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1. Introduction

Discontinuous Galerkin (DG) methods were introduced in the 70s,% 22 and have
gained significant popularity starting from the late 90s!L 26 [% 1215 20, 21l They
are nowadays widely regarded as the reference methods for advection-dominated
problems. The specific focus of this work is on scalar advection with possibly non-
linear p-type diffusion. This type of problems arise in the modeling of several
physical processes such as, for example, the flow of physical particles, chemical
species or heat. They also serve as a conceptual model for the momentum conserva-
tion equation in the modeling of incompressible non-Newtonian fluid flows. When
a polynomial degree k > 1 is used, classical error estimates for linear diffusion—
advection(-reaction) problems (corresponding to the case p = 2 in this context)
show that the error contribution stemming from diffusive terms is O(h*) (with h
denoting the mesh size), while the one stemming from advective terms is O(h**2);
see, for example, Ref. 3 as well as Ref. 22] and Sec. 4.6 of Ref. 21l for an analysis
covering the locally degenerate case. Pre-asymptotic convergence rates between k
and k + % can be observed, in practice, when sufficiently coarse meshes are consid-
ered; standard estimates do not usually allow, however, a quantitative assessment
of this phenomenon.

Moving to nonlinear problems, convergence analyses for various DG schemes
applied to p-type diffusion can be found, for example, in Refs. [12] 16l 24] and 28|
Specifically, in Refs. [12] and [16, the authors consider convergence by compactness
of discretizations that are based on a full gradient incorporating the contribution
from inter-element jumps. In Ref. 28] on the other hand, schemes where consistency
is achieved through a separate boundary term are also considered, and error esti-
mates are proved using a generalized Scott—Zhang interpolator valid for conforming
simplicial meshes.

To our knowledge, a convergence study for model problems including both
advection and nonlinear diffusion is missing in the literature of DG elements. Espe-
cially if one aims at developing sharp estimates which respect the local nature of
diffusion and convection, the interaction between the (linear) advection and the
nonlinear diffusion cannot be accounted for through a simple combination of known
techniques, as the estimate of each term becomes dependent on the local regime.

The goal of this work is precisely to derive Péclet-dependent error estimates for
a problem with linear advection—reaction and p-type diffusion, for Sobolev indices
p € (1,00). The discretization of the diffusion term is, similarly to Refs. [12] and [16]
based on the full gradient including jump liftings and interior-penalty stabilization.
For the advective contribution, on the other hand, we consider a strengthened ver-
sion of the classical upwind scheme obtained by interpreting the latter as a penalty
contribution in the spirit of Ref. [11l The peculiarity of our error estimates is that
they track the dependence of the local contributions to the error on local Péclet
numbers, as mentioned above. To improve the estimates of certain terms, we pro-
vide a new extension to the nonconforming case of the techniques of Ref. 26 based
in turn on the results of Ref. 23] (see also Ref. [F). This requires a certain number
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of subtleties, both in the adaptation of the argument and in the definition of the
face Péclet numbers (which need to account for both the physical and numerical
diffusions). To the best of our knowledge, our Péclet-dependent error estimates are
the first of this kind for a nonlinear problem, and enable a quantitative assessment
of pre-asymptotic convergence rates. In the linear case, corresponding to p = 2,
local Péclet numbers can be computed based on the sole knowledge of the problem
data and the mesh, making it possible to identify a priori advection- and diffusion-
dominated elements/faces. We emphasize that our results hold for general polygonal
and polyhedral meshes, which we believe is an important asset. This is obtained by
avoiding to use globally continuous polynomial approximants, a choice which would
have simplified certain proofs (by making many jump terms vanish) at the price
of restricting the range of eligible meshes. This contribution furthermore sets the
stage for future publications developing pressure-robust and advection-robust finite

104125 modeling incom-

elements for time-dependent Navier—Stokes-type equations
pressible fluid flows with non-Newtonian rheology.

We finally remark that all theoretical results are supported by an extensive
numerical validation.

The rest of this work is organized as follows. In Sec. [2] we describe the continuous
problem. After presenting some definitions and preliminary results in Sec. [3] the
numerical scheme is introduced in Sec. [d] along with the main theoretical results.

The proofs of the latter are given in Sec. [f] Finally, numerical tests are collected in

Sec. [6l

2. The Continuous Problem

Let Q c R?, d > 2, denote a bounded, connected polyhedral domain. We develop
a Péclet-robust Discontinuous Galerkin method for the following problem: Find
u : 2 — R such that

=V [o(Vu) = pu] + pu=f in Q,
u=0 on JN.

(2.1)

Here above, we assume that the velocity field satisfies 3 € W1>(Q)¢ and, for
the sake of simplicity, that V - 8 = 0 almost everywhere in 2. Furthermore, we
assume p(x) > p > 0 for almost every x € Q with 4 € R. The extension to
nonincompressible velocity fields is standard, and essentially requires to assume a
positive lower bound on the quantity p + %(V - B) instead of pu. The function o
represents the diffusive flux function, which we describe below.

For the given real number p > 1 and integer n > 1, we consider the power flux
function

on :R" S 20 [2|P7%, 2 €R™,

with |-| denoting the Euclidian norm. In what follows, for the sake of brevity, we
omit the subscript when n = d, i.e. we set o := g4. The following derivations can
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be extended to more general flux functions satisfying appropriate p-monotonicity
and p-continuity properties characterizing the Leray—Lions-type operators and their
generalizations; see, for example, Refs. 27 and 23]

In what follows, to alleviate the notation, we will use the symbol ¢(d) for a
generic constant, possibly different at each occurrence, which depends on the param-
eter ¢ but is independent of the mesh size (see below), the problem data and
solution.

Lemma 2.1. (Modified monotonicity of the power flux function) Let p € (1,00)
and an integer n > 1 be given. For all z,y,z € R™ and any real number & > 0, it
holds

(Un('r) - Un(z)) ' (x - y)
< 8(only) = onl@)) - (y — @) + () (| + |2)P 2|z — 2|, (22)

with ¢(8) being a positive constant depending only on p and 6.

Proof. Throughout this proof, a < b means a < b with hidden constant only

~

depending on p, while a ~ b stands for “a <band b <a”. Let o : RY 3¢ %tp €
R* and, for any a > 0 and any ¢ > 0, let ¢, (t) := fot ¢'(a+s) 1 ds. By Eq. (6.28)
in Ref. 23] it holds, for all s, € RT and all § > 0,
Pa(8)t + ¢4 (t)s < 0pal(s) + c(6)pa(t). (2.3)
Moreover, by Lemma 3 in Ref. 23 we have, for all z,y € R",
(00 (y) = on(@)) - (y — @) = Py (lz = yl) = (Je| + [y))* |z — y[> (2.4)

and, as observed in Lemma 2.3 of Ref. 26|, for all x,z € R",

|on (@) = on(2)] S @y (Jx = 2). (2.5)

Let now z,y,z € R™. Applying (2.3) with a = |z|, s = |z — y| and ¢t = |x — z|, and
noticing that ¢/, (s)t > 0, we get

Plaj(l7 = 2Dz =yl < Sppy(l2 = y[) + c(6)pyay (2 = 2))- (2.6)

The conclusion follows first observing that (o,(z) — o,(2)) - (z — y) <
|on(z) — 0n(2)| |z — y| and using to estimate the left-hand side of with
the left-hand side of , then applying, respectively, the left-most equivalence
in to estimate @, (| —y|) and the right-most equivalence in (2.4) to estimate

@|z|(|]z — 2|) in the right-hand side of (2.6). O

3. The Discrete Setting and Preliminary Results

We denote by T, a mesh of Q belonging to an admissible sequence {75} in the
sense of Sec. 1.4 of Ref. 21l For any T' € T}, we denote by wr the union of the mesh
elements sharing at least one face with 7', which are collected in the set Tr. We
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moreover denote by Fy, the set of faces, partitioned into boundary faces collected
in ]—'ﬁ and interfaces collected in Fj. Given a face F' € Fj, we denote by T the set
of mesh elements sharing F' and by wg their union. Furthermore, for any T' € Tp,
we denote by Fp the set of its faces. For any mesh element or face Y € T, U Fp,
we denote by hy its diameter and set h := maxre7;, hr. Since T, belongs to an
admissible mesh sequence, the maximum number of faces of a mesh element is
bounded uniformly in A.

To avoid naming generic constants, from this point on we will use the notation
a < b to express the inequality a < Cb with C being independent of the mesh
size, of the problem data and solution, but possibly depending on other quantities
including the domain, the ambient dimension d, the mesh regularity parameter and
the Sobolev index p. We will write a ~ b in lieu of “a < b and b < a”.

Remark 3.1. (Polytopal meshes) We underline that the present results apply not
only to standard type of grids, but also to general polytopal meshes. For a few
(among many) examples of other polytopal schemes in a similar context, see, for
instance, Refs. [9] [19] 8 and [18|

3.1. Local and broken spaces

Given a polynomial degree k¥ > 0 and a mesh element T € Tj, we denote by P*(T)
the space spanned by the restriction to 1" of d-variate polynomial functions. At the
global level, we define the broken polynomial space

PH(Th) := {vn € L'(Q) |vp := (vn)r € PH(T) for all T € Tp,}.

The L2-orthogonal projector on P*(T}) is denoted by 7Tlh€ and is obtained patching
together the L2-orthogonal projectors w% on P¥(T), T € Tp. The same notations
are used for vector versions of these projectors mapping on P*(7;)? or P*(T)? and
acting component-wise. Letting Y € T, UF, U{Q}, we denote by W%P(Y") the usual
Sobolev space on Y and we set

WOP(Ts) = {v € LP(Q) | € WO2(T) for all T € T3},

We will also need broken spaces defined on local patches Ty, Y € T, U Fy,, defined
in a similar way. Finally, for the Hilbertian case p = 2, we will also use the habitual
abridged notations H? := W%2 and L? := HP.
For future use, for any p € (1, +00) we define the conjugate index p’ such that
1 1 , p
The above definition can be generalized to p € {1, 00} setting - := 0 and § := oc.

3.2. Trace operators and integration by parts formula

For each interface F' € F}, we fix once and for all an orientation for the unit
normal vector np. Denoting by 77 and 75 the elements sharing F' ordered so that
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npg points out of T, we define the jump and average operators such that, for any
v € WHH(Th),
1
[lr = o =, Avkr = 5(om +om)-

When applied to vector-valued functions, these operators act component-wise. The
above operators are extended to boundary faces F' € ]-"}L’ setting

(el =A{e}r =
We recall the following integration by parts formula: For all 7 : @ — R% and
v : 2 = R smooth enough,

/Qrvhv:*/Q(Vh'T)UJr Z /F{T}F'”F[”]F

FeFl
+ F;}il /F[T]F ‘np{v}r + /BQ(T -, (3.2)

where n denotes the unit normal vector field on 952 pointing out of .

3.3. Jump liftings and discrete gradient

The jumps of smooth-enough functions can be lifted to polynomial functions defined
over (). Specifically, given an integer k > 0, for each F € F;, we define the local
trace lifting r% : L*(F) — P*(T)¢ such that, for all ¢ € L1(F),

/Srfrw-m =/ V{m}r -np, Vm, e PH(T)4, (3.3)
2 F

and we let RY : WHL(T,) — P*(T5,)? to be the global face jumps lifting such that,
for any ¢ € WH(T),

Rio:= Y rh(glr). (3.4)
FeFy
Finally, we define the discrete gradient G¥ : W11(T;,) — L1(Q)? setting
Ghp = Ve — Rigp, (3.5)

where V), denotes the broken gradient on 7y,.
For any p € [1,00), we define the following broken norm: For all ¢ € W1P(T},),

1

1l = (19150 e + 1918 )" with

l1pn = (Z h;—pn[@]Fnim) , (3.6)

FeFy

=

which extends as follows to the case p = occ:
1ol oo = VROl o ()a + [#l100n Wit |@l100,n == max he el s )

(3.7)
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In local estimates, we will also need the following local versions of the norms (3.6|)
and (3.7): For all T € T}, and all ¢ € WhP(T7),

=

lollpr = (||Vh30||]£p(T)d + |<,0|If’p,T> with

|1t = ( ) h;‘pn[so]Fnip(F)) (3.8)

FeFr

=

and

@ll1,00,7 = [IVR@l Loo(rya + |@l1,000 With [p1,00,7 := nax het el el Lo (r)-

It is easy to check that, for all o € WLYP(Ty,), p € [1, 0],

lelly pn = Y Nl and Joff o~ > foff 1.
TeTh TETh

Lemma 3.1. (Properties of the jump lifting) The following holds, for any integer
k>0 and any p € [1,0]:

(1) Boundedness: For all ¢ € WLP(Tp,),
1p
IrE(ele)llr @ S b WNelrllor), VF € Fa, (3.9)
with the convention that hI;Tx = hp' and

IRkl Lorye S leliprs VT € Th (3.10)

(2) Approximation: For any w € WyP(Q) (with Wy (Q) denoting the closure of
Cx(Q) in WLP(Q)) such that w € WHLP(Ty,) for some r € {0,. .., k},

IRy wl Loerye S Pplwlweeroiry, VT € Th (3.11)
Proof of (3.9)—(3.10)). It holds, for all F' € F},,

k
T F)-T
”T]}C’([()O]F)”Lp(g)d = sup M
reLr' (Q)\{0} HTHLP’(Q)d

Jo ri([elr) - miT

= sup
reLr (Q)4\{0} H7'||Lp’(Q)d

B3 sup fp[@]F{ﬂ-ZT}F ‘NF
TeLP' (Q)4\{0} HT”LP'(Q)d ’

where the introduction of the L2-orthogonal projector 7} in the second equality is
1

made possible by its definition. We next write, setting h;? =1if p’ = oo,

1

[ eletkre - ne| < e Nelelllnk o e

S hp

N e

Ilell ey 171 Lo 730y
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where we have used a Holder inequality with exponents (p,p’,00) along with the
fact that ||np|pe e < 1 followed by the discrete trace inequality of Lemma 1.32
in Ref. [I7 in the first passage, while the second passage is a consequence of the
L¥' -boundedness of the L2-orthogonal projector (cf. Lemma 1.44 in Ref.[17). Addi-
tionally noticing that, by (3.1)), —i = 1_Tp and that |7 0 (e < 17l L (@)as
yields (3.9)).

Let now T € T,. In order to estimate || R}¢| 1o (rye, we first recall that, for any
F € Fp, the support of r’;;([cp]p) is wp, then use a triangle inequality together
with and finally use card(Fr) <1,

IRF ol pocrya = || > ri((elr) Y h [elrllcery S lelipTs
FeFr Lr(T)d FeFr
which is the bound (3.10). m|

Proof of (3.11). If p € [1,00), using the result proved in the previous point, we
can write, for all T € Tp,

1— 1—
IRETE W gye S 32 BNkl = 2 AP lnfw — wlpll, 0
FeFr FeFr

pr P
S by § , |w‘W7'+1,P(Tp)7
FeFr

where, to insert w in the second passage, we have used the fact that its jumps
vanish across interfaces and its trace on 0f2 is zero, while the conclusion follows
from scaled trace inequalities and approximation properties of the L?-orthogonal
projector, additionally recalling that hy < hps for all 7" € Tr by mesh regularity.
Using card(Fr) < 1, follows. If p = co, we have

||leb7fhw||L<>° LS Z hp lH [mw JFllLe(r) = Z hp 1|| [mw — w]F | L (F)
FeFr FeFr

S hplwlw e (725

which concludes the proof. O

Lemma 3.2. (Approximation properties of the discrete gradient) For all integers
k>0, allpe[l,00] and all w € Wy P(Q)NWTLP(T;,) with r € {0,...,k}, it holds

||GZ7T}]§7VU — vaLp(T)d < h9|w|W1'+1,p(TT)7 VT €T, (3.12)

Proof. Using (3.5)) and a triangle inequality, we obtain
|Grmpw — V| Lp(rye < [Vrfw — V| Loy + HRhﬂhw”LP

The conclusion follows using the approximation properties of the L2—orthogonal
projector for the first term and (3.11)) for the second. O
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Remark 3.2. (Local boundedness of G o 7f) For any ¢ € [1, 0], combining a
triangle inequality with (3.12)) written for » = 0, it is readily inferred that, for all
p € WH(Th),

IGEmrel Larya S lelwra(ry, VT € Th. (3.13)

4. Discrete Problem and Main Results
4.1. Dziscrete problem

From this point on, we let a Sobolev exponent p € (1,00) and a polynomial degree
k > 1 be fixed. The diffusion term is discretized, similarly to what is proposed in
Ref. 12 by the function ay : P*(T5) x P*(T,) — R such that, for all (wy,v;) €
PH(Th) x PH(Th),

ah(wh,vh) 2:/ (thh) Gﬁvh—&—sh(wmvh), (41)
Q
where
n(wn,vn) =Y hp ”/01 wplp)[onlr = Y g p/ |[wn] £ [P~ 2[wh] Fvn] -
FeFy FeFy

The discretization of the advection-reaction terms hinges on the bilinear form
br : P*(Th) x PE(Ts) — R such that, for all (wp,vs) € P*(Th) x P*(Th),

bp (wn, vp) = —/Qwh(ﬁ'vhvh) /Mwhvh-i- > / B-np){wn}rlonlr

FEF)
3 p Flon]F, (4.2)
F;-'h F/ "

where, for all F' € F}, we have introduced the face reference velocity

Br =B npllp=(r).

Notice that the stabilization term is not the classical upwind, but rather a
stronger version based on the reinterpretation as jump penalty provided in Ref. [I1L

Remark 4.1. (Generalizations) The bilinear form by, includes suitable terms that
will be used to control the diffusive and advection terms on advection-dominated
faces. The above formulation (and, in many cases, also the theoretical results that
follow) could be easily extended to other choices, such as including cross-wind or
making B r dependent on some computable estimate of the local Péclet number. In
particular, one could switch to standard upwind stabilization on boundary faces to
correctly treat the boundary conditions in the vanishing diffusion case.

The discrete problem reads as follows: Find u;, € P*(7},) such that

ah(uh,vh) + bh(uh,vh) = /Qf’l)h, Yo, € 'Pk(%) (43)
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4.2. Main results

In this subsection, we collect the main results of the analysis of problem .
The error estimate accounts for the different regimes in each mesh element/face,
as identified by local Péclet numbers (for a similar local approach in a different
context, see, for instance, Ref. [18)).

4.2.1. Dimensionless numbers and reference quantities

In order to state these convergence results, we need to define here the key reference
quantities and dimensionless numbers. For any function w € WP(£2) and any mesh

element T € Ty, we define the element Péclet number as follows. If Br = 18| oo (1)
vanishes, we set Per(w) = 0; otherwise,
— brhr th K — p—2
Per(w) :== = ) with Kr(w) := [[|[Vw[P™=|| Lo (77, (4.4)
T

with the convention that K7 (w) = 400 (and thus Per(w) = 0) if the restriction of
|Vw[P~2 is not in L°(w7). Furthermore, we define the reference time,

1
Tr = . (4.5)
max (||| oo (1), |Blw1.o0 (1y4)

Similarly, for any F' € F},, we define the face Péclet number as follows. If Bp =0,
we set Pep(w) = 0; otherwise

3ph
Pep(w) := ——  with

KF(’U)

Kp(w) :== max (|||vw|p_2”L°°(F)a h%_p||\[WZW]FV’_QHMO(F)) , (4.6)

where again Kp(w) = 400 (and thus Pep(w) = 0) whenever the involved functions
are not in L (F).

Notice that the face Péclet number accounts for the fact that the stabilization
term introduces additional numerical diffusion. In practical situations, this numer-
ical diffusion can be expected to be small compared to the physical one.

We partition the sets of mesh elements and faces based on the values of the
local Péclet numbers. Specifically, given a smooth-enough function w : Q@ — R,

we set
Ti(w) := {T € T | Pep(w) > 1}, T (w) := Tu\ T (w),
Fi(w) := {F € Fy|Pep(w) > 1}, Fl(w):= F,\Fi(w).
4.2.2. Norms

The relevant norm for the analysis of the diffusion terms is ||-||1,n (cf. (3.6)) as
well as its restriction to an element T € Ty, (cf. (3.8). The norm for the advective
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and reactive terms is, on the other hand, given by
1

2
lvnllg.pun = <; > Brelllalrllize + MévhHQp(Q)) , Vo, € PH(T). (4.7)
FEF,

This choice of advection—reaction norm is justified as follows. By standard argu-
ments (which essentially amount to applying the integration by parts formula
with (7,v) = (Bwp,vs) to the first term in the right-hand side of (£.2)), using the
continuity of 5-ng across interfaces and recalling that V-3 = 0), it is easy to check
that

b (on,vn) = lonlfns  Yon € PE(Th), (4.8)

showing that by, is coercive with respect to the norm defined by (4.7) with the
coercivity constant equal to 1.

4.2.3. Error estimate

The following theorem contains an estimate of the error between the solution
of the discrete problem and the projection of the continuous solution that
tracks the dependence of the convergence rate on the local regime. We remark
that the regularity conditions required below for u are implied, for instance, by
the simpler but less sharp requirement u € W1P(Q) N W"+LP(T,) with p =
max {2,2p — 2,p'}.

Theorem 4.1. (Convergence) Denote, respectively, by u € Wol’p(Q) and by uy, €
PF(Ty) the solutions of the weak formulation of problem (2.1) and of the discrete
problem (4.3). Additionally assume that, for some r € {0,...,k},

o U, € WHLP(Tp) for all T € T (u);

o wp € HY(T) for all T € Ty;

° U, € WL (Tp) WL (TR) and (V) |w, € WP (Tp)¢ for all F € Fil(u);
o U, € H Y (Tr) and o0(Vu),, € H™3(Tr)? for all F € F(u).

Then, letting

2 ifp<2,
q:= (4.9)
p ifp=>2,
it holds
lun — mhull], , + lun = w3 o
A9 _1,2(r+1
S Z Tr ZETlhT(T )|U|i1r+1(:r)
TeTh
h}p|u\€w+1,p(7}) if p <2

+ Z BTh%T+1|u|§{r+1(T)+ Z

TeT(w) TeTA (u) h%r|u|%/vr+1,p(TT) if p>2
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2r+4+1 > —1 2 ~ 9
+Fe;( )hF <KF(u) |a(vu)|H,,+%(TF)d+/3FU|HT+1(TF))
h u
+ Z h?|“|€vv-+1,p(TF)
FE]",‘f(u)
| (10 e + K@ 6ll ) | (410)
FE]:}CL](u)
Proof. See Sec. 5.3l -

The above convergence result is fully local, being able to deliver sharp estimates
also in situations where diffusion or advection dominates in different areas of the
domain. This feature is particularly important in the present nonlinear situation,
where the distinction among the two cases depends on the solution itself and not
only on some data given a priori. Notice that, for the sake of conciseness, here we
do not consider the trivial case of dominating reaction.

For the more interesting case p < 2, the above estimates are “optimal” in the
sense that, for regular solutions, the bound yields the same asymptotic order of
convergence as for the conforming Finite Element (FE) schemes (i.e. O(h7)), see
Refs. [5l and 26l Furthermore, in the pre-asymptotic regime, our estimate underlines
a better error reduction rate in the areas of the domain where advection dominates
(behaving as h"+%). In this respect, notice that the negative power of Kp appearing
in the bound above is balanced by the associated o term, see Remark [5.1] The case
p = 2 corresponds to a linear diffusion—advection—reaction problem, for which the
classical estimates are recovered (see, for example, Refs. 22 and [3] and also Sec. 4.6
of Ref. 21)). In the case p > 2, the same observations apply, except for the fact that
the asymptotic convergence rate now compares unfavorably to the conforming FE
case, due to the presence of an (’)(hrp/) term in the right-hand side (to be compared
with O(h?")). This aspect could be possibly improved by introducing a stronger
jump term s;, (which, on the other hand, would lead to a weaker pre-asymptotic
reduction rate in advection-dominated regimes) or by introducing some suitable
tweaks in the analysis, see Remark

5. Theoretical Analysis
5.1. Properties of the diffusion function

Lemma 5.1. (Stability of ay) For any wp,vn € P*(Th), recalling the definition
(4.9) of ¢ and assuming that ||wh|1,p.n + |Vnllipnr S 1 if p < 2, there exists Cq
independent of h (but possibly depending on 2, p and the mesh reqularity parameter)
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such that

C ||’LUh - ’Uh”l ok~ < ah(wh,wh — ’Uh) — ah(vh,wh — Uh) (5.1)

Proof. The proof is a straightforward adaptation of the monotonicity properties
of o and the arguments of Theorem 6.19(ii) in Ref. [I7l a

We start by estimating the error stemming from the diffusion term.

Lemma 5.2. (Estimate of the discrete diffusion error) Let w € W, P(Q) be such
that o(Vw) € WH' (T;)% and V -o(Vw) € L (Q). Let us define the diffusion error
linear form EF ) - P*(Ty) — R such that, for all vy, € P*(Ty),

Ekh(w vp) / V- o(Vw)vy, — an(mrw, vp). (5.2)
Additionally assume that, for some r € {0, ..., k},

o Wy, € WTP(T7) for all T € T (w);

o wip € HYT) for all T € T (w);

o Wy, € WTHP(Tp) and o(Vw)),, € er’p' (Tr)? for all F € F(w);
o wy,, € H(Tp) and o(Vw)|, € H T 2(Tg)? for all F € Fi(w).

Then, recalling [&.9)), it holds, for any wy, € P*(T,) and any real number § > 0,
Ea 1 (w; wp, — mw)

< 5<ah(wh, wy, — W,liw) — ah(w,’iw, wp, — Wﬁw)

k k
= whwl] ,, + o = whwll3 )

5 W (W a7y i P < 2
+e@) | Y. BehF Mwlheaay + Y { 7

h%T|w|€Vv-+1,p(TT) ifp>2

TeT(w) TeTd(w)
2 172r+1
bel®) Y Relw) BV
FE]—'ﬁ(w)
+¢(9) Z h”’ lo(Vw)? va
FeFd(w)
+C(5) Z BFh%T+1|w‘%{r+1(TF) + Z her‘w|€VT+l’p(TF) s (53)
FeFp(w) FeFd(w)

with ¢(0) being independent of the particular mesh in {Tp}y and the function w.



Math. Models Methods Appl. Sci. 2024.34:1781-1807. Downloaded from www.worldscientific.com
by 79.30.165.143 on 04/21/26. Re-use and distribution is strictly not permitted, except for Open Access articles.

1794 L. Beirdo da Veiga, D. A. Di Pietro € K. B. Haile

Proof. Let, for the sake of brevity,
Vp = Wh — W;Ii’w.

Using the integration by parts formula (3.2) for the first term in the right-hand
side of (5.2]) along with the fact that [0(Vw)]p - np vanishes for all F' € F) (which
expresses the continuity of normal fluxes), expanding a;, according to its definition

([.1)), adding 0 = [, 7o (Vw) - Rfvp — EFefh fF{ﬂ'hU(VU})}F nelvplp (cf. (3.4)
and (3-3)) and adding and subtracting [, o(Vw) - Rjvy, we arrive at the following
decomposition of the error:

ehntwimn) = [ [o(Ghmkw) - o(Va)] - Ghtehw - wn)
Q

T

— Z /{O’ (Vw) — mho(Vw)}r - nrlvn) e

FeFp

Ta

+ [ [o(Vw)= Ko tVw)| - Riop + sp(mhw, mhw —wy), (5.4)

T3

where the cancellation follows from the definition of w’}f after recalling that R’h“vh €
PE(Tr)%. We next proceed to estimate the other terms in the right-hand side.

Estimate of T;. For the first term, we start by writing T1 = > . T1(7') and
consider a single T' € T,. Using the bound (2.2) with n = d and (z,y,2) =
(GErkw, Gwp,, Vw), and recalling that v, = wy, — mFw, we obtain

T(T) <6 (/ o(GRwy) - Grop — / o(GRrfw) - G’vah> +c(0)%1,ene(T), (5.5)
T T
where
TrenlT) = [ (V] + |Gkl 2 Vo - Girful.
T

We now distinguish between diffusion-dominated and advection-dominated ele-
ments.

Let first T € T,4(w). In the case p < 2, we use the fact that |Vw — GFrfw| <
|Vw| + |G rkw| almost everywhere in T along with the fact that Rt 3 2 — 2?2 €
R is strictly decreasing, to write

(3.12)
Ty en(T /|Vw Grmpwl? = ||[Vw - Gh”thLn S A TRy

(5.6)
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In the case p > 2, on the other hand, we apply a Holder inequality with exponents
(-5, 2) and a triangle inequality to write

p—2’2
p—2
‘leerr(T> 5 (”VU}HLP(T)d + HGZ?T;’?U)HLP(TW) va - G}Izw]lfwa%P(T)d
£ 613 4
S ||vw||1[),p(TT)dh%T|w|%/VT+1~P(TT) S h%‘r|w|%/vr+lvp(7})» (5.7)

where the conclusion follows from the assumption [|Vw||pr(qye S 1.

Let now T' € T*(w). We first consider the case p < 2. Using again the fact that
RT > 2+ 2P~2 € R is strictly decreasing, then applying a Holder inequality with
exponents (0o, 1) and using the approximation properties of G’,?L o ’/T}Ii, and
finally recalling that Per(w) > 1 (cf. for its definition), we have

_ _ 2
sl,err(T) §/T|vw|p 2|vw_G]FCL7T}I§w‘2§ H|Vw|p 2HLO‘”(T) va_G/l'CLﬂ-EwH[ﬂ(T)d

S Kp(w)h3 [wl3e oy < Brhd M wlde o) (5.8)

In the case p > 2, on the other hand, the local boundedness (3.13]) of Gﬁ o W,’j with
q = oo along with the definition (4.4) of Kr(w) easily lead to

Trerr(T) I%T(w)h%qwﬁ[r“(:,«) S BTh%r+1|w|?qr+l(T)7 (5.9)

where the conclusion follows again using Per(w) > 1.

Plugging the estimates (5.6)—(5.9) into (5.5, we arrive at
T <46 (/ o(Grwp) - Groy, — / o(GFrfw) ~Gﬁvh>
Q Q

+¢(6) Z Brhg ! |w|fm+1(T)

TeTA(w)
p p 3
+c(§) Z h’T |w‘Wr+1,p(TT) lfp < 27 (510)
- h2|wl|?,, 41 if p>2.
TeTd(w) Wr+he(Tr)

Estimate of T,. For the second term, we write To = >,z T2(F') and, for all
F € Fl(w), we estimate To(F) as follows:

T(F) < [{o(Vw) = mio(Vw)kpll oy [vn]F oo

1 p—1 1—p
r—21
p/-‘r

hp " o (VW) (g hp” ol )

A

B L

= hplo(Vw)lwro (e " lon]plle ), (5.11)
where we have used a triangle inequality along with the approximation properties
of the L?-orthogonal projector to treat the first factor in the passage to the second
line.
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For F' € Fj}(w), on the other hand, we first notice that Br # 0 and write
A1 A1
To(F) < Bt [{o(Vw) — nho(Ve)}rl o ya BEllonlrliece

< Bp?hiplo(Vw)| B2 onl |l 2(ry

H™ 3 (Ti)d
A 1 p4d ALl
S Kr(w)"2hp *lo(Vw)| vy o BElon]Fllzz e, (5.12)

where we have used the fact that Pep(w) > 1 to conclude.

Gathering the above bounds and applying a Hoélder inequality with exponents
(p',p) on the sum over F € Fl(w), a Cauchy—Schwarz inequality on the sum over
F € F(w) and using a generalized Young inequality with exponents (¢’, q), we get

T2 < 8(jonld,p + lonlFpn) +¢@) D Kp(w) W o(Vw)?

H™3 (Tr)?
Fef"f(w)

.

+¢(9) Z hrp |U(Vw) W (T . (5.13)
FGJ’S(w)

Estimate of T3. Finally, for the third term, we write again T3 = }_pcz T3(F).
We then first recall that [w]r = 0 and then apply with n =1 and (z,y,2) =
([mkw]p, [wh]F, [w]F), additionally using the fact that v, = wj, — TFw; we obtain
that, for all positive ¢,

Ty(F) = b /F (or([mhw] 1) — o (fw] ) [rbw — w)

<4é (h}v_p/FUl([wh]F)[Uh]F - h}_p/lral([ﬂlﬁw]p)[vh]F) + ()T e (£,
with
Ty ene (F) 1= B /F (k] o]+ [w] o DP2 [ — ] 2.

For F € Fi(w), this term is bounded trivially recalling that [w]F = 0,
1- 1- P
ES,err(F) = hF p/F | [ﬂ-fk;w - w]Flp = hF P H [7’(’2’11} - w]FHLP(F)

< her‘w|€vr+1,p(TF)-

For F' € Fj*(w), on the other hand, recalling again that [w]r = 0 and using a Holder

inequality with exponents (0o, 1), we have

Terr(F) < h%_pH|[7T'f7w]p|p_2HLw

Kp(w)
<

2
W — w]FHm(F)

o [

H [wl,fbw - w]F||2L?(F) S BFh¥+1‘w|§I”‘+1(TF)’
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where the conclusion follows using the fact that Pey'(w) < 1 for the first factor and
a triangle inequality followed by the approximation properties of ﬂ’,fb for the second.
Gathering the above estimates, we arrive at the following bound for ¥3:

T3 < d(sp(wp,vp) — sh(wﬁw,vh))

+e@) Y BrhE Tl +e() Y Wl (5.14)

Fer(w) FeF(w)
Conclusion. Plugging (5.10), (5.13) and (5.14) into (5.4) and recalling that, in
each of these estimates, § > 0 is arbitrary, the conclusion follows. O

Remark 5.1. (Negative power of K r) As already mentioned, the negative power
of K appearing in bound is balanced by the associated o regularity term.
The K;' stems from Eq. (5.12). The fact that the associated term To(F), F €
F2(w), cannot lead to an arbitrarily large contribution to the error becomes clear
by bounding such term as in instead of (i.e. using the diffusive part of
the norm instead of the advective one). Here, we decided to use in order to
clearly underline the faster pre-asymptotic reduction rate occurring in advection—
dominated cases.

5.2. Properties of the advection—reaction bilinear form

We now estimate the error stemming from the advection component of the equation.

Lemma 5.3. (Estimate of the discrete advection-reaction error) Let w € W, ()
and define the advection—reaction error linear form E&h(w;vh) : P(Th) — R such
that, for all vy, € P*(Tp),

Elﬁh(w;vh) = /QV - (Bw)vp, —|—/Q,uwvh — by (mFw, vp,). (5.15)

Additionally assume that w € H™ ' (T,) and wy,,, € WL (Tg) for all F € Fil(w)
for some v € {0,...,k}. Then, with q as in ([&.9), it holds, for any wy, € P*(Ty)
and any real number § > 0,

éf,h(w; wyp, — m’fw)

< 3(Jwn — W}Iiwﬁ,p,h + Hwh - ﬂ-ZwHZ,u,h)

~— _ 2(r+1 A r
+e(0) | D it b P ol + Y B R wl e

T€Th FeFi(w)
T
ve) | X Re@nE 1l | (5.16)
FeFi(w)

with ¢(6) being independent of the particular mesh in {Tp}n and the function w.
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Proof. We set again, for the sake of brevity,
o k
Vp = Whp — THW.

Using with (r,v) = (Bw, vy,) to integrate by parts the first term in the right-
hand side of along with V - g = 0, recalling the single-valuedness of 5 - np
and (8- np)w across any interface F' € ]-',il and inserting w into the jump operator
after noticing that this quantity is single-valued across interfaces and it vanishes on
boundary faces, we arrive at the following decomposition of the error:

51ih(w;vh)

=— /Q(w —mfw)(B - Vi) + / w(w — wrw)oy,

Q
Z BF/ [w—wﬁw]F[vh}F.

FeFn F

+ 3 (@ neo - mhudelole + 5

FeFy,
=T+ +%4 (517)

We proceed to estimate the terms in the right-hand side.
Estimate of T;. For the first term, we use the definition of 7% along with the fact

that 79.8 - Vur € PF=1(T) C P*(T) to write

1= 3 [ w=nbwl(e—m4s) - Vol

TETh

< Z [ — T(éﬂ“wHLZ(T) 18 - W%BHLW(TV IVor||L2(7)a
TETh
S Y wlgee(ry helBlwrsrya hptllor e r
TETh
2
P —172(r+1
< (Z TTZHTlhT( " )|w%IT+1(T)> llvnllg,u,n
TETh
~— —172(r+1
< Sllonll3pn +e@) D F0tug hE T wlf ), (5.18)

TETh

where we have used a Holder inequality with exponents (2,00,2) to pass to the
second line, the approximation properties of the L2-orthogonal projector along
with a discrete inverse inequality to pass to the third line, a discrete Cauchy—
Schwarz inequality on the sum over T' € T}, along with the definition of the
reference time to pass to the fourth line and a generalized Young inequality to
conclude.
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Estimate of T5. For the second term, a Holder inequality with exponents (oo, 2, 2)
and the approximation properties of the L?-orthogonal projector readily give

1 r 1
T S Y Mellieomyhi ] i) H,WUT

TeThH L2(T)
(4.5)
< Z TT hr+ |w|Hr+l(T) H,ufz ‘
TETh L2(T)
1
2
— 2(r+1
< (Z T NTlh( )|wHT+1(T)> vnllg,u,n
TETh
— 2(r+1
< SllonllZ o +e®) D w2t i wl3 e o, (5.19)

T€7_’L

where we have used a discrete Cauchy—Schwarz inequality on the sum over T' € Ty,
noticed that 7 < ir 2[1,;1, recalled the definition (4.7)) of the advection—reaction

norm in the third inequality and used a generalized Young inequality to conclude.

Estimate of T3 + T4. We next write T3 + Ty = > pcz T31a(F) and estimate
separately the local contributions on diffusion- and advection—dominated faces.
For all F € F(w), we write

Ta1a(F)| S Br(|[{w - W;]?w}FHLp/(p) + || [w ~ Wﬁ“’]FHLp/(F)) I[vn]FllLr(r)
A r+1—-2 1 1-p
S Brhp U wlysiw (g b bt (l[vn]pllecr)

:KF(W)PGF(w)h%|w|Wr+1~v’(TF)hFTH[Uh]FHLP(F)

1-p
< Kp(w)hp|wlyriiw (myhe” onlr e,

where we have used a Holder inequality with exponents (co, p’, p) in the first inequal-
ity, triangle inequalities followed by the trace approxnnatlon properties of the L2-

orthogonal prOJector along with (| . ) to write 1 = h” hg > in the second inequality,
the definition of the local Péclet number in the equality and the fact that
Pep(w) <1 to conclude.

For all F' € F{(w), on the other hand, the estimate is

Al Al
Tara(P) S AR w = mhwd ]| o oy + [0 = ]| o o) B N Eon ol g

< BERGT 2 [wl e 1) BEN 0] ¢ L 22 (5.20)

where we have used a Holder inequality with exponents (oo, 2,2) in the first inequal-
ity and triangle inequalities followed by the approximation properties of the L2-
orthogonal projector in the second inequality. After applying a discrete Holder
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inequality with exponents (p’, p) on the sum over diffusive faces, a discrete Cauchy—
Schwarz inequality on the sum over advective faces and using generalized Young
inequalities, we arrive at

1 on Flonll3,n) + <) Z 5Fhir+1|w@1r+1(n)
FeFp(w)

%5+ Ta| < 6(|vn

+e@) | > kF(w)ph}p|w|§Vr+1,pf(TF) . (5.21)
FE]";‘(w)

Conclusion. Plugging (5.18), (5.19) and (5.21]) into (5.17) and recalling that, in
each of these estimates, § > 0 is arbitrary, the conclusion follows. O

Remark 5.2. (Comparison with conforming finite elements) As already discussed
at the end of Sec. for p > 2 the bound compares unfavorably with the
conforming FE case in diffusion-dominated cases. The reason is that the terms
Ty for the diffusive part, cf. , and terms T3 + ¥, for the advective part,
cf. (5.21), behave as O(h'?") for diffusion-dominated faces (instead of O(h?")). One
could slightly improve such bounds by the following observations. The polynomial
approximation estimate in can be pushed further, requiring a higher regular-
ity o(Vw) € WL (Tz) but yielding a bound of order i, Furthermore, T3 4%,
could be bounded using advection, as in , also in diffusion-dominated cases,
thus avoiding the O(h””') term. Indeed note that, due to the presence of Br in
Ts14(F), the bound does not need any assumption on dominant advection.
The above modifications would lead to an O(h("t1?") right-hand side for p > 2 in
diffusion-dominated cases.

5.3. Proof of Theorem
We start by writing
Cu un = wfu{, p + lun = whul 5,

ED.E&8
<

ap(Up, up — Wflfu) - ah(“fliu»uh - W’/ﬁ“) + bn(un — m’i%uh - W;’fu)

2,619
: 5§7h(u; up, — W’ﬁu) + Slf)h(u; up, — ﬁ,’fu) =: E,If(u;uh — W’ﬁu), (5.22)

where we also used (2.1)) and (4.3)) in order to derive the last identity. For any real
number § > 0, it holds

Sf(u; up, — W’,fbu)

E3 .60 .63
<

0(an(up,up — wﬁu) — ah(ﬂ'Zu,uh - ﬂ'ﬁu))

+ 6bp, (up, — Wﬁu, up, — WZU)
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+0(2lun — mpul{ , p + lun — mhull3 ,.0) + c(0)Ef
< 5€f(u;uh — WZU) + 5(2|uh — w,’juﬂ%h + |lup — WZUH%%h) + c(5)E,’f7

where ¢(d) denotes the largest value between (5.3) and (5.16]), while EF gathers all
the terms multiplied by ¢(d) in the sum of the right-hand sides of ([5.3]) and (5.16]).
For any § < 1, this gives

(8)
Ey.
1-6"

(5.23)

1)
lup — 7T’;§u|(11,p,h + —llun — W;lfu||%,u,h +

Sf(u;uh—ﬂﬁu)gli T3

-0

Let now € and d. denote two real numbers such that 0 < € < 2-4—% and 0 < §, <

%min(l, eCy,). Plugging (5.23) with § = 6, into (5.22)), noticing that, by definition,

12_55& < %&C‘“ rearranging and multiplying the resulting inequality by (1 — o),

we get

(1= 0 = €)Ca [Jun — mhu ], + (1 = 260) lun, — |}, < (0 EL.

We conclude noticing that, by the definition of € and ¢, 1 =6, —€ > 1-5C,—€ >0
and 1 — 26, > 0.

6. Numerical Tests

In this section we investigate from the practical standpoint the error estimates
derived in Theorem through some numerical experiments. The computational
domain for all the tests developed in this section is the standard unit square 2 =
(0,1)2. In order to analyze the numerical convergence rate, we consider a family of
five triangular meshes 7;, with decreasing diameters, namely

h € {0.4714, 0.2215, 0.1189, 0.0588, 0.0314}.

Starting from the coarsest mesh, the subsequent meshes are obtained by (approxi-
mately) halving the mesh size. Due to the nonlinearity of the problem for p # 2, we
use a fixed-point strategy to compute the discrete solution. We set the maximum
number of iterations to Ny.x = 500, the tolerance for the relative residual error
to € = 10719 and we take the initial guess as the discrete solution of the problem
with p = 2.

6.1. Example 1

In this example, we consider the problem ([2.1) with the following exact solution,
velocity field and reaction terms:

u(x,y) = sin(x 4 0.1) cos(y + 0.1),

B(x,y) = l sin() cos(y) ] , o pl(z,y) =1

— sin(y) cos(z)
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The problem is investigated for different values of the Sobolev index p, specifically
for the following choices:

pe{15,1.75,2,25,3}.

The source term f and the nonhomogeneous Dirichlet boundary condition are taken
in accordance with p, the above analytical solution and the remaining terms in the
equation.

Furthermore, we introduce a coefficient v which multiplies the diffusive term
—V-o(Vu) and allows to control the relative magnitude of the diffusion and advec-
tion terms. Specifically, we set v = 1 for a diffusion-dominated regime and v = 10~*
for an advection-dominated regime.

We compute the discrete solution u; € P*(T;,) for k € {1,2,3}, in both the
diffusion-dominated and advection-dominated regimes, with the aim of analyzing
the numerical behavior of the error quantity,

1
2

%,u,h) ’

ERRy, = (v[lu — upll{ , ; + lu — ual

with ¢ defined by (4.9).
In Figs. [[]and [2| we show, respectively, the convergence graphs for the diffusion-

dominated and advection-dominated cases. The numbers appearing in the yellow
boxes, directly on the graph segments in our plots, represent the reduction rates
associated to two subsequent errors, i.e.,

log(ERRhQ — ERRhl)
log(hg — h1) 7

where h1, ho here denote the two mesh sizes associated to the segment endpoints.
In the first setting, the results are in agreement with the theoretical estimates,
but exhibit a higher error reduction rate with respect to the theoretical prediction.
Indeed, for p < 2 we observe a reduction of the error behaving as O(h*) instead
of O(h%), while, for p > 2, the error decreases at a rate of O(h%p) instead of

@(hkTp). In both cases, the reduction rate corresponds to that obtained by the best
approximation of the solution u in P*(7y,); we better investigate this aspect in the

Mhy by =

next example.

In the advection-dominated regime, on the other hand, the observed convergence
rates closely match the theoretical estimates, i.c. ERRy, exhibits an O(h*+2) decay.
In particular, we can observe the additional h® factor which is gained due to the
convection robustness of the method.

6.2. Example 2

In the second example, we consider the problem without the presence of advec-
tion and reaction phenomena. The motivation of this second example is to better
investigate the “higher than expected” reduction rate for the diffusion-dominated
case in Example 1. We therefore set v = 1, § = 0 and p = 0 (pure diffusion)
and choose the right-hand side and the Dirichlet boundary condition in accordance
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with two distinct solutions (the exponential (p, k)-dependent solution was originally
proposed in Ref. [19):

1
ule,y) = e =10 (| =2+ 05755 4 | -y + 0.5+ |

e (o) (-2

Here, the difference with respect to the preceding example is that the gradient
Vu vanishes at the coordinate point (0.5,0.5) for the exponential solution, and in

10° 100
L) g 1110
10-2 e~ 10-2 il T sEem
L[ g s 117 g
2.12 2.08
L]
0 24/2 07 303~ 104 ) 23/2'06 3977
— T o T e
_ 7 = k=1 ~ o -k =1
106 /3. 0 k 9 106 /3.33
= K =
3.58 i 3.32 k=2
L ok =3 — -k =3
1078 10°8 .
107! 107t
h h
(a)yp=15 (b) p=1.75
10° 100 -
1110 g 1.41—*
s 10s—— 110 i —— el
107 ko S T | 1.39— >
2.14 2.70
e 07— i, 2.49 e
107 - 3.43 10| 260 4.33
E 222 e [ 2.74 e
310 /9/3452
10°0 - ~k=1 4.08 k=1
/e/ —p—k‘ =2 3_94/9/ —>—k =2
‘/3.30 -k =3 = -k =3
1078 10710
10 10!
h h
(c)p=2 (d)p=25
10°
L3
L gg—e—154
| ) et 308
/2.55/ e
109 ey 4.55
| 2.80 _o
3.29
282 k=1
304~ k=2
b—
-k =3
10710 1
107t
h
(e)p=3

Fig. 1. Example of Sec. Convergence rates of ERRy, in the diffusion-dominated regime.

’
Theoretical convergence rates: ,%p for p < 2 and kTp for p > 2.
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Fig. 2. Example of Sec. Convergence rates of ERRy, in the advection-dominated regime.
Theoretical convergence rate: k + % for all p.

the region {(z,y) € Q |# = § or y = 3} for the polynomial solution, while, in the
previous case, the solution had a nonzero gradient over the entire domain (which
may determine a favorable situation for p < 2, see, for instance, Ref. [I9)). In this
respect, the polynomial solution can be more challenging than the exponential one,

as will be confirmed by the following results. Furthermore, the coarsest mesh, with
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mesh size h = 0.4714, is removed and replaced by two new meshes obtained by halv-
ing subsequently the finest mesh: this results in two new mesh sizes with h = 0.0158
and h = 0.0082. For both solutions, we have checked, by direct computation and/or
numerically, that the flux o is sufficiently regular for the estimates of Theorem
to hold.

As in the previous example, we compute the error term ERR;, (in this case
with v = 1, 8 = 0 and p = 0) considering u, € P¥(T}) for all combinations
(p, k) with p € {1.5,1.75} and k € {1,2}. The outcome in Fig. [3| where ERR, is
plotted for the exponential solution, is similar to the previous example despite the
different solution (now with vanishing gradient in a point of the domain) and the
finer meshes adopted. Our current conclusions are that, probably, such behavior is
still pre-asymptotic, as is the case for the HHO method on meshes of similar size
(cf., in particular, Table 4 of Ref. [19).

107 ; 107 ;
—* —
112 1.10
,2 1.03 L 103
1077 L= & 0 i, 111 &
1 02/ /2445 1 02/ : 2.21
o o
1073 2.03 10-%] 2.05/
2.08 2.22/
10 P ! e
|>/2 02 —u—k = 2.01 —u—k =1
k=2 " k=2
107° 107°
1072 1071 1072 1071
h h
(a)yp=15 (b) p=1.75

Fig. 3. Example of Sec. [6.2] with exponential solution. Convergence rates of ERRy,. Theoretical
convergence rate: kz—p for p € {1.5,1.75}.

1071 -
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_» —
1.20 Ly &
1072¢ — 0.91 2.19
1.01 o 0.89— 5
oA — /
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()12 % : /187
3 ——
10 15’0 83 /1_22 104} 1.66
1.45 1.80/
/
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10-% L - n 106 Lo - n
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h h
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Fig. 4. Example of Sec. @ with polynomial solution. Convergence rates of ERRy},. Theoretical
convergence rate: k?p for p € {1.5,1.75}.
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On the other hand, the results in Fig. [4] showing the convergence rates for the
polynomial solution, are aligned with the expected convergence rate in the light
of Theorem Indeed, an O(h%) decay of ERR}, can be observed (especially
for the finer meshes), which confirms from the practical side the sharpness of the
theoretical results.
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