed, mathematically robust, study
of such dependencies to future work.

8 Implications for LISA analysis

The results of our study suggest a number of implications for
LISA data analysis. The test statistic in Eq. (24) is primarily
suitable for application as a rapid diagnostic tool. Alterna-
tively — and similarly to the strategy proposed in Ref. [42]
— it can be used as a test on the residual data after identifi-
cation and conditioning on resolvable sources. The distinct
test response to deviations from Gaussianity or stationarity,

@ Springer

number of sources contributing to it. The former arises instead from
the coherent modulation of the foreground due to the LISA satellites’
orbital motion. The test applied on the demodulated foreground (grey
solid curve) shows similar deviations, and we discuss in Sect. 7 a possi-
ble explanation. Finally, the test on the superposition of the instrumen-
tal noise and the foreground signal (black solid curve) yields violations
of stationarity only at frequencies between 0.5 and 3 mHz. The other
violations are masked by the instrumental noise, whose PSD dominates
(solid red line, bottom panel) over the foreground one (solid black curve,
bottom panel) outside of the above interval

exemplified in Fig. 4, is an additional resource to consis-
tently check the coherence of global fit results: should LISA
data residuals yield significant deviations, the noise model
employed in the Bayesian likelihood (often assumed Gaus-
sian and stationary) needs to be extended, e.g. with method-
ologies similar to Ref. [77]. Failure in doing so, may result in
overestimation of the overall noise PSD to accommodate for
amplitude drifts or fatter distribution tails. This in turn will
effectively bias resolvable source parameter estimates, e.g.
overestimating their luminosity distance. Flagging such data
model “failures” in low-latency before informing EM coun-
terpart follow-ups will be of central importance. We leave a
detailed analysis of the impact on resolvable sources to future
study.

By applying our test to representative LISA data we show
that a non-stationary model for the Galactic confusion noise
is required for realistic studies (as also pointed out in pre-
vious, time-frequency domain ones [78]). Finally, a strong
deviation of global fit residuals from stationarity may hint at
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the presence of yet unidentified backgrounds. In fact, recent
studies have used the envelope presented in Appendix A as
a parameterized model to infer on putative additional back-
grounds [6], and distinguish them from the Galactic confu-
sion noise.

A few additional details on the results presented are worth
highlighting. First, in this study we analyzed a synthetic pop-
ulation constructed based on specific modeling choices, some
of which may impact our conclusions. For instance, Ref. [14]
examined how the stochastic component changes when mod-
ifying the model of the Milky Way. They found that altering
the shape of the Galaxy does not noticeably affect the spectral
shape of the stochastic foreground. However, changing the
total number of binaries in the LISA band, which effectively
corresponds to changing the total stellar mass, has a notable
impact.

For a fixed DWD binary evolution model, they demon-
strated that increasing the number of binaries causes the over-
all confusion noise amplitude to increases, see also [79]. This
makes the resolvability of individual sources more challeng-
ing, leading to a milder reduction in stochasticity with fre-
quency. They also confirmed that a constant star-formation
history, equivalent to our fiducial star-formation history over
the past several Gyr, has no significant effect on the shape
of the Galactic GW foreground. Changing details in binary
evolution assumptions may also lead to significant changes
in both the number of resolved sources and the characteris-
tics of the foreground. For example, Ref. [15] assembled
an observationally-driven population of DWDs for LISA,
employing the same Milky Way model as in this study.
However, their assumptions on the white-dwarf mass and
frequency distributions at DWD formation rely on results
obtained by interpreting DWD candidates in spectroscopic
surveys [80-82]. They found that, while the total number
of DWDs in the LISA band is similar to that in our theory-
driven model, the differences in the DWD properties result
in a threefold increase in the number of individual detec-
tions, and changes in the shape of the unresolved foreground.
Notably, the latter extends to slightly lower frequencies, due
to DWDs in the observationally driven model being, on aver-
age, easier to resolve by LISA.

Further modeling assumption of the foreground popula-
tion and overall signal may impact our results: while we
employed the approximate result of the iterative foreground
estimation algorithm, a more appropriate input would be a
catalog of unresolved sources at various stages of a global-
fit execution. Similarly, a more flexible model for the source
distribution in /g would increase the accuracy of our envelope
model. We leave both for future work. However, we stress
that the test statistic proposed is well-defined in and appli-
cable to such scenarios. We also highlight that at the time
of writing, independent studies have confirmed our findings
following different methodologies [42,77].

Finally, we point out that, while our test is sensitive to
the amplitude distribution of foreground segments in Fourier
domain, the corresponding phases carry additional informa-
tion: a stochastic Gaussian signal is expected to have phases
uniformly distributed in [0, 277]. Contrary to the amplitude
study presented here, a phase distribution test would not be
affected by instrumental noise suppressing the target signal.
We foresee this as an additional valuable probe of the fore-
ground Gaussianity at frequencies inaccessible by our test. A
detailed joint study of amplitude and phase foreground prop-
erties is crucial for the correct interpretation of the LISA
data and is essential for an unbiased estimation of individual
source parameters and the subsequent population inference.
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Appendix A: Stochastic signals envelopes

In order to derive the envelope of the LISA response to
unresolved Galactic sources, we start by writing the LISA
response to a single binary source in the low-frequency
approximation. The spacecraft orbits can be described by
the following Keplerian orbits:

cosicos fBjcosv; — sin f; sinv;

P;=rj| cosisinpjcosv;+cosfjsinv; |, (34)
—sini cosv;
R(1—¢?
rj= —( ) , (3%
1 +ecosv;
2w
Bj = 3 + Bo, (36)

where P ; is the position of spacraft j € {1, 2, 3} with semi-
major axis R = 1 AU, true anomaly v;, inclination 7, and
eccentricity e.

The mean anomaly /; increases linearly with time ¢, and
is related to the true anomaly by

ljz.Qt—i—oeo—,Bj:uj—esinuj, 37
tan Yo ¢ tan v_]’ (38)
2 I+e 2
with mean orbital angular frequency §2 = 2m/yr, mean

anomaly /;, and eccentric anomaly ;.

In the following, we will use ag = Bo = 0 to simplify the
derivation. The signal in the low frequency approximation
from a binary with sky angles (bs, s), with an arbitrary o
and By, can then be computed with

ha(bs,ls) = cos2(Bo — ap)ha,olbs,ls — ap)

—sin2(By — ap)hg,o(bs, ls — ap), (39)
hg(bs, ls) = sin2(Bo — ap)ha,o(bs, Is — ap)
+cos 2(Bo — ap)h g o(bs, Is — ap), (40)

where h4 o and hg o have been computed assuming og =
Bo = 0.

A.1 Response to an individual DWD

We assume that the GW signal is described in the Solar Sys-
tem barycenter by

hap(t) = —2A (1 + cos? L) e;h cos2¢ (1)

+4Acost e, sin2¢(t), (41)
¢ = wot + ¢o, 42)
e:[b = ejb cos 2y — €., sin 2y, (43)
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e), = € sin 2y + € cos 2y, (44)
ey =p"p"—qq", (45)
ey = P"4" + p"q°, (46)
p = (sinbg coslg, sinbg sinlg, — cos bg) , 47)
q = (sinlg, —coslg, 0). (48)

The GW signal is described by the following parameters

A, the amplitude

t, the inclination

wp, the orbital angular frequency

— ¢, the initial orbital phase

— 1, a polarization angle

— (bs, Is), the ecliptic coordinates of the source’s sky loca-
tion.

In the low-frequency approximation, the LISA response
to this wave can be modelled by two noise-independent GW
detectors with signals &4 and h g described by

hatt) = % [h2(0) = hx O], (49)
he() = %6 [ (1) = 2y () + hz (0] (50)
hx@® = [L30OL50) = L5OL0 [ hap(w, (51)
hy () = [ 1O L0 = L3O L50) | hap(w), (52)
hz() = [E50 150 - L5 0L | hapw), (53)

u=t—=k-P(), 54)

k= (—cosbgcoslg, —cosbgsinlg, —sinbg), (55)
P(t) = R (cos 221, sin 21,0), (56)

where R = 1 AU is the distance from the Sun to the detector
barycenter, £2 = 2m/yr is the detector barycenter angular
orbital frequency, and the directions of the LISA arms L; ®)
can be described by

. 1. 3.
L] = —Ex — Ty, (57)
L, =%, (58)
. 1, /3,
L3 = —zx + Ty, (59)

where x and y are part of a triad tied to the detector arms
together with z, which are expressed in a fixed ecliptic frame
by

A 1 1 . 3
X = |:4_1(3 — cos2821), ~1 sin282¢, % cos Qt:| , (60)
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. I 3

y= |:—Zsm2.Qt —(3 4 cos2821), fSlHQl:| (61)
3 1

—£sin9t,— .
2 2:|

Note that the signals in the usual noise-independent low-
frequency LISA detectors are iy = hu/ V6 and hy; =
—hg /6.

In order to model the envelope of a signal constituting of
the sum of a large number of signals, we start by computing
the inclination and polarization averages of the signal from
an individual source.

The structure of 14 and hg can be expressed by setting
A=1,

3
z= [—%_ cos £2t, (62)

ha p(t) =2Ca £ (1) (1 + cos? L) c0s 26 (1)

+ 4S84, E(t)cost sin2¢(1). (63)

This allows us to compute the inclination and orbital averages

> 1! I )
(hA,E)([) =3 dcou — dthA,E(t) (64)
56 )
= _SCA e+ 3SA @) (65)
We can then compute the polarization averages
2 L [r 2
el =5 [ av ha.el (66)
8
2
= Z [H(C:A,E;t,llf;n) cos ns2t
n=-—8
+HZ g By siant]. (67)
We can write the result using
s = (ha)g g + (hE)Gy) (68)
4
= > 15, (bs) cosnAlL, (69)
n=0
Wy = (haty) = (hE, 4 (70)
8
=3 h. oy (bs) cos (nAlL, + 4ls) . (71)
n=0
Al = 2t — ls, (72)
Ig=1 — 73
s=ls + - 2’ (73)
with coefficients given by
h* -2 328 + 152 cos® bs — 37 cos* b (74)
5:0) = 330 cos” bg cos” bs ),

93
hé;(l) = —%— cos bgsinbg (52 + 5cos? bs) , (75)
81
h%;(z) = %0 cos? b (10 — cos? bs) , (76)
273
2= _27V3 sin bg cos® by, (77)
2 81 b 8
S;(4) 320 COS S (7 )
n2 il (8 40 cos? bs + 35 cos* b ) (79)
D T T 350 § §
81
h%);(3) = 8:)/_ sin bg cos bg (4 7 cos bs) (80)
273
15 = S—X_Sinbgcosbs (4—7coszb5>, 81)
243
hZD;(z) = ~ 160 cos? bg (6 — 7 cos? b5> , (82)
27
2 _ =" 2 _ 2
Wy = —1a5 08" bs (6 — Tcos bs) (83)
243./3
B 1y = ‘Tf sin bs cos” b, (84)
9/3
h%);(7) =30 sin bg cos’ bg, (85)
7
.o =~ g c0s' s, 0
9
hp. ) = o cos* bg. (87)

A.2 Sky distribution

Having computed the response averaged over the orbit, polar-
ization and inclination angles, we can now compute the aver-
age response to a large number of sources located according
to a certain distribution over the sky. Keeping in mind that
we wish to describe the contribution from unresolved galac-
tic binaries across the sky, we can make the ansatz that the
sources are distributed according to the following distribu-
tion in ecliptic coordinates:

pbs,ls) =

1
~exp [—EOTM()} , (88)

27
bs—bM
Is — Iy

cosd sind 01_2 0 cosd —sinéd
—siné cosé 0 02_2 sind cosd§ )’

(90)

(89)

corresponding to a bivariate Gaussian distribution centered
at (by, [yy) (the location of the Galactic center) rotated by an
angle § relative to the ecliptic plane. Note that the distribution
is unrealistic in several ways: galactic binaries are unlikely
to follow a bivariate Gaussian distribution in the sky, and
the probability distribution is normalized over (bg, L) € R>
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instead of the sky (bgs,ls) € [—m/2, /2] x [0, 27]. How-
ever with a reasonable choice of parameters the severity of
these problems can be mitigated, and we hope to reach a
reasonable approximation to the Galactic foreground in the
end.

What is left to accomplish at this stage is to compute the
foreground model for the response to unresolved DWDs:

H§,D(I,bs,ls,01,02,8) =/ﬂécosbsdbs/Rdls p(bs,ls)héD,
oD

where for simplicity we integrate over the whole domain of
the probability distribution rather than just the sky. In order
to carry out this integral, we can make use of the following
result:

/RdbS/Rdlg p(bs, I5)et"bs eimls (92)

1 1
= exp [_Z (mz + n2) (012 + 022> + 1 (mz — n2>
X (012 — 02) cos 28 + > ( 12 - 022> sin 28] einbum gimly
93)

To facilitate the presentation of the results we decompose
HSZ. p as follows

4
1
2 2
H§ = <05 Z H3. (- (94)
Hp = 10240 Z Dimy ©3)
and define
0 =of +o03, (96)
o3 =o0f -0}, O7)
02 =02 cos28, (98)
JSZ = alz) sin 24, 99)
ol =0§+02, (100)
- T
Iy =1y + —, 101
m=Iy+ 1 (101)
Apr = 2t — Iy. (102)

Opverall, we obtain for each term:

HE o) = e 13757 (120636 cos by + T614¢ 77 cos 3byy

—666¢-57% cos 5bM) , (103)

2
H_%;(l) =3e -30% |: — 31392 <cosh % sinbyy cos Ay,
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62
+ sinh 7S cos by sin A¢L)
3 2
—32112¢720% <cosh % sin 3by cos Ay
. 30} .
+ sinh T cos 3bys sin Agy,

5 2
— 720e_6"i (cosh % sin 5byy cos Ay,

)}

HSZ; @ = e_%"§+%"f2 [71280 (cosh 032 cos by cos2A¢y,

+ sin

(104)

—sinh USZ sin by sin 2A¢L>

+22680e 2% (cosh 302 cos 3by cos 24y,
— sinh 302 sin 3by sin 2A¢L)

— 648¢ 6% (cosh 502 cos 5hy cos 2A¢y,

— sinh 502 sin 5by sin 2A¢L) ] (105)

2 5.2 2062 2
H3, 5y = /3 e729542% [— 864 (

30 .
+ sinh > cos by sin3A¢;,

2

— 1296¢20% (

. 90} .
+ sinh - cos 3byy sin A3¢y,

1502
— 43207092 (cosh s

sin 5hy; cos 3A¢;,

2

15
+ sinh % cos 5hyy sin A3¢L> :|

(106)
2 7£02+ﬁ0.2 2
Hg. gy = e 4757 4% [1620 (cosh 20, cos by cos4APL
— sinh 2c7s2 sin by sin 4A¢L>
+ 810e27% (cosh 6052 cos3by cosd APy
— sinh 602 sin 3by sin 4A¢L)

+162¢767% (cosh 1002 cos 5hy cos 4A¢y.

— sinh IOO'SZ sin 5by; sin 4A¢L) ], (107)
and
Hp, ) = ¢ 175 4% (324cos by - 240273 cos 3by,
—5670¢% cos SbM) cos (4, + 4lp) . (108)
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2
1 -
H, 3 = V3 e 3% {—1296 |:cosh %Y sin by cos(3A¢y +41y)

2
— sinh % cosby sin(3A¢r + 4l_M)i|

S _
+3240¢729% | cosh % sin 3byy cos(3AGL + 4lyy)
2

3 _
— sinh ;S cos 3by sin(3Ady, +41M)}

2

[ s _
+ 4536(376@2r cosh Zs sin 5byy cos(3A¢y + 4lyy)

502 _
—sinh % cos 5hyy sin(3A¢y, + 4lM):| } , (109)
2 —152 Usz . 7
HD'(S) =/3¢729 {432 cosh > sinbyy cos(SA¢y + 4lyy)
o2 _
+sinh 7S cosbyy sin(5A¢; + 4lyy)
302 _
— 1080e~20% |:c0sh % sin3byy cos(5A¢y + 4l yp)
. 30;2 . -
+ sinh T cos3byysin(SA¢r +4lyy)

—602 503 . 7
— 1512¢™ 7"+ | cosh > sin5bpy cos(SApy, + 4lyr)

502 _
+sinh ‘; cos by sin(5Ad] +41M)H, (110)
2 ~395+392 {1944 [cosh o2 2
HD;(Z) =e [— 9 [cos o, cosbyy cos(2Agy,

+4Ty) + sinh o2 sin by sin(QA¢y, + 41'M)]
+ 106920204 [cosh 302 cos 3byy cos(2Apy + 4ly)
+sinh 302 sin 3by sin2A¢, + 41'M)]
+ 6804¢—69% [cosh 5032 cos 5byy cos(2A¢y, + 4lyy)
+sinh 562 sin 5by sin(2Ady +4ZM)]}, (111)
H/%;(é) =~ 305+i0l {7216 [cosh USZ cosbyy cos(6Apy, + 4lyp)
— sinh osz sin by sin(6A¢y + 4Z_M)]
+1188¢20% [cosh 302 cos 3by cos(6Ady, + 4ly)
— sinh 302 sin 3byy sin(6A¢y, + 41, M)]
4 756e~67% [cosh 502 cos 5byg cos(6Ady + 4ly)

— sinh 502 sin 5byy sin(6A¢y, +4ZM)]], (112)

302
H}, ) = V3 e 3054200 {—3888 |:cosh = sinby

_ 302 _
cos(A¢y, + 4ly) — sinh % cos by sin(Ady + 41M)}

2

9 _
— 58320203 |:cosh ;S sin3byy cos(A¢y + 4 )

902 . -
— sinh - cos 3byy sin(Agyr, + 4lpr)

6o? 1502 . -
— 1944¢7°+ | cosh T sin 5byy cos(A¢yr + 4l yy)

ISUS2 . -
5 cos Sbysin(Agp +4ly) | ¢, (113)

— sinh

5 302
H}, 7y = V3 73051200 {144 |:cosh = sinby

; 302 _
cos(7A¢y +41)r)+sinh ;‘Y cosbyy sin(7Aq’>L—|—4lM)i|

90?2 -
+ 216¢20% |:cosh % sin3byy cos(TApy + 4lyp)
. 9<7S2 . _
+ sinh - cos3byy sin(7Apr + 4lyy)

—602 150.3 . 7
+ 72¢ "+ | cosh > sin5byy cos(TA¢pr, + 4lpr)

2

+ sinh 15205 cos Sbyy sin(7A¢y, + 4l_M):| } , (114)

17 15
HY, (o) = e~ 37545 [ 27290 (cosh 207

cos by cos 4l + sinh 2%2 sin by sin 4l_M>
— 36450204 (cosh 6052 cos 3byy cos 4l
+ sinh 602 sin 35y sin 4] M)

— 729,602 (cosh 10(7‘92 cos 5byy cos 41y

+ sinh IOO‘SZ sin 5byy sin 4I_M)] , (115)

17,.2,15.2
H?. o =e 405T30% {—90[cosh2q3cost
cos(8Apy, + 4lyp)

— sinh 207 sin by sin(8 Ay, + 41y |

— 4507203 [cosh 6052 cos 3byy cos(8Agy + 4y
— sinh 602 sin 3byy sin(8A¢y, + 41‘M)]

—9p—60% [cosh IOGS2 cos 5byy cos(8A¢y + 4lyy)

— sinh 1002 sin 5by sin(8 Agy. +4ZM)]}. (116)

The envelope of the signal in the A and E channels can then
be computed with

1
2 2 2
Mio=5 (HS - HD) : (117)
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1
2 2 2
hE,0=§< S_HD>'

(118)
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