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1 Introduction

The study of scattering amplitudes in supersymmetric field theories has recently unveiled
the existence of hidden symmetries and unexpected properties. Once again N' = 4 SYM
theory played a pivotal role and turned out to be the perfect playground to provide im-
portant insights into quantum field theory.



One of the most surprising novelty is that planar MHV scattering amplitudes of N = 4
SYM theory enjoy an additional dynamical symmetry, which is not present in the La-
grangian formulation and which constrains the form of the amplitudes to be much simpler
than a naive analysis might suggest [1, 2]. This hidden symmetry, called dual confor-
mal invariance, can be related to a duality between planar MHV amplitudes and light-like
polygonal Wilson loops and was first suggested in the strong coupling string description [3].

As a consequence of dual conformal symmetry, the four and five-point MHV gluon
amplitudes were shown to be completely fixed [4, 5] in a form that matches the exponential
BDS ansatz [6]. Starting from six external particles, dual conformal invariance constrains
the amplitudes only up to an undetermined function of the conformal cross ratios which
violates the BDS exponentiation [7, 8]. Nevertheless the duality with Wilson loops was
shown to be preserved [9, 10].

One more remarkable property of N' =4 SYM amplitudes is that they exhibit uniform
and maximal transcendentality weight. In the dimensional reduction scheme, assigning
transcendentality —1 to the dimensional regularization parameter €, one obtains L-loop
corrections with uniform degree of transcendentality 2L. This maximal transcendentality
property was first observed for the anomalous dimension of twist-2 operators [11-13] and
then was found it is surprisingly enjoyed by all the known observables of the theory. It
is still unclear whether this property has to be ascribed to the special diagrammatics [14]
associated to either (dual)conformal symmetry or supersymmetry, or if it is a unique feature
of the model.

The investigation on the origin of such properties has led to study theories with less
amount of supersymmetry. A quite extensive analysis has been performed in the case
of three-dimensional ABJM theory [15]. Dual superconformal symmetry and Yangian
invariance were first found at tree level [16-18]. Then it was shown [19, 20] that the two-
loop four-point amplitude is given by a dual conformal maximally transcendental expression
in perfect match with the corresponding light-like Wilson loop expectation value [21, 22].
This result was generalized [23] to the less symmetric ABJ model [24] and evidence for an
exponentiation @ la BDS for the four-point ABJM amplitude was given at three loops [25,
26]. Nevertheless, the situation becomes more intricate outside the four-point case: a
careful supersymmetric extension of the standard Wilson loop is needed and the amplitudes
exhibit a pattern of conformal anomalies [27, 28]. However all the ABJM observables
computed so far, including form factors [29-31] and finite N amplitudes [31], have been
shown to respect the maximal transcendentality principle.

The aim of this paper is the investigation of the properties of scattering amplitudes in
N = 2 superconformal QCD theory. This model is an N' = 2 supersymmetric Yang-Mills
theory with gauge group SU(N) coupled to Ny = 2N fundamental hypermultiplets. The
condition on the number of flavour of the fundamental fields is necessary to ensure exact
conformal invariance.

Several aspects of N' = 2 SCQCD have been analyzed in the past few years. In the
context of integrability, the dilatation operator at one loop was constructed first in the
sector of operators made of elementary scalar fields [32] and then for the full theory [33].
Later on, through a diagrammatic analysis, the dilatation operator of the scalar sector



was shown to deviate from the one of N' = 4 SYM at three loops [34]. After some first
promising clues, it was definitely demonstrated that the Hamiltonian for the full theory
is not integrable [35]. However the possibility that the closed SU(2,1|2) subsector built
only with adjoint fields is exactly integrable still remains open. In [36] it was claimed that
in this subsector, present in all A/ = 2 superconformal models, the integrable structure
becomes exactly the one of N/ = 4 SYM, by substituting the N/ = 4 coupling with an
effective coupling. A weak coupling expansion of the N’ = 2 SCQCD effective coupling was
presented in [37].

Integrability from the perspective of the scattering amplitudes/WL duality has been
far less analyzed. Expectation values of Wilson loops have been studied at weak coupling
by taking the diagrammatic difference with A' =4 SYM [38]. It was shown that light-like
polygonal Wilson loops (actually any closed WL) start deviating from the corresponding
N =4 SYM results at three-loop order, confirming the prediction coming from the local-
ization matrix model construction of [39]. A more general analysis including the strong
coupling behaviour of the matrix model was performed in [40]. Scattering amplitudes in
N = 2 SCQCD have been computed at one-loop order only in the adjoint sector using
unitarity [41]. It was shown that in this sector the results match that of N' = 4 SYM
and thus consist of a dual conformal invariant and maximal transcendental expression.
Nothing is known so far about amplitudes in more general sectors of the theory and at
higher-loop order.

In this paper we begin an analysis of planar four-point scattering amplitudes in N' = 2
SCQCD. We work in N/ = 1 superspace formalism and perform direct super Feynman
diagram computations within dimensional reduction scheme. At one-loop order we provide
a complete classification of the amplitudes, which can be divided in three independent
sectors according to the color representation of the external particles. The pure adjoint
sector consists of amplitudes with external fields belonging to the N' = 2 vector multiplet.
In this sector we confirm the results of the previous work [41], since we obtain exactly
the same expressions of the corresponding N' = 4 SYM amplitudes, demonstrating the
presence of dual conformal symmetry and maximal transcendentality. This agrees with
the conjectured integrability of the closed subsector SU(2,1]2). As a byproduct, we also
provide a direct Feynman diagram derivation of the N' = 4 SYM result first derived long
ago by stringy arguments [42].

Outside the adjoint sector there is no reason to expect amplitudes to be dual conformal
invariant. We show that in the mixed and fundamental sectors, with external fields in
the fundamental representation, even if dual conformal invariance is broken, the results
still exhibit maximal transcendentality weight. We thus give a direct proof that at a
given perturbative order the maximal transcendentality property of the amplitudes is not
a consequence of dual conformal invariance.

In order to check these properties beyond the one-loop perturbative order, we computed
the simplest two-loop amplitude in the fundamental sector. We end up with a result that
once again exhibits maximal transcendentality though it is not dual conformal invariant.
We provide also an analysis of the transcendentality properties of every diagrams which
contribute to the two-loop amplitude, finding that the maximal transcendentality principle



is respected even at Feynman diagrams level. A very non trivial check of our two-loop result
is the fact that it reproduces the expected factorized structure of the infrared divergences
predicted for general scattering of massless particles [43, 44].

The paper is organized as follows. In section 2 we introduce the model and our nota-
tions. In section 3 we discuss the general features of four-point scattering amplitudes and
we summarize the computational steps which are needed to find the results. In section
4 we present the one-loop amplitudes in the three independent sectors, while in section 5
we perform the computation of the two-loop amplitude in the pure fundamental sector.
Several technical aspects such as superspace conventions, Feynman rules and properties of
the integrals are collected in the appendices.

2 N = 2 superconformal QCD

The field content of A/ = 2 SCQCD can be conveniently expressed in terms of N’ = 1
superfields. With the superspace conventions of [45], which we summarize in appendix A,
the Euclidean action reads

S :/d43:d49 {Tr(egvtiegvi)) + Qe Qr + Qlegvél} + iz /d4a:d29 Te(WeW,)
g
+ig/d4xd20 QleQ; — ig/d4xd29_ 0130, (2.1)

where W, = iD?(e™9V D,e9") is the superfield strength of the vector superfield V. The
gauge group is SU(N); there is a global symmetry group U(Ny) x SU(2)g x U(1) g, where
U(Ny) is the flavour symmetry and SU(2)g x U(1)g the R-symmetry group. If the number
of flavours is tuned to be Ny = 2N the theory becomes exactly superconformal. The super-
field V' contains the component gauge field and transforms in the adjoint representation of
the gauge group SU(N). The N = 1 chiral superfield ® also transforms in the adjoint rep-
resentation of SU(N) and combines with the superfield V' into an N/ = 2 vector multiplet.
The rest of the matter is described in terms of the quark chiral scalar superfields Q; and Q!
with I = 1,..., Ny, which transform respectively in the fundamental and antifundamental
representation of SU(N) and together form an A/ = 2 hypermultiplet. A summary of the
field content of the theory is given in table 1.

At strong coupling the dual string description of N'' = 2 SCQCD seems much
more problematic than that of /Y = 4 SYM. There are some proposal for the dual
string/supergravity background which turn out to be either singular [46-48] or related
to non critical models [49]. Any advancement on the field theory side might help claryfing
the correct properties of the gravitational description.

The N = 2 SCQCD theory can be quantized in Euclidean space by path integration
[ Dy ¢S over all the fields ¢ after performing gauge fixing in N” = 1 superspace. The
standard procedure is described in details in [45] and results in adding to the action (2.1)
the following gauge fixing term which involves the anticommuting ghost scalar superfields

Syr :/d4xd49 Tr <—1(D2V)(D2V) 4+ (d +&)Lgv [c+ €+ cothLgyv (¢ — c)]) (2.2)
(6% 2 2



field | SU(N) | U(Ny) | U)g
vV | Adj 1 0
& | Adj 1 1
) Adj 1 -1
Q O O 0
9) 0 O 0
Q O O 0
Q O O 0

Table 1. Field content of N' = 2 SCQCD in terms of N’ = 1 superfields. The global symmetry
SU(2) g is not manifest in the A" = 1 superspace formulation.

where Lgv X = [V, X]. The gauge propagator can then be extracted from the gauge fixed
action and we will choose to work in the supersymmetric Fermi-Feynman gauge o = 1.
After gauge fixing we are left with the set of Feynman rules described in appendix B.
In appendix C we discuss the perturbative corrections to the propagators and superpo-
tential vertices up to two-loops and we show that if Ny = 2NN the coupling B-function
identically vanishes.

We will compute scattering amplitudes in perturbation theory in the planar limit
N — oo with the 't Hooft coupling A = (3427];/2 kept finite. More precisely, in order to
preserve conformal invariance the number of flavours will be also sent to infinity and thus
the model will be studied in the so called Veneziano limit with Ny = 2N.

3 Four-point scattering

The complete set of four-point amplitudes of the theory can be obtained by means of super-
symmetry transformations from superamplitudes involving only the chiral scalar superfields
® and @ as external particles. In fact, in the A/ = 1 superfields language, supersymmetry
rotates the ® and V superfield components inside the A" = 2 vector multiplet and the Q
and Q ones in the N = 2 hypermultiplet. We thus can classify the four-point superampli-
tudes into three independent sectors according to the color representation of the external
superfields: four adjoint scalar superfields, two adjoint scalars and a quark/antiquark pair
and finally two quark/antiquark pairs. Different amplitudes inside each sector are related
by supersymmetry.

We perform standard perturbative computations directly with the N' = 1 off-shell
Lagrangian (2.1) so that the super Feynman diagrams give rise to expressions which are
power series in the superspace Grassmann variable 8. From the full superamplitude we
choose to extract the lowest component of the expansion, thus presenting the explicit
results for the scattering of four scalar component fields. The other component amplitudes
can be easily obtained by choosing different projections of the superspace results.

In the next sections we present our results according to the following scheme. For each
sector, after selecting a suitable process, we first discuss the partial amplitudes color de-



composition. We then present the loop results for the subamplitudes, obtained performing
the following steps:

e At first we read the contributions to the partial amplitude by considering the effective
action of the model. More precisely, we draw super Feynman diagrams contributing
to the four-point scalar supervertex associated to the chosen external configuration,
where the diagrams have to be suitably chosen to respect the color ordering.

e We then perform D-algebra on the selected superdiagrams. In order to extract the
four-point component amplitude with scalar fields as external particles we perform
the projection fd4:1: d4g... = fd4:E D?D? ... |y—o on the superspace results.

e For each diagram, we are then left with a linear combination of standard bosonic
integrals with numerators, which can be simplified by completion of squares and
using on-shell symmetries.

e The contributions of the different diagrams is then summed up and the final result is
expressed, using the integration by part reduction technique, as a linear combination
of master integrals (see [50] for details).

e Finally, each master integral is expanded in terms of the dimensional regularization
parameter € = 2 — d/2 and the total result is presented as a series in the infrared
divergences poles.

4 One-loop amplitudes

At one-loop order we provide a complete classification of the four-point scattering ampli-
tudes. In general we define with (ABCD) a process where we treat all the particles as
outgoing so that

0 — A(p1) + B(p2) + C(ps) + D(p4)
with light-like momentum assignments as in parentheses and momentum conservation given

by p1 + p2 + p3 + p4 = 0. We define Euclidean Mandelstam variables as

s=(p1+p)? t=@a+p)? u=-t—s

Diagrammatically we start with the A particle in the upper left corner and proceed with
the ordering counterclockwise.

4.1 Adjoint subsector

In the purely adjoint sector we first focus on the process (P®®®). Since we deal with
adjoint external particles of a SU(N) gauge theory, the color decomposition of the planar
amplitude is the same as in the four-gluon scattering (see [51] for details)

AD ({p ) = 3 Tr(To T T 7o) AP (01 73030) (1)
c€eS
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Figure 1. Tree level and one-loop non-vanishing planar diagrams contributing to the process
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(a)
(®®P®). The grey bullet in diagram (e) stands for the one-loop vertex insertion.

where the sum is performed over non-cyclic permutations inside the trace. This gives rise
to six a priori independent color ordered subamplitudes which might be further reduced by
exploiting the symmetries of the process. These subamplitudes only receives contributions
from diagrams with the specified ordering of the external particles. In any case, all the
different subamplitudes divided by the corresponding tree-level contributions are expected
to yield the same result since they can be mapped by N = 2 supersymmetry to proper
gluon MHV amplitudes, which in turns do not depend on the gluon ordering inside the
trace. We therefore expect that different orderings produce identical results.

As we will explain below, from a diagrammatic point of view it is instructive to compute
two non trivial orderings A(®(1)®(2)®(3)®(4)) and A(®(1)®(2)D(3)®(4)).

4.1.1 Process PPPP

The color ordered subamplitude A(®(1)®(2)®(3)®(4)) receives contributions at tree level
from the processes depicted in figure 1(A) and (B). The contribution of the diagrams to
the four scalar superfield vertex of the effective action is

SO =g [t o (L4 1) TR0 00)

From these we extract the relevant color structure and, after projection to the purely scalar
component of the superamplitude, we can read the tree level contribution

AO(G1)6(2)6(3)6(4) = g* (= +7) (4.2)

We now consider the planar one-loop corrections. The diagrams which contribute are listed
in figure 1(a)—(e). For each diagram we find first the contribution to the effective action
by performing the D-algebra with on-shell conditions. For the diagram (a) we get

S = — g*N Te(T°TtTeT?) / A*p; 440 Tisiangie(s) ®a(p1)®o(p2)®e(p3)®a(pa)

— ¢*N Te(T°T*T°T?) / dp; d*0 120 ®a(p1)®y(p2) Da®e(ps) D @a(pa)

box



where Iiiangle(s) and Igﬁ{ are defined in eq. (D.1) and (D.6) of appendix D. At this point
we can project down to the four-scalar component and directly read the contribution to
the color ordered amplitude

(a) =g¢g'N | (uk2 — Tr(k:p4p1p3)) (4.3)

The numerator of the Feynman integral in (4.3) is spelled out explicitly whereas the denom-
inator is represented pictorially together with an arrow indicating the integration variable
k. Expanding the trace and completing the squares we can cast the final contribution in

terms of a linear combination of scalar integrals

—(s—|—2t)><]: +t A +<t2+32t> ] (4.4)

The contribution of diagram (b) can be immediately obtained from the one of diagram (a)

(a) = ¢g'N

by exchanging s <> ¢

(b) = g*N !s ><]: — (t + 2s) A\ + <82 + S;) ] (4.5)

We proceed similarly for the remaining diagrams, performing D-algebra, component pro-

jection and reduction to scalar integrals. For the scalar box diagram (c¢) we obtain

(c):gwf[—tA —s><]: +%t ] (4.6)

with Ny = 2N. For diagrams of type (d) we need to consider the four possible ways to

(s+t)><[ + (s+t)A] (4.7)

The diagram (e) represents the one-loop correction to the vertex. The vertex correction

draw the graph, which combine to

(d) =g'N

insertions are described in appendix C. After taking into account the four possible insertions
in the s— and t-channel diagrams we get an overall

(s+t)><[ + (s+t)/A] (4.8)

Summing over all the contributions (4.4)—(4.8) it is easy to see that triangle integrals cancel

(e) =g'N

out, leaving a final result which is proportional to the box integral

AD(6(1)$(2)6(3)6(4) = g*N (s +1)° (4.9)
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Figure 2. Tree level and one-loop diagrams contributing to (®®®®) process.

where y = 4we Y, and v is the IR scale of dimensional regularization. The reduced
amplitude is then defined as the ratio between the one-loop (4.9) and the tree-level one (4.2)

— — € €
MD($(1)3(2)$(3)(4)) = 27 {—62 (&) -3 (&) +3m+ ;1112";} (4.10)
where A = (%fT];g. This confirms the result of [41] obtained via unitarity cuts method and it
shows that in this sector the one-loop amplitudes are identical to the corresponding N' = 4
SYM ones. Therefore the amplitude in (4.10) is completely captured by a dual conformal
invariant integral and respects the maximum transcendentality principle.

From a diagrammatic point of view the matching with A/ = 4 SYM can be understood
as follows. We could consider in N' = 4 SYM a four-point amplitude of adjoint scalar
superfields with equal flavours (®;®1®1®1). We note that diagrams (a), (b), (d) and (e)
of figure 1 can be drawn also for this process and are identical to the ones computed in
N =2SCQCD. In N/ =4 SYM diagram (c) is substituted with an analouge diagram with
adjoint scalars circulating into the loop. This exactly reproduces the contribution of the
fundamental loop of N’ =2 SCQCD when Ny = 2N. Therefore it would have been easy in
this case to work taking the diagrammatic difference between the two models and to show
that it is vanishing. It is a general feature of N’ = 2 SCQCD diagrams that fundamental
matter loops give the same results of ' =4 SYM scalar adjoint loops.

4.1.2 Process PPPP

We now focus on the color ordered subamplitude A(®(1)®(2)®(3)®(4)) for the process
(®@PPP). From a diagrammatic point of view this is equivalent to consider the color
ordered subamplitude A(®(1)®(2)®(4)®(3)) for the process considered above (PPPP). At
tree level only the diagram in figure 2(A) contributes according to color ordered rules.
After projection to the scalar component we obtain

AV (6(1)6(2)6(3)$(4)) = —¢*

The non-vanishing planar one-loop diagrams are listed in figure 2(a)—(c). For each diagram

(4.11)

» | ~+

we perform D-algebra, component projections and master integrals expansion as detailed
above and obtain

(a) = g*N t? (4.12)

(b) = —¢g*'Nt ><[ (4.13)
(¢c) = g*N't ><[ (4.14)




Note that diagrams (b) and (c¢) now contribute in two ways, which can be obtained from
the drawn diagrams by left /right reflection. The full amplitude then simply reads

AV (6(1)$(2)6(3)p(4)) = ¢g*N 2 (4.15)
AN 1 e 1 e 2 1
20 {2 (8) + 2 (5) - 5= - g “9(6)}

Taking the ratio with the tree-level amplitude (4.11) we immediately get

MW ($(1)8(2)8(3)6(4)) = MM (6(1)$(2)6(3)4(4)) (4.16)

as expected. We note that this ordering of the external fields gives rise to a smaller number
of diagrams with respect to the ordering of section 4.1.1. Moreover, all the diagrams of
figure 2 display a corresponding diagram for the analogue process in N'= 4 SYM yielding
the same result. It is then straightforward in this case to predict the final result. With
this respect, since fundamental matter interaction does not play any role, our computation
can be seen as a direct standard Feynman diagram confirmation of the N'= 4 SYM result,
computed long ago by taking a low energy limit of a superstring [42] and then readily
reproduced by unitarity methods.

4.2 Mixed adjoint/fundamental sector

We now consider amplitudes with two external fields in the fundamental/antifundamental
representation of the gauge group SU(N). Focusing on the process (QQ®®), the color
decomposition of planar amplitudes is given by

A(QQPD) = (T*T7), APN(Q(1)Q(2)0304) (4.17)

c€eS

There are two non trivial color structures given by strings of color indices starting with
the antifundamental index of the @ field and ending with the fundamental index of the
field Q. The two structures differs by a permutation of the color matrices of the adjoint
fields. Once again we expect to obtain the same result for all the ordering of the reduced
subamplitudes. Concerning the flavour structure of the amplitudes, it is easy to see that
we only have non vanishing results for the quark Q; and antiquark Q7 fields with equal
flavours I = J. We therefore can omit the flavour indices in our expressions.

4.2.1 Process QQPP

We consider first the subamplitude A(Q(1)Q(2)®(3)®(4)). At tree level only the process
in figure 3(A) contributes and after projection we get

A (q(1)a(2)¢(3)6(4)) = ¢*

w | &

(4.18)

~10 -
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Figure 3. Tree level and one-loop diagrams for the process (QQPP).

The diagrams giving non vanishing planar one-loop corrections are listed in figure 3(a)—(d).
These evaluate to

(a) = g*N [—(2t+s) ><[ +t A + (t2 + 5’;) ] (4.19)
(b) = g*N (s +1) >< (4.20)
(0) = gt B + 2 ><[ (4.21)
(d) =— (s + £ ><[ (4.22)

where we already combined in (4.20) the two possible permutations for diagrams of type

(b). Summing over all the partial contributions we get

A (g(1)2(2)9(3)5(4)) = g'N [—t =]+t A + <t2+§t) ]
- G (A -0 i) L[5 ea]} am

The reduced amplitude then reads

MD(q(1)a(2)6(3)(4))
2

e e

R TOREIO RS eSS A
We first note that the dual conformal invariance which was present in the pure adjoint
sector is lost. This is best seen by looking at the scalar integrals contributing to the
amplitude in equation (4.23). Together with the dual conformal box, triangle integrals
survive, inevitably breaking the dual conformal symmetry. Nevertheless we notice that
the result in (4.24) respects the maximal transcendentality principle. This explicitly shows
that dual conformal invariance and maximal transcendentality are independent properties
of the amplitudes at a given perturbative order.

We further notice that for the chosen process different channels contribute asymmet-
rically. We might have considered the process with cyclically rotated fields (Gp¢q). This
would produce a result given by (4.24) with s <> ¢. It is amusing to note that if we had
to sum over the two processes for the given subamplitude the result in (4.24) would be
symmetrized in s and ¢ giving an expression proportional to (4.10).

- 11 -
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Figure 4. Tree level and one-loop diagrams for the process (QQ®®).

4.2.2 Process QQ®P

As a check of our computation we analyze the subamplitude A(Q(1)Q(2)®(3)®(4)) for the
process (QQ®®). This subamplitude is diagrammatically identical to the color ordered
subamplitude A(Q(1)Q(2)®(4)®(3)) for the process (QQP®P). At tree level the diagrams
in figure 4(A) and (B) contributes to the scalar projection

A (q(1)a(2)6(3)9(4)) = ¢°

» | &

(4.25)

We now consider the planar one-loop corrections to the tree level amplitude. The diagrams
which contribute are listed in figure 4(a)—(f) and give

(a) = g"Nt? (4.26)

(b) = g*N [—t A + %t ] (4.27)
(c)=—¢g'Nt ><[ (4.28)

(d) = g4N% (4.29)
(e) = —g4N§ (4.30)

(f) =g"N 2t A (4.31)

with diagrams of type (c) and (f) summed over the two possible choices. Summing over all
the partial contributions we find

AW (q(1)q(2)6(3)¢(4)) = g*N [—t ><[ HA + <t2+82t> ] (4.32)

This is exactly the result we found for in (4.23). By supersymmetry the same result holds

for amplitudes involving Q and Q.

- 12 —
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Figure 5. Tree level and one-loop diagrams for (QQQQ).

4.3 Fundamental sector

We now consider amplitudes with two pairs of quark/anti-quark superfields as external
particles. We describe the color structure for the process (QQQQ) and we remind that
a similar description holds when substituting Q with Q and/or @ with Q. The planar
amplitude can be decomposed as follows

AD(Q1Q7QrQM) = 65} Q(1);Q(4) Q(3):Q(2) AT (gdaq)
+ 615k Q(1iQ(2) Q(3),QUY A (qaqq)  (4.33)
We thus have two independent color structures corresponding to the two possible ways of
contracting the pairs of fundamental and antifundamental indices. For each color structure

we only have a unique choice of flavour flow displayed in equation (4.33). We will omit the
flavour indices in what follows.

4.3.1 Process QQQQ

We compute the partial amplitude A;(¢gqq). At tree level only the diagram depicted in
figure 5(A) gives a contribution

A (qGqq) = ¢*

w |

(4.34)

We now consider the planar one-loop corrections to the tree level amplitude. The diagrams
which contribute are listed in figure 5(a)-(d) and give the following results

—(s+2t) >< +t A + <t2 + S;) ] (4.35)
(b):g4N[—tA —s>< +%t ] (4.36)
() = g*N (s + 1) ><[ (4.37)
(d) = —g*N (s + 1) ><[ (4.38)

(a) =g'N
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Figure 6. Tree level and one-loop diagrams for (QQC:QQ) process.

where again we summed over the two left/right reflected diagrams of type (c) and (d).
Summing over all partial contributions we find

Aﬁl)(quq) =g¢'N {—2(t +5) >< + (£ + st) ]

4
o 9N wf 1opNe T 5 1ot
L s{ = () + 157 g’ 0 (4.39)

The ratio between the one-loop amplitude and the tree-level one is

1 e 7 1 ot
MY (qqqq) = 2x {—62 (%) + ET['2 + 51112; + O(e)} (4.40)

Once again we see that the result does not display dual conformal invariance whereas it
respects maximal transcendentality. It is possible to show that the partial amplitude Agl)
is equal to Agl) with the exchange s <> t.

4.3.2 Process QQéQ

As a check of our result (4.40) we consider the process (QQQQ), which is expected to
provide an identical expression because of supersymmetry. We consider the color struc-
ture Q(1);Q(4)7 Q(3);Q(2)*, which is the analogue of the one considered for the previous
process. The amplitude corresponding to the tree level diagram depicted in figure 6(A) is
the following

A (q4dq) = g (4.41)

We now consider the planar one-loop corrections to the tree level amplitude. The relevant
diagrams are listed in figure 6(a) and (b). The contributions of diagram (a) is

(a) = g*'N [—s ><[ +%t ] (4.42)

The contribution of diagram (b) is equal to diagram (a). Summing the two diagrams above

we find
AWM (qddq) = ¢*N [—23 >< + st ]

4
o 9N [l T 5 1t
=2 G {62(75) = Sn?= + 0() (4.43)
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Taking the ratio with the tree level result we obtain again the result in (4.40)
M (gdda) = M{ (agaq) (4.44)

This process turns out to be the simplest from the computational point of view and it
will then be chosen for the two-loop analysis in the next section. Once again, one might
want to consider the other color ordering or also reshuffled processes whose results can be
obtained by suitable permutations of the Mandelstam variables.

5 Two-loop amplitudes

At two-loops the supergraph computation starts becoming cumbersome because of the
increasing number of diagrams contributing to each process. There are some indications
based on Feynman diagrammatics and integrability arguments that in the pure adjoint
sector at two-loops the amplitude should be identical to that of N' = 4 SYM. In fact,
in [34] the dilatation operator of the theory has been found to coincide with that of N' =4
SYM up to two-loops in the purely scalar sector. Moreover, in [36] it has been argued that
the sector built only with adjoint letters should be exactly integrable. If dual conformal
invariance and the duality with light-like Wilson loops are a consequence of integrability,
we then expect from the Wilson loop computation in [38] to obtain a result that deviates
from the AN/ = 4 SYM result only at three loop order. A diagrammatic check of this claim
is in progress [52].

In the other two sectors nothing is known a priori and we expect a behaviour which
is qualitative different from the N' = 4 SYM case. From our one-loop detailed analysis
it is easy to see that inside each sector the degree of complexity for different processes is
very variable. It is therefore advisable to choose the special amplitude giving rise to less
contributions. We present here the full result for the computationally easiest choice, the
process of section 4.3.2 in the pure fundamental sector. We will see that, even if the result
is not dual conformally invariant, the maximal transcendentality principle is respected also
at two-loop order.

5.1 Fundamental sector

We consider the process (QC:)CZQQ) and compute the two-loop correction .Agg) (q4qq) for the
color structure Q(1);Q(4)’ Q(3);Q(2)". The diagrams which give a non-vanishing contri-
bution are depicted in figure 7. The diagrams (a)—(d) in the first line have the topology
of vertical double boxes and we found useful to simplify their contributions by combining
them properly. After performing the D-algebras and the projections to the purely scalar
component amplitude we obtain

(a) = g5N?'1 ( — sk21? — P Tr(pakpap1) + k2 Tr(Ipapipa) + Tr(pok(ps + p3)1p4p1)>

kY

3

(b) = g°N?'

kY

( — sk21% 4 k2 Tr(pap1p2l) + 1> Tr(kpspapr) + Tr(p4lk‘p3pzp1)>
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Figure 7. Non vanishing two-loop diagrams contributing to QQC:)Q amplitude. Gray and black
bullets stand for one- and two-loop insertions respectively.

(¢) = g°N* | ( — sk’I? + I Tr(p1kpsp2) — K*Tr(Ipspapr) — Tr(l(p2 + pg)kp3p2p1))

(d) = ¢°N* ] ( — sk*? — K’ Tr(prlpspa) — P Tr(kpapips) — Tr(pllkpzplm))

where we again explicitly write the numerators and pictorially represent the denominators
with loop variables k and [. As anticipated, the 6— and 4-gamma traces coming from the
different contributions can be nicely combined to produce a simple overall contribution

—

(a) + (b) + (¢) + (d) = —2s <>{+ >—|—4st f — st?

(5.1)

where we omitted a g5 N? factor and completed the squares using the symmetries of the
integrals to simplify the result. The diagram (e)—(h) in the second row of figure 7 have the
topology of horizontal double boxes and once again their contribution can be conveniently
combined. After D-algebra and projection they give

1
(e) = 596]\72 K | < — 2k2Tr(lp1p2p3) — 2Tr(Ip1kpapips) + (k — p2)2Tr(lp1p2p3)
2 2 22 2
—8(k —p2)°(l + p3)” — s(k — p2)”1° + (I + p3) Tr(kpzp1p3)>
1
(f) = 596N2 K | <2k2Tr(lp2p1p4) — 2Tr(Ipokpipaps) — (k +p1)2Tr(lp2p1p4)

— s(k+p1)?(l — pa)? — s(k +p1)2? — (1 - 1?4)2Tr(kp1p2p4)>
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(9) = g°N? « ! ( — s(k 4+ p1)*(L+p3)® + (k + p1)*Tr(palpsp1) — Tr(palpspakpr)

— (1 + p3)*Tr(papapi k )

(h) = g°N? « | (—S(Z—m) (k —p2)? — (k — p2)*Tr(p1lpap2) — Tr(p1lpapskps)
U= PP Tt )

After expanding the traces and completing the squares the overall contribution massively
simplifies to

The diagram (i) drawn in figure 7 contributes

—_—

(i) = %961\72 i <3k2 - Tr(kpsplpz)>

k

We need to consider four diagrams of type (i) which, after expanding the traces and using
symmetries of the integrals, can be combined to give

(i) = (s+1) +s >{ — t(k + pg)? ﬁ (5.3)

k

Now we compute one-loop vertex insertions of diagrams (1) and (m).

4

1
(1) = ~g°N? « <k2Tr(/€p1pzp4) + Tr(kp1kpapips) — (k + p1 + pa) > Tr(pspip2k)

+ 2s(k +p1 +p4)2k: - (k —p2) + Tr(pa(k + p1)pspipek) + sTr(pa(p1 + k) (k — pg)k))

(m) = g°N? <S(k +p1)*(k+p1+pa)? + (k+p1 +p4)2Tr(kp1p2p4)>

The total contribution coming from one-loop vertex insertions is given by four diagrams of
type (1) and four diagrams of type (m). The overall results can be expressed as

0 N =] e N
+t(k + pa)? ﬁ/ —sk+ps)? | [ (5.4)

k
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(m) = 2(s — t) +2tA +4S>V
— 25(k + p3)? :D> (5.5)

The contributions (n) and (o) come from two-loop insertions of chiral vertex and propagator

corrections. They give

1 1
(n) = g°N? « | <sk:2l2 + §S(k +p1)?2 + §S(k — P2)2l2>

(0) = g°N? « (25 k2%

Combining the two vertex insertion, we then have an overall

(n) =2s ><]>< + 2s W (5.6)
(0) = —2s ><]>< (5.7)

It is easy now to sum up pictorially the contributions (5.1)—(5.7) and get the final result
(we omit the overall g6 N? factor)

AP (qg) = — 2s ><[ tas N[ —s] | [ s
82 < +4st:]£ o T T 1 (5.8)

We now have expressed the contributions coming from super Feynman diagrams in terms

of scalar integrals and scalar integrals with irreducible numerators. Each of these integrals
can now be expanded on the basis of two-loop master integrals using the formulas (D.21)-
(D.27) in appendix D. The full amplitude can then be written as the following linear
combination on the master integral basis

A?)(qc](ﬁ) = — 5%t — st? + 252

24at]i( —4a* (XK —%>@< —%

+4b ><(I — 120 v + 12 (s +1t) (5.9)

where for convenience we defined the coefficients

1— 2 (1 —2€)(1 - 3¢) (T =26)(1 = 3€)(2 — 3e)
2 b= 2¢2 T 2¢3 (5.10)

a =
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Looking carefully at the final result (5.9) and more generally at the expressions of the
Feynman integrals contributing to each single diagram given in equations (D.21)—(D.27) of
appendix D, we notice the following remarkable property. A given master integral in the
linear combinations comes always multiplied by a fixed coefficient which is a function of
the parameter €. Expanding in € the product between the coefficient and the corresponding
master integral it is easy to verify that, even if the master integral itself contains terms of
mixed transcendentality, the product always satisfy the maximal transcendentality prop-
erty. Take for instance the sunset integral whose expansion is given in (D.8). It is clear
that to orders which are relevant for the computation it does not preserve maximal tran-
scendentality. Nevertheless in all the expansions (D.21)—(D.27) it comes multiplied by the
factor ¢ defined in (5.10). Expanding the product we obtain
(1-26)(1—3e)(2—3¢)  —~_ e 22 1 1 72 8¢(3) 19x*

263 NN T (Am)i2e 57142 [ 46t 24€2 3¢ 480

which respects the maximal transcendentality principle. It is clear from this analysis that
not only the final result respect maximal transcendentality, but also each single diagram
contribution. This is what happens also in the superspace computation of amplitudes in
the ABJM model (see for instance [20]). The horizontal and vertical ladders in the first line
of (5.9) are the only integrals respecting dual conformal symmetry, which is thus broken
for the full amplitude as expected.

Inserting in (5.9) the expansions in € of the master integrals of appendix (D.2) and
dividing by the tree level amplitude, the final result can be cast in the following form

—2vpe 2 1 /1372 1 19
(2)/ ~=_ € s L 2 L 2
Mi7(qqqq) = 7(47&472%26 [ a2 < + 2In x) (277 In(1+2x)+ 3 ¢(3)

€

2
+ glnzx(lnx + 3In(1 + z)) + 4lnzLis (—z) — 4Li3 (—x) )

23 2
+4(3lnx — In(1 + x))¢(3) + @7?4 + §7r21na:1n(1 + )
— (7% 4+ In%2)In?(1 + z) + 4S22(—x) — 4InxS) o(—x) + 4ln(1 + 2)Liz (—=)
2 1
+ §(7T2 — 6lnzIn(1 + z))Lip (—2)+ 6(4772 + anx)IHQx} (5.11)

In order to get to the compact expression (5.11) we had to combine (generalized) polyloga-
rithms with ones with inverse arguments using the identities listed in appendix (D.4). An
important consistency check of our result is given by the fact that we exactly reproduce the
exponential structure of the infrared poles which is expected for the scattering of massless
particles in general gauge theories [43, 44]. In fact, if we read the poles from the following
general exponential expression for the amplitude

M = T ()2 1y M 26)

2
we exactly reproduce our result with the choice
fi=1 (5.12)
fa = —2¢(2) — €14¢(3) + O(€?) (5.13)
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which is very reminiscent of the corresponding expansions for the scaling functions in the
N = 4 SYM, where it was shown [53] that fi = 1 and fo = —((2) — €((3) + O(€2).
Nevertheless the finite part of the amplitude does not exhibit exponential behaviour a la
BDS as in the N' =4 SYM case.

6 Conclusions

In this paper we have computed four-point scattering amplitudes in N’ =2 SCQCD up to
two loops in the Veneziano limit. At one loop we have considered all possible four-point
scalar amplitudes, which can be classified into three independent sectors, according to the
color representation of the external particles.

In the adjoint sector, namely when the external particles are four scalar fields in the
adjoint representation of the gauge group, we found, in agreement with [41], that the
one-loop result (4.10) coincides with the one for the planar N'= 4 SYM gluon scattering
amplitude. So in this sector the one-loop result is dual conformal invariant and respects
the maximum transcendentality principle. It would be important to go further and check
if this connection with N' = 4 SYM survives at higher loops. In fact the difference between
the expectation value of light-like Wilson loops evaluated in N' = 4 SYM and in N’ = 2
SCQCD was computed and it was found a non vanishing term at three loops [38]. It would
be interesting to check if this deviation is present also for scattering amplitudes, in order
to understand if the Wilson loop/scattering amplitude duality is valid in this context. We
left this computation for a future work [52].

We presented new results outside the adjoint sector. In the mixed sector, with two
adjoint scalar fields and a quark/antiquark pair as external particles, we computed the
one-loop scattering amplitude given in eq. (4.24). In the fundamental sector, with only
fundamental fields as external particles, we presented results up to two loops, given in
eq. (4.40) and eq. (5.11). In these sectors we found that the loop results are not dual
conformal invariant, but still respect the maximum transcendentality principle. We have
then shown that the maximal transcendentality of amplitudes does not require the presence
of dual conformal invariance. It would be interesting to check if higher loop corrections
still exhibit maximal transcendentality weight.

To check our two-loop result we analyzed its IR structure in the dimensional regula-
rization scheme. We found that the IR structure is in agreement with the exponentiation
of IR divergences which is predicted by the general analysis of [43, 44|, with scaling func-
tions (5.12) and (5.13) which are reminiscent of those of N'= 4 SYM. In contrast with
planar scattering amplitudes in N' = 4 SYM, we found that the finite part of our two-loop
result does not exponentiate, as suggested by the lack of dual conformal symmetry.

It would be interesting to extend our work to higher point scattering amplitudes.
Finally, the generalization of our computations to the two parameter family of interpolating
superconformal theories which connects N’ =2 SCQCD to the Z, orbifold of ' =4 SYM
through a parameter continuous deformation might lead to important insights into the
connection with A" =4 SYM.
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A Superspace conventions

We work in four dimensional Euclidean N = 1 superspace described by coordinates

(3:“,90‘,96), o, B = 1,2 following the conventions of [45]. Spinor indices are raised and
lowered following NW-SE conventions

P =C%Ys e =10PCh, Y% = CdB%‘ Y = @Bcga (A1)

using the matrices

Y 0 1 0 —¢
af _ oah _ —C. . =
CY =C% = (—iO) C‘J‘B_Cdﬁ_<i O) (A.2)

which obey the relations
CPC5 =% 805 —5°56°, . (A.3)

Spinors are contracted according to

VX = % Xa = X" Vo = XU PP =

VX = V%Y = X Vs = XU P? =

coordinates : ot = (0"),5 v ™ = 5 CARES (A.6)
o 1 of
derivatives : Oy = 5 (0,)*° 9os 9,5 =1(0") 50 (A.7)
1 : 1
. - afy; . - .
fields : V, = 7 (0u)* V5 Vs = 7 (0") 0 Vi (A.8)
The Pauli matrices satisfy
04,5’ v _ v a,é’ _ a ﬁ
o, UQB—Q(SN o, 0“77-7—2(57(57.7 (A.9)
which imply the following trace identities
Tr(o# 0¥) = (") (0¥) 5 = ~2 9" (A.10)
Tr(ot 0" o? o) = (0“)0‘6 (@) (09)75 (") i
=2(g" 9" = g"" 9" + g"" g"") (A.11)
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It follows that the scalar product of two vectors can be rewritten as

1 .4
Pk ="k (A.12)
Superspace covariant derivatives are defined as
Da=0ut 190 . Dia = Ja + - 0% 04 (A.13)
a — Ya ) af ) a — Ya 2 B .

and satisfy the anticommutator {D, EB} =10,5.
Integration in superspace is defined as [ d?0 = 10%0,, [d*0 = 190%0; and [d'0 =
d?0d?0, such that we can project to components using

/ dizd®0 = / d*z D?|g_s—0 / dz d*0 = / d*zD?|y_s_
/ dizde = / d*z D*D?|_;_, (A.14)
We define the components of the chiral superfields as
O(z,0) = ¢(x) + 0%Yo(x) + 0*°F(z)  Q(z,0) = q(z) + 6% \o() + 6°G(x)

with a similar expansion for Q and corresponding expressions for the conjugated superfields.
We will need for our purpose only the lowest components of the scalar multiplets, which
can be readily obtained by projections using (A.14).

The superfields V and ® are in the adjoint representation of the gauge group, that is
V =V, 7% and ® = ®,7% where T are the SU(NN) generators. When needed, adjoint
indices will be denoted by a,b,c,.... The superfields Q and () are respectively in the fun-
damental and antifundamental representation of SU(NN). When needed, (anti)fundamental
indices will be denoted by the letters i, j, k,... The generators of SU(NN) obey

, 1
(T, = 85, — 615,
and are normalized as Tr(T¢T?) = 6.

B Feynman rules

We report here the action with interaction terms expanded up to the order needed in
the computation

2 2
S = / d*zde [Tr (ci@ L gdVD — gDV + %ciq)vv + %civvq) - 92<I>vq>v>

o _ I 2 2 _
+ QAU+QAU+9QVQr—9QVQ+ L QVVQ + L Q'VVE,

1 ~ 2 ~
+ Tr (—QVDV + g V{D*V,D?*D,V} + % [V, D*V|D?[V, D, V]
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2
+ é’c—c’é+g(c’+a’)[v,c+a]+g—(c’+é’)[v, [V,c—c]]) ]

12
+ig/d4ﬂcd29 Q'oQ; —ig/d4xd2§ 080, + ... (B.1)

The Feynman rules for the propagators are
(Vevh) = = _6(91]92 %2) g (B.2)
(DG — _ 5(91p; 02) sab (B.3)
oo R e Yt 2 — - L2 gy (B.4)
(@) = () = _ 5(911; 02) sab (B.5)

Vertices can be immediately read from the expanded action (B.1). We work directly with
traces in color space selecting only the Feynman diagrams which contribute to the chosen
color configuration (see [51] for a review of the method).

C Vertex and propagator insertions

We discuss here the one— and two-loop insertions of corrected propagators and vertices
which are relevant for our computation. At one loop the vector and matter field propagators
receive corrections from the following diagrams

I
+

It is easy to show that the two diagrams which correct the ) propagator in the first
line of (C.1) cancel each other for every value of Ny. Also in the case of the ® and V
propagators the corrections exactly sum up to zero, as can be shown by comparison with
N =4 SYM theory. Indeed, the propagators of N'= 2 SCQCD are corrected by the same
diagrams correcting the corresponding propagators of N' = 4 SYM, provided we substitute
the adjoint matter loops with fundamental ones. The matter loops in the two theories yield
the same result when Ny = 2N.

Due to finiteness theorems for the superpotential, the finiteness of the scalar chiral
propagators is enough to ensure conformal invariance at one-loop order, where the condition
Ny = 2N has been used non-trivially as shown above. At two loops the quantum corrections
to the chiral superfield propagators are not identically vanishing but can be shown to remain
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finite, again by comparison with A’ =4 SYM theory [34]. We have

® _ _2>\2p2(172e) ‘<> _ _12)\2])2(1726)6(3) (C.2)

The finiteness of (C.2) is enough to ensure that the theory is conformal at two loops.
In our computations we also need the following one-loop vertex corrections (an overall
factor g3 N is stripped out)

Q

1_ . (C.3)
v

KNWE = (C.4)
({2

Loonn _ (C.5)
|
d

where we depicted only diagrams which contribute at leading color order. In the first
correction above we omitted also an overall factor i. We follow here the representation
of [34], where the diagrams are evaluated off-shell and the expansions can be directly
inserted in higher loop supergraph structures. At two loops we need the chiral vertex

D2 DZ
] +] ] O

O

DZ DZ

(C.6)

correction (we omit an overall ig° N?)

Q
: D? D2 D2
O
L‘ _ . 4d o - O _ a 4
D? D2 U D?
Q

In this case the full off-shell expansion of the vertex gets lenghty [34]. We report here only

N —

[

the terms giving a non-vanishing contribution to the amplitude in figure 7, namely the ones
which survive after taking on-shell momenta for the external fields Q and Q.
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D Integrals

In this appendix we discuss how we deal with the Feynman integrals resulting from D-
algebras. At one-loop order computations are easy enough to directly reduce each integral
into a sum of box and triangle scalar integrals by hand. At two loops, we find convenient to
express the integrals in terms of a set of known master integrals by using the Mathematica
package FIRE [54]. In (D.2) we introduce the two-loop master integral basis and the
explicit expressions in dimensional regularization. In (D.3) we list the expansions of the
amplitude integrals on the master basis. External momenta in the pictures are always
labeled counterclockwise starting from the upper left corner of the and are always put on
the mass shell p? = p3 = p% =p?=0.

D.1 One-loop integrals

At one-loop order all the tensor and scalar amplitude integrals can be reduced by completing
the squares and integration by parts to a combination of the two following integrals: the

scalar triangle

. / Ak 1
inngle(5 2m)4 k2 (k — p3)?(k + pa)?

(3 —d/2)T'2(d/2 - 2) e Ee [1 w2

- s3 P2 (4m)APT(d—3) s (@dm)P< |2 12 T

and the scalar box integral
d9k 1
I ox — = / D2
k o PR e s R )

This can be easily evaluated with Mellin-Barnes representations and its € expansion reads

2eVES 1 1)1 2 t
Ipoe = ——— (= 4= 7_72_712 10 D.3
b st (4m)2—¢ [(sﬁ * t5> e 3 +0() (D-3)

where the dependence on the dimensional regularization mass regulator u is understood. At
one-loop order, we also need the expressions for triangle and box integrals with numerators.
One can directly evaluate the needed tensor integrals

78

/ A’k kb
trlangle 27'(' d k2 k +p4) (k -1 _p2)2

(3 —d/2)T(d/2 —2)'(d/2 —1) (3 —d/2)T%(d/2-2) .5

_ af _
(47)4/2534/2T (d — 2) (1 +p2) (47)4/253=d/2T(d — 2) Pa

(D.4)
After the expansion in €
: (2—vE)e 1 .
o € o
triﬁangle = glte (471')2_6 I:_e + O(e)] (pl +p2> p
(2-vE)e 1 2
e 7r
- 2+ o p D.5
T @ [ a2 2t tol )] Py (D-5)
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It is also useful to define the following vector-box integral

1of / A’k kP
= A =
box (2m)® k2(k — p1)2(k — p1 — pa)*(k + p2)?

(D.6)

which can be evaluated as in the scalar case and expanded in €
P G S S o W T
box st (4m)?—e \tc €2 12 2(4m)2%s(s + t)

e Ee 11 7 5 1 4t 72+ In?t
+|— - =" —In"— |+ ——
st (4m)2—€ \s¢ 2 12 2 s 2(4m)%s(s + t)

D.2 Two-loop master integrals

(p1 — p2)*°

(p1 + pa)® + O(e)

At two-loops the integrals are expressed as linear combinations on the following master
integral basis

) =>00% = [ty errm e 7
a0 = XX = [ (s ey (D5)
Tui(s) = ><(I B /(gjrl)cd (;Zd k2(k +p1 —I—p2)12l2(l —k + pa)? (D-9)
el ) = :II - [T R 1
faingls 1) = -/ <(2i:>€d (szid e R ey A G

Tna(s, 1) = DI (D.12)

B / A9 d% 1
) @2m)d (2n)d k2(k + p1)2(k — p2)212(1 + p3)2(1 — pa)2(l — k — pl — p4)2

Ivlad(svt) - :DI (D13)

_ / d?k a4 (k4 p1+pa)?
(2m)d (2m)4 k2(k + p1)2(k — p2)212(1 + p3)2(l — pa)2(l — k — p1 — p4)?

These can be expanded in dimensional regularization up to the needed order
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with = t/s. Corresponding expressions can be written for t-channel integrals.

D.3 Two-loop expansions on master basis

We list here the expansions of the amplitude integrals on the master integral basis. We
also report the integrals which eventually get canceled in the sum but are still present at
the level of single diagrams in order to make manifest the the transcendentality order of
each contribution.
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where the coefficients a, b, ¢ are defined in (5.10). Corresponding integrals in the t-channel
can be obtained by s ¢ t.

D.4 Polylogarithm identities

The two-loop amplitude is a function of standard polylogarithms and Nielsen generalized
polylogarithms defined as

_1\n+p—1 1 n n—1 n(l — 2
Snp(z) = ((nli 1)p!p! /odt = (lt S i Sni(z) = Ling1 () (D.28)

Following the literature (see e.g. appendix A of [6]), the final result can be simplified by
using the following set of identities for the polylogarithms with inverse argument

) . T 1.,
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2

1
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1
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. . 1 4 771'4
S9.2(—1/z) = Sa2(—x) — 2Lis (—x) + InzLiz (—x) — Inz¢(3) + 21 In*z — 360

In our case x = t/s is a positive real number, thus the above identities hold for the whole
domain of x.
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