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Introduction

Over the past decade, the rise of artificial neural network (NN)-based
techniques has deeply reshaped the way materials science is approached.
From atomistic simulations to continuum modeling and even experimen-
tal control, machine learning algorithms and artificial NNs have proven
capable of uncovering patterns, surrogating complex physical models,
and drastically accelerating simulations.

At the atomic scale, the emergence of machine learning interatomic
potentials (MLIPs) represents a major revolution in computational ma-
terials science. Traditionally, in large-scale simulations, the modeling of
atomic interactions has relied on empirical or semi-empirical potentials
such as the Stillinger–Weber [1, 2], Tersoff [3], or Modified Embedded
Atom Method (MEAM) [4, 5] potentials. While these classical models
are computationally efficient, they suffer from limited transferability and
lead to unreliable predictions in metastable phases and kinetic studies [6].
On the other hand, first-principles methods like density functional the-
ory (DFT) offer remarkable accuracy but at a prohibitive computational
cost, restricting their use to small systems and short time scales. The
introduction of MLIPs closed this gap: they provide an efficient surro-
gate to DFT-quality potential energy surfaces by learning from ab initio
datasets [7, 8, 9, 10, 11, 12]. In doing so, they enable simulations of sys-
tems orders of magnitude larger and over significantly longer timescales,
thus supporting more realistic modeling of complex phenomena such as
defect evolution, diffusion, or phase transformations [6, 13].

At the mesoscale and continuum level, materials behavior is often de-
scribed through models such as the phase field (PF) approach [14]. PF
simulations capture microstructural dynamics, including grain growth,
phase separation, and pattern formation, within a unified thermody-
namic framework. However, the high computational cost associated with
solving time-dependent partial differential equations often limits their
applicability to long-time or large-scale domains. In this context, deep
learning architectures have emerged as powerful alternatives for approx-
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imating and replacing traditional numerical solvers [15]. By learning the
temporal and spatial evolution of microstructures from representative
datasets, these networks can predict system dynamics several orders of
magnitude faster than conventional PF solvers [15, 16, 17]. In particular,
in recent years, several works have explored convolutional NN–based ar-
chitectures to reconstruct microstructural evolution sequences, achieving
much faster predictions while still preserving essential physical consis-
tency [18, 19, 20, 21].

The main goal of this thesis is to explore and develop artificial NN
surrogates aimed at accelerating materials simulations across multiple
scales. At the atomistic level, the focus is on developing an MLIP ca-
pable of achieving near-DFT accuracy while substantially reducing com-
putational cost. Particular attention is given to designing this potential
specifically for studying pressure-induced crystal phase transitions, us-
ing germanium as a representative and technologically relevant test sys-
tem [22]. The primary focus is on demonstrating and evaluating the per-
formance of the potential itself and the technicalities concerning proper
sampling of transition-state configurations, rather than providing an ex-
haustive investigation of germanium phase transitions. For this goal,
we used the DeePMD-kit [23, 24], an open-source software package for
building MLIPs. It combines a neural-network-based representation of
atomic environments, smooth, symmetry-preserving descriptors, and an
easy-to-use interface to simulators such as LAMMPS and ASE [25].

At the continuum scale, the objective is to develop deep-learning-
based surrogate models that approximate PF evolutions with high fidelity
and significant speed-up. In particular, we aim to build a convolutional
recurrent NN architecture, using PyTorch [26], aimed at accelerating PF
simulations of spinodal decomposition in coherently strained alloy sys-
tems. This system was selected because it naturally generates complex
and diverse patterns depending on a governing parameter, making it an
ideal case study for evaluating the capabilities of the proposed architec-
ture. The emphasis, however, is on the generality of the framework itself,
which is versatile and applicable to a broader class of continuum models.

The thesis is outlined as follows:
Part I introduces the general framework of modern data-driven sur-

rogate modeling. Chapter 1 provides an overview of surrogate model-
ing, discussing its motivation, strategic sampling approaches, and general
principles for model development and optimization. Chapter 2 focuses on
feed-forward NNs as surrogate models, covering the fundamentals of ar-
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tificial NNs, training via loss minimization, and practical considerations
relevant to their application.

Part II is devoted to atomistic modeling. Chapter 3 presents the
theoretical background and computational methods for atomistic simu-
lations, providing a brief explanation of density functional theory and
the application of molecular dynamics and saddle-search approaches for
generating datasets for MLIPs. Particular emphasis is given to discussing
those tools specifically suited for exploring and predicting solid-state
transition configurations, such as the solid-state nudged elastic band and
the solid-state dimer methods, extensively used in our work. Chapter 4
reviews the main classes of MLIPs, including a brief historical timeline, a
more in-depth discussion of the DeePMD framework we used, and a men-
tion of recent developments in the field. In Chapter 5, the results of this
part of the thesis work are discussed: the development of our MLIP for
germanium is presented, detailing the model architecture, training strat-
egy based on iterative active learning, benchmarking and validation, as
well as applications to the investigation of some transition pathways and
pressure-dependent kinetics.

Part III addresses continuum modeling. Chapter 6 introduces the
theoretical background and numerical methods for continuum-scale simu-
lations, specifically focusing on PF modeling of coherently strained spin-
odal decomposition and details on the dataset generation for our model.
Then, deep learning architectures for learning continuum evolution, in-
cluding convolutional, recurrent, and other emerging approaches, are dis-
cussed. In Chapter 7, the deep-learning framework we developed for ac-
celerating simulations of coherent spinodal decomposition is presented,
providing details on the adopted convolutional recurrent NN architec-
ture, training and validation procedures, and results from several tests
aimed at supporting the model’s robustness in temporal and domain-size
generalization, among other aspects.

Finally, the thesis concludes with a summary of the main results and
perspectives for future research.
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PART I
Foundations and
Methodologies of Modern
Data-Driven Surrogate
Modeling
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Chapter 1

Introduction to Surrogate
Modeling

As the objective of this thesis is the acceleration of materials simulations,
this section introduces the key general concepts and practical techniques
necessary to address this challenge. Our strategy relies on developing
surrogate models based on artificial neural networks (NNs), which can
approximate the results of computationally expensive simulations using
suitably generated training data and enabling much faster predictions.

In this first part of the thesis, we provide a concise overview of
surrogate modeling, outline the main technical aspects of constructing
such models, and review both standard and state-of-the-art methods and
tools, including NNs. We also present a justification for choosing NNs
over alternative approaches, discussing their advantages and limitations.

1.1 Overview and Motivation

The application of surrogate modeling spans multiple use cases in science
and engineering. One of the most direct applications, which is our focus,
involves accelerating expensive simulations. To mention a few applica-
tions, beyond simple interpolation or curve fitting, surrogate models can
be useful as calibration mechanisms in multi-fidelity frameworks, bridging
between fast but approximate models and slower, more accurate reference
methods. They also provide robustness against noisy or missing data,
smoothing computational artifacts arising from discretization schemes
or incomplete convergence. Furthermore, surrogates facilitate sensitivity
analysis, revealing which design variables exert the strongest influence
on quantities of interest and enabling visualization of high-dimensional
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response surfaces [27].
When data is highly noisy, surrogate modeling overlaps with statisti-

cal learning. The two fields share many methods, with statistical learn-
ing emphasizing inference and prediction of real-world noisy data and
therefore tends to rely more explicitly on regularization than surrogate
modeling in low-noise, simulation-driven settings.

The construction and deployment of accurate surrogate models, nev-
ertheless, demands careful attention to several interconnected method-
ological considerations. First, the sampling strategy must ensure that
the training data adequately cover the relevant input space, capturing
critical features such as, for the applications discussed in this Thesis,
phase boundaries, instabilities, and rare events without requiring exces-
sive parametric sweeps. For this reason, there are multiple techniques
(here mentioned and discussed later), such as active learning and other
adaptive refinement methods, that enable efficient exploration of high-
dimensional parameter spaces. Second, the choice of surrogate archi-
tecture, whether Gaussian processes, polynomial response surfaces, or
modern deep neural networks, must match the complexity and struc-
ture of the underlying physical system. As a rule of thumb, a simpler
model is generally preferred over a more complex one, provided they
achieve reasonably similar performance in terms of accuracy and speed
(you shouldn’t use a hammer to crack a walnut). It should be stan-
dard practice to first develop a simple baseline model before exploring
more sophisticated approaches, and to use the baseline’s performance as
a reference point for judging whether the added complexity is justified.
Third, surrogate models must be rigorously validated and tested on un-
seen data to assess generalization performance and identify regions of
parameter space where predictions might be unreliable [28, 29, 30].

A particularly critical challenge arises from the curse of dimension-
ality: as the number of input parameters increases, the volume of pa-
rameter space grows exponentially, and the density of training data re-
quired for adequate coverage becomes prohibitively expensive. In ma-
terials modeling, simulation outputs may depend on numerous material
properties, different atomic configurations, geometric parameters, and
other conditions. In general, strategies to mitigate dimensionality in-
clude dimensionality reduction techniques, active subspace methods, and
sequential experimental designs that iteratively refine the surrogate in re-
gions of greatest interest [27, 28, 29]. For our use case, more targeted
strategies are discussed in the dedicated sections.
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1.2 Strategic Sampling

The accuracy and generalization of a data-driven surrogate model depend
heavily on the distribution of the training samples across the sample do-
main. As a simple example, for instance, clustering points in certain
subdomains forces the surrogate to extrapolate unreliably elsewhere. So,
already one can imagine that as a good rule of thumb, the sample dis-
tribution should be such as not to leave any empty holes in the sampled
domain. Strategic sampling methods address this challenge by system-
atically selecting training points that maximize information gain while
respecting computational budget constraints [31, 32]. A well-designed
sampling plan should exhibit space-filling properties, ensuring uniform
model accuracy throughout the domain by avoiding regions where pre-
dictions must rely on distant extrapolation [33].

Basic Sampling Techniques
The two simplest, yet in most case effective, widespread methods are

grid sampling and random sampling. In grid sampling, the parameter
space is discretized uniformly along each dimension, indeed forming a
grid. In practice, all combinations of parameter values are systematically
evaluated. This method has excellent coverage, and it’s simple and easy
to visualize, but it can lead to aliasing effects in some cases. In random
sampling, on the other hand, samples are drawn uniformly at random
from the parameter space. This is still simple to implement and avoids
structured sampling artifacts, but, depending on the seed, coverage might
be uneven, and large gaps may occur, especially if the sample size is quite
small.

Another more thoughtful technique is Latin hypercube (LHC) sam-
pling. With this method, the parameter space is divided into equal-
probability intervals in each dimension. One point is sampled from each
interval, ensuring that each dimension is uniformly sampled without rep-
etition. This method leads to much better uniformity than pure random
sampling and typically requires far fewer samples than grid sampling.
However, random LHCs may still exhibit poor space-filling character-
istics in higher dimensions despite satisfying the projection criterion:
points might cluster along diagonals or leave large voids unexplored.
To address this, optimized LHC variants are constructed by incorpo-
rating distance-based criteria that explicitly promote uniform point dis-
persion [27, 31, 32, 33].
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Sobol and Halton sequences sampling
Sobol and Halton sequences are a type of quasi-random (low discrep-

ancy) sequence, meaning they are designed to produce points that cover
a multidimensional space more evenly than simple random sampling.
Unlike random sampling, where clustering and gaps may appear, these
sequences strategically place points to minimize these irregularities.

Points of the sequence are generated by a deterministic algorithm:
although they look random, running the sequence from the same seed
always produces the same points. The main advantage is their excep-
tional uniformity in filling the space, reducing regions of oversampling or
undersampling. We do not delve into the details of the implementations,
but the takeaway is that Sobol’s construction offers unparalleled unifor-
mity in moderate to high dimensions, making it highly desirable where
efficiency matters. Halton is easier to implement but less robust in very
high dimensions. Compared to grid, random, and LHS methods, their su-
perior convergence and uniformity offer significant practical advantages.
The main limitation of these quasi-random sampling techniques is that
they are not always optimal for some statistical or stochastic analysis
where true randomness is required [34, 35].

Adaptive Sampling and Sequential Refinement
While one-shot sampling methods can provide excellent initial cov-

erage, surrogate model accuracy can often be substantially improved
through adaptive sampling strategies. Adaptive sampling consists in the
iterative selection of new training points based on information extracted
from the current surrogate. Adaptive methods are particularly valuable
when the response surface exhibits localized features or sharp gradients
that initial sampling may inadequately capture [36, 37, 38, 39].

1.3 Development and Optimization of Sur-

rogate Models

The construction of a surrogate model involves transforming sampled
input-output pairs into a predictive function capable of generalizing to
unseen parameter configurations. This process, fundamentally an exer-
cise in supervised learning, requires navigating a vast space of candidate
functions to identify one that not only reproduces training observations
effectively but also possibly captures the underlying physics governing the
expensive simulator’s behavior. The central challenge lies in balancing
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model flexibility (the capacity to represent complex response surfaces)
against the risk of overfitting, wherein the surrogate learns the training
data but is unable to generalize with satisfactory predictive accuracy on
new points [27].

The Surrogate Modeling Workflow
Surrogate model construction typically proceeds through three se-

quential stages. Stage One encompasses data preparation and model
architecture selection, building upon the sampling strategies discussed
previously. For most applications, input variables are conventionally
scaled to the unit hypercube [0, 1]k to facilitate numerical stability. The
choice of surrogate architecture, whether a simple linear regression or a
more complicated NN architecture, must reflect prior knowledge about
the expected complexity of the response surface [27].

Stage Two addresses parameter training: given a fixed model struc-
ture f̂(x; θ), the parameters θ are tuned to optimally fit the observed
data {(x(i), y(i))}ni=1. The estimation criterium for traditional models is
the maximum likelihood estimation, which seeks parameters that maxi-
mize the probability of observing the training data, assuming a specific
noise model. For Gaussian-distributed errors with standard deviation σ,
the likelihood becomes:

L =
1

(2πσ2)n/2

n∏
i=1

exp

(
−(y(i) − f̂(x(i); θ))2

2σ2

)
(1.1)

Maximizing this likelihood, or equivalently, minimizing its negative
logarithm, yields the ordinary least squares criterion when σ is constant:

min
θ

n∑
i=1

(
y(i) − f̂(x(i); θ)

)2
(1.2)

Since this scenario encompasses most of the practical cases, in sim-
ple terms, the above paragraph translates into: often, the objective of
model training is to minimize the root mean square error (RMSE) of the
predicted outputs.

Notice that this evaluation of the RMSE on the training data alone
does not tell us how well our model will generalize to new, unseen data.
Especially when we train a complex model, it might just memorize the
training data: we could get a very low RMSE on that data, even if
the model performs poorly on new cases. To have a better control on
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this behaviour, a standard approach is to use cross-validation. In cross-
validation the training data is partitioned into q subsets, iteratively with-
holding each subset for validation while training on the remaining q − 1
folds. The cross-validation error estimate is computed as:

ϵcv(θ) =
1

n

n∑
i=1

(
y(i) − f̂−κ(i)(x(i); θ)

)2
(1.3)

where f̂−κ(i) denotes the predictor trained excluding the subset κ(i)

containing observation i. Typical chosen values are q = 5 or q = 10 as
they represent practical compromises between computational cost and es-
timation variance. Repeating the cross-validation procedure across mul-
tiple hyperparameter choices provides a systematic, data-driven approach
to identifying the best hyperparameters of the model.

Finally, Stage Three focuses on testing the trained model on data
that was never used during either training or hyperparameter tuning.
This held-out test set provides an unbiased estimate of how well the
surrogate will perform on truly new cases. When sufficient observations
are available, it is good practice to reserve roughly 20–25% of the dataset
exclusively for this final evaluation, keeping it completely isolated until
all modeling and tuning decisions have been finalized.

Next, we review some of the most widely used surrogate models in ma-
terials science and engineering, including polynomial response surfaces,
radial basis function models, Gaussian process regression, and others
that balance accuracy with computational efficiency. It’s worth men-
tioning that there are powerful tree-ensemble regressors, such as random
forests, gradient boosting, and XGBoost, but they are not our focus here
because they yield piecewise-constant predictions rather than a smooth
continuous mapping over the input space, which is the type of surrogate
we are interested in.

Polynomial Response Surfaces
Polynomial models represent the simplest class of surrogate, express-

ing the response as a truncated Taylor series expansion [27]:

f̂(x;w) = w0 + w1x+ w2x
2 + · · · + wmx

m =
m∑
i=0

wix
i (1.4)

This holds for univariate problems. More generally, a polynomial
response surface is a surrogate model in which an expensive response
f(x) is approximated by a linear combination of multivariate polynomial
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basis functions. Given input–output samples {(x(i), y(i))}ni=1, we select a
set of basis functions {ϕj(x)}nb

j=1 (e.g., monomials and interaction terms)

and write the surrogate as f̂(x) =
∑nb

j=1wjϕj(x). Collecting all basis
functions evaluated at all sample points forms the Vandermonde (design)
matrix Φ, with entries Φij = ϕj(x

(i)). The coefficient vector w is then
obtained by linear least squares, which in maximum likelihood form under
Gaussian noise gives

w = (ΦTΦ)−1ΦTy = Φ+y, (1.5)

where Φ+ is the Moore–Penrose pseudo-inverse [40]. This construc-
tion yields a closed-form, globally defined surrogate that is cheap to eval-
uate and differentiable.

The polynomial order m governs model flexibility: higher orders can
capture increasingly complex landscapes but risk overfitting noise. Cross-
validation provides an effective means to select m across candidate or-
ders and choose the value yielding the minimum estimated prediction er-
ror. Polynomial surrogates offer algebraic simplicity and interpretability,
making them valuable when physical insight suggests low-order relation-
ships or when symbolic manipulation is required downstream. However,
their global rigidity limits applicability to highly nonlinear or multimodal
response surfaces.

Polynomial Spline Regression
Polynomial spline regression addresses the limitations of global poly-

nomial regression by partitioning the predictor domain into intervals and
fitting separate low-degree polynomials within each interval, connected
smoothly at boundaries called knots. This procedure yields a more flex-
ible, piecewise model that avoids the instability of high-degree global
polynomials. The model approximates the unknown function as a linear
combination of spline basis functions Bj(x), so that

∑d
j=1 γjBj(xi) repre-

sents the fitted value at xi, where Bj(·) are B-spline basis functions and
γj are their coefficients to be estimated. B-splines are piecewise poly-
nomial functions defined on a set of knot locations that partition the
domain of x. They have local support, meaning each basis function is
nonzero only over a limited interval. Typically, the coefficients γj are
estimated by minimizing a penalized least squares criterion of the form:

Lλ(γ) =
n∑

i=1

(
yi −

d∑
j=1

γjBj(zi)

)2

+ λ

d∑
j=l+2

γ2j , (1.6)
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where λ ≥ 0 is a smoothing parameter controlling the penalty term.
In this way, we can have a trade-off between closeness to the data and
smoothness of the fitted curve: larger λ produces smoother, less wiggly
fits. In practice, the knot positions and the number of knots are not cho-
sen manually. Procedures such as cross-validation or similar criteria are
commonly used to select λ and adjust the knot configuration, so that the
resulting spline balances flexibility and smoothness without overfitting.

Radial Basis Function Models
Radial basis function (RBF) models approximate an expensive re-

sponse f(x) as a weighted sum of localized, radially symmetric basis
functions centered at prescribed points in the input space. Given centers
{c(i)}nc

i=1, the surrogate takes the form

f̂(x,w) = µ+
nc∑
i=1

wi ϕ(∥x− c(i)∥), (1.7)

where ϕ(·) is a chosen radial kernel (e.g., linear, cubic, thin plate
spline, Gaussian, multiquadric, or inverse multiquadric) and ∥ · ∥ is the
Euclidean norm. Ideally, the choice of the radial kernel should be made
aiming at getting the best fit with fewer parameters. From here, the
construction is not too different from polynomial response surfaces: one
selects basis functions (via the centers and ϕ), assembles the RBF ma-
trix Ψ with entries Ψij = ϕ(∥x(i) − c(j)∥), and solves a linear system
(or regularized least squares) to obtain the weights w. For interpola-
tion, one can simply use one center per data point (nc = n), whereas for
noisy regression, a smaller set of centers (nc < n) is employed. When
Gaussian or inverse multiquadric kernels are used, Ψ is symmetric pos-
itive definite, which permits an efficient and numerically stable solution
of the coefficient system via Cholesky factorization, while the localized,
distance-based basis functions enable flexible approximation of highly
nonlinear responses.

Gaussian Process Regression
Kriging or Gaussian process regression (GPR) represents a particu-

larly sophisticated RBF variant that has become standard in surrogate-
based optimization, and, as we will discuss in Sec. 4.1, it is at the basis
of a powerful class of machine learning interatomic potentials, such as
GAP [41]. GPR models the unknown response as a random function
with a Gaussian process prior, written as
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f(x) ∼ GP(m(x), k(x,x′)). (1.8)

This means that for any finite set of inputs, the corresponding func-
tion values are modeled as jointly Gaussian, with mean given by the
mean function m(x) and covariance determined by the kernel k(x,x′).
The kernel acts as a similarity measure: points that are “close” accord-
ing to k are expected to have strongly correlated function values, which
controls both the smoothness of the surrogate and how information prop-
agates from observed data to new locations. The usual kernel choice is a
parametric Gaussian kernel:

k(x, x′) = σ2
f exp

(
−(x− x′)2

2l2

)
(1.9)

with σ2
f signal variance and l characteristic length scale. Kernel hy-

perparameters are inferred by maximizing the marginal likelihood of the
data, allowing the model to adapt automatically to the complexity of the
underlying response.

In the noise-free case, GPR reduces to an interpolant: the posterior
mean exactly matches the observed data at the training points, and the
predictive variance vanishes there, so the surrogate passes through all
samples while still providing uncertainty estimates away from them. Fol-
lowing the above assumptions, given data {(x(i), y(i))}ni=1, for any test
input x∗, the model prediction will be:

f̂(x∗ | {(x(i), y(i))}) ∼ N
(
µ(x∗), σ

2(x∗)
)
. (1.10)

The mean and variance are given by

µ(x∗) = kT∗K
−1
y y, σ2(x∗) = k(x∗,x∗) − kT∗K

−1
y k∗, (1.11)

where

k∗ = [k(x∗,x
(1)), . . . , k(x∗,x

(n))]T , Ky = K + σ2
nI, (1.12)

with elements of K given by Kij = k(x(i),x(j)), and σ2
n being the

variance of the eventual noise in y data.
Constructing the GP surrogate thus involves forming the n×n covari-

ance matrix Ky and solving a linear system to find the vector of weights
of the form α = K−1

y y (often via Cholesky factorization), leading to a
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computational cost of O(n3) that limits scalability. Despite this limi-
tation, GPR remains highly attractive for surrogate-based optimization
as it provides both accurate interpolation in the noise-free regime and
flexible regression with useful uncertainty quantification.
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Chapter 2

Feed-forward Neural
Networks as Surrogate
Models

2.1 Introduction to Artificial Neural Net-

works

Artificial neural networks [42] emerge as a new powerful tool that can be
used, in our case, to build surrogate models suited to high-dimensional,
large-scale regression tasks. NNs are universal approximators: given suf-
ficient architecture complexity, number of parameters, and appropriate
training, they can, in principle, approximate any continuous function
on compact domains to arbitrary precision [43]. This flexibility is not
their only strength. NNs’ linear computational scaling in training set
size and their ability to leverage parallel computing architectures (mod-
ern fast graphics processing units) make them particularly attractive for
data-intensive applications in any sector [44].

However, this expressiveness comes at a cost: NNs often require very
careful regularization to prevent overfitting, their training landscape is
nonconvex (rendering optimization challenging), and they traditionally
provide no principled measure of prediction uncertainty. Despite these
challenges, the last two decades have witnessed incredible growth in deep
learning applications, driven by advances in optimization algorithms, reg-
ularization techniques, hardware acceleration, and novel architectures. In
this section, we introduce the theoretical foundations of NN surrogates
while maintaining focus on applications to materials simulations.
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Feedforward Neural Network Architecture
A feedforward neural network, often referred to as a multilayer per-

ceptron, is composed of a sequence of layers of interconnected neurons
forming a so-called directed acyclic computational graph. Information
propagates strictly forward: inputs are presented at the input layer,
transformed through one or more hidden layers, and finally mapped to
outputs at the output layer, with no recurrent or lateral connections
that would create cycles. For a surrogate modeling task with k input pa-
rameters and a scalar output, the architecture is defined by three main
components:

• An input layer with k neurons, each corresponding to one design
variable in the vector x = (x1, . . . , xk)T

• A stack of L hidden layers, where hidden layer l contains n
(l)
h neu-

rons

• An output layer with a single neuron that produces the model pre-
diction f̂(x).

Neurons in consecutive layers are fully connected, so every neuron in
layer l receives the activations (a certain signal) from all neurons in layer
l−1. The transformation performed by layer l can be written compactly:

a(l) = σ
(
W(l)a(l−1) + b(l)

)
, (2.1)

where a(l−1) is the vector of activations from the previous layer, W(l)

is a weight matrix of size n
(l)
h × n

(l−1)
h that linearly combines those in-

puts, and b(l) is a bias vector of length n
(l)
h that shifts the transformation.

The input to the first hidden layer is identified as a(0) = x; the so-called
activation function, here denoted as σ(·), is applied element-wise to in-
troduce nonlinearity. By composing these layer-by-layer transformations,
the NN defines a parametric mapping from the input space to the output
response that is trained to approximate the target function.

Activation functions
Activation functions introduce the nonlinearity required for a NN to

approximate complex input–output relationships. Without activation
functions, it’s easy to check that the entire network would effectively
collapse to a single linear map regardless of depth. Common choices
include:
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• The hyperbolic tangent, σ(z) = tanh(z), which is an S-shaped
curve, zero-centered and maps to (−1, 1)

• The Rectified Linear Unit (ReLU) [45], σ(z) = max(0, z), which is
piecewise linear and computationally cheap.

Also, there are some variants that refine ReLU’s behavior, such as
Leaky ReLU [46], which assigns a small nonzero slope to negative inputs,
and Exponential Linear Units (ELU) [47], which introduces a smooth
negative branch. These and more variants (e.g., GELU [48], Softplus [49])
were introduced to address a key limitation of the standard ReLU acti-
vation function: the ”dying ReLU” problem, where neurons ”become
dead” during training and stop learning because their gradients become
zero for negative values. Also, another avoided issue is that by using the
plain ReLU, the output of the NN would be piece-wise linear, while often
a smooth response curve is preferred.

For a network with L layers, the overall forward mapping from input
x to scalar output f̂(x; θ) can be written as a nested composition of affine
transformations and activation functions,

f̂(x; θ) = W(L) σ
(
W(L−1) σ(· · · σ(W(1)x + b(1)) + b(L−1))

)
+ b(L), (2.2)

where θ denotes the collection of all weight matrices and bias vectors.
The total number of learnable parameters is

∑L
l=1 n

(l)
h (n

(l−1)
h +1), based on

the product of incoming connections and biases per neuron, and typically
ranges from hundreds to millions in practical architectures. Notably, the
largest NN-based architecture at the time of this thesis (end of 2025) is
a GPT model with ∼1.8 trillion parameters.

2.2 Training via loss minimization

The surrogate parameters θ are estimated by minimizing a loss function
quantifying discrepancy between predictions and training targets, usually
using the MSE:

L(θ) =
1

n

n∑
i=1

(y(i) − f̂(x(i); θ))2 (2.3)

Mind that this is only one of many alternative formulations depend-
ing on the specific task, whether it be regression, classification, quantile
regression, or other physics-informed objectives. For regression tasks,
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the two other common choices are the MAE, which is more robust to
outliers than MSE, and the Huber loss [50], which behaves like MSE
near zero error and like MAE for large errors, balancing smoothness and
robustness.

Backpropagation
Minimization proceeds via gradient-based optimization, wherein the

loss gradient with respect to the NN’s parameters is computed via a key,
simple yet powerful algorithm known as backpropagation. The goal of
this algorithm is to tweak each weight a little so that next time the loss
function is computed, the error is smaller. In practical terms, for each
weight we want to know: “If we nudge this weight slightly, does the
loss go up or down, and by how much?” That ”how much?” is given by
the gradient ∂L/∂θ, computed for each parameter θ. Backpropagation
applies the chain rule to efficiently compute gradients layer-by-layer, from
the output layer backward to the input layer:

∂L
∂W(l)

=
∂L
∂a(l)

∂a(l)

∂W(l)
(2.4)

with ∂L/∂a(l) computed recursively from layer L back to layer 1.
Because intermediate activations produced during the forward pass

are stored and reused, and each layer depends only on information from
adjacent layers, the overall cost of computing all gradients scales linearly
with the number of parameters. This efficiency in parameter optimiza-
tion, combined with the inherent flexibility of neural networks, is the key
reason for their practical power and widespread success. Now that we
have established how the gradients of the loss function are computed, we
need to choose a suitable gradient-based optimizer to minimize the loss.

Optimizers
Given parameters θt at iteration t, an optimizer computes an up-

date ∆θt based on the (typically stochastic) gradient of the loss, giving
θt+1 = θt + ∆θt. In so-called full-batch gradient descent, ∆θt is pro-
portional to the gradient of the loss over the entire training set. For
large datasets, however, this is computationally expensive, and stochas-
tic gradient descent (SGD) with mini-batches is employed [51]. At each
iteration, the gradient is estimated on a subset Bt of the training data,

gt =
1

|Bt|
∑
i∈Bt

∇θL(x(i); θt|y(i)), (2.5)
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and parameters are updated as

θt+1 = θt − η gt, (2.6)

where η > 0 is the learning rate. The batch size |Bt| controls a trade-
off between computational efficiency and gradient noise: small batches
yield noisy but frequent updates that can improve generalization, whereas
large batches produce smoother gradients but may converge more easily
to suboptimal minima.

Several extensions of SGD have been proposed to accelerate conver-
gence and improve stability. SGD with momentum introduces a velocity
variable vt that accumulates an exponential moving average of past gradi-
ents, smoothing oscillations and promoting progress along low-curvature
directions:

vt+1 = µvt − η gt, θt+1 = θt + vt+1, (2.7)

where µ is the momentum coefficient. Intuitively, one can picture this
algorithm to be similar to simulating a ball rolling down a hilly landscape,
not just moving exactly along the steepest descent, but conserving some
momentum along the way. This also helps avoid getting stuck in shallow
suboptimal minima.

Another class of algorithms is adaptive learning-rate methods. They
further rescale updates per parameter based on the history of gradients.
AdaGrad [52] maintains an accumulated squared gradient rt and uses
a parameter-wise effective step size η/(

√
rt+1 + ϵ) (ϵ small positive con-

stant), which is beneficial for unbalanced gradients but can lead to overly
small learning rates as rt grows. RMSProp addresses this by replacing
the cumulative sum with an exponential moving average,

rt+1 = ρrt + (1 − ρ)g2t , θt+1 = θt −
η

√
rt+1 + ϵ

gt, (2.8)

thus maintaining a stable scale of updates throughout training.
Another useful method is Adam (Adaptive Moment Estimation) [53],

which combines momentum and RMSProp-style adaptation by maintain-
ing exponential moving averages of both first and second moments of the
gradients. At iteration t, the moment estimates and their bias-corrected
forms are:

mt+1 = β1mt + (1 − β1)gt, vt+1 = β2vt + (1 − β2)g
2
t , (2.9)
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m̂t+1 = mt+1/(1 − β1), v̂t+1 = vt+1/(1 − β2). (2.10)

where mt is the first moment (mean gradients), and vt is the second
moment (mean of squared gradients), both starting from m0, v0 = 0. The
update rule is then

θt+1 = θt − η
m̂t+1√
v̂t+1 + ϵ

. (2.11)

Adam and its variants (e.g., AdamW with decoupled weight decay,
and Nadam with Nesterov-style momentum) have become widely used
defaults in deep learning due to their robustness to noisy and hetero-
geneous gradients and relatively low sensitivity to initial learning-rate
choices.

In practice, Adam is often the default optimizer when one is unsure
where to begin. However, despite its robustness, there is no guaran-
tee that Adam will yield the best-performing model [54]. When aiming
for a highly competitive and accurate model (and when computational
resources permit), it is generally advisable to experiment with multiple
optimizers, various hyperparameter settings, and different parameter ini-
tialization seeds. A further consideration is that, in NN training, the loss
landscape is typically highly non-convex, leading different optimizers,
hyperparameters, and initialization seeds to converge to distinct local
minima with significantly varying generalization performance.

2.3 Additional practical considerations

As already mentioned, Neural networks’ high flexibility with architec-
tures often made up by tens of thousands of parameters renders them
susceptible to overfitting: fitting the training data accurately but failing
to learn generalizable patterns. While preparing a NN model, it’s stan-
dard procedure to divide the sampled data into training and validation
sets, with a usual split being 80% : 20%. Having a separate validation set
allows us to monitor the model’s behavior during training and mitigate
overfitting. Overfitting typically appears when the training loss continues
to decrease while the validation loss increases, signaling poor generaliza-
tion to unseen data. Several complementary regularization strategies can
help mitigate this problem.
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Regularization terms in the loss function
A common way to regularize neural networks is to modify the loss

function itself by adding a penalty that discourages overly complex pa-
rameter configurations. In general, we replace the original loss L(θ) with
a regularized one

Lreg(θ) = L(θ) + Ω(θ), (2.12)

where Ω(θ) is a penalty term, and its strength is controlled by one or
more hyperparameters.

There are three common choices here. One is L2 (Ridge) regular-
ization, which consists of a term Ω(θ) = λ

∑
j θ

2
j . This penalizes large

weights and effectively pulls parameters toward zero, which tends to pro-
duce smoother, less sensitive mappings and better generalization.

A second closely related variant is L1 (Lasso) regularization, which
consists of a term Ω(θ) = λ

∑
j |θj|. The absolute-value penalty encour-

ages many parameters to become exactly zero, inducing sparsity in the
weights. In neural networks, this can act as a kind of feature selection
or pruning: only a subset of connections remains active.

Lastly, we can use Elastic Net regularization, which combines L1 and
L2 terms:

Lreg(θ) = L(θ) + λ

(
α
∑
j

|θj| + (1 − α)
∑
j

θ2j

)
. (2.13)

In practice, this can yield models that are both compact and numer-
ically well behaved.

In all these cases, the optimizer now minimizes Lreg(θ) instead of
L(θ). The gradients simply gain an extra term from the penalty, so
regularization integrates seamlessly with backpropagation and the chosen
optimizer. By tuning the regularization strength λ using the validation
set, one can control the bias–variance trade-off: large penalties increase
bias but often substantially reduce variance and overfitting.

Dropout layers
Another regularization approach tailored specifically to neural net-

work models is the use of dropout layers [55, 56, 57]. Dropout is em-
ployed as a stochastic regularization mechanism that reduces overfitting
by randomly deactivating a certain number of neurons during training.
For a given layer with activations h, dropout samples a binary mask
m ∈ {0, 1}d and forms the modified activations
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h̃j =
mj

1 − pdrop
hj, (2.14)

where pdrop denotes the dropout rate. In practice, each neuron is
deactivated with probability pdrop, and the output values of the remain-
ing active neurons are rescaled. This formulation ensures that the ex-
pected activation is preserved, E[h̃j] = hj, while injecting this kind of
noise during training. At inference time, dropout is disabled, and the
full deterministic network is used, reusing the weights that have been
shaped under this stochastic training regime (without the rescaling fac-
tor). Intuitively, dropout can be viewed as a mechanism that discourages
co-adaptation, forcing each neuron to learn features that remain useful
across many random subnetworks.

Dropout is, in many cases, useful also beyond regularization, as it
can be exploited as an implicit ensemble method. Indeed, maintaining
dropout at test time and performing multiple stochastic forward passes
(Monte Carlo dropout) provides an approximate Bayesian treatment of
model uncertainty, enabling empirical estimation of predictive means and
variances via repeated sampling, which can be used to construct approx-
imate confidence intervals in surrogate modeling applications.

Batch normalization
Another problem that may arise during the training of deep neural

networks is internal covariance shift: the distribution of neuron activa-
tions may drift, because weight updates in earlier layers change the in-
puts seen by later layers, amplifying small shifts across the network and
causing unstable, slow training. Batch normalization is a widely used
technique that stabilizes and accelerates the training of neural networks
by normalizing the outputs of each layer across a mini-batch [58]. During
training, it adjusts the activations of each layer so that they have a more
consistent distribution (zero mean and unit variance), thereby reducing
the problem of internal covariate shift. After training, batch normaliza-
tion applies learned scaling and offset parameters. This approach enables
typically higher learning rates, faster convergence, and improved model
stability. After the model is trained, during inference, batch normaliza-
tion instead uses learned parameters of means and variances, ensuring
consistent predictions even when processing one sample at a time.
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Hyperparameter Selection and Tuning
As we have seen so far, other than the learnable parameters of an

NN model, there are plenty of hyperparameters to set and choices to
be made, such as the number of layers, the number of neurons for each
layer, the activation functions, regularization coefficients, and also train-
ing hyperparameters, like learning rate, batch size, number of epochs,
and optimizer choice. NN surrogate quality depends critically on these
architectural and hyperparameter choices. For this reason, systematic
selection methods have become a key part of modern practice.

Fundamentally, the search for optimal values (hyperparameter tun-
ing) can be seen as a surrogate optimization problem: we sample differ-
ent hyperparameter combinations and monitor the validation loss. Thus,
all of the sampling methods discussed in Sec. 1.2 can be valid options.
However, in many practical scenarios, performing grid search, random
search, or similar techniques is infeasible, as training a single model may
already demand significant computational resources. Consequently, one
often aims to minimize the number of hyperparameter trials. Bayesian
Optimization can be an effective alternative: it models the validation loss
as a function of the hyperparameters and uses expected improvement to
select promising configurations, typically requiring far fewer evaluations
than grid or random search.

In general, it is advisable to start with shallow architectures with
moderate widths, then expand depth/width if validation performance
plateaus. Let us keep in mind that the universal approximation theo-
rem guarantees that even shallow networks can represent any continuous
function; however, deeper networks often achieve better generalization
with fewer parameters through hierarchical feature learning. An even
better approach, as always, is to check for similar works using similar
architectures, to already have a decent, educated guess for good enough
hyperparameters.
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PART II
Atomistic Modeling
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Chapter 3

Theory & Methods for
Atomistic Modeling

3.1 Context & Motivation

The landscape of atomistic simulation methods has undergone a notice-
able shift in recent years, driven largely by the growing popularity of ma-
chine learning interatomic potentials (MLIPs) [7, 59, 9, 10, 11, 60]. As
already anticipated in the Introduction, these data-driven models present
a solution to the high computational cost of ab initio methods. Thanks to
their balance between accuracy and speed, MLIPs enable investigations
of substantially larger atomic systems and the simulation of phenomena
occurring over extended timescales [13].

Scope and Objectives
The central motivation for the present work is the development of an

interatomic potential capable of reliably describing pressure-dependent
crystal phase transformations, with particular emphasis on accurately
capturing kinetic barriers. As we discuss in greater detail in later dedi-
cated sections, a key methodological step we employ is the incorporation
of configurations from minimum energy paths linking different metastable
states into the MLIP training dataset. This enables robust exploration of
transformation mechanisms and nucleation phenomena that would oth-
erwise remain inaccessible to large-scale simulations. While we take ger-
manium (Ge) as an interesting case study due to its potential applica-
tions [22], the emphasis lies on establishing and validating an effective
development strategy that can be extended to other systems exhibiting
complex phase behavior.
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Figure 3.1: Germanium band structure, showing the existence of a direct
band gap for the hexagonal diamond phase, rendering it potentially useful
for optoelectronic applications. Taken from Ref. [22] with permission.

Germanium as a Model System
Germanium serves as a particularly instructive material system for

developing and validating MLIPs designed for phase transition stud-
ies, owing both to its rich polymorphic behavior and its technological
significance. At ambient conditions, Ge is a semiconductor exhibit-
ing a cubic diamond (CD) structure (space group Fd3̄m). Under non-
hydrostatic pressure of approximately 10 GPa, as demonstrated through
diamond anvil cell experiments and nanoindentation studies, the CD
phase transforms to a metallic β-Sn structure (I41/amd) [61, 62, 63]. This
high-pressure phase exhibits remarkable stability across a broad pressure
range and, upon further compression, undergoes subsequent transitions
to even denser metallic configurations, including simple hexagonal (SH)
and hexagonal close-packed (HCP) arrangements [64, 65].

The decompression pathway from the β-Sn phase does not restore the
original CD structure; instead, a variety of metastable allotropes emerge,
including BC8 (Ia3̄), ST12 (P432̄12̄), and R8 (R3̄) phases. Experimen-
tal observations suggest that the formation of these specific allotropes
depends on the prevailing stress conditions and the rate at which decom-
pression from β-Sn is performed [66, 67, 68, 69, 70]. The ST12 phase
has attracted sustained attention due to its distinctive optical proper-
ties [71], with recent advances enabling the synthesis of large-scale pure
bulk samples [72], the fabrication of ST12 nanoparticles [73, 74], and the
production of nanowires [75]. Meanwhile, both BC8 and R8 phases have
been observed to transform into a hexagonal diamond (HD) structure
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Figure 3.2: Sketched summary of the most relevant crystal phase transi-
tions in Ge, notably the pathway leading from cubic diamond to hexag-
onal diamond.

under ambient pressure and temperature [76, 77]. This transformation
pathway holds considerable technological interest, as HD Ge is predicted
to possess a narrow direct bandgap, shown in Fig. 3.1, making it an at-
tractive candidate for infrared optoelectronic applications with potential
integration into silicon-based technologies [22]. A summary of relevant
crystal phase transitions is reported in Fig. 3.2

Additionally, amorphous germanium (a-Ge) has been extensively stud-
ied across various experimental investigations. It can appear as a byprod-
uct during the decompression process from β-Sn, emerges as an interme-
diate state during pressure-induced transformation to β-Sn, and has been
observed undergoing transitions between low-density and high-density
amorphous forms [78, 79, 80].

3.2 Density Functional Theory

The first step in the development of an MLIP is preparing a suitable
dataset of atomic configurations labeled with energies and eventually
forces and virials. The dataset used to train the MLIP is derived from
density functional theory (DFT) calculations. In this section, we briefly
review the key concepts of DFT, both to introduce the method to readers
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unfamiliar with it and to provide a quick refresher for those who are
already acquainted with it.

DFT, for roughly half a century, has been the dominant ab initio
approach in computational quantum mechanics, enabling the study of
electronic properties in atoms, molecules, and solids from first princi-
ples. The theory reformulates the task of solving the many-electron
Schrödinger equation by using the electronic density n(r) as the fun-
damental variable, and drastically reduces computational complexity for
large systems.

The Hohenberg-Kohn-Sham Approach
In quantum mechanics, the starting point for describing any sys-

tem is the well-known Schrödinger equation, whose solution provides the
wavefunction depending on all nuclear and electronic coordinates. The
Born–Oppenheimer approximation [81] is typically employed to separate
electronic and nuclear motion, thanks to their large mass difference, to
reduce the full problem into simpler components.

In the 1960s, Hohenberg, Kohn, and Sham introduced Density Func-
tional Theory (DFT), which hugely simplifies the description of many-
electron systems [82, 83]. DFT replaces the interacting electron system
with an auxiliary system of non-interacting electrons moving in an ef-
fective potential. In this framework, the ground-state electron density
of this fictitious non-interacting system is identical to that of the true
interacting system under the external potential generated by the nuclei,
vext(r). This avoids the need to compute the many-body wavefunction
explicitly, allowing the energy to be expressed instead in terms of the
electron density:

E[n] = Ts[n] +

∫
vext(r)n(r)dr + EH[n] + Exc[n] (3.1)

where Ts[n] is the kinetic energy of the system, EH[n] is the classical
Hartree energy, Exc[n] is the exchange-correlation term.

Exchange-Correlation Approximations
In practice, the accuracy of the results is limited by the approxi-

mations in the exchange-correlation functional Exc[n] of which the ex-
act form is unknown. Many different functionals have been developed,
with the first two basic approaches being local density approximation
(LDA) [83] and generalized gradient approximation (GGA) [84, 85], fol-
lowed by meta-GGA and various hybrid functionals [86, 87, 88, 89]. Still,
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Figure 3.3: Sketch of the iterative self-consistent procedure employed
to solve the KS equation. Initially, a guessed electronic density is used
to evaluate the effective potential and then to solve the KS equation.
The orbitals obtained from the previous step are used to compute a new
density and subsequently a new effective potential. The new effective
potential is plugged again into the KS problem, and the procedure is
iteratively repeated until convergence is reached.

there is no single universally optimal functional as different materials and
use cases often favor different choices. Some functionals provide better
accuracy for predicting formation energies across crystal structures, while
others perform better for estimating bond lengths, and so on.

Self-Consistent Field Procedure
Once the choice of a suitable exchange-correlation functional is made,

DFT solutions are found by iteratively updating the density:

occ∑
i

|ψ(k)
i (r)|2 → n(k+1)(r). (3.2)

The procedure is repeated until n(k+1)(r) ≈ n(k)(r) within a chosen
tolerance. A simplified sketch of the iterative procedure to compute
DFT energies and forces of any given atomistic configuration is shown in
Fig. 3.3.

Projector Augmented Wave Method
For periodic solids, Kohn-Sham orbitals are expanded in plane waves

with energies below a certain cutoff energy (for numerical reasons), and
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Figure 3.4: Comparison between a long-range 1/r potential and a
smoother pseudopotential and their corresponding wavefunction.

so-called pseudopotentials are used to efficiently describe interactions be-
tween valence electrons and ion cores, reducing the need to explicitly treat
tightly bound core states [90]. A modern, commonly used, pseudopoten-
tial formulation is the projector augmented wave (PAW) method, which
overcomes the plane-wave method’s difficulties with highly oscillatory
all-electron wavefunctions near nuclei.

Brillouin Zone Sampling
Quantities in periodic crystals, like the electronic density and total

energy, require integration over the Brillouin zone (BZ). Numerically, this
is performed via summation over a discrete mesh of k-points. After care-
fully choosing the number Nk and distribution of k-points, the density
at each point and the total energy are sampled as:

n(r) =
1

Nk

∑
k,i

fik|ψik(r)|2 (3.3)

where fik is the occupation number of band i at k. The convergence
of computed properties with respect to the k-point mesh is essential for
reliable results. In this work, the Monkhorst-Pack method [91] was used
to generate an optimal k-point mesh for integrations over the BZ.

For a more detailed discussion of the theoretical foundations and prac-
tical implementation of density functional theory, the reader is referred
to the comprehensive treatments in Density Functional Theory: A Prac-
tical Introduction [92] and in Density Functional Theory: An Advanced
Course [93].
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3.3 Atomistic Simulations and Sampling

MLIPs, like all data-driven models, rely critically on the quality and
diversity of their training data. Sampling plays a crucial role in con-
structing an effective surrogate model, and in this section, we review
standard and novel sampling strategies for building datasets suitable for
training MLIPs.

Molecular Dynamics Sampling
Molecular dynamics (MD) is a fundamental tool in atomistic model-

ing, enabling the computational study of particle interactions and their
time evolution at the nanoscale. In principle, MD can also be used to gen-
erate large datasets: by extracting snapshots from trajectories at a chosen
rate, one can obtain numerous configurations for training a model. More-
over, simulations can be conducted under different ensembles (NVT or
NPT) and varying temperature, pressure, or volume (using Nose-Hoover
thermostats and barostats), producing a diverse set of configurations for
more robust training or more targeted conditions.

Despite its versatility, standard MD faces significant limitations. Each
MD step must accurately resolve atomic vibrations, typically on the fem-
tosecond timescale. Consequently, even long simulations usually span
only nanoseconds to microseconds, for simple systems or highly opti-
mized codes. Many real processes, such as atomic diffusion, phase trans-
formations, and chemical reactions, occur over much longer timescales
(seconds, minutes, or more) and are separated by substantial energy bar-
riers. Rare events occur far too infrequently to be captured directly in
standard MD simulations, limiting both the physical realism and statis-
tical reliability of the results. To properly sample rare events, different
approaches have to be employed.

Enhanced Sampling Methods
A substantial body of work has focused on accelerating the sampling

of rare events during dynamics simulations. These efforts have led to the
development of a wide range of enhanced sampling techniques [94, 95, 96].
Although these methods are not employed in the present work, we briefly
review them to inform interested readers of their existence and general
scope.

A common class of approaches introduces a bias potential to enhance
exploration of low-probability regions in configuration space [97, 98, 99,
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100, 101, 102]. The classic examples, umbrella sampling [103] and meta-
dynamics [100, 104], modify the energy landscape to facilitate sampling
and the computation of thermodynamic quantities. Umbrella sampling
applies static bias along a reaction coordinate or collective variable (CV),
which act as a reduced descriptor of slow modes or essential pathways.
The trajectory is forced to sample across energy barriers, and reweight-
ing schemes are applied to recover unbiased statistical distributions. The
static nature of the bias offers controlled sampling, but demands careful
planning and prior knowledge of transition coordinates. In metadynam-
ics, instead, time-dependent biases are introduced through the addition
of Gaussians to the CV space, dynamically filling wells and flattening
barriers to encourage transitions. Metadynamics also enables automated
exploration of multidimensional landscapes.

More recently, new enhanced sampling frameworks have been intro-
duced. The on-the-fly probability enhanced sampling (OPES) method [105],
and the OPES-flooding variant [106], represent a significant improve-
ment over metadynamics, offering faster convergence and easier usage.
However, these methods rely critically on well-chosen CVs, whose design
can be far from straightforward. For instance, in systems with multiple
complex reaction pathways, selecting suitable CVs becomes particularly
challenging [95, 107], and convergence may be slow if the chosen CVs fail
to capture the relevant mechanisms.

A second major family of techniques avoids the use of external bias
altogether. They instead aim to reconstruct transition pathways and ki-
netics by partitioning the high-dimensional landscape into interfaces and
running many short, independent simulations [108, 109, 110, 111, 112].
Transition path sampling (TPS) [113], and its variants [114], generate
unbiased reactive trajectories via Markov-chain Monte Carlo in trajec-
tory space to produce accurate transition path ensembles. Despite their
conceptual elegance, these methods can suffer from high computational
cost and limited sampling efficiency, which may restrict their practicality
for complex systems [115].

Beyond classical rare-event frameworks, machine-learning–based ap-
proaches are advancing rapidly. NN–assisted enhanced sampling has
demonstrated significant potential [116, 117]. Other developments in-
clude FlowRES [115], a physics-informed framework that employs un-
supervised normalizing flow networks to boost Monte Carlo efficiency
by generating high-quality, non-local proposal moves for rare-event sam-
pling.

A final mention is about diffusion models: originally developed for
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generative modeling of images [118, 119, 120, 121, 122] have recently been
extended to molecular systems. In a recent work [123], a diffusion-based
generative model for enhanced sampling of rare events has been pro-
posed, capable of generating entire dynamical trajectories of molecules’
dynamics, enhancing sampling of rare events.

Saddle-Point-Search Algorithms for Rare Events
To directly identify transition states and the associated activation

barriers accurately, saddle-point search algorithms have been developed.
Accurately locating saddle points on potential energy surfaces is crucial
because, according to transition state theory, reaction rates depend expo-
nentially on the free-energy barrier, making even small errors in barrier
estimation lead to orders-of-magnitude discrepancies in predicted dynam-
ics. The characterization of rare event transitions has been a focus of a
lot of research in the past [124, 125, 126].

Two widely used algorithms in this category, compared in Fig. 3.5,
are the nudged elastic band (NEB) method [127, 128] and the dimer
method [129]. In the NEB approach, the initial and final minima must
be known, and they are connected by a set of intermediate “images”
that form an initial guess for the reaction pathway. These images are
linked with virtual springs and iteratively relaxed to reveal the minimum
energy path, while a climbing-image refinement step locates the saddle
point and improves the accuracy of the barrier estimate. However, NEB
has important limitations: both endpoint minima must be specified in ad-
vance, and the identified transition state depends on the initially guessed
pathway, which may cause certain mechanisms to be missed, especially
those associated with the lowest barriers, which typically dominate the
kinetics.

The dimer method helps overcome these limitations [131]. Unlike
NEB, it requires no predefined final state. Instead of mapping a full
path, the dimer method rotates a pair of configurations within the lo-
cal basin of a given minimum energy configuration until the direction
of the unstable mode is found, then climbs along the path to the sad-
dle point. Because it requires only force calculations and minimal prior
knowledge, the dimer method is highly efficient for the direct search of
transition states even in multidimensional systems. By repeatedly ini-
tializing from the same basin, different escape pathways can be explored,
allowing systematic identification of the lowest-energy barrier and asso-
ciated transition mechanism.

These and other similar methods [132] provide a direct way to get
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Figure 3.5: Sketch and comparison of the nudged elastic band and dimer
methods. Taken from Ref. [130] with permission.

activation energies and understand transition mechanisms at the atomic
level, complementing molecular dynamics simulations.

3.4 Solid-state saddle-point search approaches

A major challenge in extending the NEB and dimer methods to variable-
cell systems lies in achieving a consistent coupling between atomic and
lattice degrees of freedom. To address this issue, Refs. [133, 134] propose
a unified formulation in which atomic positions r and the cell matrix h are
treated within a single generalized coordinate space. This formulation
leads to the generalized solid-state NEB method [133] and the solid-
state dimer method [134], which we extensively employ to investigate
solid–solid crystalline phase transitions.

Atomic and lattice variables coupling
Variations of the cell are naturally expressed in terms of strain vari-

ables, which differ in dimensionality from atomic displacements. To com-
bine these quantities into a common displacement vector, a Jacobian (or
metric) is introduced, leading to the definition

∆R = {Jε,∆r}. (3.4)
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Here, J denotes the Jacobian, ε = h−1∆h is the strain tensor, and
∆r represents the change in atomic positions expressed in Cartesian co-
ordinates. The strain is evaluated relative to the reference (undeformed)
cell. The cell matrix h and the strain tensor ε are 3 × 3 matrices, while
the atomic displacements ∆r form an N×3 matrix, with N denoting the
number of atoms in the supercell. Accordingly, vectors in the generalized
space ∆R may be viewed as (N + 3) × 3 matrices. For the purposes of
the solid-state dimer method, however, these vectors are flattened when
computing norms and dot products.

To ensure a proper separation between atomic and lattice contribu-
tions, atomic displacements are defined in relative coordinates with re-
spect to the cell vectors. With this choice, a pure strain ε in the general-
ized space does not induce any spurious atomic motion. This separation
is achieved by expressing ∆r as fractional displacements along the lat-
tice vectors and subsequently converting them to Cartesian coordinates,
using h as the reference cell, consistent with the strain definition.

A crucial aspect of constructing the generalized coordinate space is
the selection of an appropriate Jacobian. The role of J is to provide
a metric that balances the contributions of strain and atomic motion
within a single displacement vector. The guiding principle adopted here
is that distances in the generalized space should be independent of the
overall size and shape of the supercell. Following Refs. [133, 134], the
Jacobian is chosen as

J = L
√
N, L =

(
Ω

N

)1/3

, (3.5)

where L represents the average interatomic spacing derived from the
mean atomic volume, and Ω is the supercell volume. The Jacobian has
dimensions of length, compensating for the dimensionless nature of the
strain tensor. Its value is determined during initialization and remains
fixed throughout the calculation. A constant Jacobian is sufficient, since
the precise numerical value is less important than its scaling with system
size. Moreover, saddle points are stationary and therefore invariant under
different choices of the Jacobian.

Within this framework, the distance in generalized configuration space
is defined as

||∆R|| =
√
NL2||ε||2 + ||∆r||2. (3.6)

This expression illustrates how the Jacobian sets the relative weight-
ing between lattice strain and atomic displacements. For instance, when
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a unit cell is replicated to form a larger supercell while preserving iden-
tical atomic motion within each unit, the strain contribution increases
linearly with N due to the

√
N dependence of J (Eq. 3.5). Similarly,

the contribution from atomic displacements also scales linearly with the
number of atoms. As a result, the ratio between the two terms remains
unchanged, ensuring a consistent representation of atomic and lattice de-
grees of freedom irrespective of supercell size. It can be straightforwardly
shown that dot products and angles between vectors in the generalized
space are likewise invariant under supercell replication, confirming the
absence of metric distortion.

Taking the derivative of the energy with respect to the generalized
coordinates R yields the corresponding generalized force,

F =

{
Ω

J
σcauchy, f

}
, (3.7)

where f denotes the atomic forces and σcauchy is the Cauchy stress
tensor.

Solid-state NEB method
In the conventional NEB formulation, the force acting on image i is

given by the sum of the true force component perpendicular to the path

and an elastic spring force acting along the path, F
S||
i , defined as

F
S||
i = k(|∆r−| − |∆r+|)τ̂i, (3.8)

where k denotes the spring constant and τ̂i is the upwind tangent,
chosen based on the neighboring image with higher potential energy.
The displacement vectors connecting image i to its neighbors are

∆r+ = ri+1 − ri,

∆r− = ri − ri−1.
(3.9)

When extending NEB to the solid-state case, lattice degrees of free-
dom must be included explicitly. In this context, special care is required
to properly decouple atomic displacements from cell deformations when
evaluating ∆R+, ∆R−, and the tangent direction using Eq. 3.4.

If atomic displacements ∆r are computed directly in Cartesian co-
ordinates, changes in the cell geometry would spuriously contribute to
atomic motion due to the periodic representation of the atoms. To avoid
this coupling, atomic positions are instead treated in direct (fractional)
coordinates, defined with respect to the lattice vectors v1, v2, and v3.
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Displacement vectors are first computed in this fractional representation
and subsequently transformed back to Cartesian coordinates for force
projection.

Since the configurations at images i and i + 1 generally correspond
to different cell geometries, the conversion between direct and Cartesian
coordinates is performed using an average cell. Specifically, atomic po-
sitions ri and ri+1 are first expressed in direct coordinates using their
respective cell matrices hi and hi+1. The fractional displacement ∆rdirect+

is then obtained by subtraction and converted back to Cartesian coordi-
nates using the averaged cell matrix

h̄+ =
1

2
(hi + hi+1). (3.10)

In the absence of lattice deformations, this procedure reduces to the
standard NEB definition of distances. A similar ambiguity arises in defin-
ing the strain between two images, as the strain depends on the choice
of reference cell. For consistency, the vector connecting image i to image
i+ 1 must be the negative of that connecting i+ 1 to i. However, using
the straightforward definition

ε = h−1 · (hdef − h), (3.11)

with hdef denoting the deformed cell, leads to

h−1
i · (hi+1 − hi) ̸= −h−1

i+1 · (hi − hi+1). (3.12)

To enforce antisymmetry between adjacent images, the strain is there-
fore defined using an averaged inverse cell matrix,

ε̄+ =
1

2
(h−1

i+1 + h−1
i ) · (hi+1 − hi). (3.13)

Following the same rationale, the Jacobian J is kept fixed throughout
the NEB optimization. Accordingly, in Eq. 3.5 the cell volume entering
the definition of J is taken as the average between the initial and final
states,

Ω̄ =
1

2
(Ωinitial + Ωfinal). (3.14)

Solid-state dimer method
A dimer configuration is specified by a central point R and an ori-

entation vector τ . Within the generalized space combining lattice and
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atomic degrees of freedom, R consists of the cell matrix h and the atomic
coordinates r. Consistent with Eq. 3.4, the orientation vector is written
as τ = {τε, τr}, where τε and τr represent the strain and atomic com-
ponents, respectively. Alternatively, the dimer may be described by two
images of the system, R1 and R2, positioned symmetrically about R and
separated along τ by a small distance ||∆R||.

The first endpoint R1 is constructed from R and τ as follows. The cell
matrix at the endpoint, h1, is obtained by first defining the associated
strain,

ε =
||∆R||
J

τε, h1 = hε+ h. (3.15)

Application of this strain rescales the Cartesian atomic positions from
r to a new set of coordinates, denoted r′. Throughout this transforma-
tion, atomic positions expressed in fractional coordinates relative to the
lattice vectors remain unchanged. Once the new cell geometry is es-
tablished, the atomic positions are further displaced along the atomic
component of the dimer direction,

r1 = r′ + ||∆R||τr. (3.16)

With the generalized definitions of coordinates, displacements, and
forces in place, the remainder of the solid-state dimer algorithm pro-
ceeds analogously to the standard dimer method. The dimer orientation
τ is iteratively rotated based on the force difference between the two
endpoints; after each rotation, the endpoint positions and correspond-
ing forces are updated. Once τ converges to the direction of minimum
curvature, the dimer center is advanced uphill along τ and downhill in
all orthogonal directions using a force-based optimization scheme, until
convergence to a saddle point is achieved.

3.5 Computational Framework and Imple-

mentation Details

Having briefly reviewed some key aspects of density functional theory and
having briefly summarized different simulation and sampling approaches,
we now describe the practical implementation adopted in our work. In
particular, the selection of appropriate computational parameters, done
after convergence criteria checks, plays a critical role in ensuring that the
machine learning potential training is based on reliable reference data.
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This reflects the usual saying “garbage in, garbage out”, highlighting that
an ML model’s predictions can only be as reliable as the reference data
on which it is trained.

DFT using VASP
All first-principles electronic structure calculations were performed

using the Vienna Ab Initio Simulation Package (VASP). Within this
framework, the PAW method was employed to describe the interaction
between ionic cores and valence electrons, with the Ge 3d 4s 4p electrons
explicitly treated as valence states. The exchange-correlation functional
adopted throughout this work is the Perdew–Burke–Ernzerhof (PBE)
formulation [135], selected as it is a popular choice given its reasonable
accuracy over a wide range of systems.

Systematic convergence tests were conducted to establish an appro-
priate balance between computational accuracy and practical efficiency.
Based on these assessments, the plane wave basis set truncation energy
was established at 500 eV, while the Brillouin zone sampling employed
a uniform k-point grid spacing of 0.14 Å−1. Formation energies for each
crystalline phase were determined by computing the per-atom energy
difference relative to the cubic diamond structure, which serves as the
thermodynamic reference state at ambient conditions.

Convergence analysis using the adopted k-point grid spacing revealed
that formation energies for the semiconducting phases, including 4H-HD,
2H-HD, BC8, ST12, and R8, reached convergence within 1 meV/atom
upon further refinement of computational parameters. In contrast, denser
metallic structures such as β-Sn, Fmmm, SH, HCP, BCC, and FCC ex-
hibited residual oscillations in computed energies, with deviations reach-
ing approximately 5 meV/atom in certain instances. This level of preci-
sion was deemed acceptable, particularly considering that substantially
larger discrepancies in formation energies would arise from the choice
of alternative exchange-correlation functionals. Given the central focus
on pressure-dependent transformations, convergence with respect to pre-
dicted pressures was also monitored. For semiconducting phases, pressure
convergence reached approximately 0.01 GPa, while metallic structures,
more demanding in their convergence behavior, displayed oscillations ap-
proaching ≈ 1 GPa in isolated cases.

41



Molecular dynamics, optimizations, and saddle-point searches

Molecular dynamics trajectories were generated using the Large-scale
Atomic/Molecular Massively Parallel Simulator (LAMMPS) [136], in-
terfaced with the DeePMD [25] extension to enable evaluation of ener-
gies, forces, and stresses through the trained machine learning potential.
Configuration sampling was performed within both the canonical (NVT)
and isothermal-isobaric (NPT) statistical ensembles, employing an inte-
gration timestep of 1 fs. Temperature and pressure control were imple-
mented via Nosé–Hoover thermostat and barostat algorithms, configured
with relaxation timescales of 0.5 ps and 5.0 ps, respectively.

For structural relaxations at the atomic scale, the Fast Inertial Re-
laxation Engine (FIRE) [137] optimization algorithm was utilized within
the Atomic Simulation Environment (ASE) [138]. In these calculations,
the trained MLIP served as the computational engine for evaluating po-
tential energies, interatomic forces, and stress tensors, enabling efficient
geometry optimization of both bulk and defective configurations.

The generalized solid-state NEB method [133] incorporating the climbing-
image refinement was adopted for identifying minimum energy pathways
between crystal phase transitions involving both atomic and cell. The
implementation employed in this work utilizes the TSASE code [139],
which provides an interface to the ASE computational framework. Addi-
tional transition states were also investigated using the generalized solid-
state dimer method [134]. Aiming at computing activation energies for
solid-state phase transitions at different desired stress conditions, both
the solid-state NEB and dimer methods were formulated in an enthalpy
landscape by incorporating an external stress contribution. We achieve
this by modifying Eq. 3.7 as:

F =

{
Ω

J
(σcauchy + σexternal), f

}
. (3.17)
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Chapter 4

Overview of Machine
Learning Interatomic
Potentials

4.1 Brief history of the main architectures

Behler–Parrinello Neural Network Potential (NNP)
The development of machine learning interatomic potentials origi-

nates from the recognition that traditional empirical potentials, typically
defined by a limited number of parameters, suffer from restricted flexi-
bility and limited accuracy. Following early efforts in the 1990s, a major
breakthrough occurred in 2007 with the seminal work of Behler and Par-
rinello [7]. In their proposed framework, the total energy of a system is
decomposed into contributions from individual atoms, each determined
solely by its local atomic environment within a finite cutoff radius.

This idea leads to a permutation-invariant formulation of the total
energy,

E =
∑
i

Ei, (4.1)

where Ei denotes the energy associated with atom i.
More specifically, for a given atomic configuration, a descriptor is

constructed for each atom to encode the geometric arrangement of its
neighboring atoms. These descriptors have to be designed to be invari-
ant under translations, rotations, and permutations of identical atoms,
and to vary smoothly with atomic positions. Behler and Parrinello intro-
duced the Atomic-Centered Symmetry Functions (ACSFs) to fulfill these
requirements. ACSFs capture the influence of neighboring atoms within
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a cutoff radius through a combination of radial and angular symmetry
functions, defined as

Grad
i =

Natom∈Rc∑
j ̸=i

e−η(Rij−Rs)2 fc(Rij), (4.2)

Gang
i = 21−ζ

Natom∈Rc∑
j,k ̸=i j<k

(1 + λ cos θijk)ζ e−η(R2
ij+R2

ik+R2
jk) fc(Rij)fc(Rik)fc(Rjk),

(4.3)
with the cutoff function

fc(Rij) =

{
1
2

[
cos
(
π

Rij

Rc

)
+ 1
]
, Rij < Rc,

0, Rij ≥ Rc.
(4.4)

Here, i, j, and k label atoms, while η, Rs, λ, and ζ are tunable
hyperparameters controlling the resolution of the local environment rep-
resentation. The resulting symmetry function values are then provided as
inputs to a feed-forward neural network, which outputs an atomic energy
contribution for each atom in the system. The sum of these contributions
yields the total potential energy, completing the NNP framework.

Gaussian Approximation Potential (GAP)
Another prominent class of MLIPs is based on Gaussian process re-

gression (GPR). As in Behler–Parrinello–type approaches, GPR-based
potentials rely on the construction of descriptors that encode the local
atomic environment around each atom. The Gaussian Approximation
Potential (GAP), originally introduced in 2010 by Bartók et al. [41],
combines GPR with bispectrum-based descriptors to model interatomic
interactions.

To overcome limitations in accuracy and transferability observed in
the original formulation, the same authors in 2013 introduced the Smooth
Overlap of Atomic Positions (SOAP) descriptor [140]. In contrast to ear-
lier representations that explicitly encode local atomic densities, SOAP
defines a kernel that directly measures the similarity between pairs of lo-
cal atomic environments. This formulation is particularly well-suited for
kernel-based regression methods and has become a standard descriptor
in modern GPR-based MLIPs.

A key advantage of GPR-based approaches is their Bayesian nature,
which provides an intrinsic estimate of prediction uncertainty. This fea-
ture enables active and on-the-fly learning strategies, whereby configura-
tions associated with large uncertainties or errors are selectively added to
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the training set after validation via first-principles calculations. The ef-
fectiveness of this framework has been demonstrated by the development
of highly accurate and transferable models, most notably the general-
purpose interatomic potential for silicon reported in 2018 [10].

Linear expansion of basis functions
An alternative to NN-based and kernel-based MLIPs is provided by

approaches that construct explicit, atom-centered descriptors and express
the potential energy surface as a linear combination of generalized basis
functions. Compared to kernel methods, these models typically offer
improved computational scaling with system size and, in many cases,
enhanced transferability and generalization.

It has been shown that many widely used atomic descriptors, includ-
ing SOAP, can be formally derived as special cases of a unified polynomial
expansion of the atomic neighbor density known as the Atomic Cluster
Expansion (ACE) [141]. Using this descriptor framework fall several
prominent linear models, such as the Spectral Neighbor Analysis Poten-
tial (SNAP) [142] introduced in 2014, and the Moment Tensor Potentials
(MTP) [143] developed in 2016.

In the SNAP formalism, the local environment of each atom is repre-
sented through bispectrum components obtained by projecting the neigh-
bor density onto a basis of four-dimensional hyperspherical harmonics.
These bispectrum components coincide with the bond-orientational or-
der parameters originally employed in the GAP framework. However,
in contrast to GAP, SNAP assumes a linear dependence of the atomic
energy on these descriptors. The corresponding linear coefficients are
determined via weighted least-squares regression against DFT reference
data, enabling robust and automated fitting to large datasets.

This linear formulation significantly reduces computational cost rela-
tive to kernel-based approaches, effectively positioning SNAP as a bridge
between traditional analytic interatomic potentials and high-accuracy
machine-learning models. The resulting efficiency has enabled simula-
tions at unprecedented scales, exemplified by molecular dynamics stud-
ies involving up to one billion carbon atoms undergoing pressure-induced
amorphous-to-BC8 phase transitions [144].
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4.2 The DeePMD framework

For the development of the MLIP used to investigate the pressure-induced
phase transitions of germanium, we employed DeePMD-kit [25, 23, 24]
developed in 2018. Like other NN-based potentials [7, 145], DeePMD re-
lies on a feed-forward architecture to fit energies. However, it introduces
a key innovation: instead of manually designing and tuning symmetry
functions, DeePMD learns them automatically through one or more em-
bedded neural networks. These embedded networks generate descriptor
vectors that are constructed to respect all relevant physical symmetries.
This approach offers substantial flexibility and eliminates the laborious,
time-consuming process of crafting custom symmetry functions. The re-
sulting descriptors are then passed to the fitting network, which performs
the final regression of the potential energy surface.

Here, we examine in detail how the end-to-end, symmetry-preserving
interatomic potential model used in this work operates. Although the
framework provides a complete pipeline, understanding its underlying
components is essential: several hyperparameters still require careful,
informed tuning to achieve reliable and accurate performance.

Models’ pipeline
The deep potential (DP) formalism decomposes the system’s total

energy into atomic contributions, with each atomic environment repre-
sented through a local, geometric descriptor. Specifically, a multilayer
neural network is employed to regress the mapping from atomic con-
figurations to energy. For every local atomic subsystem, an embedding
network converts the geometric and chemical environment into a descrip-
tor matrix, which the fitting network subsequently maps to a local energy
value. From the combined output across all atomic environments, we get
the system’s predicted total energy.

More in detail, starting from a given atomic configuration with N
atoms and r = {r1, ..., rN} set of atomic coordinates, we want to obtain
the PES based on these raw atomic coordinates. To do this, the first step
is to start with building for each atom i its local environment matrix,
which includes N

(i)
rc neighbors inside a chosen cutoff rc. These local envi-

ronments Ri are the input of the embedded networks, which output the
embedding matrix gi(Ri). Then, embedding matrices are used to com-
pute the actual descriptors {D(gi(Ri))} of the local environment. These
descriptors in turn are the input of the fitting network F ({D(gi(Ri))}),
which provides the atomic energy, and hence the total energy is given by:

46



E =
∑
i

F ({D(gi(Ri))}) (4.5)

The local environment matrix
This local environment matrix is defined as

Ri = {r̃T1,i, ..., r̃TN(i)
rc ,i

} , r̃j,i = {s(rj,i), x̂j,i, ŷj,i, ẑj,i} (4.6)

where rj,i = rj − ri, j is the index referring to the j-th neighboring
atom, x̂j,i = s(rj,i) xj,i/rj,i is a rescaled coordinate (and similarly for ŷ
and ẑ), and s(rj,i) is a smoothing function given by:

s(rj,i) =


1

rj,i
for rj,i < rcs

1
rj,i

{
1
2
(cos(π

rj,i−rcs
rc−rcs

+ 1
2
)
}

for rcs < rj,i < rc

0 for rc < rj,i

(4.7)

where rcs is another internal smoothing cutoff.
Constructed in this way, the local environment matrix Ri is of dimen-

sion N
(i)
rc × 4, so the dimension is different for each atom according to

the number of its neighbors. Since the embedding networks have a fixed
number of input nodes, the size of the local environment matrices is fixed
to all atoms to Nmax = max(N

(i)
rc ) in the dataset. By doing so, the extra

rows are padded to zero in case of atoms with fewer neighboring atoms.
Following, we want to impose two important symmetries on the local

environment matrices: permutation and translation symmetries. Ri al-
ready preserves the translation symmetry as it contains only information
about distances between the i-th and neighboring atoms. To impose also
permutation symmetry, the neighbors in the local environment matrix
are ordered from the nearest to the most distant one.

With the Ri now defined, the next step is to construct the actual de-
scriptors. This is achieved through two-body and three-body embedding
networks, which encode local geometric information at different levels of
complexity. We outline these embedding schemes below.

Two-body embedding
The two-body embedding matrix g2i (Ri) of the i-th atom is defined

as a Nm ×M2 matrix with j-th row given by:

(g2i )j = (G1(s(rj,i)), ..., GM2(s(rj,i))) (4.8)
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Figure 4.1: Schematic representation of the construction of the two-body
descriptor. For each atom i, pairwise distances rj,i are first mapped
through the embedding network G to build the two-body embedding
matrix g2i . The descriptor D2

i is then obtained by combining a submatrix
of g2i with the neighbor coordinate matrix Ri and its transpose, ensuring
rotational invariance and fixed dimensionality.

where G is the actual embedding network, whose parameters are op-
timized during the training together with the fitting network. More in
detail, G is a fully connected NN acting as a map from the input s(rj,i)
into M2 number of outputs.

With this other building block, the actual descriptor is defined as:

D2
i =

1

N2
max

g2,subi Ri(Ri)
Tg2i (4.9)

where g2,subi is a submatrix of g2i . For more details on this procedure,
you can check Ref. [146], and Fig. 4.1, illustrating a schematic represen-
tation of the building process of the two-body descriptors.

Other than the permutation and the translation symmetries discussed
earlier, D2

i also preserves the rotational symmetry, as it depends only on
the two-body embedding matrix and the product of the local environment
matrix. Indeed, the former (g2i ) depends only on the distance between
atoms. The latter (Ri(Ri)

T) is invariant with respect to rotation as it is
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Figure 4.2: Schematic illustration of the construction of the three-body
descriptor. Angular information between pairs of neighbors is encoded in
the matrix (θi)jk, which is mapped through the embedding network G3

to form the tensor g3i . The final descriptor D3
i is obtained by contracting

(θi)jk with g3i , yielding a rotationally invariant three-body representation
of the local atomic environment.

known to be a so-called overcomplete base [147].

Three-body embedding
In a similar fashion to the two-body embedding matrix, the three-

body embedding matrix is built, but with different input. In this other
matrix, the information of the local environment is encoded considering
the angle formed by two neighboring atoms. Firstly, we define (θi)jk as
the element matrix of the inner product of the local environment matrix
with itself:

(θi)jk = (Ri(Ri)
T)jk = s(rj,i)s(rk,i)

rj,irk,i
rj,irk,i

. (4.10)

Then, the three-body embedding element corresponding to the i-th
atom is given by:

(g3i )jk = (G3
1((θi)jk), ..., G3

M3
((θi)jk)) (4.11)

where M3 is the number of outputs of the G3 embedding network,
and whose parameters are optimized during the learning process. Note
that (g3i )jk is a rank-three tensor.

The actual three-body descriptor D3 is a function of (θi)jk and (g3i )jk:
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D3
i =

1

N2
max

Nm∑
j,k=1

(θi)jk(g3i )jk. (4.12)

A schematic representation of this procedure is shown in Fig. 4.3.
D3 preserves all the nice physical symmetries of permutations, trans-

lations, and rotations, as it has been shown in Ref. [146], based on the
same arguments discussed for D2.

The fitting network
Once the descriptors are constructed, they are concatenated and flat-

tened into a single one-dimensional vector that serves as the input to the
fitting network. The fitting network itself is a standard fully connected
neural network: its hidden layers use hyperbolic tangent activation func-
tions, while the output layer applies a linear transformation to produce
a scalar energy contribution.

The parameters of this network, together with those of the embed-
ding networks, are optimized using stochastic gradient descent with the
ADAM algorithm [53]. At each iteration, the model is updated using a
randomly shuffled minibatch of configurations drawn from the training
set. During the optimization, the weights of the network are updated
according to a certain custom loss function, which will be discussed, to-
gether with the specific training protocol we used, in Sec. 5.1.

4.3 Recent developments and future direc-

tions

Graph Neural Network (GNN) Potentials
In recent years, graph neural networks (GNNs) have emerged as a

dominant paradigm for constructing machine-learning interatomic poten-
tials. In these models, atomic systems are represented as graphs, where
atoms correspond to nodes and interatomic interactions are encoded
through edges. Local atomic environments are learned via message-
passing operations, in which information is exchanged between neighbor-
ing atoms to construct expressive representations that depend on both
chemical identity and local geometry. These representations are subse-
quently processed by a readout layer to predict atomic energy contribu-
tions.
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Figure 4.3: Timeline of the development of the main MLIP models.
Taken from Ref. [167] with permission.

A defining feature of GNN-based MLIPs is their explicit treatment of
physical symmetries. At a minimum, such models enforce translational
and rotational invariance of the predicted energy. More advanced archi-
tectures also maintain equivariance of intermediate representations and
spatial outputs, ensuring that vectorial and tensorial quantities transform
correctly under rotations. Although enforcing equivariance generally in-
creases computational cost, it has been shown to substantially improve
data efficiency and generalization performance [148, 149].

Early GNN-based potentials focused on distance-based, rotationally
invariant formulations. Notable examples include SchNet [150, 151, 152],
which learns continuous-filter convolutions from interatomic distances,
and the Crystal Graph Convolutional Neural Network (CGCNN) [153],
designed specifically for periodic crystal structures.

Subsequent developments introduced directional and angular infor-
mation to achieve equivariance. One approach, proposed by Satorras
et al. [154], updates edge features equivariantly during message pass-
ing. Alternative strategies compute angular features explicitly, as in
DimeNet [155] and its successor GemNet [156, 157], enabling accurate
modeling of directional bonding effects.

A further class of models achieves full E(3)-equivariance by leverag-
ing steerable three-dimensional convolutions and Clebsch–Gordan ten-
sor products [158, 159, 160]. Prominent examples include NequIP [148],
which builds upon the Tensor Field Network formalism [161], Allegro [162],
a highly efficient, non-message-passing variant optimized for paralleliza-
tion [163], and MACE [164, 165, 166].
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Message-Passing Atomic Cluster Expansion (MACE)
MACE is a modern class of MLIP that unifies the systematic many-

body expansion of the Atomic Cluster Expansion (ACE) with E(3)-
equivariant graph neural networks. The central idea is to represent local
atomic environments using a hierarchy of many-body geometric features,
while ensuring exact equivariance with respect to translations, rotations,
and reflections.

In practice, MACE decomposes the total energy into atomic contri-
butions, where each atom interacts with neighbors inside a finite cutoff
radius. Information is exchanged between atoms through equivariant
message passing, and many-body correlations are incorporated in a con-
trolled and systematic manner via tensor-product feature constructions.
This design allows MACE to capture complex local chemistry and geom-
etry with high data efficiency, while preserving the physical symmetries
required for accurate energy, force, and stress predictions.

MACE currently achieves state-of-the-art accuracy and transferabil-
ity across many systems, making it one of the most successful MLIP
frameworks to date.

Foundation Models
Finally, a novel approach relies on the development of large-scale

foundation models for atomistic simulations, trained on chemically and
structurally diverse datasets. Notable examples include SevenNet [168,
169], Orb [170, 171], M3GNet [172], CHGNet [173], GNoME [174], and
MACE-MP-0 [175, 176]. These models offer broad transferability across
materials classes and enable rapid screening of large chemical spaces.

However, in specialized applications requiring high fidelity, under par-
ticular conditions or far-from-equilibrium regimes, their accuracy often
remains inferior to that of carefully constructed, system-specific inter-
atomic potentials [177]. While fine-tuning foundation models on tar-
geted datasets can substantially improve performance [177], this process
may reduce generality and robustness outside the fine-tuned domain.
Consequently, for applications such as phase transitions or high-pressure
kinetics, the development of dedicated MLIPs remains favourable.
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Chapter 5

Development of a Potential
For Germanium

5.1 ML Model Architecture and Training

Scheme

This section details the specific architecture, descriptors, loss function,
and overall training protocol and hyperparameter selection made in the
development of our MLIP, highlighting the rationale for each method-
ological choice.

Deep Potential Model Hyperparameters
As already mentioned in Sec. 4.2, the model was developed using the

Deep Potential Molecular Dynamics (DeePMD-kit) package [23, 24]. To
adequately represent the diversity in local atomic environments found
in the various germanium phases, two types of descriptors were utilized
within the so-called DeepPot-SE framework: a se e3 type embedding
that takes angles between two neighboring atoms as input and a se e2 a
type embedding that takes the distance between atoms as input; both
descriptors are constructed from all the information (both angular and
radial). These descriptors are constructed following the procedure out-
lined in Sec. 4.2 about two and three-body embeddings.

For the angular descriptor, a cutoff rc = 3.30 Å and a smoothing cut-
off rs = 2.00 Å were adopted, with the embedding network comprising
three layers of 8, 16, and 32 neurons. For the radial descriptor, parameter
values of rc = 6.60 Å and rs = 3.30 Å were used, alongside an embedding
network with three layers of 16, 32, and 64 neurons and 32 axis neu-
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rons. The cutoff radii were selected by checking the radial distribution
functions of the structures in the dataset. We ensured that the angular
descriptor included at least the first coordination shell, while the radial
descriptor encompassed approximately the first three shells (the exact
positions of these shells vary depending on the crystal structure and the
applied stress conditions). The exact values for the smoothing cutoffs,
instead, do not impact models’ performance much. The fitting network
consisted of three hidden layers containing 160, 120, and 80 neurons,
respectively. The sizes of embedding and fitting networks were tuned
by starting from educated guesses based on benchmarks shown on the
DeepModeling documentation [178]. Multiple models were trained and
evaluated under varying architectures and hyperparameters to empiri-
cally determine the optimal values that balance both high accuracy and
speed.

Loss Function and Training Protocol
We trained the DP-model using an Adam stochastic gradient descent

optimizer, with an exponentially decaying learning rate. The composite
loss function L incorporates the mean squared errors in energy, forces,
and virials:

L =
pe
N

∆E2 +
pf
3N

∑
i

|∆Fi|2 +
pξ
9N

∥∆Ξ∥2.

Here, ∆E, ∆Fi, and ∆Ξ denote the root mean square errors in energy,
force, and virial, respectively, calculated between the training data and
model predictions; N is the number of atoms, and pe, pf , pξ are adjustable
weights. To accelerate convergence and enhance model transferability,
the force weight pf was made dominant at the initial stages of training
and subsequently reduced, while pe and pξ were gradually increased, fol-
lowing recommendations from previous studies [23]. Forces and virials,
along with energies, were explicitly included in the training to reduce the
quantity of required DFT reference data. Also, such a choice is crucial, in
principle, to lead to an interatomic potential capable of better describing
pressure-induced phase transitions due to more accurate predictions of
stress tensor components.
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Figure 5.1: Schematic of the active learning workflow we employed. The
procedure follows an iterative cycle in which multiple MLIP models are
trained. Each model samples a variety of configurations using NPT MD
and ssNEB under different stress conditions. The top-right panel illus-
trates how the enthalpy landscape may shift under applied pressure. The
predictions of energies (E), forces (F), and stresses (S) for these sampled
structures are compared across the trained models to assess consistency.
Configurations showing significant discrepancies are flagged as unreliable
and subjected to DFT single-point calculations. These new data points
are then added to the training set, and the models are retrained, complet-
ing the iterative active learning cycle. Taken from our work, Ref. [179].
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5.2 Training Data Curation Through Iter-

ative Active Learning

Active Learning Strategy
The reference dataset for training the MLIP was constructed through

an iterative procedure that leverages the principles of active learning [180,
181, 182, 183]. This approach systematically identifies and prioritizes
configurations where the current model exhibits unreliable predictions,
thereby directing expensive DFT calculations toward regions of configu-
ration space that maximize the information gain per computed structure.
This procedure is not new. For example, when constructing surrogate
models using Gaussian process regression, the built-in uncertainty esti-
mate (confidence intervals) naturally guides sampling: new points are
added in regions of highest predicted uncertainty. This iterative process
continues until the domain of interest is sufficiently explored and the
estimated uncertainty falls below a chosen threshold.

When a model does not provide intrinsic uncertainty quantification,
as is often the case with NN–based MLIPs, alternative strategies are
required. A common and effective approach to identify configurations
requiring refinement is to train an ensemble of models using identical
datasets but initialized with different random seeds. This ensemble ap-
proach, often referred to as a model committee, produces diverse predic-
tions for any given configuration. Consistency among the predictions sug-
gests that the structure lies within well-sampled regions of configuration
space represented in the training data; conversely, substantial discrep-
ancies among model predictions serve as a useful proxy for uncertainty
and help identify where additional sampling is needed. By monitoring
the spread in predicted energies, forces, and stresses across the ensemble,
configurations exhibiting large deviations were systematically identified,
subjected to single-point DFT calculations, and incorporated into the
training dataset.

Dataset Construction Workflow
The iterative training protocol, sketched in Fig. 5.1, proceeds accord-

ing to the following sequence: an initial set of Ge crystalline phases
was retrieved from the Materials Project database [184], encompass-
ing CD (mp-32 ), 4H-HD (mp-1091415 ), 2H-HD (mp-1007760 ), BC8
(mp-1080106 ), ST12 (mp-137 ), R8 (mp-128 ), β-Sn (mp-78 ), SH (mp-
1224349 ), Imma (mp-1061054 ), Fmmm (mp-148 ), HCP (mp-1008733 ),
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Structure type No. structures No. environments

Cubic Diam. 253 9 312
Hex. Diam. (4H) 158 6 528
Hex. Diam. (2H) 185 8 016
BC8 173 6 000
ST12 274 8 508
R8 177 6 408
β-Sn 169 5 648
Simple Hex. 150 4 808
Other phases 151 7 280
Interstitials 62 4 092
Vacancies 63 3 906
Disordered 278 26 640
Transitions 597 14 672

TOTAL ∼ 2 700 ∼ 112 000

Table 5.1: Summary of the dataset. The columns show the number
of structures and the number of atoms (and, therefore, atomic environ-
ments) in the database for each structure type.

BCC (mp-998883 ), and FCC (mp-12093 ). Following replication of the
primitive unit cells, both lattice parameters and atomic coordinates were
subjected to random perturbations to generate structural diversity. These
perturbed configurations were then labeled with energies, forces, and
stress tensors computed via DFT single-point calculations, thereby es-
tablishing the initial training dataset.

A preliminary coarse model trained on this foundational dataset was
subsequently employed to explore additional regions of configuration
space through NPT and NVT molecular dynamics simulations, as well as
through the extraction of intermediate randomly perturbed images from
ssNEB calculations connecting different crystalline phases. The energies,
forces, and stresses of these newly sampled configurations were evaluated
via DFT and incorporated into the expanding dataset.

Dataset Details
The final curated dataset comprises approximately 2700 structures,

encompassing a total of roughly 112, 000 distinct atomic environments,
which were randomly partitioned into 87% training and 13% validation
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Figure 5.2: Regression plots made on training and validation sets, il-
lustrating correlations of energies, forces, and stresses predicted by the
trained deep neural network (NN) potential with corresponding DFT val-
ues. Adapted from our work, Ref. [179].

subsets.
Given that the phase transformations of interest are predominantly

pressure-induced, the dataset encompasses structures spanning an exten-
sive pressure range, reaching nearly 100 GPa for certain configurations.
The majority of sampling efforts were concentrated within a pressure
window extending from 5 GPa tensile stress to 30 GPa compressive stress.
This range was selected based on the observation that technologically rel-
evant transformations in germanium, including the formation of hexago-
nal diamond and ST12 phases following compression of CD to β-Sn and
subsequent decompression, typically occur below 20 GPa in experimental
investigations.

Defective configurations containing interstitial atoms and vacancies
were generated by sampling molecular dynamics trajectories initiated
from manually constructed defect structures. Disordered and amorphous-
like configurations were obtained through heating-cooling cycles applied
to selected crystalline phases, producing structures with substantial lo-
cal disorder. These structurally varied configurations facilitate compre-
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Figure 5.3: Regression plots made on the test set, illustrating correlations
of energies, forces, and stresses predicted by the trained deep neural
network (NN) potential with corresponding DFT values. Adapted from
our work, Ref. [179].

hensive sampling of diverse atomic environments, thereby enhancing the
robustness and transferability of the trained potential.

The comprehensive composition of the resulting dataset is summa-
rized in Tab. 5.1, delineating the number of structures and atomic en-
vironments associated with each structural category: bulk crystalline
phases (CD, 4H-HD, 2H-HD, BC8, ST12, R8, β-Sn, SH, and other
phases), point defects (interstitials and vacancies), disordered configu-
rations, and structures sampled from transition pathways.

5.3 Benchmarking and Validation of the Model

Training Outcomes and Model Assessment
Performance of the trained model was evaluated through analysis of

regression plots on both training and validation sets, shown in Fig. 5.2.
The final model demonstrated root mean square errors (RMSEs) of ap-
proximately 5 meV for energies and 0.1 eV/Å for interatomic forces. Stress
predictions were robust, with RMSE values consistently below 0.5 GPa
across a spectrum extending up to 100 GPa.

To ensure the reliability of the constructed MLIP for germanium, ex-
haustive benchmarking was conducted against first-principles reference
data across a broad spectrum of structures and atomic environments.
This comprehensive evaluation establishes the robustness of the DP-
model and its suitability for probing phase transformation mechanisms.
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Figure 5.4: Comparison of formation energies for various crystalline Ge
phases, computed using DFT (blue) and the developed MLIP (red).
Adapted from our work, Ref. [179].

Test Set Composition and Predictive Performance
A diverse test set was meticulously assembled, comprising snapshots

from MD simulations performed at differing temperatures and pressures.
The test set included 125 diamond-phase structures (CD, 4H-HD, 2H-
HD, totaling 7888 atomic environments), 74 low-density semiconductor
structures (BC8, ST12, R8; 3984 atomic environments), 97 high-density
metallic phases (6144 environments), and 146 disordered or defective
structures (spanning amorphous, interstitial, and vacancy configurations,
totaling 13,401 atomic environments). Even on this test set, the DP-
model displayed satisfactory predictive accuracy, with reasonable devi-
ations from DFT values in regression analyses of energies, forces, and
stresses, shown in Fig. 5.3.

Formation Energy Assessment
Formation energies were computed as the per-atom energy difference

between an optimally relaxed configuration and the cubic diamond ref-
erence, both at the DFT and model-predicted level. Across all tested
crystal phases, including those typical of high-pressure and metastable
behavior, the DP-model reproduced reference formation energies with
high fidelity—absolute errors generally below 5 meV, except for the BCC
phase, which exhibited slightly larger deviations, as shown in Fig. 5.4.

The DP-model performed better on prominent low-energy phases such
as 4H-HD, 2H-HD, BC8, ST12, and R8, demonstrating errors smaller
than those observed in the high-energy metallic phases. Notably, the
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Phase εDFT [meV] εDP [meV] ∆ε [meV]

6H-HD 5.7 6.2 0.5
4H-HD 8.6 9.5 0.9
2H-HD 18.0 19.4 1.4

BC8 140.5 140.7 0.2
ST12 143.7 145.9 2.2
R8 146.3 148.4 2.1

β-Sn 229.3 233.2 3.9
Fmmm 237.4 241.5 4.1
SH 244.8 247.6 2.8

HCP 326.8 328.8 2.0
BCC 333.6 339.0 5.4
FCC 334.6 336.9 2.3

Pbam 31.8 56.7 24.9
P42/ncm 35.8 32.7 -2.9
P41212 38.7 73.9 35.2

Table 5.2: Formation energies (ε) and absolute error (∆ε) computed by
DFT and the DP-model for different crystalline phases of Ge.

accurate prediction of the 6H-HD phase was achieved despite its absence
in the training dataset, attributed to the inclusion of structurally related
phases (CD, 4H-HD, and 2H-HD), providing sufficient coverage of local
atomic environments.

We tested the DP-model also on three additional phases, which were
not part of the training set: Pbam, P42/ncm, P41212. These recently
predicted structures exhibit lower energies than most known metastable
polymorphs of Ge. For this reason, it has been suggested that they
could potentially appear as metastable phases in experiments employing
indentation or anvil-cell techniques [185, 186]. As shown in Tab, 5.2, the
comparison between DFT formation energies and DP predictions reveals
noticeably larger errors for these configurations, which the model hasn’t
been trained on. Any study focusing on these structures would certainly
require incorporating them into a newly refined training set to achieve
reliable accuracy.
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Figure 5.5: Comparison of formation energies for various crystalline
phases of Ge calculated using DFT (blue) and the developed MLIP (red).
Taken from our work, Ref. [179].

In addition, we analyzed the accuracy of energy-volume curves across
crystalline phases to assess elastic response, as shown in Fig. 5.5. The re-
gression results showed exceptional correspondence between model and
DFT for diamond-like phases and low-density semiconducting phases.
For metallic phases, some decline in accuracy was found for volumetric
expansion regimes, but the overall trend is still well-reproduced. Such
behaviour is expected due to a lack of representation of those expanded
structures, as the configurations of interest are in pressure-induced com-
pression scenarios.

5.4 Minimum Energy Transition Pathways

With the accuracy of the MLIP established on reference data, we can
evaluate its capability to predict barriers and pressure-induced transition
pathways between different Ge phases. Here, we systematically detail the
ssNEB calculations we employed under various stress conditions.
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Figure 5.6: (left) Minimum energy paths of the phase transition CD to
β-Sn under uniaxial stress. A comparison between the ssNEBs calcula-
tions performed with the DP model (solid lines and filled circles) and
single-point DFT calculations of such images (dashed lines and unfilled
circles) is shown. (top-right) Top views and (bottom-right) side views of
a representative 16-atom cell depicting the transition from left to right
from CD, through the saddle-point configuration, and to β-Sn, at 6 GPa
of uniaxial compression along the (100)-direction, here ortogonal to the
plane of the top view.

CD to β-Sn
The analysis began with an examination of the transformation be-

tween cubic diamond (CD) and β-Sn. This transformation exhibits a
particularly straightforward behaviour: the relative positions of atoms
within the unit cell remain unchanged, while only the lattice parame-
ters are modified. This crystal phase transformation, already known for
silicon [187], is present in the same way in germanium. The computed ac-
tivation energy for this transition stands at approximately 0.32 eV/atom,
representing a significant kinetic barrier under ambient conditions. How-
ever, the application of external stress can significantly alter such a bar-
rier.

Under stress, the relevant thermodynamic potential shifts from en-
ergy to enthalpy, taking into account the work performed by applied
forces. To quantify this effect, a series of ssNEB calculations was per-
formed across a range of values of uniaxial compressive stress. These cal-
culations revealed that at approximately 7 GPa of uniaxial compression
along the (100)-direction, the activation barrier vanishes entirely, ren-
dering the CD-to-β-Sn transformation thermodynamically spontaneous.
The ssNEB energy profile computed using the ML potential exhibited
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Figure 5.7: (left) Minimum energy paths of the phase transition ST12 to
β-Sn under planar stress. A comparison between the ssNEBs calculations
performed with the DP model (solid lines and filled circles) and single-
point DFT calculations of such images (dashed lines and unfilled circles)
is shown. (top-right) Top views and (bottom-right) side views of a rep-
resentative 12-atom cell depicting the transition from left to right from
ST12, through the saddle-point configuration, and to β-Sn, at 10 GPa of
planar compressive stress along the plane here parallel to the top view
plane.

remarkable quantitative agreement with single-point DFT calculations
of the intermediate images, as shown in Fig. 5.6.

ST12 to β-Sn
Further investigations targeted the transformation connecting ST12

and β-Sn phases. Employing a 12-atom simulation cell, the computed
minimum energy pathway aligned closely with previously proposed atom-
istic mechanisms for this transition [188]. The activation barrier in this
case was estimated at 0.18 eV/atom. Once again, we observe that the
transition requires overcoming a relatively high barrier under ambient
conditions. However, we also find that applying appropriate stress sig-
nificantly lowers this barrier and alters the relative enthalpic stability of
the two phases. Specifically, the imposition of planar compressive stress
systematically reduced the barrier height, ultimately inducing a barrier-
less transition at approximately 12 GPa of applied stress, as illustrated
in Fig. 5.7.
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Figure 5.8: (left) Minimum energy paths of the phase transition R8 to
β-Sn under hydrostatic pressure. A comparison between the ssNEBs cal-
culations performed with the DP model (solid lines and filled circles) and
single-point DFT calculations of such images (dashed lines and unfilled
circles) is shown. (top-right) Top views and (bottom-right) side views of
a representative 12-atom cell depicting the transition from left to right
from R8, via the BCC phase, and to β-Sn, at 20 GPa of hydrostatic
stress.

R8 to β-Sn
As a last case study, the influence of hydrostatic pressure on the

R8-to-β-Sn transformation was also examined. The computed energy
profiles indicated a progressive reduction in the activation barrier with
increasing pressure, as illustrated in Fig. 5.8. Notably, above 20 GPa,
a qualitatively distinct multistep pathway emerged, proceeding through
a transient BCC intermediate phase. To accurately resolve this com-
plex pathway, additional intermediate images were incorporated into the
ssNEB chain, with separate calculations performed between successive
local minima along the reaction coordinate.

A comparison between the MLIP-predicted energy profiles and DFT
single-point evaluations for the intermediate structures along the R8-
to-β-Sn pathway revealed notable discrepancies, with prediction errors
approaching 30 meV at certain reaction coordinates. This low accuracy
arises in this case because the R8-to-β-Sn transition was investigated
only after the completion of model training, and consequently, interme-
diate configurations along this specific pathway were absent from the
training dataset. Once again, this observation underscores a fundamen-
tal limitation of machine learning potentials: their predictive reliability
is restricted to regions of configuration space adequately sampled dur-
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Figure 5.9: (left) Minimum energy path of the phase transition BC8 to
CD. A comparison between the ssNEBs calculations performed with the
DP model (solid lines and filled circles) and single-point DFT calculations
of such images (dashed lines and unfilled circles) is shown. (top-right)
Top views and (bottom-right) side views of a representative 16-atom
cell depicting the transition from left to right from BC8, through an
intermediate shallow minimum, to the CD phase.

ing training, highlighting the necessity of incorporating transition-state
structures for pathways of interest.

BC8 to cubic and hexagonal diamond competing pathways
Depending on the choice of the simulation cell, its geometry and ori-

entation, and the atom-to-atom correspondence between the initial and
final cells used in the ssNEB calculations, different activation barriers can
be obtained. Naturally, our primary interest lies in identifying the low-
est barrier, as it corresponds to the most probable transition mechanism
and is therefore most relevant to the actual physical process. We initially
identified a very high energy barrier, employing a 16-atom simulation cell,
and featuring a shallow metastable intermediate configuration, as shown
in Fig. 5.9.

As an alternative approach, we performed multiple dimer searches
starting from the BC8 phase, in order to explore a broader set of pos-
sible escape pathways. Once the dimer converges to a saddle point, the
two associated images are minimized to locate the corresponding minima
connected by that saddle. These minima, together with the saddle point
and interpolated intermediate images, are then used as an initial guess
for subsequent ssNEB calculations. By repeating this procedure several
times, we identified two competing transition pathways, BC8 → CD and
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Figure 5.10: Comparison between the minimum energy paths, employing
a 16-atom cell, of the phase transitions (a) BC8 to CD and (b) BC8
to HD. Also, a comparison between the ssNEBs calculations performed
with the DP model (solid lines and filled circles) and single-point DFT
calculations of such images (dashed lines and unfilled circles) is shown.

BC8 → HD. Interestingly, they share the same initial segment of the re-
action path, which also determines the highest crossing point in energy,
as illustrated by comparing Figs. 5.10a and 5.10b.

In contrast to the ssNEB calculations discussed in the previous sec-
tions, where, by applying different stress states, we allowed the transition
barriers to be significantly reduced or even eliminated, the NEB results
for the BC8 → CD and BC8 → HD transitions are less informative.
The computed barriers remain high, while the BC8 → HD transition
is instead observed to occur spontaneously during annealing [76, 77],
without the need to modify the transition rate through applied pressure.
Moreover, the reason why formation of HD is preferred rather than the
slightly more energetically favourable CD phase is still not understood,
given these results. As a consequence, these NEB calculations provide
limited insight into the actual transition mechanism, which is more likely
governed by nucleation processes. A more thorough investigation, similar
to that performed for silicon in Ref. [189], would therefore be required
to accurately capture the underlying physics of the transition. Such an
investigation could clarify why a spontaneous BC8 → HD transition is
not observed, possibly invoking the same rationale proposed in Ref. [189]:
the non-uniform distribution of residual stresses in a typical nanoinden-
tation experiment lowers the barrier to start the nucleation of the HD
phase inside a BC8 matrix.
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5.5 Pressure-Dependent Kinetics

To complement the ssNEB analysis and provide direct dynamical insight
into pressure-induced phase transformations, NPT molecular dynamics
simulations were performed. These simulations enable observation of
nucleation and growth processes at finite temperature, providing a more
realistic picture of transformation kinetics.

CD to β-Sn MD simulation
The first case examined was the CD-to-β-Sn transformation under

uniaxial compressive stress. A simulation cell with approximate dimen-
sions 56×56×76 Å, containing 10,368 atoms, was employed. The system
was maintained at room temperature (300 K) with uniaxial compressive
stress applied along the (100)-direction at 7 GPa, the stress magnitude
identified from ssNEB calculations in the previous section as sufficient to
eliminate the activation barrier. Snapshots extracted from the resulting
MD trajectory are displayed in Fig. 5.11a of the original work, illustrating
the progression of the structural transformation. Color coding based on
coordination analysis clearly distinguishes the CD (red) and β-Sn (blue)
phases, revealing the transition from one phase to the other.

To assess the reliability of the MLIP during this dynamical transfor-
mation, the deviation in predicted atomic forces was monitored through-
out the simulation using an ensemble of three independently trained DP-
models with different random initialization seeds. This is a viable option
commonly used when one wants to quantify at least a rough estimate of
the uncertainty of the model predictions. At each timestep, the mean
force deviation across all atoms was computed, and the maximum de-
viation among individual atoms was recorded. As shown in Fig. 5.11b,
force predictions remained mostly quite accurate throughout the trans-
formation process, with mean deviations consistently below 0.05 eV/Å
and peak deviations not exceeding 0.15 eV/Å, even at the transition mid-
point where atomic environments deviate more from equilibrium config-
urations. These low error magnitudes confirm that the DP-model main-
tains satisfactory predictive accuracy across the full range of structural
configurations encountered during the phase transition.
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Figure 5.11: (a) Representative snapshots of slices extracted from an
NPT MD trajectory of the pressure-induced transformation from the
CD phase to β-Sn. The simulation is performed at 300 K under uniaxial
compressive stress applied along the (100)-direction at 7 GPa. Atoms are
colored according to coordination analysis performed with Ovito [190],
with the CD and β-Sn phases shown in red and blue, respectively. (b)
Evolution of the average and maximum force deviations during the MD
simulation. Adapted from our work, Ref. [179].
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R8 to β-Sn MD simulation
A second NPT-MD simulation targeted the R8-to-β-Sn transforma-

tion under hydrostatic compression. A rhomboidal prism-shaped sim-
ulation cell containing 12,288 atoms was constructed, with the system
maintained at 200 K and subjected to hydrostatic pressure of 23 GPa.
This pressure value was selected based on the ssNEB calculations in
the previous section, which indicated a kinetic barrier of approximately
8 meV/atom at this condition: sufficiently low to permit direct observa-
tion of the transformation on accessible MD timescales.

Snapshots captured during the simulation are shown in Fig. 5.12a, in-
terestingly revealing the nucleation of the BCC intermediate phase within
the R8 bulk, followed by its subsequent transformation into polycrys-
talline β-Sn with residual defects. The color-coded visualization based
on coordination analysis clearly distinguishes the initial R8 structure
(blue), the transient BCC nuclei (red), and the final β-Sn product (blue
again). This observation provides direct computational evidence for the
multistep transformation pathway identified in ssNEB calculations at
pressures exceeding 20 GPa in Sec. 5.4.

Force prediction accuracy during this simulation, shown in Fig. 5.12b,
exhibits mean deviations of approximately 0.05 eV/Å during the ini-
tial nucleation stages, decreasing below 0.02 eV/Å as the transformation
progresses and the system evolves toward the β-Sn product. The im-
proved accuracy in later stages reflects the fact that β-Sn configurations
were extensively sampled in the training dataset, whereas transient BCC
structures, though present, were less comprehensively represented. More
specifically, Fig. 5.12b shows a clear decrease in the mean force deviation
between 12 and 14 ps, after which it stabilizes as the β-Sn phase forms.
In contrast, the maximum force deviation continues to fluctuate around
an approximately constant value of ≈ 0.1 eV/Å from about 8 ps onward,
reflecting the persistent presence of defects in the system.

It is noteworthy that while the reverse transformation (from β-Sn to
R8 upon decompression) has been experimentally observed in nanoin-
dentation experiments under specific unloading rates and stress condi-
tions, the forward R8-to-β-Sn transition under loading has received con-
siderably less experimental attention, primarily because producing R8
from β-Sn is a necessary prerequisite. Consequently, direct experimental
benchmarks for this transformation are scarce. Nonetheless, the compu-
tational predictions presented here may prove valuable for interpreting
cyclic nanoindentation experiments and understanding the hysteresis in
phase transformation pathways, like those in Ref. [70].
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Figure 5.12: (a) Representative snapshots of slices extracted from an
NPT MD trajectory illustrating the pressure-induced transformation
from the R8 phase to β-Sn through a BCC intermediate. The simu-
lation is carried out at 200 K under a hydrostatic pressure of 23 GPa.
Atoms are colored according to coordination analysis performed in Ovito,
highlighting first the R8 matrix (blue), the nucleating BCC region (red),
and the final transformation to a polycrystalline β-Sn phase (blue). (b)
Time evolution of the average and maximum force deviations during the
MD simulation. Adapted from our work, Ref. [179].
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Summary of achievements, model limits, and implications
The close agreement between ssNEB energy profiles computed with

the developed MLIP and reference DFT calculations for many crystal
phases and transitions, such as CD to β-Sn and ST12 to β-Sn, demon-
strates the model’s ability to achieve near–DFT accuracy while offering
computational efficiency several orders of magnitude higher than first-
principles methods. This capability provides a powerful computational
framework for interpreting and complementing experimental investiga-
tions of pressure-induced transformations.

Despite these successes, some limitations remain and point to direc-
tions for future work. Elevated prediction errors observed for theoreti-
cally proposed crystal phases not included in the training set (e.g., Pbam,
P42/ncm, P41212) indicate that extending the model’s applicability re-
quires deliberate inclusion of such structures during training. Similarly,
the R8 to β-Sn pathway, also examined in detail only after the model
had been trained and therefore lacking representative intermediate con-
figurations in the training set, exhibits discrepancies of up to 30 meV at
intermediate images. This result emphasizes the critical role of explic-
itly sampling transition-relevant configurations when constructing robust
and transferable interatomic potentials.

To facilitate reproducibility and further research, the developed MLIP,
together with the full reference dataset, has been made publicly available
at Ref. [191].

72



PART III
Continuum Modeling
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Chapter 6

Theory & Methods for
Continuum Modeling

6.1 Context & Motivation

Studying the time evolution of microstructural features in materials is
fundamental to materials science and engineering, as these features often
determine functional and mechanical properties [192, 193]. To simu-
late these complex dynamics, continuum models, particularly phase-field
(PF) methods, have been developed and refined over decades [14]. These
approaches can, however, be demanding when one wants to perform high-
throughput studies, large-scale domain simulations, or long-time evolu-
tion predictions.

The main goal we aim for is to build a surrogate model, based on a
modern NN architecture, capable of accelerating continuum-scale mate-
rials simulations while maintaining accuracy comparable to conventional
direct numerical solvers (DNS). In recent years, indeed, NNs have demon-
strated their ability to achieve substantial speed-ups, frequently reported
in the order of 100 − 1000× compared to these solvers [17, 15, 16].

To build such surrogate models, approaches based on dimensionality
reduction [18, 194, 195], convolutional NNs (CNNs) [196, 197, 16, 198]
and various modern time-series specific architectures such as recurrent
NNs (RNNs) [19, 20] have been employed. A comprehensive overview of
these powerful approaches is given in the next chapter.

In the following section, we begin by describing the PF model of co-
herently strained spinodal decomposition: a prototypical system we se-
lected because it displays physically meaningful, complex microstructural
evolution while still allowing for a relatively simple numerical implemen-
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Figure 6.1: (a) TEM image of an isotropic spinodal morphology devel-
oped in an Fe–Cr–Co alloy (Zeltzer). (b) Field ion micrograph image
of an isotropic spinodal morphology in an Fe–Cr–Co alloy. Taken from
Ref. [199] and Ref. [200] with permission.

tation. After that, the dataset generation process that provides training
data for our NN approach is discussed.

6.2 Phase Field Model of Coherently Strained

Spinodal Decomposition

The phenomenon of spinodal decomposition represents a prototypical
second-order phase transition wherein a homogeneous mixture sponta-
neously segregates into two distinct phases upon cooling below a critical
temperature. This process is particularly relevant in certain crystalline
alloy systems where the two different emerging phases exhibit different
molar volumes, leading to the development of elastic strain fields that
influence the resulting microstructural morphologies. An example of this
phenomenon is given in Fig. 6.1.

Thermodynamic Framework for Spinodal Decomposition
The modeling framework employed here adopts a PF approach [14]

that represents the system through an order parameter φ tracking the
local composition of the binary alloy, coupled with the total strain ten-
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sor field ε(x). Under isothermal conditions and assuming linear elasticity,
the system’s free energy is expressed through the Ginzburg-Landau func-
tional [201]

F [φ, ε] =

∫
D

( ϵ
2
|∇φ|2 + w(φ) + ρ(φ, ε)

)
dx (6.1)

where D denotes the physical domain and ϵ characterizes the interface
width between phases. The gradient term |∇φ|2 penalizes interfacial
energy, while the bulk contribution consists of a double-well potential

w(φ) =
18

ϵ
φ2(1 − φ)2 (6.2)

featuring energy minima at φ = 0 and φ = 1, corresponding to the
equilibrium compositions of the separated phases without strain. Note
that the effect of temperature is taken into account in an implicit way. We
decided to assume a fixed temperature so that the physical composition
c in the range [c1, c2] is rescaled to the PF composition φ = (c−c1)/(c2−
c1).

Microstructure Evolution and Elastic Effects
The elastic energy density ρ(φ, ε) accounts for lattice mismatch be-

tween the constituent materials:

ρ(φ, ε) =
1

2
Cijkl(εkl − ε∗kl(φ))(εij − ε∗ij(φ)) (6.3)

where Cijkl represents the fourth-order elastic constant tensor and ε∗

is the eigenstrain tensor (zero-stress strain) [202]. For elastically homo-
geneous materials with purely dilatational eigenstrain:

ε∗ij(φ) = η(φ− ⟨φ⟩)δij (6.4)

where η denotes the lattice mismatch parameter and ⟨φ⟩ represents
the mean composition.

Since mechanical relaxation occurs much faster than diffusive phase
separation, a quasi-static equilibrium assumption allows the strain field
to be computed directly [203]. For periodic, elastically homogeneous sys-
tems, this is efficiently achieved in Fourier space, where the equilibrium
stress field σ̂ relates to the composition field as:

σ̂ = −ηB(q)φ̂ (6.5)
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Figure 6.2: Spinodal microstructure revealed by TEM in an aged CuNiFe
alloy showing a periodic, crystallographically aligned two-phase mixture;
the foil normal is approximately [001], and the particles of the second
phase are aligned along the [100] and [010] matrix directions. Adapted
from Ref. [206] with permission.

Bij(q) = Cijkl(δkl − ΩkmCmnopδopqnql) (6.6)

with q representing the wavevector and B a tensor depending on
elastic constants and the acoustic Green’s function.

The temporal evolution follows the Cahn-Hilliard equation:

∂φ

∂t
= M∇2µ = M∇2

(
−ϵ∇2φ+ w′(φ) + ρ′(φ, ε)

)
(6.7)

where µ = δF/δφ is the chemical potential, M denotes mobility,
and primes indicate derivatives with respect to φ. Numerical integration
employs a semi-implicit spectral scheme for computational efficiency.

Linear stability analysis reveals that elastic strain generally stabi-
lizes the homogeneous phase, extending the metastability region within
the spinodal one. For materials with cubic symmetry and anisotropic
elastic properties, which we are focusing on, phase separation becomes
direction-dependent, potentially leading to suppression along crystal-
lographically hard directions and enhancement along soft orientations,
resulting in characteristic anisotropic morphologies such as striped do-
mains [204, 205]. An example of this phenomenon is given in Fig. 6.2.
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Numerical Implementation of the Phase-Field Model
The numerical solution of the phase-field model for coherently strained

spinodal decomposition is based on efficiently integrating the time-dependent
Cahn-Hilliard equation coupled with elasticity in two-dimensional do-
mains. The time evolution of the compositional order parameter φ is
computed using a semi-implicit spectral scheme [207]. This approach
balances computational cost and stability, allowing for accurate simula-
tion of microstructure dynamics.

The numerical equation for the evolution, written in Fourier space,
is [202, 203, 208]:

φ̂t+δt =
φ̂t − δtMq2ŵ′(φt)

1 + δtM (ϵq4 + η2tr(B)q2)
(6.8)

where φ̂ and ŵ′ are the Fourier transforms of the composition field
and the derivative of the double-well potential, δt is the time step, M is
the mobility, ϵ the interface energy coefficient, η the misfit strain, and
B is the elastic modulus-dependent matrix from the equilibrium stress
solution. This implementation works particularly well thanks to the use
of fast Fourier transforms for efficient computation.

Lastly, the onset of phase separation and the stability of the homoge-
neous state can be determined through a linear stability criterion [208]:

w′′(φ) + η2 min
q

[tr(B(q))] < 0 (6.9)

This condition shows that elastic strain can suppress decomposition,
stabilizing the homogeneous phase and introducing anisotropic effects
dependent on crystallographic orientation and strain magnitude.

In this work, we focus on an arbitrary material with a high (cubic)
Zener anisotropy ratio Z = 2C44/(C11 − C12) = 4 and a misfit range
η ∈ [0, 1.2%]. Elastic constants are C11 = C44 = 2C12 = 3 · 104. With
this choice of values, we aim at maximizing the variability in the phase-
separation patterns. Following this choice of parameters, softer directions
are aligned with the ⟨10⟩ and ⟨01⟩ axes so that, for high strains, striped
domains are expected to form along them. For this choice of parameters,
the resulting phase diagram, together with representative examples of
spinodal decomposition morphologies, is shown in Fig. 6.3.
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Figure 6.3: (a) Phase diagram and examples of the different morpholo-
gies of the spinodal decomposition of a binary alloy with cubic elastic
anisotropy, as a function of mean composition ⟨φ⟩ and misfit strain η.
The reported images correspond to representative evolution stages ob-
tained by the numerical integration of the Cahn-Hilliard equation (6.8)
starting from the homogeneous phase slightly perturbed by Perlin noise
around the average composition ⟨φ⟩. (b) Example of a phase-field evolu-
tion from the dataset, starting from a Perlin noise initial condition and
corresponding to a misfit strain of η ≈ 0.48%.
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6.3 Dataset Generation

To train the NN surrogate, a comprehensive dataset of spinodal decom-
position trajectories must first be built from PF simulations. This section
describes the generation of such a dataset.

Simulation Setup and Numerical Parameters
The dataset is made up of 2000 time-evolution sequences generated

by integrating the PF equations (Eq. 6.7) under varied initial conditions,
average compositions, and misfit strain values. All simulations were com-
puted on a 128 × 128 uniform square lattice with periodic boundary
conditions, naturally enforced through the spectral numerical scheme we
employed (Eq. 6.8). To adequately resolve the PF boundary, the inter-
face thickness parameter was set to ϵ = 5 in units of grid spacing. The
mobility coefficient M acts solely as a timescale scaling factor. For this
reason, we fixed M = 1 and employed a time-step of δt = 0.01 to ensure
numerical stability. Each simulation sequence contains 100 snapshots,
sampled at regular time intervals τ = 100 δt, such that successive frames
exhibit sufficient structural evolution to provide meaningful training in-
formation for the NN model. In the following, we express time in units
of τ .

Initial Conditions and Seeding
We decided to design initial conditions corresponding to a homoge-

neous mixed phase with local composition fluctuations, which eventually
serve as seeds for the phase-separation process, mimicking the sponta-
neous phase separation in cooling alloys. To generate these fluctuations,
we implemented a script based on periodic Perlin noise [209], a gradient-
based noise algorithm that produces spatially correlated patterns. In 2D
Perlin noise, the domain is first divided into an integer lattice coarser
than the pixel-pixel spacing, and each lattice point is assigned a random
unit gradient vector. Periodicity is enforced by choosing the gradient
vectors at one boundary of the domain to be identical to those at the
opposite boundary. For any pixel of the domain, one finds the surround-
ing cell, computes the offset vectors from the four cell corners, and takes
the dot product between each corner’s gradient and its corresponding
offset. These four scalar values are then interpolated using a smooth
function, yielding a continuous value with continuous derivatives across
cell boundaries. In this way, we can generate diverse yet quite physically
plausible nucleation scenarios easily.
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Parameter Space Sampling
To promote robust model generalization across a broad parameter

regime, the dataset is sampled on a diverse range of initial configura-
tions. The average composition ⟨φ⟩ was sampled from a uniform random
distribution in the range [0.2, 0.8]. With the chosen simulation parame-
ters, this composition range deliberately encloses the spinodal limits at
zero misfit strain (approximately φ ≈ 0.21 and φ ≈ 0.79, as shown in
Fig. 6.3), ensuring the dataset contains both phase-separated and ho-
mogeneous configurations. Each of these initial Perlin noise profiles was
then multiplied by a scaling factor sampled from a normal distribution
with standard deviation 0.1. In this way, by also varying the amplitude
of composition fluctuations, we aim to provide additional variability and
promote generalization to diverse spinodal decomposition pathways.

6.4 Convolutional Architecture for Field Evo-

lution

In this section, we review the main neural network architectures that
can be employed as surrogate models for continuum evolution problems,
discussing their core strengths and limitations. In numerical simulations,
any continuum field is represented on a discrete spatial grid, so the field
becomes a matrix of values. This matrix can be interpreted as an image,
where each pixel corresponds to the value of the discretized field at a
specific location. This observation forms the basis for connecting sur-
rogate models for continuum systems with the broader toolkit of image
processing.

Surrogate modeling often begins with feature extraction from data.
When the data originate from numerical simulations of discretized con-
tinuum fields, this feature extraction essentially becomes the task of iden-
tifying meaningful patterns in images and learning a mapping based on
those features. A core tool for feature extraction in image processing is
the convolutional filter. Convolutional filters are small matrices (typi-
cally 3 × 3 or 5 × 5 for most applications) that slide across an image
and compute weighted sums of local pixel neighborhoods. By applying
different filters, one can detect edges, textures, spatial patterns, or other
local features that help a model understand and process image-like data.
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Figure 6.4: Schematic illustration of a convolutional filter applied to
images of phase-field evolution. Each image is represented as a grid of
scalar values. The filter slides across the image, and at each location, a
convolution is performed by computing the dot product between the filter
weights and the corresponding image values within the kernel window.

Simple Convolutional Neural Networks (CNNs)
Convolutional neural networks are a class of NNs that exploit learn-

able convolutional filters, also known as kernels, and apply them to the
input field, transforming spatial patterns into feature maps. Instead of
learning connections between every input and every neuron, as in a fully
connected network, CNNs learn local spatially invariant connections,
making them far more efficient and better suited to spatial data [210].
Moreover, multiple stacked layers are able to build hierarchical represen-
tations: early layers capture low-level features, like gradients and local
composition variations, while deeper layers encode large-scale patterns,
like domain structures and more complex interfacial morphologies.

In our context (accelerating the system dynamics), we want a model
capable of mapping a microstructural field at time t to the field at a
future time t+ τ :

φ(x, t+ τ) = CNN(φ(x, t); θ) (6.10)

where θ represents network parameters. A common CNN architec-
ture typically consists of multiple convolutional layers with many learned
filters of customizable size k × k. A simple schematic representation of
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the application of a convolutional filter is shown in Fig. 6.4.
Activation functions, such as ReLU, Tanh, or others, are employed

between layers to introduce nonlinearity. Optionally, one could also use
tricks like pooling or striding for reducing spatial resolution (downsam-
pling). Also, regularizing methods can be employed, such as batch nor-
malization for training stability and dropout layers to prevent overfitting
and have a built-in ensemble of models for eventual uncertainty estima-
tion of the predictions.

CNNs are a relatively simple architecture, straightforward to train
and computationally efficient, as they are naturally parallelizable on
GPUs. An important aspect of fully convolutional variants (no fully
connected layers) is that they preserve spatial structure and generalize
to different domain sizes. From a practical standpoint, this means we can
train a fully convolutional model on a dataset defined over a relatively
small domain (one that is computationally manageable for a traditional
PDE solver) and then apply the trained model to much larger domains,
provided that locality and scale-independent dynamics assumptions hold.

6.5 Recurrent Architecture for Field Evo-

lution

The methods discussed above face a fundamental challenge when used
as surrogate models for predicting temporal evolution. While they may
perform well for single-step predictions, they tend to suffer from error ac-
cumulation over multiple time steps. Even traditional numerical solvers
introduce small errors at each step, which gradually compound and de-
grade long-time accuracy. For neural-network-based surrogate models,
this issue is often more severe, as accumulated artifacts can quickly lead
to highly unphysical dynamics. A direct example of this behavior will
be presented in Section 7.2, where we test and compare different NN
architectures.

RNNs
One way to address this issue is to incorporate not only the current

state at time t but also several past states, similar to forecasting mod-
els. This approach connects surrogate modeling with the broader field
of time-series analysis, which spans applications from energy demand
prediction to sales forecasting, financial risk assessment, and algorithmic
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Figure 6.5: Schematic representation of a recurrent architecture. At each
time step t, the current state φt is processed together with the hidden
state H⃗t to produce a prediction φ̃t and an updated hidden state. The
predicted state is then fed back into the network at the next time step,
allowing the hidden state to evolve recursively and enabling the iterative
generation of a sequence of predictions.

trading. A wide range of forecasting methods exists, from classical tech-
niques such as exponential smoothing, autoregressive models, moving
averages, and ARMA/ARIMA models developed in the 1980s, to more
advanced approaches.

In recent years, recurrent neural network architectures have gained
prominence, particularly long short-term memory networks (LSTMs) [211]
and gated recurrent units (GRUs) [212]. In the following, we discuss these
recurrent neural networks (RNNs) in detail and then explore how they
can be combined with convolutional architectures for our purposes.

Recurrent networks maintain an internal hidden state ht that evolves
with each time step, encoding temporal context. At each time step, the
hidden state is updated based on the current input and the previous
hidden state:

ht+1 = f(φt, ht; θ) (6.11)

and the predicted field is:

φ̃t+1 = g(φt; ht+1) (6.12)

where f and g are learned functions. So-called vanilla RNNs, de-
picted in Fig. 6.5, are shown to suffer from vanishing/exploding gradients
during training, making it difficult to learn long-range temporal depen-
dencies [213, 214, 215]. LSTM and GRU architectures address this by

84



introducing some kind of gating mechanisms that selectively preserve or
forget information of the hidden states across time.

LSTMs, and GRUs
LSTMs and GRUs are special RNNs designed to keep important in-

formation around for a long time and forget irrelevant info of the system
dynamics. Each LSTM cell has an internal memory represented by the
cell state, and three different gates that control the flow at each temporal
step:

• Forget gate: controls which info to throw away

• Input gate: controls what new info to add

• Output gate: controls what info to output.

More in detail, let φt be the input at time t, ht−1 be the previous
hidden state, W, b some weights and biases, and σ the sigmoid function.
At first, the forget gate filters out what to keep from the previous cell
state:

ft = σ(Wf [ht−1, φt] + bf ). (6.13)

Through the input gate, new info is selected to be added:

it = σ(Wi[ht−1, φt] + bi), (6.14)

so that the memory cell state is updated as:

Ct = ft ⊙ Ct−1 + it ⊙ tanh(Wc[ht−1, φt] + bc), (6.15)

where ⊙ represents the element-wise product. Once the cell state is
updated, the hidden state output is given as:

ht = σ(Wo[ht−1, φt] + bo) ⊙ tanh(Ct). (6.16)

GRU, on the other hand, is a simpler cousin to LSTM [212, 216]. The
key difference here is that GRU merges the forget and input gates into a
single update gate. In this way, GRUs have only two gates:

• Update gate: controls whether to keep past info or use the new
candidate

• Reset gate: helps create the candidate by forgetting parts of the
old hidden state.
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Figure 6.6: Schematic representation of the long short-term memory
(LSTM) and gated recurrent unit (GRU) architectures.

This simpler structure often trains faster, still with similar performance.
More in detail, in the update gate, the quantity

zt = σ(Wz[ht−1, φt] + bz) (6.17)

is computed, controlling how much of the hidden state should be
updated; while in the reset gate, the quantity

rt = σ(Wr[ht−1, φt] + br) (6.18)

is computed, controlling how much of the previous hidden state to
forget before computing the new candidate. At the final step, the new
hidden state is computed:

ht = (1 − zt) ⊙ ht−1 + zt ⊙ tanh(Wh[rt ⊙ ht−1, φt] + bh). (6.19)

These recurrent architectures, thanks to their hidden states, can ex-
plicitly capture temporal correlations, reducing error accumulation over
multiple steps. Moreover, they offer quite a lot of flexibility, since they
can handle variable-length input sequences and predict sequences of ar-
bitrary length as well. A schematic representation of both the LSTM
and GRU architectures is shown in Fig. 6.6
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6.6 Other novel approaches

U-Net and Encoder-Decoder Architectures
A key limitation of simple CNNs is their dependence on the resolu-

tion and locality imposed by their receptive fields. If the system exhibits
long-range interactions that extend beyond the kernel’s receptive field, a
standard CNN will struggle to capture these effects. One way to mitigate
this is to use larger kernels or, more effectively, to stack additional con-
volutional layers to increase the effective receptive field. An even more
powerful approach is to adopt a U-Net architecture, which is designed to
better capture multi-scale and long-range features.

The core concept of U-Nets is to employ an encoder-decoder architec-
ture with a bottleneck structure to capture multi-scale features [217, 218].
This architecture is composed of four main parts:

• Encoder: Series of convolutional and pooling layers that down-
sample the input, progressively extracting coarse features

• Bottleneck: Deepest layer with the smallest spatial resolution but
highest feature density

• Decoder: Series of upsampling and convolutional layers that pro-
gressively restore spatial resolution

• Skip connections: Direct links between layers in the encoder
directly to the corresponding layers in the decoder at the same
spatial resolution.

Downsampling through pooling and repeated convolutions is the key
to enlarging the receptive field in a computationally efficient way, but at
a cost. These operations in the encoder lead to a loss in spatial resolu-
tion, and the information flowing through the bottleneck is thus limited,
especially for small details. Moreover, without skip connections, the
decoder would rely only on compressed, abstract features from the bot-
tleneck, and fine spatial information and boundaries would likely not be
recovered, leading to blurry, inaccurate segmentation of small structures.
Without the skip connections, a U-Net would be just an autoencoder.
The skip connections are thus critical: they allow the network to use
both coarse contextual information (from the bottleneck) and fine spa-
tial details (from early encoder layers) when generating the output.

More in detail, in a skip connection, the feature map output from
an encoder layer before spatial downsampling (e.g., after convolutions,
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before pooling) is copied and then concatenated with the feature map
produced by the decoder’s upsampling layer at the matching resolution.
With skip connections, all information in the channels from both the
encoder and decoder at that stage is preserved. By doing so, the network
can leverage both low and high-level features during upsampling in the
decoder part.

Another positive impact of skip connections is the improvement in
gradient flow: they act as alternative paths for gradients, alleviating
vanishing gradients in deep networks and making the network easier to
train, in a similar way to ResNet architectures.

Deep Operator Networks (DeepONets)
Neural networks are well known to be universal approximators of con-

tinuous functions. Less recognized until recently is the result that NNs
can also approximate nonlinear continuous operators [219]. Deep Op-
erator Networks (DeepONets) [220] provide a practical framework for
learning such operators. A DeepONet architecture consists of two sub-
networks: a branch network, which takes a discretized representation of
the input function ν = (ν1, . . . , νn), and a trunk network, which receives
the coordinates at which the output function u = G[ν] is evaluated. This
architecture enables DeepONets to learn a wide class of operators, in-
cluding explicit operators such as integrals and fractional Laplacians, as
well as implicit operators corresponding to deterministic and stochastic
differential equations. As a result, DeepONets have been successfully
applied across diverse domains, including phase-field modeling [221, 15].

Fourier Neural Operators (FNOs)
Fourier Neural Operators (FNOs) [222] formulate operator learning

in Fourier space, leveraging the decomposition of physical fields into fre-
quency modes. Low-frequency components capture smooth, global dy-
namics, such as domain coarsening in phase-field models, while higher
frequencies represent fine interfacial structures. FNOs learn a paramet-
ric kernel applied via spectral convolutions, allowing efficient propaga-
tion of features and excellent scalability to high-resolution grids without
retraining. Their main strengths are translation equivariance and com-
putational efficiency. However, they struggle with sharp discontinuities
or non-periodic boundary conditions. Despite their recent introduction,
FNOs have already demonstrated substantial acceleration of phase-field
simulations while maintaining high accuracy [223].
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To address some of these limitations, hybrid architectures such as U-
AFNO combine U-Net-style multiscale feature extraction with adaptive
Fourier operator blocks. This approach balances local spatial details
with global features and has proven particularly effective for chaotic and
multiphase systems where pure FNOs may blur interfaces [224].

Future architectural explorations
Transformer architectures, originally developed for natural language

processing, rely on self-attention mechanisms to capture long-range de-
pendencies [225]. Recently, they have been adapted to operator learning
by treating spatial grids as sequences augmented with positional encod-
ings that preserve geometric structure. Attention mechanisms can enable
information exchange between distant regions of the domain, in principle
allowing transformers to capture collective phenomena such as long-range
coarsening dynamics that are difficult for purely local convolutional mod-
els.

A notable recent development is the Physics-Informed Transformer
Neural Operator (PINTO) [226], which addresses key challenges in solv-
ing nonlinear PDEs. PINTO learns mappings between function spaces
using only PDE residuals, without requiring simulation data or retraining
for new initial or boundary conditions.

Finally, diffusion-based and flow-based generative models represent
an emerging direction in sequence generation. While they have not yet
been widely applied to accelerating phase-field simulations, their ability
to model complex stochastic dynamics suggests significant potential for
future developments where one-to-one fidelity is not required. In particu-
lar, in Ref. [227], rolling diffusion models have been introduced, showing
great forecasting capabilities in predicting complex temporal dynamics,
such as in the case of chaotic fluid dynamics forecasting experiment.

Overall, the methods discussed here are not exhaustive of the rapidly
expanding landscape of approaches, still they highlight promising direc-
tions for next-generation and physics-aware surrogate modeling.
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Chapter 7

Deep Learning For Coherent
Spinodal Decomposition

Building on the theoretical and methodological foundations established
in previous sections, this section demonstrates the practical application
of artificial neural network architectures as surrogate models for accel-
erating continuum-scale materials simulations. Specifically, as a case
study, we want to accelerate PF simulations of spinodal decomposition
in coherently strained alloy systems. Extending PF simulations to large
computational domains or significantly long timescales can become com-
putationally expensive, restricting the exploration of complex material
behaviors.

We present a deep learning framework that learns to replicate the
complex dynamics of spinodal decomposition in cubic alloy microstruc-
tures with anisotropic elastic constants. The surrogate model is trained
on the dataset discussed in Section 6.3, comprising PF simulations span-
ning a wide range of composition fields and misfit strain parameters. As
we already saw in Chapter 6, these parameters control phase morphology
and kinetics in these systems. By explicitly conditioning the NN on the
misfit parameter, we enable the model to capture how elastic anisotropy
governs the evolution of microstructural features.

In this chapter, we also extensively test the surrogate model’s predic-
tive performance through multiple analyses. First, we establish accuracy
benchmarks through pixel-level, one-to-one comparisons with ground-
truth PF simulations within the training data regime. Second, we rig-
orously test generalization capabilities across longer timescales, larger
spatial domains, and different parametric conditions. Third, we exam-
ine whether the model implicitly learns the underlying physical princi-
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ples governing spinodal decomposition, assessed through its ability to
predict global thermodynamic quantities and reconstruct phase stability
diagrams.

After performing such validation across multiple performance met-
rics, we demonstrate that NN-based surrogates can effectively accelerate
continuum materials simulations while preserving physical fidelity, en-
abling new studies at larger scales at a fraction of the cost compared to
standard approaches.

7.1 Methods: CRNN Architecture

A description of the convolutional and recurrent neural network archi-
tectures was already done in Chapter 6. In this section, we provide a
detailed discussion of the specific framework we developed by combining
these two architectures into a convolutional recurrent NN (CRNN). We
discuss the hyperparameters employed, along with the physics-inspired
design of the output layer and the regularized loss function we imple-
mented to enable more effective training.

The model mainly builds on top of previous CRNN designs developed
in the research group and showcased in Ref. [228] and Ref. [20]. A key
difference is the explicit incorporation of parametric conditioning on the
misfit strain, enabling the network to predict noticeably different mor-
phological field evolution across a continuous range of elastic conditions.

Model Objective and Input Structure
The objective of our CRNN model is to predict the temporal evolu-

tion of the composition field φ from a given initial configuration φ0 and a
specified value of the misfit parameter η, which is supplied. At each time
step, the network receives the composition field φt as a spatial map. To
condition the evolution on the misfit parameter, the composition field φt

is concatenated with η at every time step, forming a two-channel input
representation: one channel containing the spatially varying composition
and the other a uniform field equal to η. This straightforward approach
offers practical advantages: it is simple to implement, readily extensible
to multiple parameters or even multiple spatially varying fields, and pre-
serves the fully convolutional nature of the architecture, which is essential
for generalization to arbitrary domain sizes [228].
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Figure 7.1: Schematic illustration of the convolutional recurrent neural
network (CRNN) used for evolution prediction. At each time step, the
model advances the system from the current state φt to the predicted
state φ̃t+τ , using the hidden states hit (with i indexing the convolutional
GRU submodules) and a control parameter η supplied as a constant field.
Instead of predicting φ̃t+τ directly, the network outputs an intermediate
scalar field µ̃t, from which the updated state is subsequently computed.
Green boxes denote fixed operations, while orange boxes indicate learn-
able components.

Core Architecture: Stacked Convolutional GRU Blocks
The input data are processed through two stacked convolutional gated

recurrent unit (convGRU) blocks [212]. Each convGRU block has 24
channels and employs 5 × 5 convolutional kernels. These architectural
choices were determined through preliminary hyperparameter tuning to
optimize, in a balanced way, both model performance and training sta-
bility. This configuration yields approximately 150, 000 trainable param-
eters, ensuring manageable computational demands during both training
and inference. Periodic boundary conditions are enforced through circu-
lar padding, maintaining consistency with the PF simulation dataset [229].
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Physics-Inspired Output Layer
Rather than directly predicting the composition field at the next time

step φ̃t+τ , the network outputs an auxiliary scalar field µ̃t, which repre-
sents the local chemical potential (scaled by mobility M) as it appears in
the Cahn-Hilliard equation (6.7). The updated composition field is then
computed as:

φ̃t+τ = φ̃t + ∇2µ̃t (7.1)

This design choice introduces a strong physics-based regularization
by construction: the network cannot produce non-conservative dynam-
ics, as mass conservation is mathematically enforced by the Laplacian
operation. This constraint significantly improves model stability and
reduces error accumulation during temporal extrapolation beyond the
training regime.

A schematic representation of the workflow of our architecture is
shown in Fig. 7.1

Loss Function and Regularization
The model is trained using a composite loss function that combines

three components, each with its own weight:

L(θ) =
1

NtsT

Nts∑
i=1

T∑
t=1

(Lφ(θ) + λ∇L∇(θ) + λfLf (θ)) . (7.2)

The three loss terms are:

• Lφ: Mean squared error between predicted and ground-truth com-
position fields, measuring pixel-level accuracy:

Lφ(θ) = ⟨(φi(t) − φ̃i(t|θ))2⟩ (7.3)

• L∇: Mean squared error between the squared gradients of predicted
and true fields:

L∇(θ) = ⟨
(
|∇φi(t)|2 − |∇φ̃i(t|θ)|2

)2⟩ (7.4)

• Lf : Mean squared error between the free energy densities of pre-
dicted and true configurations:

Lf (θ) = ⟨f(φi(t)) − f(φ̃i(t|θ))⟩2. (7.5)
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Figure 7.2: Training and validation loss curves during training; the pro-
nounced fluctuations in the first 10 epochs arise from the curriculum
learning strategy employed.

Here, θ denotes the network parameters, i indexes the Nts elements of
the training sequences, and t represents the time step ranging from 1 to
the total sequence length T . The symbol ⟨ .⟩ represents spatial average.

The weights λ∇ = 60 and λf = 150 were selected based on pre-
liminary analysis to balance the relative importance of these regular-
ization terms. Notice that here we compute the mean free-energy den-
sity ⟨f⟩ ≈ 2⟨w⟩ + ⟨ρ⟩ using the approximation ε|∇φ|2 ≈ w(φ) (see e.g.
Ref. [230]). The gradient-based term L∇ suppresses unphysical local fluc-
tuations, while the free-energy term Lf ensures that predictions remain
thermodynamically consistent even when pixel-level accuracy degrades.

In Sect. 7.3, we highlight the importance of incorporating multiple
regularization terms in the loss function by comparing our model with
an alternative trained using a simpler objective that accounts only for
the mean squared error between the true and predicted fields φ.

7.2 Training, Validation, and Testing

Having established the dataset characteristics and comprehensively de-
scribed the model architecture, we now present the performance assess-
ment of the trained surrogate model. This section evaluates model perfor-
mance during training and validation, examines accuracy on an indepen-
dent test set, and establishes the regimes in which the model maintains
satisfactory predictive fidelity.
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Figure 7.3: Comparison between NN predictions and ground-truth phase-
field (PF) evolutions for two validation examples, corresponding to (a)
low (η ≈ 0.07%) and (b) high (η ≈ 0.76%) misfit, respectively.

Training Strategy and Data Augmentation
The full dataset of 2000 simulations was divided with a 4 : 1 ratio

between training and validation subsets. Data augmentation techniques,
such as spatial reflections, 90◦ rotations, and the symmetry transforma-
tion φ→ 1 − φ, were applied to increase dataset diversity by leveraging
the physical symmetries of the system, even though these symmetries
are not explicitly built into the model architecture. Additionally, noise
injection regularization was employed during training by adding small
Gaussian perturbations (with standard deviation 1 · 10−3) to the compo-
sition fields, improving robustness to input variations.

Training was performed using the Adam optimizer [53] with a cur-
riculum learning strategy [231]. In this approach, the model initially
predicts only the final time step while being provided with nearly com-
plete sequences (99 snapshots at first). As training progresses, the num-
ber of input frames is gradually reduced, requiring the model to predict
increasingly longer portions of each sequence. By the final stage of train-
ing, the model receives only the initial condition and must predict the
full 100-step sequence iteratively. While this procedure can temporarily
increase the loss during this so-called ramp length, as shown in Fig. 7.2,
it facilitates more stable learning by progressively increasing task com-
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plexity. Once stabilized, loss fluctuations remain modest, consistent with
expected behavior in stochastic optimization.

Validation Set Performance
The model exhibiting the lowest validation loss was retained for all

subsequent analyses. To confirm that the trained model accurately cap-
tures the dynamics of spinodal decomposition, visual comparisons were
performed on representative validation sequences. Fig. 7.3 shows pre-
dicted and ground-truth evolutions across the parametric range: a low-
misfit case (η ≈ 0.07%, ⟨φ⟩ ≈ 0.396) and a high-misfit case (η ≈ 0.76%,
⟨φ⟩ ≈ 0.388). Both cases demonstrate nearly one-to-one correspondence
between predicted and reference sequences, with only minor discrepancies
in domain connectivity. This visual agreement suggests that the model
has successfully learned the essential features of spinodal decomposition
across the parametric space.

Test Set Design and Temporal Generalization
To rigorously assess robustness and generalization capability, an inde-

pendent test set of 500 sequences was generated with identical character-
istics to the training data but extended to 500 τ : five times longer than
the training sequences. This design enables evaluation of the model’s
ability to predict dynamics extrapolating beyond the training regime.
In Fig. 7.4, we show an example taken from the test set (η ≈ 0.45%)
showing the predictions over extended times. Within the training time
window [0, 100] τ , the model maintains the near-perfect one-to-one match
observed on validation data. However, as evolution progresses beyond
this range, pixel-level accuracy gradually degrades. This degradation
stems from the progressive accumulation of small prediction errors com-
pounded by critical dynamical events such as domain coalescence and
splitting. At later stages (t = 500 τ), the predicted morphology remains
physically plausible but diverges in one-to-one accuracy from the ground-
truth simulation, as illustrated by the error map |∆φ| = |φpred − φtrue|
in Fig. 7.4.

Quantitative Error Analysis: Pixel-Level Metrics
To quantify prediction accuracy, the mean absolute error (MAE) was

computed at each time step. The statistical distribution of MAE across
the test set, and as a function of time, reveals sublinear error accu-
mulation, remaining as low as ≈ 0.025 within the full training window
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Figure 7.4: Test sequence of spinodal decomposition at misfit η ≈ 0.45%,
comparing the NN prediction with the reference phase-field (PF) evolu-
tion, initialized from a Perlin noise profile with ⟨φ⟩ = 0.5. Maps of the
absolute error, defined as the pointwise difference |∆φ| = |φ − φ̃|, are
shown at t = 100, τ and 500, τ .

[0, 100] τ and reaching a median of approximately 0.09 when extrapolat-
ing to 500 τ , as shown in Fig. 7.5a. These error magnitudes align with
typical extrapolation errors reported in comparable NN surrogate stud-
ies [15, 16] and reflect the inherent sensitivity of time-evolving systems
to small perturbations. Notably, even PF simulations exhibit compa-
rable sensitivity to numerical discretization choices, demonstrating that
the observed deviations are not unique to the NN model predictions but
rather are characteristic of bifurcation-sensitive dynamical systems like
the one simulated here.

Beyond Pixel-Level Accuracy: Global Descriptors
While pixel-level metrics reveal accuracy degradation during extrap-

olation, assessing physical fidelity also requires evaluation of global, mor-
phology dependent quantities. The total interface length, normalized
by domain size as 2⟨|∇φ|⟩, provides such a global descriptor. Fig. 7.5b
demonstrates that the relative error in interface length prediction grows
substantially more slowly than pixel-level MAE, remaining below 2%
throughout the training window and under approximately 5% while ex-
trapolating at 500 τ for the majority of cases, as reflected in the interquar-
tile range. This significant discrepancy between local and global error
metrics indicates that while the model loses one-to-one pixel correspon-
dence during extrapolation, it continues to provide physically reasonable
representations of overall domain evolution and morphological statistics.
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Figure 7.5: (a) Time evolution of the mean absolute error (MAE) and
(b) of the relative error in interface length, computed as ⟨w(φ)⟩, between
NN predictions and PF ground truth, for a test set of 500 sequences
up to 500, τ . The solid line denotes the median, while the shaded area
indicates the interquartile range (IQR).

7.3 Time Evolution of Mean Properties

While the previous section focused on pixel-level accuracy, this section ex-
tends the analysis to assess the physically meaningfulness of the model’s
predictions at longer timescales. Although the surrogate model loses
one-to-one correspondence with ground-truth simulations during tempo-
ral extrapolation, we verify whether it continues to satisfy the underlying
thermodynamic principles governing spinodal decomposition.

Thermodynamic Consistency: Free Energy Evolution
Since the Cahn-Hilliard equation inherently drives the system toward

free energy minimization, the total free energy density ⟨f⟩ serves as a pri-
mary check of thermodynamic fidelity. To evaluate this, a new dedicated
test set of 50 independent evolutions was built for fixed average composi-
tion ⟨φ⟩ = 0.5 and misfit strain η = 0.6%, each extending to 1000 τ : ten
times longer than the training sequences. Fig. 7.6a presents the temporal
evolution of ⟨f⟩, with solid lines indicating ensemble medians and shaded
regions denoting the interquartile range (IQR).

The NN predictions demonstrate excellent agreement with PF ground
truth even in the extrapolation regime, with median values of the two
approaches falling within each other’s IQR for most of the evolution. De-
viations become apparent only at later snapshots (approximately 900 τ).
Importantly, this threshold is substantially further in time than the point
where pixel-level errors become evident, demonstrating that global ther-
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Figure 7.6: Time evolution of (a) the mean free energy density ⟨f⟩, (b)
the mean interface energy density ⟨w⟩, (c) the mean elastic energy density
⟨ρ⟩.

modynamic behavior still persists beyond the point of one-to-one corre-
spondence.

Energy Decomposition: Interface and Elastic Contributions
A more detailed analysis reveals how the surrogate captures the com-

peting energy contributions governing the dynamics. Fig. 7.6b,c sepa-
rately display the mean interface energy density ∝ 2⟨|∇φ|⟩ and mean
elastic energy density ⟨ρ⟩. While the CRNN model exhibits a slight
underestimation of interface energy decay and a slight overestimation
of elastic energy growth, both components remain consistent with PF
results within the IQR. Notably, the relative errors in the two contribu-
tions are comparable in magnitude, suggesting the model is capable of
preserving a balance between interfacial and elastic effects in the domain
morphology evolution.

Training with an unregularized MSE loss
In Sect. 7.1, we introduced the composite loss function adopted in this

work, which combines multiple terms: the MSE between the predicted
(φ̃t) and ground-truth (φt) composition fields, the MSE between their
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Figure 7.7: (a) Comparison between configurations obtained with a
model trained without loss regularizations and the corresponding ground
truth. Simulations are taken from the test set used for Fig. 7.5 at time
t = 500 τ for three different η misfit values. (b) Time evolution of MAE
computed on the same test set. The median value is drawn by a solid
line while the shaded area indicates the IQR.

squared gradients, and the MSE between the corresponding free energy
densities. Here, we explicitly demonstrate the importance of including
these additional regularization terms.

To this end, we train an alternative model using a simpler loss func-
tion defined solely by the MSE on the composition field:

L(θ) =
1

NtsT

Nts∑
i=1

T∑
t=1

⟨(φi(t) − φ̃i(t|θ))2⟩. (7.6)

Using this unregularized objective, we repeat the same set of tests
performed for the main model and directly compare the results. We first
consider the test set of 500 sequences of length 500, τ used previously.
As shown in Fig. 7.7a, which reports PF and NN-predicted snapshots
at t = 500, τ , visual inspection already reveals the presence of spurious
undulations in the φ ≈ 1 (white) phase. These artifacts are absent
in the regularized model, primarily due to the strong smoothing effect
introduced by the gradient-based loss term L∇.

We also evaluate the time evolution of the MAE, shown in Fig. 7.7b.
The local prediction error of the unregularized NN remains relatively
small and only slightly exceeds that of the fully regularized model, indi-
cating that the additional loss terms have a limited impact on pixel-level
error accumulation.

However, more pronounced differences emerge when considering phys-
ically meaningful observables. We compute the time evolution of the
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Figure 7.8: Time evolution of (a) mean free energy density ⟨f⟩, (b) mean
interface energy density ⟨w⟩ and (c) mean elastic energy density ⟨ρ⟩ com-
puted on the same test set of 50 simulations used for Fig. 7.6 (with fixed
⟨w⟩ = 0.5 and η = 0.6%) by using the NN model trained without loss
regularizations (red) and the PF ground truth solutions (blue).

mean free energy density ⟨f⟩, the mean interface energy density ⟨w⟩, and
the mean elastic energy density ⟨ρ⟩ using the same test set as in Fig. 7.6.
As shown in Fig. 7.8, discrepancies between the PF reference trajectories
and those predicted by the NN trained without physics-inspired regular-
ization appear already at short times and grow rapidly, ultimately ren-
dering the predictions unreliable. This comparison clearly demonstrates
that the inclusion of the additional physics-informed loss terms, L∇ and
Lw, is crucial for improving generalization and preserving the physical
fidelity of the learned dynamics.

Geometric Descriptors
Beyond energetic quantities, we provide additional validation of the

model’s ability to capture geometrical properties. Two metrics sensitive
to domain geometry were evaluated:

Isotropy Degree (I): This metric quantifies the directional balance
of domain boundaries through analysis of histograms of oriented gradi-
ents computed on each snapshot [232]. Values close to unity indicate
nearly isotropic patterns, while values near zero reflect preferential align-
ment of interfaces along crystallographic directions (⟨10⟩ and ⟨01⟩). The
CRNN reproduces this quantity accurately despite it not being included
in the training loss function, demonstrating implicit learning of elastic
anisotropy effects, as shown in Fig. 7.9a. More in detail, each image is
partitioned into local cells of 4 × 4 pixels, which are then combined into
2 × 2 blocks to perform local normalization. Gradient orientations are
discretized into 10 angular bins spanning the range 0◦ to 180◦. After
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Figure 7.9: (a) The isotropy factor I, and (b) the boundary fractal dimen-
sion Db, obtained from 50 independent simulations with fixed ⟨φ⟩ = 0.5
and η = 0.6%, and different initial Perlin noise profiles. Solid lines indi-
cate the median, while shaded regions denote the IQR. NN predictions
are shown in red, and the corresponding PF reference results are in blue.

spatial averaging, the mean gradient magnitude within each orientation
bin provides a measure of the prevalence of interfaces aligned along that
direction. The isotropy factor I is then defined as the ratio between the
average magnitude associated with non-axial orientations, ⟨M⟨¬10⟩⟩, and
that corresponding to the horizontal and vertical ⟨10⟩ directions, ⟨M⟨10⟩⟩:

I =
⟨M⟨¬10⟩⟩
⟨M⟨10⟩⟩

. (7.7)

Boundary Fractal Dimension (Db): This descriptor characterizes
the geometrical complexity of the domain interfaces [233]. It is obtained
by assessing how the number of edge pixels scales with the observation
length scale using a box-counting approach. Specifically, Db is computed
as the negative slope of the log–log relationship between the number of
occupied boxes N(L) and the box size L:

Db = −d logN(L)

d logL
. (7.8)

The intuitive picture is that higher values indicate more irregular
and convoluted boundaries. As shown in Fig. 7.9b, the model predic-
tions closely match the ground-truth evolution of this metric, further
confirming, once again, the preservation of morphological detail beyond
pixel-level correspondence.

102



Figure 7.10: (a) Time evolution of the MAE between noisy PF simula-
tions and the corresponding deterministic ground-truth trajectories from
the test set in Fig. 7.5, defined as MAE = ⟨|φnoise −φ|⟩. (b) Time evolu-
tion of the mean free energy density ⟨f⟩, comparing noisy PF simulations
with the corresponding NN predictions for the test set shown in Fig. 7.6.
Solid lines indicate median values, while shaded regions represent the
IQR. Noisy PF results are shown in blue, and NN predicted dynamics in
red.

Phase field simulations with noise
To contextualize the magnitude of the prediction error, we compare

it with the effects of stochastic perturbations in the PF dynamics. To
this end, the integration scheme of Eq. (6.8) was modified by adding
Gaussian random noise ν to φt at each time step:

φ̂t+δt =
φ̂t + ν − δtMq2 ̂w′(φt + ν)

1 + δtM (ϵq4 + η2tr(B)q2)
(7.9)

Exact mass conservation was enforced by subtracting the spatial mean
of the noise over all pixels.

For a quantitative analysis, we considered as ground truth the same
500 PF sequences used in Fig. 7.5. For each sequence, an additional
PF simulation was performed starting from the identical initial condi-
tion but including stochastic noise. Fig. 7.10a reports the mean absolute
error (MAE), computed over these sequences as MAE = ⟨|φnoise − φ|⟩.
As expected, the MAE increases over time due to the cumulative effect
of random perturbations, and it would also grow with the noise standard
deviation. By comparing this trend with the one in Fig. 7.5a, we find
that a noise amplitude with standard deviation 7.5 × 10−4 produces a
variability comparable to the prediction error of the trained NN model.
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Notably, the IQR of the noisy PF ensemble is significantly wider, indi-
cating that the NN exhibits a more concentrated error distribution for a
similar median value.

As already discussed, the MAE only captures pixel-wise discrepancies
and does not reflect agreement in more coarse-grained physical observ-
ables, such as free-energy evolution. To enable a direct comparison with
the NN analysis in Fig. 7.6, we therefore examined the same set of 50
independent evolutions with ⟨φ⟩ = 0.5 and η = 0.6%, comparing them
with the corresponding noisy PF dynamics. Fig. 7.10b shows the com-
parison between the time evolution of the mean free-energy density ⟨f⟩
of the noisy PF simulations and the NN predictions that were already
reported in Fig. 7.6a. The close agreement in both median values and
interquartile ranges demonstrates that the accumulation of NN predic-
tion errors is effectively equivalent to introducing random fluctuations
into the PF dynamics. Since such fluctuations do not alter the ensemble
thermodynamic behavior, this comparison supports the physical consis-
tency of the NN-generated trajectories, even when strict pointwise corre-
spondence with the ground truth is lost due to bifurcations in topological
events, such as domain pinching or merging.

Implications for Extended Extrapolation
Collectively, these findings establish that the neural network surro-

gate produces physically meaningful predictions for time scales extend-
ing 8–9 times beyond the training regime. While morphological detail
inevitably deteriorates, the underlying thermodynamic principles and ge-
ometric properties of the system remain well-represented, enabling the
model to serve as a reliable accelerator for parametric studies and long-
timescale investigations that prioritize global system behavior over pixel-
level fidelity.

7.4 Domain-Size Generalization Tests

Having established the model’s temporal generalization capabilities, we
now examine its ability to handle spatial domains substantially larger
than those encountered during training. A key architectural advantage
of the fully convolutional design is its inherent independence from do-
main dimensions: once trained, the model can in principle operate on
arbitrarily sized computational grids. In this section, we indeed test the
model’s accuracy when applied to significantly larger domains.
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Figure 7.11: (a,b) Comparison between NN-predicted and PF reference
profiles for spinodal decomposition at t = 100, τ , starting from Perlin
noise initial conditions on large 512× 512 domains, for (a) η = 0.4% and
(b) η = 0.8%. The corresponding maps of absolute error over the domain
are also shown. (c) Representative 1000, τ -long evolution on a 512× 512
domain with η = 0%, initialized from a spatially varying composition
field with higher concentration at the center and lower values near the
boundaries.

Large-Domain Performance: 512 × 512 Simulations
To assess spatial generalization, the trained model was tested on

512 × 512 computational domains, 16 times larger in area than the
128 × 128 training grids. In Fig. 7.11a,b, we show comparisons be-
tween NN predictions and PF ground truth for two representative cases
with average composition ⟨φ⟩ = 0.45 and misfit strains η = 0.4% and
η = 0.8%, evolved up to t = 100 τ . Despite the increase in domain size,
the predicted morphologies exhibit excellent agreement with the true se-
quences, accurately reproducing the dominant structural features that
emerge during the evolution. Again, minor local discrepancies appear
where domain pinching or coalescence events occur, reflecting the same
sensitivity to bifurcations observed in previous tests.

Combined Generalization: Non-Standard Initial Conditions
As a more stringent test of model robustness, we evaluated perfor-

mance on initial conditions that deviate qualitatively from the training
distribution while simultaneously challenging both spatial and temporal
generalization. In Fig. 7.11c, we show a case initialized with a spatially
inhomogeneous average composition: higher concentration in the domain
center and progressively lower toward the edges. This configuration is
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fundamentally different from the homogeneous Perlin noise patterns used
during training. The simulation was performed on a 512 × 512 grid and
extended to 1000 τ , combining domain-size scaling (16× larger), tem-
poral extrapolation (10× longer), and distributional variation in initial
conditions. Despite these compounded challenges, the CRNN predic-
tion still remains in substantial accordance with the PF ground truth
throughout the evolution. While pixel-level differences accumulate at
later times, consistent with the behavior observed in Sect. 7.2, the model
successfully captures the overall morphological evolution and the spatial
heterogeneity of phase separation driven by the composition gradient.
This demonstrates that the learned dynamics are not narrowly special-
ized to the specific noise patterns of the training set but instead reflect
a more general ”understanding” of the underlying physics.

7.5 NN Reconstruction of the Phase Dia-

gram

We now assess the capability of the CRNN model to extract physically
meaningful insights from parametric studies. Specifically, we evaluate
whether the model can accurately reconstruct the phase diagram of the
system, delineating regions of phase stability as a function of composition
and misfit strain.

Phase diagram reconstruction
The phase diagram reconstruction test utilizes the same test set of

500 sequences described in Sect. 7.2, which samples (⟨φ⟩, η) parameter
pairs with mean composition in the [0.20, 0.80] range and misfit in the
[0.0%, 1.2%] range. For each simulation, we classify the final state at
t = 100 τ as either phase-separated or homogeneous by evaluating the
compositional variation ∆φ = max(φ) − min(φ). If this quantity falls
below an arbitrarily chosen threshold of 0.05, the system is classified as
remaining in a single homogeneous phase; otherwise, it is considered to
have undergone phase separation.

In Fig. 7.12a, we show the reconstructed phase diagram, with each
point corresponding to a sampled (⟨φ⟩, η) combination. The analytical
spinodal line derived from the stability criterion of Eq. (6.9) is overlaid
for reference. In the overwhelming majority of cases, 491 out of 500
(98.2%), the CRNN prediction matches the PF classification, correctly
distinguishing between single-phase and two-phase configurations across
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Figure 7.12: (a) Phase diagram reconstructed using the trained CRNN.
Each point represents a (⟨φ⟩, η) pair sampled by PF simulations initial-
ized from random Perlin noise and evolved up to 100, τ . The analytical
spinodal line is shown as a solid black curve for reference, and points
are classified based on the agreement between NN predictions and the
corresponding PF ground truth. (b) Examples of failure cases at 200, τ ,
in which the model either incorrectly predicts phase separation or intro-
duces spurious artifacts (indicated by black crosses in panel (a)).

the parametric space. Only 9 configurations resulted in misclassification,
almost all occurring near the phase boundary between stability regimes.
Fig. 7.12b illustrates three representative failure cases at t = 200 τ where
the CRNN incorrectly predicts phase separation in systems that should
remain homogeneous according to ground-truth simulations. In these
cases, the model introduces spurious compositional artifacts or weak
phase separation features that do not appear in the true evolution.

This high degree of agreement confirms that the model has implic-
itly learned how elastic strain penalizes spinodal decomposition, shifting
the stability boundary compared to the strain-free case, despite having
no explicit knowledge of the analytical stability condition encoded in
Eq. (6.9). Such implicit learning leads us to believe in the potential for
applying this approach to more complex material systems where ana-
lytical expressions for phase stability are unavailable or where extensive
parametric exploration would be computationally prohibitive using con-
ventional PF methods alone.
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Figure 7.13: Comparison of NN and PF profiles at 200, τ for two sim-
ulations starting from the same Perlin noise profile but with different
amplitudes. The larger-amplitude perturbation (left) leads to phase sep-
aration, while the smaller one (right) remains homogeneous; both behav-
iors are correctly reproduced by the CRNN.

Sensitivity to Initial Perturbation Amplitude
An important caveat in interpreting the phase diagram is that average

composition ⟨φ⟩ and misfit strain η alone do not uniquely determine
the system’s fate: the amplitude of initial perturbations also plays a
significant role, particularly near the spinodal boundary. This explains
why neither the CRNN nor the PF simulations produce a perfectly sharp
phase boundary matching the analytical prediction. Both approaches
exhibit some scatter around the theoretical curve due to variability in
the amplitude of the perturbations in the initial conditions. To illustrate
this sensitivity, in Fig. 7.13 we compare two evolutions initialized from the
same Perlin noise profile but with different perturbation amplitudes from
the mean value of the field. The configuration with larger fluctuations
undergoes spinodal decomposition, developing a distinct phase-separated
domain, while the one with smaller fluctuations relaxes to a uniform field.
The CRNN accurately captures both outcomes, demonstrating that it has
not just learned only the parametric dependence on (⟨φ⟩, η) but also the
role of initial perturbation strength in determining nucleation dynamics.
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Figure 7.14: A domain initialized with Perlin random noise is evolved
until it reaches a flat configuration. The evolution is compared with the
corresponding finite difference integration for approximately one-third
of the time sequence. In the upper set of snapshots, only regions with
φ ≥ 0.5 are displayed. Insets show close-ups of areas exhibiting the
largest local deviations. Taken from our work, Ref. [20].

7.6 Extension to 3D domains

One of the main future objectives is to extend this line of research to
three-dimensional domains. In the absence of elastic effects and anisotropy,
such an extension is relatively straightforward. In fact, I already con-
tributed to related work reported in Ref. [20], where a CRNN is trained to
reproduce the three-dimensional spinodal decomposition dynamics gov-
erned by the Cahn–Hilliard equation. A specialized, physics-informed
architecture is shown to yield excellent agreement between the predicted
evolutions and the ground truth obtained from conventional numerical
integration schemes. The approach accurately reproduces the evolution
of microstructures not included in the training set, while achieving a sub-
stantial reduction in computational cost. As illustrated in Fig. 7.14, the
model exhibits remarkable long-time extrapolation capabilities, reaching
the theoretically expected equilibrium state characterized by a layered,
phase-separated morphology, despite being trained only on short early
stage dynamics. Quantitative agreement with the free energy decay rate
is maintained up to the late coarsening regime, demonstrating that this
class of machine learning methods can provide a powerful and thermo-
dynamically consistent tool for long timescale and high-throughput ma-
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terials simulations with high accuracy.
In expanding such a framework for systems with anisotropic elastic

fields, no fundamental technical obstacles are expected: one can just pass
the misfit parameter as a 3-dimensional uniform field, similarly to what
has been done in this work in 2-dimensions. However, the construction
of a sufficiently large and representative training database becomes more
demanding.
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Conclusions & Perspectives

About the MLIP model
Using the DeePMD framework [25], we have developed an accurate

and computationally efficient machine learning interatomic potential,
trained on a dataset of DFT calculations we performed using VASP,
specifically designed to investigate pressure-driven crystal phase transi-
tions in germanium. The resulting deep potential achieves several orders
of magnitude speedup over density functional theory while retaining lin-
ear scaling with system size. Its reliability is demonstrated through ex-
tensive validation against DFT calculations, including regression analyses
of energies, forces, and stresses on independent test sets, as well as accu-
rate reproduction of formation energies and energy–volume relationships
for a wide range of stable and metastable Ge allotropes.

A central outcome of this study is the demonstration that iterative,
active refinement of the training dataset, by incorporating transition-
state configurations sampled from solid-state-NEB and solid-state-dimer
calculations performed with the potential itself, together with the train-
ing objective of fitting virials, together with energies, and forces, pro-
vides a simple yet highly effective strategy for achieving quantitatively
accurate prediction of activation barriers under varying stress conditions.
This capability enabled us to robustly explore several complex pressure-
dependent transformation pathways, including the simulation of the dy-
namics of the pressure-induced nucleation of a crystal phase transition
mechanism that would otherwise be prohibitively expensive to simulate
with first-principles methods. A summary of such results is given at the
very end of PART II - Atomistic Modeling.

To facilitate reproducibility and further research, the developed MLIP,
together with the full reference dataset, has been made publicly available
at Ref. [191].

This work provides a solid reference point for exploring several promis-
ing future research directions. First, the developed potential can be di-
rectly employed to investigate additional pressure-induced phase transi-

111



tions in germanium. In particular, the complete sequence of transforma-
tions connecting the cubic diamond and hexagonal diamond phases re-
mains only partially understood. A natural extension of the present study
would be to apply this potential to systematic investigations of these
pathways, following approaches analogous to those previously adopted
for silicon in Refs. [189, 6].

A second avenue of research involves extending the scope of the model
to defect-mediated phenomena in germanium. The potential may be used
to study dislocations, vacancies, and their mutual interactions, supported
by targeted DFT calculations of representative defect configurations. In-
corporating such structures into an expanded training dataset would en-
able further refinement of the potential and improve its transferability.

Alternatively, the existing high-quality dataset generated in this work
could serve as a benchmark or training resource for next-generation ma-
chine learning potentials. For example, retraining the model using more
recent architectures such as MACE [164] may yield further gains in ac-
curacy or data efficiency. In a similar spirit, the dataset could be used
to fine-tune modern foundation models, such as MACE-MP-0 [175, 176],
and systematically assess their performance for pressure-driven phase
transitions in germanium. While general-purpose models offer attrac-
tive flexibility, this comparison would help quantify the extent to which
system-specific potentials continue to provide superior accuracy when
sufficient domain-specific data are available.

About the CRNN model
We successfully developed and validated a parametrically-conditioned

convolutional recurrent neural network surrogate for accelerating contin-
uum scale simulations of coherent spinodal decomposition in alloys.

The surrogate model was trained on a dataset composed of time-
evolution sequences of two-dimensional domains, generated by integrat-
ing the Cahn-Hilliard equation coupled with elasticity. After training,
the model is provided with a given initial composition and an associ-
ated misfit parameter, and tasked with predicting a whole sequence it-
eratively. The model achieves near–perfect, one-to-one agreement with
the phase-field ground truth across a broad range of misfit values and
average compositions, within the temporal interpolation regime, corre-
sponding to evolutions up to the training horizon of 100 τ (we recall that
τ represents the time interval of each CRNN prediction and corresponds
to τ = 100 δt, where δt is the phase-field simulation time step). When
extrapolated to longer times, up to five times the training sequences,
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pixel-level accuracy gradually degrades as small local errors accumulate
and are amplified by bifurcation events such as domain coalescence and
pinching. Despite this, the model continues to reliably reproduce global
microstructural observables, including interface length, free-energy evo-
lution, and geometric descriptors, over extended time scales.

Spatial generalization tests further demonstrate the scalability of the
fully convolutional architecture, without retraining or architectural mod-
ification. This scalability yields significant computational advantages,
thanks to a more favorable scaling with the number of collocation points
(O(n) compared to the O(n log n) complexity of the PF solver) when
both the reference numerical simulations and model inference are ex-
ecuted on the CPU. Both the reference numerical solver and the NN
inference can be accelerated on GPUs: the former via the CuPy library
and the latter using PyTorch with CUDA support. When comparing
GPU executions, the NN achieves roughly a ×3.3 speedup relative to
the reference numerical simulations. All benchmarks were performed on
the same workstation equipped with an Intel Xeon W-2133 processor (12
cores at 3.60 GHz), 31 GB of RAM, and an NVIDIA RTX A5000 GPU.

In addition, the model robustly handles initial conditions that dif-
fer qualitatively from the training distribution, such as spatially varying
composition gradients, underscoring its ability to generalize beyond nar-
rowly defined data patterns.

The reconstruction of the phase diagram provides a stringent val-
idation of the model’s physical fidelity. Achieving a 98% accuracy in
classifying homogeneous versus phase-separated states across the (⟨φ⟩, η)
parameter space, the network has implicitly learned the thermodynamic
principles governing phase stability, including the strain-induced sup-
pression of spinodal decomposition, despite having no explicit access to
analytical stability criteria. This result highlights the potential of the
approach for systems where analytical descriptions are unavailable or
exhaustive parametric studies would be computationally prohibitive.

Although the present study focused on spinodal decomposition de-
scribed by the elastically coupled Cahn–Hilliard equation, the proposed
framework is broadly applicable to other continuum models. This system
was chosen as a demanding test case due to its rich morphological behav-
ior, providing a rigorous benchmark for the architecture. The underly-
ing methodological elements, including parametric conditioning, physics-
informed output layers enforcing conservation laws, and multi-term loss
functions balancing local accuracy with thermodynamic consistency, can
be adapted to other phase-field and continuum formulations.
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The combination of low computational cost and demonstrated scala-
bility opens the door to high-throughput investigations of systems that
lie beyond the practical reach of conventional numerical solvers. In par-
ticular, the ability to train on modest domain sizes and deploy on much
larger systems offers a decisive advantage for studying phenomena char-
acterized by large intrinsic length scales.

The dataset used to train and validate the model is openly available
in Materials Cloud Archive Ref. [234]. The code used to train the NN
model is freely available on GitHub at Ref. [235].

Looking ahead, it would be worth trying to implement other models
based on novel, promising architectures like U-nets [217], DeepONets [220],
and Fourier Neural Operators [236]. Also, an exciting direction for fur-
ther development lies in training the surrogate model on experimental
data. Incorporating real microstructural observations from techniques
such as microscopy or scattering could enable hybrid, data-informed mod-
els that bridge simulations and experiments.
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convolutional neural network-based strategies to accelerate growth dy-
namics in strained thin films. The challenge addressed in these works is
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ated through Green’s function approximations or full finite element cal-
culations, represents the dominant computational bottleneck in the time
integration of surface evolution equations, limiting long-time and large-
scale simulations. We show that we can train CNNs to accurately ap-
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[41] A. P. Bartók, M. C. Payne, R. Kondor, and G. Csányi, “Gaussian
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