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ABSTRACT. Inspired by the theory of maximal representations via bounded co-
homology, we introduce the notion of both multiplicative constant and maximal
measurable cocycle. Maximal cocycles satisfy usually a trivialization property,
since under suitable hypothesis they are cohomologous to a preferred representa-
tion.

The main application of this paper is the definition and the study of the Car-
tan invariant of a measurable cocycle associated to a complex hyperbolic lattice.
We first extend the classic Cartan invariant of representations to measurable co-
cycles. Then, built on our fibered multiplicative formula, we completely describe
the relation between totally real cocycles and the vanishing of the Cartan in-
variant. In this way we get an extension of a result of Burger and lozzi [BI12]
Theorem 1.1] to the case of measurable cocycles. Finally, applying our theory
of multiplicative constants, we completely characterize measurable cocycles with
maximal Cartan invariant as the ones which can be trivialized, possibly modulo
a compact subgroup when m > n.
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1. INTRODUCTION

1.1. Historical background. A fruitful approach to the study of geometric struc-
tures on a topological space X is to introduce a function whose critical values detect
some nice structures on X, for instance the ones with many symmetries. Typi-
cally, one defines a bounded function and then either its maximum or its minimum
corresponds to the desired structure. One of the easiest example is given by the
elementary problem to find the rectangle with largest area among the ones with
a fixed perimeter. In this case, the maximum of the area function corresponds to
the square. More generally, if we consider a bounded domain Q C R? with smooth
boundary, the isoperimetric inequality show that the minimum of the ratio between
the square of the length of the boundary and the area of §2 is attained if and only
if the domain is a disk.

The key point of the previous approach is that the above inequalities are all sharp.
The interest in such inequalities has grown in the years finding many applications.
One of the most striking applications is the study of lattices in semisimple Lie
groups. More precisely, given two simple Lie groups of non-compact type G, G’ and
a lattice I' < G, Burger and lozzi [BI09] described a nice technique to construct
numerical invariants associated to any representation p: I' — G’. Using the induced
map by p in continuous bounded cohomology H%(p), the main idea to define the
desired invariant is to pullback a preferred class ¥/ € H? (G’;R) along H (p) and
then evaluate it on the fundamental class of I'\ X via the Kronecker pairing and the
comparison map. Here X is the Riemannian symmetric space associated to G and
I'\X denotes the quotient manifold (notice that the fundamental class is in fact a
relative fundamental class when the manifold I'\ X is not compact).

The construction of such invariants allows to suitably realize them as real mul-
tiplicative constants, i.e. real numbers appearing in a integral formula. Burger
and lozzi themselves refer to the latter as useful formula |[BIO9]. Indeed, they
explain that the useful formula encodes all the information about the mul-
tiplicative constant, and hence about the chosen invariant. For instance, one can
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usually show that those numerical invariants are bounded and their maximum corre-
sponds precisely to those representations induced by representations of the ambient
group.

The first example of this construction dates back to the study of representations
p: Ty — Homeo™t(S') of the surface group I'y = 71(%,), where ¥, is a closed
surface of genus g > 2. Indeed, since Ghys |Ghy87] proved that the Euler class is
bounded, i.e. e, € H7(Homeo™(S');Z), one can pullback it and define the Euler
invariant eu(p) of the representation. This numerical invariant is constant along
the semiconjugacy class of p. Moreover, Milnor [Mil58] and Wood [WooT71] proved
indipendently that the absolute value of the Euler invariant is bounded from above
by the modulus of the Euler characteristic x(X4). Following the idea of maximal
representations described above, Matsumoto [Mat87] proved that the maximal value
of the Euler invariant corresponds to those representations that are semiconjugated
to a hyperbolization mg: I'y — PSL(2,R). The analogous result using bounded
cohomology has been developed by lozzi [[oz02].

During the years, similar techniques have been also extended to the context
of representations of higher dimensional hyperbolic lattices, both in the real and
in the complex cases. For instance, let us consider a torsion-free lattice I' <
PO°(n,1) = Isom(Hg) with n > 3. In this setting Mostow-Prasad Rigidity Theo-
rem [Mos68|, [Pra73|] implies that any lattice isomorphic to I' is actually conjugated
to it via an element of PO(n,1). The original proof by Mostow was based on
quasi-conformal maps of spheres, but later Thurston [Thu79] and Gromov [Gro82]
proposed an alternative proof via ¢'-homology and simplicial volume. In a dual
way, since the group with twisted real coefficients H} (PO(n, 1);R.) is generated by
the volume class, Bucher, Burger and lozzi [BBI13] introduced the notion of volume
Vol(p) of a representation p: I' — PO°(n, 1) via the pullback of such cohomological
class. As in the case of the Euler invariant, also the volume of representations is
constant along the PO°(n, 1)-conjugacy classes and it satisfies a Milnor-Wood type
inequality | Vol(p)| < Vol(I'\ Hy ), where I'\HE, is the real hyperbolic manifold with
fundamental group I'. The study of the maximality of this invariant shows that the
maximum is attained if and only if the representation is PO(n, 1)-conjugated to the
standard lattice embedding i: I' — PO(n, 1) [BBI13|. This result formalizes a dual
statement of Mostow-Prasad Rigidity Theorem in the context of representations.

Dealing with complex hyperbolic lattices, something analogous happens. If we
assume that I' < PU(n,1) is a torsion-free lattice, with n > 2, we can associate
a numerical invariant to representations p: I' — PU(m, 1), with m > n > 2. In
this setting the Ké&hler form wy,, on the complex hyperbolic space Hf determines
a bounded cohomology class k%, € H? (PU(m,1);R) which is also a generator of
the one-dimensional real vector space. Then, Burger and lozzi [BIO7b] defined the
Cartan invariant i(p) via the pullback of the previous class x%,. Given a measurable
p-equivariant map ¢: H¢ — HE¥, the interpretation of the latter invariant as a
multiplicative constant leads to the study the incidence structure of chains with
respect to ¢ (see Section . As in the previous examples, the Cartan invariant
satisfies the following inequality |i,| < 1, where the equality i, = 1 holds if and only
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if p is conjugated to the standard lattice embedding i: I' — PU(n,1) < PU(m, 1)
(the group PU(n, 1) is seen as a subgroup of PU(m,1) via the upper-left corner
injection). In the case of non-uniform lattices, an analogous result was obtained by
Koziarz-Maubon [KMO08] via an alternative approach involving harmonic maps.

For sake of completeness we mention that the study of representations of lattices
of rank-one Lie groups has been systematically investigated via equivariant maps.
Dunfield [Dun99], Francaviglia and Klaff [Fra04, FK06] and Kim and Kim [KK14]
gave a different definition of volume of representations p: I' — PO(m, 1), where
I' < PO(n,1) is a torsion-free lattice and m > n > 2. Some of these results rely
on the notion of natural maps introduced by Besson, Courtois and Gallot [BCG95,
BCG96, BCGI8] and more precisely on the sharp estimate on the Jacobian of such
maps. Actually the volume rigidity can be extended even at ideal points of the
representations space, as proved by both Francaviglia and one of the authors [FS18,
Sav1g].

In the particular case of 3-manifold groups, i.e. when I' is a torsion-free lattice in
PO°(3,1), one could also study representations into PSL(n,C). Following the work
of Goncharov |Gon93], Bucher, Burger and lozzi [BBI18] proved that the Borel
class fy(n) € PSL(n,C) is a generator. This allows them to pullback ,(n) along a
representation and define the Borel invariant ,(p). Again, this numerical invariant
is bounded from above by a constant proportional to the volume Vol(T'\ H). Here
the maximality of the Borel invariant detects the PSL(n,C)-conjugacy class of the
geometric representation, i.e. the composition of the standard lattice embedding
i: I' - PSL(2,C) with the irreducible representation m,: PSL(2,C) — PSL(n,C).
It is still an open question proposed by Guilloux |Guil7, Conjecture 1] if the Borel
function is rigid also at the ideal points of the character variety X (I', PSL(n,C)).
One of the authors partially answered to the question when I' is the tetrahedral
reflection lattice [Savb| (in the same spirit we mention also the w-Borel invariant
defined in [Sav19]).

The importance of multiplicative constants becomes even more clear in the study
of representations of either surface groups or complex hyperbolic lattices into the
connected component of the identity G = Isom®(X) of isometries of a Hermitian
symmetric space. In the case of surface groups it is worth mentioning the Toledo
invariant studied by Burger-lozzi-Wienhard [BIW10], who gave a great contribution
to the comprehension of higher Téichmuller theory and maximal representations.
When G = SU(m,n), for complex lattices we refer to the superrigidity result of
Pozzetti [Poz15], which should be thought of as an adaptation of Margulis [Mar75]
to context of rank-one lattices.

1.2. Measurable cocycles and multiplicative constants. Recently, inspired
by the Bader, Furman and Sauer’s definition of Euler number for self-couplings via
bounded cohomology [BES13], the authors extended several numerical invariants
of representations to the theory of measurable cocycles. First, one of the authors
investigated the Borel invariant of measurable cocycles of 3-manifold groups with
values into PSL(n,C) [Sava]. Then, the authors [MS] extended the notion of both
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the volume and the Euler number of representations to measurable cocycles of real
hyperbolic lattices I' < PO°(n, 1), with n > 2.

One of the aims of this paper is to present a uniform introduction to the theory of
multiplicative constants and maximal measurable cocycles via bounded cohomology.
We consider the following general setting. Let G, G’ be two locally compact second
countable groups and let L,Q < G be two closed subgroups. Assume that Q is
amenable and that L\G admits a G-invariant probability measure. Let (X, ux) be
a standard Borel probability L-space and let Y be a measurable G’-space. Moreover,
given a measurable cocycle o: L x X — G’ we assume there exists a generalized
boundary map ¢: G/Q x X — Y, i.e. a measurable o-equivariant map. Under
this hypothesis, one can construct a pullback map C*(®%) at the level of bounded
measurable cochains with real coefficients (see Section which induces a well-
defined map in cohomology. This allows to consider the pullback of a chosen bounded
cohomology class (for instance, the Euler class, the volume class and the Borel class,
referring to the examples mentioned above).

Remarkably, this approach always extends the construction of the ordinary nu-
merical invariant of representations. Indeed, given any continuous representation
p: L — G', one can always define a measurable cocycle o, associated to it. Then,
since by Burger and lozzi [BI02] the map H%(p) can be implemented at the level
of cochains using measurable boundary maps, we show in Proposition that
our pullback map associated to o, agrees with the one associated to p described
by Burger and Iozzi. Moreover, our pullback remains unchanged along the G’-
cohomology class of the cocycle o (see Proposition .

The general theory of pullbacks along measurable cocycles (and their respective
boundary maps) leads to the following easy multiplicative formula, which allows
us to study the maximality of the invariants of measurable cocycles (it may be
interpreted as an extension of [BI09, Proposition 2.44, Principle 3.1]):

Proposition 1 (Easy multiplicative formula). In the situation described above, we
have the following results:

(1) Let ¢/ € BX(Y*TLR)S be an everywhere defined G'-invariant cocycle. Let
Y € L®((G/Q)**1Y be a G-invariant cocycle. Denote by ¥ € H%(G;R) the
class of 1. If we suppose that ¥ = transé/Q[C'(CDX)(z//)], then we have

/ / V(GG 0,), - ., DG ar1, 2)dax (@)dp(G) = Y, - -, flos1) + cobound. |
ING JX

for almost every (n1,...,me11) € (G/Q)*1.
(2) Suppose that HY(G;R) = R¥ (= R[]). Then, there exists a real constant
Ay (o) € R depending on o, 1) such that

/ / W(ﬁb(?-ﬁla $)7 s ¢(§'770+17 x)d/‘LX($)d:U’(§) = Alﬁ'ﬂl’(a) : ¢(n1’ s 7770+1)
NG Jx
+ cobound. ,

for almost every (m,...,me11) € (G/Q)*T1.



MULTIPLICATIVE CONSTANTS AND MAXIMAL COCYCLES 6

This integral formula which may appear quite complicated at first sight, enables
us to introduce the fundamental notion of multiplicative constant Ay (o) associated
to a measurable cocycle o and two given bounded cocycles ¥, 1)’ (see Deﬁnition.
When there is no coboundary term in the formula, we show that the multiplicative
constant appearing in Proposition (1| is always bounded (see Proposition and
its maximal value is attained if and only if the cocycle o can be trivialized, i.e. it is
cohomologous to a cocycle induced by a representation G — G’ (see Theorem .
Several instances of this general theory are presented in Section [3.5] where we collect
some previous works of the authors.

Unfortunately this approach does not work if we need to evaluate essentially
bounded functions over subsets of measure zero (this is the case for instance when
we consider chains in 0, H, see Section . This obstruction leads us to in-
troduce a suitable extension of our pullback map by considering L*°-coefficients
instead of real ones. Using the notion of fibered product space and the associated
L®-resolution, we implement a pullback map which factors through the standard
pullback map (see Proposition . This allows to compute multiplicative constants
via a fibered multiplicative formula (see Proposition . This result extends the
easy multiplicative formula mentioned above (Proposition [I) and it will be funda-
mental for the study of the Cartan invariant of measurable cocycles. However, since
it is rather technical, we prefer to not state it in the Introduction.

1.3. Application: Cartan invariant of measurable cocycles. Let I' < PU(n, 1)
be a torsion-free lattice, with n > 2. The interest in the study of representations of I'
into PU(m, 1), where m > n > 2 dates back to the work of Goldman-Millson [GMS&T],
Corlette [Cor88] and Toledo [Tol89]. Given such a representation p: I' — PU(m, 1),
as mentioned before, Burger and lozzi [BIO7b|] introduce the notion of Cartan in-
variant i, associated to p.

In this paper, as the main application of our general fibered multiplicative for-
mula we introduce and study the Cartan invariant associated to measurable
cocycles. More precisely, let (X, ux) be a standard Borel probability I'-space and
let 0: I' x X — PU(m, 1) be a measurable cocycle. If we assume the existence of an
essentially unique boundary map ¢: Os Hg xX — 0o H{¥ associated to o, then we
can apply the machinery developed in Section to define the pullback of a multi-
ple of the Cartan cocycle ¢y, : (0o H)® — R. Since mc, is a representative of the
bounded Kéhler class x2, € H% (PU(m, 1); R), the pullback of such a cochain along ¢
determines canonically a bounded I'-invariant differential form w(o) on H [BI07a).

Being bounded, the form w(o) is also square-integrable (this is always true when
the quotient manifold M := I'\ H is compact) and, using the natural scalar product
on H%Q) (M) induced by the Riemannian structure, we orthogonally project it on the
subspace generated by the Kéahler form wjs. The real number we obtain in this way
is the Cartan invariant i(o).

We verify that this numerical invariant generalizes the one introduced by Burger
and Jozzi for representations in Proposition Additionally by Proposition [5.4] the
invariant is constant on the PU(m, 1)-cohomology classes.
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Remarkably, the Cartan invariant can be expressed in the language of multplica-
tive constants introduced in Section [3.4] from which follows directly its boundedness
(see also Proposition and Corollary .

The possibility to express the Cartan invariant as a multiplicative constant leads
us to the study of totally real cocycles, in the spirit of the definition given by Burger
and lozzi [BI12]. When X is I'-ergodic, we prove in Theorem [2| that totally real
cocycles are characterized by the vanishing of the pullback of the Cartan cocycle.
This extends the main result of the Burger and lozzi’s work [BI12] to this setting.

Theorem 2. Let I' < PU(n,1) be a torsion-free lattice and and let (X, pux) be a
standard Borel probability I'-space. Given a measurable cocycle o: I'x X — PU(m, 1)
with m > n > 2, assume that there exists an essentially unique boundary map
@1 Ooo HEt XX — 05 HEY. Then, we have the followings

(1) If o is totally real, then i(c) = 0;

(2) If X is T-ergodic and C%(¢) = 0, then o is totally real.

Finally, we show that our Cartan invariant of measurable cocycles satisfies a
rigidity result, which extends the one by Burger and lozzi for representations [BIO7b),
Theorem 2.

Theorem 3. Let I' < PU(n,1) be a torsion-free lattice, with n > 2. Let (X, ux)

be a standard Borel probability I'-space . Given a measurable cocycle o: ' x X —

PU(m, 1) with essentially unique boundary map ¢: 0o Htt XX — oo HE¥, we have
li(o)] < 1.

In particular, i(c) = 1 if and only if o is cohomologous to the cocycle o; induced

by the standard lattice embedding i: T' — PU(n,1) < PU(m, 1), possibly modulo a

compact subgroup when m > n. Here PU(n,1) is seen as a subgroup of PU(m, 1)
via the upper-left corner injection.

The proof of the previous theorem crucially relies to the interpretation of the
fibered multiplicative formula in this specific context. In order to apply that formula,
a fundamental role is played by the configuration space CL‘? I of triples of points on
chains of 05 Hg. Given the boundary map ¢, this induces canonically a measurable
map on the configuration space, that is ¢l : CL‘? I X = (0o H)3. This map can be
thought of as a fibered boundary map. With this notation, we prove the following:

Proposition 4. Let I' < PU(n,1) be a torsion-free lattice and let (X,ux) be a
standard Borel probability I'-space . Consider a measurable cocycle o: ' x X —
PU(m, 1) with m > n > 2. Assume there exists an essentially unique boundary map

¢: Ooo HE XX — 0o HE. Denote by ¢l%: el xx — (0o HE)3 the map induced on

the configuration space C[r;:’]. Then, we have
[ | antPi(@0.56.9.6.9.6) 0)dix 0dn(@) = il0)en(6r,62.8)
I\ PU(n,1) /X

for almost every C € C,, and &1,&2,&3 € C. Here p is the PU(n, 1)-invariant proba-
bility measure on I'\ PU(n, 1).
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Since (X, pux) is standard Borel space, the slice ¢g: Ooo Ht — 0o H is mea-
surable for almost every z € X by [FMWO04, Lemma 2.6]. Considering a triple
(&1,€2,&3) lying on a chain and assuming the maximality of the Cartan invariant
i(o), we have that the slice ¢, respects the chain geometry and hence by [BIO7D,
Theorem 1] it coincides almost everywhere with a totally geodesic embedding. The
conclusion then follows from a result of Bader, Furman and Sauer [BES13| Propo-
sition 3.2], up to introducing a compact subgroup of PU(m, 1) when m > n.

1.4. Plan of the paper. In Section [2| we recall basic terminology about bounded
cohomology and measurable cocycles. More precisely, one can find the definition of
amenable actions, measurable cocycles and boundary maps (Section, Burger and
Monod’s approach to bounded cohomology (Section , transfer maps in bounded
cohomology (Section[2.3), bounded differential forms (Section and an introduc-
tion to fibered products and L*-resolutions (Section [2.5).

We describe the general setting in which one can study multiplicative constants
associated to measurable cocycles in Section Here, we first define the pullback
along generalized boundary maps (Section . Then, we compare our pullback
with the usual one for representation in Section [3.2] After having described our
easy multiplicative formula (Proposition [I|) in Section we introduce the notion
of multiplicative constants associated to a measurable cocycle and we study the
notion of maximality (Section . In Section we show some applications of
the previous results.

Section[]is mainly devoted to the extension of the previous results to fibered prod-
ucts and resolutions with L*°-coefficients. To this end, we describe a new fibered
pullback (Section and then we show that it factors through the standard pull-
back defined above (Section . This allows us to prove the fibered multiplicative
formula in Proposition [£.10]

Finally, Section [f] contains the main application of our constructions. Here, we
introduce and study the Cartan invariant of measurable cocycles (Section. After
having proved that it extends the Cartan invariant of representations (Section ,
we provide the proofs of Theorems [2 and [3|in Section [5.2] Here, we also discuss the
proof of Proposition

2. PRELIMINARY DEFINITIONS AND RESULTS

2.1. Amenable actions, measurable cocycles and boundary maps. In this
section we are going to introduce the notion of amenable groups and amenable ac-
tions. A particular case of the latter will be the natural action of a locally compact
second countable group G on the quotient G/Q, where @ is amenable. This ex-
ample will be crucial to construct a suitable resolution for computing the bounded
cohomology groups of G or, more generally, of any of its closed subgroup (see Sec-
tion . Quotients of the form G/Q where @ is amenable will be also the building
blocks of generalized boundary maps associated to measurable cocycles. We are going
to introduce them along this section.

The notion of amenable spaces was introduced by Zimmer [Zim78|]. We refer the
reader to Zimmer’s book [Zim84) Section 4.3] for a wider discussion on this topic (see
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also [Mon01l Section 5.3] and [BIO9, Section 2.5]). On the other hand, measurable
cocycles and boundary maps are discussed in details by both Furstenberg [Fur73),
Fur81] and Zimmer [Zim| [Zim84].

We begin by fixing some notation that we will need along the section. Let GG be
a locally compact second countable group and consider its associated Haar measure
and o-algebra. Let (X, ) be a standard Borel measurable G-space, i.e. a standard
Borel measurable space endowed with a measure-preserving G-action. When p is a
probability measure without atoms, we say that (X, ) is a standard Borel probability
G-space. If (Y, v) is another measurable space, we denote by Meas(X,Y") the space
of Borel measurable functions endowed with its natural topology.

In the following definition, we assume that G acts on L>°(G;R) in the following
way

9-f(90) = f(g™ " 90) ,

for all g,g0 € G and f € L*=(G;R).

Definition 2.1. A mean on L>(G;R) is a continuous linear functional
m: L*(G;R) = R,

such that m(f) > 0 whenever f > 0 and m(xg) = 1. We say that G is amenable
if L°(G;R) admits a G-invariant mean (i.e. m(g.f) = m(f) for all ¢ € G and
€ L=(G;R)).

Some examples of amenable groups are given by Abelian, compact and solv-
able groups. Similarly, extensions of amenable groups by amenable groups are still
amenable and the same holds for the inductive limits of amenable groups. A typical
example of amenable group is given by any minimal parabolic subgroup P of a Lie
group GG. Indeed, P is a compact extension of a solvable group and hence amenable.

There are many different ways for characterizing amenability. We recall here the
one defined in terms of a certain fixed-point property. More precisely, let E be a
Banach G-module, i.e. a separable Banach space with a continuous action of G
via linear isometries. The latter condition means that there exists a representation
m: G — Isom(F) such that the action map 6,: G x E — E, 0.(g,e) = w(g)(e) is
continuous, where G x F is endowed with the product topology. Consider now the
dual action of G on the dual Banach space E* with the weak-* topology. Then, G is
amenable if and only if there exists a point fixed by G in any G-invariant compact
convex subset of the unit ball in E* [Pie84l Section 1.4, Section 5.4].

This relation between actions and amenable groups leads to the definition of
amenable actions, which provides a generalization of the notion of amenable groups.

Definition 2.2. Let G be a locally compact second countable group and let (.S, 1)
be a G-space with a quasi-invariant measure (i.e. it is G-invariant up to a set of
measure zero). We say that the action of G on (S, ) is amenable, or equivalently
(S, 1) is an amenable G-space, if there exists a norm-one G-equivariant projection

p: L°(G x S;R) — L™®(S;R) ,

which is L*°(.S)-linear, such that p(xgxs) = xs and p(f) > 0 whenever f is non-
negative.
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Since action by amenable groups are amenable, the previous definition extends
Definition 2.1l Moreover, the converse also holds: any group acting on a space
with finite invariant measure is amenable [Zim84, Proposition 4.3.3]. Before re-
interpreting amenability of actions in terms of a fixed-point property, we introduce
the definition of measurable cocycle.

Definition 2.3. Let G, H be locally compact second countable groups and let (X, 1)
be a standard Borel probability G-space. A measurable cocycle (or Zimmer’s cocy-
cle) is a measurable map o: G x X — H such that

(1) o: G — Meas(X,H), g—o(g,-),
is continuous and o satisfies the following

o (9192, %) = 0(g1, 92-2)0 (92, 7) ,

for every g1,92 € G and almost every x € X. The notation go.x denotes the action
of G on X.

Let (S, ) be a G-space, where p is (quasi)-invariant. Given a separable Banach
space E, we consider a measurable cocycle o: G x S — Isom(FE). This allows us to
define an action on the space L*°(S, E*) via o as follows

(9-9)(s) = 0(g,8) (g ".5) ,

for every ¢ € L°°(S, E*). The notation o(g, s)* stands for the adjoint of the isometry
o(g, s). Denote by Ej the unit ball in £* and suppose now that for each s € S, we
have a compact convex subset A; C Ej. Assume that A, varies in a Borel measurable
way, that is the set {(s, As)|s € S} C S x Ef is a Borel subset. Moreover, suppose
that the latter set is G-invariant:

Ag.s = G(g, S)*As )

for almost every s € S. An affine G-space over S, denoted by Meas(S, {As}), is the
set of measurable functions f: S — Ej such that f(s) € A for almost every s € S.
If we endow L*°(S, E*) with the weak-* topology, then it is immediate to check
that Meas(S,{As}) is a compact convex subset of L% (S, E*). Moreover, an affine
G-space over S is clearly G-invariant with the respect to the dual action induced by
o and it is closed in the unit ball of Lg% (S, E*).

In this situation, we can characterize amenable actions as follows: G acts amenably
on S if and only if every affine G-space over S has a point fixed by the action of
G [Zim84], Section 4.3]. In fact, amenable actions do not only characterize amenable
groups but also subgroups. Indeed a subgroup @@ < G is amenable if and only if
the G-action on the quotient G/Q is amenable [Zim84), Proposition 4.3.2]. For in-
stance, this result applies to any (minimal) parabolic subgroup of a Lie group. In
Section we will explain how amenable actions are useful for computing bounded
cohomology via suitable resolutions.

Quotients of the form G/Q, where ) is amenable, may be also used for defining
the notion of boundary maps.
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Definition 2.4. Let G, H be two locally compact second countable groups and
suppose that @ < G is a closed amenable subgroup. Let (X, i) be a standard Borel
probability G-space and let Y be a measurable H-space. Given a measurable cocycle
o: G x X — H, we say that a measurable map ¢: G/Q x X — Y is o-equivariant
if we have
¢(g9-n,9.x) = o(g,x)p(n, x) ,
for every g € G and almost every n € G/Q,x € X.
A (generalized) boundary map for o is a o-equivariant measurable map.

The importance of generalized boundary maps in our context is discussed in
Section [3.1] There, we will show that they provide a meaningful way for defining a
pullback in continuous bounded cohomology.

Since Equation can be suitably interpreted as the Einleberg-MacLane condi-
tion on o for being a Borel 1-cocycle in Meas(G, Meas(X, H)) (see [FM77],[Zim]),
it is natural to define cohomologous cocycles.

Definition 2.5. Let 0: G x X — H be a measurable cocycle and let f: X — H be
a measurable map. The twisted cocycle associated to o and f is defined as

fo:Gx X = H, (fo)(g,z) = flgx) " alg,x)f(x),
for every g € G and almost every x € X. Two different cocycles o1,02: Gx X — H
are cohomologous if there exists a measurable function f: X — H such that
o9 = f.o1 .
Similarly, we say that o1 and o9 are cohomologous modulo a subgroup C < H if
o9 = f.o1 mod C .
It is worth mentioning that the generalized boundary map associated to a twisted

cocycle can be easily described.

Definition 2.6. Let 0: G x X — H be a measurable cocycle with generalized
boundary map ¢: G/Q x X — Y. Given a measurable function f: X — H the
twisted boundary map associated to f and ¢ is defined as

f6:G/Qx X =Y, (f0)(n,2) = fx)" b(n,z),
for every g € G and almost every n € G/Q,x € X.

We conclude the section by recalling how representation theory may suitably sits
inside the world of measurable cocycles.

Definition 2.7. Let p: G — H be a continuous representation and let (X, u) be a
standard Borel probability G-space. The cocycle associated to the representation p
is defined as
Up: G X X — H7 Up(g7x) = p(g) 9
for every g € G and almost every x € X.
This comparison between representations and measurable cocycles will be crucial

in Section to show that our method to pullback classes along measurable cocycles
actually extends the ordinary pullback for representations.
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2.2. Bounded cohomology and its functorial approach. In this section we are
going to recall the definitions and the properties of both continuous and continuous
bounded cohomology that we will need in the sequel.

We first introduce continuous (bounded) cohomology via the homogeneous res-
olution and then, following the work of Burger and Monod [Mon01, BMO02|], we
compute it in terms of strong resolutions by relatively injective modules. We will
mainly focus our attention on resolutions given by essentially bounded functions on
amenable spaces in the sense of Definition

Let G be a locally compact second countable group and let F be a Banach G-
module whose G-action is realized via a representation 7: G — Isom(E). If we
assume that F is the dual of some Banach space, there exists a natural way to endow
FE with the weak-* topology and hence with associated weak-* Borel structure.

We denote the space of E-valued continuous functions by

C*(G;E) = {f: G**' = E| f is continuous}
and we define the standard homogeneous coboundary operator as follows
§*: C*(G;F) — C*T(G; E)

o2
8 ()91, Gor2) =D (=17 F (g1 g5 1,941+ Gora) -

j=1
In this way we obtain a complex (C?2(G; E), 6°*) which is exact and hence it has trivial
cohomology. For this reason we are going to restrict the coboundary operator to the
subspace of G-invariant functions C$(G; E)¢. More precisely, a continuous function
f: Gt — Eis G-invariant if g.f = f for every element g € G, where the G-action
on the space C2(G; E) is defined by

(2) (9-1)(g1s- -+ 9or1) =) f (g7 G159 gos1) ,

for every g,g1,...,9e+1 € G. As said previously, we can restrict the coboundary

operator to the subspace of G-invariant functions to obtain the following subcomplex
(CHG; B)Y,6°) .

Definition 2.8. The continuous cohomology of G with coefficients in E, denoted
by HS(G; E), is the cohomology of the complex (C2(G; E),d*).

Since E has a Banach structure by assumption, we can use it to define on C2(G; E)
an L°°-norm given by

||f||00 = Sup{”f(gl?' .. ag'Jrl)HE |gla -y 0641 € G} )

where f € C:(G;FE) and ||-||g denotes the norm in E. A continuous function is
bounded if its L°°-norm is finite. Let C%(G;E) C C2(G; E) be the subspace of
continuous bounded functions. Since the image of a bounded function through the
coboundary operator §° is still bounded, we can restrict §° to the space of continuous
bounded G-invariant functions C®(G; E)¢ to obtain a complex, that is

(Co(G; B)Y,6%) .
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Definition 2.9. The continuous bounded cohomology of G with coefficients in F,
denoted by HS,(G; E), is the cohomology of the complex (C® (G; E)Y, 5*).

Notice that the L°-norm previously defined on C%(G; E) canonically determines
an L°°-seminorm in cohomology given by

[flloo = nf{[[¢[lo | [}] = f} -

We say that an isomorphism between seminormed cohomology groups is isometric
if the corresponding seminorms are preserved.

Beyond the difference determined by the induced seminorm on continuous bounded
cohomology, there is usually a gap between continuous cohomology and continuous
bounded cohomology that can be detected as follows. Given the natural inclusion

i Cy(G; B)Y — CUG; B)
the comparison map
compg;: HY(G; E) — HX (G, E)

is the induced map by ¢ in cohomology.

We now recall an alternative definition of continuous bounded cohomology of G
with coefficients in E' in terms of strong resolutions via relatively injective Banach
G-modules. Since we will not explicitly work with these technical notions in the
sequel, we omit them and we refer the reader to Monod’s book [Mon0O1l, Section 4.1
and 7.1].

Given the Banach G-module E, let (E®,d®) be a strong resolution of E via rel-
atively injective Banach G-modules. Let us denote by g.v the action of g € G on
an element v € E*. We define ((E*)%,d®) the complex of G-invariant vectors of E
with the restriction of the coboundary operator. Following the work by Burger and
Monod [BMO02, Corollary 1.5.3] (see also [Mon0l, Theorem 7.2.1]), one can show
that the continuous bounded cohomology of G with F-coefficients can be computed
considering the cohomology of the complex ((E*)“,d®). Nevertheless, it is worth
noticing that the isomorphism H% (G; E) = H*((E*)%) is not isometric in general.
Beyond the obvious case given by (C% (G, E)“,3*), we are going to exhibit another
crucial example of strong resolution of F given by relatively injective Banach G-
modules for which the previous isomorphism is actually isometric.

Let @ be an amenable closed subgroup of G. As already mentioned in Sec-
tion the natural G-action on the quotient G/@ is amenable. We define the
complex (L3 ((G/Q)*T1; E),6%) of essentially bounded weak-* measurable func-
tions on (G/Q)**! together with the standard homogeneous coboundary operator.
If we complete the latter complex by adding the inclusion of constant functions
E — L%(G/Q; E), we obtain a resolution of E. Endowing LS ((G/Q)**; E) with
a structure of Banach G-module induced by the action described in Equation (2,
Burger and Monod [BM02, Theorem 1] proved that (L% ((G/Q)**!; E), 6®) provides
a strong resolution of E via relatively injective Banach G-modules. As mentioned
above this readily implies that the subcomplex of G-invariant vectors computes the
continuous bounded cohomology of G with coefficients in E. A striking result, is that
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this isomorphism is in fact isometric with respect to the natural seminorms [BMO02,
Theorem 2.

We will often consider the resolution of F via the Banach G-submodules of al-
ternating cochains. Recall that an essentially bounded weak-* measurable function
f:(G/Q)**! — E is alternating if

g(T)f(gl’ R 790+1) = f(g’r(l)’ cee 7gT(o+1)) )

where 7 € Se41 is a permutation and € denotes its sign. As proved by Burger and
Monod [BM02, Theorem 2], the resolution of essentially bounded weak-* measur-
able alternating functions (L3 ), ((G/ Q)**1; E), 6°) still computes isometrically the
continuous bounded cohomology HY (G; E).

In some cases, it may be convenient to work directly with B> ((G/Q)**!; E), the
space of bounded weak-* measurable functions on (G/Q)**! with respect to the
supremum norm. By considering the homogeneous coboundary operator, we can
construct the complex (B¥((G/Q)*™Y; E),§*). Adding E to the complex via the
inclusion of constant functions, we get a resolution of E which is only strong [BI02,
Proposition 2.1]. For that reason we cannot conclude that the cohomology of the sub-
space of invariant vectors computes the continuous bounded cohomology H% (G; E).
Nevertheless, there always exists a canonical map [BI02, Corollary 2.2]

& HYB=((G/Q)*T B)Y) — HMLR((G/Q)* B)Y) = Hi, (G B)

for every k € N. This shows that each bounded weak-* measurable G-invariant
function canonically determines a cohomology class in ngb(G; E). The same result
still holds in the case of alterning functions.

In Section 3.1} we will tacitly use the previous result for showing that the pullback
of a bounded weak-* measurable G-invariant function lies in fact in L.

2.3. Transfer maps. In this section we briefly recall the notion of transfer maps.
These maps will be crucial to introduce the notion of multiplicative constant asso-
ciated to a pair of cocycles. We refer the reader to Monod’s book [Mon01] for a
broader discussion on this topic. Let G be a locally compact second countable group
and let i: L — G be the inclusion of a closed subgroup L into GG. By functoriality
of continuous bounded cohomology, the inclusion induces a pullback in continuous
bounded cohomology

He (1) He(G5R) — H (I5R)

A transfer map is a map which provides a cohomological left inverse of H% (). In
order to define it, we assume that L\G admits a G-invariant probability measure p.
For instance, this is the case when L is a lattice of G.

Definition 2.10. We define the transfer cochain map to be the following map
fransp,: C3(GiR)" — C2(G5R)“

e

trans;, (¥)(g1, - - -, Got1) = o ¥(G.91,--,7-9e+1)du(g) ,
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for every (g1,...,ge11) € G**t and ¢ € C%(G;R)”. Here 7 is the equivalence class
of g in the quotient L\G.

Remark 2.11. Notice that in the definition of the transfer map we evaluated ¥ on
the points §.g1, . ..7.ge, which is not precise since the latter are equivalence classes
in the quotient. However, the L-invariance of ¥ induces a well-defined function on
the quotient L\G. In order to avoid heavy notation, when we work with transfer
maps we will always keep the previous notation.

The transfer map trans} is the map induced in cohomology by t?a\ns;:
transy : HY%(L;R) — HY (G R) .

Since we defined the transfer map only on the subcomplex of invariant vec-
tors, when we deal with resolutions we cannot use the same expression to com-
pute the cohomological transfer map. However, there exists a standard procedure
for adapting the previous construction to resolutions of L*°-functions on amenable
spaces [Mon0O1]. For the convenience of the reader, we briefly recall here how to
perform this modification.

Assume that P, L < G are closed subgroups of a locally compact second countable
group. As before, suppose that L\G admits a G-invariant probability measure p.
Then, if P is amenable, by Section [2.1] we know that the action of G on the quotient
G/ P is amenable (this happens for instance when P is a minimal parabolic subgroup
of a Lie group G). As mentioned in Section we know that the resolution of L-
invariant essentially bounded functions on G/P computes the continuous bounded
cohomology H? (L; R). Hence, we can define a suitable version of transfer map

transg, p: HE(L;R) — HE (G R)
as the one induced in cohomology by the following cochain map

fransg p: L((G/P)* L R)Y - L2((G/P)* T R)S

o (0) €1, ovt) = [ BTN O

for almost all (&1,...,&+1) € (G/P)**! and ¢ € L>®((G/P)*T1;R)E.
The relation between the two transfer maps transy and transg, /p can be explained
through the following commutative diagram [Mon01, Section 8.6]

trans$
(3) o(L;R) - »(GR)
o(L;R) trans® HY, (G R) ,
G/P

where the vertical arrows are the canonical isomorphisms obtained by extending
the identity R — R to the complex of continous bounded and essentially bounded
functions, respectively.
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2.4. Bounded differential forms. Let G be a semisimple rank-one Lie group of
non-compact type and denote by X the associated Riemannian symmetric space.
Since the boundary at infinity 0., X is an amenable G-space, given any closed sub-
group L < G, the cohomology of the complex (LS5 (9soX*t1);R)E,8%) naturally
computes the continuous bounded cohomology groups H% (L;R) (see Section .
Here, we are going to describe a cochain map between the complex of essentially
bounded alternating functions on J,, X and the space of smooth bounded differential
forms Q2 (X). This cochain map will be useful in the definition of the Cartan in-
variant of measurable cocycles associated to complex hyperbolic lattices (Section.

Denote by QF(X) the space of smooth differential forms on X. Recall that, given
any w € QF(X), the natural Riemannian structure on X determines a norm function
as follows

x = ||lwg| = sup  wg(ug, ..., ug) ,
UL yee U €ETE X
where uq,...,ur € T, X is an orthonormal k-frame in the tangent space T,X.

The previous norm allows us to define the space QF (X) of smooth bounded
differential forms as follows. Let w € Q¥(X) be a smooth k-form, where k > 0. We
say that w is bounded if both the functions

= well, @ = [[(dw)ell

are elements of L°°(X;R), where we considered the natural G-invariant measure
on the symmetric space X. By definition the differential operator d® restricts to
the subcomplex of smooth bounded differential forms 2 (X) and hence we have a
well-defined cohomology H®(Q8, (X)) computed on the L-invariant subcomplex.

Burger and lozzi [BI07al Lemma 3.3] proved that for each k£ € N there exists a
G-equivariant cochain map

0% 1 L ((0X) T R) — Q2 (X) |

whose norm is bounded by a suitable power of the volume entropy of X. By re-
stricting this map to the subcomplexes of L-invariants of both L, ((9,X)*t1;R)
and Q2 (X) we obtain the following well-defined map in cohomology

05+ Hap(LiR) — H*(Q5,(X)") .

Let us now specialize to the case in which L =T' < G is a lattice. If 1 < p < o0,
we denote by Q’; (X)! the space of T-invariant differential k-forms w such that both
the functions

= well, @ = [[(dw)al
are elements of LP(M;R), where M is the quotient manifold I'\ X endowed with the
natural G-invariant measure class. Note that we are tacitly using the invariance of
the form w to obtain a differential form on M. As above, the restriction of the dif-
ferential operator d*® to Q) (X )I" promotes it to a cochain complex. Let H* (Qp (X )]
be its cohomology. Since for every 1 < p < oo we have a natural inclusion

Q3,(X)" = Q)"
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we can precompose it with 5;0 and get a cochain map
0 L5 (0 X)L R)T — (X))
The latter cochain map induces in cohomology the following map [BI07al, Section 3]
oy: Hy (D3 R) — HO(Q9(X)') .
Since for G-invariant differential forms the norm does not depend on the chosen

point, we have Q*(X)% C Q2 (X). The latter result together with the finiteness of
the volume of M provides a well-defined restriction map

Q°(X) — Q)"

which admits a left-inverse jp defined as follows

Jo(w) = /F TG

for any w € Q3 (X )I'. Here y is the G-invariant probability measure induced on the
quotient I'\G, Ly is the left translation by g € G and g is the class of the element g
in the quotient. A remarkable fact proved by Burger and Iozzi [BIO7a, Proposition
3.2] is that we have the following commutative diagram

° » e/ (e s .
(4) Hp (I R) H*(Qp(X)1) Q*(xX)¢
transp, VEL
(G5 R) . H2(G;R) ,
compg,

where transp. is the transfer map introduced in Section and VE® is the Van
Est isomorphism [Gui80, Corollary 7.2]. Notice that, since by Cartan’s Lemma
every G-invariant differential forms is closed, the complex Q°(X)% coincides with its
cohomology. The importance of Diagram will be clear in the proof of Proposition
[6.5]in order to express the Cartan invariant of measurable cocycles as a multiplicative
constant.

We conclude this section by recalling that, when X is a Hermitian symmetric space
and I' is a lattice of the isometry group G = Isom°(X), then j$ is an orthogonal
projector on the subspace Rwjs generated by the Kahler form wys (see [BIOTa,
Lemma 5.2]). Notice that, since the Kéhler form wjs is actually induced by the
natural Kihler form wx on X, then Rwy, can be identified with the space Q(X)C.

2.5. Fibered products and resolution of L*>-coefficients. In this section we
are going to define the notion of fibered products. Fibered products are spaces
that will be needed in the sequel in order to construct a resolution which computes
continuous bounded cohomology groups with coefficients in suitable L°°-spaces. This
will provide the main formula (see Proposition . Our presentation of fibered
products mainly follows Burger and lozzi’s approach [BI09, Section 4.1.1, 4.1.2].
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Let G be a locally compact second countable group and let P < H < G be two
closed subgroups of G. We denote by p: G/P — G/H the canonical projection.
With the help of the latter map, for every n > 1 we can define the n-fold fibered
product (G/P)’ as the closed subset of (G/P)" given by

(G/P)f = A&+, &) € (G/P)" |p(&1) = ... = p(&n)}
and we set (G/P)’} = G/H for the value n = 0. Since p is a G-equivariant map by

definition, it easily follows that the diagonal action of G on (G/P)™ leaves invariant
the subset (G/P)’. In this way we get a canonical projection

pn: (G/P)y = G/H

whose fiber may be homeomorphically identified with H/P.

We now present an alternative description of the space (G//P)’ that we will need
in the sequel. Notice first that the product space G x (H/P)™ comes with a natural
right H-action given by

(5) h‘(g’ 517 tee 75”) = (gh7 h_lé.l? M '7h_1£n) Y

for every g € G, &1,...,&, € H/P and h € H. The inclusion H < G as subgroup
allows us to interpret the quotient H/P as a subspace of G/P. Hence, we get a map

qn: G x (H/P)n—> (G/P)?7 qn(gagl7”‘7€n) = (9517...79671) .

If we consider the right G-action on the first component of G x (H/P)" and the
diagonal G-action on (G/P)%, one can check that the map above is well-defined,
surjective, G-equivariant. Moreover, it is H-invariant with respect to the natural
H-action on G x (H/P)™ and hence induces a map

@n: (Gx (H/P)")/H — (G/P)}

which is a homeomorphism. In this way we can think of (G/ P)’J; as quotient space.

Denote by i and v two Borel probability measures on G and on H/P, respec-
tively. Assume that p lies in the same measure class of the Haar measure on G
and v is contained in the H-invariant measure class of H/P. We can consider the
pushforward measure v, = (g,,)«(p X ™) induced by the projection map ¢,. In this
way we get a Borel probability measure v, on (G/ P)}‘ whose class is G-invariant
(by the G-equivariance of ¢, ). Hence we are allowed to speak about the G-modules
L>((G/P)}) of essentially bounded functions on (G/P)}. Here and in the sequel,
we will often omit the coefficients of maps in L if they are real.

In order to construct a cochain complex (L*(G/P)$,d®), we have to define suit-
able coboundary operators

d": L=((G/P)}) — L=((G/P)})
for n > 0. For every n > 1 and i € {1,...,n}, we can define the map
(6) Pni: (G/P)?+1 — (G/P)}La pn,i($17 ey xn+1) = (xla ey Tg—15 Li41y - - - ,l’n) .

Set now

d’: L®(G/H) = L®((G/P)y), d°(f)(€) = f(p(£)),
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and for n > 1 define

d": L®((G/P)}) = L=((G/P)}*)

n+1
dnf(§1’ o 7£n+1) = Z(_l)l_lf(pn,i(fla s 7£n+1)) .

i=1
Since we have (pn.i)«(Vnt1) = vn, the operator d" is actually a well-defined map
between L>°-spaces. As showed by Burger and Iozzi [BI09, Proposition 4.1], for
every closed subgroup L < G the cochain complex (L*((G/P)%),d°) is a strong
resolution of the L-module L°°(G/H) via Banach L-modules. Moreover, when P is
amenable and n > 1, the G-action on the fibered product (G/P)7} is amenable in the
sense of Definition Hence, the L-modules L*°((G/P)}) are relatively injective,
for n > 1. As explained in Section the restriction of the coboundary operators
to the L-invariant submodules provides a subcomplex (L*°((G/ P)})L ,d*), whose
cohomology computes the bounded cohomology groups of L with coefficients into
L>*(G/H), that is

(7) H"(L*((G/P)})") = Hyy (L L*(G/H)) .

Remark 2.12. 1t is worth noticing that when G = H the fibered product (G/P)%
reduces to the standard cartesian product (G/P)™. In the same way the complex of
essentially bounded functions on the fibered products (G/ P)} reduces to the complex
(L>((G/P)®),6%), where §° denotes the usual coboundary operator. Moreover, if
we assume that the group P is amenable, Equation implies that the restriction
to L-invariant cochains of the complex (L°°((G/P)®),d®) computes the continuous
bounded cohomology groups H% (L; R) with trivial coefficients (see Section .

The previous construction allows us to explicitly implement transfer maps with
L*-coefficients. Assume that P is amenable so that the isomorphism stated in
Equation holds for every n € N. Given ¢ € Loo((G/P)})L with ¢ > 1, we can
consider the following map

(8) Tept LO((G/P)FHE — L2((G/P)FTe

?&/P(w)(‘flw"?g'-i-l) = /L\Gw(g"gla"'ag'gt—l-l)dlu(g) )

where &1, ..., 811 € (G/ P)}Jrl and p is a probability measure in the measure class
of the G-invariant measure of L\G. It is easy to check that 77, /p is a cochain map
which induces a well-defined map in cohomology

ey pt Ha(L; L(G/H)) — He (G L™(G/H)) .

We will refer in the sequel to the previous map as the transfer map with coefficients.
A shown by Burger and ITozzi [BI09, Lemma 4.4], the above map fits in the following
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commutative diagram

. transy .
(9) cb(L; R) cb(G; R)
Hey (kL) Hey(ka)
(L L>(G/H)) - w(GL>(G/H)) ,
P

where transj is the transfer map defined in Section and HY (kr): HY(L;R) —

H*(L;L*°(G/H)) is the map induced by the inclusion of coefficients k: R — L*°(G/H)
given by constant functions (the same also holds for the map HY (kq)).

3. PULLBACK MAPS, MULTIPLICATIVE CONSTANTS AND MAXIMAL MEASURABLE
COCYCLES

The main goal of this section is to define a pullback of classes in bounded cohomol-
ogy via generalized boundary maps. This general procedure will be specialized to
several different examples (see for instance [Saval, [MS| ). Thanks to this construction
we will be able to extend Burger and lozzi’s easy formula for representations [BI09,
Proposition 2.44] to the wider setting of measurable cocycles. This formula will allow
us to introduce the notion of multiplicative constants. Under suitable assumptions,
we will show that these numerical invariants have bounded absolute value and when
this upper bound is attained, we can deduce some rigidity properties of the associ-
ated measurable cocycles. More precisely, we will show that maximal cocycles may
be trivialized.

Setup 3.1. Along this section we assume the following:

e G,G are two locally compact second countable groups;

e G’ acts measurably on a measurable space Y ;

e [ Q) are closed subgroups of G such that Q is amenable and the quotient
L\G admits a G-invariant probability measure y;

(X, pux) is a standard Borel probability L-space;

o: LxX — G’ is a measurable cocycle with an essentially unique generalized
boundary map ¢: G/Q x X =Y.

3.1. Pullback along generalized boundary maps. In this section we are going
to introduce a way to pullback cocycles along generalized boundary maps. This
construction takes inspiration from a work of Bader, Furman and Sauer [BFSI13|
Proposition 4.2] which was suitably extended by the two authors in several different
directions, see for instance [Saval, Proposition 3.1] and [MS| Section 4]. Here, we
propose to adapt the previous construction to Setup providing the proof of this
principle in this wider setting. Thanks to the generality of our assumptions we get
two advantages. First, we can finally treat the study of maximal cocycles in a unified
theory (see the current section and Sections . Secondly, this general setting
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provides a suitable setup for dealing later with fibered products. This will allow us
both to prove the fibered multiplicative formula (Proposition and to study the
Cartan invariant of measurable cocycles (Proposition [4).

Assume now to be in the situation of Setup Given a measurable cocycle
o: Lx X — G’ with an essentially unique generalized boundary map ¢: G/Q x X —
Y, we would like to pullback a cocycle i) € B>®(Y*t!; ]R)G/ along ¢, providing a new
cocycle in the space L®°((G/Q)**;R)E. To this end, we recall that the Banach
space L°°(X) has a natural L-module structure given by:

v.f=f"ta),
where we assume that R is endowed with the trivial I'-action.
We are now ready to define the pullback along a generalized boundary map ¢.

Definition 3.2. In the assumption of Setup we define the L (X)-valued pull-
back along ¢ as the following cochain map

C*(9): BX(Y*HIR)Y = L3 ((G/Q)* L= (X))

CHA W) (M, - s e41) = (& = (P, ), - . G(Ney1, 7))
where ¢ € B®(Y*tL,R)Y  n1,...,7es1 € G/Q and z € X.

We begin by showing that C®(¢) is a well-defined cochain map (compare with [MS),
Lemma 4.2)).

Lemma 3.3. The map C*(¢) is a well-defined norm non-increasing cochain map.

Proof. The map C*®(¢) is norm non-increasing since it is a pullback. Moreover, it is
easy to check that it is a cochain map. Let us show that C®(¢) is well defined. More
precisely, we have to show that for every ¢ € B®(Y*+1;R)%, the cocycle C*(¢)(¢))
is L-invariant. First of all, notice that we can identify

La: (G/Q)*HHL*(X))F 2 L¥((G/Q)*H x X)*

where the latter space is endowed with its natural diagonal L-action. Let x € X,
v € Land ny,...,ne41 € G/Q, we have that

v-CH@) (W) (m, - -y Mer1) () = C’(qb)(@b)(v‘l-n vy e,y L) =
oy 771, v ha), . o(v e,y ) =
oy a)(m, x), . ..,o(y " ) p(ner, x)) =
:¢(¢(771’ )7---,¢(?7-+1a$))
=C*(@) (W) (M, -+ Mer1)(T)

where in the first line we used the definition of diagonal action, in the second line
we applied the definition of generalized boundary map and the last line comes from
the G’-invariance of ). O

Remark 3.4. Recall that when we deal with real coefficient there is no difference
between L*>°-functions and the Lgs-ones. For this reason, in the previous proof we
could identify the two spaces of functions.
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As explained above our final goal is to pullback a cocycle ¥ € B"O(Y‘H;R)G/
along ¢ in such a way that we get a new cocycle in L>°((G/Q)**;R)*. To that end
we will compose the L*°(X)-pullback along ¢ with the integration map (compare
with [BFSI3, Saval, M9)).

Definition 3.5. We define the integration map 1% as the following cochain map

Ik : Lar ((G/Q)*TH L2 (X))F — L=((G/Q)"  R)*

Ik@@@hw~vm+ﬂ*:/i¢0hw-wﬁH1X$MMX@0»

where ¢ € L®((G/Q)* 1 L(X)E, n1,...,ner1 € G/Q and px is the probabilty
measure on the standard Borel L-space X.

The fact that the integration map is a well-defined norm non-increasing cochain
map is the content of the following lemma (compare [MS, Lemma 4.2]).

Lemma 3.6. The integration map 1% is a well-defined norm non-increasing cochain
map.

Proof. Given a cocycle 1 € L ((G/Q)*T1; L>®(X))L, it is easy to check that 1% ()
is L-invariant. Indeed, given n1,...,nme+1 € G/Q and 7y € L, we have

VI (W) (s - Mey1) = /X@b(vl-m, Y 1) (@) dpx (z) =
—AwmwwmmmeAm

==]£T¢(n1w--,n»+0($)dux(x)==1&(¢0(n1w--,no+1),

where we used the fact that both ¢ and ux are L-invariant.
Since it is immediate to check that the integration map is also a norm non-
increasing cochain map, the statement is proved. ]

Remark 3.7. As already noticed by the authors [MS, Remarks 4.5 and 5.3], the
previous construction via integration is only possible working with bounded cocycles.
Indeed, there is no hope to extend this map to the case of unbounded cochains.

We are now ready to define the pullback map along ¢.

Definition 3.8. In the situation of Setup the pullback map along ¢ is the
cochain map

C*(@%): B2 LR o L((G/Q) R
C*(dY) =1%o C*(¢) .
Remark 3.9. It is worth mentioning that the pullback along ¢ can be restricted to
the subcomplexes of alternating cochains.

The fact that the pullback map just defined induces a well-defined map in coho-
mology is the content of the following;:
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Proposition 3.10. The pullback map C*(®X) is a norm non-increasing cochain
map, hence it induces a well-defined map

H*(@%): HY(B>(Y*TLR)Y) — HY(L;R), HY(@¥)([¢]) = [C°(2¥)(¥)] -

Proof. As a consequence of both Lemmas [3.3] and [3.6] it follows immediately that
the pullback C*(®¥) is a norm non-increasing cochain map, being the composition
of two such maps C*(¢) and I%.

Recall that @) is an amenable group by Setup and so G acts amenably on the
quotient G/@Q. This property is inherited by L being a closed subgroup of G. Since
the subcomplex of L-invariant essentially bounded functions L*((G/Q)*T!;R)*
computes the continuous bounded cohomology H (L; R), we get the thesis. O

Remark 3.11. Note that in full generality we might construct a pullback map in
cohomology using any measurable o-equivariant map ¢: .S x X — Y, where § is
any amenable L-space.

We conclude this section by showing that given two cohomologous measurable
cocyles, then they produce the same pullback (compare with [MS| Proposition 5.7
and Proposition 7.5]):

Proposition 3.12. In the situation of Setup let f.o: L x X — G’ be cocycle
cohomologous to o with respect to a measurable map f: X — G'. Then, for all
Y e BX(Y*tR)Y, we have

C* (@) (¥) = C*(f.2%)(¥) .
where C*(®X) and C*(f.®X) denote the pullback maps along the associated boundary
maps ¢ and f.¢, respectively.

Proof. Recall by Definitions 2.5 and [2.6] that the boundary map f.¢ associated to
f.o is given by

f0:GlQxX =Y, (fo)n2)=f"(2)¢(n2)
for almost every n € G/Q and x € X. Then, we have

C*(F- X)) (- Thes1) = / SF-B) s 2), -, (6) (o 2))dpixe () =
/ G @) ), [ ()00, 2))dpix () =
/ PO, D), - $(1hes, 2))dpix () =

=C* (PX)(QIZ))("?M "anoJrl) 5
for almost every n1,...,me+1 € G/Q. This finishes the proof. 0

Remark 3.13. Sometimes it is natural to consider the G’-module R with a twisted
action. For instance if G’ admits a sign homomorphism, we can use it to twist the
real coefficients. In that situation the previous equality will be true only up to a
sign (see for instance [MS| Proposition 5.7]).
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3.2. Pullback along generalized boundary maps vs. pullback of represen-
tations. Let us assume the setting described in Setup By Definition given
any standard Borel probability L-space (X, px) and any continuous representation
p: L — G’, there exists an associated measurable cocycle o,: Lx X — G’ defined by
op(7,2) = p(y) for every v € L and x € X. Let us assume that the representation
p admits an essentially unique p-equivariant measurable map ¢: G/Q — Y. It is
immediate to construct a generalized boundary map ¢ associated to o, as follows

¢:G/Qx X =Y, ¢(n,xz)=¢(n) ,

for almost every n € G/Q and x € X.
As explained by Burger and lozzi [BI02 [BI09], the pullback map

H2(p): HE(GR) — HE (L R)

can be implemented using the measurable map ¢. We are going to show now that
in our setting the pullback associated to p via ¢ agrees with the pullback map
along ¢. This property turns out to be fundamental to coherently extend numerical
invariants of representations to measurable cocycles (see [Sava, Proposition 3.4]
and |[MS, Propositions 5.4 and 7.4]).

Proposition 3.14. In the situation of Setup let p: L — G’ be a continu-
ous representation which admits an essentially unique p-equivariant measurable map
v: G/Q =Y. Then, we have

C* (@) = C*(p) -

Proof. Since the boundary map ¢ associated to o, does not depend on the second
variable, it is immediate to check that the following diagram commutes:

C*(9)

B(Y L R)C 2 (C/QHLo(X)E .
C*(¢) 1%
L((G/Q)* 1 R)-

This finishes the proof. 0

Remark 3.15. Note that the existence of a cocycle of the form o: L x X — G’
required in Setup [3.1]is irrelevant in the previous result.

3.3. Easy multiplicative formula. In this section we show how to deduce an easy
version of the fibered multiplicative formula stated in Proposition Since the
latter is rather technical formula and involves fibered products, we prefer to first
discuss a simplified version. Moreover, as we will show in Section the easier
version already contains useful information. We refer the reader to some works of
the authors in that direction [Saval, MS].

. Assuming Setup the existence of a transfer map transg, /0 implies the follow-
ing:

Proposition In the situation of Setup we have the following results:
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(1) Let ¢/ € BX(Y*T1,R)S be an everywhere defined G'-invariant cocycle. Let
Y € L®((G/Q)*™™)Y be a G-invariant cocycle. Denote by ¥ € H® (G;R) the
class of . If we suppose that ¥ = trans&/Q[C'(QX)(w’)], then we have

/ / P (d(G.m, ), ..., ¢(G.Ner1, T)dux (z)du(g) = ¥ (n1,...,nes1) + cobound. ,
ING JXx

for almost every (n1,...,me11) € (G/Q)*1.
(2) Suppose that HY(G;R) = RY (= R[]). Then, there exists a real constant
Ay (o) € R depending on o, 1) such that

/ / F (@02, §(@or1, )i (2)A(F) = Agr(0) - B 7041)
ING JX

+ cobound. ,

for almost every (n1,...,met1) € (G/Q)*T.

Proof. Ad 1. Since Setup ensures the existence of the transfer map transg, /O’
the first formula is easily true.

Ad 2. Since HY(G;R) is one-dimensional and generated by ¥ = [¢] as an R-
vector space, we have that transg, /Q[C'(<I>X )(1")] must be a real multiple of ¥. This
finishes the proof. O

3.4. Multiplicative constants and maximal measurable cocycles. In this
section we are going to introduce the notions of multiplicative constant and maximal
(measurable) cocycle. The importance of maximal cocycles relies on the fact that
they are usually cohomologous to a preferred representation and hence they can be
trivialized. This trivialization property suggests a rigid behaviour of measurable
cocycles and it is sometimes translated in terms of properties of the ambient group,
such as its tautness (see [BFS13, Theorem A}).

In the situation of Setup let ¢/ € BX(Y*L;R) and consider the class
U = [¢)] € H%(G;R) represented by a bounded Borel cocycle 1: (G/Q)*t! — R.
Assuming that HY (G;R) = HY (G;R) = R ¥, Proposition [I| implies that

(10) /L . /X GGG, 2)s o $(Gess, 2))dpix () dpa() =

= Ay (o) (1, ... ;Net1) + cobound. .

Definition 3.16. The real number Ay (o) € R which appears in Equation is
called the multiplicative constant associated to o,1)’, ).

Suppose now that in Equation ((10)) there is no coboundary term. This assumption
is in general not too restrictive, since there exist several such examples (for instance

when G acts ergodically on (G/P)* or when G = PO(n,1) and G/Q = S"1).
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Without the coboundary term, Equation reduces to
(1) [ | o@mo)... 6@ @)du(a) =
I\G JX

:Aw/,w(a)ﬂ)(m’ cee 77]0+1) ,
which is equivalent to the following equation in terms of cochains
fransy, o C*(@%) (1) = Ay (o)) -
In this context, we are ready to show an explicit upper bound for the multiplicative

constant Ay (o) in terms of L*-norms of the cocycles ¢ and '

Proposition 3.17. In the situation of Setup let ¢/ € BX(Y*TLR)Y and
consider the class ¥V = [¢] € HYy(G;R) represented by a bounded Borel cocycle
P (G/Q)*H — R. Assume that it holds

frans;, o C*(®¥) () = Ay ()¢ -
Then, we have
9/loc
KGR

[Apr ()] <
Proof. By hypothesis we know that
fransy, o C*(@%) (1) = Ay y (o) -
If we consider the left-hand side, we can write the following estimate
[fransy o C*(2Y) (@) loc < [[¢/]c -

since both @2 and C*(®~) are norm non-increasing maps (see Proposition .
Hence it follows that

Ay ()19 lloo < 119 ]lco
as claimed. OJ

In virtue of Proposition [3.17 we can give the following:

Definition 3.18. Assuming the situation of Proposition[I] we say that a measurable
cocycle o: L x X — G’ is mazimal if its multiplicative constant Ay (o) attains the
maximum value, that is

_ 1¥lso

Mal@) = gl

The importance of maximal cocycles relies on the fact that they can be usually
trivialized, being all cohomologous to a suitable continuous representation n: L —
G’. To explain how one can prove such result, we conside the following:

Setup 3.19. In the situation of Proposition [, we also assume the following:

e Both ' and 1 are everywhere defined cocycles and attain their essential
supremum, that is there exist m1,...,Ne+1 € G/Q and yi,...,Yet1 € Y such
that

1//(91,- . 'Jy.+1) = Hlp/Hooa w(nh e )770+1) = ||1/}||OO .
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e A maximal measurable map ¢: G/Q —'Y is a map such that

U (elgm), - elgne1)) = 1Vl
for almost every g € G and for mi,...,net1 € G/Q such that

¢(771> s 777'+1> = Hd}HOO :

e There exists a continuous representation 7: G — G’ and continuous -
equivariant map I1: G/Q — Y which satisfies the following: given a maximal
measurable map p: G/Q — Y, there exists a unique element ¢ € G' such
that

for almost every n € G/Q.

e The stabilizer of the map 11 is trivial, that is the only element ¢ € G’ such
that g’ oIl =11 is the neutral element of G'. We denote the previous stabilizer
by Stabg (IT).

Theorem 3.20. In the situation of Setup suppose that o: L x X — G’ is
mazimal. Then, it is cohomologous to the restriction of the representation w to L.
In other words, there exists a measurable map f: X — G’ such that for all v € L
and almost every x € X, we have

7(y) = fv.x) o(y,2)f(2) .

Proof. Since the cocycle ¢ is maximal, by definition the multiplicative constant
Ay 5 (0) associated to o,v’, 1 satisfies

slo) = =

If we now substitute this value in Equation we get

_ _ _ Y’
/ / V(3G ), .., (Gnet1, 7)) dpx (z)du(g) = ” wa(m,.--,nm) :
G Jx [4]loo
Since 1 attains its essential supremum by assumption, there exist 71,...,7e1r1 €
G/@ such that
(12) Y- meg1) = [[Yloo -

Notice that a priori Equation only holds almost everywhere. However, fol-
lowing either Bucher-Burger-lozzi [BBI13 Section 4] or Monod [Monl5], one can
show that the equality actually holds everywhere. This allows us to evaluate it on
specific points of (G/Q)**!. Let us pick 71,...,me11 € G/Q such that Equation
is satisfied. Then, we have

(13) / /WWMM%~MMM@WM@W@=WM-
I\NG /X

It follows that
¢/(¢(§'7717 l’), e ¢(§'T/.+17 l’)) = H@Z’,Hoo s
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for almost every g € L\G and almost every = € X. Since ¢ is o-equivariant, the
previous equality

(14> T//(¢(9-7717$)7---a¢(9-77-+17$)) - Hw/HOO )

actually holds for almost every g € G and almost every x € X.

We can now set ¢, G/Q —Y, ¢.(n) = ¢(n,z). By Equation , we have that
¢ is maximal for almost every x € X. By the assumptions of Setup there
must exist an element f(z) € G’ such that

¢z(n) = f(x)(n) ,

for almost every n € G/Q. In this way we obtain a map f: X — G’. Since X is
a standard Borel probability space and ¢: X — Meas(G/Q,Y) is measurable, the
measurability of f follows by a result of Fisher, Morris and Whyte [FMWO04, Lemma
2.6].

The thesis now follows applying a result of Bader, Furman and Sauer [BFS13]|
Proposition 3.2]. More precisely, given v € L, on the one hand we have

¢(v.n,v.w) = o(y,2)p(n,z) = o(vy,z) f(z)(n) ,

and on the other

¢(y.n,v.x) = f(y.2)l(y.z) = f(y.2)m(y)I(n) .

Notice that in the second equality, we used the m-equivariance of the map II. The
fact that Stabgs(IT) is trivial implies that

m(7) = f(y.a) "o (v,a) ()
which concludes the proof. ]

3.5. Applications of the easy multiplicative formula. As we mentioned in the
introduction, one of the main results of this paper is to extend the multiplicative
formula discussed in Proposition [I] to the case involving fibered products. Indeed,
one of the greatest disadvantage of the latter is that it does not provide any useful
information about the values of the measurable map ¢ over sets of zero measure.
Unfortunately, this is precisely the case when we will investigate rigidity of complex
hyperbolic lattices in Section Indeed, we will have to evaluate our measurable
map ¢ on a chain, i.e. a subset of the boundary of the complex hyperbolic space of
zero measure (see Section for a precise definition).

Nevertheless, the easy multiplicative formula turns out to be useful in many
situations. For convenience of the reader we show here some examples of applications
of Proposition More precisely, we show how to deduce rigidity results from the
maximality of some multiplicative constants. It is worth mentioning that all the
applications presented in the current section have been already proved and discussed
elsewhere by the authors [Saval, MS].

It is worth noticing that in all the examples of this section, the hypothesis of
Proposition [3.17] are satisfied. Indeed, we are going to present examples in which
there are no coboundaries appearing in Proposition
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3.5.1. Mostow Rigidity for measurable cocycles. Mostow Rigidity Theorem says that
in dimension n > 3 any two homotopy equivalent finite-volume hyperbolic mani-
folds are isometric [Mos68), Pra73]. Dually, this result can be stated in terms of
volume of representations [FKO06, BBI13]. Let I' be a torsion-free non-uniform lat-
tice of PO°(n, 1) and let p: I' — PO°(n, 1) be a representation. Bucher, Burger and
lozzi [BBI13] proved that p is maximal if and only if it is conjugated to the standard
lattice embedding (the same result also holds in the uniform case).

We show here how to extend the rigidity of representations to measurable cocy-
cles via the general theory introduced so far. Let M be a complete finite-volume
hyperbolic n-manifold with n > 3. We denote by L < PO°(n,1) the fundamental
group of M, which is by hypothesis a torsion-free non-uniform lattice. According to
Setup we set G = G’ = PO(n,1). Then, we choose Y = G/Q = HE =~ S"~1
where @ is a (minimal) parabolic subgroup of G. Finally, we set ¢ = ¢’ = Vol,, to
be the alternating G-invariant volume cocycle defined as

Vol,: (S"™H"tl 5 R,

Vol,, (&1, ..+, &ny1) = signed volume of the hyperbolic convex hull of &1,..., & 41 -

It is worth mentioning that in this case we need to assume that R is endowed
with a G-module structure induced by the twist given by the sign of isometries in
PO(n,1) = Isom(HEg).

Under the previous assumptions, one can define a numerical invariant called vol-
ume of measurable cocycles [MS]. According to Setup[3.1} let o: L x X — PO°(n, 1)
be a measurable cocycle, where (X, ux) is a standard Borel probability L-space.
Moreover, o admits an essentially unique boundary map ¢: S*1 x X — S*1,
Since M is a complete finite-volume hyperbolic manifold, it is known that M is
homotopy equivalent to its core, i.e. a compact subset of M obtained by removing
horocyclic neighbourhoods of the cusps. Then, we have a well-defined isometric
isomorphism [MS| Section 3.4]

(15)  J": HP(L;R) — HP(M;R) — H}(M, M \ N;R) — H}(N,ON;R) ,

where the first map is given by Gromov’s Mapping Theorem [Gro82, Iva87, [FM], the
second one comes from the long exact sequence in bounded cohomology [BBF™14]
and the last one is induced by the homotopy equivalence of the pair (M, M \ N) ~
(N,0N). We are now able to define the volume of o.

Definition 3.21. Given a measurable cocycle 0: Lx X — PO°(n, 1) with essentially
unique boundary map ¢: S"7! xX — S" !, we define the volume of o to be the
following numerical invariant

Vol(o) := (comp™ o J" [C”(@X)(Voln)} ,[IN,ON]) ,

where C"(®%) is the pullback along ¢ and [N, 9N] denotes the relative fundamental
class of V.
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As the authors proved [MS| Proposition 1.2], the multiplicative constant in this
setting is given by
Vol(o)
Ay =—" .
vl = i)

Since the are no coboundaries appearing in Proposition (1| (see [BBI13, Proposi-
tion 2|), Proposition shows that the following Milnor-Wood inequality holds [MS]
Proposition 5.10]

| Vol(o)| < Vol(M) .

Finally, working in this setting, by [BBI13| Proposition 4.7] it is easy to check that
also Setup [3.19] is satisfied. Hence, Theorem [3.20] implies that if o is maximal,
then o is cohomologous to the cocycle associated to the standard lattice embedding
L — G. In fact, one can strengthen this result: being maximal is equivalent to being
cohomologous to the cocycle associated to the standard lattice embedding (see [MS),
Theorem 1.1]).

3.5.2. Matsumoto’s Theorem for measurable cocycle. Since in dimension n = 2
Mostow Rigidity does not hold, we consider now Homeo™ (S!) instead of PSL(2, R).
We briefly recall the content of Mastumoto’s Theorem [Mat87]. Consider the Eu-
ler class e € H?(Homeo™ (S');Z) determined by any section s: Homeo™(S!) —
Homeoz(R) of the central extension

0 — Z — Homeoz(R) — Homeo™ (S') — 0,

where Homeoz(R) denotes the group of homeomorphisms of R commuting with
integer translations. Let Y, be a closed surface of genus g > 2. It is immediate
to check that any representation p: m1(X,) — Homeo™ (S') allows to pullback the
Euler class p*(e) € H*(m1(2,); Z) 2 H?(X,; Z), where the latter isomorphism is due
to the asphericity of ¥,. We define the Euler number of a representation p to be

eu(p) = (p*(e), [Zql) ,

where [¥4] denotes the fundamental class of 3. The works of both Milnor [Mil58]
and Wood [WooT71] show that |eu(p)| < |x(2q)|. We say that p is mazimal if the
previous upper bound is attained. Matsumoto’s Theorem states that a maximal
representation p must be semiconjugated to a hyperbolization. Recall that a semi-
conjugacy is an element of Homeo™ (S!) induced by a monotone increasing map of
Homeoyz(R).

Later Matsumoto’s result was reproved via bounded cohomology techniques by
lozzi [Ioz02]. We describe here how to extend Matsumoto’s result to measurable
cocycles via the techniques exposed in Section

We adapt Setup as follows. Let G = PSL(2,R) and let G’ = Homeo(S!)™.
If ¥, is a closed surface of genus g > 2, a hyperbolization my: m1(X,) — PSL(2,R)
allows to realize the fundamental group m(2,) as a closed subgroup L < PSL(2,R).
Given a (minimal) parabolic subgroup of @ < G, we can define G/Q =Y = S'.
Before introducing the cocycles 1) and v, we recall the definition of the orientation
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cocycle. Once we have fixed an orientation of S!, the orientation cocycle is the
bounded Homeo™ (S!)-invariant alternating cocycle on S! defined as follows

+1 if (&, &1,&2) are positively oriented ,
or: (SY)? = R, or(&, &, &) =< —1 if (&,&, &) are negatively oriented |

0 otherwise .

Given the orientation cocycle, we set ¢ = 1/ = or. We can define the Euler
number of a measurable cocycle as follows.

Definition 3.22. Let o: L x X — Homeo(S')* be a measurable cocycle with
essentially unique generalized boundary map ¢: S' x X — S!, where (X, ux) is a
standard Borel probability L-space. The Euler number of o is defined by

eu(o) = (comp® ogs;, [C*(D¥) ()], [Zy])
where C?(®X) is the pullback along ¢, gs,: H(T;R) — H7(Z,;R) is Gromov’s
Mapping Theorem isometric isomorphism and e = —or/2 € B>((S!)?; R)Homeo™ (81),

According with the definition above, one can prove [MS|, Proposition 1.6] that the
multiplicative constant is given by

Ay (o) =

Since the action of L on S' is ergodic and the orientation cocycle is alternating, it
is easy to check there are no coboundaries appearing in the formula of Proposition
This implies that the hypothesis of Proposition [3.17] are satisfied. Therefore, we
obtain that also the Euler number of a measurable cocycle satisfies a Milnor-Wood
inequality [MS|, Proposition 7.7]:

leu(o)] < [x(3g)] -
Finally, the techniques developed along Section leads to the study of mazimal
cocycles. By Theorem [3.20] we can conclude that if ¢ is maximal, then it is coho-
mologous to the cocycle associated to a fixed hyperbolization mp: L — PSL(2,R) via
a measurable map f: X — Homeo™ (S!) [MS], Theorem 1.5]. Note the Setup is
satisfied here as shown for instance by [Ioz02, Proposition 5.5].

3.5.3. Borel invariant of measurable cocycles. There also exists a rigidity result sim-
ilar to the ones described above [loz02| BBI13], when we consider representations of
a hyperbolic lattice of PSL(2, C) into the group PSL(n,C). Indeed, Bucher, Burger
and lozzi [BBI18] defined a numerical invariant for such representations using the
combinatorics of the space . (n, C) of full flags into C™. More precisely, following a
work by Goncharov [Gon93|, they showed that there exists a measurable function

B,: Z(n,C)* 5 R,

called Borel function, which is a PSL(n, C)-invariant Borel measurable cocycle de-

fined everywhere. Moreover, its absolute value is bounded by (”;1) v3. Here g

denotes the hyperbolic volume of the regular ideal tetrahedron in ]HI%. This function
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agrees with the volume function when n = 2, but for n > 3 its definition becomes
quite technical and we refer the reader to [BBILS, [Savb] for more details. Follow-
ing Section the Borel function determines a class B5(n) € H3,(PSL(n,C);R)
which generates the group. Hence, we can pullback it along the map induced by
the representation p in cohomology and suitably define a numerical invariant (3, (p),
called Borel invariant. Bucher, Burger and lozzi showed that the absolute value of
the Borel invariant is bounded. Moreover, its maximum is attained if and only if
the representation p is PSL(n, C)-conjugated to the composition of the irreducible
representation 7, : PSL(2,C) — PSL(n,C) with the standard lattice embedding or
to the complex conjugated of the latter composition.

We show here how to adapt Setup in order to exted the notion of Borel
invariant to measurable cocycles. Let G = PSL(2,C) and G’ = PSL(n,C). Suppose
that L < PSL(2,C) is a torsion-free lattice and denote by M := L\ H, the complete
hyperbolic 3-manifold of finite-volume associated to L. Let us take any compact
core N C M and we set Y = #(n,C) and G/Q = P}(C), where Q < G is any
minimal parabolic subgroup of G. Finally, we take ¢/ = B,, and ¢ = Volz, where
we identify S? = P!(C) in order to define properly the volume function Vol. With
the previous notation, we can give the following:

Definition 3.23. Assume that a measurable cocycle o: L x X — PSL(n, C) admits
an essentially unique boundary map ¢: P}(C) x X — .#(n,C), where (X, ux) is
a standard Borel probability L-space. Then the Borel invariant associated to o is
defined by

Bn(0) = (comp® 0 J* [C*(@™)(By)] , [N, ON])

where C3(<I>X ) is the pullback along ¢, J3 is the composition introduced in Equation
and [N, ON] denotes the relative fundamental class of the compact core N.

Also in this case one may study the Borel invariant via multiplicative constants.
Indeed, as shown by one of the authors [Saval, Proposition 4.1], we have

Ay (0) = VBCZ((?\}) :

Moreover, since L acts doubly ergodically on the sphere IP’I((C), it easy to verify
that no coboundary appears in the formula of Proposition [I| Hence we can apply
Proposition and obtain the following inequality [Saval, Proposition 3.7

1Ba(p)| < (”; 1>V01(M) .

The previous inequality allows us to refer to maximal cocycles. Since Setup [3.19]
is satisfied by [BBIILS8| Proposition 31|, by Theorem we can conclude that o is
maximal if and only if it is cohomologous to the cocycle induced by 7, o (or its
complex conjugated), where m,: PSL(2,C) — PSL(n,C) is an irreducible represen-
tation and i: L — PSL(2,C) the standard lattice embedding (see [Saval, Theorem

1]).
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4. MULTIPLICATIVE CONSTANTS AND CHANGE OF COEFFICIENTS

In this section we describe a more general multiplicative formula which extends
the one proved in Proposition Inspired by the previous computations with real
coefficients, we extend our result by changing our coefficients into L°°-functions on
suitable homogenous spaces. Our construction closely follows Burger and lozzi’s
approach [BI09, Section 4]. The resolution via fibered product spaces introduced in
Section [2.5| will allow us to define a fibered pullback map in bounded cohomology
along generalized boundary maps associated to measurable cocycles. A key property
of the latter pullback is that it factors through the standard pullback map (Defi-
nition . This factorization will enlighten the relation between fibered pullback
maps and multiplicative constants associated to cocycles.

Setup 4.1. Along this section we consider the following set of assumptions:

e G,G are two locally compact second countable groups;

e G’ acts measurably on a measurable space Y ;

e P H, Q are closed subgroups of G such that P < HNQ and both P and Q
are amenable;

e L < G is a closed subgroup of G such that the quotient L\G admits a G-

tnvariant probability measure p;

(X, pux) is a standard Borel probability L-space;

o: Lx X — G’ is a measurable cocycle with an essentially unique generalized

boundary map ¢: G/Q x X =Y.

4.1. Fibered pullback maps. The aim of this section is to describe the fibered
pullback map induced in bounded cohomology via generalized boundary maps. In
the situation of Setup there exists a natural multiplication map

(16) m": Gx (H/P)" — (G/Q)", m"(g,h1P,...,hyP) = (gh1Q,...,gh,Q) ,

which is clearly G-equivariant with respect to the natural right G-action on the
first factor of G x (H/P)"™ and the diagonal right G-action on (G/Q)", respectively.
Moreover, m"™ is H-invariant with respect to the H-action defined by Equation ,
that is

m"(gh,h " *hiP,... ,h " *h,P) = m" (g, P, ..., h,P)

for every g € G and every h,hi,...,h, € H. Thus, it induces a well-defined map
on the quotient

(17) m': (Gx (H/P)")/H — (G/Q)" .
Then, we can precompose m'* with
@, (G/P)} — (G x (H/P)")/H |

which is the inverse of the homeomorphism introduced in Section[2.5] This produces
a map

(18) m" =m"oq, " : (G/P)} - (G/Q)"
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called multiplication map on fibered products. On the other hand, the boundary map
¢: G/Q — Y allows us to define the following product map

" (GIQ)" x X = Y7", ¢"(n1,.. iy x) = (60, 2), - .., O, @) -

Now, for every n > 1, one can construct the following measurable map

(19) P = ¢" o (m" xidx): (G/P)} x X = Y™,
OF (&5 6n, ) =" (M (&1, &), @) = (B(M(&), @), - .., d(M(&n), 7))
where idx : X — X is the identity map. Here, we interpret m” = (m?!,..., m!) and

we drop the apex 1 from the notation. Since ¢™ inherits the o-equivariant from ¢
just by taking the composition of ¢ with the product between the multiplication
map on fibered products and the identity, we have

PF(V-&1s - vbns o) = (9(m(7-61),7.2), - - p(m(7-€n), v-2))
= (o(ym(&r),v-2), ., d(y.m(&n), 7))
= o(y,2)(¢(m(&1), ), ..., p(m(&n), ) =
=0(7,2)0F (815, 6ny @)
for every v € L and almost every (&1,...,&,) € (G/P)} and x € X.

Our aim is now to describe the pullback of a cocycle 1) € B¥(Y*T1; R)¢" into the
space L>((G/ P)}H)L via the maps above. First, notice that there exists a natural
pullback map given by

C*(¢5): BX(Y*THR)Y = L=((G/P)F x X)*

C* B (€, s bapr, ) = (95 (G, or @)
where (&1,...,8e11) € (G/JD)}Jrl and z € X. Here an element v € L acts on
(NS L"o((G/P)}+1 x X') diagonally. By construction C*(¢y) is norm non-increasing
and the proof of the well-definedness follows verbatim the proof of Lemma (3.3
Since we want to obtain a cocycle which does not depend on the variable z € X, we

can compose the map C®(¢¢) with the integration map I% introduced in Definition
In this way, we get the following:

Definition 4.2. In the situation of Setup we define the fibered pullback map
along ¢ as follows

C*(@F): BX(YTLR)Y — Lo((G/P)YTHE, C(@F) =1%o C*(¢y)
Co @)D Gort) = [ O o, 2)dx (o)

Remark 4.3. As explained in Remark when G = H the fibered product (G/P)}
becomes the standard product (G/P)". Similarly the complex (L*((G/P)%),d*)
reduces to the complex (L>°((G/P)*®),0®). Hence, when H = G the definition of
fibered pullback map gives us back the standard pullback map along ¢ (see Defini-

tion .
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The following proposition shows that the fibered pullback map induces a well-
defined map at a cohomological level.

Proposition 4.4. In the situation of Setup [{.1], the fibered pullback map along ¢
C'(CD?) is a well-defined, norm non-increasing cochain map. Hence, it induces a
well-defined map in cohomology

H*(@F): HY(BX(Y* T R)Y) — HE(L; L (G/H)), B(@F)([¢]) = [C*(@F)(®)] .

Proof. Since C'(@ff ) is the composition of two norm non-increasing maps C*(¢y)
and I%, it is also so. Moreover, C'(@f ) sends G’-invariant cochains to L-invariant
ones. Indeed, it is the composition of the map C®(¢s) which restricts to invariants
and an equivariant map I§ (see Lemma [3.6]).

The only thing we have to show is that C'(@;f ) is a cochain map. Since I% is a
cochain map, it is sufficient to show that C®(¢y) is also so. Notice that for every

n € N and every i € {1,...,n+ 1} we have the following commutative diagram
n+1
(G/P)F x X — ynl
Pn,i xidxl T
(G/P)} x X Yy",

where pp, ;: (G/P)}Hrl — (G/P)Y is the face map defined in Equation @), the func-
tion r;: Y™ — Y™ is defined as ri(y1,...,Yns1) = (Y1, Yi 1, Yitl, e s Ynt1)
and idx: X — X is the identity map. Given an element ¢ € B>(Y";R)%', thanks
to the commutativity of the diagram above, we have

n+1

A" (C" )Ny, m) = Y (=DTC" NG (@) (P X dx) (s bngr, @) =
i=1
n+1

=3 (=17 @) (6} 0 (pni x 1dx)) (&1, - -, Eni1, 7)) =
=1

n+1

=) (DT o (s b)) =
1=1

— OB En D) |

where 6": BX(Y"™R)Y — B®(Y"1;R) is the usual coboundary operator. The
statement now follows by a result of Burger and lozzi [BI09, Proposition 4.1] since
P is amenable and the complex L*((G/ P)})L computes the continuous bounded
cohomology groups H3(L; L>°(G/H)), as shown in Equation (7). O

Remark 4.5. If we assume that H = (G, we have already noticed in Remark
that the fibered product (G/P)’ coincides with the standard product space (G/P)".
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Thus, as a consequence of Remark when H = G the content of Proposition (4.4
reduces to Proposition |3.10

4.2. Factorization of fibered pullback maps and multiplicative constants.
In this section we show that the fibered pullback map along ¢, C’((ID;( ), can be
factored through the standard pullback map C®(®¥X) along ¢. Here we assume
again to be in the situation of Setup [4.1 This result allows us to describe the
relation between C'(@fc{ ) and the multiplicative constant Ay (o).

First of all, notice that the multiplication map defined by Equation (18] allows us
to implement the map induced in cohomology by the change of coefficients k: R —
L*°(G/H). Indeed, suppose that in Setup we have L=G =G, Y = G/Q and
0: G x X — @ is the projection on the first factor, i.e. the cocycle induced by the
identity idg: G — G. Then, the fibered map ¢3*': (G/P)§™ x X — (G/Q)*"!
reduces to the multiplication m®**! of Equation :

¢}+1(£17 v 750+1>x) = m.+1(§17 s 7£0+1) .

Consider now a class ¥ € H*(G;R) represented by a bounded strict G-invariant
Borel cocycle 1: (G/Q)**! — R which is everywhere defined. By construction, the
fibered pullback of the cocycle ¥ along ¢ reduces to the standard pullback of ) along
m, that is

C*(@F)(¥) = C*(m)(¢) € L=((G/P)FHY .
Since the above map is a morphism of strong resolutions by relatively injective G-
modules which extends the inclusion x : R — L°°(G/H), by functoriality the image
a(re) (V) € Hy (G L=(G/H))

of the class ¥ € H% (G;R) via the map induced by the change of coefficients, admits
as representative the bounded strict G-invariant Borel cocycle

C*(m)(¥): (G/P)F =R, C*(m)(¥) (&1, or1) = (m(&1),- .. ,m(Eern)) -

Hence, we get the desired factorization of the fibered pullback map along ¢
through the standard pullback map along ¢.

Proposition 4.6 (Factorization fibered pullback). In the situation of Setup the
fibered pullback cocycle C'(@f)(zﬁ) of a cocycle p € BX(Y*t1;R)E can be expressed
as the image of the composition

C* (%) C*(m)

B>® (Yo+1 : R)G/

Lo((G/Q)* ! R)Y

Le((G/P)yhHe .
In other words, we have
C*(®F)(¢) = C*(m) o C* (&™) ()

and

[C*(@F)(¥)] = Hay (k) [C* (%) ()] -
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Proof. Note that we have the following commutative diagram

(20) L&((G/Q)"1 x X)E ) 1o/ P)3Ht x X)T
1% \LIS(
L¥(G/Q)* ) ——g— L¥((G/ P

where idx denotes the identity map on X. Given ¢ € B®(Y**+!; R), we have

CHRF) (W)€, Eor1) = (Ix 0 C2(9p)) (D) (&L, - Eag1) =
(I 0 C*(m x idx) 0 C*(¢)) () (&1, - -+, §o1) =
= (C*(m) oIx 0 C*(9)) (V) (&1, - - -, €ot1) =
= (C*(m) o C*(@¥)) () (€L, - -, Eor1)

where we pass from the first to the second line using the definition of ¢}+1 as the com-

position of ¢*® o (m® x idx). Moreover, we also need the commutative Diagram
for moving from the second to the third line. This finishes the proof. O

Our goal is now to show that our approach extends Burger and Iozzi’s results [BI09,
Section 4.1] for representations. To this end, let p: L — G’ be a continuous repre-
sentation with associated a measurable p-equivariant map ¢: G/Q — Y. Following
[BI0O9) Section 4.1] we can use the measurable map ¢ to define a fibered measurable
map

g =miopt: (G/P)y = Y*,
which induces a cochain map
C*(pg): BX(Y"HLR)Y — L>((G/P)}™)"
Hence, there exists a well-defined pullback map in cohomology
H(¢p): HY(B>(Y*MR)Y) — Hey(L; L°(G/H)) .

Let (X, ux) be a standard Borel probability L-space . We already know that p
naturally induces a cocycle o,: L x X — G’ (see Definition . Moreover, the
measurable map ¢ can be used to define a generalized boundary map as follows

¢: G/Qx X =Y, ¢(n,x)=¢(n) ,

for almost every n € G/Q. Similarly, the fibered map induced by ¢ coincides with
the one induced by ¢

(21) ¢5: (G/P) x X = Y*, ¢3(&,x) = ¢3() -

Proposition 4.7. In the situation of Setup let p: L — G’ be a continuous rep-
resentation and suppose there exists an essentially unique measurable p-equivariant
map ¢: G/Q — Y. Then, given 1 € B°(Y*T1;R)Y, we have

C*(@7)(¥) = C*(ps) (V) -
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Proof. The proof follows the line of Proposition and it is an easy consequence
of the commutativity of the following diagram

C*(¢y)

BOO(Y.+1;R)G/ LOO((G/P)}—H « X)L
C*(¢y) %
Lx((G/P)3)E

Indeed given 1) € BX(Y*+1:R)Y" | we have

CHPF) (W) (&rs - Eog1) = (I 0 C (D)) (W) &1y -, Eon) =
= I% o C*(pr)) (V) (€1 - -+ Eot1) =

/¢ S Ger))dpx (z) =
= C*(pr)(€15- -, Eot1) -

This proves the commutativity of the diagram, whence the thesis. O

Remark 4.8. Notice that in Setup we also assume the existence of a measurable
cocycle. However, we do not need this assumption in the previous result, since we
construct o, from the given representation p.

Remark 4.9. Let p: L — G’ be a continuous representation and suppose there exists
a p-equivariant measurable map ¢: G/Q) — Y. By Proposition we know that

C*(@%)(¥) = C*(p)(¥) -
Hence, as a consequence of both Proposition and Proposition we obtain

C*(py) = C*(@7)() = C*(m) 0 C*(@¥)(¥) = C*(m) o C*()(¢) -
This shows that Proposition can be interpreted as a generalization of the fac-

torization result in the case of representations stated by Burger and Iozzi [BIO9,
Proposition 4.6].

Now we are finally ready to state and prove the fibered multiplicative formula
which extends both our easy multiplicative formula (Proposition [1)) to the fibered
setting and Burger and lozzi’s results for representations [BIO9, Proposition 4.9,
Principle 4.11] to the wider setting of measurable cocycles.

Proposition 4.10 (Fibered multiplicative formula). In the situation of Setup
we have the following:
(1) Let ¥/ € BX(Y*t1;R)Y be an everywhere defined G'-invariant cocycle and
let v € L°((G/Q)*T1)E be a G-invariant cocycle . Denote by ¥ € H%(G;R)
the class of 1. If we suppose that ¥ = trans} [C*(®X)(¢)')], then we have

/L\G/ ?l) ¢.+1 g gla e 7§'£0+17 [L‘))d/.LX(.%)d/.L(g) = C.(m)(d))(gl? e ,§,+1)+cob0und. )
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for almost every (&1,...,8et1) € (G/P)}H.
(2) Suppose that HY(G;R) = RU(= R[¢)]) and let Ay () € R be the multi-
plicative constant associated to o, 1. Then, we have

[ [ (657 6 g2 (2)du5) = dorl0) C ) () opr) +eobound.
ING JXx

for almost every (&1,...,6et1) € (G/P)}H'

Proof. Ad 1. The proof is based on the commutativity of Diagram @ Recall that
we have

H%y (k) o transy = 78, p o Hy(ke) |
where transj, is the transfer map defined in Section 2.3 and 7¢, , is the transfer map

with coefficients defined in Section 2.5
Since by hypothesis we know that

U = transy [C*(@Y)(4)]
we can apply to both sides the map HY (k) induced by the change of coefficients:
(k) (P) = Hiy(rg) o transy [C*(@Y) (¢')] = 78 p 0 HE(r6) [C*(D¥) (4)] -

Moreover, by Proposition [£.6] we have that

[C*(@F) ()] = Hey(ra)[C*(@¥)(v)]
which implies

5(k6) (V) = 78, p[C*(DF) ()] -

The previous equality can be rewritten at the level of cochains

C*(m)(¥) +8°0 = 7o (C*(2F)(v))

where 0 € L‘X’((G/P)})G. This finishes the proof.
Ad 2. If we have the isomorphism HY(G;R) = R W, then there must exist a
multiplicative constant Ay (o) € R such that

trans}, o [C*(@%)(1)] = Ay () .
The claim now follows as a consequence of Ad 1. O

Remark 4.11. Tt is immediate to check that when H = G the content of Proposition
reduces to the easy multiplicative formula (Proposition [1)).

Remark 4.12. Sometimes one can assume that there is no coboundary term in both
the equations which appear in Proposition This assumptions is not too re-
strictive. Indeed, in presence of an ergodic action of H on the quotient (H/P)®, the
group G acts ergodically on the fibered product (G/P)} (see [BI09, Remark 4.10]).
For instance this may happen when e = 2 and so LOO((G/P)?) =~ R. Hence, there
cannot be any coboundary term.
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5. CARTAN INVARIANT OF MEASURABLE COCYCLES OF COMPLEX HYPERBOLIC
LATTICES

Let I' < PU(n,1) be a torsion-free lattice with n > 2 and let (X,ux) be a
standard Borel probability I'-space. Consider a cocycle o: I'x X — PU(m, 1), where
we suppose m > n. In this section we are going to define the Cartan invariant i(o)
associated to o. To this end, we have to assume the existence of an essentially unique
boundary map ¢ associated to o. Since the pullback class along ¢ determines a
square integrable smooth 2-form on the complex hyperbolic space H, we will follow
the construction performed by Burger and lozzi [BIO7hb]. Indeed, our numerical
invariant will extend the classic Cartan invariant associated to representations and
it will satisfy a rigidity result which may be interpreted as a Cartan theorem for
measurable cocycle. More precisely, we will show that the Cartan invariant of any
cocycle satisfies |i(0)] < 1. Moreover, we will prove that the maximum is attained
if and only if o is cohomologous to the cocycle induced by the standard lattice
embedding i: I' — PU(n,1) < PU(m,1). To prove the latter result we will use our
fibered multiplicative formula described in Proposition

5.1. Cartan invariant of measurable cocycles. Let us consider C™!, i.e. the
complex vector space C"™! endowed with the standard Hermitian form of signature
(n,1) defined by

n

h: CFLx C™ 5 C, h(v,w) = vil; — V1Tt -

i=1

If we denote by V_ the cone of negative vectors
V_ = {v e C" |h(v,v) <0},

the complex n-dimensional hyperbolic space Hg is the projectivization of the negative
cone P(V_) equipped with the unique distance d satisfying

h(v, w)h(w,v)

cosh? d([v], [w]) = h(v, v)h(w,w)

for every v,w € C™'. The complex n-dimensional hyperbolic space HZ endowed
with this metric structure becomes a simply connected Riemannian manifold whose
sectional curvature varies between —4 and —1. Since its isometry group is PU(n, 1),
the complex hyperbolic space can be alternatively interpreted as the global sym-
metric space naturally associated to PU(n, 1).

For any k € {0,...,n}, a k-plane is a totally geodesic isometric copy of H{é
holomorphically embedded in Hg. Of course, when k = 1 we find the usual notion
of complex geodesic.

For our purposes we will be mainly interested in the boundary at infinity Ju H
of the complex hyperbolic space. This boundary can be identified with a (2n — 1)-
dimensional sphere corresponding to the projectivization of the null cone

Vo = {UG(C”'H | h(v,v) =0} .
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Notice that the boundary of a k-plane in 0. Hf: consists of an embedded copy of
Oso Hfé. We refer to the latter as a k-chain, or simply chain if kK = 1. Since any
chain is completely determined by any two points lying on it, two distinct chains
are either disjoint or they meet exactly in one point.

Consider now the Hermitian triple product

() ((C”’l)3 — C, (z1,22,23) = h(z1,22)h(22, z3)h(23, 21) .

If we denote by (0 H@)(?’) the set of triples of distinct points on the boundary at
infinity, the triple product allows us to define the following function

2
nt (B HY)B) = [=1,1], enl(&r,&2,8&) = ;arg(zl,@,zs) ,

where & = [z;] and we choose the branch of the argument function such that arg(z) €
[—7/2,7/2]. It can be seen that ¢, extends to a PU(n, 1)-invariant alternating Borel
cocycle on the whole (9 H)3. This produces an element

n € B (00 HE)?; R)PU(WD)

The previous cocycle ¢, is called Cartan cocycle. As explained in Section the
Cartan cocycle naturally determines a class in the one-dimensional bounded coho-
mology group H% (PU(n, 1);R) (see for instance [BI07al Section 5]).

Let w, € Q?(HZ) be the Kéhler 2-form, which is PU(n, 1)-invariant. By the Van
Est isomorphism [Gui80, Corollary 7.2] we know that Q2(HR)PU(1D) is naturally
isomorphic to H2(PU(n, 1); R) and hence w, determines a continuous cohomology
class k,, called Kdhler class. Since the Kéhler class is bounded, it lies in the image
of the comparison map

comp?: H%(PU(n,1);R) — H2(PU(n,1);R) .

Hence, it comes from a class x? € H?(PU(n,1); R) which can be considered as a
generator. The latter element kL is called bounded Kdihler class. One can express
the relation between the class determined by the Cartan cocycle and the bounded
Kahler class as follows

b
el = =2 € H2,(PU(n, 1);R) .

The previous formula shows that the cocycle ¢, is a natural representative for the
bounded Kahler class.

We are now ready to define the Cartan invariant associated to a measurable
cocycle. Let I' < PU(n, 1) be a torsion-free lattice, with n > 2. Let (X, ux) be
a standard Borel probability I'-space. Consider a measurable cocycle o: I' x X —
PU(m,1), where m > n. Assume that o admits an essentially unique boundary map
@ Ooo Hit XX — 0o H'. Following Definition we consider the pullback along
the boundary map ¢ of the cocycle mcy,:

C*(@%)(mem) € LK (900 HY) S R)
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Thus, as explained in Section we know that the previous cocycle canonically
determines a bounded I'-invariant differential forms via the map

02,1 L3 (90 HZ)® R)T — Q2 (HR)T

ot
restricted to I'-invariants. Moreover, recall that the space of bounded differen-

tial forms naturally injects into the space of invariant L?-forms via the injection
i3: Q2 (HP)' — Q2(HZE)', and hence we obtain a map

83 L (0w HE) R)" — Q3(HY)" .
The map above allows to us define the following differential 2-form
wn(0) = 83(C(@X) (mem)) € DB(HR)" .

Let now M = I'\ H be the complex hyperbolic manifold of finite volume asso-
ciated to I'. Being bounded and PU(n, 1)-invariant, the Kéhler form w, descends
naturally to a differential 2-forms wpy; which lies in H%2)(M;]R) = H*(Q3(M;R)).
Similarly, the I'-invariance of w(o) implies that we may interpret it as a differential
2-form on M and hence it determines an element in H%Z)(M ;R).

Definition 5.1. Let I' < PU(n,1) be a torsion-free lattice. Let (X,ux) be a
standard Borel probability I'-space. Consider a measurable cocycle o: I' x X —
PU(m, 1), with m > n > 2. Suppose that there exists an essentially unique boundary
map ¢: Ox Hit xX — O H¥. We define the Cartan invariant associated to the
cocycle o to be the following numerical invariant

i(o) = (wn (o), wr) _ <5\§(C2(Q)X>(7rcn)),wM> 7

(War,war) (war, war)

where (-, -) denotes the usual inner product on the space of L2-forms.

Remark 5.2. It is worth noticing that when I' is a uniform lattice (and so M =T/
X is compact) it follows that H%Q) (M;R) = H3 (M;R) as a consequence of Hodge
theory. In particular, in this context both w(c) and wjys can be interpreted as
elements of H3 (M;R).

Since any representation p: I' — PU(m,1) naturally determines a measurable
cocycle o,: I' x X — PU(m, 1), a natural question is whether there exists a relation
between the Cartan invariant associated to p defined by Burger and lozzi [BIOTD]
and our Cartan invariant of o, just introduced. Assuming p non-elementary, we are
going to answer affirmatively to the latter question in the following:

Proposition 5.3. Let I' < PU(n, 1) be a torsion-free lattice and consider a non-
elementary representation p: I' — PU(m, 1), where m > n > 2. For any stan-
dard Borel probability T'-space (X, ux), given the measurable cocycle associated to
p, 0p: I'x X = PU(m, 1), we have

i(o,) =1p -
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Proof. Since the representation p is non-elementary, we know that there exists a
boundary map ¢: O Ht — 0o H' which is essentially unique by the doubly ergodic
action of I' on 0, H (see for instance [BM96]).

Recall that, given any standard Borel probability I'-space (X, i x ), the measurable
cocycle o, associated to the representation p is defined by

0p: I'x X = PU(m, 1), o,(v,2) :=p(7v),

for every v € I' and almost every x € X. Moreover, the associated boundary map
is defined as

¢ 0o HE XX — 0o HE, o(&,2) = (&) ,
for almost every £ € O H and almost every € X. Recall now that gg(C2 (p)(mem))
is a natural representative for the class p%z)(/fm) IS H%z) (M;R), where the map

P%2)3 HZ(PU(m,1); R) — H?Q)(M;R)
is the one defined by Burger and lozzi [BI07al Corollary 6]. Since Proposition
implies
C*(@%)(mem) = C (@) (mem)
we get the following chain of equalities
o) = BC @) wen)) om) _ (B men).wons) _ (lom)ons) _,
(Wi, war) (whr, war) (whr, war) ?

This finishes the proof. O

We conclude this section by showing that the Cartan invariant is constant along
the PU(m, 1)-cohomology class of the cocycle o: I' x X — PU(m,1). This result
generalizes the invariance of the classic Cartan invariant of representations with
respect to the action of PU(m, 1) given by conjugacy.

Proposition 5.4. Let I' < PU(n,1) be a torsion-free lattice and let (X, ux) be
a standard Borel probability I'-space. Given m > n > 2, we consider a measurable
cocycle o: T'x X — PU(m,1). Assume that o admits an essentially unique boundary
map ¢: Ooo Hit XX — 05 H¥. For any measurable map f: X — PU(m, 1), we have

i(f.0) =i(o),
where f.o is the cocycle twisted by f.
Proof. By Definition [2.5] and recall that the twisted cocycle

fo:Tx X = PUm, 1), (fo)(y,z) = fly.x) to(y,z)f(z),
admits as essentially unique boundary map
f-9: O HE XX = O HE, (f.0)(&,2) = f(z) 7 9(& ) ,

for almost every £ € 0, Ht and almost every « € X.
Since thanks to Proposition [3.12| we know that

C2(f.0%) (mem) = CHOX) (men)
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it is immediate to check that

53(C? *)(me w 62(C2(®X) (me w
(o) = BCUL ) wem)) wnr) _ BCH@N) (mem)wns) _ 0

(war,war) (W, war)

This finishes the proof. O

5.2. The Cartan invariant as a multiplicative constant. As discussed so far we
can interpret the Cartan invariant associated to measurable cocycles as an extension
of the ordinary Cartan invariant for representations. In this section we show that the
Cartan invariant is in fact a multiplicative constant in the sense of Definition [3.16
Thanks to this interpretation, we will get a Milnor-Wood type inequality for the
Cartan invariant (Corollary . Moreover, we are going to investigate the relation
between the vanishing of the Cartan invariant and the totally real condition of the
associated cocycle (see Definition . This will provide an extension of a result
by Burger and lozzi [BI12, Theorem 1.1] to the setting of measurable cocycle. We
conclude this section by showing that maximal measurable cocycles can be trivialized
(modulo a compact group when m > n). The proof of the latter statement is based
on Proposition [£.10]

Let I' < PU(n, 1) be a torsion-free lattice and let (X, ux) be a standard Borel
probability I'-space . Suppose that o: I' x X — PU(m, 1) is a measurable cocycle
with essentially unique boundary map ¢: 0, H¢t XX — 0o H{¥. Here, we always
assume m > n > 2.

Recall that the (bounded) Kéhler class k, is a generator of the (bounded) con-
tinuous cohomology group H%C)b(PU(n, 1); R) [BIOTa, Section 5]. This means that

H2(PU(n, 1);R) = H% (PU(n, 1);R) = Rk, = R[rc,] .

Hence, our setting satisfies the hypothesis of Proposition [I}2. Thus, given the Borel
cocycles ¢ € B®((Ooo HE)3R)PU™D and ¢, € L% (0 HE)? R)PUMD | we can
consider the multiplicative constant A, ., (o) associated to o,cp,c,. For ease of
notation, we will simply denote by A, (o) the previous multiplicative constant.
The following result shows that the Cartan invariant agrees with the multiplicative
constant Ay, (o).

Proposition 5.5. Let I' < PU(n,1) be a torsion-free lattice and let (X, pux) be a
standard Borel probability T'-space. Given a measurable cocycle o: I'x X — PU(m, 1)

with m > n > 2, assume that it admits an essentially unique boundary map
¢: Oso Hp XX — 0o H'. Then, we have

i(0) = Amn(o) .

Proof. As already mentioned in Section recall that the space Q2(HZ)P Uln1) s
isomorphic to the subspace Rwys of the space H2(Q$(HZ)T). In particular, the
previous isomorphism sends the generator wp; to the Kahler form w,. According
to this observation, we can adapt Diagram to our context. This produces the
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following commutative diagram

HP (B2 (900 HE)*H R)PUC™L)

H?(2%)
52 o
2 2T 2700 A\ J2
Hy (I R) H2(Qg(H2)T) Ry
trans% o
HZ,(PU(n,1); R) . H2(PU(n, 1); R) ————> Q2(HE)PUD |
COMPPU(n,1) (VgPU(n,l))

By Definition [3.16| we know that

compl%U(nJ) (trans% [CQ(CI)X)(Wcm)]) = )\m,n(a)compl%U(n’l)(ﬁg) = A (0)kp

Applying the inverse of the Van Est isomorphism [Gui8(, Corollary 7.2] we obtain
vV E%U(n,l))_l()\m,n(a)(’in)) = Amn(0)wn .

Since we know that the map j2: H?(Q$(HZ)") — Rwyy is an orthogonal projector,
we know that

, : (w(o),wnr) :
J3(83 p[C* (@Y ) (mem)]) = j3(w(0) = ~———"wm = i(0)wn -
(Wt war)
Then, the commutativity of the diagram above implies
Amn(0) =i(0)

as claimed. n
Remark 5.6. When ¢ is the cocycle associated to a non-elementary representation
p: I' = PU(m, 1), it is easy to verify that the multiplicative constant A, ,, (o) be-

comes the bounded Toledo invariant ty(p). This allows us to interpret the previous
proposition as a generalization of [BIO7a, Lemma 5.3].

Thanks to Proposition we easily obtain a Milnor-Wood type inequality for
the Cartan invariant.

Corollary 5.7. Let I' < PU(n,1) be a torsion-free lattice and let (X, px) be stan-
dard Borel probability I'-space. When m > n > 2, consider a measurable co-

cycle 0: T' x X — PU(m,1) which admits an essentially unique boundary map
@1 Ooo HEt XX — Ox H'. Then, we have

i) <1.

Proof. By Proposition we know that the Cartan invariant i(o) is equal to the
multiplicative constant associated to o, ¢, cn:

i(0) = Amn(o) .
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Using the definition of multiplicative constant, the equation above implies
i(0)kb = transi[C% (X)) (mep)] |
where x© is the bounded Kihler class.

Recall that [[cilec = [|n]leo = 1 [G0l99, Chapter 7]. Then, since the action of I’
on O HE is doubly ergodic, we have

i(0)en = transy (C2(X)(cm))

at the level of alternating cochains. Hence, the setup of Proposition [3.17]is satisfied
and we get the thesis. O

Before studying the rigidity property of the Cartan invariant, we investigate now
for which conditions the Cartan invariant of a measurable cocycles vanishes. To this
end, we need to introduce the notion of totally real measurable cocycle.

Definition 5.8. Let I' < PU(n,1) be a torsion-free lattice and let (X, ux) be a
standard Borel probability I'-space. A measurable cocycle o: I' x X — PU(m, 1) is
said to be totally real if it is cohomologous to a cocycle

O‘realil—‘XX—>G0,

where G is the stabilizer of some sphere So C 0 H which is the boundary of a
totally geodesic copy H]’f{ C HE.

Remark 5.9. Following the same terminology used by Zimmer [Zim84, Chapter 9.2],
we may say that a measurable cocycle o : I' x X — PU(m, 1) is totally real if its
algebraic hull is the stabilizer Go described above.

The notion of totally real cocycles is strictly related with the vanishing of the
Cartan invariant. The relation is completely described by the following result which
extends to measurable cocycles a work by Burger and Tozzi [BI12, Theorem 1.1] for
representations.

Theorem |2, Let I' < PU(n,1) be a torsion-free lattice and and let (X, pux) be a
standard Borel probability I'-space. Given a measurable cocycle o: I'x X — PU(m, 1)
with m > n > 2, assume that there exists an essentially unique boundary map
@1 Ooo HE XX — 05 HE. Then, we have the followings

(1) If o is totally real, then i(o) = 0;

(2) If X is T-ergodic and C*(¢) = 0, then o is totally real.

Proof. Ad 1. Since by Proposition the Cartan invariant is invariant along the
PU(m, 1)-cohomology class of o, we can suppose without loss of generality that o
takes values in G, where

Go = Stabpy(im,1)(So)
is the stabilizer of some sphere Sy which is the boundary of a totally geodesic copy
Hfﬁi C HF. In this case, it is easy to check that we can restrict the image of the
boundary map ¢ to the (k — 1)-dimensional sphere Sy, that is

¢: O HE XX — S .
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For almost every x € X, we define ¢ : Joo Hit — So by ¢4(§) = ¢(§, x). Since X
is a standard Borel space, the map ¢,, is measurable for almost every € X [FMW04,
Lemma 2.6].

Recall by Proposition that i(c) = Am,n(0) and as already shown in its proof,
we have )

transp (C2(®%)(cm)) = i(0)cn

at the level of cochains. By rewriting explicitly the equality above, we get
Lo ] on6:(@60), 00000, 62(0.60) dux )d(a) = i0)elér. 2,)
M\ PU(n,1) J X

for almost every &,&2,83 € Ox H¢. Here p is the PU(n, 1)-invariant probability
measure on I'\ PU(n, 1). Since ¢, takes values into the sphere Sy for almost every
x € X, by [BI12, Corollary 3.1] we have that

cm(92(9.61), #2(9.62), 2(9.€3)) =0,

for almost every x € X and almost every g € I'\ PU(n,1). Hence, the equality
i(o) = 0, as desired.
Ad 2. Suppose that C?(¢)(c,,) = 0. This means that

cm(92(61), @(€2), 02(83)) =0,

for almost every x € X and almost every £1,&2,£3 € O H. If we consider the
essential image
E, := Esslm(¢;) ,

we immediately notice that the o-equivariance of the map ¢ implies that

E’y.x = U('Ya Jj)Ex )
for every v € I' and almost every x € X. Since the Cartan cocycle vanishes identi-
cally on EssIm(¢,), by [BI12, Corollary 3.1] it follows that for almost every x € X,
there exists an integer 1 < k(z) < m and a suitable (k(z) — 1)-sphere S, embedded
in 0sc H{¥, such that

E,CS.:,

for almost every x € X. By the o-equivariance of the family {F;},cx we have that

S’%ilf = 0(77'%.) 81‘ )

for every v € I and almost every € X. By keeping the notation k(x) = dimg S,
the previous condition implies that the dimension essentially constant and we denote
it by k.

Denote by Sph*~! (04 H') the space of (k—1)-spheres embedded in the boundary
at infinity 0 HI®. Notice that Sph*~1(9. H) is a PU(m, 1)-homogeneous space,
since the action of PU(m, 1) on (k — 1)-spheres is transitive. Hence there exists a
measurable function f: X — PU(m, 1) such that

Sx = f(l’) SCEO 9

for a fixed g9 € X and almost every z € X. It easy to verify that f.c has image
contained into Go = Stabpy(m,1)(Sx,), and the claim is proved. O



MULTIPLICATIVE CONSTANTS AND MAXIMAL COCYCLES 48

After having characterized the totally real measurable cocycles, we discuss now
the maximal ones. More precisely, we are going to show that if a measurable cocycle
has maximal Cartan invariant, then it is cohomologous to the cocycle associated to
the standard lattice embedding i: I' — PU(n,1) < PU(m, 1) (see Theorem [3). To
this end, we have to rewrite the fibered multiplicative formula (Proposition 4.10)) in
this setting. First, we introduce some notations. Denote by C, the set of all the
possible chains in Ju H:

Cn ={C C 0 Hf |C is a chain} .
Then, we define the configuration space of k-tuples of points on a chain as follows

Cl = {(C,&, ..., &) € Co x (0 HE)*|C € Cpy &1, -, & € C} .

Notice that C,, can be realized as homogeneous space of the group PU(n,1). Indeed,
denote the stabilizer of a fixed chain Cy € C,, by

H = Stapr(njl)(Cg) .
The group H is isomorphic to the group P(U(1,1) x U(n — 1)) and since the action
of PU(n, 1) on C,, is transitive (being transitive on pair of distinct points of 0, Hf),
we immediately get a PU(n, 1)-equivariant measure-class-preserving diffeomorphism
eve,: PU(n,1)/H — Cyp, eve,(gH) = g.Cy .
Similarly, let & € O H: be a fixed basepoint and let

Q = Stabpy(n,1)(&o)
be the associated stabilizer in PU(n,1). Set P := QN H. We can define the map

evey.g: PU(n,1)/P — CLL”, evey g (9P) = (9.Co, 9.&0) -

The above map is a measure class preserving diffeomorphism which is PU(n, 1)-
equivariant with respect to the natural PU(n, 1)-action on PU(n,1)/P and the di-
agonal action of PU(n,1) on clt ], respectively. Since PU(n,1)/P coincides with the
fibered product (PU(n,1)/P) associated to the projection

r: ¢l = ¢, n(C & =C,

the construction described above can be extended to every k > 1. More precisely,
for every k > 1 and (Co,&1,...,&) € Cq[f], the map

Veo e bt PU(R,1) x (H/P)F — clH
eveo e, (9, Py e P) = (g.Co, gh1 &, - ., ghy &)
is H-invariant with respect to the action defined by Equation and hence it in-

duces a measure-class-preserving diffeomorphism between cﬂ“ I and the k-fold fibered
product:
Ve 8,6 0 (PU(R, 1)/P)’; - C%] .
Consider now I' < PU(n, 1) a torsion-free lattice, with n > 2. Let (X, ux) be
a standard Borel probability I'-space. Let o: I' x X — PU(m, 1) be a measurable
cocycle with essentially unique boundary map ¢: 0 Hg XX — O H, where m >
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n. If we now restrict the boundary map ¢ to a chain C € C,,, by Fubini’s Theorem
we have that the map
do: C X X = 0o HEY |

is measurable and o-equivariant

Oy.c(1:8,7.w) = o(y,2)pc (&, 2)
for every v € I' and almost every C' € C,,,& € C,x € X. The map above allows us
to define the following map
OBl Bl x X — (0, HE)?

oPl((C,€1,6,8),2) = (¢c (&1, ), dc(é2,2), o (&3, 7)) -

We are now ready to rewrite the fibered multiplicative formula (Proposition 2)
in this specific context.

Proposition Let T' < PU(n,1) be a torsion-free lattice and let (X, ux) be a
standard Borel probability I'-space . Consider a measurable cocycle o: ' x X —
PU(m, 1) with m > n > 2. Assume there exists an essentially unique boundary map

¢: Ooo HE XX — 0o HE. Denote by ¢l el x — (0o HE)3 the map induced on
the configuration space C[r;:’]. Then, we have

/ / em(0PN((9.C, 5€1,9.62,9.83), ) dpx (2)dpu(g) = i(0)en(r, 2, E3)
I\ PU(n,1) J X

for almost every C € C,, and &1,&2,&3 € C. Here p is the PU(n, 1)-invariant proba-
bility measure on I'\ PU(n, 1).

Proof. Let P,H,Q < PU(n,1) be as in the discussion above. Since @ is the parabolic
stabilizer of a point &y € Js HE, it is an amenable group. The same also holds for
P being a closed subgroup of the amenable group ). Notice that H acts ergodically
on the product (H/P)? and hence by Remark there are no coboundary terms
appearing in the fibered multiplicative formula (Proposition 2).

In order to satisfy Setup and apply Proposition 2, we set

L=T, G=PU(n,1), G’ =PU(m,1) and Y = O, HY .
Moreover, we take
V' = em € BX((9u HE) R)PV™D and ¢ = ¢, € (0 HE) R)TVWD

Then, since

A ()K= A (0)[7en] = transE [CPH(DY) (mem)]

we have
/ / e (63761, 5.6, 7.£3, 2))dpix (2)dp(G) = Ao (0)n(E1, €0,E3) |
I\ PU(n,1) J X

The thesis now follows from Proposition which implies A, ,(0) = i(o). Notice
that the discussion above shows that gf)i’c = B3l O

As a consequence of Proposition [d we obtain our main rigidity theorem.
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Theorem |3\ Let I' < PU(n,1) be a torsion-free lattice, with n > 2. Let (X, pux)
be a standard Borel probability I'-space . Given a measurable cocycle o: ' x X —
PU(m, 1) with essentially unique boundary map ¢: 0o Hf XX — oo HEY, we have

li(o)] < 1.

In particular, i(c) = 1 if and only if o is cohomologous to the cocycle o; induced
by the standard lattice embedding i: I' — PU(n,1) < PU(m, 1), possibly modulo a
compact subgroup when m > n. Here PU(n, 1) is seen as a subgroup of PU(m,1)
via the upper-left corner injection.

Proof. Assume that o is maximal, i.e. i(c) = 1. If we substitute this value in the
formula of Proposition [d] we get that

/ / en(S9((G.C, 561, .69,7.63), 2))dpix (2)du(G) = cn(E1, €0,63) |
'\ PU(n,1) J X

for almost every C' € C,, and £1,&,&3 € C. Let us take a chain C' € C,, and a
triple of points &1, &2, &3 € C such that ¢, (&1, &2,&3) = 1. Then, the previous formula
implies

(22) / / en(8P((9.C,5.61,7.62,G.63), ) )dpx (z)dp(@) = 1 .
I\ PU(n,1) /X

As a consequence of Equation (22), we obtain

Cm(qs[g}((gca g-fla§'€2’§'§3)a$)) =1 )

for almost every g € I'\ PU(n,1) and almost every z € X. The o-equivariance of
the map ¢ implies that

(23) en(8P((9.C, 9.1, 9.6, 9.63),2)) = 1

still holds for almost every g € PU(n, 1) and almost every z € X.

Now for almost every x € X we define ¢y : 0s Ht = 05 HE by ¢2(&) = ¢(€, x).
By construction the functions ¢, are measurable for almost every = € X [FMWO04,
Lemma 2.6]. If we restrict these measurable functions to a chain C' € C,,, we obtain
for almost every C' € C,, a measurable map

brc: C — O HE .
Hence, we can consider the following measurable map
of: Ol = (9 HE)?, o8(C,61.62,6) = (60.0(60), du0(€2): 6r.0(83)) -
If we rewrite Equation via ¢£§’ ], we get
em(8(9.C, 9.61,9.62,9.63)) = em(Da,9.0(9:€1), Purg.c(9.62), bug.c(9:&5)) = 1

for almost every g € PU(n, 1) and almost every x € X. The latter equation implies
that ¢, satisfies the hypothesis of [BIO7b, Theorem 2.1] and hence it is induced by
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an isometric holomorphic embedding of H¢ in H'. More precisely, let us consider
the upper-left corner injection given by

inm: PU(n,1) = PU(M, 1), inm(g) = ( . >
m—n»
where I,,_, is the identity matrix of order (m — n). This map induces a natural
embedding j7: H¢ — HE which is i, ,,-equivariant and any other isometric holo-
morphic embedding is given by g oy, where g € PU(m,1). By [BIO7b, Theorem 2.1]
there exists f(z) € PU(m, 1) such that

$2(§) = f(x)1(8) ,

for almost every £ € 0o H. In this way we get a map f: X — PU(m,1).
Since by assumption X is a standard Borel space, the measurability of f follows
by Fisher, Morris and Whyte [FMWO04, Lemma 2.6]. Indeed the map o X —
Meas(0so H¢t, 0o HE), g/i)\(m) = ¢, is measurable. The thesis now follows by imitat-
ing the proof of Bader, Furman and Sauer [BES13|, Proposition 3.2].

Let

C := Stabpy(m,1)(7)
the subgroup of PU(m, 1) which fixes the image of j pointwise. The latter is the

trivial group when n = m and it is compact when m > n. Fix now v € I'. On one
hand it holds

o(v.&v.a) = f(r-a))(v-€) = f(7-2)inm(7)2(E)
and on the other hand we get

(., v.2) = o(v.a)p(§,x) = o(y,2)f(2)1(E) -
Thus it follows
inm(7) = f(y.2) o(y,2) f(x)  mod C,
ad claimed. O
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