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Abstract: Dengue and malaria fever infections are mosquito-borne diseases that pose
significant threats to human health. There is an urgent need for effective strategies to
prevent, control, and raise awareness about the public health risks of dengue and malaria.
In this manuscript, we analyze a mathematical model that addresses the dynamics of
dengue-malaria co-infection and propose optimal control strategies across four different
scenarios to limit the spread of the disease. The results indicate that non-pharmaceutical
interventions are the most effective and feasible standalone strategy, yielding significant
reductions in disease transmission. Additionally, vector population control through spray-
ing is identified as the second most significant method, with a proportional decrease in
disease prevalence corresponding to the reduction in the mosquito population. While
pharmaceutical treatments alone do not fully eradicate the disease, they do contribute to its
containment. Notably, the combination of vector control and non-pharmaceutical strate-
gies proved to be the most effective approach, ensuring rapid disease eradication. These
findings emphasize the importance of integrated interventions in managing co-infection
dynamics and highlight the vital role of prevention-oriented strategies.

Keywords: dengue-malaria; co-infection model; pharmaceutical and non-pharmaceutical
control; optimal control analysis

MSC: 34H05; 49K15; 65K10

1. Introduction

Dengue and malaria are dangerous vector-borne diseases spread by female Aedes
mosquitoes for dengue [1] and female Anopheles mosquitoes for malaria [2]. More than
100 countries worldwide are at risk of dengue disease. Dengue symptoms include, among
others, destruction of white blood cells, fast reduction in platelet count, high fever, vomiting,
stomach pain, and mucosal bleeding [3,4]. Malaria is an older and more dangerous disease
compared to other mosquito-borne illnesses like dengue. The number of reported malaria
cases has increased significantly over the years. In 2016, there were 216 million cases
reported worldwide [5]. This number rose dramatically to 320 million cases in 2017. By
2020, it was estimated that there were 241 million malaria cases globally [6,7]. Tragically, this
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disease also caused approximately 627,000 deaths worldwide in the same year [8,9]. Africa
had 95% of cases and 96% of deaths, with 80% of them occurring in children under five years
old [9]. Malaria has reemerged in regions where it was previously under control, despite
worldwide initiatives. The typical symptoms consist of fever, sweating, shivering, vomiting,
headache, diarrhea, and muscular aches, with an incubation period ranging from 7 to
14 days [9-11].

Dengue and malaria present similar first symptoms and can afflict an individual
simultaneously, as they share the same vector (mosquito) [12,13]. Both dengue fever and
malaria are similar in terms of how they are transmitted and their effects on human health.
They are vector-borne diseases spread by infected mosquitoes carrying dengue viruses
and malaria parasites [13,14]. These diseases are globally prevalent: if not identified
or treated effectively they result in catastrophic outcomes including death [13-15]. It is
important to emphasize thorough preventative and control efforts to counteract the spread
of both diseases due to their similar characteristics. As noted in reference [12], instances of
dengue-malaria co-infection in 2016 were recorded in multiple countries.

There are not many publications addressing dengue and malaria co-infection. A
prime example is presented in [12], which provides a thorough analysis of dengue-malaria
co-infection, including clinical signs and difficulties in diagnosis. The first occurrence
of co-infection with dengue and malaria in Nepal was clarified in another study [15].
In [16], a mathematical model for co-infection with dengue and malaria is provided via a
deterministic system of nonlinear ordinary differential equations (ODEs). The goal was
to give a succinct overview and stability study using numerical and analytical techniques.
Although such a paper is fundamental for epidemiologists, it only covers a small portion of
the field, allowing opportunity for more research such as control and sensitivity analyses.
To close the gap, in [17], a new mathematical model with more grounded assumptions
was created and examined to address the co-infection with dengue and malaria; in [17], a
qualitative behavior analysis was carried out, including the stability analysis of disease-
free and endemic equilibrium points. In addition, in [17], three distinct control actions
were considered: mosquito killing spraying, self-precaution measures, such bed nets and
mosquito repellent, and acts to limit the contact between the host and vector populations.
All these control measures were simply addressed as constant inputs of the model, and
their effects were investigated according to different fixed values.

In mathematical modeling and optimal control design, researchers aim to develop dif-
ferent models for infectious diseases based on specific physical conditions and requirements.
They also explore various strategies for disease control [18-22]. In [18], the researchers
focused on creating a new fractional model for dengue and COVID-19 co-infection using
the Atangana-Baleanu derivative to suggest effective ways to limit the spread of these
infections. They used vaccination and treatment rates as optimal controls to minimize
the objective function and reduce infection spread. In [19], researchers divided the host
and vector populations into susceptible, exposed, and infected subpopulations, creating
an SEI compartment model for malaria, COVID-19, and their co-infection, along with the
mosquito vector population. They analyzed sub-models separately to obtain theoretical
results and applied an optimal control strategy, using self-precaution measures for dengue
(e.g., mosquito nets) and COVID-19 (e.g., hand-washing, mask-wearing, and sanitizers)
as controls. According to our knowledge, there is no work available in the literature that
optimally addresses dengue and malaria co-infection. Therefore, in this manuscript, we
exploit the model introduced in [17] to investigate optimal control strategies. Similar to
[17], we have considered non-pharmaceutical strategies such as sprays to reduce vectors
and self-precaution measures; non-pharmaceutical interventions have recently gained
interest because of their success in containing the COVID-19 pandemics realized according
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to lockdown and limitation of social and economic activities [20], and optimal strategies
on the field have, therefore, been investigated to contain COVID-19 and other infectious
diseases [21-24]. For instance, in [23], the containment of the COVID-19 outbreak during
the very first spreading period was achieved by optimally designing the starting and
ending times of the lockdown, as well as the number of isolated people; such an idea has
been recently extended in [24] by addressing a trial-and-error procedure based on which
the adopted restrictions are periodically revised every short-length period.

Differently from [17], the third control action is pharmaceutical drug administration
for human infection. All these control strategies are no longer fixed to constant values
(like in [17]) but are designed by means of optimal control tools. The structure of the
paper is as follows: The formulation of the dengue-malaria co-infection model is covered
in Section 2. Section 3 consists of the construction of an optimal control problem with
various optimal controls. The numerical simulations along with detailed discussion of
these optimal controls are given in Section 4. Finally, the findings of the manuscript and
future directions are summarized in Section 5.

2. Model of Dengue-Malaria Co-Infection

We divided the vector Ny (t) and host Nj,(t) population into four and seven classes,
respectively. Regarding the vectors, we have susceptible Sy(t), exposed Ey(t), dengue-
infectious I;4(t), and malaria-infectious I, (t); regarding the hosts, we have susceptible
Su(t), exposed Ej(t), dengue-infectious Ij4(t), malaria-infectious I, (t), dengue/malaria
co-infectious Ij, 4, (t), under treatment Tj,(¢), and recovered Rj(t). The model equations
and the parameters describing the free-evolution (i.e., with no control actions) of the disease
are taken from [17] along with the following assumptions:

¢ All the theoretical results that were rigorously established and validated in the study
referenced as [17] are applicable to and hold true for our analysis. This demonstrates
the alignment of our work with the prior theoretical framework and ensures the
robustness of our assumptions and methods.

¢ In this study, we consider three control strategies that vary over time, which are
as follows: the application of mosquito spray, denoted as u1(t); the practice of self-
precautionary measures, represented by u5(t); and the implementation of a treatment
rate for infected individuals, denoted as u3(t). These time-dependent controls are
designed to mitigate the spread of the diseases under consideration.

e  Itis assumed that the treatment rate u3(t) is uniform and identical for all individuals
infected with dengue, malaria, or a co-infection of both diseases. This simplifies the
model and reflects a generalized approach to medical intervention.

¢ Apart from the time-dependent controls, all other parameters used in this study are
considered constant. This assumption allows us to focus on the dynamic effects of the
controls while maintaining a manageable complexity in the model.

Under the assumptions and considerations outlined above, the mathematical model of
dengue-malaria co-infection is described by the following system of differential equations.
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Spray and self-precaution measures are denoted by u; and u; and are inherited
from [17]. Regarding the pharmaceutical control, the assumption is that it may vary the
medication rate of the infectious hosts (which was supposed to be fixed and not a control
variable in [17]). We evaluate the impact of each of these control measures separately. All
other parameters are kept the same and are given in Table 1.

Table 1. Description of the parameters and corresponding values, along with references.

Parameter Description Value Source
IT Recruitment rate of mosquito 3.84-10° day ! [1,17]
v Natural death rate of mosquito 5.24-10"2day! [17]
o Interaction rate of S, and I, 1.02 day‘1 [1,17]
o, Interaction rate of S, and I,,,, 7291071 day_1 [9,17]
D3 Interaction rate of S, and I 4,,, 2.18-107° day’1 [17]
Dy Translation from E; to I, 7.19-1071 day’1 [1,17]
ds Translation from E, to I,,, 291-10"' day~! [9,17]
Y Recruitment rate of humans 1.52-10% clay’l [1,17]
U Natural death rate of humans 3.86-10°day ! [1]

B1 Interaction rate of Sy, and I4 8.13-1072day ! [1,17]
o Interaction rate of Sj, and I, 5.84-107! day’1 [9,17]
B2 Translation from Ej, to I, 5.55-102 day’1 [1,17]
) Translation from Ej, to I, 1.41-1072 day’1 [9,17]
Y1 Translation from Ej, to I, 0.02 day’1 [17]
Y3 Recovery rate of Tj, 8.40-1072 day’1 [1,17]
o1, Dengue induced mortality of I, 0.08 day ! [17]
oL, Malaria induced mortality of Ij,,,, 0.08 day’1 [17]
Olim Dengue-malaria induced mortality of I;p,, 0.1 day ! [17]
I, Disease induced mortality of Tj, 0.05 day’1 [17]
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Motivation for such a modeling choice is that it has been proven to be a well-posed
model, to admit bounded positive solutions for any positive choice of the model parameters
and of the initial conditions. Regarding its qualitative behavior, it has been proven to
admit both a disease-free and an endemic equilibrium point whose stability properties
are tightly bound to the reproduction number [17]. Refer to [17] for the description of the
model parameters.

3. Optimal Control of Dengue-Malaria Co-Infection

Optimal control theory is the most suitable mathematical approach for determining
the best actions to achieve a specific goal [25-28]. Pontryagin and Boltyanskii’s theory of
optimal control has been applied to both integer and fractional epidemic models, helping
to make effective future decisions [26-30]. In this section, we define an optimal control
problem that includes mosquito spraying (u1), self-precaution measures by humans (u5),
and treatment rates for infected humans (u3) as time-dependent controls. The objective
functional | includes both the infectious state variables and the controls. The optimal
control strategy aims to reduce infection levels and the cost of controls actions.

3.1. Objective Functional

The optimal control problem aims at minimizing infection in humans, according to
the following index J:

T 3. ul(t)
J(Ings Tims Tngms w1, w2, u3) = /0 <C11hd + Coljyy + Caljgm + Y, D; 5 )dt, )
i=1

with u; and D;, i = 1,2, 3, denoting the weights for the state and control variables, respec-
tively. In case of a single control action (i.e., only u; is considered), weights D, and D3 are
set equal to zero.

To find optimal control strategies to control dengue and malaria co-infection disease,
the assumed control set is given by

u= {ul,uz, u3 : u;(t) is Lebesgue measurable on [0,1] and 0 < u;(t) < 1,i = 1,2,3}.

The aim is to find the admissible optimal controls u], u3, and u; for the spray, self-
precaution, and treatment rates uy(t), up(t), and uz(t), respectively, in the admissible
control function space U such that the cost functional (2) is minimized. That is, determine

JTngs Tns Tngms w1, uz,u3) = min J(Iyg, Ty Iy 1, 42, u3), 3)
(uq 1ip,u3) €U

subject to the model Equation (1).

3.2. Hamiltonian and Necessary Optimality Condition

According to the Pontryagin maximum principle, we define the Hamiltonian function

3,20 U
H(t,y, u, L) =Ci L+ Gy, + Gl + Z D; 12( ) + Z L]'fj(t,]// M)/
i=1 =1

where v = (So, Ev, Iog, Tom, Sty Ens Ings Inms Ingms Tns Ryy) denotes the state variables in R,
f : RM s R is the right-hand side of the system of state Equation (1), and Li,j=1,...,11
stand for the adjoint variables. Thus, H(t,y,u, L) can be written as follows:
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H(t,y,u,L) =CiIng + Calyy + C3lpgy + D1 u%z(t) +Ds u%z(t) + D3 ()
o <H (il <1>21;1\,I,; + shan)So ul)Sv)
+Lz<(q’”’“” Wﬂ;’;ﬁq’ﬂ”’*l)s” — (4 + D5+ v+ ul)Ev> + La(P4Ey — (v + 1) Log)
+Ly(PsEy — (v+u1)lpm) + Ls (‘If - W%w —(p+ uz)sh)
:
+Le <W —(B2ta+m+ .“)Eh> + L7 (B2Ep — (us + p + 01, ) Ina)

+Lg(a2Ep — (uz + p + 05, V) + Lo(v1Ep — (us + p + 01, N Inam)
+Lao(uslng + usliy + uslygm — (v3 + 4 +61,)Tn) + Laa (13T — pRy + u2Sp).
The optimality condition
oH
aui B

provides the following expressions for the control actions:

0, i=1,23,

L L

(t) = PR et T, @
Sn(Ls — Ly

() = St ©)
L7 — Lig) Iy + (Ls — L1g) Iy, + (Lo — L1g) 1

us(t) = (L7 — L1o)Ing + (Ls Dl3o) hon + (L9 = L10) i ©)

where Lj(t), j =1,2,3,...,11, functions are obtained from the solutions of the backward adjoint
equations:

R e R S 7)

These eqs (7) are evaluated to attain following system of linear adjoint equations:

% :(fbllhd +<I>z£,vm +<I>3Ihdm)(L1 L)t (vt )L, (82)
% =(Ly — L3)®4 + (Lp — Lg)®5 + (v +uq)Ly, (8b)
% =(v+up)Ls+ <’311\]—i’h>(L5—L6), (8¢)
% =+ u1)Ly+ <“I1\Zh)(L5—L6), (8d)
%5 :(%7,1%%)@5*0+“2(L5*L11)+ML5, (8e)
% =Pa(Le — L7) +az(Ls — Lg) + 11 (Le — Lo) + Le, (89
% - (q);]fv) (L1 = L) +u3(Ly = Lao) + (¢ + d1a) (L7), (8g)
% - (q}irs) (Ly — Lp) + u3(Ls — L1o) + (¢ + 01) (Ls), (8h)
% - <¢13va) (L1 = La) +u3(Lo — Lao) + (# + Oram)(Lo), (81)
% =v3(L1o — L11) + (1 + 67) L1, (i)
% =pL1, (8K)

solved according to the final condition L;(T) =0,j=1,...,11.
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Furthermore, within the optimization procedure, we constrained the control actions to be
positive and bounded:

u] () = min [Ltl(max),max(o,ul(t))], (9a)
u3(+) = min [uZ(mx),max(O, uz(t))}, (9b)
u3(t) = min [u3<max),max(0, u3(t))}, (90)

where u;(,4y), i = 1,2,3 are physical bounds of u;, i = 1,2,3. The details about the numerical algorithm
providing the solution to the optimization problem can be found in [20,22].

4. Results and Discussion

In the following, results are reported according to different scenarios under investigation. For
all the addressed cases, we consider a time horizon of 200 days. Regarding the control parameters,
weset C; = C; = C3 = 1 and vary D, in order to design a feasible control law.

4.1. Spray for Mosquitoes, u1, as the Unique Control Law

In the first case, we only examine the use of a spray for mosquitoes (vectors) as the unique
control action (u1). The weight for u; has been fixed to D; = 500, keeping D, = D3 = 0. Figure 1
shows the optimal function value versus the number of iterations required to make it converge to its
minimum value and the input u] versus time. It is apparent that the optimal solution is constrained
to its maximum value (normalized to 1 in the picture) for the first 80 days and then slowly decreases.
Figures 2 and 3 report the effect of the control law on infectious individuals and mosquitoes, respec-
tively. The application of spray significantly influences the dynamics of co-infection diseases. Given
that both dengue and malaria are vector-borne diseases, utilizing the spray parameter proves highly
effective in mitigating the spread of the diseases. The solution curves clearly indicate that optimal
spray usage not only eliminates the diseases but also conserves resources. In the aftermath of optimal
spray application, all compartments show a decrease, except for the susceptible compartment. This is
attributed to the reduction in the interaction between susceptible hosts and the vector population,
stemming from the effective control of mosquitoes through spray. With respect to the vectors, the
application of spray directly impacts and reduces the growth of mosquitoes. Consequently, all classes
of mosquitoes decrease and reach zero, except for the susceptible class due to the emergence of new
mosquitoes. In summary, the spray is effectively controlling the spread of disease and minimizing the
functional objectives.

=10°

10

Objective functional (J)

itrs

|

o o
[} (]
T T
N,

Spray for Mosquitoes (u 1)
o
S
T

o
N
T
I

o

. . . . . . . . .
o 20 40 60 80 100 120 140 160 180 200
Days

Figure 1. The objective functional and the corresponding optimal control values for the spray
parameter u;. The objective function X-axis refers to the number of iterations (itrs).
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Figure 3. Time evolution of the state variables related to the vector with and without the control law.

4.2. Self-Precaution Measures, uy, as the Unique Control Law

The second scenario addresses the case of only self-precaution measures (control u;). The
weight for 1, has been fixed to D, = 100, keeping D1 = D3 = 0. According to the proposed optimal
control strategy reported in Figure 4, a maximum of 70% of susceptible individuals have to adopt
self-precaution measures, for about the first 90 days; then, the control action may be relaxed in
accordance with the suggested pattern. The convergence of the corresponding objective functional
achieves is similar to the previous scenario. Dealing with the hosts” evolution, Figure 5, it is evident
that all infected classes diminish to zero because there is a minimal interaction between susceptible
humans and mosquitoes. The recovered population increases as a result of the shift from susceptible
individuals, and the overall population also grows due to the absence of disease-related deaths
following the implementation of self-precaution measures. Dealing with the vectors” evolution,
Figure 6, the number of susceptible mosquitoes increases, while the count of infected mosquitoes
decreases, attributable to the absence of infectious interactions between susceptible mosquitoes and
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infected humans. Additionally, it is noteworthy that the total mosquito population remains unaffected

by the self-precaution control strategy.
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Figure 4. The objective functional and the corresponding optimal control values for control actions limited
to non-pharmaceutical interventions u5. The objective function X-axis refers to the number of iterations (itrs).
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4.3. Pharmaceutical Therapy, us, as the Unique Control Law

Dealing with pharmaceutical therapy u3 as the unique control law, the weight for 13 has been
fixed to D3 = 300, keeping D; = D = 0. The objective functional and the corresponding optimal
control value are reported in Figure 7. It is apparent that the control action is at its maximum for most
of the period, with the corresponding objective functional attaining its minimum value within the
same number of iteration as in the previous cases. The impact of treatments on the host populations
is shown in Figure 8. We can see that disease is minimized but does not vanish, even when the
pharmaceutical treatment is at its maximum rate. Thus, the treatment strategy is helpful to minimize
infection but not to completely vanquish the disease. The pharmaceutical control also affects the
dynamics of the vector population, Figure 9. The classes of infected mosquitoes slightly decrease due
to a reduction in the number of infected humans. The susceptible population increases, while the
total population remains the same before and after optimization.
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Figure 7. The objective functional and the corresponding optimal control values for control actions limited
to pharmaceutical therapy u3. The objective function X-axis refers to the number of iterations (itrs).
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control law uz(f).

4.4. Combined Effects of Spray, uq, and Pharmaceutical Treatment, u3

Finally, a fourth scenario is investigated, where the combined effects of spray and non-

pharmaceutical interventions are considered, Figure 10. The weights have been fixed to D; = D3 = 1.

This is the best control strategy. It minimizes the burden of disease as well as the cost of spray and

treatment. We obtain the minimum value of the objective functional in a slightly longer number of

iterations (18), and the maximum levels of spray and treatments are 80% and 60%, this last for a

short time. The impact of optimal self-precaution and spray control has a great impact on the host
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populations, Figure 11, since the number of infectious individuals reaches zero in all compartments
in a very short time. The vectors also become zero in a very short interval of time, Figure 12.
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Figure 10. The objective functional and the corresponding optimal control values for the combined
controls w7, u3. The objective function X-axis refers to the number of iterations (itrs).

== Before Optimization ====== After Optimization
a5 o

=)

25

Susceptible (S,)
W
Exposed (E;)
5
K =X

[N
o

o
o
S
1=
1=y
@
S
n
=1
S
o
o
S

100 150 200
<104 Days Days

w

Dengue-Infected (I ,)
- r
Malaria-Infected (1,

o
o

)

®
I
<]
S

6000

4000

2000

0 50 100 150 200 0 50 100 150 200
10000 ‘ Da}/s ‘ . 104 ‘ Da}/s ‘
- e
2 =
= G 2
5 £
= 5000 T
g 8
< F1
: 5
8 2
0 2 )
0 50 100 150 200 0 50 100 150 200
5 Days 6 Days
pral ‘ : ‘ 3510 ‘ ) ‘

Recovered (R,)
- n w
Total Host Population
w

0 . . .
0 50 100 150 200

Days

50 100 150 200
Days

)
o
o

Figure 11. Time evolution of the state variables related to the hosts with and without the combined
optimal control law u1(t) and us(t).



Mathematics 2025, 13, 43

13 of 15

‘ s Before Optimization After Optimization ‘

6000 3000
o ~
= 5000 -
° Y 2000
o °
T 4000 o
8 8
2 3000 5 1000
(2]
2000
0
0 50 100 150 200 0 50 100 150 200
Days Days
3 x10*
= _E 10000
3 =
g2 B 8o00f
(2] o
t g 6000
£ & 4000
> 3
<4 <
[ H
g g 2000
0 0
0 50 100 150 200 o 50 100 150 200
Days . Days
5210
f=
<)
Tar
=
Q
g 3r
S
G2t
()
>
w1
o
K
0 : : :
0 50 100 150 200
Days

Figure 12. Time evolution of the state variables related to the vectors with and without the combined
optimal control law u1(t) and uz(t).

5. Conclusions

By suitably exploiting a mathematical model addressing the spread of dengue—malaria co-
infection, optimal control strategies are investigated according to different scenarios, including
(i) mosquito population control (spray), (ii) self-precautions and non-pharmaceutical interventions,
(iii) pharmaceutical treatment, and (iv) combined mosquito spray and pharmaceutical treatment
control. It is noteworthy that all the control strategies implemented result in the minimization of the
disease, ultimately achieving the minimum value of the corresponding objective functional.

According to the optimal control analysis for the suggested model, non-pharmaceutical inter-
ventions are the most sensible and straightforward control strategy to implement, but all of them
are helpful in reducing sickness. By following certain simple safety measures, humans can simply
safeguard themselves. Spraying the population of vectors is the second most effective parameter.
It is also evident that when the population of vectors declines, sickness will eventually disappear.
Although the treatment was ineffective in eradicating the disease, as in the first two cases (not even
100% of the control action can completely eradicate it), it does help to decrease the sickness. We
also investigated the simultaneous effects of spray and pharmaceutical interventions, providing the
eradication of the disease at a quite fast rate: regular mosquito spraying and treatment are the best
options, according to our thorough observations and analysis.

In future work, we will conduct research to provide a detailed understanding of co-infection,
including both dengue and malaria. This challenging problem will be accomplished by using a
fractional model that includes an ABC derivative operator. Furthermore, we intend to investigate a
wide range of intervention options to improve the clarity of our depiction. Furthermore, our inquiry
will also focus on identifying the most efficient strategies for immunization and hospitalization.
This will be accomplished by conducting a detailed analysis of a fractional order optimum control
problem. We seek to explore the complexities of this mathematical framework to uncover insights
that can help improve techniques for addressing dengue-malaria co-infection. In addition to the
above, the proposed dengue-malaria co-infection model offers valuable insights into dynamics and
control strategies but has limitations. It simplifies complex biological and socio-behavioral processes,
assumes homogeneous population mixing, and overlooks multi-strain infections, resistance, and
co-infections with other diseases, affecting its real-world applicability.
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