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1. Introduction

Consider a finite group G, and let Irr(G) be the collection of all irreducible complex
characters of G. We define cd(G) as the set containing the degrees of these characters,
denoted by x(1), where x belongs to Irr(G). Consequently, the character degree graph
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A(G) is defined as the graph whose vertex set V(G) is the set of all prime numbers
dividing some degree x(1) in ¢d(G). In this graph, two distinct primes, p and g, are
adjacent if their product pg divides any degree within cd(G).

The exploration of the character degree graph A(G) and the correlations between its
properties and the structural characteristics of the group G constitute a well-explored
area with an extensive body of literature. For a comprehensive overview of this subject,
we recommend consulting the survey paper [9]. The objective of this paper is to con-
tribute to a specific facet of this research endeavor: the structure of A(G), when G is a
solvable group and A(G) has diameter three.

A pivotal result established by P. P. Palfy [13] asserts that, if G is a solvable group
then, for any three distinct primes in the set V(G), at least two of them form an adjacent
pair in the character degree graph A(G). Consequently, it easily follows that, for a
solvable group G, A(G) has at most two components, which are complete if A(G) is
not connected. Additionally, in [10], it was shown that if A(G) is connected, then the
diameter of A(G) is at most 3. Moreover, Palfy proved in [14] that there is a remarkable
difference between the sizes of the two connected components of a disconnected character
degree graph of a solvable group. Namely, if m and n are their sizes, say n > m, then
n>2"—1.

For a considerable time, it remained an open question whether solvable groups with
character degree graphs of diameter three existed. Eventually, in [8], Mark Lewis resolved
the matter, presenting a beautiful solvable group G with A(G) comprising 6 vertices and
possessing a diameter of 3 (see Fig. 1).

The structure of the solvable groups G such that the character degree graph A(G) has
diameter three, as well as some properties of the graph A(G), have been further studied
in [2] and [16]. In particular, it turns out that in this case the group G has a unique
non-abelian Sylow subgroup P and that A(G/~3(P)), where v3(P) = [P’, P] is the third
term of the descending central series of P, is a disconnected subgraph of A(G), with the
same vertex set. Let mp and m; denote the connected components of A(G/v3(P)), with
the notation chosen such that the prime divisor p of |P| belongs to ;. In this context,
it is established that |m| > 2/70| ([2, Remark 4.4] and [16, Theorem 4]). So, the vertex
set of A(G) is covered by two cliques with vertex sets my and m of rather different sizes.

Let A = A(G), for G solvable, be a graph of diameter three. Proceeding as in [16],
we denote by aan C 7 the set of vertices of mg that are not adjacent to any vertex in
mp and by da C 71 the set of vertices of 7; that are not adjacent to any vertex in 7.
Since A has diameter three, every pair of vertices s € aa and t € da has distance three
in A(G), while all the other pairs of vertices have distance at most two, and the edges
linking 79 and 7; have one vertex in o = 7 \ aa and the other in yo = m \ da, (see
Fig. 2).

With respect to this notation, in the example A = A(G) given in [8] we have |aa| =
|Bal = |0a] =1 and |ya| = 3, (see Fig. 1).

To the best of our knowledge, the example in [8] appears to be the only example in
the literature of a character degree graph of a solvable group, having diameter three. In
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Fig. 1. Lewis’ example.
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Fig. 2. An auxiliary picture for A(G) having diameter 3.

Section 3, building on the ideas of [7] and [8], we construct a class of examples of solvable
groups that yield the following result.

Theorem A. For every choice of positive integers a,b, there exists a solvable group G
such that A = A(G) has diameter three with |aa| = a and [da] > b.

We also prove

Theorem B. Let A = A(G) for a solvable group G and assume that A has diameter
three. Then

Ival > 9lBal (2‘(¥A| _ 1) 41,
We believe that |Sa] is related to the nilpotency class of P.

Question 1.1. Let G be a solvable group such that A(G) has diameter three. Is it true that
|BA| is at most the number of primes less than the nilpotency class of the non-abelian
normal Sylow subgroup of G ¢

Actually, we are not aware of any examples with |Sa| > 1. We remark that, for all the
character graphs A = A(G) of the solvable groups in Section 3, and in Theorem A, as
well as in Lewis’ example [8], the set Sa consists of a single vertex, namely the prime 3,
which is then a cut-vertex of A. This information naturally motivates the following two
questions:
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Question 1.2. Are there solvable groups G such that A = A(G) has diameter three and
Ba consists of a single vertex different from the prime 3¢

Question 1.3. Are there solvable groups G such that A = A(G) has diameter three and
Bal =27

The character degree graphs possessing a cut-vertex have been studied in [4] and [11]
for solvable groups, and they have been fully described for non-solvable groups in [3].
In particular, when G is non-solvable, A(G) has a cut-vertex and diameter three if and
only if G = J; x A, where J; is the first Janko group and A is an abelian group (|3,
Theorem A(d)]).

Question 1.3 is quite challenging at present, as our existing methods do not appear
sufficiently effective. Furthermore, our current intuition is heavily biased towards the
known examples. In light of this, we propose the following alternative, possibly more
manageable, question.

Question 1.4. Let A = A(G) for a solvable group G with A having diameter 3. Is

laal _ 19

limry 500 Trg]

Inspired by our work, we also pose the following.

Question 1.5. Let A = A(G) for a solvable group G with A having diameter 3. Is
s [
hm|m|ﬁoo % =07

In Theorem 5.1 we prove that for a character degree graph A = A(G) of diameter
three, where G is a solvable group, the union of the set Sa with a relatively large portion
of the set yA induces a complete subgraph of A. We leave open the following.

Question 1.6. Let A = A(G) for a solvable group G. If A has diameter three, then is the
subgraph induced on Ba Uya a complete graph?

2. Preliminaries

This section serves as a compilation of notation and fundamental results employed
consistently throughout the paper, often applied without explicit reference.

Given an action of a group A on a set X, we say that X is an A-set. The action of A
on X is semi-reqular if all A-orbits in X have cardinality |A|, i.e. are regular orbits.

If A acts by automorphisms on a group G and A acts semi-regularly on G \ {1}, we
say that A acts fixed-point-freely on G.

Two A-sets X and X are said to be isomorphic if there exists a bijection f : X — X3
that commutes with the action of A. If this happens when A acts by automorphisms on
the groups X and X7, we say that X and X; are isomorphic A-groups.
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We denote by C1(G) the set of the conjugacy classes of the group G. For g € G, we
write g& for the G-conjugacy class of g. If a group A acts via automorphisms on a group
G, then A acts naturally on Irr(G) and on CI(G) as follows: for a € A, ¢¢ € CI(Q),
x € Irr(G), z € G:

X“(x)=x(z* ) and (g9 =(¢")°.

We denote by I4(x) = {a € A | x* = x} the inertia subgroup of x in A, i.e. the
stabilizer of x under the action of A on Irr(G). The following facts will be used repeatedly.

Lemma 2.1 ([6, Theorem 13.24]). Let A be a solvable group acting by automorphisms on
a group G. If |A| is coprime to |G|, then Irr(G) and CI(G) are isomorphic A-sets.

If M is an abelian group, we denote by M the dual group of M, which is the set
Irr (M) with the natural product operation. If M is an abelian group such that A acts
by automorphisms and such that |A| is coprime to |M|, then as a particular case of
Lemma 2.1 we have that M and M are isomorphic A-groups.

Given a normal subgroup N of a group G, G acts naturally by conjugation on Irr(N)
and CI(N). For 6 € Irr(N), we use the following notation:

Irr(G10) = {x € Irr(G)|[xn, 0] # 0}

and, for a subset Y C Irr(N),

Irr(GlY) = U Irr(G|0).
0ey

Moreover, we write Irr(G|N) = Irr(G|Irr(N) \ {1n}); so, Irr(G) = Irr(G/N)UIrr (G| N).

Lemma 2.2. Let N be a normal subgroup of the group G and 6,6, € Irr(N). Then
Irr(G|0) = Irr(G16y) if and only if 0 and 61 lie in the same G-orbit in Irr(N).

Let X be a subset of Irr(N) and let X be a set of representatives for the non-empty
intersections of the G-orbits in Irr(N) with X. Then

Ir(N|X) = | Irr(N|6)
oex

is a disjoint union.
Proof. For g € G, x € Irr(G) and 6 € Irr(N),
xw, 09] = Ix%, 0°] = [xwv, 0].

So, if 6 = 09 for some g € G, then Irr(G|0) = Irr(G|61).
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For x € Irr(G), the irreducible constituents of xn form a G-orbit in Irr(N) by Clif-
ford’s theorem, so Irr(G|6) N Irr(G|A1) # O implies that § and 6; are G-conjugate, and
the rest of the statement follows. O

We recall that a character 7 € Irr(M), where M is a normal subgroup of a group
G, is fully ramified with respect to G/M if T is G-invariant and |Irr(G|7)| = 1. Observe
that, given a group A that acts by automorphisms on G and an A-invariant normal
subgroup N of G, if 7 is fully ramified with respect to G/N and Irr(G|T) = {x}, then
the stabilizers in A of 7 and x coincide.

Lemma 2.3. Let N be a normal subgroup of a group G and 0 € Irr(N) such that 6 is G-
invariant. If G/N is abelian, then there exists a unique subgroup U such that N <U < G
and such that every T € Irr(U|0) is a G-invariant extension of 8 and T is fully ramified
with respect to G/U.

Moreover, if the group A acts by automorphisms on G and both N and 6 are A-
invariant, then U is A-invariant.

Proof. This is a slight rephrasing of Lemma 2.2 of [17]. O
3. A construction

In the following, for a positive integer n, we denote by 7(n) the set of the distinct
prime divisors of n and, for a set of primes o, we denote by n, (or simply by n, if
o = {p}) the o-part of n, that is, the largest divisor k of n such that 7(k) C o.

Let p be a prime number and let n be an odd positive integer such that n # p, ng = 3
and

ged (p" — 1,n) = 1. (1)

Following [7], let F' be a field of cardinality p™ and let F'{X} be the skew polynomial
ring with

Xa=dl'X,

for every a € F. Next, let R be the quotient of F'{X} by the ideal generated by X* and
let o be the image of X in R. Therefore, R = {ag+a12+asx®+azx® | ag, a1, as,a3 € F}.
Let J be the Jacobson radical of R, that is, J = {a12 + asa® + a3z® | ay,az2,a3 € F}.
Now,

P=1+1J

3n

is a subgroup of the group of units of R, |P| = p°™ and each element of P is of the form

14+ a1x+ a2x2 + a3x3, for some aq,as,a3 € F.
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Let C be the subgroup of the multiplicative group F'\ {0} of the field F' having order
(p™—1)/(p—1). Clearly, C is cyclic. The group C acts as a group of automorphisms on
P by letting (see [5])

. p2— 3
(1—|—a1x+a2x2+a3x3) —1—|—alcp 1x—|—agcp T a:Q—l-ach 11$3 (2)

=1+ ajcx + asc® T a? + asc? +p+1x3,
for every aj,a0,a3 € F and ¢ € C. Let T = P x C. Therefore, T is a group of order
(" = 1)p*/(p - 1).

Let H = Gal(F/F,), where F), is the prime subfield of F’; thus, H is a cyclic group of
order n. Now, the group H acts as a group of automorphisms on 7" by letting

(1 + a1x + a22® + azz®)e)” = (1 + afz + a§2® + aJa®)c?, (3)

for every ay,a9,a3 € F,c€ C and o € H.
Let

G=TxH=Px(CxH).

Therefore, G is a group of order n(p™ — 1)p3*/(p — 1) and CH is a complement of P in
G.
Recall that ng = 3. Let D be the subgroup of C having order p?>+p+1 = (p*—1)/(p—1).

Lemma 3.1. The number (p> —1)/(p— 1) and (p™ — 1)/(p® — 1) are relatively prime.
Moreover, p — 1 is relatively prime to (p™ —1)/(p — 1).

Proof. We have (p> —1)/(p—1) =p?> +p+1 and

=p" B p" 4P 1=14+14 -+ 1+1 (modp®—1).

n/3 times

This shows that, if d divides p> +p+ 1 and (p" — 1)/(p® — 1), then d divides n/3. Since,
by hypothesis, ged(p™ — 1,n) = 1, we deduce d = 1.
Arguing as above, we have

p"—1

o =p" 4 p" 24 ptl=141+4---+1+1 (modp—1).

n times

Hence ged(p—1, (p"—1)/(p—1)) = ged(p—1,n) = 1, since ged(p” —1,n) = 1 by (1). O
By Lemma 3.1, we have

C=DxE,
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where |D| = p?+p+1, E is a Hall 7(p?+p+1)’-subgroup of C, and |E| = (p"—1)/(p>—1).
Moreover, F'\ {0} = (F, \ {0}) x D x E.

Following [7], we let P; = 1+ J. In particular, P, = P, P, = 1 and P;/P;;; is
isomorphic to the additive group of the field F, for each i € {1, 2, 3}. Clearly, P; G, for
each 1.

Lemma 3.2.

(a) T/Ps is a Frobenius group with Frobenius kernel P/Ps and with Frobenius comple-
ment CPs3/P3 = C.

(b) E acts fized-point-freely on P and, for every E-invariant subgroup N of P and a
non-principal character 8 € Irr(N), we have Ig(0) = 1. Moreover, D < Cg(Ps).

Proof. (a) Let 1+ a1z + azr? € P and ¢ € Cc((1 + a1z + az2?)P3). By (2), we have
1+arcx +agc?™ 2 = (1 + a12 4 apx?)° = 1+ ayx + asz?  (mod Ps)

if and only if ajc = a; and ascPt! = ay. Assume ¢ # 1. We immediately deduce a; = 0.
Moreover, since p = —1 (mod p + 1) and since n is odd, we have

pn_l
p—1

=P A T Al = (1) (D) (<) (1) (mod p+-1)
=1 (modp+1).

Therefore, ged((p™ — 1)/(p — 1),p + 1) = 1. In particular, c?™! # 1 and hence ay = 0.
Therefore, 1 + a17 + azx? = 1 and part (a) is proved.

(b) Let c € C. As C = D x E, we may write ¢ = de for some d € D and e € E. Let
t =1+ bz € P;. Then

t“=1+ beP HPH1gS — + beP’ +PF1y3,

Then D < Cg(Ps) and, as ged(p? +p+1,|E|) = 1, E acts fixed-point-freely on Pj. Since
E acts fixed-point-freely on P/Ps by part (a), E acts fixed-point-freely on P. Thus, if
N is an FE-invariant subgroup of P, then F acts fixed-point-freely on N, and Irr(N)
and CI(N) are isomorphic E-sets by Lemma 2.1. Hence, the rest of part (b) follows by
Glauberman’s lemma ([6, Lemma 13.8]). O

The map (z,y) — [z,y] defines a function
P/PgXPQ/Pg—)Pg.

Since P/P,, P,/ Ps; and P5 are naturally isomorphic to the additive group of the field F,
this commutator mapping defines a function
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(,y:FxF—F (4)

This function is computed explicitly in [7]. Indeed, let s = 1 + ax +1i € P with i € J?
and let t = 1+ ba? + j € P, with j € J3. From [7, Corollary 4.2], we have

[s,t] =1+ (ab? — ap2b)x3. (5)

This shows that the function in (4) is defined by (a,b) = ab? — a?"b.
From its definition, we deduce that, for every a € F, b — (a,b) is a linear Fj,-map,
where (as above) F), is the finite subfield of F' having cardinality p. We let

(a,F) = {ab” —a” b | b e F}
denote the image of this mapping.
Lemma 3.3. Let a € F. If a = 0, then b — (a,b) is the zero function. If a # 0, then
the kernel of the function b — (a,b) is {ca?*' | ¢ € F,} and the image {(a,F) is an

Fy,-subspace of F' of codimension 1.

Proof. The result is clear when a = 0. Assume then a # 0. Let b € F with (a,b) = 0.
Thus ab? = a?’ b implies (b/aPt1)P = b/aP*!, that is, b € {ca?*! | c€ F,}. O

We have
(LLF)y={b—-b|be F}. (6)

We note that, by the additive form of Hilbert’s Theorem 90, (1, F') is the kernel of
the trace map Tr : F' — F),, so (1,F) is an H-invariant hyperplane of F' (seen as an
F,-vector space).

Let Il be the E-orbit, with respect to the natural action of E on the hyperplanes of
F, containing (1, F'). We denote by Fs the subfield of F of cardinality p*.

Lemma 3.4. For a € F, we have (a, F) = (1, F) if and only if 0 # a € Fp3, and

o = {{a, F) | a € F\{0}}.
Proof. Let a € F'\ {0}. As F'\ {0} = (F, \ {0}) x D x E, we may write a = ayaqa. for
some ay € F, \ {0}, ag € D and a. € E. Next, let b € F'\ {0} and let by = ac PVb. We

have

2 2 2 2 2
(a,b) = ab? — a”" b = apagacbyal TP — dY al a¥ boa? ™!

2 2 2
= afadbga’e’ Tl _ afag boa’e’ ptl
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2 2
= qb TPl (afadbg —aygal) bo)

= a’j“’“ ((—afazzbo) — (—afaflzbo)p) € a’e’Qﬂ’H(l,F).

€(1,F)

Hence, recalling Lemma 3.3
(a, F) = a? TPt (1, F)

and, as |E| is coprime to p? + p + 1 by Lemma 3.1, we conclude that (a, F) = (1, F) if
and only if a. = 1, which is equivalent to a € (F}, \ {0}) x D = F,s \ {0}.

Finally, by observing that, as a. runs through the elements of E, so does a{f“’“, we
see that the hyperplanes of the form (a, F') are in one-to-one correspondence with the
elements of F and, in particular, that Ilp = {(a, F) | a € F\ {0}}. O

Let
H=RxS,

where R is the Sylow 3-subgroup of H, so |R| = 3, and S is the 3-complement of H.

As P = {1 + a3 | a € F}, the mapping w : P3 — F defined by 1+ az® — a is a
group isomorphism between P3; and the additive group of F. We also remark that, via
w, P3 and F are isomorphic H-sets.

Lemma 3.5. Let X = P; \{1p,}. Then G acts on X and we denote by Xo the union of
the H-invariant C'-orbits in X. Then

(a) For every ¢ € X \ Xy, there exists g € G such that Ig(p9) = PDS.

(b) If po € X is such that w(ker(yg)) = (1, F), then {p}y | i = 1,....,p — 1} is a
set of representatives for the G-orbits in Xo. Moreover, Ig(¢h) = PDH for every
i=1,...,p—1.

(c) For every ¢ € X, ¢ € Xo if and only if w(ker(p)) € Iy.

Proof. Since P3 = Z(P) and D < Cg(P3) by Lemma 3.2 part (b), PD < Cg(Ps).
Therefore, as G = PDEH, the G-orbits and the FH-orbits in X coincide. Let X’ =
P; \ {1}. With reference to Lemma 2.1, it is established that X and X’ are isomorphic
E H-sets. Consequently, we use the action of EH on X’ to draw conclusions regarding
the action of FH on X.

Since the map E — E such that e — e?"+P*1 is a bijection, the orbits of E on X'
are the subsets of the form {1 + eaz®|e € E}, for 0 # a € Fys. Thus, they correspond,
identifying X’ and F* = F'\ {0} via w, to the non-trivial cosets of E in F'*, i.e. to the
non-trivial elements of the group F*/E ~ Fp>§,. Let 0 € H be the cube of the Frobenius
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automorphism of F; thus § = (5). Since a° = a?’ = a?’~'a, and a?’~! € E (as o(a?’ 1)
divides (p™ —1)/(p® — 1) = |E|), it follows that S fixes all E-orbits on X’. On the other
hand, R acts on the set of the E-orbits on X’ as it acts on Fpﬁ, so R fixes exactly
p — 1 E-orbits on X’. Therefore, by the isomorphism of the EH-sets X and X', S acts
trivially on the set of the F-orbits in X and R fixes exactly p — 1 of them (and permutes
the others in orbits of size 3). Hence, Xy contains exactly p — 1 G-orbits. Moreover, by
Glauberman’s lemma every E-orbit in X \ X contains an S-invariant character. So,
recalling that, by Lemma 3.2 part (b), Ig(p) = 1 for every ¢ € X, part (a) follows.
Hence, this implies that the C-orbits in X are in fact G-orbits.

We observe that for ¢ € X, the stabilizer of the group (¢) under the action of E is
trivial, because Cg({¢)) = 1 and |Aut({¢))] = p — 1 is coprime to |E|. It follows that
() intersects p — 1 distinct E-orbits in X.

Now, let ¢y € X be such that w(ker(¢o)) = (1, F). Then ¢¢ is H-invariant. In fact,
writing H = (h), where h is the Frobenius automorphism of F', for any t = 1+ baz3 € P3,
Oh (1) = wo(th) = @o(t) as tht=r = (1 + bP2)(1 — ba®) = 1+ (b* — b)a® € ker(gp).
Thus, by the previous paragraph, we conclude that {¢} | i = 1,...,p — 1} is a set
of representatives for the G-orbits in Xp. Since the characters ¢} generate the same
subgroup of ﬁ; for every i = 1,...,p — 1, recalling again that Ir(¢g) = 1, we have that
Ig(¢h) = PDH for every i = 1,...,p — 1, and part (b) is proved.

Finally, recalling the definition of IIy and Xy, we deduce that ¢ € Xj if and only if
w(ker(p)) € Iy, so we have part (¢). O

Let B={1+bx?| b€ F} < P,. Observe that B is normalized by CH and
P2 =Bx P3.

Therefore, the characters in Irr(P|Ps) are of the form v x ¢, where v € Irr(B) and
¢ € X. Recall that, from Lemma 3.5, X = P\ {1p,}.
Let

Q= {1+ a1z + a2’ + a3z € P | ay,az,a3 € Fpa} = Cp(S).
Given ¢ € X and a € F, we define ¢, € Irr(B) by setting
pa(l+b2?) = (1 — (a,b)z®), (7)
for every b € F.
Lemma 3.6. Let pu x o € Irr(Py), with p € Irr(B) and p € X. Then
(a) for every s =1+ ax+i¢€ P withi € J?, we have

1

(X @) = ppa X ¢.
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(b) If g and Xg are as in Lemma 3.5, then Ip(uX@g) = Pa@. Moreover, for ¢ € X\ X,
we have Ip(p X @) = Ps.

Proof. Let t = 1 + bz? + cx® € P;. Then, using (5), we obtain

t5 =t[t, s] = t[s,t] 7t = (1 + ba® + ca®)(1 — (a, b)a®)
=1+bx*+ (c — (a,b))x®.

Therefore, we have

1

(nx @) (1) = (ux@)(t*) = (nx @)1 +ba? + (c — (a,b)z”) (8)
= (1 x ) (1 +2*)(1 + (c = (a,b))2”)) = p(1 + ba®)p(1 + (¢ — (a,b))a).

Similarly,

(mpa X ©)(t) = ppa(1 + b2*)p(1 + cx®) = p(1 + ba®)p(1 — (a,b)a’)p(1 + cz®)  (9)
= pu(1+bz?)p(1 + (c — (a,b))z?).

Now part (a) follows immediately from (8) and (9).
Moreover, writing s = (1+ax+i)w with w € Py, by part (a), s € Ip(uX ) if and only
if (a, F'y = w(ker(y)), so part (b) follows from Lemma 3.4 and part (c) of Lemma 3.5. O

Since ged(]S],|B|) = 1 and Q@ N B = Cq(S), writing By = [B,S] we have B =
(Q N B) x By. Hence,

B=QnNBx B. (10)
In this way, we see Q/ﬁ\B and B\l as subgroups of B.

Lemma 3.7. Let g € Ps be as in Lemma 3.5. Then PDH acts on Y = Irr(Palpo). Let
Yo = 1 X g and let Yy be the PDH-orbit of 19 in' Y. Then

(a) {(¢o)a |a € F} =Bi.

(b) For every o € Y, there exists an element g € PD such that ¥9 is H-invariant.
(¢) Yo is a P-orbit and it is the unique D-invariant P-orbit in Y.

(d) D acts semi-regularly on the set of the P-orbits in Y \ Y.

(

e) Y\ 'Yy consists of exactly p—1 PDH -orbits.

Proof. Since g is PDH-invariant by Lemma 3.5 part (b), PDH acts on Y. As P, =
B x Ps,wehave Y = {ux ¢ | p € é} and, as B is D-invariant, the action of D on Y
is isomorphic to the action of D on B and hence, by Lemma 2.1, to the action of D on
B. Since D acts fixed-point-freely on B, we deduce that
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Yo =1p X @

is the unique D-invariant character in Y. As H fixes D and Y, this uniqueness implies
that ¢ is H-invariant as well. So, 1 is D H-invariant and hence Y; is a P-orbit. More-
over, if Y7 is a D-invariant P-orbit in Y, then Y7 contains a D-invariant character by
Glauberman’s lemma, and hence Y, = Yy, proving (c).

In order to prove (a), we first show that @ N B < Ker((¢o),) for every a € F. For
1#1+bx?> € QN B, where b € Fpﬁ, we have b?°~1 = 1. Thus

(a,b) = ab? — a’ b = (ab? — (ab?)P) + (aPb*" — (aPb”" )?) € (1, F) = Ker(yp).

This and (7) show that 1+ bz? € Ker((¢g),). Therefore, {(0)s | a € F} C Bi.
On the other hand, the mapping F' — B such that a — (¢0)a is & homomorphism of
F,-vector spaces and its kernel is Fs by Lemma 3.4. As |l/3\1\ = p" =3, part (a) follows.
Now, part (a) of Lemma 3.6, (10) and part (a) of the statement yield that

{d x| 0€ Q/ﬂ\B} is a set of representatives for the P-orbits in Y. (11)

Since g is D-invariant, by (11) the action of D on the set of the P-orbits in Y is
isomorphic to the action of D on m . Since D acts transitively on the 1-dimensional
subspaces of QQ N B (identified, as usual, with Fjs), and Conp(H) is a 1-dimensional
subspace, it follows that every D-orbit in QN B contains an H-invariant element and, by
the isomorphism of the actions of D on @ N B and on m , the same is true for Q/ﬂ\B .
Therefore, we conclude that every PD-orbit in Y contains an H-invariant character,
proving part (b).

By the same argument, since D acts fixed-point-freely on Cm, we deduce that D
acts semi-regularly on the P-orbits in Y that do not contain v, so we have part (d).

Finally, by Lemma 3.6 part (b), Ip(¢)) = PoQ for every ¢ € Y. By part (b) it follows
that the PDH-orbits in Y are in fact PD-orbits and, as |Yy| = p" 2, by part (d) of this
statement there are (|Y| — p"~3)/(p"3|D|) = p — 1 PDH-orbits in Y \ Yy, completing
the proof. O

4. Number theoretic considerations

We start with a result concerning the existence of integers with suitable properties.

Lemma 4.1. For every pair of positive integers ¢ and £, there exists a prime number p
and a positive integer n such that

(a) p? +p+ 1 is divisible by at least ¢ distinct prime numbers.
(b) ged(n,p(p™ —1)) = 1.
(¢) n is odd and the largest power of 3 dividing n is 3.
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(d) n is divisible by exactly ¢ distinct primes.

Proof. Let 3 =1y <ry < --- < ry be prime numbers. Moreover, for each j € {1,...,¢},
let b; € N be a non-square modulo r;, that is, b; +7;7Z is not a square in the ring Z /r;Z.
Furthermore, let ¢; < --- < g. be prime numbers different from the r;’s, and each of
them congruent to 1 modulo 3. Finally, for each ¢ € {1,...,¢c}, let a; € N have order 3
modulo g¢;.

Let n = Hf.:l
exactly ¢ distinct primes and the largest power of 3 dividing n is 3.

r; and observe that n is an odd square-free number, n is divisible by

From the Chinese Remainder Theorem and Dirichlet’s theorem on prime numbers in
arithmetic progressions, there exists a prime p such that

p=a; (modg;), Vie{l,..., c},
p=b; (modr;), Vje{l,...,(}.

Then p> + p+1=a?+a; +1 =0 (mod ¢), as a; has order 3 modulo g;. Therefore,
p? + p + 1 is divisible by at least ¢ distinct primes.

Let j € {1,...,¢}. As p=b; (mod r;), we have p # r;. Moreover, since n is odd and
since b; is a non-square modulo r;, we deduce that p” —1 # 0 (mod r;), that is, r; does
not divide p™ — 1. Therefore r; does not divide p(p™ — 1) and hence ged(n, p(p" — 1)) =
1. O

Lemma 4.1 suffices for our application, namely, the proof of Theorem A. However,
before finishing this section, we wish to include a few remarks on the number-theoretic
aspects pertaining to the condition in (1).

Let n be a positive integer. Also, let

x"—le)\d(x), Aa(z) = H T —z

d|n zeC
primitive d*®
root of unity

be the factorization of 2™ — 1 into its irreducible factors in Q[z] (i.e. cyclotomic polyno-
mials).
Now, let g be an integer, ¢ > 2, and let d be a divisor of n with d # 1. Observe that,

if z € C is a primitive d"" root of unity, then the Euclidean distance between z and ¢ is
greater than ¢ — 1, that is, |z — ¢| > ¢ — 1. We deduce

M@= JI l-d> J[ @-D=@-)?@>1

zeC zeC
primitive d*® primitive d*®
root of unity root of unity

This shows that \;(q) # £1.
For a positive integer k, we denote by d(k) the number of positive divisors of k.
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Lemma 4.2. Let n and q be positive integers with ¢ > 2 and ged(n, (¢" —1)/(¢—1)) = 1.
Then, for every positive integer m that divides n,

w(q"‘l)]m(n)d(m).

g —1

Proof. For each divisor d of n different from 1, let r4 be a prime divisor of A4(g), where
Mg is the d-th cyclotomic polynomial. Observe that the existence of r; follows from the
fact that Ag(q) > 1.

We claim that ¢ has order exactly d modulo 74, that is, the order of the residue class
q+rqZ in Z/rqZ is d. From this, it follows that, when d varies among the divisors > 2 of
n, all primes r4 are distinct and hence the result follows. Let o be the order of ¢ modulo
rq. From the definition of order and from the factorization of x° — 1, it follows that
rq divides A\, (q). As r4 divides \g(q) and A\g(q) divides ¢ — 1, we deduce that ¢¢ = 1
(mod r4) and hence o divides d. Recall

z?—1= H/\a(x).

ald

Now, since ged(n, (¢"—1)/(¢—1)) = 1, d is relatively prime to 4 and hence the derivative
(v —1)" = dz?~! in the ring Z /r4Z[z] is relatively prime to ¢ —1. As 2% —1 € Z /rqZ[z]
has no multiple roots, it is not possible that ¢ is a root of Ag(x) and A\, (z) in Z/rqZ[z].
Since rq divides both A,(q) and Ag(q), this implies o =d. O

In view of the proof of Lemma 4.2, the condition ged(p™ —1,n) = 1 in (1) implies that,
when p > 3, the number of distinet prime divisors of p” — 1 is at least 2/7(™| because for
each divisor d of n we may select from \g(p) at least one prime divisor. However, when
p = 2, since A\1(p) = p— 1 = 1, we may only infer that the number of distinct prime
divisors of 2" — 1 is at least 2! — 1. Except when |(n)| < 2, we have no examples
where 2" —1 has exactly 2/7("| -1 distinct prime divisors. We dare to state the following.

Conjecture 4.3. Let n be divisible by ¢ distinct primes and assume ged(2" — 1,n) = 1. If
{ >3, then 2™ — 1 is divisible by at least 2t distinct primes.

The book of Brillhart et al. [1] investigates the factorizations of b™ — 1 when b is small
and n is a large positive integer. Our conjecture is compatible with the results and the
tables presented in that book.

5. Main results

We start by proving Theorem A, which we state again.

Theorem A. For every choice of positive integers a,b, there exists a solvable group G
such that A = A(G) has diameter three and such that |aa| = a and |6a] > b.
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Proof. According to Lemma 4.1, we choose a prime number p and a positive odd integer
n such that n is divisible by exactly a distinct primes, p? + p + 1 is divisible by at least
b distinct primes, ged(n, p(p™ — 1)) = 1, and the largest power of 3 dividing n is 3.

We will make consistent use of the notation introduced in Section 3. For the conve-
nience of the reader, we recall here some relevant definitions.

F' is a field of cardinality p™;

« J is the Jacobson radical of the quotient of F{X} by the ideal generated by X*,
that is, J = {a12 + azx? + a3z® | a1, a2, a3 € F}, where z is the image of X in the
quotient ring;

e P =1+J, where |P| = p®" and each element of P is of the form 1+a;2+asz?+azz?,
for ay,asz,as € F;

e (' is the subgroup of the multiplicative group of the field F' of order (p™ —1)/(p—1).
Moreover, C' acts as a group of automorphisms on P as defined in (2);

e T =P xC is agroup of order (p" — 1)p*"/(p — 1);

o H = Gal(F/F,), where F}, is the prime subfield of F'. The group H is cyclic of order
n and acts as a group of automorphisms on 7" as defined in (3);

e R is the Sylow 3-subgroup of H and S is the 3-complement of H so that H = R x S;

D is the subgroup of C having order p?> + p+1= (p* —1)/(p — 1);

e Eisa Hall 7(p? + p+ 1)-subgroup of C. Indeed, |E| = (p" — 1)/(p® — 1). Moreover,
FA{0} = (F, \ {0}) x D x E;

e B={1+b2%|be F} <P, where P, =1+ J? and P, = B x P;

Q={l+a12+ axx® + azz® € P | ay,az,a3 € Fs} = Cp(9);

Let G = TxH = Px(CxH). Therefore, G is a group of order n(p"—1)p>"/(p—1). We
will determine the degrees, along with their multiplicities, of the irreducible characters
of G.

(D) Irr(G/P)

The character degrees of G/P ~ CH are determined by McVey in [12]. Indeed, it is
shown in [12, Theorem 5] that ¢cd(G/P) = {d | d divides n}.

(IT) Trr(G/ P3| P/ P3)

The character theory of the group P/P; is studied in [5] and [15]. Observe that P/Ps
has nilpotency class 2 and that n is odd. These two facts, together with ged(n, p(p"—1)) =
1, imply that the conditions described in [5, page 340] or in [15, page 190] are satisfied.

We write G = G/ P3 and use the bar convention. From [15, Theorem 4.4], we see that
P has

e 1 principal character,
e p" — 1 non-principal characters of degree 1,
o p(p™ — 1) characters of degree p("—1)/2,
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By Lemma 2.1, Irr(P) and C1(P) are isomorphic C H-sets. By [5, Theorem 4.1],
{1+ a12 + a22®)° | a1, a9 € Fy,c € C}

is a set of representatives for the conjugacy classes of P. Hence, C5(H) = {1+ajz+as2? |
a1, as € F,} has non-trivial intersection with every C-orbit in C1(P). Let 6 € Irr(P) with
0 # 15. By the above-mentioned isomorphism of C'H-sets, it follows that there exists
a ¢ € C such that ¢ is H-invariant. Moreover, C acts semi-regularly on Irr(P) \ {15},
hence Iz(6¢) = PH. So, by Gallagher’s theorem and Clifford correspondence, Irr(G|6°)
consists of n irreducible characters of degree 0(1)|C].

Moreover, the G-orbits on Irr(P) coincide with the C-orbits and, by the semi-regular
action of C, in Irr(P) there are p — 1 G-orbits of linear characters and p(p — 1) G-orbits
of characters of degree p("~1/2. Therefore, Irr(G/Ps|P/Ps) consists of

o n(p — 1) characters of degree (p™ —1)/(p — 1),
o« np(p — 1) characters of degree p*~V/2(p" —1)/(p — 1).

So far, using (1), we have shown that the character degree graph of G/Ps has two
connected components, which are complete graphs. One connected component consists
of prime divisors of n and the other connected component consists of the prime divisors

of p(p" —1)/(p—1).
(III) Irr (G| Ps)
Consistently with the notation in Lemma 3.5, we let X = P5 \ {1p,} and let X,

be the union of the H-invariant C-orbits (that is, the G-orbits) in X. Recall that the
H-invariant C-orbits in X are the G-orbits in X. Hence,

Irr(G|Ps) = Irr (G| X) = Irr(G] X \ Xo) U Irr(G| Xo).

(IIL.A) Irr (G| X \ Xo)

Let ¢ € X \ Xo (i.e. ¢ does not lie in an H-invariant C-orbit). By Lemma 2.2 and
part (a) of Lemma 3.5, we can assume that I(¢) = PDS. By Lemma 3.6 part (b),
for every p € Irr(B), Ip(u x @) = P». So, the induced character § = (u x ¢)* is
irreducible and has degree p™. Hence, by [6, Problem 6.3], ¢ is fully ramified with respect
to P/Ps; and Irr(P|p) = {6}. It follows that I(0) = Ig(¢) = PDS. Therefore, since
0 extends to PDS by [6, Corollary 6.28] and DS is abelian, by Gallagher’s theorem,
Irr(Gly) = Irr(G|6) consists of |[DS| = n(p? + p + 1)/3 characters of degree p"|ER| =
3-p" - (p" = 1)/(0° —1).

By Lemma 3.5 parts (a) and (b), X \ X, contains exactly (|X| — (p — 1)|E|)/|ER| =
(p® — p)/3 G-orbits, so we conclude that Irr(G| X \ X) contains exactly w
characters, all having degree 3 - p™ - (p" — 1)/(p® — 1).

(IILB) Irr(G| X,)
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Let @9 € Xo be an H-invariant character. By part (b) of Lemma 3.5, {p} | i =

1,...,p— 1} is a set of representatives for the G-orbits in Xy, so
p—1
Irr(G| Xo) = U Irr (G| g (12)
i=1

Observe that this is a disjoint union by Lemma 2.2.

We also remark that {¢f | i =1,...,p— 1} is an orbit under the action of the Galois
group Gal(Q(e*>™/?)/Q), so for every 2 < i < p— 1 there is a degree-preserving bijection
between Irr(G|pf) and Trr(G|pg). Moreover, the sets Irr(G|pj) are pairwise disjoint, for
i=1,...,p— 1, since the characters ¢} lie in distinct G-orbits.

Let Y = Irr(P2|pg) be the set consisting of the p™ extensions of ¢y to the abelian
group P,. Since PDH = I¢(¢p), we deduce that Y is a PDH-set. We observe that, if
Y1 = 9 for Y, € Y and g € G, then g € Ig(po) = PDH. Therefore, ¥,1; € Y are
G-conjugate if and only if they are PD H-conjugate. Hence, for every orbit Z of G on
Irr(P,), either ZNY =0 or ZNY is a PDH-orbit.

Let Y be the PD H-orbit of 99 = 15 X ¢ in Y and let ) be a set of representatives
for the PD H-orbits in Y\ Yy. Then |Y| = p—1 by part (e) of Lemma 3.7. Moreover, by
the previous paragraph and Lemma 2.2, Irr(G|pg) can be expressed as

Irr(Glpo) = Irr(GY) = Irr(G|Y \ Yo) U Irr (GYh) = U Irr(Gy) U Irr(G|Y0),
ey

where all unions are disjoint.

(IILB.1) Irr(G]Y \ Yo)

Let ¢ € Y. By Lemma 2.2 and part (b) of Lemma 3.7 we can assume that v is
H-invariant.

Since ¥ = pu X g & Yo, by part (a) of Lemma 3.6 u # (¢p), for every a € F and
hence by part (a) of Lemma 3.7 Q N B is not contained in ker(u).

Let I = Ip(¢); thus I = P>,Q by Lemma 3.6. We claim that 1 does not extend to I.
In fact, if the linear character v extends to I, then I’ N B < ker(u x ¢q) N B = ker(u).!
As Q' = QN Py by [7, Corollary 4.4], it follows that QN B = Q' N B < I'N B < ker(u),
a contradiction.

By Lemma 2.3, there exists a subgroup U, with P, < U < I, such that all characters
7 € Irr(Uly) are extensions of ¢ and are fully ramified with respect to I/U. Since v
does not extend to I, then U < I and hence |I : U| = p?. As 1 is H-invariant and
ged(|H|, |U|) = 1, by [6, Corollary 13.30] at least one of the characters in Irr(Ul) is H-
invariant. But, since ged(p— 1, |H|) = 1, H acts trivially on U/P5, and hence on its dual
group. Therefore, by Gallagher’s theorem all characters in Irr(U () are H-invariant and,

L We denote by U’ the derived subgroup of a finite group U.
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since they are fully ramified with respect to I/U, the same is true for all the characters
in Trr(I]3)). Hence, H < I(£F) for every ¢ € Trr(I]1)).

We claim that Iog(¢F) = H for all ¢ € Irr(I|y). In fact, Ig(¢F) = 1 by part (b) of
Lemma 3.2, and if y € Ip(¢F), then by Clifford’s theorem y fixes the P-orbit of 9, so
y = 1 by part (d) of Lemma 3.7. Thus, Ic(£F) = 1 and the claim follows.

Recall that |Irr(I|¢)| = [Irr(U|¢)| = p and hence Irr(I|¢) = {&,...,&,}. So, by Clif-
ford’s correspondence, Irr(Ply) = {¢f,...,&]'}. As for every i € {1,...,p}, & extends
to I(¢F) = PH, by Gallagher’s theorem we get that Irr(G|¢F) contains n characters,
all of degree &' (1)|C| = p"2(p" — 1)/(p — 1).

If Irr(G|eF) N Ire(GIES) # 0, then & and €] are G-conjugate characters. As @ is
the only irreducible constituent of the restriction of both Sip and 5}3 to Ps, then SiP
and §f are in the same orbit under the action of Ig(po) = PDH. But both characters
are PH-invariant, so there exists an element y € D such that (7)Y = {f. Since (£F)Y
lies over the P-orbit of ¥ in Y, while 5]1»3 lies over the P-orbit of ¢ in Y, by part (d)
of Lemma 3.7 we conclude that y = 1, and hence i = j. Therefore, for every ¢ € Y,
Irr(Gly) = | JP_, Irr(G|€F) contains n - p irreducible characters.

As [Yl=p—1,

Ir(GlY \ V) = U Irr(Gy)
ey

consists of n - p(p — 1) characters of degree p"~2(p" —1)/(p — 1).

(IILB.2) Trr(G|Yp)

Recall ¥g = 1p x ¢o. Let I = Ip(¢yg) = PoQ (by Lemma 3.6 part (b)) and let
L =1/P,~Q/(QN Py); as usual, we identify L and Fj,s by the isomorphism w; defined
by, for a € F,s, (1 4+ ax) + P> — a. Under this identification, D acts transitively, and
hence regularly, on the 1-dimensional subspaces of the 3-dimensional Fj-space L. Hence,
L is an irreducible D-module. Then by Lemma 2.3 and by the fact that |L| is not a
square (so ¢ cannot be fully ramified with respect to L), it follows that 1 extends to I.
By [6, Theorem 13.28], there is a D-invariant extension &y of ¥ to I and, by Gallagher’s
theorem Irr(I|thy) = {&7 | T € L}. Again, L and L are isomorphic D-sets and, as D acts
fixed-point-freely on L, we deduce that D acts fixed-point-freely on L and hence D acts
semi-regularly on Irr(I]yg) \ {0} In particular, & is the only D-invariant character in
Trr(1]e)o).

Moreover, as D acts regularly on the 1-dimensional subspaces of L and C(R) is one
of them, it follows that every D-orbit in L, and hence in E, contains an R-invariant
element. Therefore, for every & = &7 € Irr(I|t)g), there exists an element y € D such
that &Y = (§7)Y = &Y is R-invariant. Since g = 1lp X ¢ is S-invariant, a similar
argument shows that all the characters in Irr(I]ig) are S-invariant. Hence, there exists a
set Z of representatives of the D-orbits in Irr(I]ig) such that every £ € Z is H-invariant.
Thus, Z is in fact a set of representatives for the D H-orbits in Irr(I]ig). We observe that
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necessarily & € Z and that |2\ {{}| = (|[L| — 1)/|D| = p — 1, as D acts semi-regularly
on Irr(I]¢ho) \ {€0}-

Let W = Irr(P|Yy) = Irr(P|yo). If two characters 0,6, € W lie in the same G-orbit,
then (being P-invariant) there exists an element g € CH such that 6; = 09. Since ¢y is
the only irreducible constituent of both 6p, and (61)p,, it follows that g € Icg(po) =
DH.

By Clifford correspondence, the mapping & — ¢ is a bijection between Irr(I]g) and
W. Therefore, ZF = {¢F | ¢ € Z} is a set of representatives for the D H-orbits in W.
By the previous paragraph and Lemma 2.2, we hence have that

Irr(G|Yy) = It (G|W) = U Irr(G|eP)
gez

is a disjoint union.

We claim that, for every ¢ € Z with & # &, Icg(€F) = H. In fact, if y € Ip(¢F),
then (by [6, Theorem 6.11(c)], observing that both I and )y are D-invariant) y fixes
the unique irreducible constituent of (¢¥); that lies over )y, that is, ¢ itself. Since D
acts semi-regularly on Irr(I]1g) \ {&o} and € # &, it follows y = 1. So, Ip(¢F) =1 and,
recalling part (b) of Lemma 3.2, we deduce Ic(¢7) = 1. On the other hand, for y € H,
(€P) = (¢9)F = ¢ s0 ¢F is H-invariant, and the claim is proved. We also observe that,
since & is D-invariant, the same argument proves that Icg(£8) = DH.

Hence, for each 6 € ZF with 0 # ¢, by Gallagher’s theorem we have that Irr(G|6)
contains n characters of degree p"~3|C|. In fact,  extends to I5(§) = PH, because
H is cyclic. Therefore, Irr(G|ZT \ {¢F'}) contains n(p — 1) characters, each of degree
" = 1)/(p - 1).

On the other hand, ¢’ extends to I5(¢f) = PDH, but PDH/P ~ DH = S x DR,
where DR is a Frobenius group with complement R. Thus, DH has n linear characters
and |S|(|D| — 1)/|R| = 4(p* + p) irreducible characters of degree |R| = 3. Hence, by
Gallagher’s theorem, Irr(G|£E) contains n irreducible characters of degree ¢8'(1)|E| =
p"?(p"—1)/(p*—1) and % (p®+p) irreducible characters of degree 3p™~3(p"—1)/(p*—1).

We summarize here the character degrees of G.

(I) For each divisor d of n, Irr(G/P) has at least one character of degree d,
(IT) Irr(G/Ps|P/Ps) has n(p — 1) characters of degree (p"™ —1)/(p — 1) and np(p — 1)
characters of degree p"= (p™ —1)/(p — 1),
(III) Irr(G|Ps) has
(IL.A) n(p® — p)(p? + p + 1)/9 characters of degree 3p™(p™ — 1)/(p® — 1),
(III.B) and, recalling (12), we have
(IT1.B.1) np(p — 1)? characters of degree p"~2(p" —1)/(p — 1),
(II1.B.2) - n(p — 1)? characters of degree p"~3(p" — 1)/(p — 1),
- n(p — 1) characters of degree p"~3(p" —1)/(p® — 1), and
n(p—1)(p?+p)/9 characters of degree 3p"~3(p"™ —1)/(p® —1).
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Hence, we see that the character degree graph A = A(G) is a graph of diameter 3,
with ax = 7(n/3), Ba = {3}, 7a = 7((p" - 1)/(»* — 1)) and ya = 7(p*> +p + 1),
concluding the proof. O

We now shift our focus to proving Theorem B. Before proceeding, we establish some
fundamental notation.

Let G be an arbitrary solvable group. We denote the first two terms of the Fitting
series of G as F(G) and F3(G), respectively. Additionally, Z(G) denotes the center of G.

Consider a prime p and a positive integer n. Let F' = Fj,» be a field with p™ elements
and let F'* = F'\ {0}. Let I'(p™) be the group of semilinear transformations of F' and
let Ty(p™) be the subgroup F* within I'(p™). By definition, we have:

T(p") = To(p™) x Gal(F|F,) = Cpu_y %1 C.

The following result, part of which is Theorem B, utilizes the notation introduced in
Section 1 (for mp, 71, aa, Ba,VA,0a). Recall that, for a natural number n and a set of
primes o, we denote by n, the largest divisor k of n such that 7(k) C o.

Theorem 5.1. Let G be a solvable group and assume that A = A(G) has diameter three.
Let my, w1, = aa,Ba,vYa,0a be as in Section 1. Then there exist a prime p and a
positive integer n such that, setting no = nr,, we have

a) ng is odd,
b) (U (el ) Cm C {phunrn — 1),

(

(

(© {phum (FHs) Sa.

, :
(

d) the subgraph of A induced on fa U {p}Umr (pnp/;zl_l) s a clique,

e) [yal > 2Pal (210l — 1) 4+ 1.

Proof. Let G be a solvable group such that A = A(G) has diameter three. Then, by [2,
Theorem A] G = PH, where P is a non-abelian Sylow p-subgroup of G, H is a p-
complement of G and F(G) = P x A, where A = Cy(P) < Z(G). Let P, = [P,G] and
P, = ~;(P) for i € {2,...,c}, where c is the nilpotency class of P and ;(P) is the i*}
term of the lower central series of P.

By [2, Theorem A, all factors M; = P;/P;+1 for i € {1,...,c} are chief factors of G
of the same order, say p™, and each group G/Cg(M;) acts irreducibly on the module M;
as a subgroup of the semilinear group I'(p™).

Moreover, [2, Theorem A] and [2, Remark 4.4] tell us that A(G/Ps) is a disconnected
graph, with the same vertex set as A(G), and that the connected components of A(G/Ps)
are

mo = 7(|G/F2(G)[) = (|H/F(H)|), and
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m = {p} Un([F2(G)/F(G)]) = {p} Un([F(H)/A]).

By [2, Theorem A(b)], all the Sylow subgroups of H/A are cyclic and hence, by [6,
Corollary 11.22] and [6, Corollary 11.31], each irreducible character of F(G) extends to
its inertia subgroup in G. Thus, A(G) = A(G/A) by [2, Lemma 2.4] and hence, by
replacing G with G/A, we can assume that A =1 and P = F(G).

As [P, H| < Py, by coprimality Cp (M) acts trivially on P/ P, and hence (as Py = P’)
on the quotient of P over its Frattini subgroup. Since |H| is coprime to p, it follows that
Cp(My) = Cyx(P) = 1. In particular, H acts faithfully by conjugation on Mj.

Let m = |F(H)| and ng = |H/F(H)|; thus mg = 7(ng), in particular ng # 1, and 7 =
{p}Um(m). Seeing H, in its action on M7, as a subgroup of I'(p™), let Hy = H NT(p").
So Hj is a cyclic normal subgroup of H and hence |Hp| divides m. As Hy acts semi-
regularly on Irr(M), Clifford theory implies that, for every u € Irr(My), Iy (p) contains
a Hall 7(ng)-subgroup of H. Hence, [2, Lemma 3.5] yields that

p"—1

mo = pn/no _ 1

divides |Hy| and hence mq divides m, proving the first inclusion in part (b).

We now show that ng is odd, which proves part (a). In fact, if 2 € 7(ng) = 7o, then
p # 2, because p belongs to m; which has empty intersection with my. Hence, p = 1
(mod 2) implies that mg = ng = 0 (mod 2), so m is even and hence mo N m # 0, a
contradiction.

We now observe that there exists a primitive prime divisor of p™ — 1. Otherwise, since
ng is an odd divisor of n, by Zsigmondy’s theorem p = 2 and n = 6; thus ng = 3 and
mo = 21, giving again the contradiction g N w1 # (). As a consequence, by [2, Lemma
3.7 F(H) = Hy, so m divides p"™ — 1 and hence 71 C {p} Un(p™ — 1), finishing the proof
of part (b).

Write a = aa and 8 = fa; thus mp = a U 8 and ng = nqng. Let ¢ = pr/mo (so
mo = (¢™ —1)/(¢ — 1)) and define

q’n()_l _qno_l
qng/na -1 - an —1

my =

Let now t € 5. We will show that ¢ is adjacent in A(G) to every prime in {p}Um(my).
By definition, there exists a prime s € ya and a character x € Irr(G) such that ts divides
x(1). In particular, setting K = ker(x) N P, x can be considered as a character of G/K.
As t is adjacent to s in A(G/K), we conclude that P; £ K. Thus A(G/K) is a connected
subgraph of A(G) with the same set of vertices. So, A(G/K) has diameter 3. Hence,
replacing G with G/K, we can assume K = 1.

Let M = P,; thus M < Z(P) and M is a faithful irreducible H-module, where
H = H/Cy(M). Seeing H as a subgroup of I'(p™), we set Hy = H NTy(p™). For every
w € Irr(M) and ¢ € Irr(Plu), ¥ = ¥(1)u is a homogeneous character, and hence
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Iy () < Ig(w). Since p divides the degree of each character in Irr(G|M) and p is not
adjacent in A(G) to any vertex belonging to «, Clifford theory implies that, for every
Y € Irr(P|M), Iy (v) contains a Hall a-subgroup of H. Therefore, for every non-principal
w € Trr(M), I5(p) contains a Hall a-subgroup of H and hence, by [2, Lemma 3.5], m;
divides |Hy|. Since Hy acts semi-regularly Irr(M), we deduce that

{t} U{p} Um(mi) € m(x(1)). (13)

In particular, {p} U7 (m1) C ya, proving part (c).

Moreover, since (13) holds for every t € § in A(G), we conclude that SU{p} Un(m,)
induces a clique in A(G), which shows part (d).

Recall that, denoting by d(k) the number of positive divisors of an integer k, if k =
pIps? -+ pSv, with p1,pa, ...,y distinct primes and ey, eq, . .., e, positive integers, then

dk) = (e1 +1)(ez +1) - (ep + 1).

Writing ng =[]
that

rer . Hteﬁ t¢ with e,.,e; > 1 for all r € a, t € 8, Lemma 4.2 implies

rea

|m(ma)] > d(no) — d(ng) = H(et +1) (H(er +1) - 1) > 2lfl(glel 1),

tep rea

Hence, part (e) now follows from part (¢). O

We finish by mentioning that [4, Question, page 91] asks for the existence of a solvable
group G such that A = A(G) has diameter three, with |aa| = 2, [8a] = 1 (so, writing
B ={q}, qis a cut-vertex of A) and |[V(A)| = 11. Notice that 11 is the smallest cardinality
for a putative V(A), with the given conditions on « and S. Indeed, if such a graph A
exists, then Theorem 5.1 shows that |ya| > 218al(2%24 — 1) 4+1>2.34+1 =7 and ¢ is
adjacent to all other vertices of A, except one. Using the notation and the arguments
in the proof of Theorem 5.1, one can also show that if A = A(G) has eleven vertices,
B ={q} and a = {t1,t2}, then n = ng = gt ts is a product of three distinct odd primes.
Moreover, by the observation following Lemma 4.2, we deduce that p = 2 and \4(2) is
a prime power for every divisor d > 1 of n. Ultimately, our inability to determine the
existence of A leaves us unable to conclusively address Conjecture 4.3. The presence of
such a graph would refute it.

Nevertheless, we can prove the existence of a similar graph with twelve vertices. Let
p=2and n=3-5-13. A computation shows that ged(2" — 1,n) = 1, so (1) is satisfied
and hence we may apply the results from Section 3 and from the proof of Theorem A. We
obtain a character degree graph A having diameter three, where ap = {5, 13}, fa = {3},
|val = 8 and 0 = {7}. In particular, |[V(A)| = 12. (We recommend the reader to check
the tables in [1] for |ya| = 8.)
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