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Abstract

This thesis addresses the problem of outlier detection, also referred to as anomaly detec-
tion or novelty detection. A flexible, distribution-free method is developed for collective
outlier detection and enumeration, designed for situations in which the presence of outliers
can be detected powerfully even though their precise identification may be challenging due
to the sparsity, weakness, or elusiveness of their signals. This method builds upon recent
developments in Conformal Inference and integrates classical ideas from other areas, in-
cluding Multiple Testing and rank tests. The key innovation lies in developing a principled
and effective approach for automatically choosing the most appropriate Machine Learning
classifier and two-sample testing procedure for a given data set. The performance of the
proposed method is investigated through extensive empirical demonstrations, including an

analysis of the LHCO high-energy particle collision data set.

iii



iv



Sommario

Questa tesi affronta il problema della rilevazione di osservationi anomale, a cui spesso ci si
riferisce anche con il nome di outlier. Viene proposto un metodo non parametrico in grado
di rilevarne la presenza, quantificarne il numero ed eventualmente identificarle. Il metodo ¢
progettato per situazioni in cui la presenza di osservazioni anomale puo essere rilevata anche
se la loro identificazione precisa puo risultare difficile a causa della scarsita o dell’elusivita
di tali osservazioni. Questo metodo si basa su recenti sviluppi nel campo della Conformal
Inference e integra idee classiche provenienti da altre aree, tra cui il Multiple Testing e i test
basati sui ranghi. L’innovazione chiave consiste nello sviluppo di un approccio rigoroso ed
efficace per la selezione automatica del classificatore di Machine Learning e della procedura
di test a due campioni pitt appropriato per un determinato insieme di dati. Le prestazioni
del metodo proposto sono valutate attraverso simulationi e analisi di dati reali, inclusa

un’analisi dei dati sulle collisioni di particelle ad alta energia.
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CHAPTER 1

Introduction

1.1 Overview

Outlier detection is a fundamental statistical problem with numerous applications, ranging
from many areas of scientific research to fraud detection and security monitoring. In the
age of artificial intelligence, its relevance is further growing due to concerns over the rise
of potentially unrealistic synthetic data. The complexity of high-dimensional data has
encouraged the use of sophisticated machine learning models for outlier detection, but
these models often lack transparency and are prone to errors, complicating their reliability.
This has spurred substantial interest in conformal inference (Vovk et al., 2005), which can
provide principled statistical guarantees for any outlier detection algorithm under relatively
mild assumptions.

While conformal inference is gaining momentum in both statistics and machine learning,
its focus in the context of outlier detection has so far primarily been on individual-level
outlier identification, where each data point is separately evaluated as a potential outlier.
However, individual-level identification is not always feasible. In many applications, outliers
may be too rare or weak to reach statistical significance (Donoho and Jin, 2015), or they may
exhibit unremarkable behavior in isolation but reveal anomalous patterns when analyzed
collectively (Feroze et al., 2021), such as showing under-dispersion relative to inliers.

To extend the applicability of conformal inference to these particularly challenging set-
tings, this thesis introduces a novel approach for collective outlier detection that addresses

two main challenges: (1) testing the global null hypothesis that a dataset—or a subset of
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it—contains no outliers, and (2) estimating the number of outliers present. The proposed
method solves these interrelated problems by leveraging in an innovative way powerful
“black-box” machine learning algorithms and highly flexible, data-driven test statistics.
This integrative approach is tailored to maximize power for the data at hand and offers
reliable type-I error control under mild assumptions. Additionally, the proposed procedure
is scalable to large data sets. It builds on recent advances in conformal inference, while
also revisiting and integrating several classical concepts from other areas of statistics. This
collective approach is demonstrated to succeed even in scenarios where individual outlier
detection fails.

The proposed method is broadly applicable. Financial institutions, for instance, could
use it to identify complex fraud schemes involving seemingly legitimate transactions. Sim-
ilarly, cybersecurity systems could apply it to detect coordinated denial-of-service attacks
(Ahmed and Mahmood, 2014). In high-energy physics, where collective outlier detection
generally plays a central role (Vatanen et al., 2012), researchers could use the proposed
procedure to sift through massive datasets from particle decay sensors in the search for
new particles. These signals are typically rare and weak, making individual-level detection
impractical, but they present a promising use case for the proposed method, as previewed

in Figure 1.1.

1.2 Main Contributions of the Thesis

In this thesis, ACODE, an Automatic Conformal Outlier Detection and Enumeration method,
is presented. ACODE leverages two-sample rank tests applied to univariate conformity

scores, which can be generated by any model trained to distinguish outliers from inliers.

By employing split-conformal inference, ACODE converts these scores into statistical tests

based on conformal p-values controlling the type-I error rate. In addition, by utilizing the

closed testing principle (Marcus et al., 1976), ACODE can construct simultaneous lower

confidence bounds for the number of outliers within any subset of the test sample (Goeman

and Solari, 2011), while also offering a global test for outlier detection as a byproduct of

outlier enumeration.

While these high-level ideas are intuitive, the flexibility of the conformal inference frame-
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work introduces substantial complexity and a great deal of implementation freedom. This
leads to two key methodological questions addressed in this thesis regarding the choice of the
most suitable classifier and rank test, along with other related methodological challenges.

The main contributions are summarized below.

e Automatic Selection of the Classifier. The first question involves selecting the
most effective classification algorithm for computing conformity scores. The trade-
offs between existing approaches based on one-class classifiers (Bates et al., 2023)
and positive-unlabeled learning via binary classification (Marandon et al., 2024) are
examined. In particular, ACODE integrates AdaDetect with one-class classifiers, as
suggested in Marandon et al. (2024) (see Sections 4.2.1 and 5.2). This integration
provides valuable flexibility in practice, as the performance of different classifiers can
vary substantially across scenarios (see Chapter 6 for details). Through this adaptive
approach, ACODE retains the theoretical properties established in Marandon et al.

(2024), while enhancing flexibility via data-driven classifier selection.

e Combining Conformal p-values. The second question concerns the choice of the
rank test to determine statistical significance based on these scores. Focusing exclu-
sively on rank tests is a natural choice for distribution-free inference that aligns with
other works in the conformal inference literature (e.g., Bates et al., 2023; Kuchib-
hotla, 2021). This choice is further motivated by the fact that conformal p-values are
precisely normalized ranks. Section 4.3 presents a comparison of existing approaches
for combining conformal p-values in terms of admissibility and power, yielding several
insightful observations. For example, the Simes test applied to conformal p-values
is shown to be strictly dominated by the permutation Simes test. Additionally, the
Wilcoxon-Mann-Whitney rank test can be expressed as the average of conformal p-

values.

e Adaptive Rank Test. Central to the proposed method is the property of locally
most powerful rank (LMPR) test, which characterizes the test that is most powerful in
a neighborhood of the null hypothesis of no outliers among rank tests (see Section 4.3
for a detailed comparison). This property is particularly relevant for the goal of

detecting and enumerating outliers when the signal is weak and sparse, namely in a
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neighborhood of the null hypothesis. The proposed approach builds upon the Shiraishi
test, an extension of the Wilcoxon-Mann-Whitney (WMW) sum-rank test (Wilcoxon,
1945; Mann and Whitney, 1947a), that Shiraishi (1985) proved to be LMPR for a two-
component mixture alternative, but that depends on the distribution of (the scores
of) the outliers. As this distribution is generally unknown, a principled, data-driven
solution is presented in Section 5.2. ACODE implements an adaptive Shiraishi test

based on the techniques described in Sections 5.3.3.1 and 5.3.3.2.

Asymptotic Null Distribution of the Shiraishi Test Statistic under Ex-
changeability. The large sample asymptotic distribution of the Shiraishi test statis-
tic is derived by Shiraishi (1985) under the assumption of i.i.d. conformity scores.
The extension of this result to exchangeable conformity scores is given in Theorem 12.

See Section 5.3.2 for details.

Asymptotic Relative Efficiency of the Shiraishi Test. The comparison of the
Shiraishi rank test with an oracle test that achieves maximal power by exploiting
knowledge of the true distribution of conformity scores is presented in Section 5.3.4.
Shiraishi (1985) showed that the local limiting power of the LMPR test relative to
the most powerful test equals one minus the (limiting) proportion of test points in
the combined sample. Additionally, while the optimal power of the oracle Neyman-
Pearson test is not achievable through rank tests, the local optimality of the Shiraishi
rank test is crucial, for detecting and enumerating outliers when the signal is weak
and sparse—that is, when the alternative hypothesis lies in a neighborhood of the

null hypothesis.

Equivalence of One-Step and Two-Step Oracle Optimal Procedures. The
main result in Section 5.3.4.1 shows that to detect the presence of signal in the test set,
the oracle likelihood ratio test applied directly to the multivariate test observations is
equivalent to a two-step oracle procedure that relies on the likelihood ratio test applied
to univariate sufficient statistics, which serves as “oracle conformity scores”. This
characterization facilitates a more direct comparison to ACODE while highlighting
a connection to the results in Marandon et al. (2024) on the optimal choice of non-

conformity scores.
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e Shortcuts for Closed Testing with Adaptive Simes and Shiraishi Local
Tests.

Novel computational shortcuts are proposed for efficient closed testing with two lo-
cal tests: (i) the adaptive Simes test using the Storey estimator for the number of
true nulls (Section 3.4.3), and (éi) the Shiraishi test with increasing outlier density

(Section 3.4.6).

Lower bound Power (global null)
15001 1.001 Local tests
k| 0.75 Simes
10004 X
—+— Fisher
0.501
WMW
500 A
0.25 1 =¥ Adaptive
04 0.004 Cherry picking

0 500 1000 1500 0 500 1000 1500
True number of outliers

Figure 1.1: Preview of performance of ACODE on the LHCO data. Left: Median values
over repeated experiments for a 90% lower confidence bound for the number of outliers.
Right: power against the global null hypothesis of no outliers at the 10% level (horizontal
line). The results are shown as a function of the true number of outliers in a test set of
cardinality 10,000. ACODE utilizes a testing procedure that may be adaptively selected
(red curve) or fixed (other solid curves). The “cherry-picking” (yellow curve) approach
selects the combination of the classifier and testing procedure with the most appealing
outcomes, resulting in inflated type-I error. Dotted curve: number of individual discoveries
or power obtained by applying the Benjamini-Hochberg procedure (BH) to conformal p-
values, controlling the false discovery rate below 10%.

1.2.1 Illustrative Application of ACODE to the LHCO Dataset

The effectiveness of this approach is showcased in Figure 1.1, analyzing data from the 2020
Large Hadron Collider Olympics (LHCO) (Kasieczka et al., 2021).

As detailed in Section 6.2, the analysis of the LHCO data aims to (1) detect outliers,
or unusual collision events, within a test sample, and (2) establish a 90% lower confidence
bound for the number of these outliers. The proposed method not only controls errors for
both tasks but also provides insightful inferences. This illustrates ACODE’s adaptability,

as it selects the most suitable testing procedures in a data-driven manner.
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Additionally, Figure 1.1 highlights the challenge of conducting an adaptive data-driven
analysis without incurring selection bias. It compares ACODE’s performance with that of
a naive “cherry-picking” approach that greedily tests various classification algorithms and
testing procedures, selecting the one with the most appealing outcomes. Unsurprisingly,
such a heuristic can lead to inflated type-I errors, as selecting the winner among many
candidates typically results in overly optimistic inferences, unless corrective measures are
taken to mitigate selection bias. In contrast, ACODE is protected against selection bias
while achieving similarly high power across all scenarios tested.

Figure 1.1 also highlights the potential advantages of an approach specifically designed
for collective outlier detection over standard alternatives for individual-level discovery. The
results show that ACODE leads to much more informative collective inferences compared
to the Benjamini-Hochberg (BH) procedure for False Discovery Rate (FDR) control (Ben-
jamini and Hochberg, 1995) applied to individual conformal p-values (Bates et al., 2023;
Marandon et al., 2024). In fact, the BH procedure aims to identify outliers individually,

and is generally not an effective solution for global testing or outlier enumeration.

1.2.2 Structure of the Thesis

The thesis is structured as follows. Chapter 2 reviews rank tests as tools for distribution-free
inference. Two main examples are presented—the Wilcoxon-Mann-Whitney test (Wilcoxon,
1945; Mann and Whitney, 1947a) and the Shiraishi test (Shiraishi, 1985)—with a particular
focus on their local optimality for specific alternatives.

Chapter 3 discusses Multiple Testing procedures designed to address the challenges
arising in the selective inference framework. The following are presented: (i) methods
for global testing with type-I error probability control (#i) multiple testing procedures for
Jamily-wise error rate control; (iii) the seminal Benjamini-Hochberg procedure (Benjamini
and Hochberg, 1995) for controlling the false discovery rate; and, (iv) the Closed Testing
principle (Marcus et al., 1976) for simultaneous inference with false discovery proportion
control (Genovese and Wasserman, 2006; Goeman and Solari, 2011).

Chapter 4 reviews useful tools from Conformal Inference adopting the split conformal
approach. These techniques provide distribution-free inference with finite-sample guaran-

tees to perform outlier detection for multiple comparisons.



MAIN CONTRIBUTIONS OF THE THESIS

While Chapters 2-4 mostly provide a concise review of the existing literature and the-
oretical results on which the novel contributions are built, Chapters 5 and 6 present the
original methodological and empirical contributions of this thesis. Chapter 5 develops the
proposed method for collective outlier detection and enumeration and examines its theo-
retical properties. Chapter 6 reports extensive numerical experiments that evaluate the

performance of the proposed method on both synthetic and real data.






CHAPTER 2

Rank Tests

2.1 Introduction

In this chapter, the basic definitions of rank statistics and some of their properties are
reviewed, with a special emphasis on local optimality among rank tests and their asymptotic
distributions, which will be fundamental for the theoretical and mathematical foundation
of the novel contribution presented in Chapter 5. For more detailed treatments of this
topic, see Cox and Hinkley (1979); Hajek et al. (1999); van der Vaart (2000); Lehmann and
Romano (2005).

From an intuitive perspective, a rank statistic depends only on the relative ordering
(ranks) of the observations. This means that such a rank statistic remains unchanged when
actual values change as long as their ordering is preserved, but does differ when the relative
order is modified. A rank test is a hypothesis test based on such a rank statistic.

Using ranks rather than actual values avoids distributional assumptions about the data,
resulting in flexible inference procedures applicable to real-world scenarios where the un-
derlying distribution is often unknown. However, this approach can result in information
loss, potentially reducing test efficiency or power. Fortunately, the loss of efficiency is quite
small when the best rank test is used (Section 6.1 Cox and Hinkley, 1979), and rank tests
provide valuable distribution-free inference.

They are particularly relevant in comparative problems, such as two-sample tests, where
two samples are given and the aim is to draw inferences about differences between their

distributions.
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Given a sample of real-valued random variables Wi,..., Wy, for any j € [N] with

[N]:={1,..., N} the rank of W} is defined as

Rj= Y 1[W; < Wj].
1€[N]
This definition is well-posed when the random variables W1, ..., W have continuous dis-
tribution functions, so that ties among observations occur with probability zero. In this
case, the order statistic is denoted by W) < ... < W(y) and the ranks satisfy the following
equation

Wj:W(Rj)7 je[N}

If W; is tied with some other observations, its rank is defined as the mean of all indices
i € [N] such that W; = W, Rr;)- Throughout this thesis, Wy,..., Wy are assumed to have a
continuous distribution function. The following lemma, proved in Lemma 13.1 of van der

Vaart (2000) and Section 3.1 of Hajek et al. (1999), summarizes some well-known results.

Lemma 1 (Lemma 13.1 in van der Vaart (2000)). Assume that W1, ..., Wy is a random
sample of independent and identically distributed observations drawn from a continuous

distribution F with density f. The following results hold:
(i) the ordered vector Wy <... < W) and the rank vector Ry, ..., Ry are independent;

(it) the ordered vector W1y < ... < W) has density N'[];ciyy f(w;) on the region

wy < ... <wi and 0 otherwise;
(iii) the rank vector Ry, ..., Ry is uniformly distributed on the set of all N! permutations
of [N].

From the definition of ranks and Lemma 1, two main characteristics that favor the
use of rank tests can be derived. From point (iii) in Lemma 1, it is clear that any rank
statistic maintains an identical distribution across all random vectors with independent and
identically distributed (i.i.d.) observations. This property renders rank tests distribution-
free within the class of i.i.d. models. Moreover, the ordering of observations remains

unaffected by continuous and strictly increasing transformations of the data. This property

10
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is called invariance under such transformations, which can be interpreted as coordinate
changes, ensuring that rank tests produce consistent results regardless of the scale or units

used to measure the underlying phenomenon.

2.1.1 The Wilcoxon-Mann-Whitney Statistic

As mentioned above, rank tests are particularly valuable for comparative problems, such
as two-sample scenarios. In these situations, the aim is to make inferences about the
distributions of two given samples, especially comparing aspects of their distributions, such
as location parameters, or testing whether the samples are independent.

Consider two independent samples

X1, o Xm M E v,y 0 (2.1)
where F, ) are continuous cumulative distribution functions (c.d.f.’s) on R. Let Ry 41, ..., Rmtn

denote the ranks of Y7, ...,Y, in the pooled sample (X1, ..., Xy, Y1,...,Y,). Consider the
null hypothesis that the two samples are identically distributed, i.e.,

H:Q=F. (2.2)

A well-known two-sample rank test for testing the null hypothesis in (2.2) is the Wilcozon

rank-sum test (Wilcoxon, 1945), which rejects the null hypothesis for large values of:

TV =" Ry (2.3)
J€[n]

Tabulated values of the null distribution of the Wilcoxon rank-sum statistic can be found
in Wilcoxon (1945) and Milton (1964).
By writing
Ryyj= > 1[X; <Y+ > 1Yy <Yj]

1€[m] J'€[n]

and noting that »- e 2 e 1Yy < Yj] = n(n +1)/2, it can be easily shown that the

11
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Wilcoxon test is equivalent to the Mann- Whitney U-statistic (Mann and Whitney, 1947a):

™MW = 3" N X, <V, (2.4)

j€[n] ie[m]

in the sense that TW = TMW 4 n(n 4 1)/2. Tabulated values of the null distribution of the
Mann-Whitney statistic can be found in Mann and Whitney (1947a).

Hereafter, the statistic in (2.3), referred to as the Wilcozon-Mann-Whitney statistic
and denote as TWMW due to its equivalence with the Mann-Whitney U-statistic, will be

primarily used.

2.2 Rank Tests as Permutation Tests

Rank tests represent a particular class of permutation tests that rely on statistics computed
from the ranks of observations rather than their exact values. The validity of permutation
tests depends solely on the assumption of exchangeability among observations.

A random vector W1y,..., Wy with joint distribution is said to be exchangeable if, for
every permutation o € Sy, where Sy is the set of all possible permutations of the index
set [N], it holds:

(Wi, s W) E (Wotys s Woan)s (2.5)

where % denotes the equality in distribution. When W7y, ..., Wy forms an exchangeable
random vector, all its elements are identically distributed (though not necessarily indepen-
dent), and all permutations of the elements are equally likely.

For exchangeable random vectors with discrete or continuous distributions, a simple
characterization based on the symmetry of their probability functions can be provided.
Suppose that the random vector W1, ..., Wy is either discrete or has joint density. Let py
denote the probability mass function in the discrete case or the joint density function in the
continuous case. The vector is exchangeable if and only if for all possible values w1, ..., wy

and for every permutation o € Sy:

pW(wla R ’UJN) = pW(wcr(l)7 v ’wcr(N))'

12
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Note that the term “exchangeable” can refer interchangeably to either a random vector or
its joint distribution.

A permutation test is a hypothesis test to evaluates evidence against the null hypothesis
that the vector (W7, ..., Wy) is exchangeable, using a test statistic 7(Wi,..., Wy) and its
permutation distribution. The test is fundamentally based on the permutation distribution

of the statistic 7:

ZJGSN 1[7(W0(1)7 EER) WU(N)) < '7_']

Prir < 7] = N

(2.6)

Suppose the null hypothesis is rejected for large values of the statistic 7(W7 ..., Wyx). The

permutation p-value is defined as:

perm __ ZO’GSN ]l[T(Wcr(l)’ ) WO’(N)) > T(Wl, ceey WN)]
a N1 :

p (2.7)

Under the null hypothesis that the random vector Wy,..., Wy is exchangeable, the per-
mutation p-value in (2.7) is valid for any test statistic that rejects the null hypothesis for

large values. That is, under the assumption of exchangeability, for any « € (0,1) it holds:

Pr[pP™ < o] < a. (2.8)

Different proofs of this fundamental result are available (e.g., Hoeffding, 1952; Lehmann
and Romano, 2005; Pesarin, 2015; Hemerik and Goeman, 2018).

As established in Hemerik and Goeman (2018), the fundamental assumption to prove
that the permutation p-value is exact is their Condition 1. This condition essentially re-
quires that the group of transformations can be partitioned into subsets of equal cardinality
such that: (i) transformations within the same subset produce identical values of the test
statistic, and (47) transformations from different subsets produce different values of the test
statistic. Under this condition, the permutation p-values are uniformly distributed over

{1/N!,2/N!,... 1}, so that the inequality in equation (2.8) becomes an equality

Pr[pP™™ < o] = o (2.9)

13
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for any o € {1/N!,2/N!,...,1}. One important special case of Condition 1 occurs when
the test statistic 7 has no ties in its distribution. Under this assumption, their Condition
1 corresponds to partitioning the group of transformations into singletons. While this no-
ties assumption ensures that permutation p-values are exact, the presence of ties causes
the permutation p-values to be stochastically larger than the uniform distribution, i.e., the
equality in (2.9) is not guaranteed for a € {1/N!,2/N! ... 1} and only the inequality
in (2.8) holds. Any random variable which satisfies (2.8) is called super-uniform and tends
to be conservative.

The computational cost of permutation p-values grows factorially with the number of
observations in the sample, making exact computation prohibitive for large datasets. This
has motivated the development of computationally more tractable approaches. Permutation
p-values that are built on a smaller number B < N! of permutations sampled uniformly at

random:

L4+ e LT Woy1ys - -+ Wony) 2 7(Wh, ., W)
1+ B

perm __

p (2.10)

are proved to be valid, and exact under Condition 1 in Hemerik and Goeman (2018).
Hemerik and Goeman (2018) demonstrated that validity can be maintained even when
using arbitrary subsets of the permutation group. This result removes the restrictive re-
quirement that permutations must form a subgroup and allows practitioners to employ
non-uniform sampling strategies, thereby broadening the range of computationally efficient
permutation test designs. However, this raises the issue of how to choose a good subset
of permutations—a question addressed by Koning and Hemerik (2024), who showed that
permutation p-values remain valid when the set of considered permutations is restricted to

a fixed subgroup of the full permutation group strategically chosen to obtain good power.

2.2.1 Finite-Sample Distribution of Rank Tests

The finite-sample distribution of a statistic can always be derived under the assumption that
the vector of observations W7, ..., Wy is exchangeable, using the permutation distribution
in (2.6). When dealing with rank statistics, their permutation distribution can be derived
under the assumption that the observations Wi, ..., Wy are i.i.d. This assumption ensures

that the corresponding rank vector Ry, ..., Ry is exchangeable, as proved in point (iii) of

14



LocAL OPTIMALITY AMONG INVARIANT TESTS

Lemma 1.
Adapting the permutation distribution in (2.6) to the two-sample case, the permutation
distribution of the Wilcoxon statistic is:
> LTV (Rpihys- - s Rinin,) = K]
W ecm+n,n +h1» ’ +hn
Pr [TV =k] = ) : (2.11)
n

where h = (hi,...,hy) is an element of Cpyqy,, which is the set of combinations of n

elements from the set [m + n].
Let 7, m (k) denote the numerator of the finite-sample distribution of the Wilcoxon
statistic in (2.11). This can be expressed with the following recurrence formula (Brus,

1988). For any m,n € N and for k =n(n+1)/2,...,n(n+2m+1)/2:
Tnm (k) = Tnm—1(k) + Tp—1,m(k —n —m)
with initial conditions:

1, k=nn+1)/2, 1, k=0,
mno(k) = mo,m (k) =
0, otherwise , 0, otherwise ,

and 7, (k) =0 for k <n(n+1)/2.

Since the Mann-Whitney U-statistic is equal to the Wilcoxon statistic up to the additive
constant n(n+1)/2, the finite-sample distribution of the Mann-Whitney statistic is equal to
that of the Wilcoxon statistic, with £k = 0,...,mn. It is worth noting that the recurrence
formula of m, ,,, and consequently the distribution of the Wilcoxon-Mann-Whitney test,

depends only on the sample sizes n and m.

2.3 Local Optimality among Invariant Tests

In this section, a theoretical justification for the Wilcoxon-Mann—Whitney statistic is pro-
vided by showing that it is locally most powerful among invariant tests under a specific
alternative. Following the same method, also the Shiraishi statistic (Shiraishi, 1985) is

derived. It is a generalization of the Wilcoxon-Mann-Whitney statistic. This establishes
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their optimality in detecting small deviations from the null hypothesis under specific class
of alternatives, and explains their effectiveness in practice.

Let us consider the two-sample problem:

X1, X M E v, Y, M0, (2.12)

where F' is a continuous c.d.f’s with density f. Consider the null hypothesis that the two

samples are i.i.d. from the same distribution, i.e.,

H:Q=F

against the alternative hypothesis that @ is a function of F' distinct from F, i.e.,

K:Q=h(F)

where h is a differentiable function on [0, 1] with derivative h'. Following the Neyman-
Pearson lemma, the optimal rank test rejects the null hypothesis for large values of

Pr[Ry =ry ; K]

Pr[Ry =ry ; H| (2.13)

where Ry = (Ru+1, .- -, Rmtn) is the rank vector of (Y7, ...,Y},) with respect to the pooled
sample (X1, ..., X, Y1,...,Yy) and 7y = (Tymt1, .- - Tmen) 1S one of its realizations.
Since the rank vector Ry is uniformly distributed under the null distribution over the

set of combinations of n elements from the set [m + n], the likelihood ratio (2.13) is equal

to
(m—i—n> Pr[Ry =ry ; K].
n
Hoeffding (1948) and Lehmann (1953) establish the joint distribution of the ranks
Ryt1,-- -, Rinen of the test observations under the alternative hypothesis K as follows.

Using the notation {Ry = ry} to indicate the set of vectors (Y1,...,Y},) such that their
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rank vector Ry is equal to ry, it follows:

Pr[Ry = ry; K] = IT 7« Fly;) dyy - -+ dyn
{Ry=ry} €N

Y I T} T

n {Ry ry} €M JE[n]
1
= WEF H h/ ‘ Ry =Ty
n Je[n]
1
= @EF [T »(F¥e,,)
n | jE€[n]

Under the null distribution, the random variable F' (Y(Tm +j)) is the ry,4 ;th ordered statistic
in a vector of N uniform random variables on [0,1]. Let U ](\;m” ) denote it. Hence, the

probability of the test ranks under the alternative can be written as:
Pr[RY = Ty;K] ( ) H h/ rm+J ,
n

and the locally most powerful test rejects the null hypothesis for large values of:

H h/ Tm+]

JEN]

Assuming that the function i depends on a real parameter 6 and that the null hypothesis
H : Q = F is equivalent to test H : § = 0, the locally most powerful test among rank tests

rejects the null hypothesis for large values of

/ Tm+J
E| T w =

j€(n]

evaluated in 8 = 0. In the following sections, the local most powerful test for specific choices

of h is derived.
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2.3.1 Location-Shift Alternative

The location shift model can be obtained from (2.12) by setting
hE(y)) = F(y - 0) (2.14)
for some 6 > 0, which can also be expressed in terms of u = F(y) as:
h(u) = F(F~Y(u) - 6), u € [0,1] (2.15)

where y = F~1(u).
Computing the derivative h'(u) = f(F~1(u) — 0)/f(F~'(u)) of h, assume that the
density f is differentiable with respect to 8 and denote by f its derivative with respect to

0. As a consequence, the derivative of the expectation with respect to 6 becomes:
d (rme)y | _ 4 g (# (ow) - o)
" ng] W (U™ )] = ng] ; ( [ (U](Vr7,L+j>>)
2 M) ) g s ()
e £ (P (ON) wsidem (P (0R)

which evaluated in # = 0 is equal to:

; (rm+j)
Y E f<F <UN >) . (2.16)

e L (7 (ov))

Now, consider the logistic distribution with c.d.f. and its density

1 eV

Po=ire  JW=giap

for w € R. The inverse of the c.d.f. with v = F(w) and the derivative of the density are

respectively:

v 2o e (e —1)

F—l(’u) =In s f(w) = (1 T efw)?’

1—w
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Substituting these expressions into equation (2.16), the LMPI test that rejects the null
hypothesis H : § = 0 for large values of the statistic in (2.16) becomes the Wilcoxon-Mann-
Whitney test, as proved in Cox and Hinkley (1979).

2.3.2 Shiraishi’s Alternatives

Consider the alternative distribution given by
hE(y)) = (1 = 0)F(y) +0G(F(y)) (2.17)
where § > 0 and G is a continuous c.d.f. with density g. By setting y = F~!(u), it follows:
h(u) = (1 —0)u+ 0G(u), u € [0,1], (2.18)

which has derivative h/(u) = (1 — 0) 4+ 6g(u). To derive the test statistic, the derivative of

the expectation with respect to 6 is computed:

d - d s
—E jle_[[}h’(U](Vm“)) = ZE| ] [a—0)+0g (vy)]

J€[n]

- Z [_1 +g <U](\;’m+j)>] H [(1 —0)+0g (U](\;"er))}

J€[n] k#j,keln)

which evaluated in 8 = 0 is equal to:

—n+ > E [g (U](\;m”)ﬂ . (2.19)

Jj€ln]
As a consequence, when considering the model

Xi, X M F W, Y1 -0)F 1 0G(F) (2.20)
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with 6 € [0, 1], corresponding to the choice of h in (2.17), the LMPI test rejects the null
hypothesis H : § = 0 for large values of the statistic:

9= E [g(U}VRm“))} , (2.21)
JE[n]

where U ](\,Rm” ) is the R, jth ordered statistic in a vector of N = m + n standard uniform
random variables. This statistic is called the Shiraishi statistic (Shiraishi, 1985) and the

optimality result is stated in the following theorem that is proved in Shiraishi (1985).

Theorem 1 (Shiraishi (1985)). Assume the model in (2.20) has continuous c.d.f.’s F' and
G with density g. Then, the LMPI test rejects H : 6 = 0 for large values of:

T¢ = Y E[g(U™ )],
J€ln]

Note that, for very small values of 6, the model in (2.17) is the nonparametric general-
ization of the parametric rare/weak effects model that motivates the Higher Criticism test
of Donoho and Jin (2004, 2015) (see Section 3.4.2.4).

Analogous to the Wilcoxon-Mann-Whitney statistic, the finite-sample distribution of the
Shiraishi test statistic can be derived using the same recurrence method, as in Section 2.2.1.
However, the numerator 7, (k) depends on the density g, so the recurrence formula varies
with the specific choice of the g.

The approach in Section 2.2.1 is adopted to derive the permutation distribution. For

any u € R, the permutation distribution of the Shiraishi statistic is given by:

. ZhECern,n ]l[Tg (Rm+h17 SR Rm-!-hn) = u]

Pr [TY = u] GR , (2.22)
where h = (hi,...,hy) is an element of C, 4y, which is the set of combinations of n

elements from the set [m + n] and the numerator depends on g.

2.3.2.1 Lehmann’s Alternatives

Lehmann (1953) introduces the Lehmann’s alternatives, a family of non-parametric alter-

20



AsYMPTOTIC NULL DISTRIBUTION OF LINEAR RANK STATISTICS

natives that is a special case of the Shiraishi alternatives corresponding to

for integers £ > 1. This model assumes that the outliers have weak signals, as for any & > 1,
F* is the distribution of the maximum of k independent random variables distributed as
F. Under this alternative, Y is stochastically larger than X with Pr[X < Y| =k/(k+ 1).
Lehmann demonstrates that for k& = 2, the Wilcoxon-Mann-Whitney test is locally most

powerful invariant test under the mixture model:
Vi,...,Y, % (1 - 0)F + 0F2. (2.23)

This result can be obtained as a particular case of the more general result proved for the
Shiraishi test, setting G(F) = F? in equation (2.17).

More generally, under the Lehmann’s alternative G(F) = F*, for integers k > 2, the
associated density function is g(u) = ku*'1[u € [0,1]] and the test statistics in (2.21)

reduces to:

k—2
k
WMW, k __ .
! C(N+1) ... (N+k—1) %:] IHO(Rmﬂ”)’ (2.24)
Jen) t=

which are the locally most powerful rank tests against the class of Lehmann’s alternatives.
While the Wilcoxon-Mann-Whitney tests do not require stochastically larger alternative
distributions for validity, this property ensures that the tests are unbiased (Lehmann, 1951).

2.4 Asymptotic Null Distribution of Linear Rank Statistics

Knowing the null distribution of test statistics is essential for computing critical values
and performing hypothesis tests. However, finite-sample distributions are often unavailable
in closed form, especially in a distribution-free settings where the underlying population
distributions are unknown. In such situations, one can either use the tabulated values of the
statistic’s null distribution for small sample sizes or leverage the asymptotic distribution of

the test statistic.
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Hajek et al. (1999) and van der Vaart (2000) provide a general result about the asymp-
totic normal distribution of linear rank statistics.
Given a vector Wy, ..., Wy of i.i.d. random variables with ranks Ry,..., Ry, a linear

rank statistic can be expressed as

TV =Y cai(Ri), e €R (2.25)

1€[N]
where (c;);e[n) are called the coefficients and (a;);en) are called the scores, with a; being
a function of the rank R; for each i € [N]. The expectation and variance of a linear rank

statistic of the form (2.25) are, respectively,
1
E[T"] = Nea, Var(T") = —— > (-0 ) (ai—a)’ (2.26)

with ¢ = N_l ZZG[N] C; and a = N_l ZzG[N] Q.
To establish the asymptotic behavior, assume that the scores are generated by a function

¢ :[0,1] = R of the form:
ai =E [oU)] (2.27)

with U ](\? the ¢th ordered statistic in a vector of N standard uniform random variables, or

of the form:

]
;= . 2.2
=0 (551) (2.28)
Note that when ¢ is the identity function, the two definitions (2.27) and (2.28) coincide.

The coefficients are required to satisfy the following conditions:

maxie[N](ci — 5)2
Seple P N (2:29)

Then, the asymptotic behavior of the linear rank statistics in (2.25) is formalized in the
following theorem. Throughout, the notation N — oo will be used to indicate min{m,n} —

Q.

Theorem 2 (Corollary 13.8, van der Vaart (2000)). Consider a vector Wh,...,Wn of

i.i.d. random variables with ranks Ry,..., Ry and a test statistic of the form in (2.25),
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with coefficients ¢; satisfying the condition in (2.29) and scores as in (2.27) where ¢ is a

measurable, nonconstant function such that

/1 ¢*(u) du < oco. (2.30)
0

Then, as N — oo, the standardized rank statistic

TV — E[TY]
Var(T")

converges in distribution to the standard mormal distribution, where the expectation and
variance are given in (2.26). The result also holds when considering scores as in (2.28),

where ¢ is a continuous function almost everywhere, that is nonconstant and satisfies:

Ny ¢ <N2+ 1) e /01 $*(u) du. (2.31)

1€[N]

It is worth noting that asymptotic null distribution of a linear rank statistic generally
depends on ¢. In the case of the Wilcoxon-Mann-Whitney test, when ¢ is the identity
function multiplied by N + 1 in equation (2.28), the asymptotic null distribution depends

only on the sample sizes n and m, as already mentioned in Section 2.2.1.

2.4.1 Asymptotic Null Distributions of the Wilcoxon-Mann-Whitney and
Shiraishi Statistics

Let us consider the Wilcoxon-Mann-Whitney statistic in equation (2.3) and the Shiraishi
statistic in equation (2.21). The pooled sample (Xi,...,X,,,Y7,...,Y,) is denoted by
Wi, ...,Wny, with N = m+n. Both the Wilcoxon-Mann-Whitney and the Shiraishi statistic
can be expressed as linear statistics by choosing appropriate coefficients and scores. The

Wilcoxon-Mann-Whitney statistic is retrieved by using the coefficients:

0, t1e{l,...,m
¢ = t s (2.32)

N+1, ie{m+1,...,N}
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and the following scores in the form of (2.28):

“*&’:¢<Nﬁ1>:zfir i € [N]. (2.33)

The Shiraishi statistic can be obtained with the following coefficients:

0, 1e{l,...,m
¢ = t J (2.34)

1, ie{m+1,...,N}
and the following scores in the form of (2.27):
%mﬁzEpwﬁwy i € [N]. (2.35)

While the asymptotic behavior under the null hypothesis can be formally derived us-
ing Corollary 13.8 in van der Vaart (2000), these asymptotic properties are already well-
established in the statistical literature. Mann and Whitney (1947a) proved that the stan-
dardized Mann-Whitney U-statistic

T™W —mn/2
mn(N +1)/12

has asymptotically standard normal distribution as m,n — co. As a consequence, it is easy

to verify that the standardized Wilcoxon statistic

™ —n(N+1)/2
mn(N +1)/12

has asymptotically standard normal distribution as N — oo.
In his paper, Shiraishi (1985) proved that under the assumptions that the density g is
bounded and that § := limy_,o n/N exists with 0 < § < 1, the standardized Shiraishi

statistic
N(N — (T — nuy)

Vrm S e Elg(UE)] — )2

(2.36)

with uy = N7t he[N] E[g(UJ(\? ))] converges in distribution under the null hypothesis that
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H : 0 =0 to a standard normal random variable as N — co.
It is worth noting that the requirement that the density g is bounded is stronger than

the assumption in Corollary 13.8 in van der Vaart (2000), which only requires:

/Ig(U)\2 du < 0. (2.37)

Indeed, g(u) = 2/(3u!/3) is a density on [0, 1], that satisfies (2.37) but that is unbounded in
a (right) neighborhood of 0. This stronger assumption is necessary to prove the asymptotic
normality of the Shiraishi statistic under a specific class of local alternatives, as described
in Section 2.5.

To derive the asymptotic behavior of the Wilcoxon-Mann-Whitney and Shiraishi statis-
tics from the Corollary 13.8 in van der Vaart (2000), the assumptions on the coefficients ¢;
and on the scores a; need to be satisfied.

For the Wilcoxon-Mann-Whitney statistic, the function ¢(u) = u, u € [0,1] used
in (2.33) is continuous and non-constant, and it satisfies (2.31). This can be verified by

observing that:

NS (5

1€[N]

2
_ar—1 _9 2 N(N-i— 1)(2N+ 1) 1
) =N+ ,EZU:V]Z T T GN(N+ 12 Now 3

1
1
/ u? du = -.
0 3

The coefficients in (2.32) satisfy the condition in (2.29). Their mean is ¢ = n(N + 1)

and

and

. — )% = n2(N +1)2
ng%(c o) =n"(N+1)7,

while

> (e —e)? =mn’(N +1)° + n(n— 1)*(N +1)°
1€[N]

= (N 4+ 1)?n[mn + (n — 1)?.
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Therefore, the required ratio converges to zero:

maxe(n(c; — €)° n2(N +1)2 B n o
Siev(c =02 (N+1)2nfmn+(n—1)2  (m+1)n—1 Notoo

For the Shiraishi statistic, the function ¢(u) = g(u), u € [0,1] used in (2.33) is mea-
surable since it is a density function. Two additional conditions on g are required: (%)
g is non-constant (excluding only the uniform distribution), and (i) fol g*(u) du < oo.
Both conditions require explicit verification depending on the chosen density function. The

coefficients for this case have ¢ = n/N and
max(c; — ¢)” = (2)2 3 (ci—e)’m (ﬁ)2+n(1—3)2— mn
ie[N] AN/ e ! N N/ N

Therefore, the required ratio converges to zero:

maxiE[N](ci—E)2 _ n? N _n .0
> iemvy(ci — ©)? N2 mn  mN Nofoo

2.5 Asymptotic Distribution of the Shiraishi statistics under
Local Alternatives
In this section, the asymptotic behavior of the Wilcoxon-Mann-Whitney and Shiraishi

statistics is studied in a neighborhood of the null hypothesis. Hence, the following class of

alternatives close to the null hypothesis is considered:
Ky:0=0yx>0, 6Oy=60/VN, (2.38)

with 6 > 0. Under this sequence of alternatives, Shiraishi (1985) establishes the asymptotic
distribution of the Shiraishi statistic under the assumption that g is bounded, as stated in

the following theorem.

Theorem 3 (Shiraishi (1985)). Consider the model in (2.20) and the statistic TY defined
in (2.21) for testing H : § = 0 against the sequence of alternatives given in (2.38). As-
sume that the density g is bounded and imy_oon/N = 6 with 0 < 6 < 1. Then, the
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standardized Shiraishi statistic in (2.36) has asymptotically normal distribution with mean

0+/Var(g(U))5(1 — &) and variance 1, where U is uniformly distributed on (0,1). The null

distribution is obtained by setting 6 = 0.

The asymptotic distribution of the Wilcoxon-Mann-Whitney statistic under the local
alternatives in equation (2.38) can be derived from the previous theorem by setting g(u) =
(N 4 1)u with u € [0,1). With this choice of g the Shiraishi statistic in equation (2.21)
reduces to the Wilcoxon-Mann-Whitney statistic in equation (2.3). This is due to the fact
that U ](\[Rm” ) is distributed as a Beta(Rp+j, N — Rpmqj + 1) with expected value equal to
Rt/ (N +1).

An important observation must be made regarding the validity of the Shiraishi test.
Consider the model in equation (2.20), where g represents the density of the c.d.f. G in
the two-component mixture model. Crucially, the Shiraishi test defined in equation (2.21)
remains valid for any choice of function g, regardless of whether it corresponds to the true
density in the two-component mixture model. This validity holds because both the Shiraishi
statistic, its distribution and critical values depend on the chosen function g. Consequently,
even if the Shiraishi statistic is constructing using a function g that does not match the
density of the c.d.f. G, the test will maintain its validity, although its power may be
affected. This result is established in Theorem 4, which is a generalization of Theorem 3
and is proved in Shiraishi (1985). To state the theorem, a necessary condition is required.

Consider a linear rank statistic of the form:

T.= Y an(Rmyj), (2.39)
j€ln]

with score function ay : N — R. The following conditions are imposed on the scores.

Condition 1. There exists a square integrable function ¢ : [0,1] — R with fol [¥(u) —
fol () dv]2 du > 0 such that:

1
lim lan(1+ [uN|) — (u)]? =0,

N—oo 0

where |u| denotes the largest integer not exceeding u.
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Theorem 4 (Shiraishi (1985)). Consider the model in (2.20) and assume that the density
g 1s bounded and limy_oon/N = § with 0 < 6 < 1. Consider the linear rank statistic
in (2.39) for testing H : @ = 0 against the sequence of alternatives given in (2.38). Then,

under Condition 1 the standardized statistic

N(N —1)(Tx — nan)
\/mn Zie[N}(aN(i) —an)?

with ay = Zz‘e[N] an(i)/N has asymptotically normal distribution with mean

0\/5(1 — 6)Cov(p(U), 9(U))
Var(y(U))

and variance 1, where U is uniformly distributed on (0,1). The null distribution is obtained

by setting 0 = 0.

2.5.1 Asymptotic Power Function against Local Alternatives

Consider the model in equation (2.20) and denote the densities of the c.d.f.’s F' and G by
f and g, respectively. For the validity of the asymptotic null distribution of the Shiraishi
statistic in Corollary 13.8 of van der Vaart (2000), the density g needs to satisfy the condi-
tion in equation (2.37). Under these conditions, Shiraishi (1985) establishes that the power

of the Shiraishi test against the sequence of local alternatives in equation (2.38) is:
Pow(T%;0,6,0,9) = 1 — ®(z4 — 0[0(1 — 6)Var{g(U)}]/?) (2.40)

where ® and z, are the c.d.f. and the (1 — «)-quantile of the standard normal distribution,
respectively, U is a standard uniform random variable and 6 = limy_,oo n/N, with N =
n + m being the total sample size. Setting # = 0 retrieves the power function under the
null hypothesis. Note that condition (2.37) ensures that the variance of g(U) is finite.
The power function of the Shiraishi test increases with 8[Var(g(U))é(1—6)]'/?, reaching
its maximum value when 6 = 1/2. Therefore, to maximize the asymptotic power of the
Shiraishi test, the two sample sizes m and n must grow at the same asymptotic rate, which

for fixed N requires m = n.
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By setting the density function g equal to g"VMW (u) = (N + 1)u in equation (2.40), the

power function of the Wilcoxon-Mann-Whitney test is:
Pow(TWMW: 05,0, gWMWY) = 1 — ® (2, — (N + 1)A[6(1 — 6)1/12]/?). (2.41)

Section 5.3.4.2 provides a detailed comparison between the Shiraishi statistic and an
(idealized) oracle Neyman-Pearson test in terms of their local power functions. This analysis
offers further theoretical support for ACODE by examining the optimality properties of the
rank tests that it employs.

2.6 Asymptotic Relative Efficiency under Local Alternatives

When the sample size is large, any reasonable test should easily distinguish between the null
and alternative hypotheses, especially when they differ substantially. Therefore, comparing
tests with large samples requires more nuanced approaches. One option is to compare
tests locally—i.e., for alternatives close enough to the null hypothesis to make the testing
problem more challenging. Specifically, the null hypothesis H : § = 0 is tested against the
sequence of local alternatives in equation (2.38).

A classic method for comparing two tests locally is evaluating their Asymptotic Relative
Efficiency (ARE), first introduced by Pitman (1949). This quantity measures the ratio of
sample sizes required by two tests to achieve the same power against a sequence of local
alternatives, while maintaining type-I error control. Definitions and results are presented
for the broader class of tests based on locally uniformly asymptotically normal statistics
(not necessarily rank statistics), including specific results for the Wilcoxon-Mann-Whitney
and the Shiraishi tests.

Consider a sample W1, ..., Wy with joint c.d.f. Qg with & > 0, and the null hypothesis
H : 6 = 0 against the local alternatives in equation (2.38). To define the asymptotic relative
efficiency, consider two different test statistics 11 x and 1o built on N observations, with
respective power functions S, n(6), h = 1,2. Fix a significance level a € (0,1) and a

constant v € («, 1), and define N}, as the minimal number of observations satisfying:

BN, (0) S ay B, (On) > 7. (2.42)
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The asymptotic relative efficiency of the tests that reject the null hypothesis for large values
of ¥y, n is defined as:
Ny

ARE (Y1 N, %2.N) = ]\}E}loo N

When ARE (¢1,n,%2,5) > 1, the first sequence of tests achieves the conditions in (2.42)
with fewer observations, indicating superior efficiency.

In order to establish an alternative formulation for the asymptotic relative efficiency,
based on the asymptotic local power, the two tests 1, n, h = 1,2 are required to be locally
uniformly asymptotically normal. That is, for all sequences fy they satisfy:

VN(nn — pi(0n))  a

o) o N(O,1). (2.43)

Assuming that p, is differentiable at zero and oy, is continuous at zero, with uj,(0) > 0 and
or(0) > 0, the asymptotic power of the test that reject the null hypothesis for large values

of ¥y, N can be written as:

_ (0

mNON)=1—O <za +o(1) — \/NHN';%EO; (1+ 0(1))> +o(1), (2.44)
h

where z, is the (1 — «)-quantile of the standard normal distribution. Under the assump-

tions (2.43) and (2.44), the ARE of the two test statistics can be expressed as stated in the

following theorem.

Theorem 5 (Theorem 14.19 in van der Vaart (2000)). Consider the statistical models
{Qnyp : 0 > 0} such that for any fived N the total variation distance ||Qy g — QnollTv — 0
as @ — 0,0 > 0. Let Y1,n and Yo N be two sequences of statistics that satisfy (2.43) for
every sequence Oy decreasing monotonically to zero, and functions uy, and oy, such that pp,
is differentiable at zero and oy, is continuous at zero, with ) (0) > 0 and 04(0) > 0. Then,
the ARE of the tests that rejects the null hypothesis H : 6 = 0 for large values of ¥; n,

i =1,2 is equal to
<ua<0>/ol <o>)2
15(0)/02(0) )

for every sequence of alternatives Oy decreasing monotonically to zero, independently of

a>0andy € (a,1).
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The following corollary states that in the setting of Theorem 5 two tests have the same

asymptotic power if their asymptotic relative efficiency is equal to 1.

Corollary 1. Under the same assumptions of Theorem 5, assume that the ARE (11 v, Y2 )
equals 1. Then, 1 N and Yo Ny have the same asymptotic power functions, i.e., 771’N(0_N) =

7T27N(9_N) for all sequences O = 0/v/N, 6 > 0.

Proof. If ARE (¢1,n,%2,n) = 1, by Theorem 5 it follows that 1 (0)/01(0) = u5(0)/02(0),
and from Equation (2.44) the thesis follows. O

2.6.1 Performance of the Wilcoxon-Mann-Whitney Test via Asymptotic
Relative Efficiency

The results in this section are known from classical literature on rank-based tests. Key
contributions include Pitman (1949); Hodges and Lehmann (1956); Chernoff and Savage
(1958); Hodges and Lehmann (1961), which compared the Wilcoxon-Mann-Whitney test
with other other nonparametric and parametric alternatives.

Consider the location shift model introduced in Section 2.3.1. For the distribution
F(- —6), test the null hypothesis H : § = 0 against the alternative K : § > 0. For this
problem, the Wilcoxon-Mann-Whitney test is compared with the following alternative tests:
the normal scores test Fisher and Yates (1938) and the t-test Student (1908).

The normal scores is a rank-based test rejects the null hypothesis for large values of:

™ = SB[z (2.45)
jemn]

where Ry, ; is the rank of Y; in the pooled vector (X1,...,X,,Y1,...,Y,) for any j € [n]
and Z](VR"’” ) is the Ry, jth order statistic from N = m + n independent standard normal
random variables.

Under the assumption of equal variances between the two samples, the t-test test rejects
the null hypothesis for large values of:

X Y]

t= (2.46)
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where X and Y are the sample means of X1,...,X,, and Yi,...,Y,, respectively, and op

is the pooled sample standard deviation of Xy,..., X, Y1,...,Yy:

(m — l)ag( + (n— 1)032/
p— 2.4
o \/ m+n—2 ’ (247)

where O'g( and 032, are the sample variances:

Zje[n} (Yj - Y)Q

n—1

Zze[m] (XZ - X)Q

m—1

2 2
O’X: s O'Y:

From the Neyman-Pearson lemma, the t-test is the uniformly most powerful test when both
samples follow normal distributions with equal variances.

Comparing the Wilcoxon-Mann-Whitney test with the t-test and the normal scores test,
Pitman (1949) established that when F has density f on R and variance o2, the asymptotic
relative efficiency of the Wilcoxon-Mann-Whitney test with respect to the t-test is given

by:
ARE (TYMW ) = 1202 < / 2 (w) dw) 2 . (2.48)
R

This general formula reveals several important properties of the Wilcoxon-Mann-Whitney

test’s performance. For instance, it is clear that ARE (TWMW, t) can be arbitrarily large,
indicating that the Wilcoxon-Mann-Whitney test can be substantially more efficient than

the t-test for certain distributions. This occurs when the density f does not belong to:

LQ(R,B(R),L):{f:RHR:/Rf2(w)dw<+oo},

which is the space of square-integrable functions on R with respect to the Lebesgue mea-
sure £ and the Borelian o-algebra B(R). Moreover, Hodges and Lehmann (1956) proved
that ARE (TWMW, t) > 0.864 for any distribution F. This lower bound ensures that the
Wilcoxon-Mann-Whitney test cannot perform drastically worse than the t-test, even in
unfavorable scenarios.

When F' is the normal distribution—the setting where the t-test is uniformly most
powerful—Pitman (1949) showed that ARE (TWMW t) = 3/7 ~ 0.955. This result demon-

strates that even when the t-test is optimal, the Wilcoxon-Mann-Whitney test retains
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approximately 95.5% of its efficiency.

Table 2.1 presents asymptotic relative efficiency values for various specific distributions
(Lehmann, 2009). These results consistently show that the Wilcoxon-Mann-Whitney test
is preferable to the parametric t-test across different scenarios, with the two tests achieving

equivalent performance only for the uniform distribution.

F Logistic Double exponential Exponential Normal Uniform

ARE (TWMW ) | 1.097 15 3.0 3/m 1.0

Table 2.1: Asymptotic relative efficiency values of the Wilcoxon-Mann-Whitney test with
respect to the t-test for some specific distributions (Lehmann, 2009).

The relative performance of the Wilcoxon-Mann-Whitney test versus the normal scores
test is summarized in Table 2.2. The results in Table 2.2 reveal a clear pattern: the normal
scores test is generally preferred for distributions with light tails, while the Wilcoxon-Mann-

Whitney test becomes more efficient when dealing with heavy-tailed distributions.

F Logistic Double exponential Cauchy Normal Uniform

ARE (TWMW TNS) | 1.05 1.18 141 0.955 0

Table 2.2: Asymptotic relative efficiency values of the Wilcoxon-Mann-Whitney test with
respect to the normal scores test for some specific distributions (Lehmann, 2009).

Moreover, Hodges and Lehmann (1961) established that ARE(TWMW TNS) < 6/7 ~
1.91 for any distribution F'. This upper bound ensures that the Wilcoxon-Mann-Whitney
test cannot infinitely outperform the normal scores test, providing a limit on the relative
efficiency advantage.

Finally, it is worth noting the superior general performance of the normal scores test
compared to the parametric t-test. Chernoff and Savage (1958) proved that ARE(TNS, ¢) >
1 for any distribution F', with equality achieved only when F' is the normal distribution. This
result demonstrates that the normal scores test always outperforms or matches the t-test
in terms of asymptotic efficiency, making it a uniformly superior nonparametric alternative

to the t-test.
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These results provide clear guidance for test selection. Under normality assumptions, the
t-test remains the optimal choice, as expected from the Neyman-Pearson lemma. However,
when normality cannot be assumed, distribution-free rank tests are preferable. Specifically,
for heavy-tailed distributions (such as Cauchy or double exponential), the Wilcoxon-Mann-
Whitney test offers superior efficiency due to its robustness against outliers. For light-tailed
distributions (with tails similar to or lighter than the normal distribution), the normal scores
test provides better performance while maintaining nonparametric flexibility.

On another note, while the Wilcoxon-Mann-Whitney test may not always be the most
efficient based on the asymptotic relative efficiency values, it provides the practical ad-
vantage of intuitive interpretation, making it accessible for practitioners without extensive

statistical training (Lehmann, 2009).

2.6.2 Performance of the Shiraishi Test via Asymptotic Relative Effi-

ciency

This section discusses the asymptotic relative efficiency of the Shiraishi test—the locally
most powerful rank test under the model (2.20)—with respect to the global most powerful

likelihood ratio test given by the Neyman-Pearson lemma:

e [(1 = 0)F(Y)) + 89(F(Y7)) f(Y))]

(2.49)

Shiraishi (1985) proved that the asymptotic relative efficiency between the Shiraishi test and
the Neyman-Pearson test is arbitrarily close to 1 as the proportion n/N of test observations

becomes small.

Theorem 6 (Shiraishi (1985)). Consider the model (2.20) with bounded outlier density g
and assume 0 < 6 = limy_0on/N < 1. Then, the likelihood ratio test p in (2.49) and the

Shiraishi test T9 in (2.21) satisfy the locally uniform asymptotical normality (2.43) and the
ARE(TY, p) equals 1 — 4.

The quantity J represents the efficiency loss from using a rank-based test instead of the
most powerful parametric test. This loss is often acceptable given that rank tests remain

applicable even when the underlying distributions are unknown, although at the cost of
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discarding information from the exact observation values.

Note that while the Shiraishi test can never achieve the same Pitman efficiency as
the Neyman-Pearson test as ARE(TY,p) < 1, it can approach the Neyman-Pearson test’s
efficiency arbitrarily closely for arbitrarily small values of 6. Another interesting observation
regards the power of the Shiraishi test which is maximum for § = 1/2, as discussed in
Section (2.5.1). This creates a trade-off: the value of ¢ that maximizes asymptotic power

does not maximize efficiency which requires § — 0.
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CHAPTER 3

Multiple Testing

3.1 Introduction and Classic Setup

This chapter discusses the challenge of multiplicity correction. When conducting statistical
analyses involving multiple comparisons, a correction for multiplicity needs to be applied
in order to control the type-I error rate at the desired significance level. In the classic
setup multiple hypotheses Hy, ..., H, are tested using valid p-values that for any u € (0, 1)
ensure:

Prlp; <wu; Hj] <u, vV j € [n].

However, performing multiple tests with more than one true null yields an inflation of type-I
errors. To see this, let Iy C [n] denote the (unknown) subset of indices corresponding to
true null hypotheses with cardinality |Iy| = ng. Under the assumption that ng > 1, the

expected number of type-I errors is greater than the prespecified significance level a:

Z Prp; < a] = noa > a, Vng > 1. (3.1)
Jj€lo

For this reason, the need for multiplicity correction arises.

3.2 Error Rates

Let I) = [n] \ Iy denote the subset of indices corresponding to true null hypotheses, and

n1 = n—ng the number of false hypotheses. Denote as R C [n] the index set of the rejected
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hypotheses (also called discoveries). For a fixed significance level o € (0,1), the rejection
set is obtained by rejecting the null hypotheses corresponding to p-values smaller than a

suitable critical value c:

R={jen|:p;j <c}.

Denote as RN Iy the index set of false discoveries.
Depending on the objective of the inference, different error measures are appropriate.
One possibility is controlling the quantiles of the false discovery proportion (FDP), defined

as the proportion of type-I errors among all rejections:

_ RN

FDP(R) = BV

(3.2)

where V denotes the maximum between two numbers.
A more stringent approach aims to control the family-wise error rate (FWER), defined

as the probability of making even one false rejection:

FWER(R) = Pr[|RN Io| > 0]. (3.3)

Note that it is equivalent to control the probability Pr[FDP(R) > 0].
A more flexible approach aims to control the the false discovery rate (FDR), defined as

the expectation of the false discovery proportion:

FDR(R) = E[FDP(R)). (3.4)

A multiple testing procedure achieves FWER control at level o € (0,1) if FWER(R) <

«. Similarly, a procedure achieves FDR control at level o if FDR(R) < «a. Note that

FWER controlling procedures automatically ensure FDR control. To see this, note that

0 < FDP <1 and FDP(R) < 1[FDP(R) > 0]. Taking the expectations on both sides, we
have that

FDR = E[FDP(R)] < Pr[FDP(R) > 0] = FWER, (3.5)

proving that FDR control is less stringent than FWER, control. This reduced stringency

translates into improved statistical power, particularly when testing a large number of
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hypotheses. Power gains are further amplified when the proportion of false null hypotheses
increases.

Note that if ng = n, FDP(R) = 1[FDP(R) > 0] and the FDP is distributed as a
Bernoulli random variable, which implies FDP(R) = FWER(R). When n = 1, the equal-
ity FDP(R) = FWER(R) still holds, and both reduce to the type-I error probability in
Section 3.1.

3.3 FDR Controlling Methods

3.3.1 The Benjamini-Hochberg Procedure

Benjamini and Hochberg (1995) propose a practical method for FDR control, known as
Benjamini-Hochberg (BH) procedure and detailed in Algorithm 1.

Algorithm 1: Benjamini-Hochberg procedure

Input: p-values py,...,py; significance level a € (0,1).

[uny

Sort the p-values in ascending order: p(;y < -+ < p(p);

N

if p(;) > ja/n for all j € [n] then

3 Reject no hypotheses;

4 else

5 Compute j* = max {j € [n] 1pG) < ja/n};

6 Compute the index set R of all the hypotheses corresponding to {p(j)} §<i*

6utput: Index set R corresponding to the rejected hypotheses.

The theoretical foundation of the BH procedure has been strengthened through subse-
quent research addressing various dependence structures among test statistics. Benjamini
and Hochberg (1995) originally proved that the BH procedure controls the false discovery
rate at level npa/n under independence of p-values corresponding to true nulls for any
configuration of the false nulls.

This result was later extended by Benjamini and Yekutieli (2001) to the case where
p-values exhibit Positive Regression Dependence on the Subset (PRDS) of true nulls I. To
define this property, recall that a subset D C [0, 1]" is called increasing if whenever p € D
and g > p, then q € D.
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Definition 1 (PRDS property). A set of p-values p1, ..., py, satisfies the PRDS property
on the subset I C [n] if for any increasing set D C [0,1]" and for each index j € I, the
probability

Pr(p1,....pn) € D | pj <t

is non-decreasing in ¢ € (0, 1].

Furthermore, Benjamini and Yekutieli (2001) demonstrated that the Benjamini-Hochberg
procedure maintains FDR control at level nga/n under arbitrary dependence structures by

replacing the significance level @ with the more conservative threshold:

o

(Zje[n} 1/j) |

3.3.2 Adaptive Benjamini-Hochberg Procedures

A limitation of the standard Benjamini-Hochberg procedure stems from the fact that it
controls the FDR at level nga/n rather than at the desired level a. This leads to increasing
conservativeness as the number of false nulls grows, potentially resulting in substantial
power loss. To address this limitation, researchers have developed adaptive procedures
that incorporate an estimate of the proportion of true null hypotheses (e.g., Benjamini and
Hochberg, 2000; Storey, 2002; Storey et al., 2004; Benjamini et al., 2006; Blanchard and
Roquain, 2009; Solari and Goeman, 2017; Magnani and Solari, 2021).

The rationale behind adaptive methods is that if the proportion of true nulls 7y = ng/n
can be accurately estimated using an estimator 7, then applying the BH procedure with

the adjusted significance level & = /7y yields FDR control at the target level a:
FDR(RBH(d)) < 7TOC~k = Om'o/ﬁ'(),

where Rpp(@) is the rejection set of the BH procedure at level &. Indeed, when 7y provides
a good approximation of 7, the bound amy /7y approaches «, thereby recovering the power
lost due to conservativeness. These adaptive strategies can similarly be applied to enhance
the power of other conservative procedures, such as the Bonferroni method. The most

widely used estimator in adaptive FDR procedures is the Storey estimator (Spjotvoll, 1972;
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Storey, 2002; Storey et al., 2004):

. L+ e Lp > Al
0 (1I—Mn :

where A € (0,1) is a tuning parameter commonly set to 1/2 (Storey and Tibshirani, 2003)
or to the significance level a (Blanchard and Roquain, 2009). Storey and Tibshirani (2003)
proved that the adaptive Benjamini-Hochberg procedure with Storey estimator ensures fi-
nite FDR control under the assumption of independence among p-values. An alternative
approach, proposed by Magnani and Solari (2021), employs the Hommel estimator (Hom-
mel, 1988) for the number of true null hypotheses, defined as:

flg = max {j € [n]: pp—jyi > % for i € [j]} . (3.6)

3.4 FWER and FDP Controlling Methods: the Closed Test-

ing Principle

This section introduces multiple testing procedures for FWER and FDP control based on
the closed testing principle (Marcus et al., 1976). Sonnemann (1982) established closed
testing procedure as a general framework encompassing all FWER-controlling methods as
particular instances. More recently, Goeman and Solari (2011) developed closed testing
procedure for FDP control, and Goeman et al. (2021) showed that any FDP-controlling
method either corresponds to a closed testing procedure or is dominated by one. In a
recent work by Xu et al. (2025), the closure principle has been generalized to encompass
a broader class of multiple testing procedures—including the FDR-controlling methods
leveraging the use of e-values.

In general, the closed testing principle facilitates the task of constructing a multiple
testing procedure by reducing it to the simpler task of choosing appropriate local tests for
all the intersection hypotheses.

The key advantage of closed testing procedure is its ability to support simultaneous post-
hoc inference. They provide confidence upper bounds for the false discovery proportion that

are valid regardless of how researchers select their data. This simultaneous control ensures
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that the false discovery proportion remains controlled even when researchers choose specific
subsets post-hoc, i.e., based on patterns they observe in the data, without requiring them to
pre-specify their selection criteria. FDP-controlling procedures maintain statistical validity
while allowing researchers the flexibility to explore their data and make inferences on subsets
they identify during the analysis, rather than restricting them to predetermined subsets of

the data.

3.4.1 The Closed Testing Procedure

Consider the elementary hypotheses Hi, ..., H,. For any subset S C [n] of selected hy-
potheses, define 7(S) = [Io N S| as the number of true nulls within S, where |- | denotes set
cardinality. The false discovery proportion in any non-empty subset S C [n] is then given
by w(S) = 7(S5)/|S|, representing the fraction of true nulls among the selected hypotheses.
For a fixed significance level a € (0, 1), the method of Goeman and Solari (2011) provides
(1 — av)-confidence upper bounds 7, (S) that hold simultaneously across all possible subsets
S C[n]:
Prm(S) < mo(S) for all S C [n]] > 1 - a. (3.7)

Since 7(S) = 7(S) - | S|, these bounds are equivalent to confidence upper bounds ¢,(.5)

on the number of false discoveries:
Prir(S) <tq(S) forall S C [n]] > 1— a. (3.8)

This framework naturally extends to provide lower bounds on discoveries. Let d(S) =
|S| — 7(S) denote the number of true discoveries in the subset S. From equation (3.8),
simultaneous (1 — «)-confidence lower bounds d,(S) = |S| — to(S) can be derived for the

number of true discoveries:
Pr[d(S) > dn(S) for all S C [n]] > 1 — a. (3.9)
Equivalently, this provides a lower bound on the proportion of true discoveries:

Pr[d(S)/|S| > da(S)/|S| for all S C [n]] > 1 — a. (3.10)
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The confidence bounds are built leveraging the closed testing principle (Marcus et al.,
1976). For any S C [n] define the intersection hypothesis Hg as the intersection of all the

elementary hypotheses whose indices are contained in S, that is:

Hg:=(\H;, SClnl. (3.11)
JjeS

Closed testing is defined by its local tests, which are used to test each intersection hypoth-
esis. Let ¢o(5) € {0,1} denote the local test for Hg, S C [n], with 1 indicating rejection
at level a. A major computational challenge of closed testing procedure is that they re-
quire performing up to 2™ — 1 tests, which grows exponentially with n. To address this
issue, various computational shortcuts have been proposed (e.g., Goeman and Solari, 2011;
Goeman et al., 2019; Dobriban, 2020; Tian et al., 2023) and are discussed in Sections 3.4.3
and 3.4.6.

After conducting all the possible intersection tests with the local tests, the closed testing
procedure corrects for multiplicity by rejecting Hg if and only if for all J O S the hypothesis
Hj is rejected by the local test ¢, (J). That is, the corrected test for Hg is defined as:

$a(9) :=min{¢a(J)}, (3.12)

JoS

and rejects Hg if and only if ¢, (S) equals 1. A closed testing procedure is consonant if the
local tests for any S C [n] are chosen in such a way that the rejection of Hg implies the
rejection of H; for at least one j € S.

Under the assumption that the probability of rejecting Hy, at the significance level « is
at most «, i.e.:

Pr(¢a(lo) =1; Hy) < a, (3.13)

the closed testing method (detailed in Algorithm 2) provides the confidence lower bound

for the number of true discoveries d(S) in S:
da(S) :}(né%{‘S\fﬂ : ¢a(K) =0}. (3.14)

The following result, due to Goeman and Solari (2011), guarantees that closed testing
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Algorithm 2: Closed testing blueprint

Input: Individual hypotheses Hj, for all j € [n]; a method ¢ for carrying out local
tests ¢q(J) of Hy, for any J C [n]; significance level a € (0, 1).
1 For each J C [n], test H; at level a; let ¢, (J) € {0,1} denote the rejection
indicator.
2 For each J C [n], adjust the local test by setting ¢, (J) := min{¢,(K) : K D J}.
3 For any S C [n], the lower bound for the number of true discoveries in S is:

4a(S) = min{|S\ K| : 6a (K) = 0} (3.15)

Output: A (1 — ) lower bound d,(S) for the number of outliers in any S C [n].

leads to simultaneously valid confidence bounds as long as the local tests are valid.

Proposition 1 (Goeman and Solari (2011)). If Algorithm 2 is applied using a valid local
test ¢ satisfying Plpo(Io) = 1; Hy,] < «, then the output lower bounds d(S) satisfy:

P[d(S) < |1 N S| for all S C [n]] > 1 — a. (3.16)

The selection of appropriate local tests involves balancing statistical power with compu-
tational feasibility. Common choices are the Bonferroni method and Simes test. However,
the Simes test offers clear advantages: it is strictly more powerful than the Bonferroni
method under the PRDS property, and linear-time computational shortcuts are available
(Goeman et al., 2019). Therefore, the Simes test is typically the preferred choice. See
Section 3.4.4 for a comparison with the Benjamini-Hochberg procedure.

Beyond these standard choices, closed testing can also be efficiently implemented with
local tests that combine p-values through monotonic transformations, such as Fisher’s com-
bination method (Tian et al., 2023). Building on this flexibility, Chapter 5 proposes a novel
approach that employs closed testing with local rank-based tests. The key advantage of
this approach is its ability to provide distribution-free inference. However, choosing the
most suitable local test is challenging, as highlighted in Sections 4.3. This motivates the
adoption of a data-driven approach for selecting the local test (see Chapter 5).
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3.4.2 Classic Local Tests

This section provides an overview of well-established local tests commonly used in the

literature. Table 3.1 provides a summary of these tests and the assumptions required to

ensure FWER and FDP control.

Local Test Assumption Closed Testing

FWER control FDP control
Bonferroni None Holm (1979) Implied by FWER

(consonant)

Simes test (Simes, PRDNT Hommel (1988) Goeman et  al
1986) (2019)
Fisher combination Independence Dobriban (2020) Tian et al. (2023)
method
Higher  Criticism Independence Implied by FDP Goeman et al
(Donoho and Jin, (2021)
2004)
Adaptive Simes test Independence Implied by FDP Heller and Solari
with Storey estima- (2023)

tor

Adaptive Simes test
with Storey estima-
tor

Conformal p-values

Implied by FDP

Magnani et al.
(2024)

t A set of p-values is said to satisfy the Positive Regression Dependence within Nulls (PRDN) if
the set of null p-values obey the PRDS property on Iy (Su, 2018).

Table 3.1: Summary of local tests for the classic setup.

3.4.2.1 Bonferroni Correction

The Bonferroni test rejects the null hypothesis Hg at level a € (0, 1) if the statistic

TBonf — min |S|p.
5 gggl p;
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is less than or equal to . The Bonferroni correction ensures type-I error probability control
with valid p-values:
Pr imin |S|p; < o; HS] =Pr U {pj < a} s Hg| < ZPF [pj <2 Hs} <o
jes s E = 5]

This bound holds under any type of dependence among p-values, making the method par-
ticularly appealing for its robustness and flexibility. However, the Bonferroni correction is
known to be conservative, particularly when the number of tests is large, often resulting in
reduced statistical power. The conservativeness becomes less pronounced under stronger
distributional assumptions. Specifically, when the p-values are independent and identically
distributed as a standard uniform random variable under the null hypothesis, the type-I

error probability control becomes nearly exact:

S|

Pr Ij%igl|5|pj <a; Hg] =1-Pr J@ {pj > &} : Hg| = 1—(1 - &) |S|j>oo 1—-e™ ¢,
where 1 — e~ is very close to the significance level for small values of «. Indeed, as o — 0,
the first-order Taylor expansion gives e™® = 1 — a + o(«). This means that for values of «
near 0, we have 1 —e ™~ 1—(1—a) =a.

Because the rejection of the Hg depends solely on the smallest p-value, Bonferroni
method is effective when evidence strongly contradicts a few elementary hypotheses, but
lacks power to reject the null when the evidence against the elementary hypotheses is mild.

Bonferroni method as local test in closed testing yields the Holm (1979) procedure for

FWER control.

3.4.2.2 Simes Test

In order to mitigate the conservativeness of Bonferroni method, Simes test (Simes, 1986)

rejects the Hg at level a € (0,1) if the Simes statistic:

5]

TSmes . hip — (s 3.18
s jeflsyy § U (3.18)
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is less than or equal to a, where p(;.g) is the jthe ordered p-value in the sequence {p; :
J € S}. This means that the Hg is rejected if any ordered p-values py;.q) is smaller than
aj/|S|, performing well with a few strong effects. The rejection region of Bonferroni method
is contained within the rejection region of Simes test, making the latter more powerful than
the former. Simes test control the type-I error probability under Simes inequality (Simes,
1986):

Pr ]g {p(j:s) < ﬁ;l} < a. (3.19)
This inequality holds when the p-values are i.i.d. (in which case it is actually an equality, and
the test achieves exact type-I error probability control) or under certain positive dependence
conditions (Sarkar and Chang, 1997; Sarkar, 1998), such as the PRDS property. When
the p-values satisfy the PRDS property under Hg, i.e., for I = S, Simes inequality in
equation (3.19) is guaranteed to hold. Simes test as local test in closed testing yields the

Hommel (1988) procedure for FWER control.

3.4.2.3 Fisher Combination Method

In settings with weak signals, the Bonferroni and Simes tests may lack power, and alterna-
tive approaches become valuable. The Fisher combination method, which rejects the null

hypothesis for large values of

TEST .= —2) "log(p;), (3.20)
JES

is specifically designed for detecting many weak signals. The Fisher combination method
requires that the p-values be i.i.d. as a standard uniform random variable under the global
null, under which the test statistic follows a chi-squared distribution X%‘ S| with 2|S| degrees

of freedom, ensuring type-I error probability control.

3.4.2.4 Higher Criticism

Donoho and Jin (2004, 2015) introduced Higher Criticism as another powerful approach

for the many-weak-signals regime. They consider a parametric model with independent
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observations where under the null hypothesis H;, j € S the observation Y} is a standard
normal random variable, while under the alternative hypothesis K; the observation Yj is a
normal random variable with unit variance and mean equal to p; > 0.

This framework can be formulated as a global testing problem where the alternative
distribution is a mixture model:

Hg:Y; % N(0,1), VjeS,  Kg:Y % 1—0)N©01)+0N(u1), Vies, (3.21)
where p > 0 represents the common signal strength of and 6 € (0, 1) denotes the proportion
of non-null observations. The global testing problem is equivalent to:

This setting characterizes the rare/weak effects model, where the observations that
departs from the null distribution are sparse (i.e., 6 is small), and individually undetectable
(i.e., u is small). To establish theoretical detection boundaries, let both parameters 6 and

u scale with the sample size s. Specifically, consider the asymptotic regime:

0, =sP,  Be(1/21), (3.22)

no=/2rlog(s), 1 e (0,1),

where 3 governs the signal sparsity and r controls the signal amplitude.
The choice of scaling in (3.22) ensures that individual effects remain undetectable. For
any 7 € (0,1), the signal amplitude p is smaller than the expectation of the maximum

Z = max,jcg Y; under the null, which satisfies:

E[Z] = / o 20(2)®(2)° " dz = \/2log(s) + o (log(s)_1/2> .

—00

This confirms that the individual effects are indeed hard to detect in model (3.21) for any
r € (0,1). When both r and $ are fixed and known, the distributions under the null and
the alternative hypothesis are completely specified, making the Neyman-Pearson likelihood
ratio test optimal.

Nevertheless, as emphasized by Donoho and Jin (2004), there is a threshold effects for
the likelihood ratio test: as the sample size n grows, the sum of the type-I and type-II

errors tends to 0 or to 1 depending on whether the signal amplitude r exceeds the detection
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boundary, given by the following function of the sparsity parameter 3:

AGE s , pe il (3.23)
(1-vI=B)", B(3.1)

Hence, if r > p*(B) the likelihood ratio test can asymptotically distinguish between the
global null and alternative; otherwise, when r < p*((), even the optimal likelihood ratio
test fails to asymptotically separate the null and alternative hypotheses.

However, in practice, the parameters 65 and ug are typically unknown, rendering the
Neyman-Pearson test inapplicable. To address this limitation, Donoho and Jin (2004)
proposed the Higher Criticism statistic, building on foundational work by Tukey (1976,
1989). This method serves as a practical alternative that matches the power of the optimal
test in the detectable region {(ﬂ,r) 12<p<1,r> p*(ﬁ)}, without requiring complete
specification of the data distributions, as needed for the Neyman-Pearson test.

The Higher Criticism test rejects the global null at the significance level a € (0, 1) when
the statistic:

HC Vs(i/s = pjs))

1<j<aos P(;:9) (1- p(j:S)) ( )

exceeds a critical value h(s,a) satisfying Pr[THC > h(s,a) ; H] < a. In equation (3.24),
ap € (0,1) is a tuning parameter commonly set equal to 1/2, and p;.q) denotes the jth
order statistic among the p-values p; = 1 — ®(Y}), j € S, where ® is the standard normal
c.d.f.

From Theorem 1.1 in Donoho and Jin (2004), where it is proved that the standardized
test statistic THC/ \/m converges in probability to 1, it follows that the growth

rate of the critical value h(s, a) is:

h(s,a) ~ /2log(log s).

Considering a sequence of significance levels «;, such that a; — 0 slowly enough to

ensure that

h(s,as) = +/2log(logs)(1+ o(1)),
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Donoho and Jin (2004) established in their Theorem 1.2 that Higher Criticism achieves full
asymptotic power in the same region as the Neyman-Pearson test, that is {(6,7“) 1 1/2 <
B < 1,7 > p*(8)}. In the complementary region {(8,r):1/2 < 8 < 1,r < p*(8)}, no test
can reliably distinguish between hypotheses, since the most powerful Neyman-Pearson test
has no power.

To demonstrate the optimality of Higher Criticism in the rare/weak effects regime,
Donoho and Jin (2004) also compared it with other standard methods, including the Bon-
ferroni test and Fisher combination method. They showed that these alternative approaches
have detection boundaries that are higher (i.e., worse) than Higher Criticism, implying that
they require stronger signals for reliable detection. Specifically, the detection boundary for

the Bonferroni test is:
,OBonf(ﬁ):(l_ V 1_6)2a BE (1/2a1)

This reveals that p*(8) = pBont(8) for 5 € (3/4,1) and p*(8) < ppont(8) for 5 € (1/2,3/4],
demonstrating Higher Criticism’s superior performance in the sparse/weak signal regime.
Higher Criticism achieves equal optimality with Bonferroni for very sparse weak signals
(B € (3/4,1)) and superior performance for moderately sparse weak signals (8 € (1/2,3/4)).
Remarkably, the same detection boundary characterizes the Benjamini-Hochberg procedure.
Donoho and Jin (2004) proved that the Benjamini-Hochberg procedure has the same de-
tection boundary as the Bonferroni method, i.e., pont(3) = pau(B), for any 5 € (1/2,1),
indicating that both methods for type-I error probability control and approaches for FDR
control face identical fundamental limitations in this setting.

Further supporting the superiority of Higher Criticism, Donoho and Jin (2004) proved
that the Fisher combination method cannot asymptotically detect any signal in this regime,

as stated in the following result.

Theorem 7 (Theorem 1.5 in Donoho and Jin (2004)). Consider the model in (3.21) with
parameters as in (3.22). Then, asymptotically the Fisher test statistic is unable to separate

the null hypothesis from the alternative in the testing problem (3.21).

50



FWER AND FDP CONTROLLING METHODS: THE CLOSED TESTING PRINCIPLE

3.4.3 Computational Shortcuts with Classic Local Tests

As established in previous sections, the closed testing procedure serve dual purposes: they
are primarily employed for FDP control but also provide a valuable framework for FWER
control. Both applications face a common computational challenge: closed testing proce-
dure requires evaluating exponentially many tests, which hinders its practical feasibility.
This limitation is particularly pronounced when computing lower bounds for FDP control.

To address this computational burden, researchers have developed various shortcuts for
both FWER and FDP control. It is important to note that these computational techniques
are tailored to specific local tests, and no general shortcuts for the closed testing procedure
exist. Shortcuts fall into two categories: exact shortcuts that yield identical rejections
to the full closed testing procedure, and approximate or conservative shortcuts that may
produce fewer rejections than the full procedure.

Table 3.2 summarizes shortcuts for different classic local tests, which are discussed in

the subsequent sections.

Local Test Validity Error Rate Exact Approximate

PRDN FWER Hommel (1988) Hochberg (1988)
(quadratic time)  (linear time on
sorted p-values)

PRDN FWER Meijer et al
Simes test (2019)  (linear
time on sorted
p-values)
PRDN FDP Goeman et al. Goeman and So-
(2019) lari (2011)
Permutation FDP Hemerik et al.
(2019)
Adaptive Simes test Independent FDP Magnani et al.
with Storey estima- or  conformal (2024)
tor p-values

Table 3.2: Summary of shortcuts of the closed testing procedure for FWER and FDP
control with classic local tests.
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3.4.3.1 Shortcuts for FWER and FDP with Simes Local Test

This section briefly reviews the existing shortcut for FWER and FDP control via closed
testing with Simes local test.

The Hommel (1988) procedure provides the first shortcut for FWER control, offer-
ing exact inference with quadratic time complexity O(n?) in the number of hypotheses.
Hochberg (1988) introduced an approximate shortcut that ensures FWER control. This
method achieves faster O(nlog(n)) computation time at the cost of reduced statistical
power compared to Hommel’s method. Subsequently, Meijer et al. (2019) proposed another
exact shortcut for FWER control, achieving linear complexity O(n) after an initial sorting
step for the p-values.

For FDP control, Goeman and Solari (2011) presented an approximate shortcut for
FDP confidence bounds with quadratic time complexity O(|S|?) for any subset S C [n].
Goeman et al. (2019) improved upon this approach by introducing an exact shortcut that
computes dgimes(S) in linearitmic time O(|S|log|S|). The novel ACODE method relies on
this shortcut, which is detailed in Algorithm 3.

Algorithm 3: Shortcut for closed testing with Simes test (Goeman et al., 2019)
Input: p-values p1, ..., py; significance level o € (0, 1).
Sort the p-values p1) < ... < p();
Compute h = max{0 < k < n:py_pqj) > jo/k for j=1,... k}
Compute dsimes = dsimes([n]) =n — h;
for any S C [n] do
L compute dsimes(S) = min{0 < k < [S]: ppyjis) > ja/h for j=1,...,]S| = k};
Output: A simultaneous (1 — «)-confidence lower bound dgimes(S) for the number
of outliers in S, for any S C [n].

[T NI UR VI

Line 2 of Algorithm 3 gives h, which is a (1 —«)-confidence upper bound for the number
of true inliers |Iy| in the overall test set. Then dsimes = n — h is a (1 — «)-confidence lower
bound for the number of false hypotheses (cfr. number of true outliers in the test sample)

| 11].
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3.4.3.2 Shortcuts for FDP control with Storey-Simes Local Tests

As discussed in Section 3.3.2, the BH procedure guarantees that expected proportion of
inliers among the discoveries is bounded by amg, where my = |Ip|/n is the unknown propor-
tion of inliers in the test sample. When 7 is expected to be not close to 1, amg falls below
the target level o, making the BH procedure slightly too conservative. This motivates ad-
justing the level into a/7y with 7y an estimate of 7, resulting in a mp-adaptive version of
the BH algorithm.

The idea of the adaptive BH procedure extends to the Simes test, leading to a mp-
adaptive version of Simes test for Hg that incorporates the proportion of true null hy-

potheses in S. The test is formulated as:

Storey—Simes -1 X . 0 < e B
& {ke{lil_l,_rf|5|}{|5|p(’€-5)/ } <a/#j } , (3.25)
where
1+ s py > A}
e jes +1Pj
N 2
" 1S[(T— ) (3.26)

and A = h/(]|S|+1) for any pre-specified integer h. This estimator is the Schweder-Spjgtvoll
or Storey’s estimator 1.1 (Schweder and Spjgtvoll, 1982; Storey, 2002; Storey et al., 2004),
introduced in Section 3.3.2. The test qb%torey*smes was considered in Bogomolov (2023) and
Heller and Solari (2023). The shortcut given in Algorithm 4 allows exact calculation of

dstorey—Simes(S) in cubic time in |S].
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Algorithm 4: Shortcut for closed testing with adaptive Simes local tests.
Input  : p-values pi,...,py; index set S C [n]; significance level o € (0, 1);

tuning parameter X € (0, 1).

=

Sort the p-values: p(1)y < ... < pp);
2 Initialize dstorey—Simes(S) < 0;
for each i€ {1,...,|S|} do

w

4 | for each j€{0,...,n—|S|+i—1} do
5 L |S|—i+j+1;
6 (@15 q@1) < (P@i:S)s - -+ P(S|:S)s P(n—|S|—j+1:5¢) - - + s P(n—]|S|:5°) )5
o (1) I(1-2)
7 if min(l=) >« , then
j€ll] ( j ) (1 +2 e Mg > A})
8 t return dstorey—Simes(5)-
9 dStorey—Simes(S) = dStorey—Simes(S) +1;

6utput : (1 — av)-confidence lower bound dstorey—Simes(S) for the number of true

discoveries in S

3.4.4 Closed Testing with Simes Local Tests vs BH

This section compares closed testing with the Simes local test and the Benjamini-Hochberg.
This comparison is motivated by the fact that the Simes test and the Benjamini-Hochberg

procedure share the same critical values, suggesting potential relationships between the two

methods.

Let ¢ denote a level-a test for the global null hypothesis H = Hj,. Closed testing

provides the following quantities:
e 1{¢p = 1} to indicate outlier detection;
e d to provide outlier enumeration;
e |D| to quantify outlier discoveries.

Outlier enumeration is implied by outlier identification (by using |D|) and, in turn, implies

outlier detection (by using 1{d > 0}). These quantities can be applied to any subset S of
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the test sample, obtaining 1{¢pg = 1}, d(S), and |D N S|. Simultaneous confidence bounds
d(S) obtained by closed testing satisfy the following relations:

1{ps =1} > 1{d(S) > 0}, d(S)>|DnS|. (3.27)

Specifically, the index set of the discoveries (cfr. localized outliers) with closed testing

with Simes local test is given by

Dgimes = {] € [n] : dSimes({j}) = 1} = {.7 € [n] * Dy < Oé/h},

where h (given at line 2 of Algorithm 3) is the (1 — «)-confidence upper bound for the
number of true hypotheses ng = |Iy|.

All hypotheses H; with index j € Dsijmes are rejected by closed testing while controlling
the familywise error rate at level-a (Hommel, 1988): P(| Dsimes N Ip| > 0) < a.

The BH algorithm applied to p1, ..., p, at level a returns the index set of the discoveries:

Dpu = {j€n]:pj < adpu/n} (3.28)
where
dpg = max<{ ke {0,...,n}: Z]l{pj <ak/n} >k ;. (3.29)
j=1

is the number of discoveries made by the BH procedure. To distinguish between discoveries
with FWER and FDR guarantees, discoveries made by closed testing will be referred to as
FWER discoveries, while those made by an FDR controlling procedure will be called FDR
discoveries.

A simple observation is that the event where the closed testing procedure with Simes

local test and the BH procedure make at least one non-trivial statement is identical:

1{dsimes > 0} = 1{dpn > 0}. (3.30)

Consequently, the two methods have the same weak FWER control and the same power for
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outlier detection. This is clearly illustrated in the right panel of Figure 1.1, where the solid
gray line (representing the power of ACODE with the Simes local test) and the dotted gray
line (representing the power of the Benjamini—-Hochberg procedure) completely overlap. In
particular, their agreement under the global null hypothesis (i.e., when there are 0 outliers
in the test set) reflects the fact that both methods control the FWER at the same level.
Furthermore, Goeman et al. (2019) showed that the confidence bound dgjmes is between the
number of Hommel-FWER discoveries and the number of BH-FDR discoveries, i.e.

‘DSimes| < dSimes < |DBH| (331)

Finally, note that the BH discoveries do not provide the true discovery guarantee, i.e.,
P(|Dga N S| < |1 N S| for all S) (3.32)
may be less than 1 — .

3.4.5 One-Way ANOVA Setup: Many-to-One Comparisons

This section considers the many-to-one comparison problem, where the objective is to com-
pare the distributions of observations from several groups against that of a benchmark
group. To address this problem, a closed testing procedure with appropriate local tests can
be employed. The relevant local tests are summarized in Table 3.3 and described in detail

in the following sections.

3.4.5.1 Parametric Gaussian Model

Suppose to have a sample of m observations X1, ..., X, drawn independently from a normal

2. Additionally, suppose to have n observations

distribution with mean p and variance o
Y;, j € [n] drawn independently from a normal distribution with same variance o2 but

potentially different means pj, j € [n]. For each j € [n]| consider the null hypothesis
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Local Test Assumption Closed Testing
FWER control FDP control

Max t-test Homoscedastic Dunnett (1955) Implied by FWER

Normal Distribu- (step down proce-

tion dure)
WMW test  Distribution-free Implied by FDP Magnani et al
(Wilcoxon, 1945) (2024)
Shiraishi test (Shi- Distribution-free Implied by FDP Magnani et al
raishi, 1985) with G, stochas- (2024)

tically larger than

U(0,1)

Table 3.3: Summary of local tests for the one-way ANOVA setup.

Hj : pj = p against the alternative Kj : pij > p. The test is performed using the statistic:

Y, - X

Tj=—4 2
’ Gp/1+1/m

where X is the sample mean of Xi,...,X,, and 0p is the pooled standard deviation esti-
mator of the common variance o. This statistic follows a Student t distribution with m — 1
degrees of freedom.

The single-step Dunnett test rejects the null hypothesis H; a level o if T exceeds
the (1 — a)-quantile of the distribution of max{T1,...,T,}, ensuring the family-wise error
rate control at level . Note that (7171, ...,7T,) has n-variate Student t distribution with a
correlation matrix having off-diagonal elements equal to 1/(1 + m).

An improved version of Dunnett’s procedure applies the closed testing principle using
the single-step Dunnett test T's = max;cs{T;} as local test for the intersection hypothesis
Hg = NjesHj, S C [n]. This procedure is referred to as step-down Dunnett (Bretz et al.,
2016).

3.4.5.2 Nonparametric Model

Steel (1959) presents a multiple comparison rank sum procedure for comparing multiple
treatments against a control in a one-way classification with equal numbers of observations

under nonparametric assumptions.
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Assume m = n and that the observations Xi,...,X,, are drawn independently from
a distribution F. For each j € [n], the observation Y; is drawn independently from a
distribution @;. For each j € [n], consider the null hypothesis H; : Q; = F' against the
alternative K; : Q; = F', where = denotes the stochastic ordering. Under these conditions,
if we assume that @Q; = G;(F') for some G distribution on [0, 1] stochastically larger than
the standard uniform distribution, we can use the Shiraishi test (and the Wilcoxon-Mann-

Whitney test as a special case) as local test in the closed testing procedure.

3.4.6 Computational Shortcuts with Local Tests for Many-to-One Com-

parisons

This section details the shortcuts for the local tests in the one-way ANOVA setup, which

are summarizes in Table 3.4

Local Test Error Rate Exact

Monotone, symmetric and FDP Tian et al. (2023)
separable tests

Shiraishi test with increas- FDP Magnani et al. (2024)
ing outlier density

Symmetric, Monotone FWER Dobriban et al. (2015)

Table 3.4: Summary of shortcuts of the closed testing procedure for FWER and FDP
control in the one-way ANOVA setup.

3.4.6.1 Shortcut for FDP control with Monotone, Symmetric, and Separable
Tests

Tian et al. (2023) introduced an exact shortcut for FDP control via closed testing with lo-
cal tests that satisfy three key properties: monotonicity, symmetry and separability. These
properties are satisfied by classical tests such as the Mann-Whitney test and Fisher’s com-
bination test. Tests meeting these criteria can be expressed as the sum of test scores (e.g.,
p-values or other test statistics) corresponding to the elementary hypothesis contained in

the set of interest S C [n]. The formal mathematical expression is provided in equation (4)
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of Tian et al. (2023)), while precise definitions of these properties are detailed in their
Appendix B in Tian et al. (2023). Algorithm 1 in Tian et al. (2023) achieves linear-time
computation O(|S]) of the lower bound d(S) for any S C [n], following an initial prepro-

cessing step that computes and sorts the test statistics.

3.4.6.2 Shortcut for FDP control with Shiraishi Local Tests

To enable the calculation of dgpiraisni (S), Magnani et al. (2024) develop a shortcut detailed in
Algorithm 5. This algorithm computes dgpiraishi (S) in quadratic time for a given increasing

density function g, after sorting the p-values.
k)

Let a' = (a!, ... ,almH) be a vector where the kth element is af = ]E[g(U7(n+l)]. Since ¢
is increasing, the elements of the vector are ordered such that all <...< afn 47+ The score

! can be estimated with the desired accuracy using Monte Carlo simulation. The

vector a
critical value c¢$(m,1) corresponds to the (1 — a)-quantile of the normal distribution with

the following mean and variance:

! I 2 ml I Hmil)?
=Y o Y (- tet)?,
m 1 ke[m+l] (m+l)(m+l 1) ke[m—+l] ( ! >
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Algorithm 5: Shortcut for closed testing with Shiraishi local tests.

=

w

'y

(4]

=]

10

11

12

13

14

Input: Calibration scores (X7, ..., X,,); test scores (Y1,...,Y,); an increasing
density function g; significance level a € (0,1).
Compute (Ry41, ..., Rmtn), the ranks of (Y1,...,Y,) within
(X1, o, X Yis s Vo)
for h=n,...,1do
if Y Elg(USm+9))] < ¢Z(m, h) then
return h;

dhiraishi = dshiraishi([n]) = n — h;

for any S C [n] do

fori=1,...,|5| do

for j=0,...,max(h —|S|+i—1,0) do

I+ |S|—i+j+1;

(Wi, W) 4 (Vgys - Yis|—inss)s Yiisseys - Yijuse)):

Compute (Ryt1, .-, Rmy1), the ranks of (Wy,..., W;) within
(X1y o Xons Wi, o W)

if 3, Blg(USS))] < c§(m, 1), then

return dghiraishi(S)-

| dShiraishi(5) = dhiraishi () + 1;

6utput: A (1 — a)-lower bound dgpiraishi(S) for the number of outliers in S, for
any S C [n].
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CHAPTER 4

Conformal p-values

4.1 Introduction

Conformal Inference (Gammerman et al., 1998; Vovk et al., 1999; Saunders et al., 1999)
provides a general framework for equipping machine learning algorithms with valid infer-
ential guarantees and uncertainty quantification, which is especially important given that
these algorithms often lack interpretability due to their extreme complexity.

Conformal Inference operates without making assumptions about the underlying model
and requires only minimal assumptions about the data distribution. It is a distribution-
free approach, offering data-driven uncertainty quantification that is valid in finite samples,
relying on the sole assumption of data exchangeability.

The most common goal in conformal inference is testing the exchangeability of a test
point with the reference sequence, that can also be interpreted as testing whether the test
point represents an outlier relative to the reference sequence.

Throughout this chapter split conformal techniques are considered to perform outlier

detection for multiple comparisons leveraging conformal p-values.

4.2 Multiple Outlier Detection via Conformal p-values

The crucial idea in Conformal Inference is to measure the conformity of a test point to a ref-
erence dataset—that is, how well a test point aligns with the reference sample. To this end,
a conformity score function is adopted, with larger values indicating greater disagreement.

This serves as the central component in constructing conformal p-values.
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The score function is often based on a model that needs to be trained using available
observations. This thesis focuses on the split conformal framework, which requires data-
splitting to train the score function. With this approach the available data are split into
two samples: the training set is used to train the score function, and the calibration set is
used for building the conformal p-values and making inference.

To formalize this, consider a reference data set Z1, ..., Z, € R% comprising m observa-
tions each with dimensions d > 1, where d may be large compared to m. Assume these are
independent and identically distributed random samples from some unknown distribution
Py on R%. Consider also a test set Zm+1, - Zmsn and, for each j € [n], assume Z,,,1; € R4
is independently sampled from some unknown distribution Pj, which may or may not be

equal to Fy. That is,

iid

i.d. ind.
~ P07 Zm+_7

21, T <Py, Vi€ [n). (4.1)

The data points sampled from Py will be referred to as inliers and those from any
P; # Py as outliers. For each j € [m], define the null hypothesis H; : P; = Py. Let
In := {j € [n] : P; = Py} denote the subset of inliers in the test set. Similarly, let
Iy = [n] \ Iy denote the subset of outliers in the test set.

Let § : R? — R denote a score function trained on a training sample Dirain. In general, §
may possibly depend also on the unordered collection of observations {Z1, ..., Zm, Zm+1, - - -
(see Section 4.2.1 for further details). Taking this into consideration, the calibration scores

and the test scores are denoted, respectively, as:
X = é(ZiSDtraim{Zla'-- 7Zn+m}), ij = é(erL—{—jSZ)trauina{Zla'-- 7Zn+m})7 (42)

for any i € [m] and j € [n]. For any j € [n], the conformity p-value for the test point Z,,;

is defined as:
e WX 2 V)

P m+1

(4.3)

Under the assumption that the score vector (Xi,..., X, Y;) is exchangeable and has no
ties, this is a permutation p-value (Angelopoulos et al., 2025). It is exact for o € {1/(m +
DL2/(m + 1)!,...,1} under Condition 1 in Hemerik and Goeman (2018). When this
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condition does not hold, the conformal p-value is not too conservative for large values of m.
Assume now that the calibration points Z1, ..., Z,, are i.i.d. with marginal distribution

Py. For each j € [n], test the null hypothesis

Hj : Zm+j ~ P(), (44)

using the conformal p-value defined in equation (4.3). Rejecting the null hypothesis indi-

cates that the jth test point does not come from the reference distribution Fj.

4.2.1 Score Exchangeability with One-Class and Binary Classifiers

The conformal literature has primarily considered two types of models for constructing score
functions in outlier detection: one-class classifiers (Bates et al., 2023) and binary classifiers
(Marandon et al., 2024).

One-class classifiers build models using only a single class of data and construct scores
that distinguish inliers from outliers by learning from the data what inliers typically look
like. Common examples include isolation forests and support vector machines. In con-
trast, binary classifiers such as deep neural networks, random forests, and AdaBoost use
labeled data from both classes to train the model to distinguish inliers from outliers. As a
consequence, when using binary classifiers, the conformity score function depends on both
the training dataset and the test set—the latter being the only sample that may contain
outliers.

Using an independent set of inliers as training set, one-class classifiers when applied
to i.i.d. observations preserve the i.i.d. structure, yielding i.i.d. conformity scores. In
contrast, binary classifiers introduce dependence among the conformity scores, because the
data-adaptive score function depends on both the calibration and test data too. To preserve
the exchangeability structure (although not independence)—which is crucial for the validity
of conformal p-values—Marandon et al. (2024) established that the binary score function
must satisfy an invariance property when applied to exchangeable observations. Specifically,
Lemma 3.2 in Marandon et al. (2024) shows that the scores in equation (4.2) obtained via
binary classifiers applied to exchangeable observations yield exchangeable scores, provided

that the score function satisfies the following invariant property: for any permutation 7w of
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[m + n],
§(Z; Dirain, {Z17 ce e Zm-l—n}) = <§(Z; Dirain, {Zﬂ'(l)7 SR Z7r(m+n)}) (45)

This theoretical property translates into the practical method of training the binary
classifier on an augmented test set that combines the original test observations with inliers
drawn from the calibration set. This "dilution" technique is designed to ensure that the
binary classifier treats calibration and test inliers as exchangeable.

In light of these results, it is important to note that the definition of the conformity scores
in equation (4.2), combined with the data generating model defined in (4.1), implies that
the scores (X1,..., X, (Yj)jer,) are exchangeable (Marandon et al., 2024). Furthermore,
it is easy to see that (X1,..., Xm, (Y))jer,) are mutually independent if the function § does

not depend on {Z1,..., Zpim}-

4.2.2 PRDS Conformal p-values with One-Class and Binary Classifier

Under the assumption of independent observations, Bates et al. (2023) prove that the
conformal p-values constructed from scores obtained from one-class classifiers are PRDS on
the subset Iy C [n] corresponding to the true nulls. This result is formalized in Theorem

2.4 in Bates et al. (2023) and is stated below.

Theorem 8 (Theorem 2.4 in Bates et al. (2023)). Assume that the score function §(Z)
is continuously distributed. Consider n test points Zmi1, ..., Zm+n Such that the inliers
are jointly independent of each other and of the data in Dipain U Deal. Then, the conformal
p-values pi,...,pn are PRDS on the set of inliers.

As a consequence, the Benjamini-Hochberg procedure applied at level a € (0,1) to
conformal p-values obtained via one-class classifiers controls the FDR at level a (Corollary
2.5 in Bates et al., 2023). Bates et al. (2023) prove that also the adaptive BH procedure

with the Storey estimator for the number of true nulls ensures FDR control at level a.

Theorem 9 (Theorem 2.6 in Bates et al. (2023)). Set A = K/(m + 1) for any integer K.
Assume § is continuously distributed. In the setting of Theorem 8, the Benjamini-Hochberg
procedure with Storey estimator for the number of true null applied at level a € (0,1) to the

conformal p-values p1,...,py controls the FDR at level o.
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Subsequently, Marandon et al. (2024) establish that also conformal p-values obtained

via binary classifiers are PRDS under the assumption that the scores
(X17"‘7Xm7(}/})10) (46)

are exchangeable with no ties almost surely.

Theorem 10 (Theorem 3.3 in Marandon et al. (2024)). Assume that the scores defined
in (4.2) have no ties almost surely and that the inlier scores in (4.6) are exchangeable. Then,
the conformal p-values p1,...,p, are PRDS on the set of inliers and the null p-values are

superuniform.

As a consequence, the Benjamini-Hochberg procedure applied at level a € (0,1) to
conformal p-values obtained via binary classifiers controls the FDR at level o (Theorem 3.4

in Marandon et al., 2024).

4.3 Local Testing with Conformal p-values

This section aims to emphasize the challenge of selecting the best local test for the closed
testing procedure. Several tests from Chapters 2 and 3 are revisited as local tests within
the closed testing procedure, adopting a conformal perspective. The notation is adapted to
emphasize the dependence on the specific intersection hypothesis Hg under consideration,
whereas in previous chapters the notation reflected only the global null hypothesis.

An overview of the existing approaches for combining p-values is presented in Sec-
tion 4.3.1. The methods are compared in terms of admissibility and power, with a sum-
mary provided in Table 4.1. Specifically, the Simes test (and its adaptive variant using the
Storey estimator for the number of true nulls) and the Fisher combination method applied
to conformal p-values are examined. In addition, the Wilcoxon-Mann-Whitney test is also
considered, and it is shown that it can be expressed as the average of conformal p-values.

This analysis strengthens the rationale for adopting a data-driven approach, described

in Chapter 5.
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Method Validity Precision Power References
Simes' PRDS Exact if a(m+1)/|S|isan  Rare/Strong Simes  (1986),  Sarkar
integer effects (2008)
Fisher Asymptotict Conservative (Exact) Dense/Weak  Fisher (1925), Bates et al.
(Permutations) effects (2023)
WMW Permutations? Exact¥ Rare/Weak Wilcoxon (1945), Mann
effects and Whitney (1947b)

T A variant of the Simes’ test incorporating Storey’s estimator for the proportion of nulls has also been
proven to be valid and may lead to improvement if the proportion of true nulls is not close to 1. See
Appendix 4.3.2 for more details and the proof of the exactness of the Simes’ test when a(m +1)/|S5| is an
integer.

§ The asymptotic approximation proposed by Bates et al. (2023) works well even with moderate values of
m and |S|. Empirical observations suggest that permutations can sometimes enhance power, as the
asymptotic approximation tends to be somewhat conservative when both m and |S| are small. Therefore,
for very small samples, one may want to embed Fisher’s combination statistic within a permutation test,
which increases the computational cost but ensures exact finite-sample validity under minimal
exchangeability assumptions. See Appendix 4.3.4 for a more detailed review.

¥ Permutation-based methods offer exact finite-sample validity as long as the inlier scores in
(X1,...,Xm,(Y;)jer,) are exchangeable.

¥ The critical value for the WMW test may be calculated either exactly, in small samples, or through

accurate asymptotic approximations. See Appendix 4.3.5 for further details.

Table 4.1: Standard approaches for testing Hg.

4.3.1 Existing Approaches for Combining p-values

The combination of p-values dates back to the 1930s with Fisher, Tippett, and Pearson,
originally under an independence assumption (see Owen, 2009, for a review).

Combination methods that do not assume independence fall into three main categories:
those valid for any type of dependence, which tend to be conservative in practice (Vovk and
Wang, 2020); those designed for specific types of dependence, such as the PRDS assumption
(Chen et al., 2023); and those based on permutations (see Stoepker et al., 2024, for a recent
example involving the Higher Criticism statistic).

Combination methods with universal validity are inadmissible for conformal p-values
as they are outperformed by the Simes method. Indeed, Vovk et al. (2022) demonstrated
that universally valid methods are dominated by the Simes method (Simes, 1986), which is
applicable to PRDS p-values (Sarkar, 2008). However, beyond scenarios featuring rare and
strong signals, even the Simes method is often surpassed by alternative approaches.

As proved in Section 4.3.3, the Simes method applied to conformal p-values is inad-
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missible because it is dominated by the permutation-based Simes method. However, the
difference between the two is minimal unless m and |S| are small, which makes the Simes
method appealing for computational reasons.

In general, even if permutation tests are applicable, it is unclear which test statistic
should be used in practice. Birnbaum (1954) demonstrated that any combination method
is optimal against some alternative. For instance, Fisher’s method, recently refined by
Bates et al. (2023) to accommodate the positive dependencies of conformal p-values (see
Section 4.3.4), is well-suited for scenarios with numerous weak signals (Heard and Rubin-
Delanchy, 2018).

Chapter 2 discusses an elegant optimality result given by Lehmann (1953), which shows
that the WMW test is the locally most powerful rank test for the global null hypothesis
¢ = 0 under a nonparametric alternative in which the test scores Y; follow the mixture
distribution (1 —6)F + 0F2. Here, 6 € [0,1] is the proportion of outliers and F denotes the
cumulative distribution function of the calibration scores Xj;.

As demonstrated in Section 4.3.5, the Mann-Whitney test statistic for testing Hg can
be formulated as a combination of conformal p-values: TH¥W = (m+1) Y jes(1—p;). Since
T3W is a monotonic function of pg = |S| 7! ZjeS pj, the test statistic can be simplified to
the average of conformal p-values pg, leading to rejection of Hg for small values of pg.

The average of the p-values, also known as Edgington’s method (Edgington, 1972),
has been studied by Riischendorf (1982) and Meng (1994). They show that twice the
average of the p-values is a valid p-value for arbitrary dependence. Recently, Choi and Kim
(2023) demonstrated that the “twice the average” rule cannot be improved even under the
assumption of exchangeability of the p-values.

In contrast, the Wilcoxon-Mann-Whitney test, when utilizing the average of the confor-

Perm Perm

mal p-values as the test statistic, rejects Hg if pg < « , where the critical value «

is determined by taking the o quantile of the permutation distribution of pg, ensuring ex-

act validity. This critical value afe™

may be calculated either exactly in small samples
or through asymptotic approximations. A well-known asymptotic approach when m and
|S| are both large is that of Hoeffding (1948), which leads to a much more powerful test
compared to the combination approach for arbitrary dependence.

These considerations motivate the choice of the data-driven approach for selecting the
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local test in the closed testing procedure.

4.3.2 The Simes Test for Conformal p-values

This section extends the discussion of the Simes test from Chapter 3 by examining its ad-
missibility and introducing notation better suited for testing intersection hypotheses within
the closed testing framework.

The Simes combining function defined in equation (3.18) is symmetric because it remains
unchanged under any permutation of (p;);es.

The Simes test (Simes, 1986) rejects Hg at level a € (0,1) if and only if d)%imes =1,

where
qbgimes -1 {Tgimes < a} ) (47)

The PRDS property of the conformal p-values in (4.3) implies that the Simes test applied
to the conformal p-values (p;);jes is a valid level-a test for the intersection null hypothesis
Hg (Sarkar, 2008): for any given S C [n], P(¢3™* = 1|Hg) < a.

A level-a test ¢g is said to dominate another level-a test ¥g if ¢g > g and the
inequality is strict on a set in which the p-values lie with strictly positive probability. A
test is said to be admissible if it is not strictly dominated by any test.

Theorem 3.1 in Vovk et al. (2022) demonstrates that the Simes test dominates all
tests valid under arbitrary dependence of the p-values and relying on symmetric combining

functions.

4.3.3 The Permutation-Based Simes Test

This section introduces the permutation Simes test and show that it dominates the classic
Simes test.

The Simes test for conformal p-values is itself inadmissible, as it is dominated by the
permutation-based Simes method.

The theory of permutation tests and related references can be found in the books Cox

and Hinkley (1979), Lehmann and Romano (2005), Pesarin (2001), Pesarin and Salmaso
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(2010), Pesarin and Salmaso (2025) as well as in the works of Hemerik and Goeman (2018,
2021).

Write (W1, ..., Wy, s) for the combined sample (X1, ..., X, (Yj)jes). Consider the
permutation group Il whose elements are permutations of the set of integers [m + |S]].
Choose a test statistic T' = T'(W1, ..., Wy, 4 g|) for which small values are to be regarded as
evidence against Hg. For any 7 € 11, let T} denote the value of T" applied to the permuted
vector (Wr(1), - -+ Wrm|s))))- For a € (0,1), the permutation critical value is defined by:

oferm — o (a €{0,(Tr)ren} : > 1{Tr < a} < a|H> . (4.8)
mell
Then, the permutation-based Simes test with T' = Tgimes in (3.18) rejects Hg at level « if

and only if (ﬁ%imesPerm = 1, where
(b%imesPerm -1 {Tgimes < aPerm} . (49)

A permutation test is exactly valid, i.e. IP’[qﬁgerm =1; Hg| = a, for any choice of test
statistic under the sole assumption that the scores (X1, ..., X, (Yi)icr,) are exchangeable.
However, achieving exact validity for all values of « is generally not feasible due to the
discreteness of the permutation distribution. Nevertheless, it is possible to ensure exactness
through a mathematical artifice using a randomized critical region.

The computational cost of a permutation test may be O((m+|S|)!), which is prohibitive
if m or |S| are even moderately large. The typical solutions involve restricting the set
of permutations, either by utilizing a fixed subgroup or a random subset of II (chosen
independently of the conformity scores) with an added trivial identity permutation; e.g.,
see Theorems 1 and 2 in Hemerik and Goeman (2018).

The precise computation of a®™™ for the Simes statistic requires ("tq"s') permutations,
representing the number of ways, disregarding order, that |.S| test units can be chosen from
among n + | S| units. However, this o™ does not depend on the scores (W7, ..., Winyis|)

but only on m, |S| and a, making it possible to tabulate. This is because the permutation-

based Simes test is a rank test. To see this, consider the conformal p-value corresponding
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to the permuted vector (Wr(1), ..., Wrim4s)))), that is:

1
T = —— |1+ E 14W > W ; .
P; (m+1) ( 1 Waity 2 ﬂmﬂ)})

This yields p; in (4.3) for the identity permutation. Note that p}T does not depend on the
scores (W1, ..., Wy, 4 s)), but only on their ranks.

The next proposition demonstrates that the Simes test based on conformal p-values is
inadmissible, as it is strictly dominated by the permutation-based Simes test. Moreover,

the two tests coincide when «(m + 1)/|S] is an integer.

Proposition 2. The «a-level test qﬁ%imesperm in (4.9) dominates the a-level test ¢§imes
in (4.7). The domination is strict for at least one combination of o, m, n and S C [n].

Moreover, it holds that

|S] { m+1

il %S J SPlgg™® =13 Hg) <Plpg™="™ =1; Hg] <o, (4.10)

and if a(m+1)/|S| is an integer, then all inequalities in (4.10) becomes equalities, i.e. the

Simes test based on conformal p-values is of exact size c.

Proof. If o™ > q, then qbgimesperm > gzbgimes.

If o™ < @, then ¢§imesperm < ¢§imes. The goal is to show that if aP*™ < «, then
qb%imesperm = ngerm for all (pj)jes. In order to derive a contradiction, suppose qﬁ%imes >
qﬁgermSimeS for some (p;)jes. The corresponding test statistic Tgimes must be of*m <
T§mes < . Since T5™ = Tj for some 7 € II, it follows that |TT|~! Yoren HTx < af >«
which results in a contradiction because P[¢2™ = 1; Hg] < .

If aPerm = @, then gimes = ghermSimes By Corollary 3.5 in Marandon et al. (2024), if

a(m + 1)/]S| is an integer, then all inequalities in (1) becomes equalities. O

Table 4.2 below presents the size of the tests ¢5™e and @SimesPerm  along with the

Perm

critical value o , as a function of m, with a = 0.1 and n = 3.
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m| 9 14 19 24 29 34 39 44 49 54
P(¢g™e = 1|Hg) | 0.000 0.022 0.013 0.009 0.100 0.086 0.075 0.072 0.064 0.058
P(¢gmesPer™ = 1|Hg) | 0.055 0.025 0.014 0.009 0.100 0.097 0.083 0.072 0.065 0.058
aPm 10.200 0.133  0.100 0.080 0.100 0.171 0.150 0.111 0.100 0.091

Table 4.2: Size of the tests ¢ and ¢S™esPerm along with the critical value oF*™ as a
function of m, with @ = 0.1 and n = 3.

4.3.4 The Fisher Combination Test for Conformal p-values

An alternative classical approach for testing Hg based on conformal p-values (p;)jes is
provided by the Fisher combination method (Fisher, 1925), discussed in Chapter 3. This
method originally assumed independence but was later refined by Bates et al. (2023) to
accommodate the PRDS exhibited by conformal p-values.

Assuming that the scores Sy, ..., Sm, Sm+1,-- -, Sm+n are continuously distributed, Bates
et al. (2023) prove that for any function G : [0,1] — R such that G(U) has finite moments
with U a standard uniform random variable, the correlation between any pair of trans-
formed null p-values G(p;) and G(py) is equal to 1/(m + 2) for any j,h € [ng]. That
is,

Cor (pj,pn) = ;

m 4+ 2
Fisher combination method is a special case with G(u) = —2log(u) and G(U) following a
Chi-squared distribution with 2 degree of freedom. Based on this result, considering the
global null Hp,) they show that the variance of the Fisher combination method applied to
null conformal p-values is inflated by a factor 1+(n—1)/(m+2) compared to the variance of

the Fisher combination test applied to p-values that are i.i.d. Indeed, for any finite-valued

function G : [0,1] — R and assuming that all the hypotheses are true:

Var | 3 6o | = (14 255 ) nvar(Go)

m
JEM]

~ (1+9)nVar(G(p1)),

m,n— 00

provided that v = limy, y—00 n/m € (0, 4+00).

Adapting the notation to a generic intersection hypothesis Hg, the corrected Fisher
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combination test rejects Hg at level « if and only if gbgiSher = 1, where

F5 =14 23 log(py) > e (ISDV/I+ I8T/m — 28| (VI+[S)/m~1) b (4.11)

jeSs

Bates et al. (2023) proved that this test is asymptotically valid in the limit of large |S)|
and m, with both sample sizes growing at the same rate. This differs from the classical
Fisher test (Fisher, 1925), which assumes the p-values are mutually independent and can

be recovered from (4.11) by letting m — oo while holding |S| fixed.

4.3.5 The Wilcoxon-Mann-Whitney Rank Test

The Wilcoxon-Mann-Whitney test, presented in Chapter 3, is one of the most well-known
rank tests. Here, the notation is adapted to better accommodate testing intersection hy-
potheses within the closed testing framework. A result from Edgington (1972) that ex-
presses the Wilcoxon-Mann-Whitney statistic as a function of the mean of conformal p-
values is reviewed.

For any S C [n] and any j € S, let Ry, ; denote the rank of Y; among (X7, ..., Xm, (Yj)jes).
The dependence of R,,+; on S is left implicit to simplify the notation, since this does not
create ambiguity. This classical two-sample Wilcoxon (Wilcoxon, 1945) or Mann-Whitney
(Mann and Whitney, 1947b) test rejects Hg for large values of the sum of ranks in the test

sub-sample S

N (4.12)
JES

or for large values of the U-statistic

TYW — Ziﬂ{Xi <Y;}. (4.13)

jeS i=1

The Mann Whitney U-statistic can be expressed as T8 W = T +|S|(|S| + 1)/2, differing

only by a constant term. The two formulations result in the same test: the Wilcoxon-
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Mann-Whitney test. The WMW level-a test is given by

S {1 = Y, (9D} = 1TV = AV S} (414)

Y

W(m,|S|) and MW (m, |S|) are the (1 —a) quantiles of the permutation

The critical values ¢
distribution of T bYV and T é\/lw, respectively. Since the two test statistics result in the same
test, it will be denoted by T WW and the critical value by ¢y MW (m, |S]|), consistently with
Chapter 2.

For small samples, the permutation null distribution of Tgv MW can be found either via
recursion (Mann and Whitney, 1947b) or direct permutations. The test ¢§ MW is of exact
size a, i.e. P(oI™MW = 1|Hg) = a, for a € A = {a,,r € [m|S|]}, where a, = P(TI¥MW >
r|Hg); for v € (0,1) \ A, it is conservative, i.e. P(¢y MWV = 1|Hg) < a.

A well-known approach when m and |S| are both large is that of Hoeffding (1948),
which is based on an application of the Central Limit Theorem for U-statistics. Under the
W

null hypothesis Hg, for large m and |S|, the Mann Whitney statistic is approximately

normally distributed:

Slm m|S|(m +|S|+1
Tg\”"z]\f('; , IS 12’ | )>. (4.15)

Other asymptotic approximations include the Edgeworth expansion of Fix and Hodges
(1955) and the uniform approximation of Buckle et al. (1969).

It is also interesting to note that the Mann-Whitney statistic Té\/IW reduces to TJMW =
S I{X; < Y} if S = {j}, for any j € [n]. The statistic TJMW can be equivalently

expressed as a function of the conformal p-value p; in (4.3):

m m
W =N "1{Xi <V} =m =Y 1{X; > Y} = (m+1)(1 - p;) (4.16)

i=1 i=1
When S = {j}, the WMW two-sample test, with the 1st sample being X7, ..., X,, and the
second “sample” being just Yj, rejects H; if the rank of Y; in the sequence (X1,...,X,,Yj)
is large or, equivalently, if the conformal p-value p; in (4.3) is small. Therefore, the WMW

test provides a particularly intuitive bridge between the modern framework of conformal
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inference and the classical world of two-sample rank tests (Kuchibhotla, 2021).
Another interesting connection, formally stated in the next proposition, is that the
Mann-Whitney test for Hg can be defined by the average of conformal p-values test statistic,

also known as Edgington’s method (Edgington, 1972).

Proposition 3. The Mann-Whitney test statistic Té\/[ W can be equivalently expressed as a

function of the conformal p-values p; in (4.3):

T3 = (m+1)) (1 —py).
jes
Then the WMW test can be defined by the average of conformal p-values test statistic, also
known as Edgington’s method (Edgington, 1972):

_ 1
Ps =15 > .
jes
Proof. Note that The Mann-Whitney test statistic Tévlw is the sum of the individual con-
tributions T}V with j € S, i.e. Tg™ =37, o TMW. Then T§™ = (m +1) Y, c5(1 — )
follows from (4.16). Since T3V is a monotonic function of pg = |S|~* >_jesPj, the test

statistic can be simplified to the average of conformal p-values pg, leading to rejection of

Hg for small values of pg. O
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CHAPTER 5

ACODE: Automatic Conformal Outlier Detection

and Enumeration

5.1 Introduction

This chapter details ACODE, a novel method for collective outlier detection that was
introduced in Chapter 1. Sections 5.1.1 and 5.1.2 provide a brief literature review on
outlier detection in conformal inference and state the problem that ACODE addresses.

Section 5.2 describes the method ACODE for estimating the number of outliers via a
conformalized closed testing procedure, detailing how the automatic selection of the classi-
fier and local test is incorporated into this novel approach.

Section 5.3 discusses local tests for outlier detection within closed testing. Section 4.3.1
provides a brief and intuitive summary of the comparison among existing approaches for
combining p-values, detailed in Section 4.3. Section 5.3.2 revisits the Shiraishi test from
Chapter 2 with notation adapted to emphasize dependence on Hg, and extends its asymp-
totic normality from independence to exchangeability of scores. Section 5.3.3 details the
implementation of the adaptive Shiraishi test using the "test set dilution" technique from
Chapter 4. The adaptive statistic is proved to retain its asymptotically normal null distri-
bution under mild conditions on the density estimator, and propose an intuitive estimation
method for the outlier density. Section 5.3.4 compares the Shiraishi test with an (idealized)

oracle Neyman-Pearson test in terms of power.
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5.1.1 Research Background

Conformal inference, introduced in Chapter 4, is an active research topic, broadly seeking
reliable uncertainty estimation for the predictions output by black-box machine learning
models. In the context of outlier detection (Laxhammar and Falkman, 2015; Guan and
Tibshirani, 2022), prior works focused on individual-level identification, often aiming to
control the FDR (Bates et al., 2023; Marandon et al., 2024). By contrast, the focus of
this thesis is on collective detection and enumeration. The proposed method tends to lead
to more informative results when dealing with weak or sparse signals that are difficult to
localize. This approach is also connected to a broader literature on multiple testing and
large-scale inference.

Recent advancements in large-scale inference have led to methods for signal detection
and estimation of the proportion of non-null effects (Cai and Sun, 2017). Donoho and Jin
(2004) proposed an elegant solution for signal detection using Tukey’s Higher Criticism
statistic. Meinshausen and Rice (2006) extended the Higher Criticism method to provide a
lower confidence bound for the proportion of non-null effects. Goeman et al. (2021) further
advanced this approach by embedding Higher Criticism into a closed testing procedure
(Marcus et al., 1976), providing simultaneous bounds for the false discovery proportion
(FDP). However, the FDP bounds derived from Higher Criticism are valid only under the
assumption of independent p-values, which does not hold in the conformal inference setting.

Since the works by Genovese and Wasserman (2006) and Goeman and Solari (2011),
there has been significant growth in methods providing simultaneous FDP bounds (Goeman
et al., 2019; Blanchard et al., 2020; Katsevich and Ramdas, 2020; Tian et al., 2023; Heller
and Solari, 2023). These have been utilized across various domains, including neuroimaging
(Rosenblatt et al., 2018; Goeman et al., 2023) and genomics (Ebrahimpoor et al., 2020),
as well as in permutation-based (Hemerik et al., 2019; Andreella et al., 2023; Blain et al.,
2022; Vesely et al., 2023) and knockoff-based (Li et al., 2024) approaches.

In this contribution, conformal inference is integrated with closed testing to construct
simultaneous lower confidence bounds for the number of outliers in any subset of the test
set. A central challenge is selecting an effective local testing procedure suited to the data

at hand. Recent findings show that a closed testing procedure is admissible if and only
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if all its local tests are admissible (Goeman et al., 2021), underscoring the importance of
designing a closed testing approach with admissible local tests.

A typical concern with closed testing is the computational cost, generally exponential.
However, efficient polynomial-time shortcuts are often available (Goeman et al., 2019; Do-
briban, 2020; Tian et al., 2023), as discussed in Section 3.4.3, making the proposed method

feasible and scalable.

5.1.2 Problem Statement

Prior work on conformal inference for outlier detection (Bates et al., 2023; Marandon et al.,
2024) has primarily focused on testing individual-level hypotheses H; for each j € [n],
with the goal of controlling the FDR. However, as discussed in Section 5.1.1, there are
many scenarios where the power to reject these individual-level hypotheses H; is very low,
highlighting the need for an alternative approach.

In this chapter, two key tasks related to collective outlier detection and enumeration
are addressed. The first task, outlier detection, involves testing the potentially easier-to-
reject intersection hypothesis Hg := NjesH;, which posits that a subset S C [n] of test
points contains no outliers. The second task, outlier enumeration, focuses on estimating
the number of outliers within a subset S C [n], specifically by providing a lower confidence
bound, without necessarily identifying them. For both tasks, cases where S is either fixed
or data-driven are considered. In the latter scenario, the closed testing principle (Marcus
et al., 1976) is utilized to obtain simultaneous inferences that remain valid for all possible
subsets S. This approach gives practitioners flexible tools for interactive data analysis.

To deal with the possibly high-dimensional nature of the data and avoid parametric
assumptions about their distribution, the aforementioned tasks will be tackled by using the
conformal inference framework described in Chapter 4 adopting the setting and the model

described in Chapter 4.2.
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5.2 Estimating the Number of Outliers via Conformalized

Closed Testing

This section presents Algorithm 6, which summarizes the closed testing method based on
local tests that take as input the calibration and test scores to either built the ranks or the
conformal p-values associated to the test observations. Therefore, Algorithm 6 outputs a
simultaneous lower bound d(S) guaranteed to satisfy (3.16).

Valid conformity scores can be obtained through various methods. A common approach
involves using a one-class classifier trained on an independent set of inliers (Bates et al.,
2023). Alternatively, one can employ a binary classifier via positive-unlabeled learning
(Marandon et al., 2024). Another option arises when labeled outliers are available; here,
the scores can be generated using a binary classifier as discussed in Liang et al. (2024).
For simplicity, only scenarios where all labeled data consist of inliers are examined. The
case where the reference set might be contaminated with unlabeled or labeled outliers
represents an important area for future research as emphasized in Bashari et al. (2025),

and the strategy proposed by Liang et al. (2024) would provide a valuable starting point.

Algorithm 6: Conformal Outlier Detection and Enumeration
Input: Inlier data DWain = {Zirain  7tain 1 anq peal = f7, . Z,.}.

Mtrain

Test data D' = {Z,,11,..., Zmin}. Significance level a € (0,1).

Machine learning algorithm A for one-class or binary classification.
Chosen local testing method ¢; e.g., Simes, WMW, etc.
1 if A is a one-class classification algorithm then

2 ‘ Train A using the data in (Z{rain Ztrain )

© 7 T Myrain

3 else if A is a binary classification algorithm then

4 ‘ Train A using (Z8#0 ... Z%30 ) and {Z1,..., Zimy Zina 1y - -+ s D }-

Mtrain

(S

Apply A to evaluate the calibration and test scores (X1,..., X,,) and (Y7,...,Y,),

and compute the ranks and the conformal p-values as in equation (4.3).

(=)

For any desired S C [n], compute d(S) using Algorithm 2 (ref. Section 3.4.3 ) and
the local testing method ¢ applied to the ranks or the conformal p-values.

Output: A (1 — ) lower bound d(S) for the number of outliers in any S C [n].
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Proposition 1 in Chapter 3 implies Algorithm 6 produces valid inferences as long as
the local test ¢p, is valid, and the proposed method is precisely designed to achieve this
(ref. Section 5.3). While the lower bound d(S) output by Algorithm 6 is simultaneously
valid for all possible subsets S C [n], in the sense of (3.16), this does not mean Algorithm 6
needs to explicitly output d(S) for all S C [n]. On the contrary, one would typically apply
Algorithm 6 focusing on a particular (but possibly data-driven) choice of S, as demonstrated
in Section 6. In any case, the components of Algorithm 6 involving the model training and
the computation of the conformity scores only need to be applied once, irrespective of S.

It is important to note that the flexibility of Algorithm 6, which can accommodate a
variety of classifiers and testing procedures, introduces some challenges. In particular, dif-
ferent classification algorithms and testing procedure may result in significant performance
variation across different data sets, and it is unclear a priori how to maximize power. Un-
fortunately, leaving too much latitude to practitioners is not always desirable, as it may
inadvertently encourage “cherry picking" behaviors that, as previously illustrated in Fig-
ure 1.1, can result in invalid inferences. This issue motivates the extension introduced in
the next section. This extension will channel the flexibility of Algorithm 6 into a principled,
automatic method that often achieves competitively high power in practice while adding a

layer of protection against the risks of human-driven selection bias.

5.2.1 Data-Driven Tuning

Algorithm 6 is extended to leverage a potentially diverse suite of classifiers and local testing
procedures. Algorithm 7 is proposed to approximately maximize power subject to type-I
error control. The algorithm is inspired by similar approaches proposed by Liang et al.
(2024) and Marandon et al. (2024) in the context of individual outlier identification under
FDR control. The idea is to embed the data-driven tuning step within an additional layer
of sample splitting. As detailed below, this is crucial for maintaining the validity of local
tests after selecting the most effective classifier and local testing method.

The initial tuning module of Algorithm 7 sees the calibration and test data only through
the lenses of the unordered collection {Z1,...,Zn} U{Zn+1,..., Zmi+n}. Consequently,
when Algorithm 6 is applied again in the inference step of Algorithm 7, using (Z1, ..., Zn)

as a calibration set and (Z41,...,Zm+n) as a test set, the scores (Z1,..., Zmnin) corre-
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Algorithm 7: Automatic Conformal Outlier Detection and Enumeration

Input: Inlier data DU = {Z{rain Zlrain 3 DA = (7, T,
Dtune — {Z{une Ztune e
70 T Miune J
Test data D** = {Z,,11,..., Zm+n}, Significance level a € (0,1).
A list of algorithms AM) | ..., A5 for one-class or binary classification.

A list of local testing methods ¢V, ..., ¢(&); e.g., Simes, WMW, etc.

1 Define D't = {71 ..., Zo} UL Zmsts - s Zongn -

2 for any S C [n] do

3 for each k € [K] do

4 for each I € [L] do

5 Compute di ;(S) by applying Algorithm 6 based on A® and ¢ using
Dtrain for training, DM for calibration, and D't as the test set.

6 Compute py(S), the p-value for Hg based on A®) and 0.

7 Find (k(S),1(S)) = arg maxXye(k),e[z] I, (S); if not unique, choose
(k(8),U(5)) = arg minge (s 1e(r) Pri(S)- ) )

8 Compute d(S) by applying Algorithm 6 based on A®) and ¢((5) | using
| Dtrain g Dtne for training, D for calibration, and D!t as the test set.
Output: A (1 — ) lower bound d(S) for the number of outliers in any S C [n].

sponding to inliers are still exchangeable conditional on the selected classifier and testing
procedure. Thus, Algorithm 7 can often achieve high power without selection bias, as pre-
viewed in Figure 1.1 and confirmed in Section 6. Formally, Algorithm 7 also outputs a
simultaneous lower bound d(S) guaranteed to satisfy (3.16), as long as the local tests are
valid.

There is an interesting distinction between exchangeability and independence in the
context of Algorithm 7. Recall from Sections 4.2.1 and 5.1.2 that the model in (4.1) and
the approach described in (4.2) lead to i.i.d. scores for the inliers in the case of one-class
classification, and only exchangeable scores in the case of binary classification (Marandon
et al., 2024).

Algorithm 7 changes this picture a little. When conditioning on the selected classi-
fier and closed testing procedure, the scores of the inliers among (Z1, ..., Zm+n), although
still exchangeable, can no longer be independent, irrespective of whether they were ini-
tially obtained through one-class or binary classification. This is because such conditioning

is similar to (but weaker than) conditioning on the unordered collection {Z1,...,Z;} U
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{Zm+1s- -+, Zm+n}, an operation that transforms the distribution of (Z1,..., Zn+y) into a
finite-population distribution.

Importantly, the inference procedure proposed remains valid without assuming inde-
pendence, relying only on the weaker condition of exchangeability among inliers. As shown
in Proposition 2.2 of Gazin et al. (2024), the joint distribution of null conformal p-values is
identical under exchangeability and i.i.d. conditions. Furthermore, Theorem 12 shows that

the asymptotic distribution of the Shiraishi statistic is unaffected by this distinction.

5.3 Local Tests for Outlier Detection

Consider the null hypothesis, denoted as Hg, that a fized subset S C [n] of test points
contains no outliers. As outlined in Section 4.3, there are many tests available for this
hypothesis, each with unique strengths and weaknesses. Given the limited scope of existing
optimality results and the unfeasibility of predicting which method will perform best on
a specific data set, ACODE is designed to integrate a toolbox of such testing procedures,
including standard aggregation methods of conformal p-values, such as the Simes test and
the Fisher combination method (discussed in Chapter 4), and the rank tests of Shiraishi
and Wilcoxon-Mann-Whitney. It then selects the most effective approach in a principled
data-driven manner, as explained in Section 5.2.1.

Both in the case of standard aggregation methods of conformal p-values and in the
case of rank tests, the local tests are built based on the conformity scores. When using
binary classifiers to extract the scores, the resulting scores are no longer independent and
retain only exchangeability and this might change the distribution for the considered tests,

hinfering the validity of these tests.
5.3.1 The Simes Test and Fisher Combination Method under Exchange-
ability

This section presents a result in Gazin et al. (2024) that proves that the joint distribution
of the conformal p-values remains the same whether the inlier scores are i.i.d and or merely

exchangeable. Their distribution is detailed in Proposition 2.2 in Gazin et al. (2024).
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Theorem 11 (Proposition 2.2 in Gazin et al. (2024)). Assume that the scores (X1,..., Xm, Y1,...,Yn)
defined in (4.2) are exchangeable and have no ties almost surely. Then, the conformal p-

values p1,...,pn have joint distribution Py, , which is defined as:

iid 7
D1y pn | U) ~ P7,
( 0¥ .
U= (U,...,Un) ~U([0,1)),
where PY is the discrete distribution on [0,1] such that PY(K/(m+1)) = Uy — Ug—1 for

any K € [m +1].

As a consequence, the distribution of the Simes test and the Fisher combination method
remains the same whether the conformal p-values are built on scores from one-class classifiers
or binary classifiers. This result is crucial for the validity of ACODE when these methods
are applied.

5.3.2 The Shirashi Test under Exchangeability

This section proves the validity of the Shiraishi test under the sole assumption of score
exchangeability.

Recall the model from equation (2.21) in Chapter 2, where the Shiraishi statistic was
first introduced. As a starting point, let us assume the outlier distribution G is known. In
practice, however, the test discussed in this section can be implemented using a data-driven
estimate G of G, as detailed in Section 5.3.3. Importantly, this test is proved to be valid
when using G in place of G, provided that G is estimated in a manner that preserves the
exchangeability between the calibration and test scores.

Under this model, the test based on the Shiraishi statistic 79 in equation (2.21) rejects
H :0=0at level o € (0,1) if T® is larger than a suitable critical value c§(m, n), discussed

later. The indicator of this rejection event is:
¢t =1{T% > & (m,n)}. (5.2)

The critical value ¢§(m,n) in (5.2) can be obtained assuming only the exchangeability

of the scores either through a Monte Carlo simulation of the permutation distribution—
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feasible for small sample sizes—or via an asymptotic normal approximation (Shiraishi,
1985) for large sample sizes under the additional assumption of independence. This result
of Shiraishi (1985) is discussed in Section 2.5.

In order to overcome the strong assumption of independence, the following theorem
extends the result of Shiraishi (1985) relying solely on the exchangeability of the pooled

score vector. Accordingly, the null hypothesis

H :(X1,...,Xm,Y1,...,Y,) is exchangeable,
which is implied by H : § = 0 in the setting of Theorem 1, is considered in the next theorem.
This result holds without requiring assumptions about the score model.

Theorem 12. Assume g : [0,1] — R is bounded and limy_oon/N = 0, with 0 < § < 1.
Under the null hypothesis H', the rescaled Shiraishi test statistic

N(N —1)(T® —nun)
\/"m S e Elg(UG)] — v )?

(5.3)

with uy = N1 Zhe[N]E[g(UJ(\?))] converges in distribution to the standard normal as

m,n — 00.

Proof. Assume the notation from Theorem 1, and denote the pooled score vector (X1, ..., X, Y1,...

by (W1,...,Wx). By Theorem 2 in Kuchibhotla (2021), under the null hypothesis H’, the
vector of ranks (rank(W7p),...,rank(IWy)) is exchangeable and uniformly distributed over

all permutations of [N]. Specifically, for any permutation (7(1),...,7(N)) of [N], it holds:

1
P(rank(W;) = 7(1),...,rank(Wy) = 7n(N) ; H') = NI
This implies that the distribution of the rank vector is distribution-free under H’, mean-

ing it does not depend on the specific distribution of (W71, ..., Wy). In particular, this holds
when W1, ..., Wy are i.i.d.

,Yn)

As aresult, the permutation null distribution of the test statistic 7% = T8 (rank(W7), ..., rank(Wx)),

including its (1 — a)-quantile c&(m,n), depends only on the function g and the sample sizes
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m and n, not on the underlying distribution of the W;’s. The result follows by assum-
ing that (Wy,...,Wy) are i.i.d. with continuous c.d.f. F, and applying Theorem 1 from
Shiraishi (1985).

O]
As a consequence, for any S C [n] with cardinality s, the test statistic
g (RZ)
TE = ElgUn3 ), (5.4)

jES
here R7H is the rank of Y, X1vooy X, (Y, d U i the RT-gh
where Rg " is the rank of Y; among (Xi,..., Xy, (Y))jes) and U, % * is the Rg™/-t
order statistic in a sample of Uniform random variables of size m + s , is asymptotically

normal with mean

_ S 2 : (h)
Hm+s = m + S E[9<Um+s)]
he[m—+s]
and variance
2 sm (h) Pomts | 2
= g E - .
Omts = s(m+s—1) hemes] ( [9(Un)] s )

The oracle procedure studied in Theorem 12 can be translated into a practical test
by replacing the unknown alternative density g with a suitable empirical estimate g, as
explained in Section 5.3.3. As shown in Chapter 6, in some scenarios of interest this data-
driven approximation of the oracle Shiraishi test can achieve much higher power compared
to other local testing methods, such as Simes’, Fisher’s, and the WMW test. In any case,
the true strength of ACODE lies in its flexibility, as it does not depend on any single testing
procedure but can instead dynamically select the most effective approach based on the data
at hand. The following section describes the "test set dilution" technique, introduced in
Chapter 4, which is crucial for the implementation of the adaptive Shiraishi test and for

the validity of ACODE while automatically selecting the best classifier and local test.
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5.3.3 Implementation of the Adaptive Shiraishi Statistic

This section details how to empirically estimate the outlier distribution G and its density
function g, which is essential for implementing a data-driven version of Shirashi’s local

testing procedure. Shirashi’s optimality result is based on the following mixture model:

X1, X R
iid (5'5)
Vi,..., Y, K1 - 0)F + 0G(F),

where 6 € [0,1] represents the proportion of outliers, and G is a distribution function
on [0,1]. In the following, a practical and effective approach is described for computing
an estimate G of G using the data in (X1,...,Xm, Y1,...,Y,), while ensuring that an
approximately valid and approximately LMPI test can still be performed using Shirashi’s

method conditional on G.

5.3.3.1 Diluting the Test Set for Conditional Exchangeability

Section 4.2.1 introduces the "test set dilution" technique and discusses the theoretical rea-
sons why it enables the use of test observations while maintaining score exchangeability.
While this technique also serves to select the classifier and local test, here the focus is on
its application to outlier density estimation.

The key idea, inspired by approaches proposed in different contexts by Marandon et al.
(2024) and Liang et al. (2024), is to randomly split the calibration sample (X1,...,X,)
into two disjoint subsets, namely (X1,..., Xm,) and (X +1,- .., Xm), for some choice of
mq such that 1 < m; < m, like m; = [m/2]. Intuitively, (Xi,..., X, ) is used as a smaller
calibration set and (X, 41,y Xm, Y1,...,Yy) as a “diluted” test set when fitting G.

More precisely, the estimation of G and its density function g is carried out by fitting

the following mixture model:

o

X1, X, R F, 56)

[oN

ii

Xm1+1,...,Xm,Y1,...,Yn ~ (1 —91)F+91G<F>,

where 0 = (In+m1)/(n+m1) and G is the same outlier distribution function as in equa-
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tion (5.5). Any approach may be applied to fit this mixture model, as long as it is invariant
to the ordering of the data in (X, 41,5 Xm, Y1,...,Ys). Otherwise, it is sufficient to
permute the scores of the diluted test set before estimating g. The motivation for this
method is that it ensures the inlier scores among (Y7,...,Y,) remain exchangeable with
the smaller calibration set (X,n, 11, ..., Xm) conditional on the estimated G (equivalently,
g). Therefore, any downstream conformal inferences that utilizes (X, 41,...,Xm) as a
reference (or calibration) set are still valid. This is akin to the idea underlying AdaDetect,
the individual outlier identification method proposed by Marandon et al. (2024).

A subtle point worth highlighting is that the asymptotic critical values for Shirashi’s test
outlined in Section 5.3.2 were derived under the assumption that all inliers are i.i.d. (5.5),
whereas conditional on G (equivalently, g) the inliers among (Y7, . ..,Y},) are only exchange-
able with (X, 41, .., Xin) but not independent. However, Theorem 12 ensures the validity

of the proposed approach under the sole assumption of exchangeability.

5.3.3.2 A Mixture Modeling Approach

One well-established approach in the literature for estimating one component of a two-
component mixture model is that proposed by Patra and Sen (2016), who also studied the

mathematical properties of their estimator. The procedure is detailed as follows.

1. Estimate the inlier distribution F' from Xy, ..., X,,, with the empirical c.d.f. F.

2. Apply an inverse CDF transform based on the fitted F distribution to (Xt ey Xomy Y1, ...

making the inlier distribution approximately uniform on [0, 1]. Let (X, 41, - - - Xom, Y1, . -

denote the transformed test set.

3. Fit the following model:

> S > idd

Xog+1s ooy Xy Y1,..., Y, ~7 (1 — 91)Unif0rm(0, 1) + 601G, (57)

using the estimators for #; and G proposed by Patra and Sen (2016), obtaining 6,
and G, respectively. From G derive the outlier density estimator g with the method
in Patra and Sen (2016).
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4. Output the estimated outlier distribution G and its density g.

Additionally, a simple and intuitive approach that has proven effective in practice is

presented here.

1. Rescale the data, X1,..., Xm, Y1,...,Y,, to be between 0 and 1, if they are not al-

ready scaled as such (many standard classifiers output scores in this range by default).

2. Fit a Beta(by,bs) distribution to Xi,...,X,,, via maximum likelihood. To avoid
numerical instabilities from values too close to 0 or 1, threshold all data points between

0.001 and 0.999. Let 131 and 52 be the estimated parameters.

3. Apply an inverse CDF transform based on the fitted Beta(by,bs) distribution to
(Xmy+1y -y Xm, Y1,...,Yy,), making the inlier distribution approximately uniform

on [0,1]. Let (X, +1,--- X, Vi, )7”) denote the transformed test set.

4. Fit the mixture model in equation (5.7) via maximum likelihood, where G is approx-
imated by a Beta(b}, b)) distribution. The estimated parameters are denoted as b

and bb,.
5. Output the estimated outlier distribution: G~ Beta(A’l, 13’2) and its density g.

The invariance of this estimation procedure to the ordering of (Xm1+1, e XY, ffn)
ensures the validity the Shiraishi test regardless of how closely G approximates the true
G. Moreover, as demonstrated in the numerical experiments in Chapter 6, this estimation
method performs well enough in practice to provide this testing method with a noticeable
advantage over standard approaches, such as the WMW test, particularly in scenarios where

the oracle Shiraishi test has a significant edge.

5.3.3.3 Enabling Closed Testing Shortcuts for Monotone Statistics

When applied within a closed testing framework, Shirashi’s testing procedure can become
computationally expensive without an appropriate shortcut. Section 3.4.3 discusses a
fast and exact shortcut, which relies on the monotonicity of the outlier probability den-
sity—specifically, the derivative of the function G estimated above. This motivates the

need for an estimation procedure that guarantees a monotone outlier density.
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Although more sophisticated approaches have been studied to address this issue (e.g.,
Patra and Sen, 2016), a simple post-hoc solution that works well for the purposes of this
thesis is to approximate the probability density function of the Beta(A’l, 13’2) distribution,
obtained as described in the previous section, with a monotone increasing function using
isotonic regression on a finite grid of values. Since it may not be clear in advance whether
the best approximation of the outlier density is increasing or decreasing, the direction of
monotonicity is adaptively chosen by comparing the residual sum of squares for the two
corresponding isotonic regression models.

While this method is somewhat heuristic, it is more reliable in practice than other,
more sophisticated approaches. Nonetheless, it is likely that this approach could be further

refined with some additional effort.

5.3.4 Theoretical Study of the Power for the Local Testing Problem

This section provides additional theoretical support for the proposed approach by compar-
ing it to an idealized Neyman-Pearson oracle procedure that achieves maximal power by
leveraging (unrealistic) knowledge of the true data distribution. For simplicity, consider

a fixed local hypothesis of the form Hg := (,.g H;, which asserts that a subset S C [n]

jeS
contains no outliers, and without loss of generality restrict the attention to the case S = [n],
which corresponds to the global testing problem.

It is important to note that optimality of a local test does not necessarily imply opti-
mality for the full closed testing procedure, since optimality in multiple testing typically
requires additional simplifying assumptions (Spjotvoll, 1972; Heller and Rosset, 2020; Ros-
set et al., 2022; Heller et al., 2023; Dobriban et al., 2015; Sun and Cai, 2007; Storey, 2007;
Westfall et al., 1998). Nonetheless, studying the optimal local test is an intuitive and valu-
able way to justify the proposed approach theoretically. Extending the theoretical study
presented in this section to the closed testing setting is an interesting direction for future
work.

Recall from Section 5.1.2 that the proposed method tests the global hypothesis H,) :=
0?21 H; via two main steps. The first step, described in Section 5.1.2, computes scalar-

valued conformity scores X1,..., X, Y1,..., Y, € R for the calibration and test points by

applying a data-driven scoring function § : R* — R to the observations Z1, ..., Zmnin € R%.
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These scores provide a low-dimensional summary of the data used in the second step to
test Hy, using local standard p-value aggregation methods or other two-sample testing
procedures, including those discussed in Sections 4.3 and 5.3.

Theorem 13 shows that the oracle Neyman-Pearson test also follows this two-step struc-
ture, applying a likelihood ratio test to scalar-valued sufficient statistics that may be in-
terpreted as conformity scores obtained via an ideal scoring function s*. Moreover, this
oracle scoring function is proved to be equivalent to the optimal scoring function studied
by Marandon et al. (2024) in the context of individual outlier identification under FDR con-
trol. This connection supports the use of binary classification models to learn a powerful

scoring function §, as also suggested by Marandon et al. (2024).

5.3.4.1 A Two-Step Oracle Procedure

In this section, assume that the n test data points Z,11,..., Zmin € R? are i.i.d. samples

from a mixture distribution:
iid. —
L1y« -y Lmtn ™~ (1—7T)P0—|—7TP1, (58)

where m € [0, 1] is the expected proportion of outliers, and Py is the inlier distribution from
which the calibration points Z1, ..., Z,, are drawn i.i.d., as in equation (4.1).

This mixture model can be reconciled with the setup in Section 5.1.2 by expressing the
outlier component P; as a weighted average of the individual outlier distributions P; in
equation (4.1): Py := Eje[n} a; Pj, where the weights a; > 0 satisfy Zje[n] a; = 1. With
this choice, the model in (5.8) closely resembles that in (4.1), although the two are not
exactly equivalent. The model in (5.8) simplifies the theoretical analysis in this section but
is not required for type-I error control of the proposed method.

In addition, assume that Py and each P; are continuous distributions with densities
po and pj, respectively, for all j € [n]. Consequently, the outlier component P is also a

continuous distribution with density

p1 = Z a;p;-. (5.9)

J€[n]
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Under this setup, consider the problem of testing whether all test points are inliers
drawn from the distribution Py against the alternative that the proportion of outliers is
strictly positive equal to 7 > 0. This global null hypothesis is denoted as H : m = 0, with
the corresponding alternative hypothesis K : 7 = & > 0.

By the Neyman—Pearson lemma, the most powerful test for this problem is the likelihood
ratio test applied to the multivariate test observations Z,,+1,..., Zmin. Clearly, this test
is not directly usable in practice, as the likelihood ratio statistic depends on knowing both
the inlier and outlier distributions.

Recall that ACODE follows the two-step structure described previously. A key con-
sideration in this framework is that making inference on outliers in the test score sample
may not be equivalent to making inference on outliers in the original test sample. This
distinction arises because the scoring function can mask the underlying signal. For exam-
ple, when §(Zp,4;) = 1 for any j € [n] the outlier signal present in the raw test sample
becomes undetectable in the corresponding score sample. To formalize this, let 8 € [0, 1]
be the expected proportion of outliers in the test score sample. The global testing problem
in the two-step setup is then defined as: H : § = 0, against K : 6 =0 > 0.

The following result shows that the likelihood ratio test for H : 7 =0 versus K :
m =7 > 0 applied to the multivariate test observations is equivalent to a two-step oracle
procedure that tests H : @ = 0 versus K : § = 6 > 0, using the likelihood ratio test
applied to univariate sufficient statistics, which serves as “oracle non-conformity scores”.
This characterization is useful because it makes the comparison to ACODE more direct,
and highlights a connection to the results in Marandon et al. (2024) on the optimal choice

of non-conformity scores.

Theorem 13. The optimal likelihood ratio test for H : m = 0 versus K : 7 = 7 > 0 applied
to the test observations Zy 41, ..., Zm+n distributed as in equation (5.8) is equivalent to the

optimal likelihood ratio test for H : = 0 versus K : @ = 0 > 0, where 0 is the proportion

of outliers in the score vector Yy, ..., Y with Y 1= 7(Zm+j), J € [n] and scoring function
p(2)
r(z) = , 5.10
=) po(z) ( )
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with p1(z) defined in (5.9). The test on 6 rejects the null hypothesis for large values of

scores [y * % Hje[n] (1 - é)fO(YJ*) + 97]?1(1/;*)]
' W) = [Tcp fo(Y) ’ (5.11)

where fo is the density of Y;* when Zmyyj is drawn from the inlier distribution Fy, and
fi = Zje[n] b;fj with bj > 0, Zje[n] bj =1, and f; is the density of Y;" when Zy,; is

drawn from the outlier distribution P;.

Following Theorem 13, define the optimal scoring function as s*(z) = r(z) from equa-
tion (5.10) and the optimal testing procedure as p5°"™* from equation (5.11). Both the
optimal scoring function and testing procedure are idealized oracle tools that cannot be
directly applied in practice, since they require knowledge of both the inlier and outlier
distributions.

The scoring function in (5.10) is essentially the approach proposed by Marandon et al.
(2024), adapted to the context of this thesis where the focus is on testing the global prob-
lem rather than identifying individual outliers. The key difference lies in the testing ob-
jectives: Marandon et al. (2024) test whether each individual observation comes from a
two-component mixture of inlier and outlier populations versus being a pure outlier. In
contrast, the global null hypothesis of no outliers in the test set is tested against the alter-
native that at least one observation is an outlier.

This connection with the work of Marandon et al. (2024) supports the use of binary
classification models to learn a powerful scoring function § in practice, as suggested by
the theoretical results proving that fitting binary classifiers approximates well the optimal
scoring function. However, since one-class classifiers can outperform binary classifiers, par-
ticularly when the signal is weak and sparse, they suggest integrating one-class classifiers
into the AdaDetect toolbox. ACODE implements this suggestion by integrating AdaDetect
with one-class classifiers. By leveraging both approaches, ACODE retains the theoretical
properties established in Marandon et al. (2024) while enhancing robustness through adap-
tive, data-driven classifier selection. This approach enables ACODE to effectively approxi-
mate the optimal score function, as demonstrated in the numerical experiments presented

in Chapter 6.
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5.3.4.2 Rank-Based Local Optimality versus Neyman-Pearson Optimality

Here, the discussion on local optimality of the Shiraishi test is extended by comparing its
local power with that of the Neyman-Pearson test defined in equation 5.11.

The model in Theorem 1 is retrieved for the optimal scores:
Xi L XE Ry Y R (L - 0)F + 0G(F), (5.12)

where G has bounded density g. Note that model (5.12) is slightly more restrictive than
model in Theorem 13, as it excludes cases where the outlier density is unbounded. Never-
theless, it still encompasses a broad class of models. With the aim of comparing the power
of the Shiraishi test and the optimal Neyman-Pearson test in (5.11) in a neighborhood
of the null hypothesis of no outliers, consider the sequence of testing problems with local
simple alternative:

H:0=0 Vs Ky:0=0y >0, (5.13)

where Oy = 0/v/N, 6 > 0 and N = m + n. In this setup, from Shiraishi (1985) the power
function of the Neyman-Pearson test and of the Shiraishi test at significant level o € (0,1)

are, respectively,

scores, n

Pow (p* "% a1, 6,0, g) = 1 — ®(z, — O]6Var{g(U)}]'/?) (5.14)

and

Pow(T%;a,6,0,9) = 1 — ®(2, — 0]6(1 — 8)Var{g(U)}]"/?), (5.15)

where ® and z, are, respectively, the c.d.f. and the (1 — a)-quantile of the standard
normal distribution, U is a standard uniform random variable and § = limy_,o, n/N, with
N = n + m the total sample size. The power functions under the null hypothesis of no
outliers can be retrieved by allowing 6 = 0.

The top panel in Figure 5.1 shows the power of the two tests as a function of ¢ for fixed «,
f and g. The Neyman-Pearson test dominates the Shiraishi test uniformly in §, with the two
tests coinciding only in a neighborhood of the null hypothesis. While the Neyman-Pearson

power increases monotonically as the number of test observations increases, the Shiraishi
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Figure 5.1: Power functions of the Neyman-Pearson and Shiraishi test. Top: power as a
function of the sample size ratio ¢ for fixed a, # and g. Bottom: power as a function of 8
for fixed o, § and g. In all panels, the significance level & = 0.1 and the outlier density g
is the Beta distribution with both parameters equal to 2.

power reaches its maximum at § = 1/2. This suggests that the Shiraishi test performs best
when the test and calibration sample sizes are balanced. The oracle Neyman-Pearson test,
by contrast, does not depend on the calibration sample; it relies only on the test set and
its power increases with the test sample size.

The bottom panel in Figure 5.1 shows the power of the two tests as a function of @
for fixed o, § and g. As expected, both tests exhibit increasing power as  increases, with
the Neyman-Pearson oracle test uniformly dominating the Shiraishi test. Equations (5.14)
and (5.15) show that the two power functions coincide only near the null hypothesis for any
value of §. Additionally, they converge for any value of § when § is small, as demonstrated
in the left panel (6 = 0.01).

The Neyman-Pearson test is expected to uniformly dominate the Shiraishi test in

since the latter is a rank test and exploits only the information in the ranking of test scores
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rather than the score values themselves. This loss of information results in lower power and
can be quantified by the (Pitman) Asymptotic Relative Efficiency between the two tests
(ref. Section 2.6).
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CHAPTER 6

Empirical Results

6.1 Experiments with Synthetic Data

ACODE is applied on synthetic data from a distribution inspired by Liang et al. (2024) and
Bates et al. (2023). Each observation Z; € R%% is sampled from a multivariate Gaussian
mixture P7, such that Z; = Va V;+W;, for some constant @ > 0 and vectors V;, W; € R1000,
The inliers correspond to a = 1 and the outliers to @ = 0.7. The elements of V; are standard
Gaussian, while each element of W; is independent and uniformly distributed on a discrete
set W C R0 with [W| = 1000. The vectors in W are independently sampled from
Uniform([—3, 3]19) prior to the first experiment. The numbers of inliers in the training,
calibration, and tuning sets utilized by ACODE are 1000, 750, and 250, respectively.

ACODE is applied using 6 classification algorithms and 5 local testing procedures. The
algorithms include 3 one-class classifiers (isolation forest, support vector machine, and “local
outlier factor” nearest neighbors) and 3 binary classifiers (deep neural network, random
forest, and AdaBoost), all implemented in the Python package scikit-learn. The one-class
classifiers compute out-of-sample scores, e.g., as in Bates et al. (2023), while the binary
classifiers compute in-sample scores with the approach of Marandon et al. (2024).

The testing procedures leveraged by ACODE are: Simes’ test with and without Storey’s
correction, Fisher’s combination method, the WMW test, and the Shiraishi test described
in Section 5.3.2, applied using G(F) = F3. Recall that this choice of G is optimal against
Lehmann’s alternative with k& = 3, which may or may not fit the data well. An imple-

mentation of the Shiraishi test based on a data-driven estimate of G will be considered
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later.

6.1.1 Global Outlier Enumeration

The analysis begins by constructing 90% lower confidence bounds for the total number of
outliers in a test set of size 1000, varying the proportion of outliers as a control parameter.
Figure 6.1 summarizes median lower bounds produced by ACODE over 100 independent
experiments, separately for different classifiers and local testing procedures. The left and
center panels compare the performance of ACODE applied using only the 3 one-class or
binary classifiers, respectively, while the right panel corresponds to ACODE automatically

selecting a classifier from the full suite of all 6 options.

Classifier: One—Class Classifier: Binary Classifier: Automatic

5004 Local tests
o .
S 400 Simes
(@] .
Storey-Simes
_E 300 A
Qv —+— Fisher
=
o 200
= WMW
S 100
8 —-&- LMPI (Lehmann, k=3)
01 =¥~ Adaptive

0 100 200 300 400 500 O 100 200 300 400 500 O 100 200 300 400 500
True number of outliers

Figure 6.1: Median values for a 90% lower confidence bound on the number of outliers in
a test set, computed by ACODE on synthetic data based on different classifiers and local
testing procedures. The results are shown as a function of the true number of outliers
within a test set of size 1000. The most adaptive version of ACODE can automatically
select an effective classifier and local testing procedure in a data-driven way.

The findings highlight that one-class classifiers generally outperform binary classifiers
on these data, consistently with the observations of Liang et al. (2024), although binary
classifiers can be advantageous in other contexts, as shown in Section 6.3.1. Figure 6.1 also
distinguishes between the distinct performances of the 5 local testing procedures (shown in
different colors), and the scenario in which ACODE selects one procedure adaptively. For
these data, the WMW test yields the most informative (highest) lower confidence bounds,
and ACODE’s performance closely approximates that of an ideal oracle that knows the

optimal combination of classifier and testing procedure.
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Figure 7?7 presents the relative frequencies of the selected testing procedures across dif-
ferent classifier groups, plotted against the number of outliers in the test set. The synthetic
data were generated using the same setup as in Figure 6.1. Consistent with the observations
from Figure 6.1, the WMW test is the most frequently selected method, while the Simes
method is chosen least often—and is never selected when using the Storey estimator for the
number of inliers. Overall, the relative frequencies of the selected methods appear similar

across the three classifier groups, with no substantial differences observed.
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Figure 6.2: Relative frequencies of selected testing procedures for different classifier groups
as a function of the number of outliers in a test set of 1000 samples. The "Automatic" group
corresponds to classifiers chosen automatically from both binary and one-class classifiers,
while for the "Binary" and "One-Class" groups the classifier is chosen automatically only
from binary and one-class classifiers, respectively. The results are obtained by applying
ACODE on synthetic data generated as in Figure 6.1.

6.1.2 Selective Outlier Enumeration

Figure 6.3 reports on related experiments in which the goal is to construct a 90% lower
confidence bounds for the number of outliers within a data-driven subset of test points,
selected as those with the largest conformity scores. To facilitate the interpretation of these
experiments, ACODE is applied using a fixed classification algorithm (a one-class support

vector machine), not a suite of 6 different algorithms. This ensures the test subsets are
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always selected based on comparable conformity scores in all repetitions of the experiments.
These results further demonstrate how the efficacy of different local testing procedures can
vary in different situations. Simes’ method performs better with very small selected sets,
while the Shiraishi test with G(F) = F* excels in cases with moderately large selected sets.
Once more, ACODE can approximately maximize power by autonomously identifying the

most effective local testing procedure for each scenario.

0 outliers 200 outliers 500 outliers Local tests

1.00 A 200 .
E Simes
S
8 0757 150 Storey-Simes
g 0.50 100 —+— Fisher
s}
$ 0257 50 wMw
8 -&- LMPI (Lehmann, k=3)

0.00 #——a———a—8 0 .

"\/ ('3 (') '\, '0 'Q -k Adaptive
N oY AN oY RS

Proportion of top scores in selected test set

Figure 6.3: Median values for a 90% lower confidence bound on the number of outliers
within an adaptively selected subset of 1000 test points, in experiments similar to those of
Figure 6.1. The results are shown as a function of the proportion of selected test points
and of the total number of outliers in the test set. The dashed curve corresponds to the
true number of outliers in this selected set. In these experiments, ACODE is applied using
a one-class support vector classifier to compute the conformity scores.

6.1.3 Hunting for Adversarial Anomalies

In this section, ACODE is applied leveraging an additional local testing procedure, utilizing
a more flexible implementation of the LMPR approach outlined in Section 5.3.2. This
approach enables ACODE to even detect elusive anomalies hidden by an adversary.

Inlier data are sampled from a standard multivariate normal distribution with 100 in-
dependent components. The outliers are generated by an “adversary” agent through the
following process. The adversary first trains a one-class support vector machine on a sep-
arate dataset consisting of 1,000 inlier points. Then, to generate each outlier, it randomly
produces three independent inliers and selects the one closest to the decision boundary of
the support vector machine. This approach results in outliers that are difficult to detect on

an individual basis but can be identified collectively, as their conformity scores tend to be

104



EXPERIMENTS WITH HIGH-ENERGY PARTICLE COLLISION DATA

under-dispersed compared to those of the inliers.

Without prior knowledge of the distribution of outlier scores, ACODE is applied as
in previous experiments, using the same toolbox of six machine learning classifiers, but
including a sixth local testing procedure. This procedure is a practical approximation of the
Shiraishi test described in Section 5.3.2, using an empirical estimate G of G. This estimate
is obtained by fitting a mixture of Beta distributions, while preserving the exchangeability
between calibration and test scores, as detailed in Section 5.3.3.

The results reported in Figure 6.4 demonstrate that ACODE effectively detects these
elusive adversarial outliers, even though the first five local testing procedures considered be-
come ineffective in this scenario. For additional experiments that offer a more detailed view
of the performance of the empirical approximation of the Shiraishi local testing procedure

in different settings, please refer to Figures 6.11-6.12 in Section 6.3.1.
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Figure 6.4: Empirical 90-th quantile for a 90% lower confidence bound on the number of
outliers in a test set, computed by ACODE on synthetic data with adverserially hidden
outliers exhibiting underdispersed conformity scores. Most local testing procedures cannot
detect these outliers, but a data-driven approximation of the Shiraishi test enables ACODE
to achieve high power. Other details are as in Figure 6.1.

6.2 Experiments with High-Energy Particle Collision Data

ACODE is now applied on data from the 2020 LHCO contest (Kasieczka et al., 2021),
revisiting the example previewed in Figure 1.1. Participants in this contest were asked
to estimate the number of interesting “signal” particle collision events within a given data
set by contrasting it with a “reference” data exclusively comprised of “background” events

generated by a physics simulation software. While the LHCO challenge is closely related to
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the problem of collective outlier detection, the analysis in this section overlooks some of the
physics intricacies and emphasizes instead the statistical aspects of the proposed method.

The analysis is restricted to a subset of the LHCO data containing 1,100,000 observations
of 14 high-level features constructed based on subject domain knowledge. Each observation
was labeled as either a background (inlier) or a 2-prong signal (outlier) event, where the
latter refers to hadron collision resulting in the emission of two charged particles. The
goals are to detect and enumerate the outliers within a randomly chosen unlabeled test set,
having access to a reference set of independent and identically distributed inliers.

In each experiment, a test set of 10,000 events is randomly drawn, among which the
proportion of outliers is a control parameter varied between 0 and 0.15. In addition, three
disjoint subsets of inliers are randomly sampled, to be used for training (cardinality 10,000),
calibration (cardinality 1000), and tuning (cardinality 1000), respectively. ACODE is then
applied as described in Section 6.1, leveraging the same suites of 6 classification algo-
rithms and 5 local testing procedures. The additional local testing procedure described in
Section 6.1.3 (the data-driven approximation of the Shiraishi oracle) is omitted here, for
simplicity. This omission is due to its somewhat higher computational cost of its closed
testing shortcut and the lack of clear advantages observed with these data.

Figure 1.1 compares the performance of different implementations of ACODE, in terms
of power and the total number of detected outliers, as a function of the true number of
outliers. See Figure 6.13 and Table 6.1 in Section 6.3.1 for a more comprehensive view of
these results. The latter detail the performance of ACODE separately applied based on
each of the 5 alternative local testing procedures considered here— to prevent overcrowding,
only a subset of these local procedures were previously displayed in Figure 1.1.

Note that these results also include comparisons of ACODE’s performance to that of
a naive “cherry-picking” heuristic version of the proposed method, which does not provide
valid inferences, as well as to that of the BH procedure applied to conformal p-values. The
latter is an effective approach for individual outlier identification under FDR control (Bates
et al., 2023; Marandon et al., 2024), but it is not designed to estimate the number of outliers.

Overall, ACODE yields more informative inferences compared to individual-level outlier
identification, especially when leveraging the WMW test or Fisher’s combination method.

Further, ACODE achieves near-oracle performance with respect to the selections of classifier

106



EXPERIMENTS WITH HIGH-ENERGY PARTICLE COLLISION DATA

and local testing procedure, without incurring in selection bias.

Figure 6.5 describes related results from experiments in which ACODE is applied to
construct a 90% lower confidence bound for the number of outliers in a data-driven subset
of test points, selected as those with the largest conformity scores. Similar to Figure 6.3, in
these experiments the scores are computed by a single classifier, AdaBoost, to facilitates the
interpretation of the findings. The results confirm the Shiraishi test for Lehmann’s alter-
native with £ = 3 tends to lead to more informative lower bounds compared to other local
testing procedures, including the WMW test. Moreover, the adaptive version of ACODE
again approximately maximizes power by selecting the testing procedure automatically.

Additional results, with qualitatively similar conclusions, are presented in Section 6.3.2.
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Figure 6.5: Median values over repeated experiments for a 90% lower confidence bound on
the number of outliers within an adaptively selected subset of 1000 test points, in numerical
experiments otherwise similar to those of Figure 6.1. The results are shown as a function
of the proportion of selected test points and of the total number of outliers in the test set.
The dashed curve corresponds to the true number of outliers in this selected set.
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6.3 Additional Empirical Results

6.3.1 Numerical Experiments with Synthetic Data

Figures 6.6 and 6.7 describe findings similar to those in Figures 6.1 and 6.3, respectively.
The distinction is that now the data are simulated from a binomial model borrowed from
Liang et al. (2024), for which binary classifiers are more powerful than one-class classifiers.
Figures 6.8 and 6.9 summarize the 90-th empirical quantiles of the lower confidence bounds
for the numbers of outliers presented in Figures 6.1 and 6.6, respectively. Figure 6.10 delves
into experiments related to those depicted in Figures 6.6 and 6.7, but utilizing synthetic
data from a mixture model that bridges between the distributions considered above. These
results highlight ACODE’s flexibility, which selects an effective classifier and local testing
procedure for each specific case.

Figures 6.11 and 6.12 offer additional insights into the performance of the Shiraishi
local testing procedure, outlined in Section 5.3.2, when applied in different settings. These
results highlight its practical advantages in situations where the outlier scores are either

underdispersed or overdispersed relative to the inlier scores.

Classifier: One—Class Classifier: Binary Classifier: Automatic
500+ . Local tests
ko] ta .
c . Simes
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8 -
— 300+ t )
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o 200 .
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S 107 * = LMPI =
S Ji (Lehmann, k=3)
e
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0 100 200 300 400 500 0 100 200 300 400 500 0 100 200 300 400 500
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Figure 6.6: Median values for a 90% lower confidence bound on the total number of outliers

in a test set, computed by ACODE on synthetic data based on different classifiers and

local testing procedures. The results are shown as a function of the true number of outliers

within a test set of size 1000. In these experiments, the synthetic data are generated from

a binomial model borrowed from Liang et al. (2024).
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Figure 6.7: Lower confidence bounds for the number of outliers within an adaptively selected
subset of 1000 test points, in numerical experiments otherwise similar to those of Figure 6.1.
The results are shown as a function of the proportion of selected test points and of the total
number of outliers in the test set. In these experiments, ACODE is applied using a one-class
support vector classifier to compute the conformity scores.
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Figure 6.8: Empirical 90-th quantile for a 90% lower confidence bounds on the total number
of outliers in a test set, computed by ACODE on synthetic data based on different classifiers
and local testing procedures. Other details are as in Figure 6.1.
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Figure 6.9: Empirical 90-th quantile for a 90% lower confidence bounds on the total number
of outliers in a test set, computed by ACODE on synthetic data based on different classifiers
and local testing procedures. Other details are as in Figure 6.6.
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Figure 6.10: Lower confidence bounds for the total number of outliers in a test set, computed
by ACODE on synthetic data based on different classifiers and local testing procedures. The
results are shown as a function of the true number of outliers within a test set of size 1000.
In these experiments, the synthetic data are generated from a binomial model borrowed
from Liang et al. (2024). Other details are as in Figure 6.6.
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Figure 6.11: Power of different rank tests for the global null hypothesis of no outliers in
a test set containing 200 independent observations of a simulated univariate score, using
a calibration set containing 500 independent inlier scores. The nominal level is o = 0.05
(horizontal dashed line). The results are shown as a function of the true number of outliers
in the test set. Top: the inliers are randomly sampled from a uniform distribution on [0, 1],
while the outliers are sampled from the alternative distribution indicated in each panel.
Bottom: the inliers are standard normal, while the outlier scores follow a non-standard
normal distribution, as indicated in each panel. Three versions of the Shiraishi test from
Section 5.3.2 are compared. The first version uses oracle knowledge of the true transfor-
mation G linking the outlier distribution to the inlier distribution. The second version of
the Shiraishi test uses an empirical estimate of G obtained as described in Section 5.3.3.
The third version relies on a monotone approximation of the derivative g = G’, which (in
Figure 6.12) enables a computationally convenient shortcut in the context of closed testing,
as also explained in Section 5.3.3.
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Figure 6.12: Median values for a 90% lower confidence bound on the total number of outliers
in the test set, in the same experiments of Figure 6.11. The lower bound is calculated
through closed testing, using different local testing procedures. For the Shiraishi approach,
if the derivative g of the oracle function G is not monotone, it is in practice replaced by a

monotone approximation that enables the application of a computationally efficient closed
testing shortcut.
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6.3.2 Numerical Experiments with Particle Collision Data

Figure 6.13 is a more detailed version of Figure 1.1, including a broader range for the choice
of the local test. Figures 6.14 and 6.15 report on experiments similar to those of Figures 1.1
and 6.5, respectively, but leveraging a larger training set containing 100,000 inliers, which
leads to higher power for all methods. Tables 6.1 and 6.2 provide a more detailed view of
the results, respectively, in Figures 6.13 and 6.14. Finally, Figures 6.16 and 6.17 summarize
the 90-th empirical quantiles of the lower confidence bounds for the numbers of outliers

presented in Figures 6.5 and 6.15, respectively, confirming again the validity of ACODE.
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Figure 6.13: Performance of ACODE for collective outlier detection with the LHCO data,
in the experiments of Figure 1.1. ACODE utilizes a local testing procedure that may be
adaptively selected (red curve) or fixed (other solid curves). Compared to Figure 1.1, these
results include a more detailed comparison of the performance of ACODE applied using
different choices of local testing procedures.

113



EMPIRICAL RESULTS

Local testing procedure

Outliers Simes Storey-Simes Fisher WMW LMPI (Lehmann, k=3)  Adaptive  Cherry picking
90% Lower bound (median)

0 0 (0) 0 (0) 0(2) 0(5) 0 (4) 0 (5) 0 (4)
200 0 (0) 0(0) 0(1) 0 (5) 0 (4) 0 (5) 0(5)
500 0(0) 0 (0) 94 (11) 82 (17) 123 (16) 147 (17) 224 (14)
1000 4 (12) 39 (13) 593 (24) 640 (29) 665 (26) 684 (28) 736 (14)
1500 281 (20) 337 (19) 1055 (23) 1106 (27) 1137 (25) 1164 (24) 1190 (14)

90% Lower bound (90-th quantile)

0 0 (0) 0(0) 0(2) 0 (5) 0 (4) 0(5) 27 (4)
200 0 (0) 0(0) 14 (1) 28 (5) 42 (4) 82 (5) 104 (5)
500 0 (0) 0(0) 227 (11) 310 (17) 301 (16) 341 (17) 404 (14)
1000 188 (12) 198 (13) 700 (24) 871 (29) 840 (26) 864 (28) 910 (14)
1500 458 (20) 501 (19) 1188 (23) 1341 (27) 1347 (25) 1358 (24) 1376 (14)

Power (global null)

0 0.00 (0.00)  0.00 (0.00)  0.05 (0.03) 0.09 (0.04) 0.09 (0.04) 0.09 (0.04) 0.15 (0.04)
200  0.00 (0.00)  0.00 (0.00) 0.17 (0.05) 0.14 (0.04) 0.17 (0.05) 0.18 (0.05) 0.33 (0.05)
500 0.01 (0.01) 0.01(0.01) 0.72 (0.06) 0.69 (0.06) 0.78 (0.05) 0.79 (0.05) 0.88 (0.03)
1000  0.52 (0.07)  0.55 (0.06)  0.97 (0.02) 0.98 (0.02) 1.00 (0.00) 0.98 (0.02) 1.00 (0.00)
1500  0.95 (0.03)  0.97 (0.02)  1.00 (0.00) 1.00 (0.00) 1.00 (0.00) 1.00 (0.00) 1.00 (0.00)

Table 6.1: Performance of ACODE for collective outlier detection with the LHCO data, as
a function of the true number of outliers. The performance is measured in terms of median
and 90-th percentile values of a 90% lower confidence bound for the number of outliers (top
and center) and the power to reject the global null hypothesis of no outliers (bottom). The
numbers in parenthesis are standard errors. Other details are as in Figures 1.1 and 6.13.
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Figure 6.14: Performance of ACODE for collective outlier detection with the LHCO data,
using a training set containing 100,000 inliers. In the interest of computational efficiency,

in these experiments, the conformity scores leveraged by ACODE are computed by a fixed
AdaBoost classifier. Other details are as in Figure 1.1.
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Local testing procedure

Outliers Simes Storey-Simes Fisher WMW LMPI (Lehmann, k=3)  Adaptive  Cherry picking
90% Lower bound (median)

0 0 (0) 0 (0) 0(1) 0(3) 0(2) 0(2) 0(3)
200 0 (0) 0 (0) 0 (4) 0(7) 0(7) 0(7) 0(8)
500 0 (0) 0 (0) 204 (11) 202 (16) 247 (15) 273 (15) 284 (15)
1000 88 (10) 118 (10) 666 (10) 720 (18) 751 (14) 758 (13) 796 (13)
1500 343 (16) 392 (15) 1114 (10) 1224 (20) 1242 (16) 1252 (15) 1276 (15)

90% Lower bound (90-th quantile)

0 0 (0) 0 (0) 0 (1) 0(3) 0(2) 2(2) 8 (3)
200 0 (0) 0 (0) 46 (4) 107 (7) 131 (7) 133 (7) 156 (8)
500 0 (0) 0 (0) 328 (11) 421 (16) 436 (15) 456 (15) 474 (15)
1000 238 (10) 251 (10) 782 (10) 952 (18) 919 (14) 932 (13) 957 (13)
1500 541 (16) 563 (15) 1255 (10) 1467 (20) 1430 (16) 1452 (15) 1478 (15)

Power (global null)

0 0.00 (0.00)  0.00 (0.00)  0.04 (0.02) 0.06 (0.02) 0.07 (0.03) 0.11 (0.03) 0.14 (0.03)
200 0.00 (0.00)  0.00 (0.00)  0.28 (0.05) 0.23 (0.04) 0.31 (0.05) 0.35 (0.05) 0.40 (0.05)
500  0.06 (0.02) 0.07 (0.03)  0.89 (0.03) 0.78 (0.04) 0.84 (0.04) 0.88 (0.03) 0.89 (0.03)
1000 0.76 (0.04)  0.83 (0.04)  1.00 (0.00) 1.00 (0.00) 1.00 (0.00) 1.00 (0.00)  1.00 (0.00)
1500 1.00 (0.00)  1.00 (0.00)  1.00 (0.00) 1.0 (0.00) 1.00 (0.00) 1.00 (0.00)  1.00 (0.00)

Table 6.2: Performance of ACODE for collective outlier detection with the LHCO data,
using a training set containing 100,000 inliers. The performance is measured in terms of
median and 90-th percentile values of a 90% lower confidence bound for the number of
outliers (top and center) and the power to reject the global null hypothesis (bottom). The
numbers in parenthesis are standard errors. Other details are as in Figure 6.14.
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Figure 6.15: Lower confidence bounds for the number of outliers within an adaptively
selected subset of 1000 test points, in numerical experiments otherwise similar to those of
Figure 6.1. The results are shown as a function of the proportion of selected test points
and of the total number of outliers in the test set. The dashed curve corresponds to the
true number of outliers in this selected set. In these experiments, ACODE is applied using
a one-class support vector classifier to compute the conformity scores.
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Figure 6.16: Empirical 90-th quantile for a 90% lower confidence bound on the number
of outliers within an adaptively selected subset of 1000 test points, in the same numerical

experiments of Figure 6.5.
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Figure 6.17: Empirical 90-th quantile for a 90% lower confidence bound on the number
of outliers within an adaptively selected subset of 1000 test points, in the same numerical

experiments of Figure 6.15.
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6.3.3 Additional Experiments with Real Data

This section, further investigates the performance of ACODE by applying it to 6 additional

data sets previously utilized in the related literature. These data sets are:

e CreditCard (Dataset, ¢), containing 30 variables, 492 outliers, 284315 inliers;

Pendigits (Dataset, ), containing 16 variables, 156 outliers, 6714 inliers;

Covertype (Dataset, b), containing 10 variables, 2747 outliers, 286048 inliers;

Shuttle (Dataset, f), containing 9 variables, 3511 outliers, 45586 inliers;

e Mammography (Dataset, d), containing 6 variables, 260 outliers, 10923 inliers;

ALOI (Dataset, a), containing 27 variables, 1508 outliers, 48026 inliers.

These experiments are conducted following an approach similar to that described in
Section 6.1, applying ACODE based on the same suite of 6 classification algorithms and 6
local testing procedures. Each experiment is independently repeated 100 times, each time
randomly sampling disjoint training, calibration, tuning, and test sets of sizes 1000, 100,
100, and 100, respectively. The training, calibration, and tuning sets include only inliers,
while the proportion of outliers in the test set is varied as a control parameter between 0
and 1.

Figures 6.18-6.23 summarize, separately for each data set, the performances of the lower
confidence bounds and global tests obtained with ACODE. The results are reported as a
function of the true number of outliers in the test set and are also stratified based on the
type of classifier utilized by ACODE and on the underlying local testing procedure. The
findings overall indicate that binary classification models generally yield higher power in
these experiments, which can be attributed to the relatively low dimensionality of these
data sets. Moreover, among the local testing methods considered, both Fisher’s method
and the WMW method demonstrate similarly high power, typically outperforming Simes’
method. Crucially, the fully automatic implementation of ACODE, which selects both
the classification model and the local testing procedure in a data-adaptive way, leads to

near-oracle performance in all cases.
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Finally, Figures 6.24 and 6.25 describe experiments aimed at constructing 90% lower
confidence bounds for the number of outliers within a data-dependent subset of test points,
specifically those selected for their high conformity scores. For easier understanding of
these experiments, ACODE is now applied with a fixed classification algorithm, the one-
class isolation forest, rather than leveraging the full suite of 6 different algorithms. The
results show that the WMW test consistently outperforms the Fisher combination method
in terms of power, aligning with findings previously documented in Sections 6.1 and 6.2.
Furthermore, the fully adaptive implementation of ACODE effectively maximizes power
by automatically identifying the most powerful local testing procedure for each case, again

achieving oracle-like performance.
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Figure 6.18: Performance of ACODE for collective outlier detection with the creditcard
data set, as a function of the true number of outliers in a test set of size 100. The perfor-
mance is measured in terms of median and 90-th percentile values of a 90% lower confidence

bound for the number of outliers (top and center) and the power to reject the global null
hypothesis of no outliers (bottom). Other details are as in Figure 6.1.
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Figure 6.19: Performance of ACODE for collective outlier detection with the pendigits

data set, as a function of the true number of outliers in a test set of size 100. The perfor-

mance is measured in terms of median and 90-th percentile values of a 90% lower confidence

bound for the number of outliers (top and center) and the power to reject the global null
hypothesis of no outliers (bottom). Other details are as in Figure 6.18.
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Figure 6.20: Performance of ACODE for collective outlier detection with the covertype

data set, as a function of the true number of outliers in a test set of size 100. The perfor-

mance is measured in terms of median and 90-th percentile values of a 90% lower confidence

bound for the number of outliers (top and center) and the power to reject the global null
hypothesis of no outliers (bottom). Other details are as in Figure 6.18.
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Figure 6.21: Performance of ACODE for collective outlier detection with the shuttle data

set, as a function of the true number of outliers in a test set of size 100. The performance is

measured in terms of median and 90-th percentile values of a 90% lower confidence bound

for the number of outliers (top and center) and the power to reject the global null hypothesis
of no outliers (bottom). Other details are as in Figure 6.18.
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Figure 6.22: Performance of ACODE for collective outlier detection with the mammography

data set, as a function of the true number of outliers in a test set of size 100. The perfor-

mance is measured in terms of median and 90-th percentile values of a 90% lower confidence

bound for the number of outliers (top and center) and the power to reject the global null
hypothesis of no outliers (bottom). Other details are as in Figure 6.18.
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Figure 6.23: Performance of ACODE for collective outlier detection with the aloi data set,

as a function of the true number of outliers in a test set of size 100. The performance is

measured in terms of median and 90-th percentile values of a 90% lower confidence bound

for the number of outliers (top and center) and the power to reject the global null hypothesis
of no outliers (bottom). Other details are as in Figure 6.18.
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Figure 6.24: Median values for a lower confidence bound on the number of outliers within
an adaptively selected subset of 1000 test points, in numerical experiments with several
different data sets. The results are shown as a function of the proportion of selected test
points. In these experiments, ACODE is applied using a one-class isolation forest model to
compute the conformity scores. Other details are as in Figure 6.3.

121



EMPIRICAL RESULTS

Pendigits Creditcard Covertype

ALOI WMW

8- LMPI (Lehmann, k=3)

Method
E Simes
8 = T T

Storey—-Simes

2 S & ’
g —+— Fisher
° Shuttle
X
o
[}

—¥ Adaptive

N 90 N @ Y

& o S
3 > AN o N N N

Proportion of top scores in selected test set

Figure 6.25: Empirical 90-th quantile for a lower confidence bound on the number of outliers
within an adaptively selected subset of 1000 test points, in numerical experiments with
several different data sets. Other details are as in Figure 6.24.
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CHAPTER 7

Conclusions

7.1 Discussion

This thesis presents a novel distribution-free methodology for collective outlier detection
that extends traditional approaches, by providing post-hoc confidence bounds for the total
number of outliers in a dataset. Unlike conventional methods that focus primarily on
controlling the false discovery rate, this new method offers explicit guarantees about the
false discovery proportion.

The proposed approach involves a trade-off. On one hand, it exhibits somewhat re-
duced power for the precise localization of individual outliers compared to standard FDR-
controlling procedures. On the other hand, it provides significantly stronger protection
against the inherent variability of the FDP around the FDR. Furthermore, the method
enables researchers to make simultaneous, valid inferences about the number of outliers
across multiple subsets of the test data.

The novel method builds upon conformal inference techniques, specifically leveraging
conformity scores and conformal p-values to enable valid data-driven inference through a
closed testing procedure with local rank tests.

A key insight underlying this approach is that the optimal choice of conformity score
function and local testing procedure can vary dramatically across different data scenarios,
demonstrated through extensive empirical investigations. To address this variability, a fully
data-driven approach has been adopted for selecting both the classification method and the

local test.
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This adaptive strategy is made rigorous through the use of split conformal techniques,
which enable the incorporation of test set observations into the selection process while
maintaining the essential property of inlier score exchangeability. By preserving this ex-
changeability through sample splitting, the method ensures that the resulting inference
remains statistically valid despite the data-driven nature of the procedural choices, thereby

avoiding selection bias.

7.2 Future Directions of Research

Our work inspires several avenues for future research. For example, while our method
employs sample splitting, one could explore extensions to more sophisticated conformal
inference frameworks that use cross-validation, which tends to be more computationally
expensive but also more powerful for small sample sizes (Barber et al., 2021).

Additionally, this paper assumes an ideal reference data set of inliers; future work could
examine relaxations of this assumption, accounting for possible contamination of the cal-
ibration data (Barber et al., 2023), or other distribution shifts (Tibshirani et al., 2019)
following a weighting approach similar to that of Hu and Lei (2024). Indeed, distribution
shifts and contamination in calibration data for outlier detection might lead to a loss of
power (Bashari et al., 2025). Recent literature explores double-robustness (Lei and Candes,
2021; Candeés et al., 2023; Yang et al., 2024; Sesia and Svetnik, 2025) and weighted meth-
ods (Tibshirani et al., 2019; Hore and Barber, 2024; Bhattacharyya and Barber, 2025) as
promising approaches.

Another intriguing question arises about the implications of employing an optimal local
test within a closed testing procedure, as it may not directly lead to an optimal closed
testing procedure. Nevertheless, it is worth noting that closed testing procedures hold the
potential for optimality. As highlighted by Goeman et al. (2021), admissible methods are

required to be closed testing procedures, and optimal methods must adhere to admissibility.
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CHAPTER A

Appendix

Al Proofs

Al.1 Theorem 13

Proof of Theorem 13. The proof of Theorem 13 begins by establishing that the global test-
ing problem on 7

H:m=0 Vs K:n=7>0

is equivalent to the testing problem on 6

H:0=0 Vs K:0=0>0.

The equivalence follows by the fact that the optimal score vector (Y7*,...,Y) is a sufficient
statistic for . The likelihood function of the multivariate data L(Zp41, ..., Zmtn ; ) can
be factorized into the product of two functions: one that depends on the parameter m and

the data only through the transformation (Y,...,Y;"), and another that is independent of

rtn
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s
L(Zmi1s- s Zman s ™) = H [(1 - W)pO(Zm—i—j) + 71'pl(Zm—I—j)] =
J€ln]
Hje[n] (L = m)po(Zm+j) + 7P1(Zm+j)] H »
= 0 Zm,
[Ljen Po(Zims) " +9)
:H[(l—ﬁ)—I- mﬂ] 11 »o(Zm+s)
jeln] D) jein
= H (1 —m) + mr( m+j H ol m—i—]
Jj€ln] j€n]
:H[(l—ﬂ' +7rY Hpg g )-
j€ln] Jj€ln]
The sufficiency of (Y7%,...,Y)) for 7 follows from the Factorization Theorem (Casella and

Berger, 2002, Theorem 6.2.6).
By the sufficiency of (Y, ...,Y,") for 7 and Theorem 8.2.4 of Casella and Berger (2002),
the likelihood ratio test for H versus K applied to Zpm i1, ..., Zmin:

[ep (X = T)po(Zm+j) + 701 (Zim+j)] ‘

ng[n] Po(Zm+;) (A1)

p(Zm+17 SERE) Zm+n) =

scores

applied to the optimal scores (Y7*,...,Y)

n

is equivalent to the likelihood ratio test p
since, when using the score function r, the hypothesis H holds if and only if H holds.
Consequently, for any significance level «a € (0, 1) the rejection region of the Neyman-

Pearson optimal test p defined as

Ru(p) = {(Zm—Ha s Zimin) P Zmg1s -y Zmgn) > pa} ) (A2)

with po > 0 such that P(p(Zpmi1, -y Zmtn) = Pa; ﬁ) < « and the rejection region of the

two-step oracle procedure

Ra(r, p7) = {(Zmt1, s Zman) : 70 (1 (Zingr)s -7 (Zmgn)) 2 ta} (A3)

where t, > 0 is such that P (05" (r(Zpm41), - - - s 7"(Zmtn)) = ta ; H) < « coincide.
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