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Abstract: The spontaneous breaking of CP symmetry in 4D SU(N) pure Yang-Mills theory
at θ = π has recently attracted much attention in the context of the higher-form symmetry
and the ’t Hooft anomaly matching condition. Here we use Monte Carlo simulations to study
the N = 2 case, which is interesting since it is the case opposite to the large-N limit, where
explicit calculations are available. In order to circumvent the severe sign problem due to the
θ term for real θ, we first obtain results at imaginary θ, where the sign problem is absent,
and make an analytic continuation to real θ. We use the stout smearing in defining the θ

term in the action to be used in our simulations. Thus we obtain the expectation value of
the topological charge and the deconfining temperature at θ = π, and provide evidence that
the CP symmetry, which is spontaneously broken at low temperature, gets restored strictly
above the deconfining temperature. This conclusion is consistent with the anomaly matching
condition and yet differs from the prediction in the large-N limit.
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1 Introduction

The topological aspect of quantum field theory has been one of the most important subjects
in both particle physics and condensed matter physics. In particular, the dynamical effect of
the topological θ term, which is purely non-perturbative, remains elusive due to the notorious
sign problem in standard Monte Carlo methods.

In condensed matter physics, the θ parameter has been discussed intensively [1–10] in 2D
O(3) non-linear sigma model, which is known as an effective model of the anti-ferromagnetic
spin system. According to Haldane’s conjecture [11, 12], this model is expected to be in a
gapless phase at θ = π, while it is in a gapped phase at θ = 0.

In particle physics, the topological θ term may appear in 4D SU(N) Yang-Mills (YM)
theory including QCD (N = 3), and it breaks CP symmetry in general. However, the
experimental upper bound on the neutron electric dipole moment suggests that the θ parameter
is unnaturally small as |θ| ≲ 10−10 [13, 14], which is a naturalness problem known as the strong-
CP problem. There have been many attempts to explain this either phenomenologically [15–
20] or theoretically [21–23].

In fact, 4D SU(N) YM theory has CP symmetry not only at θ = 0 but also at θ = π

due to the 2π periodicity in θ. In particular, the CP symmetry at θ = π is considered to be
spontaneously broken at low temperature, while it is known to be unbroken at sufficiently high
temperature [24, 25]. Renewed interest in this issue has been triggered by recent developments
in the higher-form symmetry [26] and the ’t Hooft anomaly matching [27], which predict
that, at θ = π, either the CP or the ZN center symmetry should be spontaneously broken
unless the theory becomes gapless. Note here that the spontaneous breaking of the ZN center
symmetry corresponds to deconfinement. Therefore the prediction implies that the theory
cannot be in a gapped confined phase without breaking the CP symmetry [28, 29]. In other
words, the anomaly-matching condition claims that

TCP ≥ Tdec(π) , (1.1)
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Figure 1. Two scenarios for the (θ, T )-phase diagram of 4D pure SU(N) Yang-Mills theory consistent
with the anomaly matching condition. The blue solid line represents the first-order phase transition as-
sociated with the spontaneous breaking of CP symmetry. The orange dotted curve represents the decon-
fining transition that is believed to be of the first order for N ≥ 3 and of the second order for N = 2. The
left panel represents the scenario TCP = Tdec(π), while the right panel represents the scenario TCP >

Tdec(π), which implies the existence of a deconfined phase with spontaneously broken CP symmetry.

where TCP represents the temperature at which the CP symmetry at θ = π gets restored,
and Tdec(θ) represents the critical temperature of the deconfining transition, which depends
on θ in general. Thus, an interesting question is whether CP restoration coincides with the
deconfining transition (TCP = Tdec(π)) or not (TCP > Tdec(π)) as depicted in the Left and
Right panels of figure 1, respectively. In particular, the second scenario implies the existence
of a deconfined phase with spontaneously broken CP symmetry.

It is known that the first scenario is realized in the large-N limit [30, 31], where the CP
symmetry at θ = π is spontaneously broken at low temperature, and it gets restored precisely
at the deconfining temperature, at which the ZN center symmetry gets spontaneously broken.
Given the belief that the deconfining transition is of the first order for N ≥ 3 and of the
second order for N = 2, it was argued in ref. [28] that the first scenario is likely to be
realized for N ≥ 3 but not necessarily for N = 2. This issue has also been investigated
in the SU(N) supersymmetric Yang-Mills theory (SYM) deformed by the gaugino mass
and compactified on S1 with periodic boundary conditions [32], which flows into the pure
(non-supersymmetric) YM theory in the IR limit. Regarding the radius of S1 as an analog of
the inverse temperature, it was found that the phase diagram looks like figure 1 (Left) for
N ≥ 3, whereas for N = 2, it looks like figure 1 (Right), namely, there exists a CP-broken
deconfined phase.1 One should keep in mind, however, that the gaugino mass has to be small
enough to make the analysis based on supersymmetry reliable. Note also that the radius
of S1 with periodic boundary conditions cannot be regarded as the inverse temperature,
which actually requires anti-periodic boundary conditions for the gaugino field. Thus there is
a strong motivation to investigate the phase diagram of 4D SU(N) pure YM theory with
small N directly by numerical methods.

1It was pointed out [33] that this intermediate phase is analogous to the partially deconfined phase in
large-N gauge theories, where the transition from the completely deconfined phase to the partially deconfined
phase should be accompanied with the spontaneous breaking of the global symmetry, which is the CP symmetry
in the present case.
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There are various approaches that have been proposed to overcome the sign problem
caused by the θ term. In particular, the so-called subvolume method was applied to 4D
SU(2) YM theory, where it was suggested that the CP symmetry at θ = π is broken at zero
temperature and gets restored at TCP ≤ 1.2 Tdec(0) [34–36]. However, this does not tell us
whether the inequality (1.1) is saturated or not. On the other hand, the density of states
method (DOS) [37] and the complex Langevin method (CLM) [38] have been successfully
applied to 2D U(1) gauge theory with the θ term using an open boundary condition. There
are also some attempts to extend these works to 4D SU(2) YM theory [39, 40]. (See also
ref. [41] for an earlier attempt to apply the CLM to 4D SU(3) YM theory.) The tensor
renormalization group (TRG) [42, 43] has also been successfully applied to 2D U(1) gauge
theory with the θ term, but treating a non-Abelian gauge group in TRG seems to be still
difficult except in 2D [43–45]. (See, however, refs. [46–48] for recent developments.)

In our attempts [40] to extend our CLM work [38] on the 2D U(1) case with an open
boundary to the 4D SU(2) case, we have found that the topological information leaks out
from the open boundary by smearing, which was needed to define the topological charge
unlike in the 2D U(1) case. Moreover, since the open boundary makes the topological charge
non-integer, the 2π periodicity in θ is lost and the CP symmetry at θ = π is explicitly broken.
In order to avoid these problems, we need to work with periodic boundary conditions, which
would then cause either the topology freezing problem or the wrong convergence problem
in the CLM depending on the coupling constant [38]. Thus simulating the theory directly
at θ = π still remains a big challenge.

In this paper, we use yet another approach to the sign problem, which is based on
analytic continuation from the imaginary θ region [49], where the sign problem is absent
since the θ term becomes real.2 This technique has been used to investigate the deconfining
temperature [52–54], the free energy [55–57], the string tension, the glueball mass [58] and
the electric dipole moment of the neutron [59, 60] as a function of θ in 4D SU(N) gauge
theory for N ≥ 3. Similarly, we calculate the expectation value of the topological charge at
imaginary θ, and by fitting the results to an appropriate holomorphic function, we obtain
⟨Q⟩θ at real θ through analytic continuation.3 In particular, if the result of ⟨Q⟩θ at θ = π

is nonzero, it tells us that the CP symmetry is spontaneously broken. Unlike the previous
imaginary θ simulations, we use the stout smearing [67] in defining the θ term in the action
to be used in our simulation. This is of particular importance for our purpose since the
CP symmetry at θ = π assumes that the topological charge takes integer values, which is
not the case if one uses a naive definition.

We find that the CP symmetry is indeed spontaneously broken at low temperature. As
we increase the temperature, the order parameter ⟨Q⟩θ=π decreases and vanishes at some
temperature TCP close to Tdec(0). We also estimate the deconfining temperature Tdec(θ) at

2This is analogous to the imaginary chemical potential approach [50, 51] to finite density QCD.
3In fact, imaginary θ enhances configurations with large topological charge, and hence it enables us to

probe the tail of the topological charge distribution, which is difficult to determine otherwise. Then, by making
a Fourier transform of the topological charge distribution, one can obtain the θ dependence of the partition
function and hence the expectation value of the topological charge as well [61]. (See also ref. [62] for related
work.) In fact, this method was applied to the Schwinger model [63] and the CPN−1 model [64–66]. It would
be interesting to apply the same method to the 4D SU(2) YM case.

– 3 –



J
H
E
P
0
5
(
2
0
2
5
)
0
0
9

real θ by analytic continuation, and find that Tdec(π) < Tdec(0), which is consistent with the
general expectation based on analytical studies [68–70] and numerical studies [52, 53, 71, 72].
Combining these results, we obtain the relation

TCP ∼ Tdec(0) > Tdec(π) , (1.2)

which suggests the existence of a CP-broken deconfined phase as in figure 1 (Right).
This paper is organized as follows. In section 2, we explain our strategy to probe the

spontaneous CP symmetry breaking at θ = π by Monte Carlo simulations at imaginary θ.
In section 3, we discuss the definition of the topological charge on the lattice based on the
stout smearing, which we use in our Monte Carlo simulations. In section 4, we present our
simulation results, which provide evidence of a CP broken deconfined phase. Section 5 is
devoted to a summary and discussions. In appendix A, we derive the explicit form of the
drift term, in the presence of the stout smearing, which is used in our simulation based
on the hybrid Monte Carlo algorithm.

2 How to probe the spontaneous CP symmetry breaking at θ = π

The 4D SU(N) gauge theory with the θ term is defined by the partition function

Zθ =
∫

DAµ e−Sg−iθQ , (2.1)

where Sg is the action for the gauge field Aµ, and Q is the topological charge defined by

Q = 1
32π2 ϵµνρσ

∫
d4xTr (FµνFρσ) . (2.2)

Under the CP transformation, the action Sg is invariant, whereas the topological charge Q

flips its sign. On a compact manifold such as a 4D torus, the topological charge takes an
integer value Q ∈ Z, which implies the 2π periodicity under θ 7→ θ + 2π. Therefore the theory
has CP symmetry not only at θ = 0 but also at θ = π. The order parameter of spontaneous
CP symmetry breaking at θ = π can be defined as

O = lim
ϵ→0

lim
V →∞

⟨Q⟩θ=π−ϵ

V
, (2.3)

where V represents the space-time volume. It should be nonzero in the CP broken phase
while it vanishes in the CP restored phase.

Note that the expectation value ⟨Q⟩θ has the following property around θ = π

⟨Q⟩θ=π−ϵ = −⟨Q⟩θ=−(π−ϵ) = −⟨Q⟩θ=π+ϵ , (2.4)

where we use the CP symmetry and the 2π periodicity under θ 7→ θ + 2π in the first and
second equalities, respectively. This implies that limV →∞

⟨Q⟩θ
V changes discontinuously at

θ = π in the CP broken phase while it is continuous at θ = π in the CP restored phase.
Thus, the spontaneous CP symmetry breaking at θ = π implies the existence of a first-order
phase transition at θ = π.

– 4 –
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Unfortunately, the spontaneous CP symmetry breaking at θ = π is difficult to study
by Monte Carlo simulations due to the sign problem as one can see from (2.1), where the
θ term appears as a pure phase factor in the integrand. In order to motivate our strategy,
let us consider the topological charge distribution

ρ(q) = 1
Z0

∫
DAµ δ(q − Q) e−Sg , (2.5)

which can be calculated by Monte Carlo simulations at θ = 0 without the sign problem. Note
that ρ(q) is an even function, i.e., ρ(q) = ρ(−q) due to CP symmetry. Using this distribution,
the partition function (2.1) can be written as

Zθ = Z0

∫
dq e−iθq ρ(q) , (2.6)

which implies that Zθ may be regarded as the Fourier transform of the topological charge
distribution ρ(q) at θ = 0. Note also that the expectation value of the topological charge
can be written as

⟨Q⟩θ = i
∂

∂θ
log Zθ =

∫
dq q e−iθq ρ(q)∫
dq e−iθq ρ(q) . (2.7)

Hence one can obtain ⟨Q⟩θ if ρ(q) is known and vice versa.
There are actually known results in two simplified cases. One is the result obtained by

the instanton gas approximation [24, 25], which is considered to be valid at sufficiently high
temperature. The other is the result obtained in the large-N limit [30, 31] at low temperature,
where the topological charge distribution is known to be Gaussian. The quantity ⟨Q⟩θ in
these two cases is given as

⟨Q⟩θ

V
=

 iχ0 sin θ : instanton gas approximation (high T ) ,

iχ0 θ : large-N limit (low T ) ,
(2.8)

for |θ| < π, where χ0 is the topological susceptibility at θ = 0 defined by

χ0 = i

V

∂

∂θ
⟨Q⟩θ

∣∣∣∣
θ=0

= 1
V

{
⟨Q2⟩0 − (⟨Q⟩0)2

}
. (2.9)

This implies that the CP symmetry is spontaneously broken at low T , whereas it gets restored
at high T in these simplified cases. Using (2.7), we obtain the asymptotic behavior of the
topological charge distribution ρ(q) at large |q| as

ρ(q) ∼

 exp
(
− |q| log |q|

)
: instanton gas approximation (high T ) ,

exp
(
− q2

2χ0V

)
: large-N limit (low T ) .

(2.10)

This suggests that the spontaneous breaking of the CP symmetry at θ = π is related to the
asymptotic behavior of ρ(q). In figure 2, we plot ρ(q) against q in the logarithmic scale for
the two cases. We can see a clear difference in the tail of the distribution, which is difficult
to probe by Monte Carlo simulations at θ = 0, however.

– 5 –
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Figure 2. The topological charge distribution is plotted in the logarithmic scale for the result
obtained by the instanton gas approximation (blue) and that obtained in the large-N limit at low
temperature (orange). The solid line represents a Gaussian behavior ∝ exp

(
−q2/2χ0V

)
known for

the latter case.

Let us here recall that Monte Carlo simulations can be performed for imaginary θ since
the sign problem is absent there. Note, in particular, that the phase factor e−iθQ becomes a
weight eθ̃Q with θ̃ = −iθ ∈ R in that case. This makes it possible to probe the topological
charge distribution ρ(q) at large |q|. In the above two simplified cases, the expectation
value ⟨Q⟩iθ̃ becomes

⟨Q⟩iθ̃

V
=

χ0 sinh θ̃ : instanton gas approximation (high T ) ,

χ0 θ̃ : large-N limit (low T ) .
(2.11)

The different asymptotic behaviors of the topological charge distribution correspond here
to the different growths of ⟨Q⟩iθ̃ at large θ̃. In general, we expect exponential growth for
the CP-restored phase and power-law growth for the CP broken phase. This is the basic
strategy we adopt in this work.

3 Definition of the topological charge on the lattice

In this section, we define the gauge theory on the lattice, which we simulate by the standard
hybrid Monte Carlo method. In particular, we define the topological charge carefully using
the so-called stout smearing.

The action for the gauge field Sg in (2.1) is represented on the lattice by the standard
Wilson plaquette action as

S[U ] = − β

2N

∑
n

∑
µ ̸=ν

Tr {P µν
n (U)} , (3.1)

where the plaquette P µν
n (U) is defined by

P µν
n (U) = Un,µUn+µ,νU †

n+ν,µU †
n,ν . (3.2)

In this work, we use the Ls × Ls × Ls × Lt lattice with various 16 ≤ Ls ≤ 64 fixing Lt = 5.
Since we use fixed Lt = 5, we change the temperature T = 1/(aLt) by changing the

lattice spacing a, which amounts to changing β. To be concrete, we use the relationship

– 6 –
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between the temperature and β given in ref. [73] as

T

Tc
= 1

tcLt
exp

(
51
121 log 11

6π2β
+ 3π2β

11 − c3
18432π4

121β3

)
, (3.3)

where Tc is the deconfining temperature in the continuum limit, tc = 21.45(14), and c3 =
5.529(63) × 10−4. The value of β corresponding to each T/Tc is given in table 1.

A naive definition of the topological charge Q(U) on the lattice is given by [74]

Q(U) = − 1
32π2

∑
n

1
24

±4∑
µ,ν,ρ,σ=±1

ϵ̃µνρσTr (P µν
n P ρσ

n ) , (3.4)

where ϵ̃µνρσ is the totally anti-symmetric tensor satisfying ϵ̃(−µ)νρσ = −ϵµνρσ. While this
quantity reproduces the topological charge in the continuum limit, it typically has severe lattice
artifacts, which obscure the topological nature. In order to recover the topological nature
even at finite lattice spacing, we remove the high momentum modes in each configuration
by applying the stout smearing [67].

Here we briefly review the procedure. The original configuration Un,µ is replaced with
the smeared configuration Ũn,µ obtained by Nρ steps of the stout smearing as

(Un,µ ≡)U (0)
n,µ → U (1)

n,µ → · · · → (Ũn,µ ≡)U (Nρ)
n,µ , (3.5)

where each step is defined by

U (k+1)
n,µ = exp

(
iY (k)

n,µ

)
U (k)

n,µ , (3.6)

iY (k)
n,µ = −ρ

2 Tr
(
J (k)

n,µτa
)
τa = −ρ

2

{
J (k)

n,µ − 1
2 Tr

(
J (k)

n,µ

)
1

}
, (3.7)

J (k)
n,µ = U (k)

n,µ Ω(k)
n,µ − Ω(k)

n,µ

†
U (k)

n,µ

†
, (3.8)

Ω(k)
n,µ =

∑
σ( ̸=µ)

(
U

(k)
n+µ̂,σU

(k)†
n+σ̂,µU (k)†

n,σ + U
(k)†
n+µ̂−σ̂,σU

(k)†
n−σ̂,µU

(k)
n−σ̂,σ

)
. (3.9)

We have defined the SU(2) generators τa with the normalization tr
(
τaτ b

)
= 1

2δab. The
smearing parameter ρ > 0 in (3.7) should be chosen appropriately as we discuss shortly.
Note that the stout smearing is nothing but the discretized version of the gradient flow
method [75] since J

(k)
n,µ represents the derivative of the Wilson plaquette action with respect

to the link variable U
(k)
n,µ. One of the biggest advantages of the stout smearing among various

smearing techniques is that the smeared link is differentiable with respect to the original
link, which is crucial in applying the HMC algorithm to the action including a term defined
with the smeared link.

In the SU(2) case, since the eigenvalues of the traceless Hermitian matrix Yn,µ are
given by ±κn,µ with

κn,µ =
√

1
2 Tr(Yn,µ)2 , (3.10)

the matrix exp(iYn,µ) in (3.6) can be obtained easily by

exp(iYn,µ) = (cos κn,µ)1 + sin κn,µ

κn,µ
iYn,µ . (3.11)

– 7 –



J
H
E
P
0
5
(
2
0
2
5
)
0
0
9

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
Q

0

25

50

75

100

125

150
= 0.00 

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
Q

0

50

100

150

200

= 0.05 

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
Q

0

50

100

150

200

250

300

= 0.09 

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
Q

0

100

200

300

= 0.15 

Figure 3. The histogram of the topological charge after the stout smearing for ρ = 0, 0.05, 0.09, and
0.15 with the fixed number of smearing steps Nρ = 40. The lattice volume is VL = 203 × 5, and the
temperature is T = 1.2 Tc.

In figure 3, we plot the distribution of the topological charge Q[Ũ ] computed from the
smeared link variables Ũn,µ at θ = 0 for various ρ with the fixed number of smearing steps
Nρ = 40. We find that a comb-like structure is most clearly seen for ρ = 0.09. Therefore,
we use Nρ = 40 and ρ = 0.09 in our simulation.

Note that the positions of the peaks are slightly shifted from integer values due to the
lattice artifacts. It is well known that one can actually make the position of the peaks
closer to integers by rescaling Q → wQ with some parameter w > 0. (See, for instance,
ref. [76].) In this work, we numerically determine the value of w from Q[Ũ ] obtained for
each configuration in such a way that the cost function

F (w) =
〈
1 − cos

(
2πwQ[Ũ ]

)〉
(3.12)

is minimized, where the symbol ⟨· · ·⟩ represents the ensemble average. (A similar cost function
has been used in ref. [56], for instance.) In practice, we calculate F (w) as a function of w,
and determine the optimal value wopt by fitting the result to F (w) = A(w − wopt)2 + B

near the minimum.
In table 1, we present the optimal value of w obtained in this way for L = 16 at each

temperature. For a larger lattice at low temperature, it turns out to be difficult to find
the minimum since the comb-like structure becomes unclear. On the other hand, at high
temperature, we find that the optimal value of w is actually almost independent of the
volume. Therefore, we use the values in table 1 for all Ls.

In our simulation, the topological charge is defined by Q̃ ≡ wQ[Ũ ] with the smeared link
variables Ũn,µ, whereas the plaquette action is defined with the original link variables Un,µ.

– 8 –
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T/Tc β w

0.90 2.33381 1.2234(3)
0.96 2.35320 1.2176(3)
0.98 2.35943 1.2167(1)
0.99 2.36250 1.2183(4)
1.00 1.36554 1.2183(1)

T/Tc β w

1.01 2.36856 1.2200(3)
1.02 2.37155 1.2217(3)
1.03 2.37452 1.2233(2)
1.04 2.37745 1.2247(2)
1.10 2.39458 1.2431(1)

Table 1. The value of β in the Wilson plaquette action (3.1) used in our simulations is given at
each temperature based on the relation (3.3). We also present the rescaling factor w that makes the
topological charge close to integers at each temperature for Ls = 16.

We will denote Q̃ simply as Q in what follows. In appendix A, we review how to calculate
the force term in the hybrid Monte Carlo algorithm with the stout smearing.

4 Simulation results

In this section, we present our results of the Monte Carlo simulation. We compute the
topological charge ⟨Q⟩iθ̃ and fit the result to some holomorphic function of θ̃. By making
an analytic continuation of the fitting functions, we obtain ⟨Q⟩θ for real θ and determine
whether the CP symmetry is spontaneously broken or not at each temperature, which tells us
the critical temperature TCP for the spontaneous CP symmetry breaking. We also determine
Tdec(θ) by analytical continuation and show that TCP > Tdec(π).

In order to justify the application of analytic continuation, ⟨Q⟩θ has to be an analytic
function of θ, which cannot be true in the rigorous sense since there is a deconfining phase
transition as one increases θ at some temperature fixed in a certain range. (See figure 1.)
However, in the present case of the SU(2) YM theory, the deconfining phase transition is of
the second order4 and hence ⟨Q⟩θ is continuous across the transition as a function of θ. Here
we assume that it is not only continuous but also analytic across the transition within small
errors given that the non-analytic behavior at a second order transition is observed only in a
detailed analysis of finite volume effects close to the transition. Indeed this assumption seems
to be valid at least in the imaginary θ region that can be directly explored by our simulations.
(See the last paragraph of section 4.2.) Under this assumption, it is expected that the analytic
continuation is valid until one hits the first-order phase transition line at θ = π if it exists.

4.1 θ dependence of the topological charge density

In figure 4, we plot the topological charge density ⟨Q⟩iθ̃ /Vs against θ̃ for Ls = 16, 20, 24 with
fixed Lt = 5. For each θ̃, we fit the data points to the linear function f(Vs) = c + b/Vs, where
c and b are the fitting parameters and Vs = L3

s is the spatial lattice volume. The results
obtained by the Ls → ∞ extrapolation are shown in the same figure.

4In the case of the SU(3) YM theory, the deconfining phase transition is of the first order, which implies
that ⟨Q⟩θ is no longer continuous across the transition. Thus, for the temperature at which the deconfining
phase transition occurs at some θ, the analytic continuation with respect to θ cannot be extended further.
The spontaneous CP symmetry breaking can still be investigated outside this temperature region.
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T/Tc χ0 χ2/NDF

0.90 0.000351(1) 0.60
0.96 0.000291(1) 2.37
0.98 0.000277(2) 0.53
0.99 0.000268(1) 0.75
1.00 0.000258(2) 1.67

T/Tc χ0 χ2/NDF

1.01 0.000243(1) 2.12
1.02 0.000228(2) 2.25
1.03 0.000209(2) 2.91
1.04 0.0001917(9) 1.78
1.10 0.0001171(5) 0.98

Table 2. The topological susceptibility χ0 in the lattice unit after the infinite volume extrapolation
for various temperature within 0.9 ≤ T/Tc ≤ 1.1.

Next, we show our results5 for the topological susceptibility χ0 at θ = 0, which is defined
by (2.9). From now on, we assume that χ0 is made dimensionless by using the lattice unit.
In figure 5, the topological susceptibility χ0 is plotted against 1/Vs for 16 ≤ Ls ≤ 64. The
natural fitting functions are6

flow(Ls) = c0 + c1e−c2Ls for T ≤ Tc , (4.1)
fhigh(Vs) = d0 + d1/Vs for T > Tc , (4.2)

where c0, c1, c2, d0 and d1 are the fitting parameters. The values of χ0 after the infinite
volume extrapolation are shown in table 2. In figure 5, we show the fitting curves for both
functions (4.1) and (4.2) at each temperature for comparison. We find that the choice of the
fitting function does not affect the extrapolated values beyond the fitting errors.

Using the results for the topological charge density and the topological susceptibility
after the infinite volume extrapolation, we determine the holomorphic function that describes
the θ̃ dependence of the topological charge density as follows. According to our discussions
in section 2, a natural ansatz for 1

Vs
⟨Q⟩θ in the real θ region within |θ| < π is7

g(θ) = −i(a1θ + a3θ3 + a5θ5) in the CP broken phase ,

h(θ) = −i(b1 sin θ + b2 sin 2θ + b3 sin 3θ) in the CP restored phase ,
(4.3)

respectively, where we have taken into account the fact that the topological charge is a
CP-odd quantity. We find that adding more terms in the expansion causes overfitting and
hence the truncation at this order seems to be optimal.8

Using the topological susceptibility χ0 at θ = 0 after the infinite volume extrapolation,
we get the constraints a1 = χ0 and b1 + 2b2 + 3b3 = χ0, which can be used to reduce the

5Since this only requires simulations at θ̃ = 0, which is much cheaper than simulations at θ̃ ̸= 0, we were
able to obtain many data points within 16 ≤ Ls ≤ 64.

6The reason for this choice is that the nonzero glueball mass leads to an exponentially fast approach to
the infinite volume limit in the confined phase [77]. On the other hand, the glueball contribution is expected
to be suppressed in the deconfined phase, and therefore the leading finite volume effect is expected to be
proportional to 1/Vs there. In the temperature region investigated in this work, however, the extrapolation
does not depend much on this choice.

7Note, in particular, that the function h(θ) includes the behavior ⟨Q⟩ ∝ sin θ obtained by the dilute
instanton gas approximation, which is expected to be valid at sufficiently high temperature [24, 25].

8This applies to the fitting ansatz (4.7) as well.
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Figure 4. The topological charge density ⟨Q⟩iθ̃ /Vs is plotted against θ̃/π for Ls = 16, 20, 24 at
various temperature within 0.9 ≤ T/Tc ≤ 1.1. The results of the infinite volume extrapolation are
plotted as well.
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Figure 5. The topological susceptibility χ0 in the lattice unit is plotted against 1/Vs. The blue solid
lines represent fits to the function (4.1), while the red dashed lines represent fits to the function (4.2).
The blue triangles and the red circles represent the corresponding extrapolated values of χ0 at each
temperature.
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Figure 6. The topological charge density ⟨Q⟩iθ̃ /Vs after the infinite volume extrapolation is
plotted against θ̃/π at various temperature within 0.9 ≤ T/Tc ≤ 1.1. We fit the data points to the
functions (4.4) (orange curve) and (4.5) (green curve) at each temperature. The values of the fitting
parameters are given in table 3. The error bands are also shown with light colors.
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Figure 7. The topological charge density limVs→∞ i ⟨Q⟩θ /Vs for real θ obtained by analytic continu-
ation of the fitting functions is plotted against θ/π at various temperature within 0.9 ≤ T/Tc ≤ 1.1.
The orange and green curves correspond to the functions g(θ) and h(θ) in (4.3), respectively. The
error bands are also shown with light colors.
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polynomial hyperbolic sine
T/Tc a3 a5 χ2/NDF b2 b3 χ2/NDF

0.90 0.0007(1) 0.0001(2) 1.92 -0.000249(2) 0.0000117(2) 16.14
0.96 0.00162(9) -0.0011(2) 2.63 -0.000177(2) 0.0000076(2) 5.12
0.98 0.0015(1) -0.0008(3) 0.92 -0.000179(3) 0.0000084(3) 1.74
0.99 0.0018(2) -0.0013(5) 1.42 -0.000166(4) 0.0000075(4) 1.92
1.00 0.0021(1) -0.0017(3) 1.55 -0.000141(2) 0.0000056(2) 2.33
1.01 0.0028(2) -0.0025(5) 7.73 -0.000118(4) 0.0000043(3) 6.92
1.02 0.0033(1) -0.0029(2) 2.18 -0.000094(2) 0.0000030(2) 1.68
1.03 0.0045(2) -0.0046(5) 1.46 -0.000056(4) 0.0000006(4) 2.48
1.04 0.0057(1) -0.0059(3) 5.10 -0.000021(3) -0.0000015(2) 11.29
1.10 0.0077(2) -0.0069(4) 2.67 0.000092(3) -0.0000077(3) 4.26

Table 3. The values of the fitting parameters obtained by fitting ⟨Q⟩iθ̃ /Vs after the infinite volume
extrapolation at various temperature within 0.9 ≤ T/Tc ≤ 1.1.

number of fitting parameters. Thus, we obtain the ansatz for imaginary θ = iθ̃

g(iθ̃) = χ0θ̃ − a3θ̃3 + a5θ̃5 , (4.4)
h(iθ̃) = (χ0 − 2b2 − 3b3) sinh θ̃ + b2 sinh 2θ̃ + b3 sinh 3θ̃ . (4.5)

In figure 6, we fit our data points to (4.4) (orange curve) and (4.5) (green curve) at
various temperature within 0.9 ≤ T/Tc ≤ 1.1. The values of the fitting parameters and the
normalized chi-square χ2/NDF are given in table 3. We find at lower temperature T/Tc ≤ 1.0
that the fitting to (4.5) is not good, which suggests that the system is in the CP broken phase.
On the other hand, at higher temperature T/Tc ≥ 1.01, the normalized chi-square χ2/NDF
turns out to be large for both ansatzes, which may be due to a few data points around the
deconfining phase transition at θ̃ = θ̃c. (See the last paragraph of section 4.2.) Therefore, in
the following analysis, we focus on the fitting curve obtained at lower temperature T/Tc ≤ 1.0
with the fitting ansatz (4.4).

In figure 7, we plot the fitting functions (4.3) after the analytic continuation. The orange
and green curves correspond to g(θ) and h(θ), respectively. To determine the CP restoration
temperature, we focus on the curve corresponding to the function g(θ) in the low temperature
region. As the temperature is increased, the curve starts to bend and the gap at θ = π

disappears around T/Tc ∼ 1.0, which we identify as the CP restoration temperature TCP.
Based on this, we arrive at the prediction for 1

Vs
⟨Q⟩θ in figure 8, where we plot the function

g(θ) for T/Tc ≤ 1.00 and the function h(θ) for T/Tc ≥ 1.01.
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Figure 8. Our prediction for limVs→∞ i ⟨Q⟩θ /Vs is plotted against θ/π at various temperature within
0.9 ≤ T/Tc ≤ 1.1. The gap at θ = π disappears at some T within 1.0 ≲ T/Tc ≲ 1.01.
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Figure 9. The deconfining temperature after the infinite volume extrapolation is plotted against
(θ/π)2. The curves represent the fit to the function (4.7).

4.2 θ dependence of the deconfining temperature

In order to investigate the inequality (1.1), we still have to determine Tdec(π) that appears on
the right-hand side. For that, we discuss the θ dependence of the deconfining temperature,9

again by analytic continuation from the results obtained at imaginary θ. Note that in pure
SU(N) Yang-Mills theory that we are dealing with, the Polyakov loop is an order parameter

9When this paper was about to be completed, we encountered a preprint [78], which addresses this issue
using the subvolume method. The deconfinement temperatures obtained at real θ in that paper lie close to
the fitting curve in our figure 9.
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for the spontaneous ZN center symmetry breaking, which corresponds to the deconfining
phase transition. Therefore we expect to observe a peak in the corresponding susceptibility
at the deconfining temperature.

In order to determine Tdec at imaginary θ, we measure the Polyakov loop susceptibility
χP(T ) at various temperature and fit our results to the Lorentzian function

χP(T ) = A

(T − Tpeak)2 + w2 , (4.6)

where A, Tpeak and w are the fitting parameters. By extrapolating Tpeak to the infinite
volume, we estimate the deconfining temperature Tdec(iθ̃) at each θ̃.

The result of Tdec(iθ̃)/Tc is plotted in figure 9 against (θ/π)2 = −(θ̃/π)2. Since the
deconfining temperature is invariant under the CP transformation θ → −θ, it should be an
even function of θ. Here we fit our results for the deconfining temperature to

Tdec(θ)
Tc

= c0 − c2

(
θ

π

)2
, (4.7)

which yields10 c0 = 1.0183(16), c2 = 0.225(12). The result of the fit is shown in figure 9,
where we also extend the fitting function to the real θ region. Note that the vertical intercept
of the fitting line being c0 ̸= 1 is not a contradiction since Tc represents the deconfining
temperature in the continuum limit, whereas Tdec(θ) is obtained at finite lattice spacing.
While the prediction for the deconfining temperature Tdec(θ)/Tc in the real θ region depends
much on the ansatz, we may safely conclude that Tdec(θ) < Tc.

Having identified the deconfining phase transition line in the imaginary θ region, we can
discuss how it affects the θ̃ dependence of the topological charge density ⟨Q⟩iθ̃ /Vs after the
infinite volume extrapolation. Let us focus on the bottom two plots in figure 6. From figure 9,
we find that the critical θ̃ at which the deconfining phase transition occurs is θ̃c/π = 0.32(2)
and θ̃c/π = 0.60(2), respectively, for T/Tc = 1.04 and T/Tc = 1.10. In fact, we do see
some deviation from the fitting curve around θ̃ = θ̃c, which might be due to the deconfining
phase transition. Despite this subtlety, we find that the data points are nicely fitted to the
analytic functions (4.4) and (4.5). Therefore our basic assumption that ⟨Q⟩θ is not only
continuous but also analytic across the deconfining phase transition seems to be valid to
good accuracy at least in the imaginary θ region.

5 Summary and discussions

In this paper, we have investigated the spontaneous breaking of CP symmetry in four-
dimensional pure Yang-Mills theory at θ = π, which has attracted a lot of attention in recent
years since the ’t Hooft anomaly matching condition suggested a nontrivial phase structure.
In fact, at large N , it is known that the CP symmetry at θ = π is spontaneously broken in the
confined phase and it gets restored in the deconfined phase. However, a CP broken deconfined
phase may appear at small N since it is allowed by the anomaly matching condition. The
aim of this work is to investigate this possibility by numerical simulations.

10In the SU(3) case, it is found that the coefficient c2 in the first ansatz is positive as well [53, 70–72].
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In order to circumvent the sign problem that occurs in ordinary Monte Carlo methods
due to the θ term, we perform simulations at imaginary θ, where the sign problem is absent,
and make an analytic continuation to real θ. As the order parameter of the spontaneous CP
symmetry breaking, we calculate the expectation value of the topological charge ⟨Q⟩ at θ = π

in this way. Our results suggest that the CP restoration temperature TCP is very close to Tc,
which is the deconfining temperature at θ = 0. We have also estimated the θ dependence
of the deconfining temperature by analytic continuation and found that Tdec(θ = π) < Tc.
Combining these two results, we have concluded the existence of a CP broken deconfined
phase at θ = π, in striking contrast to the situation at large N .

Let us note that it is not straightforward to take the continuum limit by increasing
the inverse coupling β since that will cause the so-called topology freezing problem. (See,
however, ref. [79] and references therein for recent developments in solving this problem.)
Instead, it would be worthwhile to improve the gauge action by including 1 × 2 Wilson loops,
which will enable us to reduce the number of smearing steps. This is useful not only in
reducing the possible artifacts of the stout smearing but also in reducing the computational
cost, which will be important in increasing the lattice size.

We are currently trying to extend our work to the SU(3) YM theory, where the phase
structure at θ = π is expected [28] to be like figure 1 (Left), similarly to the large-N case.
Considering that Tdec(π) < Tc is expected in SU(3) [53, 69–72] as well, we may find that TCP
is significantly lower than Tc unlike in the SU(2) case, where we have found TCP ≃ Tc.
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A Derivation of the HMC force term with the stout smearing

The stout smearing used in our simulation has been proposed in ref. [67] originally in the
SU(3) case, and it has also been applied to the SU(2) case, for instance in refs. [80, 81]. Here
we present the derivation of the HMC force term for the reader’s convenience.

Let us consider the first smearing step

Un,µ → U (1)
n,µ ≡ U ′

n,µ = eiYn,µUn,µ , (A.1)
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where eiYn,µ is defined by (3.6), and calculate the drift term Da
n,µS[U ′(U)] for the original

link variable, where the derivative is defined as

Da
n,µF (Un,µ) ≡ lim

ϵ→0

F (eiϵτa
Un,µ) − F (Un,µ)

ϵ
, (A.2)

where τa are the SU(2) generators with the normalization tr
(
τaτ b

)
= 1

2δab. Note first that

U ′
m,ν

(
eiαaτa

Un,µ

)
≈
{
1 + αa

(
Da

n,µU ′
m,ν

)
(U ′

m,ν)†
}

U ′
m,ν , (A.3)

up to the first order in αa. The quantity in the parenthesis on the right-hand side can
be rewritten as

αa
(
Da

n,µU ′
m,ν

)
(U ′

m,ν)† = 2αaTr
{(

Da
n,µU ′

m,ν

)
(U ′

m,ν)†τ b
}

τ b

= iαa∆a;b
n,µ;m,ντ b , (A.4)

where we have defined

∆a;b
n,µ;m,ν ≡ −2iTr

{(
Da

n,µU ′
m,ν

)
(U ′

m,ν)†τ b
}

. (A.5)

In deriving (A.4), we have used the identity

Tr (Wτa) τa = 1
2

{
W − 1

N
Tr (W )1

}
, (A.6)

in which the trace part on the right-hand side vanishes in the present case as

Tr
{(

Da
n,µU ′

m,ν

)
(U ′

m,ν)†
}

= Tr
{

Da
n,µ

(
eiYm,ν Um,ν

)
U †

m,νe−iYm,ν

}
= Tr

(
e−iYm,ν Da

n,µeiYm,ν + U †
m,νDa

n,µUm,ν

)
= iTr

(
Da

n,µYm,ν

)
+ iδnmδµνTr

(
U †

m,ντaUm,ν

)
= 0 . (A.7)

Plugging (A.4) in (A.3), we obtain

U ′
m,ν

(
eiαaτa

Un,µ

)
=
[
1 + iαa∆a;b

n,µ;m,ντ b
]

U ′
m,ν

≈ exp
(
iαa∆a;b

n,µ;m,ντ b
)

U ′
m,ν . (A.8)

Thus we obtain the chain rule

Da
n,µS

[
U ′(U)

]
=
∑
m,ν

∆a;b
n,µ;m,νD′b

m,νS
[
U ′] , (A.9)

where the primed derivative D′b
m,ν is assumed to act on U ′. The relation between the drift

F ′
n,µ ≡ iτaD′a

n,µS
[
U ′(U)

]
(A.10)
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for the smeared link and the drift Fn,µ for the original link is obtained as

Fn,µ ≡ iτaDa
n,µS

[
U ′(U)

]
= iτa

∑
m,ν

∆a;b
n,µ;m,νD′b

m,νS
[
U ′]

= −2iτa
∑
m,ν

Tr
[{(

Da
n,µeiYm,ν

)
e−iYm,ν + eiYm,ν

(
Da

n,µUm,ν

)
U †

m,νe−iYm,ν

}
F ′

m,ν

]
= −2iτa

∑
m,ν

{
Tr
[
e−iYm,ν F ′

m,νDa
n,µeiYm,ν

]
+ iδnmδµνTr

[
eiYm,ν τae−iYm,ν F ′

m,ν

]}
= −2iτa

∑
m,ν

Tr
[
e−iYm,ν F ′

m,νDa
n,µeiYm,ν

]
+ e−iYn,µF ′

n,µeiYn,µ . (A.11)

Let us recall that eiYn,µ can be written as (3.11) using (3.10). We rewrite (3.11) as

exp(iYn,µ) = (cos κn,µ)1 + i f(κn,µ) Yn,µ , (A.12)

using the analytic function f(x) defined as11

f(x) = sin x

x
= 1 − x2

[
1
6 − x2

(
1

120 − x2

5040

)]
+ O(x8) . (A.13)

Using this function, the derivative in the first term in (A.11) is decomposed as

Tr
(
e−iYm,ν F ′

m,νDa
n,µeiYm,ν

)
= Tr

[
e−iYm,ν F ′

m,ν

{
− sin κm,ν1 + f ′(κm,ν)iYm,ν

}]
Da

n,µκm,ν

+ f(κm,ν)Tr
(
e−iYm,ν F ′

m,νiDa
n,µYm,ν

)
. (A.14)

The first trace in (A.14) can be simplified by using the property Y 2
m,ν = κ2

m,ν1 of the 2 × 2
traceless matrix and TrF ′

n,µ = 0 as

Tr
[
e−iYm,ν F ′

m,ν

{
− sin κm,ν1 + f ′(κm,ν)iYm,ν

}]
= 1 − f(2κm,ν)

κm,ν
Tr
(
F ′

m,νiYm,ν

)
. (A.15)

Converting the derivative of κm,ν to the derivative of Ym,ν as

Da
n,µκm,ν = Da

n,µ

√
1
2TrY 2

m,ν = − 1
2κm,ν

Tr
(
iYm,νiDa

n,µYm,ν

)
, (A.16)

all the derivatives in (A.14) can be written in terms of Da
n,µYm,ν as

Tr
(
e−iYm,ν F ′

m,νDa
n,µeiYm,ν

)
= −1 − f(2κm,ν)

2κ2
m,ν

Tr
(
F ′

m,νiYm,ν

)
Tr
(
iYm,νiDa

n,µYm,ν

)
+ f(κm,ν)Tr

(
e−iYm,ν F ′

m,νiDa
n,µYm,ν

)
= Tr

[{
−1 − f(2κm,ν)

2κ2
m,ν

Tr
(
F ′

m,νiYm,ν

)
iYm,ν + f(κm,ν)e−iYm,ν F ′

m,ν

}
iDa

n,µYm,ν

]
. (A.17)

11The fact that the function f(x) is analytic is important for using the stout smearing in the HMC algorithm.
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Plugging this in (A.11), we obtain the form of the drift term

Fn,µ = −2iτa
∑
m,ν

Tr
(
Λ̂m,νiDa

n,µYm,ν

)
+ e−iYn,µF ′

n,µeiYn,µ , (A.18)

Λ̂m,ν ≡ −1 − f(2κm,ν)
2κ2

m,ν

Tr
(
F ′

m,νiYm,ν

)
iYm,ν + f(κm,ν)e−iYm,ν F ′

m,ν . (A.19)

Let us recall here that Ym,ν is defined in terms of Jm,ν as (3.7). The first term of the
left-hand side of (A.18) can be rewritten as

−2iτa
∑
m,ν

Tr
(
Λ̂m,νiDa

n,µYm,ν

)
= 2iρτa

∑
m,ν

Tr
{

Λ̂m,νTr
(
Da

n,µJm,ντ b
)

τ b
}

= 2iρτa
∑
m,ν

Tr
{

Tr
(
Λ̂m,ντ b

)
τ bDa

n,µJm,ν

}
= 2iρτa

∑
m,ν

Tr
(
Λm,νDa

n,µJm,ν

)
, (A.20)

where we have defined the traceless matrices

Λm,ν ≡ Tr
(
Λ̂m,ντ b

)
τ b = 1

2

{
Λ̂m,ν − 1

2Tr
(
Λ̂m,ν

)}
. (A.21)

Therefore the drift term

Fn,µ = e−iYn,µF ′
n,µeiYn,µ + 2iρτa

∑
m,ν

Tr
[
Λm,νDa

n,µJm,ν

]
(A.22)

is obtained by calculating the derivative of the Jm,ν , which is given by

Da
n,µJm,ν = Da

n,µ(Um,νΩm,ν −Ω†
m,νU †

m,ν) (A.23)
= iδn,mδµν(τaUm,νΩm,ν +Ω†

m,νU †
m,ντa)+Um,ν(Da

n,µΩm,ν)−(Da
n,µΩ†

m,ν)U †
m,ν ,

Da
n,µΩm,ν = i (1−δµν)

(
δn,m+ντaUn,µU †

n+µ−ν,νU †
n−ν,µ−δn,mUn+ν,µU †

n+µ,νU †
n,µτa (A.24)

−δn,m+ν−µU †
n,µτaU †

n−ν,νUn−ν,µ +δn,m−µU †
n+ν,µU †

n,ντaUn,µ

)
− iδµν

∑
σ( ̸=µ)

(
δn,m+σUn+µ−σ,σU †

n,µτaU †
n−σ,σ +δn,m−σU †

n+µ,σU †
n,µτaUn,σ

)
,

Da
n,µΩ†

m,ν = i (1−δµν)
(
δn,mτaUn,µUn+µ,νU †

n+ν,µ−δn,m+νUn−ν,µUn+µ−ν,νU †
n,µτa (A.25)

−δn,m−µU †
n,µτaUn,νUn+ν,µ +δn,m+ν−µU †

n−ν,µUn−ν,ντaUn,µ

)
+ iδµν

∑
σ( ̸=µ)

(
δn,m+σUn−σ,στaUn,µU †

n+µ−σ,σ +δn,m−σU †
n,στaUn,µUn+µ,σ

)
.
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