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Abstract. Inspired by the recent work Macci et al. (2021), we prove a non-universal non-central
Moderate Deviation Principle for the nodal length of arithmetic random waves (Gaussian Laplace
eigenfunctions on the standard flat torus) both on the whole manifold and on shrinking toral do-
mains. Second order fluctuations for the latter were established by Marinucci et al. (2016) and
Benatar et al. (2020) respectively, by means of chaotic expansions, number theoretical estimates
and full correlation phenomena. Our proof is simple and relies on the interplay between the long
memory behavior of arithmetic random waves and the chaotic expansion of the nodal length, as well
as on well-known techniques in Large Deviation theory (the contraction principle and the concept
of exponential equivalence).
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1. Introduction

In recent years there has been a growing interest for the geometry of random waves motivated
by theoretical issues in Geometric Analysis, Mathematical Physics, Probability, Number Theory
(see among others Yau (1982), Berry (1977), Berry (2002), Wigman (2010), Krishnapur et al.
(2013)) as well as applications, for instance in Cosmology, Climate Science and Brain Imaging (see
for instance Marinucci and Peccati (2011), Christakos (1992), Caponera et al. (2023), Taylor and
Worsley (2007)).

Yau (1982) conjectured that the nodal volume, i.e., the measure of the zero locus, which is a
smooth (hyper)surface outside of a codimension-two singular set, of any Laplacian eigenfunction
f on a closed C*°-smooth Riemannian manifold (M, g) is comparable to the square root of the
corresponding eigenvalue . More precisely,

VE < Vol,(f71(0)) < CVE, (1.1)

for some constants C,c¢ > 0 depending only on the manifold. Briining (1978) proved the lower
bound in (1.1) in dimension two (for the length of nodal lines), while for real analytic metrics in any
dimension this conjecture was settled by Donnelly and Fefferman (1988) ten years later. Recently,
Logunov (2018) established the lower bound in the smooth case in any dimension, while the optimal
upper estimate in (1.1) is still an open problem in full generality.

Inspired by the work by Kac on zeros of random polynomials, Bérard (1985) proposed to inves-
tigate random eigenfunctions: for compact symmetric spaces of rank one (the round sphere e.g.)
he suggested to make use of the multiplicities in the spectrum of the Laplacian in order to endow
the eigenspace (which is a finite dimensional vector space), say of eigenvalue F, with a Gaussian
measure and computed the mean nodal volume. Consistently with Yau’s conjecture, it turned out
to be proportional to v/E by a constant factor (the volume of the manifold times an explicit con-
stant that only depends on the dimension of the space). Since then, several authors investigated
geometric properties of random eigenfunctions, motivated also by Berry’s ansatz (Berry, 1977) on
universality of high-energy eigenfunctions for “generic” classically chaotic billiards.

Rudnick and Wigman (2008), inspired by Bérard’s model, considered random eigenfunctions on
the standard two-dimensional flat torus T? := R?/Z2, the so-called arithmetic random waves. In
this case the spectral degeneracy properties are related to the “sums of squares” problem, see e.g.
Bombieri and Bourgain (2015). Indeed, the eigenvalues (or energy levels) of the Laplace-Beltrami
operator of T? are all numbers F = E,, := 4w?n where n is a sum of two squares, namely

n=a>+0v%, abcl, (1.2)

and the multiplicity of E,,, say Ny, coincides with the number of pairs (a,b) € Z? lying on the circle
of radius y/n. Landau’s Theorem (Landau, 1908) ensures that A, grows on average as y/logn,
however it could be as small as 8 or as big as a power of logn, depending on the chosen subsequence
of energy levels.

In order to go deeply into the erratic behavior of lattice points, we define the atomic probability
measure /i, on the unit circle by projecting points with coordinates (a,b) € Z? satisfying (1.2),
attaching to them a Dirac mass and then averaging. It is well known that there exists a density-1
sequence of eigenvalues for which {u,}, converges to the uniform probability measure on the unit
circle. (In this case, the corresponding pointwise scaling limit of the covariance kernel of arithmetic
random waves is indeed those of Berry’s random wave model (Berry, 1977, 2002), i.e., the Bessel
function of the first kind of order zero.) However, there are other weak-* limits classified in Kurlberg
and Wigman (2017). In particular, for every n € [—1,1] there exists a subsequence of eigenvalues
whose corresponding sequence of probability measures {p, },, is such that

in(4) —n, as N, — 400, (1.3)
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where [i,(4) denotes the 4-th Fourier coefficient of u,,. Note that when the scaling limit is Berry’s
model, then n = 0.

For the nodal lines of the n-th arithmetic random wave, Rudnick and Wigman proved the length
L, to be on average as big as /E,, the square root of the corresponding eigenvalue (analogously
to the spherical case), in accordance with Yau’s conjecture. More precisely,

1
ElL,] = —=+ En. 1.4
6] = 55V, (1.4
The sharp variance, for large eigenvalues (actually as N,, — +o0) has been found by Krishnapur
et al. (2013) to be

1+ m(4)? B
512 N2
Remarkably, its behavior turns out to be non-universal, depending on fine properties of lattice
points. In particular, (1.4) and (1.5) together with Markov inequality entail concentration of the
nodal length around its mean, giving some information on the constants in (1.1): as N,, — 400,

Ly /VE, —T1/2v/2, see Section 2.2.1 for more details.

Regarding second order fluctuations of the nodal length of arithmetic random waves, Marinucci
et al. (2016) proved a non-universal non-central limit theorem: as A,, — 400 s.t. (1.3) holds, the
limiting distribution of £, is a linear combination of independent chi-square distributed random
variables X7 and X3, whose coefficients depend on (1.3)

L, — E[[’n] i> 1
Var(L,,) 2¢/1+n?

see (2.9) for a complete discussion.

Benatar et al. (2020) studied the nodal length £,, of high-energy arithmetic random waves re-
stricted to shrinking domains, all the way down to Planck scale. In particular, they consider centered
balls B(s;,) with vanishing radius s, such that s,v/FE;,, — +00, see the work by Benatar et al. (2020)
for precise assumptions. (Indeed, when valid, Berry’s random wave model is applicable to shrinking
domains of radius =~ % with C' > 0, see the Introduction in Benatar et al. (2020).) In this work
they found that, up to a natural scaling, the variance of the restricted nodal length £, obeys the
same asymptotic law as the total nodal length £,,, and remarkably global and local nodal lengths
are asymptotically fully correlated. In particular this implies L., to exhibit the same limiting
behavior as £, in (1.6).

Var(L,,) ~ (1.5)

(2= (L+n)XT — (1 —n)X3) = My, (1.6)

The present paper is installed within these results as a refinement of the non-central limit theo-
rems for both total and local nodal length of arithmetic random waves established respectively in
Marinucci et al. (2016) and Benatar et al. (2020). We are inspired by Macci et al. (2021) where the
authors investigate the asymptotic behavior of the nodal length for random Laplace eigenfunctions
on the unit two-dimensional round sphere, see Section 3 for a complete discussion.

In the toral case, we are able to prove a non-universal non-central Moderate Deviation Principle
(MDP) — see Section 2.3 for the definition — collected in Theorems 3.1 and 3.2 with an explicit
rate function depending on (1.3). In particular, we quantify at a logarithmic scale the asymptotic

probability of rare events such as P((ﬁn —E[L,)])//Var(L,) < —y - an>, where y > 0 and {ap }n

is a sequence of positive numbers going to infinity slowly enough, in accordance with the growth of
N,. Our analysis provides further information on the nodal length of Laplacian eigenfunctions on
the torus; indeed, our Theorem 3.1 implies in particular

P(ﬁn <E[L,) -y an Var(ﬁn)) —e (yﬁﬁ(l)), (1.7)
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as N, — +0o, where mean and variance are as in (1.4) and (1.5) respectively. A result similar to
(1.7) holds for the local nodal length by applying Theorem 3.2. For future research, it would be
interesting to prove exponential concentration of £, around its mean, namely a Large Deviation
principle for the nodal length of random eigenfunctions at least in the toral and spherical case.

Plan of the paper. Section 2 is devoted to background and notation needed in order to understand
the model of interest and the goal of the this paper: we first define arithmetic random waves and
present prior results on their nodal length, both on the whole torus and in geodesic balls, and then
we recall basic notions in Large Deviation theory. In Section 3 we formulate our main results,
i.e., Theorems 3.1 and 3.2, together with a brief outline of their proofs which allows us to make
a comparison with the spherical case. The last sections are devoted to the detailed proofs: our
argument relies on the interplay between the long memory behavior of arithmetic random waves
and the chaotic expansion of the nodal length (Section 4), as well as on well-known techniques in
Large Deviation theory such as the contraction principle and the concept of exponential equivalence
(Section 5).

2. Background and notation

In this section we introduce our random model and recall some basic notions in Large Deviation
theory, eventually describing our main results.

Some conventions. Given two sequences of positive numbers {ay}, and {b,},, we write a, V b, to
indicate the maximum between a,, and b,, a, = o(by,) if a,/b, — 0 as n — +o0, a, = O(by,) or
equivalently a,, < by, if ay/b, is asymptotically bounded and a,, ~ b, if a5, /b, — 1 as n — +o0.

Moreover, for random variables { X, },,, X and Y we write X LY if X and Y share the same law,

and finally X, 4y X if the sequence X, converges to X in distribution.

2.1. Arithmetic random waves. Let T? := R? /Z? be the standard two-dimensional flat torus and A
the Laplacian on T2. The eigenvalues £ € R of the Helmholtz equation

Af+Ef=0 (2.1)
are all numbers of the form E, = 47%n with n € S, where
S:{nGZ:n:aZ—i—b2 forsomea,bEZ}.
In order to describe Laplace eigenspaces, for n € S we denote by A,, the set of frequencies
Api={A= (1, ) €Z2: X+ N3 =n})

whose cardinality N, := |A,| equals the number of ways to express n as a sum of two square
integers. For A € A,,, we denote by

ex(x) := exp(2mi(\, ), x = (x1,29) € T?,

the complex exponential associated to the frequency X. The family {ex},. A, 1s an L?-orthonormal
basis of the eigenspace of —A corresponding to the eigenvalue F,. In particular, its dimension is
N, = |A,|. The number N,, grows (Landau, 1908) on average as v/logn, but could be as small as
8 for prime numbers p =1 mod 4, or as large as a power of logn.

From now on, we assume that every random object considered in this paper is defined on a
common complete probability space (2, F,P), with E denoting mathematical expectation with
respect to PP.
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Definition 2.1. For n € S, the n-th arithmetic random wave is the random field

T (z ), x€T? (2.2)

)\EA

where the coefficients a) are standard complex-Gaussian random variables verifying the following
properties: ay is stochastically independent of a, whenever v ¢ {\, —A}, and a_) = @, (ensuring
that 7), is real-valued).

Let us define, for n € S such that \/n is not an integer,
Ajz_ = {)\ = (/\1,)\2) e, N> O}, (2.3)

otherwise Al := {A = (A1, A2) € Ay 1 A2 > 0} U {(/n,0)}. We assume that {ax} oyt ,cq IS 2
family of independent random variables, in particular {7}, },es is a family of independent random

fields. From (2.2), T, is statlonary, centered Gaussian with covariance function ry, : T? — [—1, 1]
E[T,(z)T, — Z ex(z —y) = — Z cos (2m(x — y,\)) = oz —y), x,y € T2
™ AeA, ™ AeA,

Note that r,(0) = 1, i.e. T}, has unit variance.

2.2. Nodal length: prior work. For n € S, the nodal set T, }{0} := {x € T? : T},(x) = 0} is a.s. a
smooth curve on the torus, we are interested in the nodal length of the random eigenfunctions, i.e.
the collection {£, }, g of all random variables of the form

L, = length(T,,1{0}). (2.4)
2.2.1. Mean and variance. Rudnick and Wigman (2008) computed the expected value of L,:

1
Q—ﬁ@, (2.5)

which is well reflecting Yau’s conjecture (Yau, 1982). A bound for the variance of £,, was obtained
in Rudnick and Wigman (2008), but the challenging task of attaining an exact asymptotic behaviour
for Var(L,) was completely settled in Krishnapur et al. (2013) as follows. Let S' C R? be the unit
circle and set, for n € S, u, to be the probability measure on S' defined as

Zak.

™ xehn

Thanks to Erdds and Hall (1999), we know that there exists a density-1 subsequence {n;}, C S
such that
_ 49

27r
namely p,; converges to the uniform measure on the unit circle (where = denotes weak-* conver-

]E['Cn] =

in, (2.6)

gence of probability measures, and d¢ is the Lebesgue measure on S!). Nevertheless, the sequence
{#n}pcs has an infinity of other weak-* adherent points, see Cilleruelo (1993); Krishnapur et al.
(2013), which are the so-called attainable measures, see Kurlberg and Wigman (2017); Sartori (2018).

Finally, we can state the main result of Krishnapur et al. (2013), which is the following: as

N, = 400,
1 7 1+ in(4)?
Var(L,,) = en i3 (1 +0 (Nn/g» v e =cln) = 5 (2.7)

where fi(k) = [ 2% du(z), k € Z, represent the Fourier coefficients of a measure y on the unit
circle. Moreover, from (2.7) it is clear that, in order for £,, to exhibit an asymptotic law one has to
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consider a subsequence {n;} ; € S such that the limit lim;,oc |1in; (4)] exists. Indeed, if {n;} ;€5
is a subsequence such that ./\/'n]. — 00 and gy, = p for some probability measure p on & L then

En, 1+71(4)2
Var(Lo,) ~ eln) 375 cl) = 5*1‘§) (2.8)

Thanks to Krishnapur et al. (2013) and Kurlberg and Wigman (2017), we know that for every
n € [=1,1] there exists a subsequence {n;}, € S such that, as j — oo, Np; — oo and

ﬁnj (4) —n.
As a consequence, the possible values of the “asymptotic" constant ¢(u) cover the whole interval

[5—12, ﬁ] In particular, for the full density subsequence {n; }j C S such that the lattice points in

Ay, are asymptotically equidistributed (2.6), fin;(4) — 0. On the other hand, the work by Cilleruelo
(1993) has shown that there are thin (i.e., with density equal to zero) sequences {n;}, C S, with
Nnj — 00, such that u,; converges weakly to an atomic probability measure supported at the four
symmetric points 1, +i; hence, fin, (4)* — 1 and ¢,;, — 1/256.

2.2.2. Asymptotic distribution. From now on, for a (non-zero) finite variance random variable X,
we set X to be its normalized version, that is
~ X —E|X
X = 7[ ] .
/Var(X)
Fix n € [-1,1] and let M,, be the random variable
1
= =02 (L+ X7 - (1 -n)X3), (2.9)

M,
T /112

where X1, X5 are independent standard Gaussians. Note that
d
M'r] - M—n,

moreover M, is not Gaussian, indeed its support is (—oo, 1/y/1+ 772]. Except for gy = —n1, My,
and M,, have different laws if 1y # ns.

Theorem 2.2 (Theorem 1.1, Marinucci et al. (2016)). Let {n;}, € S be a subsequence of S satis-
fying Ny, — 0o, such that the sequence {‘ﬁnj (4)}}] converges, that is:

[, (4)] =, (2.10)
for some n € [0,1]. Then

Lo, -5 M,, (2.11)
where M, is defined as in (2.9).

In Peccati and Rossi (2018) a quantitative version of Theorem 2.2 has been proved. Let us recall
the definition of 1-Wasserstein distance (see e.g. Nourdin and Peccati (2012, §C) and the references

therein): given two random variables X, Y whose laws are px and uy, respectively, the Wasserstein
distance between py and py, written dyw(X,Y), is defined as

dw (X,Y):= inf E[|][A—B
w(X.Y) = inf B[4~ Bl

where the infimum runs over all pairs of random variables (A, B) with marginal laws px and py,
respectively. We will mainly use the dual representation

dw (X,Y) = Sup [E [2(X) = h(Y)]], (2.12)
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where H; denotes the class of Lipschitz functions A : R — R whose Lipschitz constant is less or

equal than 1. Relation (2.12) implies in particular that, if dw(X,, X) — 0, then X, X (the
converse implication is false in general).

Theorem 2.3 (Theorem 2, Peccati and Rossi (2018)). Let {n;}, € S be a subsequence of S
satisfying Ny, — 0o, such that the sequence {‘ﬁn] (4)‘}] converges, that is:

for some n € [0,1]. Then

dw (Lnys My ) < N4V |[7in, (4)] = |72, (2.13)

2.2.3. Shrinking domains. For 0 < s < 1/2, we set
Ly.s = length (TEI{O} N B(s))

to be the nodal length of T}, restricted to a radius-s ball B(s), where by the stationarity of T,, we
may assume that B(s) is centered. Kac-Rice formula (see e.g. Adler and Taylor (2007, Chapter
11)) immediately gives

B{L 0] = 5 5(n) - VE.

One of the main results in the article by Benatar et al. (2020) is that the variance of the nodal
length L5 of T}, restricted to balls that are shrinking slightly above the so-called Planck scale has

7

a similar form (2.7), and in particular one has the precise identity Benatar et al. (2020, (3.36))
Cov(Lp:s, Ln) = (ms?) - Var(L,,).
In what follows we keep the notation of Benatar et al. (2020) to avoid confusion.
Theorem 2.4 (Theorem 1.1, Benatar et al. (2020)). For every € > 0 there exists a density-1
sequence of numbers
S'=S5'()CS
so that the following hold.

(1) Along n € S" we have Ny, — 0o, and the set of accumulation points of {Jin(4)},cq contains
the interval [0, 1].
(2) Forn e S, uniformly for all s > n~Y/?*¢ we have

E 1
Var(Ly.s) = cn - (182)% 2 14+ 0. | —— | |, (2.14)
n;s n ,/\/;% &g N’é/Z
where ¢, is defined as in (2.7), and the constant involved in the ‘O’-notation depends on e
only.
(3) For random variables X,Y we denote as usual their correlation

. Cov(X,Y)
Corr(X, ¥) = VVar(X) - /Var(Y)

Then for every € > 0 we have that
sup |Corr(Lp;s, L) — 1| — 0, (2.15)

s>n—1/2+e

i.e. the nodal length L,.s of T), restricted to a small ball is asymptotically fully correlated
with the total nodal length L, of Ty, uniformly for all s > n~1/?te,
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Under the same assumptions as Theorem 2.4, in view of (2.15), £, obeys the same limiting law
(2.11) as the total nodal length. The aim of this paper is to refine the result of Theorem 2.2 and
the consequences of Theorem 2.4 by means of Large Deviation theory.

2.3. Large Deviation Principles. Let (2, F,P) be a complete probability space, and {X,},en a
sequence of random variables taking values in some topological space X'. For our purpose we can
restrict ourselves to the case where X' is a metric space; we denote by d its metric and by B(X) its

Borel o-field.

Definition 2.5. We say that {X, },en satisfies the Large Deviation Principle (LDP) with speed
0 <sp /400 and (good) rate function Z : X — [0, 4o0] if the level sets {z : Z(z) < a},a >0
are compact and for all B € B(X') we have

1 1
— inf Z(z) < liminf — logP(X,, € B) < limsup — log P(X,, € B) < — inf Z(z),
s

zE€EB n—+00 Sy n—+oo Sn zE€B
where B (resp. B) denotes the interior (resp. the closure) of B.

Remark 2.6. In this paper, and in several common cases in the literature, there exists xg such
that Z(z) = 0 if and only if z = zp. As a consequence, if X,, satisfies the LDP in Definition 2.5,
then it converges to rg as n — 400, at least in probability. Roughly speaking, one can also say
that for every Borel set B such that zo ¢ B, the quantity P(X,, € B) decays as e~*»Z(B) where
Z(B) :=inf {Z(x) : x € B} > 0. Thus, in some sense, the larger is the rate function Z locally around
x0, the faster is the convergence to x.

Let us state the Gértner-Ellis Theorem (see point (c¢) of Dembo and Zeitouni (1998, Theorem
2.3.6)) in R% in particular we denote the inner product in R? by (-,-). This theorem will be used
in Section 5.1.1 with d = 3.

Theorem 2.7. Let { X, }nen be a family of R*-valued random variables. Assume that 0 < s, / +00
and, for all € RY, the limit
1
() == lim — logE[es®Xn)]

n—+o00 Sy

exists as an extended real number. Further, assume that the origin belongs to the interior D(¢) =
{9 eR?:y(h) < —|—oo}. Then, if the function i is essentially smooth and lower semicontinu-
ous, {Xy,}nen satisfies the LDP with speed s, and good rate function * defined by ¥*(x) =
supgegra {(0, ) — ¥ (6)} (that is the Legendre transform of ).

Let us state the so-called contraction principle, see Dembo and Zeitouni (1998, Theorem 4.2.1).

Theorem 2.8. Let (V,B(Y)) be a metric space with its Borel o-field, and f : X — Y a continuous
function. If { X, }nen satisfies a LDP with (good) rate function I, then {Y,, := f(X,)}nen satisfies
a LDP with (good) rate function Iy :Y — [0, +00] defined as
Z¢(y) := inf T(x).
() L P (z)
Theorem 2.8 ensures that the LDP is preserved under continuous transformations. In order to
extend the contraction principle beyond the continuous case, it is beneficial to recall the notion of
exponential equivalence, see Dembo and Zeitouni (1998, Definition 4.2.10).

Definition 2.9. Let { X, }nen and {Y), }hen be two sequences of random variables taking values in
X. We say that they are exponentially equivalent at speed 0 < s,, 400 if, for every § > 0, the
set I's := {d(Xy, Yn) > 6} C Q is measurable and

1
limsup — log P(I'5) = —oc. (2.16)

n—+oo Sn
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The following theorem states that, from the point of view of Large Deviations, sequences of
random variables that are exponentially equivalent are identical, see also Dembo and Zeitouni
(1998, Theorem 4.2.13).

Theorem 2.10. Assume that { X, }nen satisfies the LDP with speed s, and good rate function T.
Then, if {Xn}nen and {Yy}nen are exponentially equivalent at speed sy, the same LDP holds for

{Yn}n€N~

A Moderate Deviation Principle (MDP) is a class of LDPs that allows to fill the gap between the
following asymptotic regimes:

e a convergence to a constant, which is governed by a suitable LDP;
e a weak convergence to a centered Normal distribution.

Some examples of classes of LDPs of this kind in which the weak convergence is towards a non-
Gaussian law can be found e.g. in Giuliano and Macci (2023) (see also the references cited therein).
It is worth stressing that actually this kind of phenomena are quite natural for random sums (in
particular with some suitable compound Geometric distributions).

Typically a MDP is class of LDPs concerning families of random variables which depend on the
choice of certain scalings satisfying some suitable conditions, and these LDPs are governed by the
same rate function. As a prototype example we can consider the empirical means of i.i.d. random
variables, see e.g. Dembo and Zeitouni (1998, Theorem 3.7.1), where the asymptotic regimes cited
above concern the Law of Large Numbers (LLN) and the Central Limit Theorem (CLT); in particular
a LDP related to the LLN is provided by the well-known Cramér Theorem, see Dembo and Zeitouni
(1998, Theorem 2.2.3).

Actually we cannot rigorously say that the MDP in this paper, see Theorems 3.1 and 3.2, (as well
as the MDP in Macci et al. (2021)) allows to fill the gap between two asymptotic regimes as above
because for the moment we do not have a LDP for the convergence to a constant for our statistics
of the field. In the case of the nodal length, as anticipated in the Introduction, from (2.5) and (2.7)
we know that for every ¢ > 0

(a0 () o

(where the constant involved in the O-notation depends on €), hence it is natural to explore expo-
nential concentration for £,,/v/E, around its mean. Nevertheless we believe that the investigation
of a LDP for the sequence of r.v.’s {£,,/v/E, }» deserves a separate study, eventually together with
a LDP for the nodal length of random spherical harmonics. However, if it is possible to fill that
gap, we would have a non-central MDP where the weak convergence is towards the distribution
of the random variable M,, defined in (2.9). Since the limiting distribution of the nodal length is
not universal, in particular it depends on the subsequence of energy levels, in accordance with the
non-universality of our MDP stated above we say that our MDP is also non-universal.

3. Main Results

In this section we finally state our main results, which are non-universal non-central MDPs (see
Section 2.3) refining Theorem 2.2 and the consequences of Theorem 2.4, specifically a class of LDPs
for the nodal length of Arithmetic Random Waves for certain scalings {ov,, }j ({n;}; € S) that
grow to infinity slowly as j — oo (see condition (3.1)), with speed ay,;, and an n-dependent rate
function I, (see (2.10)). Moreover, for a;,; =1 (note that in this case the condition (3.1) fails) we
have the convergence in distribution to the random variable M,, defined in (2.9), that is, we retrieve
Theorems 2.2 and the consequences of Theorem 2.4.
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Theorem 3.1. Let {n;}, C S be such that Ni; — 400 and fin,;(4) = n € [~1,1] as j — 400, and

{anj }j be any sequence of positive numbers such that, as j — +oo,
Qn; — +00 and an; /log Ny, — 0. (3.1)

Then the sequence of random variables {Enj /ocn].} ~satisfies a Moderate Deviation Principle (MDP)
J

with speed ay; and rate function

/ 2
k if y<0

_yi
I(y) = 1+ [n] : (3.2)
400 if y>0

Theorem 3.2. Let {n;}, € S and nj_%Jrg < $n; < 1/2 be such that s,, — 0. If {an,, j € N} is
any sequence of positive numbers such that, as j — 400,

Qp; — 400 and an; [/ log Ny, — 0,

then the sequence of random wvariables {Enj,sn]- /anj}, satisfies a Moderate Deviation Principle
j
(MDP) with speed a,; and the same rate function as in (3.2).

Clearly, the sequences of random variables in Theorems 3.1 and 3.2 converge to zero (this is a
known consequence of the weak convergence of En ; and Zn ;,s» combined with the Slutsky Theorem);
indeed their common rate function uniquely vanishes at y = 0, see also Remark 2.6. Then, in both
cases, the smaller is ||, the larger is the rate function I, in (3.2). Then, considering once more
what we said in Remark 2.6, the smaller is ||, the faster is the convergence to zero.

Remark 3.3. It is worth noticing that the condition on the speed «, in (3.1) may be suboptimal.
However, our technique is flexible enough to deal with other geometric properties of nodal sets of
arithmetic random waves, even in higher dimension (Maffucci, 2019; Cammarota, 2019). All these
interesting cases were left uncovered by the strategy pursued in Macci et al. (2021), where the
spherical counterpart has been investigated and (central) MDPs have been established for the nodal
length of random spherical harmonics (Gaussian Laplace eigenfunctions on the round sphere) both
on the whole manifold and on shrinking spherical caps. It is worth stressing that on the sphere
these objects have Gaussian fluctuations in the high-energy limit, and are independent, in marked
contrast with the toral case where they show a non-universal non-central asymptotic behavior, and
full correlation. See Section 3.1 for more details on this comparison.

3.1. On the proof of the main results. In order to list and motivate the proof steps, we start by
recalling that our nodal length £,, in (2.4) lives in the Wiener chaos (being a finite variance functional
of a Gaussian field), in particular it can be written as an orthogonal series, converging in L?(P), of
the form

+o0
En = E[ﬁn] + Z En[Q]a (3'3)

where £, [q] denotes the orthogonal projection of £,, into the so-called g-th Wiener chaos. Roughly,
this expansion relies on the fact that Hermite polynomials form an orthogonal basis of the space
of square integrable functions on the real line with respect to the Gaussian density. It turns out
that projections onto odd order chaoses vanish, and moreover £,,[2] = 0 (related to so-called Berry’s
cancellation phenomenon, see Krishnapur et al. (2013); Marinucci et al. (2016)).

Our argument relies on the fact that the asymptotic behavior of the (centered) nodal length
L, —E[L,] is completely determined by £,,[4], its fourth chaotic component Marinucci et al. (2016),
and, moreover, that the dominant term of £,,[4] (where £,[4] denotes the standardized fourth chaos
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of the nodal length), say M,, = Mg, 4y abusing notation, is a continuous function f : R3 — R

of a random vector S, (whose components live in the 2-nd Wiener chaos), Sy converging in law
towards a multivariate Gaussian. First we establish a Moderate Deviation Principle for §n / Van at
speed «,, and then, thanks to the celebrated contraction principle (see Dembo and Zeitouni (1998,
Theorem 4.2.1) as well as Theorem 2.8), we transfer this result to M,,/a,, with an explicit rate
function (indeed, f is a multivariate polynomial) and speed a,,. It remains to deal with the tail of
the series (3.3), i.e. with
Ly — My,

To this aim, we prove that Zn /oy, and My, /a;, — under some additional constraint on the speed «,
— are exponentially equivalent (Definition 2.9), so that they satisfy the same Deviation Principle
(Theorem 2.10). Finally, we will take advantage of the full correlation result in Benatar et al. (2020,
Theorem 1.5) (see also Theorem 2.1) to check that L, /a, and Zn;s/ozn, the standardized nodal

length restricted to the ball B(s) whose radius is slightly above the Planck scale, are exponentially
equivalent, thus sharing the same deviations.

3.2. The spherical case. Our proofs are inspired by Macci et al. (2021), where a Moderate Deviation
Principle has been established for the nodal length of random spherical harmonics, both on the whole
sphere and on shrinking spherical caps. However, there are marked differences with the toral case.
Indeed, on the sphere the limiting distribution of these two geometric functionals is Gaussian, and
they are asymptotically independent (see Todino (2020) and the references therein). On T? instead,
the high-energy behavior of the total nodal length is non-Gaussian and non-universal (Theorem
2.2), and it is asymptotically fully correlated with the nodal length in shrinking domains slightly
above the Planck scale (Theorem 2.1). Moreover, the rate function J in the main results of Macci
et al. (2021) is quadratic
Jy)=y*/2, yeR,

while our rate function (3.2) is a line whose angular coefficient depends on 1. However, the condition
(3.1) on the MDP speed is comparable in some sense to those on the sphere (see (2.1) and (2.2) in
Macci et al. (2021)), indeed N, grows on average as /logn, see Landau (1908).

For the nodal length on the sphere, the starting point is a chaotic expansion similar to (3.3) and
also in this case the dominant term is the fourth chaotic component, that however behaves much
differently than the corresponding term on the torus: it is equivalent in the high-energy limit to
the so-called sample trispectrum (i.e., the integral of the fourth Hermite polynomial evaluated at
the field), which is not true in the toral case, and it is asymptotically Gaussian. To prove a MDP
for the total nodal length on the sphere, the authors of Macci et al. (2021) first showed a MDP for
the sample trispectrum via the cumulant approach presented in Schulte and Thile (2016), which
is a link between the fourth moment theorem for Gaussian approximation (Nourdin and Peccati,
2012) and the LD theory, and then checked its exponential equivalence with the total nodal length
(a similar argument works for shrinking domains).

4. Chaotic expansions

In this section we recall the chaotic expansion of the nodal length for arithmetic random waves,
that is crucial for the proof of our main results. In particular, at the end of Section 4 we focus on
the fourth chaotic component of £, and its dominant term M,,.

4.1. Wiener chaos. The family of Hermite polynomials {H,}qen is defined as follows: Hp = 1 and

Hyft) = (109670 T 6(1),  teRgeNs, (4.1
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where ¢ denotes the standard Gaussian density. It is well known (Nourdin and Peccati, 2012,
Proposition 1.4.2) that {Hq/ \/a}qu is a complete orthonormal system in the space of square
integrable real functions with respect to the standard Gaussian measure on the real line.

Arithmetic Random Waves (2.2) are generated (see Definition 2.1) from a family of standard
complex-valued Gaussian random variables {aﬁ}erQ’ defined on (2,.#,P) and stochastically inde-
pendent, save for the relations a_¢ = @g.

Let X be the closure in the Hilbert space L?(P) (with respect to the scalar product (F,G) :=
E[(F — E[F])(G — E[G))], F,G € L?(P)) of all real finite linear combinations of random variables ¢
of the form

(=zas+7zZa_¢,
where ¢ € Z2 and z € C, thus X is a real centered Gaussian Hilbert subspace of L?(P). Now let

q € N; the ¢g-th Wiener chaos C associated with X is defined as the closure in L?(P) of all real
finite linear combinations of random variables of the form

le (Cl)sz (CQ) T Hpk (Ck)

for k € N>q, where py, ..., pr € N satisfy p1 +---+pr = ¢, and ((1, 2, . . ., (k) is a standard Gaussian
vector extracted from X (Cp = R and C; = X). Note that, from (2.2), for every n the random
fields T},, VT, viewed as collections of Gaussian random variables indexed by = € T? are all lying
in X.

It turns out that (see e.g. Nourdin and Peccati (2012, Theorem 2.2.4)) C, L Cy in L*(P) whenever
q # ¢, and moreover

Ps

L%((IP)) = CQa

Il
=)

q

where L3 (P) := L?(Q,0(X),P), that is, every finite-variance real-valued functional F' of X admits
a unique representation as a series, converging in L?X (P), of the form

F =) Flq, (4.2)
q=0

Flq] = proj(F'|Cy) being the orthogonal projection of F' onto Cy (in particular, F[0] = E[F]).
For a complete discussion on Wiener chaos see Nourdin and Peccati (2012, §2.2) and the references
therein.

Since the nodal length £,, is a finite-variance explicit functional (4.3) of the Gaussian field T,,,
its Wiener-Ito chaos expansion (3.3) can be fruitfully exploited, as we will see in the proofs of our
main results in Section 5.

4.2. Ezplicit formulas. The nodal length (2.4) can be formally written as
£ = / 0 (T5(0) VT (0) | o, (4.3)
T

where Jp denotes the Dirac delta function and || - || the Euclidean norm in R? (see Rudnick and
Wigman (2008, Lemma 3.1)). Clearly, we mean that the approximating random variables £, defined
by replacing the Dirac mass dy with 1;_ q/(2¢), for € > 0, in (4.3), converge a.s. and in L3(P) to
length(7,,*{0}) = L,,.

Note that a straightforward differentiation of the definition (2.2) of T, yields, for j = 1,2

271
8an(ac) = Z )\ja)\e,\(x), (4.4)
" (A1, A2)€AR
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(here 0; = 8 ) Hence the random fields T5,, 0115, 02T, viewed as collections of Gaussian random

variables 1ndexed by x € T? are all lying in X, i.e. for every x € T? we have
T (x), "'Tn(z), 02T, (x) € X.
We shall often use the following result from Rudnick and Wigman (2008):

Lemma 4.1 (Rudnick and Wigman (2008), (4.1)). For j = 1,2 we have that
4qr? 9 9
Var[0; T ()] = S Yo XN=dr

where the derivatives 0;T,(x) are as in (4.4).

Accordingly, for x = (z1,22) € T and j = 1,2, we will denote by ijn(x) the normalized

derivative
~ 1
0;Tn(x) == \[ax] \/W D> Narer( (4.5)

AEA,

In view of convention (4.5), we formally rewrite (1.3) as

We also introduce two collections of coefficients {aap 2m : m,m > 1} and {8y : I > 0}, that are re-

lated to the Hermite expansion of the norm || - || in R? and the (formal) Hermite expansion of the
Dirac mass dg(-), respectively. These are given by
1

,62[ = 7H21(0), (46)

V2

where Ho; denotes the 2[-th Hermite polynomial, and

[m(@2n)i(2m)! 1 1
052n,2m—\/g lml 2n+mpn+m 1) (4.7)

0=y (V) B

Jj=0

where for N € Nand z € R

Proposition 4.2 (Marinucci et al. (2016), Proposition 3.2). (a) For ¢ = 2 or ¢ = 2m + 1 odd
(m = 0),
Lnlg] =0,

that is, the corresponding chaotic projection vanishes.
(b) Forq=0 orq>2

Ln[2q]
472N N — a2k,2u—2kﬁ2q72u
- \/jgkzo (20)1(2u — 2k)1(2q — 2u)! (48)

/HQq (T (2)) Hop (91 T () Hauoi (8T (2)) d.
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Consolidating the above, the Wiener-1té chaotic expansion of L, is

+oco q u
/47T n Z Z Z 2k 2u—2k52¢—2u "
(2k)!1(2u — 2k)!(2q — 2u)!

q=2 u=0 k=

/H2q 2u (T ( )HZk(alT( ))HQu—2k(52Tn($))dxa
in L?(P).

4.2.1. The fourth chaotic component. For n € S, we set

Win) = m = a2 mren| | e
Wy (n) " A= Ao)eid >\1§\2

where A} is defined as in (2.3). Starting from the formula (4.8) in the case ¢ = 2, Marinucci et al.
(2016) show the following.

Lemma 4.3 (Lemma 4.2, Marinucci et al. (2016), Lemma 4, Peccati and Rossi (2018)). We have,
for diverging subsequences {n;} € S such that N,,; — 400 and [in,(4) converges,

En,
Lns4] = 512/\/2

<W1(TL]) — 2W2(nj)2 — 2W3(7”Lj)2 — 4W4(nj)2 + R(nj)>,

where

R( n] N Z |CL)\‘

" XeA,
s a sequence of random variables converging in probabzlzty to 1.
It is crucial to note that (see Peccati and Rossi (2018, (46)))
Wa(n) + Ws(n) = Wi(n),
which implies that the fourth chaotic component of £, can be written as

By,
512/\/2

We will use also the following important Lemma from Marinucci et al. (2016).

Lo, [4] = ((Wz(nj) + Ws(ng))? — 2Wa(n;)? — 2Ws(ny)? — AWa(nj)? + R(nj)) . (4.10)

Lemma 4.4 (Lemma 4.3, Marinucci et al. (2016)). Assume that the subsequence {n;}, C S is such
that Ny, — 400 and fin;(4) = n € [=1,1]. Then, as nj — oo, the following CLT holds:

Z
W(ng) -5 z(m) = | 22 (4.11)
Zs |’
Zy
where Z(n) is a centered Gaussian vector with covariance
1 1
R M M
P=Tm)=| 1 1% 3% (4.12)
2 8 8 0
0o 0 o
n 1t+n

The eigenvalues of T' are 0, 3 /) in particular T is singular.

7908 v 4
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The fourth chaotic component £,[4] is the dominating term in the series expansion (found in
Proposition 4.2) of the total nodal length £,,. Indeed, in Marinucci et al. (2016) it was proved that,
as NV, — +o0,

Var(Ly,) ~ Var(L,[4]), (4.13)
by showing that the asymptotic variance of £, [4] equals the right hand side of (2.7). Indeed,
E 34
W) = o (14 i (4)? + = ). 4.14
Var(Ealt]) = o (1470 + 37 ) (4.14)

The asymptotic equality in (4.13) and the orthogonality properties of Wiener chaoses, that we have
seen in Section 4, guarantee that, as N,, — +oo,

L, —E[L,] L,[4]
VVar(£,)  +/Var(L,[4])
where op(1) denotes a sequence converging to 0 in probability.

Moreover, thanks to Peccati and Rossi (2018, Lemma 2), which was proved using a powerful
result by Bombieri and Bourgain (2015, Theorem 1) on the “sums of two squares” problem, we

know that
E (|2, — L] = 0 < En ) . (4.16)

+ op(1), (4.15)

e

5. Proofs

In the present section we give the proofs of our main results.

5.1. Proof of Theorem 5.1. From now on {nj}j C § will denote a sequence of energy levels such
that V,,;, — 400 and fin;(4) — n € [~1,1] as j — +oo: for the sake of notation brevity we will
write n instead of n; in the sequel.

As anticipated in Section 3.1, the proof of Theorem 3.1 is divided into three steps. The first step
is a MDP for a random vector, called \S,,, whose components are linear combinations of independent
and centered chi-square random variables, see Section 5.1.1. Then we will show that our functional
of interest, which is the nodal length L, is ezponentially equivalent to a simpler functional that we
will call M,,, see Section 5.1.2. In the third and final step, see Section 5.1.3, we will prove through
a contraction principle that M, (and hence £,), which is a continuous function of S, satisfies a
MDP with rate function as in (3.2).

5.1.1. MDP for S,. Recalling the content of Section 4, we define

A /n
Spi= Y (]aA\Q—l) N | (5.1)
AeAT A1 /n

in particular S, is a linear combination of independent and centered chi-square random variables,
where the coefficients are three-dimensional. From Lemma 4.4, which is Marinucci et al. (2016,
Lemma 4.3), we know that

S
—
|
S

S Wa(n) \ | [ 2 e
= = Ws(n) || Zs | ~N(O,%), S=x,:=[52 %1 0o |]. (52
Nu/2 Wy(n) Zy 0 0 I_T”

Note that € [~1,1], and det(X) # 0 if and only if € (—1,1). Note that S, introduced in Section
3.1 coincides with Sy, /1/ Ny, /2.
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Thanks to the Géartner-Ellis Theorem (see point (¢) of Dembo and Zeitouni (1998, Theorem 2.3.6)
and Theorem 2.7), in order to establish a MDP for S,,, it suffices to prove that, for suitable {a,},,,

there exists
exp | ap {0 75 =:19(0)
p n 3 n/V'/ - )

where 0 = (61, 02,03) € R is a three-dimensional vector, and that

1
lim —logE

n—00 (ly,

1
0(0) = 516.50). (5.3)
This is an easy task and it is immediate to verify that, if
oy —> 00 and an 0, (5.4)
N,
then the random vector
Il Sn
Ny /2 .
satisfies a MDP with rate function
v*(z) = sup {(0,z) —(0)}, zeR3 (5.5)
HER3
Indeed, setting for A € A,
A\ /n
(M) = A/n |,
AlAg/n

one has that

1
—logE

Qp

Sn
s

(A)? L (0,ba(N)° (6,b,(N))3
Bl OTn Z {2/\[ /(20u,) +§(Nn/(2an))3/2 +O<W>}’

’rL

where we used the fact that 2:|ay|? is distributed as a x?(2) random variable (recall that ay = by+icy,
where by and ¢y are iid ~ N(0,1/2)). So our goal becomes proving that

1 5
N7 Z (6, b0;(N)? = (6,%6) , (5.6)
S Anj
and that
1 (6,0,(N))?
— Y R 0. (5.7)
on XeA, (N )2

As far as (5.0) is concerned, given the fact that for every n € S (see Marinucci et al. (2016, Lemma
4.1))

3+ fin(4) — [n(4)
2N d A= 21\/ D M= and nw ZAQ/\Q—T,

AEA, AEA, AEA,
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we simply have that

1 , 1 N an)
7 PRCAMON) _NT/2 > <9 + 02+ 0= >

AeAT AeAd
3+ fin(4 3+ n 1— 1,4 1—7,(4

since clearly >y cq A1A3 =D \cp ATAe = 0.

As a consequence we just proved that

5 Y (0.5 = (0.50).

AEAL
where
3+hn(4)  1-fin(4) 0
1-fin(4)  3+Bn(4)
Y, = - - 1 9(4)
—fin
0 0 :
Therefore, since lim;_,« fi,(4) = 71, we obtain (5.6).
As for (5.7), we have
1 (6, b, V)[? 3 19]1°
1oy 0.5, O < e MO
_ 32 3/2 —1/2 Z ’ n] = 1/2 —1/2
anj )\GA;Z (Nn]/anj) N n]- )\€A+ Nn] Oén]

(for some absolute constant ¢ > 0), which tends to 0 as j — oo, since a,,; is chosen as in (5.4).

5.1.2. Exponential equivalence. In light of (4.10) and (4.14), let us define, slightly abusing notation,

34\ ~1/2
My = Mg, 4y = <1 + fn(4) + > (Wa(n) + Wa(n))? — 2Wa(n)* — 2W3(n)* — 4Wy(n)?) .

Na
(5.8)

Lemma 5.1. Consider as usual {n;}; €S such that Np; — +00 as j — +oo and assume that

Qs
Qpn; —* +00  and logj\]f — 0,
n;
then, for every d > 0,
1
hmsup—logIP’( nj—./\/lnj >5) = —00,

j—+oo anj
i.e. a,;len ; and a;].l/\/lnj are exponentially equivalent.
Proof: From Lemma 4.3 and (41.14) we can write

B 1/2
L,[4] = M, + <1 + fin(4)% + fé) R(n)

where we recall that

1 1
R(n) = im Z ’%’4

AT
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is a sequence of (independent) random variables converging in probability to 1 (note that E[R(n)] =
1). We have, for n large enough,

B _ _ 34\ ~1/2
P (agl Ly — M| > 5) =P(o,t L, — Lo[4] + (1 + fin(4)% + /\/) R(n)| > 6
s = 5 _ R 34\ /2 5
<P (anl L, — En[4]‘ > 2> +P <%1 <1 + [in(4)* + Nn> |R(n) — 1| > 4)

~1/2
since a,? (1 + 1 (4)? + %) — 0 as N, — 4o00. As for the first summand, thanks to

Markov inequality, we can write

P(a,;l Ln— M, >5/2) < W%E[ﬁn—/\/tn}

and from (4.16) we have

Since a,/log N;, — 0 we deduce

1 ~ _— ~ 2
limsup — log P (a;l L, — M, L, — ﬁn[4]‘ ] = —00.

n—+oo On

1 —1
> 5/2) < ligilga—log%ﬂi {

Regarding the second summand, from Peccati and Rossi (2018, (85)),

5 R 34\ /2 Var(R(n))
P(|R(n)—1] > —ap | 1+ fn(4)? + — <
<’ (n) | > 1 ( + 11 (4) +Nn> ) 04%(52/(16) <1+ﬁ”(4)2+%)
1
a2 Ny,

<

so that, since ay,/log N, — 0

lim su l10 P \R(n)—1]>§a 1+ 7 (4)2+% v = —00

thus concluding the proof of the exponential equivalence. O

5.1.3. Contraction principle. In light of the exponential equivalence obtained in the previous section,
in order to obtain a MDP for the nodal length of arithmetic random waves, it suffices to prove the
following.

Lemma 5.2. The sequence of random variables {a;; ' My}, where Ny, — 400 such that [i,(4) —
n € [—1,1], My, is defined as in (5.8), and {c}n is a sequence of positive numbers satisfying (5./),
enjoys a MDP with speed o, and rate function

V1412
L(y) = Y V=0
+00, y > 0.

(5.9)
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Proof: First of all we note that

LN —1/2
oMo = (1402 + ) ()
N -1/2 _
= (1 @+ ) 1 (a0 (Waln), Wa(n), Wa(n)') (5.10)
where S, is defined as in (5.1) and f : R?> — R is given by
f(zy, z2,23) = (21 4 22)? — 227 — 223 — 4x§
== —(IL‘1 — l’2)2 — 4£U§ .

Thanks to the contraction principle (see Dembo and Zeitouni (1998, Theorem 4.2.1) and Theorem
2.8), the sequence of random variables

(k).

satisfies a LDP with speed «,, and rate function

Ip(y) = inf{op"(2) : f(z) =y}, yeR,
where 1* is defined as in (5.5). Since f takes non-positive values, I¢(y) = +oo whenever y > 0 and
I4(0) = 0 since ¢*(x) = 0 if and only if x = 0 and f(0) = 0.
We are going to explicitly compute I¢(y) for y < 0. Assume that n € (—1,1), then the matrix ¥
in (5.2) is non-singular and

Ij(y) = inf{y*(z) = f(x) =y}

Il

5

—
—N
N =

(0,57 ¢ f(x) = y}

Now
3tn n=1
PN
1+n 8 5 4 ’
0 0 ﬁ
and therefore
_ 8 3+7n n—1 1+n
(x, 27 12) = T (8(:10%—%9:%)—# 1 T1T2 + 1_nx§ .
As a consequence,
. 1 _ 4 (3+n n—1 1+1n
and
. 4 3+ —1 1+
It(y) = 1nf{1+77 <8n(x%+x%) + 1 1 t1%2 + 0 _Zx%) D —at — 2% 4 2wy — 4l = y} .

(5.11)
Let us now compute I¢(y) for any n € (—1,1). We will use the Lagrange multipliers method with
L(x1, w2, 23, A) = h(w1, w2, 73) + Ag(w1, T2, 3)

where

3+m 9 o (n—1) 4
—— (] +23) + —w122 +
2a+nﬁ1 2) T+n 2719
2

g(x1, 29, 23) = —a% — x5 + 2w120 — 425 — y.

h(z1,x2,23) =
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Then, recalling that we take y < 0, we have the system

1 ( 1
e V=i
= o =Fy -] n=l
? 2 which yields 4 or
hyy + Agzy = 0 ’ 19 =0
g(x1,m2,23) =0, T ==+ a1
23 =0 T3 =+ —% .

For the first two solutions we have that

(FiE) = ()

while for the other two solutions we have that

* yy Y
¥ <0,0,i,/—4> —i,

As a consequence, the rate function is given by
v
L+ n|”
If n € {—1,1}, then ¥ is singular. In this case, in order to compute ¥*(z) one has to consider the

gradient with respect to 6 to obtain the supremum in (5.5) and it is a known fact that one obtains
>0 = z. Then there are two possibilities:

o if z ¢ Im(X), then X0 = = has no solution, and therefore ¢*(z) = +o0;

e if z € Im(X), then 0 = z has solution # = £~z where X! is the inverse of ¥ restricted

to Im(X), and therefore ¢*(z) = [(0,z) — 3(0, 20)]025_11 = L, 1z,

Then, considering the case when n = 1, we have:

I(y) = for y<0 and ne(-1,1).

100
=0 % 0
0 0 0
and hence Im(X) = {(x1, z2,x3) : 3 = 0}. As a consequence, for x € Im(X), we have that
300 01 1 2 0 0
0 % 0 6 | = 22 |, whichyields 6= 0 2 0 |z,
0 0 O 03 0 0 00
and hence .
W (z) = Sz, 5 '2) = 2? + 3.

2
So what we have to compute now is the following rate function

: 1, = 2 2
It(y) = xeﬁf@) {2(;3, X)) f(x) = y} = xE%,Tllf {2} +23: —af — a3 + 2z =y} .

We use again the Lagrange method. We have the system

2x1 + )\(—21'1 + 2.%'2) =0 ==
929 + M2z + 221) = 0, which yields $ [~y and ¢* (i Y, 0) "y
2

—2? — 23+ 22129 —y =0

Thus, for n = 1, the rate function is It(y) = —y/2.
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Let us now consider the case n = —1. We have

Y=

O =
O =
= O O

and hence Im(X) = {(x1,z2,23) : 1 = x2}. As a consequence, for z € Im(X),

% % 0 01 1 i91 + %92 =1 01 + 02 = 42,
i I (1) 02 | = | 21 |, which yields { 161 + 205 = 21 , which yields ¢ 61 + 65 = 4y
0 0 3 03 T3 %03 =3 O3 = 4x3
and therefore
1
Y (zy, 21, x3) = [(9,@ — —{(8, 29)] = 229 + 222
2 YO0=x,x1=x2

So what we have to compute now is the following rate function

If(y) = J;GiIII}l]EZ) {23:% + 2:1:% : —4&?% = y} .

We use again the Lagrange method. We have the system

4dr14+AX-0=0 1 =0
dzs+ M(—8z3) =0  which yields { z3 = +,/—% and ¢~ (0,0, +, /Z) - f% :
—41‘% =Y, A= %

Thus, for n = —1, the rate function is I¢(y) = —y/2.
Finally, recalling (5.10), since as n — +00
~ 34
<1 + Fin(4)? + N> — 14177,
n

one can prove the desired LDP of {a;, ' M,},, with the rate function in (5.9), with some standard
computations (in particular, for the proof of the lower bound for open sets, one can use Lemma 19
in Ganesh and Torrisi (2008)). O

Proof of Theorem 5.1: Bearing in mind the result of Sections 5.1.1-5.1.3, the proof of Theorem 3.1

immediately follows. Indeed, from Lemma 5.1 the two sequences of random variables {Zn / an} and
n

{M,/ an}n are exponential equivalent at speed «,,. From Theorem 2.10 and Lemma 5.2, {Zn o™
n

enjoys a MDP with speed a,, and rate function (5.9). O

5.2. Proof of Theorem 3.2.

Proof: The proof consists in showing that o, 1£~n; sand o, IEn are exponentially equivalent at speed
a,: this guarantees that they enjoy the same MDP as in Theorem 3.1. In order to do that, it suffices
to find an upper bound for

E [

En;s - »Cn

2
:| =14+1-— QCOIT(»Cn;Sv‘CTL)‘
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Recalling (2.7), (2.14) and the precise identity Benatar et al. (2020, (3.36)), we can write, uniformly
for s > n-2te

Cov(Ln;s, Ln) ns?Var (L)
\/Var nis) var (Ly) \/Var nis) var (Ly)

Var(ﬁ) 7“2\/ Fyen+0 ()
w/VM Ln:s) \/mQ Encn+0 (N5/2>>

=1+0. (/\/;1/2) ,

where the constant involved in the O-notation only depends on €. As a consequence, we have that
2
E [ } = 0. (/\/;1/4) . (5.12)

Now, for every ¢ > 0, thanks to (5.12) we have

Corr(Lp;s, L) =

En;s - Zn

1 ~ 1 —2 ~ ~ 2
limsup — log IP (a;l Ly nl > 5) < limsup — log QLZIE [ Ly.s — Ly ] = —00
n—+oo On n—+oo On o
and the proof is hence concluded. ]
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