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We propose and analyze a space—time finite element method for Westervelt’s quasilinear model of
ultrasound waves in its second-order formulation. The method combines conforming finite element spatial
discretizations with a discontinuous—continuous Galerkin time stepping. Its analysis is challenged by the
fact that standard Galerkin testing approaches for wave problems do not allow for bounding the discrete
energy at all times. By means of redesigned energy arguments for a linearized problem combined with
Banach’s fixed-point argument, we show the well-posedness of the scheme, a priori error estimates,
and robustness with respect to the strong damping parameter §. Moreover, the scheme preserves the
asymptotic preserving property of the continuous problem; more precisely, we prove that the discrete
solutions corresponding to § > 0 converge, in the singular vanishing dissipation limit, to the solution of
the discrete inviscid problem. We use several numerical experiments in (2 + 1) dimensions to validate our
theoretical results.

Keywords: Westervelt’s equation; space—time method; discontinuous-continuous Galerkin time stepping;
asymptotic-preserving method.

1. Introduction

Westervelt’s equation (Westervelt, 1963) is a classical model of nonlinear acoustic and ultrasonic wave
propagation. It is especially attractive for simulating medical and industrial applications of ultrasound
as it does not assume any directionality of the wave field. In this work we develop and analyze a
space—time finite element approach for its discretization in the framework of the DG-CG scheme
introduced in Walkington (2014) that combines continuous and discontinuous Galerkin time-stepping
methodologies.

We consider a space—time cylinder Qr = £2 x (0,T), where £2 C R? (d € {1,2,3}) is an open,
bounded polytopic domain with Lipschitz boundary 902, and T > 0 is the final propagation time. We
define the surfaces X, := £ x {0} and X := £ x {T}. Given a medium-dependent nonlinearity
parameter k € R, a sound diffusivity coefficient § > 0, the speed of sound ¢ > 0, a source term
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2 S. GOMEZ AND V. NIKOLIC

f : Or — R, and initial data u,, u; : £2 — R, we consider the following Westervelt IBVP: find the
acoustic pressure u : Or — R such that

0,((1 + ku)o,u) — 2 Au — 8A@u) =f inQyp,
u=20 ondf2 x (0,7), (1.1)
u=uy and Ju=u on X,.

It is known that the damping parameter plays a decisive role in the behavior of solutions to (1.1). When
8 > 0, Westervelt’s equation has a parabolic character due to the strong damping —8 Ad,u, which unlocks
the global well-posedness of (1.1) with an exponential decay of the energy of the system, as shown
in Kaltenbacher & Lasiecka (2009). In the inviscid hyperbolic case where § = 0, on the other hand,
one can expect only the local existence of solutions; see Dorfler ef al. (2016). Given that the damping
parameter is often small in practical scenarios, it becomes vital to understand how the solutions behave
as § approaches zero. The question is complex due to the quasilinear nature of (1.1). Such a singular
limit analysis for (1.1) can be found in Kaltenbacher & Nikoli¢ (2022). More recently, robustness with
respect to the sound diffusivity has also become a prominent issue when considering numerical schemes
for (1.1) and other nonlinear acoustic models; see Dorich & Nikoli¢ (2024); Meliani & Nikoli¢ (2024);
Go6mez & Meliani (2025) and Nikoli¢ (2025). These works have built upon the insights from rigorous
numerical investigations of the inviscid Westervelt equation in, e.g., Hochbruck & Maier (2022); Maier
(2023) and Dorich (2025), and the strongly damped equation in, e.g., Nikoli¢ & Wohlmuth (2019). The
second major goal of this work is to shed further light on this problem by establishing the conditions
under which the developed DG-CG method is robust with respect to § and furthermore preserves the
limiting behavior of the exact solutions in the vanishing dissipation limit.

We are particularly interested in fully discrete schemes based on Galerkin-type time discretizations,
as they can be easily interpreted as space—time methods. Some of the appealing properties of space—time
methods are that

(i) they allow for simultaneous high-order convergence in space and time,
(i1) they can be analyzed in a discrete variational setting closer to the continuous one and

(iii) the error analysis does not rely on Taylor expansions, so they typically require weaker regularity
assumptions than most standard time-stepping schemes.

Galerkin-type time stepping schemes for the wave equation can be classified in two groups: those
based on a first-order-in-time system (i.e., introducing an auxiliary variable v = 0,u) and those defined
directly for the second-order formulation. The first group includes the discontinuous Galerkin method by
Johnson (1993) and the continuous Petrov—Galerkin method by French & Peterson (1996) (see also its
more robust analysis in Bales & Lasiecka, 1994, 1995; Gémez, 2025b). Both methods are unconditionally
stable without requiring the presence of a damping term; however, at the expense of doubling the number
of degrees of freedom. The DG time discretizations by Hulbert & Hughes (1990) and by French (1993)
belong to the second group. In order to obtain well-posedness, the former uses a least-squares stability
term, whereas the latter requires employing explicit exponential weights in the inner products. Antonietti
et al. (2018) proposed and analyzed a DG time discretization for the second-order formulation relying
on the presence of a first-order damping term. Recently, in Shao (2022), the DG method from Antonietti
et al. (2018) was applied to a class of second-order nonlinear hyperbolic equations by transforming the
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DG-CG FEM FOR THE WESTERVELT EQUATION 3

original problem in terms of a new variable w = ¢~ 7'y, 0 as to obtain the necessary damping term in
the transformed problem.

Our method is based on the combined DG-CG scheme developed for the linear wave equation by
Walkington (2014), which provides a discrete solution that is continuous in time, but with a possibly
discontinuous first-order time derivative. The method in Walkington (2014) is applied directly to the
second-order wave formulation and does not require the presence of a damping term to guarantee well-
posedness. Moreover, unconditional stability and optimal convergence can be shown in L>°(0, T; X)-type
norms. Consequently, the scheme is endowed with good stability and approximation properties, and
requires fewer degrees of freedom than the methods based on the Hamiltonian formulation (Johnson,
1993; French & Peterson, 1996). An additional important advantage for linear wave problems is that
this method does not impose a Courant—Friedrichs—Lewy (CFL)-type restriction on the time step.
Theorem 4.1 below shows that this advantage extends to damped linear problems with a variable leading
coefficient.

1.1  Main contributions

Our first main contribution pertains to advancing the theoretical framework of the DG-CG finite
element methodology from Walkington (2014) to accommodate quasilinear wave models in the form
of (1.1). In addition, to the best of our knowledge, this work contains the first rigorous space—time finite
element analysis of the Westervelt equation. Specifically, we determine the sufficient conditions for the
discretization and exact solution u that ensure that the discrete solution u,, . satisfies the following a
priori bounds:

19t — w, oo 0 7222029y S T Ntllyy + Bl w2

12
IV —uy.) ||Loc(o,T;L2(_Q)d) S Tm”“”mJ +h ”””K,h’

provided At+17% < ¢ < WD, 2 < m < g1 <t<pandl+1—d/2>d/Q2(m— 1)), where p and
g denote the degrees of approximation in space and time, respectively. The norms || - ||, II - ll, Il - ||m’[
and || - ||, , on the right-hand side of (1.2) are norms in Bochner spaces, defined in (5.1) below. We refer
to Theorem 5.4 for the details.

Secondly, our analysis guarantees that the constants in estimates (1.2) do not depend on the sound
diffusivity §. This fact paves the way for our second main theoretical contribution, which quantifies the 8-
asymptotic behavior of discrete solutions of dissipative problems as § \, 0. More precisely, Theorem 6.1
reveals that, for a properly set up discretization, the discrete solutions preserve the asymptotic behavior
of the exact ones in the vanishing dissipation limit, as they converge to the discrete solution to the inviscid
problem at a linear rate.

1.2 Approach and challenges

We approach the analysis of the DG-CG method for (1.1) by first considering a linearized discrete
problem with a variable coefficient. After deriving a priori bounds for the linearization, we combine
them with a fixed-point argument set up on a ball centered at u with an (h, 7)-dependent radius, in the
spirit of, e.g., Makridakis (1993); Ortner & Siili (2007) and Nikoli¢ & Wohlmuth (2019). This approach
yields the well-posedness of the discrete nonlinear problem and error bounds (1.2) simultaneously.
However, the reasoning used in the robustness analysis of the semidiscrete-in-space finite element
formulation of the Westervelt equation (see, for example, Nikoli¢, 2025) cannot be applied to analyze the
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4 S. GOMEZ AND V. NIKOLIC

fully discrete scheme in this case. The primary issue is that standard testing techniques would provide
bounds for the energy norm of the discrete solution to the linearized problem only at discrete times
{tn}f:’:1 (see also Proposition 3.5 below), which is not enough to bound the discrete energy at all times.
Thus, a big challenge in the a priori analysis here lies in developing the right testing strategy for the
linearized problem that leads to the bounds in the form of (1.2) and that is furthermore suitable for later
closing the fixed-point argument.

The numerical analysis of the Westervelt equation must guarantee that the term 1 + ku;, . does not
degenerate, so that the discrete problem is still a valid wave model. This requirement translates to needing
a uniformly small bound on [[kuj, ; || ;o 0 1:100(s2))- Another special feature of the Westervelt equation is
that the second time derivative is involved in the nonlinearity. To prove the uniqueness of solutions to
the discrete problem, we thus also need a suitable uniform bound on the discrete second time derivative,
which is a nontrivial task in a time-discrete setting. The particular nonlinearities present in the model
thus have significant implications for designing the testing strategy in the stability and error analysis,
and for the assumptions made on the discretization parameters and polynomial degrees.

1.3 Notation

We use standard notation for L7, Sobolev and Bochner spaces. For instance, given an open, bounded

domain D c R4 (d € {1,2,3}) with Lipschitz boundary 3D, p € [1,00] and m € R, we denote the

corresponding Sobolev space by W'(D), and its seminorm and norm, respectively, by | - [ymp, and
P

- Wi (D) In particular, for p = 2, we use the notation H*(D) := W;(D), endowed with the seminorm
| |s(py and the norm || - || s (py. For s = 0, HO(D) := L*(D) is the space of Lebesgue square integrable
functions over D with inner product (-, -)p, and Hé (D) is the closure of Cgo (D) in the H' (D) norm.
Given a time interval (a, b), and a Banach space (X, || - ||y), the corresponding Bochner space is denoted
by W;(a, b; X).

Given g € N, we denote by P4(D) the space of polynomials defined on D of degree at most g.

1.4 Structure of the remaining of the paper

In Section 2, we provide a precise description of the DG—CG method for the Westervelt equation.
Section 3 contains the stability analysis of a linear problem with a variable coefficient, which is
complemented in Section 4 by the a priori error analysis of that problem in the energy norm. The
results for the linearized problem are then combined with Banach’s fixed-point theorem to arrive at the
well-posedness and error bounds for the Westervelt equation in Section 5. In Section 6, we investigate
the vanishing § dynamics of the discrete problem and establish the convergence rates with respect
to this parameter. Finally, our theoretical findings are illustrated in Section 7 with several numerical
experiments, and we include some concluding remarks in Section 8.

2. Description of the method

Let {7},},~ o be a family of shape-regular conforming simplicial meshes for the spatial domain £2. Let also
{T.},; be a family of (not necessarily uniform) partitions of the time interval (0, T), where t denotes the
maximum time step and each 7_ is of the form 0 =: 1, <1, < ... <ty :=T.

For each element K € 7,,, we denote the diameter of K by hg. Moreover, forn = 1,...,N, we define
the time interval I, := (t,_,,t,) € 7T,, the time step 7, :=t, — t,_;, the partial cylinder Q, := 2 x I,
and the surface ¥, := £2 x {t,}.
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DG-CG FEM FOR THE WESTERVELT EQUATION 5

In addition, forn = 1,...,N — 1 and any piecewise smooth function v, we define the time jump'
V], @) = vx,£,) —v(x, ) Vx € £2, 2.1
where
v(x,t,) = lim v(x,z, —¢) and v(x, tjl') = lim v(x,t, +¢).
e—>01 e—>0t1
Let p,q € Z™ be some given degrees of approximation in space and time, respectively. We define
the following piecewise polynomial spaces:
V,’; = {v € Hé(.Q) DV € PP(K) for all K € 771},
V= {vec0,T] : v, €PU,) forn=1,...,N},
Vit = {v e C'([0.T1: Hy(2)) : v, € PAU V) forall 1, € T},
W,’j;f‘l i={w e LX(0,T; H)(2)) : Wi, € P 1, VY) forall I, € T, ). (2.2)
Moreover, we denote by P?('7,) the space of piecewise polynomials of degree at most goneach /, € 7.

In the spirit of the DG-CG time stepping scheme in Walkington (2014), the proposed space—time
formulation reads: find u;, , € VZ’? such that

g1
By Wy os Wpos21) = LWy r,2) YWy0,2,) € WE x V, (2.3)
where
N
B W es 0Wpe02)) = D (3,((1 + kuy DB, ). Wy o) .
n=1

N—1
- Z ((1 + kuh,t(" tn))[[atuh,r]]n’ Wh,r(" t:))g + ((1 + kuh,r)atuh,r’ Wh,r)zo
n=1

+ (Vi Yy, o) 8V VW) o+ (Vi (,0), Vz) g,

o
LWperzp) = (Fo i) g, + (4 + kg, wy  (,0)) 5 + (Vitg, V2) .-

Since we are interested in the vanishing dynamics, we assume that § € [0, 5] for some fixed § > 0.

! The time jumps are sometimes defined as [v],(x) := v(x, t,J{ ) — v(x, 1, ). Instead, in the context of space-time methods, the

definition in (2.1) corresponds to setting the normal vector on the so-called space-like facets pointing to the future.
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6 S. GOMEZ AND V. NIKOLIC

2.1 Energy norm

We introduce the upwind-jump functional

N—-1
1 2
2. 2 2
|V| J E (||V||L2(ET) + Z H [[V]]n”LZ(.Q) + ||V||L2(Z()))’ (24)

n=1

and the following energy norm in the space Vi’f :

2. 2 2 2 2
|||uh,r |5 = ”atuh,r “LOO(O,T;LZ(.Q)) + c ”Vuh,r ||L°°(O,T;L2(S2)d) + ’atuh,r ‘ J

+ IV 172 5p0 + IV T2 5000 + IV Byt 2 g0 25)

REMARK 2.1 (Linear case). By setting § = 0 and k = 0 in (2.3), the proposed method reduces to
the DG-CG scheme in Walkington (2014) for the linear acoustic wave equation without damping,
whereas, for k = 0 and § > 0, it corresponds to a space—time discretization of a strongly damped wave
equation. |

REMARK 2.2 (Discrete initial conditions). In the space—time variational formulation (2.3), the discrete
initial condition for u, . (-, 0) is strongly enforced as the Ritz projection of u,, whereas the discrete initial
condition for d,u;, , (-, 0) is imposed in a weak sense. n

As announced, we approach the analysis of (2.3) by first considering a linearized problem with a
variable coefficient, where we replace 1 + kuy, , in the leading term by 1 + ko, ; for a suitably chosen
), ;- The estimates will later be combined with Banach’s fixed-point theorem to obtain the results for
(2.3), uniformly in §. Thus, &, ;. can be understood in this work as a placeholder for a fixed-point iterate.

3. Stability analysis of a linearized problem

In this section we analyze the stability of the following linearized space—time formulation: given a
discrete approximation o, , € V;'? of u, find u;, , € V' such that

~ g1
By, (upzs Wp 15 2)) = LsWy, 1, 25) YWy, € WZ,? V2, € V), G.D

where

N
B o tpes Wzs 7)) = D (3,((1 + ket )30y, ) Wy 1)

n=1

n

N-1
= D (4 ket Gt [Pty Lo Wi (5 50) g + (1 4+ ket )yt Wie) 5,

n=1

+ A (Vity o, Vwy ) o, + (Vo Vo) o+ (Vi (00, V2) 0, (3.2)

Q
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DG-CG FEM FOR THE WESTERVELT EQUATION 7
Ls(Wper2) = (1, Wh,r)QT + (1 + kug)uy, wy (-,0)

N
+ 8V, Vwy Dy + D (E 9wy o) o, + (Vig, V) g, (3.3)

n=1

with u € H' (0, T; H(l) ()% being a perturbation function that will represent the interpolation error of the
damping term, and & € LZ(QT) being a function representing the lack of orthogonality of the projection
P, used in the a priori error analysis in Section 4.3 below due to the presence of the discrete coefficient
Ao

Henceforth, we denote by Id the identity operator, and by IT ;_1 the L?(0, T) orthogonal projection
onto PY(7.). In Appendix A, we recall some standard results concerning stability and approximation
properties of 11 ;7] , polynomial inverse estimates, and standard trace inequalities that we heavily rely on
in the analysis below.

Summary of results in this section We assume that the linearized problem does not degenerate in the
following sense.

AssumpTioN 1 (Nondegeneracy of the discrete coefficient). Assume that the discrete coefficient o), , €
VZ ’Tq does not degenerate, i.e., there exist positive constants  and o independent of 4, T and § such that

0<1—lklg<1+ka,, (0 <1+ka@ V1 e (3.4)

Later on, in the fixed-point argument, we show that the nondegeneracy assumption is satisfied for
uy, . as well.

As mentioned, the main difficulty in reproducing the arguments used for the semidiscrete-in-space
formulation of the linearized Westervelt equation, e.g., Nikoli¢ (2025) to analyze the linearization of the
fully discrete scheme (2.3), is that standard techniques provide bounds for the energy norm of the discrete
solution only at the discrete times {tn}21=1 (see also Proposition 3.5 below), which is not enough to bound
the energy for all times. To address this issue, we first extend the ideas from Walkington (2014) to the
present setting of the linear problem with a variable coefficient in order to obtain continuous dependence
on the data controlling the energy at all times. Thus, the next theorem, which we prove in Section 3.3
below, is the main result of this section.

Tueorem 3.1 (Continuous dependence on the data). Let Assumption 1 on the discrete coefficient o, ;
hold. There exists a positive constant C, independent of A, T and § such that, if

|k|||a;(¥h,r||L1 (0,T;L>°(£2)) =< Ca, (3.5)
then the following stability estimate holds:
g 05 S WG o raz gy + 1L+ kughug 172 o) + €1 Vgl 2 g0

+3IVB 7200 + 1T 61710 1202 (3.6)

Remark 3.2 (Existence and uniqueness of a discrete solution to the linearized problem). From (3.6),
we can deduce that the unique discrete solution to the linearized space—time formulation (3.1) with
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8 S. GOMEZ AND V. NIKOLIC

zerodata (f = 0, uy = 0,u; = 0,0 = Oand & = 0) is U, = 0. Since (3.1) corresponds to
a square system of linear equations, this implies the existence and uniqueness of a discrete solution
to (3.1). [

3.1  Auxiliary weight function

Following Walkington (2014) (see also Dong et al., 2024 for a g-explicit analysis), we introduce a set
of auxiliary linear functions that are used in the proof of Theorem 3.1 to derive stability estimates in the
energy norm (2.5). Let 6 be a strictly positive parameter that will be chosen later. Forn = 1,...,N, we
define the following linear function:

0, () =0 — A, (t—1t,_ 1) with}, = {_q and ¢, = forall t € (¢,_4,1,). 3.7
T,

n

1
429+ 1)

The constant ¢, depends only on the degree of approximation g. From Lemma A.5, we deduce that

%

I B 2 q(7 .72
(1 + Cinv)z ||W‘[||LO<)(IH;L2(Q)) 5 VW-[ € P (InvL (9))a

2
)‘n“WT ”LZ(Q,,)

which will be exploited in Section 3.3 to obtain L°°-bounds in time on the approximate solution.
We assume that 6 > ¢,. Then, the weight function ¢,, satisfies the uniform bounds

0<0-¢, <=6  forallrels, .1, (3.8)
as well as
= = forall € [, 1.1,]
Pp\l) = n = 47,2+ 1) ol

Furthermore, we have the following approximation result, which relies on the properties of Legendre
polynomials.

Lemma 3.3. Forn=1,...,N and K € 7, the following bounds hold:

q—1
[(d — Héfl)(wnwh,f)”]}([(n) = Colwi 2k, Vwyr € Wﬁg , (3.9
IAd — 17! _ ) (@,wp, ) C 6Dl ) < S — Wy 2
q—1 n"Vht/\" tp—1/1L2(2) = 4 /—2q+1 ,—tn h,t L2 (Qp)

JA -1
= Tn”W’“” 120 Yw,, € Wi (3.10)
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DG-CG FEM FOR THE WESTERVELT EQUATION 9

Proof. Let L,(t) denote the Legendre polynomial of degree g on the interval 7, (the explicit dependence
on the interval 7, is omitted). Since ¢, w), . € Wﬁg , the following identity holds for all (x,#) € Q,:

g+ DL, () /

(d — 1T} _ ) (9w, ). 1) = L, (0@, (0w, (. 1) dt

n In

2 DA, L
_M/ Ly(0)(t = 1,_)wy - (. ) d, -11)

n I, n

where we have used the fact that w), , (x,-) € P4 -1 (1,) for all x € £2. Therefore, using the Holder and
the Cauchy—Schwarz inequalities, we get

1

(2g + DA 2 N3
10 = 7)) 2y = e (1L /K ( /1 L)~ 1y w0 ) )’

Qg+ 3
st—"nt—rn_l||Looun>||L[,||Lzan)( Knaniz(,n)uwh,,(x,->||iz(,n) dx)

n
_ g+ i,
- T

n

2
lt—1,_4 ”LOO(I,,) ”Lq“LZ(I,,) ||Wh,f||L2(Kn)

< MTlwy 2k,

= Cq”wh’f”LZ(Kn)'
Similarly, using the fact that Lq(tn_ 1) = (=1)%, we have

2g + DA 2 \1
100 = 73t iy = S ([ ([ 1,001, w w0 ar) ax)
_ Qg+ D,

= — It =tillimay Iglza, Wae D2,
n

IA

1
—_— (|W

4 2q+1@|| nellzn
V )\’n

= 2 ||Wh"[||L2(Qn)7

which completes the proof. (]

In what follows, the projection operator I/ _, is to be understood as applied pointwise in space. The
constant Cg in Lemma A1 depends on the index s. In the analysis below, whenever Lemma A1l is used
for different values of s, the constant Cy is to be understood as the maximum of such constants. Similar

conventions are made for the constants C; in Lemma A2 and C;, in (A.2c).
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10 S. GOMEZ AND V. NIKOLIC

3.2  Weak partial bound on the discrete solution

In this section, we prove a partial bound on the discrete solution u;, , of the linearized space-time
formulation (3.1) that will be used to build the ‘stronger’ result in Section 3.3 below. In the first step, we
show the following lower bound.

ProposiTiON 3.4. Let Assumption 1 on the discrete coefficient o, ; hold. Forn =1, ..., N, the following
bound holds:
(1—[klo) S 2
1 wn 2 — Ik -2 2
B s 3 1 (. 00) = = (1014, )2 )+ 2 ([0t D2 )+ 190112 5,)
m=1

2
¢ 2 2 2
+ ?(Hvuh,r ||L2(Z'n)d + ”Vuh,r ”LZ(Z*O)d) + 8||Vatuh’f ”LZ(O,I,,;LZ(.Q)‘I)

k (™
+3 / / 30ty B,y )* dx dt, (3.12)
0 2
where
o.u ifm<n
wit =T lon - 3.13
Phtlon - {O itm > n. ©13)

Proof. We use the definition of gh’r (-,-) given in (3.2) and the identity

1 k
0, (1 ket )0,y )ty = 59y (1 + kot ) @yt 0)%) + 5

2 atah,r (atuh,r)z’

to obtain

By (o W), Pup 1 (,0)))

n
= Z (8,1 + koty, ) dyttp, ¢)5 8tuh,I)Qm

m=1

n—1

— Z ((1 + kah,‘[(.’ tm)) Hatuh"[ﬂm’ 8[”},’1(', t;;))g + ((1 + kah,‘[)atuh,r’ 8tuh,‘r)z‘0

m=1

In
2 2 2 2
+ ¢ /0 (Vu/’l,f’ Vatuh,r)g dt + (S ”valuh,‘[ “LZ(O,[n;LZ(_Q)d) + c || Vuh,-[ ”LZ(E())d

1 n
=32 (/ ((1 + katy ) By, ) )dV+k/Q 0,0ty (3,147, ) dv)
1 m

n—1

— Z ((1 + kay, o Co t, D81, 1,00 01ty 1 t,J,D)_Q + ((1 + kay, ) duy, 1, 8tuh,r)20
m=1
c? 2 2 2

o 5 (1901 2 5+ 1V 200 ) + 8100t 212000
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DG-CG FEM FOR THE WESTERVELT EQUATION 11
1 1 —2 1 1 2
= 5 ” (1 + kah"[ ('a tn)) 2 atuhy‘[(" tn )”LZ(.Q) + 5 ” (1 + kah,r) 2 8tuh"[ ”LZ(Z*O)

n—1
1
+2 /Qﬂ o ety ) (5 0@y, L = 80,0 1))
m=1

2
¢ 2 2 2
+ ? (llvuh,r ”Lz(Z‘,,)d + ||Vuh,t ”Lz(Z‘O)d) + 5Hvatuh,r ||L2(0,tn;L2(Q)d)

k [
+§AQL@%4@mﬂum

which, together with the flux-jump identity
Lo o + L2
E[[w ]]n—w(~,tn)[[w]]n:§ﬂw]]n, n=1,...,N—1,

leads to

~ . 1 1 _ 1 1
By, (¢ (W37, Py, (-, 0))) = 5”(1 + ko, o (-, 1,)) 204y, - (-, 1, )”iz(ﬂ) + 5”(1 + kay, )2 0,1, ||i2(20)

n—1
1
+ DA+ ke, 1,2 [0, 1l o
m=1
2
< (1vu,.12 Vu, |2 % 2
+? ” uh’T”LZ(Z‘,,)d_i_” uh"[”Lz(Z‘O)d +6” atuhyTHLz(O,tn;Lz(Q)d)

k [
+§A‘L¢%4wmﬂmm

The desired result then follows by using the nondegeneracy assumption (3.4) of o, ... O

Next, we employ the previous result to derive a partial bound on u, ...

ProrposiTion 3.5 (Weak partial bound on the discrete solution). Let § € [0, 8] for some fixed § > 0, and
let Assumption 1 on the discrete coefficient i7a hold. Forn = 1,..., N, the following bound holds:

n—1

(1 — |k]ew) 2 2 2
e (180, C 12y + 2 N 10ttcDl 72y + W00t 12 5, )

m=1
2 )
+ —(IVy 12 52 0+ 1V 12 5 a) + IV 12200 2o
4 ST LA (Xy) ,THL= (X)) 2 STHLZ(0,t,3L7(£2)4)

——1
= (”f||L1(0,t,,;L2(S2)) + CinylIT S”Ll(O,tn;H(Q)))Hat”h,r”Lm(O,tn;Lz(Q))

L

2
+ 7 l ato‘h,r I (0,120 (£2)) ”at”h,r ”LOO(OJH;LZ(_Q))

1 2 ¢ 2 s 2
+ m ” (1 + kuO)ul ”LZ(Q) + ? ”Vu()”LZ(_Q)d + E ”vatu||L2(0,t,,;L2(.Q)d)’ (314)
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12 S. GOMEZ AND V. NIKOLIC
where T is defined as

T =T form=1,...,N.

Proof. Let wh be given by (3.13). Using the definition in (3.3) of the linear functional L;(-), the
polynomial inverse estimate (A.2c), and the Holder and the Cauchy—Schwarz inequalities, we obtain

the following bound:

£5 (Wit iy (,0)) = Z(fau,” + (1 + gy, Bty (- 0))

n n
+8 D (VO VoD, + D (6:8su) o + ¢ (Vig, Vit (0

< Wil 0pz2c2) 190 1o 0,422 (2)) + ICL + Kug)uy |2 1024y, ¢ 111255

+ 81Vl 120,802 (20 IV Ostty 2 1 120,502 (204

n

-1

+ Cipy (Z I, 5||L1(1m;L2(.Q))) 101ty | Lo (0,4,:02(2))
m=1

+ Vgl 22y Vit £ 2 5y

Young’s inequality can then be used to deduce

)
Ea(wz,'i,c U (50)) = Wl L0 02020 19t 1 oo 0,0,:02 (52))

(1 — [kl

2
el AT

1
+ ——— (1 + kug)uy 72 o, + 17250

1 — |kl
Vo, ul? 2 Vo, 1P
+ E” IM”LZ(O,IH;LZ(.Q)“’) + 5” zuh,-[ ”Lz(O,tn;Lz(.Q)d)
=1
+ Cinv ”T %-”Ll (O,I,l'Lz(.Q)) ”atuh T ”L°°(0,t,,;L2(.Q))

+c ”VMOHLZ(_Q)d + “V”h T ”LZ(EO)d'

(3.15)

The desired result (3.14) then follows by using the definition of the linearized space—time formulation

(3.1), and bounds (3.12) and (3.15).

O

REMARK 3.6 (Limitations of Proposition 3.5). The terms multiplying 10,1, ; |10 (0,:12(s2)) On the right-
hand side of (3.14) cannot be controlled, as the left-hand side contains terms only related to the energy
at the discrete times {,,}" _,. For this reason, we refer to Proposition 3.5 as ‘weak partial bound’ on the
discrete solution. We remedy this in the next section by using a nonstandard test function in combination

with Proposition 3.5.
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DG-CG FEM FOR THE WESTERVELT EQUATION 13

3.3 Strong continuous dependence on the data

Henceforth, we use the notation a < b to indicate the existence of a positive constant C independent of
the meshsize A, the maximum time step 7, and the damping parameter § such that a < Cb. Moreover,
we write a > b meaning thata < band b < a.

Proof of Theorem 3.1. We make use of the auxiliary weight function introduced in (3.7). Forn = 1, ..., N,
we consider the following test functions:

on {H;_l(q)natuh’rlQn) it m = n,
0

_ . A0uy, . (,0) ifn=1,
Yhtlon - otherwise, "o

and z .
h otherwise.

For the sake of clarity, we distinguish two cases (n = 1) and (n > 1) in the proof. However, this is not a
recursive argument.

(Case n = 1). We choose as test function (w;l:i, z,‘l’l) in (3.1), and obtain the identity

2 ol _el o1 _el
By, (uh,r’(whr’zh )) = Ls (th’zh )

where
23 o1 _el
By, (uh,r’ (Whr’zh )) = (9,((1 + ko‘h,r)az“h,r)»n}l(‘Plaz“h,r))gl
+ (1 + ket (-, 081, (-, 0), IT, _ (@, 8,1,,) (-, 0))
2
+ (Vi o, VT (918,)) o, + OV 72 500
+8(Vou. VI (@19uy0)) g,
=: Ll +L2 +L3 +L4+L5, (316)
and

55( hr’zh ) (. Ty (919, uhr)) + (1 + kug)uy, 1Ty (98,1, ) (-, 0))
+8(Vau, VI (918,14,)) g, + (.81 (91 8uy,1)) o,
+ 20 (Vug, Vuy, . (-.0)) g
=R, + Ry + Ry + R, +Rs. (3.17)

We first estimate the terms {L; }5 | on the right-hand side of (3.16).
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14 S. GOMEZ AND V. NIKOLIC

Bound on L, + L,. Splitting H(;fl(goatuh,t) as gd,uy, , — (Id — H(;fl)(tpatuh,t) leads to

Ly + Ly = (9,((1 + katy )81y, ), Ty (98,1, 0)) o,
+ (1 + kot o (0B, . (- 0), T} (918,14, ) (- 0))
= (3,1 + kot ),y ), 918,14y, 1) o,
+0((1 + katj, (-, 0)d,uy, . (-, 0), By, . (-, 0))
— (0,((1 + ke, )0,y ), (Id — ) (e a,u,u))Ql

— (1 + ket ; (- 00)3y10y, (-, 0, (Id — IT! ) (13,0, 1) 0)) (3.18)
where we have used the identity ¢, (0) = 6.
Since ¢, (t;) = 6 — &, using the identity
1 2 1 / 2
0, (1+kety )10, ) 930, =50, (1 + ket DDyt )?) =5 1kt )¢ Byt )

ko
+ 7 at“h,r (atuh,r )2’

the nondegeneracy bound on (1 + ke, ;) in (3.4), the uniform bound (3.8) for ¢, , the identity o)==\,
and the Holder inequality the first two terms on the right-hand side of (3.18) can be bounded as
follows:

(3,((1 + ke, )0,y 1), wlatuh,r)Q|
+0((1 + katy, (-, 0))8,14y, (-, 0), B,y (-, 0))

1 2 Ay 1 2
- E/Ql 3, ((1 + kot )y (O,.,) ) 4V + ZHI(1 + k) 20 1 g

k 1
+3 /Q 010, By, ) AV + 011 (1 + ket )2 Dyt 172, 5
1

© -, 1 2 6 1
=~ (1 ke o) B e () [y + S 1L+ Kty (5028130 ¢ O

A k
+ =L / (1 + katy ) (Bu, ) AV + = / 013,00, (0, )* AV
2 01 2 01

® — ¢,)(1 — [kle) _ 9
> = 141,072y + 5 (0 = Kl 18,28, (O 72 )

%na LT Yo 118,15, . 117
2 helli2g) = 5 N9t ayseee (@) 19t e o gy 1202
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DG-CG FEM FOR THE WESTERVELT EQUATION 15

As for the third term on the right-hand side of (3.18), we use the orthogonality properties of I7 ;71,

the Holder inequality, estimate (3.9), the approximation properties of IT) from Lemma A2, the inverse
estimate (A.2c), Lemma AS, and the inequality [|wll;2q ) < /T,lIWllpx(, to obtain the following
bound:

—(0,((1 + ke, )0y, 1), (I — H,;—l)(‘/’lat“h,r))g,

= _k(at“h,ratuh,r’ (Id — Hé—l)(‘plazuh,r))Ql - k((ld - Hé)ah,rattul1,r’ (Id - Héfl)(wlat”h,r))Ql

> =1kl 8,0t ¢ 11 1y 100 2y 19 Wl oo (112 2y 11D — n;—l)((pl8tuh,r)”L°°(11;L2(Q))
— kA = T10)aty, N1 100 (29 19t o W oo 1222y 10D =TT ) (@1 8y, D oo 1y 222
> —[kl(1+ Cinv)fl_% 1,00y, 2 122 100 (520 19t oo 1y 122y 1 (M =TT ) (@4 14y, D 1120,
— kICr Cipy(1 + Cinv)t;% 18,0, 121 1y 200 () 19t | oo 122 2y 1 (M =TT ) (@4 B4y, ) 1120,
> —[klg,(1 + Cinv)Tl_% 10,0, 1121 (1,200 (2)) 10t 2 | poo (150220 19t £ 1 220,
— kg, Crp Gy (1 + Cinv)rl_% 0,0, 2 Il 2t 1y 00 (29) 10t 2l poo (1502 (20 195t 2 12201
>

2
— o lkI(1 + Ciny )X+ Cry Cin 8,0ty Wl 1 1500 (20 19t e W oo 1,122

The last term on the right-hand side of (3.18) can be bounded using the Cauchy—Schwarz inequality,
estimate (3.10), the nondegeneracy bound on (1 + ko, ;) in Assumption 1, the Young inequality, and the
inequality [wll;2¢,) < /T, lIWll Lo, as follows:

— (1 + ket (-, 0)) 3,10, (-, 0), (1d — ITE ) (8,14, 1) (-, 0))

(1 — |k|lx)o 1/1+ |kl

= _T“atuh,r”iZ():O) - 5 (m) ||(|d - H;_])((platuh,f)("O)“iZ(Q)
(1 — [kla)6 ) o 1+ ki@ )

= _Tuazuh,r“LZ(ZO) - @(m)”atuh’T”Lz(Ql)
(1 — [kla)6 ) &, o1+ ki@ )

= _T”atuh,r“LZ()jo) - @(m)”atuh’T”Lw(ll;Lz(Q))‘

Bound on L; + L,. Adding and subtracting suitable terms, we have

2 2
Ly =c*(Vuy,,, golva,uh,,)Ql — (V. (Id — n;_l)(wlvatuh,r))gl

_. 7@ (b)
=LY + LY.
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16 S. GOMEZ AND V. NIKOLIC

Using the Leibniz rule, the uniform bound (3.8) for ¢, and the fact that goi (t) = A, ¢,(0) =6, and
@i (t) =0 — ¢, we get

2
C
LY +1, 7 /Q 010,(1Viy |2 AV + 01 Vi 172 5,0
1

2
c 2 2 2 2
E(/QI 3,((p1|Vuh’t| )_/Q1 <P1|V'4h,t| dV) +c GHVth”LZ(EO)d

2

C

2 </Q AV + 21V ”i%Qo) OVt 2 sy
1

c? 5 20
5O = IV 32500+

c2A1
2

Vit e 172 5yt + 5 1Vith12, a-

According to identity (3.11), there exists a function o (x) such that
U, = (Id - Héfl)uh,r + Héfluh’r =01 ()L, (1) + H(;fluhyf.
Moreover, we have
Bty = 0 (X)L (1) + atH;_lth.

Therefore, by using the orthogonality properties of IT ;_ | and simple manipulations, we obtain

b
LY = = (Vuy,,, (d — )9y Vo) g, = —<* ((d = 1T _ ) Vit 0.0 Vo 1) o,
= —2((d— )V, ., (0 = 2D Vo (0 Ly (1) + (0 — )»lt)B,H(LIVuh’T)QI

Aa ((d = T} )V, ., Vo, ()L (1)) 0

(
xy (Vo @)L, (1), Vo, (o)L (1)) o

LAY / 1L, (1)L (1) dt
Il

g,
T 2g+1

1Yo 12y = 0, (3.19)

where, in the last line, we have used the identity

019

Fends — L 2y dr
/I]tLq(t)Lq(t) dr = 2/1. @) ar = s
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DG-CG FEM FOR THE WESTERVELT EQUATION 17

Bound on Ls. The commutativity of the orthogonal projection I7T ;71 and the spatial gradient V, the fact
that Vo,uy, , (x, -) belongs to P4=1(7.)? for all x € £2, and the uniform bound (3.8) for ¢, lead to

Ls = 8(Vouy. VI (910,140)) o, = 8(Vduy . Ty V(@18,141))

=4 (VE)luh,T, <p1V8[uh,T)Q1
= 8IV/@1 Vo 720,y

> 80 — £V, 1220, -

We now focus on the terms {Rl-};5 | on the right-hand side of (3.17).

Bound on R, . We use the orthogonality properties of /1! _,, the stability bound in Lemma A1 for IT "I 1
the Holder inequality, and the uniform bound (3.8) for ¢, to obtain

Ry = (f, Ty (9184, )0, = W llpiay 22y M- 1 (@013t D Nl o 1y 1202

< CsOWf L ayz2p 10 o ooy 22 2))-

Bound on R,. The second term on the right-hand side of (3.17) can be bounded using the Cauchy—
Schwarz inequality, the polynomial trace inequality (A.1), the stability properties of 1T ;_1, the uniform
bound in (3.8) for ¢}, and the inequality [wll;2( ) < /T, W1, as follows:

R2 = ((1 + kuo)ul, H;_l ((ﬂlaz”h,r)(‘, 0))9

<+ kuo)ul ||L2(Q) ||H,;_1(‘Plat”h,r)(',o)ny(g)

_1
< C&@‘L’l 2 ”(1 +kM0)M1||L2(_Q) IIB,MhJ ||L2(Q1)
< C&HH(I +kM0)M1||L2(_Q)”a[Mh’T ”Loo(]l;LZ(_Q))

(Cy0)*
2y

=<

2 14 2
11 + kug)uy ||L2(Q) + E”atuh,t ”L°°(11 L2(2))

forall y > 0.

Bound on R;. Using the commutativity of the spatial gradient operator and I7T ;_ 1» the stability properties
of the orthogonal projection I7 ;_1, the uniform bound in (3.8) for ¢,,, and the Young inequality, we get

Ry =48(Vo,u, VH;_l(gola,th))Ql
< 60 || Vatﬂ||L2(Ql)d ||V3luh’r ||L2(Q1)d

302 56 —t,)

< ——|IVoul? Va
= 2(9 _ é_q) ” [l‘l’”LZ(Ql)d + 2 ” [uh"[

|12
L2(Q1)4"
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18 S. GOMEZ AND V. NIKOLIC

Bound on R,. We use the Holder inequality, the polynomial inverse estimate (A.2c), the uniform bound
in (3.8) for ¢,,, and the inequality IwWlli2g,) < VTlWllgeo,) to obtain
R, = (£,0,1T)_ (¢, 0,u,))
4 » Optlg1\P10% M )) o,
= ||5||L1(11 L2(2)) ||8 1(("13 uy t)”LOO([, L2(£2))
Cinv”T]_ 5||L1(1];L2(9))||nq—1(¢13z”h,r)||L°°(1];L2(.Q))
Ciny CslIT ™l 11 1y 2202 1901 Bstty o oo 1, 122

= Gy CsOlIT™ 5||L1(11;L2<9))||3t“h,r||L°°(11;L2(9))~

Bound on Rs. By using the Cauchy—Schwarz and the Young inequalities, we have

2 2
R5 = cze(vu09 vuh"[(., O))_Q = ”VMOHLZ(_Q)d + ”Vuh T ||L2(Eo)d'

Conclusion of case n = 1. From Lemma A5, we deduce that

4
m”a Uy -L-”LOO(I Lz(.Q)) = <A ”8 uh T ”Lz(Qn)’
: (3.20)
m”vuh‘[”Loo(l L2(Q)d) <A ||vuhf||L2(Qn)d,
inv
which, combined with all the above estimates, yields
(1 — |kla) -2 c? 2 O(1 — |kla) 2
(6 é‘ )<—||atuh,r("t] )||L2(.Q) + ?Hvuh,r”LZ(EI)d) + T“atuh,r”Lz(zo)

02

(1—|klo) 1 1+ klx ) N
(1+cmv)2 29(1—|k|g) —3)! el L2<9>>+2(1+C )? IVthe ez

mv

5@ —1¢,)
* T"”Wf“nr 17201y
( )2 29
= GO ety a2 10etn o ooy r2(2y) + (1 + kug)u, ||L2(Q) + = ||VM0||L2(Q)(1
562 2 1
+ —2(9 — ) ||V3;H«||L2(Ql)d + Ciny CsONT &l 112020 10t 2 L oo 1,12 (2))
q

0
+ (5 + é'q(l + Cipy) (1 + CHCmv)) k1119 Ot “Ll(ll L°°(-Q))||8 Unc ||L°<’(11 L2(02))"
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DG-CG FEM FOR THE WESTERVELT EQUATION 19

Taking 6 large enough and y small enough (independently of /, T and §) leads to

1 _ c
SN0t D 22y + 51V W2y + 10,0, 1725,
1 2 c? 2 < 2
+ 5 ”atuh,r ||L°°(11 L2(£2)) + E ” Vuh,r ||L°°(I] JL2(2)4) +46 ”vatuh,r ||L2(Q1)

—1
S (”f”L'(h 222y TIT €l ;LZ(m))”az“h,r”LOO(h 12(2)

2
+ |k| ”atah;{ ”Ll(ll JL°(2)) ” 81“}1,1— ”Loo(ll ;Lz(.Q))

+ 1+ kug)uy 12 ) + 1 Vigl 72 gy + 81V g, a5

where the hidden constant is independent of the time interval /.

(Case n > 1). The rest of the proof consists in proving that, forn = 2,..., N, it holds

N0t T2y + SNV 2 s + 5 100 1n1 |2 )
1 2 ¢ 2 < 2
+ 5 ” atuh,r ||L°°(I,,;L2(Q)) + E ”Vuh’t ”LOO(IH;LZ(Q)d) + 8”Vazuh’t ||L2(Qn)

—1
< (Pl oazzcn T 17 N p @2 1ttn e 022 (2))

+ |kl | 8,0ty

2
|1 .1:20 @) 198, I o0 0.4,:222))

A+ kg 172 ) + 1 Vgl g + 81V, 11720, 120200 (3:21)

with a hidden constant independent of the time interval [,,.
We choose in (3.1) as test function (w};",z;™). Since z;™" = 0, with an abuse of notation, we omit it
below. We obtain the identity

23 oy o.n
Bh,r (uh,r ’ Wh,r) - l:é (Wh,r)’
where

B, (uh,pw;:'i) = (3,((1 + k(xh,r)atuh,r)’Hc;—l(‘pnatuh,r))gn
— (U ket Gty DByttt Ty (0,8, Gty D)
+ (Vi VIT_ (9,8,4,0)) o,
+ 8(Vouyp VT, (0,001,0)) o,
="+ 41 41,
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20 S. GOMEZ AND V. NIKOLIC

and

(Wh r) (2 Ty (@0t ) o, + (V0,10 VT (9,8,4,1)g,

+ (5,0, (9, 0,1,)) o,
= R" +Ry” +R{".
Most of the terms can be bounded as in the case n = 1, so we just focus on the slight differences.
Bound on L") + L{”. By splitting I} (pd,uy, ) as @y, — (Id — [T, _,)(@d,uy, ), we obtain
L 4+ L5 = (3,((1 + ke, )03, 0,0,03,2) o,

— O((1 4 ket oty D [0yt Ty Bty 1))

— (3,((1 + kot DBy, ), (1d = T, )@, d,101,0)) o,

+ ((1 4 katy, o (ot ) [9,14y, ],y (1 — n;—l)((pnatuh,r)("t;ttl)).(z

Since ¢, (t,_;) = 6 and ¢, (1,) = 6 — ¢, proceeding as for the case n = 1, and using the identity
1 + 32 _2 2
w( D7+ [wl_w, tn D= [[wﬂ a4+ w( D

we have
(3,((1 + kay, )9y, 1), §0naz"‘h,t)Qn

- 6((1 + kahr("tnfl))[[a up, rﬂnfh G uhr("t:—l))g

1

=5/ (1 + Kty )5, Bty ) AV + 22 2L+ ket ) 290, 2 g,
On

k

+ E /Q (pnatah,r (atuh,r)2 dv — 9((1 + kah,r(" tn—l))[[atuh,r]]n—l’ atuh,r(" trer—l))_Q
®—2¢,) ! _

= I ket ) 2Bty (5D 2

1
-0 ‘/9(1 + kah,r('s tn—l))(i(atuh,r ("t:—l))z + [[atuh,r]]n—latuh,r("t:—l)) dx

A k
+ ?" , (1 + kot ) (B, )% AV + 3 / @ud,0 o ()7 AV

n

(0 — &)1 — |kl L (1 — [kle)A 2
= 2 ) ”atuh,‘[(" tn )”LZ(.Q) + Tﬂ “atuh,t ||L2(Qn)

O(1 — |klor) 61 + |klor) — 2
+ ) || (9,411 ||L2(.Q) - ) Hatuh,f("tn—l)"Lz(.Q)

|k|6
- —||8 e iy I L2(£2)) o tUn,t ”Loo([n I2(2))
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DG-CG FEM FOR THE WESTERVELT EQUATION 21

The third term on the right-hand side of (3.22) can be bounded as for the case n = 1 as follows:

—(0,((1 + ke, )0y, 1), (I — H(;—l)(‘/’naz“h,r))gn

= _§q|k|(1 + Cinv)”azah,r ”Ll(]n;LOO(_Q))(l + C]'[Cjnv)”a;uh,f ||i00([”;[‘2(9))'
Similarly, the following bound on the fourth term on the right-hand side of (3.22) can be obtained:

((1 + kah,f(" tn_l))[[azuh,r]]n—l’ (Id - n;—l)((pnaluh,r)(" trj—l))ﬂ

(1 — |kla)o 2 8y 1+ |kla )
> _T” [[atuh,r]]n—l ”L2(.Q) - @(m)Ilaf”’ut”LM(ln;Lz(Q))'

Bound on Lg"). Adding and subtracting suitable terms, we have

m_ 2
L3n =c (Vuh’f, VH;71(¢n81uh,T))Q’I
= A (Vatyer 0, Vit ) o, — & (Vity oo (1 =TT ) (0, V),
2
=C (Vuh,r’wnvatuh,t)Qn’

as the last term in the second line is negative by the same reasoning used in (3.19) for Léb) above. Then,
proceeding as for the case n = 1, we have

2 29 2)»
LY > S0 — ¢ ) IV, 1225t — —— [Vt |12 + S0, 2
3 = ) é-q h,t Lz(E,,)d 2 h,t Lz(zn—l)d 2 h,t L2(Qn)d'

The remaining terms can be treated as in the case n = 1 as follows:

L 2 80 = eIV, N1Fa o 0

(1)
R < CsOlf 1 gz 13t e oo r,:r2 (2
562 80 —¢,)

(n) 2 5
R v + Vo,u ,
3= 2(0 — ;'q) I tM||L2(Qn)d 2 [ t“h,t ||L2(Q,,)d
(1) —1
R4n S CinvCSQHT §”Ll(ln;L2(Q))”81uh,T”LOO(In;LZ(Q))'
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22 S. GOMEZ AND V. NIKOLIC

Conclusion of case n > 1. Collecting the estimates for the case n > 1 and using (3.20), we have

(1 — [kl . c? > 6(1 — |Kle) >

© = 8) (100, Gt o gy + S 1V B 500) + == | BttcLuca [20)
G (I—lke) 1 (1+[ka 2 ¢ )
3((1 +Cp)? %(1 - Iklg) 19:4y 2 oo 12020y + 2(1 + Cyyy)? IVitn W oo ,:22(20)
56 —t,) )

+ =1V 2 g,
— 2
_ 00+ k@) 20

_ 2 2
< 0 D2y + 5 IV s,
+ CsOl Lt (1,022 19tp 2 1 oo 0,4,:02 (2))
<02
2 =1
36— ¢ )”V3,“”L2(Qn)d + CinyCsONIT 6 N1 12 020) 19, | oo 0.4, 2)
q

0 2
+ (3 + &+ Ca) 1+ iy Cin) ) KD, 12100 20 W0t Ve 120

The same parameter 6 used for the case n = 1 leads to

1 2 c? 2 1 2 c? 2
S0 Gt 2y + WVt l2 500 + 5 (GR7 Y ey 5 Vit liz2es, e

1 2 ¢ 2 < 2
+ 5 ”8['4};’-[ ||LOO(1,1;L2(Q)) + E ” Vuh,-[ ||LOO(1n;L2(Q)d) + ) ”Vatuh,t ||L2(Qn)

o1 — 2 c? 2
S 10, Gt Dliz2 gy + S 1Vt 72, e

—1
+ (a2 + 1T €l gz @n) 18l 0,222

|k|0 _
10, 12020 190t W oo 01,022y + SNV B 2, (3.23)

with a hidden constant independent of the time interval 7.

By combining (3.23) with the estimate in Proposition 3.5 to bound ||9,u;, . (-,1,_) 1K

2@y and using

the additive properties of the L'- and L2-norms, we obtain (3.21).

Conclusion of the proof. For each n € {1,...,N}, summing (3.21) and the estimate in Proposition 3.5
for n = N, and neglecting some positive terms, we arrive at

1 2 ¢ 2 2
L R R S AR AR R LR

+ (”V“h,r“iZ(ET)d + ||Vuh,,||iz(20)d) +§”Vazuh,r”22(g,,)d

N | T

=1
(W”L'(O,T;LZ(Q)) + 17 5||L1(0,T;L2(9)))||3z’4h,r||L°°(0,T;L2(9>)

+ Colldytty o I 0 71202y + 11+ kttg)uy 12 ) + N Vitg 172 gy + SV g, a-
(3.24)
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DG-CG FEM FOR THE WESTERVELT EQUATION 23

Taking n as the index where the left-hand side of (3.24) takes its maximum value and C,, small enough,
we obtain the desired result (3.6). [l

4. Convergence analysis of the linearized problem

In this section, we derive a priori bounds for the discrete error /T, u — u,, . in the energy norm, where
[T, is the combined projection introduced in Section 4.1 below, and then estimate u — u;, . in the norms

”atV”Loo(o’T;LZ(_Q)) and ”VV”LOO(O,T;LZ(.Q)‘])' (41)

Henceforth, we further assume that the family of spatial meshes {7}, ¢ is quasi-uniform, i.e., there
exists a positive constant Cqu independent of % such that diam(K) < Cqudiam(K/ ) for all K, K € T,,.

This is required to obtain optimal convergence rates for the error of the Ritz projection R, in the L*(£2)
norm (see Lemmas B3 and B6). In addition, we also need the following assumption on the spatial
domain £2.

AssumpTioN 2 (Elliptic regularity for £2). The spatial domain 2 is such that
if z € H)(2) and Az € L*(2), then z € H*(£2).

Furthermore, we assume that the solution u to the Westervelt IBVP belongs to the following space
for all § € [0, §]:

U™ = w0, T; H*(22)) N W0, T; H (2)) n W0, T; H T (2))
N CL([0, TI; H(2) N HY (£2)) N C*([0, T1; L®(£2)), 4.2)

forsome2 <m < gand 1 < ¢ < p, where p and g are the degrees of approximation in space and time,
respectively. In addition, we assume that the initial data have (at least) the following regularity:

uy € HY'(2)NH)(2) and  u, € H'(2) N HY(92). (4.3)

A §-uniform well-posedness result for the Westervelt IBVP can be found in Kaltenbacher & Nikoli¢
(2022, Thm. 4.1). For sufficiently smooth and small initial data (and possibly small final time), it has
been shown that the problem has a solution

ue L®0,T; HY(2)) N W (0, T; HA(£2) N Hy(2)) NH*(0, T; H' (2)),

where H<3>(.Q) = {u e H3(2) : tryou =0, tryo Au = O}. The analysis in Kaltenbacher & Nikolié

(2022) is geared toward minimal regularity assumptions on data; we expect, however, that the techniques

in Kaltenbacher & Nikoli¢ (2022) can be extended to allow showing uniform well-posedness in /%",
Next theorem is the main result in this section and is proven in Section 4.3 below.

THEOREM 4.1 (A priori estimates for the linearized problem). Assume that2 <m < gand 1 < ¢ < ps
and that the spatial domain §2 satisfies Assumption 2. Assume further that 7T}, is quasi-uniform, § € [0, 8]
for some fixed § > 0, and that Assumption 1 holds. Let u,, . be the solution to the linearized problem
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24 S. GOMEZ AND V. NIKOLIC

B.) withu =0,§ =0, and &, . (-, 0) = Ruy. If bound (3.5) holds with C, such that estimate (3.6)
holds, the solution u to the Westervelt IBVP belongs to /™, and uy, u; satisfy (4.3), then the following
estimates hold:
(D
19,e,llzo0,7:22(2)) < Cin {|k| 19, (u — at, I oo 0,7:22(52)) 13l L1 0,720 (12))
+ klllu — o o Nl oo, 10220 195t L1 0,70 (2))
1
+ Tm (||Aat(m)bl”Ll(O,T’[}(‘Q))"r‘” at(m+ )””LOO(O,T;LZ(Q))

+1 < +1
+ kIVa" )u”LOO(O,T;LZ(.Q)d) +35[1va" )”||L2(O,T;L2(A’2)d))

+ hE-H (|k| ||atu||Ll(o,T;H€+l(_Q)) + 0+ |k|a)||3nu||Ll(o,T;H€+l(_Q))
+ |k|||u1”L°°(_Q) ||”0||HZ+1(_Q) + 1+ |k|||”o||1-12(9)) |M1 | HEHL(2)

+ ||8,u||co([0,T];Hz+1(m))}, (4’4’)

@
Vel o.r:22)4) = Ciin {|k| 18, = et )l oo 0,22 192l 1 0,752 (2))
+ klllu — o ol oo, 1022 100ttll L1 0, 710 (2))

1
+ (140 ull 10 12y + (K + DIV Pl oo a2
< +1
+3||va" )M||L2(0,T;L2(9)d))

—+ he (”u||L°°((),T;H[+1(Q)) + |k|h” atu”Ll(O,T;HeJrl(-Q))

+ (1 + |k[e)hll 9 ull L1 o 7.1+ (2))

H Kl ey o] o @ + (1 Kl ) | o))
4.5)

ReMARrk 4.2 (Error estimates for the linear damped wave equation with constant coefficients). Setting
k =0and§ > 0, and assuming that, in addition to (4.2), u belongs to W;"H O, T, Hz(.Q)), the following
error estimates follow from Theorem 4.1:

0,/ 0.7:02(2)) S Tm(||AB,(m)MHLl(O,T;LZ(g)) + ||az(m+1)“||Lw(o,T;L2((z)) + 3||Vaz(mH)M||L2(0,T;L2<52>"))
+ W (19,0l 11 0 et 2y + 132 coggo.rme+1 (20))-
IVe,ll 022y S o ()| A8 Vull o122y + T”vat(mH)u”LOO(O,T;LZ(Q)d)
+81va"  Vull 012200

+ hl (”M”LOO(O,T;HH'I (£2)) + h”8ttu||Ll (O,T;H“'l (Q)))

G202 1990100 1.0 U0 1senB Aq $00.928/08048p/WNUBWYEE0 L 0 L/10P/Sl0NIe-20uBAPE /e UfEWY/WOD dNo"olWapeoe)/:sdjy WoI) POPEOUMOQ



DG-CG FEM FOR THE WESTERVELT EQUATION 25

The estimate of d,e, is optimal, whereas the estimate of Ve, is optimal with respect to 4, and it is
suboptimal by one order with respect to T unless the damping parameter is small (§ < t), which is the
case we are interested in this work. ]

4.1 Combined space—time projection
We first recall the definition of the auxiliary projection in Walkington (2014, Def. 5.1).

DerINITION 4.3 (Projection P, ). Let ¢ € N with g > 2. Given a patrtition 7, of the time interval (0, 7),
the projection operator P, : C' (0, T) + Vi — V7 is defined for all v € C'(0,T) + V{ as follows:

P_v(0) = v(0), (4.6a)
P () =V()) forn=1,...,N, (4.6b)
(P =V, pys), =0 forn=1,...,N, Vp, » € PI72(1). (4.6¢)

Moreover, we denote by R, : H(l) (£2) - VZ the Ritz projection, defined for any z € H(l) (£2) as the
solution to the following variational problem:

(V(Ryz—2,Vv)o=0 Vv, eV

In what follows, the projection operators P, and R, are to be understood, respectively, as applied
pointwise in space and pointwise in time. We also denote by /T, the operator P, o R;,. We next state its
approximation properties that will be exploited in the error analysis.

Lemma 4.4 (Estimates for IT;,,). Let v belong to the space

WL O, T, L2 (£2)) N CH([0, T H N HY (2)) N L0, T HE P (2)) n Wi o, T; H (2)),

for2 <m < gand 1 < ¢ < p. Then, the following estimates hold:

1
||8t(|d — nh.r)V”Loo(o’T;l}(Q)) S Tm”at(m+ )V”LOO(O,T;LZ(.Q)) + hl+l ||3;"“C°([O,T];Hf+1(!2))’ (4721)
+1
||V(|d — Hhr)v||L°°(O,T;L2(Q)d) SJ hZHV”Loo(O’T;H(JrI(_Q)) + 'L'm+l ||V8t(m )v||L°°(0,T;L2(Q)d)’ (47b)
N 1
S (6 18,y = W ) + Tlldy Ty = )22 )
n ARy 12(0,) n P\ S he L2(0Qp)

n=1

_1 1
Ly am+1
< Tt IVl coqo,rp:me+1 2y + 772 13" )VIILz(O,T;Lz(Q)). 4.7¢)
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26 S. GOMEZ AND V. NIKOLIC

Proof. We use the stability and approximation properties of the operators P, and R;, from Lemmas
B1, B2 and B3 to obtain

ll0,(1d — HhT)V”LOO(o,T;LZ(_Q)) < 119,(d — 7DT)VHLOO(O,T;B(.(Z)) + 119,P,(Id — Rh)V”Lw(O,T;Lz(Q))

1
S 'cm||8,(m+ )VHLOO(O,T;LZ(Q)) + ||8t(|d — Rh)v||C0([O,T];L2(.Q))

+1 1
< oa )V”LOO(O,T;LZ(.Q)) +h 9l oo a1 (2))-

”V(Id — Hhr)v||L°°(0,T;L2(Q)d) < ||V(Id - Rh)V”LOO(O’T;Lz(Q)d) + ”VRh(Id — ,P.[)V”LOO(O’T;LZ(Q)({)

m+1 ”Vat(m+l

V4 )
S H Wl rmetti () T T iz, 752(2)d)-

The estimate (4.7¢) follows in an analogous way. 0

4.2 Bounds on the discrete error in the linearized problem

Let u be the solution to the Westervelt IBVP (1.1) and ,, ; be the solution of the linearized space-time
formulation (3.1) with u =0, £ = 0 and och’f(-, 0) = R, uy. We consider the following error functions:

e, =u—uy, =eq— I, e, and eg=u—1TII u

The next result establishes a bound on 7}, e, in the || - || norm, which we recall is defined in (2.5).

ProposiTioN 4.5 (Estimates of the discrete error). Let 7, be quasi-uniform, § € [0,8] for some
fixed 5 > 0, g € N with ¢ > 2, and let also Assumption 1 hold. Let Up . be the solution
of 3.1) with u = 0, & = 0 and ah’r(-,O) = Ruy. If bound (3.5) holds with C, such that
estimate (3.6) holds, the initial conditions (uy,u;) € (H}J(2)NL®(R)) x (H)(2)NL®(R)),
the source term f € L'(0,T;L%*(£2)), and the solution u to the Westervelt IBVP (1.1) belongs to
W30, T; L®(£2)) N W, (0, T;L?(2)) N C'(0, T; H*(2) N H}(£2)), then the following estimate holds:

WT e lls S 1k, (u — et Il oo 0, 7:02(52) 10l 1 0,710 (2))
+ klllu — o ol oo, 1022 105t L1 0,70 (2))
+ kD = Ry)dull 10 7:2(52y) + (1 + [kl (1D — Ry)dull 110,712 (620
+ [1(d — PI)AM”LI(O,T;LZ(Q)) + |k|||“1 ”LOO(_Q)”(Id - Rh)MQHLZ(_Q)
+ 1+ |k|||Rhu0”L°0(_Q))”(|d - Rh)ul ||L2(_Q)

N
+ |k| Z T;l || (Id — H(t))ah,.[ ||L1(In;L°°(Q)) ”8t(|d — Pt)Rhu||L°°(ln;L2(Q))

n=1

+8118,(0d — P) Vel 120,y 4.8)

where the hidden constant is independent of £, T and §.
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Proof. Since the space—time variational formulation (3.1) is consistent except for the linearized term,
and uy, . (-,0) = &, . (+,0) = R uy, the following error equation holds:

N
By, o (e Wy 12 21)) = — D k@, (( — ), )00, W, ),

n=1

— k((uy — Ryug)uty, wy, (,0)) YWyrr2) € Vid XV,
whence

B, (e, Wy .2)) = By (e (W) 1.2)

N
+ D k@, (= 0 )Bu). Wy ),

n=1

+ k((uo - Rhuo)ul,wh,r(', O))_Q V(Wh,‘[’zh) S Vij? X Vﬁ (49)

Due to the choice of the discrete initial condition u;, . (-,0) = R u, (see Remark 2.2), the above identity
is independent of z;,. Therefore, with an abuse of notation, we omit the test function z;, in the subsequent
steps.

We wish to represent [T, e, as a solution to a linearized space-time formulation of the form of (3.1)
with a suitable choice of the functions f, u and &. To this end, we further rewrite B, . (e, wj, ) in (4.9).

By the definition of the bilinear form Eh,r (-,-) in (3.2), we have

N
Byolerswie) = D (8,((1 + kay )de) s wy) o,

n=1
—1
- Z (1 + ke o Gyt ) B L Wi (5 50) o + (4 + ket e wy ) 5,

n=1

+ A (Ver, Vo) o, +8(Voer Vwge) o,

Qo
=:J1 +J2 +J3 +J4 +J5

We now use the properties of the projection 17, to simplify each term {Jl-}?zl.
By splitting ey as (u — P )u + P, (u — Rju), we have

N
Sh+h+3= Z (8,((1 + ket )djerp) s wyg) o, — Z (U + ket Gt )8 7] Wi (1)) o

—1
n=1 n=1

+ (1 + ko )dje . Wy o) 5,
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28 S. GOMEZ AND V. NIKOLIC

N
= > (3,((1 + ket )3,(1d = P, Wie)o,

3
=z -

—1
((1 + ket G, )[0,1d — Pyu,owy, . (L 5D)
+ (1 + keyy, )0,(1d — P )u, whr)z

+

MZAEM

(8,1 + ke, )3, P (Id = Rp)u, w, o) .

n=1

=

(1 + katy o G t,)[9,P, (1d = Rpull,s wy e (5 50)
1

(1 + ke )3, P (1A = Ry, ) g,

=: Jl,‘L’ + JZ,T + J3,‘L’ + Jl,h + J2,h + J3,h‘
Integrating by parts in time, and using the definition in (4.6) of the projection P, and the identity

v(-,tj[)[[u}]n +uC,t)v], =[uwl], forn=1,....N—1,

we deduce
N
Jiotdhe+J3, = Z (3,1 + ket )9, (1d = Pu, wy, o) o,
n=1
N—1

((l—i—kozhf( t)[8,(1d — P ul,,, wy, . (., t+))

Il
_

+ ((1 + ko(h’r)at(ld - Pf)u’ Wh,T)Eo

||
Mz

((1 4 kaj, )0,(1d — P)u, aw,”) + (1 + key, . 3,(1d — P))uwhr)
1

3
I

=
L

+ /Q(l + kah,r("tn))([[wh,rat(ld - Pr)uﬂn - Wh,f(" l:)ﬂatuh,rﬂn) dx

3
I
-

||
Mz

(1 + ket )3,0d = Pyu, dwy, ) o + (1 + ke, )3, (1d = Puw, ) 5

3
I
—_

b

+ ((1 + kah,‘[(" tn))at(ld - ,Pt)u(.’ t;)’ ﬂwh’f]]")g

3
I
-

||
Mz

(k@ — M, )9, (1d = Pu,0,w,.) (4.10)

3
Il
—_
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where, in the last step, we have used the fact that (1'[605}1’r owy )X, ) € P2 (T;) forallx € £2.
Integrating by parts in time and using similar arguments as above, we get

N
Jip+dop+J3, = Z (8,(1 + katy )8, P (1d — R, w, ;)

n=1

Qn

=

((1 + katy (6, [3,P, (1d = Ryu, o w1 (5 1)

I
-

+ ( =+ kah’r)atpr(ld — Rh)u, thT)EO

(1 + ket )9, P (1d = Ry, wy, )

I|
= iM- =

+

—~

(1 + kay, )9, P, (Id = R))u, whr)z

=

+ ((1 + kah,r(" tn))atpr(ld - Rh)u(" t;)’ [Wh’f]]")g

n=1

Moreover, using the definition of P, and integrating by parts back in time, we obtain

M =

T+ o+ J30 == D (1 +key, )3,(1d = Ryu, 8wy, ) o+ ((1+ ke, )3,(1d = Ryu,wy, ) 5

Xr

Il
-

n

z
L

+

M

((1 4 ket (- 1.0)0,(0d — RpuC, 1), [wy 1) o

3
Il
_

+

M =

(ke . 9,(1d — P)(Id — Ry)u, Btwh’t)Qn

n=1

Mz

n=1

+ (kothyfatdd —Pdd —Ry)u, atwh,r)Qn]

+((1 + kay, (-, 0))(Id — R})0,u(-, 0), Wh,r)g~ “4.11)
Finally, since oeh’r(~, 0) = Ryuy and 9,u(-,0) = u,, the last term in the above equation is equal to

As for the term J,, we split e;; as (Id — R, )u + R, (Id — P, )u, and use the orthogonality properties
of R, the commutativity of P, and the spatial gradient operator V, and integration by parts in space to
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30 S. GOMEZ AND V. NIKOLIC

obtain

Iy = (Ve Vw, ), = (VA = Rypu, Vw, o, + (YR, (d = Pu, Vw, )g,

= c*((1d — P,)Vu, YWie)o, = —c2((d = P,) Au, Wie)op (4.12)
Similarly, we also have
Js =8(Vae, Vwyo) o, = 8(VId = Rp)du, Vw, o) 5+ 8(VR,8,(d = Pu, Vwy )
=8(Va,(id = Pu, Vw, o) 5 - (4.13)

From (4.9) and the simplified expressions of the terms {Ji}le in (4.10), (4.11), (4.12) and (4.13), we
deduce that IT,,, e, solves a linearized space—time formulation of the form of (3.1) with

f=koay(Id = Ry)du+ (1 + kay, )(Id — R},)0,u — A(d — P.)Au,
& =—k(ld — Hé)ah’t8t(|d —P)u—k(ld — Hé)ah’ratﬂd —PIOR,u,
u=(d—-"P)u.

Therefore, the continuous dependence on the data in Theorem 3.1 and the Holder inequality yield the
desired result. O

4.3 A priori error estimates for the linearized problem
We are now in a position to prove Theorem 4.1.

Proof of Theorem 4.1. We first further estimate the discrete error by bounding the right-hand side terms
in (4.8). By using the approximation properties of 1}, P, and R, from Lemmas A2, B2, B3 and B6, we
obtain

kI = Rydull o200y S KT 18,0l 11 0.71041 (2
(1 + k@)1 (1d — Ry)d,ull 1 070202y S A+ @R T8l 1 0. 7111 (29
10d = P Aull 1 o 7220 S T" 149 ull1 0702 (2))-
el 1l oo 2 110D = Rugll 2y S A eyl ) [t mre+1 (295

(1 + |k ||Rh’4()||LOO(_Q))||(|d - Rh)’/h ||L2(_Q) 5 I+ |k|||“()||1LJ(2(Q))h£J'_1 |M1 | HAH1L(Q)-
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Furthermore,
N
kI D" o 1Ad = TT9ay, 1m0 18,00 = PORyull oo, 220,
n=1 N

< IKIC18,(0d = PRyl o 0. 712020y D 190l g2y

n=1
S KB o002 10,(d = P Vil o o.1:122))
+1
S TNVl oo 0. 70220

= < 1
3118,d — PVl 200, < T 1V Vull o0 1020204
Therefore, the following estimate of the projected error is obtained:

1Ty e,lls < 1K119, (u — O‘h,r)”LOO(o,T;LZ(Q))||3z”||L1(0,T;L°0(Q))
+ kI llu — a2l coqo, 11022 100t L1 0,710 (52))
+1 < +1
+ Tm(”Aat(m)M“Ll (0,T:L2(R2)) + Ikl ||V8t(m )u”LOO(O’T;LZ(Q)d) + 8||V81(m )”||L2(O,T;L2(Q)‘1))
+ hz-'rl (lkl ||8tu||L1 (0,T;H 1 (2)) + (1 + |k|§)||8,tu||L1 (0,T;H1(£2))

Estimates (4.4) and (4.5) then follow using the triangle inequality, and combining estimates (4.14) and
Lemma 4.4. O

Due to condition (4.6a) in the definition of P, the following bound can be used to derive an error
estimate of e,:

”eu”CO([O,T];L2(Q)) <i(d — Rh)“0||L2((2) + T||3zeu||L°°(0,T;L2(9))~
We use this estimate in Section 5 below; cf. (5.4).

5. A priori analysis of the nonlinear problem

In this section we prove the well-posedness and a priori bounds for the nonlinear problem (2.3) by relying
on the results of Sections 3 and 4. To streamline the presentation, we introduce the short-hand notation
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for (semi)norms involved in Theorem 4.1:

il == 143" ull 0,022 + 198 Pl 0.2y + KV Pl 0 112200
+31V" Vull 2o 120200
el 2= 148" ull 0 1:1202) + (kL + DIV Pt oo 0. 7120200) + 31V Vttll 20 702204
lullp == kIOull 1 o, 1mae+1(2y) + (X 4 (K[ 0tell L1 . gt +1 29y F 1Kty Nl poo () Ntk | e (2
+ 18ull cogo,ryme+ @y + (1 + Kllugll 2 2))h [uy | gesi (@)
”””Z,h = ””‘”L"O(O,T;HHI(Q)) + |k|h||3tu||Ll(o,T;H€+l(Q)) + A+ |k|a)h||3tt”||Ll(o,T;H/3+l(Q))
+ [kl [l oo 2y |o | mevr () + (1 + Kl lugll 2P [y | et (- (5.1
Recall that the variable coefficient ¢, , in the previous sections can be seen as a place holder for a fixed-

point iterate. We next set up this fixed-point mapping to connect the linear results from Section 4 to the
nonlinear problem (2.3).

5.1 The fixed-point operator
We define the mapping 7 : B > o, , > u, ,, where o, . is taken from
: 1
B = {o € Vit 10, = e ) lorazey < CF (7"l + 1l )
Viy— < D (gm Bt
IV —ap g2y < Cg T Nullyr + A llullyy)
ah’f(-,O) = Rhuo},
and uy, . solves the corresponding linearized problem
B (uy, ., (wy, -,21)) = LWy, _,2;) Y(w z)eWp’q_lep
h,t \Ph,oo \"Wh,to<h h,7°%h h,t°<h h,t h*

The constants C]g) and C]g) will be chosen large enough by the upcoming proofs, but independent of the
discretization parameters and §.

The analysis of the nonlinear problem will follow by Banach’s fixed-point theorem through two
steps, where we first prove that 7 is a well-defined self-mapping and then that it is strictly contractive.

5.2 The self-mapping property

In the first step we focus on proving the self-mapping property.

ProposITION 5.1. Let the assumptions of Theorem 4.1 hold, and let t < h%, 2<m<gandl1<{<p.
There exist large enough CI(BU > 0 and CI(BZ) > 0 (independent of 4, T and §) in the definition of B and
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small enough C‘(X}e)up (relative to C]g )), where

1
|k|(||“||m + ||’4||e + ||u||Wéc(o,T;H@+l(Q)) + ||3;u||Ll(o,T;L00(Q)) + ”attu”Ll(O,T;LOO(_Q))) =< Cf,,gnp, (5.2)
such that B is non-empty, the mapping 7 is well defined, and 7 (B) C B.

Proof. The ball B is non-empty since I1, u belongs to it as long as
(1) @) (2) (2)
' = Cn.. CB 2 Cp

where CE-}Zr and C%t are the hidden constants in (4.7a) and (4.7b), respectively.
Let o), € B. The rest of the statement will follow by Theorem 4.1 once we check that the
assumptions made there on ¢, . are satisfied.

Nondegeneracy and boundedness of the variable coefficient. We first verify Assumption 1. It is
sufficient to show that

Ikl lloth o Nl oo 0 7oz 52y < IkIEE < 1. (5.3)

Then, @ = @ in (3.4).
We use the triangle inequality, the stability and approximation properties of the interpolant Z, in
Lemmas B4 and B5, and the polynomial inverse estimate (A.2b) to obtain

et o o, 2)) < Mo = Lyl oo, 000 (2)) T 1 Zpttll L 0,120 (2))
< Cinh™ PNy, = Tull 0,102 02 + C§§b||”||L°°(0,T;L°°((2))
= Cinvh_d/z(”ah,r - ””LOO(O,T;LZ(.Q)) + 1 Zyu — “||L°°(0,T;L2(.Q)))
+ Cigb||u||Loo(o,T;L°°(Q))
< pdr

I {+1
inv (”ah,r - u”LOO(O,T;LZ(.Q)) + Cap?proxh ”u”Lc’O(O,T:HH'(Q))))

+ Conplll oo 0 7202y
By (B.1a) and the fact that o), . € B, we have

—d/2
W= oy — ullcogo,rrzc2)

< W 2(1(0d = Ryugll 2y + TN, — e 0 7:22(2)))

approx

< CR B2y o) + T2 (r’”||u||m s ||u||£) . (5.4)

Due to the condition 7 < h% , and the fact that m > 2 and £ > 1, we have uniform bounds plit1=d/2 <C
and t™h~4/2 < C. Since L®(0,T; H11(£2)) — L%°(0, T;L>°(£2)), the smallness condition in (5.3)
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can be ensured to hold for small enough (relative to CI(B1 ))
Ikl (o] greri 2y + Nl 4 Nl + Nutll oo o, 7m10+1(29)) -
Next, we check that condition (3.5) also holds; that is, we derive the uniform bound:
k19,0t 2 111 0,720 (2)) < Ciae (5.5)

We first have

k9, i o.ieoe(2y) = KT8, ¢ llzoo 0,72 (2))
and we can further bound the right-hand side as follows:
19,2 7l o 0,710 (2)) = 18,y 0 = Tyl oo 0,751 (2)) + 1 Zpdull o 0,710 (2))
= Cinvh_d/2(”8t(ah,r — )l oo 0,7502(02y) + 119, (e — Ih“)||L°O(o,T;L2(:2)))
+ C§§b||ar“||Loo(o,T;Loo(9))
= Cinvh_d/2(||8z(“h,r —u) ||LOo (0,T;L2(£2)) + CﬁfproxhlJrl ||3z”||L°°(o,T;Hf+1(Q))

7
+ Citap 13utll Lo (0. 7210 (2))

Moreover, since o, € B, we have
- 1, —
W92118, (e ; — Wl oo 72020) < Cg h™ (™ lul,, + R ully).
Thus, we can guarantee that (5.5) holds as long as
k| (”””m + ||“||e + ||3tu||L00(o,T;HH1(Q)))

is sufficiently small (in other words, Civle)u is sufficiently small), relative to C]g ).

Altogether, we conclude that the assumptions of Proposition 4.5 are satisfied. By Proposition 4.5, we
thus know that the mapping 7 is well defined. Furthermore, by (4.4) and (4.5), and the fact that o), , € B,
we have

10,e,ll oo 0,702 (2))
< cW(gm s 1+ kcPa kg 119
= Gl " lally, + Bl (1 WIC 18,1l 3 0,71 2y + IKIC 194l 07520 220)-
and
Ve, llzoo0.7:2(2)0)
2 ! !
< @ lully , + A Nully ) (1 + KICE 18,2l 0 oo ) + KICE 18,2011 0,702

where we recall that Cl(iL) and Cl(ii) are the constants in Theorem 4.1.
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By (5.2), we have

(1)
||3t”||L1(0,T;L°°(Q)) + ||att”||L1(O,T;L°°(.Q)) = Cwellp’

uniformly in 8. Then, it follows that u;, , € B as long as

1 (1 1 1 2 2 1 1
Cy) = G+ kG CRl). €8 = O (1 + Ik el

In other words, as long as C ()

wellp is small enough so that

max{C\)), ¢} k|ct)

lin ° wellp
and CI(BI), C]g) are large enough so that
(D ()
e > Ciin @ Ciin
cH (oI (2) 1
11r1 Iklcwellp lm |k|Cwellp
Thus, for properly calibrated constants, we can conclude that 7 (B) C B. ]

We observe that the condition T < h2n is invoked in the above proof by the need to use an inverse esti-
mate in space to ensure the non-degeneracy of the problem and uniformly bound ||9,c), - [l 00 (0. 7.1 (2)) -

ReEMARK 5.2 (On the smallness of u). We note that the smallness imposed on u via (5.3) (which
can be enforced via the smallness of data) could be somewhat relaxed by complementing it with a
smallness assumption on |k|T(RET1=4/2 4 omp=d/2y and |k|||ul] Lo0(0.T:L2(52))» especially for high-order
approximations and sufficiently smooth, solutions. This might be relevant for ultrasound applications,
where data is often smooth but not necessarily small in higher-order norms; see Kaltenbacher & Nikoli¢
(2022, §4) for further details. We also point out that all the smallness conditions imposed in this work
are mitigated by the fact that the parameter k is small in practice as it is proportional to 1/¢?; see, e.g.,
Kaltenbacher (2007, Ch. 5). O

5.3 Strict contractivity of the operator

In the next step we prove contractivity of the mapping. Compared to Proposition 5.1, we strengthen here
the assumption on the lower bound on £ to £ > d/2.

ProrosiTioN 5.3. Let the partitions 7, and 7, be quasi-uniform, and the assumptions of Proposition 5.1

d
hold. Let also h+1=% < ¢ <how 0,2 <m<g, 1 <€ <p,and €+ 1—d/2 > d/Q(m — 1)). There

exists Cwell > 0 such that, if

KT ul < Cweﬂp,
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where

+1
Neall = llally + llally + 18,26l 1 0 7101 2y + 1O P tll oo 0. 72202
+ 19,ull coqo,r1,eo0(s2)) F 18,4l oo o, 750041 29y T 102l 10,7500 (52))

+1
+ ”u”CO([O,T];H”l(.Q)) + ”at(m )u”LZ(O,T;LZ(.Q))’ (56)

then the mapping 7 is strictly contractive.

Proof. Take a,(llz, ah € B and denote ;, , = a/(lzr) a;llg Let u(z) Toe(z) and u(]) = Toe;ljg € B. The

difference u, , = uﬁ — uﬁlli then solves

N
Bh,r (ﬁh,r’ (Wh,t’o)) - Z ka O5h ra uh T + kah razuh o Wh r)Q

n=1
N—1
1 1
+ D (k@ ) [Bu ] wir 1)) o Yy € WHETE, (5.7)
n=1

where o, ; in the definition of gh (,+) in (3.2) is replaced by o, @ here.
By defining the following lifting operator £, : Vi'! — Wi~ g

N-1
/Q Loty Wy AV = D (kty, 1) Bty Lo Wy (55D) o Yy, € W™ L 58)
T

n=1
the variational problem (5.7) can be written as

N
~  _ - (¢)) - 2 (1)
Bh,r (uh,r’ (Wh,r’ O)) = Z (katah,ratuh,r + kah,r 81‘ uh,r’ Wh,t)Q,,

n=1

We can then rely on an analogous stability estimate to (3.6) with zero initial and Dirichlet boundary data,
u =0, and & = 0; in other words,

ity M5 < Z Wl 2220y (5.9)

n=1
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where f = —k&hyrafu;:g — kat&h’ratu + £ uhl) (recall the definition of || - ||5 in (2.5)). Toward
estimating f, we note that

N
~ (1)
|k Z 0y, Bty 2l L1 0,7:22(2)) = IKI Z e, . ||L°°(In,L2(Q))||attuh r”Ll (T;L2(82))

n=1 n=1

_ ()
< K13, ooz 2 1t It g,z -

n=1

Further, due to &h,r (-,0) = 0, we have

< T0,@p ¢ oo 0,7502(2))-
L0, T:L2(2))

”&h,r”C([O,T];LZ(.Q)) = H/o 0,0, , ds

Next, using the triangle inequality, the polynomial inverse estimates (A.2c) and (A.2b), and the stability
and approximation properties of P, and Z, in Lemmas B1, B2, B4 and B5, we obtain

N
)
D I8 o2y

n=1

N
1
< Z ||8ttu;lg 3I(PT oIh)3tu||L1(1n;Loo(Q)) + ||81(P.[ OIh)atM”Ll(O,T;LOO(Q))

N

—1h d/2||3 1

2
<G ity — (Pr o Ly)ogull 1 g,.2(02)

inv
n=1

P
+ Cian 1 Zn 8l co 0,171 (2))

- 1
< C12nV Z T, ll’l d/2(||8 (u( ) ”)||L1(1,,;L2(S2)) + ”3;"‘ — Ihatlxl”Ll([n;LZ(Q))

n=1
+ 12y Fu — Py 8t”)”Ll(ln;Lz(S?))) + C;It);bcigb”8tt””CO([O,T];L°°(.Q))

< oot PT84} — Wl o0.70202)) + Cone T B T 10yl 0 1 2
+ Cmvcsmbfilhid/z”at” — Proullpi Un:L2(£2)) + CZt);bCigbHattu”CO([O,T];LOO(.Q))

2
= Cmv

14— 1
U2 (e ull,, + B ull,) + CRyT

—1p0+1-d/2
inv? h / ”8t"t”L1

(0, T;H L(£2))

m— lh—d/2||at(m+1)

Pr A
+ CmsttabT u”LOO(O,T;LZ(-Q)) + Cstaszth”attu”CO([O,T];LOO(Q))7 (5.10)

where we have used the quasi-uniformity of 7.
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d d__ . . . .. .
2 < 1t < h2m=D implies the existence of a positive constant C, independent

The assumption ‘!~
of h and 7 such that

d
W7 <C and < 'AT12 < (5.11)
Therefore, we have
N
- (1
|| Z 10y, Bty el L1 0,7:22(2))
n=1

+1
S KIT el + Nullg + 18l 11 o 7ozt 2y + 187Vt oo 0 1202,

+ 10l co o, 71000 () N2 Lo 0,702 (2 -
The second term within f can be treated as follows:
1K1 118,G, o 0,14l < [kl18,8, .| (e
1%h,r Oy LV, T:L2(2)) = (O, Lo (0,1;02(2)) 10Uy L L1 (0,T;0°0(£2))

We can reason that ||8tu;llz ll oo 0. 7:1¢(s2)) can be made small enough by reducing u in suitable norms

similarly to above using the fact that u;llz e B:

(1) (1
18,4y 2 1012 (2y) = N9ty 0 = O Tpull o 7100 (2y) + IZwdttll L1 .70 (2))
_d 1) T
< Cinyh 2Tl ; — 3, Zyull o0 712 (2) + Coaplttll 11 0 73000 (2))
_d )
< CGiph 2 T("atuh,r - at“||L°°(0,T;L2(Q)) + llo,u — Ihazu||L°°(O,T;L2(Q)))
T
+ Ciap 19l 1 0,72 02))
_d 1
< Cyh zT(chQ(rmnunm + A ull) + h“l||a,u||Loo<0,T;He+.<g>>)
1
+ Coan 10l 10,7100 (2))-
Thus,
1k 118,, 4 2
tEn,t Ol 1LY (0,T;L2(2))
< CIkIT(|ull,,, + Nleell, + ”atu”LOO(O,T;HlJrl(_Q)) + ||8tu||L1((),T;L00(Q)))||a[51h,f||L0<>(0,T;L2(_(2))~

It remains to estimate the £, term:

o 0
1€t 07202y < VTSt lizo 22y
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Taking w;, . = £, u(l) in (5.8), and using the inverse estimates in Lemma A4, the trace inequalities in
Lemma A3, and the cont1nu1ty in time of d,u, we obtain

N—-1

a2 320y = 2 (ke Gt [0yt L Lty (5 50)

n=1

< kD @7 ot [8, 1T 2 ) 10t 2 oD 220

= |kIT118,0p, ¢ Nl oo 0.7:22(52)) Z [ [[3” ]] ”Loo(_o)”)3 U (51 )||L2(Q)

n=1
NoL
_ _d 1
< CinIKITI0,@), Nl 0,122 D, 12 [ [i], |22 1 €t C 1) 22)
n=1
N-1
(1)
< Cine KIT18,83 0.7z D00 ([0S = Myl | 2
n=1
1
+ ” [[at(nhru - u)]]"“LZ(Q)) ||£a’/l;l,3(',f:)||142(9)
-
- 1 _d 1
< CiCiny [KIT 10,01, , 22T 2h 2 z (” [o; (”( ) Hhr”)]]n”L?(m
n=1

+ ” [[at(nhru - ”)]]n”LZ(Q)) ”SaMh,t ”LZ(Q,,H)

1
< VG Cin KT8, e 0 a2y % (10,uf)) = My

N
— 2
+ Co( DT 10, = 012 g, + Tl (Tt = 01200, ) ) 1€t 20

n=1

Thus,

1 Lattn Lt 0,:02(02)) <V2c;, 1nv|k|T 10,0, ¢l zoo 0, 7:22(2)) T~ h 2{’3(“ — ), w)

N 1
+ Co( D 10, (Tt = 012 ) + Tl Tyt = )12,) - (5.12)
n=1

Further, using (4.14), we have

1 1 1
|8 (l/t( ) Hh‘ru)|.] < Tm”l/t“ (1 + |k|CI(B3)||atu”L1(0,T;L°°(Q)) + |k|C]§B)||3nu||L1(O’T;Loo(Q)))

1 1
=+ hé—H ||M||£(1 + |k|CI(B)”8tu”L1(O,T;L°°(Q)) + |k|CI(B)”a[zu”LI(O,T;LC’O(Q)))’
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which, combined with (4.7¢), (5.12), and the assumption h‘T1=4/2 < ¢ < pd/Cm)  gives

3 1 1
1Lttt 02y SIKT {luly (1 4+ KICE Nl 0000 2y + IKICR Nl 1 0.7 2)
1+ kicPya ke o
+ ||14||z( + kIC " 19,ull 10,710 (2)) T 1KICE "l nu”Ll((),T;LOO(Q)))
(m+1) =
+ ||”||c0([0,T];HH1(Q))+ ||3tm u||L2(0,T;L2(Q))}||8tah,r”L°°(O,T;L2(.Q))'

By combining the derived estimates with (5.9), we arrive at

_ 3 1 1 -
ity o s S IKIT2 Null (1 + KICE 18,1l 11 o gm0 2y + KICE 18yl 11 o 7200 (29 N o s

1 1 2 -
S+ KICE18,ull 10,7092y + KICE 19,1l 110 7150 (529)) o N« 5

We can thus guarantee strict contractivity of the mapping by reducing C‘%lp (relative to C](Bl)). g

The above proof of in Proposition 5.3 involves estimating ZnN=1 ||8,,u§:2 11,00 2y) I (5.10). As

this second-derivative term is not present in the discrete energy, we are forced to use inverse estimates in
both time and space. This invokes the assumption nt1=2 <t s hﬁ (strengthened from 7 < hin
needed for proving the self-mapping property). In the discretization approaches for nonlinear acoustic
models that employ finite-element discretization in space with standard time-stepping schemes in Dérich
& Nikoli¢ (2024); Nikoli¢ (2025) a similar issue is circumvented by considering time-differentiated
(semi)discrete problems; this approach, however, does not seem easily transferrable to the present setting.
We next prove the well-posedness and accuracy of the nonlinear discrete problem.

THEOREM 5.4 (A priori estimates for the discrete Westervelt equation). Let the assumptions of Proposi-
d
tions 5.1 and 5.3 hold with ht+1=% St Shm-D 2<m<gq,1<{<pandl+1-d/2>d/2(m—1)).

There exist Clg ) > 0and Clg) > (, independent of A, T and 4, and small enough C (relative to C]g ))

wellp
such that, if the exact solution satisfies
[kl < Cyenp

(where || - || is defined in (5.6)), then problem (2.3), that is,
B —r v WA Vh
h,t (uh’f’ (Wh,f, Zh)) (Wh,r , Zh) (Wh,f, Zh) € ht X s
has a unique solution u;, , € VZ,’rq , which satisfies

1
19, (u — 1y Dl 0,722 (2y) < Clp” (rmnunm +ht! ||u||g) :

2
1V = D ooz < CE (7Nl + BNl )

Proof. The statement follows by Propositions 5.1 and 5.3 and Banach’s fixed-point theorem. g
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. . d _d . . .
REMARK 5.5 (Assumption on 7). The assumption 2°t1~2 < ¢ < p2@-1 determines just the scaling of
7, but it is not a CFL condition in the classical sense, as it is only necessary that the hidden constants are
independent of 4, T and . For d = 3 and the minimal regularity £ = 2 and m = 2, such an assumption

becomes T =~ h2. Moreover, it relaxes for higher approximations in space and time and sufficiently

smooth solutions. Note however, that the hidden constants in peH1=% <t < hﬁ influence the
smallness needed from the exact data; see, e.g., (5.4) and (5.10).

We also note that, since the need for the condition 2+1~4/2 < r arises in the proof of contractivity,
we expect that it might still be possible to show existence of accurate solutions without this restriction by
resorting to Schauder’s fixed-point theorem instead of Banach’s theorem; see, e.g., Nikoli¢ (2025, Thm.
4.1) for similar arguments used in the analysis of a finite element semi-discretization of Westervelt’s
equation with nonlocal damping. |

6. The vanishing dissipation parameter analysis

In this section, we discuss the behavior of discrete solutions as § N\ 0. To emphasize the dependence on
8, we use here u® to denote the exact solution to the Westervelt IBVP for § € 0, S] and u® to denote the
exact solution to the inviscid problem. It is known that, as the dissipation vanishes, the exact dissipative
solutions converge in the energy norm to the exact solution to the inviscid problem at a linear rate; see
Kaltenbacher & Nikoli¢ (2022, Thm. 5.1). In this section, we establish sufficient conditions under which
this asymptotic behavior is preserved in the present discrete setting. Consider the family {uifl} se0.5) Of
solutions to

-1
Bh,r(u;(fi, Whes2p) = LW 1.2) YWy 0.2,) € WZ? X Vf’:- (6.1)

Denote the discrete solution corresponding to 6 = O (that is, of the inviscid discrete problem) by u(o)
We have the following result that relates the two discrete problems.

THEOREM 6.1. Let the assumptions of Theorem 5.4 hold and let § € (0,8]. Letalso t < A” with 9 =
max {Z(md T —} Then the family of discrete solutions {uh . } 5€(05] of (6.1) converges to the solution to
the discrete inviscid problem at a linear rate as follows:

(8)

(5) (5)
119, (s, uht)”L"O(OTLZ(Q)) + IV, — ”hr)||L°°(0TL2(9)d)

_”h))

8
IV Gy = D 20 < C3.

Proof. Let uy, . = ”}(153 - uh) Since (Vuy, .(-,0),Vz,), = 0 and (kﬁh’ratufl(’)z,wh,r)

difference solves

5 = 0, this

~ ¥) - 0) - 2. (0)
Bh,r (Mh,r’ (Wh,t’ 0)) =3 (Ahatuh,r’ Wh,t)Q - (kat“h,r atuh,r + kuh,r at uh,r’ Wh,t)QT

+ (&4 uht,wh,)Q VYw, . € qu g (6.2)
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where A, : Hé (£2) —> Vi is the discrete Laplacian operator, defined for any v € Hé(.Q) as follows:
(A, )0 = (Vv,Vz) o vz, € Vg.

The last two terms on the right-hand side of (6.2) can be treated as in the proof of Proposition 5.3.
Therefore, we obtain

— )
N lls < 81 AU 1 0 71202

where C > 0 does not depend on §, & or . The right-hand side term above remains to be estimated. To
treat it, we use the following inverse estimate:

IAWI2@) Sh IVVI2@e YV e Hy(82),
together with the stability bound || A,vll;2(q) < | AVl 2(q) for all v € Hj(2) N H*(£2). Thus,
SIA U 1o ra2can < 8T A u, - | 2
Rl 0,2 (2) = A% Nl o0 (0,T;L2(52))

(©)] 5 )
S ST (144 y — oo 2202y + 1854 P o0 7:02(20)

— 8
5 (ST(h 1||V(M§l; — u(a) ||L°°(O,T;L2(Q)d) + ||A“(5)”L°°(O,T;L2(Q)))~

Since uﬁfﬁ € B, we then have

1) _
SI A oz iy S STA (T 11 e + R 1u N+ 16D o0 712 (29))-

where the hidden constant does not depend on %, T or §. The statement then follows by using the
assumption T < '/ and noting that

10,84y, | 2o 0 7252y + 1 Vit o oo rz22yty + |9tne | g+ IV 2 cmpye S Nitg 2 5.

O

d . . .

We note that 7 < h!/™ is a more restrictive assumption than T < AZm-1 only in a one-dimensional
setting, that is, for d = 1. The present theory is, however, not optimized for that setting anyway, as there
we can use, for example, the embedding H 1(2) = L®(2) in place of inverse estimates in space in
Section 5.

7. Numerical experiments

In this section we validate our theoretical results on the (4, T)-convergence in Theorem 5.4, and the §-
convergence in Theorem 6.1. Moreover, we numerically assess the convergence of the (p, g)-version of
the proposed method.
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An object-oriented MATLAB implementation of the space—time method in (2.3) for (2 + 1)-
dimensional problems was developed to carry out the numerical experiments.”

7.1  Implementation details

Since no continuity in time is required in the test space W;: ’f - , the space—time formulation (2.3) reduces
to solving the following sequence of nonlinear systems of equations on each time slab:

* Forn=1,u,,(,0) =R,u,and
(9,((1 + kuty, )y, ), whr) + (1 + kuy, )0, uhr,whr)z

+ (Vi VW ), + (Vo . Vw, o,
= (f. W), + (1 +kughu wy,  (.0) g Yy, € PIN(I V). (7.1)

e Forn=2,....N,u (-7 ) =u,(.r_,) and

(8,((1 + kuy )3,y ) s Wi ) o+ (L Kty o Gt D)yt o1y )Wy (o1 )
+ C (Vuh’t, th,f)Qn + 5(V8tuh’t, thst)Qn
= (f, Wh,r)Q,,
(1 Ky Gty D)y Gt D)Wy GLE D)) o Ywy o € PATH(IL VD). (7.2)
Moreover, inspired by the linearized fixed-point iteration proposed in Kaltenbacher (2007, §5.4.2)
(used there to solve the nonlinear problems stemming from the Newmark scheme applied to the
Westervelt equation), we approximate the solution to the nonlinear systems of equations (7.2) using
the following fixed-point iteration: for all w;, , € P11, VD),
(s+1) (s+1D)
(8tt” . Wh,r)Q + (8t”hs,r ¢ ’tn DsWhe (58 1))
+ AV Vw, g, + 8Vu T Vi, o,
= (Fowio)g, + (1t ko Coty D)8y Cot_ )Wy Gt

— (B, B, Wie) g, — k(e o1, 1), W ot D)oy Gt D) o (7.3)

whose associated linear system of equations has a unique solution due to Remark 3.2. The nonlinear
system (7.1) is solved analogously.

In the numerical experiments below, for the fixed-point iteration (7.3), we use as initial guess u(o) the
solution to problem (7.2) for k = 0. Moreover, we set a maximum number of linear iterations s, ,, = 15

and a tolerance ol = 10712,

2 The code used for the numerical tests are available in the GitHub repository Gémez (2025a).
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Fic. 1. h-convergence (in log-log scale) of the errors in (7.5) for the problem in Section 7.2 with exact solution u in (7.4) with
A=102w=m /3 and ¢ = 7. The numbers in the rectangles are the empirical convergence rates.

7.2 h-convergence

We consider a manufactured (2-+1)-dimensional problem on the space—time domain Q7 = (0, 1)2x(0,1)
withk = 05,¢c=1,8 = 6 x 1072, homogeneous Dirichlet boundary conditions, and initial data and
source term chosen so that the exact solution to (1.1) is given by

u(x,y,t) = Asin(wt) sin(€x) sin(£y), (7.4)

where A = 1072, w = w/3and l =m.

In order to numerically assess the h-convergence rates of the proposed scheme, we use approxi-
mations in time of degree ¢ = 5 and a fixed partition of the time interval with uniform time step
T =2 x 107!, 50 as to let the spatial error dominate. In Fig. 1, we show (in log—log scale) the results
obtained for a set of structured simplicial meshes and approximations of degree p = 1,2,3. Optimal
convergence rates of order O (h”) and O (h’*1) are observed, respectively, for the following errors:

||8t(u — uh,t)||L°°(O,T;L2(Q)) and ||V(I/t — uh,t)||L°°(O,T;L2(Q)2)’ (75)

which are approximated by taking the maximum of the errors measured on uniformly distributed points
on each time interval.

7.3 t-convergence

We now assess the t-convergence of the scheme. To do so, we consider the problem from the previous
section with exact solution given by u in (7.4) with A = 1072, @ = 97/2 and £ = 7. For this value of
w, the solution u oscillates faster in time, thus increasing the influence of the temporal error.

We use approximations in space of degree p = 6, and a fixed coarse spatial mesh with 7 & 2.82 x
10!, In Fig. 2, we show (in log—log scale) the results obtained for a set of uniform partitions of the time
interval with 7 = 0.5x27%,i = 1,...,4, and approximations of degree ¢ = 2, 3, 4. Optimal convergence
rates of order O(r7) and O(r9t!) are observed, respectively, for the errors in (7.5).
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Fic. 2. t-convergence (in log-log scale) of the errors in (7.5) for the problem in Section 7.3 with exact solution u in (7.4) with

A=10"2, 0 =97/2and £ = 7.
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Fic. 3. Behavior (in log—log scale) of the errors in (7.5) for the problem in Section 7.2 with final time 7 = 100. The results
correspond to ¢ = 2 and T = 20.

7.4  Assessment of the constraints on space—time meshes

. . . _d d .
We now assess numerically the necessity of assumption AF1=2 < ¢ < h2n=1 in Theorem 5.4, which,
1 .
ford = 2, ¢ = p and m = ¢, simplifies to #’ < t < h4-T. To this end, we study both constraints 2 < 7

and 7 < hqu separately.

We first consider the test case in Section 7.2, using a final time 7 = 100, time step t = 20, and
degree of approximation in time ¢ = 2. In Fig. 3, we present the results obtained for various spatial
meshes and degrees of approximation in space p = 1, 2, 3, where we observe that the errors remain
bounded even when the constraint T < % is not satisfied.

Similarly, we consider the test case in Section 7.3, with final time 7 = 1, a coarse spatial mesh,
and degree of approximation in space p = 1. In Fig. 4, we show the results obtained for a set of time
partitions and degrees of approximation in time ¢ = 2, 3, 4, which show that the errors remain bounded
even when the constraint 4 < 7 is not satisfied.
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FiG. 4. Behavior (in log—log scale) of the errors in (7.5) for the problem in Section 7.3 with final time 7' = 1. The results correspond
to p = 1 and the coarsest spatial mesh.
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FiG. 5. p-convergence (in semilogy scale) of the errors in (7.5) for the problem in Section 7.5 with exact solution « in (7.4) with
A=10"2 0= 9r/2and € = 7.

These numerical results suggest that the present theoretical constraint on the space—time meshes may
be too restrictive, at least for solution fields of the type in (7.4) that do not exhibit nonlinear effects, such
as steepening of the wavefront.

7.5 (p,q)-convergence

Taking advantage of the simultaneous high-order convergence in space and time provided by the
proposed method, we numerically assess the (p, g)-version of the method. More precisely, given a fixed
space—time mesh with & = /21 ~ 2.82 x 10~!, we increase the approximation degrees in space
and time; for simplicity, we set ¢ = p. In Fig. 5, we show (in semilogy scale) the errors obtained
using approximations of degree p = 2,...,9 for the problem in Section 7.3, and observe exponential
convergence of order O(e™? YNoors) for the errors in (7.5), where Np,fs denotes the total number of
degrees of freedom. Such an exponential convergence was also observed in Dong et al. (2024, §4.1) for
the DG-CG scheme applied to the linear wave equation, and it follows the expected decay for analytical
solutions with p-FEM approximations (Schwab, 1998).
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FiG. 6. §-convergence (in log—log scale) for the problem in Section 7.6.1 with f = 0 and initial data in (7.6).

7.6 S8-convergence

We now validate the §-convergence of the discrete solution to the inviscid discrete solution proven in
Theorem 6.1. To do so, we just have to compute the difference uﬁfi - uzog, $0 it is not necessary to know

the exact solution of the problem.

7.6.1 Homogeneous source term. We first consider the Westervelt equation (1.1) on the space—time
domain Q7 = (0, D2 x (0,1) withk = 0.3, ¢ = 1, homogeneous Dirichlet boundary conditions and
source term, and initial data given by

ug(x,y) = 1072 sin(wx)sin(ry) and u;(x,y) = sin(wx) sin(wy). (7.6)

We set a space—time mesh with & = /27 &~ 1.41 x 10~!, and use approximations in time of degree
q = 4. In Fig. 6, we show (in log—log scale) the decay of the following errors for § = 107%,i=1,....5
andp=1,2,3:

(8) ©

(%) 0 )
19,y z — wy M=o, rir2c2y  and IV, o —uwy )l 0,1:.22(2)2) (7.7)

where we observe the expected linear convergence in § predicted by Theorem 6.1.

7.6.2 Nonhomogeneous source term.  Finally, we consider the Westervelt equation (1.1) on the space—
time domain Q7 = (0, 1) x (0,2 x 10_4), with k = —10, ¢ = 2000, homogeneous Dirichlet boundary
conditions and initial data, and a source term given by

_ 2 _ 2
x—=1/2)"+(—1/2) ) (7.8)

202

a
fly, 0 = ﬁ exp(—at) exp ( —

witha =400, =5 x 10* and o = 3 x 1072,

G202 1990100 1.0 U0 1senB Aq $00.928/08048p/WNUBWYEE0 L 0 L/10P/Sl0NIe-20uBAPE /e UfEWY/WOD dNo"olWapeoe)/:sdjy WoI) POPEOUMOQ



48

el - \\\

S. GOMEZ AND V. NIKOLIC

Fic. 7. Snapshopts at t = 10~% and r = 2 x 10™* of the discrete solution for the problem in Section 7.6.2 with § = 6 x 1079,
zero initial data and source term f in (7.8).
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Fic. 8. §-convergence (in log—log scale) for the nonlinear problem in Section 7.6.2 with zero initial data, and source term f in (7.8).

We use the same spatial mesh and approximation degrees as in the previous numerical experiment,
and set the time step as 7 = 107>. In Fig. 7, we show the discrete solution corresponding to § = 6 x 10~°
obtained at r = 10~% and # = 2 x 10~%, where the formation of a wavefront is observed.

Since f does not depend on §, convergence to the inviscid discrete solution when § — 07 is expected.
In Fig. 8, we show the errors in (7.7) for § = 107%,i=1,...,5 and p = 1,2, 3, and observe convergence
rates of order O(8), as expected.

8. Conclusions

In this work we have extended the theoretical framework of the DG-CG finite element methodology
introduced in Walkington (2014) to the classical model of nonlinear acoustics—the quasilinear West-
ervelt equation. The principal challenges in the analysis stemmed from the fact that standard Galerkin
testing techniques for wave problems fail to yield a bound on the discrete energy at all times, paired with
the need to handle the particular type of nonlinearity present in the model that involves the second-order
time derivative. To overcome this, we employed a testing strategy for a linearized problem based on
using an auxiliary weight function, which was then combined with a fixed-point argument. An added
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facet of the work is that the a priori error analysis guarantees that the estimates are robust with respect
to the vanishing dissipation parameter §. Furthermore, the asymptotic behavior of the exact problem is
preserved in the singular limit.

This work can serve as a starting point for developing a space—time finite element methodology for
different problems arising in the context of nonlinear acoustics. Extending the framework developed here
to refined models of nonlinear acoustics, such as the Kuznetsov or the Blackstock equation, is of interest.
Additionally, multiphysics interactions of nonlinear acoustic waves lie at the core of many developing
applications of ultrasound, and their simulation could strongly benefit from the findings made here.
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Appendix A, Tools used in the stability analysis

A.1  Orthogonal projection and trace inequalities

Lemma Al (Stability of [T/, see Ern & Guermond (2021, Thm. 18.16)). Let r € N and s € [1, 00]. There
exists a positive constant Cg independent of t such that, for any I, € 7, it holds

1T g, < Csl¥ling, YW € L)

Lemma A2 (Estimates for 77, see Ern & Guermond (2021, Thm. 18.16)). Let » € N. There exists a
positive constant C; independent of t such that, for any /, € 7, and any sufficiently smooth function
Y defined on /,,, it holds

l(d — Hﬁ)wnw;)ﬂ(]n) < C]'[T,iim [V WS (L) ssmeN, m<s<r+1, pell,oo]
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LemMa A3 (Trace inequalities, see Di Pietro & Ern (2012, Lemma 1.46)). Let I, € 7T,. There exists a
positive constant C,,. independent of t such that

W D+ W @) P < Co(n Il T, + wll¥ I hg,) V¥ € H' .

Moreover, there exists a positive constant C;;. independent of T such that

gD + 10, @)1 < Cory gl Vo, € PUA,). (A1)

A.2  Polynomial inverse estimates
LemMa A4 (Inverse estimates, see Brenner & Scott (2008, Lemma 4.5.3)). There exists a positive

constant C;,, independent of / and t such that

IVWall 20yt < ConhimmIWall 200 Vw, € L*0,T; V), (A.22)

mv: "min

1Wall g0yt < Cinghm ||wh|| 2o Vw, € L*0,T; V), (A.2b)

v “min

and, forn=1,...,N,

||3W ”Lr(Qn) = CanTI‘l ||W.[||Lr(Qn) VW‘L’ € Pq(ln,Lr(Q)), r e [1,00], (AZC)
_1
||atWr ”Lz(Qn) < Cinvfn 2 ”W‘L' ”LOO(I,,;LZ(.Q)) VW.[ € ]P)(](In’LOC(Q)) (A2d)

Lemma AS. Let 1, € 7. The following bound holds:

||W‘[||L°O(In;LZ(Q)) <1+ mv)Tn ||Wr||L2(Q,,) VWT € Pq(ln§L2(Q)),
where C;,, is the constant in the polynomial inverse estimate (A.2c).

Proof. The result follows by combining the inequality [[Wll co(,p) < b — a|_1/2||w||Lz(a’b) + |b —
a2 |w|| 2@p (see Em & Guermond (2021, Eq. (1.9))) with the polynomial inverse
estimate (A.2c). [l

Appendix B, Tools used in the convergence analysis

B.1 Properties of the temporal projection

Next lemmas concern the stability and approximation properties of the projection P, in Definition 4.3;
see also Dong et al. (2024, Lemma 2.4 and Prop. 2.5), where g-explicit stability and approximation
properties of P, are derived.

Lemma B1 (Stability of P, see Walkington (2014, Lemma 5.2)). Let ¢ € N with ¢ > 2. For any
s € [1,00), there exists a positive constant, depending only on g such that, for all v € C 1 0,7), the

G202 1990100 1.0 U0 1senB Aq $00.928/08048p/WNUBWYEE0 L 0 L/10P/Sl0NIe-20uBAPE /e UfEWY/WOD dNo"olWapeoe)/:sdjy WoI) POPEOUMOQ



52 S. GOMEZ AND V. NIKOLIC

following bounds hold:

Pr 1
19, Povlizsory < CooT 1001l oo 7y

Pe i)
IPvlsor < Caio T (Voo + Tl coo.77))-

For s = 00, the above bounds hold with T''/* replaced by 1.

Lemma B2 (Estimates for P,, see Walkington (2014, Lemma 5.2)). Let ¢ € N with ¢ > 2. For any
s € [1, o], the following estimates hold for all v € W;”H (0,T) with 1 < m < q: there exists a positive

constant CZ;’pmx independent of t such that
P. 1
10d = PVl o,) = Capprox™" ™ M i 0.1y
P. m
||a;(|d - Pr)V”LS(O,T) = Caprproxr vl wrt0,1)

For any Banach space (Z, || - || ;) with Z < L' (£2), the definition of P, can be extended to functions
in C'(0, T; Z) by requiring that (4.6) holds almost everywhere in £2.
B.2  Properties of the Ritz projection and the Lagrange interpolant
‘We next recall certain approximation properties of the Ritz projection R,.
Lemma B3 (Estimates for R, see Brenner & Scott (2008, Thms 5.4.4 and 5.4.8)). Letp € Nwithp > 1,

and let £2 satisfy Assumption 2. Then, there exists a positive constant Czlgf,mx independent of & such that

10d = Rzl o) < Cob ok 2l yeviy Yz e HTH@)NHY(2), 0 < € <p,  (B.la)

— “-approx

IVAd = Rzl 20y < Cotronh” 12l gevi ) Vze HTH Q)N H}(2),0<¢<p. (B.1b)

We denote the Lagrange interpolant operator by 7, : c(R2) - Vfl . The following stability and
approximation properties follow from Brenner & Scott (2008, Thm. 4.4.20 in Ch. 4).

Lemma B4 (Stability of 7). Let p € N with p > 1. Then, there exists a positive constant Cigb
independent of 4 such that

Z J—
IZyvll o) < Catp vl ooy Yy € CO(2).
Lemma B5 (Estimates for 7). Let p € N with p > 1. Then, there exists a positive constant Cazr-ﬁ‘prox

independent of 4 such that

IZy = vl 20 < CHioxh T IV i@y Ve HYN(2), (d—2)/2 < £ <p.

approx

We finish this section with some useful stability bounds for the Ritz projection.

Lemma B6 (Stability of R;). Let p € N with p > 1. There exists a positive constant CZ&’L independent
of 4 such that

R
IRyl 22 < CoamlVal 2@y Yz € Hy(82), (B.2)

R
IRzl o) < Comllzllgzey Yz € HX(2) N Hy(£2). (B.3)
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Proof. Bound (B.2) follows from the standard Poincaré inequality (see, e.g., Brenner & Scott, 2008,
Prop. 5.3.2).

As for bound (B.3), we use the triangle inequality, the inverse estimate (A.2b), and Lemmas B4 and
B5 to obtain

”RhZ”LOO(_Q) < IRpz— IhZ”LOO(_Q) + ”IhZ”LOO(_Q)
SH PRz = Tzl gy + 2l e
S hz_dﬂ |z H2(2) + ”Z”LOO(_Q)’

which, combined with the continuous Sobolev embedding H%(2) — L®(2), completes the proof. [
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