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1. Introduction

1.1. Motivation

Topological recursion [46] is a method to recursively define a collection of multidifferentials ωg,n on a given object, called 
a spectral curve. It was originally developed to solve loop equations coming from matrix models [31], but has applications 
to many other areas of mathematics as well: among others intersection theory on moduli spaces of curves [46,42,40], 
volumes of moduli spaces [47,6], Hurwitz theory [28,45,25,38], Gromov–Witten theory [27,48,40,63,49,50,52], maps [18], 
free probability [19], supersymmetric gauge theories [15], and integrable systems of various kinds [9,44,30].

The spectral curve of topological recursion is usually taken to be a Riemann surface �, together with two meromorphic 
functions x and y on it, and a symmetric bidifferential B . The recursion only depends on the local behaviour of the spectral 
curve near the ramification points of x, which were originally required to be simple and regular points of y. These conditions 
on the ramification points have been lifted to a far higher generality [26,23,32,37,16,21], allowing for higher ramification 
orders as well as certain poles of y.

Although topological recursion itself is local in nature, it behaves better if the spectral curve is global, i.e. if x and y
are meromorphic functions on a compact Riemann surface. In this case, the functions x and y satisfy a polynomial relation 
P (x, y) = 0, and, according to the topological recursion/quantum curve correspondence conjecture [10,53] (see also [62]), 
one should be able to quantise such an equation. Explicitly, there should exist an operator P̂ (x̂, ŷ, �), where x̂ = x· and 
ŷ = � d

dx , such that P = P̂ (x, y, 0), and such that it annihilates the wave function

ψ(x(z)) = exp

⎡
⎣ ∞∑

n=1

∞∑
g=0

�2g+n−2

n!
z∫
· · ·

z∫ (
ωg,n − δg,0δn,2

dx(z1)dx(z2)

(x(z1) − x(z2))2

)⎤⎦ , (1)

that is, P̂ψ = 0, where z is a coordinate on a fundamental domain of the spectral curve. This is a subtle issue, in part due 
to non-unique quantisation and integration paths. Nevertheless, the correspondence was proven to hold for a large class 
of genus zero algebraic spectral curves with arbitrary ramification in [24], and for all algebraic spectral curves with simple 
ramification in [43,59,44].

Compact spectral curves exhibit more nice features: topological recursion is related to intersection theory of the moduli 
spaces of curves in a general setup [42,40], and in case the spectral curve is compact, the intersection theory is well-behaved 
and largely independent of the choice of bidifferential [39].

But what if the spectral curve is of a form where x and y do not satisfy an algebraic relation? This occurs in a large 
class of examples, mostly related to hypergeometric tau-functions and Hurwitz theory, see e.g. [20,45,38,29,30], where the 
spectral curve is usually of the form x(z) = ze−ψ(y(z)) , for some series ψ(y) and y(z). In important examples, both ψ and y
are polynomial, so the function x has an essential singularity. Does the topological recursion/quantum curve correspondence 
conjecture hold for these cases?

In certain cases, for instance in [61], and also the more general setup of [5], it is shown that the differentials ωg,n

produced by topological recursion are generating series for certain types of Hurwitz numbers. Using this interpretation, it 
2
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is then proven that a quantum curve exists, albeit a fairly complicated one. However, the quantum curves were constructed 
from the enumerative interpretation in terms of Hurwitz numbers, rather than from the spectral curve itself, which is 
somewhat unsatisfactory. Can we construct the quantum curves directly from the spectral curve using topological recursion, 
in the spirit of [24,43,59,44]?

1.1.1. An observation
In fact, this project started with the following observation. Consider topological recursion on the spectral curve S given 

by the equation

y − exr yr = 0, (2)

for r ∈Z≥1.1 As shown in [38], the differentials ωg,n produced by topological recursion are generating series for r-completed 
cycles (also called r-spin) Hurwitz numbers. Moreover, using the semi-infinite wedge space interpretation of Hurwitz num-
bers, it was proven in [61] that these Hurwitz numbers satisfy a quantum curve in the sense above. The resulting quantum 
curve is a quantisation of the spectral curve, but a rather complicated one:

P̂ = ŷ − x̂1/2e
1

r+1

∑r
i=0 x̂−1(x̂ ŷ)i x̂(x̂ ŷ)r−i

x̂−1/2, (3)

with x̂ = x· and ŷ = � d
dx .

To obtain this quantum curve directly from topological recursion, in the spirit of [24], one approach is to consider a 
sequence of genus zero compact spectral curves SN , specified by rational functions xN and yN , such that xN and yN go to 
the above x and y in the limit N → ∞. (Schematically, limN→∞ SN = S .) For all positive integers N , topological recursion 
produces differentials ωN

g,n . From these differentials, one can construct a wave function ψN as in (1). If the genus zero 
spectral curves for finite N fall within the class studied in [24], then we know right away that there exist quantum curves 
P̂ N such that P̂ NψN = 0 for all positive integers N , and we can construct P̂ N explicitly. Finally, we can take the limit N → ∞
to get a quantum curve P̂∞ .

Assuming that the N → ∞ limit of the differentials ωN
g,n recovers the differentials ωg,n of the N → ∞ spectral curve, 

which we could rewrite schematically as the condition

lim
N→∞

(
ωN

g,n[SN ]
)

= ωg,n

[
lim

N→∞SN

]
, (4)

then the limiting quantum curve P̂∞ should annihilate the wave function ψ constructed from the differentials ωg,n by (1). 
However, the quantum curve P̂∞ that we obtain using a specific sequence in section 5 in this way reads

P̂∞ = ŷ − e(x̂ ŷ)r
, (5)

which is not the same as the quantum curve (3) that was obtained for r-completed cycles Hurwitz numbers! Both are 
quantisations of the same spectral curve, but they are certainly different, and annihilate different wave functions. What is 
going on?

Meanwhile, the quantum curve P̂∞ from (5) already appeared in the work of [5], where it was proved to annihilate 
the wave function constructed from differentials that are generating series for another type of Hurwitz numbers, known 
as Atlantes Hurwitz numbers. In fact, it was already noticed in that paper that the quantum curve P̂∞ from (5) and the 
quantum curve P̂ from (3) are both quantisations of the same spectral curve. Since it was known that topological recursion 
on this spectral curve produces generating series for r-completed cycle Hurwitz numbers, this observation was taken as an 
indication that Atlantes Hurwitz numbers fall outside the scope of topological recursion. To quote [5]: “We have an example 
where the dequantization of the quantum curve doesn’t give a spectral curve suitable for the corresponding topological 
recursion.” They also state: “We can conclude that the dequantization of ŷ − ex̂r ŷr

cannot be the spectral curve for the 
atlantes Hurwitz numbers, suitable for the construction of the topological recursion.”

But... is this really the end of the story?

1.1.2. A resolution
In this paper we resolve this conundrum and propose an explanation for this observation. The key is that for topological 

recursion to commute with limits of sequences of spectral curves as in (4), exponential singularities of the limiting spectral 
curve must be taken into account. More precisely, given a spectral curve with exponential singularities, one can construct 
differentials ωg,n by using topological recursion ignoring the exponential singularities, as has been done so far in the litera-
ture. But, as we propose in this paper, one can also construct another set of differentials, call them ω∞

g,n , using an extension 
of topological recursion that includes contributions from exponential singularities (informally considered as “ramification 
points of infinite order”). In general, for a given spectral curve with exponential singularities, the differentials ω∞

g,n and ωg,n

1 Our spectral curve looks a bit different from [61,38], but this is because we are taking the one-form ω0,1 to be ydx instead of y dx
x . Ultimately, it is the 

same spectral curve.
3



V. Bouchard, R. Kramer and Q. Weller Journal of Geometry and Physics 206 (2024) 105306
will be distinct. It turns out that, as we prove in this paper, topological recursion commutes with limits of sequences of 
spectral curves as in (4) only if the differentials on the right-hand-side are the differentials ω∞

g,n that include contributions 
from exponential singularities.

This explains the observation above. For the spectral curve (2), the differentials ωg,n that ignore the exponential singu-
larities are generating series for r-completed cycles Hurwitz numbers, as shown in [38]. However, as we show in the current 
paper, the differentials ω∞

g,n that include contributions from the exponential singularity are generating series for Atlantes 
Hurwitz numbers. This shows that Atlantes Hurwitz numbers do fall within the scope of topological recursion, once the 
formalism is properly extended to include contributions from exponential singularities.

Furthermore, since we show that topological recursion (properly extended to include contributions from exponential sin-
gularities) commutes with limits of sequences of spectral curves, we obtain directly that the wave function ψ∞ constructed 
from the differentials ω∞

g,n is annihilated by the quantum curve P̂∞ from (5). This provides a construction of the quantum 
curve for Atlantes Hurwitz numbers directly from topological recursion, and explains why it differs from the quantum curve 
for r-completed cycles Hurwitz numbers that was obtained in [61].

1.2. Main results

We propose an extension of topological recursion that includes contributions from exponential singularities of the spec-
tral curves, i.e. points p ∈ � where x(z) ∼ M0(z)eM1(z) as z → p and M0, M1 are meromorphic functions with p a pole of 
M1. We will consider these singularities as ramification points of infinite order. Such functions are called “transalgebraic”, 
and hence we will call these spectral curves “transalgebraic spectral curves”.

As the topological recursion formula involves sums over local deck transformations, infinite order ramification points 
require infinite sums, and this leads to multiple issues; chief amongst these is the definition of the residue at what may not 
be an isolated singularity. Instead of dealing with these issues directly, we construct topological recursion on transalgebraic 
spectral curves as a limit of topological recursion on sequences of finite degree, meromorphic, spectral curves, as in (4). For 
this definition to make sense, we need to make sure that the N → ∞ limit of the differentials exists and satisfies desired 
properties, which we do.

Furthermore, we show that while the definition of topological recursion on transalgebraic spectral curves is fairly com-
plicated (having to do with limits of sequences of spectral curves, although we do provide a formula applicable in some 
specific cases), in the end it is not too bad: for any given transalgebraic spectral curve, the formal definition has to be used 
only finitely many times, after which the exponential singularity does not contribute any further terms.

With this construction in hand, we study the topological recursion/quantum curve correspondence, with the aim of 
constructing quantum curves directly from topological recursion for transalgebraic spectral curves. For a subclass of transal-
gebraic curves, which we call regular, we adapt the argument of [24] to construct the quantum curves associated to these 
transalgebraic spectral curves.

As an application, we show that Atlantes Hurwitz numbers, which were introduced in [5] as an example of Hurwitz num-
bers not satisfying topological recursion, do fit in our transalgebraic framework. We show that the differentials constructed 
from topological recursion (suitably extended to include contributions from exponential singularities) on the spectral curve 
(2) are generating series for Atlantes Hurwitz numbers (while the differentials constructed from the usual topological re-
cursion that ignores exponential singularities on the “same” spectral curve2 are generating series for r-completed cycles 
Hurwitz numbers). Finally, we prove that the corresponding wave function is annihilated by the quantum curve (5) directly 
from topological recursion.

1.3. New developments

Recently, in [3], Alexandrov, Bychkov, Dunin-Barkowski, Kazarian, and Shadrin provided a new topological recursion based 
method that yields correlators ωg,n that are generating functions of Atlantes Hurwitz numbers; [3] then shows that these 
ωg,n are exactly the ones produced by our transalgebraic topological recursion with x(z) = ze−zr

and y(z) = z (the curve of 
Example 3.8). We outline this approach below.

There is a duality in the topological recursion that comes from switching the roles of x and y. In [1], the same authors 
proved a formula which explicitly relates the correlators of the x-y swapped spectral curve with those of the original curve, 
provided that x and y are meromorphic. In [2], they realised this relation can be extended to cases when only dx and dy
were meromorphic, provided one slightly adjusts the definition of the topological recursion at the simple poles of dy (this 
adjustment was called ‘LogTR’).

2 In fact, as we will explain, it is better to think of these two spectral curves as distinct spectral curves, in the following sense. While the functions x
and y satisfy the same plane curve equation, and the symmetric bidifferential B is given by the same formula for both, the two spectral curves have two 
different Riemann surfaces. For the spectral curve for r-completed cycles Hurwitz numbers, we take the Riemann surface to be � =C, with the exponential 
singularity of x and y at infinity removed, while for the spectral curve for Atlantes Hurwitz numbers we take the Riemann surface to be � = P1, which 
includes the exponential singularity (see Examples 2.6 and 3.8).
4
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In [3], they studied the spectral curve with

x(z) = log z − zr , y(z) = z . (6)

Then, they swapped the roles of x and y to obtain the dual spectral curve. Next, the n = 1 dual correlators were shifted 
by some prescribed terms and the x-y swap formula was applied to bring them back to the ‘original’ curve, but with new 
correlators. These correlators were not shown to satisfy any topological recursion relation, but were just defined formally 
through the x-y swap formula as described above. However, the above process did yield explicit formulas for the correlators 
[3, equation (91)], due to the simplicity of the dual spectral curve (y is unramified).

1.4. Outline of the paper

In Section 2 we define spectral curves and review the topological recursion framework for meromorphic spectral curves 
with arbitrary ramification. In Section 3 we define transalgebraic spectral curves and explain how they can be realised
as limits of sequences of meromorphic spectral curves. We then proceed in Section 4 with the definition of topological 
recursion on transalgebraic spectral curves and prove various properties of this extension of topological recursion, including 
the fact that essential singularities contribute to topological recursion only in a finite number of steps.

In Section 5 we prove the topological recursion/quantum curve correspondence for a large class of transalgebraic spectral 
curves, which we call regular. This class includes the spectral curve for r-completed cycles and Atlantes Hurwitz numbers. 
We focus on this particular curve in Section 6, where we show that topological recursion on this transalgebraic spectral 
curve (including the exponential singularity) produces generating functions for Atlantes Hurwitz numbers. We conclude 
with open questions in Section 7.

Appendix A provides the extension of the results of [24] needed to study the topological recursion/quantum curve corre-
spondence for transalgebraic spectral curves, while Appendix B contains the proof of Proposition 6.12 about Atlantes Hurwitz 
numbers.

1.5. Notation

We set S(z) = sinh(z/2)
z/2 .

For a natural number n, we define �n� := {1, . . . , n}. Given a set S indexed by another set I , i.e. S = {si | i ∈ I}, and given 
a subset J ⊆ I , we denote s J := {si | i ∈ J }. In particular, sI = S . For a set Z , we use the notation μ 	 Z to indicate that μ is 
a set partition of Z ; the length of this partition is then denoted by l(μ).

For a curve � with local coordinate z, we denote the induced coordinates on �n by (z1, . . . , zn). With the previously 
given notation, this can be denoted z�n� – this is a slight abuse of notation, as we confuse sets and ordered lists, but we 
will only use it for arguments of symmetric multidifferentials.

Given C = {z} ∪ z�n� ⊂ � and C ′ = C \ {z} sets of cardinality n + 1 and n, respectively, take a symmetric n-differential η
and define

Res
C=z

η(z�n�) := Res
C ′=z

η(z�n�) := Res
z1=z

· · · Res
zn=t

η(z�n�) . (7)

Since η is symmetric, this notation makes sense as the order in which we take the residues does not matter. In a similar 
spirit, we also define

Res
z∈C ′ :=

∑
z0∈C ′

Res
z=z0

. (8)

For any set of points C ⊂ � we denote by zC one arbitrarily chosen point in this set. Lastly, as we will have to take many 
residues at once, we define, for fixed points a1, . . . , an ∈ �

Res
zl=al

l=1,...,n

:= Res
z1=a1

· · · Res
zn=an

, (9)

along with the obvious generalisations to our residues over sets notations.

2. Topological recursion on meromorphic spectral curves

2.1. Spectral curves

One of the main goals of this paper is to extend the definition of topological recursion to spectral curves with exponential 
singularities, which we will call transalgebraic spectral curves. Let us start by recalling the usual formulation of topological 
recursion, in the Bouchard-Eynard formalism [23], which extends the original Eynard-Orantin formalism [46] to higher order 
ramification. We start with the definition of a spectral curve.
5
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Definition 2.1. A spectral curve is a quadruple S = (�, x, y, B), where:

1. � is a Riemann surface;
2. x and y are functions on � that are holomorphic except potentially at a finite number of points and that separate 

points, i.e. (x, y) is injective;
3. B is a symmetric bi-differential on � × � with a double pole on the diagonal with biresidue 1 and no other poles.

We say that the spectral curve is meromorphic if x and y are meromorphic on � and the ramification locus R of x, which is 
the set of all zeros of dx and all poles of x of order ≥ 2, is finite.

The usual Bouchard-Eynard formalism will correspond to the case of meromorphic spectral curves, whereas our extension 
will be to a certain class of non-meromorphic spectral curves. Let us now review some of the basic features of meromorphic 
spectral curves.

We write ra for the ramification order of x at a ∈ R . For a point z ∈ �, we write f(z) = x−1(x(z)) for the fibre, and f′(z) =
f(z) \ {z}. Also, if a ∈ R and z is close to a, we write fa(z) for the local Galois conjugates of z, and again f′a(z) = fa(z) \ {z}. 
We note that while fa(z) is always finite of cardinality ra , f(z) may be countably infinite, as x : � →P 1 is not necessarily a 
finite branched covering if � is non-compact.

For a ∈ R , define a local coordinate ζa on a neighbourhood of a by x = x(a) + ζ
ra
a if x(a) 
= ∞ and x = ζ

−ra
a if x(a) = ∞. 

Then the one-form ω0,1 := ydx has an expansion:

ω0,1 := ydx =
∞∑

k=−l

ta
kζ

k−1
a dζa (10)

for some l and ta
k . Let sa := min{k | ta

k 
= 0 and ra � k}. The following admissibility condition on spectral curves is required to 
make sense of topological recursion [16]:

Definition 2.2. A meromorphic spectral curve is admissible if for every point a ∈ R , sa and ra are coprime, and either sa ≤ −1, 
or 1 ≤ sa ≤ ra + 1 with ra = ±1 (mod sa).

Remark 2.3. The ramification points a ∈ R with sa ≤ −1 never contribute to the Eynard-Bouchard topological recursion [16]. 
This means that any ramification point a that is a pole of x may be dropped from the topological recursion unless dy has a 
zero at a. As a result it is common practice in the topological recursion literature to sloppily refer to the set of zeros of dx
as all the ramification points of x [46,23]. We will see that, for our purposes, it is critical to include the poles of x of order 
greater than two as ramification points.

A particularly interesting class of spectral curves is when the Riemann surface � is compact.

Definition 2.4. A spectral curve is compact if � is a compact connected Riemann surface.

Compact meromorphic spectral curves have nice geometric properties. If � is compact, x and y are two meromorphic 
functions on a compact Riemann surface, and hence they identically satisfy an algebraic equation

P (x, y) = 0, (11)

where P is a polynomial. (Note that if � is non-compact, x and y may still satisfy a relation as above, but P could no 
longer be a polynomial – see Example 2.6.)

We also note that for compact meromorphic spectral curves, since x is a meromorphic function on a compact Riemann 
surface �, x : � → P 1 is a finite degree branched covering. This means that f(z) is finite and of cardinality given by the 
degree of x if z /∈ R .

Example 2.5. Consider the spectral curve S with � = P 1, x = zr , y = zs−r , and B = dz1dz2
(z1−z2)2 , with r, s integers such that 

r ≥ 2, 1 ≤ s ≤ r + 1, and r = ±1 (mod s). This is a compact meromorphic spectral curve, and x and y satisfy the algebraic 
equation xr−s yr − 1 = 0 if s < r, or yr − x = 0 if s = r + 1. One can also check that the spectral curve is admissible. In 
particular, this is the fundamental (r, s) spectral curve studied in [16].

Example 2.6. Consider the spectral curve S with � =C, x = ze−zr
, y = ezr

, and B = dz1dz2
(z1−z2)2 , with r ∈Z≥1. As the function 

x is meromorphic on C (it is in fact holomorphic), this spectral curve is meromorphic, but it is not compact. One can check 
that it is admissible. The functions x and y satisfy the relation

y − exr yr = 0, (12)
6
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which is not algebraic. This spectral curve will play an important role in the following. As proven in [38], the differentials 
ωg,n produced by topological recursion on this spectral curve are generating functions for r-completed cycles Hurwitz 
numbers. We will come back to this enumerative geometric interpretation in section 6.3

Remark 2.7. We emphasise here that the choice of Riemann surface � in the definition of a spectral curve is very important. 
For instance, if we replace the Riemann surface P 1 by C in Example 2.5, it should be considered as a different spectral 
curve, since the pole of x at infinity is not included in the Riemann surface. In this case, as x is meromorphic on P 1 and 
holomorphic on C, the usual topological recursion (which applies to meromorphic spectral curves) can be used to calculate 
correlators ωg,n for both spectral curves, and it happens that the correlators coincide, since the pole at infinity does not 
contribute to the topological recursion. But this will not always be the case.

For instance, one may want to consider the spectral curve of Example 2.6, but with the Riemann surface � = P 1, 
which includes the exponential singularity of x at infinity. We claim that the usual topological recursion does not apply 
in this case, as it only applies to meromorphic spectral curves; instead, one should use the extended version that we 
propose, in which the exponential singularity generally contributes. As we will see, with this extended definition topological 
recursion produces different correlators (for r ≥ 2) depending on whether the essential singularity at infinity is included in 
the Riemann surface or not, i.e. whether � is taken to be P 1 or C in the spectral curve of Example 2.6.

2.2. Topological recursion

The standard definition of topological recursion applies to admissible meromorphic spectral curves. It does not however 
require the spectral curve to be compact; for instance, it can be applied to both spectral curves in Examples 2.5 and 2.6. 
Out of the data of the spectral curve, a collection of symmetric differentials {ωg,n}g≥0,n≥1 are recursively computed. As 
mentioned in the introduction, topological recursion is interesting because for many spectral curves, the correlators ωg,n
that it produces are generating functions for interesting enumerative invariants, such as Hurwitz numbers, Gromov-Witten 
invariants, etc.

For the definition of (Bouchard–Eynard) topological recursion, recall the notation given in section 1.5.

Definition 2.8. Given an admissible meromorphic spectral curve S = (�, x, y, B), topological recursion gives a procedure to 
define multi-differentials {ωg,n}g≥0,n≥1, recursively on 2g − 2 + n, as follows: the base cases are ω0,1 = ydx and ω0,2 = B , 
and the recursive step is

ωg,n+1(z0, z�n�) :=
∑
a∈R

Res
z=a

∑
∅
=Z ′⊆f′a(z)

K |Z |+1(z0, z, Z ′)Wg,n,|Z |+1(z, Z | z�n�) , (13)

where

K |Z |+1(z0, z, Z) :=
∫ z
∗ ω0,2(z0, ·)∏

z′∈Z (y(z′) − y(z))dx(z)
(14)

is the recursion kernel and

Wg,n,|Z |(Z | z�n�) :=
′∑

μ	Z

��(μ)

k=1 Nk=�n�∑
gk=g+�(μ)−n

�(μ)∏
k=1

ωgk,|μk|+|Nk|(μk, zNk ) , (15)

where the prime on the summation means we omit any term containing ω0,1. The differentials ωg,n are often called 
correlators due to their origin in matrix models.

For future reference, we also define

Eg,n,|Z |(Z | z�n�) :=
∑
μ	Z

��(μ)

k=1 Nk=�n�∑
gk=g+�(μ)−n

�(μ)∏
k=1

ωgk,|μk|+|Nk|(μk, zNk ) , (16)

where terms containing ω0,1 are now included.

3 To avoid confusion, we remark that for this spectral curve y is often defined in the literature via ω0,1 = yd log x instead of ω0,1 = ydx, which gives 
y = z instead of y = ezr

. The two definitions are of course equivalent, as it simply amounts to redefining y �→ xy. In this paper, for all spectral curves, the 
one-form will be defined as ω0,1 = ydx.
7
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Topological recursion was originally found as a method to obtain the unique solution to the loop equations of matrix 
models in mathematical physics that satisfies a particular normalisation condition. This can be defined more mathematically, 
in terms of the so-called abstract loop equations, with the normalisation condition often called the “projection property”.

Proposition 2.9 ([16, Appendix C]). A collection of multidifferentials {ωg,n}g≥0,n≥1 satisfies topological recursion if and only if it 
satisfies the higher abstract loop equations:∑

Z⊂fa(z)
|Z |=i

Eg,n,i(Z | z�n�) = O
(

z−rad
i
a
(dz

z

)i)
as z → a , (17)

where

di
a := −1 −

⌊ sa(i − 1)

ra

⌋
, (18)

and the projection property: if 2g − 2 + n ≥ 0,

ωg,n+1(z0, z�n�) =
∑
a∈R

Res
z=a

( z∫
a

ω0,2(z0, ·)
)
ωg,n+1(z, z�n�) (19)

Any collection (ωg,n)g,n satisfying the projection property may also be called polarised, and the choice of ω0,2 = B is 
sometimes referred to as a choice of polarisation.

Another property of the multi-differentials, which seems not to have appeared in the literature in this generality, is a 
bound on their pole order. We give that property in the next lemma, which generalises [23, Proposition 9] and [37, Section 
7].

Lemma 2.10. Let the multi-differentials {ωg,n}g≥0,n≥1 be obtained by topological recursion on the admissible meromorphic spectral 
curve S = (�, x, y, B). Then, the pole order of ωg,n in each variable at a point a ∈ � is bounded by (sa − 1)(2g − 2 + n) + 2g.

Proof. The proof is exactly the same as that of [23, Proposition 9], which is the sa = ra + 1 case, noting that the pole order 
of the k-th recursion kernel in general is (k − 1)(sa − 1), by the definition of sa .

Note that the original proof does not handle the possibility of ω0,2s in W g
k,n with both arguments coupled to the kernel 

in the recursive step. Each such occurrence adds a double pole, so if we call the number of these occurrences b, then the 
pole order of each term in W g

k,n is at most

(sa − 1)(2(g + �(μ) − k) − 2k + n + k) + 2(g + �(μ) + b − k) .

Then we can use that �(μ) + b ≤ k, by the definition of b, so this can be bounded by (sa − 1)(2g − k + n) + 2g , which is the 
same as found without the diagonal poles, so this omission does not change the pole order. �
3. Transalgebraic spectral curves

Our goal is to extend the definition of topological recursion to spectral curves where x is not meromorphic on the 
Riemann surface �. More precisely, we wish to study spectral curves where x has exponential singularities at some isolated 
points on �. The key example to keep in mind is Example 2.6: we want to consider this spectral curve, but with the 
Riemann surface � =P 1, which includes the exponential singularity of x at infinity.

3.1. Transalgebraic functions

Let us define more precisely the class of functions that we are interested in. We first define exponential singularities.

Definition 3.1 ([14,68]). Let � be a Riemann surface and z ∈ �. A function f is said to have an exponential singularity at 
z if it is holomorphic and non-zero on some punctured open neighbourhood U \ {z} of z, but cannot be extended to a 
meromorphic function on U .

The exponential order of f at z is defined to be

Erd f (z) = inf
{

d ∈R≥0
∣∣ lim sup

w→z
|w − z|d log | f (w)| < ∞} . (20)

A transalgebraic function on � is a function that is holomorphic on � except potentially at a finite number of points, 
where it can have either poles or exponential singularities. More precisely:
8
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Definition 3.2 ([68]). Let � be a Riemann surface. Let Tn(�) be the space of transalgebraic functions on � with at most 
n ∈Z≥0 zeros, poles, and exponential singularities, which consists of all non-zero holomorphic functions on � \ S for some 
S ⊂ � such that |S| ≤ n and such that for any z ∈ S , Erd f (z) < ∞.

We define the class of transalgebraic functions on � as

T (�) =
⋃

n∈Z≥0

Tn(�) (21)

It is a natural question to ask why we insist that there are finitely many zeros and poles in the previous definition, but it 
is rather straightforward to see that this condition is required for ramification points to be isolated. Of course, by the great 
Picard theorem, all points in P 1 are obtained infinitely often as one approaches an essential singularity save for possibly 
two points and, fixing an affine coordinate on P 1, we may put those two points (if they exist) at zero and infinity via a 
change of coordinates. The following proposition tells us that if we didn’t have exactly two such points, occasionally called 
Picard points in the literature, then the exponential singularity would be a cluster point of ramification points; it seems 
natural to exclude such things from the perspective of the topological recursion.

Proposition 3.3. Let π : Bε(0) \ {0} →P 1 be a branched covering from the punctured disk of radius ε > 0 to P 1 with an exponential 
singularity at zero. Assume the only ∞ may be a Picard point of π , and if it is, ε is small enough that π never takes the value infinity. 
Then π has a ramification point in Bε(0) \ {0}.

Proof. Proceed by contradiction and assume π : Bε(0) \ {0} → C is an honest covering map where C = π(Bε(0) \ {0}) is 
either C or C∞ ∼= P 1. As C is simply connected the monodromy group of π is trivial. Ergo, there exists a right inverse 
map (non-unique) π−1 : C → Bε(0) \ {0} so that π ◦ π−1 = idBε(0)\{0} . If we define the image of π−1 to be B then the 
map π ′ : C → B with π ′ ≡ π−1 is biholomorphic and, in particular, a homeomorphism so B is simply connected; therefore, 
π ′−1 : B → C is the universal cover of C so there exists a covering map ϕ : B → Bε(0) \ {0} such that π ◦ϕ = π ′−1. As π ′−1

has the inverse π ′ , it is bijective so ϕ must be injective. As ϕ is a covering map, it must be surjective so it is in fact a 
homeomorphism. Thus, Bε(0) \ {0} is simply connected, an obvious contradiction. �

Thus, if we only have one Picard point (or none) then, for any ε > 0, we get a ramification point in the disk of radius ε
about the exponential singularity so that the exponential singularity must be an accumulation point of ramification points.

Given a transalgebraic function f on �, its differential df is not usually a meromorphic one-form. However, it turns out 
that d log f always is, which is the content of the next lemma.

Proposition 3.4 ([68, Lemma 2.15]). Let f ∈ T (�). The logarithmic derivative d log f is a meromorphic differential on � with integer 
residues. Conversely, if f is function on � which is non-zero holomorphic outside a finite set and is such that d log f is meromorphic 
with integer residues at poles, then f ∈ T (�).

It turns out that transalgebraic functions on compact Riemann surfaces have a very simple form.

Theorem 3.5 ([68, Theorem 2.17]). The space of transalgebraic functions on a compact Riemann surface � is equal to the space of 
functions of the form

f (z) = M0(z)eM1(z) , (22)

where M0 and M1 are meromorphic functions on � and M0 
= 0.

The choice of M0 and M1 in (22) is not quite unique: we can add to M1 a (local) constant c, and multiply M0 by e−c

without changing f .
For more on transalgebraic functions and their underlying geometry (including the so-called log-Riemann surfaces), see 

[12–14,68].

3.2. Transalgebraic spectral curves

Looking back at the definition of spectral curves Definition 2.1, x and y were only required to be holomorphic at all but 
finitely many points. In particular, they may be transalgebraic functions on �.

Definition 3.6. Let S = (�, x, y, B) be a spectral curve. We say that it is transalgebraic if x and y are transalgebraic functions 
on � such that xy is a meromorphic function on �.
9
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Because of the requirement that xy is meromorphic, the one-form ω0,1 = ydx is meromorphic on �, since by Proposi-
tion 3.4 we know that dx

x is always meromorphic and by assumption xy is meromorphic. Interestingly, all correlators ωg,n
produced by the topological recursion will still be meromorphic.

For topological recursion, we would like to consider x as a branched covering x : � →P 1. Even though x is transalgebraic 
on �, it can still be thought of as a branched covering [11]. However, if x has exponential singularities, the covering will 
not be of finite degree. Nevertheless, it makes sense, and we can define its ramification locus as follows.

Definition 3.7. Let x be a transalgebraic function on �. If x is not meromorphic, we define its degree to equal ∞. We 
consider all the exponential singularities a of x as ramification points, with ramification order ra = ∞. We write R∞ for the 
collection of exponential singularities, R0 for the collection of finite (ra < ∞) ramification points, and note R = R0 ∪ R∞ . 
Following [14], we will sometimes refer to the elements of R∞ as infinite ramification points.

We now focus on compact transalgebraic spectral curves, for which x is a transalgebraic function on a compact Riemann 
surface �. In this case, by Theorem 3.5, we can write

x(z) = M0(z)eM1(z) (23)

for some meromorphic functions M0 and M1 on � with M0 
= 0. We also define M2(z) := x(z)y(z), which is another 
meromorphic function on �. We will use the M0, M1 and M2 notation throughout the paper.

Example 3.8. The typical example of a compact transalgebraic spectral curve is Example 2.6 but with � = P 1. In other 
words, we consider the spectral curve S∞ = (�, x, y, B) with � = P 1, x = ze−zr

, y = ezr
, and B = dz1dz2

(z1−z2)2 , where r ∈ Z≥1. 
In this case, M0(z) = z, M1(z) = −zr , and M2(z) = x(z)y(z) = z. R0 contains the r finite ramification points at the solutions 
of zr = 1

r , while R∞ has a single point at ∞.

In topological recursion we are interested in the behaviour of x near its ramification points. Around a finite ramification 
point in R0, the behaviour of x is, locally at least, identical to meromorphic curves. So let us focus on the exponential 
singularities a ∈ R∞ , which correspond to the poles of M1(z).

Lemma 3.9. Let a ∈ R∞ . Suppose that M1 has a pole of order m1 at a, and that M0 has either a zero of order m0 (for m0 ≥ 0) or a pole 
of order |m0| (for m0 < 0) at a. Then there exists a local coordinate ζ near a such that either

x(ζ ) = eζ−m1
, (24)

if m0 = 0, or

x(ζ ) = ζm0 e
− m0

m1
ζ−m1

, (25)

if m0 
= 0.

Proof. If m0 = 0, this is obvious as near a log(x) is a well defined meromorphic function with a pole of order m1 at a, 
so there exists a local coordinate such that ζ−m1 = log(x(ζ )). If m0 
= 0 we may take z as a coordinate such that, near a, 
M0(z) = zm0 . Letting ζ =∑n≥1 anzn where a1 
= 0 observe

M1(z) + m0

m1
ζ−m1 − m0 log (ζ/z) = 0,

⇒M1(z) + m0

m1

1

(a1z)m1

(
1 +

∞∑
n=1

an+1

a1
zn

)−m1

− m0 log(a1) − m0 log

(
1 +

∞∑
n=1

an+1

a1
zn

)
= 0,

(26)

where we assumed the branch of the logarithm was chosen so that log(ζ/z) = log(a1) + log(a−1
1 ζ/z). Then, expanding 

M1(z) =∑∞
n=−m1

Anzn with A−m1 
= 0 one finds a1 = [−m0/(m1 A1)]1/m1 . The rest of the an may then be solved for recur-
sively in terms of the An . �

However, unlike in the case of finite ramification points we see that there are infinitely many different choices of ζ cor-
responding to the branch choices for the m1th root and the logarithm. In other words, fa(z) is countably infinite. Moreover, 
unlike the finite case, even in the local coordinate ζ , the local deck transformations have no simple expression in terms of 
elementary functions (except when m0 = 0). One can derive series expansions around a ramification point of the form (in 
terms of the local coordinate ζ )∑

snζnm1+1, (27)

n≥0

10
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where s0 is an m1th root of unity and s1 is s0 log(sm0
0 )/m0 for some branch choice of the logarithm and m0 
= 0 (the 

explicit expansion is given below for m0 = 0). Here, different choices of the m1th root of unity and different branches of 
the logarithm will yield different local deck transformations. The radius of convergence of these series will depend on the 
choice of logarithm; as we will see shortly, there is no open set on which all such expansions converge.

When m0 = 0 we may explicitly solve for the deck transformations. Indexing by k ∈Z and m = 0, 1, . . . , m1 − 1 and then 
denoting the deck transformations as σ k,m

a we find

σ k,m
a (z) = ϑmζ

(1 + 2π ikζm1)1/m1

ζ→0= ϑmζ

∞∑
n=0

(−1/m1

n

)
(2π ik)nζm1n, (28)

where the radius of convergence is |ζ | < |2πk|−1 and ϑ = exp(2π i/m1) is a primitive m1th root of unity.
To proceed with an examination of these deck transformations when m0 
= 0 we fix some notation. By equation (27), each 

local deck transformation is uniquely defined by the first and second coefficient in its expansion about a (more abstractly, 
this is due to the unique lifting property; see [14]). The first coefficient is an m1th root of unity which we fix as s0 = ϑm . 
The second coefficient is s0 log(sm0

0 )/m0. If we fix a choice of log with a branch cut chosen along an irrational angle in the 
complex plane (in particular, it must not exclude any power of ϑ ), then the choices of s1 are in one-to-one correspondence 
with the integers. We denote the local deck transformation with first coefficient ϑm and second coefficient ϑm(2π im/m1 −
2π ik/m0) as σ k,m

a .
To proceed, we first find solutions for the partial inverses of x in terms of the Lambert W function

x = ζm0 e
− m0

m1
ζ−m1 ⇒ x−m1/m0 = ζ−m1 eζ−m1 ⇒ ζ = [Wk

(
x−m1/m0

)]−1/m1
, (29)

where Wk is the kth branch of the Lambert W function defined by the relation

z = wew ⇔ ∃k ∈Z � w = Wk(z). (30)

Normally, W0 denotes the principal branch that is real-valued on the non-negative half of the real line and W−1 is the 
branch that is real-valued on the interval [−1/e, 0]. Otherwise, there is no standard convention in the literature regarding 
the choices of branches of the Lambert W function; one such choice is given in [35], which we will use in the following.

Our deck transformations then take the form

σ k,m
a (ζ ) = ϑm′ [

Wk′
(
ϕlζ−m1 eζ−m1

)]−1/m1
, (31)

where ϕ = exp(−2π im1/m0) and m′, k′, l are integers, which we will determine in what follows. We then note the following 
expansion of the Lambert W function from [35], which is valid for all non-zero k when log(|z|) is sufficiently large

Wk(z) = log(z) + 2π ik − log(log(z) + 2π ik)

+
∞∑

a=0

(−1)a
∞∑

b=1

1

b!
[

a + b

a + 1

]
(log(z) + 2π ik)−a−b log[b](log(z) + 2π ik), (32)

where 
[n1

n2

]
denotes an unsigned Stirling number of the first kind and log[b] denotes the logarithm composed with itself b

times; all the logarithms in the above expansion are the principal branch of the logarithm. The above expansion is also valid 
when k = 0 provided |z| is sufficiently large; for small z the principal branch satisfies W0(z) ∼ z. Using the above expansion 
we find, for ζ a small positive number

σ k,m
a (ζ ) = ϑm′

ζ − ϑm′

m1

(
2π ik′ − 2π i

m1

m0
l

)
ζm1+1 +O(ζ 2m1+1). (33)

This gives us that m′ = m and that k′ and l should satisfy
m1

m0
l − k′ = m − m1

m0
k, (34)

where l must be chosen so that − 2π im1l
m0

∈ (−π, π). Recalling that m = 0, . . . , m1 − 1 we see that k = O(k′) as k → ∞. This 
leads us to the following lemma, which considers the asymptotic behaviour as the chosen branch of the logarithm becomes 
‘large’ in some sense.

Lemma 3.10. For m0 
= 0 (the corresponding m0 = 0 formula is obvious from (28))

σm,k
a (ζ ) = ϑm(2π im1k/m0)

−1/m1

(
1 +O

(
log(|k|)

k

))
, |k| → ∞,

dσm,k
a

(ζ ) = ϑmζ−m1−1(2π im1k/m0)
−1/m1−1

(
1 +O

(
log(|k|)))

, |k| → ∞.

(35)
dζ k

11
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Proof. This is a direct consequence of the fact that k ∼ m0
m1

k′, |k| → ∞, and the expansion (32). �
3.3. Transalgebraic spectral curves as limits

Compact transalgebraic spectral curves naturally arise as limits of sequences of compact meromorphic spectral curves. 
The guiding light behind our definition of topological recursion for transalgebraic spectral curves is that it should commute 
with taking such limits. Schematically, if SN is a sequence of compact meromorphic spectral curves such that limN→∞ SN is 
a compact transalgebraic spectral curve, and the ωN

g,n[SN ] are the correlators constructed from usual topological recursion 
on SN , we want the correlators ωg,n[limN→∞ SN ] associated to the transalgebraic spectral curve limN→∞ SN to satisfy

lim
N→∞

(
ωN

g,n[SN ]
)

= ωg,n

[
lim

N→∞SN

]
. (36)

Therefore, we should study such sequences of spectral curves. Considering such limits will also allow us to extend the 
notion of admissibility from Definition 2.2 to exponential singularities.

Therefore, consider such a sequence of compact meromorphic spectral curves SN = (�, xN , yN , B), such that xN → x and 
yN → y as N → ∞, where x and y are transalgebraic functions on � with xy meromorphic. Explicitly, we will consider the 
sequence

xN = M0

(
1 + (τ − 1)

M1

N

)−N (
1 + τ

M1

N

)N

, yN = M2

xN
, (37)

which converges compactly to

x = M0eM1 , y = M2

x
, (38)

away from the poles of M1.

Remark 3.11. We introduce the parameter τ for two reasons. First, we will see in Theorem 4.3 that the limiting correlators 
do not depend on the choice of τ , which is evidence that our definition of topological recursion on transalgebraic spectral 
curves is the correct one for the limiting curve and not an artifact of the particular sequence chosen. Secondly, when 
constructing quantum curves, we will see that we get a priori different quantum curves for each choice of τ . However, at 
least in the cases of interest in this paper, we will see that this τ dependence can be naturally transformed away.

For the spectral curves SN , we divide the ramification points of xN , denoted collectively as R N , into two sets of ramifi-
cation points:

1. R N∞ = {M1 = − N
τ } ∪ {M1 = N

1−τ } ∪ {M1 = ∞} consists of the ramification points colliding at essential singularities of x;

2. R N
0 = R N \ R N∞ consists of those ramification points not colliding at essential singularities of x.

Let us consider what admissibility means for ramification points of transalgebraic spectral curves. The notion of admissi-
bility at the ramification points in R0 is clear: it should be the same as for algebraic spectral curves, that of Definition 2.2. 
At the points in R∞ we need a new definition based on the notion of admissibility for points in R N∞ .

We distinguish two cases for an exponential singularity a ∈ R∞ depending on whether M2 = xy has a pole at a or not. 
Let a ∈ R∞ , which means that it is a pole of M1, and suppose that xy has a pole at a. Then, for finite N , we have sa ≤ −1
and therefore SN is admissible at a by Definition 2.2 and the correlators will be regular at a. Moreover, for sufficiently large 
N , M2 will be regular and non-zero at the other points a′ in R N∞ that collide at the essential singularity a, and hence sa′ = 1
in Definition 2.2 at all such points so SN is admissible at all such points. Thus, if xy has a pole at a, each spectral curve in 
the sequence is admissible, and so it makes intuitive sense that the limit of these curves should be admissible.

There appears to be significant challenges in defining the topological recursion in the case where xy does not have a 
pole at an exponential singularity of x. As it appears in no cases of interest, it is not done here.4 Therefore, we will define 
admissibility at infinite ramification points as follows.

Definition 3.12. Let S be a compact transalgebraic spectral curve. We say that it is admissible if both of the following 
conditions are satisfied:

1. it is admissible in the sense of Definition 2.2 at the finite ramification points in R0;
2. xy = M2 has poles at the infinite ramification points in R∞ .

4 Curiously, via limiting arguments, it seems that the modularity condition for admissibility should be m0 (mod m1) = ±1 (mod sa) where m0 and m1

are the order of M0 and M1, respectively, at a, which very naturally generalises Definition 2.2.
12
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4. Topological recursion on transalgebraic spectral curves

We are now ready to define topological recursion on transalgebraic spectral curves. Recall that we want topological 
recursion to commute with limits of sequences of meromorphic spectral curves, as stated schematically in (36). If SN is a 
sequence of compact meromorphic spectral curves such that limN→∞ SN is a compact transalgebraic spectral curve, and the 
ωN

g,n[SN ] are the correlators constructed from usual topological recursion on SN , we want the correlators ωg,n[limN→∞ SN ]
associated to the transalgebraic spectral curve limN→∞ SN to satisfy

lim
N→∞

(
ωN

g,n[SN ]
)

= ωg,n

[
lim

N→∞SN

]
. (39)

However, it is not straightforward to define topological recursion in this limit. The usual formulation of topological recur-
sion considers residues at ramification points, and to define the integrand one needs to sum over local deck transformations 
at those ramification points. In other words, one needs to take the pullback of the pushforward of a one-form under the 
map x. To include infinite ramification points in the topological recursion, one would need to take the pullback of the push-

forward of a one-form under the local map x = ζm0 e
− m0

m1
ζ−m1

. Using Lemma 3.10, one can see that for a 1-form η that is 
holomorphic at all essential singularities of x, x∗x∗η is well-defined in the sense that the sum over deck transformations 
is convergent. However, for the topological recursion, we want to look at forms with poles at the essential singularities. In 
this case the sum in x∗x∗η is not absolutely convergent, but there is a natural way to define the principal value.5 However, 
even after summing, the resulting differential may not have an isolated singularity at the essential singularities of x. Thus, 
defining the residue at these points becomes highly changing. One possible approach is to pushforward the entire TR inte-
grand to the x plane, where it should be meromorphic as a function of x, but then it is not clear what residues in the x
plane one should be taking as essential singularities do not have well-defined branchpoints, although x = 0, ∞ (the Picard 
points) are the most compelling candidates. Even presuming one does all this in a reasonable manner, proving the N → ∞
limit commutes in the sense of (36) remains a daunting challenge.

Instead, our approach consists in first rewriting the topological recursion in a different way, which trades out the sum 
over the deck transformations of x for a sum over ramification points, coinciding points, and deck transformations of y. We 
present this rewriting for compact meromorphic spectral curves in the next section, and then generalise it to transalgebraic 
spectral curves.6

4.1. Rewriting topological recursion

Let us review some of the notation required for this rewriting that was introduced in section 1.5. Let C = {t, t1, . . . , ti} ⊂
� and C ′ = C \ {t} be sets of cardinality i + 1 and i, respectively. For a symmetric i-differential η we set, by definition

Res
C=t

η(t1, . . . , ti) = Res
C ′=t

η(t1, . . . , ti) = Res
t1=t

· · ·Res
ti=t

η(t1, . . . , ti) . (40)

Then, for a set C ⊂ �, we denoted by tC one arbitrarily chosen element in this set. Finally, for the purposes of taking many 
residues in a compact notation, we defined

Res
tl=al

l=1,...,n

= Res
t1=a1

· · · Res
tn=an

. (41)

With this notation (see section 1.5 for more details), we may proceed to the theorem of this section.

Theorem 4.1. Let S be a compact meromorphic admissible spectral curve7 and write Y (t) = y−1(y(t)). Then the correlators of topo-
logical recursion satisfy the alternative recursive formula

5 In particular, we sum as follows: we first sum over the index m, then sum over the sign of k if k 
= 0, and then finally sum from k = 1, . . . , ∞ (at some 
point adding in the k = 0 term). Then, one can see the sum from k = 1 to k = ∞ is absolutely convergent if the 1-form η has, at a ∈ R∞ , a pole of order no 
more than Erdx(a) for each a ∈ R∞ .

6 This rewriting of topological recursion for compact meromorphic spectral curves is inspired by private notes of Nitin K. Chidambaram.
7 To be precise, we also need to assume here that S can be “fully globalised”, in the language of [17]. What this means is that we can replace in topolog-

ical recursion the sums over local deck transformations f′a(t) at the ramification points with a sum over the whole fibre f′(t), and perform manipulations 
along the lines of [23, Theorem 5]. All spectral curves considered in the present paper are fully globalisable, according to the conditions determined in [17].
13
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ωg,n+1(z0, z�n�) = Res
t∈R

deg(x)∑
m=2

t∫
∗

B(z0, ·)
∑

C1,...,C j	t�m−1�

(−1)1−δ j,m−1

j! Res
tCl ∈R∪z�n�∪Y (t)

l=1,..., j

Res
Cl=tCl

l=1,..., j⎛
⎝ j∏

l=1

1

x(t) − x(tCl )

∏
t0∈Cl\{tCl }

1

x(t0) − x(tCl )

⎞
⎠Wg,n,m(t, t�m−1� | z�n�)∏m−1

l=1 (y(t) − y(tl))
,

(42)

where we slightly abuse notation by writing that the Cl partition the dummy integration variables outside the integral.

Proof. Starting with topological recursion from Definition 2.8, we first replace the sums over local deck transformations 
f′a(t) by a sum over the whole fibre f′(t), as in [23, Theorem 5] (see footnote 7 and [17]). Then, we perform the rewriting:∑

∅
=Z⊆f′(t)
K |Z |+1(z0, t, Z)Wg,n,|Z |+1(t, Z | z�n�) =

⎛
⎝ t∫

∗
B(z0, ·)

⎞
⎠∑

m≥2

∑
∅
={ζ1,...,ζm−1}⊆f′(t)

Res
tl=ζl

l=1,...,m−1

Wg,n,m(t, t�m−1� | z�n�)∏m−1
l=1 (x(tl) − x(t))(y(t) − y(tl))

. (43)

In our new writing, the summand is well-defined when two or more of the elements of Z = {ζ1, . . . , ζm−1} coincide, it will 
just result in higher order poles at such a tl = ζl . Therefore, instead of summing over subsets of f′(t), we will sum over 
tuples of size at most deg x − 1, but then we need to subtract tuples with repeating terms. This gives us two main terms: 
the original sum plus the added terms where two or more tl coincide and the subtracted terms where two or more tl

coincide. We first examine the first term, for fixed size of the tuple m − 1,

∑
ζ1,...,ζm−1∈f′(t)

1

(m − 1)! Res
tl=ζl

l=1,...,m−1

Wg,n,m(t, t�m−1� | z�n�)∏m−1
l=1 (x(tl) − x(t))(y(t) − y(tl))

= 1

(m − 1)! Res
tl∈R∪z�n�∪Y (t)

l=1,...,m−1

Wg,n,m(t, t�m−1� | z�n�)∏m−1
l=1 (x(t) − x(tl))(y(t) − y(tl))

.

(44)

All we have done here is used the fact that � is a compact Riemann surface so the sum of all the residues of any differential 
must be zero. This gives a factor (−1)m1 , which we reabsorb by flipping the m − 1 factors x(t) − x(tl). That we only pick up 
residues at the listed points is because the ωg,n only have poles at coinciding points and ramification points.

We now wish to apply the same logic to the terms with the coinciding points. To this end, we want to know what 
happens when j ≤ m − 1 of the same tl are specialised to the same sheet. So we consider

∑
ζ∈f′(t)

Res
tl=ζ

l=1,..., j

Wg,n,m(t, t�m−1� | z�n�)∏m−1
l=1 (x(tl) − x(t))(y(t) − y(tl))

=
∑

ζ∈f′(t)
Res
tl=ζ

l=1,..., j−1

Wg,n,m(t, t1, . . . , t j−1, ζ, t j+1, . . . , tm−1 | z�n�)

dx(t)(y(t) − y(ζ ))
∏m−1

l=1
l 
= j

(x(tl) − x(t))(y(t) − y(tl))

=
∑

ζ∈f′(t)
Res
t j=ζ

Res
tl=t j

l=1,..., j−1

Wg,n,m(t, t�m−1� | z�n�)

(x(t j) − x(t))(y(t) − y(t j))
∏m−1

l=1
l 
= j

(x(tl) − x(t))(y(t) − y(tl))

= Res
t j∈R,z�n�,Y (t)

Res
tl=t j

l=1,..., j−1

Wg,n,m(t, t�m−1�|z�n�)

(x(t) − x(t j))(y(t) − y(t j))
∏m−1

l=1
l 
= j

(x(tl) − x(t))(y(t) − y(tl))
.

(45)

Hence, the subtracted terms with the coinciding deck transformations may be written as

−
m−2∑
j=1

1

j!
∑

ζ1,...,ζ j∈f′(t)

∑
C1,...,C j	t�m−1�

Res
Cl=ζl

l=1,..., j

Wg,n,m(t, t�m−1�|z�n�)∏m−1
l=1 (x(tl) − x(t))(y(t) − y(tl))

= −
m−2∑
j=1

1

j!
∑

C1,...,C j	t�m−1�

Res
tCl ∈R∪z�n�∪Y (t)

Res
Cl=tCl

l=1,..., j

(46)
l=1,..., j

14



V. Bouchard, R. Kramer and Q. Weller Journal of Geometry and Physics 206 (2024) 105306
⎛
⎝ j∏

l=1

1

x(t) − x(tCl )

∏
t0∈Cl\{tCl }

1

x(t0) − x(tCl )

⎞
⎠Wg,n,m(t, t�m−1�|z�n�)∏m−1

l=1 (y(t) − y(tl))
,

and the desired result then follows. �
4.2. Topological recursion on transalgebraic spectral curves

With the topological recursion for compact meromorphic spectral curves rewritten as in Theorem 4.1, we are in a po-
sition of topological recursion for compact transalgebraic spectral curves. We will present the definition of the topological 
recursion for transalgebraic spectral curves straight away, and then spend the rest of the section arguing and demonstrating 
why it works.

Definition 4.2. Let S = (�, x, y, B) be a compact transalgebraic admissible spectral curve, with x = M0 exp(M1), y = M2/x
and M0, M1, M2 meromorphic functions on �. Fix τ ∈ C and define the sequence of spectral curves SN = (�, xN , yN , B), 
where

xN = M0

(
1 + (τ − 1)

M1

N

)−N (
1 + τ

M1

N

)N

, yN = M2/xN . (47)

Then, if ωN
g,n are the correlators constructed by topological recursion for the spectral curve SN , we define the correlators of 

the spectral curve S as the N → ∞ limit of the ωN
g,n .

This defines nothing if the limit depends on τ or does not yield well-defined meromorphic correlators. The main result 
of this section is the following theorem, which shows that these issues do not occur, and, therefore, that the above definition 
makes sense.

Theorem 4.3. Let S = (�, x, y, B) be a compact transalgebraic admissible spectral curve. Then the ωg,n constructed from Defini-
tion 4.2 are well-defined meromorphic differentials on �n and do not depend on the choice of τ .

Proof. Our strategy will be to first prove the that ωg,n are well-defined for τ = 0, and then show that the limit is indepen-
dent of τ . The proof is divided into eight steps.

First step: start the induction and flip contours.
We proceed inductively in the τ = 0 case on −χg,n = 2g + n − 2. For −χg,n = −1, 0 (corresponding to ω0,1 and ω0,2) 

the result holds trivially, so we may proceed to the induction step. For finite N we may use Theorem 4.1 to write

ωN
g,n+1(z0, z�n�) = Res

t=RN

deg(xN )∑
m=2

⎛
⎝ t∫

∗
B(z0, ·)

⎞
⎠ ∑

C1,...,C j	t�m−1�

(−1)1−δ j,m−1

j! Res
tCl ∈RN ∪z�n�∪Y(t)

l=1,..., j

Res
Cl=tCl

l=1,..., j⎛
⎝ j∏

l=1

xN(t)

xN(t) − xN(tCl )

∏
t0∈Cl\{tCl }

xN(tCl )

xN(t0) − xN(tCl )

⎞
⎠ WN

g,n,m(t, t�m−1� | z�n�)∏m−1
l=1 (M2(t) − M2(tl))

,

(48)

where Y(t) = (xy)−1
(
(xy)({t})). This is slightly different from Theorem 4.1, so a couple of remarks are in order so it is clear 

how we get here:

• in the denominator of the integrand in the original topological recursion we rewrote yN(t) − yN (σ (t)) = (M2(t) −
M2(σ (t)))/xN (t) so we ended up with M2 = xy = xN yN in the denominator and xN (t) in the numerator, where σ(t) ∈
f′(t) is a deck transformation;

• as xN (t) = xN (σ (t)) for every deck transformation, we can choose which deck transformation we take the argument 
of xN to be at; in particular, we take j of them to just be t and the other m − 1 − j to be precisely those deck 
transformations that gives us tCl ;

• when we flipped the contour, we then had to pick out residues at Y(t) rather than Y (t).

Second step: R N∞ does not contribute.
We now observe that the residues at tCl ∈ R N∞ vanish for sufficiently large N . Namely, for tCl ∈ R N∞ that satisfy M1(tCl ) =

N , xN(tCl ) has a pole of order N . As xN (tCl ) appears in the denominator one time with no corresponding xN (tCl ) in the 
numerator, the overall integrand in the variable tCl gains a zero of order N . We claim the rest of the integrand has a pole 
of at worst uniformly bounded order in N . At these ramification points ωN

0,1 has simple poles, and, for sufficiently large N , 
M2 will be regular and non-zero, which means that sa = 1 at these points. From Lemma 2.10 we then know that the ωN

g,n
15
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have poles of order no more than 2g and so the WN
g,n,m have poles of bounded order in N . Similarly, M2 is meromorphic 

and constant in N . For xN (tCl )/(xN (t0) − xN (tCl )), the xN appears in both the denominator and the numerator. Finally, we 
need to examine taking the residues at Cl = tCl . This will be a residue of a pole of order no more than three (two from a 
potential ω0,2 contribution plus one for the difference of the xN in the denominator). Thus, this residue may be replaced by 
multiplication by (t0 − tCl )3 and twice differentiating by t0, for each t0 ∈ Cl \ {tCl }, before taking the limit as tCl → t0. By the 
quotient rule for differentiation, we will have the same total power of derivatives of xN in the numerator and denominator, 
just in different combinations and orders of differentiation. Thus, at the residues at points where M1 = N we may drop the 
residue in tCl .

Now we examine the residues in tCl where the point at which the residue is taken satisfies M1 = ∞. As before, when 
we take the residue at Cl = tCl , this will correspond to derivatives. Here though, the pole counting is a little more subtle so 
we do it explicitly. In particular, observe

xN(tCl )ω0,2(t0, tCl )(t0 − tCl )3

(xN(t0) − xN(tCl ))dt0dtCl
= xN(tCl )

x′
N(tCl )

− (t0 − tCl )
xN(tCl )x′′

N (tCl )

x′
N(tCl )2

+ (t0 − tCl )2

(
xN(tCl )x′′

N(tCl )2

4x′
N(tCl )3

− xN(tCl )x′′′
N (tCl )

x′
N(tCl )2

)
+O

(
(t0 − tCl )3

)
.

(49)

In the constant term and the t0 − tCl term, there is no pole at tCl equalling a pole of M1. However, the (t0 − tCl )2 term 
has a simple pole here. On the other hand, the ωN

g,n are regular at these points (this is because we are in the sa ≤ −1 case 
at these points; see Remark 2.3) and M2(t0), which has at least a simple pole by admissibility, appears in the denominator. 
Thus, in terms with an ω0,2(t0, tCl ) we do not have contributions from these points. For terms without this factor, the pole 
at t0 = tCl is simple. Thus, observing

xN(tCl )(t0 − tCl )

xN(t0) − xN(tCl )
= xN(tCl )

x′
N(tCl )

+O
(

t0 − tCl

)
, (50)

we see the same argument still holds. In summary, we may replace the residues in each tCl at all the points in R N with 
just those at R0

N .
Third step: integrand well-defined.
This shows that the integrand in t is well defined in the limit: indeed, we may commute the limit in N → ∞ with the 

residues (integrals) in the t0 ∈ Cl and tCl using dominated convergence and use the induction assumption that ωN
g,n → ωg,n . 

Note that, although it may appear that the sum over m becomes infinite in the limit, for any fixed g and n only finitely 
many terms are non-zero so commuting the limit with this sum is entirely trivial.

Fourth step: integral well-defined at R0.
However, we want the integral, not just the integrand, to be well-defined in the limit. To this end, we note that the 

contributions from the residues at t = R N
0 go to the contributions at t = R0 in the limit by pulling the limit in N inside each 

integral using dominated convergence, as before, and applying the induction assumption. However, this simple argument 
will not work for the residues at t = R∞ as these points can collide in the limit.

Fifth step: work in coordinate w for integrals at R∞ .
To deduce that the integral must be well-defined in the limit, we will pushforward to work in the M1 plane where all 

elements of R N∞ fall at M1 = N, ∞. To move to the origin, let w = 1/M1. For a deck transformation σ of M2, i.e., σ(t) ∈Y(t), 
we define a corresponding transformation ν through ν(w) = ν(1/M1(t)) = 1/M1(σ (t)). Although ν may depend on t , and 
so is multi-valued, we sum over ν at every step; this is well-defined. In completing this sum, as from now on we will 
suppress this detail, note that the sum over ν must include both the sum over σ (from all elements of Y(t)) and partial 
inverse of M1 (from the fact we pushforward in M1). Let ν1, . . . , νr be all such non-trivial ν and note that, for general N , 
νp(w = 1/N) 
= 1/N for all p = 1, . . . , r. We claim that the integrand in t of topological recursion, pushed forward under 
M1 and then written in the coordinate w , takes the following form (where expN (z) = (1 − z/N)−N ):

N d
N(w | z0, z�n�)expN(w−1)d +N d−1

N (w | z0, z�n�)expN(w−1)d−1 + · · · +N 0
N(w | z0, z�n�)

Dd
N(w | z0, z�n�)expN(w−1)d +Dd−1

N (w | z0, z�n�)expN(w−1)d−1 + · · · +DN
0 (w | z0, z�n�)

, (51)

where each of the N k
N and Dk

N are meromorphic functions8 with the order of their zeros and poles at w = 1/N bounded 
uniformly in N and it is assumed Dd

N (w | z0, z�n�) is not identically zero.
To get this expansion, first note we can write every derivative of xN as expN(M1) = expN (1/w) times a sequence of 

meromorphic functions with the order of their poles and zeros bounded uniformly in N . Then, when we take the residues 
at t0 = tCl , we get expansion like (49) and (50), which we may put over a common denominator.

8 Due to the presence of ∫ t
∗ B(z0, ·) in the integrand, this is not strictly true for non-zero genus. However, all we want to do is integrate, so we may 

slightly misuse terminology.
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Then, we will claim that when we take the residues at tCl = R0
N , z�n�, Y(t) the total number of factors of derivatives 

of xN (t) in the denominator is greater than or equal to those in the numerator in each term; putting everything over a 
common denominator and pushing forward results in an expression of the form (51). The fact that we get this same power 
behaviour will be demonstrated in the proceeding (sixth) step and for now can be taken as a claim. Like any fraction, such 
an expression is non-unique as we may multiply the numerator and the denominator by the same factor without changing 
the total value; however, the ratio N d

N (w | z0, z�n�)/Dd
N (w | z0, z�n�) is unique and all we will eventually care about.

Sixth step: properties of N /D.
We now need to verify a couple of important properties of N d

N (w | z0, z�n�)/Dd
N (w | z0, z�n�). First, we claim it has no pole 

at w = 0. Second, we claim that it does not have essential singularity in the limit and its only potential pole near w = 0 is 
the one at w = 1/N . Note that the only place an essential singularity could come from is the expN (1/νp(w)). Finally, along 
the way, it will become clear that, as we have stated, the degree of the numerator and denominator in expN (1/w) must be 
the same and that the ratio N d

N (w | z0, z�n�)/Dd
N (w | z0, z�n�) is well-defined.

The proof for these claims is a bit more involved. We will examine the individual terms that we put over a common 
denominator before pushing forward to the w-plane; by examining the ratio of the coefficient of the highest power of xN

in the numerator to the one in the denominator, we can deduce the behaviour of the coefficients in the fraction put over 
a common denominator (before pushing forward, xN is expN (M1) times a meromorphic function M0, so looking at leading 
powers of xN is the same as looking at leading powers of expN (M1)). As there are no poles at t ∈ R∞ , there are none at 
w = 0, and the lack of expN (M1(σ (t))) factors in the leading order will give us the no essential singularities result. To this 
end we first perform the residues at Cl = tCl in the integrand in t and will be left with an expression of the form

Res
tCl ∈R0

N ∪z�n�∪Y(t)
l=1,..., j

xN(t)

xN(t) − xN(tCl )

f N(t, tCl , t�m−1� \ Cl | z�n�)

(M2(t) − M2(tCl ))|Cl| , (52)

where f N is a differential in all its arguments except t . Furthermore, f N is meromorphic in t and tCl and remains so in the 
limit (note that in (49) and (50) the derivatives in xN appear in the same power in the numerator and denominator so we 
may cancel out the factor of expN (M1)), and there is no pole in t or tCl at the poles of M1 (we established this before in 
the second step to show that the residues at tCl = R∞ do not contribute).

First we examine the residues

Res
tCl ∈R0

N ∪z�n�

l=1,..., j

xN(t)

xN(t) − xN(tCl )

f N(t, tCl , t�m−1� \ Cl | z�n�)

(M2(t) − M2(tCl ))|Cl| . (53)

Here, the residues in the tCl are taken at points that do not depend on t . Thus, due to the pole of M2 at the poles of M1
guaranteed by admissibility, these residues will all contribute some sort of zero to the ratio of leading order coefficients in 
powers of xN . Finally, it is trivial that these residues will never contribute expN (M1(σ (t))) as nothing depends on σ(t).

However, a pathology can occur here. In the limit we can have two or more different elements of R N
0 collide; if this 

happens, the independent contribution of each to the final integrand will not be well-defined and only the sum over the 
residues at these colliding points is well-defined in the limit. Let us examine this case and assure ourselves that this presents 
no issues for the well-definedness of the ratio N d

N (w | z0, z�n�)/Dd
N (w | z0, z�n�) in the limit. First note that these colliding 

points cannot be poles of xN as the location of the poles of xN in R N
0 do not depend on N as they are just the poles of M0

and the poles of M0 will never collide with the zeros of (1 − M1/N)N+1dxN = (1 − M1/N)dM0 + M0dM1. Thus, the general 
scenario we must examine is when we have a1

N , . . . , ak
N ∈ R N

0 which are all zeros of dxN and all collide in the limit. We then 
examine the following expression in which we computed the residue in terms of derivatives

k∑
i=1

lim
tCl →ai

N

1

M!
dM

d(tCl )M

xN(t)

xN(t) − xN(tCl )

f N(t, tCl , t�m−1� \ Cl | z�n�)

(M2(t) − M2(tCl ))|Cl| , (54)

where M ∈ Z≥0 is chosen large enough so all the limits in tCl are finite. By using the product rule we may write this 
expression as

1

M!
M∑

h=1

k∑
i=1

xN(t)

(xN (t) − xN(ai
N))h

F h
N(t,ai

N , t�m−1� \ Cl | z�n�) , (55)

where the F h
N are meromorphic functions in t such that the orders of all its zeros and poles (in t) are uniformly bounded 

in N . Denoting this uniform bound by N0, we see for sufficiently large N the prefactors of the F h
N in the above expression 

must have zeros and poles of order larger than N0 (except possibly for h = 1 if ai
N is a zero of xN for some i and all N

sufficiently large). As the sum over h must be well defined in the limit, we can conclude that each individual term in the 
sum over n is well-defined in the limit. Therefore, the h = 1 expression
17
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1

M!
k∑

i=1

xN(t)

xN(t) − xN(ai
N)

F 1
N(t,ai

N , t�m−1� \ Cl | z�n�)

= xN(t)

M!
k∏

i=1

[
xN(t) − xN(ai

N)
]−1 k∑

i=1

F 1
N(t,ai

N , t�m−1� \ Cl | z�n�)

k∏
j=1
j 
=i

[
xN(t) − xN(a j

N)
]

, (56)

is well-defined in the limit. Observing that this is degree k in xN (t) in both the numerator and the denominator we see that 
this is precisely the desired leading order in xN expression that will contribute to the ratio N d

N (w | z0, z�n�)/Dd
N (w | z0, z�n�), 

whereas the terms other than j = 1 will contribute only to terms lower order in expN (1/w)d .
More involved are the contributions from the residues at Y(t). Here, we divide these into three sub-cases:

(i) we may take the residues at σ(t) ∈ Y ′(t) that do not preserve M1, these correspond to the ν1, . . . , νr and are where 
the limit of N d

N (w | z0, z�n�)/Dd
N (w | z0, z�n�) may have potential essential singularities;

(ii) we may take the residues at σ(t) ∈ Y ′(t) that preserve M1, i.e., M1 ◦ σ = M1;
(iii) we may take the residue at t itself.

Starting with sub-case (i), take an element σ(t) ∈ Y ′(t), fix an l, and inspect the following residue

Res
tCl ∈σ (t)

xN(t)

xN(t) − xN(tCl )

f N(t, tCl , t�m−1� \ Cl | z�n�)

(M2(t) − M2(tCl ))|Cl| , (57)

where f N is as before. Here we have a pole of order |Cl| at σ(t) in the variable tCl . We can therefore calculate the residue 
with the formula

lim
tCl →σ (t)

(−1)|Cl|

|Cl|!
d|Cl|−1

d(tCl )|Cl|−1

xN(t) f N(t, tCl , t�m−1� \ Cl | z�n�)

xN(t) − xN(tCl )

(
tClσ(t)

M2(tCl ) − M2(t)

)|Cl|
. (58)

If we take the derivatives of the 1/(xN (t) − xN (tCl )), we will end up with subleading terms in powers of xN ; these therefore 
do not concern our analysis. All we care about when we take derivatives of f , is that derivatives cannot create poles. Finally, 
we have the expansion(

tClσ(t)

M2(tCl ) − M2(σ (t))

)|Cl|
= 1

M ′
2(σ (t))|Cl |

∞∑
k=0

Sk(σ (t))(tCl − σ(t))k , (59)

where Sk has a pole of order at most k at elements of R∞ (poles of M1). The pre-factor has a zero of at least order |Cl|
(as M2 has a pole at all elements of R∞), and the only Sk that can contribute are those with k ≤ |Cl|. Thus, for the leading 
terms in xN , we will never get poles. Furthermore, from the above discussion, we see the expN(1/νp(w)) will never enter 
the leading order power in expN(1/w).

Now, we move on to sub-case (ii): the deck transformations that preserve M1; let σ(t) be such a deck transformation 
and examine the expression

lim
tCl →σ (t)

(−1)|Cl|

|Cl|!
d|Cl|−1

dt|Cl|−1
Cl

xN(t) f N(t, tCl , t�i−1� \ Cl | z�n�)

xN(t) − xN(tCl )

(
tClσ(t)

M2(tCl ) − M2(t)

)|Cl|
, (60)

which is the same as the prior case as nothing in the steps changes up to this point. The only thing that changes in 
analysing this expression is that when we take derivatives of the xN (t)/(xN (t) − xN (tCl )) factor we do not end up with only 
subleading terms as xN (σ (t)) now has a factor of exp(M1(t)). If we take k derivatives of this factor, we get a pole of order 
at most k in the ratio of the coefficients of the leading powers of xN . Thus, we still cannot get a pole as we have the factor 
of M ′

2(σ (t))−|Cl | , as before.
Finally, we examine sub-case (iii), where we take the residue at tCl = t:

Res
tCl =t

xN(t)

xN(t) − xN(tCl )

f N(t, tCl , t�i−1� \ Cl | z�n�)

(M2(t) − M2(tCl ))|Cl| . (61)

Here, we may have a pole of order at most |Cl| + 3. In particular, we get a pole of order one from the xN (t)/(xN (t) −
xN (tCl )) factor, a pole of order |Cl| from the difference of the M2 in the denominator, and a potential double pole in 
f N at tCl = t due to possible presence of an ω0,2(t, tCl ). Here, however, the M ′

2(t)
−|Cl | has at least a zero of order 2|Cl|. 

Using identical arguments with the expansions of the individual factors, this case will not create an undesired pole in 
N d(w | z0, z�n�)/Dd (w | z0, z�n�).
N N
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Seventh step: integral well-defined.
With these properties established, we can prove the ωN

g,n are well-defined in the limit. First note

Res
w=1/N

N d
N(w | z0, z�n�)expN(1/w)d + · · ·

Dd
N(w | z0, z�n�)expN(1/w)d + · · · = Res

w=1/N

N d
N(w | z0, z�n�)

Dd
N(w | z0, z�n�)

(
1 +O(w − 1/N)N

)

= Res
w=1/N

N d
N(w | z0, z�n�)

Dd
N(w | z0, z�n�)

.

(62)

As we have established N d
N (w | z0, z�n�)/Dd

N (w | z0, z�n�) has no pole at w = 0, we may change the residue at w = 1/N
to a contour integral about a small circle around w = 0. Then, using dominated convergence to bring the limit as N → ∞
inside the contour, we conclude

lim
N→∞ Res

w=1/N

N d
N (w | z0, z�n�)expN(1/w)d + · · ·

Dd
N(w | z0, z�n�)expN(1/w)d + · · · = Res

w=0

N d∞(w | z0, z�n�)

Dd∞(w | z0, z�n�)
. (63)

Eighth step: independence of τ .
Finally, we claim that all choices of τ yield the same result in the N → ∞. To establish this, we first prove 

∂m
τ ωN

g,n+1(z0, z�n�)|τ=0 exists and goes to zero for every value of m ∈ Z≥1 as N → ∞ proceeding inductively on −χg,n =
2g + n − 2.

First note that the result is straightforward for ωN
0,1 and trivial for ω0,2. So we may proceed directly to the induction step 

and assume the result holds for all prior correlators. We first argue that we may commute derivatives in τ with all residues 
in (48). To do this, we transform all residues into contour integrals; even if the point at which the residue is being taken 
depends on τ , the contour may be taken to be locally constant in τ . Then we may commute the derivatives in τ with the 
τ -independent contour integrals and, as the derivatives in τ cannot create new poles, we may switch all contour integrals 
back to the same residues.

In an identical manner to the second step of the proof, we wish to argue the residues at tCl = R N∞ do not contribute. For 
the points in R N∞ that satisfy M1 = N/(1 − τ ), xN(tCl ) has a pole of order N and the argument proceeds identically to the 
argument in the second step. Similarly, for the points where M1 = ∞ the expansions (49) and (50) are the same as before 
and the identical argument works for general choices of τ .

The only new thing to check is that the points in R N∞ that satisfy M1 = −N/τ do not contribute. Here xN has a zero of 
order N rather than a pole of order N . Denoting the collection of these points as V N , by (52) we look at the expression 
(with the τ dependence suitably inserted)

Res
tCl ∈V N

xN(t)

xN(t) − xN(tCl )

f τ
N (t, tCl , t�m−1� \ Cl | z�n�)

(M2(t) − M2(tCl ))|Cl| , (64)

where, as before, f τ
N will only have poles of order bounded uniformly in N . It will be important to observe, that as the 

correlators are regular at the poles of M1 and M2 has poles at the poles of M1 that f τ
N has no pole at the poles of M1 for 

all τ . Then we note, for any aN ∈ V N ,

xN(t)

xN(t) − xN(tCl )
= 1 +O((t − tCl )N), (65)

so the expression in (64) is in fact equal to

Res
tCl ∈V N

f τ
N (t, tCl , t�m−1� \ Cl | z�n�)

(M2(t) − M2(tCl ))|Cl| =: F τ
N(t, tCl , t�m−1� \ Cl | z�n�). (66)

We now claim that [∂m F τ
N ]τ=0 ≡ 0 for all m ∈Z≥0, which would mean, at least locally near τ = 0, that these points do not 

contribute. To prove this we wish to commute the τ derivatives with the residue in the above expression. There is a slight 
subtlety, as all points in V N collide at poles of M1 in the limit τ → 0. However, as the f τ

N are regular at the poles of M1, 
near τ = 0 we may draw a contour around each of the poles of M1 that includes all points in V N (but no other poles of 
the integrand) and commute the τ derivatives with this contour.

Next, we note that f 0
N = f N has no pole at the poles of M1 so [∂m f τ

N ]τ=0 is in fact regular at the poles of M1 for all 
m ∈Z≥0. Then, [∂m F τ ]τ=0 just involves taking residues of [∂m f τ ]τ=0 at the poles of M1 and therefore vanishes.
N N
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As argued previously, we can commute the τ derivatives with the residues and obtain

∂k
τω

N
g,n+1(z0, z�n�) = Res

t∈RN

deg(xN )∑
m=2

⎛
⎝ t∫

∗
B(z0, ·)

⎞
⎠ ∑

C1,...,C j	t�m−1�

(−1)1−δ j,m−1

j! Res
tCl ∈RN

0 ∪z�n�∪Y(t)
l=1,..., j

Res
Cl=tCl

l=1,..., j

∂k
τ

⎛
⎝ j∏

l=1

xN(t)

xN(t) − xN(tCl )

∏
t0∈Cl\{tCl }

xN(tCl )

xN(t0) − xN(tCl )

⎞
⎠ WN

g,n,m(t, t�m−1� | z�n�)∏m−1
l=1 (M2(t) − M2(tl))

,

(67)

The expression that the derivative in τ hits in the above equation depends on τ through the xN and the ωN
g′,n′ . ∂ i

τ xN goes 
to zero in the limit N → ∞ and ∂ i

τω
N
g′,n′ goes to zero by the induction assumption. Thus, the entire second line (i.e., the 

part inside all the residues) is converging to zero as N → ∞. As all the residues in the variables Cl may just be converted 
into integrals9 we get that the entire integrand in t is converging to zero. Analogously to proving the existence of the limit 
when τ = 0, we must now argue the integral itself goes to zero.

For the residues at t = R N
0 the fact that the integrand is going to zero is clear as we may take the N → ∞ limit inside 

the contour integral; so we concentrate on the residues at t = R N∞ . Here, for generic τ , we will have residues at solutions 
of M1(z) = N/(1 − τ ), −N/τ . When we set τ = 0, we end up with no poles at M1(z) = ∞, even after taking derivatives, as 
we cannot create poles by taking derivatives. For our purposes, we may therefore neglect the residues at M1(z) = −N/τ , as 
they will drop out in the end.

Thus, at these points, we need to take τ derivatives of the analogous expression to (51) where the N and D coefficients 
acquire the suitable τ dependence and expN (w−1) = (1 + (τ −1)/(N w))−N (1 +τ/(N w))N is appropriately modified.10 After 
taking m τ derivatives, the ratio of the new leading order coefficients will have no pole at w = τ = 0 by the quotient rule 
and the fact that the τ derivative can only decrease the order of poles at w = 0. We may then conclude that the same 
argument with the N → ∞ limit holds

Res
w=(1−τ )/N

∂m
τ

N d,τ
N (w | z0, z�n�)expN(1/w)d + · · ·

Dd,τ
N (w | z0, z�n�)expN(1/w)d + · · ·

= Res
w=(1−τ )/N

∂m
τ

N d,τ
N (w | z0, z�n�)

Dd,τ
N (w | z0, z�n�)

(
1 +O(w − (1 − τ )/N)N

)

= Res
w=(1−τ )/N

∂m
τ

N d,τ
N (w | z0, z�n�)

Dd,τ
N (w | z0, z�n�)

,

(68)

but this time, after taking the derivatives in τ , the ratio of the leading order coefficients is converging to zero.
Finally, we argue that this result, namely that ∂m

τ ωN
g,n+1(z0, z�n�)|τ=0 exists and goes to zero in the limit, perhaps unsur-

prisingly, actually establishes the theorem. Note that we have the following expansion for sufficiently small τ and generic 
choices of z1, . . . , zn ∈ �

ωN
g,n+1(z0, z�n�) =

∞∑
m=0

τm

m! ∂m
τ ωN

g,n+1(z0, z�n�)|τ=0 . (69)

Denote the radius of convergence of this sum as ρN (z0, z�n�). We claim that ρN → ∞ provided zi /∈ R ∀i = 0, . . . , n. To 
prove this claim we examine the singularity structure of ωN

g,n+1(z0, z�n�) = ωN
g,n+1(z0, z�n�; τ ). This is straightforward as 

these ωN
g,n+1 only have poles at ramification points.

The ramification points of xN can be put into three categories: solutions of M1(z) = (1 − τ )/N; solutions of M1(z) =
−τ/N; poles of M1; poles of M0; zeros of dxN that converge to elements of R0. For the first two cases we clearly see that, 
for fixed z, these singularities go to infinity in the τ plane. The next two cases can never create singularities in the τ plane 
as, by assumption, zi /∈ R . The fifth and final case is dealt with by computing(

1 + (τ − 1)
M1

N

)N+1(
1 + τ

M1

N

)−N+1

dxN =
(

1 + (τ − 1)
M1

N

)(
1 + τ

M1

N

)
dM0 + M0dM1 , (70)

and noting that, for a fixed point on � that is not a zero of this differential in the limit, the only zero this has in the τ
plane shoots off to infinity in the limit N → ∞.

9 If two or more ramification points in RN
0 collide in the limit, then we will have to write one contour integral around the point in R0 they collide at.

10 τ derivatives commute with the pushforward in M1 as M1 does not depend on τ .
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As ρN is the distance between zero and the nearest singularity in the τ plane we indeed have that ρN → ∞. Thus, given 
any fixed τ we are inside the radius of convergence, i.e., |τ | < ρN , for all N sufficiently large so we may commute the limit 
in N with the infinite sum. This proves the theorem. �

Now that we know that correlators for transalgebraic spectral curves are well-defined, we can easily prove a number of 
corollaries.

Corollary 4.4. Let S be a compact transalgebraic admissible spectral curve. For 2g + n − 2 ≥ 1, the correlators ωg,n constructed by 
topological recursion on S satisfy the following properties:

• Symmetry: the ωg,n are symmetric in all of their n variables.
• Pole structure: the ωg,n have poles only at the ramification points of x.
• Residueless: the ωg,n have vanishing residue at all points.
• Homogeneity: rescaling ω0,1 by a constant c ∈C∗ to cω0,1 results in a rescaling ωg,n → c2−2g−nωg,n.

Proof. These properties are well-known for ordinary topological recursion, and were proved in [46,23,16]. They carry over 
as they hold for each curve in our sequence of spectral curves. �

We also give a direct formula for topological recursion on transalgebraic spectral curves, in a wide variety of cases, 
without using a sequence of correlators and taking limits.

Lemma 4.5. Let S be a compact transalgebraic admissible spectral curve. If M1 is a well-defined function of M2 we may use the 
following formula to recursively compute the correlators of topological recursion.

ωg,n+1(z0, z�n�) = Res
t∈R

deg(x)∑
m=2

⎛
⎝ t∫

∗
B(z0, ·)

⎞
⎠ ∑

C1,...,C j	t�m−1�

(−1)1−δ j,m−1

j! Res
tCl ∈R0∪Z∪Y(t)

l=1,..., j

Res
Cl=tCl

l=1,..., j⎛
⎝ j∏

l=1

x(t)

x(t) − x(tCl )

∏
t0∈Cl\{tCl }

x(t)

x(t0) − x(tCl )

⎞
⎠ Wg,n,m(t, t�m−1� | z�n�)∏i−1

l=1((xy)(t) − (xy)(tl))
,

(71)

where Y(t) = M−1
2

(
M2(t)

)
and the residues at the infinite ramification points R∞ are defined as

Res
t∈R∞

↔ 1

(2g − 1)! lim
w→0+

d2g−1

dw2g−1 M1∗ , (72)

where the expression on the right is to be interpreted as follows: we take the pushforward under the map M1 and define w = 1/M1 so 
the infinite ramification points are all located at w = 0; the formula is then the standard one for a pole of order 2g at w = 0 except we 
take the limit as w → 0 along the positive real axis.

Proof. Adopting the notation of the proof of Theorem 4.3, as N d
N (w | z0, z�n�)/Dd

N (w | z0, z�n�) has a pole of order at most 
2g at w = 1/N , we will have that N d∞(w | z0, z�n�)/Dd∞(w | z0, z�n�) will have a pole of order no more than 2g at w = 0. 
Ergo, we can compute the topological recursion in the limit (note here, by assumption, there are no ν). By definition, this is

1

(2g − 1)! lim
w→0+

d2g−1

dw2g−1

N d∞(w | z0, z�n�)exp(d/w) + · · ·
Dd∞(w | z0, z�n�)exp(d/w) + · · ·

= 1

(2g − 1)! lim
w→0+

d2g−1

dw2g−1

N d∞(w | z0, z�n�)

Dd∞(w | z0, z�n�)

(
1 +O(exp(−w−1))

)

= 1

(2g − 1)! lim
w→0+

d2g−1

dw2g−1

N d∞(w | z0, z�n�)

Dd∞(w | z0, z�n�)
= Res

w=0

N d∞(w | z0, z�n�)

Dd∞(w | z0, z�n�)
. �

Remark 4.6. We believe that this formula works even when M1 is not a well-defined function of M2, but it is tricky to 
establish due to the possibility of the exp(1/ν(w)) contributing to the leading order coefficients in the limit. If one could 
prove that the exp(1/ν(w)) do not contribute to the leading order in the limit, the lemma would hold even when M1 is 
not a well-defined function of M2.
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4.3. Essential singularities only contribute for n = 1

As highlighted in Remark 2.7, given transalgebraic functions x and y with exponential singularities on a compact Rie-
mann surface �, with xy meromorphic, one can define two distinct spectral curves:

1. A compact transalgebraic spectral curve, where the Riemann surface is taken to be � itself;
2. A non-compact meromorphic spectral curve, where the Riemann surface is taken to be � \ R∞ (which ignores the 

essential singularities of x).

In this section, we show that topological recursion on the compact transalgebraic spectral curve differs from topological 
recursion on the non-compact meromorphic spectral curve at only finitely many steps. More explicitly, what this means 
is that for all but finitely many (g, n), the ωg,n defined by topological recursion on transalgebraic spectral curves (Defini-
tion 4.2) may also be calculated using the recursive step of standard topological recursion (Definition 2.8) ignoring essential 
singularities.

We will prove this by analysing the N-dependence of the ωN
g,n; we show that limN→∞ ωN

g,n has no principal part at R∞
for all but finitely many (g, n).

We begin by examining the loop equations of Proposition 2.9. We wish to prove that the ith loop equation (corresponding 
to Eg,n,i) can be written with all the same sheets rather than all different ones. First we define the non-regularised (0, 2)

correlator

ω̄0,2(z1, z2) := ω0,2(z1, z2) − dx(z1)dx(z2)

(x(z1) − x(z2))2
= −

∑
ζ∈f′(z1)

ω0,2(ζ, z2) + regular . (73)

Then we have the following result.

Proposition 4.7. On a meromorphic spectral curve,∑
Z⊂fa(z)
|Z |=i

Eg,n,i(Z | z�n�) = (−1)i−1(i − 1)!
∑

z′∈fa(z)

Ēg,n,i(z′, . . . , z′ | z�n�) +O(zra−1−2gdzi) (74)

for a local coordinate z near a ramification point a with sa = 1, where the bar indicates we replace any occurrence of ω0,2 with ω̄0,2 .
For an admissible transalgebraic spectral curve S , for fixed g, either side of the expression is holomorphic of arbitrarily high vanish-

ing order on SN near points a ∈ R N∞ as N → ∞.

Proof. We will repeatedly apply the linear loop equations on the meromorphic spectral curves converging to our transal-
gebraic one. The linear loop equation, the i = 1 case of Proposition 2.9, always holds up to O(x0(z)dx(z)) = O(zra−1dz). By 
assumption, sa = 1, so by Lemma 2.10, the pole order of ωg,n at a is bounded by 2g .

Writing ζk for the local Galois conjugates of a ζ1,∑
k1

∑
k2 
=k1

· · ·
∑

ki 
=k1,...,ki−1

Eg,n,i(ζk1 , . . . , ζki (z) | z�n�)

∼ −
∑
k1

∑
k2 
=k1

· · ·
∑

ki−1 
=k1,...,ki−2

i−1∑
j=1

Eg,n,i(ζk1 , . . . , ζki−1 , ζk j | z�n�) , (75)

where the bar over the entry indicates we should replace every instance of ω0,2 evaluated at this entry with ω̄0,2 and ∼
means up to O(zra−1−2gdzi). We then note the summation is entirely symmetric in k1, . . . , ki−1 (we are summing over all 
permutations of i − 1 indices where no two indices are the same) so all terms in the sum over j are equal to the term with 
j = 1 and therefore the above is equal to

− (i − 1)
∑
k1

∑
k2 
=k1

· · ·
∑

ki−1 
=k1,...,ki−2

Eg,n,i(ζk1 , . . . , ζki−1 , ζk1 | z�n�)

∼ (i − 1)
∑
k1

∑
k2 
=k1

· · ·
∑

ki−2 
=k1,...,ki−3

i−2∑
j=1

Eg,n,i(ζk1 , . . . , ζki−2 , ζk j , ζk1 | z�n�). (76)

By the same argument we may remove the sum over j by picking up a factor of i − 2. Repeating this argument a further 
i − 3 times yields the desired first result.

For the second, we use that for any a ∈ R N∞ , by admissibility, sa = 1, so we may apply the first result, and moreover the 
order of the loop equation from Proposition 2.9 is O(zra−idzi), as sa = 1 and i ≤ ra . Then ra =O(N), so indeed the vanishing 
order of either side grows arbitrarily large as N → ∞. �
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Now we use our rewritten loop equations to derive the desired N-dependence of the ωN
g,n . Fixing an essential singularity 

a of x, we define a local coordinate near this essential singularity through ζ−m1 = M1; using this notation, the essential 
singularity corresponds to ζ(a) = 0. Setting τ = 0 in xN , let ϑ be a primitive m1th root of unity and define the coordinate 
t such that t−N = xN so that t(ζ ) = M0(ζ )−1/N (1 − 1

ζm1 N ) where the branch of the Nth root is chosen such that M0(ζ =
ϑm N−1/m1 ) does not lie on the cut for any values of m and N and the limit value of t (limN→∞ t is a constant function) is 
not a pole of any of the correlators. Our claim is then

Lemma 4.8. With the above conditions, the principal part of ωN
g,n+1(t, z�n�) at ζ(t) = ϑm N−1/m1 is given by

Res
ζ=ϑm N−1/m1

( ζ∫
ϑm N−1/m1

ω0,2(t, ·)
)
ωN

g,n+1(ζ, z�n�) = N
1−n+ m2

m1
χg,n+1

−1∑
l=1−2g

wl,m
g,n(z�n�)dξm

l (t) , (77)

where

dξm
l (t′) = Res

ζ=ϑm N−1/m1

( ζ∫
ϑm N−1/m1

ω0,2(t
′, ·)
)

t(ζ )ldt(ζ ), l < 0 , (78)

χg,n = 2 − 2g − n is the Euler characteristic, and wl,m
g,n =O(N0).

We require a lemma for the proof.

Lemma 4.9. With the notation as above,

ω̄N
0,2(t, t) = dt du

(t − u)2
− dtNduN

(tN − uN)2

∣∣∣∣
u=t

+O(t0dt2) = (N − 1)(N + 1)(5N − 6)

24N

dt2

t2
+O(t0dt2) . (79)

Proof. The first equality holds by general invariance of the principal part of dzdw
(z−w)2 under change of local coordinates.

The second equality is a direct calculation, using geometric series.

dt du

(t − u)2
− dtNduN

(tN − uN)2
=
(( N−1∑

m=0

tN−m−1um
)2 − N2tN−1uN−1

)
dt du

(tN − uN)2

=
(

N(N − 1)tN−1uN−1 −
N−2∑
k=0

(k + 1)
(

t2N−2−kuk + tku2N−2−k
)) dt du

(tN − uN)2

=
N−2∑
k=0

(k + 1)
(

t2N−2−kuk + tku2N−2−k − 2tN−1uN−1
) dt du

(tN − uN)2

=
N−2∑
k=0

(k + 1)

N−2−k∑
l=0

(t2N−3−k−luk+l − tk+lu2N−3−k−l)dt du

(t − u)
(∑N−1

m=0 tN−1−mum
)2

=
N−2∑
j=0

j∑
k=0

(k + 1)
(t2N−3− ju j − t ju2N−3− j)dt du

(t − u)
(∑N−1

m=0 tN−1−mum
)2

=
N−2∑
j=0

( j + 1)( j + 2)

2

(t2N−3− ju j − t ju2N−3− j)dt du

(t − u)
(∑N−1

m=0 tN−1−mum
)2

=
N−2∑
j=0

( j + 1)( j + 2)

2
t ju j

2N−4−2 j∑
i=0

t2N−4−2 j−iuidt du(∑N−1
m=0 tN−1−mum

)2 .

At this point, we may set u = t , and obtain

ω̄N
0,2(t, t) =

N−2∑
j=0

( j + 1)( j + 2)

2
(2N − 3 − 2 j)

t2N−4dt2(
NtN−1

)2 +O(t0dt2)

= (N − 1)(N + 1)(5N − 6) dt2

2
+O(t0dt2) . �
24N t
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Proof of Lemma 4.8. The principal part is given by the left-hand side because of the projection property of Proposition 2.9.
To prove the equality, we use induction on the negative of the Euler characteristic −χg,n = 2g −2 +n. We start with ω0,1. 

However, we modify ω0,1 locally near each ramification point z = ϑm N1/m1 by subtracting −N−1(xy)(ϑm N1/m1 )d log(xN ); as 
this is a pure function of x, this modification does not affect topological recursion in any way, and it ensures ω0,1 satisfies 
the local linear loop equations at the ramification points colliding at a. Examining the expansion coefficients in t of M2

around t(z = ϑm N1/m1 ) = 0,

M2(t) = N
m2
m1 ϑmm2

∞∑
l=0

ylξl(t) ,

where the yl , to leading order in N , do not depend on N or m. As ω0,1(t) = −N(M2(t) − M2(t = 0))dt/t , the claimed result 
holds in this case. The claim for ω0,2 also holds:

ω0,2(t, z1) =
∞∑

l=1

wl,m
0,2(z1)ξ

m
l (t), z → ϑm N1/m1 .

However, we will be particularly concerned with not ω0,2 but ω̄0,2. There are two cases we need to examine when there 
is such a term in Eg,n,i(ζk1 , . . . , ζki | z�n�). The first is when a term has a factor of

ω̄0,2(ζka , zb) = ω0,2(ζka , zb) − dxN(z)dxN(zb)

(xN(z) − xN(zb))
.

Here, at the ramification points of interest, t = 0, we note that the second term has a zero of order N − 1 and so will not 
need to be taken into account in examining the loop equations. The first term is just ω0,2 and so follows the claim.

The second case is when there is a factor of ω̄0,2(ζka , ζka ). In this case, by Lemma 4.9, ω̄0,2(ζka , ζka ) =O(N2) dt2

t2 .
Now we are equipped to perform the induction step. Let α be a primitive Nth root of unity and examine the loop 

equation from Proposition 4.7

N∑
r=1

Eg,n,i(α
rt, . . . ,αrt | z�n�) =

∑
μ	�i�

∑
�l(μ)

k=1 Nk=�n�∑l(μ)

k=1 gk=g+l(μ)−n

l(μ)∏
k=1

ωgk,|μk|+|Nk|(α
rt, . . . ,αrt, zNk ).

Let us first examine the terms that contain a factor of ωg,n+1. These are

i
N∑

r=1

ωg,n+1(α
rt, z�n�)ω0,1(α

rt)i−1.

Each factor of ω0,1 gives an N dependence of N
1+ m2

m1 and the sum over r gives an additional (possible) factor of N . Thus 

the highest order N dependence the coefficient of ωg,n+1(α
rt, z�n�) can have is N

1+(i−1)(1+ m2
m1

)
.

Now let us examine the highest order N dependence another term may have using the induction assumption. Examining 
the expansion of ω̄0,2(α

rt, αrt) and the induction assumption, we see that the highest order occurs when the partition μ
consists only of singletons and pairs where each pair has genus zero and none of the z�n� to yield a ω̄0,2(α

rt, αrt) factor. 
We will calculate the largest possible N dependence of such a term. Let s be the number of singletons and d the number 
of pairs. The pairs give us d factors ω̄0,2(α

rt, αrt), which give an N dependence of N2d . The singletons give a total N

dependence, by the induction assumption, of N
2s−s−n+ m2

m1
(i−1+χg,n+1)

. The sum then gives us an additional factor of N , for a 
total dependence of (using that 2d + s = i)

N
2d+s−n+ m2

m1
(i−1+χg,n+1)+1 = N

i+1−n+ m2
m1

(i−1+χg,n+1)
.

Thus, ωg,n+1 indeed has the claimed N dependence and we are done. �
As a direct consequence of Lemma 4.8, we find the following corollary.

Corollary 4.10. Let a be a pole of M1 . Then all correlators ωN
g,n with 2gm2 ≥ (2 − n)(m1 + m2) have vanishing principal part at a in 

the limit as N → ∞; in particular, this includes all correlators with n ≥ 2.

Proof. Given that t = M0(z)−1/N (1 − zm1/N), we have the following expansion, where the al = O(N0) are order one coeffi-
cients that, to leading order in N , do not depend on m:
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t =
∞∑

l=1

al

ϑml Nl/m1
(z − ϑm N1/m1)l.

Ergo, Lemma 4.8 implies that we have the expansion

ωN
g,n+1(z, z�n�) = N

1−n+ m2
m1

χg,n+1

2g∑
l=2

Al,m(z�n�)

(z/(ϑm N1/m1) − 1)l
d

z

ϑm N1/m1
+O

(
(z − ϑm N1/m1)0

)
, (80)

where the Al,m =O(N0). So if 1 −n + m2
m1

χg,n+1 − 1
m1

< 0, the limit N → ∞ vanishes. Changing n + 1 → n, this is equivalent 
to the condition in the corollary. �
Corollary 4.11. The correlators ωg,n with 2g − 2 + n > 0 are regular at essential singularities where m2 ≥ m1; in particular, this 
includes all essential singularities where M1 has only a simple pole (m1 = 1).

Proof. For n > 1 we have established the correlators may never have poles. For n = 1 we know the correlators do not have 
poles if (2g − 1)m2 ≥ m1 by the previous corollary; this is trivially true if m2 ≥ m1 as g ≥ 1. �
Proposition 4.12. Let S be a compact transalgebraic admissible spectral curve. For 2gm2 ≥ (2 − n)(m1 + m2), the correlators ωg,n
defined via topological recursion on S (Definition 4.2) are regular at all essential singularities a ∈ R∞ . In particular, this includes all 
correlators with n ≥ 2.

The correlators ωg,n satisfying the condition above may be calculated via the topological recursion of Definition 2.8 with residues 
only at the finite ramification points, but where the ωgk,nk on the right-hand side of equation (13) are obtained by the topological 
recursion of Definition 4.2.

Proof. The first statement follows immediately from Corollary 4.10 and the definition of transalgebraic topological recursion 
as a limit.

For the second statement, note that the individual contributions of ramification points in equation (13) are continuous 
as the spectral curve varies without the type of ramification changing.11 This is the case for the a ∈ R N

0 , which converge to 
R0. By the projection property, equation (19), ωN

g,n are the sums of their principal parts, and by Corollary 4.10, the limit of 
the contributions at elements of R N∞ vanishes. As ωg,n is defined as the limit, this proves the second statement. �
Remark 4.13. Proposition 4.12 does not mean that for 2gm2 ≥ (2 −n)(m1 +m2), the correlators ωg,n calculated via topologi-
cal recursion on the transalgebraic spectral curve (Definition 4.2) are equal to the ones calculated from topological recursion 
on the non-compact meromorphic spectral curve that ignores essential singularities. Rather, the contributions from the 
essential singularities at higher Euler characteristic propagate to all (g, n) through the recursion at finite ramification points.

However, as the inequality only fails for n = 1 and 2g − 1 ≤ m1
m2

, it does mean that for any given transalgebraic spectral 
curve, the limit definition of topological recursion only has to be used a finite number of times, and can then be disregarded 
for the remaining correlator calculations.

Now we provide a bound on the order of the poles of the correlators at the infinite ramification points.

Proposition 4.14. Let S be a compact transalgebraic admissible spectral curve. Let a ∈ R∞ be an infinite ramification point. Suppose 
that M1 has a pole of order m1 at a, and let m2 be the order of the pole of xy at a. Then ωg,1 has a pole of order no greater than 
m2(1 − 2g) + m1 + 1 at a.

Proof. Begin with the expansion we found before in equation (80), which for n = 0 reads

ωN
g,1(z) = N

1+ m2
m1

(1−2g)
2g∑

l=2

Al,m

(z/(ϑm N1/m1) − 1)l
d

z

ϑm N1/m1
+O

(
(z − ϑm N1/m1)0

)
, (81)

where Al,m =O(N0). We then change coordinate z = ζ−1, such that ζ(a) = 0 and ζm1 = M1, so we obtain

ωN
g,1(ζ ) ∼ N

1+ m2
m1

(1−2g)− 1
m1

2g∑
l=2

Al,mϑ−m

(ϑ−m N−1/m1ζ−1 − 1)l
dζ−1 , (82)

where we ignore the non-polar part, as it does not contribute to the poles for an admissible spectral curve.

11 To be precise, this is proven for ramification points of arbitrary order in [17].
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For a fixed small ζ , take N large enough that N−1/m1ζ−1 is small, and use this to expand denominators as geometric 
series. We see that the coefficient of ζ−kdζ−1 = −ζ−k−2dζ is then O(N

1+ m2
m1

(1−2g)− k+1
m1 ), so for this to persist in the limit, 

we require that

0 ≤ 1 + m2

m1
(1 − 2g) − k + 1

m1

0 ≤ m1 + m2(1 − 2g) − k − 1

k ≤ m1 + m2(1 − 2g) − 1 ,

which after a shift of 2 for k exactly gives the order in the proposition. �
Proposition 4.15. For g = 1, we have an explicit formula for the contribution of the infinite ramification points.

∑
a∈R∞

Res
t=a

⎛
⎝ t∫

a

ω0,2(z0, ·)
⎞
⎠ω1,n(t, z�n−1�)

= −δn,1

24

∑
a∈R∞

Res
t=a

⎛
⎝ t∫

a

ω0,2(z0, ·)
⎞
⎠d

(
d

dM2(t)

)
log(x(t))

= −δn,1

24

∑
a∈R∞

Res
t=a

⎛
⎝ t∫

a

ω0,2(z0, ·)
⎞
⎠dM2(t)

(
d

dM2(t)

)2

M1(t) ,

(83)

Proof. For n ≥ 2 the result holds by Corollary 4.10, so we concentrate on the n = 1 case. Take a large positive integer N
with a corresponding primitive Nth root of unity α and fix a ramification point of xN (we use τ = 0), which we denote a, 
such that M1(a) = N . Fixing a local coordinate t−N = xN we write the quadratic local loop equation for ωN

1,1 at a12

1

2!
dxN(t)

xN(t)

N∑
i, j=1
i 
= j

2
[

M2(α
it) − M2(a)

]
ω1,1(α

jt) + 1

2!
N∑

i, j=1
i 
= j

ω0,2(α
it,α jt) = O

(
dxN(t)2

xN(t)

)
. (84)

By Lemma 2.10 (with sa = 1) ωN
1,1 has only a double pole at a; denote the coefficient of this double pole as A. Therefore,[

M2(α
it) − M2(a)

]
ω1,1(α

jt) = −αi− j M ′
2(a)

A

N

dxN(t)

xN(t)
+O(dt), (85)

where we assume that N is chosen so large that M ′
2(a) 
= 0. Furthermore, from [16, Lemma A.5] we have

1

2!
N∑

i, j=1
i 
= j

ω0,2(α
it,α jt) = − N2 − 1

24N

(
dxN(t)

xN(t)

)2

. (86)

Putting these two results together we obtain

A = 1

M ′
2(a)

N2 − 1

24N
, (87)

and we can then repackage this result in a more suggestive form (the base point ∗ is arbitrary)

Res
t=a

⎛
⎝ t∫

∗
ω0,2(z0, ·)

⎞
⎠ωN

1,1(t) = − N2 − 1

24N2
Res
t=a

⎛
⎝ t∫

∗
ω0,2(z0, ·)

⎞
⎠d

d

dM2(t)
log(xN(t)). (88)

This holds for every a with M1(a) = N . Ergo, we can sum both sides over all such a. Moreover, near the elements of R∞
(poles of M1) the integrands will only have poles at such as; we can therefore replace this sum over residues by integration 
over a contour � that is the disjoint union of small circles around each element of R∞

12 When we consider the local loop equations about a we need ωN
0,1 to be regular at a. This is accomplished by taking the local ωN

0,1 to be [
M2(αi t) − M2(a)

]
d log(xN (t)), which differs from the original by a pure function of xN and therefore does not change the other correlators. See the 

proof of Lemma 4.8 for further explanation.
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∫
�(t)

⎛
⎝ t∫

∗
ω0,2(z0, ·)

⎞
⎠ωN

1,1(t) = − N2 − 1

24N2

∫
�(t)

⎛
⎝ t∫

∗
ω0,2(z0, ·)

⎞
⎠d

d

dM2(t)
log(xN (t)). (89)

Noting that the second Bernoulli number is B2 = 1/6 so (21−2 − 1)B2/2! = −1/24, the claimed result holds upon taking the 
N → ∞ limit of the above expression. �

Let us show this explicitly in an example.

Example 4.16. Let z be an affine coordinate on P 1, r, q ∈Z≥1, and consider the spectral curve

S =
(
P 1, x(z) = ze−zqr

, y(z) = zq−1ezqr
)

, (90)

which we will call the q-orbifold r-atlantes Hurwitz curve.
Here we will use Lemma 4.5 to calculate the contribution from the essential singularity at infinity to the correlator ω1,1. 

Given our spectral curve we have M1(z) = −zqr , M2(z) = zq , and W1,0,2(t, t1 | ∅) = ω0,2(t, t1). Letting ϑ be a primitive qth 
root of unity we see that this contribution will be

Res
t=∞

⎛
⎝ t∫

∞
ω0,2(z0, ·)

⎞
⎠ω1,1(t) = Res

t=∞
dz0

z0 − t
Res

t1=R0,Y(t)

te−tqr

te−tqr − t1e−tqr
1

ω0,2(t, t1)

tq − tq
1

. (91)

The residues at t1 = R0 will drop out, as the integrand has no poles here. For the residues at t1 = Y(t) we must be careful 
to distinguish between the trivial and non-trivial sheets of M2, as the pole structure of the integrand is different in these 
two cases. First, we look at the non-trivial sheets, where there is only a simple pole

q−1∑
m=2

Res
t1=ϑmt

te−tqr

te−tqr − t1e−tqr
1

ω0,2(t, t1)

tq − tq
1

=
q−1∑
m=2

1

1 − ϑm

ϑm

−q

dt

t2(1 − ϑm)2
, (92)

which we see has no pole at t = ∞ and so will not contribute to the final result. Next, we examine the residue at t1 = t . 
The calculation was done on SageMath [70] and we just present the result here:

Res
t1=t

te−tqr

t1e−tqr
1 − te−tqr

ω0,2(t, t1)

tq
1 − tq

= −qr(r − 1)tqr−q−1dt

24
+O(t−2)dt. (93)

Then, multiplying by 
∫ t
∞ ω0,2(z0, ·) and taking the residue at infinity we obtain

Res
t=∞

⎛
⎝ t∫

∞
ω0,2(z0, ·)

⎞
⎠ω1,1(t) = − rdzq(r−1)

0

24
, (94)

which is in agreement with Proposition 4.15. Note that we did not have to use the re-definition of the residue at t = R∞ in 
Lemma 4.5 as the integrand is meromorphic. This is generic to calculations of ω1,1, but will not hold for more complicated 
correlators.

5. Quantum curves

One of the main motivations for introducing topological recursion on transalgebraic spectral curves is to make a sense 
of a conundrum related to sequences of meromorphic spectral curves, which arises in the context of quantum curves. To 
understand this, we introduce the notion of quantum curves, and the topological recursion/quantum curve correspondence.

5.1. The topological recursion/quantum curve correspondence

Topological recursion originally appeared in the context of matrix models, where the correlators ωg,n are generating 
functions for expectation values of the traces of the matrices under consideration [41,46]. But the trace is only one of the 
most natural basis-independent objects one can form from a matrix; another is, of course, the determinant. Traces and deter-
minants are intimately connected, and, fundamentally, this relation is what gives rise to the topological recursion/quantum 
curve correspondence.

In a matrix model, the expectation values of the determinants satisfy certain differential equations; roughly speaking, 
the solution of these differential equations is the wave function ψ and the operator that kills it is the quantum curve. Because 
of the well known relation det exp = exp Tr, it is intuitively clear that the wave function should involve the exponential of 
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the ωg,n . The connection between the differential equation satisfied by the wave function ψ and the topological recursion 
satisfied by the correlators ωg,n is made explicit in the topological recursion/quantum curve correspondence.

Let us now be a little more precise. Let S = (�, x, y, B) be a meromorphic spectral curve. The functions x and y satisfy 
a relation P (x, y) = 0. If the spectral curve is compact, then P will be polynomial, but in general it may not be.

Define the wave function ψ associated to the spectral curve S as

ψ(x(z)) = exp

⎡
⎣ ∞∑

n=1

∞∑
g=0

�2g+n−2

n!
z∫
· · ·

z∫ (
ωg,n − δg,0δn,2

dx(z1)dx(z2)

(x(z1) − x(z2))2

)⎤⎦ , (95)

which is an exponential of the correlators ωg,n constructed from topological recursion. Here � is a formal expansion pa-
rameter, there are n integrations in each term, and it is conventional to write ψ as a function of x(z), rather than z, even 
though it is not globally well-defined as such.13 The exact nature of the integration should be defined carefully (see, for 
example, [24]).

The statement of the topological recursion/quantum curve correspondence is that there should exist an operator 
P̂ (x̂, ŷ, �) such that

P̂ψ = 0 , (96)

where x̂ = x· and ŷ = � d
dx . Furthermore, this P̂ should be a quantisation of P , in the sense that P̂ (x, y, 0) = P (x, y). If such 

a P̂ exists, we call it a “quantum curve”.
Of course, there is no unique quantisation of P , due to non-commutativity of x̂ and ŷ. Moreover, we may allow correc-

tions of order � in the operator P̂ . In our context, we define quantisation as follows.

Definition 5.1. Let S be a meromorphic spectral curve, with x and y satisfying the relation P (x, y) = 0. We say that 
P̂ (x̂, ŷ; �) is a quantisation of P (x, y) if we have the following expansion for some m ∈N ∪ {∞}:

P̂ (x̂, ŷ;�) = P (x̂, ŷ) +
m∑

i=1

�i P̂ i(x̂, ŷ),

where P (x̂, ŷ) is taken to be normally ordered (in each term all the x̂ are put to the left of the ŷ) and the P̂ i are normal 
ordered polynomials of degree at most deg P − 1. We say that the quantisation is simple if m < ∞.

We can now state the topological recursion/quantum curve correspondence.14

Conjecture 5.2. Let S be a meromorphic spectral curve, with x and y satisfying the relation P (x, y) = 0. Let ψ(x(z)) be the wave 
function (95) associated to S , with the ωg,n constructed from topological recursion. Then there exists a quantisation P̂(x̂, ŷ; �) of 
P (x, y) such that

P̂ (x̂, ŷ;�)ψ(x(z)) = 0. (97)

We call P̂ (x̂, ŷ; �) a quantum curve.

As stated here, the conjecture is imprecise. To start with, it requires a proper definition of integration in the wave func-
tion (95) (see [24]). Furthermore, the wave function (95) is the “perturbative wave function”, and as stated the conjecture is 
only expected to hold when the spectral curve is genus zero. For higher genus spectral curves, non-perturbative corrections 
should be added to (95). Nevertheless, the statement can be made precise, and the conjecture has been proved for a wide 
class of compact meromorphic genus zero spectral curves with arbitrary ramification in [24], as well as for every compact 
meromorphic spectral curves with only simple ramification in [43,59,44].

5.2. Quantum curves for transalgebraic spectral curves

The conjecture has also been proved for a number of non-compact meromorphic genus zero spectral curves, such as the 
spectral curve from Example 2.6 [61]. However, in contrast to the compact cases mentioned above, in these non-compact 

13 This convention is the natural one as the way one obtains the expectation values of the traces from the ωg,n is through formal expansion in x where 
the expectation values of the traces are read off from the expansion coefficients.
14 This conjecture is sometimes referred to as the Gukov-Sulkowski conjecture in the literature [53]; however, the result has been well-known in the 

context of matrix models [60] long before the topological recursion was introduced, and was already being considered more generally in [10] in the 
context of the then recently discovered topological recursion before [53].
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cases the existence of the quantum curve is proved from the enumerative geometric interpretation of the correlators (which 
is r-completed cycles Hurwitz theory in the case of Example 2.6), and not directly from topological recursion.

Part of the motivation for the current paper was to prove the existence of quantum curves for such cases directly from 
topological recursion. Our idea is simple: as the transalgebraic spectral curve is obtained as the N → ∞ limit of a sequence 
of compact meromorphic spectral curves, if quantum curves are known to exist for the spectral curves at finite N , then we 
simply need to take the N → ∞ limit of these quantum curves to get the quantum curve for topological recursion on the 
transalgebraic spectral curve.

Therefore, to achieve this program we need to consider transalgebraic curves for which the finite N spectral curves are 
known to satisfy the topological recursion/quantum curve correspondence. In this respect, we will use the results of [24]. 
Using this methodology, we will prove the topological recursion/quantum curve correspondence for a large class of compact 
meromorphic spectral curves, which are called “regular”. Moreover, the proof is constructive, as it provides an explicit way 
of calculating the quantum curve.

To understand the regularity condition on spectral curves, we need to introduce the Newton polygon of a plane curve.

Definition 5.3. The Newton polygon � of P is the convex hull of the exponents in P , i.e., the convex hull in R2 of A :=
{(i, j) ∈N2 | αi, j 
= 0}.

Regularity for compact meromorphic spectral curves is defined as follows.15

Definition 5.4 (Definition 2.7, [24]). Let S be a compact meromorphic spectral curve. Then x and y satisfy a polynomial 
equation P (x, y) = 0. We say that S is regular if P (x, y) = 0 is smooth as an affine curve and its Newton polygon has no 
integral interior point.16

In particular, all regular spectral curves have genus zero by Baker’s formula [8], which states that the number of interior 
points of the Newton polygon is greater or equal than the genus of the curve. In fact, compact meromorphic spectral curves 
that are regular can be classified [24]. A compact meromorphic spectral curve is regular if and only if it falls into one of the 
following cases:

• P (x, y) is linear in x, i.e., P (x, y) = xE1(y) − E2(y), where E1, E2 are polynomials.
• P (x, y) has Newton polygon � given by the convex hull of {(0, 0), (0, 2), (2, 0)}.
• P (x, y) is obtained from one of the two previous cases via a transformation (x, y) → (xa yb, xc yd) with ad − bc = 1 and 

a rescaling by powers of x and y to get an irreducible polynomial equation.

For all regular spectral curves, the quantum curve associated to the corresponding wave function is constructed in [24].
We would like to extend the notion of regularity to transalgebraic spectral curves. In the spirit of defining the transalge-

braic in terms of limits of the algebraic, it would seem most natural to define transalgebraic curves S as regular precisely 
when the considered sequence of meromorphic curves that converge to S are regular. The following lemma precisely char-
acterises when this is the case.

Lemma 5.5. Let S = (�, x, y, B) be a compact transalgebraic spectral curve, with the notation of section 3.3. Then the curves SN =
(�, xN , yN , B) with

xN = M0

(
1 + (τ − 1)

M1

N

)−N (
1 + τ

M1

N

)N

, yN = M2/xN (98)

are regular for all N if and only if � ∼=P 1 and xy ∈ Aut(P 1).

Proof. If xN yN = M2 is a Möbius transformation, then we may define an affine coordinate z as z = xN yN . As xN is mero-
morphic on P 1, this means that we can write

xN = f N(z) (99)

for some rational function f N . Clearing denominators and using z = xN yN it follows that

E(1)
N (z)xN − E(2)

N (z) = 0 (100)

for some polynomials E(1)
N and E(2)

N . But this is a regular curve, as it is obtained from the curve

15 Regular is called “admissible” in [24].
16 As every Newton polygon with an interior contains a non-integral interior point it is common to state this condition without the word “integral”.
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E(1)
N (yN)xN − E(2)

N (yN) = 0 (101)

via the transformation (xN , yN) �→ (xN , xN yN ).
Alternatively, assume SN is regular for every N . By the classification of regular compact meromorphic spectral curves, 

SN will be a transformation of either a curve P N (xN , yN) = 0 that is linear in xN , or a curve P N(xN , yN) = 0 with Newton 
polygon �N given by the convex hull of {(0, 0), (0, 2), (2, 0)}. First consider the later case. Up to suitable rescaling by overall 
powers of xN and yN the most general curve of this form is

P N(xN , yN) = k0 + k1xa
N yb

N + k2xc
N yd

N + k3xa+c
N yb+d

N + k4x2a
N y2b

N + k5x2c
N y2d

N , (102)

for some constants k0, . . . , k5 ∈ C and ad − bc = 1. However, if we take a sequence of points pN ∈ SN converging to a 
point p ∈ S , then we can interpret the P N in the local rings at pN , C�x − x(pN ), y − y(pN )�, and they converge to a non-
polynomial equation in the local ring at p, C�x − x(p), y − y(p)�, locally cutting out S . So for sufficiently large N , SN will 
never take this form as the number of terms of P N has to grow unboundedly.

Ergo, we focus on the former case; when P N(xN , yN) = 0 is a transformation of a curve linear in xN . Thus, for some 
polynomials E(1)

N and E(2)
N and ad − bc = 1,

P N(xN , yN) = xa
N yb

N E(1)
N (xc

N yd
N) + E(2)

N (xc
N yd

N) = 0. (103)

Letting E N = E(2)
N /E(1)

N and choosing an affine coordinate w on P 1 we have

(xa
N yb

N)(w) = E N((xc
N yd

N)(w)). (104)

We now wish to count the number of sheets of these two equal functions. Using yN = M2/xN and denoting the degree (as 
a branched covering) of the rational function E N as D N , we have

|a − b|deg(xN) + |b|deg(M2) ≥ deg(xa
N yb

N) = deg(E N(xc
N yd

N)) ≥ D N [|c − d|deg(xN) − d deg(M2)] . (105)

By assumption, SN is transalgebraic in the limit so E N must not be meromorphic in the limit. Thus, D N → ∞ so the only 
way this inequality can hold for arbitrarily large N is if |c − d| = 0 so c = d. However, we now have that (a − b)c = 1 so 
c = ±1 and a = b ± 1. This gives us

x = [xy]−b[E N([xy]±1)]±1, (106)

so x is a well-defined function of xy and as y = xy/x, y is also a well-defined function of xy. Therefore xy is in fact a valid 
coordinate everywhere on the curve so we have that the function xy : � ∼= P 1 → P 1 can be taken to be injective. Ergo, as 
xy is also meromorphic and therefore rational, xy ∈ Aut(P 1). �

The preceding lemma, then, justifies the succeeding definition.

Definition 5.6. Let S = (�, x, y, B) be a compact transalgebraic spectral curve. We say that S is regular if � ∼= P 1 and 
xy ∈ Aut(P 1).

Remark 5.7. The reader may wonder whether our regularity condition is merely an artifact of our considered sequence. 
However, this is almost certainly not the case. Any sequence of curves converging to a transalgebraic curve will have more 
than six terms, and the equality deg(xa

N yb
N ) = deg(E N ) deg(xc

N yd
N) should always enforce that deg(xc

N yd
N ) will be finite in 

the limit so c = d = 1.

In contrast to the meromorphic case, where admissibility and regularity were very much independent conditions, in the 
transalgebraic case there is a nice classification of all regular curves that are also admissible.

Proposition 5.8. Let S = (�, x, y, B) be a regular transalgebraic spectral curve. Then S is admissible if and only if M1 is a polynomial 
in xy.

Proof. We first prove necessity. Let z = xy be an affine coordinate. M1 is meromorphic and we are in genus zero so it is 
rational. If it were not polynomial, then it would have a pole at some point z = p 
= ∞. As x will then have an essential 
singularity at this point, and xy = M2 does not have a pole at this point, the curve may not be admissible by Definition 3.12.

Now we prove sufficiency. In light of the argument for necessity, it is clear that the curve will satisfy Definition 3.12
at all essential singularities of x so we must only concern ourselves with the finite ramification points where admissibility 
is defined in Definition 2.2. Again letting z = xy be an affine coordinate, we see ω0,1(z) = z d log(x(z)). Let a ∈ R0 be a 
ramification point and examine two cases: when x(a) ∈ {0, ∞}, or when x(a) ∈ C× . In the first case we have that sa = 1
and in the second case we have that sa = ra+1. In either case admissibility holds. �
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Given a compact transalgebraic admissible regular spectral curve S , the strategy to construct its quantum curve is then 
clear. It proceeds in two steps:

1. For all N , we construct the wave function ψN from the correlators ωN
g,n obtained via the usual topological recursion on 

SN . From [24], we can construct an associated quantum curve P̂ N such that

P̂ NψN = 0. (107)

2. The N → ∞ limit of the correlators ωN
g,n gives the correlators ωg,n associated to the transalgebraic spectral curve S , 

and hence the N → ∞ limit of the wave-function ψN gives the wave function ψ associated to S . Its quantum curve is 
thus obtained by taking the N → ∞ limit of P̂ N :

lim
N→∞

(
P̂ NψN

)
=
(

lim
N→∞ P̂ N

)(
lim

N→∞ψN

)
= P̂ψ = 0. (108)

This strategy is studied in detail in appendix A – see Theorem A.5 and Theorem A.8. In particular, we apply this procedure 
explicitly to calculate the quantum curve for the spectral curve of Example 3.8 in the next section.

5.3. A particular example

Let us recall the spectral curve from Example 3.8:

S∞ =
(

� = P 1, x(z) = ze−zr
, y(z) = ezr

, B = dz1dz2

(z1 − z2)2

)
, (109)

where r ∈Z≥1 is a fixed integer. The functions x and y satisfy the relation

P (x, y) = y − exr yr = 0. (110)

We note that this transalgebraic curve is regular, since M2(z) = x(z)y(z) = z. Thus, all spectral curves SN in the sequence 
are regular, and the results of [24] apply for finite N . As a result, we obtain the quantum curve associated to S∞:

Proposition 5.9. Let S∞ be the compact transalgebraic spectral curve from Example 3.8. We use the results and notations from ap-
pendix A. Let ψ∞(x; 0) be the wave function associated to S∞ and constructed from the correlators ω∞

g,n with the integration base 
point z = 0. Then ψ∞(x; 0) satisfies the quantum curve differential equation(

ŷ − e(x̂ ŷ)r
)

ψ∞(x;0) = 0. (111)

Proof. As S∞ is regular, by Lemma 5.5 we know that for all N SN is regular, and we can use the results of appendix A.
For all τ ∈C, we write the equation P (x, y) = 0 satisfied by the functions x and y as follows, following Remark A.6:

P (x, y) = ye(τ−1)(xy)r − eτ (xy)r =
∞∑

m=0

(τ − 1)m

m! xrm yrm+1 −
∞∑

m=0

τm

m! xrm yrm. (112)

Using the notation of appendix A we find that �αm� = m − 1 + δm,0, qm(x) = 0 if m 
= 0, 1 (mod r), qrm(x) = − τmxrm

m! , and 
qrm+1(x) = (τ−1)mxrm

m! . Choosing the base point b = {z = 0}, we find the following coefficients

H1 = �

(
d

dx
− 1

x

)
, Hi = �

(
x

d

dx
− 1

)
,

F1 = �
d

dx
, Fi = �x

d

dx
, Gi = 0.

(113)

As z = 0 is a zero of x which is not in the ramification locus, we can apply Theorem A.8. We get the following quantum 
curve, where x̂ = x and ŷ = � d

dx :

P̂ (x̂, ŷ;�) = −1 + 1

x

∞∑
m=0

(τ − 1)m�rm+1

m!
(

x
d

dx
− 1

)rm

x
d

dx
− 1

x

∞∑
m=1

τm�rm

m!
(

x
d

dx
− 1

)rm−1

x2 d

dx

=
∞∑

m=0

(τ − 1)m�rm+1

m!
(

x
d

dx

)rm d

dx
−

∞∑
m=0

τm�rm

m!
(

x
d

dx

)rm

= e(τ−1)(�x d
dx )r

�
d − eτ (�x d

dx )r
,

(114)
dx
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where we used x−1
(
x d

dx − 1)x = x d
dx . Finally, for any value of τ we can multiply on the left by an invertible operator to 

show that P̂ (x̂, ŷ; �)ψ∞(x; 0) = 0 if and only if(
ŷ − e(x̂ ŷ)r

)
ψ∞(x;0) = 0, (115)

which completes the proof. �
Remark 5.10. Note that we started with a quantum curve that depended on τ and ended up with a result that had no 
τ dependence. This is because all the quantum curves for different τ were related by multiplication on the left by an 
invertible operator and multiplying on the left by an invertible operator does not change the solution of the corresponding 
differential equation. It is unclear to the authors whether this holds in general, or is unique to the case considered.

6. Topological recursion for Atlantes Hurwitz numbers

The astute reader may recognise the quantum curve (111): it appeared in the work of [5], where it is proved that 
it annihilates the wave function for Atlantes Hurwitz numbers. In fact, to quote [5]: “We have an example where the 
dequantization of the quantum curve doesn’t give a spectral curve suitable for the corresponding topological recursion.” 
They conclude that “the dequantization of ŷ − ex̂r ŷr

cannot be the spectral curve for the atlantes Hurwitz numbers, suitable 
for the construction of the topological recursion.”

What do they mean by that? By “dequantization” of ŷ − ex̂r ŷr
, they mean the relation P (x, y) = y − exr yr = 0. They 

then assume that this relation is associated with the spectral curve of Example 2.6, namely the non-compact meromorphic 
spectral curve

S =
(

� = C, x(z) = ze−zr
, y(z) = ezr

, B = dz1dz2

(z1 − z2)2

)
. (116)

As it was already conjectured, with substantial evidence, in [69] (later proved in [38]) that topological recursion on this 
spectral curve produces correlators ωg,n that are generating functions for r-completed cycles Hurwitz numbers, which are 
not Atlantes Hurwitz numbers, they conclude that Atlantes Hurwitz numbers provide an example of enumerative invariants 
satisfying a quantum curve relation that does not arise from topological recursion.

However, this is not the end of the story. The key realisation of the present paper is that there are in fact two different 
spectral curves with an enumerative interpretation that share the same relation P (x, y) = y − exr yr = 0:

1. The non-compact meromorphic spectral curve S =
(
C, x(z) = ze−zr

, y(z) = ezr
, B = dz1dz2

(z1−z2)2

)
;

2. The compact transalgebraic spectral curve S∞ =
(
P 1, x(z) = ze−zr

, y(z) = ezr
, B = dz1dz2

(z1−z2)2

)
.

While both spectral curves share the same functions x, y, and bidifferential B , the Riemann surface over which x and y are 
defined is different. In S , the exponential singularity of x at infinity is not included, while it is included in S∞ . According to 
our proposal, topological recursion on S may produce different correlators than topological recursion on S∞: indeed, this 
is exactly what happens for r ≥ 2 (the correlators happen to be the same for r = 1 by Corollary 4.11).

Where does that leave us? On the one hand, we know from [38] that topological recursion on S produces generating 
functions for r-completed cycles Hurwitz numbers. Moreover, a quantum curve for r-completed cycles Hurwitz numbers 
has been obtained in [61], from the geometry of Hurwitz numbers (not directly from topological recursion). In our notation, 
their result is:

P̂ (x̂, ŷ;�) = ŷ − x̂1/2e
1

r+1

∑r
i=0 x̂−1(x̂ ŷ)i x̂(x̂ ŷ)r−i

x̂−1/2. (117)

While this is a quantisation of the relation P (x, y) = y − exr yr
, it is clearly not the same as the one that we obtained above 

in (111), as it corresponds to a different choice of ordering of the non-commuting operators x̂ and ŷ.
On the other hand, in the present paper, we defined correlators ω∞

g,n for the spectral curve S∞ that includes the ex-
ponential singularity of x. We showed in Proposition 5.9 that the wave function constructed from these correlators is 
annihilated by the quantum curve

P̂∞(x̂, ŷ;�) = ŷ − e(x̂ ŷ)r
, (118)

which happens to be the same as the quantum curve for Atlantes Hurwitz numbers. It is then natural to guess that the 
correlators ω∞

g,n constructed from topological recursion on the transalgebraic curve S∞ are generating functions for Atlantes Hur-
witz numbers. This is what we prove in this section, therefore showing that Atlantes Hurwitz numbers do fit within the 
framework of topological recursion, but only if one considers topological recursion on transalgebraic spectral curves.

We can summarise these relations in Table 1.
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Table 1
Topological recursion for r-completed cycles and Atlantes Hurwitz numbers.

Spectral curve yields generating functions for Quantum curve(
C, ze−zr

, ezr
, dz1dz2

(z1−z2)2

)
r-completed cycles Hurwitz ŷ − x̂1/2e

1
r+1

∑r
i=0 x̂−1(x̂ ŷ)i x̂(x̂ ŷ)r−i

x̂−1/2(
P 1, ze−zr

, ezr
,

dz1dz2
(z1−z2)2

)
r-Atlantes Hurwitz ŷ − e(x̂ ŷ)r

To prove that the correlators ω∞
g,n constructed by topological recursion on S∞ compute Atlantes Hurwitz numbers, 

we first need to define what Atlantes Hurwitz numbers are. Let us now review some of the key results relating Hurwitz 
numbers and topological recursion.

6.1. Hurwitz numbers

Hurwitz numbers are counts of covers of a given Riemann surface with a given ramification behaviour, up to equivalence 
and weighed by automorphisms. We will always take the target curve to be P 1. Via the monodromy representation, they 
can be interpreted as counting decompositions of the identity in the symmetric group algebra; this is the point of view that 
we will take in this paper.

Definition 6.1. Let d ∈N and C1, . . . , Ck ∈ ZC[Sd]. The associated disconnected Hurwitz number is

H•(C1, . . . , Ck) = 1

d! [1]
k∏

j=1

C j . (119)

Here [1] is the dual to the unit of C[Sd] in the natural basis, i.e. it extracts the coefficient of 1.

In most modern studies of Hurwitz numbers, one or two of the central elements are chosen as free parameters — usually 
indexed by partitions, as ZC[Sd] has a basis given by sums of conjugacy classes, i.e. cycle types, which are naturally indexed 
by partitions of d. All the other central elements are then chosen to be equal, and this ‘generic’ element determines the 
type of Hurwitz problem. These kinds of Hurwitz problems are related to the Kadomtsev-Petviashvili (KP) and 2D Toda 
lattice hierarchies: they can be assembled into generating functions which are hypergeometric tau-functions or Orlov-Scherbin 
partition function of these hierarchies, [56,66,67]. For more on this relation, see [54,5]. Moreover, in many cases (i.e. for 
many generic elements) they satisfy topological recursion, which was first conjectured for simple Hurwitz numbers (generic 
partition (2, 1, . . . , 1)) in [28] and proved in [45], and has since been proved in many individual cases, see e.g. [36,38,58,4].

The most general and direct relation between these two points of view is given by the following theorem.

Theorem 6.2 ([29,30]). Consider two formal power series

ψ̂(�2, y) :=
∞∑

k=1

∞∑
m=0

ck,m yk�2m , ŷ(�2, z) :=
∞∑

k=1

ŷk(�
2)zk :=

∞∑
k=1

∞∑
m=0

sk,mzk�2m , (120)

and their associated hypergeometric KP tau-function

Z(p) = eF (p) =
∑
ν∈P

exp
(∑

�∈ν

ψ̂(�2,−�c�)
)

sν(p)sν
({ ŷk(�

2)

�

})
. (121)

Define

ψ(y) := ψ̂(0, y) , y(z) := ŷ(0, z) , x(z) := log z − ψ(y(z)) ,

X(z) := ex(z) , D := ∂

∂x
, Q := z

dx

dz

(122)

and write

Hn :=
∞∑

k1,...,kn=1

∂n F

∂ pk1 · · · ∂ pkn

∣∣∣∣
p=0

Xk1
1 · · · Xkn

n . (123)

Then these can be decomposed as

Hn =
∞∑

�2g−2+n H g,n , (124)

g=0
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with H g,n independent of �, and

D H0,1(X(z)) = y(z) , H0,2(X(z1), X(z2)) = log
( z−1

1 − z−1
2

X−1
1 − X−1

2

)
. (125)

If moreover dψ(y)
dy

∣∣
y=y(z) and dy(z)

dz have analytic continuations to meromorphic functions in z and all coefficients of positive powers 
of �2 in ψ̂(�2, y(z)) and ŷ(�2, z) are rational functions of z whose singular points are disjoint from the zeroes of dx, then the n-point 
differentials

ωg,n := d1 · · ·dn H g,n + δg,0δn,2
dX1 dX2

(X1 − X2)2
(126)

can be extended analytically to (P 1)n as global rational forms, and the collection of n-point differentials satisfies meromorphicity and 
the linear and quadratic loop equations, i.e. blobbed topological recursion [22], for the spectral curve (�, X(z), y(z)

X(z) , 
dz1 dz2

(z1−z2)2 ), where 
� is P 1 minus the exponential singularities of X(z).

Finally, if ψ̂ and ŷ belong to one of the two families

Family I ψ̂(�2, y) = S(�∂y)P1(y) + log
( P2(y)

P3(y)

)
; ŷ(�2, z) = R1(z)

R2(z)
,

Family II ψ̂(�2, y) = αy ; ŷ(�2, z) = R1(z)

R2(z)
+ S(�z∂z)

−1 log
( R3(z)

R4(z)

)
,

where α ∈ C× and the Pi and R j are arbitrary polynomials such that ψ(y) and y(z) are non-zero, but vanishing at zero, and no 
singular points of y are mapped to branch points by x, then the n-point differentials also satisfy the projection property, and hence 
topological recursion, for the spectral curve above.

Theorem 6.2 does not explicitly mention Hurwitz numbers, but these are the coefficients of the power series H g,n of 
equation (124). The function ψ̂ encodes the generic ramification profile, the function ŷ a specified (fixed) ramification 
profile, and the exponents ki are make up the final, freely chosen, ramification profile.

6.1.1. r-completed cycles Hurwitz numbers
A special case of Theorem 6.2 is given by the r-completed cycles Hurwitz numbers. It corresponds to the choice

ψ̂(�2, y) = S(�∂y)yr, ŷ(�2, z) = z (127)

in Family I. From the theorem, we see that the ωg,n defined in (126) satisfy topological recursion for the meromorphic spec-

tral curve S =
(
C, ze−zr

, ezr
, dz1dz2

(z1−z2)2

)
, as stated earlier in this section. This is precisely the spectral curve of Example 2.6.

Moreover, as stated earlier a quantum curve for r-completed cycles Hurwitz numbers has been obtained in [61] from the 
geometry of Hurwitz numbers, see equation (117). It is a quantisation of the relation P (x, y) = y − exr yr

.

6.1.2. Atlantes Hurwitz numbers
Another type of Hurwitz numbers that will play a key role in the following is Atlantes Hurwitz numbers. In the context 

of Theorem 6.2, Atlantes Hurwitz numbers correspond to the case:

ψ̂(�2, y) = yr , ŷ(�2, z) = z . (128)

If r > 1, this does not fit in one of the two families, so the projection property for Atlantes Hurwitz numbers does not 
follow from Theorem 6.2, but the meromorphicity property and the linear and quadratic loop equations do.

But what are Atlantes Hurwitz numbers? The notion of Atlantes Hurwitz numbers was introduced in [5], to encode the 
value of power-sum symmetric functions evaluated at the Jucy-Murphy elements.

Definition 6.3. Let d ≥ 1 and let Sd be the symmetric group on d elements. The Jucys-Murphy elements are defined as

Jk =
k−1∑
j=1

( j k) ∈C[Sd] . (129)

They generate a maximally commutative subalgebra of C[Sd], called the Gelfand-Tsetlin algebra.
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Fig. 1. A 3-block of Atlantes with degree d = 5.

Proposition 6.4 (Jucys correspondence [55]). Let σb be the elementary symmetric function. Then

σb(J2, . . . ,Jd) =
∑
α	n

�(α)=d−b

Cα . (130)

Hence, any symmetric function evaluated at the Jucys-Murphy elements gives a central element in C[Sd].

Proposition 6.5 ([51]). The collection of elements given in equation (130) generate ZC[Sd].

Definition 6.6 ([5]). An r-block of Atlantes is B×
r := pr(J2, . . . , Jd) ∈ ZC[Sd].

The name Atlantes comes from the following lemma:

Lemma 6.7 ([5, Lemma 4.3]). The geometric interpretation of the block of Atlantes is the following: we have r simple ramifications, 
whose monodromies are given by the transpositions (xi y), xi < y, i = 1, . . . , r. Here y is an arbitrary number from 2 to d, which is 
not fixed in advance, but is the same for all transpositions.

Graphically, we often draw a cover as a couple of parallel horizontal lines (sheets) mapped to one horizontal line. Simple 
ramifications are drawn as crosses connecting two sheets. In a block of Atlantes, we interpret the sheet y as the sky, the 
sheets xi as part of the earth, and the transposition crosses (xi y) as Atlas holding the sky. See Fig. 1.

Definition 6.8 ([5]). Let r ≥ 1. We define the disconnected r-Atlantes single Hurwitz numbers as

h•,×r
g,μ := 1

d! [1]Cμ(B×
r )b , (131)

where μ 	 d, g ∈Z, and

b = 2g − 2 + d + �(μ)

r
(132)

is determined by the Riemann-Hurwitz formula.

We can define a wave function for Atlantes Hurwitz numbers, and show that it satisfies a differential equation.

Proposition 6.9 ([5, Proposition 7.4]). Let

Z×r(p,�) = exp
(∑

g,μ

�2g−2+�(μ)+|μ|

(2g − 2 + �(μ) + |μ|)!h×r
g,μpμ

)
(133)

be the generating function, and �×r(x, �) = Z×r({pk = (�−1x)k}, �) be the wave function. Then

�×r(x,�) =
∞∑

n=0

xn

n!�n
exp

(
�r

n−1∑
j=1

jr
)

(134)

satisfies the differential equation(
ŷ − e(x̂ ŷ)r )

�×r(x,�) = 0 , (135)

where x̂ = x· and ŷ = � d
dx .

We of course recognise the quantum curve that we obtained in Proposition 5.9, that is, (111).
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6.2. The projection property for Atlantes Hurwitz numbers

As Atlantes Hurwitz numbers do not fall within Families I and II of Theorem 6.2, while a different � deformation of its 
(ψ, y) does, the correlators ωg,n do not satisfy the usual topological recursion on the non-compact meromorphic spectral 
curve S =

(
C, ze−zr

, ezr
, dz1dz2

(z1−z2)2

)
. Indeed, topological recursion on S produces generating functions for r-completed cycles 

Hurwitz numbers, not Atlantes Hurwitz numbers, as stated above. The reason is that the projection property does not follow 
from Theorem 6.2 for Atlantes Hurwitz numbers. However, the meromorphicity property and the linear and quadratic loop 
equations do.

In this section, we analyse to what extent the projection property holds for Atlantes Hurwitz numbers. This will be 
needed to establish that topological recursion on the transalgebraic spectral curve S∞ =

(
P 1, ze−zr

, ezr
, dz1dz2

(z1−z2)2

)
produces 

generating functions for Atlantes Hurwitz numbers. We do this by analysing the proof of the projection property for Family 
I, as given in [30, Sections 3 & 4].

Definition 6.10 ([30, Definition 3.7]). Fix a spectral curve (�, x, y, B). The space �n (or � if n is clear from context) is defined 
as the linear span of functions of the form 

∏
i=1 f i(zi), where each f i(zi)

• is a rational function on the Riemann sphere;
• has poles only at the ramification points p1, . . . , pN of x;
• its principal part at these ramification points is odd with respect to the corresponding deck transformation.

Proposition 6.11 ([30, Proposition 3.9]). The differentials ωg,n satisfy the projection property and the linear loop equations if and only 
if H g,n ∈ �n for 2g − 2 + n > 0.

Proposition 6.12. For ψ̂(�2, y) = P1(y) + log P2(y)
P3(y)

and ŷ(�2, z) = R1(z)
R2(z) , where the Pi and R j are polynomials with simple zeroes,17

the functions H g,n for 2g − 2 + n > 0 and n ≥ 2 lie in �n, while the H g,1 are rational functions on the Riemann sphere, with poles at 
p1, . . . , pN , ∞, and principal parts at the pi odd with respect to the deck transformation.

The proof of this proposition is a fairly straightforward extension of the methods of [30]. As it contains no new ideas, 
we give it in appendix B.

Corollary 6.13. In the situation of Proposition 6.12, the pole at infinity of H g,1 is given by

[�2g]
g−2∑
k=0

D1 y(z1)

(k + 2)! Dk
1

(( 1

S(�∂ y)
− 1
)
ψ(y)

)k+2∣∣∣
y=y(z1)

+ (21−2g − 1)B2g

(2g)! ∂
2g−1
y ψ(y)

∣∣∣
y=y(z1)

. (136)

The pole order of both terms is (deg(P1) + 1 − 2g)(deg(R1) − deg(R2)), where deg is the polynomial degree.

We also give the proof of this corollary in appendix B.
In particular, for r-Atlantes, the pole of H1,1 is

(21−2 − 1)B2

2! ∂y yr
∣∣∣

y=z1
= − r

24
zr−1

1 , (137)

which agrees with our calculation in Example 4.16 and the result of Proposition 4.15. The pole of H2,1 is

− r(r − 1)2

24
zr−3 + 7r(r − 1)(r − 2)

5760
zr−3 = r(r − 1)(226 − 233r)

5760
zr−3 . (138)

6.3. Topological recursion for Atlantes Hurwitz numbers

To summarise the main conclusions of the previous section, namely Proposition 6.12, let us introduce differentials for 
Atlantes Hurwitz numbers as in Theorem 6.2:

ω∞
g,n = d1 · · ·dn H g,n + δg,0δn,2

dX1dX2

(X1 − X2)2
. (139)

Then Theorem 6.2 and Proposition 6.12 state that:

17 This holds for more general polynomials Pi and R j using the results of [17].
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• The ω∞
g,n are meromorphic differentials on P 1.

• The ω∞
g,n satisfy the linear and quadratic loop equations for S∞ = (P 1, ze−zr

, ezr
, dz1dz2

(z1−z2)2 ).

• The ω∞
g,n for 2g −2 +n > 0 and n ≥ 2 satisfy the projection property, and hence have poles only at the finite ramification 

points of the function x = ze−zr
.

• The ω∞
g,1 may have poles at both the finite ramification points and the essential singularity of x at infinity.

We also know from Proposition 6.9 that the wave function ψ∞ constructed from the ω∞
g,n satisfies the differential equation

( ŷ − e(x̂ ŷ)r
)ψ∞ = 0. (140)

With this information we can prove that the ω∞
g,n are the correlators constructed from topological recursion (Defini-

tion 4.2) on the transalgebraic spectral curve S∞ = (P 1, ze−zr
, ezr

, dz1dz2
(z1−z2)2 ).

Theorem 6.14. Let ω∞
g,n be the differentials for Atlantes Hurwitz numbers as in (139). Then they satisfy topological recursion (Defini-

tion 4.2) on the transalgebraic spectral curve S∞ = (P 1, ze−zr
, ezr

, dz1dz2
(z1−z2)2 ).

Proof. On the one hand, let ω∞
g,n be the differentials defined by (139). For n ≥ 2, since they satisfy the projection property, 

we know that they satisfy the usual topological recursion formula with residues only at the finite ramification points of x. 
However, the ω∞

g,1 do not, since they do not satisfy the projection property.
On the other hand, let ω̃∞

g,n be the correlators defined by topological recursion on the transalgebraic spectral curve S∞ . 
By Proposition 4.12, we know that the correlators ω̃∞

g,n for n ≥ 2 satisfy the usual topological recursion formula with residues 
only at the finite ramification points of x, just like the ω∞

g,n for n ≥ 2. However, the ω̃∞
g,1 do not, as there are contributions 

from the essential singularity of x at infinity.
To establish that ω∞

g,n = ω̃∞
g,n for all g and n, we proceed by induction, using the fact that the wave function ψ∞

constructed from the ω∞
g,n and the wave function ψ̃∞ constructed from the ω̃∞

g,n satisfy the same quantum curve equation 
(140). The base case is obvious, since ω∞

0,1 = ω̃∞
0,1 and ω∞

0,2 = ω̃∞
0,2. So we proceed with the induction step. Assume that 

ω∞
g′,n′ = ω̃∞

g′,n′ for all g′, n′ such that 2g′ − 2 + n′ < k. Then we show that ω∞
g,n = ω̃∞

g,n for all g, n such that 2g − 2 + n = k. 
For the correlators with n ≥ 2, this is clear, since they are constructed from the same topological recursion formula for the 
same lower order correlators. As for the correlators ω∞

g,1 and ω̃∞
g,1, we conclude that they must be equal from the fact that 

ψ∞ and ψ̃∞ satisfy the same quantum curve equation. Indeed, the quantum curve equation must be satisfied order by 
order in �, and up to a given order O (�k), only correlators ω∞

g′,n′ with 2g′ − 2 + n′ ≤ k contribute to the equation. Thus, up 
to O (�k), we know that all correlators contributing to the equation are the same, except potentially for ω∞

g,1 and ω̃∞
g,1. But 

as the quantum curve equation is the same for both wave functions, we conclude that ω∞
g,1 = ω̃∞

g,1. �
6.4. Relation between the Atlantes and r-completed cycles Hurwitz quantum curves

Recall Table 1, which summarises the relations between spectral curves, quantum curves, and topological recursion for 
r-completed cycles and Atlantes Hurwitz numbers. The spectral curves are very similar, differing only by the choice of 
Riemann surface. As the functions x and y are the same, they satisfy the same relation P (x, y) = y − exr yr = 0. Indeed, the 
two quantum curves are both quantisations of this relation. In this section we study in more details the relation between 
these two quantum curves.

Let

P̂∞(x̂, ŷ;�) = ŷ − e(x̂ ŷ)r
(141)

be the quantum curve for Atlantes Hurwitz numbers with wave function ψ∞ , and

P̂ (x̂, ŷ;�) = ŷ − x̂1/2e
1

r+1

∑r
i=0 x̂−1(x̂ ŷ)i x̂(x̂ ŷ)r−i

x̂−1/2 (142)

be the quantum curve for r-completed cycles Hurwitz numbers, with wave-function ψ . Clearly, in general, this is not the 
same quantum curve. However, we can observe an interesting relation between the two results that was first noticed in a 
more limited form in [34]. Let Ŷ = x̂ ŷ, and assume there exists an operator

Ĥ = exp

(
r∑

n=1

�r−nhnŶ n

)
, (143)

such that Ĥψ∞ = ψ . Then we find, using that x̂−1 Ŷ x̂ = Ŷ + �, so x̂−1 Ĥ x̂ commutes with Ŷ ,
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0 = Ĥ0 = Ĥ
(
Ŷ − x̂eŶ r )

ψ∞

= (Ŷ − Ĥ x̂eŶ r
Ĥ−1)Ĥψ∞

= (Ŷ − x̂x̂−1 Ĥ x̂eŶ r
Ĥ−1)ψ

= (Ŷ − x̂eŶ r
x̂−1 Ĥ x̂Ĥ−1)ψ.

(144)

Ergo, our operator Ĥ is the solution to

x̂eŶ r
x̂−1 Ĥ x̂Ĥ−1 = x̂3/2e

1
r+1

∑r
i=0 x̂−1 Ŷ i x̂Ŷ r−i

x̂−1/2

x̂−1/2eŶ r
e
∑r

n=1 �
r−nhn(Ŷ +�)n

e−∑r
n=1 �

r−nhn Ŷ n
x̂1/2 = e

1
r+1

∑r
i=0(Ŷ +�)i Ŷ r−i

e(Ŷ + �

2 )r
e
∑r

n=1 �
r−nhn

(
(Ŷ + 3�

2 )n−(Ŷ + �

2 )n
)
= e

1
r+1

∑r
i=0(Ŷ +�)i Ŷ r−i

(
Ŷ + �

2

)r +
r∑

n=1

�r−nhn

((
Ŷ + 3�

2

)n − (Ŷ + �

2

)n)= 1

r + 1

r∑
i=0

(Ŷ + �)i Ŷ r−i

r∑
n=1

hn

n∑
j=0

(
n

j

)((3

2

)n− j − (1

2

)n− j
)
�r− j Ŷ j = 1

r + 1

r∑
i=0

i∑
k=0

(
i

k

)
�i−kŶ k+r−i −

r∑
j=0

(
r

j

)(�
2

)r− j
Ŷ j

r∑
j=0

r∑
n= j

hn

(
n

j

)((3

2

)n− j − (1

2

)n− j
)
�r− j Ŷ j =

r∑
j=0

(
1

r + 1

r∑
i=r− j

(
i

r − j

)
−
(

r

j

)(1

2

)r− j
)

�r− j Ŷ j

r∑
n= j

hn

(
n

j

)((3

2

)n− j − (1

2

)n− j
)

= 1

r + 1

(
r + 1

j

)
−
(

r

j

)(1

2

)r− j
, 0 ≤ j ≤ r .

(145)

This can be solved recursively from j = r, and the first few numbers are

hr = 0 , (146)

hr−1 = 1

24
r = 1

24

(
r

1

)
, (147)

hr−2 = − 1

16
r(r − 1) = −1

8

(
r

2

)
. (148)

Such an Ĥ therefore exists and is unique (up to an arbitrary multiplicative constant). In particular, Ĥ 
= 1 except in the 
case when r = 1, where it can be seen that (141) and (142) agree. The degree of the operator is no surprise; a degree 
r − 1 operator is precisely the degree needed to reduce all contributions from the essential singularity to constants by 
Proposition 4.14 and the fact that all contributions from the essential singularity vanish for r = 1 by Corollary 4.11.

7. Conclusion and open questions

In this paper, we defined topological recursion for transalgebraic spectral curves via limits of sequences of meromor-
phic spectral curves. We studied properties of the topological recursion on transalgebraic spectral curves and proved the 
topological recursion/quantum curve correspondence for a subclass of transalgebraic spectral curves. As a particular exam-
ple, we used our formalism to show that generating series for Atlantes Hurwitz numbers satisfy topological recursion on a 
transalgebraic spectral curve.

This has only been a first investigation of topological recursion on transalgebraic spectral curves; further research could 
shed more light on this new extension. In particular, we give a number of open questions below:

• For a given transalgebraic spectral curve, the quantum curve that we construct a priori seems to depend on the par-
ticular sequence of meromorphic spectral curves considered. In the particular case of Atlantes Hurwitz numbers, we 
showed that all of the quantum curves constructed this way are equivalent, but we do not know if this property holds 
in general.

• For topological recursion on meromorphic spectral curves, the expansion of the correlators ωg,n at the ramification 
points has a nice interpretation in terms of intersection theory of the moduli spaces of curves [42,40]. Is there a 
similar interpretation for the expansion of the correlators associated to a transalgebraic spectral curve at the exponential 
singularities?

• Following up on the previous point, in cases where the correlators ωg,n constructed from topological recursion on 
a meromorphic spectral curve have an interpretation in Hurwitz theory, the relation between the expansion of the 
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correlators at punctures of the curve and at ramification points gives rise to ‘ELSV-type formulae’ for Hurwitz numbers. 
Do similar formulae hold for Atlantes Hurwitz numbers, using topological recursion on transalgebraic spectral curves?

• The quantum curve for Atlantes Hurwitz numbers looks simpler than the one for r-completed cycles Hurwitz numbers, 
which has nearly the same spectral curve, but excludes the essential singularity. On the other hand, r-completed cycles 
have natural relations to cohomological field theory, via Chiodo classes [33,69,38], and to Gromov–Witten theory of 
curves [64,65], where the ‘completion’ of the cycles seems related to the boundary of Mg,n . It would be interesting to 
see if Atlantes Hurwitz numbers admit a similar interpretation.

• Using the Airy structure approach pioneered by Kontsevich and Soibelman [57,7], topological recursion on meromorphic 
spectral curves can be reformulated in terms of representation theory of W-algebras [16]. It would be interesting to 
investigate whether topological recursion on transalgebraic spectral curves has a similar reformulation in terms of W-
algebras.
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Appendix A. Extensions of [24] to the transalgebraic case

In this appendix we extend the results of [24] on quantum curves in a way that make them suitable for the construction 
of quantum curves for transalgebraic spectral curves. For the sake of maintaining a reasonable level of brevity, this appendix 
will not be self contained and will frequently reference [24]. To avoid confusion, we will refer explicitly to the analogues of 
what we are doing in [24] when possible. However, in [24] everything was indexed starting from the degree of the curve 
which for us may be infinite18; therefore, we will have to re-index virtually all objects considered in [24], where infinite 
degree curves were not a consideration.

Let P (x, y) = 0 be the (trans)algebraic equation corresponding to a compact spectral curve S , with Newton polygon �
(recall Definition 5.3), and set the notation

P (x, y) =
d∑

i=0

qi(x)yi =
∑

(i, j)∈N2

αi, j yix j , (A.1)

where d is the degree of the curve (which may be infinite if the curve is transalgebraic) and the qi correspond to reindexed 
versions of the pm in [24, Remark 2.2]. The following definitions will be necessary to explain the construction of quantum 
curves.

Definition A.1. For m = 0, . . . , d define

Q m(x, y) =
d−m−1∑

i=1

qm+i+1(x)yi . (A.2)

Definition A.2. Given m = 0, . . . , d denote

αm = inf{a | (a,m) ∈ �} , βm = sup{a | (a,m) ∈ �} . (A.3)

The αm and βm correspond directly to [24, Definition 2.3], whereas the Q m correspond to reindexed versions of the Pm

in [24, Definition 2.5].
Given that we now have a couple of notations that will be critical to our construction of quantum curves, let us consider 

an example.

18 For us, recall, any curve that does not have a well-defined finite degree is of infinite degree.
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Example A.3. Consider the spectral curve

S =
(
P 1, x(z) = z + 1/z, y(z) = z2, B = dz1dz2

(z1 − z2)2

)
. (A.4)

The functions x and y satisfy the degree two polynomial equation:

P (x, y) = y2 + (2 − x2)y + 1 = 0 .

Here the non-zero qm and Q m are

q0(x) = 1, q1(x) = 2 − x2, q2(x) = 1, Q 0(x, y) = y = z2 . (A.5)

The Newton polygon � is the hull of {(0, 0), (0, 1), (0, 2), (2, 1)}, which means that this spectral curve is not regular as 
(1, 1) is an interior point. From � we also write down the αm and βm for illustrative purposes

α0 = 0 , α1 = 0 , α2 = 0 , β0 = 0 , β1 = 2 , β2 = 0 . (A.6)

In this simple case, the infimum and supremum in the definition of the αm and βm , respectively, are actually achieved by 
points in A; however, in general, this may not be the case and the αm and βm could take on non-integer values.

We now define analogues of the Ck and Dk that appear in [24, Equations (5.31) & (5.34)]. Let x = x(z) and xi = x(zi) for 
z, zi ∈C and i ∈Z≥1.

Definition A.4. Let b ∈C be a pole of dx where all the ωg,n are holomorphic and x is meromorphic. We define

Ei = − lim
z1→b

Q i−1(x, y)

x�αi�+1 , Fi = �
x�αi�

x�αi−1�
d

dx
, (A.7)

where �·� is the floor function.

With these definitions out of the way we can construct quantum curves for compact transalgebraic admissible regular 
spectral curves.

Theorem A.5. Let S = (�, x, y, dz1dz2
(z1−z2)2 ) be a compact transalgebraic admissible regular spectral curve. Let b be a pole of dx at which 

the ωg,n are holomorphic. Then the wave-function

ψ(z;b) = exp

⎡
⎣ ∞∑

n=1

∞∑
g=0

�2g+n−2

n!
z∫

b

· · ·
z∫

b

(
ωg,n − δn,2δg,0

dx(z1)dx(z2)

(x(z1) − x(z2))2

)⎤⎦ (A.8)

satisfies the differential equation(
q0(x)

x�α0� +
d∑

i=1

F1 F2 · · · Fi−1
qi(x)

x�αi� Fi + �

d−1∑
i=1

Ei F1 F2 · · · Fi−1
x�αi�

x�αi−1�

)
ψ(z;b) = 0 . (A.9)

(Note that d may be infinite if the curve is transalgebraic.)

Proof. Since S is regular, it has genus zero, and thus we can take � = P 1. Let x = M0 exp(M1), y = M2/x with M0, M1, M2

rational functions on P 1. Consider the sequence of compact, meromorphic spectral curves:

SN =
(
P 1, xN = M0

(
1 + (τ − 1)

M1

N

)−N (
1 + τ

M1

N

)N

, yN = M2

xN
, B = dz1dz2

(z1 − z2)2

)
.

By assumption, those spectral curves are all regular, so we can apply [24, Lemma 5.14].
As the ωN

g,n converge to the correlators ωg,n , if the ωg,n are regular at b, then the ωN
g,n must also be regular for large 

enough N . We then define E N
i , F N

i , and ψN(z; b) in the natural fashion. We quickly see that ψN (z; b) → ψ(z; b) as the 
exponential is continuous, the sum is formal, and the ωN

g,n are well-defined in the limit so we can bring the limit inside 
the integrals using dominated convergence. The fact that F N

i → Fi is clear, as the Newton polygon will converge. Finally, 
we must deal with the E N

i . In [24] it was argued, using arguments based on an inequality of divisors, that the Ci (which 
correspond to re-indexed Ei ) must be finite as z1 → b. The argument will carry over in the limit as N → ∞ as
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1. x is meromorphic near b by assumptions on b;
2. as xN will be uniformly convergent away from x = ∞, it will be uniformly convergent, in particular, near b;
3. the required inequalities are non-strict.

Finally, as already noted, near b, xN is uniformly convergent so by the Moore–Osgood theorem,

lim
N→∞ lim

z1→b

Q N
i−1(x1, y1)

(xN − xN
1 )(xN

1 )�αN
i � = lim

z1→b
lim

N→∞
Q N

i−1(x1, y1)

(xN − xN
1 )(xN

1 )�αN
i � , (A.10)

at which point we may just take the limit, concluding that E N
i → Ei and the Ei ’s are not identically infinity. �

This theorem therefore gives us a canonical way of creating a quantum curve for compact transalgebraic admissible 
spectral curves that are regular. In particular, we do not actually have to construct a quantum curve for each finite N and 
take the limit; the existence of such a sequence of curves guarantees we can construct the quantum curve directly from the 
limiting curve. It is important to note that if d = ∞, the constructed quantum curve need not be simple, in contrast to the 
d < ∞ case.

Remark A.6. While we may construct the quantum curve directly from the limiting curve as N → ∞, different sequences of 
curves SN may yield different presentations for the limiting curve S . What do we mean by that? The limiting curve is given 
by a quadruple (P 1, x, y, B). But to extract the quantum curve, one needs to write down the relation P (x, y) = 0 satisfied 
by the functions x and y. This relation can be written in different ways, and they may produce a priori different quantum 
curves via Theorem A.5. To make this statement clear, consider the spectral curve S of Example 3.8, with M0 = z, M1 = −zr

and M2 = z, and the usual τ -dependent sequence of curves SN . Theorem A.5 gives a quantum curve that can be read off 
directly from the equation P (x, y) = 0 satisfied by the functions of S , but the way this equation is presented depends on τ . 
More precisely, the relation P (x, y) = 0 used to extract the quantum curve should be written as

P (x, y) = yeτ (xy)r − e(τ−1)(xy)r
. (A.11)

As a result, the quantum curve may a priori depend on τ , that is, on the choice of sequence used to construct the limiting 
curve.

This is not too surprising as for each choice of τ the entire function P is different, and yet all such P correspond to the 
same spectral curve. Thus the fact that the limiting quantum curve may depend on the choice of τ should not be seen as 
an artifact of defining things in terms of limits, but an actual degeneracy in the choice of P that exists in the limit.

As in [24], the choice of integration divisor can be generalised from D = [z] − [b] in an analogous way to the generalisa-
tion presented in [24, Remark 5.15]; the key steps of the proof carry over virtually without modification.

However, choosing one’s base point to be a pole of dx is inconvenient when dx has no pole; a case that may arise when 
x has an essential singularity. In [24], the authors considered the case of the base point b being a zero of qd(x(b)) = 0, but 
only for d = 2. Here, we generalise this choice to the case ∞ > d > 2 and then use it to construct quantum curves with this 
base point. We begin this process with a lemma before proving a theorem analogous to Theorem A.5.

Lemma A.7. For b a zero of qd(x) that is not in the ramification locus of x,

ψi(x(b); z;b) = ψ(z;b) lim
z1→b

1

x(z1)
�αd−i� Q d−i−1(x(z1), y(z1)) , (A.12)

where the ψi are defined in [24, Definition 5.9].

Proof. From [24, Definition 5.9]

ψi(x(b); z;b) = ψ(z;b) lim
z1→b

(
1

x(z1)
�αd−i�

(
qd(x(z1))ξi(x(z1); D) − qd−i(x(z1))

))
. (A.13)

Using the notation of [24] and substituting in the definition of the ξk , [24, Definition 5.6],

qd(x(z1))ξi(z1) = (−1)iqd(x(z1))

∞∑
n=0

∞∑
g=0

�2g+n

n!
G(i)

g,n+1(z1)

dx(z1)i
, (A.14)

where the G(i)
g,n+1 are defined in [24, Definition 5.3]. First we examine the power �0. Here we have, where the U (i)

0,1 are 
defined in [24, Definition 4.1]
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(−1)iqd(x(z1))
G(i)

0,1(z1)

dx(z1)i
= (−1)iqd(x(z1))

U (i)
0,1(z1)

dx(z1)i
= Q d−i−1(x(z1), y(z1)) + qd−i(x(z1)) . (A.15)

Note that we then have the inequality of divisors ([24, Lemma 2.6])

div(Q d−i−1(x, y)) ≥ αd−i div0(x) − βd−i div∞(x) . (A.16)

So we therefore have that the limit

lim
z1→b

1

x(z1)
�αd−i� Q d−i−1(x(z1), y(z1)) , (A.17)

is finite. This is in agreement with the results of [24, Section 5.3.2] for d = 2 as in that case Q 0(x, y) = qd(x)y. Now 
we examine the higher order powers of �. As b is not in the ramification locus of x, each G(i)

g,n+1(z1) is regular at b for 
2g + n ≥ 1. Furthermore, it cannot be a zero of dx so for each i,

G(i)
g,n+1(z1)

dx(z1)i
(A.18)

is regular at b. Ergo, if b is not a zero of x, the terms of higher order in � never contribute. Assume then that b is a simple 
zero of x; we claim that still

lim
z1→b

qd(x(z1))

x(z1)
�αd−i� = 0 , (A.19)

for i = 1, . . . , d − 1. As our curve is irreducible, there is some k = 0, . . . , d − 1 with qk(0) 
= 0 as we could otherwise cancel 
out an overall factor of x in P (x, y). Let k1 and k2 be the minimum and maximum such k, respectively. By convexity, αk = 0
if and only if k1 ≤ k ≤ k2. Then, as the αm are the smallest point on the convex hull at the power of ym , they are strictly 
increasing for m ≥ k2 and strictly decreasing for m ≤ k1. Finally, α0 and αd will be non-negative integers. Furthermore 
α0 ≤ αd as, if this inequality did not hold, (1, k1) would be an interior point of the Newton polygon. Thus, we have αd =
�αd� > �αm� for all d > m > 0. This establishes (A.19) as the order of the zero of qd(x) in x is αd .

So we get that the � corrections vanish and we have the explicit expressions,

ψi(x(b); z;b) = ψ(z;b) lim
z1→b

(
1

x(z1)
�αd−i� Q d−i−1(x(z1), y(z1))

)
, (A.20)

as claimed. �
This gives a theorem analogous to Theorem A.5 except with this new choice of base point. First, we define the new 

coefficients Gi and Hi

Gi = lim
z1→b

1

x(z1)�αi� Q i−1(x(z1), y(z1)), Hi = �
x�αi�

x�αi−1�

(
d

dx
− 1

x − x(b)

)
. (A.21)

Then, [24, Theorem 5.11] reduces to

�
d

dx
ψi−1(x; z;b) = x�αd−i�

x�αd−i+1� ψi(x; z;b) − qd−i+1(x)x�αd−1�

qd(x)x�αd−i+1� ψ1(x; z;b)

+ �
1

x − x(b)

(
ψi−1(x; z;b) − Gd−i+1ψ(z;b)

)
. (A.22)

We can now derive a quantum curve in the manner of [24, Lemma 5.14].

Theorem A.8. Let S = (�, x, y, dz1dz2
(z1−z2)2 ) be a compact transalgebraic admissible regular spectral curve. Let b be a zero of qd(x) for 

d < ∞ or, if d = ∞, a zero of x, with b not in the ramification locus of x. Then the wave-function

ψ(z;b) = exp

⎡
⎣ ∞∑

n=1

∞∑
g=0

�2g+n−2

n!
z∫

b

· · ·
z∫

b

(
ωg,n − δn,2δg,0

dx(z1)dx(z2)

(x(z1) − x(z2))2

)⎤⎦ (A.23)

satisfies the differential equation(
q0(x)

x�α0� +
d∑

H1 · · · Hi−1
qi(x)

x�αi� Fi + �

d−1∑
Gi H1 · · · Hi−1

x�αi�

x�αi−1�(x − x(b))

)
ψ(z;b) = 0 . (A.24)
i=1 i=1
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Proof. First assume d < ∞. Rewriting (A.22),

ψi(x; z;b) = Hd−i+1ψi−1(x; z;b) + qd−i+1(x)

x�αd−i+1� Fd−i+1ψ(z;b)

+ �
x�αd−i+1�

x�αd−i�(x − x(b))
Gd−i+1ψ(z;b) , (A.25)

where we used the fact that by [24, Lemma 5.10])

ψ1(x;b) = qd(x)

x�αd−1� �
d

dx
ψ(z;b) .

We can substitute the i = d − 1 result into the i = d result to obtain

ψd(x; z;b) = H1ψd−1(x; z;b) + q1(x)

x�α1� F1ψ(z;b) + �
x�α1�

x�α0�(x − x(b))
G1ψ(z;b)

= H1 H2ψd−2(x; z;b) + H1
q2(x)

x�α2� F2ψ(z;b) + �H1
x�α2�

x�α1�(x − x(b))
G2ψ(z;b)

+ q1(x)

x�α1� F1ψ(z;b) + �
x�α1�

x�α0�(x − x(b))
G1ψ(z;b) . (A.26)

Applying this iteratively, before finally using the fact that (again by [24, Lemma 5.10])

ψd(x; z;b) = −q0(x)

x�α0� ψ(z;b) ,

yields the desired result. Taking the limit to get the d = ∞ result is completely analogous to the d = ∞ case in Theo-
rem A.5. �
Appendix B. Proofs of Proposition 6.12 and Corollary 6.13

In this appendix, we give the proofs of Proposition 6.12 and Corollary 6.13. All statements and proofs can be directly 
adapted from [30, Section 4.2]; in particular [30, Lemmata 4.3-10] will be altered for our purposes. We will give all state-
ments, together with a full proof of the analogue of [30, Lemma 4.3], and will indicate what has to be changed for the other 
ones. The analogue of [30, Lemma 4.10] actually has a different result in this case, so we give details for this as well, in the 
proof of Corollary 6.13.

We start with the basic structural result for the H g,n .

Proposition B.1 ([30, Proposition 3.10]). In the setup of Theorem 6.2, for n ≥ 3,

H g,n = [�2g−2+n]
∑
γ ∈�n

∏
vi∈Iγ

Ū i

∏
{vi ,vk}∈Eγ \Kγ

wi,k

∏
{vi ,vk}∈Kγ

(
Ū i wi,k + �ukS(uk�Q k Dk)

zi

zk − zi

)
+ const , (B.1)

where �n is the set of simple graphs on n vertices v1, . . . , vn, Eγ is the set of edges of a graph γ , Iγ is the subset of vertices of valency 
≥ 2, and Kγ is the subset of edges with one end vi of valency 1 and another end vk, and where

Ū i f :=
∞∑

s=0

∞∑
j=1

D j−1
i

( L j
s,i

Q i
[us

i ]
euiS(ui�Q i Di) ŷ(zi)−y(zi)

ui�S(ui�)
f

)
,

wk,l := e
�

2ukulS(uk�Q k Dk)S(ul�Q l Dl)
zk zl

(zk−zl)
2 − 1 ,

L j
s,i :=

(
[v j](∂y + vψ ′(y))sev

(S(v�∂y )

S(�∂ y)
ψ̂(y)−ψ(y)

))∣∣∣
y=y(zi)

.

(B.2)

For n = 2 and g > 0 we have:

H g,2 = [�2g]
(

Ū1Ū2 w1,2 + Ū1

(
�u1S(u1�Q 1 D1)

z1

z1 − z2

)
+ Ū2

(
�u2S(u2�Q 2 D2)

z1

z2 − z1

))
+ const . (B.3)

For n = 1 and g > 0 we have:
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H g,1 = [�2g]
(

�Ū11 +
∞∑
j=1

D j−1
1 L j+1

0,1 D1 y(z1) +
z1∫

0

ŷ(z) − y(z)

z
dz

+
z1∫

0

Q (z)

z

( 1

S(�∂y)
ψ̂(y) − ψ(y)

)∣∣∣
y=y(z)

D y(z)dz

)
+ const .

(B.4)

In each case the extra constant can be determined from the condition that H g,n vanishes at zero. These constants are not important for 
the argument below and can be ignored.

We will use this in a similar way to [30, Section 4], so let us quote part of the first page of that section:

We begin with a few general observations related to the structure of the formulas (101)-(106) [the ones in Proposi-
tion B.1] for H g,n , 2g − 2 + n ≥ 0, and relevant for the both families of parameters. These formulas give manifestly 
rational functions, whose principal parts at the points p1, . . . . , pN are odd with respect to the deck transformations. So, 
we have to show that these functions have no other poles in each variable z1, . . . , zn .

Consider a particular H g,n(z1, . . . , zn). From the shape of the formula it is clear that its possible poles in the variable 
z1 in addition to p1, . . . , pN are either at the diagonals z1 − zi = 0, i 
= 1 (but it is known from [29] that these functions 
have no poles at the diagonals zi − z j = 0), or at ∞, or at the special points related to the specific form of the operator 
Ū1 for Family I and Family II. A bit more special case is the case of H g,1, where we have to analyse some extra terms as 
well.

Note that it is in fact sufficient to analyse the pole structure just for H g,1, g ≥ 1, since this case subsumes the 
corresponding analysis of the pole structure for H g,n , n ≥ 2. Indeed, the factors of the form wk,l and �ukS(uk�Q k Dk)

zi
zk−zi

do not contribute any poles to the resulting expressions, as all diagonal poles get cancelled and these factors are regular 
at infinity as well. Therefore, the possible extra poles can only occur at the special points of Ū i , which enters the formula 
for H g,1 in exactly the same way as formulas for H g,n for other values of n. The argument for the n = 1 case includes 
analysis of the singularities of Ū1, and once we show that it has no poles outside p1, . . . , pN , it immediately implies the 
same statement for any n ≥ 2 as well.

For Atlantes Hurwitz numbers, the same strategy applies, with the one difference that the middle term on the first line 
and the term on the second line of equation (B.4) contribute poles at ∞.

Denote di := deg Pi , e j := deg R j . As we only need to consider n = 1, let us specialise some formulae, omitting subscripts 
n = i = 1 where convenient.

Ū f :=
∞∑

s=0

∞∑
j=1

D j−1
(

L j
s

Q
[us]e

u(S(u�Q D)−1)
R1(z)
R2(z)

u�S(u�)
f

)
, (B.5)

L j
s :=

(
[v j](∂y + vψ ′(y))se

v
(S(v�∂y )

S(�∂ y)
−1
)(

P1(y)+log
P2(y)

P3(y)

))∣∣∣
y= R1(z)

R2(z)

, (B.6)

H g,1 = τ 1
g + τ 2

g + τ 3
g + const , (B.7)

τ 1
g = [�2g]�Ū 1 , (B.8)

τ 2
g = [�2g]

∞∑
j=1

D j−1L j+1
0 D

R1(z)

R2(z)
, (B.9)

τ 3
g =

(
[u2g] 1

S(u)

)(
∂

2g−1
y

(
P1(y) + log

( P2(y)

P3(y)

)))∣∣∣∣
y= R1(z)

R2(z)

. (B.10)

We also introduce the following notation: for some polynomials P̃ j(z),

ψ(y(z)) = P̃1(z)(
R2(z)

)d1
+ log

(
P̃2(z)

P̃3(z)

)
, (B.11)

Q̌ (z) := Rd1+1
2 P̃2 P̃3 + z

(
d1 R ′

2 P̃1 P̃2 P̃3 − R2 P̃ ′
1 P̃2 P̃3 + Rd1+1

2 P̃2 P̃ ′
3 − Rd1+1

2 P̃ ′
2 P̃3

)
(B.12)

= c
N∏

j=1

(z − p j) (B.13)
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such that

Q (z) = Q̌ (z)

Rd1+1
2 P̃2 P̃3

. (B.14)

Now consider the pole contributions of the τ j
g separately, starting with τ 1

g .

For a given power of �, the sum over s in equation (B.5) has an upper bound as each u1 must come with at least �2/3. 
For a similar reason, the sum over j is finite. As we also have that(S(v�∂y)

S(�∂ y)
− 1

)(
P1(y) + log

P2(y)

P3(y)

)
(B.15)

is a series in � with coefficients rational functions in y, τ 1
g is a rational function in z1. Its set of possible poles consists of 

the p j , the zeros of P̃2, P̃3, and R2, and z = ∞. We will show that the τ j
g have no poles at the zeros of P̃2, P̃3, and R2, and 

that τ 1
g and τ 2

g also have no zeroes at z = ∞.

Lemma B.2. τ 1
g has no poles at the zeroes of R2(z).

Proof. This is the analogue of [30, Lemma 4.3]. The only difference is that

ev(S(v�∂y)−1)P1(y) (B.16)

should be replaced by

e
v
(S(v�∂y )

S(�∂y )
−1
)

P1(y)
. (B.17)

Let us show how this works.
Let B be a zero of R2(z). For z → B , we have y(z) = R1(z)/R2(z) → ∞, and if B is a simple zero of R2, then it is a 

simple pole of y(z). Let us count the order of the pole of

∞∑
s=0

∞∑
j=1

D j−1
(

1

Q

(
[v j](∂y + vψ ′(y))se

v
(S(v�∂y )

S(�∂ y)
−1
)(

P1(y)+log
P2(y)

P3(y)

))∣∣∣
y= R1(z)

R2(z)

[us]e
u(S(u�Q D)−1)

R1(z)
R2(z)

u�S(u�)

)
, (B.18)

at z1 = B . To this end, two immediate observations are in order:

• Firstly, note that ev
(S(v�∂y )

S(�∂ y)
−1
)

log
P2(y)

P3(y) does not contribute to the pole at infinity in y, and, therefore, to the pole in z at 
z = B , and can be safely ignored in this computation.

• Secondly, note that Q −1 has zero of order d1 + 1 at z = B and each application of D = Q −1z∂z decreases the degree of 
the pole in z at B by d1. The total effect of the factor Q −1 and D j−1 is the decrease of the order of pole by d1 j + 1.

Therefore, the order of the pole of equation (B.18) is equal to the order of pole at z = B of

(z − B)

∞∑
s=0

(
(∂y + vψ ′(y))sev

(S(v�∂y )

S(�∂ y)
−1
)

P1(y)
∣∣∣

y= R1(z)
R2(z)

[us]e
u(S(u�Q D)−1)

R1(z)
R2(z)

u�S(u1�)

)∣∣∣∣
′

v=(z−B)d1

, (B.19)

where by 
∣∣′ , we mean that we only select the terms with degv ≥ 1 before the substitution v = (z − B)d1 . Note also that

• Since y(z) has a simple pole at z = B , each ∂y decreases the order of pole in the resulting expression by 1.
• Multiplication by ψ ′(y) increases the order of pole by d1 − 1.

Taking into account these two observations and that each v factor decreases the order of pole by d1, we see that each 
application of the operator ∂y + vψ ′(y) decreases the order of pole in the resulting expression by 1. Therefore, the order of 
the pole of equation (B.19) is equal to the order of pole at z = B of

(z − B)

(
ev
(S(v�∂y )

S(�∂ y)
−1
)

P1(y)
∣∣∣

y= R1(z)
R2(z)

e
u(S(u�Q D)−1)

R1(z)
R2(z)

u�S(u�)

)∣∣∣∣
′′

v=(z−B)d1

u=z−B

, (B.20)

where by 
∣∣′′ we mean that we only select the terms with deg v ≥ 1 and regular in u before the substitutions v = (z − B)d1 , 

u = z − B .
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Here, the first exponent is different from [30, Lemma 4.3], and this slightly changes the argument.
In this first exponent, specifically in S(v�∂y )

S(�∂y)
− 1, each �∂y does not increase the order of the pole at z = B , and actually 

decreases it ([30] only argues that v�∂y does not increase it; we do not have or need the v); since v P1(y) has no pole at 
z = B , this means that the whole first exponential is regular. In the second exponent, in S(u�z∂z) − 1, each u�z∂z preserves 
the order of the pole at z = B; since uR1(z)/R2(z) has no pole at z = B , this means that the whole second exponential is 
regular. Finally, (z − B)/(u�S(u�)) is also regular at z = B in this expression.

Thus, equation (B.20) is regular at z = B , and therefore equation (B.18) is regular at z = B as well. �
Lemma B.3. τ 1

g is regular at the zeros of P̃2 that are not zeros of R2.

Proof. Analogous to [30, Lemma 4.4]. The same kind of modification of the exponent should be applied to the left-hand 
side of [30, (143)], but the right-hand side and the rest of the proof hold verbatim. �
Lemma B.4. τ 1

g is regular at the zeros of P̃3 that are not zeros or R2.

Proof. Analogous to [30, Lemma 4.5] in the same way that Lemma B.3 is analogous to [30, Lemma 4.4]. �
Lemma B.5. τ 1

g is regular at z = ∞.

Proof. Analogous to [30, Lemma 4.6]. If e1 ≤ e2, by the same degree counting, all parts are regular. If e1 > e2, we should 
again do the same substitution as at the start of the proof of Lemma B.2. As here we also have that �∂y decreases the pole 
order, and not just v�∂y , the penultimate paragraph of the proof of [30, Lemma 4.6] goes through. The rest holds without 
any changes. �
Lemma B.6. τ 2

g + τ 3
g is regular at the zeros of R2(z).

Proof. Analogous to [30, Lemma 4.7]: τ 3
g is regular, and for τ 2

g the same change as in the start of the proof of [30, 
Lemma 4.6] must be adopted. Again, this is sufficient for pole counting, as �∂y is applied at least once and hence can-
cels the simple pole of R1(z)/R2(z). �
Lemma B.7. τ 2

g + τ 3
g is regular at zeros of P̃2 or P̃3 that are not poles of R2.

Proof. Analogous to [30, Lemmata 4.8 & 4.9]. Again, the same modification as before works. �
Proof of Proposition 6.12. By Lemmata B.2 to B.5, the only possible poles of τ 1

g are at the p j . As the poles of 1
Q at the p j

are odd with respect to the deck transformations and iterative application of D1 preserves this, this suffices to prove that 
τ 1

g ∈ �.

Similarly, by Lemmata B.6 and B.7, the only possible poles of τ 2
g and τ 3

g are at the p j and z = ∞. Poles at the p j can 
only be introduced by and application of D; the first such appearance will give a simple pole, while repeated applications 
of D will preserve the oddness of the principal parts with respect to deck transformations. This proves the claim for the 
H g,1.

For n > 1, the only terms are from Ū i applications, and by the extended quote above, they are similar to the analogous 
term in H g,1, which is τ 1. As this lies in �, so do the H g,n for n > 1.

So the only possible poles of H g,1 are at the p j , or, for n = 1, at the point z1 = ∞, coming from τ 2
g and τ 3

g , i.e. the 
middle term of the first line, and the second line of equation (B.4). �
Proof of Corollary 6.13. The two terms in the statement of the corollary correspond to τ 2

g and τ 3
g , respectively.

The pole order counting for the first term is analogous to [30, Lemma 4.10], but now only for τ 2
g . As for Lemma B.5, do 

the case distinction whether or not e1 > e2. If not, i.e. if e1 ≤ e2, all terms are clearly regular. So let us consider the case 
e1 > e2 and write out τ 2

g :

τ 2
g = [�2g]

∞∑
j=1

D j−1
(
[v j+1]ev

(S(v�∂y )

S(�∂ y)
−1
)(

P1(y)+log
P2(y)

P3(y)

))∣∣∣
y= R1(z)

R2(z)

D
R1(z)

R2(z)
. (B.21)

Derivatives of logarithms, and their exponentials, can never have poles at ∞, so for calculating pole order we may as well 
consider
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[�2g]
∞∑
j=1

D j−1
(
[v j+1]ev

(S(v�∂y )

S(�∂ y)
−1
)

P1(y)
)∣∣∣

y= R1(z)
R2(z)

D
R1(z)

R2(z)
. (B.22)

By definition, y(z) = R1(z)
R2(z) has pole order e1 − e2 at ∞, and the pole order of P1(y(z)) is d1(e1 − e2). Every ∂y lowers the 

pole order by e1 − e2 while every D lowers it by d1(e1 − e2). So for the pole order we may also consider

[�2g]
∞∑
j=1

z( j−1)d1(e2−e1)
(
[v j+1]ev

(S(v�∂y )

S(�∂ y)
−1
)

P1(y)
)∣∣∣

y=ze1−e2
z(1−d1)(e1−e2) . (B.23)

For g ≥ 2, we see that we can replace each v by zd1(e2−e1) , and divide the result by its square. Then the product v P1(y) in 
the exponent has pole order 0, and the non-trivial terms of S(v�∂y always give sub-leading pole order, so we may ignore 
them.

Similarly, we may replace each ∂y by ze2−e1 , and we see that it is always coupled with �, so we get this 2g times. So 
the pole order is

2g(e2 − e1) − 2d1(e2 − e1) + (1 − d1)(e1 − e2) = (1 + d1 − 2g)(e1 − e2) . (B.24)

We can only achieve this pole order by taking all powers of � from the S(�∂y) in the denominator. Any time we would take 
an � from the S(v�∂y) in the numerator, the extra v pairs with an extra D to lower the pole order by d1(e1 − e2), making 
it negative. So only the first term in the expansion S(v�∂y) = 1 +O(v2) contributes. This replacement gives the formula

τ 2
g ∼ [�2g]

∞∑
j=1

D j−1
(
[v j+1]ev

( 1
S(�∂ y)

−1
)
ψ(y)

)∣∣∣
y=y(z)

D y(z)

∼ [�2g]
g−2∑
k=0

1

(k + 2)! Dk
(( 1

S(�∂ y)
− 1
)
ψ(y)

)k+2∣∣∣
y=y(z)

D y(z) ,

(B.25)

where ∼ means ‘equal polar part’ and we restricted the sum because each factor of the (k + 2)-nd power contributes at 
least �2.

For the τ 3
g term, we get

[�2g]
z1∫

0

Q (z)

z

( 1

S(�∂y)
− 1
)
ψ(y)

∣∣∣
y=y(z)

D y(z)dz = (21−2g − 1)B2g

(2g)! ∂
2g−1
y ψ(y)

∣∣∣
y=y(z1)

, (B.26)

and adding both terms give the corollary. �
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