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Abstract

We introduce a set of constraints on the multinomial logit (sub)model for the transi-
tion probabilities of Markov chain and Hidden Markov models with covariates. These
constraints have a straightforward interpretation and make the model more parsimonious
with respect to the standard formulation. Estimation based on the maximum likelihood
approach is developed under different constraints. The proposal is validated by a series of
simulations and illustrated by an application about the evaluation of differences in general
self-assessed health according to the available covariates, using longitudinal data from the
Health and Retirement Study.
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1 Introduction

In the analysis of time-series and longitudinal data, Markov Chain (MC; Anderson, 1954;
Meyn and Tweedie, 2012) and Hidden Markov (HM) models, also known as latent Markov
models (Bartolucci et al., 2013; Zucchini, MacDonald, and Langrock, 2016), are fundamen-
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tal tools, especially when the analysis is focused on transitions, or the need to dynamically
cluster individuals arises. In particular, with only one categorical response, an MC model
allows studying the initial distribution of this response variable and its conditional distribu-
tion given the previous category. HM models are more flexible as they can be used with
response variables of any nature, even when more responses are available at each time
occasion. In fact, the basic assumption of HM models is that, underlying every time-specific
response, there is a latent variable and that the sequence of these latent variables follows a
Markov chain with a given number of latent states. Therefore, HM models are among the
most important discrete latent variable models (Bartolucci et al., 2022).

Several applications of MC and HM models are nowadays available in many fields;
see Mor et al. (2021) and Visser and Speekenbrink (2022), among others. In particular, the
inclusion of latent variables in an HM model may be motivated in different ways (see Barto-
lucci et al., 2013; 2014). When a single categorical response is observed, an HM model with
anumber of latent states equal to the number of categories may be seen as an extension of an
MC model for measurement errors. Another motivation is based on the assumption that the
responses, possibly multivariate, depend on a discrete latent variable, the values of which
correspond to separate clusters; in this way it is possible to perform model-based clustering
in a dynamic fashion.

Especially with longitudinal data, which are of main interest for the present proposal,
individual time-varying covariates are typically available. These covariates can be included
in an MC or HM model by a suitable parametrization (Bartolucci et al., 2014), so that the
model is time non-homogenous. Typically, both (sub)models for the initial and transition
probabilities of the (possibly latent) Markov chain are based on multinomial logits, condi-
tional on the previous state in the case of the transition probabilities; see Azzalini (1994) for
alternative parametrizations for MC models. Regarding the application of HM models based
on a multinomial logit parametrization of the transition probabilities, it is worth mentioning
Spezia (2006), Meligkotsidou and Dellaportas (2011), Maruotti and Rocci (2012), Di Mari
et al. (2016), Koki et al. (2020), and Wang et al. (2023).

With several latent states, say at least three, the multinomial logit parametrization of
the transition probabilities makes the model very complex as it includes many parameters,
which may be challenging to interpret, and could lead to numerical instabilities in perform-
ing Maximum Likelihood (ML) estimation, especially when transitions between certain
pairs of states are unlikely. To clarify this point, consider that with k states there are k — 1
logits for the initial probabilities and k(k — 1) logits for the transition probabilities and, for
each logit, the model uses s + 1 parameters, being s the number of covariates.

In order to face the parsimony issue of the MC and HM models with individual covari-
ates, we introduce a series of meaningful constraints on the multinomial logit parameters
for the transition probabilities. Paying attention to the simplicity of the proposed approach,
all constraints that we consider are linear. Obviously, without covariates, these constraints
may be expressed on the intercepts only. The proposed constraints also improve interpret-
ability of the model, but we must be aware that, obviously, this comes at the cost of reduced
flexibility.

Alternative approaches may be adopted to increase the interpretability and the parsimony
of an MC or HM model. One of the main of these approaches was introduced by Bartolucci
(2006), where linear constraints are directly expressed on the transition probabilities. The
latter approach, while allowing constraints of interest such as that certain probabilities are
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equal to zero, may be more complex to be used in practice. It is also obvious that reducing
the number of latent states in an HM model makes the model more parsimonious. However,
the point of view here adopted is that, in certain applications, it may be more interesting to
employ a larger number of latent states with interpretable constraints on the transition prob-
abilities, rather than using a reduced number of states without such constraints.

In the present paper, we also show how to perform ML estimation of the constrained
model by a Newton—Raphson (NR) algorithm for MC models and an Expectation-Maximi-
zation (EM) algorithm for HM models. To assess the precision of the ML parameter esti-
mates, asymptotic standard errors may be obtained in the usual way through the observed
information matrix, which is directly provided by the NR algorithm. On the other hand, the
EM algorithm does not use the information (neither expected nor observed) matrix. In such
a situation, an alternative procedure to obtain standard errors for parameter estimates is to
rely on a (parametric or nonparametric) bootstrap procedure (Davison & Hinkley, 1997).
Obviously, apart from full ML estimation based on the EM algorithm, other methods may
be applied to estimate the models developed in the present paper. In this regard, the three-
step estimation method proposed in Bartolucci et al. (2015) and improved by Di Mari et al.
(2016) is of particular interest for certain advantages in terms of interpretation and applica-
bility; see also Vermunt (2025).

The proposed approach is validated by a simulation study aimed at showing the effec-
tiveness of the proposed constrained models in recovering the true data generating process
in terms of higher accuracy of the parameter estimates and lower numerical instability of
the estimation process. We also present an application based on the Health and Retirement
Study (HRS) that explores how the perceived individual health is associated with the avail-
able covariates. This study, conducted by the University of Michigan (Juster & Suzman,
1995), concerns aspects related to retirement and health among elderly individuals in the
United States; see Bartolucci et al. (2014) for more details on the data and other model
formulations. This application also demonstrates how to select a suitable constraint on the
basis of the Akaike Information Criterion (AIC; Akaike, 1973) and the Bayesian Informa-
tion Criterion (BIC; Schwarz, 1978), and offers an interesting comparison between MC and
HM models.

The remainder of the paper is organized as follows. After an outline of the MC and HM
models of interest, which is provided in the following section, in Sect. 3 we illustrate the
proposed constraints on the parameters of the transition probabilities of both models and
we provide a guidance in the choice of the constraints for a specific application. Likelihood
inference on the basis of algorithms of NR and EM type is illustrated in Sect. 4. In Sect. 5 we
report the results of the simulation study. Results of the illustrative application based on the
HRS data are reported in Sect. 6, while Sect. 7 contains main conclusions. Additional details
on the applications are presented in the Supplementary Information (SI) file.

The algorithms used for model formulation and estimation have been implemented in a
series of functions in R (R Core Team, 2025), which represent an extension of the LMest
package (Bartolucci et al., 2017; Pennoni et al., 2025) and are available to readers upon
request. These functions also rely on Fortran routines in order to enhance scalability with
large datasets.
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2 Preliminaries

Consider longitudinal data in which a vector of » response variables Y ;: is observed
together with a corresponding vector of covariates x;;, considered as fixed, fort =1,...,n
and ¢t =1,...,T. In the following, we outline the MC and HM approaches to model these
data. Note that we refer to the case of balanced longitudinal data, where we have the same
number of observations 7 for all sample units, but all the following methods can be easily
adapted to the case of unbalanced longitudinal data. In the latter case a specific number of
time occasions 7; is available for each individual i.

2.1 Markov chain approach

When Y ;; corresponds to a single categorical response variable denoted by Y;; and with £
categories labeled from 1 to k, an MC model with £ states can be directly formulated. In par-

ticular, the first-order version of this model assumes that, fort = 3,...,7T and given Y; ;_1,
Y is conditionally independent of Y1, ..., Y; ;2. The model is characterized by initial and
transition probabilities that, for every i = 1, ..., n, are denoted by

Niw =p(Yir =u), u=1,...,k,
Titaw =P(Yie = v|Yig1 =u), t=2,....T,uv=1..k

respectively. These probabilities are collected in the column vectors A;, i = 1,...,n, and
in the transition matrices II;;, ¢ =1,...,n, t =2,...,T. The dependence of the initial
probabilities on the vector of covariates in x;1, as well as the dependence of the transition
probabilities at time # on x;¢, is not explicitly indicated.

In modeling the dependence of the above probabilities on the covariates, the natural
parametrization is of multinomial logit type for all # units (Agresti, 2013; Bartolucci et al.,
2014). For the initial probabilities this parametrization assumes that

,U

log>\ =, + TPy, u=2,..., k. 1)

i1
In the following developments, it is convenient to express this initial (sub)model parametri-
zation using the matrix notation. In particular, we have that

Ai = m exp(GXﬂGl),

where 1, denotesacolumnvectorofkones, G = jk,l and,ingeneral, X ;; = I,_1 ® (1, 2},).
In the previous expressions, Iy, denotes an identity matrix of dimension £, I k,u denotes
an identity matrix of dimension £ without the u-th column, and ® denotes the Kronecker
product. The parameter vector 6, has elements (o, B4, .. ., a, B%)" and then is of length
(k —1)(s + 1), where s is the number of covariates in each vector x;;. However, the main
focus is usually on the transition probabilities. In this regard, we formulate the transition
(sub)model by assuming that

@ Springer



Annals of Operations Research

Tt uv

lit,uv - log = Yuv + w;t(suva u,v = 17 ceey ka v 7é u, (2)

Tit, uu

where the logits I;; .., have, as reference state, that corresponding to the row of the transition
matrix. An alternative parametrization may be based on using the first state as a reference
category; however, we consider the latter one as less interpretable. Denoting by 7r;; ., the
u-th row of the transition matrix IL;;, parametrization (2) may be expressed as

1
rexp(H X im,)

Tit,u = eXp(HuXitnu)a

where Hu:fk,u, X+ is a design matrix defined as above, and m, has ele-

ments (7u275;27"'77uk76;k)/ for u= 1, (’771.176;17711,376;37" '77uk56:¢k-)/ for
u = 2,and so on foru = 3, ..., k. These parameter vectors are collected in the unique vec-
tornp = (n,...,n;)". As we show in the following, we will assume that

n— Z6,, 3)

for a suitably defined design matrix Z and parameter vector 65, in order to make the model
more parsimonious, as we propose in Sect. 3.

2.2 Hidden Markov approach

In the general case, Y;; may contain more response variables of any type, and the HM
model assumes that, given a discrete latent process U;1, . . . , U;r with k states, the response
vectors Y1, ..., Y ;r are conditionally independent, for ¢ = 1,...,n. The model is then
based on a measurement (sub)model, corresponding to the conditional distribution of every
Y ,;: given U;;, and initial and transition (sub)models (in the same sense as in Sect. 2.1)
regarding the distribution of every unit-specific latent process.

To provide some examples, when Y ;; is a vector of continuous variables, the measure-
ment (sub)model may assume that

Yit|Uit:uNNT(I.Lu,E), u:17...7k], (4)

where N,.(-) denotes the multivariate normal distribution of order r, equal to the number
of response variables, 1, is the mean vector that is specific of latent state u, and X is the
common variance-covariance matrix under the constraint of homoskedasticity. Note that the
variance-covariance matrix may also be allowed to be heteroskedastic, that is, 33, can be
assumed to vary across latent states to account for more complex data structures. However,
in this case the number of parameters increases and the model becomes less parsimonious,
although it is more flexible. Moreover, as for finite mixture models, the likelihood can be
unbounded (McLachlan and Peel, 2000, Sec.2.5). With categorical response variables, the
main formulation is based on the parameters

(bjy,u:p(ytijt:y‘Uit:u% j:17"'1T7u:17"'7kay:17"'7cj> (5)
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where Y, for every ¢, denote the j-variable in Y';; and c¢; is the number of categories of
this variable. More sophisticated parametrizations may be based on suitable constraints that
have a specific interpretation; for instance, with binary variables coded as 1 for a correct
response and 2 for a wrong response, we may assume an HM Rasch model (Bartolucci et
al., 2008) based on the assumption

longfu—yj7 j=1...,rmu=1,... k,
¢>j2,u

where §, is an ability parameter and v; is a difficulty parameter. This parametrization may
be suitably extended to the case of response variables with more than two categories using
common approaches in the item response theory literature (Hambleton et al., 1991; Cai et
al., 2016).

A constraint that in certain applications may be adopted is that the latent states are ordered
(Bartolucci et al., 2009). With continuous variables and when assumption (4) is formulated,
ordered latent states may be imposed by requiring that

K1 <o S (6)

where the inequalities act element-wise. With categorical response variables, ordinal latent
states are formulated by requiring that

¢],1ZZ'¢JIC7 j:17"',’r7 (7)

where 1, , is the vector of the cumulative probabilities ¥y u = @j1,u + - + Pjy.us
y=1,...,¢j, so that the distributions are stochastically ordered with the latent state. For
any parametrization assumed on the conditional distribution of the response variables given
the latent states, the parameters of the corresponding (sub)model will be collected in vector
0s.

Regarding the latent structure, the typical assumption is that the Markov chain is of
first order and, for the initial and transition probabilities, we can use the same notation
previously adopted for the MC model. More precisely, we introduce the initial and transi-
tion probabilities

Xiw =pUn =w), u=1...k
Tituw = Pp(Upp = 0|Us -1 =w), t=2,....,T,u,v=1,...,k,

which may depend on the individual covariates as already described in Sect. 2.1; see in
particular equations (1) and (2). The corresponding vectors of parameters will be again
denoted by 8, and 65, and have the same structure illustrated above.
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3 Proposed models

In the following, we illustrate a set of constraints on the transition (sub)model for either an
MC or HM model through the multinomial parametrization (2). We recall that these con-
strained models will be expressed by the design matrix Z according to the linear form (3).
This matrix has the structure

Z = (Zl®is+1 Z2®js+1,1)a 3

where 1., denotes the first column of the identity matrix Iy, 1. In this way, recalling the
definition of 17 given at the end of Sect. 2.1, the first block of columns based on Z; is used
to impose constraints on the intercepts +,,,, while the second block based on Z5 is used
to impose constraints on d,,. Both matrices Z; and Z, have k(k — 1) rows and they are
simply equal to I (1) when no constraints are assumed on the parameters at issue. For the
constrained cases, the structure of these matrices is clarified in Appendix A.

In the following, we first illustrate general constraints on the parameters at issue and then
constraints that make sense when the latent states are ordered. This corresponds to the case
of ordinal response variables when an MC model is assumed or to the case of ordinal latent
states when a constraint of type (6) or (7) is adopted with HM models.

3.1 General constraints

We initially propose some constraints on the intercepts 7, that do not necessarily require
the states to have an ordinal nature. According to the first of these constraints, the param-
eters vy, are simply constant:

CONST-INT : yyp = 7,

where, as for the following constraints, u, v = 1,..., k, v # u. To clarify, we report below,
for k = 4 states and without the component associated to the covariates, the structure of the
matrix L;; of the logits /;; 4., defined in (2) and that of IL;; for a numerical example with
¥y=-1

0.475 0.175 0.175 0.175
0.175 0.475 0.175 0.175
0.175 0.175 0.475 0.175
0.175 0.175 0.175 0.475

Lit = ) Hit =

KR O
L2 O
2 Ol
O212121

We interpret each logit l;; .., as the differential attraction of state v with respect to state u
and then, under the constraint at issue, we note that this attraction is always the same, and the
off-diagonal elements of L;; and I1;; are constant. Moreover, as 7 increases these elements
obviously rise, meaning that the tendency to move away from the current state, expressed
as transition probability, increases, while the persistence probability decreases. To provide a
clearer understanding of this constraint, a graphical representation of the resulting transition
probability matrix is shown in the top-left panel of Fig. 1.

Other constraints are those of symmetry or reverse symmetry, which may be expressed
as
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CONST - INT SYMM - INT
State 1 State 2 State 3 State 4 State 1 State 2 State 3 State 4
State 1 0.175 0175 0175 State 1 0.276 0.167 0.102
1.00 1.00
sae2 0175 0175 0175 swe2 | 0333 0.074 0.045
075 0.75
0.50 0.50
- =02 - - o2
Swe3 0175 0175 0175 . Ste3 0237 0.087 0032 _ o
Sae4 0175 0175 0175 a4 0.165 0.060 0.037
RSYMM - INT DIFF - INT
State 1 State 2 State 3 State 4 State 1 State 2 State 3 State 4
State 1 0.102 State 1 0.276 0.167 0.102
State 2 0.029 e State 2 0276 0.167 0.102 e
azs ars
as0 as0
= =025 = =025
State 3 0004 o Stato 3 0.276 0.167 0102 o
Stato 4 0026 State 4 0.276 0.167 0.102

Fig. 1 Graphical representation of the transition probability matrices, IL;;, resulting from different con-
straints: CONST-INT (top-left), SYMM-INT (top-right), RSYMM-INT (bottom-left), DIFF-INT (bot-

tom-right). Darker shades indicate higher probabilities

. _ Yuww  ifv >,
SYMM-INT CYuv = { /S/Uu lf v < u,
. o e if v > wu,
RSYMM-INT : vy = { —Vou v < u.

As examples, for the symmetric constraint (SYMM-INT), we consider k£ = 4, 12 = —0.5,
Y13 = —1, 914 = —1.5, Y23 = —2, Y24 = —2.5, and 734 = —3. Therefore, we have the fol-

lowing structure for L;; and IL;;:

_O ’712 ’}/13 ’E/14 0.455

L.— 72 0 72 72 m. — [ 0333
i M3 ez 0 Az | it 0.237
Yia Y24 Y34 O 0.165

0.276 0.167 0.102
0.548 0.074 0.045 ) .
0.087 0.644 0.032 |~
0.060 0.037 0.738

moreover, the following matrices result for the second case (RSYMM-INT) with the same

parameter values:
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0 Y12 Y13 Y14 0.455 0.276 0.167 0.102
L.— |72 0 Y23 Yoa . — [0575 0349 0.047 0.029
T =3 Y3 0 s | = 10244 0.662 0.090 0.004
Y4 —H2a —F34 O 0.119 0.323 0.532 0.026

Both transition probability matrices, I1;;, are graphically displayed in Fig. 1, in the top-
right and bottom-left panels, respectively.

In the first case, the attraction of state v with respect to u is the same as the attraction of
u with respect to v, with both attractions increasing with 7,,,,, and then L;; is symmetric.
Obviously, this symmetry does not hold for the transition matrix I1;; in general, although
as 7y, increases, with 7, remaining constant for (u’,v") # (u,v), both m, and m,,
rise. Under the RSYMM-INT constraint, the attraction of state v with respect to u is the
opposite of the attraction of # with respect to v with rather obvious consequences on the
elements of L;; and I1;; as 7,, increases while keeping the other parameters constant.

Finally, we consider the constraint

DIFF-INT : vyp = Yo — Yus

under the identifiability constraint 7; = 0. For example, we have the following matrices,
with IT;; computed letting 72 = —0.5, 3 = —1, and 74 = —1.5:

0 Y2 V3 V4 0.455 0.276 0.167 0.102
—Y2 0 Y3 =2 V4 — V2 I, — 0.455 0.276 0.167 0.102 ] .
—¥3 Y2 — 73 0 Ya—3 |’ it = 10455 0.276 0.167 0.102 | °
Y4 V2—V4 V34 0 0.455 0.276 0.167 0.102

L=

see Fig. 1 (bottom-right panel) for the matrix plot of II;;. Note that parameter 7, is a
general measure of attraction of state v; see Bartolucci et al. (2015) for an example of
application of this constraint. It is also worth noting that the same constraint may be for-
mulated using logits for the transition probabilities having the first as reference state and
assuming that each of these logits only depends on the destination state. In particular, in
absence of covariates we have

Tt uv

log =Y, u=1,....k,v=2...k,

Tit,ul

and then this is the case of independence between consecutive latent states because, as
shown in the previous example, the rows of the transition matrix are identical. Obvi-
ously, this does not generally happen when a component depending on the covariates is
included. As 4, increases while 7,, remains constant (u # v), the elements of L;; in the
corresponding columns increase, as do those of I1;;.

The same constraints as above may be expressed on the vector of regression coeffi-
cients d,,; in particular, we have:
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CONST-COV : 8, = 4,

SYMM-COV :4,, =

RSYMM-COV : 6., = {

DIFF-COV : 8, = 8y — 04,

where in the last case we assume d; = 0.

The interpretation of the parameter vectors K s SM, and 8, may be derived on the basis
of that provided for the corresponding intercept parameters 7, v,., and 7,,. For instance,
in the case of CONST-COV, a positive value of an element of § means that the corre-
sponding covariate has an increasing effect on the attraction of v with respect to u, and
this effect is constant for v # w; this implies that the probability of moving away from the
current state also rises.

Note that in our approach it is possible to combine a specific constraint on the inter-
cepts with a different one on the regression coefficients, as for instance SYMM-INT with
CONST-COV, and the structure of the matrix of the logits L;; and the transition matrix
IT,; will depend on both constraints and the specific value of the covariates. See Sect. 3.3
for further comments.

3.2 Constrains with ordinal states

With ordinal states, we can formulate specific constraints for this case. The first is that only
the distance between the states matters, that is,

DISTI-INT : Yy = Jo—u,
where, again, u,v =1,...,k, v # u. As an example, for the case of k =4 and with-

out covariates, we have the following matrices, where II;; is computed with y_3 = —3,
Yo = —25, V-1 = —2, Y1 = —05, Yo = —1, and Y3 = —1.5:

0 M % 0.455 0.276 0.167 0.102
U AT T . _ [0.064 0474 0287 0.174
=155 31 0 A | Mt= 10045 0.074 0.548 0.333
Y3 s 4.1 O 0.039 0.065 0.107 0.789

The graphical representation of I1;; is shown in Fig. 2 (top-left panel).

In this case, the elements in each diagonal of L;; are constant, although the same does
not generally hold for Il;;. However, we can establish that an increase of 7,,, with the other
parameters kept fixed, implies that the elements in the w-th diagonal of Il,;, where w cor-
responds to v — u, rise and then the probabilities of persistence decrease. It is important to
note that the above constraint implicitly assumes the existence of a set of equally spaced
scores for the different states so that the parameter 7; affects the transition from state 1 to
state 2, from state 2 to state 3, and so on. Obviously, when there are substantial reasons to
assume a different system of scores, an alternative version of the constraint DIST1-INT may
be adopted. For instance, we may assume that the logit for the transition from state 2 to state
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DIST1 - INT DIST2 - INT
State 1 State 2 State 3 State 4 State 1 State 2 State 3 State 4
State 1 0.276 0.167 0.102 State 1 0.288 0.174 0.064
100 100
State 2 0.064 0.288 0.174 State 2 0.235 0.235 0.143
075 075
050 050
- -0 = -
State 3 0.045 0.074 0.333 State 3 0.143 0.235 0.235
- - o000 - - o0
State 4 0.039 0.065 0.107 State 4 0.064 0.174 0.288
DIST3 - INT TWOPAR - INT
State 1 State 2 State 3 State 4 State 1 State 2 State 3 State 4

State 1 0.288 0.174 0.064 State 1 0.355 0.215 0.215 0.215

0276 0.167 0.102 i Sae2 0143 0235 0235 e
oz ars
0.50 0.50

- -0z

State 2

State 3 0.276 0.167 0.102 State 3 0.157 0.157 0.259

- - 000 - - 000

State 4 0.213 0.129 0.079 State 4 0.175 0.175 0.175

'
'
R

Fig. 2 Graphical representation of the transition probability matrices, IL;¢, resulting from different con-
straints: DISTI-INT (top-left), DIST2-INT (top-right), DIST3-INT (bottom-left), TWOPAR-INT (bot-
tom-right). Darker shades indicate higher probabilities

3 is equal to ¥ instead of ; when we know that the second and third states are far apart the
double than the first and the second states. An assumption of this type may be formulated,
in particular, for MC models when the states directly correspond to observable response
categories, whereas assuming a system of non-equally spaced scores is more difficult to
justify in HM models. In this regard, the literature on categorical data based upon the row-
column model (Goodman, 1979; Bartolucci & Forcina, 2002) may provide useful insights.
The same considerations hold for the other constraints illustrated in this section.

Nested cases in the previous example are obtained when the distance is taken in absolute
value, while preserving the sign, so that

. _ Yy—w U >u,
DIST2-INT : 7y = { Fu—o  if v <,

DIST3-INT : 7, = { Zg:_v ifg o

As a possible example we have the following matrices, where II;; is computed with
’_yl = _057 :)/2 = _17 ’_73 = -2
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0 M 7% 73 0.474 0.287 0.174 0.064
L. [m 0 7 % ., — (0235 0.387 0235 0.143)
it Y om0 oy it = 10.143 0.235 0.387 0.235 | °
Y3 A2 M 0 0.064 0.174 0.287 0.474

for the second case and with the same parameter values, we have:

0 M 2 A 0.474 0.287 0.174 0.064
Lo 0 % ., — [0455 0.276 0.167 0.102
“= = =m0 oy Tt T 10455 0276 0.167 0.102

-3 72 -7n 0 0.579 0.213 0.129 0.078

The transition matrices obtained under constraints DIST2-INT and DIST3-INT are depicted
in Fig. 2 (top-right and bottom-left panels, respectively). In these two cases we are combin-
ing constraint DIST1-INT with SYMM-INT or RSYMM-INT and, considering this aspect,
we can easily interpret the involved parameters 7,,.

Finally, we can use a different parameter uniformly for v > u and for v < u, so that

TWOPAR-INT : 7y = { o Hv>u

The following is an example where in computing II;; we use 7_; = —1 and y; = —0.5:
0 ol 1 M 0.355 0.215 0.215 0.215
L. — -1 O 1 M ., — 0.143 0.387 0.235 0.235
= A 21 00 A it = 1 0.157 0.157 0.427 0.259
Y1 A1 -1 0 0.175 0.175 0.175 0.475

Therefore, all upper diagonal elements and all lower diagonal elements of L;; are constant.
Though the same does not hold for I1;;, we can easily check that as 7; increases, with y_
kept fixed, the upper diagonal elements of this matrix increase and then the persistence
probabilities decrease. A similar consequence is observed as y_; increases with 7; kept
fixed. The bottom-right panel of Fig. 2 shows the resulting transition matrix. Expressed for
the vector of regression coefficients, these constraints become

DIST1-COV : 8y = 0y—u,

DIST2-COV : §,, — 4 Ov—u Hfv>u,
Ou_p ifv<u,
Su;u if v > u,

DIST3-COV : 8, = :
—0u_p ifv<u,

TWOPAR-COV : 8,,,, = { 0 ifv>uw,

0.1 ifv<u.
In this case, we can also interpret the regression coefficients by recalling the corresponding
interpretation for the intercept parameters. We further note that a constraint of a certain type
for the intercepts may be combined with a different constraint on the regression coefficients.
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3.3 Hierarchy among the constraints

A crucial point for model selection is the hierarchy among the constraints introduced above.
In this regard, Fig. 3 shows the set of these constraints with the general ones on the left and
those applicable with ordinal states on the right. Additionally, when a constraint is nested in
another constraint, an arrow goes from the latter to the former. This scheme applies to both
constraints formulated on the intercepts and on the regression coefficients of the transition
(sub)model.

It is important to note that there is no complete nested structure, or in other words, no
full ordering of these constraints. For instance, CONST is nested within any other constraint
except DIFF and DIST3; SYMM, RSYMM, and DIST1 are not nested within any other con-
straint, but they include only some of the remaining ones; DIST2 and TWOPAR are nested
within other constraints and, at the same time, include CONST.

The above conclusions lead us to adopt model selection criteria that can be applied even
with nonnested constraints; see Sect. 4.3. For interpretability reasons, we adopt the con-
vention that the constraint applied to the regression coefficients for the covariates must be
nested within, or at most equal to, the constraint used for the intercepts. For instance, the
CONST-COV constraint is not compatible with DIFF-INT and DIST3-INT, and so on.

4 Likelihood-based inference

Parameter estimation is based on maximization of the model log-likelihood

0) = Zlng(yilv s Yir),s
i=1

which involves the probability or density of the observed vectors of response variables,
fWi1s- -5 y;r), and 0 is the vector of all model parameters that, for an MC model, includes

SYMM 1 DIST?2

RSYMM l DIST3 TWOPAR

Fig. 3 Graphical representation of the nested constraints with ordered ones on the right of the dashed line
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parameters @, for the initial probabilities and € for the transition probabilities, as defined in
Sect. 2.1. This overall parameter vector will also include parameters 83 involved in the con-
ditional distribution of the responses given the latent states for an HM model; see Sect. 2.2.

In the following, we discuss the maximization of £(0) separately for the two classes of
models of interest by the NR and the EM algorithm, respectively.

4.1 Markov chain model

Under the assumptions formulated in Sect. 2.1, we have that

T
f(yi17 s 7yiT) = f(yih LR yiT) = )‘i,yil H Tit,yi t—1Yit -
t=2

Consequently, we can rewrite ¢(0) as ¢1(601) + ¢2(62), where the first component only
involves the initial probabilities and the second involves the transition probabilities, while
6, and 0, contain the corresponding parameters. These two components may be written as

n n
01(01) =Y logAiy, = > dilogA;,
i=1 =1

n T n T
lo(02) = Z Z log Tit,yi, e—1Yit — Z Z d;t log Tit,yie—19

=1 t=2 =1 t=2

where d;; is the indicator vector for y;;, that is, a column vector with & elements equal to 0
with the exception of the y;;-th element equal to 1.
The corresponding score vectors have the following expressions:

81(01) :ZXilG/(dll — Al),
i=1

({)gg (02) a£2 (92) '
—_— ZI “ ..
52(62) ( o' on,, ’

where

T
00:(6) _ SN O XLH(dit — miry., ), u=1,.. k.

Moreover, the corresponding information matrices have expression

J1(61) =) X[ G'UGXj,

i=1

J2(02) = Z'diag (

Pla(0:) 8262(02)>Z
on,0m} o om), )

@ Springer



Annals of Operations Research

where Qz = dlag()\l) - AZA;,
0%05(62)

on,,0n’, ZZXL:&H QiruHo X, u=1,...Fk,
u u

i=1 t=2

and ., = diag(mit ) — it uﬂ'n -

On the basis of the score vectors s1(61) and s2(602) and the information matrices
J1(01) and J2(02) it is possible to implement two NR algorithms that, in the usual way,
maximize ¢1(01) and ¢2(02) separately. We just recall that each step of the algorithm
consists in adding to the current parameter vector the inverse of the information matrix
multiplied by the score vector; these steps are performed until a suitable convergence cri-
terion is satisfied. From this iterative algorithm we obtain the ML estimates of 8; and 65
denoted by 0 and 65, respectively. The corresponding asymptotic standard errors can be
obtained in the usual way from the diagonal elements of J;(8;)~" and J2(02)!

Regarding the ML likelihood estimator, the typical properties of consistency, asymp-
totic efficiency, and normality hold, provided that the model is identifiable as the number
of sample units grows to infinity, while the number of time occasions remains fixed. The
results can be proved in a rather standard way as we are essentially dealing with extended
logistic models. Identifiability can be simply checked on the basis of the rank of the above
information matrix for the model parameters.

4.2 Hidden Markov model

When an HM model for longitudinal data is assumed, using the notation formulated in Sect.
2.2, for the distribution of the response variables we have

T

k k T
FWirs oY) = Z T Z Aius Hﬂ-it-,“'f,flut H (Yl O]
up=1 = t=2

ur=1 t=1

where f(y,,|u) is the conditional density or probability of Y;; given U;; = u. In order
to compute f(y,;q,...,Y;r) avoiding the sum in (9), which has a computational cost that
exponentially increases in 7, we rely on the Baum and Welch recursion (Baum & Petrie,
1966) that is described in Appendix B.

The model log-likelihood may be maximized by an EM algorithm (Dempster et al., 1977)
that, as usual, is based on the complete data log-likelihood. The latter requires the knowl-
edge of the latent state for each individual and time occasion in addition to the observed
data, also called incomplete data, and may be expressed as the sum of the following three
components:

;(01) Zzam 10g A (10)

i=1 u=1
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T k k
G02) =Y "> > bituw 108 Wit e, (11)

G03) = ) aiulog f(yilu), (12)

where a; ,, 1 an indicator variable equal to 1 if u;; = u and 0 otherwise, while b;¢ ., is an
indicator variable equal to 1 if u; ;1 = uw and u;; = v. The three functions above depend on
distinct sub-vectors of parameters and this simplifies the estimation.

The EM algorithm is based on alternating two steps until convergence in the incomplete
data log-likelihood ¢(0). The E-step is based on computing the posterior expected value
of the indicator variables in (10), (11), and (12) given the current value of the parameters
and the observed data. In particular, these expected values correspond to posterior prob-
abilities that may be obtained by the backward recursion reported in Appendix C and that
are denoted as

Git =pUin = vy, - ysr), t=1,...,T,u=1,...k,
Bit,uv :p(ULt_l = u, Uit :v|yi1,...,yiT), t= 27...,1—‘7 u,v = 17...,]@‘,

for i =1,...,n. Once these expected values are substituted for the indicator variables in
expressions (10), (11), and (12), the resulting expected values of the components of the
complete data log-likelihood are denoted by 5 (01), £3(62), and £5(03), respectively.

The M-step maximizes £5(61), £3(65), and £%(8s3) so as to update the three blocks of
parameters. In particular, to maximize the first two complete log-likelihood functions, we
rely on NR algorithms based on the corresponding score vectors and information matri-
ces reported in Appendix D. Maximization of 2;(03) depends on the specific measurement
(sub)model that is assumed and, for certain models, it is based on explicit solutions. For
instance, under assumption (4) for continuous responses, the means are directly updated as

PP S o o Y
Z Zt1altUz 1 t=1

while the variance-covariance matrix is updated as

n T k
= S i )i~ )

i=1 t=1 u=1

For categorical data, the conditional response probabilities defined in (5) are updated as

PP SR ol o P S S
Ez IZt 1 Qitu =1 ¢=1
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for each response j, with j = 1,...,r, where I(-) denotes the indicator function.

The two steps (E and M) are iterated until a suitable convergence criterion is satisfied,
obtaining the ML estimates 91, 92, and 93. One of the most used criteria relies on the
change in log-likelihood between successive iterations. Specifically, letting 6™ denote
the parameter vector obtained after the m-th M-step, the algorithm stops when the rela-
tive change in the log-likelihood is not greater than a tolerance level € > 0, typically set to
10719, that is, when

00y — p(9m-1)
(oY)

€.

Differently from MC models, initialization of the estimation algorithm for an HM model is
crucial as the log-likelihood ¢(8) is usually multimodal. The typical solution to this prob-
lem consists in trying different starting values for the EM algorithm based on deterministic
and random rules. Overall, for a given number of states, inference is based on the solution
corresponding to the largest value of the log-likelihood at convergence, which is expect to
correspond to the global optimum, although this is not guaranteed; see Maruotti and Punzo
(2021) for an illustration of the alternative initialization strategies for HM models.

Once parameter estimates are computed for a given number of states, the correspond-
ing standard errors may be obtained on the basis of different methods. As known, the EM
algorithm does not directly provide either the observed or the expected information matrix.
However, among the available approaches to obtain this matrix, one of the simplest is based
on the numerical method proposed in Bartolucci and Farcomeni (2009), that is, as minus
the numerical derivative of the score vector at convergence. The score vector is obtained,
in turn, as the first derivative of the expected value of the complete data log-likelihood, as
suggested by Oakes (1999).

Another method, which is typically preferred in the context of HM models, is based on
a parametric or nonparametric bootstrap procedure (Davison & Hinkley, 1997) that consists
in repeatedly drawing samples from the observed sample (nonparametric version), or from
the estimated model (parametric version), and computing the maximum likelihood estimate
for every bootstrap sample. Then, the standard errors are obtained by computing, in a suit-
able way, the standard deviation of the empirical distribution so obtained.

From the numerical point of view, it is well known that the EM algorithm may require a
number of iterations larger than that required by an NR algorithm. However, the latter may be
unstable and more difficult to implement as it does not use the log-likelihood referred to com-
plete data. Moreover, as already mentioned, we implemented the EM algorithm also relying on
Fortran language in order to improve its speed. Regarding the properties of the resulting ML
estimates, under suitable conditions, consistency and asymptotic efficiency and normality hold.
However, the theoretical framework is more complex than for MC models due to the presence
of latent variables; for a precise description of this framework we refer to Bartolucci (2006).
The main condition for these properties to hold is that of local identifiability, which can be again
checked on the basis of the rank of the information matrix; for more details we refer to McHugh
(1956), Goodman (1974), and Rothenberg (1971).
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4.3 Model selection

When the number of states is given, model selection mainly concerns the constraints on
the parameters of the transition (sub)model, as illustrated in Sect. 3. This situation clearly
happens with univariate categorical responses when an MC model, or an HM model inter-
preted as an extension of an MC model accounting for measurement errors (Bartolucci et
al., 2013), is adopted. In these cases the number of states is equal to the number of response
categories. Apart from this specific situation, we base the selection of the optimal number of
latent states of an HM model on common information criteria, such as AIC or BIC (Bacci
et al., 2014). Given the number of states of the MC or HM model, we suggest a stepwise
procedure for selecting the constraints on the parameters of the transition (sub)model. First,
we select the constraint on the regression coefficients for the covariates, and then we select
that on the intercepts. In this regard, we still use an information criterion, such as the BIC,
because, as clarified in Sect. 3.3, there is not a full ordering of such constraints that instead
follow a nonnested structure. Moreover, as already clarified, in order to favor interpret-
ability of the selected model, we require that the constraint on the regression coefficients is
nested in or, at most, equal to the constraint adopted on the intercepts.

For further clarification, Table 1 reports the number of free parameters for the intercept
parameters of the transition (sub)model, under the different proposed constraints. Note that,
to obtain the number of parameters referred to the regression coefficients, we need to multi-
ply the corresponding number of intercept parameters by the number of covariates included
in the model, which is denoted by s.

Finally, note that, although we mainly focus on constraints on the parameters for the
transition probabilities, the constraint that the covariates do not affect the initial probabili-
ties may be also adopted. In this regard, the stepwise procedure described above can be
performed in both cases, with or without covariates affecting the initial probabilities, and
then the best model in terms of BIC is selected.

5 Simulation study
In the following, we illustrate a Monte Carlo simulation study aimed at evaluating the

behavior of the proposed approach. The study concerns both MC and HM models with
covariates under two different constraints proposed in Sect. 3.

Table 1 Numf!)e;lr ofiritf:rcep.t | Constraints Number of parameters
parameters of the multinomia
logit model for the transition ALL k(k—1)
probabilities, under the proposed ~ CONST-INT 1
constraints. The name ALL SYMM-INT k(k—1)/2
stands for the unconstrained RSYMML-INT k(k —1)/2
model
DIFF-INT k—1
DISTI-INT 2(k — 1)
DIST2-INT (k—1)
DIST3-INT k-1
TWOPAR-INT 2
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5.1 Simulation design

We randomly generated B = 100 samples from the MC model with individual covariates,
under different scenarios in terms of sample size, time occasions, and number of states:
n = 500, 1000, T' = 5,10, and k = 3, 4, respectively. For each sample unit, we generated
two covariates from an AR(1) process with autoregressive parameter equal to 0.5 and sta-
tionary variance equal to 1. Both covariates are included in the distribution of the initial and
transition probabilities through the multinomial parameterizations described in assumptions
(1) and (2).

For the parameters of the initial (sub)model, we let o, =0 and 3, = (0.5,1), for
u > 2. These parameters are collected in vector 8. About the transition probabilities, we
assumed a model without constraints on the intercepts by setting the corresponding param-
eters equal to vy, = —10g(0.9/0.1 + w), for u,v =1,...,k, u # v, where w is a pertur-
bation term generated from a uniform distribution between 0 and 1. This setting leads to a
quite high level of persistence in the latent Markov chain. Moreover, for the constraints on
the regression coefficients of the transition (sub)model, two different options are considered:
CONST-COV and DIST2-COV. Under the first constraint we set d = (0.5,1)’, whereas
under the second we set §; = (0.5,1)’, 2 = (0.25,0.5)’, when k = 3, and 6; = (0.5, 1)/,
d2 = (0.25,0.5)', 835 = (0,0)’, when k = 4. All these parameters are collected in vector 6.

The same settings are considered for the HM model with covariates. In
such a case, we assumed a univariate model with a categorical response vari-
able with a number of categories equal to the number of hidden states, that is,
¢ = k. When k = 3 the corresponding conditional response probabilities are set equal to
¢y = (0.7,0.2,0.1)", ¢y 2 = (0.3,0.6,0.1)", and ¢, 3 = (0.2,0.1,0.7)". When k = 4 we
let ¢y 1 = (0.7,0.1,0.1,0.1), ¢y2 = (0.2,0.6,0.1,0.1)’, ¢, 5 = (0.1,0.1,0.7,0.1)’, and
¢y.a = (0.05,0.05,0.1,0.8)". In both cases, this choice of parameters leads to quite well
separated states.

Finally, we evaluated the performance of our proposal in the presence of unbalanced
longitudinal data, namely, when for every individual i we have a specific number of time
occasions 7;. In particular, for both the MC and HM models, after generating a longitudinal
sample that, as before, is referred to balanced data with T time occasions, we randomly
selected half of the subjects and, for these subjects, we removed the last 7/2 observa-
tions. In this case, only scenarios with a maximum of ten time points are considered (i.e.,
max(7;) = 10), ensuring that each individual retains a sufficient number of observations.

5.2 Results

Under every scenario, the simulation results are compared with those obtained by estimat-
ing the model from which data are generated, but without constraints on the regression coef-
ficients of the transition (sub)model (named ALL). The results are evaluated, on the basis of
the 100 randomly generated samples, in terms of median bias (Mbias) and median absolute
error (MAE) of the estimates. These measures of performance are chosen for their robust-
ness with respect to outliers. In fact, when we fitted the HM model without constraints, we
experienced a quite high level of instability of the parameter estimates. This is due to the
fact that, in some samples, the information matrix computed during the NR step, used within
the EM algorithm to update the parameter estimates, is nearly singular, and the correspond-

@ Springer



Annals of Operations Research

Table 2 Simulation results under the MC model: Average (over the latent states) of the absolute median bias
(Mbias) and the median absolute error (MAE) of the estimators of the transition probability parameters, col-

lected in O, under the CONST-COV constraint and under the unconstrained model (ALL)
CONST-COV ALL
n = 500 n = 1000 n = 500 n = 1000
[Mbias)] MAE  |[Mbiasj MAE |Mbiasj MAE |Mbias] MAE

T=5 k=3 0.012 0.071  0.008 0.052 0.016 0.094  0.010 0.067
k=4 0.012 0.098  0.011 0.071  0.015 0.116  0.011 0.083
T=10 k=3 0.007 0.051  0.009 0.036  0.010 0.059  0.008 0.045
k=4 0.012 0.067  0.008 0.046  0.010 0.077  0.007 0.054
max(T;)=10 k=3 0.008 0.063  0.006 0.046  0.013 0.073  0.007 0.051

k=4 0.013 0.075 0.013 0.054 0.016 0.093  0.013 0.064

The last two rows are referred to the case of unbalanced data, with max(7;) = 10

Table 3 Simulation results under the MC model: Average (over the latent states) of the absolute median bias
(Mbias) and the median absolute error (MAE) of the estimators of the transition probability parameters, col-
lected in 62, under the DIST2-COV constraint and under the unconstrained model (ALL)

DIST2-COV ALL
n = 500 n = 1000 n = 500 n=1000
[Mbiasj] MAE  |Mbiasj MAE |Mbiasj MAE |Mbias] MAE
T=5 k=3 0014 0.077  0.006 0.059  0.015 0.091  0.010 0.069
k=4 0.008 0.095  0.008 0.065  0.015 0.117  0.010 0.078
T=10 k=3 0.008 0.056  0.006 0.038  0.008 0.064  0.006 0.046

k=4 0.009 0.062  0.007 0.044  0.012 0.072  0.005 0.052
max(T;)=10 k=3 0.006 0.059  0.008 0.050  0.012 0.071  0.008 0.056
k=4 0010 0.083  0.010 0.052  0.013 0.091  0.011 0.061

The last two rows are referred to the case of unbalanced data, with max(7;) = 10

ing transition probabilities are very close to 0. For such a reason, in showing the estimation
results under the HM model, we also report the proportion of samples for which the param-
eter estimates are, in absolute value, greater than a specified threshold.

The simulation results obtained under the MC model are reported in Tables 2 and 3, with the
first table referred to constraint CONST-COV and the second referred to constraint DIST2-COV.
In estimating this model, there were no problems of instability of parameter estimates. More-
over, we observe that, regarding the estimation of the parameters of the transition (sub)model,
the Mbias and MAE are relatively small under all scenarios. As expected, these measures tend
to decrease as the sample size and the number of time occasions increase. On the other hand,
the quality of results, especially in terms of MAE, gets slightly worse as the number of states
increases and for the case of unbalanced longitudinal data. In almost all scenarios, the estimation
results obtained under the CONST-COV constraint are better, in terms of accuracy of parameter
estimates, than those obtained under the corresponding ALL model. A similar conclusion can be
drawn with reference to constraint DIST2-COV.

Table 4 reports the average, over the latent states, of the Mbias and MAE of the parameter
estimates, obtained under the HM model with the CONST-COV constraint on the regression
parameter of the transition (sub)model, compared to those obtained under the full model
(ALL). The table also reports the proportion of samples for which the absolute value of at
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least one of the estimates of the parameters of interest is greater than the absolute value of
the corresponding true parameter value plus a constant, which is set equal to 5. In Table 5,
we report the same results referred to the DIST2-COV constraint.

From these tables, we observe that the median bias and the MAE may be quite large
under those scenarios characterized by less information due to small sample size (n = 500)
and number of time occasions (7' = 5). When estimating the HM model without constraints,
we notice that for these scenarios the proportion of samples leading to unstable estimates
is quite large, ranging from 0.21, when £ = 3, to 0.27, when k£ = 4. As expected, the qual-
ity of results improves when either n or T increases. Conversely, performance deteriorates
in unbalanced scenarios, where the loss in the number of observations for certain indi-
viduals reduces efficiency and may introduce bias. Again, the results obtained by estimat-
ing the model with constraints (both CONST-COV and DIST2-COV) are generally better
than those obtained under the unconstrained model (ALL). Moreover, the instability of the
parameter estimates is much less pronounced under the constrained models, thus emphasiz-
ing the usefulness of our proposal.

Finally, in evaluating the performance of the proposed approach, we also consider the
computational costs of ML estimation of the proposed models. In this regard, Table 6 reports
the median computing time (in seconds), across the simulated samples, required for the
estimation algorithm to reach convergence on a standard personal computer. The table is
referred to both the MC and HM models, formulated according to the unconstrained speci-
fication and under the COST-COV constraint, considering the most interesting scenarios.
We observe that the computing time is, on average, of a few seconds for all cases. However,
estimating a constrained model is in general faster than estimating its unconstrained version.

Table 4 Simulation results under the HM model: Average (over the latent states) of the absolute median bias
(Mbias) and the median absolute error (MAE) of the estimators of the transition probability parameters, col-

lected in B, under the CONST-COV constraint and under the unconstrained model (ALL)
CONST-COV

n = 500 n = 1000
[Mbias| MAE prop [Mbias| MAE prop
T=5 k= 0.062 0.323 0.000 0.056 0.230 0.000
k= 0.053 0.325 0.000 0.042 0.211 0.000
T =10 k= 0.054 0.186 0.000 0.010 0.129 0.000
k=4 0.021 0.170 0.000 0.014 0.126 0.000
max(T;)=10 k=3 0.064 0.222 0.000 0.016 0.153 0.000
k=4 0.025 0.207 0.000 0.021 0.151 0.000
ALL
n = 500 n = 1000
[Mbias| MAE prop [Mbias| MAE prop
T=5 k=3 0.131 0.495 0.208 0.056 0.230 0.016
k=4 0.103 0.440 0.274 0.085 0.287 0.037
T =10 k=3 0.078 0.240 0.014 0.019 0.154 0.000
k=4 0.039 0.213 0.013 0.026 0.144 0.000
max(T;)=10 k=3 0.084 0.312 0.055 0.033 0.189 0.000
k=4 0.088 0.286 0.084 0.032 0.176 0.000

The column “prop" reports the proportion of unstable samples; the last two rows are referred to the case of
unbalanced data, with max(7;) = 10
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Table 5 Simulation results under the HM model: Average (over the latent states) of the absolute median bias
(Mbias) and the median absolute error (MAE) of the estimators of the transition probability parameters, col-
lected in O, under the DIST2-COV constraint and under the unconstrained model (ALL)

DIST2-COV

n = 500 n = 1000
[Mbias| MAE prop [Mbias| MAE prop
T=5 k=3 0.075 0.371 0.020 0.031 0.231 0.000
k=4 0.082 0.361 0.000 0.029 0.224 0.000
T =10 k=3 0.027 0.190 0.000 0.022 0.132 0.000
k=4 0.026 0.179 0.000 0.019 0.119 0.000
max(7T;)= 10 k=3 0.044 0.248 0.000 0.031 0.161 0.000
k=4 0.028 0.221 0.000 0.017 0.145 0.000
ALL
n = 500 n = 1000
[Mbias| MAE prop [Mbias| MAE prop
T=5 k=3 0.070 0.453 0.204 0.061 0.308 0.043
k=4 0.112 0.428 0.272 0.052 0.275 0.088
T =10 k=3 0.028 0.229 0.014 0.020 0.148 0.000
k=4 0.042 0.217 0.014 0.025 0.143 0.000
max(T;)= 10 k=3 0.061 0.301 0.022 0.025 0.188 0.000
k=4 0.058 0.270 0.052 0.034 0.176 0.000

The column “prop" reports the proportion of unstable samples; the last two rows are referred to the case of
unbalanced data, with max(T;) = 10

Table 6 Simulation results: Median computing time (in seconds) across the simulated samples required for
the estimation algorithm to reach convergence on a standard personal computer, under the most informative
scenarios

MC model
n = 500-k =3 n = 1000-k = 3 n =500-k =3 n = 500-k =4
T=5 T=5 T =10 T=5
CONST-COV 0.528 0.976 0.965 0.544
ALL 0.582 0.992 0.993 0.541
HM model
n = 500-k = 3 n = 1000k = 3 n = 500-k =3 n = 500-k =4
T=5 T=5 T =10 T=5
CONST-COV 1.823 3.176 2.298 2.091
ALL 3.100 5.897 3.553 3.608

In particular, for the HM formulation, estimation of the proposed CONST-COV model is
roughly 1.7 times faster than that of the unconstrained (ALL) model.

6 Empirical example
The HRS is conducted by the University of Michigan' and collects data related to retirement

and health among elderly individuals (Fisher & Ryan, 2017). Monitoring perceived health
across covariates remains an important topic in the literature; see Bockerman and Ilmak-

"More details on the study and questionnaire can be found at the website: http://hrsonline.isr.umich.edu/
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unnas (2009) and Zajacova et al. (2017), among others. The sampling design is nationally
representative of the American population aged over 50 years. The response variable is the
self-reported health status (SRHS) measured on a scale based on five ordered categories:
‘poor’, ‘fair’, ‘good’, ‘very good’, ‘excellent’. The sample includes n = 7,074 individu-
als interviewed at 7" = 8 approximately equally spaced occasions from 1992 to 2006. The
available covariates are: gender (coded as 1 for male and 2 for female), race (coded as 1
for white, 2 for black, and 3 for others), educational level (coded as 1 for high school, 2 for
general educational diploma, 3 for high school graduate, 4 for some college, 5 for college
and above), and age (reported in years). These data are publicly available in the R package
LMest (Bartolucci et al., 2017).

The marginal distribution of the response variable over the interviews is presented in
Table 1 of the SI. The frequencies of the response categories “good” and “very good” are
both around 30% and remain almost stable over time; at the first interview the 25.7% of
individuals declares an excellent health status, but this value constantly decreases over time
to reach around 10% at the last interview.

Table 2 of the SI shows the empirical transition matrix where each row reports the fre-
quencies of the five response categories at occasion ¢ given the response at occasion ¢ — 1,
with ¢ = 2,...,8. The highest values of the off-diagonal elements of this matrix are for
transitions from “poor” to “fair” (32.6%), from “fair” to “good” (27.2%), from “very good”
to “good” (25.7%), and from “excellent” to “very good” (33.3%).

Table 3 of the SI reports the distribution of the time-fixed and time-varying covariates.
We observe that 58.0% of the respondents are females, 82.9% are white, and 33.2% are col-
lege graduates. The average age at the first interview is 54.8 years, and at the last interview
is 68.6 years. In the following sections, we illustrate the analysis of these data using the MC
and HM models previously described.

6.1 Analysis with the Markov chain model

In order to choose a suitable MC model for the HRS data, we followed the stepwise proce-
dure described in Sect. 4.3 by selecting a suitable constraint on the regression parameters of
the transition (sub)model and then a suitable constraint on the intercepts of the same (sub)
model. We considered two versions of the MC model, one with covariates affecting the
initial probabilities, and the other without. Additionally, as mentioned in Sects. 3.3 and 4.3,
the constraint on the regression coefficients is nested in or, at most, equal to the constraint
adopted on the intercepts.

The results of this preliminary fitting are reported in Table 7 for the models with covari-
ates affecting the initial probabilities, and in Table 8 for those with constant initial probabili-
ties. For each model we show the maximum log-likelihood, the number of parameters, and
the values of BIC and AIC indices. According to these results, the full model, which has no
constraints on any component, as shown in the first row of Table 7 , has a relatively large
number of parameters, equal to 216.

The maximum of the log-likelihood of the full model is — 65,150, with corresponding
values of AIC and BIC equal to 130,731 and 132,214, respectively. Among the other MC
models with different constraints on the regression parameters of the transition (sub)model,
the one based on constraint of type DIST1-COV emerges as the best choice in terms of
BIC. For this model, the number of free parameters decreases to 120 with a corresponding
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Table 7. Maximum log-likelihood (Z(@)), number of parameters (#par), AIC and BIC under each MC

model estimated with different constraints on the regression parameters for the transition probabilities (top
panel) and the intercept parameters for these probabilities (bottom panel)

Intercepts Covariates Covariates

trans. prob.  init. prob.  trans. prob. £(6) #par AIC BIC
ALL ALL ALL -65,149.50 216 130,731.00 132,213.66
ALL ALL CONST -66,064.80 64 132,257.60 132,696.91
ALL ALL SYMM -65,779.45 136 131,830.90 132,764.43
ALL ALL RSYMM -65,436.66 136 131,145.32 132,078.85
ALL ALL DIFF -65,462.44 88 131,100.88 131,704.93
ALL ALL DIST1 -65,312.90 120 130,865.81 131,689.51
ALL ALL DIST2 -65,875.55 88 131,927.10 132,531.14
ALL ALL DIST3 -65,521.77 88 131,219.55 131,823.59
ALL ALL TWO -65,585.93 72 131,315.86 131,810.08
ALL ALL NONE -66,733.53 24 133,515.05 133,679.79
DIST1 ALL DIST1 -66,919.11 108 134,054.23 134,795.56

The name ALL is used for models without constraints while NONE refers to the model without covariates;
the list of model names is that of constraints introduced in Sect. 3

Table 8. Maximum log-likelihood (£(8)), number of parameters (#par), AIC and BIC under cach MC
model estimated without covariates on the initial probabilities with different constraints on the regression
parameters for the transition probabilities (top panel) and the intercept parameters for these probabilities
(bottom panel)

Intercepts Covariates Covariates

trans. prob.  init. prob.  trans. prob. [(é) #par AIC BIC
ALL NONE ALL -65,717.36 184 131,802.72 133,065.73
ALL NONE CONST -66,632.66 32 133,329.32 133,548.97
ALL NONE SYMM -66,347.31 104 132,902.62 133,616.50
ALL NONE RSYMM -66,004.52 104 132,217.04 132,930.91
ALL NONE DIFF -66,030.30 56 132,172.60 132,556.99
ALL NONE DIST1 -65,880.76 88 131,937.53  132,541.57
ALL NONE DIST2 -66,443.41 56 132,998.81 133,383.21
ALL NONE DIST3 -66,089.63 56 132,291.26 132,675.66
ALL NONE TWO -66,153.79 40 132,387.57 132,662.14
ALL NONE NONE -66,733.53 24 133,515.05 133,679.79
DIST1 NONE DIST1 -67,486.97 76 135,125.91 135,647.60

The name ALL is used for models without constraints while NONE refers to the model without covariates;
the list of model names is that of constraints introduced in Sect. 3

decrease in the maximum log-likelihood to — 65,313. Additionally, AIC becomes 130,866,
and BIC becomes 131,690. Then, in the second step, we considered possible constraints on
the intercepts for the transition (sub)model (see the second panel in Table 7). According to
the general method previously mentioned, we only consider DIST1-INT constraint on these
intercepts. The resulting model has 108 free parameters, but both AIC and BIC increase, and
then this model is not adopted.

According to the results in Table 8, AIC and BIC select two different models without
covariates in the initial (sub)model. In particular, while the first criterion selects the model
without constraints on the regression parameters of the transition (sub)model, the BIC
selects the model based on constraint of type DIST1-COV on these parameters. We recall
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that, with covariates in the initial (sub)model (see Table 7) we select the same constraint but
the values of both indices (AIC and BIC) are higher. According to the BIC, no constraints
can be reasonably included on the intercepts of the transition (sub)model.

Overall, we selected a model with a constraint of type DIST1-COV on the regression
coefficients of the transition (sub)model and no other constraints on the parameters of the
initial (sub)model. The parameter estimates under this model are reported in Tables 4, 5, and
6, of the SI. In particular, Table 4 presents the effects of the covariates on the initial prob-
abilities, Table 5 reports the estimated intercepts of the transition (sub)model, and Table 6
displays the regression parameters of the same (sub)model. From these results we notice
that, at the first interview, black people tend to belong to the first three states: the odds
ratio of belonging to the 4th state, which corresponds to the best self-perceived health, for
black versus white individuals is equal to exp(—0.557) = 0.573, thus showing that black
people report poorer self-rated health. Looking at the results reported in Table 6 of the SI,
the first column shows that the estimates of the effects of different educational levels are
negative and increase in absolute value: with higher education, there is a negative effect on
the probability of moving from the 5Sth state (best health conditions) to the st state (worst
health conditions). For example, for the highest level of education the estimated coefficient
is —3.828, meaning that, ceteris paribus, the relative risk of transitioning from the 5th to
the 1st state is exp(—3.828) = 0.022. These findings underscore the significant influence of
educational attainment on self-perceived health, in line with previous research highlighting
the role of schooling in shaping health outcomes.

Finally, we show in Table 9 the average of the estimated initial and transition prob-
abilities of the Markov chain. We note that, at the first interview, the average probability
of feeling “very good" is 0.308 (4th state). Over time, the probability to transit from the
4th to the 3rd (“good") state is 0.268.

6.2 Analysis with the hidden Markov model

The second analysis uses an HM model with k£ = 5 latent states, equal to the number of
categories of the response variable. In this setup, the model can be viewed as an MC model
where the states are not directly observable, and the association between responses and
latent states is also taken into account. Since perceptions are based on subjective measure-
ments, they are properly considered as not directly observable (latent concepts) under the
HM model. Consequently, this model provides a more precise representation of the phe-
nomena under investigation, accommodating potential measurement errors arising from
varied interpretations of the response scale in the survey.

Table 9 Average estimates of the initial probabilities (iu) and transition probabilities (7 ) under the MC
model with DIST1-COV constraint and £ = 5 states

TTuv

u f\u v=1 v=2 v=3 v=4 v=>5
1 0.047 0.516 0.360 0.091 0.022 0.011
2 0.115 0.109 0.504 0.294 0.078 0.015
3 0.272 0.024 0.161 0.533 0.240 0.041
4 0.308 0.010 0.056 0.268 0.542 0.124
5 0.257 0.006 0.029 0.132 0.345 0.489
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Following an approach similar to that used for the MC model, we fitted a series of HM
models with various constraints on the parameters for the initial and the transition (sub)
models. The results are presented in Table 10 and led us to choose the model with constraint
of type CONST-COV on the regression coefficients of the second (sub)model. These results,
reported in Table 10, can be compared, in terms of information criteria, with those reported
in Table 7, which pertain to the MC model. Considering the BIC, the HM models always
provide lower values, indicating that a more comprehensive explanation of the phenomenon
can be achieved with more complex models.

In Table 11 we report results of the HM model estimated without covariates on the initial
probabilities. Considering the BIC, the HM model with constraint of type CONST-COV is
selected; however, the BIC value is higher than that of the best model in Table 10. Table
12 reports the estimated conditional response probabilities and their cumulative values
expressed as in equation (5) for the selected HM model with covariates also on the initial
(sub)model and constraint of type CONST-COV. The five subpopulations identify individu-
als differing in perceived health: those with poor and fair perceived health are in the 1st and
2nd latent states, while individuals with a perception of fair and good health are in the 3rd
state, and those with good and very good perceived health are in the 4th and 5th states. The
cumulative probabilities reported in the right panel of Table 12 help to interpret the five
states. These parameter estimates are valuable as they also offer insight into the impact of
measurement errors, explaining the differences between the observed response and the esti-
mated latent perception (hidden state). Table 7 of the SI shows the estimated standard errors
for the estimates presented in Table 12 (left panel) obtained with B=200 bootstrap samples.
Additionally, Table 13 shows the estimated average initial and transition probabilities of
the HM model. While the initial probabilities are nearly identical between the selected MC
and HM models, we notice that the transition matrix reported in Table 13 is much more

Table 10. Maximum log-likelihood (£(0)), number of parameters (#par), AIC and BIC under each HM
model estimated with different constraints on the regression parameters for the transition probabilities (top
panel) and the intercept parameters for these probabilities (bottom panel)

Intercepts Covariates Covariates

trans. prob.  init. prob.  trans. prob. Z(@) #par AIC BIC
ALL ALL ALL -62,124.69 236 124,721.38 126,341.33
ALL ALL CONST -62,318.94 84 124,805.87 125,382.46
ALL ALL SYMM -62,189.23 156 124,690.46 125,761.27
ALL ALL RSYMM -62,237.85 156 124,787.70 125,858.51
ALL ALL DIFF -62,325.06 108 124,866.12 125,607.45
ALL ALL DIST1 -62,221.99 140 124,723.98 125,684.96
ALL ALL DIST2 -62,247.49 108 124,710.99 125,452.32
ALL ALL DIST3 -62,305.72 108 124,827.43 125,568.76
ALL ALL TWO -62,306.94 92 124,797.88 125,429.38
ALL ALL NONE -63,153.92 44 126,395.84 126,697.86
CONST ALL CONST -63,704.33 65 127,538.66 127,984.84
SYMM ALL CONST -63,115.77 74 126,379.53 126,887.48
RSYMM ALL CONST -62,692.03 74 125,532.06 126,040.01
DIST1 ALL CONST -62,651.74 72 125,447.48 125,941.71
DIST2 ALL CONST -63,130.39 68 126,396.78 126,863.54
TWO ALL CONST -63,340.49 66 126,812.98 127,266.01

The name ALL is used for models without constraints while NONE refers to the model without covariates;
the list of model names is that of constraints introduced in Sect. 3
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Table 11. Maximum log-likelihood (é(@)), number of parameters (#par), AIC and BIC under each HM

model estimated without covariates on the initial probabilities with different constraints on the regression
parameters for the transition probabilities (top panel) and the intercept parameters for these probabilities

(bottom panel)

Intercepts Covariates Covariates

trans. prob.  init. prob.  trans. prob. Z(é) #par AIC BIC

ALL NONE ALL -62,730.95 204 125,869.90 127,270.19
ALL NONE CONST -62,961.24 52 126,026.47 126,383.41
ALL NONE SYMM -62,815.04 124 125,878.08 126,729.23
ALL NONE RSYMM -62,839.97 124 125,927.95 126,779.11
ALL NONE DIFF -62,921.62 76 125,995.24 126,516.91
ALL NONE DIST1 -62,835.69 108 125,887.38 126,628.71
ALL NONE DIST2 -62,877.13 76 125,906.26 126,427.94
ALL NONE DIST3 -62,912.95 76 125,977.90 126,499.58
ALL NONE TWO -62,937.08 60 125,994.16 126,406.01
ALL NONE NONE -63,153.92 44 126,395.84 126,697.86
CONST NONE CONST -64,378.35 33 128,822.70 129,049.22
SYMM NONE CONST -63,811.09 42 127,706.18 127,994.48
RSYMM NONE CONST -63,327.75 42 126,739.49 127,027.79
DIST1 NONE CONST -63,325.71 40 126,731.42 127,005.98
DIST2 NONE CONST -63,830.64 36 127,733.29 127,980.40
TWO NONE CONST -63,961.69 34 127,991.38 128,224.76

The name ALL is used for models without constraints while NONE refers to the model without covariates;
the list of model names is that of constraints introduced in Sect. 3

Table 12 Estimated conditional probabilities of SRHS (left panel) and cumulative values (right panel) under
the HM model with constraint CONST-COV and k = 5 hidden states

Conditional response

Probabilities (¢1y,..)

Conditional cumulative response

Probabilities (114,

Category () u=1 u=2 u=3 u=4 u=>5 u=1 u=2 u=3 u=4 u=5
Poor 0.71 0.06 0.00 0.00 0.00 0.71 0.06 0.00 0.00 0.00
Fair 0.26 0.68 0.09 0.01 0.00 0.97 0.74 0.09 0.01 0.00
Good 0.02 0.22 0.71 0.15 0.03 0.99 0.96 0.80 0.16 0.03
Very good 0.01 0.03 0.18 0.75 0.19 1.00 0.99 0.98 091 0.22
Excellent 0.00 0.01 0.02 0.09 0.78 1.00 1.00 1.00 1.00 1.00

persistent than that reported in Table 9. This suggests that, over time, most individuals tend
to perceive their health as remaining relatively stable. The most likely transition (0.189) is
estimated from “excellent" (5th hidden state) to “very good" (4th hidden state).

Table 8 in the SI file illustrates the impact of the covariates on the initial probabilities.
Significance is established according to a parametric bootstrap procedure. Notably, during
the initial interview, individuals with graduate and college degrees tend to be associated
with states other than the 1st. We also observed that the odds ratio to belong to the 5th state
of people with college and above is equal to exp(4.554) = 95.012, thus showing that attain-
ing higher levels of education also guarantees better health conditions, as well-documented
in numerous studies (Ross & Wu, 1995). Table 9 in the SI file presents the estimates of the
intercepts on the transition (sub)model. Table 10 in the SI file shows the estimates of the
covariates effects on the transition probabilities based on the imposed constraints. We notice
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Table 13 Average initial and transition probabilities under the HM model with constraint CONST-COV and
k=5 hidden states

Tuv

u j\u v=1 v =2 v=3 v=4 v=>5
1 0.050 0.933 0.062 0.000 0.005 0.000
2 0.115 0.043 0.911 0.041 0.003 0.001
3 0.274 0.007 0.073 0.890 0.028 0.003
4 0.289 0.003 0.008 0.114 0.859 0.016
5 0.272 0.000 0.004 0.019 0.189 0.788

that the estimated effect of gender is negative, suggesting that females tend to exhibit more
persistence in the same state over time compared to males. We also observe that the odds
ratio for people with a college degree or higher is exp(—1.036) = 0.355, suggesting that
individuals with higher education are less likely to transition out of the same latent state
compared to those with only a high school education, holding the other covariates constant.

7 Conclusions

In this paper, we propose a set of constraints on the parameters for the transition probabili-
ties of Markov Chain (MC) and Hidden Markov (HM) models for longitudinal data with
covariates. These constraints are particularly useful for making the model more parsimoni-
ous compared to standard formulations, thereby enhancing interpretability and numerical
stability in performing maximum likelihood estimation, especially when the model involves
several latent states. We also develop iterative algorithms for estimating the proposed mod-
els, which retain the same level of complexity as the corresponding algorithms for standard
MC and HM models with covariates, since the constraints under consideration are linear.
This ensures that the computational complexity of the proposed approach remains manage-
able, and may even allow for the introduction of additional constraints beyond those explic-
itly considered in this paper.

The simulation study allows us to evaluate the usefulness of the proposed constrained model
formulations. In almost all simulated scenarios, we observe a higher accuracy of the parameters
estimates obtained under the constrained models with respect to the unconstrained ones. More-
over, in certain simulated samples, we note a numerical instability of the estimation process of
the HM model without constraints. This problem does not arise under the constrained models.

The approach is illustrated through an application involving self-rated health data
obtained from the Health and Retirement Study. This study entails interviewing a repre-
sentative panel of individuals from 1992 to 2006, during which several individual covari-
ates are also collected. The primary focus is on assessing differences among the perceived
health conditions based on these covariates. This application provides a useful example for
comparing the MC and HM models, and also for comparing the unconstrained version of
both models with their constrained counterparts. Given that we have one ordinal response
variable, we adopt a number of states in the HM analysis equal to the number of categories
of'this variable. In particular, we observe that by employing a much more parsimonious HM
model compared to the complete HM model with the usual parameterization we achieve a
significant improved fit. Furthermore, the selected HM model outperforms the correspond-

@ Springer



Annals of Operations Research

ing MC model. The proposed constraints in the MC and HM models can be particularly
useful in reducing the complexity of parameter interpretation while preserving the neces-
sary explanatory power. In this work, we also show that the instability of the parameter
estimates is considerably mitigated under the constrained models, further highlighting the
practical value of these constraints. The proposed constraints may prove particularly useful
in a variety of applied contexts, such as in life course studies (Bolano et al., 2016), where
longitudinal categorical data are used to summarize pathways across different dimensions of
the life course and to relate them to demographic or concomitant variables.

In the paper, we briefly discuss the formulation of HM models for continuous response
variables. Currently, the code has been implemented for models with categorical response
variables, and future work will focus on extending the proposed formulations to HM models
for continuous responses, both under homoskedasticity and heteroskedasticity, with and
without covariates. The development of this code will be addressed in future research.

Appendix A: Design matrix for the constraints

Depending on the constraint on the intercepts ,,,, we have the following structure for matrix
Z1 in (8):

e CONST-INT: Z1 = 1j(,—1);

SYMM-INT: Z; has k(k — 1)/2 columns with each column having all elements equal
to 0 apart from two suitably selected elements equal to 1;

o RSYMM-INT: Z; has k(k — 1)/2 columns with each column having all elements equal
to 0 apart from two suitably selected elements equal to 1 and -1;

e DIFF-INT: Z; has k — 1 columns with each column having all elements equal to 0 apart
from k — 1 elements equal to -1 and the same number of elements equal to 1;

e DISTI-INT: Z; has 2(k — 1) columns with each column having elements equal to 0
apart from certain elements equal to 1; the number of these elements goes from 1 to
k—1;

o DIST2-INT: Z; has k — 1 columns with each column having all elements equal to 0
apart from certain elements equal to 1; the number of these elements goes from 2 to
2(k —1);

o DIST3-INT: Z; has k — 1 columns with each column having all elements equal to 0
apart from some elements equal to 1 and -1; the number of these elements goes from 2
to 2(k —1);

o TWOPAR-INT: Z; had 2 columns both having all elements equal to 0 apart from
k(k — 1)/2 elements equal to 1. Depending on the constraint on the regression param-
eters &, Zo has the same structure as Z above.

The following are examples of matrix Z; (and Z2) depending on the constraints assumed
on the parameters for the transition probabilities of an MC or HM model with £ = 4 states:

@ Springer



Annals of Operations Research

CONST SYMM RSYMM DIFF
1 1 0 0 0 0 O 1 0 0 0 0 0 1 0 0
1 0O 1 0 0 0 O 0 1 0 0 0 0 0 1 0
1 0O 0 1 0 0 O 0 0 1 0 0 0 0 0 1
1 1 0 0 0 0 O -1 0 0 0 0 0 -1 0 0
1 0O 0 0 1 0 O 0 0 0 1 0 0 -1 1 0
1 0O 0 0 0 1 O 0 0 0 0 1 0 -1 0 1
1 0O 1 0 0 0 O 0 -1 0 0 0 0 0 -1 0
1 0O 0 0 1 0 O 0 0 0 -1 0 0 1 —1 0
1 0O 0 0 0 0 1 0 0 0 0 0 1 0 -1 1
1 0O 0 1 0 0 O 0 0 —1 0 0 0 0 0o -1
1 0O 0 0 0 1 O 0 0 0 0 -1 0 1 0o -1
1 o 0 0 0 0 1 0 0 0 0 0 -1 0 1 -1
DISTI DIST2 DIST3 TWO

0O 0 0 1 0 O 1 0 0 1 0 0 0 1

0O 0 0 0 1 0 0O 1 0 0 1 0 0 1

0O 0 0 0 0 1 0 0 1 0 0 1 0 1

0O 0 1 0 0 O 1 0 O -1 0 0 1 0

0O 0 0 1 0 O 1 0 O 1 0 0 0 1

0O 0 0 0 1 0 0 1 0 0 1 0 0 1

0O 1 0 0 0 O 0 1 0 0 —1 0 1 0

0O 0 1 0 0 O 1 0 O —1 0 0 1 0

0O 0 0 1 0 O 1 0 0 1 0 0 0 1

1 0 0 0 0 O 0 0 1 0 0 -1 1 0

01 0 0 0 O 0O 1 0 0 —1 0 1 0

0O 0 1 0 0 O 1 0 O —1 0 0 1 0

Appendix B: Forward recursion

We have that

k
f(yila s 7yiT) = E 4iTus
u=1

where g;7 ., is obtained by the forward recursion

k
Qitw = f(yzt‘v) Z Git—1,uTit,uv, UV = 17 LR k7
u=1
initialized with ¢;1, = Aiuf (Y1 |1).

Appendix C: Backward recursion and posterior probabilities

First of all we have that

*
dit,uit u

p(Uit:u|yi1""ayiT): f( tzl,...,T,’U,:L...,k,

..\
Yirs- > YiT)

where ¢j, ,, is based on the backward recursion
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k

* 3 *
Qitu = E 7T1',,t+1,'u,vf(yi7t+1|v)qZ',t+1,va t=T-1,...,1,
v=1

initialized with q;‘T’u =1foru=1,...,k. Moreover, we have that

Git—1,uTit uvf(yzt‘v)qnt Ky
f(yzlv"'7sz)

p(Ui,t—l =u, U'it = U|yi17 cee 7sz)

fort =2,...,T.

Appendix D: Score vectors and information matrices of the complete
log-likelihood functions

The score vectors for £%(01) and £5(05) have the following expressions:

01) = X} G (an — \i),
i=1

~ A I
52(82) =2’ <8£2(?2) o ‘%2(?2)> ,
om o,
where
- T
ol5(05) . .
B = SN O XLH (b — bituimin), u=1,...,k,
u i=1 t=2
with a;; denoting the column vector with elements ;. ,, v = 1,...,k, and Bit,u that with
elements Bit’uv, v=1,...,k, with IA)WH being the sum of these elements.

The corresponding information matrices have expression

Ji(01) =) X, G'UGX),,

i=1

2 fx 2 px
F00) —zing (L5000 002
I, Omy an,,omn|,
where Q; = diag(A;) — A\ and
826 0 n T k
2 2 ~ , ,
b7— u 171XH Qi,.uHuXi,a :17...’k7

and Qit,u = diag(ﬂ-it,u) it uﬂ-zt w*
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