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Abstract: The paper undertakes Bayesian style inference using posterior
distributions. The key difference is that we use an assumption of a condi-
tionally identically distributed (c.i.d.) sequence rather than the more com-
mon exchangeable sequence. We show that there remains the existence of
a prior and posterior while the updating mechanism is achieved through
the predictive distributions. This is sufficient given a fundamental result of
Doob which explained how posteriors can be constructed in the exchange-
able case via predictive distributions. We model the predictive distributions
using copulas ensuring the c.i.d. structure.
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1. Introduction

Exchangeability, [7], is one of the foundational concepts for Bayesian analysis,
see [2]. The implication of assuming a sequence of variables, say (X1, X2, . . .)
are exchangeable, is that a prior probability on a space of suitable distribution
functions is guaranteed. In short, the sequence is conditionally i.i.d., where the
conditioning is on a random distribution function. See also [12].

The assumption of exchangeability is what allows the Bayesian to set up a
learning and updating process for the distribution of Xn+1 given X1:n. Indeed,
the data generating mechanism is revised as more data become observed. The
update works so that the order in which the observations arise does not matter.
Hence, exchangeability can be seen as more of a tidying exercise, since there are
multiple ways that it is possible to express a predictive model p(xn+1 | x1:n)
without the constraint that joint density functions become symmetric.

As models become more complex, so the exchangeable constraint can lead
to intractable updates. One such well known example is the Dirichlet process
mixture model, requiring MCMC methods to derive density estimators and full
posterior inference. See, for example, [13].

A good reason for relaxing the exchangeable constraint is if it is believed
the appropriate predictive density estimator at any sample size n is the density,
from the chosen family of density functions modeling the data, evaluated at
the maximum likelihood estimator. However, the one constraint we will impose
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is that the marginal predictive density functions for each Xm, m > n, given
X1:n, for all n, are the same. This would appear to be a minimal necessary
coherent structure for modeling in an i.i.d. setting, assumed for the observed
data. This makes sense in that there can be no reason to predict Xn+2 differently
from Xn+1 once X1:n have been seen. The sequence in this case is known as
conditionally identically distributed (c.i.d.); see [6]. For more recent literature
on c.i.d. sequences, see [1], [10] and [4].

The aim in the paper is to start with the assumption of c.i.d. for the sequence
of variables, corresponding to and generalizing the assumption of exchangeabil-
ity of the variables. The papers [5] and [3] provide examples of c.i.d. sequences
which are not exchangeable. In the present paper, the c.i.d. sequences can be
constructed in general using copula models and in particular we show how to
construct the prior and the posterior using c.i.d. sequences. Here, we outline the
key idea. A sequence X1:∞ is c.i.d. if E(Fm | X1:n) = Fn for all m > n, where
Fm is the conditional distribution of Xm+1 given X1:m. A result from [6] says
that Fm converges weakly almost surely to a random distribution which acts as
a sample from the prior. So, in this paper, the general prior is the distribution
of the sequence X1:∞. A specific prior for a statistic of interest S, for example
the mean, is the distribution of S∞ = θ(X1:∞), which for the mean would be
S∞ = limn→∞ n−1 ∑n

i=1 Xi. Similarly, the general posterior is the distribution
of the sequence Xn+1:∞ given X1:n. Likewise this defines the posterior for a
statistic of interest. In the parametric case we define the prior and posterior via
the distribution of a well chosen estimator of the parameter. Hence, we can see
immediately that the expected posterior distribution is Fn, the distribution for
Xn+1 given X1:n, which is now fixed. It is this procedure which we wish to detail
for a parametric model. It is necessary to construct the martingales again and
the general way to do this is by using copulas. Indeed, copulas are necessary.

The layout of the paper is as follows: In Section 2 we set out the necessary
background for the paper, specifically c.i.d. sequences and their properties. We
also provide relevant information on copula models which are the main tool for
the construction of c.i.d. sequences. Section 3 presents the main results, specifi-
cally how the c.i.d. sequences can characterise prior and posterior distributions.
The idea is that the sequence X1:∞ characterize the prior while Xn+1:∞ given
X1:n characterize the posterior. For a prior and posterior on a parameter space
we use the random MLE estimator associated with the relevant observations,
demonstrating convergence from the infinite sequences. Briefly here, a c.i.d. se-
quence X1:∞ can induce a prior distribution on a parameter space Θ associated
with model f(x; θ), θ ∈ Θ, by defining it to be the distribution of θ̂∞, which
is the MLE based on the sample X1:∞. Section 3 shows such a distribution ex-
ists. This set up is exactly as the Bayesian prior works, which follows from the
work of Doob (1949). In Section 4 we provide some illustrations and Section 5
contains the proofs.

Before proceeding, it is helpful to detail the connection between the c.i.d.
sequence and the model f(x; θ). The c.i.d. sequence, whether it starts at X1 or
Xn+1 having seen X1:n, defines a θ∞ under certain conditions: see Theorem 3.2.
By starting the sequence at n + 1, so the c.i.d. sequence is Xn+1:∞, leads to a
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θ∞ which represents a sample from the posterior given X1:n. Whereas, if the
sequence starts at 1, the θ∞ would represent a sample from the prior. It is our
work to show that in both cases such a θ∞ exists.

The role played the model is that the c.i.d. sequence could start at f(·; θn),
where θn is a parameter estimator from X1:n, so marginally all the xn+1:∞
are coming from this density function. See for example the illustration at the
start of section 4. On the other hand, the c.i.d. sequence could be based on a
nonparametric estimator using a copula model.

2. Preliminaries

Let X1:∞ = (X1, X2, . . . ) be a sequence of real valued random observations.
Precisely, for each n = 1, 2, . . . , Xn = Xn(ω) is a random variable defined on a
probability space (Ω,F ,P) and valued into (R,B(R)) where B(R) is the Borel
sigma-field of R. All random variables considered in this paper are defined on
the probability space (Ω,F ,P).

In Bayesian statistics, the most common choice is to assign to the sequence
X1:∞ an exchangeable distribution, namely a distribution that is invariant under
finite permutations. In other words, the sequence X1:∞ has an exchangeable
distribution if and only if for every n = 1, 2, . . . , the distribution of (X1, . . . , Xn)
is the same of (Xπ1 , . . . , Xπn), for every permutation π of {1, . . . , n}. In such
case, the random sequence X1:∞ itself is said to be exchangeable.

Exchangeability is known to be connected to the notion of random probability
measure. A random probability measure on R is a measurable function defined
on (Ω,F ) and valued into (P,P), where P is the set of all probability measures
on R and P is the sigma–field on P generated by the evaluation maps p → p(B),
for B varying in B.

The celebrated de Finetti’s representation theorem tells us that the exchange-
ability of X1:∞ is tantamount to the existence of a random probability mea-
sure μ = μ(·)(ω) such that the observations X1, X2, . . . are conditionally i.i.d.
given μ and the conditional distribution of X1 given μ is μ. It is known that
μ(B) = P(X1 ∈ B | T ), for every B ∈ B(R), where T is the tail sigma-
field, namely T = ∩+∞

n=1σ(Xn:∞), being σ(Xn:∞) the sigma–field generated by
Xn:∞ = (Xn, Xn+1, . . . ). Moreover, μ is known to be the the almost sure weak
limit of both the empirical measure μn =

∑n
i=1 δXi/n and the predictive distri-

bution P(Xn+1 ∈ · | X1:n), where we mean conditioning w.r.t. the sigma–field
generated by the random vector X1:n = (X1, . . . , Xn). Furthermore,

μ(B) = lim
n→+∞

μn(B), (1)

μ(B) = lim
n→+∞

P (Xn+1 ∈ B | X1:n), (2)

almost surely and in L1, for every B ∈ B(R). The random measure μ is called
the directing measure of the sequence X1:∞. For more information about ex-
changeable sequences, see for instance [16].
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A referee has pointed out that (2) implies (1). The proof, also supplied by
the referee, uses the martingale sequence M0 = 0 and

Mn =
n∑

i=1

1(Xi ∈ A) − P (Xi ∈ A | X1:i−1)
i

.

Then supn E(M2
n) < ∞ so Mn converges almost surely and the Kronecker

lemma yields

μn(A) − n−1
n∑

i=1
P (Xi ∈ A | X1:i−1) → 0 a.s.

If (2) holds then P (Xn+1 ∈ A | X1:n) → μ(A) and so μn(A) → μ(A).
In this paper, we consider a predictive approach rather than the traditional

prior-posterior approach since we shall assess directly the predictive distribu-
tions following [9]. Moreover, as in [9], we relax the exchangeability condition
considering instead the weaker condition of conditional identical distribution
introduced and studied by [6].

As we will see, if we relax the assumption of exchangeability to c.i.d., the
key elements of Bayesian inference, i.e. a prior and posterior distribution on a
parameter space, remain. This has been defined appropriately. Crucially, it is
the missing data Xn+1:∞ given the observed data which are taken as c.i.d. The
data are seen and so do not need a model. What is needed is a model for the
missing data. There is no concern if many p(Xn+1:∞ | X1:n) lead to a common
posterior on the parameter space.

Definition 2.1. The random sequence X1:∞ is said to be conditionally identi-
cally distributed (c.i.d.) if and only if

E(g(Xk)) = E(g(X1)) (3)
E(g(Xk) | X1:n) = E(g(Xn+1) | X1:n), a.s. (4)

for all k > n ≥ 1 and all bounded measurable functions g : R → R.

The following Proposition provides some characterizations of c.i.d. sequences
[6].

Proposition 1. The following statements are equivalent:

1. The random sequence X1:∞ is c.i.d.
2. The elements of the sequence X1:∞ are identically distributed and for

every n ≥ 1, the conditional distribution of Xn+2 given X1:n is the same
as the the conditional distribution of Xn+1 given X1:n.

3. X2 ∼ X1, and for every n ≥ 1,

(X1, . . . , Xn, Xn+2) ∼ (X1, . . . , Xn, Xn+1), (5)

where “∼” means “distributed as”.



Conditionally identically distributed sequences 1613

4. If g : R → R is bounded and measurable, W0 = g(X1) and

Wn = E(g(Xn+1) | X1:n)

for every n ≥ 1, then W1:∞ is a martingale with respect to the filtration
generated by X1:∞, namely for every n ≥ 1,

E(Wn+1 | X1:n) = Wn, a.s.

A relevant fact is that a c.i.d. sequence obeys a strong law of large numbers
(SLLN).

Here we present a main result of [6] who proved that if X1:∞ is c.i.d. then
there exists an random probability measure μ satisfying (1) and (2) which the
authors of [6] call representing measure.

Proposition 2. If X ′
1:∞ = (X ′

1, X
′
2, . . . ) is c.i.d. then there exists a random

sequence (Y,X1, X2, . . . ) such that X1:∞ ∼ X ′
1:∞, Y ∼ X1 and

(X1, . . . , Xn, Y ) ∼ (X1, . . . , Xn, Xn+1), (6)

for every n ≥ 1.
Moreover, for every measurable g : R → R such that E(|g(X1)|) < ∞, there

exists a random variable Vg such that:

Vg = lim
n→+∞

E(g(Xn+1) | X1:n) = E(g(Y ) | X1:∞) =
∫
R

g(x)μ(dx) (7)

where the limit holds almost surely and in L1, and μ is a random probability
measure such that for every B ∈ B(R),

μ(B) = P(Y ∈ B | X1:∞). (8)

Therefore, in particular, (1) and (2) hold true a.s. and in L1, for every B ∈ B(R).

Proof. It follows from (5) and Kolmogorov’s consistency theorem that there
exists a random sequence (Y,X1, X2, . . . ) such that X1:∞ ∼ X ′

1:∞, Y ∼ X1 and
(6) holds.

In order to prove the second equality in (7), note that the sequence E(g(Y ) |
X1:n) is a martingale converging a.s. and in L1 to E(g(Y ) | X1:∞) by Lévy’s
Upwards Theorem. By (6),

E(g(Y ) | X1:n) = E(g(Xn+1) | X1:n)

and therefore the second equality in (7) holds a.s. and in L1.
Note that third equality in (7) holds since Y is real valued and this ensures

the existence of a regular conditional distribution of Y given X1:∞ [16, Theorem
B.32, page 618].

In the following Theorem we provide a key limit result, the proof can be
found in [6].



1614 P. G. Bissiri and S. G. Walker

Theorem 2.2. If X1:∞ is a c.i.d. random sequence and g : R → R is a measur-
able function such that E(|g(X1)|) < ∞, then the random variable Vg satisfying
(7) is such that:

lim
n→+∞

1
n

n∑
i=1

g(Xi) = Vg (9)

almost surely and in L1.

All exchangeable sequences are c.i.d. but the vice versa is not true. A very
relevant fact about c.i.d. sequences is that there still exists a random probability
measure μ satisfying (1) and (2) for every B ∈ B(R). This means that the object
of inference μ is well defined. The existence of μ is proved by [6] resorting to
the notion of stable convergence.

Before concluding this section, we recall the notion of copula which will be
heavily used in the rest of the paper.

Definition 2.3. A bivariate copula is a bivariate cumulative distribution func-
tion on [0, 1]2 with uniform marginal distributions, namely a function C :
[0, 1]2 → [0, 1] such that:

1. for every u, v ∈ [0, 1], C(u, 0) = C(0, v) = 0
2. for every 0 ≤ u1 ≤ u2 ≤ 1 and every 0 ≤ v1 ≤ v2 ≤ 1,

C(u2, v2) − C(u2, v1) − C(u1, v2) + C(u1, v1) ≥ 0

3. C(u, 1) = u for every u ∈ [0, 1] and C(1, v) = v for every v ∈ [0, 1].

A very useful result about copulas is the well-known Sklar’s Theorem:

Theorem 2.4 (Sklar’s Theorem [17]). If F is a bivariate cumulative distribution
function with marginals F1 and F2, then there exists a copula C such that for
all y1, y2 ∈ [−∞,+∞],

F (y1, y2) = C(F1(y1), F2(y2)). (10)

If F1 and F2 are continuous then C is unique. Conversely, if C is a copula and
F1 and F2 are distribution functions, then the function F defined by (10) is a
joint cumulative distribution function with margins F1 and F2.

For more information about copulas see for instance [14].

3. Main results

We start by providing a characterization of c.i.d. sequences using copulas, as
these will be used as the main tool for constructing such sequences.

Theorem 3.1. The sequence X1:∞ is c.i.d. if and only if there exists a set of
bivariate copulas C = {Cx1:n : n ≥ 0, x1:n ∈ R

nfor n ≥ 1}
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such that

Cx1:n(F (x | x1:n), F (y | x1:n))
= P(Xn+1 ≤ x,Xn+2 ≤ y | X1:n = x1:n),

(11)

for every x1:n = (x1, . . . , xn) ∈ R
n, every x, y ∈ R, and every n ≥ 1, where

F (x | x1:n) = P(Xn+1 ≤ x | X1:n = x1:n),

for every x ∈ R.
Moreover any set C of copulas ensures the existence of a c.i.d. sequence

X1:∞ satisfying (11) and together with the (marginal) distribution of X1 uniquely
characterizes the probability distribution of the sequence X1:∞.

Proof. Let us prove the “if” part. It is known that for any copula C the function
u → C(u, v) is continuous for every v ∈ [0, 1] [see 14, Corollary 2.2.6, page 12].
Therefore, by 3 in Definition 2.3, (11) yields that for every k ≥ 1 and every
y ∈ R

P(Xk+2 ≤ y | X1:k = x1:k)
= lim

x→+∞
P(Xk+1 ≤ x,Xk+2 ≤ y | X1:k = x1:k)

= lim
x→+∞

Cx1:k(F (x | x1:k), F (y | x1:k))

= Cx1:k(1, F (y | x1:k))
= F (y | x1:k) = P (Xk+1 ≤ y | X1:k = x1:k).

This implies that for every n < k,

P(Xk+1 ≤ y | X1:n) = E(P(Xk+1 ≤ y | X1:k−1) | X1:n)
= E(P(Xk ≤ y | X1:k−1) | X1:n)
= P(Xk ≤ y | X1:n),

which in turn by induction implies that

P(Xk ≤ y | X1:n) = P(Xn+1 ≤ y | X1:n)

for all k > n. and therefore the random sequence X1:∞ is c.i.d.
The “only if” part can be proved just applying Sklar’s Theorem 2.4 to the

conditional cumulative distribution function of the pair (Xn+1, Xn+2) given
X1:n = x1:n. Indeed, such theorem ensures the existence of the copula Cx1:n sat-
isfying (11) provided that X1:∞ is c.i.d., namely provided that the conditional
cumulative distribution function of Xn+1 given X1:n coincides with the condi-
tional cumulative distribution function of Xn+2 given X1:n, which is F (· | X1:n),
for every n ≥ 1.

The last statement can be proved applying Ionescu-Tulcea Theorem notic-
ing that the copula function Cx1:n allows to assess the conditional distribution
function F (· | x1:n+1) through (11) on the basis of F (· | x1:n).
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The following Theorem establishes almost sure convergence of the maximum
likelihood estimator (MLE) in presence of c.i.d. observations. The limiting ran-
dom variable can be therefore considered to be the object of inference.

Before stating the next Theorem, let us introduce the likelihood function.
Denote by Θ the parameter space and consider the function f : R×Θ → [0,+∞)
such that

∫
R
f(x; θ) ν(dx) = 1, for every θ ∈ Θ and some sigma-finite dominating

measure ν on R. Typically, ν is the Lebesgue measure.
Before stating the next Theorem, recall that μ denotes the representing mea-

sure of the c.i.d. sequence, namely the conditional distribution of Y given X1:∞.

Theorem 3.2. If the following hold:

1. The random sequence X1:∞ is c.i.d.
2. The space Θ is a convex subset of Rd,
3. The function θ → log f(x, θ) is strictly concave and continuous for every

x ∈ R,
4. Either Θ is closed or for every x ∈ R the function θ → f(x | θ) can be

extended with continuity to the closure Θ of Θ (in the latter case, we let
f(x | θ) be the extended function).

5. Either Θ ⊆ R
d is bounded or

lim
‖θ‖→+∞

f(x, θ) = 0 (12)

for every x ∈ B and for some B such that P (X1 ∈ B) = 1
6. For every θ, θ′ ∈ Θ∗,

E(| log f(X1, θ) − log f(X1, θ
′|) < +∞ (13)

where
Θ∗ = {θ ∈ Θ : P (X1 ∈ {x ∈ R : f(x, θ) > 0}) = 1}

7. For every θ ∈ Θ, there exists a ρ > 0, such that for every θ′′ ∈ Θ∗ with
||θ − θ′′|| < ρ, we have:

E

(
sup

θ′∈Θ∗:||θ′−θ||<ρ

log f(X1, θ
′) − log f(X1, θ

′′)
)

< +∞ (14)

8. There exists a ρ > 0, such that for every θ ∈ Θ with ||θ|| > ρ, we have:

E

(
sup

θ′∈Θ:||θ′||>ρ

log f(X1, θ
′) − log f(X1, θ)

)
< +∞ (15)

Then:

1. For every n ≥ 1, there uniquely exists a random variable

θ̂n = θ̂n(X1, . . . , Xn)
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such that

1
n

n∑
i=1

{log f(Xi, θ̂n) − log f(Xi, θ0)}

= sup
θ∈Θ

1
n

n∑
i=1

{log f(Xi, θ) − log f(Xi, θ0)},

for every θ0 ∈ Θ
2. There uniquely exists a random variable T such that:∫

R

{log f(x, T ) − log f(x, θ0)}μ(dx)

= sup
θ∈Θ

∫
R

{log f(x, θ) − log f(x, θ0)}μ(dx),

for every θ0 ∈ Θ,
3. θ̂n → T a.s.

The proof of the theorem is provided in Section 5. In this case T represents
a sample from the prior distribution.

Our original condition, which covered the present conditions (6), (7) and (8),
was the existence of a function k(x) for which log f(x; θ) ≤ k(x) for all θ ∈ Θ and
x ∈ R, and E|k(X1)| < ∞. This is precisely the condition appearing in [19] who
considered an MLE with a misspecified model, for which there are similarities
to our setting in that we have a random limit of the log likelihood function.
However, the condition is quite strong. The new conditions are less strict and as
always in such problems are seeking to provide a uniform law of large numbers
type result for the convergence of the log likelihood. A general result in this
direction using stochastic equicontinuity is provided by [15]; though his result
is restricted to non-random limits. We need to extend slightly as we have a
random limit.

Strict concavity of the log likelihood; i.e. condition 3. above, implies identifi-
ability. Indeed, if the log likelihood is strictly concave then

θ →
∫ ∞

−∞
log f(x, θ) f(x, θ0) ν(dx)

is also strictly concave and therefore it has a unique maximum which is attained
at θ = θ0 and therefore the Kullback-Leibler divergence between f(x, θ) and
f(x, θ0) is positive whenever θ 
= θ0.

The following corollary is an application of the Theorem 3.2 to the exponen-
tial family.

Corollary 3.1. Let

f(x, θ) = h(x) exp{τ(θ)T (x) −A(θ)}, (16)
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for some measurable function T = (T1, . . . , Td) : R → R
d, for some continuous

function A and some continuous invertible function τ : Θ → H, where H is a
convex subset of Rd, and for every x ∈ R and every θ ∈ Θ.

Assume that:

1. The exponential family (16) is minimal, i.e.

(τ(θ1) − τ(θ2))(T (x1) − T (x2)) = 0

for some θ1, θ2 ∈ Θ and some x1, x2 ∈ R if and only if θ1 = θ2 or x1 = x2.
2. E(|Tj(X1)|) < ∞, j = 1, . . . , d,
3. Either the image of τ is bounded or there exists B such that P (X1 ∈ B) > 0

and lim||η||→∞ A(τ−1(η)) − ηT (x) = +∞ for every x ∈ B

Then the MLE θ̂n converges almost surely.

Proof. One can apply Theorem 3.2 considering the exponential family in canon-
ical form, namely

f̃(x, η) = f(x, τ−1(η)) = h(x) exp{η T (x) − Ã(η)},

where Ã = A ◦ τ . Indeed, if the exponential family is minimal then Ã is strictly
convex and therefore log f̃(x, ·) is strictly concave for every x ∈ R. Condition
5 of Theorem 3.2 is ensured by condition 3 of the present theorem. The other
conditions of Theorem 3.2 follow from continuity of τ and condition 2 of the
present theorem. By Theorem 3.2, the MLE of the parameter η converges almost
surely and then apply the invariance principle of the MLE and the continuous
mapping theorem to obtain the result.

4. Illustrations: Priors and posteriors

We start by showing how the c.i.d. sequence defines both a prior and posterior.
To construct the c.i.d. sequence we use a copula model, which will be elaborated
on later in this section. The prior construction is based on the theory that if the
X1:∞ are c.i.d. and f(x, θ) is a parametric model then θ̂∞ is a sample from the
prior, and hence the characterization of the prior. This is indeed exactly how it
is possible to characterize the prior under the assumption of an exchangeable
sequence, see for example [8].

Here we demonstrate some key properties of the framework using an illustra-
tion. We sample X1 from a standard normal density function and then construct
X2:M for a suitably large M , using the copula model given by

Fm+1(x) = (1 − αm)Fm(x) + αm Cρ(Fm(x), Fm(Xm+1)), (17)

where Xm+1 ∼ Fm, αm = 1/m and

Cρ(u, v) = Φ
(

Φ−1(u) − ρΦ−1(v)√
1 − ρ2

)
,
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Fig 1. Comparison of samples X[2] and X[100].

Fig 2. Histogram of prior samples of sample means from c.i.d. sequences.

taking ρ = 0.95.
Fig. 1 demonstrates the key feature of the c.i.d. sequence, namely, due to the

martingale property of the sequence of (Fm)m>1, the marginal distributions of
Xl given X1 is identical for all l ≥ 2. In particular the figure shows this property
for l = 2 and l = 100.

Samples from the prior are shown in Fig. 2. Each sample is obtained by
running the c.i.d. sequence to M = 100 and then taking the MLE for the
sequence which in this case is the sample mean.

In order to obtain the posterior samples, the same idea follows though now
the c.i.d. sequence is started from Xn+1 being taken from a normal model with
mean the MLE from the data. The Xn+1 for l > 1 are then taken according to
the copula model, and the posterior samples are the means from each sequence,
just as with the prior samples, the difference being that now the first n samples
are the observations.

This paragraph has been pointed out by a referee: Suppose P (Xn+1 ∈ ·|̇X1:n)
is the copula based predictive distribution. Then, this converges weakly a.s. to
μ, since X1:∞ is c.i.d., but it may fail to converge in total variation a.s. In the
second case, μ does not have a density even if the predictives are absolutely
continuous with respect to the Lebesgue measure. In order that the predictives
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Fig 3. Histogram of posterior samples of sample means from c.i.d. sequences.

converges in total variation a.s., it is sufficient that αn → 0 fast enough, which
appears in (17). For instance, it is sufficient that

∑
n αn < ∞. See [11].

This represents the basic framework, the key components being the paramet-
ric model and the model for the c.i.d. sequence. The starting point for the c.i.d.
sequence to characterize the posterior is started at the parametric model with
the plug-in MLE.

In subsection 4.1 we consider a copula model for constructing the c.i.d. se-
quence, whereas in subsection 4.2 we use a normal based model, which includes
a mixture of normal model.

4.1. Copula models

We characterize the c.i.d. sequence via non-data dependent copula; i.e. there
exists a sequence of multivariate copula cn such that

f(x1, . . . , xn) =
n∏

i=1
f(xi) cn(F (x1), . . . , F (xn)),

where f is the marginal density, for all n. The difference with an exchangeable
sequence is that the cn are not symmetric in their arguments. So really we should
write cn(u1, . . . , un) = c1,...,n(u1, . . . , un).

To get the update, we see that f(xi | x1) = f(xi) c1,i(F (x1), F (xi)) and so

f(x2, . . . , xn | x1) =
n∏

i=1
[f(xi) c1,i(F (x1), F (xi)]

cn(F (x1), . . . , F (xn))∏n
i=2 c1,i(F (x1), F (xi))

.

Hence, the new conditional on x1 copula are

cn(F (x1), . . . , F (xn))∏n
i=2 c1,i(F (x1), F (xi))

and the new marginal densities are f(xi)c1,i(F (x1), F (xi)). Note then to char-
acterize a c.i.d. sequence it must be that c1,i is the same for all i, so we can
write it as c1,·.



Conditionally identically distributed sequences 1621

This can be extended to the more general case f(xn+1, . . . , xm | x1, . . . , xn).
First we find the new marginal density via

f(xn+1 | x1, . . . , xn) = f(xn+1)
c1:n,·(F (x1), . . . , F (xn), F (xn+1))

c1:n(F (x1), . . . , F (xn)) .

Therefore, the new marginal densities given x1:n are

f(xi | x1, . . . , xn) = f(xi)
c1:n,·(F (x1), . . . , F (xn), F (xi))

c1:n(F (x1), . . . , F (xn)) ,

for i > n, and the new copula for xn+1, . . . , xm is

c1:m(F (x1, . . . , F (xn), F (xn+1), . . . , F (xm))∏m
i=n+1 c1:n,·(F (x1), . . . , F (xn), F (xi))

.

Hence, the prior is defined by the T from f(x1, . . .) and the posterior is defined
by T from f(xn+1, . . . | x1:n) and the implementation is done using the sequence
of copula (ci) with the constraints that c1:m,i = c1:m,j for all i, j > m.

Here we demonstrate a straightforward illustration involving a normal mean
model with known variance of 1. We generated n = 50 samples from a standard
normal distribution and estimated the function with F̂ (x) = Φ(x− x̄). The c.i.d.
sequence (xm)m>n is generated using the [9] scheme, i.e. xm+1 ∼ Fm and

Fm+1(x) = (1 − αm)Fm(x) + Hm(Fm(x), Fm(xm+1))

where

Hm(u, v) = Φ
(

Φ−1(u) − ρΦ−1(v)√
1 − ρ2

)
for some ρ close to 1, which we took to be 0.95 and took the sequence αm = 1/m.
This is of the form

f(xi | x1:m) = fm(xi) = fm−1(xi) cm(Fm−1(xi), Fm−1(xm)),

for all i > m, which is a special case of the above, where we take the cm(u, v)
to be a mixture of the independence copula and the Gaussian copula.

To get a sample from the posterior, we ran the martingale sequence (Fm)
for 1000 iterations and then took the random parameter θ as the mean of the
final random distribution. This was repeated 500 times to gather up a posterior
sample and the histogram is presented in Fig. 4. The observed mean was 0.173
and the posterior sample mean was 0.177 with a sample variance of 0.016, which
is close to 0.02 = 1/n.

We repeat the experiment but now treating the variance also as unknown.
The differences are now starting with the estimator F̂ (x) = Φ((x − x̄)/S),
where S is the sample variance. In Fig. 5 we plot the σ2 posterior samples. The
sample mean is 0.981, very close to 1, and the sample variance is 0.029, which
is approximately the data sample variance divided by n.
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Fig 4. Posterior samples of the means.

Fig 5. Posterior samples of the variances.

4.2. Normal models

In this section we construct c.i.d. sequences using the normal distribution. We
start with a single normal component and then extend to a normal mixture
model. The sequence (xn) is constructed as follows. Take x1 ∼ N(θ0, σ

2
0) for

some constants θ0 and σ2
0 > 0 and then in general take

θn = (1 − an) θn−1 + an xn and σ2
n = σ2

n−1(1 − a2
n) (18)

with
xn = θn−1 + σn−1 zn, (19)

where the (an) are a deterministic sequence in (0, 1) and the (zn) are an in-
dependent sequence of standard normal variables. It is easy to show that the
sequence is c.i.d. To see this, we can write

xn+1 = (1 − an)θn−1 + an [θn−1 + σn−1 zn] + σn zn+1

which becomes
xn+1∼θn−1 +

√
σ2
n + a2

n σ
2
n−1 z

′

where z′ is an independent standard normal variable.
Combining (18) and (19), we have that θn = θn−1 + anσn−1xn−1, so that:

θn = θ0 +
n∑

j=1
ajσj−1zj
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Fig 6. c.i.d. sequence from normal mixture model.

xn = θ0 +
n−1∑
j=1

ajσj−1zj + σn−1zn (20)

Let θ∞ be the almost sure limit of θn as n diverges to infinity, namely:

θ∞ = θ0 +
∞∑
j=1

ajσj−1zj

The construction (20) is a special case of Example 1.2 of [6]. As proved by
[6], xn converges in probability if and only if

∑∞
n=1 a

2
n = ∞ and in this case,

θ∞ = limn→∞ xn. Moreover for xn to converge almost surely it is sufficient that∑∞
n=1

∏n
j=1(1 − a2

j)r < ∞ for some r > 0.
The prior is the distribution of θ∞, which is normal, and the mean is θ0 with

variance

Var (θ∞) =
∞∑

n=1
a2
n σ

2
n−1.

The posterior, given an observed sample (x1:n), is also easy to derive, the mean
for θ∞ is now θn and the variance is

∑∞
m=n a

2
m+1σ

2
m.

A special case arises by taking

bm+1(1 − bm) · · · (1 − b2) = 1
m(m + 1) ,

where bm = a2
m, for m ≥ 2, since then Var (θ∞ | x1:n) = σ2

0/n. We can ensure
this by taking bm = 1/m.

The normal model can be extended to cover a normal mixture model, of the
form

f(x) =
k∑

j=1
wj N(x | θj , σ2),
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Fig 7. Posterior density functions for mixture model parameters.

where k is fixed and finite. The xm+1 is taken from this mixture model with
parameters (wm, θm, σ2

m), and the updates of the parameters are

wj,m+1 = wj,mN(xm+1|θj,m, σ2
m)∑k

j=1 wj,mN(xm+1|θj,m, σ2
m)

with

θj,m+1 = (1 − am)θj,m + am xm+1 and σ2
m+1 = (1 − a2

m)σ2
m.

This will also generate a c.i.d. sequence if we only update the θ component from
which the x was taken. That is, if P (dm = j | wm) = wj,m then

xm+1 = θdm,m + σm z and θdm,m = (1 − am)θdm,m−1 + am xm

with all the other θ·,m remaining unchanged.
For example, the starting density function for x1 is a two component normal

mixture, one with mean 0 and variance 1 and the other with mean 3 and variance
1, with weight 1/2. Fig. 6 shows a histogram of the samples (xm) for m =
1, . . . , 1000. Fig. 7 shows samples, 500 in each case, from the posterior density
functions for the parameters w, θ1 and θ2. These are obtained by running 500
independent c.i.d. sequences. The idea here is that the data provides estimators
θ̂1 = 0 and θ̂2 = 3 and ŵ = 1/2 and this illustration merely shows how the
procedure works in practice.

5. Proof of Theorem 3.2

A few preliminary results are needed in order to prove Theorem 3.2. The follow-
ing Lemma shows that a maximizer for a strictly concave function is the unique
global maximizer and that the maximum is well separated.
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Lemma 5.1. Let A be a convex closed subset of R
d and let g : A → R be a

strictly concave and continuous function that has a maximum at x0 ∈ A. Then,
x0 is the unique global maximizer for g and, moreover, for every ε > 0 such that

B(x0, ε) = {x ∈ A : ||x− x0|| < ε},

we have that:
sup

x∈A\B(x0,ε)
g(x) < g(x0), (21)

where we convene that supx∈∅ g(x) = −∞. Note that B(x0, ε) 
= ∅ for every
ε > 0 since x0 ∈ B(x0, ε) for all ε > 0.

Proof. In order to show that x0 is the unique global maximizer, assume that
x1 
= x0 is such that g(x1) ≥ g(x0). Then for every 0 < t < 1, by strict concavity,

g(x0 + t(x1 − x0)) = g((1 − t)x0 + t x1) > (1 − t)g(x0) + tg(x1) ≥ g(x0)

contradicting local maximality.
For any x1 ∈ A \B(x0, ε), we have g(x1) < g(x0). Let

x2 = x0 + ε

||x1 − x0||
(x1 − x0) = ε

||x1 − x0||
x1 +

(
1 − ε

||x1 − x0||

)
x0.

Therefore, being 0 < ε/ ||x− x0|| ≤ 1, by concavity,

g(x2) ≥
ε

||x1 − x0||
g(x1) +

(
1 − ε

||x1 − x0||

)
g(x0) ≥ g(x1).

Clearly, ||x2 − x0|| = ε, namely

x2 ∈ {x ∈ A : ||x− x0|| = ε} ⊂ A \B(x0, ε) = {x ∈ A : ||x− x0|| ≥ ε},

and therefore
sup

x∈A\B(x0,ε)
g(x) = sup

x∈A: ||x−x0||=ε

g(x).

Since the set {x ∈ A : ||x − x0|| = ε} is compact, the continuous function g
achieves its supremum on such set and therefore:

sup
x∈A: ||x−x0||=ε

g(x) < g(x0).

Lemma 5.2. For all θ ∈ Θ, and for a fixed but arbitrary θ0 ∈ Θ, and for every
ω in Ω, let

G(θ)(ω) =
∫
R

{log f(x, θ) − log f(x, θ0)} γ(dx)(ω),

where γ = γ(·)(ω) is a random probability measure such that E(γ(B)) = P (X1 ∈
B) for every Borelian subset B of R.

If the hypotheses 1–8 of Theorem 3.2 hold true, then there uniquely exists a
random variable U such that

G(U) = sup
θ∈Θ

G(θ).
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Proof. For every ω ∈ Ω, the function θ → G(θ)(ω) is strictly concave since
the function θ → log f(x, θ) is such (for every x ∈ R). Being the function
θ → log f(x, θ) continuous for every x ∈ R, by condition 7, one can verify by
Lebesgue’s Dominated Convergence Theorem that the function θ → G(θ)(ω)
is also continuous, for every ω ∈ Ω. Therefore, if Θ is compact, then by the
Extreme Value Theorem, for every ω ∈ Ω, there exists U(ω) belonging to Θ
that maximizes θ → G(θ)(ω).

If Θ is not compact, but closed and unbounded, then one can proceed as
follows. Let

K(x) = sup
θ′∈Θ∗:||θ′||>ρ

log f(X1, θ
′) − log f(X1, θ0)

observing that K(·), by (13) and (15), is integrable with respect to γ almost
surely. By (12), and Fatou’s Lemma, we have that

lim inf
||θ||→+∞

∫
R

K(x)γ(dx) − G(θ)

= lim inf
||θ||→+∞

∫
R

{K(x) − log f(x, θ) + log f(x, θ0)} γ(dx)

≥
∫
R

lim inf
||θ||→+∞

{K(x) − log f(x, θ) + log f(x, θ0)}γ(dx) = +∞,

which implies that
lim sup
||θ||→+∞

G(θ)(ω) = −∞, (22)

for every ω ∈ Ω. At this stage, just pick any θ0 ∈ Θ and let A = {θ ∈ Θ :
G(θ) ≥ G(θ0)}. A is closed being G continuous and is bounded by (22). So, A
is compact. By continuity, G attains a maximum on A. By definition of A, a
maximizer of G on A is also a global maximizer. Since G(·) is strictly concave
and defined on the convex set Θ, U(ω) must be the unique maximizer by Lemma
5.1.

In order to prove that we are dealing with a random variable, we need to show
that ω → U(ω) is measurable. To this aim, recall that Θ is separable being a
subset of Rd and therefore there exists a countable dense subset {q1, q2, . . . } of
Θ.

Let Fk = {q1, . . . , qk} and let Uk(ω) be the maximizer of G(·)(ω) on Fk

with largest subscript. In other words, Uk(ω) = ql if l ∈ {1, . . . , k}, G(ql)(ω) ≥
G(qj)(ω) for every j ∈ {1, . . . , k} and j < l whenever G(qj)(ω) = G(ql)(ω).
Being Fk a finite set, Uk is measurable and so is limk→∞ Uk. We shall now
prove that U = limk→∞ Uk so that U turns out to be measurable. To this
aim, we show first that G(U)(ω) = limk→∞ G(Uk)(ω) = supk≥1 G(Uk). Clearly,
G(Uk) ≤ G(U), for every k ≥ 1, so that supk≥1 G(Uk) ≤ G(U), so that we
need to prove that supk≥1 G(Uk) ≥ G(U). To this aim, fix ω ∈ Ω, and let
(x1, x2, . . . ) be a sequence of elements of {q1, q2, . . . } such that xk converges to
U = U(ω). By continuity of G(·), we have that G(xk) converges to G(U). Hence,
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for every ε > 0, there exists k such that G(xk, θ0) > G(U, θ0)− ε. At this stage,
let j0 be such that xk ∈ Fj0 and therefore xk ∈ Fj for every j ≥ j0 so that
G(Uj) ≥ G(xk) > G(U)− ε for every j ≥ j0. So, G(U)(ω) = limk→∞ G(Uk)(ω).
This implies that limk→∞ Uk = U . Indeed, if that was not true, then there would
exists ε > 0 such that ||Uk−U || > ε eventually. By Lemma 5.1, this would imply
that

sup
k≥1

G(Uk) ≤ sup
x:||x−U ||>ε

G(x) < G(U)

and letting
δ = G(U) − sup

x:||x−U ||>ε

G(x)

we would have that G(U)−G(Uk) ≥ δ for every k ≥ 1, namely that G(Uk) does
not converge to G(U).

Proposition 3. Assume the hypotheses 1–8 of Theorem 3.2 hold true, and set
for every θ ∈ Θ,

Mn(θ) = 1
n

n∑
i=1

{log f(Xi, θ) − log f(Xi, θ0)}, (23)

M(θ) =
∫
R

{log f(x, θ) − log f(x, θ0)}μ(dx). (24)

If S is a closed subset of Θ and θ0 ∈ Θ, then:

lim sup
n→+∞

sup
θ∈S

Mn(θ) ≤ sup
θ∈S

M(θ),

almost surely.

Proof. Consider the function

ϕ(x, θ, θ0, ρ) = sup
θ′∈S:||θ′−θ||<ρ

{log f(x, θ′) − log f(x, θ0)},

where θ, θ0 ∈ S, x ∈ R and ρ > 0. Exploiting again separability of S and
continuity of x → log f(x, θ), one can show that x → ϕ(x, θ, θ0, ρ) is measurable.
Indeed, one can consider again a dense countable subset {q1, q2, . . . } of S, let
Fk = {q1, . . . , qk} and verify that

ϕ(x, θ, θ0, ρ) = sup
k≥1

sup
θ′∈Fk:||θ′−θ||<ρ

{log f(x, θ′) − log f(x, θ0)}.

So ϕ is measurable in x and by condition 7 is integrable for some ρ > 0 with
respect to the distribution of X1 (or Y ). Moreover, it is almost surely integrable
with respect to the random measure μ, which is the conditional distribution of
Y given X1:∞. Therefore, by Beppo Levi’s Monotone Convergence Theorem, for
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every θ there is an event Bθ such that P(Bθ) = 1 and for every ω ∈ Bθ,

lim
ρ↓0

∫
R

ϕ(x, θ, θ0, ρ)μ(dx)(ω)

=
∫
R

{log f(x, θ) − log f(x, θ0)}μ(dx)(ω)

= M(θ)(ω).

Let ε > 0. For each θ, find ρθ so that for every ω ∈ Bθ,∫
R

ϕ(x, θ, θ0, ρθ)μ(dx)(ω) < M(θ)(ω) + ε. (25)

At this stage, if S is unbounded, consider the function

ϕ̃(x, θ′, δ) = sup
θ∈S:||θ||>δ

{log f(x, θ) − log f(x, θ′)},

where θ′ ∈ S, x ∈ R and δ > 0. The function ϕ̃ can be shown to be measurable
similarly to ϕ. Moreover, for some δ > 0, it is integrable with respect to μ almost
surely thanks to conditions 6 and 8. By the Strong Law of Large Numbers
Theorem 2.2, for every θ, θ′ ∈ S such that ||θ|| > δ and ||θ′|| > δ,

lim sup
n→∞

sup
θ∈S:||θ||>δ

Mn(θ) −Mn(θ′)

= lim sup
n→∞

sup
θ∈S:||θ||>δ

1
n

n∑
i=1

{log f(Xi, θ) − log f(Xi, θ
′)}

≤ lim sup
n→∞

1
n

n∑
i=1

ϕ̃(Xi, θ
′, δ)

=
∫
R

ϕ̃(x, θ′, δ)μ(dx).

(26)

By (12), we have that limδ→+∞ ϕ̃(x, θ′, δ) = −∞ for every x belonging to a set
with positive μ–measure and therefore by Beppo Levi’s Monotone Convergence
Theorem,

lim
δ→+∞

∫
R

ϕ̃(x, θ′, δ)μ(dx) = −∞.

Hence, the quantity (26) is negative for some large δ and therefore, using again
the Strong Law of Large Numbers Theorem 2.2 so that limn→∞ Mn(θ′) = M(θ′)
almost surely, we have that:

lim sup
n→∞

sup
θ∈S:||θ||>δ0

Mn(θ) < sup
θ′∈S:||θ′||>δ0

M(θ′) (27)

for some large δ0.
At this stage, let S0 = {θ ∈ S : ||θ|| ≤ δ0}. Being S closed, S0 is compact.

The spheres B(θ, ρθ) = {θ′ : ||θ′ − θ|| < ρθ} cover S0 so that by compactness
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of S0 there exists a finite subcover, say, S0 ⊂ ∪m
j=1B(θj , ρθj ). For each θ ∈ S0

there exists an index j such that θ ∈ B(θj , ρθj ). From the definition of ϕ,
log f(x, θ) − log f(x, θ0) ≤ ϕ(x, θj , ρθj ), for all x ∈ R. Hence,

Mn(θ) = 1
n

n∑
i=1

{log f(Xi, θ) − log f(Xi, θ0)}

≤ 1
n

n∑
i=1

ϕ(Xi, θj , θ0, ρθj ).

So that

sup
θ∈S0

Mn(θ) ≤ sup
j=1,...,m

1
n

n∑
i=1

ϕ(Xi, θj , θ0, ρθj ). (28)

By the Strong Law of Large Numbers Theorem 2.2, the following holds almost
surely for j = 1, . . . ,m:

lim
n→+∞

1
n

n∑
i=1

ϕ(Xi, θj , θ0, ρθj ) =
∫
R

ϕ(x, θj , θ0, ρθj )μ(dx),

which by (25) yields:

lim
n→+∞

1
n

n∑
i=1

ϕ(Xi, θj , θ0, ρθj ) ≤ M(θj) + ε,

almost surely for j = 1, . . . ,m, which implies:

lim sup
n→+∞

sup
j=1,...,m

1
n

n∑
i=1

ϕ(Xi, θj , θ0, ρθj ) ≤ sup
j=1,...,m

M(θj) + ε,

almost surely, which in turn by (28) yields that:

lim sup
n→+∞

sup
θ∈S0

Mn(θ) ≤ sup
θ∈S0

M(θ) + ε,

almost surely. Because it is true for all ε > 0, it is true for ε = 0, namely:

lim sup
n→+∞

sup
θ∈S0

Mn(θ) ≤ sup
θ∈S0

M(θ). (29)

Combining (29) with (27), the thesis is obtained.

At this stage, we are in position to prove Theorem 3.2, whose proof is based on
Wald’s classical proof of strong consistency of the maximum likelihood estimator
in the i.i.d. setting [18].

Proof of Theorem 3.2. Consider M and Mn as defined by (23) and (24) in the
statement of Proposition 3. At this stage, consider G appearing in Lemma 5.2.
If γ is the empirical measure μn then G = Mn by (23), and if instead γ = μ
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then G = M by (24). Therefore, both 1 and 2 are just a consequence of Lemma
5.2.

At this stage, our goal is to prove 3. To this aim, for every ω ∈ Ω, and every
k = 1, 2, . . . let Rk = Rk(ω) be such that

sup
θ:||θ−T ||≥Rk

M(θ) ≤ inf
θ:||θ−T ||≤1/k

M(θ) − 1/k, (30)

and Rk ↓ 0 as k → ∞. Such sequence Rk exists due to (strict) concavity of M .
At this stage, fix ρ > 0 and let k ≥ 1 be an integer such that Rk + 1/k < ρ.

Moreover, consider a countable or finite covering for Θ made of balls of radius
1/k and let Θ̃ be the set of centers of such balls. One can consider an at most
countable collection of disjoint sets Dθ′ ⊂ B(θ′, 1/k), being θ′ ∈ Θ̃, which is a
partition of Θ, i.e.

Θ =
⋃

θ′∈Θ̃

Dθ′ .

At this stage, let Sθ′ = {θ ∈ Θ : ||θ − θ′|| ≥ ρ}. By Proposition 3, we have
that P(Eθ′) = 1 if

Eθ′ =
{

lim sup
n→+∞

sup
θ∈Sθ′

Mn(θ) −Mn(θ′) ≤ sup
θ∈Sθ′

M(θ) −M(θ′)
}
,

and therefore:

1 =
∑
θ′∈Θ̃

P (T ∈ Dθ′)

=
∑
θ′∈Θ̃

P({T ∈ Dθ′} ∩ Eθ′).
(31)

If θ belongs to Sθ′ , then

||θ − T || ≥ ||θ − θ′|| − ||T − θ′|| ≥ ρ− 1/k > Rk.

and by (30) if T ∈ Dθ′ then M(θ) < M(θ′). Reasoning as in the proof of Lemma
5.2, the function M(·)(ω) achieves its maximum value on Sθ′ . Let W (ω) =
supθ∈Sθ′

M(θ) −M(θ′), then W (ω) < 0 and (31) yields:

1 =
∑
θ′∈Θ̃

P
(
T ∈ Dθ′ , lim sup

n→+∞
sup
θ∈Sθ′

Mn(θ) −Mn(θ′) ≤ W

)

=
∑
θ′∈Θ̃

P
(
T ∈ Dθ′ , ∃n0 : ∀n > n0, sup

θ∈Sθ′
Mn(θ) −Mn(θ′) < 0

)
.

(32)
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Being Mn(θ̂n) ≥ Mn(θ′), (32) yields:

1 =
∑
θ′∈Θ̃

P
(
T ∈ Dθ′ , ∃n0 : ∀n > n0, θ̂n /∈ Sθ′

)
=

∑
θ′∈Θ̃

P
(
T ∈ Dθ′ , ∃n0 : ∀n > n0, ||θ̂n − θ′|| < ρ

)
≤

∑
θ′∈Θ̃

P
(
T ∈ Dθ′ , ∃n0 : ∀n > n0, ||θ̂n − T || < ρ + 1/k

)

= P

⎛⎝ ⋃
θ′∈Θ̃

{T ∈ Dθ′} ∩ {∃n0 : ∀n > n0, ||θ̂n − T || < ρ + 1/k}

⎞⎠
= P

(
∃n0 : ∀n > n0, ||θ̂n − T || < ρ + 1/k

)
.

Since ρ and 1/k can be arbitrarily small the proof is complete.
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