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We construct new Crouzeix-Raviart (CR) spaces of even degree p in two dimensions that are spanned by
basis functions mimicking those for the odd degree case. Compared to the standard CR gospel, the present
construction allows for the use of nested bases of increasing degree and is particularly suited to design
variable order CR methods. We analyze a nonconforming discretization of a two-dimensional Poisson
problem, which requires a DG-type stabilization; the employed stabilization parameter is considerably
smaller than that needed in DG methods. Numerical results are presented, which exhibit the expected
convergence rates for the h-, p- and hp-versions of the scheme. We further investigate numerically the
behaviour of new even degree CR-type discretizations of the Stokes’ equations.
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1. Introduction

State-of-the-art: the finite element framework. The lowest-order Crouzeix—Raviart (CR) element was
introduced in 1973 in Crouzeix & Raviart (1973) as an elementwise divergence free discretization of
the Stokes’ equations for space dimensions d = 2,3 (see also Raviart & Thomas, 1977). Fortin &
Soulie (1983) constructed explicit piecewise quadratic CR elements in 2D; they showed that the second-
order CR global space is a standard conforming piecewise quadratic space enriched with elemental
nonconforming bubbles. A CR scheme with cubic approximation properties in 2D was detailed in
Crouzeix & Raviart (1973, Example 5) by augmenting the space with quartic bubble functions; Crouzeix
& Falk (1989) later introduced an optimal CR cubic element, which did not require such bubbles. Cha
et al. (2000) constructed quartic CR elements in 2D, where fourth order nonconforming bubbles were
employed, with properties similar to those required by Fortin and Soulie in the quadratic case. In the
subsequent years, the interest in developing higher (and general) order CR elements raised a lot; we
refer to Stoyan & Baran (2006); Ciarlet et al. (2016) and Carstensen & Sauter (2022a) for (essentially
up to date) developments on this topic.
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2 A. BRESSAN ET AL.

In the literature, CR-type nonconforming global spaces have been defined

* implicitly, as spaces of piecewise polynomials satisfying certain ‘no-jump’ conditions at the interface
between elements;

* explicitly, as the span of the union of standard conforming finite element functions and additional
nonconforming bubble functions.

While the former version is particularly useful on the theoretical level, the latter appears to be very
convenient in the implementation of the scheme.

It was clear since the very inception of the CR method Crouzeix & Raviart (1973), see also Fortin
& Soulie (1983), that the explicit definition involves different types of basis functions depending on the
order of the scheme:

* 0odd order CR elements are spanned by modal functions, yet removing the standard hat functions
associated with the vertices of the mesh, and edge nonconforming bubbles; see Section 1.4.1;

* even degree CR elements are spanned by modal functions and elemental nonconforming bubbles;
see Section 1.4.2.

Apparently, this difference leads to some limitations:

* in view of the p-version of the scheme, the corresponding basis functions have not a hierarchical
structure;

» variable order CR schemes does not contain the space of piecewise affine functions, cf. Subsec-
tion 4.1.

State-of-the-art: beyond finite elements. More recent variants of CR-type elements, which on occasion
(typically on triangular meshes and for low order of accuracy) coincide with CR elements, are given by
the nonconforming virtual element method (Ayuso de Dios et al., 2016; Brezzi & Marini, 2021; Beirao
da Veiga et al., 2023) and the hybrid high-order method (Di Pietro ez al., 2014, 2016).

Goals of the paper. In this work, we aim at facing the above issues. In particular, we design novel even
degree CR spaces based on spanning sets of basis functions similar to those employed in standard CR
elements with odd degree. This new approach

» gives a hierarchical structure to the resulting p-version CR method;
» allows for a simple and optimal design of variable order CR elements.

A moderate price to pay for these advantages is that the standard broken grad-grad bilinear form must
be corrected with DG-type terms in order to retain error estimates of the expected order; this correction
is not needed for the well-posedness of the method and, compared to its DG counterpart (Di Pietro &
Ern, 2012), has a much more moderate effect on the performance of the scheme, as we shall investigate
in practice.

As an interesting per se matter, we shall also check the behaviour of new even degree CR-type
discretizations of the Stokes’ equations on the numerical level; this aspect is very much related to the
recent works (Sauter & Torres, 2023; Sauter, 2023).

Outline of the remainder of this section. After recalling some functional and finite element tools in
Sections 1.1 and 1.2, we review the standard conforming modal elements in Section 1.3. Section 1.4 is
devoted to the design of (implicit and explicit versions) CR elements as in Crouzeix & Raviart (1973).
Eventually, the convergence analysis of standard CR methods is detailed in Section 1.5.
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NEW CROUZEIX-RAVIART ELEMENTS OF EVEN DEGREE 3

Outline of the paper. New CR elements (and corresponding methods) of even degree are the topic of
Section 2; the theoretical results therein proven are assessed on the numerical level in Section 3; both
the A- and p-versions are considered. Variable order elements are detailed in Section 4; there, we also
check the performance of the hp-version of the scheme for the approximation of corner singularities. The
behaviour of new even degree CR-type discretizations of the Stokes’ equations is the topic of Section 5.
Conclusions are drawn in Section 6.

1.1 Functional setting and model problem

We employ standard notation for differential operators: A- and V- are the Laplacian and the gradient.
Consider a bounded, Lipschitz domain £2 in R? with boundary 3£2. Let ng, and h, be its outward unit
normal vector and diameter. The space L (£2), pin[1, 00), is the space of Lebesgue measurable functions
that are p-integrable, which we endow with the norm ||| (o) if p = 2, we write [|-]l;2(o) = [I-llg o-
Let o be a multi-index in N?, || := 21'2:1 a; be its length, and D* be the distributional derivative
with partial derivative of order e; along the direction x;, j = 1,2. For s non-negative integer and p in
[1, 00), we consider the Sobolev spaces

WP (2) = {v e IP(2)|D% e IP(2) Va e N2, |af < s} .

For a non-negative integer s, we denote the Sobolev space W*2(£2) by H*(£2), which we endow with
standard inner product (-, -), seminorm |~|S, o and norm ||- IIS,Q; in particular, we write

A
2 . 2 2 . 2(4=s5)| 2
Lo =20 10" g 5 =2 g g
lae|=s =0
Above, for s = 0, we are using the notation HO(.Q) = Lz(.Q) and ||~||0,_Q = |-|0,Q. For a real s, the

Sobolev space H*(£2) is defined via Riesz-Thorin interpolation.
A trace theorem holds true for Sobolev spaces (Ern & Guermond, 2021, Theorem 3.10); in particular,
there exists a continuous operator y,, from H*(§2) in L2(£2) for 1/2 < s < 3/2; we denote the image

of H*(£2) through this operator by H'"3 (0£2). Given g in H'~ 1 (0£2), this result allows us to define the
space

Hy(2) :={v e H'(2) | yo(v) = g}.

For g = 0, this space coincides (Meyers & Serrin, 1964) with the closure of C3°(£2) in H L2).
Sobolev spaces of negative order —s, s > 0, are defined by duality. In particular, for s = 1 and the
H~' — H! duality pairing (-, -), we write

— (7W>
H'(2) = [Hy(2)], Il_j o= sup ,
werh@) MWlh.e
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4 A.BRESSAN ET AL.
We consider the Poisson problem

find u such that
—Au=f in 2 (1)
u=~0 on 0f2.

Define the bilinear form a : H! (£2) x H! (2) > Ras
a(v,w) := (Vv, VW)O’_Q.

For f in H~'(£2), a weak formulation of (1) reads
find u € Hé(.Q) such that @)
a(u,v) = (f,v) Vv € H)(£2).

The well-posedness of (2) is standard and follows from Lax-Milgram’s lemma.

1.2 Meshes, and broken Sobolev and polynomial spaces

We consider sequences {7,} of conforming simplicial meshes in two dimensions, and corresponding
sequences of edges {F,} (resp. vertices {V,}), which we further split into boundary {]-'f } (resp. {Vf 1))
and internal {.7—'}1[ } (resp. {V{l} ) edges (resp. vertices). For a given element K in a mesh 7, ng and Ay
denote its unit outward normal vector and diameter; we denote the maximum diameter of a mesh 7, by
h := maxgr, hy. Foragivenedge F in ), np and h denote a fixed once-and-for-all unit normal vector
and its length; on boundary edges, we fix ny = ng, . The sets of edges and vertices of a given element
K are FX and VK, respectively. The vertices of K are denoted by Vgl = 1,2, 3, and the corresponding
barycentric coordinates by A ;; when convenient, we shall replace A ; with Ag  where F is the edge
opposite to the ith vertex, and, when no confusion occurs, we shall omit the subscript K. For F in Fis
we define edge patches

a)F:=U{Ke771|Fe]:K}. 3)

We demand some regularity on the sequences of meshes: the ratio between the maximum inradius and the

minimum exradius of all the elements in each mesh of the sequence is uniformly bounded; in particular,
there exists p larger than or equal to 1 such that

hy < p hp VFe FX, K e T, T, (T} 4)

With each mesh and non-negative s, we associate the broken Sobolev spaces

HY (T, 2) = {v € L*(2) | v € H'(K) VK € Tp}:

! Here, the barycentric coordinate associated with the ith vertex or the opposite edge F is the linear Lagrangian function equal
to 1 at that vertex and zero on F.

920z Asenuer gz uo Jasn B20001g OUBJIN IP BUSISAIUN A 1966 L £8/1 601BIP/WNUBWI/SE0 L 0 | /I0p/3|o1le-a0ueApe/eulewl/wod dno-olwspese//:sdny woJj papeojumoq



NEW CROUZEIX-RAVIART ELEMENTS OF EVEN DEGREE 5

we further associate the broken gradient V, : H l(’7;1, 2) = [L2(£2)]? defined as (th)‘ K = V(v| k)
and the broken seminorm and norm

2 . 2 o 2=2),12 2
|V|1,h;g = (th, V},V)(),Q, ||V||1,h;_q = hg ||V||()Q + |V|1,h;9~ (5)
. .ol o . .
For each edge F in F, and v in H2(7,), & positive, we introduce the jump

Vi, W (g, - np) + v, 0) (g, -ng)  F € Fi, F = 0K, N0k,

A ©6)
nor: FeFP, F=02NdK

vl = vl == [

and average operators (taking values in L (F))

bl = ] = | 20RO VO F € Fj F = 0K N0,
d Yk Wip FeFB, F=02nNJK.

The vector version of these operators is defined analogously and the operator symbols are the same.

We denote the space of polynomials of order smaller than or equal to a non-negative integer p over
an element K or an edge F by I, (K) and P, (F). If p is a negative integer, then these two spaces are set
to {0}. We further define

P,(Ty) = {4, € 2D,k € P,K) VK e T;]
and
P2 (T)) = {qp € Lz(ag)‘qu eP,(F) VFe f}?}.

We are now in a position to define nonconforming Sobolev spaces of degree p and order s larger than
1/2:

(T, 2) 1= {v € B (T )| (0 gf_Dop =0 Vaf_y € B,y (P¥FeF) ()

We can include ‘boundary conditions’ in the nonconforming space above in a weak sense: given g in
L' (F) for all boundary edges F, we set

3 (T 2) 1= {v € HS™ (T @) |F 0 Dor = @.qh_Dor Yab_y € Bpi(PVF e FFL (®)

For positive a and b, we shall denote with a < b the existence of a positive constant C only depending
on the domain £2, the constant p in (4), and on occasions on the polynomial degree, such thata < Cb.
A generalized Poincaré—Friedrichs inequality holds true Brenner (2003):

1,
Wlog S W Vv € Hi 1 (Ty 2). )

As a matter of notation, given o, > —1, L,(-) and J‘,(,O[’/S )(-) denote the univariate Legendre and Jacobi
polynomials of degree p over :=[—1,1].
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6 A. BRESSAN ET AL.

1.3 Conforming (modal) finite elements
We introduce the standard conforming finite element space of order p

={v, € H'(2) | vy €P,(K) VK € Tyt (10)
An explicit basis of this space is detailed in Szab6 & Babuska (1991). Here, we recall the basis functions
on the reference element K w1th vertices (—1,0), (1,0) and O, V3 3), and, with an abuse of notation,

barycentric coordinates Az RF» F in FX fori = 1,2,3.0nK, we distinguish three different types of basis
functions:

» givenv,, m = 1,2,3, the vertices of K the hat functions

nei(ep) (e n) P
o =—(1—x=-2), o2 =—(1+x-2), o =
v 2( V3 v 2 V3 v V3

» given the edges F i=1,2,3,0f K, the dun( Z(F)) edge bubble functions

7, 8/4] + 2~ ~ —~ —~
~F; —~ ~ N PN ~
J jG+ 1 )‘Fimod3+1)‘F(i+1)mod3+1Lj( )\'Fimod3+1 +A’F(i+1)mod3+l)
Vi=1,23,j=1,....p—1; (11)

* given the natural bijection between ¢ in {1,. dlm]P’ 3(K)} and (ry,rp) in {0,...,p — 3}2 with
ry+ry, <p—3,the dlm( 3(K )) elemental bubble functlons

o~ o~

~K _ K -~ ~ > >
P = Crry =2 A0 Ly O, — A7 )L, (225 — D)
Vr,rpwithry +7r,=0,...,p—3. (12)

1.4 Arbitrary order, standard Crouzeix-Raviart elements in 2D

We introduce the Crouzeix-Raviart (CR) space (Crouzeix & Raviart, 1973; Raviart & Thomas, 1977) of
positive integer order p:

Vit = {v, € H)" (T}, )| v, x € B,(K) VK € Ty} (13)
In two dimensions, this spaces coincides (Ainsworth & Rankin, 2008) with the following space:
V,i,m ={v, € IP’p (T,) | v, is continuous at the GauB—Legendre nodes of order p on each F € ]-'}Il }.
We shall refer to these spaces, which are nonconforming in the sense of Strang (1972), as the implicit

CR spaces of order p. It is known (Baran & Stoyan, 2007) that unisolvent sets of degrees of freedom for
the space V)™ are different for odd and even p.
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NEW CROUZEIX-RAVIART ELEMENTS OF EVEN DEGREE 7

An alternative way (Stoyan & Baran, 2006; Baran & Stoyan, 2007) to construct nonconforming
spaces d la Crouzeix-Raviart consists in defining explicit spaces, i.e., spans of H' conforming finite
element functions plus extra nonconforming bubbles. In Sections 1.4.1 and 1.4.2 below, we provide
details on such bubble functions in two dimensions for odd and even degrees, respectively; show that the
implicit and explicit constructions deliver exactly the same spaces; exhibit unisolvent sets of degrees of
freedom.

1.4.1 Standard Crouzeix-Raviart elements (odd degree). Let p be an odd positive integer. Given K
an element, consider for all F in FX the mapped Legendre polynomials Lf on F, j non-negative integer,

and a basis {m’é }f ﬂ_|i0 of IE”[,_3(K ) consisting of elements that are invariant with respect to dilations and

translations. We introduce a set of linear functionals: given v in WL1(K), which admits trace in L' (F)
for all F in FX (Ern & Guermond, 2021, Theorem 3.10),

A (wrf), Vj=0.....p—1, VFeFK (142)

K|~ (V,mlﬂ()OK VIl =0,....p—3. (14b)

A crucial property of the above linear functionals is detailed in the next result.

Lemma 1.1. Given K in 7, and an odd p, the linear functionals (14) are a unisolvent set of degrees of
freedom for IPP(K ).

Proof. Letv, bein IP’p (K) such that the moments (14) are zero. The number of linear functionals in (14)
is equal to dim(IP’p (K)); therefore, it suffices to prove that v, is identically zero over K.

Given an edge F in F K using that the edge moments (14a) are zero, the restriction of v, on F belongs
to IPP (F) and is orthogonal to ]P’pq (F). Hence, there exists ¢ in R such that Vi) &) = cL[f (&) forall F

in 7K. Recall (Shen et al., 2011, eq. (3.175)) that L,(=1)= (=1 = —1 and Lp(l) = 1. Since p is odd
and Vnak belongs to C°(3K), the following identities are valid:

v,(v) = —v,(v)) =v,(v3) = —v,(vy). (15)

Therefore, v, (v;) = v, (v,) = v, (v3) = 0 and there exists q§_3 inP,_3(K) such that v, = A1A2A3q]’;{_3.
Using that the elemental moments (14b) are zero as well, we infer (A;A,45 (q§_3), q5_3)0’,( = 0. Since

the product of the barycentric coordinates in K is positive, we deduce that %17(73 vanishes in K. (]

REMARrK 1. An alternative avenue to define edges degrees of freedom consists in replacing (14a) by point
evaluations at the p GauB3-Legendre nodes (Raviart & Thomas, 1977, Lemma 5); from an historic point
of view, this was the original approach in Crouzeix & Raviart (1973).

% The integrals in (14) have to be understood as duality pairings in L' — L°°. Similar comments will be omitted in the sequel.
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8 A. BRESSAN ET AL.

Next, we discuss an alternative definition for CR elements of odd degree. With each edge F in F,
we associate the edge nonconforming bubble function Stoyan & Baran (2006)

P 0 otherwise.
Under the notation in Section 1.3, we define
. -1 . P-D(p-2)/2
Ve .= span (bg and {(p}p};’=1 VF C Fy; {905}(:1 VK € 7;1) . 17)

The bubble function blf does not belong to X, in (10), whence the name nonconforming. As discussed in

Stoyan & Baran (2006); Ciarlet er al. (2016) and Carstensen & Sauter (2022b), the functions spanning

the right-hand side of (17) are linearly independent. This fact allows us to define an explicit basis for V:*;

the corresponding degrees of freedom are the coefficients of the expansion with respect to that basis.
The next result investigates the relation between the spaces Vi™ and Ve* for odd p.

LemMA 1.2. The spaces V,i1m and V;* defined in (13) and (23) coincide for odd p.

Proof. Let NI, NIIF, and Ny denote the number of total edges, internal edges, and elements of 7,
respectively. We split the proof in two steps.

V¥ is contained in V™. The space V* consists of modal basis functions, i.e., functions that are H'
conforming and therefore contained in V,im, and edge bubble functions as in (16). Such bubble functions
have vanishing jumps of order up to p — 1 over all the edges in F,.

To see this, we fix a generic F in F;, and b[f as in (16). We have that blf is continuous over the

interior of wr, whence it has vanishing jumps over F. On the edges F lying on dwp, blflf is the univariate

Legendre polynomial of order p starting from the vertex opposite to F; in particular, its moments with
univariate polynomials of order p — 1 are zero over F. On the other edges of the mesh, the bubble is zero
by definition, whence it has zero jumps.

Vim and VX have the same dimension. The dimension of VI™ is the dimension of piecewise
polynomials of maximum order p over 7,, minus the total number of “no jump” conditions over the
internal edges:

dim(Vi™) = dim(P,(T,)) — pN = dim(P,,(K))Ng — pNp.. (18)

On the other hand, the dimension of V;* is given by the number of total edges (for the nonconforming
bubbles) plus the number of modal basis functions excluding those associated with the vertices:

dim(V5¥) = Nj 4 dim(P,_,(F))Nf. + dim(P,_3(K))Ng = pNj. + dim(B, _3(K))Ng.  (19)
Recall the Euler’s formula

NL 4 NE = 3Ng. (20)
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NEW CROUZEIX-RAVIART ELEMENTS OF EVEN DEGREE 9

Subtracting the identities in (18) and (19), we deduce

P+ +H-@-DEP-2)
2

20
Ny = p(Nj +Nf) "= 0

O

Lemma 1.2 entails that two different sets of degrees of freedom are at disposal. A set of global degrees
of freedom for Crouzeix-Raviart spaces is obtained by a coupling of the degrees of freedom in (14a);
alternatively, we pick the coefficients in the expansion with respect to the basis in (17). The former is
used on the theoretical level, e.g., while deriving interpolation estimates in CR spaces, see Remark 4
below; the latter is typically used in the practice for the implementation of the method.

RemArk 2. Throughout, we shall be proving results similar to Lemma 1.3. Another reason why we
distinguish the implicit and explicit spaces is that in higher dimension the two definitions do not coincide
in general; cf., e.g., Sauter & Torres (2023).

1.4.2  Standard Crouzeix-Raviart elements with even degree. Proceeding as in Section 1.4.1 for even
p, we are not able to show unisolvence of the degrees of freedom (14): the proof of Lemma 1.1 fails since
display (15) would read

v, (V) = v, (1)) = v, (v3) =, (v)), (1)

which does not imply that v,, is zero at the vertices of K; furthermore, using GauB3-Legendre-type degrees
of freedom as those discussed in Remark 1 would lead to a linear dependence condition as described in
Fortin & Soulie (1983, pp. 506-507) for the case p = 2.

We recall some details here; the general even degree case presents similar limitations. Given a triangle
K, we denote its unit tangential vector and the corresponding tangential derivative by 7y and 9, . Let

{g}}?: | and m; denote the GauB—-Legendre quadrature points and the midpoints of the edge F}, j = 1,2,3,
respectively.

Given a quadratic polynomial ¢, 9, g5k is piecewise linear: the integral over the edge F; of 9, ¢,
is equal to the evaluation at the midpoint m;; in turn, this can be expressed as the difference of the
evaluation at the two Gauf-Legendre nodes, which are symmetric with respect to mm;. Moreover, since ¢,

is smooth over K, we have

3
0= [ spmar=3]F,
9K j=1

3 2 1

q,(87) — 4,(g;)
0ot (m) = > ‘Fj‘#\/g.
= 7|

Hence, the following relation holds true:

08D — 42(8]) + 42(83) — 92(83) + 4>(83) — g2(g3) = 0.

This is a linear dependence condition involving all the degrees of freedom. Moreover, it is possible to
check (Fortin & Soulie, 1983) that the quadratic polynomial 2 — 3()\% + )\% + A%) has vanishing degrees
freedom but is not zero in K. Consequently, the choice of the degrees of freedom in (14) is not suited to
describe even degree CR spaces.
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10 A. BRESSAN ET AL.

In order to establish a set of unisolvent degrees of freedom, the even counterpart of the explicit space
in (17) comes to the rescue. With each element K in 7,, we associate the elemental nonconforming
bubble function (Stoyan & Baran, 2006)

3
1 _ — 2\,
N b ( 1+ gi L,(1 ZA,)) on K )

P
0 otherwise.

Following Stoyan & Baran (2006); Ciarlet ef al. (2016) and Carstensen & Sauter (2022b), under the
notation in Section 1.3, we define

V¥ := span (go” Vv C Vs {ij}f;ll YF C Fy; b}f and {(pf}ggz)@fl)/z VK € 7;1) . (23)

As discussed in Fortin & Soulie (1983, Proposition 1) for the case p = 2, these functions are linearly
dependent: there exists precisely one elemental nonconforming bubble that can be written as a linear
combination of the other functions generating the space; some details are provided in Lemma 1.3 below.

Lemma 1.3. The spaces V,ilm and V;* defined in (13) and (23) coincide for even p.

Proof. Introduce @, := span{bllf | K € T,}. Let NI NIIV, Ny, and N denote the number of total edges,
internal edges, vertices, and elements of 7, respectively. We split the proof in two steps.

V¢ is contained in Vi™. The space V* is defined as X, + &, i.e., it consists of modal basis functions,
which are H' conforming and therefore contained in V,iqm, and elemental nonconforming bubbles as in
(22). Such bubble functions have vanishing jump moments with respect to polynomials of order p — 1
over the edges in F,.

To see this, we fix a generic F in F; é and one of the two elements K in wg. The restriction of bllf on
F is given by the sum of four terms, see (22): two of them are (scaled) univariate Legendre polynomials
of degree p, which have vanishing moments up to order p — 1; the sum of the other two vanishes since
the restriction of the remaining Legendre polynomial over F is equal to 1.

Vim and VX have the same dimension. As shown in the proof of Lemma 1.2, the dimension of ViM is
given by

dim(V;™) = dim(P, (7)) — pN;. = dim(P,(K))Ng — pNy.

As for the dimension of V;*, we start by investigating the dimensions of X, and @
former is given by the number of total modal basis functions:

separately. The

n’

dim(X,) = dim(P,_3(K))Ng + dim(P,_,(F))Nf. + Ny;
the latter by the number of elements:

dim(®,) = N.
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NEW CROUZEIX-RAVIART ELEMENTS OF EVEN DEGREE 11

Based on the Euler’s formulas (20) and Ny — N; + Ny = 1, the dimensions of V,ilm, X, and @, satisfy
the following relation:

dim(X,) + dim(®,) = dim(V\™) + 1. (24)

As elemental bubbles of neighbouring elements have the same restriction on the interface, we have

X,N®,=span{ > bk 1. dim(X, N ®,) = 1. (25)
KeTy

We deduce

dim(V™) + 1 Z dim(x,) + dim(®,) = dim(X, + ®,) + dimX, N ,) 2 dim(Ve) + 1.
0

RemArk 3. A consequence of Lemma 1.3 is that an explicit basis for V,ilm and V* is given by the
generating functions in (23), after removing one elemental nonconforming bubble; the corresponding
degrees of freedom are the coefficients in the expansion with respect to that basis. Differently from the
case p odd, we have not at disposal a set of degrees of freedom as those in (14). As such, it is not apparent
how to derive interpolation estimates with respect to proposed type of basis. In Section 2 below, we shall
propose an alternative CR construction, which allows us to circumvent this issue.

1.5 Convergence for standard CR elements

As we proved that the implicit and explicit CR spaces are the same, see Lemmas 1.2 and 1.3, we
henceforth write V, to denote either of the two. Moreover, given g in LY (382), we write

VS = H " (T) 2) NV,

Define the bilinear form a,, : [H1 (£2) + Vn]2 — Ras
a,(v,,w,) = (V,v,, Vhwn)o,.@- (26)

We review (Brenner, 2015) the standard analysis of the following method:

lﬁnd u, € V9 such that @7)

0
a,(u,,v,) = (f, Vn)o,.Q Yy, € V,.

The treatment of inhomogeneous Dirichlet boundary conditions is discussed in Section 3 below.

The bilinear form in (26) is coercive and continuous with constants 1 with respect to the broken
seminorm in (5); in turn, that seminorm is a norm on V,? due to (9). Therefore, method (27) is well-posed
and the following convergence result holds true; its proof is standard (Brenner, 2015). We report some
details as they will be needed in the analysis of new CR-type methods, see Section 2.
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12 A. BRESSAN ET AL.

ProposiTioN 1.4. Let u and u, be the solutions to (2) and (27). Then, we have

|an(u9 vn) - (f’ vn)O,Q |

lu—u,| .o < inf lu—v,| , o+ sup (28)
T weEn T eV |Vn|1,h;9
If u belongs to H*(§2), s larger than 3/2, and p is smaller than or equal to s, then we have
|u - ”n|1,h;.(2 5 hp|u|p+1’9. (29)

Proof. Inequality (28) is second Strang’s lemma (Strang, 1972; Brenner, 2015). As for estimate (29),
we bound the two terms on the right-hand side of (28) separately.

As for the first one, the best error in CR spaces is smaller than the best error in conforming Lagrangian
spaces: the convergence follows from standard polynomial interpolation theory (Brenner & Scott, 2008);
the H*(£2) regularity, s larger than 3/2, suffices to this purpose.

As for the second term, for all F in F,, introduce I71 1?_F1 as the orthogonal projector with respect to
the L2(F) inner product into the space IP,_ (F) of polynomial vector fields. Denote the elements in wp
by K;, i = 1,2. An integration by parts, definitions (6) and (7), formulation (1), the Cauchy—Schwarz
inequality, and the assumption that u belongs to H*(§2), s larger than 3/2, yield, for all qK', qll,(z, qg L

and g in P, (K)), P, (Ky). Po(K,) and Py (K,).

a,(u,v,) = (f,vy)o 0 = Z (g - Vi, v,)o 55 = Z (np - Vu, [[Vn]])O,F

KeTy, FeFy
= (0 vu— e va o, -1 [ ), - GO
FeFy ’

For interior edges, we have
0.F 0.F
(nF -Vu — Hp_lnF -Vu, an]] — Hp—l [[V"]])OF

2 2

I a1 ol |1 a1 X
: H_nKl Vg = gp") = 0k, Vg, — ‘IPZ)’ 3 Oalir =901 + 5 0, = 4o”)

0,F 0,F
The multiplicative trace inequality, the Poincaré€ inequality, and choosing the polynomial vector fields
above as suitable elementwise L? projections entail that the two terms on the right-hand side of (30)
satisfy, for i = 1,2 and positive ¢,

1
K; -3 K; ¢ K;
n Vg —g|  <n HV(M— Y TR A . :
H Ki L P A g YA e ) F S
K; -1 K; i 1
1 1 bl
Vnik; — 4o H She” |ve =40 ) RVl g S| g
0.F 0.;
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NEW CROUZEIX-RAVIART ELEMENTS OF EVEN DEGREE 13

Analogous estimates can be proven for boundary edges. Combining the above displays with (30), and
standard polynomial approximation results yield the assertion. (]

ReMARK 4. For odd degree p, given vin W1 (£2), we can define v 7 in 'V, by fixing its degrees of freedom
(14) equal to those of v. A standard Bramble-Hilbert argument entails optimal interpolation estimates
under regularity assumptions that are milder than those needed for pointwise interpolation operators as
used in Lemma 1.4.

REMARK 5. One of the most striking features of CR elements is that the structure of the explicit basis
functions is very different in the odd and even degree cases; see (17) and (23). On the one hand, in the
light of Remark 4, this renders the derivation of interpolation estimates in the p-version of the method
less immediate than for conforming and DG methods. On the other hand, in the assembling process
of the matrix stemming from method (27) for increasing p, it is not feasible to use the same indexing
strategy for even and odd degrees since the types of basis functions under consideration change. In the
odd case, modal vertex functions are not considered and edge nonconforming bubble functions are used;
in the even case, modal vertex functions are considered and elemental nonconforming bubble functions
are used.

2. New Crouzeix-Raviart elements of even degree

Here, we propose a different construction of even degree CR elements, which allows for circumventing
some of the shortcomings discussed in Remark 5. In particular, in Section 2.1, we define a new implicit
CR-type space of even degree; show an explicit construction of a corresponding spanning set of functions;
identify a set of unisolvent DoFs analogous to that introduced for the standard odd case. Moreover,
in Section 2.2, we propose a stabilized, arbitrary order CR-type method, which is suitable for Ap-
refinements, and prove its optimal convergence.

2.1 Edge-bubble-type even degree Crouzeix-Raviart spaces

Let p be an even positive integer. We define a modification of the Sobolev nonconforming space in (7)
as follows:

By (T, 2) = [T e H' (T @) | (1,10, =0 Vj=0.....p—2p, VFeF].
Based on this, we introduce a variant of the space Vi™ in (13):
vim =[5, € BT, ) [Tk € B, K) VK eTy). 31

This space does not coincide with V,i,m: on an edge F in F;, the jump of v, in lem is orthogonal with
respect to polynomials in prz(F ) and the pth Legendre polynomial L, instead of being orthogonal with
respect to ]P’p_l (F).
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14 A. BRESSAN ET AL.

Under the notation in Section 1.4.1, we introduce a set of linear functionals similar to those in (14):
on each K, given vin W!!(K), we consider

|F|71(\7,Lf)0,F Vi=0,...p—2,p, VFeTFK (32a)

K1~ @m0k VBl =0.....p—3. (32b)

LemmMa 2.1. The linear functional (32a)-(32b) are a set of unisolvent DoFs for PP (K).

Proof. The proof follows along the same lines as that of Lemma 1.1. Let v, be in PP, (K) such that the
moments (32a)—(32b) are zero. The number of linear functionals in (32a)—(32b) is equal to dim(IE”p (K));
therefore, it suffices to prove that v, is identically zero over K.

Given a edge F in F K using that the edge moments (32a) vanish, we deduce that ’\7”‘ F belongs to

]P’p (F) and is orthogonal to span{IP’pfz(F ), L[f }. Hence, there exists a constant ¢ in R such that Vn‘ r&) =
cL‘f_1 (&) for all Fin FX. Since p is even, L[’:_l (&) is odd symmetric with respect to the midpoint of F,
and ana x belongs to C°(3K), then the following identities are valid:

v, () ==V, (1) =7,(v3) = =, (v)), (33)

whence v, is zero over dK. Using that the elemental moments are zero, the assertion follows as in the
proof of Lemma 1.1. 0

Following the construction of V¢* for odd p in (17), under the notation in Section 1.4.1, we define

~ — —D(p—2)/2
VX .= span (b;i1 and{gojF}f:]1 VF C F; {<Pé<}1(gp=1 =22y € 7;,) . (34)

Lemma 2.2. The spaces V,ilm and V;X defined in (31) and (34) coincide for even p.

Proof. The proof is exactly the same as that of Lemma 1.2. d

Since the spaces \7,ilm and ijx coincide, we shall write \7n to denote either of the two; with an abuse
of notation, for the odd degree case, the spaces V,™ and V;* will be henceforth denoted also by V;™ and

VX, Given g in L' (852), we define Vj as ITI;;Z,’”(E, 2)NV,, where

iyt (T 2) 1= {7 € By (T )|l Lo p = @ LDor ¥i=0..p=2.p. VFe Ff}. (39)
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NEW CROUZEIX-RAVIART ELEMENTS OF EVEN DEGREE 15

2.2 Optimal convergence for a stabilized CR method

If we replace V,, in (27) by I7n in the case p even, then one may expect method (27) to be one order
suboptimal. In fact, proceeding as in the proof of Lemma 1.4, we rewrite display (30) as follows:

a,(u,v,) — (f,v,) = Z g - Vu,v,)o ok = Z g - Va, [, Do r

KeTy FeFy,
= > (ne- Va5 Vo, [7,] - 17 [.0), -
FeF)y ’

which delivers an order of convergence O~ due to the presence of IT ,?—Fz instead of IT [?fl.

As a matter of notation, we define the operator I1, r , as zero if p is odd and as the L?(F) projector
-

onto the Legendre polynomial Lg_l if p is even. In order to recover error estimates of order O (), we

modify method (27) by employing the discrete bilinear form a, : [H L) + Vn]z — R defined as
follows: for a sufficiently large positive coefficient 5, see Proposition 2.3 below,

Gnitn, V) = (Viiin, Vin)o.2 — D, (HLF np - {Viiin} pr mn)
r

—1
FeFy, r 0.F

= 3 (b sy e 1vim) e 3w (M W ) L G6)
F;}_h ( qu n Lp7| n OF Féh F Lp7] n qu n OF
Introduce the mesh-dependent norm
~ 2. ~ |2 —1 ~ 2
Fally = Foline + 2 |y, 0, (7
i P 0,F
FeF,
We consider and analyze the following method:
find @, € VO such that (38)
2in(lzn”{;n) = (f”“;n)O,.Q Wn € Vr(l)

For even p, the bilinear form @,, in (36) resembles that in standard symmetric interior penalty DG methods
(Di Pietro & Ern, 2012), yet requires a stabilization on a one dimensional space for each edge; for odd
D, the bilinear form a,, instead coincides with that in (26). Comments on an alternative construction for
even degree CR methods are given in Remark 8 below; in particular the edge nonconforming bubbles
used in (34) and the corresponding projections in (36) can be of any odd (also linear!) degree as the
crucial point in the unisolvence proof is the validity of (33).

The following well-posedness and convergence result for (38) holds true.

Prorosririon 2.3. If i in (36) is sufficiently large, then method (38) is well-posed. Given u and u,, be the
solutions to (2) and (38), we have

1@, 1,7,) — (F, 7,0 0

=l < int flu =1, + sup )

7 eV 1%l
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16 A. BRESSAN ET AL.

If u belongs to H*(£2), s larger than 3/2, and p smaller than or equal to s, we have

|||” - ﬁn‘”n 5 hp|“|p+l,9' (40

Proof._The bilinear form in (36) is coercive with respect to the mesh-dependent norm (37). Indeed, given
v, in V,, definition (36) yields

2
(41)

LF Vn

an(Vp, vp) = Z |Vn|1K 2 Z ( LF nF {Vvn }sHLF [Vnll ) +n Z hy
=

KeTy, FeFy, 0.F FeFy,

0,F

For a given K in 7, the following discrete trace inequality (Di Pietro & Ern, 2012, Lemma 1.46) holds
true:

1
7 ||~
hK

1Vallo.0x S Wullox- (42)

On a fixed F in F},, the Cauchy—Schwarz inequality, the property hp < hg for K in wp, the stability of
the L? projector, and the discrete trace inequality (42) yield

Z (HLgilnF -{Vn} 7HL571 Wn]])

FeFy, 0.F

1
2 7
-1
2
0.F FeFy,

< (Z hKHVhVnK”(Z),aK) <Z h

KeTy FeF,

HLF Wn]]

p—1

LF IF - {Vivn}

1
2 2
0,F

3
SIVitalog | D hp'
0,F

FeFy

2 hr

FeFy

1
2 2

LF Vn]] ) .

0,F

HLF Iﬁ;n]]
‘p—1

Substituting the above inequality in (41), we obtain

l

- 2
0,F o Z he HHL5 1 [[V"]]Ho,p

N
B
’a

2 1iloe = 1ViFilog | 2 ' |mr , I5,

‘p—1
FeF)

Further using Young’s inequality, this yields the coercivity of @, (-,-) with respect to the norm (37)
for n sufficiently large. On the one hand this implies the well-posedness of method (38). On the
other hand, inequality (39) follows from the second Strang’s lemma (see, e.g., Strang, 1972; Brenner,
2015). The hidden constants therein depends on the discrete coercivity constant, which in turns depend
on 1 and p.
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NEW CROUZEIX-RAVIART ELEMENTS OF EVEN DEGREE 17

In order to derive the error estimate (40), we show an upper bound for the two terms on the right-hand
side of (39) separately. As for the first one, we observe that

> Iva-oloe+ 3w fmy (D],

eV KeTh FeF

< 1nf Z V-7, )||0K+ Z hy 1”[[" ]]HOF

eV KeTh FeF,

The best error in CR spaces is smaller than the error in H' conforming spaces; in particular the jump
terms vanish. Optimal convergence follows from polynomial approximation results (Brenner & Scott,
2008).

As for the second term in (39), convergence for odd p is already discussed in Proposition 1.4.
Therefore, we focus on the even p case. On all edges, {Vu}, [u], and IT 78 [['\7”]] are equal to Vu,

0, and [[Vn]] These identities, an integration by parts, problem (1), and the consistency of the bilinear
form (36) yield

a0~ (F-F00 = X (np- Ve [5] - 15 [R]),

FeFy
= > (M @p Vw1 | [, ]]) .
FeFy
= Z (nF -Vu, [[Vn]] HOF [[v ]])
FeFy,
=3 (np - vu— 1! g - Voo [5,] - 1" [3,]),, -
FeFy 0F
The assertion now follows along the same lines as in the proof of Proposition 1.4. O

REMARK 6. We may drop the projection operators appearing in the definition of the bilinear form in
(36) and norm in (37) since the jumps of CR functions already belong to the span of a single Legendre
polynomial. In fact, this is what we did in practice in the implementation of the method; see Section 3
below. An analogous comment applies to the variable order scheme detailed in Section 4 below.

3. Numerical aspects for uniform degree CR elements in 2D

Here, we are interested in assessing the numerical performance of method (38). We focus on the A- and
p-versions of the method in Sections 3.1 and 3.2; since the hp-version requires additional technicalities,
it will be coped with in Section 4 below. Section 3.3 is concerned with investigating the effect of the
stabilization parameter on the method. Comparisons with the standard symmetric interior penalty DG
and the standard CR methods are given throughout.
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18 A. BRESSAN ET AL.

Test cases. We consider §2 := (0, 1) and the exact solutions

u(x,y) =x+y 43)

and

Uy (x,y) = sin(w x) sin(rr y). (44)

The source term and the boundary data are computed correspondingly.

Meshes. We consider sequences of shape-regular, quasi-uniform, unstructured simplicial meshes with
halving diameter; in practice, these meshes are constructed using the PDE toolbox of Matlab.

Error measures. In what follows, u,, %, and upg denote the solutions to (27), (38), and a standard
symmetric interior penalty DG method (Di Pietro & Ern, 2012). The practical realization of the DG
method is based on the use of piecewise modal basis functions, for a fairer comparison with the other
two methods; we recall for completeness the DG bilinear form

apg (Upg, Vpa) = (Vitipg, Vivpelo,e — Z (nF : {thDG} ’ [[VDG]])O,F
FeFy,

- 2 (Tunc]l-nF - {Vivpe})or + Moc Z he' ([unc]) - [vocl)or

FeFy FeFy,

where np is a sufficiently large, positive constant, which has to scale as p? for stability reasons.
We shall compute the following error measures:

e =il =l _ lu = upgllng
CRy |M|1,Q ’ ECR” |M|1,_Q ’ EDGP o |M|1’_Q ’ (45)

where the DG norm is given by

2 2 _ 2
|||VDG|”DG = |VDG|1,h;.Q + Z hFlil [[VDG]] ||0,F'
FeFy,

The DG norm for the new CR space coincides with the norm ||| . |||n in (5); the DG norm for the standard
CR space is stronger than the standard norm ||, . (albeit the jump terms only involve the projection
onto the scaled Legendre polynomials of order p). The reasons why we consider the full DG norm is to
have a fairer comparison with the other error measures; very similar results are obtained with the broken
gradient norm.

On the nestedness of the spaces ‘7” in (34). While using the new CR spaces as in (34), we employ
‘essentially’ hierarchical basis functions: the conforming basis functions are modal, which are hierarchi-
cal as reviewed in Section 1.3; the nonconforming bubbles are not hierarchical but are always one per
edge, differently from the standard CR case. In fact, as detailed in Remark 8 below, one could actually
employ ‘fully’ nested spaces based on using linear nonconforming bubbles. As such, it is possible to
optimize the matrix assembly process.
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——Ecp, —— Ecr,

8| ——FE | ] 8L |
10 CR, 10 +ECR\

Epg, Epa,

petas J 1010 L

10 E
A ] A /
ol ‘/\/4 1 g

10 b J 1014 E

errors
3
errors

1015 L . 1015 .
10’ 102 102
1/2 1/2
Npors Npors

Fic. 1. Exact solution #; in (43); p = 2 and n = npg = 5 (left panel); p = 4 and n = npg = 20 (right panel). We compare the
error measures in (45) under A-refinements.

Imposing Dirichlet boundary conditions. Introduce

EDB(JT_'I?) — ]ngl(f]llg) lfp is odd
! span(P, ,(F), L, | F € F) if piseven.

Possibly inhomogeneous Dirichlet boundary conditions g in H 2 (0£2) are imposed as in (35). One may
alternative solve the (symmetric) mixed problem

find %, € V,. b, € B, :=PE(FF)  such that
a, (1, v,) + (b, Vi)oae = (F- Voo = (& Vi, - x)oag
+0 2 perp he' (8 Voax Y €

Uy C)op2 = (8 Coae Ve, €

(46)

3.1 Numerical results: h-version

Here, we investigate the convergence of the errors in (45) under h-refinements. Since method (38)
coincides with the standard CR method (27) for odd p, we consider even integers p, more precisely
p =2 and p = 4. We employ n = npg = 5 and 20 for the two polynomial degrees.

First, we consider the exact solution u; in (43), which belongs to the CR and DG spaces above and
is thus reproduced by all methods up to round-off errors; we display the results in Fig. 1. This test case
shows how the propagation of the floating point errors depends on the number of degrees of freedom.

The errors of the two CR methods are smaller than that of the DG one. This is probably due to the
fact that in the standard CR method no stabilization is employed whereas in the new one the stabilization
is smaller than that for the DG one.

Next, we consider the exact solution u, in (44), and n = 20 for the polynomial degrees 2 and 4, and
display the results in Fig. 2.

In all cases, we observe rates of convergence that are in accordance with the theoretical findings.
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20 A. BRESSAN ET AL.

errors
3
L
errors

——Ecp,

10°E L 3
——"Cr,

109k Epg, ] w0k Epe, ]
— — Noors — — Noors

1/2 r1/2
NDOFs I\/D/OFS

Fic. 2. Exact solution u in (44); n = npg = 20; p = 2 (left panel); p = 4 (right panel). We compare the error measures in (45)
under A-refinements.

errors
errors
5

1010k |[——Ecgr 10710
——Eag

10712

1/2
4 Npors

1012 L L .
1

FiG. 3. Exact solution u> in (44); coarse fixed simplicial mesh; n = npg = 5p2. ‘We compare the error measures in (45) under
p-refinements with respect to the polynomial degree (left panel) and the square root of the number of degrees of freedom (right
panel).

3.2 Numerical results: p-version

Here, we investigate the convergence of the errors in (45) under p-refinements using a fixed coarse
simplicial mesh of 88 elements. We employ n = npg = 5p?, consider the exact solution U, in (44), and
display the results in Fig. 3.

As expected from standard p-approximation theory, see Remark 9 below, we observe exponential
convergence in terms of p.

3.3 On the choice of the stabilization parameter

We investigate here the performance of the errors Ea}p and E DG, taking different values of 1 and np.
We consider the exact solution u, in (44) and compare the errors in (45) in terms of different choices of
the stabilization parameters n and 1p, say, in the set {0.5; 1;2; 4; 8; 16; 32; 64}. We pick p in {2, 4, 6, 8}.
We display the results in Fig. 4
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errors
errors

1010 1010 b

1012 L L L L n 1012 L
05 1 2 4 8 16 32 64 05 1 2 4 8 16

Fic. 4. Exact solution uy in (44); p = 2, 4, 6, and 8; fixed coarse simplicial mesh. We compare E Ck, (left panel) and E, DG, (right
panel) picking 7 in {0.5; 1;2;4; 8; 16; 32; 64}.

It is apparent that, especially for high degree p, the errors for the DG method display a more
oscillatory behaviour compared to those for the modified CR method.

4. Variable degree Crouzeix-Raviart elements

The aim of this section is to construct and analyze variable degree CR methods. After discussing why
an ‘obvious’ construction cannot work in Section 4.1, in Section 4.2 we propose new variable order CR
spaces; Section 4.3 is devoted to the design and analysis of a corresponding variable order method; in
Section 4.4, we assess the performance of that method with a particular emphasis on the approximation
of corner singularities under hp-refinements.

Notation for variable order CR spaces. For any mesh 7, in a given sequence, we can assume that its
elements are in bijection with {1,2,...,card(7,)}; let p be in Neard(Th) | With the element K (in bijection
with the index j), we associate the polynomial degree p; and denote it also by pg on occasions. In what
follows, with an abuse of notation, for a generic interior edge F, K; and K, denote the two elements
sharing F’; for a generic boundary edge F', K denotes the element such that F = 0K N 952.

With each edge F, we associate

max{pg ,pg,} ifF=0K, NIK,

PE= e if F = 9K N 322

4.1 An ‘obvious’variable order CR space does not work

We exhibit a counterexample to show why an ‘obvious’ construction of variable order CR spaces (and
the corresponding method) cannot deliver a sequence of discrete solutions converging to the exact one.
Given p in N, we write

~ p if p is odd
p= e
p—1 ifpiseven.
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FiG. 5. Graphical representation of the degrees of freedom for an “obvious” variable order CR space over a mesh of four elements
and polynomial degree distribution given by (1, 1, 1, 3). The circles ( 0, S and ) stand for the coefficients of the nonconforming
bubbles: in red ( 0) and blue ( =), the two-sided and one-sided bubble functions of order 1 and 3 respectively; in purple ( ::)
the two-sided bubble functions of mixed orders 1 and 3. The squares ( ) stand for the coefficients of the modal functions. Inside
each element, we write the corresponding local order.

With each internal edge F', we associate a double-sided nonconforming bubble bgk x such that
17082
F .
bﬁKl in K,
F — 1pF
b;’l(l ’51(2 |K] = bﬁkz m K2 (47)
0 elsewhere,

where brfk and ber are the nonconforming bubble functions as in (16). A similar construction applies for
1 2
boundary edges (only a one-sided nonconforming bubble bgK appears). As in the uniform polynomial

degree case, we have bﬁKlsz F = 1. Besides, prl’ Bk, is nonconforming on the (four) edges of wg
in (3).

An ‘obvious’ construction is as follows:
* on each element K, consider modal polynomials of order pg excluding the (linear) hat functions;

» associate with each internal edge F shared by the elements K; and K, the double-sided nonconform-
ing bubble function in (47);

* associate with each boundary edge F on the boundary of the element K, the one-sided nonconforming
bubble function of order py.

An ‘obvious’ CR variable order space is given by the span of the functions described in the above
bullets. We wish that a method associated with this space is at least first order consistent, i.e., that it
reproduces affine solutions exactly up to machine precision.

Consider a mesh of four elements and a CR variable order space corresponding to polynomial degrees
(1,1, 1, 3) as detailed in Fig. 5.

In order to represent, e.g., an affine function on the left element that is nonconstant on the three
edges, the coefficients of the nonconforming bubbles on that element are fixed by the three vertex values;
moreover, as the involved bubbles are cubic polynomials on that element, surely all the coefficients of the
cubic modal basis functions cannot vanish. Bearing this in mind, that linear function, e.g., on the bottom
element, should be represented by the linear combination of the linear nonconforming bubbles (and this
alone would be OK) and the modal basis functions where the cubic one has nonzero coefficient. This is
clearly not possible, whence a cleverer construction must be in order; see Section 4.2 below. In a sense,
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Fic. 6. Examples of global CR-type DoFs chosen as modal basis functions () and linear nonconforming bubbles (e) according
to (48) with different degree distributions p.

this lack of linear consistency might be regarded as a locking property of the ‘obvious’ construction of
variable order CR spaces as detailed above.
The main philosophy that we shall use in order to fix this issue is as follows:

* in order to avoid the locking, we shall always use linear nonconforming bubble functions (it can be
readily checked on the example in Fig. 5 that in this case the modal basis functions on the edges of
the left element are not active);

* since linear nonconforming bubbles have nonvanishing linear component jumps, we shall correct the
method similarly to what we did in Section 1.4.2 for all orders, regardless of its parity.

4.2 Construction of variable degree CR global spaces

We are now in a position to exhibit an explicit version variable order CR space associated with a mesh
T, and a polynomial degree distribution p, which do not display the locking discussed in Section 4.1.
Given modal basis functions as in (11) and (12), and the linear (p = 1) nonconforming bubble functions
as in (16), we define

Ve .= span (’Bf and {fVrT VE C B oK)V vk e 7;) . (48)

LemMa 4.1. The spanning set (48) consists of linearly independent functions.

Proof. On each element, the span of the local modal basis functions is a set of linearly independent
functions, which does not contain the space of continuous piecewise affine functions. That space is fixed
by including also the linear nonconforming bubbles. (]

A set of unisolvent degrees of freedom for the explicit space is then given by the coefficients in the
expansion with respect to the basis in (48); see Fig. 6 for a graphical representation with different degree
distributions p.

We define

Flll)nc(’];z’g) = [VnEHl(E’Q)‘ ([[VH]]F’LJF)OFZO Vj:O,...,pF,j#l,VFE.F;Il].
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Given g in L'(382), we define

Vers = HL (T, 2) N X,

where

e = s 2] (I80),, = 1), =0 1, v 7]

In what follows, we shall write V instead of Vj .

REMARK 7. Vﬁ" is contained in Hp’”c (75, §2); the proof of this fact is essentially contained in the first part
of Lemmas 1.2 and 1.3.

4.3 A variable degree CR method
We define the operator IT ZFF as the L2 (F) projector onto the scaled Legendre polynomial of order 1 over

F and the operator f[gf as the L?(F) projector onto the span of
1

{Lfj=0.pp—1j# 1},

We introduce the discrete bilinear form a,, : [H L) + Vn]z — R defined as follows: for sufficiently
large positive coefficients n for all edges F, see Proposition 4.2 below,

~ ~ ~ ~ 0,F
n (@in.Vn) = (il Viin)o,2 — (”L

ng - {Vpup}, H Wn]])
FeF;,

1 0,F

- Z ( [[~n]] 17 1: nF {VhVn}) + Z 77Fh 1( rnﬂ 17 [Wn )OF' (49)

FeFy 0.F FeF),

Introduce the mesh-dependent norm, for which Remark 6 still applies,

2
Ialls == 22 IVFalow + 2 i |1 %] 50)
KeTy FeFy 0
We consider and analyze the following method:
find %, € V9 such that
a @,V 7 0 (51
an(izn’ Vn) = (f? Vn)()’_Q Wn (S Vn'

The following well-posedness and convergence result for method (51) holds true.
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ProposiTioN 4.2. If 1 is sufficiently large for all F in J,, then method (51) is well-posed. Given u and
u,, be the solutions to (2) and (51), we have

|5n (“’ I;n) - (f’ I;n)O,.Q |

llu =@l 5 _inf Jlu—7u[l, + sup 5 (52)
eV Taey 1%l
If u belongs to H*(2), s larger than 3/2, and p smaller than or equal to s for all K in 7, we have
llu =Tl < 32 05l k- (53)

KeTy

Proof. The bilinear form in (49) is coercive with respect to the mesh-dependent norm (50). Similarly to
what we did in the proof of Proposition 2.3, this fact is a consequence of arguments that are standard in
variable order symmetric interior penalty DG methods; we refer to Di Pietro & Ern (2012, Lemma 4.12).
On the one hand this implies the well-posedness of method (51) for sufficiently large 1 for all F in F,.

On the other hand, inequality (52) follows from the second Strang’s lemma (see, e.g., Strang,
1972; Brenner, 2015). The hidden constants therein depends on the discrete coercivity constant, which
in turns depends on the collection of the stabilization parameters 7y and the polynomial degree
distribution p.

In order to derive estimate (53), we show an upper bound for the two terms on the right-hand side of
(52) separately. As for the first one, we observe that

nf (D0 V@ =Tlox+ 2 by
V€V

=\ KeT, FeFy,

2
miE|

. ~ 112 — ~ 2
S inf (>0 Ve =Tlox+ 2 i IFD o

Yn€Vn KeTh FeF,

The best error in CR spaces is smaller than the error in H' conforming spaces; in particular the jump
terms vanish. Optimal convergence follows from polynomial approximation results (Schwab, 1998).
As for the second term in (52), we observe that {Vu}, [u]], and HS;F HV,,]] are equal to Vu, 0, and
1

[ITF,,]], respectively, on all edges. These identities, an integration by parts, problem (1), and the consistency
of the bilinear form (49) yield

A n) ~ (F. o2 = (nF-w, wall = 17 m) - > (ngf (np - V), 1T m)o,F)

FeFy, 0.F FeFy, !
0.F _ 0,F 0,F
= > (v -Vl =1y ) = 3 (v Ve I g Vo, [0 = 10 )
FeF, FeFy
The assertion now follows along the same line as in the proof of Proposition 1.4. (]

ReMARK 8. A low hanging fruit of the proofs of Lemma 4.1 and Proposition 4.2 is that the construction of
fixed even degree CR elements as in Section 2 can be easily replaced by using spaces of modal functions
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as above and linear (or also cubic, quintic, ... instead of order p — 1) nonconforming bubble functions;
the corresponding method should contain correction terms acting on the edge projection onto a single
scaled linear (or cubic, quintic, ...) Legendre polynomial. Of course, one may also wish to construct
odd degree CR elements based on using linear nonconforming bubbles. In this case, the correction term,
which is needed to recover convergence of order p and not for well-posedness reasons, should be included
in the method as well for it to work. The price to pay would be the presence of a stabilization term; the
upside would be the availability of nested bases in a p-refinement procedure.

REMARK 9. In the proof of the error estimates (53), one may also keep track of the explicit dependence
on the polynomial degree distribution p. In particular, one may derive

* algebraic convergence for uniformly increasing p and singular solutions;

» exponential convergence with respect to uniformly increasing p for analytic solutions;

* exponential convergence with respect to the cubic root of the number of degrees of freedom for
solutions with corner singularities, using sequences of meshes that are geometrically refined towards
the corners of the domain, and distributions of polynomial degrees that are linearly increasing with
the distance from the corners.

While we postpone the discussion of a practical investigation of this aspect to Section 4.4 below,
we refer to Babuska & Suri (1987) and Schwab (1998) for the appropriate hp-approximation and
convergence results.

4.4 Numerical investigation of the hp-version of the CR method

Here, we assess the numerical performance of method (51) for the approximation of corner singularities
using hp-refinements.

Test case. We consider the L-shaped domain £2 := (—1, D2\[(0, 1) x (—1,0)] and the exact solution
2 . (2
u3(r,0) = r3 sin (59) . (54)

The source term and the boundary data are computed accordingly.

Meshes and polynomial degree distributions. We consider sequences of shape-regular locally quasi-
uniform simplicial meshes {7,} obtained via geometric refinements at the re-entrant corner of the L-
shaped domain; the first three elements in the sequence are depicted in Fig. 7, where the geometric
grading factor is 1/2. In particular, the decomposition of each mesh 7, consists of n 4 1 layers defined
recursively as follows: L9 is the set of elements abutting (0, 0);

L= {Kl eT|K,NK, #0. K, € L7, K, ¢u§(;10£’<} i=1,....n.
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Fic. 7. First three elements in a sequence of geometrically graded meshes (with grading parameter 1/2) towards the re-entrant
corner: T (left panel), 77 (centre panel), 75 (right panel).

—.—Ea’

error

1 I 1 I I L L 1 I

4 5 6 7 8 9 10 11 12 13 14
1/3
NDOFS

Fic. 8. Exact solution u3 in (54); we consider a sequence of geometrically graded meshes (with grading parameter 1/2) towards
the re-entrant corner as in Fig. 7, and linearly increasing polynomial degree distributions as in (55). We plot the CR error in (45)
versus the cubic root of the number of degrees of freedom.

In order to obtain 7, , | from 7,,, exclusively the elements belonging to the layer L0 are refined. As
for the polynomial distribution p, we set

pg=i+1 foralKinL, i=0,...,n. (55)

Numerical results. In Fig. 8, we display the results.
Exponential convergence as discussed in Remark 9 is observed. A similar convergence is observed,
and not reported, for the L2 error.

5. New Crouzeix-Raviart elements of even degree for the Stokes’ equations

Crouzeix-Raviart elements were introduced (Crouzeix & Raviart, 1973) as an inf-sup stable, balanced,
and elementwise divergence free pair for the discretization of the Stokes’ equations. Even though the
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main focus of this work is on second order elliptic problems, we are interested in designing new even
degree CR-type elements and their practical stability.
For a given f in [L?(£2)]?, consider the Stokes’ problem

find (u, s) such that
—Au—Vs=f in 2

56
divau=0 in 2 (%6)
u=190 on d52.

A weak formulation of (56) reads as follows:
find (u,s) € [H}($2)1* x L§(£2) =: V x Q such that
(Vu, Vv)g o + (divv,s)y o = (£, V) 0 VveV (57)

(div, )y o =0 Vg e Q.

The well-posedness and analysis of this problem is standard Boffi ez al. (2013).
We consider vector-valued CR-type spaces V,, of order p, see Section 2.1, and piecewise polynomials
P,_ (T = Q of order p — 1 as approximation spaces to V and Q, respectively; let B be the
vector version of the corresponding space as in (46). We consider the following method, wh1ch already
incorporates the imposition of the Dirichlet boundary condition for the velocity and the zero average
condition for the pressure as Lagrange multipliers:

find (W, b,,5,, ) € V., x B, x 0, x R such that

a,@,,9,)0.0 + 0, 9,)000 + G, divy, V)00 = V)00 V¥, €V,

(@,.€,)050 =0 Ve, € B, (58)
(divy 8,,3,)0.2 + G @02 =0 Vg, € 0,

Gy finog =0 Vii, € R

This method coincides with the standard CR method if p is odd, whereas for even p it employs the novel
CR-type space as discussed in Section 2.1.
In matrix form, method (58) reads as follows (with obvious notation):

A, C: B 0\ /u, f,
c, 0 0 o)b,|] [0
B, 0 0 Di|[|s,|] |O
0 0 D, 0/ \x, 0

5.1 Numerical results: Stokes’ equations
Here, we investigate the convergence of method (58) on the numerical level.

Error measures. In what follows, (u,,s) and (u,,s,) denote the solutions to (57) and (58). We shall
compute the following error measures:

o _ ls=Sulog v =,

CR, "~ ’ CR, "™ o9

||S||0,Q

where ||| . |Hn is the vector-valued version of that defined in (37).
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Fic. 9. Exact solution uyq and s4 in (60); p = 2 (top-left panel); p = 4 (top-right panel); p = 6 (bottom panel); n = 20. We display
the error measures in (59) under -refinements.

Test case. We consider the polynomial degrees p = 4 and 6, and the manufactured solution u, =
[(uy);; (uy),] and s, given by

(uy);(x,y) = —cos (rr (

(uy),(x,y) = cos (rr (

s4(x.y) =

1 2
— 5)) COos

(
D

x+y—1,

-9 (-2
-3 (-2

(60)

on the unit square £2 := (0, 1)2; the loading term and boundary conditions are computed accordingly.
We consider the same sequence of meshes employed in Section 3.1.

Numerical results. In Fig. 9, we display the results.

We observe convergence of orders 4 and 6 for the methods of corresponding order; as such, the
method is inf-sup stable; similar results are obtained for higher orders but are not reported here. On
the other hand, we observe half an order suboptimal convergence for the case p = 2; this and standard
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well-posedness results for mixed problems suggest that the inf-sup constant in this case is not robust

with respect to the mesh size and may be behaving like O(h%).

We could have partially expected all these facts. In fact, the proposed discrete pairs lie in between
the Scott-Vogelius ones (Scott & Vogelius, 1985) (which are stable for p larger than or equal to 4, and
meshes without singular vertices) and that given by discontinuous velocities and pressures (Baker et al.,
1990): the method for even degree larger than 2 must be inf-sup stable; on the other hand, nothing
could have been expected a priori for the quadratic case, since also the Scott-Vogelius element is not
stable.

6. Conclusions

We constructed new CR elements and corresponding methods of even degree p for a two dimensional
Poisson problem: such spaces are the span of modal functions excluding those associated with the vertices
of the given mesh and edge nonconforming bubble functions of a suitable odd degree thus mimicking
what happens in the odd degree CR spaces; the method required a DG-type stabilization in order to
deliver convergence rates of order p.

The reason for introducing such spaces was twofold:

» for increasing polynomial order, we wanted to construct sequences of spaces spanned by functions
with a ‘hierarchical’ structure (or even nested bases);

* we wanted to establish the ground for a simple and optimal design of variable order CR elements.

The heart of the matter in the novel construction is the observation that adding even degree
nonconforming bubble functions to the modal basis yields a set of linearly dependent functions. This
is not the case while using odd degree nonconforming bubbles, the intrinsic reason being described
in displays (15) and (21). The price to pay is the need of stabilizing the method in order not to lose
convergence.

Variable order CR elements were designed; employing hp-refinements yielded exponential conver-
gence in terms of the cubic root of the degrees of freedom for solutions displaying a singular behaviour
at the corners of the physical domain. Importantly,

» for the construction of fixed even degree p CR elements, nonconforming bubbles of odd degree 1 (or
3,5, ...) can be employed;

» for the design of variable order CR elements, we use linear nonconforming bubbles so as to retain
the linear consistency of the method; for this reason, we also had to stabilize the method on the edges
of local odd degree larger than 1.

We further investigated whether the novel approach could fit in an inf-sup stable discretization of the
Stokes’ equations, which preserves the elementwise incompressibility constraint on the discrete level.
This was in fact the case for even polynomial degrees larger than 2; for the quadratic element, we observed
lack of inf-sup stability, which resembles that for the quadratic Scott-Vogelius element.
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