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1 Introduction and summary

Infrared (IR) dualities are an interesting phenomenon that can characterize the low energy
dynamics of quantum field theories (QFT). They involve a pair of different microscopic QFTs
that describe the same low energy physics. Several instances of IR dualities are known, with
the most important example being the Seiberg duality [1] for 4d N = 1 supersymmetric
quantum chromodynamics (SQCD) with SU(N) gauge group and fundamental matter. Soon
after its discovery, Kutasov and Schwimmer (KS) [2, 3] proposed a duality for SU(N) with F

fundamental matter fields and an adjoint Φ, with polynomial superpotential W = Tr(Φp+1).
The dual theory has SU(pF −N) gauge group, F flavors and one adjoint ϕ with the same
W = Tr(ϕp+1) superpotential, plus p sets of singlets flipping the mesons dressed with the
adjoint ϕ . The KS duality can be understood as a generalization of the Seiberg duality to
which it reduces for p = 1, since the superpotential becomes a mass term for the adjoint
field which is then integrated out in the IR.
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There exist other variants of this duality, to which we will sometime refer as KS-like
dualities. In [4] Intriligator proposed a version of the duality for symplectic gauge group (IKS).
In this case we have a USp(2N) theory with 2F fundamental chirals and one antisymmetric
Φ with W = Tr(Φp+1) superpotential.1 Moreover, there exist also three-dimensional N = 2
analogues of the KS duality: the Kim-Park (KP) duality for a U(N) theory with F fundamental
flavors and an adjoint chiral [5], and its SU(N) variant by Park-Park [6].

These KS-like dualities and their tests are subtle in many ways. The most straightforward
test is anomaly matching. The mapping of chiral gauge invariant operators can also be worked
out, however it is more intricate than in the ordinary Seiberg duality because of the truncation
in the chiral ring of dressed operators due to the polynomial superpotential. The most powerful
test of supersymmetric dualities is usually the matching of supersymmetric partition functions
such as the supersymmetric index [7–15], but this presents various difficulties for the KS-like
dualities. Contrary to other dualities no index identities are known in the math literature and
perturbative tests are hard to push to high order since the dual gauge group grows quickly
(however see [9] for the matching of the index in the KS duality in the Venziano limit).

During the last few years, various works managed to prove many dualities involving gauge
theories with rank-2 matter fields assuming only the validity of Seiberg-like dualities, that is
dualities for simple classical gauge groups and only fundamental matter. This technique goes
under the name of deconfinement and it schematically works as follows. We trade the rank-2
field for an additional gauge node using some known s-confining duality in the sense of [16]
for which the dual theory is just a Wess-Zumino (WZ) model of chiral fields with no gauge
group, such as the Seiberg duality for F = N + 1. This gives an auxiliary quiver gauge theory
that can be further dualized using Seiberg-like dualities until we reach the desired dual frame.

The idea of the deconfinement first appeared in [17–19], but it has been recently revamped
in many ways and in various dimensions (see e.g. [20–32]). Examples of successes of the
deconfinement program are the derivation [25] of most of the s-confining dualities with
classical gauge group of [16], and the derivation of a self-duality for USp(2N) with one
antisymmetric and 8 fundamental chirals [22, 27].

The deconfinement technique fits into the larger program of trying to derive all IR
dualities from a small set of fundamental Seiberg-like dualities. Along this line of research, a
related approach is the local dualization algorithm, which allows us to prove mirror dualities
with eight [33–36] and four supercharges [37], assuming only Seiberg-like dualities that are
either the Intriligator-Pouliot (IP) duality [38] in 4d or the Aharony duality [39] in 3d.

In this paper we tackle the problem of proving KS-like dualities using the deconfinement.
In particular, we focus on the 3d KP duality for U(N) gauge group with adjoint matter
and the 4d IKS duality for USp(2N) gauge group with antisymmetric matter, and show
how it is possible to derive them assuming only Seiberg-like dualities. These are again
the IP duality in 4d and the Aharony duality in 3d. In fact in three dimensions we will
also make use of dualities with monopole superpotentials [40], which however can still be
obtained as a deformation of the Aharony duality. Let us point out that the derivation of
the 3d KP duality provides also strong evidence for the validity of the 4d KS SU(N) duality.

1Throughout this paper, traces over USp(2N) groups are taken with the insertion of the 2N × 2N totally
antisymmetric tensor JN = iσ2 ⊗ IN .
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Indeed, as shown in [41, 42], the 3d KP duality follows from the 4d SU(N) KS duality via
dimensional reduction plus deformations.2

It is important to emphasize again that in the mathematical literature there is no proof
of the equality of supersymmetric partition functions and indices associated to KS dual
theories. Since the integral identities corresponding to Seiberg-like dualities have instead
been proven [46–49], our arguments amount to a proof of the integral identities corresponding
to KS-like dualities.

Our derivation is somewhat of a tour-de-force, the strategy involves two main steps.
The first one consists of constructing families of linear quivers with p− 1 nodes, which are
infrared dual to a chiral superfield Φ in a rank-2 representation of the flavor symmetry with
polynomial superpotential W = Tr(Φp+1). We build two such classes of theories: the 3d
N = 2 Cp[SU(N)] family deconfines an SU(N) adjoint, while the 4d N = 1 Cp[USp(2N)]
family deconfines a USp(2N) antisymmetric. As an example, the Cp[SU(pr + l)] (0 < l < p)
theories are given by the following quiver:

r 2r · · · (p−l)r (p−l+1)r+1 · · · (p−1)r+l−1 pr+l

W = Wcub +
∑p−1

i=1 M+
i +M−...−

where Wcub consists of the cubic couplings between all the adjoint fields and the adjacent
bifundamentals, while the non-perturbative monopole terms break supersymmetry to N = 2
and are responsible for the confinement of the theory.

The proof that these linear quivers are IR dual to the WZ model with a single tensor
field and degree-(p + 1) superpotential is highly non-trivial and works by induction. Each
inductive step involves taking the mirror quiver, and using sequentially the appropriate
Seiberg-like dualities.

The second step is relatively straightforward and consists in using our new confining
dualities to deconfine the rank-2 field in the KS-like dualities. We start from the electric side
of the KS-like duality and deconfine the rank-2 field into the p− 1 nodes quiver, obtaining
a linear quiver of lenght p. Now we apply iteratively the Seiberg-like duality from one side
to the other of the quiver. This process involves p dualizations, hence it produces precisely
p sets of flipping singlets. Moreover, the final quiver is precisely the magnetic gauge group
predicted by the KS-like duality attached to the p− 1 nodes quiver that deconfines the rank-2
field ϕ in the appropriate representaiton and with W = Tr(ϕp+1) interaction. Hence, we can
reconfine the whole quiver into the magnetic theory. In this way, we manage to derive the
3d N = 2 KP duality for U(N) with adjoint and F fundamental flavors and the 4d N = 1
IKS duality for USp(2N) with antisymmetric and 2F fundamentals.

One important aspect of our story is the relation between the 3d N = 2 Cp[SU(N)]
family and the 4d N = 2 Dp[SU(N)] superconformal field theories (SCFTs), which are

2The 3d KP duality can also be obtained by a different dimensional reduction from the 4d IKS duality
along the lines of [27, 29, 34, 40, 43–45]. From this perspective, our 4d derivation already contains the 3d one
since we can take such dimensional reduction limit at any of the steps. However, for clarity of exposition we
will discuss the 3d and the 4d cases separately.
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non-Lagrangian theories that can be realized either via geometric engineering or in class
S [50–52]. Recently [53], building on some earlier results [29, 54, 55], it was argued that
a Dp[SU(N)] theory with gcd(p, N) = 1 deformed by a Coulomb Branch (CB) operator
of dimension p/(p + 1) flows in the IR to an SU(N) adjoint chiral with W = Tr(Φp+1)
superpotential. This result is closely related to our new confining dualities, in particular our
3d N = 2 Cp[SU(N)] quiver theories are very similar to the 3d N = 4 quivers describing the
dimensional reduction of Dp[SU(N)], as already pointed out in [29] for p = 2 and N = 2r + 1.
Indeed, despite being non-Lagrangian in 4d, the circle compactification of Dp[SU(N)] admits
a Lagrangian description in terms of a linear quiver [56, 57]. When gcd(p, N) = 1 this has
exactly the same matter content and perturbative superpotential, i.e. excluding the monopole
terms, of our Cp[SU(N)] confining theory. Interestingly for other values of p and N our 3d
Cp[SU(N)] confining theories are still very closely related (by simple deformations) to the
circle reduction of Dp[SU(N)]. Specifically, compactifying on S1 the non-Lagrangian 4d
N = 2 Dp[SU(N)] theory for gcd(p, N) ̸= 1 and N ̸= pr, one still gets a linear 3d N = 4
quiver of length p− 1, but with mixed unitary and special unitary gauge groups. One then
has to perform a combination of a deformation breaking the special unitary groups to unitary,
dualizations and deformations by monopole superpotential to land on Cp[SU(N)].

The rest of the paper is organized as follows. In section 2 we introduce the 3d N = 2
Cp[SU(N)] theory, discuss various of its properties and show that it confines to an SU(N)
adjoint with W = Tr(Φp+1). In section 3 we use this new confining duality to provide a
derivation of the 3d KP duality via deconfinement and sequential Aharony dualizations.
Section 4 deals with the relation between our 3d N = 2 Cp[SU(N)] theories and the 4d
N = 2 Dp[SU(N)] SCFTs. In section 5 we discuss the 4d uplift of the Cp[SU(N)] theory,
which we call Cp[USp(2N)], and its confining duality into a USp(2N) antisymmetric with
W = Tr(Φp+1). In section 6 we use this to provide a derivation of the 4d IKS duality via
deconfinement and sequential IP dualizations. We conclude in section 7 with some comments
on various open questions and possible future directions. The main text is supplemented
by appendix A, in which we review some important facts about the Aharony duality and
the variants with monopole superpotentials.

Note added. While this manuscript was being finalized we learned about the work of [58]
which has a substantial overlap with our manuscript. We thank the authors of [58] for sharing
their draft with us and for coordinating the submission.

Notation for flippers. Flipping fields fO are gauge singlet chiral fields that enter the
superpotential only once, linearly and multiplying some operator O. In other words the
superpotential term is Wflip = fO O. As a consequence, the F-term equation of fO set to
zero O in the chiral ring. We denote such singlet fields simply as F [O]. Moreover, we write
the superpotential term as Wflip = Flip[O].

2 The 3d N = 2 Cp[SU(N)] family

In this section we introduce a class of 3d N = 2 theories named Cp[SU(N)], where p and
N are integers such that N ≥ p + 1. As we shall see, these theories are constructed by
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turning on an appropriate monopole superpotential in certain 3d N = 4 theories which
explicitly breaks supersymmetry down to N = 2. We will show that the Cp[SU(N)] theories
confine to a Wess-Zumino (WZ) model of a chiral Φ in the adjoint representation of a SU(N)
flavor symmetry with W ∼ Φp+1. Along the way, we also construct the mirror description
of the Cp[SU(N)] theories.

2.1 The Cp[SU(N)] family

The Cp[SU(N)] theories are 3d N = 2 theories whose global symmetry,on top of the U(1)R

R-symmetry, is3

PSU(N)× Zp+1 . (2.1)

They are defined as a quiver theory with p − 1 unitary gauge nodes of the form4

n1 n2 · · · np−1 N

W = Wcub + Wmonopoles

= N

Cp

(2.2)

The Cp[SU(N)] theory is also depicted in short as given on the right. This notation is
motivated by the fact that, as we shall see, the basic operator charged under the SU(N)
symmetry transforms in the adjoint representation and more generally the only representations
that appear in the spectrum of gauge invariant operators are uncharged under the ZN center,
so that the faithful symmetry is actually SU(N)/ZN .

It is convenient to define

N = pr + l , l = 0, · · · , p− 1 , (2.3)

so that the ranks of all the gauge nodes can be obtained via the formula

nj = jr + [l − p + j]+ , j = 1, · · · , p− 1 , (2.4)

where [k]+ = k if k > 0 and zero otherwise. From (2.4), it is possible to compute that
all the gauge nodes are balanced, i.e. the number of flavors is twice their ranks, except for
the j = p− l node which is overbalanced with excess number 1, i.e. the number of flavors
is twice the gauge rank plus one.

The superpotential contains two types of terms. The first one Wcub consists of the
standard cubic couplings between all the adjoint fields and the adjacent bifundamentals
that characterizes N = 4 theories when presented in terms of N = 2 fields. The second

3In the following we will only focus on the SU(N) Lie algebra of the non-abelian flavor symmetry and
ignore the global structure. We will however pay attention to the finite Zp+1 symmetry.

4In the drawing each circle node is a gauge symmetry, the square node is the flavor symmetry, the double
lines between nodes represent pairs of bifundamental chirals in conjugate representations, and arcs are adjoint
chirals.
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one Wmonopoles, which we shall specify momentarily, involves monopole operators and breaks
supersymmetry to N = 2. In particular, it only preserves one combination of the two
abelian factors in the Cartan subgroup of the N = 4 SU(2)H × SU(2)C R-symmetry, which
is identified with the N = 2 R-symmetry. For any generic l, the R-charges of the chiral
fields under such symmetry are

R[bifundamental] = 1
p + 1 ,

R[adjoint] = 2− 2
p + 1 . (2.5)

The remaining combination is instead broken to a finite subgroup. As we will see more in
details later, this is a Zp+1 symmetry under which the charges of the chirals are5

q[bifundamental] = 1
2 mod (p + 1) ,

q[adjoint] = −1 mod (p + 1) = p mod (p + 1) . (2.6)

This finite symmetry is also a residue of the p− 1 topological symmetries, so that the charge
of the monopoles under it also has a bare contribution on top of the 1-loop one due to the
fermions in the chirals [59–63]. Specifically, the remnant of the topological symmetry is
the one that mixes with coefficient +1 for the balanced nodes and with coefficient 3

2 for
the unbalanced (p − l)-th node in the l ̸= 0 case. In this way, a monopole with magnetic
fluxes m

(j)
aj under the j-th node, with j = 1, · · · , p− 1 and aj = 1, · · · , nj , has bare charge

(in this convention np = 0 when l = 0)

q0
[
m(j)

aj

]
=

p−1∑
j=1

j ̸=p−l

nj∑
aj=1

m(j)
aj

+ 3
2

np−l∑
ap−l=1

m(p−l)
ap−l

, (2.7)

to which one should add the contribution of the fermions in the chirals with charges (2.6)
with the usual formula.

Let us now discuss in more details the two possible cases l ̸= 0 and l = 0.

l ̸= 0. In this case Wmonopoles consists of a linear monopole superpotential, involving the
monopoles M+

i (i = 1, · · · , p− 1) with magnetic fluxes +1 for each gauge node separately
and a monopole M−...− with magnetic flux −1 for all gauge nodes simultaneously. The
theory can be depicted as

r 2r · · · (p−l)r (p−l+1)r+1 · · · (p−1)r+l−1 pr+l

W = Wcub +
∑p−1

i=1 M+
i +M−...−

(2.8)

This theory starts with a balanced tail of p − l − 1 nodes, then we have an overbalanced
node and then a sequence of l − 1 balanced nodes.

5Despite the fact that the bifundamental chirals have fractional charge, as we shall see below the minimal
charge appearing in the spectrum of gauge invariant operators is the unit one in this parametrization.
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l = 0. In this case Wmonopoles is similar to that of the l ̸= 0 case in (2.8), with the difference
being that the M−...− monopole is now dressed with an adjoint chiral,6 denoted by M−...−

A ,
and there is also a superpotential flipping the M−...− monopole. The theory can be depicted as

r 2r · · · (p−1)r pr

W = Wcub +
∑p−1

i=1 M+
i +M−...−

A + Flip[M−...−] (2.9)

Notice that now all the nodes are balanced.

Effects of the monopole superpotential (l ̸= 0). If we turn off all the monopole super-
potentials in Cp[SU(N)], then this coincides with the 3d N = 4 T σ

ρ [SU(N)] theory [61] with

σ = [1N ] , ρ = [(r + 1)l, rp−l] , (2.10)

in particular for l = 0 we just have ρ = [rp]. The theory is

n1 n2 · · · np−1 N

Y1−Y2 Y2−Y3 Yp−1−Yp

W1,...,N

(2.11)

where Yi−Yi+1 is the FI parameter for the topological symmetry of the i-th node, W1 . . . WN

the mass parameters for the flavor symmetry and we pick the following convention for the
R-charges and charges under the U(1)A axial symmetry (that is the commutant of the N = 2
R-symmetry inside the N = 4 R-symmetry):

R[hypers] = 1
2 , A[hypers] = 1 ,

R[adjoint] = 1 , A[adjoint] = −2 . (2.12)

From the partition ρ we see an S[U(l)×U(p− l)] symmetry acting on the Coulomb branch
operators, which is enhanced from the topological symmetries of the two tails of balanced
nodes. In this theory the monopoles are charged under the various abelian symmetries, as
it can be computed using the usual monopole formula. For convenience, we encode these
charges as the coeffients in the linear combination of the parameters in the S3 partition
function for the corresponding symmetries. Focusing on the monopoles appearing in the
superpotential for l ̸= 0, we have

M+
i : 2

(
i
Q

4 −mA

)
+ Yi − Yi+1 , i = 1, · · · , p− 1 , i ̸= p− l ,

M+
p−l : 3

(
i
Q

4 −mA

)
+ Yp−l − Yp−l+1 ,

M−...− : 3
(

i
Q

4 −mA

)
+ Yp − Y1 , (2.13)

6This can be taken to be any of the adjoint chirals, since monopoles with the same level of dressing are
identified due to quantum relations.
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where mA is the real mass parameter for U(1)A and iQ
2 is related to the background field

for the N = 2 R-symmetry, meaning that the R-charge can be read as the coefficient of iQ
2 .

Turning on Wmonopoles requires all of these monopoles to have charge two, which corresponds
to setting the combinations of parameters in (2.14) equal to iQ. From the positive monopoles
we see that all the Yi parameters are then specialized in terms of the axial mass mA as

Yi − Yi+1 = i
Q

2 + 2mA , i = 1, · · · , p− 1 , i ̸= p− l ,

Yp−l − Yp−l+1 = i
Q

4 + 3mA . (2.14)

Furthermore, from the negative monopole we then get the further constraint

2(p + 1)mA = i
Q

2 (1− p) , (2.15)

which consistently yields the R-charge assignment in (2.5). From this perspective one can
also show that there is a finite Zp+1 subgroup of the axial and the topological symmetries
that is preserved. We will come back to this point around equation (2.41). The l = 0
case is analogous.

Background BF couplings. If we treat the flavor symmetry as U(N) rather than SU(N),
as we will do in the later section where such symmetry will be gauged, then we should also
include in the definition of the theories a BF coupling between the R-symmetry and the U(1)
part of U(N). This can be encoded in its contribution to the S3 partition function as follows:e2πi iQ

2
1−l
p+1

∑pr+l

i=1 Wi l ̸= 0
e2πi iQ

2
1−p
p+1

∑pr

i=1 Wi l = 0
(2.16)

Notice that these only appear in the combination ∑N
i=1 Wi corresponding to the U(1) part of

U(N), so the BF couplings trivialize if we treat the symmetry as SU(N) setting ∑N
i=1 Wi = 0.

Spectrum of gauge invariant operators. Below we discuss some interesting gauge
invariant operators of the Cp[SU(N)] theory which we will later map to the singlets in the
confined dual frame (2.23). First of all we have the operator µ in the adjoint of SU(N). From
the quiver theory in (2.2) this operator is constructed as

µ = QQ̃ , (2.17)

where Q and Q̃ are the last bifundamental chirals, charged under SU(N). Notice that this
coincides with the moment map of the flavor SU(N) in the N = 4 theory obtained by turning
on only Wcub and not Wmonopoles, and by some abuse of notation we will sometimes refer to
it as “moment map” even in the N = 2 Cp[SU(N)] theory. This operator has R-charge

R[µ] = 2
p + 1 (2.18)

and it has charge under the finite Zp+1 symmetry

q[µ] = 1 mod (p + 1) . (2.19)

– 8 –
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In addition to this operator we also have a set of gauge invariant chiral operators that
are singlets under the SU(N) flavor symmetry. In (2.2) we can construct monopoles that
have −1 magnetic flux under a string of j consequent balanced gauge nodes, which we denote
by M...−j .... We recall that for l ̸= 0 the theory has two sequences of balanced nodes of
length p − l − 1 and l − 1 respectively, as explained below (2.8). For l = 0 all the nodes
are balanced, however the monopole with magnetic flux −1 under all the gauge nodes is
flipped, so that in total we have p− 2 such monopoles. The R-charge of a monopole charged
under a string of j balanced gauge nodes is7

R
[
M...−j ...

]
= 2− 2(j + 1)

p + 1 . (2.20)

Instead, the charge under the Zp+1 symmetry is

q
[
M...−j ...

]
= −(j + 1) mod (p + 1) = p− j mod (p + 1) . (2.21)

Indeed, in the Cp[SU(N)] theory there are many such monopoles. We claim that monopoles
with the same length constructed from the same balanced tail are degenerate. This leaves
us with two sets

l ̸= 0 :

 M...−j ...
L j = 1, . . . , p− l − 1 from the left tail

M...−j ...
R j = 1, . . . , l − 1 from the right tail ,

l = 0 : M...−j ... j = 1, . . . , p− 2 from the only tail . (2.22)

Finally, for l = 0 we also have the flipper F [M−...−], whose R-charge is 2p
p+1 and whose

Zp+1 charge is p.
The operators that we have just discussed are the most elementary ones, however the

theory also possesses composite operators, some of which in particular parametrize a conformal
manifold. Indeed the operator obtained as the product of M...−j ...

L/R and M...−p−j−1...
L/R has R-

charge equal to 2 and is not charged under any global symmetry for every j, therefore it
represents an exactly marginal deformation. One may also consider other exactly marginal
deformations given by the product of more than two M...−j ...

L/R operators, such that the
R-charge of the result is 2.

7This can be easily calculated starting from the N = 4 theory with the same strategy used around (2.13).
A monopole with −1 magnetic flux under a string of consequent balanced nodes starting from the node k and
extending to the node k + j has the following charges:

M...−j ... : 2
(

i
Q

4 − mA

)
− Yk + Yk+j =

(
2 − 2(j + 1)

p + 1

)
i
Q

2 ,

when using the constraints in eqs. (2.14) and (2.15). Notice that the result does not depend on the choice of k

but only on the length j.
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2.1.1 Statement of the confining duality

We claim that these theories confine into an adjoint SU(N) chiral with W ∼ Tr(Φp+1)
plus extra singlets

N

Cp

W = Wmulti-monopole

⇐⇒ N

W = Tr(Φp+1)+

+
∑k(l)

j=2 Flip[Tr(Φj)]+

+Wmulti-trace (2.23)

where in the figure we are depicting the Cp[SU(N)] theory in short as the label Cp embedded
in an arc to recall that its spectrum contains only one operator charged under the SU(N)
global symmetry, which is in the adjoint representation.

On the r.h.s. of (2.23) we have flipping fields for traces of Φ from power 2 up to k(l),
which is given by (recall N = pr + l)

k(l) = min(l, p− l) . (2.24)

Notice that the above formula enjoys the property k(l) = k(p− l). This will turn out to be
important in the next section when we will use these theories to provide a derivation of the
Kim-Park duality, which maps the gauge rank N = pr + l to N ′ = pr′ + (p − l).

In the duality (2.23), the superpotential Wmulti-monopole on the l.h.s. contains all the
possible exactly marginal deformations given by the product of many M...−j ...

L/R operators,
as described in the end of the previous subsection. Correspondingly on the r.h.s. we are
turning on all the exactly marginal deformations given as multi trace operators, encoded
in Wmulti-trace. The reason why the duality holds at such point of the conformal manifold
is motivated by the S3 partition function perspective. The derivation of the duality that
we will discuss in field theory in the next section can indeed be rigorously applied at the
level of the partition function. However, the downside of this approach is that the partition
function is not sensitive to the precise structure of the superpotential at each step of the
derivation, but only to the charges of the fields induced by it. In particular, in the partition
function computation one finds contributions of gauge singlet fields with charges that are
compatible with exactly marginal massive deformations. In order to find the duality (2.23)
one has to simplify the contribution of such fields, which should be interpreted as being on a
point of the conformal manifold where the mass deformations are activated and the singlets
are integrated out. Additionally, some of the steps of our derivation will involve confining
gauge nodes and in this process all possible superpotential terms compatible with the charge
assignments can be generated. A similar situation has been discussed in [64, 65].

For these reasons, we only claim that the duality (2.23) holds on a generic point of the
conformal manifold. See section 2.2.3 for more comments on this point in the case N = p + 1.
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The superpotential Tr(Φp+1) in the WZ theory uniquely determines the R-charge of
Φ to be

R[Φ] = 2
p + 1 (2.25)

and it also preserves a finite Zp+1 symmetry such that

q[Φ] = 1 mod (p + 1) . (2.26)

Such charge assignment is compatible with the following operator map across the duality.
The operator µ in the adjoint of SU(N) on the electric side gets mapped to the adjoint
chiral in the dual WZ model

µ ←→ Φ . (2.27)

We can also map the two set of monopoles M...−j ...
L/R of the Cp[SU(N)] theory to flavor singlets

in the WZ model. Suppose that M...−j ...
L is the biggest of the two sets, that is p − l ≥ l.

Then the map is {
M...,−j ...

L

M...,−j ...
R

}
←→

{
Tr(Φp−j)
F [Tr(Φj+1)]

}
(2.28)

If p − l < l instead the map is{
M...,−j ...

L

M...,−j ...
R

}
←→

{
F [Tr(Φj+1)]

Tr(Φp−j)

}
(2.29)

The operator map also tells that some of the monopoles are actually composite because they
are mapped to traces of powers of Φ, so there are quantum relations in the electric theory
that identify such monopoles with traces of powers of µ. For l = 0 the electric theory also
has the flipper F [M−...−], however looking at its charges we claim that this is also involved
in a relation with Tr(µp) so that the independent combination is mapped to Tr(Φp).

2.1.2 The mirror theories Čp[SU(N)]

To prove the confinement we need the mirror dual theories Čp[SU(pr + l)] which are given
for l ̸= 0 and l = 0 by

l ̸= 0 : 1 2 · · · (p−1)r

+l−2

(p−1)r

+l−1
(p−1)r (p−1)(r−1) · · · 2(p−1) p−1

1

p q

b

AL

AR

W = Wcub + pAl
Lp̃+ qAp−l

R q̃ + pbq + p̃b̃q̃

(2.30)
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l = 0 : 1 2 · · · (p−1)r−1 (p−1)r (p−1)(r−1) · · · 2(p−1) p−1

1

s

b

A

W = Wcub + sAps̃+ sbb̃s̃+ Flip[ss̃]

(2.31)

where we are indicating with Wcub all the cubic superpotential terms coupling the bifun-
damentals with the adjacent adjoint chirals. In the second theory, notice that we can
equivalently use the bifundamental on the right of the flavor to construct the sbb̃s̃ operator
due to F-term relations.

Both for l ̸= 0 and l = 0, the R-charges of the bifundamentals and adjoint chirals are
fixed by the superpotential to be

R[bifundamental] = 1− 1
p + 1 ,

R[adjoint] = 2
p + 1 . (2.32)

The superpotential also constraints the R-charge of the flavors to be

l ̸= 0 :

R[p, p̃] = 1− l
p+1

R[q, q̃] = 1− p−l
p+1 ,

l = 0 : R[s, s̃] = 1− p

p + 1 . (2.33)

For any generic l, the map between chiral ring generators relates the µ operator of the
Cp[SU(N)] theory with a matrix where on the diagonal there are the traces of the adjoint
fields, while the other entries are filled by extended mopoles (as is customary for mirror
dualities). In the mirror theory we can also construct dressed mesonic operators. These
are different depending on whether l ̸= 0 or l = 0,8

l ̸= 0 :

R[pAj
Lp̃] = 2− 2 l−j

p+1 for j = 0, . . . , l − 2
R[qAj

Rq̃] = 2− 2p−l−j
p+1 for j = 0, . . . , p− l − 2 ,

l = 0 : R[sAj s̃] = 2 j + 1
p + 1 for j = 1, . . . , p− 2 . (2.34)

These operators are mapped to the set of monopoles in Cp[SU(N)] as

pAj
Lp̃ ↔ M...−l−1−j ...

R j = 0, . . . , l − 2 ,

qAj
Rq̃ ↔ M...−p−l−1−j ...

L j = 0, . . . , p− l − 2 . (2.35)
8For l ̸= 0 the operators qAl−1q̃ and pAp−l−1p̃ are related to bb̃ due to the F-terms of the adjoint chiral

fields. Therefore there is only one independent operator that we map to the trace of any adjoint chiral in the
Cp[SU(N)] theory, that are all identified in the chiral ring. Similarly, for l = 0 the operator sAp−1s̃ is set to
zero in the chiral ring due to F-term relations.
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For l = 0 the map is given by

sAj s̃ ↔ M...−p−1−j ... j = 0, . . . , p− 2 . (2.36)

If we consider the Cp[U(N)] theories, that are defined as the Cp[SU(N)] theory with the
extra BF coupling defined in (2.16), the mirror Čp[U(N)] coincides exactly with Čp[SU(N)],
without extra BF couplings. We shall show this momentarily.

Deriving the mirror theories

The Č[SU(N)] mirror theories are derived as a deformation of some known 3d N = 4 mirror
pair. Indeed, as we have already mentioned, if turn off all the monopole superpotentials in
Cp[SU(N)], then this coincides with some T σ

ρ [SU(N)] theory. We can then proceed by taking
the mirrors of these N = 4 theories (which are simply obtained by swapping the partitions
σ ↔ ρ) and studying the effect of the monopole superpotential across the duality.

l ̸= 0. In this case the procedure to obtain the mirror theory is schematically depicted below.

1 2 · · · (p−1)r

+l−2

(p−1)r

+l−1
(p−1)r (p−1)(r−1) · · · 2(p−1) p−1

l p−l

W = Wcub

Yp−l+1,...,p Y1,...,p−l

W2−W1 W3−W2 WN −WN−1

1 2 · · · (p−1)r

+l−2

(p−1)r

+l−1
(p−1)r (p−1)(r−1) · · · 2(p−1) p−1

1 1

p q

AL

AR

W = Wcub + pAl
Lp̃ + qAp−l

R q̃

V2 V1

W2−W1 W3−W2 WN −WN−1

1 2 · · · (p−1)r

+l−2

(p−1)r

+l−1
(p−1)r (p−1)(r−1) · · · 2(p−1) p−1

1

p q

b

AL

AR

W = Wcub + pAl
Lp̃ + qAp−l

R q̃ + pbq + p̃b̃q̃

W2−W1 W3−W2 WN −WN−1

(2.37)

We start from the theory T ρ
σ [SU(N)] theory with σ = [1N ] and ρ = [(r + 1)l, rp−l] in the

first line of the figure above. In the figure we have also specified the parameterization of
the global symmetries of the theory. The FI of the j-th gauge node is Wj+1 −Wj while
the labels beside the flavor symmetries are the corresponding mass parameters. We pick
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the following assignation of charges:

R[hypers] = 1
2 , A[hypers] = −1 , η[hypers] = −1

2 ,

R[adjoint] = 1 , A[adjoint] = 2 , η[adjoint] = 1 . (2.38)

We have also introduced a redundant symmetry U(1)η which can be reabsorbed by U(1)A

transformations. This symmetry will be useful to observe the discrete Zp+1 symmetry in the
resulting theory after the N = 2 deformation. Notice that the charge assignment is such that
the moment map on the Coulomb branch has charge +1 under U(1)η.

In the mirror we have two sets of respectively l and p − l flavors rotated by a flavor
S[U(l)×U(p− l)] symmetry. We now want to turn on a superpotential deformation which is
the mirror of the monopole superpotential in (2.8). It is convenient to first study the effect
of turning on the monopoles with magnetic fluxes +1 under all the balanced nodes, that is
all nodes except the (p− l)-th one. In the mirror, this corresponds to the next-to-maximal
nilpotent mass for both the mesons in the adjoint of U(l) and U(p − l), with the effect of
breaking them down to two U(1) symmetries. The result of the deformation is depicted
in the second line of (2.37).

The breaking of symmetries due to this deformation is encoded in the following spe-
cialization of the parameters:

Yj = p− l + 1− 2j

2

(
i
Q

2 + 2mA + η

)
+ V1 for j = 1, . . . , p− l ,

Yp−l+j = l + 1− 2j

2

(
i
Q

2 + 2mA + η

)
+ V2 for j = 1, . . . , l , (2.39)

where we recall that the set of Yj for j = 1, . . . , p− l are the real mass parameters for the U(l)
symmetry and the Yj for j = p− l + 1, . . . , p are those of the U(p− l) symmetry. Moreover, η

is the real mass parameters for the U(1)η symmetry, where notice that this can be completely
reabsorbed by a shift of mA, the parameter for the axial U(1)A symmetry. Finally, V1,2 are
the parameters for the two U(1)’s left after the nilpotent mass, which breaks U(l)→ U(1)V2

and U(p− l)→ U(1)V1 . However, we can always reabsorb an overall flavor U(1) symmetry by
a compensating gauge transformation, which in this case allows us to get rid of the diagonal
combination V1 + V2, so that only the off-diagonal V1 − V2 is physical.

In the theory in the second line of (2.37) all the bifundamentals and adjoints have
the same R-charges as stated in (2.38), while the two flavors surviving the nilpotent mass
deformation have

R[p, p̃] = 1− l

2 , A[p, p̃] = −l , η[p, p̃] = − l

2 ,

R[q, q̃] = 1− p− l

2 , A[q, q̃] = −(p− l) , η[q, q̃] = −p− l

2 . (2.40)

Turning on the monopole with magnetic flux +1 for the (p − l)-th node and the one with
magnetic flux −1 under all the gauge node simultaneously in the electric theory corresponds to
adding two triangle superpotentials in the mirror, which break the aforementioned U(1)V1−V2

and one combination of the N = 2 R-symmetry and of the U(1)A axial symmetry. We can
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compute how these two symmetries are broken starting from the charges given in (2.38)
and (2.40). The breaking condition written in term of S3 partition function variables is9

V1 = V2 = 0 ,

(p + 1)(2mA + η) = i
Q

2 (1− p) . (2.41)

From the above condition we see that mA is fixed as

mA = i
Q

2
1− p

2(p + 1) , (2.42)

with η a Zp+1 variable satisfying

(p + 1)η = 0 . (2.43)

We thus end up with the N = 2 theory depicted in the last line of (2.37), with enhanced
SU(N) topological symmetry and a Zp+1 finite symmetry, that is the mirror Čp[SU(N)] theory.

l = 0. In this case the procedure to obtain the mirror theory is schematically depicted below.

1 2 · · · (p−1)r−1 (p−1)r (p−1)(r−1) · · · 2(p−1) p−1

p

W = Wcub

Y1,...,p

W2−W1 W3−W2 WN −WN−1

1 2 · · · (p−1)r−1 (p−1)r (p−1)(r−1) · · · 2(p−1) p−1

1

A

s W = Wcub + sAps̃

W2−W1 W3−W2 WN −WN−1

1 2 · · · (p−1)r−1 (p−1)r (p−1)(r−1) · · · 2(p−1) p−1

1

s

b

A

W = Wcub + sAps̃ + sbb̃s̃ + Flip[ss̃]

W2−W1 W3−W2 WN −WN−1

(2.44)

Here we start from the T ρ
σ [SU(N)] theory with σ = [1N ] and ρ = [rp] depicted in the first

line of (2.44). From the partition ρ we see an SU(p) symmetry which in the electric theory
acts on the Coulomb branch operators, which is enhanced from the topological symmetries
of the nodes which are all balanced. In the mirror we therefore have p flavors rotated by a
flavor SU(p) symmetry. Turning on the positive monopoles of all the nodes in the electric
theory maps to a next-to-maximal nilpotent mass for the meson in the adjoint of such
SU(p), therefore breaking it completely. The resulting theory is the one in the second line

9Recall that the variable η is redundant, as in can be reabsorbed into mA. However, we do not do this to
explicitly isolate the residual Zp+1 symmetry.
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of (2.44), where the naive U(1) flavor symmetry can be as usual reabsorbed with a gauge
transformation. Now the dressed monopole with magnetic flux −1 under all nodes maps to
the quartic coupling between the flavor and the bifundamental δW = qq̃bb̃, which breaks a
combination of the N = 2 R-symmetry and of the axial symmetry. Finally, the superpotential
Flip[M−...−] is mapped to Flip[qq̃] in the mirror theory. We thus reach the last line of (2.44).

As a final comment, one can observe that the actual global symmetry of the resulting
theory has a Zp+1 factor whose presence can be observed using the same strategy implemented
in the previous paragraph for the l ̸= 0 case.

Comments on the BF couplings. We now comment on the origin of the BF couplings (2.16)
in the Cp[U(N)] theories. In particular, we show that such a choice of BF couplings implies
that there are none in their mirror duals Čp[U(N)]. As we will see in the next section, this is
the only step in the derivation of the confining duality (2.23) of Cp[U(N)] in which the BF
couplings can change, so that there will be none on the WZ side as well.

Let us start from the case l ̸= 0. We follow the steps of (2.37) and trace how the BF
couplings change after these steps. We start from the N = 4 mirror pair between the theory
in figure (2.11) and the top quiver in figure (2.37). More precisely for this mirror duality to
hold, one should include the following BF couplings on the two sides:

electric: e2πiYp

∑pr+l

j=1 Wj ,

magnetic: e
2πi

(
(
∑l

a=1 Yp−l+a)(
∑(p−1)r+l−1

j=1 Wj)+(
∑p−l

a=1 Ya)(
∑(p−1)r+l

j=1 Wj)
)

. (2.45)

These can be derived using the mirror dualization algorithm [33, 34]. The general rule is
that in the electric theory the flavor mass parameters couple to the FI’s for the nodes on
their right, while in the mirror we have the opposite. Applying the specializations in (2.39)
and (2.42), the BF couplings become

electric: e2πi iQ
2

1−l
p+1

∑pr+l

j=1 Wj ,

magnetic: e0 . (2.46)

For the l = 0 case the N = 4 mirror pair involves the BF couplings

electric e2πiYp

∑pr

j=1 Wj ,

magnetic e
2πi

(
(
∑l

a=1 Ya)(
∑(p−1)r

j=1 Wj)
)

. (2.47)

Implementing the specializations we obtain

electric e2πi iQ
2

1−p
p+1

∑pr

j=1 Wj ,

magnetic e0 . (2.48)

From this analysis we thus see that including the BF couplings (2.16) in the definition of the
Cp[U(N)] theories results in having no BF coupling in their mirrors Čp[U(N)].

2.2 Derivation of the 3d confining duality for Cp[SU(N)]

In this section we provide a derivation of the confining duality (2.23) for the Cp[SU(N)] theory.
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2.2.1 Inductive derivation

The derivation is inductive and is based on the following two preliminary results, which we
will in turn derive in the following sections.

Inductive step. If N = pr + l > p + 1, the Cp[SU(N)] theory enjoys a duality in terms of
a model composed of a Cp[SU(N − 1)] theory plus singlets

N

Cp

W = Wmulti-monopole

µ

⇐⇒ N−1

Cp

1

W = Wmulti-monopole+

+
∑

h,k ahbkµ′p+1−h−2k b̃k+

+Flip[M′...,−p−l,...
L ]

µ′
b, b̃

a

(2.49)

where the SU(N) moment map and the monopole operators on the r.h.s. are primed in order
to distinguish them from those on the l.h.s. On the r.h.s. of (2.49) the superpotential contains
all the possible couplings between a, b, b̃, µ′ of degree p + 1, such that b and b̃ appear with the
same powers. Moreover, we have a flipping term for the M′...−p−l...

L operator. Notice that for
l = 0, 1 such operator does not exists in the Cp[SU(N − 1)] theory,10 therefore we do not have
such flipping term and thus there is no extra singlet on the r.h.s. of (2.49). We also point out
that the action of the duality on the gauge ranks N = pr + l and N ′ = N −1 = pr′ + l′ implies
that for l ̸= 0 we have r′ = r and l′ = l − 1, while for l = 0 we have r′ = r − 1 and l′ = p− 1.

For l ̸= 0 the map of the operators in the duality (2.49) is

µ ←→

 µ′ b

b̃ a

 ,

M...−j ...
L ←→ M′...−j ...

L ,

M...−j ...
R ←→ {M′...−j ...

R ,F [M′...−p−l...
L ]} . (2.50)

Let us comment on the last two lines of the map. The set of M...−j ...
L monopoles in the second

line always contains one less element with respect to the dual M′...−j ...
L set, however the extra

operator M′...−p−l...
L is flipped and so j = 1, . . . , p− l − 1. Conversely the set M...−j ...

R in the
third line is always bigger by one unit than the dual set M′...−j ...

R , which is then completed
with the flipper the flipper F [M′...−j ...

L ] and so j = 1, . . . , l − 1 where j = l − 1 corresponds
to the flipper. Notice in particular that this third line is absent for l = 1. Moreover, we
stress that some of the monopole operators involved in this map are composite, as we have
already commented below (2.29).

10More precisely, for l = 0 it does not exist since the length of the quiver is only p − 1, while for l = 1 it
exists but it is not part of the chiral ring since it is already turned on in the superpotential.
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For l = 0 the situation is simpler, since on the electric side we have a single set of
monopole operators M...−j .... The operator map is then simply

µ ←→

 µ′ b

b̃ a

 ,

M...−j ... ←→ M′...−j ...
R , (2.51)

where j = 1, . . . , p − 2 since on the l.h.s. the monopole M...−p−1... = M−...− is flipped and,
as we have already commented below (2.29), its flipper is not independent from Tr(µp) and
so it does not need to be mapped. Notice also that on the r.h.s. the set M...−j ...

L is empty
and therefore does not need to be mapped.

Inductive basis. The basis of the inductive derivation consists in the confining duality (2.23)
for the Cp[SU(p + 1)] theory, that is N = p + 1 or equivalently r = 1, l = 1

p+1

Cp

W = Wmulti-monopole

µ

⇐⇒ p+1

W = Tr(Φp+1)+

+Wmulti-trace

Φ

(2.52)

We will provide a derivation of the two dualities (2.49) and (2.52) in sections 2.2.2
and 2.2.3, respectively, by iteration of the Aharony duality only, while now we will use them
to derive inductively the general confining duality (2.23).

Inductive derivation. Let us start from a Cp[SU(N)] theory with N = pr + l > p + 1.
Applying (2.49) we reach Cp[SU(N−1)] coupled to SU(N−1) fundamentals and flavor singlets.
Applying (2.49) again to Cp[SU(N −1)] and decomposing the other fields appropriately lowers
the rank of the flavor symmetry by another unit and produces fields which can be recombined
with those produced at the previous step into SU(N − 2) × SU(2) bifundamentals and an
SU(2) adjoint

N−2

Cp

1

1

⇐⇒ N−2

Cp

2

(2.53)

From now on, to avoid cluttering, we do not give the exact superpotential at each step.
One can reconstruct it from that given in (2.49), recalling that all the fields, including
the adjoint operator of the Cp theories, have R-charge 2

p+1 by writing the most general
superpotential involving all the operators with R-charge 2 that are singlets under the SU(N)
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global symmetry. After k iterations of (2.49) we reach

N−k

Cp

k−1

1

⇐⇒ N−k

Cp

k

(2.54)

For k = N−p−1 we reach Cp[SU(p+1)] coupled to an SU(p+1)×SU(N−p−1) bifundamental
and an SU(N − p − 1) adjoint. The confined frame is then obtained using the inductive
basis (2.52): we are left with SU(p + 1)× SU(p(r − 1) + l − 1) bifundamentals b, b̃ and two
adjoints a, a′ which recombine in the SU(N) adjoint Φ

p+1

Cp

N−p−1 ⇐⇒ p+1 N−p−1
b, b̃

a′ a

W ∼ ∑
k,h ap+1−k−2h (a′)k bh b̃h

= N

Φ

W = Tr(Φp+1)+

+Wmulti-trace

(2.55)

All the superpotential terms of degree p + 1 reconstruct the superpotential Tr(Φp+1) plus all
exactly marginal multi-trace terms. The adjoint Φ in the confined frame is a N ×N matrix
and it can be mapped across each step of the inductive derivation by collecting together
the adjoint operator µ of the Cp[SU(N − k)] theory, the SU(N − k)×U(k) bifundamentals
b, b̃ and the U(k) adjoint a as:

ΦN×N =

 µ(N−k)×(N−k) bk×(N−k)

b̃(N−k)×k ak×k

 . (2.56)

Comments on the flipping fields. The derivation we have just presented was schematic
and missed some important details, in particular the flipping fields F [Tr(Φj)] that are
produced at each step. These can be efficiently tracked (including their charges under the
global symmetries) by performing the derivation at the level of the S3 partition function,
but here we will only make some comments on their pattern.

Each inductive step produces, in addition to the bifundamentals b, b̃ and the adjoint a

fields discussed above, an extra singlet F [M′...−p−l...
L ] that has R-charge 2− 2l

p+1 for l ̸= 0, 1.
After a generic number of iterations some of the singlets have R-charges that sum up to 2.
Hence, there are quadratic deformations that are exactly marginal, so if we are on a generic
point of the conformal manifold these will be activated with the effect of making the singlets
massive. We claim that starting from N = pr + l and reaching N = p + 1 (the base of the
induction) we produce exactly the flipping terms in the superpotential as in (2.23).

More precisely, we can see the following general pattern. The singlet produced for a given
l > 1 becomes massive together with the singlet produced for l′ = p+1− l which has R-charge
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2− 2(p+1−l)
p+1 = 2l

p+1 . We can then see that if we do p iterations we produce the set of singlets

{
2− 2j

p + 1 | j = 2, . . . , p− 1
}

=
{

2− 4
p + 1 , 2− 6

p + 1 , . . . ,
6

p + 1 ,
4

p + 1

}
. (2.57)

The first singlet of the set acquires a mass together with the last one, same for the second
singlet and the second-to-last, and so on. Therefore we conclude that p iterations do not
produce any singlet, after taking into account mass relations. Suppose now that we are trying
to prove the confinement for N = pr + l. To reach the base of the induction Cp[SU(p + 1)] we
first perform p(r − 1) iterations to reach Cp[SU(p + l)] which do not produce any singlet as
explained above, and then perform l − 1 iterations to get to Cp[SU(p + 1)]. The produced
singlets will be of the form {

2− 2j

p + 1 | j = 2, . . . , l

}
. (2.58)

If l < ⌊p/2⌋ one can notice that there are no massive singlets in the set. However if l ≥ ⌊p/2⌋,
then the j = ⌊p/2⌋+ k singlet will become massive together with j′ = ⌊p/2⌋ − k. Therefore
for generic l we are left with the following set of singlets:{

2− 2j

p + 1 | j = 2, . . . , min(l, p− l)
}

, (2.59)

which are exactly those presented in (2.23), both in number and in their charges which are
compatible with them flipping the j-th power of the adjoint chiral in the confined frame.

2.2.2 Derivation of the inductive step

To prove the inductive step (2.49) we start from the mirror of the Cp[SU(N)] theory, as
depicted in (2.30). The leftmost node is U(1) whose adjoint chiral is simply a singlet, hence
we can dualize it with the Aharony duality. The main effects of the dualization are listed
below, for more details see appendix A.1.

• The dual gauge rank is F − Nc, where F is the total number of flavors seen by the
dualized node whose rank is Nc. Notice that when we dualize a balanced node F = 2Nc

the rank does not change.

• F 2 singlets are produced, which flip the adjoint mesonic operator constructed from the
flavors and maps to the meson QQ̃ of the theory before the dualization. If the SU(F ),11

symmetry is broken, for example down to SU(F1)× SU(F2) with F1 + F2 = F , one has
to decompose the adjoint operator according to the relevant branching rule, for example
the SU(F ) adjoint decomposes in SU(F1) and SU(F2) adjoints and two bifundamentals
of SU(F1)× SU(F2).

11Notice that actually in Aharony duality the global symmetry of the U(N) SQCD with W = 0 is SU(F )2

rotating independently the fundamentals and anti-fundamentals (see appendix A.1). However, in all the
calculations that we will perform in the following sections the SU(F )2 symmetries are always broken down to
the vector-like diagonal SU(F ) subgroup due to gaugings or superpotentials.
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• If the flavors are involved in a cubic superpotential, such as the N = 4 superpotential
Wcub = ΦQQ̃, after the dualization we get a quadratic superpotential for the singlet in
the adjoint of SU(F ) and the third field Φ involved in the interaction. These fields are
then massive and integrated out.

• Two extra singlets that do not transform under the non-abelian global symmetry are
produced, these are flippers for the two monopoles of the dualized node.

After dualizing the first U(1) node, this stays the same as it has two flavors. However,
from the second and third bullet point we observe that the adjoint chiral of the U(2) gauge
node that is next to the one we dualized gets flipped. Therefore we can now apply the Aharony
duality again to this second node and keep iterating this procedure. At each dualization,
the adjoint chiral of the following node is removed, while the one at the previous node is
restored. After we have dualized all the nodes in the balanced tail, starting from U(1) up
to U((p − 1)r + l − 2), we reach the following theory:

1 2 · · · (p−1)r

+l−2

(p−1)r

+l−1
(p−1)r (p−1)(r−1) · · · 2(p−1) p−1

1

p q

b

W = Wcub +Wquart + pAlp̃+ qAp−lq̃ + pbq + p̃b̃q̃ +Wmonopole-flip

(2.60)
where the last dualized node is highlighted in orange. As usual, Wcub encodes the cubic
couplings between adjoint chirals and bifundamentals on its sides. In addition we have Wquart
which contains quartic superpotentials between the bifundamentals on the sides of a gauge
node without an adjoint chiral. These superpotential terms are generated by Aharony duality
when the adjoint chiral is removed. The mapping of the monopoles in the quiver after each
dualization can be worked out using the results of [66] (see appendix A.2 for a review).
In particular Wmonopole-flip contains the contribution of all the flippers of the monopoles
generated by the iterations of the Aharony duality.

We now dualize the following node with rank (p − 1)r + l − 1. This is not balanced
and its rank changes as

[(p− 1)r + l − 2 + (p− 1)r]− [(p− 1)r + l − 1] = (p− 1)r − 1 . (2.61)

The result of this dualization is

1 2 · · · (p−1)r

+l−2
(p−1)r−1 (p−1)r (p−1)(r−1) · · · 2(p−1) p−1

1

p q

b

W = Wcub +Wquart + pAl−1p̃+ qAp−l+1q̃ + pbq + p̃b̃q̃ + Flip[qq̃] +Wmonopole-flip

(2.62)
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The flippers produced by the Aharony duality have the effect, as usual, of flipping the adjoint
of the following node and restoring the adjoint on the previous one. In addition the q, q̃ fields
in (2.60) are flipped and the p, p̃ fields in (2.62) are generated.

We then dualize the following node with rank (p− 1)r. The rank of this node changes as

[(p− 1)r − 1 + (p− 1)(r − 1)]− [(p− 1)r] = (p− 1)(r − 1) , (2.63)

meaning that its rank decreased by p−1 units. We keep iterating the Aharony duality towards
the right, each time decreasing the rank of the dualized node by p − 1 units. Therefore
when we perform the Aharony duality on the last U(p − 1) gauge node it confines. We
thus reach the final frame

1 2 · · · (p−1)r

+l−2
(p−1)r−1 (p−1)r (p−1)(r−1) · · · p−1

1

p q

b

W = Wcub + pAl−1p̃+ qAp−l+1q̃ + pbq + p̃b̃q̃ + Flip[qq̃] +Winductive

(2.64)

All in all the effect of iterating the Aharony duality is to shorten the quiver by one node,
resulting in the mirror Čp[SU(N − 1)] theory with the addition of an extra singlet F [qq̃] which
corresponds to the flipper F [M...−p−l...] on the r.h.s. of figure (2.49) obtained by mirroring back
to Cp[SU(N−1)], as can be read from the operator map in (2.35). In addition all the monopole
flippers generated by the iterations of the Aharony duality reconstruct the SU(N − 1)×U(1)
bifundamentals b, b̃. Finally, the adjoint of the first dualized node, which is a gauge singlet,
is the a field. Notice that when the last node is confined, all the possible superpotential
couplings will be generated in Winductive, reconstucting the superpotential in (2.49).

For l = 0, 1 there are subtleties related to the fact that for l = 0 the Čp[SU(N)] theory
is different. However, a slight modification of the same strategy we just presented provides
the expected result also for these cases.

2.2.3 Derivation of the inductive basis

We are left to prove the base of the induction, which is the case r = l = 1 of (2.23). The
sketch of the derivation is given below in (2.65) and it involves the one- and two-monopole
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Aharony dualities introduced in [40] (see also appendix A.1).

p+1

Cp

= 1 2 . . . p−1 p+1

W = Wcub + M+,0,...,0 + M0,+,0,...,0 + . . . + M−,...,−

Iterating one-monopole duality

p−1 p+1
q, q̃

W = M+ + M− +
∑p−1

j=1 Flip[Tr(qq̃)j)]

Two-monopole duality

p+1

Φ

W = detΦ +
∑p−1

j=1 Flip[Tr(qq̃)j)]
(2.65)

We start from the Cp[SU(p + 1)] theory, whose quiver description is depicted in the first line
of (2.65). Focusing on the first p− 2 nodes we see that each of them has the fundamental
positive monopole linearly turned on. Starting from the leftmost U(1) node we can use
iteratively the one-monopole duality in the confining case relating U(N) with N + 1 flavors
and W = M+ to a WZ model with (N + 1)2 singlets M i

j and a singlet γ with W = γ det M ,
to sequentially confine the first p − 2 nodes. This is because, similarly to the previous
derivation of the inductive step, the U(1) adjoint is a singlet and we can indeed use the
one-monople duality which confines it in a WZ removing the adjoint of the next U(2) node,
so that the duality can be iterated.

The sequential confinement of the first p − 2 nodes, due to the positive monopoles at
each node, is explained in great details in section 3.1 of [67] (see also [68]) and yields a
U(p− 1) theory with p + 1 flavors and W = ∑p−1

j=1 γj Tr((qq̃)j) + M+ + M− . The flippers of
the powers of the meson are produced by the p− 2 applications of the one-monopole duality
and their effect is to break the non-abelian flavor symmetry from SU(N + 1)× SU(N + 1) to
SU(N + 1), while the monopole superpotential is the residual of the Cp[SU(p + 1)] theory
original superpotential and breaks the abelian axial and topological symmetries. Notice in
particular that as explained in [66] (see appendix A.2) the monopole with negative charge
under all nodes is shortened to M−.

The last step is performed by applying the confining two-monople duality relating U(N)
with N + 2 flavors and W = M+ + M− to a WZ model with (N + 2)2 singlets M i

j and
W = det M . Hence, we obtain that the Cp[SU(p + 1)] theory confines to an SU(p + 1) adjoint
with W = det Φ + ∑p−1

j=1 γj Tr(Φj).
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One can rewrite the superpotential in terms of the traces of Φ and use the F-term
relations to simplify the superpotential expression. Indeed, in (2.52) we are considering the
Cp[SU(p + 1)] theory at a generic point of the conformal manifold, where Wmulti-monopole is
turned on. Correspondingly, on the r.h.s. we turn on all the exactly marginal deformations.
These terms include the product of two flipping fields F [Tr(Φj)]F [Tr(Φp−1−j)]. Using the
F-term equations all the flipping fields can be integrated out and in turn we obtain the
Wmulti-trace superpotential, which contains all the possible exactly marginal deformations
obtained from the product of two or more traces of the adjoint Φ. Notice that still the flipping
field F [Tr(Φ)] is present, so that Φ is traceless even after solving the F-term equations. With
all these considerations taken into account we obtain the duality in (2.52) for r = l = 1,
which is the inductive basis (2.52).

3 Derivation of the 3d N = 2 U(N) Kim-Park duality via deconfinement

In this section we use the confining duality of the 3d N = 2 theories Cp[SU(N)] to provide
a derivation the Kim-Park (KP) duality [5] for U(N) gauge group. Since this was derived
using only the Aharony duality and a mirror duality which can also be obtained from the
Aharony duality via the mirror dualization algorithm [33, 34], it means that our derivation of
the KP duality assumes only the validity of the Aharony duality for U(N) gauge group.

The KP duality relates 3d N = 2 unitary gauge theories with adjoint and fundamental
matter as follows:12

N

F

Q

Φ

W = Tr(Φp+1)

⇐⇒ pF−N

F

q

ϕ

F [qϕj q̃]· · ·

W = Tr(ϕp+1)

+
∑p−1

j=0 Flip[qϕj q̃,M±
ϕj ] (3.1)

Notice that on the r.h.s. the flippers F [qϕj q̃] are not singlet under the non-abelian global
symmetries and, indeed, they flip all the components of the qϕj q̃ matrix. These singelts are
also included in the picture as arcs. In the case p = 1, the adjoint chirals are massive on both
sides and we recover the Aharony duality. The mapping of the chiral ring generators reads

QΦjQ̃

M±
Φj

Tr(Φj)

 ←→


F [qϕp−j q̃]
F [M∓

ϕp−j ]
Tr(ϕj)


j = 0, 1, . . . , p− 1 ,
j = 0, 1, . . . , p− 1 ,
j = 2, 3, . . . , p− 1 .

(3.2)

12The theory has a continuous non-abelian SU(F ) × SU(F ) flavor symmetry where each factor acts on Q

and Q̃ independently. In order to simplify the notation in the quivers of this section we identify these two
SU(F ) into a single one and represent it with a square box. However our discussion equally applies considering
the full SU(F ) × SU(F ) symmetry.
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where M±
Φj denotes the monopole with magnetic flux ±1 dressed with the j-th power of

the adjoint field of the residual U(1)× U(N − 1) gauge group in the monopole backgroud,
see e.g. [69].

Given our construction of the Cp[SU(N)] theories, the proof of the duality (3.1) assuming
Aharony duality is rather straightforward. We first deconfine the adjoint of the electric
theory into a Cp[SU(N)], then we sequentially dualize all the p gauge nodes, this builds a
quiver which is a U(pF −N) node attached to a Cp[SU(pF −N)], so we can reconfine the
Cp[SU(pF −N)] theory into an adjoint, obtaining the magnetic side of the KP duality. We are
going to discuss derivation in the simpler case of p = 2, l = 1 first and then in full generality.

3.1 A simple example: p = 2, l = 1

Let us first discuss the simplest case, namely cubic superpotential and odd rank of the gauge
groups. Here only the S-confining duality for U(r) with 2r + 1 flavors, found in [29], is
needed. The 3d KP duality in this case reads

2r+1

F

Q

Φ

W = Tr(Φ3)

⇐⇒ 2F−2r−1

F

q

ϕ

F [qq̃], F [qϕq̃]· · ·

W = Tr(ϕ3)

+Flip[qq̃, qϕq̃,M±,M±
ϕ ]

(3.3)

Starting from the electric theory, we can use the confining duality (2.23) to replace the
adjoint Φ plus the Tr(Φ3) interaction with a C2[SU(2r + 1)], which in turn is given by a
U(r) theory with adjoint and 2r + 1 fundamentals. So the electric theory in (3.3) is dual
to the following quiver13

r 2r+1

F

W = Wcub + M+0 + M−0

(3.4)

13Notice that the p = 2 case has no conformal manifold. Therefore the deconfinement of the adjoint through
the C2[SU(N)] theory does not involve subtleties about exactly marginal deformations or the presence of
flipping fields. This will not be the case for p > 2, as we will discuss in the next subsection.
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Now we dualize the right node, killing the U(r) adjoint and producing the first set
of flippers

r F−r−1

F

b

sr

W = brs + b̃s̃r̃ + M++ + M−− + Flip[ss̃,M0±] (3.5)

Notice that the monopole terms in the superpotential of (3.4) M+0 + M−0 extended to
M++ + M−−, following the rules of [66] reviewed in appendix A.2.

Dualizing the left node in (3.5) produces the second set of flippers and shortens the
two monopoles in the superpotential

2F−2r−1 F−r−1

F

a

b

q

W = abb̃ + M0+ + M0− + Flip[qq̃, qbb̃q̃,M±0,M±±] (3.6)

We can at this point recognize the quiver of the theory C2[SU(2F − 2r − 1)] attached to
a U(2F − 2r − 1) node. Replacing the C2[SU(2F − 2r − 1)] theory with an adjoint ϕ with
Tr(ϕ3) interaction by means of the confining duality (2.23), we arrive at

2F −2r−1

F

q

ϕ

W = Tr(ϕ3) + Flip[qq̃, qϕq̃,M±,M±
ϕ ]

(3.7)

which is the magnetic side of the duality (3.3).
In the last step, from (3.6) to (3.7), we claim that the monopoles M±0 and M±± map

to M± and M±
ϕ respectively, leading to the superpotential in (3.7). We have checked this

claim by carefully keeping track of all the specialized FI parameters and BF couplings
discussed in section 2.
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3.2 General derivation

In this subsection we go through the steps involved in the proof of (3.1) for generic p and N .
Let us start from the electric theory, the U(N) theory with one adjoint Φ, F flavors Q, Q̃

and W = Tr(Φp+1). The first step is to use (2.23) to deconfine the adjoint into a Cp[SU(N)]
theory with the last flavor node gauged as a U(N) with F flavors

N

F

Q

Φ

W = Tr(Φp+1)+

+
∑k(l)

j=2 Flip[Tr(Φj)]

+Wmulti-trace

⇐⇒ N

F

Cp

Q

W = Wmulti-monopole

(3.8)

In order to deconfine the adjoint chiral Φ with a Cp[SU(N)] theory we have added all the
exactly marginal deformations given by multi trace operators on the l.h.s. and by multi
monopole operators on the r.h.s., as discussed below the confining duality in (2.23). In the
following steps we will not write the Wmulti-monopole terms anymore to avoid cluttering. In
the last step, when we will reconfine the Cp[SU(N)] theory we will reintroduce them. We
also added the correct flipping terms required by the duality (2.23), recalling that given
N = pr + l we have

k(l) = min(l, p− l) . (3.9)

We then use the definition of the Cp[SU(N = pr+l)] theory, so that the r.h.s. of (3.3) becomes14

r 2r · · · (p−l)r (p−l+1)r+1 · · · (p−1)r+l−1 pr+l

F

W = Wcub +
∑p−1

i=1 M+
i + M−...−0

(3.10)

We recall that M+
i = M0i−1+0p−i is the monopole with charge +1 under the topological

symmetry of the i-th node, counting the nodes from the left.
Starting from the rightmost gauge node, which does not have the adjoint and does not

have the monopole superpotential, we dualize sequentially the quiver using the Aharony
14Here we discuss the case l ̸= 0. The case l = 0 is similar.
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duality. After the first dualization we get

r · · · (p−l)r (p−l+1)r+1 · · · (p−1)r+l−1 F−r−1

F

q

W = Wcub + Wquart + Wtriangle +
∑p−2

i=1 M+
i + M0...0++ + M−...− + Flip[qq̃,M±

p ] (3.11)

where Wtriangle encodes the cubic couplings associated to the triangle. Also, the term
Wquart encodes the quartic superpotential between bifundamentals on the sides of the gauge
nodes without an adjoint chiral. The dualization extended the rightmost M+

i monopole
and the M−...−0 monopole, according to the rules of [66] (see appendix A.2), and produced
F 2 + 2 flippers.

The adjoint for the next to last node became massive, so now we can use the Aharony
duality on this node. Defining s = F − r − 1 we get

r · · · (p−l)r (p−l+1)r+1 · · · (p−2)r+l−2 2s s

F

r

b

W = Wcub + Wquart + Wtriangle +
∑p−3

i=1 M+
i + M0...++0 + M+

p + M−...−+

+Flip[rr̃, rbb̃r̃,M0...0±±,M±
p−1]

(3.12)
We keep dualizing sequentially l nodes in the quiver, from right to left. This builds a tail on
the right with nodes U(js), j = l, . . . , 2, 1. At each step the flavor node moves left, and we
produce a new set of F 2 + 2 flippers. Let us also comment about the monopole superpotential.
Each M+

i term in the superpotential will be extended at one step and shortened at the next
step. The M−...− stays the same until the last step, when it is shortened to M0−...−. The
flipped monopoles are extended at each step after the step where they have been created.
After l iterations we reach the following quiver:

r 2r · · · (p−l−1)r (p−l)r ls · · · 2s s

F

· · ·

q

b

W = Wcub + Wquart + Wtriangle +
∑p−l−1

i=1 M+
i + M0p−l−1++0l−1

+

+
∑p

i=p−l+2 M+
i + M−...− +

∑l
j=1 Flip[q(bb̃)j−1q̃, M0p−l±j0l−j

]

(3.13)
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Now we have to dualize the node which was overbalanced in the original definition
of the Cp[SU(N)] theory. After p more iterations of the Aharony duality, we reach the
following quiver:

ps+p−l

F

(p−1)s+p−l−1 · · · (l+1)s+1 ls · · · 2s s

· · ·

q

b

W = Wcub +
∑p

i=2 M+
i + M0−...− +

∑p
j=1 Flip[q(bb̃)j−1q̃, M±j0...0]

(3.14)

The leftmost node has rank ps+p− l = pF −pr− l = pF −N . Moreover, we can recognize the
quiver and superpotential of Cp[SU(pF −N)] with its global symmetry gauged as U(pF −N)
with F flavors, plus p(F 2 + 2) flippers. When can then reconfine the Cp[SU(pF − N)] to
an SU(pF − N) adjoint using (2.23)

pF−N

F

Cp

· · ·

q

F [qϕp−j q̃]

W =
∑p−1

j=0 Flip[q(bb̃)j q̃,M±j0...0]+

+Wmulti-monopole

⇐⇒ pF−N

F

q

ϕ

F [qϕp−j q̃]· · ·

W = Tr(ϕp+1)+

+
∑p−1

j=0 Flip[qϕj q̃,M±
ϕj ]

+
∑k(p−l)

j=2 Flip[Tr(ϕj)]+

+Wmulti-trace (3.15)

In the last step we have also reintroduced explicitly the exactly marginal deformations that
were present in the starting point (3.8).

Some comments regarding the result are in order. First of all let us remark that KP duality
relates a U(N) gauge group with a U(pF −N). If we take N = pr + l then pF −N = pr′ + l′

with r′ = F − r − 1 and l′ = p− l. The formula (3.9), which determines the set of flippers,
is invariant under l → p − l, therefore the flippers that we have on the l.h.s. in the first
step (3.8) are the same as those on the r.h.s. of the last step (3.15). Moreover, one can check
that the list of all the possible exactly marginal deformations generated by multi-monopole
operators is the same for a Cp[SU(N = pr + l)] and Cp[SU(N ′ = pr′ + l′)] if l′ = p − l. We
therefore claim that starting from the Cp[SU(N)] theory on the r.h.s. of (3.8) at the most
generic point of the conformal manifold, after performing the steps described above, we
get to the Cp[SU(pF − N)] theory on the l.h.s. of (3.15) which, again, has all the exactly
marginal deformations turned on.
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To conclude, let us stress one more time that our derivation of the KP duality assumes
that we are at a generic point of the conformal manifold. It would be interesting to understand
if our technique could be used to probe how the conformal manifolds of the two dual theories
are related. However, we leave this problem to future investigation.

4 Relation to the 4d N = 2 Dp[SU(N)] SCFTs

In this section we discuss the relation between the family of 3d N = 2 Cp[SU(N)] theories and
the dimensional reduction of a class of 4d N = 2 SCFTs, called Dp[SU(N)] theories [50–52].
In particular, we will discuss how the confining duality (2.23) enjoyed by the Cp[SU(N)]
theories that we presented in section 2 can be understood as the three-dimensional version
of the result of [53], that a 4d N = 1 chiral in the adjoint Φ of an SU(N) symmetry with
superpotential W ∼ Tr(Φp+1) can be deconfined into a Dp[SU(N)] theory with a suitable
CB deformation when gcd(p, N) = 1.

4.1 Review of Dp[SU(N)] theories and their dimensional reduction

In this section we review some properties of the Dp[SU(N)] theories and of the Lagrangians for
their circle reduction to 3d. The Dp[SU(N)] theories are 4d N = 2 SCFTs that admit various
different realizations [50–52]. They can for example be obtained via geometric engineering
of Type IIB string theory on certain Calabi-Yau 3-fold isolated hypersurface singularities,
or by compactifying the 6d (2, 0) AN -type SCFT on a sphere with one irregular and one
regular puncture, along the lines of the class S construction [70]. Each realization has its
utility for understanding various properties of these theories.

All of these theories possess at least an SU(N) flavor symmetry, which in the construction
via the 6d to 4d compactification is manifest in the regular puncture. However, generi-
cally there can also be additional abelian flavor symmetries, as well as sporadic symmetry
enhancements. In general, the flavor symmetry is at least [71]

GF = SU(N)×U(1)m−1 , m = gcd(p, N) . (4.1)

The flavor central charge of the SU(N) factor, which is related to the anomaly with the U(1)r

factor of the 4d N = 2 R-symmetry, is given by [72]

kSU(N) = −2 Tr r SU(N)2 = 2N − 2N

p
. (4.2)

One can also consider the SCFTs obtained via a HB RG flow triggered by a nilpotent vev,
labelled by a partition [Y ] of N , for the SU(N) moment map operator µ. This can be
understood as partially closing the regular puncture in the class S construction. Following
the notation of [73], we denote these theories by Dp(SU(N), [Y ]) and simplify this notation
to Dp(SU(N), [Y = 1N ]) = Dp[SU(N)] when the puncture is maximal.

The CB spectrum of the theory is given by all the operators ui,j with 0 ≤ i ≤ p and
0 ≤ j ≤ N − 2 whose scaling dimensions

∆(ui,j) = N − j − N

p
i (4.3)
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are strictly greater than two. When m = gcd(p, N) = 1 this is simplified to [53]

∆(ui) = p + 1 + i

p
, 0 ≤ i ≤ p− 2 . (4.4)

In particular, the operator umin with the minimal scaling dimension has

∆(umin) = p + 1
p

. (4.5)

Another important piece of data that characterize these theories are the conformal central
charges. The c central charge is given by [51, 71]

cN=2 = 1
2Tr r I2

3 −
1
24 Tr r3 = p− 1

12 (N2 − 1) . (4.6)

where I3 is the Cartan generator of the SU(2)R factor of the 4d N = 2 R-symmetry. Together
with the knowledge of the CB spectrum, this allows us to determine also the a central charge
via the Shapere-Tachikawa relation [74]

2cN=2 − aN=2 = 1
4

r∑
i=1

(2∆i − 1) , (4.7)

where r denotes the rank of the theory, i.e. the dimension of the CB, and ∆i is the scaling
dimension of the i-th CB operator. For m = gcd(p, N) = 1 one finds more explicitly

aN=2 = 1
2Tr r I2

3 −
1
48 Tr r3 = (4p− 1)(p− 1)

48p
(N2 − 1) . (4.8)

Finally, let us consider the dimensional reduction of the Dp[SU(N)] theory on a circle,
which yields a 3d N = 4 SCFT. Even though the 4d theory is generically non-Lagrangian,
it turns out that the 3d SCFT obtained via the S1 compactification admits a Lagrangian
description in terms of a linear quiver gauge theory. In particular, in [56, 57] it has been
shown that when m = gcd(p, N) = 1 and focusing on the case p ≤ N that is relevant to
us, such quiver corresponds with the one in (2.23) for the Cp[SU(N)] theory, but with the
superpotential given only by the cubic interaction Wcub without the monopole superpotential,
so to have N = 4 supersymmetry. As we have already pointed out previously, these coincide
with the T σ

ρ [SU(N)] theories [61] for

σ = [1N ] , ρ = [(r + 1)l, rp−l] , (4.9)

where we recall the notation N = pr + l with 0 ≤ l ≤ p − 1. The quiver for the theory
Dp(SU(N), [Y ]) with a partially closed regular puncture, again for m = gcd(p, N) = 1 and
p < N , is simply obtained by taking σ = [Y ] in the definition of T σ

ρ [SU(N)].
When m = gcd(p, N) ̸= 1 the situation is instead more complicated for the following

reason. In such case, the Dp[SU(N)] theory generically has (except for some special cases)
m− 1 exactly marginal deformations, and one can find a point of the conformal manifold
where the theory can be described as a partially weakly coupled gauge theory, consisting of a
linear sequence of conformal gaugings via special unitary groups of theories of the same family
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Dpi(SU(Ni), [Yi]) with mi = gcd(pi, Ni) = 1 and thus no exactly marginal deformations. This
is captured by the following expression (which actually holds for any p and N) [56, 57, 73]:

Dp[SU(N)] = D(m−1)q(SU(N − n))←− SU(N − n) −→ Dq(SU(qN − n), [(q − 1)N , 1N−n]) ,

(4.10)

where we recall that m = gcd(p, N) and we defined

q = p

m
, n = N

m
. (4.11)

The above expression means that we are gauging a diagonal SU(N − n) subgroup of the
symmetries of the component theories. This gauging then leaves a SU(N)×U(1) symmetry
from the right theory, which also has gcd(q, qN −n) = gcd(q, n) = 1. The same is not true for
the left theory, which instead has gcd((m− 1)q, N − n) = gcd((m− 1)q, (m− 1)n) = m− 1.
However, iterating this relation for a total of m − 1 times, we obtain that the Dp[SU(N)]
theory can be expressed as a linear sequence of m− 1 gaugings of Dpi(SU(Ni), [Yi]) theories
with mi = gcd(pi, Ni) = 1. Moreover, the flavor symmetry preserved by these gaugings
is exactly the one predicted in (4.1). We have just reviewed that the 3d quiver for the
component theories are linear unitary quivers. The observation of [56, 57] is that one can
use (4.10) to express the 3d quivers for the Dp[SU(N)] theories with m = gcd(p, N) ̸= 1 as
a linear quiver with mixed unitary and special unitary gauge groups.

Let us consider for example the D4(SU(6)) theory. In this case m = 2 and we have
one exactly marginal deformation. Indeed, following (4.10) we can express the theory as a
gauging of two theories with no exactly marginal deformations

D4(SU(6)) = D2(SU(3))←− SU(3) −→ D2(SU(9)) . (4.12)

The 3d reduction of D2(SU(3)) is U(1) SQED with 3 flavors, while that of D2(SU(9)) is U(4)
SQCD with 9 flavors. Gauging a diagonal combination of the SU(3) symmetry of the former
theory and of the one acting on 3 out of the 9 flavors of the latter theory, we obtain that
the 3d reduction of D4(SU(6)) can be described by the quiver

1 SU(3) 4 6 (4.13)

4.2 Comparison between Cp[SU(N)] and 3d quivers for Dp[SU(N)]

We will now discuss more in details the relation between the family of 3d N = 2 Cp[SU(N)]
quivers and those obtained from the circle reduction of the Dp[SU(N)] theories. For the
entirety of this section, as we did in the rest of the paper, we focus on p ≤ N .

gcd(p, N) = 1. Let us begin from the case gcd(p, N) = 1. As we have just reviewed, the
quiver for the 3d reduction of Dp[SU(N)] is given by the T σ

ρ [SU(N)] theory with σ = [1N ]
and ρ = [(r + 1)l, rp−l], whose matter and gauge content turns out to coincide with that
of the Cp[SU(N)] theory. The only difference is in the superpotential: the 3d reduction of
Dp[SU(N)] has N = 4 supersymmetry and so it only has the cubic interaction Wcub between
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the bifundamentals and the adjoint chirals, while the Cp[SU(N)] theory as we defined it in
section 2 has also a monopole superpotential which breaks supersymmetry down to N = 2.
Moreover, in the same section we have shown that such monopole deformation of the N = 4
theory makes it flow to a WZ theory, consisting of a chiral in the adjoint of the SU(N)
flavor symmetry with interaction W ∼ Tr(Φp+1). It is then natural to wonder whether there
exists a deformation of the Dp[SU(N)] theory directly in 4d that breaks supersymmetry
from N = 2 to N = 1 and that makes it flow to the same WZ theory. Interestingly, such
a deformation has been recently studied in [53] (see also [29, 54, 55] for analogous previous
observations), so let us briefly review their result.

As we reviewed above, all Dp[SU(N)] theories with gcd(p, N) = 1 have a relevant chiral
CB operator with the minimal scaling dimension ∆(umin) = (p + 1)/p. Turning this on
in the superpotential breaks supersymmetry from N = 2 to N = 1, since it breaks the
N = 2 R-symmetry SU(2)R ×U(1)r to an N = 1 R-symmetry U(1)R that is a combination
of the Cartan U(1)I3 ⊂ SU(2)R and of U(1)r. The exact combination can be determined
from the knowledge of the scaling dimension of the operator umin and recalling that for a
4d N = 2 CB operator r = 2∆ and I3 = 0

U(1)R = 1
p + 1 (2 U(1)I3 + p U(1)r) . (4.14)

Since a moment map operator in a 4d N = 2 SCFT has r = 0 and I3 = 1, one has that
under such a symmetry the moment map operator µ of Dp[SU(N)] for the SU(N) flavor
symmetry has R-charge

R[µ] = 2
p + 1 . (4.15)

This is mapped to the chiral operator Φ of the N = 1 theory after the deformation that
is in the adjoint of SU(N) and couples as W ∼ Tr(Φp+1). Computing the N = 1 a and
c central charges [75] by exploiting the anomalies (4.2)–(4.6)–(4.8) of Dp[SU(N)] and the
embedding (4.14)15

aN=1 = 3
32

(
3Tr R3 − Tr R

)
= −3(p− 1)(p2 − 4p + 1)

16(p + 1)3 (N2 − 1) ,

cN=1 = 1
32

(
9Tr R3 − 5Tr R

)
= −(p− 1)(p2 − 7p + 1)

8(p + 1)3 (N2 − 1) , (4.16)

one also finds that these coincide with those of a chiral in the adjoint of SU(N) and with
R-charge 2/(p + 1). An additional check of this claim that was done in [53] was at the
level of a limit of the index, which is related to the Schur limit [76] of the index of the
Dp[SU(N)] theory [72, 77].

The confining dualities for the 3d Cp[SU(N)] theories that we discussed in section 2 thus
represent an additional check for the result of [53] about the 4d Dp[SU(N)] theories. When
compactifying a 4d N = 2 theory on a circle of radius β, we obtain a 3d effective theory
with KK modes whose CB is obtained from the 4d CB with 2r additional compact directions,

15We also need that Tr r = Tr r3 = 48(aN=2 − cN=2).

– 33 –



J
H
E
P
0
4
(
2
0
2
5
)
0
5
6

where we recall that r is the rank of the 4d theory. Flowing to energies smaller than 1
β

the KK tower is integrated out and these directions decompactify, so that we obtain a 3d
CB whose complex dimension is twice that of the 4d CB. Since the CB of the 3d theory is
parametrized by monopole operators, it is then natural to expect that the 4d CB operator
umin descends to a monopole operator in the 3d N = 4 quiver theory for the dimensional
reduction of Dp[SU(N)], although determining the precise mapping between the 4d and the
3d CB operators is difficult due to the fact that the 4d theory is non-Lagrangian. Moreover,
the monopole superpotential of Cp[SU(N)] consists of many terms, while the deformation
of Dp[SU(N)] that makes it flow to a WZ model is just given by one operator umin. The
generation of monopole superpotentials in the dimensional reduction of 4d N = 1 theories
to 3d N = 2 theories is actually quite common, see e.g. [78, 79], but repeating a similar
analysis here is difficult again due to the non-Lagrangian nature of the Dp[SU(N)] theory.
However, we have observed that the role of the monopole superpotential of Cp[SU(N)] is to
set the R-charge of the SU(N) moment map, consisting of the meson matrix constructed
with the flavors at the end of the tail of the quiver (2.23), to 2/(p + 1), which is exactly what
happens also in 4d (4.15). Moreover, the monopole superpotential also breaks the topological
symmetries except for a residual Zp+1, which is also the only other symmetry present in 4d
on top of SU(N) and U(1)R. Hence, we expect the full monopole superpotential of Cp[SU(N)]
to be present in the dimensional reduction of Dp[SU(N)] deformed by umin in order to match
the symmetries and the charges between the 4d and the 3d theories.

gcd(p, N) ̸= 1 and N ̸= pr. Let us move now to the case where gcd(p, N) ̸= 1, but
excluding the possibility that N is an integer multiple of p, that is l ̸= 0. The 3d Cp[SU(N)]
theory is still given by the T σ

ρ [SU(N)] theory with σ = [1N ] and ρ = [(r + 1)l, rp−l] deformed
by the monopole superpotential, but now the 3d reduction of Dp[SU(N)] is a linear quiver
with mixed unitary and special unitary nodes. However, we can find a deformation of the
latter quiver that makes it flow to the T σ

ρ [SU(N)] theory.
Consider for example the case p = 4 and N = 6, or equivalently r = 1 and l = 2. As we

have seen above, the quiver for the 3d reduction of D4(SU(6)) is given by the quiver in (4.13).
On the other hand, the 3d N = 4 theory obtained from C4[SU(6)] by removing the monopole
superpotential is the T

[16]
[22,12][SU(6)] theory, whose quiver is

1 2 4 6 (4.17)

Nevertheless, we observe that the quiver (4.17) can be obtained from (4.13) by replacing
the SU(3) gauge node, which is connected to 5 flavors, with a U(2) gauge node with the
same number of flavors.

This is a general feature that persists for other values of p and N : the 3d quiver of
Dp[SU(N)] generically has m−1 special unitary gauge nodes and the i-th node is SU(N − in)
with 2(N− in)−1 flavors (recall that m = gcd(p, N) and n = N/m), and the 3d N = 4 quiver
associated to Cp[SU(N)] by removing the monopole superpotential has such nodes replaced by
U(N − in−1) nodes again with 2(N − in)−1 flavors. As shown in [56], there exists in general
a deformation that makes us flow from a SU(M) theory with 2M − 1 flavors to a U(M − 1)
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theory with 2M − 1 flavors. This consists of a vev for the SU(M) adjoint chiral of the form

⟨Φ⟩ = diag(m, · · · ,m,−(M − 1)m) , (4.18)

which also induces an equal mass for the flavors Q, Q̃

δW = mTrU(2M−1)TrSU(M)QQ̃ , (4.19)

where TrSU(M) is the trace over the color indices while TrU(2M−1) is over the flavor indices.
Notice indeed that such a vev breaks the SU(M) gauge group down to the expected U(M −1)
subgroup. This deformation can be studied in the mirror dual of the SU(M) SQCD with
2M − 1 flavors, where it corresponds to a vev for a meson which can be induced by an
FI deformation that can be easily analyzed. The result is precisely the mirror dual of the
U(M − 1) SQCD with 2M − 1 flavors [56].

After such a deformation of the 3d quiver of Dp[SU(N)], the unitary nodes that were not
directly affected by the deformation might have become ugly, so they need to be dualized with
the effect that their rank is reduced by one and a free twisted hyper is produced [61]. It is only
after such dualizations that we recover the 3d N = 4 unitary linear quiver corresponding to
Cp[SU(N)] but with the monopole deformation removed. This did not happen for the example
of the D4(SU(6)) theory that we have seen before, but it is usually the case when m > 2 for the
unitary nodes that are in between two special unitary nodes in the 3d quiver of Dp[SU(N)].

Consider for example the case p = 6 and N = 9, for which m = gcd(6, 9) = 3. The
quiver for the 3d reduction of D6(SU(9)) is

1 SU(3) 4 SU(6) 7 9 (4.20)

which reflects the fact that, according to (4.10), D6(SU(9)) can be understood as the SU(6)
gauging of D4(SU(6)) and D2(SU(15)). Turning on the deformation (4.18) at the two special
unitary nodes we obtain the quiver

1 2 4 5 7 9 (4.21)

As anticipated, the U(4) node that used to be in between the special unitary nodes that
we deformed has 7 flavors and is thus ugly. If we dualize it, we produce a free twisted
hyper and obtain the quiver

1 2 3 5 7 9 (4.22)

This is precisely the T
[19]
[23,13][SU(9)] theory that is related to C6[SU(9)] upon turning on the

monopole superpotential deformation
Summarizing, the 3d N = 2 Cp[SU(N)] theory for gcd(p, N) ̸= 1 and N ̸= pr can be

obtained from the 4d N = 2 Dp[SU(N)] SCFT as follows:
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1. compactify the Dp[SU(N)] theory on a circle so to get a 3d N = 4 SCFT that is the IR
limit of a 3d N = 4 linear quiver with mixed unitary and special unitary gauge nodes;

2. turn on deformations of the form (4.18) which effectively replace each special unitary
gauge node SU(M) of this quiver with a unitary gauge node U(M − 1) of the same
rank;

3. dualize each ugly node U(M) with 2M − 1 flavors into the good node U(M − 1) with
2M − 1 flavors plus a free twisted hyper;

4. turn on a suitable monopole superpotential.

In particular, the last deformation breaks supersymmetry from N = 4 to N = 2 and makes the
theory flow to a WZ model consisting of an adjoint chiral Φ for the SU(N) flavor symmetry
with superpotential W ∼ Tr(Φp+1).

Some open questions. We conclude this section by commenting on some open questions
about the relationship between the 3d N = 2 Cp[SU(N)] theories and the 4d N = 2 Dp[SU(N)]
SCFTs, which would be interesting to further investigate in future works.

We have seen that for gcd(p, N) = 1 the 3d reduction of Dp[SU(N)] flows to Cp[SU(N)]
upon turning on the monopole superpotential deformation, which is consistent with the fact
that both Cp[SU(N)] and Dp[SU(N)] deformed by the CB operator umin flow to a WZ theory.
However, for gcd(p, N) ̸= 1 and N ̸= pr an additional deformation, corresponding to the
steps 2. and 3. listed above, is needed. It would be interesting to understand whether these
operations can be uplifted to 4d, so to find a deformation of Dp[SU(N)] that makes it flow to
a WZ model which generalizes the result of [53] to the case of gcd(p, N) ̸= 1.

Another open question is the relationship between Cp[SU(N)] and Dp[SU(N)] when
N = pr. In this case, Cp[SU(N)] is given by a sequence of balanced gauge nodes U(jr) for
j = 1, . . . , p−1, while Dp[SU(N)] is fully Lagrangian already in 4d and given by a similar quiver
but where the gauge nodes are special unitary SU(jr) rather than unitary (see e.g. [51, 71]).
Hence, the two quivers cannot be related by the deformation (4.18) as for N ̸= pr.

Finally, in our discussion we focused on the quivers of these theories and we neglected
possible gauge singlet fields. In fact, the confining duality for the Cp[SU(N)] theory also
predicts the presence of singlet chirals flipping traces of powers of the adjoint field Φ, which
are not present in the analogous duality for Dp[SU(N)]. On the other hand, the 3d reduction
of Dp[SU(N)] generically also has some decoupled twisted hypers, which are in number [57]

Hfree = (N −m)(p−N −m)
2m

, (4.23)

where we recall that m = gcd(p, N). These are in particular crucial in order to match the
CB dimension between 4d and 3d. Moreover, they encode the fact that generically on the
most generic point of the HB of Dp[SU(N)] we do not have a collection of free hypers but
also some non-Higgsable (i.e. with trivial HB) SCFT, such as the (A1, A2) AD theory, which
in 3d reduces just to twisted hypers. It would be interesting to understand how to reconcile
the presence of the singlet chirals in the confining duality of Cp[SU(N)] and of the twisted
hypers in the 3d reduction of Dp[SU(N)].
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5 The 4d N = 1 Cp[USp(2N)] family

In this section we introduce the 4d N = 1 Cp[USp(2N)] theories, where N and p are positive
integers such that N > p. We show that the Cp[USp(2N)] theories confine to a WZ model
of a chiral Φ in the traceless antisymmetric representation of USp(2N) with superpotential
W ∼ Tr(Φp+1). Upon a circle reduction and suitable deformations, they reduce to the
Cp[SU(N)] theories we introduced in section 2 (see e.g. [27, 29, 34, 40, 43–45] for similar
dimensional reduction limits), and their respective confining dualities are similarly related.

5.1 The Cp[USp(2N)] family

The Cp[USp(2N)] theories are 4d N = 1 quiver theories with p− 1 USp(2nj) gauge nodes
and a USp(2N) flavor symmetry.16 As in section 2, we distinguish two situations depending
on whether N is a multiple of p or not. It is then useful to define

N = pr + l , l = 0, . . . , p− 1 . (5.1)

The ranks nj of the gauge groups are determined as in (2.4).

l ̸= 0. In this case the Cp[USp(2(pr + l))] theory can be depicted as17

2r 4r . . . 2(p−l)r
2(p−l+1)r

+2
. . . 2(p−1)r

+2l−2
2(pr+l)

1 1

1

r1 l2 rp−l lp−l+1

b1 bp−l bp−1

p s

W = Wcub +Wsaw + pb1 . . . bp−2s+ Flip[lp−l−1bp−l+1 . . . bp−1] + Flip[sbp−1]

(5.2)

In analogy with section 2, we call a USp(2Nc) gauge node balanced if it sees exactly 2F = 4Nc

fundamental chirals, counting only the horizontal bifundamentals and not chirals in the saw.
If instead it sees 2F > 4N it is called overbalanced. In figure (5.2) all the gauge nodes are
balanced except the (p− l)-th one which is overbalanced with excess number 1, similarly to 3d.
We will also refer to the first p− l−1 nodes as the left tail and to the last l−1 as the right tail.

The Cp[USp(2N)] theory in (5.2) has also a superpotential consisting of several terms,
which we now illustrate. Wcub encodes cubic couplings between each antisymmetric field

16Unlike what we did in section 2, here for simplicity we ignore possible finite symmetries and only focus on
the Lie algebras of the global symmetries.

17In this section and in the following, where we work solely in four dimensions, we adopt a different notation
for quivers than what we did in 3d. Each node, round or square, denotes a gauge or flavor symplectic group.
Lines are chirals in the fundamental representation of the nodes to whom they are linked. Square nodes
labelled with 1 do not represent flavor symmetries and are used only to encode the number of chiral fields.
Unless stated otherwise, arcs are traceful antisymmetric tensors and crosses denotes flipping fields.
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and the bifundamentals on its sides. Wsaw contains all the cubic superpotential terms for
the triangles in the saw of the form rjbjlj+1. Then we have also the pb1 . . . bp−2s term and
two flippers that in the figure appear as the two singlet arcs.

The vanishing of the NSVZ β-functions and the superpotential constrain the R-charges
as follows:

R[antisymmetrics] = 2− 2
p + 1 ,

R[bj ] = 1
p + 1 , (5.3)

as well as18

R[rj ] =

R[rj−1]− 3
p+1 if j ̸= p− l

R[rp−l] + 2p−3
p+1 if j = p− l

,

R[lj ] = 2− 1
p + 1 −R[rj−1] ,

R[p] =

22p−1
p+1 −R[r1] if l = 1

2p−1
p+1 −R[r1] otherwise

,

R[s] =

22p−1
p+1 −R[lp−1] if l = p− 1

2p−1
p+1 −R[lp−1] otherwise

. (5.4)

All the R-charges are fixed from the choice of R[r1]. This implies that there is a non-
anomalous U(1)C global symmetry that can mix with the R-symmetry. We will comment
on this symmetry later.

l = 0. In this case the Cp[USp(2pr)] theory is given by the following quiver theory:

2r 4r . . . 2(p−1)r 2pr

1 1

1

r1 l2 rp−1 lp−l−1

b1 bp−1

p r
a

W = Wcub +Wsaw + pb1 . . . bp−1rp−1

+pb1 . . . bp−2rp−1 + Flip[pb1 . . . bp−2rp−1] (5.5)

Notice that in this case all nodes are balanced, similarly to 3d.
18To obtain the following relations we can fix the charges of antisymmetrics and bifundamentals as in (5.3).

One then solves the NSVZ β-function condition to obtain that R[rj ] + R[lj ] equals p−1
p+1 if the j-th node is

balanced or 2p−1
p+1 if the j-th node is the unbalanced one. Then one also takes into account the constraint due

to Wsaw imposing R[rj ] + R[lj+1] = 2 − 1
p+1 . Analogously R[s] and R[p] follow.
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The superpotential contains, other than the cubic and saw terms, a term linear in the
meson pb1 . . . bp−2arp−1,19 and also a flipping term for the similar meson pb1 . . . bp−2rp−1. These
are the analogues of the dressed monopole superpotential and the flip of the undressed
monopole that we had in 3d.

The R-charges of the bifundamental and antisymmetric chirals are as in (5.3), while the
R-charge of the rest of the fields can again be obtained imposing the vanishing of the NSVZ
β-function and the superpotential constraints, finding relations similar to those in (5.4).

Global symmetries and gauge invariant operators. The Cp[USp(2N)] theory is char-
acterized by a USp(2N) flavor symmetry. There is also an extra U(1)C symmetry that is
compatible with the superpotential in figure (5.2) and (5.5). The charge assignment for
this symmetry is:

C[bj ] = C[antisymmetrics] = 0 ,

C[rj ] = C[s] = +1 ,

C[lj ] = C[r] = −1 . (5.6)

From which it follows that also the flippers F [sbp−1] and F [lp−l−1bp−l+1 . . . bp−1] have C-charge
+1 and −1 respectively. We claim that the U(1)C symmetry is actually unfaithful, i.e. it
trivializes in the low energy theory. Therefore all the gauge invariant operators that can be
constructed with a non-zero charge under U(1)C are expected to vanish in the chiral ring.
This claim is supported by the fact that all the anomalies involving U(1)C vanish and by the
validity of the confining duality, since on the dual side this symmetry is not present.

Below we discuss some interesting gauge invariant operators of the Cp[USp(2N)] theory
which we will later map to the singlets in the confined dual frame (5.11). There is a traceless
antisymmetric operator µ = b2

p−1, with R-charge

R[µ] = 2
p + 1 . (5.7)

Sometimes we will, by abuse of notation, refer to this operator as “moment map”, in analogy
with the 3d story in section 2.

In addition we have also other gauge invariant operators that are singlets of the USp(2N)
global symmetry. In the theories (5.2) and (5.5) we can construct mesons using the fields
in the saw of the quiver

M(k) =


ljbj . . . bj−1+krj+k

pb1 . . . bk−1rk

lp−kbp−k . . . bp−2s

for k ≥ 1 , (5.8)

such that the nodes j and j − 1 + k nodes belong to either the left or right balanced tails.
These operators have R-charge

R[M(k)] = 2− 2k + 1
p + 1 for k ≥ 1 . (5.9)

19The antisymmetric a used to dress the meson can be taken to be any of the antisymmetrics. All the
possible choices are identified in the chiral ring of the theory. For simplicity we assume that the antisymmetric
a is the one charged under the USp(2(p − 1)r) gauge group.
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In fact, for any fixed value k there are many such operators, however we claim that the
mesons of the same length k constructed from the same balanced tail are degenerate. We
are then left with two sets of operators, those constructed from the left tail and those from
the right one, which we name M(k)

L/R. By looking at the quivers in (5.2) and (5.5) one finds
that the operators are

l ̸= 0 :

M(k)
L k = 1, . . . , p− l − 2 from the left tail ,

M(k)
R k = 1, . . . , l − 2 from the right tail ,

l = 0 : M(k) k = 1, . . . , p− 3 from the (only) tail . (5.10)

These operators are not charged under the USp(2N) global symmetry, therefore we can
construct exactly marginal deformations for the Cp[USp(2N)] theory given by the product
of M(k)

L/R operators that have total R-charge 2. For example, considering only the product
of two M(k)

L/R operators we have that M(k)
L/RM(p−j−1)

L/R always have R-charge 2, provided that
the operators exists in the given Cp[USp(2N)] theory.

By simply looking at the quivers in figures (5.2) and (5.5), one may notice that there
are many more gauge invariant operators that we have not considered. However, we claim
that all the gauge invariant operators carrying a non-zero charge under the U(1)C unfaithful
symmetry are set to zero in the chiral ring, as we already mentioned previously.

5.1.1 Statement of the confining duality

We claim that the Cp[USp(2N)] theories confine to a traceless antisymmetric field with
W ∼ Tr(Φp+1) superpotential plus flippers

2N

Cp

W = Wmulti-meson

⇐⇒ 2N

Φ

W = Tr(Φp+1)+

+
∑k(l)

j=2 Flip[Tr(Φj)]+

+Wmulti-trace (5.11)

where in the figure we depict the Cp[USp(2N)] theory in short as the label Cp embedded in
an arc.
On the r.h.s. of figure (5.11) we have flipping fields for the traces of Φ from power 2 up
to k(l), with

k(l) = min(l, p− l) . (5.12)

The above formula enjoys the property k(l) = k(p− l). This will turn out to be important
when we will use this duality to prove the IKS duality, which maps the gauge ranks from
N = pr + l to N ′ = pr′ + (p− l).
The superpotential on the l.h.s. of the duality in (5.11) labelled asWmulti-meson contains all the
possible exactly marginal deformations given as the product of two or more M(k)

L/R operators.
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Correspondingly on the r.h.s. we have the superpotential Wmulti-trace which contains all the
exactly marginal double trace operators. The reason why this duality is considered at a
generic point of the conformal manifold is the same as in the 3d confining duality for the
Cp[SU(N)] theory, discussed below figure (2.23).

As a first simple check of the confining duality in (5.11) we checked that the anomalies
Tr(U(1)R), Tr(U(1)3

R) and Tr(U(1)RUSp(2N)2) of the Cp[USp(2N)] theory check with those
of the WZ model. In the following section we will provide a derivation of this duality.

5.1.2 The mirror theories Čp[USp(2N)]

It is possible to construct a mirror-like dual of the 4d N = 1 theories Čp[USp(2N)] following
the strategies initiated in [68] (see also [33, 34, 45]). The mirror duals are different for
l ̸= 0 and l = 0

l ̸= 0 : 2 4 . . . 2(p−1)r

+2l−4

2(p−1)r

+2l−2
2(p−1)r 2(p−1)(r−1) . . . 4(p−1) 2(p−1)

2 2 2 2 2 2 2

2

W = Wcub +Wsaw +Al
Lp

2 +Ap−l
R q2 + pb(p−1)r+l−1q+

+
∑l−1

k=0

∑(p−1)r+l−1
j=1 Flip[ljbj . . . b(p−1)r+l−2A

k
Lp] +

∑p−l−1
k=0

∑pr+l
j=(p−1)r Flip[qA

k
Rb(p−1)r . . . bj−1rj ]

l1
r1

AL
AR

p q

b1

l = 0 : 2 4 . . . 2(p−1)r−2 2(p−1)r 2(p−1)(r−1) . . . 4(p−1) 2(p−1)

2 2 2 2 2 2

2

W = Wcub +Wsaw +Aps2 + s2b(p−1)r−1+

+
∑p−1

k=0

[∑(p−1)r−1
j=1 Flip[ljbj . . . b(p−1)r+l−2A

ks] +
∑pr

j=(p−1)r Flip[sb(p−1)r . . . bj−1A
krj ]

]

l1
r1

A

s

b1

(5.13)

In the theories in (5.13) the superpotential contains Wcub, encoding all the cubic couplings
between horizontal bifundamentals and the antisymmetric fields on their sides, and Wsaw,
encoding the cubic couplings for each tooth composing the saw. On top of that we turn
on dressed mesonic operators constructed from the fundamental flavors in the midlle of
the quiver and flipping fields.

The R-charges of all the fields can be fixed from the superpotential and vanishing β-
function constraints. We get that all the horizontal bifundamentals and the antisymmetric
fields have R-charges (for both l ̸= 0 and l = 0)

R[bif] = 1
2 −

1
2(p + 1) ,

R[antisymmetrics] = 2
p + 1 . (5.14)
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The R-charges of the p, q fields for l ̸= 0 and of the s field for l = 0 are fixed to be

l ̸= 0 :

 R[p] = 1− l
p+1

R[q] = 1− p−l
p+1 ,

l = 0 : R[s] = 1− p

p + 1 . (5.15)

The R-charge of the fields in the saw are

R[lj ] = 1− 1
p + 1 + R[lj−1] ,

R[rj ] = 1 + 1
p + 1 −R[lj+1] . (5.16)

Notice that all the R-charges are fixed from the assignment of R[l1], indicating again the
existance of a non-anomalous abelian U(1)C′ symmetry. The above formula holds both
for l ̸= 0 and for l = 0.

Global symmetries and gauge invariant operators. The UV global symmetry of the
quiver theories in (5.13) is:

SU(2)N × SU(2)F ×U(1)C′ , (5.17)

where SU(2)N are the N symmetries rotating the chirals in the saw, SU(2)F is the symmetry
acting on the fundamental flavors in the middle of the quiver, and U(1)C′ is a non-anomalous
abelian global symmetry consistent with the superpotential as explained at the end of the
previous section. In the IR the SU(2)N symmetries enhance to form a USp(2N) group, which
is mapped to the USp(2N) global symmetry of the Cp[USp(2N)] theory. The remaining
SU(2)F ×U(1)C′ symmetries are unfaithful and thus we do not map them to some symmetry
of the Cp[USp(2N)] theory. All the gauge invariant operators that can be constructed and
that are charged under these symmetries thus vanish in the chiral ring. Moreover, we checked
that all the anomalies involving SU(2)F and U(1)C′ are exactly zero.

We can construct a gauge invariant operator which is the traceless antisymmetric
representation of the emergent USp(2N) symmetry. This operator is built by casting together
mesonic operators in a N ×N matrix. The N − 1 elements on the diagonal are given as the
traces of the N − 1 antisymmetric fields. The off-diagonal entries are filled with mesons built
from the saw as ljbj . . . bk−1rk. The resulting operator has R-charge 2

p+1 and is naturally
mapped to the moment map µ of the Cp[USp(2N)] theory.

There are also gauge invariant operators that are singlets under the USp(2N) global
symmetry. These are constructed by taking the square meson built from central flavors and
dressing them with powers of the antisymmetric. Their R-charges are

l ̸= 0 :

 R[p2Aj
L] = 2− 2 l−j

p+1 j = 0, . . . , l − 2
R[q2Aj

R] = 2− 2p−l−j
p+1 j = 0, . . . , p− l − 2 ,

l = 0 : R[s2Aj ] = 2 j + 1
p + 1 j = 0, . . . , p− 2 . (5.18)
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These operators for l ̸= 0 are mapped as

p2Aj
L ↔ M(l−1−j)

L j = 0, . . . , l − 2 ,

q2Aj
R ↔ M(p−l−1−j)

R j = 0, . . . , p− l − 2 . (5.19)

For l = 0 they are mapped as

s2Aj ↔ M(p−1−j) j = 0, . . . , p− l − 1 . (5.20)

Deriving the mirror theories

The strategy to derive these dualities is very similar to the 3d case in section 2. We start
from a pair of 4d N = 1 theories that enjoy a mirror-like duality. These theories have been
introduced in [68] (see also [33, 34]) and are called Eσ

ρ [USp(2N)]. These theories are inspired
by and, under a suitable dimensional reduction, they reduce to the 3d N = 4 T σ

ρ [SU(N)]
theories., where ρ and σ labels are partitions of N . σ encodes the subgroup of USp(2N)
which is the manifest global symmetry of the theory (analogous to the 3d Higgs branch
symmetry), while ρ defines a subgroup of USp(2N) which is global symmetry that emerges
in the IR from the enhancement of a collection of SU(2) UV symmetries (analogous to the 3d
Coulomb branch symmetry). For the case of interest, the Cp[USp(2N = 2(pr + l))] theories
are obtained starting from a Eσ

ρ [USp(2(pr + l)] theory with partitions

σ = [1N ] , ρ = [(r + 1)l, rp−l] . (5.21)

Notice that these are the same partitions in (2.10) that defined the Cp[SU(N)] theories. In
particular for l = 0 we have ρ = [rp]. From the partition σ we see that the theory has
a USp(2N) manifest global symmetry while from the partition ρ we observe a USp(2l) ×
USp(2(p − l)) enhanced global symmetry. Similarly to 3d, the mirrors are obtained by
swapping ρ↔ σ, meaning that the manifest and emergent global symmetries are swapped.

Starting from this mirror-like pair we want to deform the theories in order to break
completely the USp(2l) × USp(2(p − l)) symmetry, leaving a theory with only a USp(2N)
global symmetry group which is that of the Cp[USp(2N)] theory. The precise step followed
in order to deform the mirror-like pair are different for l ̸= 0 and l = 0. Let us then discuss
separately the two cases in the following paragraphs.

l ̸= 0. In this case the strategy to derive the Čp[USp(2N)] mirror theory is schematically
depicted below. On the l.h.s. of the figure we depict the steps to obtain Cp[USp(2N)] from
the relevant Eσ

ρ [USp(2N)] theory, while on the r.h.s. we depict the mirror dual procedure.
Notice that we do not write all the singlets and all the superpotential terms at each step to
make the discussion simpler. Indeed, one can keep track of all the details to find precisely
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the stated duality between the Cp[USp(2N)] theories and their mirror Čp[USp(2N)].

2r 4r . . . 2(p−l)r . . . 2(p−1)r

+2l−2
2(pr+l)

2 2 2

W = Wcub +Wsaw + . . .

=

Nilpotent

mass

2 . . . 2(p−1)r

+2l−2
2(p−1)r . . . 2(p−1)

2 2 2

2l 2p−2l

W = Wcub +Wsaw + . . .

2r 4r . . . 2(p−l)r . . . 2(p−1)r

+2l−2
2(pr+l)

1 1 1

W = Wcub +Wsaw + . . .

= 2 . . . 2(p−1)r

+2l−2
2(p−1)r . . . 2(p−1)

2 2 2

2 2

p q
AL AR

W = Wcub +Wsaw + p2Al
L + q2Ap−l

R + . . .

2r 4r . . . 2(p−l)r . . . 2(p−1)r

+2l−2
2(pr+l)

1

1

W = Wcub +Wsaw +Wtriangle + . . .

= 2 . . . 2(p−1)r

+2l−2
2(p−1)r . . . 2(p−1)

2 2 2

2

W = Wcub +Wsaw +Wtriangle + p2Al
L + q2Ap−l

R + . . .

AL
AR

p q

(5.22)

We start from the 4d N = 1 mirror pair in the first line of the figure above. The two starting
theories have a USp(2(pr + l))×USp(2l)×USp(2p− 2l) global symmetry. On the electric
side the first group is manifest while the remaining two are emergent in the IR and come from
the enhancement of the SU(2)p = SU(2)l × SU(2)p−l groups. Similarly, on the magnetic side
the USp(2(pr + l)) group is emergent while the remaining two groups are manifest.20 These
theories can be deformed by an analogues of the nilpotent deformations that are usually
performed in 3d, as discussed extensively in [68]. Even though these are not nilpotent in
4d, we will still refer to them as “nilpotent” by abuse of notation. In the first step, leading
to the second line in figure (5.22), we turn on a next-to-maximal nilpotent masses for the
antisymmetric operators charged under USp(2l) and USp(2p − 2l). On the electric side
this deformation has the effect of integrating out part of the fields in the saw, while on the
magnetic side the mass has the effect of integrating out many of the fundamental flavors and
breaking USp(2p)→ SU(2)V1 and USp(2p−2l)→ SU(2)V2 . In the second step, leading to the
third line of figure (5.22), on the magnetic side we turn on the superpotential corresponding
to bpq, with the effect of breaking the SU(2)V1 × SU(2)V2 symmetry to a SU(2)F diagonal
subgroup. On the electric side, the superpotential dual to pbq, has the effect of integrating
two out of the four chirals seen by the USp(2(p − l)r) gauge node and also turns on the
Wtriangle superpotential. All in all, we land on the duality in the third line of figure (5.22),

20To actually see the claimed enhancement it is very important to consider the correct singlets in the theory.
However, these are not very important in the following discussion and therefore we do not consider them. For
more details one can see [34, 68].
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which is precisely the stated duality between the theory Cp[USp(2N)] theory in (5.2) and
its mirror in the first line of (5.13). Again we point out that in the presentation we did not
keep track of the singlet fields for simplicity, but this can be done explicitly.

l = 0. In this case the strategy is schematically depicted in the figure below. Notice that we
depict only some singlets and we do not write all the superpotential terms at each step, to
make the discussion simpler. Indeed, one can keep track of all the details to find precisely
the stated duality between the Cp[USp(2N)] theories and their mirror Čp[USp(2N)].

2r 4r . . . 2(p−1)r 2pr

2 2 2

W = Wcub +Wsaw + . . .

=

Nilpotent

mass

2 . . . 2(p−1)r−2 2(p−1)r 2(p−1)(r−1) . . . 2(p−1)

2 2 2 2

2p

W = Wcub +Wsaw + . . .

A
s

2r 4r . . . 2(p−1)r 2pr

1 1 1

W = Wcub +Wsaw + . . .

= 2 . . . 2(p−1)r−2 2(p−1)r 2(p−1)(r−1) . . . 2(p−1)

2 2 2 2

2

W = Wcub +Wsaw + s2Ap + . . .

A
s

2r 4r . . . 2(p−1)r 2pr

1 1

1

rp−1

b1

p
a

W = Wcub +Wsaw + pb1, . . . bp−2arp−1 + . . .

= 2 . . . 2(p−1)r−2 2(p−1)r 2(p−1)(r−1) . . . 2(p−1)

2 2 2 2

2

W = Wcub +Wsaw + sAp + s2b2 + . . .

A
s

b

(5.23)

We start from the 4d N = 1 duality in the first line of the figure above. The global symmetry
is USp(2pr)× USp(2p), where the first group is emergent on the r.h.s. while the second is
emergent on the l.h.s. In the first step, leading to the second line of figure (5.23), we perform
a nilpotent mass for the antisymmetric operator of USp(2p) with the effect of breaking
USp(2p)→ SU(2). On the electric side the mass has the effect of integrating out half of the
saw, so that we are left with a single U(1) symmetry acting on the fields of the saw which is
the Cartan of the SU(2). On the magnetic side the effect is that we are left with a single
flavor in a s2Ap superpotential. In the second step, leading to the third line of figure (5.23),
we turn on q2b2 on the magnetic side. The dual deformation on the electric side is the long
triangle superpotential. After this deformation the SU(2) symmetry becomes unfaithful. All
in all we are left with the duality in the third line of figure (5.23), which is precisely the
duality between the Cp[USp(2N)] theory is (5.5) and its mirror in the second line of (5.13).
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5.2 Derivation of the confining duality

The confining duality in (5.11) can be derived iteratively with the same strategy as in the
3d case decribed in section 2.2. We will not describe the iterations explicitly since these
are identical to those in 3d, but we just present the inductive step and the inductive basis
that are needed.

Inductive step. If N = pr + l > p + 1, the Cp[USp(2N)] theory ejoys a duality with a
Cp[USp(2(N − 1))] theory plus singlets

2N

Cp

W = Wmulti-meson

µ

⇐⇒ 2N−2

Cp

2

W = Wmulti-meson+

+
∑

h,k ahb2kµ′p+1−h−2k+

+Flip[M
(p−l)
L ]

µ′
b

a

(5.24)

where the operators of the Cp[USp(2(N − 1))] theory are primed in order to distinguish them
from those of the Cp[USp(2N)]. On the r.h.s. the superpotential includes all the possible
terms between µ′, b, a of degree p + 1, such that b appears only with even powers. There is
also a flipping term for the mesons M(p−l)

L . Notice that for l = 0, 1 this operator does not
exist, therefore we do not have any flipping terms and thus there is no extra singlet.

For l ̸= 0 the operator map of the duality (5.24) is For l ̸= 0 the map of the operators
in the duality (2.49) is

µ ←→ {µ′, b, a} ,

M(j)
L ←→ M′(j)

L ,

M(j)
R ←→ {M′(j)

R , F [M′(p−l)
L ]} . (5.25)

For l = 0 the situation is simpler, since on the electric side we have no Mj
R operators and

in the dual we have no M′j
L. The operator map is then simply

µ ←→ {µ′, b, a} ,

M(j) ←→ M′(j)
R . (5.26)

Notice that on the r.h.s. we have l = p − 1 and looking at (5.10) this implies that the
set M′(j)

L is empty.

Inductive basis. The basis of the inductive derivation consists in the confining duality (5.11)
for the Cp[USp(2(p + 1))] theory, that is N = p + 1 or equivalently r = 1, l = 1

2p+2

Cp

W = Wmulti-meson

µ

⇐⇒ 2p−2

W = Tr(Φp+1)+

+Wmulti-trace

Φ

(5.27)
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We do not provide a complete derivation of the two above dualities (5.24) and (5.27).
The derivation can be done by repeating the same strategy used in 3d in section 2.2, with
the only difference being that we now employ the new 4d mirror theories Čp[USp(2N)] and
the 4d Intriligator-Pouliot duality [38] instead of the Aharony duality.

6 Derivation of the 4d N = 1 USp(2N) Intriligator duality

In this section we use the confining duality (5.11) for the 4d N = 1 Cp[USp(2N)] theories to
provide a derivation of the version with symplectic gauge group of the Kutasov-Schwimmer
duality (IKS), which was proposed by Intriligator in [4]. The derivation only assumes the
validity of the confinement property of the Cp[USp(2N)] theories which, as we discussed in
the previous section, is a consequence of the Intriligator-Pouliot (IP) duality. This implies
that the IKS duality can be derived only assuming the validity of IP duality.

The IKS duality relates two gauge theories with symplectic gauge group, 2F fundamental
chirals and an antisymmetric field as

2N

2F

Q

Φ

W = Tr(Φp+1)

⇐⇒ 2Ñ

2F

q

ϕ

· · ·

W = Tr(ϕp+1)

+
∑p−1

j=0 Flip[qϕjq]
(6.1)

with Ñ = p(F − 2) − N . The mapping of the chiral ring generators is{
QΦjQ

Tr(Φj)

}
←→

{
F [qϕp−1−jq]

Tr(ϕj)

}
j = 0, 1, . . . , p− 1 ,
j = 2, 3, . . . , p− 1 . (6.2)

Notice that for p = 1 the antisymmetric chiral is massive and we recover the Intriligator-
Pouliot (IP) duality [38].

The derivation of the IKS duality is very similar to that of the 3d KP duality described in
section 3. In short, we first deconfine the antisymmetric chiral with a suitable Cp[USp(2N)]
theory, we then apply iteratively the basic IP duality along the quiver and finally we reconfine
the resulting Cp[USp(2Ñ)] theory to land on the expected IKS dual frame. Let us next
describe this procedure a bit more in detail, focusing on the case l ̸= 0 for concreteness. The
derivation for l = 0 works similarly with just some minor differences.

We first consider a different version of the confining duality (5.11) in which we flip
the flipper F [lp−l−1bp−l+1 . . . bp−1] of the Cp[USp(2N)] theory in figure (5.2),21 which is in the
fundamental representation of the global USp(2N) symmetry. The resulting theory will

21Similarly, for l = 0 one flips the singlet r in figure (5.5).
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then confine to a USp(2N) antisymmetric plus a singlet. We name the flipped theory as
CF

p [USp(2N)] and the new confining duality can be depicted as:

2N

CF
p

W = Wmulti-meson

⇐⇒ 2N 1

Φ
q

W = Tr(Φp+1)+

+
∑k(l)

j=2 Flip[Tr(Φj)]+

+Wmulti-trace (6.3)

Notice that the extra fundamental chiral q on the r.h.s. does not enter in the superpotential.
To derive the IKS duality we start from the l.h.s. of figure (6.1) and use the modified

confining duality in (6.3) to deconfine the antisymmetric with superpotential W ∼ Tr(Φj)
and a fundamental chiral. Writing explicitly the quiver of the CF

p [USp(2N)] theory, we have

2(pr+l)

2F

Φ

W = Tr(Φp+1)+

+
∑k(N)

j=2 Flip[Tr(Φj)]+

+Wmulti-trace

⇐⇒ 2r 4r . . . 2(p−l)r
2(p−l+1)r

+2
. . . 2(p−1)r

+2l−2
2(pr+l)

1 1

1

2F − 1

r1 l2 rp−l lp−l+1

b1 bp−l bp−1

p s q

W = Wcub +Wsaw + pb1 . . . bp−2s+ sbp−1q

(6.4)
where on the l.h.s. we added for convenience a set of flippers for the traces of Φ from 2
up to k(l), where we recall that

k(l) = min(l, p− l) . (6.5)

We also addedWmulti-trace in order to use the deconfining duality in (6.3). On the r.h.s. of (6.4)
we are not keeping track of all the exactly marginal deformations corresponding toWmulti-meson
to make the discussion simpler. We will comment about them at the end of the subsection.

At this point, we notice that on the r.h.s. (6.4) the rightmost gauge node does not have
an antisymmetric field, therefore we can apply the IP duality. Also, some new fields and
superpotential terms are created. We do not give all the details, which can be recovered by
studying in detail the precise effect of IP duality. The result is the following theory:

2r 4r . . . 2(p−l)r
2(p−l+1)r

+2
. . . 2(p−1)r

+2l−2
2(F−r− 3)

1 1

1

2F − 1

r

b1 bp−1

s

W = Wcub +Wquart +Wsaw + rb1 . . . bp−1s (6.6)
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The main effect of the dualization is that the antisymmetric and one fundamental of the
adjacent node are removed. We then apply the IP duality on the second-to-last gauge
node to obtain

2r 4r . . . 2(p−l)r
2(p−l+1)r

+2
. . . 2(p−2)r

+2l−4
4(F−r−3) 2(F−r−3)

1 1 1

1

2F − 1

r

b1 bp−1

s

W = Wcub +Wquart +Wsaw + rb1 . . . bp−1s (6.7)

We keep iterating the IP duality to reach finally

2(ps+p−l)
2(p−1)s

+2(p−l−1)
· · · 2(l+1)s+2 2ls · · · 2s

2F − 1

1 1

1

r q

b1

b2 bp−1

s

W = Wcub +Wquart +Wsaw + rb1q + qb2 . . . bp−1s (6.8)

Where we have defined s = F − r − 3. We can now recognize the tail to be the modified
CF

p [USp(2Ñ)] theory with N = p(F − r − 3) + (p − l). Confining it using the duality
in (6.3) we obtain

2Ñ

2F

q

ϕ

· · ·

W = Tr(ϕp+1)

+
∑p−1

j=0 Flip[qϕjq]+

+
∑Ñ

j=0 Flip[Tr(ϕj)]+

+Wmulti-trace (6.9)

By keeping track of all the superpotential terms involving the M(j)
L/R operators, we obtain

the theory in (6.8) with all the exactly marginal deformations turned on. Therefore, the
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confinement generates precisely the theory in (6.9) including the exactly marginal interactions
Wmulti-trace. Moreover, the flippers produced at this last step map directly to those we
introduced in (6.4), so we can just remove them from both sides to recover the IKS duality (6.1)
on a generic point of the conformal manifold.

7 Conclusions and outlook

In this paper we provided a derivation of some Kutasov-Schwimmer-like (KS-like) dualities
which involve a rank-2 field and a degree-(p + 1) superpotential, specifically the 3d N = 2
Kim-Park duality for unitary gauge group and adjoint matter, and the 4d N = 1 Intriligator
duality for symplectic gauge group and antisymmetric matter. The derivation uses the
technique of the deconfinement, which consists of trading the rank-2 field for an auxiliary
quiver gauge theory that can then be further dualized to the desired dual frame.

We proceeded in two steps. We first introduced two new classes of linear quivers, the 3d
N = 2 Cp[SU(N)] and the 4d N = 1 Cp[USp(2N)] theories, and showed that they respectively
confine into an SU(N) adjoint and a USp(2N) antisymmetric chiral with degree-(p + 1)
superpotential. We then used these confining dualities to deconfine the rank-2 fields in the
KS-like dualities. This allowed us to obtain quiver gauge theories that we could further dualize
with known Seiberg-like dualities, which only involve fields in the fundamental representation,
so to obtain the expected dual gauge group connected to an additional linear quiver. Finally,
such dual quiver could be traded back for the rank-2 field using again our new confining
dualities, so to find the desired KS-like dual with the correct superpotential and flipping fields.

All the steps in our derivation assume the validity of only some fundamental Seiberg-like
duality, which are the Intriligator-Pouliot duality in 4d and the Aharony duality in 3d (since
the variants with monopole superpotential can be obtained as deformations of it). As a
byproduct, we are thus able to provide a proof, which was previously missing, of the integral
identities of partition functions and supersymmetric indices of the KS-like dualities by only
assuming the validity of those for the Seiberg-like dualities, which instead have been already
proven in the math literature.

Our Cp[SU(N)] theories and their confining duality, which played a crucial role in the
derivation of the KS-like dualities, are deeply connected to the 4d N = 2 Dp[SU(N)] SCFTs.
Indeed, for gcd(p, N) = 1 we showed that the quiver of the former can be obtained as a
monopole superpotential deformation of the 3d N = 4 quiver for the circle compactification
of the latter. Such monopole deformation is expected to be related to the CB deformation of
Dp[SU(N)] that makes it flow to an SU(N) adjoint chiral with degree-(p + 1) superpotential.
Moreover, we showed that a similar relationship holds for gcd(p, N) ̸= 1 and N ̸= pr as well,
but it involves a further deformation in 3d that Higgses the special unitary nodes in the
quiver for the 3d reduction of Dp[SU(N)] to the unitary subgroups of the same rank.

There are some details about the relationship between Cp[SU(N)] and Dp[SU(N)] that
deserve further investigation, as we have already discussed at the end of section 4. First of
all, it would be interesting to understand whether the additional deformations needed in
the case gcd(p, N) ̸= 1 and N ̸= pr can be uplifted to 4d. This would give a deformation
of Dp[SU(N)] that makes it flow to the SU(N) adjoint also in such cases. Moreover, we are
still missing a way to relate Cp[SU(N)] and Dp[SU(N)] for N = pr. Finally, in our analysis
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we only focused on the quiver content of the theories and neglected possible gauge singlet
fields. It is still not clear how the singlets in the confining duality of Cp[SU(N)] that flip
the traces of powers of the adjoint field and the twisted hypers that can show up in the
3d reduction of Dp[SU(N)] are related.

We would also like to mention that in [80, 81], building on the earlier work [82], it
was argued that a 4d N = 1 SU(N) gauge theory with F flavors and an adjoint Φ with
W = Tr(Φp+1) admits a brane engineering in Type IIA as N D4-branes suspended between a
stack of p coincident NS5-branes and a single NS5’-brane. The branes are taken so that the
D4’s extend in the (01236) directions of the 10d spacetime, while the NS5’s fill (012345) and
the NS5’ fills (012389). As usual, flavors are insertion of D6-branes filling (0123789). With
this choice the brane setup always preserves 4 supercharges. One may also consider a similar
setup in Type IIB engineering a 3d N = 2 theory with U(N) gauge group, F flavors and
an adjoint chiral Φ with W = Tr(Φp+1), where the D4-branes are replaced by D3’s and the
D6’s by D5’s. From this perspective the Cp[SU(N)] theories, that we recall are always linear
quivers with p− 1 gauge nodes, seem a candidate to describe the brane system with a specific
choice on how many D3 terminate on each NS5 when the latter are pulled apart. It would be
interesting to investigate more this field theory interpretation of the brane setup, in particular
how the monopole superpotential that is present in the Cp[SU(N)] theory should arise.

A different possible line of future investigation would be to search for more confining
dualities for matter in tensor representation with a polynomial superpotential. For example,
one can still focus on SU(N) or USp(2N) but consider more general rank-2 representations, or
take other gauge groups like SO(2N). In fact in [29] a confining duality for orthogonal gauge
group with matter in the symmetric representation and a cubic superpotential has already been
found, and it would be interesting to extended it to a superpotential of higher degree. These
new results could shed light on the vast landscape of Kutasov-Schwimmer-like dualities that
exist for SU/USp/SO gauge theories with matter in the adjoint/symmetric/antisymmetric
representation [48, 83].

Alternatively, one can also consider theories with multiple copies of the same tensor field.
For example, the 4d N = 1 SU(N) SQCD with two adjoint chirals has been studied in [84] (see
also [85]), where it has been shown that this admits an ADE classification depending on the
form of the superpotential. For some of these theories dual frames are known, specifically for
An and Dn type superpotential they have been discussed in [84], while for E7 in [86]. It would
be interesting to understand whether the deconfinement technique can also be applied to the
two adjoint SQCD, to not only derive the known dualities but also find possible unknown ones.

Another fruitful approach for investigating the dynamics of 4d N = 1 theories consists of
realizing them as compactifications of 6d SCFTs on Riemann surfaces with fluxes for global
symmetries (see e.g. the review [87] and references therein). Various infrared dualities have
been derived from this perspective. Examples include the confining Seiberg duality for SU(2)
with six flavors and its generalization to USp(2N) with one antisymmetric and six flavors
from compactifications of the 6d E-string theory [44, 88, 89], and the Intriligator-Pouliot
duality from the compactification of the 6d (D, D) conformal matter [89–91]. Similarly one
can derive 3d N = 2 dualities such as the Aharony duality from compactification of 5d SCFTs
on Riemann surfaces with fluxes [92–95]. It would be interesting to find a similar higher-
dimensional origin also for the KS-like dualities such as those that we studied in this paper.
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A Review of Aharony duality and variants with monopole superpotentials

A.1 Statement of the dualities

The Aharony duality [39] relates a 3d N = 2 U(N) gauge theory with F flavors to a U(F −N)
theory with F flavors and F 2 + 2 singlets flipping the meson matrix and the two fundamental
monopoles of the dual theory. We can depict it in the following way:

N

F F

η

Q Q̃

W = 0

⇐⇒ F−N

F F

−η

η η

p p̃

W = piMj
i p̃j+

+ξ−m+ + ξ+m−
(A.1)

The global symmetry of the dual theories is

SU(F )U × SU(F )V ×U(1)m ×U(1)η , (A.2)

where U(1)m is the axial symmetry under which Q, Q̃ have charge +1, while U(1)η is the
topological symmetry. The map between the gauge invariant operators is

QiQ̃j ↔ M i
j ,

M+ ↔ ξ+ ,

M− ↔ ξ− . (A.3)

We can consider the global symmetries in the duality as U(F ) rather than SU(F ). This is
useful when the duality is used inside a bigger quiver, where the U(F ), or a subgroup thereof,
is gauged. We encountered many examples of this throughout section 2. In (A.1) we are
writing in blue the FI parameter associated to each gauge node. The blue parameters close
to the flavor nodes then indicate that there is a BF coupling between the U(1)η topological
symmetry and the U(1) ⊂ U(F ) flavor symmetries.
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The partition function identity associated to the duality is

1
N !

∫ N∏
j=1

dZje
2πiη

∑N

j=1 Zj

∏N
j=1

∏F
a=1 sb( iQ

2 − υa ± (Zj + Ma))∏N
i<j sb( iQ

2 ± (Zj − Zk))
=

= e
−2πiη

∑F

j=1 Masb( iQ
2 −

iQ(F−N+1)−2
∑F

a=1 υa

2 ± η)
F∏

j,k=1
sb( iQ

2 − (υa + υb −Ma + Mb))

1
(F −N)!

∫ F−N∏
j=1

dZje
−2πiη

∑N

j=1 Zj

∏F−N
j=1

∏F
a=1 sb(υa ± (Zj −Ma))∏F−N

j<k sb( iQ
2 ± (Zj − Zk))

, (A.4)

where M⃗ and υ⃗ parameterize the SU(F )U × SU(F )V × U(1)m symmetries as

Ua = υa −Ma ,

Va = −υa −Ma ,

m =
F∑

a=1
(Ua − Va) . (A.5)

We can see the aforementioned BF coupling as encoded in the exponential prefactor on the
r.h.s. of the equality. This trivializes if we impose that ∑F

a=1(Ua + Va) = 0, which can be
achieved using the freedom of shifting the gauge parameters Zj since the actual faithful
flavor symmetry is SU(F )U × SU(F )V . However, this cannot be done when the duality is
applied inside a quiver where the diagonal U(F )M , or a subgroup thereof, is gauged. In such
a case, the BF coupling produced by the duality becomes a shift of the FI of the gauge nodes
adjacent to the one that was dualized, as it has been discussed in detail in [20].

One can also deform the duality by introducing one or two monopoles in the superpotential.
As shown in [40], the duality for the U(N) SQCD with a single monopole superpotential is

N

F F

η − iQ

Q Q̃

W = M−

⇐⇒ F−N−1

F F

−η

η η

p p̃

W = piMj
i p̃j+

+m+ + ξ+m−
(A.6)

The effect of the linear monopole superpotential is to break the U(1)m × U(1)η → U(1)a,
so that now the global symmetry group is

SU(F )U × SU(F )V ×U(1)a . (A.7)

The map between the gauge invariant operators reads

QiQ̃j ↔ M i
j

M+ ↔ ξ+ (A.8)
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The corresponding partition function identity is

1
N !

∫ N∏
j=1

dZje
2πi(η−i Q

2 )
∑N

j=1 Zj

∏N
j=1

∏F
a=1 sb( iQ

2 − υa ± (Zj + Ma))∏N
i<j sb( iQ

2 ± (Zj − Zk))
=

= e−2iπ(
∑F

a=1 Maυa+(η−i Q
2 )

∑F

a=1 Ma)sb( iQ
2 − 2η)

F∏
j,k=1

sb( iQ
2 − (υa + υb −Ma + Mb))

1
(F −N − 1)!

∫ F−N−1∏
j=1

dZje
−2πiη

∑N

j=1 Zj

∏F−N−1
j=1

∏F
a=1 sb(υa ± (Zj −Ma))∏F−N−1

j<k sb( iQ
2 ± (Zj − Zk))

, (A.9)

with the constraint imposed by the superpotential

η +
F∑

a=1
υa = i

Q

2 (F −N) . (A.10)

We can further deform the duality by introducing a second monopole superpotential
term. We obtain the following duality:

N

F F

η

Q Q̃

W = M+ + M−

⇐⇒ F−N−2

F F

−η

η η

p p̃

W = piMj
i p̃j+

+m+ + m−
(A.11)

The superpotential now breaks also U(1)a so that the global symmetry group is

SU(F )U × SU(F )V . (A.12)

There is only one gauge invariant operator, the meson matrix QiQ̃j , which is again mapped
to M i

j . The corresponding partition function identity is

1
N !

∫ N∏
j=1

dZj

∏N
j=1

∏F
a=1 sb( iQ

2 − υa ± (Zj + Ma))∏N
i<j sb( iQ

2 ± (Zj − Zk))
=

=
F∏

j,k=1
sb( iQ

2 − (υa + υb −Ma + Mb))

1
(F −N − 2)!

∫ F−N−2∏
j=1

dZje
−2πiη

∑N

j=1 Zj

∏F−N−2
j=1

∏F
a=1 sb(υa ± (Zj −Ma))∏F−N−2

j<k sb( iQ
2 ± (Zj − Zk))

, (A.13)

with the constraint imposed by the superpotential:
F∑

a=1
υa = i

Q

2 (F −N − 1) . (A.14)

As a final comment we discuss below the details regarding the confining case of the
three dualities.
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• For the Aharony duality in (A.1), when F = N the magnetic theory is a WZ model of
N2 chirals M i

j and two chirals ξ+ and ξ− with W = ξ+ξ− det(M).

• For the one-monopole duality in (A.6), when F = N + 1 the magnetic theory is a WZ
model of (N + 1)2 chirals M i

j and a chiral ξ+ with W = ξ+ det(M).

• For the two-monopole duality in (A.11), when F = N + 2 the magnetic theory is a WZ
model of (N + 2)2 chirals M i

j with W = det(M).

A.2 Mapping of extended monopoles under Aharony duality

We now briefly review the results of [66], regarding how the extended monopoles of a linear
quiver theory map under Aharony duality, which we extensively used in sections 2 and 3.

The setup is a generic linear quiver with a sequence of three unitary gauge nodes with
generic ranks n1, n2, n3, connected by bifundamental chirals

· · · n1 n2 n3 · · · (A.15)

We want to study how the monopoles of the theory are mapped after we apply the Aharony
duality on the U(n2) central node. We consider monopoles with minimal flux M...•••...,
where each blank entry “•” can either be ±1 or 0. The monopoles of the theory after the
dualization will be primed in order to distinguish them with those of the theory before the
dualization. The map works as follows:

• The monopole charged only under the U(n2) maps to singlets flipping the monopoles of
the same node after the duality

M...0±0... ↔ F [M′...0±0...] . (A.16)

• The monopoles charged under only the U(n1) or U(n3) nodes extend to the central
node, which means that they map as

M...±00... ↔ M′...±±0... ,

M...00±... ↔ M′...0±±... . (A.17)

• The monopoles charged under both U(n1) and U(n2), or similarly under U(n3) and
U(n2), shorten, which means that they map as

M...±±0... ↔ M′...±00... ,

M...0±±... ↔ M′...00±... . (A.18)

• The monopoles charged under all the three nodes remain the same

M...±±±... ↔ M′...±±±... . (A.19)

Data Availability Statement. This article has no associated data or the data will not
be deposited.
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