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Abstract

Feature allocation models have emerged as a central topic in modern Bayesian
statistics, attracting increasing attention across diverse scientific fields. This
thesis offers a comprehensive Bayesian investigation of the feature allocation
framework, in which each observation is associated with a finite collection of
features. This paradigm generalizes the classical species sampling framework,
where observations belong to a single species, by allowing them to exhibit
multiple features simultaneously. This distinction gives rise to new theoreti-
cal and inferential challenges concerning feature sharing and the appearance
of previously unseen features as the sample size grows. The feature alloca-
tion framework is an active area of research, particularly within the machine
learning community, with broad applications in diverse fields such as ecology,

microbiome analysis, topic modeling, image segmentation.

After revisiting the well-established theory of species sampling, the thesis de-
velops a parallel and extensive account of the feature allocation framework.
We emphasize similarities and differences between the species and feature set-
tings, and we also highlight several open and urgent questions within the
feature framework. As a first contribution, we introduce and study Gibbs-
type feature models, a broad class that plays for feature allocations the same
role Gibbs-type priors play in the species setting, achieving a balance between
flexibility and tractability. We develop a complete Bayesian analysis of this
class, and we illustrate its methodological relevance through applications to
biodiversity assessment in ecology. In our second contribution, we propose a
unified Bayesian framework for extended feature allocation models, capable of
capturing dependencies such as attraction or repulsion among features. Sev-
eral examples are presented, extending beyond the standard feature allocation
setting. Within this framework, we derive new predictive characterizations,
establishing feature-based analogues of the classical sufficientness postulates
from the species sampling literature. As a third contribution, we introduce a
general class of priors for trait allocation models under partial exchangeability.
The trait setting naturally generalizes the feature framework by associating
quantitative measurements with the presence of features in each observation.
The proposed prior leads to tractable posterior inference and forms the basis
for a novel mixture model that enables clustering of trait allocations. The
practical relevance of this approach is demonstrated through an application in
the context of criminal network data. Finally, the thesis develops a novel prob-
abilistic result on the Palm distributions of superposed point processes, with
important statistical applications to extended feature models and beyond.
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SUMMARY

This thesis offers a comprehensive investigation of feature allocation models and their gen-
eralizations from a Bayesian perspective. Within this framework, each observation is asso-
ciated with a finite collection of features or characteristics, and the primary modeling goal
is to understand the underlying mechanisms that govern how features are shared among
individuals and how previously unseen features appear as the sample size increases. Fea-
ture allocation models can be regarded as a natural generalization of the classical species
sampling framework: while in species sampling models each observation is assigned to
a single category (or species), in the feature allocation setting an observation may si-
multaneously exhibit multiple features. This distinction gives rise to a different class of
models that pose new theoretical and inferential challenges, while retaining fundamental
goals such as predicting the appearance of new features and describing the structure of
feature sharing across observations. Research on feature allocation has grown rapidly in
recent years, particularly within the machine learning community. Feature-based models
now find applications across a broad range of domains, including Bayesian factor analysis
and nonnegative matrix factorization, image segmentation, text mining, topic modeling,
network analysis, ecology, and microbiome studies.

As with any stochastic mechanism, the modeling framework for feature allocations must
reflect the assumptions underlying the data collection process. In this thesis, we explore
two fundamental scenarios: data collected under identical experimental conditions and
data collected under different yet related experimental conditions. The Bayesian paradigm
naturally arises in both settings as a direct consequence of de Finetti representation the-
orems (de Finetti, 1937; Hewitt and Savage, 1955; de Finetti, 1938) for exchangeable and
partially exchangeable models. In particular, when observations Zi, Zs, ... are collected
under identical experimental conditions, it is natural to assume that their order is irrel-
evant to statistical inference. In probabilistic terms, this property is formalized through
exchangeability: a sequence of random variables (Z;);>1 is exchangeable if, for any n > 1
and any permutation o of {1,...,n},

(ZJ(1)7 .- '7ZO'(TL)) g (Zla .. '>Zn)7

where = denotes equality in distribution between the corresponding probability laws. The
celebrated de Finetti theorem (de Finetti, 1937; Hewitt and Savage, 1955) guarantees that
exchangeability is equivalent to the existence of a random probability measure p with
distribution Q such that

Zi|p=p Q. (1)
This fundamental characterization theorem is regarded as one of the main motivations for
the Bayesian approach, as it establishes the equivalence between exchangeability and the
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existence of a likelthood p and a prior distribution @, also called the de Finetti measure.
In general, (1) defines a Bayesian nonparametric model, where p ~ @ is a random prob-
ability measure. Parametric models arise as special cases when the likelihood p has some
parametric form fy and the prior @) is transferred to the prior on the parameter 6 ~ 7.

In many applications, however, data are collected under different yet related experimen-
tal conditions. For instance, consider measurements Z;, obtained from patients in a control
group (¢ = 1) and a treatment group (¢ = 2). Such settings exhibit heterogeneity while
offering opportunities for information sharing, that can be exploited through the notion
of partial exchangeability (de Finetti, 1938). This assumes that the order of the obser-
vations within each group is irrelevant, while group membership itself remains essential.
Formally, two sequences of random variables (Z;1);>1 and (Z;2);>1 are said to be partially
exchangeable if, for any n,m > 1 and any permutations o1, o2, we have

(Zi)Peys (Z2)T1) = (Zoy 1) 2t (Zoig2)n).

A generalized version of de Finetti’s theorem (de Finetti, 1938) then ensures that partial
exchangeability is equivalent to the existence of a probability distribution @ such that, for
any 7 > 1,

(Zir, Zio) | P12 ™ 1 % o, (P1,52) ~ Q- (2)
Analogously to the exchangeable case and its representation in (1), partial exchangeability
admits a natural Bayesian interpretation: conditionally on the random measures (p1,p2),
the observations are independent, and identically distributed within each group. The dis-
tribution @ acts as a joint prior on (pi,p2), thereby capturing the dependence structure
across groups. Exchangeability is recovered as a special case when p; = po almost surely.
The notion of partial exchangeability extends naturally to d groups, leading to a general-
ized version of de Finetti theorem in (2), where the representation involves a vector of d

random probability measures (pi, ..., Pq).

The thesis is organized into six chapters, summarized below.

Chapter 1 provides a thorough review of the species sampling framework, a natural and concep-
tually related counterpart to the framework of feature allocations. As one of the most
extensively studied areas in Bayesian nonparametrics, the species sampling setting
offers a clear perspective on key inferential goals and the methodological strategies
developed to address them. This framework later serves as a foundation for un-
derstanding how related problems emerge and are reformulated within the feature
allocation setting, a fundamental yet more recent area of research, where several
open questions are addressed and resolved in this thesis.

Chapter 2 presents a comprehensive review of the central theme of this thesis: the feature allo-
cation framework and its generalizations. The chapter is structured in parallel with
Chapter 1 to highlight both the connections and the differences between the two
settings. While primarily introductory, this chapter establishes the theoretical and
methodological foundations for the original contributions developed in the remain-
der of the thesis, and highlights important gaps and open challenges in the feature
allocation literature.
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Chapter 3

Chapter 4

Chapter 5

Chapter 6

develops a general investigation for the class of Gibbs-type feature models (Battis-
ton et al., 2018), which play for feature allocations the same role Gibbs-type priors
play in species sampling models, offering an optimal balance between flexibility and
tractability. We derive closed form expressions for the marginal, posterior, and pre-
dictive distributions that hold for any Gibbs-type feature model, enabling efficient
inference and interpretability. In addition, we introduce three new and analyti-
cally tractable feature allocation models. An ecological application illustrates their
practical relevance for biodiversity assessment. This chapter is based on the pub-
lished paper: Lorenzo Ghilotti, Federico Camerlenghi, and Tommaso Rigon (2025).
“Bayesian analysis of product feature allocation models”. In: Journal of the Royal
Statistical Society Series B: Statistical Methodology.

introduces a unified Bayesian framework for extended feature allocation models, ca-
pable of capturing interactions such as repulsion or attraction among features and
their associated probabilities. We provide a full Bayesian analysis of these models,
specialize our general theory to noteworthy classes of priors, and characterize pri-
ors satisfying predictive sufficientness postulates analogous to those studied in the
species sampling literature since W.E. Johnson’s work on the Dirichlet distribution.
This chapter is based on the preprint: Mario Beraha, Federico Camerlenghi, and
Lorenzo Ghilotti (2025+). “Bayesian calculus and predictive characterizations of
extended feature allocation models”. In: arXiv:2502.10257.

concerns trait allocation models, a natural generalization of feature allocation mod-
els. We propose a general and tractable class of Bayesian nonparametric priors for
partially exchangeable trait allocations based on completely random vectors. We
provide a comprehensive Bayesian analysis, deriving marginal, posterior, and predic-
tive distributions in closed form, which enable fast and efficient posterior inference.
Building on these results, we develop a mixture model for clustering trait alloca-
tions. An application to the 'Ndrangheta criminal network (Operazione Infinito)
illustrates and motivates the methodology. This chapter is based on the preprint:
Lorenzo Ghilotti, Federico Camerlenghi, Tommaso Rigon, and Michele Guindani
(2025+). “Bayesian nonparametric modeling of multivariate count data with an
unknown number of traits”. In: arXiv:2510.24526v2.

develops a novel probabilistic result in point process theory, characterizing the Palm
distributions of superposed independent point processes. The statistical implications
of this result are explored through several applications, including one that connects to
feature allocation models. In this example, the result enables inference for a specific
instance of an extended feature model within the class introduced in Chapter 4. Un-
like the preceding chapters, the primary focus of Chapter 6 is the novel result in the
point process literature, rather than the feature allocation models themselves. This
chapter builds on the preprint: Mario Beraha, Federico Camerlenghi, and Lorenzo
Ghilotti (2025+). “Palm distributions of superposed point processes for statistical
inference”. In: arXiv:2508.20924.



1. THE SPECIES SAMPLING FRAMEWORK

This chapter reviews the species sampling framework, a cornerstone of Bayesian nonpara-
metrics. Although this is not the main focus of the thesis, it provides a natural and
instructive parallel to the framework of feature allocations, which constitutes the central
topic of our investigation. The species framework has been extensively studied and rep-
resents one of the most established areas in Bayesian nonparametrics. By first reviewing
this setting, we highlight both the key inferential goals it addresses and the methodological
solutions developed to overcome them. This framework will later serve as a foundation for
understanding how analogous problems arise and are reformulated in the feature allocation
setting, a more recent and less explored domain, where several key questions remain open
and are resolved in this thesis.

In the species sampling setting, each individual in a population is assigned to a single
species within a (potentially infinite) collection. The associated inferential tasks, collec-
tively referred to as species sampling problems, first appeared in ecology for the estimation
of the species richness or diversity of ecological populations. The classical problem of esti-
mating the number of unobserved species dates back to the seminal work of Fisher et al.
(1943). Over time, these ideas have found applications well beyond ecology, spanning the
biological and physical sciences, statistical machine learning, electrical engineering, theoret-
ical computer science, information theory, and forensic statistics. In particular, large-scale
genomic data have provided a fertile ground for species sampling problems, as testified by
the work of Deng et al. (2019), highlighting the continued relevance of these models in
modern data analysis.

A Bayesian nonparametric approach to these problems was formalized by Lijoi et al.
(2007), providing a flexible framework for inference. Beyond their original ecological moti-
vation, species sampling models form one of the fundamental building blocks of Bayesian
nonparametric statistics, owing to their intimate connection with mixture models. Since
their introduction by Ferguson (1983) and Lo (1984), and their popularization through
Escobar and West (1995), species-based mixture models have become central tools for
model-based clustering and density estimation.

The remainder of this chapter is organized as follows. In Section 1.1, we introduce
the species sampling framework and presents the three fundamental perspectives used
to describe these models. Section 1.2 examines the class of Gibbs-type priors, the most
prominent family of species sampling models, which achieve a practical balance between
flexibility and analytical tractability. In Section 1.3, we discuss predictive characterizations,
also known as sufficientness postulates, which play a key role in Bayesian inference for
species models. Section 1.4 illustrates the use of species sampling priors as latent structures
in mixture models, one of their most influential and widely applied extensions. Finally,
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Section 1.5 extends the discussion to partially exchangeable species models, relevant when
observations are naturally divided into multiple groups.

1.1 SPECIES SAMPLING: FOUNDATIONS AND MODELING PERSPECTIVES

In the context of species sampling, consider a population of subjects of various species and
a random sample (Z1,...,7Z,) is drawn from the population, with Z; € X representing
the species of the ith subject sampled. The space X, assumed Polish for later rigorous
treatment, should in this setting be thought of as an arbitrary set of tags used to label
the various species. Fundamental consideration assumes that the subjects are collected
under the same experimental condition, so that their order is irrelevant for statistical anal-
ysis, therefore it calls for ezchangeability among the Z;’s. Given a sample of observations
(Z1,...,2Zy), there are some major and popular questions of interest that arise, referred to
as species sampling problems. The most popular problem is the one called unseen species
problem, which refers to the estimation of

K" = {Zni1, s Zpom Y \ {21, ..., Zn}, (1.1)

namely the number of hitherto unseen (distinct) species that would be observed if m > 1
additional subjects (Zy41, ..., Zn+m) were collected from the same distribution. The es-
timation of the number of unseen species is a classical problem in statistics, dating back
to the seminal work of Fisher et al. (1943). The celebrated Good-Turing estimator (Good,
1953) provides an estimate of the probability of discovering at the (n+ 1)th draw a species
not observed in the sample (Z1,...,7Z,). The Good-Toulmin estimator (Good and Toul-
min, 1956) represents a m-steps ahead generalization for the probability of discovering
a new species. The Bayesian estimator for the unseen species problem, under the class
of Gibbs-type priors (Section 1.2), is derived in Lijoi et al. (2007). The unseen species
problem has a long history and several applications; see, for example, Good and Toulmin
(1956); Orlitsky et al. (2016) for frequentist contributions and Favaro et al. (2009, 2012,
2016) for Bayesian contributions. Other problems relate, for example, to (i) the expected
population frequency of a species with frequency 7 > 1 in the sample and (ii) the number
of species with frequency r > 1 in the sample that will be observed in additional samples.
See Balocchi et al. (2024) for a complete and thorough review on species sampling problems.

In defining the probabilistic model for an exchangeable sequence (Z;);>1 in the species
sampling setting, de Finetti theorem implies that such a model must take the form (1).
In the implied Bayesian formulation of (1), it is natural to employ a discrete random
probability measure p to account for the ties among the Z;’s. The Bayesian nonparametric
literature, in particular, has focused on the broad class of (proper) species sampling models
(Pitman, 1996), defined next.

Definition 1 (Species sampling model). A (proper) species sampling model (SSM) is a pair
of a sequence of random variables (Z;);>1 and a random probability measure p such that

~ tid ~ ~
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for Xj a Go, where Go s a diffuse probability distribution on X, and an independent
random probability sequence (W;);>1, i.e., ijl W; = 1. The random probability measure
D in a SSM is called a species sampling process (SSP).

For ssms in (1.2), W; is interpreted as the relative frequency of the jth species, identi-
fied by label X j» in the population. It is worth remarking that, in the context of species
sampling problems, the assumption that the species labels Xj’s are i.i.d. from Gy is not
restrictive, since they just serve to tag the various species, but the values themselves are
not relevant, given that they are almost surely distinct.

Most of the species sampling problems deal with prediction. For example, in the most

popular unseen species problem, a sample (Z1, ..., Z,) is observed, and the estimation of
Ky(r?) in (1.1) relates to the prediction of a future sample (Z,41,..., Zntm), for m > 1.

Prediction problems ultimately boil down to the prediction of the species associated to next
subject Z,y1 given (Z1,...,Zy), for any n. One advantage of the class of SSMs in (1.2) is
that the predictive distributions take a simple form. For a sample (Z1,...,2Z,), let K,, = k
denote the number of distinct observed species, with labels X;, as £ =1,..., k. Moreover,
let n := (ny,...,nk), where ny is the multiplicity of X, in (Z1,...,2,), as £ = 1,...,k.
Then, the predictive distributions of a SsMm in (1.2) take the form Z; ~ Gg and, for n > 1,

k

Zni1| 2y Zn ~ sz(nﬁsxz + Pr+1(n)Go, (1.3)
=1

for some collection of functions py : Up>1Cp, — [0,1], with C,, denoting the set of all
compositions of n. Lemma 1.2 will characterize the collection of functions p,’s.

The predictive rule in (1.3) is easily interpretable: the species for the next subject will
be new, i.e., hitherto unseen, with probability pxyi(m), or it will coincide with the fth
old species, i.e., species Xy which has been already observed in the sample, with proba-
bility pg(n). In general, prediction in SsMs depends on the observed sample through the
number of distinct observed species k and the vector of multiplicities n, as a consequence
of exchangeability. Clearly, the specific dependence of py on k£ and n is determined by
the prior on p in (1.2). Remarkably, classes of priors in SsMs can be characterized by the
specific properties of such a predictive rule in (1.3): we devote Section 1.3 to this discussion.

As it should be clear from the previous introduction on S$SMs, the species sampling
setting intrinsically aims at the collection of species under a sequential procedure. After
sampling n subjects, the information in the sample can be described by the number K,, = k
of distinct observed species and the subgroups of subjects belonging to the same species.
That is, the essential information in the sample is the partition of the (first) n observed
subjects. As evident, the use of species labels Z;’s in SSMs, see (1.2), represents a convenient
modeling trick for describing the species collection. Indeed, the presence of ties in the
sample (Z1,...,Z,) induces the partition of the n subjects P, = {Ci,...,Cy}, where
Cy = {i: Z; = Xy}, and the distinct species labels X,’s associated to the groups of the
partition. In this alternative representation through partitions, K,, = k corresponds to the
number of clusters in the partition, and the belonging of a subject to a species translates
into the belonging of a subject to a cluster. Strictly related to the species sampling context,



Chapter 1. The Species Sampling Framework

the labels X,’s are of no interest, while key targeted quantity is the partition P,, with
special emphasis on the number of clusters K,. However, when ssMs are used outside the
species sampling context, for example in clustering problems, then the labels X,’s become
of interest. We defer the discussion of this scenario to Section 1.4.

In terms of probability distribution induced on P, = {Cy,...,Cr}, n > 1, by a ssM,
exchangeability of the Z;’s yields a law that depends on {ni,...,ng}, where ny = #Cy is
the cardinality of Cy, i.e., the multiplicity of the fth species. In particular, for any ssM,
there exists a symmetric function 7 : Up,>1C, — [0, 1] such that, for every n and every
partition {Cy,...,Ci} of {1,...,n},

P(Pn:{C1,...,Ck}):ﬂ(nl,...,nk). (1.4)

The function 7 is called the exchangeable partition probability function (EPPF). EPPFS are
related to infinite exchangeable random partitions, which are now defined for completeness.

Definition 2 (Exchangeable random partition). A random partition P, of {1,...,n} is
said to be exchangeable if, for any permutation o of {1,...,n} and any partition {C1,...,Cy},
it holds that P(Py, = {C1,...,Ci}) = P(P, = {o(C1),...,0(Ck)}). This is equivalent to
saying that there exists a symmetric function m, : C, — [0, 1] such that, for every partition

{C1,...,Ck} of {1,...,n},
P(Pn = {Cl, e ,Ck}) = ﬂn(nl, o ,nk).

The function m, is called the EPPF of Py,.

An infinite exchangeable random partition is a sequence (Pp)n>1 of exchangeable random
partitions of {1,...,n} which is consistent. Consistent means that Pn_1 is equal to the
partition obtained from Py by removing the element n, almost surely, for every n. In this
case, the function m : Up>1Cp, — [0,1] such that the restriction of m to Cy is equal to mp,
the EPPF of Py, is called the EPPF of the infinite exchangeable random partition.

A pivotal notion for infinite exchangeable random partitions is the predictive probabil-
ity function. Let (Pp)p>1 be an infinite exchangeable random partition, whose EPPF is
indicated with 7. Define the functions p; : Uy>1C,, — [0, 1] as

l+
m(n™")
= £=1,....k+1 1.5
p@(”’) TI'(n) ) ) 3 + ) ( )
for n = (ny,...,ng), where n* = (ny,...,ng_1,n0 + L,npy1,...,nz), £ = 1,...,k, and
n* +tD+ = (ny,... ng,1). The collection of functions p,’s in (1.5) is called the predictive

probability function (PPF) of the infinite exchangeable random partition. In particular,
pe(n), such that lezl ng = n, represents the probability that the (n + 1)th subject is
added to the ¢th group of the partition Py, for £ = 1,..., k, and pgy1(n) is the probability
that the (n + 1)th subject forms a new group. Some characterizing conditions for the
collection of functions py’s to be the PPF of an infinite exchangeable random partition are
available (Ghosal and van der Vaart, 2017, Lemma 14.8). We report them next.

Lemma 1.1 (Conditions for the PPF of an infinite exchangeable random partition). A
collection of functions py’s is the PPF of an infinite exchangeable random partition if and

only if:
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(i) for every composition n = (ny,...,ng), (p1(n),...,prr1(n)) is a probability vector;
(ii) for alli,j > 1, it holds pi(n)p;(n*) = p;j(n)p;(n’™);

(iii) for every permutation o of the first k natural numbers and i = 1,...,k, it holds
pi(n1, - Mk) = Do) (Mo (1) - -+ > N (i) -

After having introduced exchangeable random partitions and PPFs, we can now discuss
the connection with ssms. First, all sSMs induce probability distributions on (Pp)n>1
which are infinite exchangeable random partitions, by (1.4). Interestingly, any infinite
exchangeable random partition (Pp)n>1, whose EPPF is indicated with 7, can be induced
by a $SM in (1.2). This is shown in (Ghosal and van der Vaart, 2017, Lemma 14.11), which
provides a characterization between the predictive distributions of a SsM in (1.3) and the
PPF of the induced infinite exchangeable random partition.

Lemma 1.2 (Predictive distributions of a ssm). The predictive distributions of a SSM in
(1.2) take the form Zy ~ Go and, forn > 1,

k

Zn+1 | Zla ceey Zn ~ Zpﬂ(n)(st + pk+1(n)G0,
/=1

where the collection of functions p; : Up>1C,, — [0, 1] are the PPF of an infinite exchangeable
random partition. Notably, by assigning the predictive distribution as in (1.3), such that
the py’s are a PPF and Gy is a diffuse probability measure, then the sequence (Z;)i>1 follows
a $SM in (1.2) and the induced exchangeable random partition has PPF equal to p;’s.

While the first part of Lemma 1.2 offers a more detailed description of the predictive
distributions (1.3) of a sSM, the second part guarantees that a valid SSM can indeed be
defined through such predictive distributions, so that it induces an infinite exchangeable
random partition with EPPF equal to .

To conclude this general introduction to the species sampling framework, we summarize
the preceding discussion with the following remark.

Remark 1.1. Any SSM can be equivalently characterized through any of the following three
pairs of objects:

(i) the prior on p in (1.2), i.e., Go and the distribution of (Wj);>1;
i) the predictive distributions in Lemma 1.2, i.e., Gy and the PPF p;’s;
1) th dictive distributions in L 1.2, i.e., Gy and th g

(i11) the infinite exchangeable random partition (Py)n>1 and the law of the distinct labels
Xy’s, i.e., Gy and the EPPF T.

For a comprehensive review and details on the proofs, refer to (Ghosal and van der Vaart,
2017, Section 14.2). It is worth emphasizing that each of the three perspectives highlights
different aspects of the models and can be particularly convenient for describing them. Fur-
thermore, depending on the context, one perspective may provide a more natural or straight-
forward route to defining valid models.
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The class of ssMs has been defined in Pitman (1996), but the statistical (Bayesian
nonparametric) approach to species sampling problems through ssms has been pioneered
by Lijoi et al. (2007). In particular, Lijoi et al. (2007) investigate prediction and inference
for ssms under the class of Gibbs-type priors (Gnedin and Pitman, 2005; De Blasi et al.,
2015) for p, which encompasses notable examples such as the Dirichlet process (Ferguson,
1973) and the two parameters Poisson-Dirichlet model (Pitman, 1995), also known as
Pitman-Yor process. In the next section, we provide a brief account on Gibbs-type priors
and notable examples.

1.2 GIBBS-TYPE SPECIES SAMPLING MODELS

Within the broad family of models for the species sampling framework, the Gibbs-type
class stands out as the most widely studied, offering a convenient balance between ana-
lytical tractability and modeling flexibility. The most natural way to introduce this class
is through perspective (iii) of Remark 1.1, namely through infinite exchangeable random
partitions whose EPPF depends multiplicatively on the sizes of the partition blocks, as

k
7T(Tl1, L) ’I’lk) = V’n,k Hp(nf))
(=1

for any n, (n1,...,nx) € Cp, where V,,  is an array of constants and p is a strictly positive,
non-constant function. These are called product partition models, where the multiplicative
form of the EPPF is attractive for its simplicity. By (Ghosal and van der Vaart, 2017,
Lemma 14.21), the array V,, ;, and the function p need to satisfy specific requirements (in
order not to induce trivial partition models), yielding the class of product partition models
to coincide with the class of Gibbs-type partition model, defined next.

Definition 3 (Gibbs-type model). A Gibbs-type random partition (or Gibbs-type partition
model) of parameter o € (—o0,1) is an infinite exchangeable random partition with EPPF

of the form
k

7T(Tl1, e nk) = mG H(l - U)n[—ly
/=1
where (x)y, := I'(x+n)/I(x) is the Pochammer symbol and (Vy, k)nk, 7,k > 1, is an array
of non-negative numbers satisfying the recursive relation Vy, , = (n—0k)Voi1 g + Vot k+1,
with Vl,l =1.

For a given parameter o € (—oo, 1), multiple arrays V}, ;, satisfy the recursive equation,
and describe different Gibbs-type random partitions. By pairing any Gibbs-type random
partition with a diffuse probability measure G, one obtains a ssM, as discussed in point
(iii) of Remark 1.1.

Definition 4 (Gibbs-type species sampling model). A Gibbs-type SSM is a pair of a Gibbs-
type random partition and a diffuse probability measure Gy. In the formulation (1.2), the
random probability measure p is said be a Gibbs-type process.

In presenting the most notable examples within the Gibbs-type class, it is common
to adopt the de Finetti’s representation of SsMs, corresponding to point (i) of Remark
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1.1, even if the diffuse measure Gq is not of primary interest. From this perspective, we
now recall two prominent examples of Gibbs-type processes, which correspond to popular
Bayesian nonparametric priors for discrete random probability measures p.

Example 1.1 (Dirichlet process (Ferguson, 1973)). A Dirichlet process of parameter M >
0, compactly written as DP(M), is a Gibbs-type process obtained from a Gibbs-type random
partition of parameter ¢ = 0 and

Mk

(M)n

In particular, the Gibbs-type random partition is called Chinese restaurant process, also

Vn,k =

well-known as Fwens model.

Example 1.2 (Pitman-Yor process (Pitman and Yor, 1997)). A Pitman-Yor process (or
two parameter Poisson-Dirichlet distribution) of parameters (o, M), compactly written
as PY(0, M), is a Gibbs-type process obtained from a Gibbs-type random partition of
parameter o and

(=1 (M + (o)

(M +1)p—1
The parameters (o, M) are such that either (i) 0 < 0 and M € {—20,—30,...}, or (ii)
o0 €[0,1) and M > —o. Special cases are included.

Vn,k =

(i) For o = 0, the Dirichlet process is recovered, i.e., PY(0, M) = DP(M).

(ii) For o < 0, the process is known as the Fisher model. For M = —mo, the prior on p
is such that p has a finite number of atoms, equal to m, and (Wy,...,W,,) follows
a Dirichlet distribution of parameters (—o, ..., —0).

1.2.1 PREDICTIVE DISTRIBUTIONS OF GIBBS-TYPE MODELS

In light of point (ii) of Remark 1.1, the predictive distributions of a sSM are characterized
by the PPF of the associated partition model. In particular, the predictive distributions for
a Gibbs-type species sampling model of parameter o € (—oo, 1) are in the form of (1.3),

K
Znir| Zas . Zn ~ Y pe(n)ox, + prsa(n)Go,
=1

with v
%M(ne_o-)) 621771{:7
pe(na,....mk) =4 v nk (1.6)
MihsNASY C=k+1.
Vn,k

This class of predictive rules shows some notable features: after having sampled n subjects,
where k distinct species have been recorded, the probability to record a new species for
the next subject corresponds to Vj41 441/Vak. Therefore, in general, the probability of
discovering a new species depends on the observed sample through the sample size n and
the number of distinct species k, but not on the multiplicities (n1,...,n). Moreover, the
probability that the next subject belongs to the ¢th old species depends on the observed
sample through n, k and also the multiplicity ny of the fth species. In particular, this
is proportional to the multiplicity of the species, adjusted by o, which highlights the
reinforcement mechanism typical of Gibbs-type processes.

10



Chapter 1. The Species Sampling Framework

Example 1.3 (Predictive rules for Dirichlet and Pitman-Yor processes). For the Dirichlet
process of parameter M, the predictive rule determined by (1.6) specializes as

ne/(M +n), (=1,...k;

M/(M +n), {(=k+1. (L.7)

pe(na,...,ng) = {
According to this predictive rule, the probability of discovering a new species depends on
the observed sample only through the sample size n. Thus, the Dirichlet process displays
a very poor predictive rule for the discoveries, which basically ignores the information in
the initial sample, except for the sample size.
For the Pitman-Yor process of parameter (o, M), the predictive rule specializes as

(ng —o)/(M +n), L=1,...,k

(M +ko)/(M +n), £=Fk+1. (1.8)

pe(ny, ... ng) = {
According to this predictive rule, the probability of discovering a new species depends on
the observed sample through both the sample size n and the number of distinct species k.
Given the role of ¢ in the first line of (1.8), it is also referred to as the discount parameter
of the Pitman-Yor process.

1.2.2 UNSEEN SPECIES PROBLEMS VIA (GIBBS-TYPE MODELS

In the study of ssMs, particular interest is given to the number of distinct species observed,
as this serves as a natural measure of biodiversity in ecological applications. For a Gibbs-
type SSM, the distribution of the number K, of distinct species in a sample of size n is
provided by Gnedin and Pitman (2005); De Blasi et al. (2015),

Vi
P(Ky = k) = 55 €(n.k;0). (1.9)
for k = 0,...,n, where €(n,k;o) is the generalized factorial coefficient, which can be

represented as

k
“ukin) = 5 S0 (}) (-t
(=1

see Charalambides and Singh (1988); Charalambides (2005). The distribution in (1.9)
represents the prior distribution on the number of distinct species that are to be observed
in a sample of size n.

The much more compelling unseen species problem wants to target a similar quantity
but in a predictive perspective. In particular, the goal is the estimation of KT(,? ) defined
in (1.1). Specifically, suppose to collect a sample (Z1,...,Z,) of species, where K,, = k
distinct species have been recorded. The unseen species problem poses the question of

)

predicting the number K,(,ff of new species which will be observed in an additional sample

(Zn41,- -+ s Zntm) of size m, for m > 1. Lijoi et al. (2007) characterize the distribution of
Kr(,?) for any Gibbs-type SSM, as

Vitm 1
P(KM =y| Z1,...,2Z) = +7’]%?’*%(771,?;; o,—n + ko), (1.10)

11
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for y =0,...,m, where ¢ (m,y; o, —n + ko) is the non-central generalized factorial coeffi-

cient, which can be written as
1 < Y
. _ l
S = 5y SV ()t =,

see Charalambides (2005).

Example 1.4 (Distribution of number of species for Dirichlet process). For the Dirichlet
process of parameter M, the prior distribution of the number K,, of distinct species in a
sample of size n has been derived in Ewens (1972) and Antoniak (1974). Specifically, such
law is given by

Mk

1),

which is a version of the celebrated Fwens sampling formula. Here, |s(n, k)| denotes for

P(K, = k) =

|s(n, k)], k=0,...,n,

the sign-less Stirling number of the first kind, which is related to the generalized factorial

coefficients by
€ (n,k;o)

|s(n, k)| = lim -

o—0 o

For the unseen species problem, the result of Lijoi et al. (2007) in (1.10) specializes as

m

m
P(KW™W =y| Zy,..., Zy) = —2" <€>|s(€,y)](n)m_g, y=0,...,m.
=y

As expected from the prediction rule in (1.7), the probability of discovering a certain
number of new species does not depend on the number k of species recorded in the initial
sample. This feature of the Dirichlet process is undesirable from an inferential point of
view since inference about the number of distinct species in a future sample would not
depend on the number of distinct species present in the initial sample.

Example 1.5 (Distribution of number of species for Pitman-Yor process). For the Pitman-
Yor process of parameter (o, M), the prior distribution of the number K, of distinct species
in the sample of size n is given by

VLM + fo)

P(Kn = k) = oF(M + 1),

€ (n,k;o), k=0,...,n.

For the unseen species problem, by applying (1.10), we obtain, for y =0, ..., m,

(M + 1)1 TN (M + to)

P(K™ =y | Zy,....2Z,) =

€ (m,y;o0,—n + ko).

As for the prediction rule in (1.8), the probability of discovering a certain number of
new species does depend also on the number k of distinct species recorded in the initial
sample, other than the sample size n. This feature of the Pitman-Yor process enriches the
undesirable predictive structure of the Dirichlet process.

12
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1.3 SUFFICIENTNESS POSTULATES FOR SPECIES SAMPLING MODELS

One of the three possible perspectives on a SSM is through its predictive distributions, as
described in point (ii) of Remark 1.1. This viewpoint captures the sequential sampling pro-
cess from the population, providing insight into how the discovery of new species evolves.
Consequently, the quantities appearing in the predictive distributions admit a direct inter-
pretation, which makes it easier to compare and select models when interpretability is the
criterion. Recall that the predictive distributions of any SSM can be written as

k
/=1

where the functions p,’s constitute the PPF of an infinite exchangeable random partition.
In generality, the probability pr41(n) of discovering a new species and the probabilities of
recording already seen species, i.e., pg(n), for £ = 1,...,k, depend on the initial sample
(Z1, ..., Zy) through the whole information in the vector of multiplicities n = (n1, ..., ng),
that is the sample size n, the number of distinct observed species k& and the multiplicities
of the species themselves ny, for £ = 1,..., k. Specific choices of the PPF yield specific
dependencies on the initial sample for the predictive rule. In this context, such predictive
characterizations are referred to as sufficientness postulates, a notion originally introduced
by the English philosopher W.E. Johnson in the 1920s in relation to the symmetric Dirich-
let distribution (see Zabell (1982) for a historical account). In the next discussion, instead
of referring to the PPF, we equivalently refer to the corresponding Ssp as prior for p in (1.2).

In Example 1.3, we have recalled that if p follows a Dirichlet process, then pgi1(n)
depends on the initial sample only through n and py(n), for £ = 1,...,k, depends on n
and the multiplicity ny. See the prediction rule in (1.7). Interestingly, this dependence
structure on the initial sample characterizes the Dirichlet process within the class of SSMs.
In particular, Regazzini (1978) and Lo (1991) prove the following.

Proposition 1.1 (Predictive characterization of the Dirichlet process). Let (Z;)i>1 be
distributed as a SSM in (1.2), whose predictive distributions write as in (1.11). Then, the
following are equivalent:

(i) as function of the initial sample, pyy1(n) depends only on n, and py(n) depends only
on n and nyg;

(ii) the random probability measure p is a Dirichlet process.

In discussing the predictive rule (1.8) in Example 1.3, we noted that the Pitman-Yor
process extends the predictive structure of the Dirichlet process by making py1(n) depend
not only on the sample size n but also on the number k of distinct observed species. At the
same time, similar to the Dirichlet process, the Pitman-Yor process assigns predictive prob-
abilities py(n) that depend on n and the corresponding multiplicity ny. A characterization
of the Pitman-Yor process, paralleling Proposition 1.1, is provided in Zabell (2005).

Proposition 1.2 (Predictive characterization of the Pitman-Yor process). Let (Z;);>1 be
distributed as a SSM in (1.2), whose predictive distributions write as in (1.11). Then, the
following are equivalent:

13
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(i) as function of the initial sample, pp1+1(n) depends only onn and k, and ps(n) depends
only onn and ny;

(ii) the random probability measure p is a Pitman-Yor process.

Finally, the class of Gibbs-type priors exhibits an even richer dependence on the initial
sample in its predictive distributions, as seen in the general expression (1.6). In particular,
pr+1(n) depends on both the sample size n and the number k of distinct observed species,
as in the Pitman-Yor process. The key enrichment over the Pitman-Yor process lies in
the probabilities p;(n) of observing an existing species, which depend not only on n and
the multiplicity n, but also on k. A characterization result for Gibbs-type priors is also
available; see De Blasi et al. (2015) and Bacallado et al. (2017).

Proposition 1.3 (Predictive characterization of the Gibbs-type processes). Let (Z;)i>1 be
distributed as a SSM in (1.2), whose predictive distributions write as in (1.11). Then, the

following are equivalent:

(i) as function of the initial sample, pr11(n) depends only onn and k, and pg(n) depends

only onn, ng and k;
(ii) the random probability measure p is a Gibbs-type process.

In conclusion, achieving predictive dependencies more complex than those described
in point (i) of Proposition 1.3 requires moving beyond the class of Gibbs-type ssMs. In
practice, this is typically done by placing hyperpriors on the parameters of the Dirichlet
or Pitman-Yor processes, resulting in SSMs that no longer belong to the Gibbs-type class.
While this approach increases modeling flexibility, it comes at the cost of tractability,
requiring computational strategies, e.g., Markov chain Monte Carlo algorithms, for fitting
the model to data.

Moreover, the preceding characterization results hold within the class of ssMs defined
in (1.2), whose predictive distributions take the form in (1.11). In this setting, the most
general dependence of the predictive distributions on the initial sample is through the
vector of multiplicities n = (n1,...,nk), with no dependence on the specific values of the
labels Xy for £ = 1,...,k. This property follows naturally from the i.i.d. assumption on
the X ;’s in (1.2), and it is entirely consistent with the species sampling framework, where
the labels themselves are irrelevant.

However, when ssMs are used as latent structures for clustering continuous observations,
the atoms X j of pin (1.2) become important. In such cases, extensions of SsMs allowing
the X j's to have a more complex joint distribution have been considered in the literature.
In these scenarios, the predictive distributions may depend both on n and on the values
of the X,’s. We discuss this in more detail in the next section.

1.4 SPECIES SAMPLING MODELS AS LATENT STRUCTURES IN MIXTURE MODELS

From the three perspectives summarized in Remark 1.1, it is clear that SSMs are natu-
rally suited for modeling discrete observations. When the data are continuous, SSMs are
typically combined with appropriate kernels to define mixture models, which provide a

14
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flexible framework for density estimation and model-based clustering. In this context, we
denote realizations of the SSM by (6;);>1 rather than (Z;);>1, as these now represent latent
parameters in the mixture model. Specifically, a common formulation of a mixture model
for continuous observations (Y;);>1 is, for i > 1,

ind

Yi|0; ~ f(-;0;)

(1.12)
(9@)1'21 ~ SSM,

where {f(-;6)}gco is a parametric family of densities, commonly referred to as the kernel
of the mixture model, with the parameter space © depending on the application. For real-
valued observations (Y;);>1, Gaussian kernel mixture models represent the most popular
example: in this case, # = (u,0), © = R x Ry, and f(-;0) = N(-;u,0?%), where, by
an abuse of notation, we use N (-; i, 0%) to denote the probability density function of a
Gaussian random variable with mean p and variance o?. The formulation in (1.12) defines
the general class of nonparametric mixtures, which have been first introduced in Ferguson

(1983) and Lo (1984), and became popular due to Escobar and West (1995).
For the purpose of density estimation, the mixture model in (1.12) provides a flexible
class of distributions for the observations, as it can be expressed as
Vil (W))jor, (0)21 = D Wif(60;),  (Wj)jm1 ~W, 6

j>1

iriSGOij]-a

for some distribution W such that ,-; W; = 1. Here, the index j runs over the mixture
components, with f(-; éj) and W; representing the density and weight of component j, re-
spectively. The model’s flexibility is particularly evident simply by considering the Dirichlet
process as a special case of a SSM: in this case, the induced distribution on (Y;);>1 has full
support under the weak topology on the space of probability measures (Ferguson, 1973).
In other words, the law of p assigns positive probability to neighborhoods of any target
distribution Py, provided that Py is absolutely continuous with respect to the base measure
G()-

As far as model-based clustering is concerned, the mixture models in (1.12) represent
the most popular approach. To best understand why SSMs are particularly well-suited for
inferring clusters among continuous observations Yi,...,Y,, it is helpful to adopt the per-
spective described in point (iii) of Remark 1.1. From this viewpoint, the sample 61, ...,0,
drawn from a SSM can be equivalently characterized in terms of the partition of the n
subjects P, = {C1,...,Cy} and the distinct labels §; associated with each cluster, so that
Cy = {i:60; = 0;}. The mixture model in (1.12) can be formulated as

Yiii € Cp|Pn, 0,007 f(160),
n:{CI,...,C’k}Nﬂ(nl,...,nk),

where 7 is the EPPF of the exchangeable random partition. In this representation, the
random partition P, directly determines the clustering of the n observations, while each
cluster Cy is associated with a cluster-specific parameter 67, which governs the distribution
of the observations in that cluster. In other words, all observations in cluster Cy are drawn
from f(-;6;). This makes it clear that the values of 6}, and correspondingly the atoms 0~j
of p=>3 51 W;é;, in (1.2), are crucial in the clustering context, as they define the cluster-
specific parameters of the likelihood. At the same time, the i.i.d. assumption for the atoms

15
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éj tends to favor density estimation over clustering. Illustrative examples can be found
in Beraha et al. (2022). To reverse the trade-off in favor of clustering, a substantial body
of work (Petralia et al., 2012; Xu et al., 2016; Faquene et al., 2019; Quinlan et al., 2021;
Bianchini et al., 2020; Xie and Xu, 2019) has focused on enforcing separation among the
component densities. This is typically achieved by placing a (repulsive) point process prior
on the component parameters 9~j, which encourages distinct and well-separated cluster-
specific distributions.

1.5 EXTENDING THE SPECIES FRAMEWORK TO MULTIPLE POPULATIONS

The classical framework for species sampling models relies on the assumption of full ex-
changeability among observations, implying a homogeneous structure across all subjects.
This assumption has underlain the discussion throughout Chapter 1. However, in many ap-
plied contexts, full exchangeability is overly restrictive. The seminal works of MacEachern
(1999, 2000) paved the way for a broad line of research in statistics and machine learning
aimed at relaxing this assumption to accommodate heterogeneity across data sources or ex-
perimental conditions. In particular, when observations are collected from multiple distinct
populations, such as in multi-center studies, the assumption of exchangeability across all
samples becomes unrealistic, as it neglects between-group differences. Conversely, assuming
complete independence between populations precludes any sharing of information, which is
often desirable in multi-sample analyses. A natural compromise is partial exchangeability,
which assumes exchangeability within, but not across, populations while still permitting
dependence among them. Analogously to the fully exchangeable case in (1.2), partial ex-
changeability implies the existence of a vector of (dependent) random probability measures
(p1,--.,Dq) such that

Zig| Py P ™ gy i>1,g=1,....d,

where Z;, denotes observation 7 in group ¢, and d is the number of groups. From a Bayesian
viewpoint, selecting a partially exchangeable model corresponds to specifying a prior distri-
bution on the vector of dependent random probability measures. Countless approaches have
been proposed in the literature for this partially exchangeable setting, collectively known
as dependent nonparametric priors. These encompass hierarchical Dirichlet processes (Teh
et al., 2006), hierarchical normalized completely random measures (Camerlenghi et al.,
2019), hierarchical species sampling models (Bassetti et al., 2020), nested constructions
(Rodriguez et al., 2008; Camerlenghi et al., 2019), additive constructions (Miiller et al.,
2004; Lijoi et al., 2014). Other notable contributions include normalized compound ran-
dom measures (Griffin and Leisen, 2017), normalized completely random vectors (Catalano
et al., 2021), single-atoms dependent processes (MacEachern, 1999, 2000; Quintana et al.,
2022), vectors of normalized independent finite point processes (Colombi et al., 2025). Re-
cent developments combine some of these mechanisms (Beraha et al., 2021; Lijoi et al.,
2023; Denti et al., 2023). Comprehensive overviews of this literature can be found in Quin-
tana et al. (2022), while Franzolini et al. (2025) introduces the class of multivariate species
sampling models, offering a unified theoretical framework that encompasses many of the
above specifications.
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2. THE FEATURE ALLOCATION FRAMEWORK

In this chapter, we review and discuss the central theme of the thesis: the feature allocation
framework. Unlike the species setting reviewed in Chapter 1, where each individual is
assigned to a single species, the feature allocation framework allows each observation to
be associated with a finite collection of features or characteristics. Since the introduction
of the celebrated Indian buffet process (1BP) by Griffiths and Ghahramani (2005), feature
allocation models (Broderick et al., 2013) have gained significant attention across statistics,
machine learning, and related fields. The seminal paper by Thibaux and Jordan (2007)
established a connection between the original construction of the IBP as a distribution
over binary matrices (Griffiths and Ghahramani, 2005) and its Bayesian nonparametric
formulation under a beta process prior (Hjort, 1990). This finding not only clarified the
probabilistic structure of the 1BP, but also linked it to the broader theory of completely
random measures (Kingman, 1967), thereby laying the foundation for a new branch of
Bayesian nonparametrics. Subsequent research has extended the 1BP by modifying both
prior distributions and likelihoods. A comprehensive analysis of such generalizations of
the 1BP when the prior is a completely random measure (CRM) can be found in Broderick
et al. (2018) and James (2017), while non-exchangeable constructions inspired by CRMs
have been proposed in Benedetto et al. (2020). These developments sparked a rich stream
of research, particularly within the machine learning community. Applications of feature
models now span diverse areas, such as Bayesian factor analysis and nonnegative matrix
factorization (Griffiths and Ghahramani, 2005; Knowles and Ghahramani, 2011; Ayed and
Caron, 2021; Zhou et al., 2012, 2016), image segmentation (Titsias, 2007; Griffiths and
Ghahramani, 2011; Hu et al., 2012; Broderick et al., 2015), text mining (Thibaux and
Jordan, 2007; Teh and Gorur, 2009), topic modeling (Williamson et al., 2010), network
analysis (Miller et al., 2009; Palla et al., 2012), ecology (Stolf and Dunson, 2025), and
microbiome studies (James et al., 2025). For comprehensive surveys of early contributions,
see Teh and Jordan (2010) and Griffiths and Ghahramani (2011).

The structure of this chapter is designed to parallel that of Chapter 1, thereby em-
phasizing the similarities and differences between the two frameworks. While this chapter
primarily serves as an introduction, its purpose is to establish the foundations necessary
for the novel contributions presented later in the thesis. The mirroring structure is in-
tentional: it not only facilitates direct comparison with the species sampling setting but
also highlights important gaps in the current feature allocation literature. By drawing
these connections, the present chapter shows how our work advances the feature allocation
framework.

The chapter is organized as follows. In Section 2.1, we introduce the feature allocation
framework from the basics and discuss the three fundamental perspectives for describing
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feature models. Section 2.2 then focuses on the class of Gibbs-type feature models, so
named for their close analogy with Gibbs-type species sampling models. We review repre-
sentative examples, which coincide with the most important models commonly employed
in the feature setting, and illustrate how they can be used to address key inferential prob-
lems. In Section 2.3, we turn to predictive characterizations for feature models, which play
a central role in inference. Section 2.4 reviews the important generalization from feature
allocation models to trait allocation models. Finally, Section 2.5 considers the case of
partially exchangeable trait allocations, which extend beyond the standard exchangeable
setting and are particularly relevant when the data are naturally partitioned into groups.

2.1 FEATURE SAMPLING: FOUNDATIONS AND MODELING PERSPECTIVES

The feature sampling framework fundamentally differs from the species sampling framework
discussed in Chapter 1 in the mechanism by which data are collected, although the two
are closely related, as will become apparent shortly. In the feature sampling context, each
subject in the population is associated with a collection of species, here referred to as
features. To make the analogy concrete, consider an ecological setting in which subjects
correspond to traps or plots within a region, and the features assigned to each subject
represent the species of animals or plants found there. Given a random sample (Z1,...,Z,)
drawn from the population, the collection of n; features associated with the ith subject
is represented by Z; = {X;1,...,Xin, }, with X;, € X, £ =1,...,n;, where X should be
regarded as an abstract set of labels used to identify the various features. As in the species
sampling case, it is assumed that all subjects are collected under identical experimental
conditions, implying that their order is irrelevant for statistical analysis. This assumption
naturally leads to the requirement of exchangeability among the Z;’s.

Analogously to the species sampling setting, a number of inferential questions arise
once a sample (Z1,..., Z,) has been observed. These are collectively referred to as feature
sampling problems. The most prominent among them is the unseen feature problem, a
natural generalization of the unseen species problem, which concerns the estimation of

KM = {Zni1, s Znomy \{Z1s ..., Zn}, (2.1)

namely the number of hitherto unseen (distinct) features that would be observed if m > 1
additional subjects (Zy41, . - -, Zn+m) were collected from the same population. It is worth
emphasizing that the expression in (2.1) formally coincides with the corresponding quan-
tity in (1.1) for the unseen species problem, with the key distinction that here each Z; may
contain multiple features. A recent contribution addressing the unseen feature problem
is provided by Masoero et al. (2022). Applications of this problem have been explored in
several domains, including genomic studies (Masoero et al., 2021, 2022; Camerlenghi et al.,
2024; Shen et al., 2024), user activity prediction in online A /B testing (Beraha et al., 2024;
Masoero et al., 2024). Other feature sampling problems naturally parallel their species
sampling counterparts. For instance, one may be interested in predicting the number of
previously unseen features that will appear exactly r > 1 times in future samples.

A convenient and equivalent representation of the information contained in the Z;’s can
be constructed as follows. We may regard the feature labels appearing in the Z;’s as being
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drawn from a common (at most countable) set of feature tags, denoted by the sequence
(X j)j>1. For a rigorous treatment, assume that each X ; € X, where X is a Polish space.
Each individual 7 is then characterized by the collection of features it expresses, that is, by
the sequence of pairs ((X;, A;;));>1, where A;; = 1 if the ith individual exhibits feature
X j, and /L-j = 0 otherwise. These pairs can be organized into a counting measure Z; on X
defined as
Zi(-) =Y Aoz ().
Jj=>1

This formulation is particularly convenient, as it introduces a shared collection of potential
feature labels (Xj)jzl for all subjects, while the binary indicators /Nlij’s specify which
features are actually expressed by each individual.

Among the exchangeable probabilistic models for a sequence (Z;);>1, the Bayesian lit-
erature has focused on the assumption that, conditionally to a sequence of random proba-
bilities (¢;);>1, the variables /Nlij’s are independent Bernoulli random variables. Formally,
it is assumed that

A | d g Bernoulli(g;).
The probabilities (G;);>1 can in turn be organized into a random measure i on X, defined
by
A) =) Gog, (+)-
Jjz1
We will say that, conditionally on ji, the random measures Z;’s are i.i.d. Bernoulli processes
with base measure i, denoted as

Zi| i Be(f), > 1.

This leads naturally to the definition of a feature frequency model, originally introduced in
Broderick et al. (2013), which we report next.

Definition 5 (Feature frequency model). A feature frequency model consists of a sequence
of random measures (Z;)i>1 and a random measure i such that

~ tid ~ ~ ~
Zi| i ~ BP(f1), p= qufs)zj, (2.2)
j=1

where Xj e Go, with Gy a diffuse probability distribution on X, and (g;)j>1 is an indepen-
dent random sequence such that ¢; € (0,1],j > 1.

In this framework, ¢; represents the frequency of feature Xj in the population. As
in the species sampling context, assuming that the feature labels Xj’s are i.i.d. from a
diffuse measure Gy is not restrictive: these labels simply serve as unique identifiers and
have no intrinsic meaning. Finally, note that while any feature frequency model induces
an exchangeable sequence of random measures (Z;);>1, the converse does not hold. Ex-
changeability alone does not imply the specific structure of a feature frequency model.

Feature sampling problems, analogously to the species sampling problems discussed in

Chapter 1, are primarily concerned with prediction for future observations. The most
popular example is the unseen feature problem, which entails predicting the number
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K,(,? ) in (2.1), representing the number of distinct unseen features in the observed sample
(Z1,...,Zy) that would appear in an additional sample (Z,41, ..., Zptm) of size m > 1.
More generally, all prediction tasks in this framework ultimately reduce to the problem
of determining the distribution of the next observation 7,1, conditional on the available
data Z := (Zy,...,Z,), for any n > 1. By exchangeability of the sequence (Z;);>1, the
relevant information contained in the observed sample for prediction purposes can be sum-
marized as follows. Let K, = k denote the number of distinct observed features in Z,

with corresponding feature labels Xy, as £ = 1,..., k, which form a subset of the complete
list of labels (X;);>1. Define binary indicators Ay := Z;({X,}), so that A; = 1 if the ith
individual displays feature X, and A;; = 0 otherwise. Let m = (m1,...,my) denote the

feature frequencies, with m, = " | A;y indicating how many subjects display feature Xp,
for £ = 1,...,k. It is important to note that, within the feature sampling framework, it
is typically assumed that each individual exhibits only a finite number of features: as a
result, the total number of observed features K, is almost surely finite for any n > 1.

Under a feature frequency model of the form (2.2), the predictive distributions take the
form Z; ~ BP(ft) and, for n > 1,

k
d
Znir | Z 2 A1 idx, + 2y, (2.3)
(=1
where:
(i) conditionally on a vector of random parameters (qi,...,qx), (Ant1,1,---5Antik)
consists of independent Bernoulli random variables with success probabilities (g1, - - - , qk);

.. : > iid
(i) Z,,41 is a random measure composed of Yy, ;1 atoms X ~ Gy, where the random

number of atoms Y, 11 generally depends on (g1, ..., qx).

This predictive form follows as a special case of the general results in Chapter 4, specialized
to i.i.d. atoms that are independent of the probabilities (G;j);>1. The rule in (2.3) admits
an intuitive interpretation: conditionally to (q1,...,qx), the next subject expresses each of
the old features X, independently with probability gy, and also exhibits a random number
Yp41 of new, previously unobserved features. In general, prediction in feature frequency
models is governed by the random parameters (g1, ..., qx) and by the conditional distribu-
tion of Y, 11 given these parameters. The joint distribution of (qi,...,qx) depends on the
observed data through the sample size n and the feature frequencies m = (my, ..., mg),
consequently, the distribution of Y, 11 depends on these same quantities marginally. As in
the case of species sampling models, classes of priors for i can be characterized in terms
of specific properties they induce on the predictive rule in (2.3). This is the main contri-
bution in Chapter 4, Section 4.3. We briefly introduce these ideas in Section 2.3, drawing
a parallel with the sufficientness postulates in the species sampling framework reviewed in
Section 1.3, and present the main theoretical results in Section 4.3.

The predictive rule in (2.3) describes the sequential procedure through which a sam-
ple (Z1,...,Z,) from a feature frequency model is generated. The essential information
contained in a sample of size n can be expressed by the number K, = k of distinct ob-
served features and, for each observed feature, by the subset of subjects exhibiting it.
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Xl X2 X3 X4 XS Xé X7 XS X9 X]O Xll X12 X13 Xl4 XlS Xl() Xl7 XIS

Figure 2.1: Matrix representation of a feature allocation, with n = 10 individuals and
K, = 18 observed features. Features are in order of appearance (Broderick et al., 2013).
The blue squares correspond to A;; = 1 (the ith individual displays feature X;), the white
squares correspond to A;p = 0 (the ith does not express feature Xp).

This pattern of features is mathematically represented by the notion of feature allocation.
Specifically, the ordered feature allocation is defined as the sequence F;, = (By,1,...,Bn k)
of non-empty sets B, ¢ C [n], for £ = 1,...,k, where B, ; identifies the set of individuals
displaying the ¢th feature. A feature allocation can be conveniently represented as a binary
matrix, as illustrated in Figure 2.1, where n = 10 individuals express K, = 18 features.
Each column of the binary matrix corresponds to one set B,, ¢, with the ith entry of the /th
column representing A;p. Since each individual is assumed to exhibit only finitely many
features, every individual belongs to finitely many sets B, . The use of feature labels
in feature frequency models (2.2), or equivalently in their predictive representation (2.3),
is a convenient modeling trick, analogous to the labeling mechanism in species sampling
models. Indeed, a sample (Z1,...,Z,) induces the associated ordered feature allocation
F, = (Bna,...,Bpy) through B,y = {i € [n] : Z;({X,} = 1}, and the distinct feature
labels X,’s associated to the sets of the feature allocation. In the pure feature sampling
framework, the feature labels X, are irrelevant: the fundamental object of interest is the
feature allocation F;, itself, particularly the number of features K,,. However, when feature
models are applied beyond the classical feature sampling framework (see, e.g., Section 4.5),
the feature labels X, become meaningful and play a central role in inference.

In terms of probability distribution induced by a feature frequency model on F,, =
(Bnis--.,Bngi), n > 1, exchangeability of (Z;);>1 implies that the law depends on the
sample size n and on the feature frequencies m = (myq,...,my), where my = #B,, ¢ is the
frequency of the ¢th feature. In particular, for any feature frequency model, the probability
distribution of F,, writes as

P(Fn :fn) :Wn(mlv'--amk)v (2.4)

for every f, and n > 1, where m, is a [0, 1]-valued symmetric function defined on J;~,[n]*,
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and (mq,...,my) are the feature frequencies for f,. The function m, is referred to as
the exchangeable feature probability function (EFPF) and it encapsulates all the relevant
properties of the model. Its role is directly analogous to that of the exchangeable partition
probability function (EPPF) in the species sampling framework, as carefully discussed in
Broderick et al. (2013).

Remark 2.1. A feature allocation model is a probability distribution on the ordered feature
allocation Fy, = (Bp1,...,Bpk,). Alternatively, one may consider the probability distri-
bution of the unordered feature allocation F, = {(Bn1,Kn1),- -+, (B, , Kn,)}, where
Bn,h C [n] are the H, < K, distinct sets among By 1,..., By k,, with IN(mh being the
number of sets equal to Bn,h~ Although F,, is sometimes used to define feature allocation
models (see Broderick et al., 20183), it is often more convenient to work with the ordered
representation F,. In any case, it is assumed that the probability of observing an unordered
allocation F, = fn is uniformly distributed among the K,!/ HhH:"1 f(n,h! possible orderings
of the sets By 1, ..., By K, , that is,
. ~ K,!

P(Fn = fn) = =g —=—PFn = fa),
hil Kn,h!

where f, denotes one such ordering of fn.

Feature frequency models, and consequently their associated EFPFs, are closely con-
nected to the broader notion of infinite exchangeable random feature allocations. However,
the nature of this connection differs substantially from that between species sampling
models and infinite exchangeable random partitions, although there are evident analogies
between the two settings. The concept of exchangeable random feature allocations is for-
mally introduced by Broderick et al. (2013), extending the theory of exchangeable random
partitions developed by Aldous (1985).

Definition 6 (Exchangeable random feature allocation). A random feature allocation Fy,
of {1,...,n} is said to be exchangeable if, for any permutation o of {1,...,n} and any
feature allocation f, = (Bna,...,Bnk), it holds that

P(Fn = fn) = P(Fn = (J(Bn,l)a cee 7U(Bn,k)))'

An infinite exchangeable random feature allocation is a consistent sequence (Fy)p>1 of
exchangeable random feature allocations, where consistency means that for every n, F,_1
1s equal almost surely to the feature allocation obtained from F,, by removing element n.

Feature allocation models (F},),>1 that admit EFPFs as in (2.4) are exchangeable ran-
dom feature allocations. It is important to note, however, that the class of exchangeable
feature allocation models admitting EFPFs forms a strict subset of all infinite exchangeable
feature allocation models (Broderick et al., 2013, Proposition 7). This situation contrasts
with the case of infinite exchangeable random partitions and species sampling models with
EPPFs (see Chapter 1), where the two classes are equivalent.

Feature frequency models induce feature allocation models that admit EFPFs. In fact,
they are essentially equivalent to the class of such models, up to a mild additional as-
sumption. This assumption corresponds to the notion of regular feature allocation models,
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which excludes degenerate features that appear in only a single observation across the
population. Formally, this requires that if a feature is observed in a finite sample F;,, i.e.,
B,, ;s is non-empty, then it is displayed by infinitely many individuals with probability one,
i.e., lim, o0 #B,¢ = 0o almost surely. (Broderick et al., 2013, Theorem 18) established
that the class of regular feature allocation models with EFPFs is equivalent to the class of
feature frequency models.

Remark 1.1 in Chapter 1 outlined three complementary perspectives through which ssMs
can be conveniently described in the species sampling framework. The natural analogue
of ssMs in the feature setting, comparable in popularity, tractability, and flexibility, is the
class of (regular) feature allocation models with EFPFs, namely the class of feature frequency
models. From now on, we will omit the specification regular, though assumed implicitly.
Drawing a parallel with Remark 1.1, we conclude this general introduction to the feature
sampling framework by summarizing the discussion above in the following remark.

Remark 2.2. Any feature frequency model can be equivalently characterized through any
of the following three pairs of objects:

(1) the prior specification of fu in (2.2), i.e., Go and the distribution of (¢;)j>1;

(ii) the predictive distributions in (2.3), i.e., Gq, the law of (q1,...,qx) and the condi-
tional law of Y41 given (q1,.-.,qk);

(i11) the infinite exchangeable feature allocation model (Fy,)n>1 and the law of the distinct
feature labels X;’s, i.e., Go and the EFPF m := (7p)p>1.

As in the species sampling case, each perspective emphasizes different aspects of the model
and may prove more convenient depending on the inferential or modeling context.

The class of feature frequency models has been defined in Broderick et al. (2013). How-
ever, statistical analysis has so far largely focused on two prominent examples: the Indian
buffet process (1B, Griffiths and Ghahramani, 2005) and its generalizations, and the beta
Bernoulli (BB) models. We will review these models in Section 2.2. Building on these
foundations, Battiston et al. (2018) introduced a broader family of feature allocation mod-
els with EFPFs in product form—directly analogous to the Gibbs-type random partitions
in the species setting (see Section 1.2). In Section 2.2, we introduce this class, referred
to as Gibbs-type feature allocation models, and review the notable examples of 1BP and
BB models. Then, in Chapter 3, we develop an extensive investigation of their statistical
properties and establish results for the feature framework that mirror those of Lijoi et al.
(2007) in the species sampling context. From Chapter 3, it will become evident that the
Gibbs-type class provides an appealing compromise between analytical tractability and
modeling flexibility, paralleling its role in the species sampling literature.

2.2 GIBBS-TYPE FEATURE ALLOCATION MODELS

Gibbs-type feature models are introduced by Battiston et al. (2018) under the name of fea-
ture allocation models with EFPF in product form. The term Gibbs-type highlights the close
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analogy with exchangeable Gibbs-type random partitions described in Section 1.2. Specifi-
cally, this class contains all feature allocation models whose EFPF depends multiplicatively
on the sizes of the feature allocation sets, as

k
7Tn(7nla ceey mk) = Vn,k H ngUn—mm
/=1

for any n, (m1,...,my) € [n]*, where V.= (V1 : (n,k) € NxNg) and W = (W, : j € IN),
U = (Uj : j € Ny) are two sequences of non-negative weights, with IN denoting the set
of natural numbers and INg = INU {0}. Apart from some limiting cases, Battiston et al.
(2018) show that Gibbs-type feature allocation models necessarily take the form

k
mn(ma, .. ome) = Vo [ [ = @)me-1(0 + @), (2.5)
(=1
for —oo < a <1 and —a < # < oco. The array V must satisfy the recurrence relationship
o .
k+j ;
Vik=3_ ( . ){(e + Q)Y (0 + 1) Viss g, (2.6)
=0 N 7
which ensures the consistency of the resulting EFPF. For fixed parameters (6, «), multiple
arrays V may satisfy the recursion, each corresponding to a distinct Gibbs-type feature
allocation model.

By pairing a Gibbs-type feature allocation model with a diffuse probability measure
G, one obtains the corresponding feature frequency model, as discussed in point (iii) of
Remark 2.2. To lighten the notation, we will use the term Gibbs-type feature model to refer
interchangeably to both the Gibbs-type feature allocation model and its associated feature
frequency model, with the intended meaning clear from context. The most prominent and
widely studied members of this class trace back to the work of Griffiths and Ghahramani
(2005), who represented feature allocation models as stochastic mechanisms for generating
binary matrices, as illustrated in Figure 2.1. In particular, Griffiths and Ghahramani (2005)
introduced the Indian buffet process (IBP) as a stochastic process over binary matrices,
obtained as the infinite-limit case of the beta Bernoulli (BB) models. We review these
foundational models next.

Example 2.1 (Beta Bernoulli model (Griffiths and Ghahramani, 2005)). The beta Bernoulli
(BB) model with parameters (M, «, ), where M € N, @ < 0 and § > —« is a Gibbs-type
feature model such that the V,, ;s in (2.5) are given by

where 1 denotes the indicator function of a set C. This model imposes an upper bound
M on the number of distinct observed features K,.

From the perspective of the associated feature frequency model, the random measure
in (2.2) is given by

M
it = Zdj5xj7
j=1
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where Xj PN Go and ¢ ~ Beta(—a, 0 + a), for j =1,..., M.

Example 2.2 (Indian buffet process and its generalizations (Griffiths and Ghahramani,
2011; Teh and Gorur, 2009)). The most general formulation, known as the three-parameter
Indian buffet process (IBP), is introduced in Teh and Gorur (2009). It is parametrized by
(v, @, 0) satisfying v > 0, 0 < a < 1, § > —a, and is characterized by the coefficients

((9 + Oé)i_l

Vo 1 g : 0 ith 0,a) = 3
=g g | S mea), vt 0.0 =3 G

0+1 P
This definition generalizes the two-parameter IBP introduced in the pioneering work of
Griffiths and Ghahramani (2005), which is recovered by setting o = 0, and further reduces
to the one-parameter model when 6 = 1. Notably, the two-parameter IBP was derived by
Griffiths and Ghahramani (2005) as an infinite-limit of BB models, viewed as a stochastic
mechanism for binary matrices or, equivalently, as a feature allocation model. A repre-
sentation of the two-parameter IBP as a feature frequency model was later established in
the illuminating contribution of Thibaux and Jordan (2007), who showed that fi in (2.2)
follows a beta process (Hjort, 1990). The three-parameter IBP extends this construction
by replacing the beta process with the stable-beta process (Teh and Gorur, 2009). We
now recall the construction of the stable-beta process, with the beta process arising as a
special case. In contrast to the BB model in Example 2.1, the random measure i in the
three-parameter IBP is more elaborate, as it involves infinitely many feature labels X j and
associated probabilities ;. Let us first define the class of homogeneous completely ran-
dom measures (CRMs, Kingman, 1967) without fixed atoms, characterized by a Laplace
functional of the type

Efe~ i F@RD)] e {_ /X /0 > [1 N e—sf(x)} p(ds)go(d@} ’

for any measurable function f : X — Ry. Here, p(ds) is the Lévy intensity measure on R,
determining the distribution of the probabilities (G;);>1, and Gy is a diffuse distribution
on X from which the labels X ; are sampled. We write i ~ CRM(p; G). Comprehensive
treatments of CRMs are provided by Daley and Vere-Jones (2008), and their role as a
unifying framework in Bayesian nonparametrics is discussed in Lijoi and Priinster (2010).
In the generative model (2.2), the random measure fi must have jumps ¢; € (0,1]; thus,
we consider p(ds) with support in (0, 1]. As shown by Teh and Gorur (2009), in the 1BP
the measure [i follows a stable-beta process, a specific type of CRM with Lévy intensity

r'a1+0)
1 —a)l'(0+«)

p(ds) =~ sTeH1 — 5)fFe1ds. (2.7)
The parameter  is often referred to as the total mass since v = E[a(X)] = >_ 5 E[q;]
represents the expected sum of all the probabilities. The special case o = 0 yields the beta
process of Hjort (1990).

Unlike the BB model in Example 2.1, where the number K, of distinct observed features
is bounded by the fixed value M, in the IBP case K, has unbounded support. In particular,
as n diverges, the two-parameter 1BP (Griffiths and Ghahramani, 2011) exhibits a logarith-
mic growth rate of K,,, a property that motivated the introduction of the three-parameter
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generalization by Teh and Gorur (2009), which yields instead a power-law behavior. These
behaviors naturally emerge from the general theory of Gibbs-type feature models we discuss
in Chapter 3, to which both the two- and three-parameter IBP belong.

Remarkably, a characterization theorem by Battiston et al. (2018) shows that the 1BP
and the BB models constitute the building blocks of all Gibbs-type feature models. More
precisely, for fixed values of (6, ), the set of coefficients V,,  in (2.5) can always be ex-
pressed as mixtures with respect to the parameters v and M of the IBP and BB models,
respectively. This result is formalized below.

Proposition 2.1 (Theorem 1.1 of Battiston et al. (2018)). For fized (0, «), with 0 > —a,
the set of solutions to the recursive equations for the V,, 1. ’s is given by:

(1) for 0 < a < 1, miztures over v € Ry of the V,, 1, ’s of 1BPs, with respect to a mizing
distribution P, ;

(it) for o < 0, miztures over M € IN of the V,,1’s of BBs, with respect to a mizing
distribution Pyy.

Hence, any Gibbs-type feature model is obtained by placing a prior distribution on
the parameters v or M of the IBP and BB models, respectively. This results draws an
elegant parallel between Gibbs-type feature models and Gibbs-type partitions of Gnedin
and Pitman (2005): in both frameworks, product form exchangeable distributions emerge
as mixtures over simpler, fundamental models. Further analogies will be developed in
Section 3.2, where we will show that the parameter « also controls the asymptotic growth
rate for the number of distinct features K,,, as in species sampling models, leading to the
analogous of the a-diversity of Pitman (2003) for feature allocations.

2.2.1 PREDICTIVE DISTRIBUTIONS OF (GIBBS-TYPE MODELS

Predictive distributions in the feature sampling framework play a central role in describing
how a sample evolves as the number of individuals increases. For a generic feature frequency
model (2.2), these distributions are given in (2.3) and further discussed in point (ii) of
Remark 2.2. In the parallel context of ssMs, the general predictive distributions presented
in Lemma 1.2 specialize to the Gibbs-type models through the form in (1.6). By contrast,
explicit predictive expressions for Gibbs-type feature models have so far been absent from
the literature. This lack represents an important open point in the literature, which we
resolve in Chapter 3 (Section 3.2.1), through the derivation of general predictive laws
valid for any Gibbs-type feature model. In the same section, we also introduce the buffet
metaphor, a natural extension of the well-known Indian buffet metaphor of Griffiths and
Ghahramani (2011), which provides an intuitive interpretation of the sequential sampling
mechanism for this broader class of models.

While the general theory is developed in Chapter 3 (Section 3.2.1), the predictive laws
for the special cases of BB model and 1BP model, introduced in Examples 2.1 and 2.2, are
well established in the literature and reported below.
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Example 2.3 (Predictive rules for the BB and 1BP models). For the BB model with pa-
rameters (M, «, 0), the predictive rule follows (2.3), with

in L Ty —
A B 1l
n+1,0 ernou 1( 1

> . Y41 ~ Binomial (M —k,— jf n) : (2.8)
for n > 0, where Binomial(ng,p) denotes a binomial random variable with parameters
no € IN and p € (0,1). In this case, the feature probabilities in (2.3) g¢ = (m¢ — a)/(60 +n)
are deterministic. Moreover, no new features Y,, 11 can appear once the maximum number
K, = M has been reached. Because M is fixed a priori, this represents the major limitation
of the BB model, as the total number of features in the population is assumed to be known
in advance.

For the (three-parameter) IBP with parameters (v, «, ), the predictive rule follows (2.3),
with

—Q (9+C¥)n

) y YTL+1 ~ Poisson <’Y(0_‘_1)> ) (29)

for n > 0. Here, the number Y, 11 of new features in the next subject depends on the

ind .[m
A1 '~ Bernoulli d
’ 0+n

initial sample Z only through the sample size n, and not on its specific composition. This
makes the predictive rule of the 1BP rather limited.

Further discussion of the predictive behavior of the BB and 1BP models, as well as their
role as specific instances of the broader Gibbs-type feature class, is provided in Chapter 3.

2.2.2 UNSEEN FEATURE PROBLEMS VIA GIBBS-TYPE MODELS

A central goal in the feature allocation framework is to study the number of distinct features
observed in a sample, or expected to appear in future samples. This quantity provides a
natural analogue to biodiversity measures in ecological applications. In the context of
ssMs, the distribution of the number K, of distinct species in a sample of size n for a
Gibbs-type model is given by (1.9); see (Gnedin and Pitman, 2005; De Blasi et al., 2015).
The related unseen species problem, concerning the distribution of Kf# ) defined in (1.1), is
addressed by Lijoi et al. (2007), leading to the general expression in (1.10). In the parallel
setting of feature sampling, the focus shifts to two analogous quantities under Gibbs-type
feature models: (i) the distribution of the number K, of distinct features observed in a
sample of size n, which is intended as a prior distribution for such a quantity; (ii) the
distribution of Kq(ff ), defined in (2.1), representing the number of new features which will
be observed in an additional sample (Z,,11,..., Zy+m) of size m > 1, given the observed
sample Z = (Z,...,Zy,). Despite their fundamental importance, these distributions have
not been investigated in the existing literature, and no general results analogous to those
available for Gibbs-type SsMs have been established. In Chapter 3 (Section 3.2.2) we
resolve this important issue by deriving explicit expressions for the distributions of both
K, and K,(,f ), which hold true for any Gibbs-type feature model. These results constitute a
substantial methodological advancement in the feature allocation literature, providing the
first comprehensive analysis of feature diversity and discovery within the Gibbs-type feature
framework. In addition, we present novel examples within this class that extend beyond
the classical BB and IBP models, demonstrating both the flexibility and the applicability
of the Gibbs-type family.
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For completeness, we recall below the results for the BB and 1BP models introduced in
Examples 2.1 and 2.2. To the best of our knowledge, the distribution of Kq(ﬁ ) for the BB
model has not previously appeared in the literature and can be obtained as a special case
of the general theory we develop in Section 3.2.2.

Example 2.4 (Distribution of number of features for the BB and 1BP models). For the BB
model with parameters (M, «, 6), it holds that

K,, ~ Binomial (M, p,(0,«)), K™ | Z ~ Binomial (M — k, pm (0 +n, ),

where p,(0,a) =1 — (6 + a),/(0)n. As already noted from the predictive rule in (2.8), no
new features can appear in additional samples once all the M features have been observed.
For the (three-parameter) IBP with parameters (v, «, #), it holds that

K,, ~ Poisson (vg,(0, a)), KM | Z ~ Poisson (7 (gnim (0, @) — gn(6,a))),

where ¢,,(0, ) is defined in Example 2.2. Consistent with the predictive rule in (2.9),
the distribution of Kr(,ff ) depends on the initial sample Z only through the sample size n,
confirming that the 1BP provides limited predictive structure. This behavior mirrors that
of the Dirichlet process in the species sampling framework, whose predictive distribution
for the number of new species also depends solely on n, see Example 1.4.

Further discussion on the BB and IBP models is provided in Chapter 3, together with
a detailed asymptotic analysis of the distributions of K, and Kq(f: ) for general Gibbs-type
models. The asymptotic results recover the known properties of the BB and IBP cases and
highlight the broader modeling flexibility offered by the Gibbs-type family.

2.3 SUFFICIENTNESS POSTULATES FOR FEATURE SAMPLING MODELS

In the context of feature sampling, predictive distributions for unobserved samples play a
central role, as they govern the stochastic mechanism driving sequential data evolution.
Under a feature frequency model, the predictive distribution is given by (2.3), which as-
signs positive probability to both previously observed (old) and unobserved (new) features.
This structure is intuitively appealing, since the quantities involved have a clear interpre-
tation, enabling straightforward comparison across different modeling choices. According
to (2.3) and point (ii) of Remark 2.2, the prediction rule for Z,1; may depend on the
initial sample Z through the sample size n and the whole information in the vector of
feature frequencies m = (myq, ..., my), that is the number k of distinct observed features
and their frequencies my, as a consequence of exchangeability. Specific model assumptions
determine how the predictive distribution depends on this information. For instance, as
shown in Example 2.3, in the BB model the number Y,,;1 of new features depends on both
n and k (see (2.8)), while in the I1BP it depends solely on the sample size n (see (2.9)). This
limited dependence of Y,,11 on the sample size alone represents a major drawback for the
IBP, as it hinders meaningful inference on unseen features because Bayesian estimators in
such settings become independent of other sample statistics. However, this limitation is
not unique to the 1BP model. Indeed, James (2017) showed that the distribution of ¥, 4;
depends solely on the sample size for any CRM prior for i in (2.2). Hence, to obtain richer
predictive structures, one must move beyond the class of CRMs when specifying priors
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for fi. This observation highlights the need to design priors guided by desired predictive
properties. More broadly, this viewpoint reflects a growing trend in Bayesian statistics:
assigning a system of predictive distributions directly, rather than specifying priors and
likelihoods. As argued by Fortini and Petrone (2012) and Fong et al. (2023), reasoning in
terms of predictive laws is often more intuitive and transparent than working with priors
directly. A systematic characterization of the classes of priors that induce predictive laws
with prescribed dependence structures therefore serves a dual purpose: it advances theoret-
ical understanding of complex, often nonparametric, models, and it provides practitioners
with principled tools for prior elicitation.

In the species sampling setting, such predictive characterizations are well established
and known as sufficientness postulates (see Section 1.3). By contrast, analogous results
for feature allocation models remain considerably less explored, and only limited contribu-
tions are available. Camerlenghi and Favaro (2021) and Camerlenghi et al. (2024) focused
on feature models based on scaled process priors (James et al., 2015), a class of random
measures obtained via suitable transformations of CRMs. They introduce stronger depen-
dence across the measure weights and, when used in the context of feature models, yield
predictive distributions that depend on the entire sampling information. As shown by
Camerlenghi et al. (2024), only scaled processes derived from stable subordinators lead
to predictive distributions for new features that depend solely on the sample size and the
number of distinct features in the sample. While these findings provide valuable insights
into scaled processes, they offer limited guidance for broader classes of feature models. In-
deed, as we show in Chapter 3, predictions depending on both sample size and the number
of distinct features also arise in feature allocation models admitting an EFPF in product
form (Battiston et al., 2018). This observation motivates a more general and systematic
investigation of sufficientness postulates in the feature sampling framework. We undertake
this task in Chapter 4 (Section 4.3) where we develop the first comprehensive treatment
of sufficientness postulates for feature allocation models, thereby complementing a foun-
dational concept of species sampling theory within the feature sampling framework.

The discussion so far has focused on how richer predictive structures can emerge from
different distributional assumptions on the weights g; of the random measure 1. A comple-
mentary important question, however, concerns the atoms of fi, that is, the feature labels
X ;. In all feature frequency models defined by (2.2), these labels are assumed to be i.i.d.
and independent of the occurrence probabilities ¢;. As a consequence, the predictive rule
(2.3) cannot depend on the observed feature labels Xy, for £ = 1,... k. This assumption is
natural in standard feature allocation settings considered so far, where labels serve merely
as identifiers without intrinsic meaning. However, in many modern applications, such as
Bayesian factor analysis and nonnegative matrix factorization (Griffiths and Ghahramani,
2005; Knowles and Ghahramani, 2011; Ayed and Caron, 2021; Zhou et al., 2012, 2016),
or spatial models where the atoms X ; encode meaningful quantities like spatial locations,
the feature labels themselves carry essential information. In these contexts, it becomes
desirable to move beyond the independence assumption, allowing for richer interactions
between the feature labels and possibly their occurrence probabilities. We formalize this
broader class of models in Chapter 4, introducing the extended feature models. Within this
generalized framework, predictive distributions can depend not only on n and m, but also
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Subject 1

Subject 2

Subject 3

Subject 4

Subject 5

Subject 6

N

Traitl Trait2 Trait3  Trait4 Trait5 Trait6 Trait7  Trait8 Trait9 Trait 10 Trait1l Trait12 Trait13 Trait14 Trait15 Trait 16 Trait17 Trait 18

Figure 2.2: Observed data from an exchangeable trait model: matrix of counts A, with
n = 6 subjects and K,, = 18 observed traits. Rows and columns are arranged in no
particular order. White cells, such as A3 = 0, indicate the absence of a trait for a given
subject, while darker shades of blue represent higher values of the corresponding counts
Ay e{1,2,...}.

on the specific values of feature labels X,. We finally remark that the predictive character-
izations of Chapter 4 will be developed within the setting of extended feature models, and
that the sufficientness postulates for standard feature frequency models emerge naturally
as a special case.

2.4 FROM FEATURES TO TRAITS: EXTENDING THE FEATURE ALLOCATION FRAME-
WORK

Trait allocation models (James, 2017; Campbell et al., 2018) generalize feature allocation
models by allowing each subject’s characteristics, called traits, to be associated with non-
negative values. In this broader setting, the presence of a trait is coupled with a quantitative
measurement, often reflecting its strength, abundance, or degree of expression. Notable
examples of trait allocation models are described in Broderick et al. (2015).

We begin by reviewing the trait allocation setting (Campbell et al., 2018). In this
framework, we observe n subjects and K,, = k distinct traits. The data can be represented
by an n x k matrix A, where each entry A; € {0,1,2,...} denotes the count of the ¢th trait
(column) for the ith subject (row), as illustrated in Figure 2.2. Each trait is associated
with a distinct label X, € X, where X denotes the space of the trait labels. As in the
feature setting, it is typically assumed that each subject exhibits only finitely many traits,
ensuring that the total number of distinct traits K, is finite in any given sample. The
trait framework thus provides a natural generalization of the feature setting introduced
in Section 2.1: binary indicators A;; € {0,1} are replaced by nonnegative integer counts
Ay €{0,1,2,...}.

From a modeling perspective, the trait allocation framework closely parallels that of
feature allocations (Campbell et al., 2018). In the feature setting, we focus on the sub-
class of infinite exchangeable models known as feature frequency models (see Section 2.1).
Analogously, in the trait setting, the natural counterpart is the class of frequency models, a
generalization of feature frequency models that allows for non-negative measurements. In
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these models, each subject i is represented by a random counting measure Z; on X, namely

Zi(-) = Aiydg (1),  ix1, (2.10)

Jj=1

where the X ;'s denote the (possibly infinite) set of trait labels, and the random variables
flz-j € {0,1,2,...} represent the abundance of trait X ;j in subject ¢. Moreover, the defining
assumption of frequency models is that, conditionally to a sequence of parameters (6;);>1,
the random variables /Lj are i.i.d. across subjects for fixed j, and independent across
traits. Formally,

iid

A0, X P(-50;),  i>1,5>1, (2.11)
where P(-;0) is a parametric distribution supported on the non-negative integers, such as
a Poisson distribution, depending on a positive parameter 8 > 0. The parameters (Hj) j>1

can be organized in a discrete measure i on X, defined as

i) =005 (). (2.12)

Jj=1

Note that the atoms of the discrete measure [i, i.e., the trait labels Xj are comimon
across all subjects, so that the same traits are allowed to be observed in multiple subjects.
Summarizing, the full Bayesian specification is

Zi| i cp(i),  i>1,

(2.13)
p~Q,

which means that Z; in (2.10) are i.i.d. from a process of counts (CP) with parameter i
defined by (2.11)-(2.12). Here Q denotes the de Finetti measure, i.e., the prior distribution
of the random measure fi. In the special case of binary traits, the frequency model (2.13)
reduces to the feature frequency model in (2.2).

To conclude this brief review of the trait models, we present two relevant examples for
the distribution P(-;0).

Example 2.5 (Exchangeable binary traits). When the count measurements /L-j are binary,
the trait allocation framework reduces to the special case of feature allocation framework
of Chapter 2. Thus, we let A;; |6; S Bernoulli(f;) for i > 1 and fixed j, with success prob-
abilities 6; € (0,1], so that Z; | i S cP(f1) are i.i.d. Bernoulli processes (see Section 2.1).
Example 2.6 (Exchangeable Poisson counts). When the data A;; take values in {0,1,2, ...},
as those depicted in Figure 2.2, a natural choice is P(a;0) = (a!)~'0% ¢ for a € {0,1,...},
that is a Poisson distribution with mean # > 0. In other words, we assume /Lj |0; S
Poisson(6;) for i« > 1 and fixed j. This specification has been less explored compared to

the binary case.

2.5 EXTENDING THE FEATURE AND TRAIT FRAMEWORKS TO MULTIPLE POPU-
LATIONS

Most existing works on feature and trait allocation models assume full exchangeability
among subjects, implying a form of homogeneity across all observations. This has been
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the standing assumption throughout Chapter 2. However, in many applied areas, such
as multi-study analyses, biological experiments across environments or patient cohorts,
this assumption can be restrictive. In such contexts, data naturally arise from multiple
related but distinct populations, for which a weaker assumption of partial exchangeability
is more appropriate. Under partial exchangeability, observations are divided into groups
that are exchangeable within but not across groups. This framework allows for dependence
and heterogeneity across subpopulations while preserving exchangeability within each. The
notion of partial exchangeability has a long tradition in Bayesian nonparametrics, especially
in the modeling of dependent species populations (see Section 1.5).

The aim of this section is to recall the general framework of partial exchangeability
in the trait allocation setting and to position our contributions within this context. We
do not provide the full technical background here; rather, we introduce the setting in
which our new methodological contributions are developed, leaving their formal treatment
to Chapter 5. Analogously to the exchangeable case for the sequence (Z;);>1 in (2.13),
partial exchangeability can be achieved by introducing a vector of (dependent) random
measures (fi1, ..., [iq), such that

Zig| i, - fia M cP(fg),  i>1,g=1,...,d,

where Z;, denotes observation 4 in group ¢, and d is the number of groups. From a Bayesian
perspective, specifying a partially exchangeable model corresponds to placing a prior on the
vector of dependent random measures. Introducing dependence among the group-specific
random measures fi, ..., fig enables borrowing of information across subpopulations, but
also raises the challenge of constructing priors that are both computationally and ana-
lytically tractable. Only a few recent contributions have investigated this setting for fea-
ture and trait allocation models. For instance, Masoero et al. (2018); Beraha and Favaro
(2025); James et al. (2024) introduced hierarchical constructions to induce dependence
among groups, while Shen et al. (2024) proposed a bivariate beta process. In contrast,
in the related literature on species sampling, countless models have been developed; see
Section 1.5 for a review.

In this thesis, we extend this line of research by developing a general and tractable class
of Bayesian nonparametric priors for partially exchangeable trait allocation models, based
on completely random vectors. The detailed formulation and a comprehensive theoretical
analysis of these models are deferred to Chapter 5, where we pursue inferential goals such
as: (i) estimation of trait- and group-specific parameters, and (ii) estimation of the number
of unseen traits in the observed sample. In particular, we provide closed-form expressions
for marginal and posterior distributions, and illustrate the tractability of our framework in
the cases of binary (Example 2.5) and Poisson-distributed traits (Example 2.6). Building
on these results, we also develop a novel mixture model that infers the group partition
structure from the data, effectively clustering trait allocations. This extension can be
viewed as a generalization of Bayesian nonparametric latent class models, and we show
that it effectively mitigates the systematic overclustering that arises when the number of
traits is fixed. Finally, we illustrate the usefulness of our approach through an application
to the 'Ndrangheta criminal network from the Operazione Infinito investigation, where our

model provides insights into the organization of illicit activities.
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3. BAYESIAN ANALYSIS OF PRODUCT FEATURE ALLOCATION MOD-
ELS

In this chapter, we study the broad class of feature models defined by Battiston et al.
(2018), who holds the merit of characterizing all EFPFs with a product form as mixtures
of the two most widely used feature models, namely the Indian buffet process (1BP, Teh
and Gorur, 2009) and the beta Bernoulli (BB, Griffiths and Ghahramani, 2005). However,
apart from this important representation theorem, a comprehensive statistical investigation
is still lacking. We develop a general theory for this class of models, encompassing (i) the
predictive structure, leading to a generalized Indian buffet metaphor, (ii) the posterior
distribution of the underlying process, (iii) prior and posterior properties regarding the
number of features, and (iv) the asymptotic behavior. Our findings are available in closed
form, lead to computationally efficient inferential procedures, and enjoy a transparent
interpretation. Moreover, this theoretical investigation allows us to identify three novel
feature allocation models that stand out for their tractability: the gamma mixture of 1BPs,
and the Poisson and negative binomial mixture of BBs. The latter two models entail a
random but finite number of possible features, therefore being structurally different from
existing 1BP-like specifications that involve infinitely many features. Finally, we highlight
several remarkable parallelisms between the class of Battiston et al. (2018) and Gibbs-
type priors for species sampling models (Gnedin and Pitman, 2005; De Blasi et al., 2015).
In light of these similarities, we will refer to this class as Gibbs-type feature models. In
species sampling problems, Gibbs-type priors are perhaps the most natural generalization
of the Dirichlet process of Ferguson (1973), owing to their balance between flexibility and
analytical tractability. Notable examples are the Pitman—Yor process (Pitman and Yor,
1997), the normalized generalized gamma process (Lijoi et al., 2007), and mixtures of
Dirichlet multinomial processes (Gnedin, 2010; De Blasi et al., 2013). For similar reasons,
we argue that Gibbs-type feature models are one of the most natural extensions of the 1BP
and the BB.

We demonstrate here the usefulness of feature models in ecological problems as a tool
to measure biodiversity. There exists a rich literature about the quantification of biodi-
versity (Colwell, 2009; Magurran and McGill, 2011) with taxon richness, i.e., the number
of different taxa present in a community, being perhaps the simplest and most natural
definition. Richness estimation is, in turn, related to the notion of taron accumulation
curves (Gotelli and Colwell, 2001). A Bayesian nonparametric inferential framework for
predicting unseen species has been laid down by Lijoi et al. (2007) for Gibbs-type pri-
ors. See also Favaro et al. (2009) for the Pitman—Yor special case and Zito et al. (2024)
for a related model-based approach. These Bayesian methods are suitable for individual-

based accumulation curves, that is, when species are observed one at a time. However,
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species are often captured or collected in chunks, and hence, each observation takes the
form of a vector of binary variables accounting for the presence or absence of a species.
Feature models are well-suited for this kind of data, called incidence data, leading to a
Bayesian analysis of sample-based accumulation curves. Despite the development of clas-
sical estimators for this setting (e.g. Colwell et al., 2012; Chiu et al., 2014; Chao et al.,
2014; Chakraborty et al., 2019; Chiu, 2022, 2023), the Bayesian nonparametric literature
remains much more limited, except for the recent works of Masoero et al. (2022); Camer-
lenghi et al. (2024). Our theoretical investigation allows for the prediction of the number
of unseen species, the modeling of accumulation curves, and the quantification of biodi-
versity. For instance, an important theoretical result of this chapter, particularly relevant
for ecological applications, is the definition of the a-diversity, a biodiversity measure that
extends the notion of Pitman (2003) to sample-based designs. In the proposed Poisson and
negative binomial mixture of BB models, the a-diversity coincides with the taxon richness,
and its posterior distribution follows a Poisson and a negative binomial distribution, re-
spectively. This leads to straightforward Bayesian estimators for the taxon richness whose
uncertainty can be formally and easily quantified. Although this work focuses on ecological
applications, the proposed methodology is broadly applicable across various domains. For
instance, in biological sciences, estimating the number of unseen or rare genetic variants
in the human genome can help the understanding of human diseases or guide the design
of effective clinical procedure (Ionita-Laza et al., 2009; Gravel, 2014; Zou et al., 2016). In
single-cell sequencing data, predicting the number and frequency of somatic mutations at
the cellular level is essential for characterizing tumor heterogeneity, which is a key factor in
cancer progression and resistance to therapy. Since the expense of sequencing is nontrivial,
accurate prediction is crucial to allocate limited sequencing budget (Zhang et al., 2020).
Other applications include cancer biology (Chakraborty et al., 2019), precision medicine
(Momozawa and Mizukami, 2021) and microbiome analysis (Sanders et al., 2019).

The chapter is structured as follows. Section 3.1 provides a concise review of Gibbs-type
feature allocation models. Although this material is discussed in greater detail in Chapter 2,
we include a brief overview here to make the chapter self-contained. In Section 3.2 we
develop general theory for the class of Gibbs-type feature models. In Sections 3.3-3.4 we
propose and study novel examples of Gibbs-type feature allocation models, distinguishing
between models with an infinite number of features (mixtures of 1Bps) and those assuming
finitely many features (mixtures of BBs). Simulation studies are discussed in Section 3.5,
while Section 3.6 illustrates our methodology by analyzing two real datasets. The chapter
ends with a discussion; proofs, additional theorems, simulation studies and additional
details about the applications are collected in the Appendix.

3.1 REVIEW ON GIBBS-TYPE FEATURE ALLOCATION MODELS

3.1.1 EXCHANGEABLE GIBBS-TYPE FEATURE ALLOCATION MODELS

Among the exchangeable and consistent models (defined in Section 2.1), the class of EFPF
in product form introduced by Battiston et al. (2018) represents a special subset that is
still very rich and diversified. We refer to this class as exchangeable Gibbs-type feature
allocation models, or Gibbs-type feature models for brevity, for the evident similarity with
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exchangeable Gibbs-type random partitions (Gnedin and Pitman, 2005). We consider
EFPFs of the following product form 7, (m1,...,my) = Vi ngzl Wi, Un—m,, where V =
(Vor = (n,k) € Nx Ng) and W = (W : j € N), U = (U; : j € Ny) are two sequences
of non-negative weights, with IN denoting the set of natural numbers and Ny = IN U {0}.
Apart from some limiting cases, an important result of Battiston et al. (2018) states that
Gibbs-type feature models are necessarily of the form

k
mn(ma, . yme) = Vg [ [ = @i, —1(6 + @), (3.1)
=1

for —oo < @ <1 and —a < 0 < 00, where (z),, = I'(x+m)/T'(z) is the Pochhammer sym-
bol, and I'(z) is the gamma function. The array V must satisfy the recurrence relationship
in (2.6). Let M, denote the number of individuals displaying feature ¢ in a sample of
size n. The limiting case o = 1 corresponds to no feature sharing, i.e., M, o = 1 almost
surely for £ =1,..., K,, whereas § = —a corresponds to complete feature sharing, that is
M, o = n almost surely, for £ = 1,..., K,,. These degenerate situations are uninteresting
in practice.

The most popular and widely used feature allocation models are of Gibbs-type. A first
noteworthy example is the three-parameter Indian buffet process (1BP), introduced in Teh
and Gorur (2009), with parameters (7, «, 6) satisfying v > 0, 0 < a < 1, and § > —«. The
EFPF is in product form (3.1) and the V}, ;’s are given by

n

TAT v ’ P L PR .

2
0+ 1 - (3.2)

The choice a@ = 0 corresponds to the two-parameter 1BP, while the one-parameter model
is obtained by further considering # = 1; see Griffiths and Ghahramani (2011). We stress
that the distribution of K,,, in the IBP case, has unbounded support. A second notable
example is the beta Bernoulli (BB), with parameters (M, «, 0) such that M € IN, o < 0 and
0 > —o (Griffiths and Ghahramani, 2011). The EFPF of a BB is also in product form (3.1),
with the V;, ;’s given by

e S R

where 1o denotes the indicator function of a set C'. The BB model prescribes that the

observed number of features K, is bounded by M. Remarkably, a characterization theorem
due to Battiston et al. (2018) establishes that the IBP and the BB are the building blocks
of any Gibbs-type feature model. More precisely, for fixed values of (6, «), the set of
Gibbs coefficients V,, , satisfying the aforementioned consistency condition are necessarily
mixtures of the v and M parameters of the IBP and the BB, respectively. This is better
clarified in the following result.

Proposition 3.1 (Theorem 1.1 of Battiston et al. (2018)). For fixed values of (0, ) such
that 0 > —a, the set of solutions of the recursions for the Vi, 1 ’s is:

(i) for 0 < a <1, miztures over v € RY of the V,, 1 ’s of IBPs with respect to a distribu-
tion P, ;
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(it) for a < 0, miztures over M € IN of the V,, 1’s of BBs with respect to a distribution
Py

Hence, any Gibbs-type feature model is obtained by considering a prior distribution
for the v and M parameters of the IBP and BB models. This draws an elegant parallelism
between Gibbs-type feature models and Gibbs-type partitions of Gnedin and Pitman (2005)
since, in both cases, product form distributions are obtained as mixtures of a set of simple
models. These analogies will be strengthened in Section 3.2, where we will show that the
parameter « also controls the asymptotic growth rate for the number of distinct features
K, as in species sampling models, leading to the analogous of the a-diversity of Pitman
(2003) for feature allocations.

3.1.2 HIERARCHICAL REPRESENTATIONS AND RANDOM MEASURES

Like all feature frequency models, Gibbs-type feature models admit a hierarchical repre-
sentation in terms of Bernoulli processes (BPs) and random measures, which we now recall.

(see Section 2.1 for a detailed introduction). Let (X;);>1 denote the sequence of all pos-

sible feature labels, where X P N Gy for any j > 1. The ith individual is represented by a
counting measure Z; on the space X, which is given by

Zi() =Y Aoz, (), (3.4)
Jj=1
where flij = 1 if the 4th individual exhibits feature X j, and flij = 0 otherwise. The fea-
ture labels Xi,..., Xk, observed in a sample of n individuals are a subset of the sequence
(X;)j>1. The feature allocation Fj, = (By.1,...,Bnk,) and the binary variables A;y can
be then expressed through the counting measures Z;, since we have B,, = {i € [n] :
Z;({Xs}) = 1} and Ay = Zi({X,}). Moreover, the variables A;; are conditionally inde-
pendent Bernoulli random variables given a sequence of random probabilities (g;);>1, that
is, fiij | G S, Bernoulli(¢;). We organize these probabilities through a random measure fi
on X, namely
) =405 (). (3.5)
Jj>1
Conditionally on fi, the Z;’s are i.i.d. draws from a Bernoulli process with base measure i,
written Z; | 1 Py BP(f1) for any 7 > 1. Summarizing, the following hierarchical representation
holds:

Zl‘ﬁu’\c’iBP(/l)ﬂ i1,

(3.6)
p~ 2,

where 2 is the prior distribution of fi, i.e., the de Finetti measure. Equation (3.6) defines a
feature frequency model. In particular, both the BB and 1BP models admit this hierarchical
construction: in the BB model, this follows directly with the random measure denoted i | M,
while for the 1BP model the representation arises from the seminal works of Thibaux and
Jordan (2007); Teh and Gorur (2009), with random measure denoted fi|~. Thanks to
Proposition 3.1, the law of i for any Gibbs-type feature model is a mixture over v or M of
the corresponding law for the IBP or BB model. Therefore, all Gibbs-type feature models
are indeed feature frequency models.
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We now provide details on this hierarchical construction for the BB and 1BP models.
Let us firstly consider the BB model with parameters (M, «,#), in which there are M

possible features X1, ..., Xps. The hierarchical representation of the beta Bernoulli process
is straightforward as we have i | M = Z]]\il 0%, with g; % Beta(—a, §+a) and X; < Go,

for j =1,..., M, recalling that « < 0 and § > —a. See Lemma 3.4 in the Appendix for
a precise statement of this simple fact. The construction of the IBP, on the other hand, is
more elaborate, and it involves infinitely many labels X j and probabilities ¢;. Let us define
the class of homogeneous completely random measures (CRMs, Kingman, 1967) without
fixed atoms, which are characterized by a Laplace functional of the following type

E[e™ Jx /@i(d2)] = oxp {_ /X /OOO [1 _ e*Sf(w)} p(ds)Gg(dx)} ’

for any measurable function f : X — Ry, where p(ds) is an intensity measure on R,
identifying the distribution of the probabilities (g;);>1, and Gy is a diffuse distribution
on X from which the labels X ; are sampled. We will write i ~ CRM(p; Go). We refer to
Daley and Vere-Jones (2008) for a mathematical treatment of CRMs and Lijoi and Priinster
(2010) for a presentation of CRMs as a unifying concept in Bayesian nonparametrics. In
model (3.6) the random measure fi must have jumps ¢; € (0,1), hence we require the
intensity measure p(ds) of the CRM to be supported in (0,1). As shown in Teh and Gorur
(2009), in the IBP the measure fi|~ is distributed as a completely random measure and,
more precisely, it follows a stable-beta process, whose intensity measure p(ds) is

I'(1+6)

T — )T + ) sTeL(1 — 5)fFer1ds, (3.7)

p(ds) =~

Note that v is sometimes called the total mass parameter because v = E [1(X)] = >, E[g]
is the expected sum of all the probabilities. The choice & = 0 leads to the beta process of
Hjort (1990), as it was established by Thibaux and Jordan (2007). There exist several sam-
pling strategies for the weights ¢; € (0, 1), for example based on size-biased constructions
or the inverse of the Lévy measure (Teh and Gorur, 2009). Alternative and more recent
approaches include stick-breaking representations (Broderick et al., 2012), or independent
finite approximations (Lee et al., 2023; Nguyen et al., 2024).

3.2 PREDICTIVE STRUCTURE OF GIBBS-TYPE FEATURE MODELS

3.2.1 A BUFFET METAPHOR FOR (GIBBS-TYPE FEATURE MODELS

We begin our theoretical investigation of Gibbs-type feature models by presenting the pre-
dictive distribution for the (n + 1)th individual, given a sample of n data points. In the
notation of Section 3.1.2, we study the conditional distribution of 7,1, given a random
sample Z = (Zy,...,Z,), where the latter entails K, = k observed features Xi,..., Xy
whose presence is encoded by the binary variables A;’s. The relevant aspects of the distri-
bution of Z,, 11 are conveyed by the vector of random variables (Y41, Apnt1,15- -+, Ant1k)
such that: (i) Y41 is the number of new features displayed by the (n + 1)th individual,
i.e., the features hitherto unobserved in the sample Z; (ii) each A,, 11 is a binary random
variable such that A, ¢ = 1 if the (n+1)th individual displays feature X, and A, 11, =0
otherwise. Our first key result provides the predictive law of Gibbs-type feature models,
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i.e., the probability distribution

Prt1(y, a1, ... a) == P(Yog1, A1, - An ) = (v, a1, ... ai) | Z).

We will write %(a;p) = p*(1—p)' = to denote the probability mass function of a Bernoulli
random variable with parameter p € (0,1) evaluated at a € {0,1}.

Theorem 3.1 (Predictive law). Suppose the EFPF is in product form (3.1), then the pre-
dictive law is

k
E+y\ Va e —
pn+1(y,a1, T 7ak‘) = ( k y>W{(9+a)n}y(9 +n)kH% <CL(, 9£—|—n> .
" =1

An important remark is in order: given the sample Z, the random variable Y;,11 is
independent on the binary random variables A,411,..., Ay41%, which are also mutually
independent. This is a consequence of the product form representation (3.1). In the second
place, the count Y, 1 of new features depends on the sample Z through the sample size
n and the number of observed features K, = k, but not the frequencies my, ..., mg. It is
also noteworthy that what distinguishes Gibbs-type feature models is only the distribution
of the number of new features Y,,+1. In fact, the probability distribution of the variables
referring to the previously observed features, A,41,1,..., Ant1k, is common to all Gibbs-
type feature models and does not depend on the chosen set of V,, ;.’s. We will provide more
precise comments on the distribution of Y, 1 when presenting specific examples in Sections
3.3-3.4.

As an immediate consequence of Theorem 3.1, one can easily determine the probability
that the (n + 1)th individual does not exhibit new features. Such a probability may
be interpreted as a sample-based version of the sample coverage (Good, 1953; Good and
Toulmin, 1956), that is, the probability of re-observing a feature among those in the sample.
However, it is worth noting that other definitions of sample coverage have been proposed
in the feature setting; see, for example, Chiu (2023) and references therein.

Corollary 3.1 (Sample coverage). Suppose the EFPF is in product form (3.1), then the
probability that Z,+1 does not show any new features, given Z, is

P(“Zn+1 has no new features” | Z) = P(Yo41 =0|Z) = W(@ +n)k.
n,

The predictive distribution presented in Theorem 3.1 can be likened to the Indian
buffet metaphor (Griffiths and Ghahramani, 2011). Our metaphor imagines a scenario
where “customers”, representing individuals, sequentially enter a restaurant and select a
number of “dishes”, corresponding to feature labels (Xj)jZL as depicted in Figure 3.1.
Each customer has the option to choose from previously ordered dishes or select new ones.
For any Gibbs-type feature model, the generative process unfolds as follows: the first

customer enters the restaurant and selects Y; dishes according to the distribution
P(Yl = y) = ‘/i,yv

and K71 = Y;. The K; selected dishes are associated with labels Xy, for ¢ = 1,..., K,
provided that K; > 0. Then, the (n+ 1)th customer enters and selects dishes in two steps.
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Figure 3.1: The buffet metaphor for Gibbs-type feature models. In this example there
are n = 4 customers and K, = 7 dishes. The observed frequencies of the dishes are
(mi,...,m7) = (3,2,2,2,1,1,1). The numbers of new dishes picked by each customer
(from top to bottom) are Y1 =3, Yo =2, Y3 =0, and Y; = 2.

Firstly, the customer picks Y, 11 new dishes (not chosen by the previous n customers)
according to the distribution

{0+ )n} (0 + ),

k+y\ V.
P(Yn_l’_]_ —y | Kn) — < y) +1,k+y

k Vn k

)

where K, = k denotes the number of distinct dishes chosen by the first n customers, so
that K11 = Ky + Yot1. If i1 > 0, then the new dishes are associated with labels
Xy, for £ = K,, +1,..., Kpt1. Secondly, the (n 4 1)th customer may select some of the

previously chosen dishes X1,..., X} as encoded by the binary variables A,411,..., Anti ks
whose distribution is
in LTy — @
A Z ¢ Bernoulli 3.8
o] = (39

where my corresponds to the number of previous customers who selected dish X,. Higher
values of my correspond to a higher probability of dish X, being selected again.

This general buffet metaphor provides a simple sampling strategy for any Gibbs-type
feature allocation model; moreover, it offers a clear interpretation for the parameters 6
and «. Essentially, the posterior probability of observing the fth feature can be viewed
as the weighted combination of two factors: one representing the observed data and the
other reflecting prior beliefs, akin to a typical Bayesian updating rule. Specifically, for
(=1,...k:

my — o n . 0 «
P(An+1,€:1’Z) =t <_ >7

0+n :9+nm+9+n ]

where p; = my/n denotes the empirical frequency of the fth observed feature. When
a < 0, the quantity —«a /6 € (0,1) can be conveniently interpreted as the prior frequency
of a feature, while # assumes the familiar role of prior sample size. Small values of 8 > 0
suggest low confidence in the prior guess, and vice versa. In cases where a € [0,1), 0
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continues to control the relevance of prior beliefs, while —«a/# determines the extent of
(potentially negative) shrinkage on the probability of re-observing an old feature.

Finally, we point out that the buffet metaphor for the IBP, also discussed in Teh and
Gorur (2009), emerges as a special case. In the IBP, the predictive process is character-
ized by Y1 |~ ~ Poisson(y) and Y41 | K,,v ~ Poisson (y(6 + «)n /(6 +1),) for n > 1.
Moreover, as can be verified via Theorem 3.1 using V}, ;, from (3.3), the BB model leads to
Y1 | M ~ Binomial (M, —a/6) and Y, 41| Ky, M ~ Binomial (M — k, —a/(0 + n)), where
Binomial(ng, p) denotes a binomial random variable with parameters ng € IN and p € (0, 1).
Consequently, in a BB model, no new features can be displayed once K,, = M features are
observed.

3.2.2 DISTRIBUTION OF THE NUMBER OF FEATURES

We now investigate distributional properties of K, the total number of distinct features
observed in a sample of size n. Note that we can also express K, as Y1 + Yo + --- + Yy,
which is the summation of newly discovered features at each step of the buffet metaphor. In
ecological applications, the expectations E(K1), ..., E(K,) should be regarded as a model-
based rarefaction curve (Gotelli and Colwell, 2001; Zito et al., 2023), with the fundamental
difference, compared to species sampling models, that our approach is appropriate for
sample-based accumulation curves, and not individual-based. While these two frameworks
are not comparable, as they refer to different sampling designs, there are several analogies
between our work and Lijoi et al. (2007). For example, the following theorem describes
the distribution of K, for any Gibbs-type feature model, which is the direct equivalent of
a result of Gnedin and Pitman (2005) for species sampling models.

Theorem 3.2 (Number of features K,,). Suppose the EFPF is in product form (3.1) and
let o < 0. Then, the number of distinct features observed in a sample of n individuals, K,
satisfies, for any k > 0,

(6+a)n — <0>n}’“‘

(0%

P(K, =k)=V,k {
Alternatively, let g,(0,«) be defined as in (3.2), if « € [0,1) then for any k > 0,
P(Kp = k) = Vi {gn(0,0) (0 + 1)n_1}".

A preliminary version of this result is also presented in Battiston et al. (2018), up to some
further simplifications. In Sections 3.3-3.4, we will specialize the formulas of Theorem 3.2
for specific choices of V,, 1.’s, recovering well-known distributions. In Proposition 3.9 of the
Appendix, we also provide distributional insights for the statistic K, , for r € {1,...,n},
denoting the number of features appearing exactly r times among n individuals, thereby
defining K,, = K, 1 + --- + K, . Note that this is helpful to determine the law of the
number of rare features, i.e., features expressed only in a single individual, corresponding
to Kn,l-

Theorem 3.2 and Proposition 3.9 pertain to a prior: properties of K,, and K, ,. We now
consider the much more compelling problem of predicting the number of hitherto unseen
features K}(nn ) that would be observed in an additional sample of size m, conditioned on the
available data Z, i.e., a posteriori. In ecological contexts, this leads to the extrapolation
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of the accumulation curve (Zito et al., 2023), namely the expectations E(Kptm | Z) =
k+ E(K,(flZ ) | Z) for any m > 1. What follows is a key result of this work since we provide
the distribution of K,g? ) for any Gibbs-type feature model, analogous to the main finding
of Lijoi et al. (Proposition 1, 2007) for Gibbs-type species sampling models.

Theorem 3.3 (Number of hitherto unobserved features). Suppose the EFPF is in product
form (3.1). Then, the distribution of K | Z is such that, for any y > 0,

Pt =12) = (17 ) (04 1) (e, 0)

)

where, if a <0,

0+ a), ((O+a+n)n,
cunttre) = 8 (S ).
and if « € [0,1),

nan (0, ) = (0 + 1)n-1{gn+m(0, @) — gn (0, ) }.

The predictive distribution for Y, corresponds to the special case m = 1 in the above
theorem, as it can be easily checked. Moreover, from Theorem 3.3, it is evident that the
distribution of Ky(,? ) depends on the data Z only through the sample size n and the number
of distinct features K, but not on the feature counts my. In other words, the number of

)

observed features K, = k is sufficient for predicting K,(,? . This remarkable property is also
a characteristic of Gibbs-type priors (Lijoi et al., 2007). We refer once again to Sections

3.3-3.4 for tractable special cases of Theorem 3.3.

3.2.3 ASYMPTOTIC BEHAVIOR AND a-DIVERSITY

The « parameter of a Gibbs-type feature model plays a key role, as hinted by Proposi-
tion 3.1. We show that « identifies the asymptotic behavior of K, precisely as in Gibbs-
type species sampling models (De Blasi et al., 2015). In particular, as n — oo, the number
K,, converges to a finite random variable whenever o < 0, and it diverges when « € [0, 1).
Moreover, K, grows at a logarithmic rate when @ = 0 and at a polynomial rate when
a € (0,1). This behavior is well known for BB and 1BP models (e.g. Griffiths and Ghahra-
mani, 2011; Teh and Gorur, 2009), but it is in fact a general property of Gibbs-type feature
models, as the following proposition illustrates.

Proposition 3.2 (a-diversity). Suppose the EFPF is in product form (3.1) and let K,, be
the number of features observed in a sample of n individuals, as n — oo

(i) if a <0, then K, N M,
(i) if « =0, then K, /log(n) N v,
(iii) if 0 < a < 1, then Kp/n® ~% v T(0 + 1)/{al(0 + a)},

where the random variables M and vy have distributions P, and Py as in the mizture
representation of the weights Vy, 1. ’s described in Proposition 3.1.
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Summarizing, let ¢, (n) be a function such that co(n) = 1 if a < 0, ¢o(n) = log(n) if
a =0, and co(n) = n® if @ € (0,1), then, in general, K, /cq(n) N Sa, as n — 0co. We
call random variable S, the a-diversity of a feature allocation model, analogous to the a-
diversity introduced by Pitman (2003). The random variable S, is often of direct interest
in ecological problems, as it represents a synthetic biodiversity measurement. Naturally,
comparing a-diversities across different datasets makes sense only if they are based on the
same growth rate. Note that, for fixed values of a and 6, in the BB and I1BP models the a-
diversity is deterministic. In practice, the a-diversity is unknown, and it may be estimated
employing a prior distribution for M or -, which results in a Gibbs-type feature model
thanks to Proposition 3.1. Moreover, the posterior law of v and M may be obtained by
combining the prior density p.(dy) associated to P, or the prior probability distribution
pam(y) associated to Pys, with the EFPF of equations (3.2)-(3.3), giving respectively

py(dy] Z) o py(dy)7" exp {—vgn(0, @)},

@)y \ Y (3.9)
a1 2) s paa() 2 ()

fory = k,k+1,.... We note that under suitable choices for p-(d~y) and pas(y), the posterior
law corresponds to well-known distributions. Such a posterior distribution of S, also has
an elegant connection with accumulation curves, as shown in the following proposition.

Proposition 3.3 (Posterior law of the a-diversity). Suppose the EFPF is in product form
(3.1). Let K | Z be the number of hitherto unseen features and let Sq, be the a-diversity.
Then, as m — oo

Ky +k

ca(m)

z-Ls, s L5,z

Thus, the posterior law of S, coincides with the a-diversity associated with the ex-
trapolation of the accumulation curve K,gff ) + k| Z, providing an insightful alternative
perspective.

3.2.4 POSTERIOR CHARACTERIZATION

We conclude our theoretical investigation with another pivotal result: the determination
of the posterior distribution arising from model (3.6) of @ = ) i>14;0 %, given Z. This
posterior characterization of fi not only elucidates the learning mechanism underpinning
Gibbs-type feature models but also enables the simulation of arbitrary functionals of inter-
est associated with . Its availability also proves advantageous for Markov Chain Monte
Carlo algorithms when Gibbs-type feature models are employed as latent building blocks
of more complex models.

Posterior characterizations have already been studied for specific models. For the two-
parameter IBP, namely the beta process, Thibaux and Jordan (2007) used the conjugacy
result of Hjort (1990) to obtain the posterior distribution. For the 1BP with a € (0, 1),
namely the stable-beta process, the posterior can be deduced by carefully reading Teh
and Gorur (2009), which, in turn, is based on Kim (1999). Finally, for the BB model,
the posterior derivation is straightforward thanks to the independence among the ¢;’s and
the beta-binomial conjugacy. A systematic discussion for the broad class of CRMs priors
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for fi is provided in James (2017). Refer also to Camerlenghi et al. (2024) for related
findings. The following theorem applies to any Gibbs-type feature model, albeit with
notable simplifications forthcoming in Sections 3.3-3.4, where we discuss specific choices
for the priors of v and M.

Theorem 3.4 (Posterior distribution of f1). Suppose Z = (Zy, ..., Zy,) follows model (3.6),
then the posterior distribution of i, given Z, satisfies the following decomposition

il Z =2+, (3.10)

where p* < Zif:l qed0x, is a random measure such that g, £ Beta(my—a, a+0+n—my), for
0=1,....k, and X1,..., X} denote the observed features. Moreover, the random measure
p' in (3.10) is independent of u*, and its distribution depends on the value of c, as specified
below.

j=1
a+n) andf(]’- % Go, for j=1,...,M'. Moreover, M’—i—kgM\Z as in (3.9).

(i) If a < 0, then the random measure ji' | M’ = S22 ;0 %, where q; ~ Beta(—a, 6 +

it) If a« € [0,1), then the random measure p' |y ~ crRM(p'; Go) with updated intensity
7 p
p'(ds) = yT(1+0)/{T(1—a)T(0+a) s~ 1 (1= s) o n=1ds. Moreover, v/ < | Z
as in (3.9).

The previous distributional equality (3.10) decomposes the posterior distribution of
into two parts: p’ accounts for the newly observed features, while p* deals with those previ-
ously observed. Regarding the latter, the (n+1)th individual exhibits an existing feature X,
if Apy1,0=1, where each A1 10| qe nd Bernoulli(gy) and gy nd Beta(my—a, a+0+n—my).
By integrating out the g¢¢’s, we obtain A, 1¢|Z % Bernoulli ((my — a)/(6 4 n)), con-
sistent with the predictive structure (3.8). It is worth highlighting that the distribu-
tion of p* remains the same across all Gibbs-type feature models. However, u’ exhibits
structural differences depending on the specific choices for the V;,;’s. In the case of
a € [0,1), we observe that u' |y ~ CRM(p'; Go) benefits from a conjugacy property, as
the intensity measure p’(ds) characterizes a stable-beta process with updated parameters
(Y (a+6)n/(0+ 1)p,a,0 +n), a point noted by Teh and Gorur (2009) in the IBP case.

Simulating posterior samples for [i is straightforward. Initially, one needs to draw
values from M |Z or «|Z, which typically follow highly tractable distributions. Then,
conditioned on M or 7, both random measures y/ and p* are simple to sample from: p*
involves a finite number of beta random variables, as does ¢/ when o < 0. Even simulating
p' when o € [0, 1) is straightforward, as due to conjugacy, p’ follows a stable-beta process,
for which efficient sampling algorithms exist; see, for example, Teh and Gorur (2009).

3.3 GAMMA MIXTURE OF INDIAN BUFFET PROCESSES

3.3.1 PREDICTIVE STRUCTURE, NUMBER OF FEATURES, AND «-DIVERSITY

In this section, we discuss relevant special cases of Gibbs-type feature models within the
a =0 and «a € (0,1) regimes, where there are infinitely many possible features X j. We
define a new Gibbs-type feature model termed gamma mizture of IBPs by employing a
gamma prior for 7. Upon examining the posterior distribution in (3.9), it becomes evident
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that a gamma prior is conjugate, as its posterior remains gamma with updated parameters.
If v ~ Gamma(a, b), then the associated EFPF, obtained by integrating (3.2) with respect
to the prior density, follows a product form (3.1) and the weights are
1 b* (a)k
Vik = 77 k atk
k! {(9 + 1)n71} {b + gn(ez a)}

This Gibbs-type feature model has connections with the stable-beta scaled process of

(3.11)

Camerlenghi et al. (2024), which is, in fact, a special case of (3.11). In particular, a stable-
beta scaled process with parameters («,c,d) can be represented as a gamma mixture of
1BPs under the constraint § = 1 — a and prior distribution v ~ Gamma(c+ 1,d(1 — a)/a).
Such a hierarchical representation is not discussed in Camerlenghi et al. (2024), but it can
be proved by directly inspecting the EFPFs.

We now compare the 1BP of Teh and Gorur (2009) with the feature model (3.11), utilizing
the general findings from Section 3.2. The predictive laws of the 1BP and the gamma
mixture of IBPs follow by specializing Theorem 3.1, substituting the V;, ;’s of equations (3.2)
and (3.11), respectively, into the general formulas. As discussed in Section 3.2.1, the
predictive distributions of Gibbs-type feature models differ only in the law governing the
number of new features, whereas the law of the binary variables A, 411,..., Ayq1, already
described in (3.8), is the same. Thus, for the sake of brevity, here we concentrate on the
distribution of the number of new features Y, 1. Let Y ~ NegBinomial(ng, pig) denote a
negative binomial random variable with mean parameter pg > 0 and dispersion parameter
no > 0, where its probability mass function A" (y;no, po) o< p™ (1 — p)Y is defined for any
y € Ny, with p = ng/ (10 +no), so that E(Y') = o and Var(Y) = po + ug/no. Moreover, let
Y41 | Kpn,y be the number of new features for the (n+ 1)th individual in the IBP case, and
let Yy,+1 | Ky, be the same quantity for the gamma mixture model. Then, simple calculus
yields

0+ a)n
Yot ‘ Ky~ ~ Poisson (7((‘9_:8) )

k 0
Y41 | K ~ NegBinomial (a + k, @ (0 + a)n) .

b+ gn(0,) (04 1),

Additional distributional properties can be derived by specializing the results of Section
3.2 for the 1BP and gamma mixture of 1BPs. We summarize some of these properties in the
following proposition and refer to the Appendix for additional findings and simplifications,
such as the distribution of the number of shared features K, , or the sample coverage.

Proposition 3.4. Suppose the EFPF is in product form (3.1) with o € [0,1). Let K, |~
and Ky, be the number of features observed in a sample of n individuals for the IBP and the
gamma mizture in (3.11). Then, we have

K, | v ~ Poisson (yg,(0, o)) , K, ~ NegBinomial (a, (a/b)gn (6, )) . (3.12)

Moreover, let K,(#) | Z be the number of hitherto unseen features in an additional sample of
size m > 1, then for the IBP

K7(7?) ‘ Z, 0 Poisson (’7 (gner(‘ga Oé) - gn(9> Oé))) s (313)

whereas for the gamma mizture

K,(,?) | Z ~ NegBinomial (a +k, otk ] (gn+m (0, ) — gn (6, oz))) ) (3.14)

b+ gn(0,
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The results regarding the IBP have been deduced from the general theory outlined
in Theorem 3.2 and Theorem 3.3, albeit these results were already known. Indeed, the
distribution of K, | v has been determined by Teh and Gorur (2009), while the distribution
of K,(Jf ) | Z,~ has been unveiled by Masoero et al. (2022). Conversely, the results concerning
the gamma mixture are novel. The expected values of the number of features, also known
as rarefaction, are E(K,, |v) = vgn(0, @) and E(K,,) = (a/b)gn(0, ). The function g, (0, «)
has an interesting interpretation, being the expected value of the number of clusters in
a sample of size n from a Pitman—Yor process (Pitman and Yor, 1997) with parameters
(a,0). The o = 0 case corresponds to the Dirichlet process (Ferguson, 1973), reducing
to gn(0,0) = > 1 6/(0 + i — 1). This fact underscores once more the close relationship
between Gibbs-type feature models and Gibbs-type species sampling models.

One notable advantage of the negative binomial distribution derived from the gamma
mixture model is its ability to introduce overdispersion in K,. Furthermore, the poste-
rior distribution of K,(,? ) | Z,~, corresponding to the IBP case, remains independent of the
number of observed features K, = k, a characteristic that some may find unappealing.
In contrast, the negative binomial posterior for K%L ) | Z considers k, influencing both the
mean and variance of the distribution. Higher values of k result in overdispersion, which
is often desirable. The Bayesian estimators for the number of previously unseen features,

crucial for extrapolating the accumulation curve, are as follows:

E(ng) | Z, ’Y) =7 (gner(ea Oz) - gn(ea a)) ’

(K | 2) = g5 (e (01 = a6, ).
for the IBP and the gamma mixture of IBPs, respectively.

Recall that, as stated in Proposition 3.2, the parameter o controls the growth rate
of K, so that when a = 0, then K, /log(n) N v 6, whereas when 0 < a < 1, then
K, /n® N v I'(0 + 1)/{al'(§ + «)}. In the 1BP, the parameter =, and hence the a-
diversity, is deterministic (Masoero et al., 2022). Conversely, by definition, v follows a
priori a Gamma(a,b) in the gamma mixture model (3.11), which allows the Bayesian
learning of the a-diversity through its posterior.

Proposition 3.5. Suppose the EFPF is in product form (3.1) with o € [0,1) and the
Vo 's defined as in (3.11), so that a priori v ~ Gamma(a,b). Then, the posterior is
v| Z ~ Gamma(a + k, b+ g, (0, «)) and therefore the a-diversity, for o =0, is given by

()
K b+ gn(0,

z-L4s, S, 25,|Z~Gamma a+k,+97(0) :
log(m) 0

as m — 0o, whereas for a € (0,1)

K

mOé

d / ) d F(@-i- a)a
Z = Z ~ X
| Z — S., S, =S4 | Gamma <a+k:, {b+ gn(0,a)} T+ 1)

A consequence of the deterministic a-diversity in the IBP is that the width of the
credible intervals for KT(,? ) grows at a rate slower than m®. In contrast, the mixtures of
1BPs yield larger credible intervals, whose widths grow proportionally to m®, as highlighted

by the previous proposition. This difference can be observed in simulation study B of the
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Appendix: Figure 3.D.8 suggests that the IBP underestimates the uncertainty in predicting
the number of unseen features. Proposition 3.5 presents some of the first results concerning
the posterior distribution of the a-diversity for feature allocation models, with an early
contribution for the stable-beta scaled process being available in Camerlenghi et al. (2024).
Analogous findings for the Pitman—Yor species sampling model are given in Favaro et al.
(2009) when a € (0,1), while for the Dirichlet process (o« = 0) an interpretable and
tractable prior is proposed in Zito et al. (2024).

3.3.2 POSTERIOR CHARACTERIZATIONS AND NEGATIVE BINOMIAL PROCESSES

We specialize here the posterior characterization of Theorem 3.4 for the gamma mixture of
1BPs, which can be conveniently described in terms of negative binomial processes (Gregoire,
1984), whose use in Bayesian nonparametrics is still much unexplored. Building upon
Gregoire (1984), we say that i is a negative binomial random measure with parameter
a > 0, intensity measure p(ds) on R4 and diffuse base measure Gy on X, if i has Laplace
functional

—a

Efe— e J@)ildo)] {1 +/X/OOO [1 - e—sf(m)} p(ds)Go(dx)} , (3.15)

for any measurable function f : X — Ry. We will write i ~ NB(a, p; Go) and we assume
the intensity measure p(ds) is supported in (0, 1) as before. A negative binomial random
measure may arise by considering a CRM with random intensity measure ¢ p(ds), where ¢
is distributed as a gamma random variable with parameters (a, 1). Hence, the hierarchical
formulation for the gamma mixture of IBPs becomes

Zi | i ™ BP(j1), i1,

~ (3.16)
fi ~ NB(a, p; Go),

where the intensity measure is p(ds) = (1/b)T(1 + 0)/{T(1 — )T (§ + a)}s~*1(1 —
s)9te=1ds. The proof is shown in Section 3.B, but it is merely a consequence of mixing
the intensity measure of a completely random measure with respect to a gamma distribu-
tion. The following corollary of Theorem 3.4 characterizes the posterior distribution of the
process [i, given Z, in terms of negative binomial random measures.

Corollary 3.2. Suppose Z = (Z1,...,Zy,) follows model (3.16), then the posterior distri-
bution of fi, given Z, satisfies the decomposition fi| Z < w4 p* in (3.10), where p' and p*
are independent random measures such that p* is distributed as in Theorem 8.4, whereas
'~ NB(a + k, p'; Go), with updated intensity p'(ds) = 1/{b + gn(0,)}T'(1 + 0)/{T(1 —
a)T(0 + a)}s~o (1 — s)H0te—lqs,

3.4 GIBBS-TYPE FEATURE MODELS WITH FINITELY MANY FEATURES

3.4.1 PREDICTIVE STRUCTURE, NUMBER OF FEATURES, AND RICHNESS ESTIMATION

In species sampling models, mixtures of Dirichlet multinomial processes are an important
subclass of Gibbs-type priors (see, e.g. De Blasi et al., 2015), which include, for instance,
the models of Gnedin (2010); De Blasi et al. (2013). In feature allocation models, a similar
role is played by mixtures of BB models with M features, which corresponds to the a < 0
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case. These feature allocation models assume a finite number of features M, representing
the richness in ecological problems. The standard BB model assumes that M is known in
advance, although this is a critical parameter and object of inference. In the following, we
concentrate on two novel and tractable specifications: (i) M is a Poisson random variable
with parameter A > 0, referred to as Poisson mixture of BBs; (ii) M is a negative binomial
random variable with parameters (ng, 1), referred to as negative binomial mizture of BBs.
These random variables serve as the prior distribution for the richness, enabling its Bayesian
learning. We begin by providing the expressions for the corresponding EFPFs.

Proposition 3.6. If M ~ Poisson(\) in the mizture representation of Proposition 3.1,
then the model has EFPF in product form (3.1) and the V, 1 s are given by

I R

If instead M ~ NegBinomial(ng, uo), then the Vy, ;,’s are given by

v _<k+n0—1>{—a m }k<1_ 110 (c9+a)n>_"°_k< no >”
mk k (0)n po + 1o po+no  (0)n po+mno)

(3.18)

Clearly, the negative binomial mixture of BBs allows for a higher degree of prior un-
certainty regarding the total number of features M compared to the Poisson case, as the
negative binomial induces overdispersion. It is worth noting that the negative binomial
mixture of BBs may be obtained by choosing a gamma prior for the A parameter of the
Poisson mixture of BBs. Specifically, assuming M | A ~ Poisson(A), and A ~ Gamma(a, b)
is equivalent to having M ~ NegBinomial(ng, 1), with ng = a and pg = a/b. This pro-
vides a hierarchical justification for the negative binomial mixture of BBs: one may initially
consider the Poisson mixture model, but if there is uncertainty about A, then one could
learn it by employing a gamma prior, resulting in a negative binomial mixture of BBs.

We now apply the general results of Section 3.2 to the aforementioned mixtures of BB
models. For brevity, we focus solely on the number of features K,,, representing the rar-
efaction, and the number of hitherto unseen features K,(r? ) | Z, leading to the extrapolation
of the accumulation curves. It is worth reiterating that the predictive distribution Y,,4+1 | Z
involved in the buffet metaphor can be derived as a special case, setting m = 1 in the
distribution of K,(,;L ) | Z, which is a trivial task in the following formulas.

Proposition 3.7. Suppose the EFPF is in product form (3.1) with a < 0 and let p, (6, ) =
1—0+ a),/(0)n. If M is fized, corresponding to the BB model (3.3), then

K, | M ~ Binomial (M,p,(0,)), K™ |Z, M ~ Binomial (M — k, p(0 + n, )).
If instead M ~ Poisson(\), corresponding to model (3.17), then
K,, ~ Poisson (A p, (6, a)), K | Z ~ Poisson (Apy (6 + n, @) {1 — pu(6, a)}).
Finally, if M ~ NegBinomial(ng, po), corresponding to model (3.18), then
(

K,, ~ NegBinomial (ng, o pn (6, @)),
no+k
no/po + pn(0, @)

K" | Z ~ NegBinomial <n0 + k, Pm (0 4+ n, a){1 — p,(6, a)}) .
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Proposition 3.7 is the first result of this kind for feature allocation models with finitely
many features. Moreover, it underscores the high degree of interpretability and trans-
parency in Gibbs-type feature allocation models. Specifically, when M is deterministic the
prior expectation for E(K,, | M) = Mp, (0, «) depends on p, (0, «) = 1—(64+a),,/(0),. This
probability may be understood as the expected fraction of features observed in a sample of
size n, out of a pool of M possible features. This elegant interpretation holds true also for
the Poisson and negative binomial cases, as E(K,,) = Ap, (0, a) and E(K,,) = popn(6, ),
respectively, so that p,(0,«) can be read as the expected fraction of observed features
out of the expected total number of features A and pg. The conditional distributions for
K,(,? ) may also be expressed in terms of the probability 1 — p, (0, @), accounting for the
old features, and the “updated” probability p,, (6 + n,a), representing the future sam-
ple. If M is deterministic, the Bayesian estimator for the number of unseen features is
E(KT(#) | Z, M) = (M — k)pm(0 + n,«), in which p,,,(6 + n, «) is the expected fraction of
features in a future sample of size m, out of the remaining M — k features. In the Poisson
and negative binomial cases, where the total number of features M is learned from the
data, the predictive mechanism is more sophisticated. The Bayesian estimators for the
number of hitherto unseen features, under a Poisson and negative binomial prior for M,

are
E(K(n) ‘ Z) o )\pm(ﬂ +n, Oé){l - pn(97 Ol)}7 (POiSSOH Inixture),
" B Wﬁii}%ﬁmw +n,a){1 —pp(0,a)}, (negative binomial mixture).

Note that E(\ | Z) = (no + k)/{no/po + pn(0, )} is the posterior expectation of X in the
Poisson-gamma representation of the negative binomial, where pg/ng denotes the overdis-
persion. It is important to emphasize how the sampling information Z affects the dis-
tribution of the statistic K,(# ). In the Poisson mixture, the distribution of Kf,? ) depends
on the initial sample Z only through the sample size n. Conversely, under the negative
binomial mixture, Kff: ) also depends on the number of distinct features K,, = k observed
in the initial sample. Lastly, Proposition 3.7 offers a key motivation for adopting the pro-
posed mixtures of BBs over the standard BB model. In the latter, the uncertainty around

)

KT(,;L ) monotonically decreases for large values of m, and in the limit KT(,? degenerates to
a point mass at M — k. This eventual shrinkage of uncertainty is a very undesirable be-
havior. In contrast, under both the Poisson and negative binomial mixtures of BBs, the
variance of K,(# ) monotonically increases with m, yielding a more realistic representation
of uncertainty.

Finally, we study the total number of features M, i.e., the richness, which coincides with
the a-diversity, since K, 4y Masn — co. The posterior distribution of the richness is one
of the main quantities of interest in ecology and, as outlined in Proposition 3.3, it may be
equivalently obtained by extrapolating the accumulation curve, specifically by considering
lim,, 0o Kf,? ) + k| Z. For the BB model, the posterior distribution of M is deterministic,
since M is known a priori. This yields critical issues as highlighted in simulation study A of
the Appendix (Figures 3.D.4 and 3.D.5). For the proposed mixtures of BBs, the following
result can be easily proved using Proposition 3.7 and noting that lim,,—c pm(0+n, a) = 1.

Proposition 3.8. Suppose the EFPF is in product form (3.1) with o < 0. Then K,(??) | Z 4,
M with M'+k < M | Z, asm — co. Let pp(0,a) =1—(0+)n/(0)n, if M ~ Poisson(A),
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then
M' ~ Poisson (A(1 — p,(6,a)),

whereas if M ~ NegBinomial(ng, i), then

ng+k
no/ o + pn (8, a)

M' ~ NegBinomial (no + k, {1 —pn(6, a)}) . (3.19)

Note that, as before, the results have an appealing interpretation in terms of the proba-
bility 1 — p,, (6, o). The Bayesian estimators for the richness, under a Poisson and negative
binomial prior for M, are the posterior expectations

E+XM1—p,(0,0)}, (Poisson mixture),

EM|Z) =
(M]Z) {k + WM{I —pn(0,)}, (negative binomial mixture).

To make these formulas operative, one needs to specify values for A, 8, and « and possibly
for ng and pg. We remark that all these quantities have a very transparent interpretation.
Therefore, their elicitation may be based on prior information in many applied contexts.
In our numerical studies, we will propose an empirical Bayes approach to set the hyperpa-
rameters. Moreover, in the Appendix we investigate a fully Bayesian procedure in which
we specify suitable priors for the hyperparameters.

3.4.2 HIERARCHICAL FORMULATION FOR MIXTURES OF BETA BERNOULLI MODELS

We now specialize the general posterior characterization in Theorem 3.4 for the Poisson
and negative binomial mixtures of BB models. Recall that when o < 0 the underlying
random measure [i for any Gibbs-type feature model in the hierarchical representation
(3.6) can be described as | M = E;VZI 0%, with g; S Beta(—a,0 + a) and X; % Gy,
for some prior distribution M ~ Py;. When M follows a Poisson distribution, this can
be compactly expressed in terms of completely random measures. Specifically, in the the
Poisson mixture of BBs, the statistical model which induces the EFPF in equation (3.17)
may be written as

Zi| i Be(), i1 (3.20)
fi ~ crM(p; Go),

where the intensity measure p(ds) is finite since o < 0 and is proportional to the density
of a Beta(—a, 0 4 ) distribution p(ds) = A['(0)/{T(=a)T'(0 + a)}s~ (1 — s)/T2"1ds.
This result follows by a construction of completely random measures with finitely many
jumps §;j, whose number has a Poisson distribution (Daley and Vere-Jones, 2008). As for
the negative binomial mixture, the EFPF (3.18) is associated with the following statistical
model involving negative binomial processes:

Zi| i Be(f), > 1,

! (3.21)
fi ~ NB(ng, p; Go),

where p(ds) = (o/n0)T(0)/{T(—a)T(0 + a)}s~ (1 — 5)?T*~1ds. The proof of these
results is straightforward, but it is provided in Section 3.C for completeness. The following
corollary is a consequence of Theorem 3.4, and it characterizes the posterior distribution
of fi in both cases.
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Corollary 3.3. Suppose Z = (Zy,. .., Zy) follows models (3.20) or (3.21), then the poste-
rior distribution of [, given Z, satisfies the decomposition [i| Z < w4+ p* in (3.10), where
w' and p* are independent random measures such that p* is distributed as in Theorem 8.4.
Under model (3.20) ' ~ crM(p'; Go), with updated intensity p'(ds) = AL'(0) /{T'(—a)T' (6 +
a)}s7o7 (1 — )0t te=lds, whereas under model (3.21) p' ~ NB(ng + k, p'; Go), with up-
dated intensity p'(ds) = 1/{ng/po+pn(0,a)}T(0)/{T (=)' (0+a)}s 21 (1—s)0+mHa1ds,

The relevance of this corollary is mostly theoretical. In practice, to simulate a pos-
terior value for fi one relies on the hierarchical representation of Theorem 3.4, given the
availability of the posterior for M given in Proposition 3.8. However, this posterior result
unveils the central role of abstract constructions, such as completely random measures and
negative binomial processes, even for allocation models with finitely many features. For
example, it reveals that the lack of dependence on K, = k in the predictive structure of
K,(ff ), in the Poisson mixture model, follows because i is distributed as CRMs, as explained
in James (2017) and Camerlenghi et al. (2024).

3.5 MODEL FITTING AND SIMULATION STUDIES

3.5.1 ELICITATION OF THE HYPERPARAMETERS

We describe here an empirical Bayes approach to selecting the hyperparameters, albeit
other Bayesian strategies could be considered. As for the two mixtures of BBs, we suggest
to maximize the EFPF (3.1) of a BB model, obtained with V;, ;’s as in (3.3). This procedure
provides us with an estimate & and 6 of the values of o and 6, together with an estimate M
for the total number of features M. Then, in the Poisson mixture we set A = E(M) = M,
whereas we set jg = E(M) = M in the negative binomial mixture of BBs. We remark that,
differently from the Poisson mixture, the negative binomial mixture also allows us to specify
the variance of the prior distribution on M. We argue that such variance should just reflect
the practitioner’s degree of uncertainty around the prior guess E(M), possibly performing
a sensitivity analysis for it. In our simulated scenarios, available in the Appendix, we
will consider additional choices of the prior expectation E(M) for the mixtures of BBs,
instead of specifying it through the data-driven approach just described. In such cases, we
estimate the parameters o and 6 by maximizing the model-specific EFPF, that is (3.17) for
the Poisson mixture, with A = E(M), and (3.18) for the negative binomial mixture, with
po = E(M) and ng such that the desired prior variance is obtained.

Along a similar argument, for the mixtures of 1BPs we firstly propose to maximize the
EFPF (3.1) with V,,4’s as in (3.2) to find an estimate & and 0 for the parameters «, 0,
together with an estimate 4 for the total mass . Secondly, we choose the parameters of
the prior for v by enforcing the condition E(v) = 4. In particular, for the gamma mixture
of 1BPs, we assume v ~ Gamma(a, b) and we set ¥ = E(y) = a/b. Similarly to the negative
binomial mixture of BBs, the prior variance of v can be specified according to the user’s
preferences, possibly exploring different values for robustness checks.

Finally, we remark that a fully Bayesian approach might be adopted, instead of the
proposed empirical Bayes one. This consists of assuming prior distributions for parameters
« and 6 for all the mixtures. We exploit such a fully Bayesian approach in the real data
analysis of Section 3.E.2, where we also show that posterior inferences obtained with the
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two procedures are coherent.

3.5.2 MODEL-CHECKING

A preliminary step of our simulation studies and applications consists in the choice of
the best model: either mixtures of 1BPs or mixtures of BBs. The decision between the
two classes pertains to the analyst. We propose two approaches to guide the selection of
the best class of models: (i) a pair of visual procedures; (ii) a quantitative criterion for
establishing which class of mixtures best fits the data. As for (i), the first check relies
on comparing the observed values K1, ..., K, with the expected values E(K1),...,E(K},)
under different models. Since the observed values K1, ..., K, refer to a particular ordering
of the observations, in place of K1,..., K,, we will consider the in-sample accumulation
curve K7, ..., K], obtained by averaging the number of distinct features over all possible
orderings of the data. The second informal model check is based on the statistic K, ,, i.e.,
the number of features observed with prevalence r > 1 in a sample of size n. To assess
the model performance, we compare the observed values K, 1, ..., K, and the expected
values E(K, 1), ..., E(Ky7), until a certain 7 < n, under different models’ choices. While
the empirical curves are always obtained from the data, the expected values depend on
a, 6 and the prior mean of M (resp. <) if a mixture of BBs (resp. IBPs) is selected. As
a consequence, if we adopt the empirical Bayes approach described in Section 3.5.1 for
parameters elicitation, then all the mixtures of BBs (resp. IBPs) have the same rarefaction
curve and the same curve E(K, ), for r = 1,...,n. By visual inspections, the previous
model checks provide an indication of whether the mixtures of BBs or the mixtures of 1BPs
may be appropriate for the problem at the hand, which is the ultimate goal of our model
selection.

For a quantitative comparison of the goodness-of-fit between the two classes of mixtures,
we rely on the (minimum) deviances of the BB model and the IBP model, as representatives
within the two classes. Given an observed dataset Z and a model described by parameters 6
(referred to as hyperparameters in our Bayesian setting), the (minimum) deviance is defined
as D(0) = —21log L(Z |0) = —2logmp(my, ..., my | ), where £ denotes the likelihood of
the model, i.e., the EFPF in our case, and 0 is the maximum likelihood estimate of 6.
We suggest to compute the (minimum) deviances of the BB and the 1BP model, and the
one yielding the smaller deviance is selected. Notably, since both models involve the
same number of hyperparameters, comparing deviances yields the same conclusions as
comparisons based on standard model selection criteria such as the Akaike information
criterion (AIC) and the Bayesian information criterion (BIC).

In general, we expect the conclusions drawn from the visual inspections of the curves
and the quantitative information criteria to be consistent. We will show that the two
criteria consistently support the same model selection decisions across all our simulation
studies and real data analyses.

3.5.3 OVERVIEW OF SIMULATION STUDIES

The goal of the simulation studies is to showcase the prediction abilities of our models
under different experiments. We stress that the class of Gibbs-type feature models with
finitely many features also allows to perform inference on the total number of features M,
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corresponding to the a-diversity. Specifically, in ecological applications, such quantity is
referred to as taxon richness, which is a natural measure of biodiversity, as we will highlight
in applications.

In Section 3.D, we extensively discuss three main simulation studies (A, B and C) to
test the performance of our models. For each simulated dataset, we fix the parameters
of the models via the empirical Bayes approach described in Section 3.5.1. As a second
step, we apply the model-checking approaches we presented in Section 3.5.2 to conclude
that either the mixtures of BBs or the mixtures of IBPs may be assumed to be correctly
specified for the data at the hand. Experiments A and C correspond to situations where
our model-checking clearly indicates that mixtures of BBs can be assumed to be correctly
specified. Consequently, the assumption of finite species richness is plausible. Conversely,
in experiment B, mixtures of 1BPs best fit the data according to our model-checking pro-
cedures. In all the cases, we focus on the prediction of the number of unseen features
in an additional sample of size m. We present the predictions obtained via the selected
models and compare them with a variation of the Good-Toulmin estimators (GT) from
Chakraborty et al. (2019). Additionally, in experiments A and C, we also compare with
the well-known frequentist estimator from Chao et al. (2014), that is specifically designed
under the assumption of finite species richness. Our simulation studies indicate that the
estimator of Chakraborty et al. (2019) exhibits poor predictive performance and stability
issues as m grows. In general, our models show good predictive abilities, often outperform-
ing the competitors. In experiments A and C, we also address the estimation of the species
richness M and its uncertainty quantification. In this regard, our experiments highlight
that the negative binomial mixture of BBs is usually more robust than the Poisson mixture
under bad prior guesses on M.

3.6 ASSESSING DIVERSITY IN ECOLOGICAL APPLICATIONS

The quantification of biological diversity is a central aspect of many ecological studies and
an active research focus of ecology, due to its importance in many conservation strate-
gies, in monitoring and management projects (Chao et al., 2014). The most commonly
employed and basic metric for biodiversity in a community is undoubtedly the species
richness, namely the total number of species in the assemblage. Besides, another insight-
ful characterization of the biological diversity of the assemblage may be provided by the
asymptotic growth rate of the extrapolation curve KT(,?) +k|Z, form=1,2,..., and the
associated a-diversity (refer to Proposition 3.3 of Section 3.2.3). In addition, these kinds of
extrapolation problems are commonly faced in order to assess whether it is worth investing
additional resources in looking for possibly new species. Specifically, ecologists may be
interested in how many new species they are going to observe if they sample a number m
of additional plots. Based on such estimation, they might decide not to further analyze
additional plots in the region if they expect to record a number of new species that are not
worth the additional resources they are required to invest. Such information is naturally
and straightforwardly available within our Bayesian framework, described by the posterior
distribution of the statistic K,(,ff), for m > 1.

Here, we illustrate how we address the aforementioned ecological research questions for
two real-world datasets, which present different structural characteristics. We discuss the
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adequacy of the Poisson and negative binomial mixtures of BBs and the gamma mixture of
IBPs, where the parameters are estimated via the empirical Bayes approach described in
Section 3.5.1. Prediction and inference are then faced using the most appropriate model,
selected through the model-checking described in Section 3.5.2. For a more exhaustive as-
sessment of the models’ predictive ability, we perform a data-holdout experiment in Section
3.E.1, where all the models are trained on half of the observed data, and predictions on
the withheld data are compared. These analyses further support the decisions on model
selection obtained through the two proposed procedures. In Section 3.E.2, we also report
posterior inferences obtained when we adopt a fully Bayesian approach for parameters’ elic-
itation, showing that it leads to similar results obtained via the empirical Bayes procedure
described in Section 3.5.1.

3.6.1 VASCULAR PLANTS IN DANISH FOREST

We consider the data collected in Mazziotta et al. (2016a) concerning the forest of Lille
Vildmose nature reserve in Denmark. Here, for each of the 102 forest plots object of
the 2013 monitoring campaign, the species incidence (presence-absence) for four organism
groups, i.e., epiphytic bryophytes, epiphytic lichens, vascular plants, and wood-inhabiting
fungi, are measured. For the purpose of illustration, we focus on vascular plants, also
analyzed in Mazziotta et al. (2016b), where k& = 215 distinct species are recorded on the
n = 102 plots. In Figure 3.E.1 of the Appendix, we also report the taxon accumulation
curve, which has clearly not yet reached convergence, thus the richness is certainly expected
to be larger than the 215 observed species.

In order to assess whether mixtures of BBs (finite species richness) or mixtures of IBPs
(infinite species richness) are more appropriate in this context, we rely on both the visual
inspections of the model-checking tools we introduced in Section 3.5.2 and the quantitative
assessment through the comparison of deviances. From the plots of Figure 3.2, we argue
that the mixtures of 1BPs, which assume infinitely many features, are plausible models for
such data, and are definitely more suitable than mixtures of BBs. This claim is further

~

supported by the comparison of deviances, with the BB model yielding D(8) = 10320.1
compared to D(é) = 10312.4 for the 1BP model. Therefore we focus on the gamma mixture
of 1BPs, and we consider two possible prior variances for v, i.e., Var(y) € {1,100}. From
Proposition 3.5, the asymptotic growth rate of the curve Ky(,?) +k|Z, form =1,2,...,
is of order m®, with an estimated rate of & = 0.17, and the posterior a-diversity S/, is
gamma distributed; the expected value of S/ equals 186.48 for both the choices of the
prior variance of 7, but we get Var(S!) = 58.3 if Var(y) = 1, and Var(S)) = 158.9 if
Var(y) = 100.

The extrapolation problem is addressed in Figure 3.3, where we report the expected
values and the 95% credible intervals for the total number of species that might be observed
in m additional plots, given the observed collection of n plots, i.e., KT(,? ) + k| Z, with
k = 215. The posterior point estimates are similar for the two selected prior variances,
while the variability increases as the prior variance of  increases.

To provide a more quantitative answer to the extrapolation problem ecologists might be
interested in, we report in Table 3.1 the expected values and the credible intervals for the
number of new species that are going to be observed if a number m of additional plots is
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Model - - Mixtures of BBs Mixtures of IBPs Model - - Mixtures of BBs Mixtures of IBPs
o e
L
200 P AN
P N
e 30 \°\
e N
- N
(7] 7 o N
o 190 2 10 o,
S e N
T 7 & o N .
R ’ . N
/ = e -\ o o
° 100 7 € ~
£ 1 3 o | 1 . .
k7 4 e o.\ eem oo
2 . -
iS) K N
** 14 1 » oo k\ou - @
50 I3 \
1 \
1 \
\
0.3 \
\
0
0 20 40 60 80 100 1 3 10 30
# observations r

Figure 3.2: Left panel: the empirical accumulation curve (black dots) and the rarefaction
curve of the models (blue and orange dashed lines). Right panel: the observed values
of K, , (black dots) compared with the expected curve E(K, ,) of the models (blue and
orange dashed lines). The right plot is in log-log scale; the orange (resp. blue) curves are
identical for all the mixtures of 1BPs (resp. BBs).
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Figure 3.3: Expected values and the 95% credible intervals for Kéff) +k|Z, with k = 215,
for the gamma mixture of 1BPs. The extrapolation horizon is m = 1,...,400.

examined, for some values of m. Both the choices for the prior variance of v in the gamma
mixture of IBPs lead to the same point-wise estimates: if ecologists are considering whether
to analyze additional plots in the region, they should expect to find 6.50 new species if
they sample additional m = 10 plots. Differences between the two gamma mixtures are
visible for m € {100, 1000} in terms of their credible intervals.
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Table 3.1: Expected values E(KSLI ) | Z) and 95% credible intervals (in brackets) for the
statistic Kr(,?) | Z, for m € {1,10,100,1000}, for the vascular plants in Mazziotta et al.
(2016a).

Gamma mixture of 1BPs (n = 102, k = 215) m=1 m = 10 m = 100 m = 1000
Prior variance Var(y) =1 0.673 [0,3] 6.50 [2,12] 50.1 [36,65] 204 [172,237]
Prior variance Var(y) = 100 0.673 [0,3] 6.50 [2,12] 50.1 [35,66] 204 [166,244]
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Figure 3.4: Left panel: the empirical accumulation curve (black dots) and the rarefaction
curve of the models (blue and orange dashed lines). Right panel: the observed values
of Ky, (black dots) compared with the expected curve E(K, ,) of the models (blue and
orange dashed lines). The right plot is in log-log scale; the orange (resp. blue) curves are
identical for all the mixtures of 1BPs (resp. BBs).

3.6.2 TREES IN BARRO COLORADO ISLAND

As a second illustration, we analyze the presence-absence dataset of tree species in n = 50
plots of one hectare in Barro Colorado Island, for a total of &k = 225 observed species. The
data are publicly available in the VEGAN package in R. In terms of richness estimation,
exploring the taxon accumulation curve, reported in Figure 3.E.4 of the Appendix, we may
argue that it has not reached convergence yet, though the growth is rather slow. Overall,
the species richness is expected to be larger than the 225 observed species.

In order to select which model best fits the observed data, we perform the usual model-
checking we introduced in Section 3.5.2. The visual inspection of Figure 3.4 suggests that
the mixtures of BBs can be considered correctly specified for such data, while the mixtures
of 1BPs are not. This preference for the mixtures of BBs is further supported by the

comparison of deviances: D(6) = 10245.6 for the BB model, compared to D(8) = 10266.9
for the IBP model. Differently from the vascular plant data analyzed in the previous section,
we thus claim that it is reasonable to assume that the species richness is finite. Hence we
focus on the Poisson and negative binomial mixtures of BBs, as for the latter, we analyze
two choices for the prior variance of M, i.e., Var(M) = po X ¢, for ¢ € {10,100}. In such
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contexts, the species richness represents the most natural measure of biodiversity of the
assemblage, therefore there is interest in estimating it. In the left panel of Figure 3.5, we
report the posterior distribution of the species richness M, for the different mixtures of
BBs. Specifically, the expected species richness is equal to 296.13 for the Poisson mixture of
BBs, with a credible interval equal to [280,313]. For both the negative binomial mixtures,
we get an expected species richness of 296.17, with credible intervals [278, 316].

Model — Poisson BB NegBinomial BB x10 — NegBinomial BB x100 Model [ -] Poisson B8 NegBinomial BB x10 [ -| NegBinomial BB x100

250

0.04

200

0.03
150

0.02

# distinct features

50
0.01

280 290 300 310 0 100 200 300 400
# distinct features # observations
Figure 3.5: Left panel: posterior distributions of the species richness M for different mix-

tures of BBs. Right panel: expected values and 95% credible intervals for K,(ff ) + k| Z, for
different mixtures of BBs.

As far as the extrapolation problem is concerned, Figure 3.5 (right panel) reports the
expected values and the 95% credible intervals for the posteriors K™ 4k | Z, for m =
1,...,400, where kK = 225. It can be noted that the expected number of new features
grows rather slowly with the size of the additional sample m; moreover, from Proposition
3.3, we remark that such a sequence Ky(,f) +k|Z, m=1,2,..., converges to the posterior
distribution of the species richness M. As we have just discussed, all the mixtures of BBs
that we have fitted provide an expected richness of around 296.

We finally report the numerical values of expected values and the credible intervals for
the number of new species that are going to be observed if a number m of additional plots
are sampled, for some values of m. All the mixtures of BBs fitted here provide the same
point-wise estimates as well as the same credible intervals for m € {1, 10,100}: if ecologists
are considering whether to analyze additional plots in the region, they should expect to
find 0.41 new species if they sample additional m = 1 plots, 3.66 new species for m = 10
and 19.4 new species for m = 100. Moreover, the credible intervals are [0,2] for m = 1,
[0,8] for m = 10 and [11,29] for m = 100. We can spot a difference among the models
for m = 1000: the expected number of new species is 41.8, with credible intervals equal to
[30, 55] for the Poisson mixture and [29, 56] for the negative binomial mixtures.
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3.7 DISCUSSION

In the present chapter, we analyzed Gibbs-type feature models, namely those models ex-
hibiting an EFPF in product form (3.1). We argue that this class stands out among
feature allocation models, similar to Gibbs-type priors, which play a fundamental role
within species sampling models. We provided a comprehensive distribution theory for
this class of models and a plethora of results in closed form. Additionally, we discussed
two noteworthy examples: mixtures of IBPs and mixtures of BBs. While the first class
assumes an infinite number of features in the population, the latter can be adopted
when the total number of features is supposed to be finite. We also proposed coher-
ent methods for parameters’ elicitation and model selection. Finally, we have empha-
sized the importance of our findings in addressing ecological problems, such as estimating
biodiversity and quantifying species richness. The code is available online at the link:
https://github.com /LGhilotti/ProductFormFA.

Our contribution paves the way for several research directions. First, recall that we
introduced a class of Gibbs-type feature models for exchangeable observations. However,
in some applied problems, data are divided into different, though related, groups and the
assumption of partial exchangeability would be more appropriate. Hence, an interesting
direction for research involves defining and investigating feature allocation models in the
presence of multi-sample data. This constitutes the main focus of our contribution in Chap-
ter 5. Although numerous models are available for partially exchangeable data within the
species setting (Quintana et al., 2022), analogous developments within the feature alloca-
tion framework remain relatively scarce; see, e.g., Teh and Jordan (2010) for a few early
examples. Secondly, Gibbs-type feature models are natural tools for modeling biodiversity
when focusing on a single level of the Linnean taxonomy, such as family, genus or species.
However, in modern sampling designs, each statistical unit often comprises a collection of
L different taxa, which are organized in a nested fashion; see, e.g., Zito et al. (2023). As
a crude exemplification, one might consider using a separate Gibbs-type feature model for
each layer of the Linnean taxonomy. However, this approach would overlook the rich and
informative nested structure of the data. Bayesian nonparametric models for such data are
underdeveloped even for species sampling models, and there is ample room for new ideas
and theoretical developments. Thirdly, a potentially impactful ramification of our results
pertains to the usage of Gibbs-type feature models as a building block of more complex
hierarchical models, i.e., when employed as a latent component. We refer to Griffiths and
Ghahramani (2011) for a general discussion. Among the potential applications of Gibbs-
type feature models, it is worth mentioning their role in Bayesian factor analysis, in which
M, in our notation, would represent the number of factors. The IBP has been successfully
used in this context to incorporate sparsity for instance to model gene expression data
(Knowles and Ghahramani, 2011). A further example is given by Ayed and Caron (2021),
who explored suitable extensions of the IBP to discover latent communities in network data.
Our work provides several alternatives to the IBP for Bayesian factor models and related
applications. It is also worth mentioning that the mixtures of BBs, unlike the traditional
IBP or the BB, enable the incorporation of prior opinions on the number of latent factors
in Bayesian modeling. Work on these problems is deemed to be future research.
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APPENDIX

ORGANIZATION OF THE APPENDIX

The Appendix is organized as follows. In Section 3.A, we prove all the general results
of Section 3.2, valid for any Gibbs-type feature model. In addition, in Section 3.A.4
we provide general distributional results for the statistic K, ,, denoting the number of
features appearing exactly r times across n individuals. Section 3.A.5 specializes the general
distribution theory for K, , under the Poisson and negative binomial mixtures of BBs and
the gamma mixture of 1BPs. Section 3.B (resp. Section 3.C) contains all the proofs and
details of Section 3.3 (resp. Section 3.4). Our simulation studies are reported in Section
3.D. Finally, Section 3.E includes additional plots referring to the ecological applications
presented in the main body; moreover, in Section 3.E.2, we also propose a fully Bayesian
approach for parameters’ elicitation, alternative to the empirical Bayes one described in
Section 3.5.1. We apply such a fully Bayesian approach to the two real data scenarios of
Section 3.6 in comparison with the inference obtained via the empirical Bayes procedure.

3.A PROOFS OF SECTION 3.2 AND ADDITIONAL RESULTS

3.A.1 PROOF OF THEOREM 3.1

In order to determine the predictive distribution, we have to pay attention to the ordering
of the new features. More precisely, if K,, = k, there are (kzy) possible ways to order the
new Y, 1 = y observed features with respect to the first K, ordered features. By taking
into account this combinatorial coefficient, the predictive law equals

(k:y)ﬂnﬂ(ml +ay,...,mp+agl,...,1)

TI'n(ml, . ,mk)

pn(y7a1, R 7ak) =

where the number 1 at the numerator is repeated y times. The numerator corresponds to
the probability of the feature allocation induced by the observed sample Z and Z,, 11, by
considering all the possible orders of the y newly observed features. Besides, the denomi-
nator is the probability distribution of the feature allocation induced by the sample Z. By
substituting the specific expression of the EFPF in product form (3.1), we obtain

k + y) Vit1 k+y )y - mz+ae 1(0+ a)ns1-m,—a,
,Aly...,0AK) = .
n(y ) < k Vn k n H m,g—l (9 + a)n—mg

By observing that

(0 + )n+1-my—a,
(0 + a)n—m,

(1 - O‘)mg—‘rw—l

(1~ @)1 = (0 +a+n—mg) ",
mye—

- (mf - a)ae’
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we get the following expression:

k l—a
E+y\ Vatikty y k me —a\ " my — o ¢
n(Y, a1, ..., = —_— 1-—
Paly, @, k) = ( k > Vs {0+ )} (0 +n) ZHI 0+n 0+n

k
_ k+y\ Vot kty y k my —«
_( ' > (0 0+ [T (s

and the thesis follows.

3.A.2 PROOF OF COROLLARY 3.1

The corollary easily follows from Theorem 3.1. Indeed, the sample coverage equals

k 1
Vo my — o
P(Yy1=0|2)= > pn(0,a1,. .. a) = “’“9+ 11D %(ag, £ )
/=1

(ar,...,a1,)€{0,1}* a,=0

Vi1 k
= TniLk g
Vs (0 +n)

where we have marginalized out the probability of observing old features from the predictive
distribution.

3.A.3 PROOF OF THEOREM 3.2

We start by proving the following lemma, which provides the probability distribution of
K, for any exchangeable feature allocation model admitting an EFPF.

Lemma 3.1. For any feature allocation model admitting an EFPF, the probability distribu-
tion of K, is

PK,=k)= Y Wn(ml,...,mk)<£l> <£k>

mee{l,...,n}
(=1,...k
Proof. The event {K, = k} corresponds to the union of all feature allocations of the
type Fy, = (Bn,1,...,Bnk), where my = |B,, 4| takes any value in the set {1,...,n}, for
any ¢ = 1,...,k. For a specific configuration of (mq,...,my), there are several feature
allocations F;, such that my = |B,, 4|, as £ =1,..., k. Indeed, there are (szLl) different ways
to choose the indexes in the set [n] to define By, 1, similarly there are (7;12) different ways
to choose the set B, 2, etc.. Hence, the probability of observing all feature allocations
having predetermined block sizes (mi,...,my) equals m,(m,... >mk‘>(£1) . (WZ) As a
consequence, the probability P(K,, = k) can be obtained by summing over all the possible
configurations of the vector (my,...,my) € {1,...,n}*. O

We now exploit Lemma 3.1 to find the probability distribution of K, for any Gibbs-type
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feature allocation model:

k
n
P =1 = S Ve J[0 - aha0+ b ()
my€e{l,...,n} =1 ¢
l=1,.. ,k
0019 h UERUSE
= 1me= 1

k
= Vn,k

; (n> (1= a)ica (6 + )i

We now consider the case a < 0 and a € [0,1) separately.

Case a < 0. For these values of «, the last sum in (3.22) can be expressed as

zn: (?) (1-a)i—1(0+a),— = m Zn: <1Z> (—a)i(0+ a)p—i + (Qza)".

i=1 i=0
Thanks to the Chu-Vandermonde identity, we obtain

'l —a) —~\1 ! a a

and the thesis follows for o < 0.
Case a € [0,1). For positive values of a, the sum in (3.22) can be expressed as

- N (\TGE—a)T(@+a+n—i) T(0+n)
Z< ) 1— ) 1(9+Q)nz—z<i>r(1_a) (0 + a) "T0+n)

=1 =1

_ I'(0+n) " /n , '
B F(l—a)F(9+a)Z<Z~>B(l—0479+a+n—z),

i=1
where B(a,b) denotes the Euler’s beta function evaluated at a,b > 0. Thanks to the

integral representation of the beta function, one obtains:

n

G I Y PR —

- .
~Ta E(j);(gl o) /leal( oty <n) <1 - x)ldx

=1

= ra E(ae)—;(?;)—i— ) /1$_a_1(1 e ) 1} &

I
- E(ae)lt(z)m) /le_a_l(l +astn- 1[<11 ) ] =
—(

_ '@ +n) l—a— a—
_F(l—a)F(¢9+a)/0x (A=) - (1o de

By virtue of the following equality

—_

n—

1—(1—x)":x2(1—x)i,

1=0
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we obtain

'@ +n)
Ni—a)r@+«

] /01 R - m)“o‘*l 1—(1—2)"dz
__ T(0+n) R o
_F(l—a)r(0+a)/m FI-1(] )0+ 12 1—a)

I'(0 +n) —atl-1( O+ati—1
= « a+1 d
'l —ao)l'0+ «) Z/ ~2) v

n—

B '@ +n) Z F(i+9+a)f‘(1 —a)
T -0+ ) — L(i+6+1)

B ['(6+n) z”:F(i—i—H—i—a—l)F(l—a)
CTA-a)l(0+a) & I'(i+0)

CT(O0+n) = (0+a)i—1 0+ a)i—1
re+1) ; 0+1)i—1 6+ Do ; (0+1)i—4

3

and the thesis follows by substituting the previous expression in (3.22).

3.A.4 DISTRIBUTIONAL RESULTS FOR THE NUMBER OF r-SHARED FEATURES K, ,

Here we provide distributional results for the statistic Ky, ,, where r € {1,...,n}, denoting
the number of features appearing exactly r times among n individuals. We start by proving
the following lemma, which provides the probability distribution of K, , for any feature

allocation model admitting an EFPF.

Lemma 3.2. For any feature allocation model admitting an EFPF, the distribution of K, ,

equals
P(Kn,r = y)

n\? = k by n

:<T> mn(r, ..., )+ Z <> Z ﬂn(r,...,r,ml,...,mky)H<m>
kg1 N ety =1\
me#r
l=1,...k—y
(3.23)

where (r,...,r) in the previous expression is a vector of length y.

Proof. The event {K, , = y} corresponds to all random ordered feature allocations of the
type F, = (Bn1,-- -, B k), where k > y and there are exactly y sets out of the B,, ;’s with
cardinality r.

Consider k > y, and suppose that the first y sets are those with cardinality r, i.e., | By, ¢| = T,
forall£=1,...,y, and that the remaining sets By, y 1/, as £ = 1,..., k—y, have cardinalities
mg € {1,...,n}, where my # r. There are (7) different ways to choose the indexes in [n]
to construct each of the first y blocks B, ¢, as £ = 1,...,y. Analogously, there are (7:;)
different ways to define B), y1¢, as £ = 1,...,k —y. Thus, the probability of observing all
feature allocations having the first y(< k) blocks with cardinality r equals

n\? ([ n n
Tp(Ty oo rym, o My_y) )
r mi Mp—y
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The previous probability refers to all the feature allocations where the first y blocks have
cardinality r, it is apparent that we have to multiply by the factor (z) to take into account
all the possible rearrangements of the y blocks with cardinality ». When k = y, the proba-
bility that all the blocks of the feature allocation have cardinality r equals m,(r,...,7) (:f)y,
where (r,...,r) is a vector of length y. The expression of P(K,,, = y) can be obtained by
summing the previous probabilities when k& > y:

P(Kpy=y) =mn(r,...,7) <n>y+

r

i Z <];>7Tn(r,...,r,m1,...,mkw(:)ylﬁ;(;;)

k=y+1m,e{l,...,n} (=1
meF#r
ﬁ:l,,k—y

and the thesis now follows. O
We now state our main result of the section by specializing the previous lemma to the
class of Gibbs-type feature allocation models.

Proposition 3.9 (Number of r-shared features K, ;). Suppose the EFPF is in product form
(3.1). Then, for any k > 0,

k oo

P(Kpy = k) = { (:f) (1—a)_1(6+ a)n_r} ZO <j . k) Vi jerltur (6, a) 1,
where, if @ <0, "
bor (6, 0) = —(002" L@ 20‘)” _ (Z) (1= ) 1(0+ a)r,

whereas, if a € [0,1),
n
r

thr(0, ) = (0 +1)p—1 gn(0,a) — ( >(1 —a)r—1(0 + @)p—p.

Proof. We exploit Lemma 3.2 to evaluate P(K,, , = y) for the Gibbs-type feature allocation
models. A plain application of Equation (3.23) leads to

y
P(Kn,r = y) = [( )(1 - O‘)rfl(g + Cl)nr}

n
T

. {v ; 2 (T e X I ()1 hmea(o+ a>n-mz}

sz{l,...ﬂ’L} /=1
me#Er
0=1,....k—y

= [(Na-arm@ran]

X i <z -yF y) Viery| D (:‘) (1—a)i_1(6+ a)m] Z

2=0 ie{1,...,n}
£

g (7) (1—a)i—1(0 + @)p—i — <:> (1—a)r1(0+ )n_,

z
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We can now apply a similar strategy as in the proof of Theorem 3.2 to get the expressions
for the case a < 0 and a € [0, 1). O

3.A.5 ADDITIONAL SPECIALIZED RESULTS FOR NOVEL MODELS

The general expression for the number of r-shared features K, , presented in Proposition
3.9 can be specialized in the case of gamma mixture of 1BPs and Poisson and negative
binomial mixtures of BBs, leading to standard and well-known probability distributions.
In the following proposition, we report the specialized results for the mixtures of BBs.

Proposition 3.10. Suppose the EFPF is in product form (3.1) with o < 0 and let by, (0, ) :=
—a(M)(1 = a)r—1(0+ a)p—r/(0)n. If M is fized, corresponding to the BB model (3.3), then

Kn,r

M ~ Binomial (M, by, ) .
If instead M ~ Poisson(\), corresponding to model (3.17), then
K, » ~ Poisson (A - by, ) .
Finally, if M ~ NegBinomial(ng, po), corresponding to model (3.18), then
K, ~ NegBinomial (ng, o - bnr) -

For the gamma mixture of 1BPs, the prior distribution of K, , is described in the next
proposition.

Proposition 3.11. Suppose the EFPF is in product form (3.1) with a € [0,1) and dy,, =
(M@A = a)r—1(0 + @) T(0 + 1)/T(0 + n). If v is fived, corresponding to the IBP model
(3.2), then

Ky, |y ~ Poisson (7 - dy) -

If instead v ~ Gammal(a, b), then
Ky, ~ NegBinomial (a,a/b - dy ).

3.A.6 PROOF OF THEOREM 3.3
We start by proving the following lemma, which provides the probability distribution of

Ky(,?) | Z for any feature allocation model admitting an EFPF.

Lemma 3.3. For any feature allocation model admitting an EFPF, the distribution of
K | Z equals

k+y 1
k) mp(ma,...,mg)

y k
X Z Z 7Tn+m(m1+Cl,...,mk—|—Ck,7’1,...,’l“y)H <::> H (Z)
=1

r«€{l,....m} c¢,€{0,....m} r=1
t=1,...,y

PRl = u12) = (

=1,...,
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Proof. We denote by F,, = (Bp1,...,Bnk,) the random ordered feature allocation cor-
responding to the random sample Z, and by f,, the observed value of F;,. Thanks to the
correspondence between Z and F),, as explained by Broderick et al. (2013), we have

P =y, Fy = f)

P(K™ — 4| Z) = , 3.24
(K =) 2) = =5t (324)
where we observe that P(F,, = f,,) = m,(ma,...,my). Denote by (Bpmn1;-- -, Bmini) the
random ordered feature allocation which refers to the old features, and by (By,4n k415 - - - » Bm+n7k+y)

the random ordered feature allocation corresponding to the y new features. In order to
evaluate the probability at the numerator in (3.24), we need to evaluate the probability
that the aforementioned random ordered feature allocations satisfy:

(1) (Bm4n,1s---,Bmink) is consistent with the initial F,, in the sense that each set
By 4, contains the my indexes of the corresponding By, s, as £ = 1,..., k;
(ii) each set in (Bm4n,1;-- -, Bmink) contains ¢, indexes from {n+1,...,n+m}, for all

the possible choices of ¢y € {0,...,m}, as £ =1,...,k;

(iii) the sets Byyink+1,-- - s Bmtnk+y, corresponding to the new features, contain r; in-
dexes out of the set {n+1,...,n+m}, for all the possible choices of r; € {1,...,m},
ast=1,...,y.

We note that B,, ¢ can be chosen in (Zf) different ways, as £ = 1,...,k, because this is
the number of possible ways to select ¢y indexes among {n+1,...,n+m} of the subjects

displaying feature £. Besides, By, r+¢ can be chosen in ( ) dlfferent ways,ast=1,...,y.
The probability of observing random ordered feature allocations satisfying (i)—(iii) equals

Y k
m m
7Tn+m(m1+C1,-~-,mk+0k,7“17~-,7“y)H( )H(c)

,
=1 Nt/

We finally observe that there are (kﬂ’) possible ways for ordering the y new features among
the k old features, as a consequence one has:

1
P(KM =y | Z) =
(Ko vl 2) n(ma, ..., mg)
Y b k+y
X Z Z 7Tn+m(m1+Cl,...,mk+0k77’1,..., H( ) (C[)( )
re€{l,....,m} ce€{0,...,m} r=1 /=1
t=1,...,y l=1,....,k
and the thesis follows. O

We now concentrate on the posterior probability distribution of Kj, ™) in Gibbs-type
feature allocation models. By virtue of Lemma 3.3, one has:

k+y Votm b+
P(KW — | Z) = ATy — )y, ntm—r
(K = y| 2) (k )mml,. DD H ) ree1(8+ Dpmr,

Y re€{l,..,m} t=1
t=1,.. ,y

S H() — Wt er1 (0 + Oty

CZE{Oy 7m}£ 1
=1,k

(3.25)
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First, consider the following sum

Z H( ) (I=a)m+c—1 0+ ) ntm—m,—e, _HZ ( ) (1=)myter—1(0+) ntm—m,—c,»

ce€{0,.. ,m}f 1 l=1c,=
£_7 7

by observing that
(1= Dmpter—1 = (1 = @)m,—1(my — ),
and
0+ )ntm—my—c, = (0 + O)pem, (0 + €+ 1n —Mmp)m—c,,
the Chu-Vandermonde identity implies

k
H Z < ) - mg—i-cz— (0 + a)n+m me—cy — H [(1 - a)mz—l(e + a)n—mg (9 + n)m

{=1ce= /=1

By exploiting the previous identity and the expression of the EFPF (3.1), the probability
of interest (3.25) boils down to

m Yy
k Yy ‘n m,k m
(n) _ +m,k+y k - ) )
P( Km y| Z) < 1 )th’k (9 + n)m [izgl ( ; )(1 04)171(9 + a)nerz] .

(3.26)
We now consider separately the two cases a < 0 and « € [0, 1).
Case a < 0. For such values of «, we observe that
1
(1—-a)i—1 = —a(—a)i and (0 + @)ptm—i = (0 + a)n(0 + @ + 1)y,

and, thanks to the Chu-Vandermonde identity, one has

Z <77) (1—a)i—1(0+ Q)pim—i = —é(@ + ) [(0+n)m — (0+a+n)y].
i=1

The result for o < 0 follows by substituting the previous expression in (3.26).

Case a € [0,1). Asfor a € [0, 1), the sum appearing in (3.26) can be rewritten as follows:

m

L (m B m\T(i—a)TO@+a+m+n—i) T(O@+m+n)
;<i>(1—a)i—1(9+a)n+m—i—;<i>r(1_a) Tt a) T tmn

N r(l_a)p(9+a);<i>B(Z—a,9+a+m+n—z).

We can now use the integral representation of the beta function to get

i (7) (1—a)i—1(0+ a)pim—i = F(I;(ﬁ Z)TIZL(ZZ)@) i <Tj> /01 FmaL(] = g)ftetmin-iclg,

i=1 i=1

- iy f, 12 () ()
- r(li(f Z)T;(;j:)a) /01 27071 — ) tectmin=l Kl —+ 1)m - 1} d
L' +m+n)

1
= ey J, T (s
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By virtue of the simple identity

m—1
1-1-x)" xz 1—3:
1=0

the previous expression becomes

m

Z <WZ) (1 —a)i-1(0 + @)ntm—i

i=1

L0 +m+n) L. +1-1 O+a+n—1 - i
— « 1— a+n 1—2)d
r(1—a)r(9+a)/0 v (1-2) ;( @)de

m—1

_ 1“(1(9 +m ;—:_L Z /1 potl- 1 )9+a+n+i—1dl,
— Oé Oé 0

1F(i+9+a—|—n)F(1—a)
IF'i+60+n+1)

T +m+n)
T - )0+ a) —

F@+m+n) ~=T(i+0+a+n—1IT1-a
( ) Z ( F(i—i—@—l—n))( )

TO+m+n) o= (0+a)ii1 0+ Q)i
= 0+ Vgt Y 2L
r(0+1) ; O+ Dpyic1 Jmt IZ (0 + Dnyi

- y~ (0 a)nriza
=0+ Dn-1(0 +1)m ; (0 + V)nti

and the thesis for a € [0,1) follows by substituting this expression in (3.26).

3.A.7 PROOF OF PROPOSITION 3.2

The asymptotic behavior of K, follows by specializing the asymptotic distribution of K,(ff ),
determined in Proposition 3.3, when n = 0 and m is replaced with n. One may also prove
this result by working along the same lines as in the proof of Proposition 3.3.

3.A.8 PROOF OF PROPOSITION 3.3

We prove the theorem for a < 0, @« = 0 and « € (0, 1) separately.

Case o < 0. This choice corresponds to a mixture over M of a BB model. We first observe
that, in the case of a BB model with parameter M, the posterior distribution of the number
of hitherto unseen features KT(# ) | Z, M has a binomial distribution given by

(9+a+n)m>

K,(,;‘)|Z,M~Binomial(M—k,1— oEy
n)m

This result is a simple consequence of Theorem 3.3 that can be obtained by substituting
the expression of the V,, ;’s of a BB model with parameter M, displayed in Equation (3.3).
Thus, by letting p,, (0 + n,a) =1 — (0 + o+ n)p /(0 + n)m, the characteristic function of
K,(,?) | Z, M, denoted here as ‘IJ%L), equals

T (t) = [1 = pp (0 + 1, Q) + p (0 + 0, )] F (3.27)
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for any ¢ € R, and i is the imaginary unit. Note that lim p,,(6 + n,a) = 1, indeed we
m—r0o0

have:
O+a+n)ny F0+a+n+m) '+ n)
(0 m0)=1— LT -
pm(6 +n,0) @+ ) T@+a+n) TO+n+m)
_ L'(0 +n) o o
I Fatasn ™ o),

where we have used the asymptotic expansion of ratio of gamma functions (Erdélyi and
Tricomi, 1951), and the little-o notation. Since o < 0, the limit of p,, (0 + n, «) goes to 1,
as m — +oo. Thus, for all ¢t € R, the limit of the characteristic function in (3.27) equals
. (n) (1) — it(M—k)
i W (8) =
in other words, it holds K\ | Z, M -% M — k.
Now, consider a prior distribution for the parameter M having probability mass function

)

Py, and denote by <I>£,2L the characteristic function of K;,?) | Z for this statistical model.

We can now compute the limit of the characteristic function for any ¢t € R:

lim ®M(t) = lim E [e“Kféi” yz} = lim E [E [e“Kfl” |Z,M] \Z}

m—o0 m—r0o0 m—0o0

and note that ¥ (t)=E [e“Kfﬁ) | Z, M ] is the characteristic function under a BB model.

Since | o (t) | <1 and li_n>1 o (t) = e*M=F) the dominated convergence theorem
m—0o0
implies

lim @™ () = E [e“W )| Z] .

m
m—00

Therefore, Kq(ﬁl ) | Z does converge in distribution to the random variable M — k| Z <M ,
as m — +oo. Note that M’ is almost surely finite since M is a priori almost surely finite,
and the posterior distribution of M equals

0+«
(©)n

Case o = 0. This case corresponds to a mixture over 7 of a two-parameter IBP model.

pm(y| Z) o (y z!k)! ( )n> g1, WP (y)-

We first assume that « is a fixed parameter, and we focus on the asymptotic behaviour of
the sequence of random variables K}(nn ) /log(m) | Z,~, as m — +0o0. As a consequence of
Theorem 3.3, by substituting the expression of the V, ;,’s of a two-parameter IBP displayed
in Equation (3.2), it follows that

K" | Z,~ ~ Poisson <792(n—|—9—|—i— 1)_1> .

=1

Denoting with ™ the characteristic function of K" /log(m)| Z,~, it holds that

v (4) = E [exp {itK,(,;‘) /1og(m)} | Z,’y]

= exp {’yﬁzm: (n+0+i—1)"1. <eit/log(m) - 1) } ,

i=1
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for any t € R, and ¢ stands for the imaginary unit. We observe that, as m — +oo

U (1) = exp {’y@ > (n+0+i-1)7" - [it/log(m) + O(log(m)~?)] } ,
i=1
where we have used the big-O notation. Moreover, as m — 400, it is easy to see that

m

Z (n+60+i—1)""/log(m) =1+ O(log(m)™ 1),

i=1
as a consequence, for any t € R, the characteristic function satisfies
lim U (¢) = ™0,
m—r0o0
In other words, we have shown that Kg)/log(m) | Z,~ N ~0.

Now, we consider a prior distribution for the parameter v having density function p,,
and we focus on the point-wise convergence of the characteristic function of the random
variable K" /log(m)| Z, denoted here as . To this end, let t € R and evaluate the
following limit

lim @™ () = lim E [exp {itKﬁ,;ﬂ/log(m)} \z}

m—00 m— 00
= n%gnoo E [E [exp {ithg)/log(m)} | Z,y} | Z] .

Note that W(" (t) = E [exp {itK,g?)/log(m)} \Z,’y} is the characteristic function under

the two-parameter IBP model. Since ]\Ilgff) (t)] <1and lim o (t) = ¢ the domi-
m—0oQ

nated convergence theorem implies

lim ®M(t) = E [emﬁ | Z] ,

m— 00

therefore K" /log(m) | Z does converge in distribution to the random variable v | Z, and
the thesis follows.

Case a € (0,1). We consider the limit of the characteristic function of K /m*| Z,
denoted with @%), for a mixture over v of a three-parameter IBP model with parameters

(7,0, 0):
Tim () (t) = lim E [exp {z'tK;;U /ma} |Z}
= lim E [E [exp {itK,(,?)/mo‘} |Z,y} |Z} .

m—o0
Note that E [exp {itKr(,ff)/mo‘} |Z,7} corresponds to the characteristic function of the

random variable Kr(r? ) /m® | Z,~ for the three-parameter 1BP. (Masoero et al., 2022, Propo-
sition 2) show that K&l)/moﬂz,’y L% ¢, with € = AI(0 + 1)/(al'(f + «)). Thus, as
m — 00, we get
E [exp {itK,gff)/ma} \Z,*y} — €',
By an application of the dominated convergence theorem, we obtain
. ; (O +1) re+1)
lim () (t) = E || 2] = E 12Tz = g (L
mgnoo m ( ) € | P OéF(H—l—Ck) | vz OéF(H—i-Oé)

where ®, | 7 denotes the characteristic function of 7 | Z, and the thesis follows for a € (0, 1).
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3.A.9 PROOF OF THEOREM 3.4

We prove the theorem for o < 0 and « € [0, 1) separately.
Case a < 0.

We preface a Lemma to provide the hierarchical representation of the BB process. We
remark that the following is an alternative construction of the BB model in Battiston et al.
(2018) and Griffiths and Ghahramani (2011).

Lemma 3.4. The BB model with parameters (M, o, 0) may be equivalently described in the
following hierarchical form
), i>1

2&
E?

213
(3.28)

=
Il

<
Il
-

0%,

where §; are i.i.d. beta random variables with parameters (—a,0 + o) and X'j w Gy, for
j=1,...,M.

Proof. We show that the EFPF induced by the model (3.28) is the EFPF in (3.1) with V}, ;s
in (3.3) characterizing the BB model. Assuming model (3.28), introduce the n x M binary
matrix Z , whose generic element Zz-j is defined as Zij = Z,-(Xj). In particular, Zij =1if
subject ¢ possesses feature j, Zij = 0 otherwise. It holds that the entries of the matrix Z

are distributed as

Zij|@; ™ Bernoulli(g;), i>1,j=1,..., M,
~ iid

g; ~ Beta(—a,0+ ), j=1,...,M.

Indeed, let 2 € {0,1}"*M a generic realization of Z, then

P(Z=%d1,....q HH“”l—qﬁz”—H”’l—@"m% (3.29)

Jj=1l:=1

where m; = " | Z;;. The marginal distribution of Z results in

P(Z:é):/P(Z 2| q, HHI (1= )G - - dgs

_ r'() |
_<F(—a)F(9+ n+9> HF Fin =m; o+ 0).

The EFPF corresponding to Z, can be evaluated by taking into account the (]\lf ) possible

ways to place the null columns of Z, thus obtaining:

Ta(my, ... ,my) = (f)P(Z = 2)

:<J‘k4> <F(_Q)F(9F+<6) n+9> Hr T(n —m; +a+0),

which corresponds to the EFPF in (3.1) with V,, ;’s as in (3.3). O
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We now need to provide a posterior representation of the latent measure f in Lemma
3.4. In particular, assume that k features have been observed in Z, with labels X1, ..., X.
Moreover, assume that each observed feature X, has been displayed in my, subjects, for
¢ =1,...,k. Among the M atoms of fi in model (3.28), k atoms of the posterior ran-
dom measure fi| Z are necessarily Xi,..., Xx. The remaining M — k atoms of fi| Z are
drawn independently from the prior. Specifically, the posterior distribution of fi | Z may
be characterized as

ilZ =+,

where p* = Zlgzl qedx, accounts for the k observed features and p/ = Z;‘i{k q;0 % de-
scribes the remaining M — k possible features, with )N(]’ PN Go, for j=1,...,M — k. The
joint distribution of q;-’s and ¢,’s can be obtained by multiplying the likelihood function
(3.29) with the prior distribution of the ¢;’s, which are independent beta random vari-
ables with parameters (—a, 0 + «). Thus, an application of the Bayes theorem leads to
qe ‘nd Beta(my — a,aa + 0 +n —my), as £ = 1,...,k, and q} o Beta(—a,a + 0 + n), for
j=1,...,M — k.

Point (i) of Theorem 3.4, valid for any mixture of BBs, follows by conditioning on M
and applying the just discussed distributional equality for the posterior distribution of fi.
Case a € [0,1). This corresponds to the IBP case, where [i|~v is a stable-beta process
with intensity measure given by (3.7), namely:

I(1+6)

p(ds) = PYF(I — T 0+ 0) sTOH(1 — s)fter1ds. (3.30)

Thus, conditionally on +, the posterior representation in (ii) follows from (James, 2017,
Theorem 3.1), which provides a characterization for general CRMs. More precisely, one has

- d
il Z = p 4
where p* and p/ are independent random measures such that:
(1) u' ~ crM(p'; Go), with p'(ds) = (1 — s)"p(ds);

(2) the random measure p* = Z?Zl qedx, is almost surely discrete, where the X,’s are
the distinct feature labels out of the observed sample Z, and ¢;’s are independent
random variables with density

Far(ds) o< (1= 5)"~™ 5™ p(ds)
asfl=1,...,k.

By substituting the specific expression of p (3.30) in the previous characterization, part
(ii) of the theorem easily follows.

3.B  PROOFS OF SECTION 3.3

3.B.1 DETAILS FOR THE DETERMINATION OF (3.11)

Here we show that the gamma mixture of 1BPs has a product form EFPF with weights V;, 1’s
as in (3.11). To this end, we integrate the product form EFPF in (3.1)-(3.2) with respect
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to the parameter v ~ Gamma(a, b):

a

k
1 Y k—’yg b —1_—~b
Sy, om) = | = — (1= @)mye1(0 + Q) a—1=7bg
T (M- i) /0 k!<(9+1)n—1) V1A= )10+ ™)) ¢

=1
b il k
T R @0+ D }F /0 Y exp{—7(gn(6, @) + b)}dy g(l — g1 (0 + )i,
_ b L'k +a) i
T RT(@){(0+ Dn_1}*  (gn(6,a) + b)kta g(l = ®)m,—1(0 + Q)n—m,
_ b (a)k ﬁ(l (04 a)
T K0+ Dn_1 5 (gn(0, @) + b)kta H me—1 n—my-

It is easy to observe that the last expression is an EFPF of type (3.1) where

V. b (a)g
TR0+ 1)1 (90 (0, @) + b)FFa

3.B.2 PROOF OF PROPOSITION 3.4

The distributions of K, in (3.12) follow by specializing Theorem 3.2 with the two specifi-
cations (3.2) and (3.11) for V}, ;. Analogously, the posterior distributions for K™ in (3.13)
and (3.14) follow from Theorem 3.3.

3.B.3 PROOF OF PROPOSITION 3.5

From Equation (3.9), it is easy to see that the posterior distribution of | Z is a gamma
with parameters (k + a, g, (6, a) + 1), since p, is a gamma density with parameters (a,b).
Thus, we also remind that the characteristic function of v | Z equals

B gn(e’ Oé) +b k+a
1 2(1) = <gn(0,a)+b—it> '

We now consider the case & = 0 and a € (0, 1) separately.

Case a € (0,1). By an application of Proposition 3.3, K( /m® | Z converges in distri-
bution to 4I'(0 4+ 1)/(al'(0 + «)) | Z, whose characteristic function equals

k+a
r'@+1) gn(0,a) +b
@ r+1) Z( ) q),Y|Z (t > = -
RS CERS) | af‘(@ + a) gn(ea a) +b— Ztarl‘ﬂ((eet-lo)z)

which is the characteristic function of a gamma random variable with parameters (k +
a, (gn (0, ) +b)I'(0 + o) /T (0 + 1)), as stated.

Case a = 0. By virtue of Proposition 3.3, one has that K /log( )| Z converges in

distribution to 6 | Z, whose characteristic function equals

B - gn(0,0)+b k+a
q’wz(ﬂ = (I)“1|Z (t0) = (Qn(e,o) +b—itf

which is the characteristic function of a gamma random variable with parameters (k +
a, (gn(6,0) +0)/0), as stated.
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3.B.4 PROOF OF EQUATION (3.16)

We need to show the equivalence between the hierarchical formulation of the gamma
mixture of 1BPs and the formulation (3.16), which relies on the negative binomial pro-
cess. More specifically, we consider the stable-beta process with parameters (v, a, 6), i.e
iy ~ crRM(p'; Go), where p’ is as in (3.7)

T'(1+0)
"TA— )T +a)

p(ds) = sl — s)(”a*lds,

and we choose a gamma prior with parameters (a,b) for . The Laplace functional of the

resulting random measure [ equals

La(g) = [ — [ 9(@)ii(dz) } —E [E [e_ Jx 9(@)i(dz) |7H —E [exp {— /01/X (1 = e_sg(m)) Pl(dS)Go(dif)}]

e ) B )

for any measurable function ¢ : X — R,. Thus, by integrating with respect to v, the

Laplace functional of ji boils down to

< / / _Sg(x) b (1 ES);‘_(Z)—F ) s (1 - 8)9+a_1dsG0(dx)> 7a,

Therefore, fi is distributed as a negative binomial process with parameters (a, p; Go), where

1 I'(1+6)
bT(1— )0+ «)

p(ds) = 5771 — 5)fFeT1ds,

3.B.5 PROOF OF COROLLARY 3.2

It is sufficient to specialize part (i) of Theorem 3.4 and to show that the measure p/,
which appears in the posterior representation, is a negative binomial process. In order
to do this, we now compute the Laplace functional of i/, and we show it coincides with
the Laplace functional of a negative binomial process of type (3.15). For any measurable
function g : X — R, we evaluate

[ ~ f9(@) dz)] [ [e—fxgw)u'(dx)wﬂ
[eXp{ / / (1= F(He%(f_la()lrzesie:;ﬂ1dSGo(dw)}]’

where we used the fact that p’ |+ is a CRM characterized by the intensity measure

/ L'(1+0) —a—1 n+6+a—1
1— ds.
7 (1 —a)F(G—I—a)S (1-s9) §

72



Chapter 3. Bayesian analysis of product feature allocation models

We now integrate out +’, which equals in distribution to the posterior v | Z ~ Gamma(a +
k,b+ gn(0,a)). Therefore, the Laplace functional under study boils down to

E [67 Fe g(w)u’(dw)]

= /OOO exXp {_’7/ /01 /X (1= i - S)Jrr(?+ 5° 0 3)9+a+n_1dSG°<dx)}
(ol

k+a
dn 6’ a) + b) + k+a*1€7(gn(07a)+b)7dfy
I'(k+a)
—k—a

— <1+ /0 1 /X (1—6_59(’”)>p'(ds)Go(da})> : (3.31)

where we have set

I'(1+6)

. _a_lj[— 04+a+n—1 )
Ti—ar@+a)’ 179 ds

p'(ds) == (gn(8,0) + )"

We note that the expression in (3.31) is the Laplace functional of a negative binomial
process (3.15) with parameters (k + a, p’; Go). Thus, the thesis follows.

3.C PROOFS OF SECTION 3.4

3.C.1 PROOF OF PROPOSITION 3.6

We first concentrate on the proof of (3.17). We integrate the EFPF of a BB process (3.3)
with respect to M ~ Poisson(\):

wn(ml,...,mk)zch) (M) <9+O‘ )MH Ye1(6 + Q) WH}Z

M>k /=1

- () ()

k M-k
< [T = @)m,-1(0 + nm, Y (Ml—k)!)\M_k (W)

(=1 M>k

e () ()

k
X Zl_[l(l — @)my—1(0 + @) p—m, €xXp {)\ o,

(=1

It is now easy to realize that
TI'n(ml,..., = nkH mz 10+Oé)n mye

where V), i, is as in (3.17).
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Now, we move to the proof of (3.18). As before, we consider the EFPF in product form
of a BB process, as specified in (3.3), and we integrate out M, distributed as a negative
binomial random variable with parameters (ng, o). Throughout the computation, we also
set p = no/ (o + no) so that the negative binomial is parametrized with respect to ny and
the success probability p. The EFPF equals

Tn(my,...,my) = Z <J\]j><(9_7_0;) ) (9—1—@ ) H Yme—1(0 + @) p—m,

M>k =1
7'7,01_
><< v >p( p)
n, —o k
ZH Yme—1(0 + @) p— mz’PO<W>

(=1

(M +mnp—1 0+ a),\M
% no_lvz + - )((1—]9)7( (Z)n)) ;

where we have simply rearranged all the terms. By a simple change of variable we get

k . —a Ak
ﬂ'n(mla“'v H mf—l 9+a)n me " P <m>

1 Z (M+k+n0—1)!((1 )(Q—i-a)n)M—i-k.

e -p
| —_ | |
B(ng — 1)1 2= M ©),

Since a < 0 and a + 6 > 0, we have

0+ a),
(0)n

thus, it is easy to rearrange all the terms and recognize the probability mass function of a

0<(1-p) <1,

negative binomial random variable in the summation over M. More precisely, we have

Tn(mi,...,m ﬁ )mp—1(0 + @), - P"° ((_a)>k

e 0+ o),
E O G

I
-

e () (00 )

o (k + 720 — 1) <1 —(1-p) (Q(Z)j)n)—k—no

y Z <M + k]\;no — 1) ((1 ) (H(Jg)j)n)M(l -y (e(g)j)n)mno.

M=>0

)
)

The sum in the last expression is equal to 1 because this is the sum of the probability
masses of a negative binomial distribution with dispersion parameter k& + ng and success

74



Chapter 3. Bayesian analysis of product feature allocation models

probability 1 — (1 — p)(0 + «),/(0),. Thus, we get

= 00 () (1

" <l<:—|—no— 1) (1_ (1_p)(9(40—)c:)n)—k—no

(1= a)me—1(0 + @) p—m,

which is exactly in product form and V;,  is as in Equation (3.18).

3.C.2 PROOF OF PROPOSITION 3.7

The distributions of K, follow by specializing Theorem 3.2 with the specifications of the

(n)

weights V,, 1.’s for the three models. Analogously, the posterior distributions of Ky,” follow

from Theorem 3.3.
3.C.3 PROOF OF PROPOSITION 3.8

It follows from the general Theorem 3.3 by considering the case a < 0. The posterior distri-
bution of M | Z easily follows from (3.9), by plugging-in the correct prior probability mass
function pps. Specifically, for M ~ Poisson(\), pas is a Poisson probability mass function;
for M ~ NegBinomial(ng, 110), pas is a negative binomial probability mass function.

3.C.4 PROOFS OF HIERARCHICAL REPRESENTATIONS (3.20) AND (3.21)

Using the hierarchical representation of the BB model provided in Lemma 3.4, we first note
that the Laplace functional of the BB model with parameters (M, «, 0) can be written as

M
i 1
~ e *fxg(x),u( x) —sg(z —a—1 o \O+a—1
L;(g) =E|e [// B adia) (1—2s) dsGo(dx)] 7
(3.32)

for any measurable function g : X — R.
Consequently, in order to derive representation (3.20), it is sufficient to integrate out
M ~ Poisson(\) in the expression of the Laplace functional (3.32):

o

_ exp{ {1 - / / ~sgle a10+a)s—a—1(1 —s)9+°‘_1dsG0(dx)]}

_exp{ // (1= o) a19+a)3_°‘_1(1—s)9+°‘_1dsG0(dx)}

and this is the Laplace functional of a CRM with intensity measure as in (3.20). Similarly,
for the negative binomial prior on M, we end up with the Laplace functional of a negative

binomial process with parameters as in (3.21).
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3.C.5 PROOF OF COROLLARY 3.3

The corollary follows from Theorem 3.4 by specializing the result for a« < 0 in the case
of a Poisson or a negative binomial prior for M. We first concentrate on the case M ~
Poisson(\). Since in the posterior representation (3.10), p/ and p* are independent, we
need only to evaluate the Laplace functional of x/. Observe that p' | M’ < Zj\il q;0
be seen as the random measure associated with a BB model with parameters (M’, o, 0 +n),
moreover M’ + k = M | Z. Therefore, by a suitable adaptation of Equation (3.32), the

Laplace functional of 4/, for an arbitrary measurable function g : X — R, equals

¢, can
Xj

L.(9)=E [E [e— Je9(@) (dw) | M,H

oo 1 ) .
= —sg(x) —a-1(] _ g\0+nta-1 d (4
o [/X/O ‘ B(—a,6 +n—|—a)5 (1-3) dsGo( 1:)] e (t)
(3.33)

where py denotes the probability mass function of M’. The posterior of M’ has been

characterized in Proposition 3.8, where we showed that M’ ~ Poisson (A(1 — p, (0, a)),
with p,(6,a) =1 — (0 + a)n/(0)n. Thus, we get

_ ! —sg(x A <9+Oé>n —a— n+oa—
£ulg) = e {= [ [ e g P S O e asGan |

that is the Laplace functional of a CRM with intensity measure

T(0)

PAs) = = T+ )

—a—1 (1 o S)n+0+a_1d5.

When M has a negative binomial distribution, then py; in (3.33) coincides with a
negative binomial distribution as specified in (3.19), i.e., for t = 0,1, ...,

t+no+k—1 . N n
par) = (1 TE T 00 o
where we have set
* Mo
L(0,a) =1—(1—p,(0,a .
Phl.0) =1 (1= pu(f.0)) E0
Thus, simple calculations show that the Laplace functional of p’ boils down to
! 1 1—p:(8,a) ~(no+k)
L., -1 1— —sg(x) n\">» —a=l] _ g\0+nta-1g Go(d ]
w(9) { +/0 /x( ST ey R I Go(de)

We recognize that the previous Laplace functional is the one of a negative binomial pro-
cess NB(ng + k, p'; Go), with

Ho

P(e) +n v — —

"(ds) = . Ho+no a=1¢1 _ n+0+a 1d )

Ps) = o0 Ta) - m @an® (179 y
to+no  (0)n

Thus, with simple rearrangements of the terms one may realize that the intensity p’ is the
one specified in the statement of the corollary, i.e.,

') . 1
D(—a)T(0+ @) no/po + pn(f, )

pl(ds) — Sfafl(l _ 8)n+0+a71d8.
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Model - - Mixtures of BBs Mixtures of IBPs Model - - Mixtures of BBs Mixtures of IBPs
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Figure 3.D.1: Case n = 250. Left panel: the empirical accumulation curve (black dots)
and the rarefaction curve of the models (blue and orange dashed lines). Right panel: the
observed values of K, (black dots) compared with the expected curve E(K, ,) of the
models (blue and orange dashed lines). The right plot is in log-log scale; the orange (resp.
blue) curves are identical for all the mixtures of IBPs (resp. BBs).

3.D SIMULATION STUDIES

3.D.1 SIMULATION STUDY A

We consider a true data generating process with H = 600 total features, having occurrence
probabilities 7, kK = 1,..., H, set as follows: 200 features have m = 0.005, 200 features
have m;, = 0.01 and 200 features have m;, = 0.015. We generate a dataset with increasing
dimensions for the training set n € {50,250, 1250}. In Figure 3.D.1, we apply the visual
approach to model-checking for the case n = 250. As it is evident from the plots, the
mixtures of IBPs are definitely not a good model for such data. Conversely, we argue that
the mixtures of BBs can be assumed to be correctly specified here. This preference for the

mixtures of BBs is further supported by the comparison of deviances: D(6) = 16406.7 for
the BB model versus D(8) = 16603.4 for the 1BP model. Therefore, we select the mixtures
of BBs for the inference and prediction. For completeness, Figure 3.D.2 reports the 95%
credible intervals of K1, ..., K, and of K, ,, r > 1, for the Poisson and two examples of
negative binomial mixture of BBs. It is apparent that the width of the credible intervals
increases as the prior variance on M increases.

Focusing on the prediction of the number of unseen features in an additional sample
of increasing size, we compare the Poisson mixture of BBs, the negative binomial mixture
of BBs, the frequentist estimator (Chao) in Chao et al. (2014) and a variation of the
Good—Toulmin estimators (GT) in Chakraborty et al. (2019). For the negative binomial
mixture of BBs, we analyse two distinct choices for the prior variance of M, specifically
Var(M) = pg x ¢, with ¢ € {10,100}. We report the comparison in Figure 3.D.3, for
n € {50,250}. In the case n = 50, the point-wise estimates produced by our mixtures
of BBs are rather good, definitely outperforming the ones obtained with the frequentist
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Figure 3.D.2: Case n = 250. Left panel: the empirical accumulation curve (black dots) and
the credible intervals (delimited by colored lines) of Kj,..., K, for the Poisson mixture
of BBs and two examples of negative binomial mixture of BBs. Right panel: the observed
values of K, , (black dots) and the credible intervals (delimited by colored lines) of K,
for the same mixtures of BBs. The right plot is in log-log scale.

estimator in Chao et al. (2014), which underestimates the extrapolation curve. While the
Good—Toulmin estimates seem pretty reliable in the case n = 50, such an estimator shows
bad predictive performance and well-known stability issues for n = 250. Moreover, the
mixtures of BBs allow us to quantify the uncertainty around the point estimates through
credible intervals: this is a remarkable advantage of our Bayesian framework. Observe that
the credible bands contain the observed curve in the test set; for n = 50 it is evident how
the negative binomial mixtures account for larger dispersion than the Poisson mixture,
having wider credible intervals. For completeness, the sanity check in the larger sample
n = 1250, where k = 599 features are observed, is satisfactory: the credible interval of
KT(,?) + k| Z, for m = 300, is [599,601], for all the considered mixtures of BBs. Finally,
we remark that, while both the frequentist estimators are exclusively designed for the
specific extrapolation problem, our model-based approach through mixtures of BBs offers
a coherent and self-contained framework for a number of inference problems, where the
prediction of the number of unseen features is just one available example.

Additionally, mixtures of BBs also allow estimation of the richness. We refer to Figure
3.D.4 for an insightful illustration on the richness estimation via the Poisson mixture and
two negative binomial mixtures with Var(M) = pg X ¢, for ¢ € {10,100}. For the purpose
of discussion, we also consider the standard BB model: interpret it as a mixture of BBs
where the prior on M is a point mass on the value M. Specifically, Figure 3.D.4 shows,
for increasing sample sizes n € {50,250, 1250}, the posterior mean of the species richness
M, for different choices of the parameters of the prior distribution on M. In particular,
for each model, we estimate the parameters following the usual empirical Bayes procedure
described in Section 3.5.1 (referred to as EB in the figure); moreover, we fix different choices
for the prior mean of M, i.e., E(M) € {200,400,800}, and we estimate the parameters «
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Figure 3.D.3: Top row: the accumulation curve KTS? ) + k| Z under the mixtures of BBs, the
Good-Toulmin estimator and the Chao estimator for n = 50 (left) and n = 250 (right).

Bottom row: the 95% credible intervals of K\ + k | Z, for n = 50 (left) and n = 250
(right), for the Poisson and the negative binomial mixtures of BBs. The grey vertical lines
indicate the training set.
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Figure 3.D.4: Posterior mean of the richness M, for increasing sample sizes n €
{50,250, 1250}, and different values of the parameters of the models. The dashed lines
indicate the true richness H = 600.

and 0 as discussed in Section 3.5.1. We observe that, as the size n of the training set
increases, the richness estimates shrink towards the true value H = 600, under proper
mixtures of BBs. We also highlight that when prior guesses on M are far from the truth,
e.g., E(M) € {200,400,800}, negative binomial mixtures of BBs with larger variances
produce richness estimates that are closer to the true value H than the ones produced by
the Poisson mixture, due to the greater flexibility of the negative binomial prior, which
gives less weight to prior guesses. In contrast, under the standard BB model, the prior
guess for M deterministically fixes the richness, making it impossible to correct a poor
prior guess through posterior inference.

Finally, in Figure 3.D.5, we show the posterior distributions of the richness M, reporting
(i) the empirical Bayes approach for parameters elicitation and (ii) the prior mean of M
equal to 400. First, we comment on the inference produced by the proper mixtures of
BBs. In case (i), we observe that such posterior distributions give high probability mass
to the true richness H = 600; for smaller sample size n = 50, we can highlight the higher
dispersion of the posterior distribution of M for the negative binomial mixtures. In case
(ii), when the prior guess of M is bad, e.g., E(M) = 400, the inference gets worse as the
sample size decreases, e.g., n = 50. This is clearly expected since the posterior of M gives
more weight to the contribution of the prior, which brings an incorrect guess. However, it
is interesting to note that this posterior under the negative binomial mixture with larger
prior variance for M, i.e., Var(M) = 100 X po, is significantly moving towards the true
richness even for n = 50. Second, we discuss the undesired behavior of the standard BB
model. In case (i), although the posterior of M concentrates on a value relatively close
to the true one H = 600, the lack of uncertainty in the posterior makes H not plausible
under the standard BB model. As a result, the inference is highly unreliable. The same
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Figure 3.D.5: Posterior distribution of the richness M for increasing sample sizes n €
{50,250}. Top row: parameters elicited according to the empirical Bayes approach; bottom
row: E(M) = 400, with a and 0 chosen as in Section 3.5.1. The vertical black lines indicate
the true richness H = 600.

issue emerges in case (ii), when the prior guess of M is bad (equal to 400). Again, note
that under the standard BB model, the posterior of M remains concentrated at 400 and
cannot learn from data as the sample size increases.

3.D.2 SIMULATION STUDY B

We assume a generating mechanism such that the feature occurrence probabilities 7;’s are
set as m, = 1/k, for k=1,..., H, with H = 10° total features. The choice of a large H is
intended to mimic a scenario where the number of features is infinite. We generate a dataset
of observations and we consider increasing dimensions of the training set n € {10, 50, 250}.
In Figure 3.D.6 we report the results of the suggested visual model-checking procedure for
the case n = 50. Differently from simulation study A, the mixtures of BBs are not properly
fitting the data. Instead, we argue that the mixtures of IBPs can be assumed to be correctly
specified. A more quantitative assessment of model fit can be obtained by comparing the
deviances, with D(0) = 5398.7 for the BB model versus D(6) = 5094.5 for the 18P model.
These results are consistent with the conclusions drawn from the visual inspection of Figure
3.D.6. For completeness, Figure 3.D.7 reports the 95% credible intervals of Ky,..., K,
and of K,,,, r > 1, for two examples of gamma mixture of 1BPs. We note that the width
of the credible intervals increases as the prior variance on <y increases.

We address the prediction of the number of unseen features in an additional sample of
increasing size, comparing the gamma mixture of 1BPs and a variation of the Good—Toulmin
estimators (GT) in Chakraborty et al. (2019). We do not consider the estimator in Chao
et al. (2014) here, since it is specifically designed for situations where the assumption
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Figure 3.D.6: Case n = 50. Left panel: the empirical accumulation curve (black dots)
and the rarefaction curve of the models (blue and orange dashed lines). Right panel: the
observed values of K, (black dots) compared with the expected curve E(K,,) of the
models (blue and orange dashed lines). The right plot is in log-log scale; the orange (resp.
blue) curves are identical for all the mixtures of IBPs (resp. BBs).
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Figure 3.D.7: Case n = 50. Left panel: the empirical accumulation curve (black dots)
and the credible intervals (delimited by colored lines) of Ki,..., K, for two examples of
gamma mixture of 1BPs. Right panel: the observed values of K, (black dots) and the
credible intervals (delimited by colored lines) of K, , for the same mixtures of 1BPs. The
right plot is in log-log scale.
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of finite richness is plausible. For the gamma mixture of 1BPs, we consider two distinct
choices for the prior variance of v, i.e., Var(y) € {1,100}. For the purpose of discussion,
we also analyze the standard 1BP model. We report the comparison in Figure 3.D.8,
for n € {10,50,250}. Starting with the Good—Toulmin estimates, it is evident how the
prediction curve catches the observed curve just for very limited horizons m. On the other
hand, all the gamma mixtures are able to capture the growth rate of K,(ff ) for increasing
values of m. Remarkably, a larger prior variance of v, e.g., Var(y) = 100, results in
wider credible intervals for the prediction, allowing for a more conservative uncertainty
quantification. Indeed, under the standard 1BP model, the observed extrapolation curve
is not always contained in the credible bands, leading to a less reliable prediction of the
variability of the phenomenon. Remind that the IBP model corresponds to the limiting
case Var(y) — 0; this clearly justifies the need of the mixtures of 1BPs.

3.D.3 SIMULATION sTUDY C

Here, we report a simulation study where the data are generated from the BB model, with
total number of features equal to H = 500. Specifically, the feature occurrence probabilities
are drawn as 7 o Beta(1,100), k = 1,..., H. We generate a dataset of observations and
we consider increasing dimensions of the training set n € {200, 1000,5000}. The sample
sizes are larger than the other simulation studies since the growth of the accumulation
curve is rather slow.

Figure 3.D.9 shows the visual model-checking for the case n = 1000. As expected, the
mixtures of IBPs cannot explain the observed data. Conversely, it is reasonable to assume
the mixtures of BBs to be correctly specified for this dataset. This claim is further supported

~

by the comparison of deviances, with the BB model yielding D(8) = 53208.8 compared to
D(6) = 53392.2 for the 1BP model. Based on both visual and quantitative evidence, we
focus on the mixtures of BBs for the inference and prediction. As in the previous simulation
studies, Figure 3.D.10 reports the 95% credible intervals of K1, ..., K, and of K, ,, r > 1,
for the Poisson and two examples of negative binomial mixture of BBs.

Similarly to simulation study A, we compare the Poisson mixture of BBs, the negative
binomial mixture of BBs, the frequentist estimator (Chao) in Chao et al. (2014) and a
variation of the Good—Toulmin estimators (GT) in Chakraborty et al. (2019), in terms of
prediction of the number of unseen features in an additional sample of increasing size. For
the negative binomial mixture of BBs, we analyse two distinct choices for the prior variance
of M, specifically Var(M) = pg x ¢, with ¢ € {10,100}. We report the comparison in
Figure 3.D.11, for n € {200,1000}. For larger sample sizes, e.g., n = 1000, all the models
seem to produce reliable predictions, at least for the analyzed horizon m = 1,...,500.
Significant differences are observed for the smaller sample size n = 200, where the point-
) 4 k, for m = 1,...,500) produced by our
mixtures of BBs accurately predict the observed curve in the test set, with the credible

wise estimates (the expected values of K,(#

intervals nicely quantifying the uncertainty around such estimates. Indeed, the observed
curve is always contained in the credible bands. On the other hand, the Good—Toulmin
estimates show their well-known stability issues, while the estimator in Chao et al. (2014)
clearly underestimates the observed curve.

For the analyzed dataset, the model-checking in Figure 3.D.9 suggests the correct spec-
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Figure 3.D.8: Top row: the accumulation curve Kr(,? ) + k| Z under the gamma mixtures
of 1BPs and the Good—Toulmin estimator for n = 10 (left), n = 50 (center) and n = 250

(right). Bottom row: the 95% credible intervals of KM 4k | Z, for n = 10 (left), n = 50
(center) and n = 250 (right), for the gamma mixtures of 1BPs.
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Figure 3.D.9: Case n = 1000. Left panel: the empirical accumulation curve (black dots)
and the rarefaction curve of the models (blue and orange dashed lines). Right panel: the
observed values of K, (black dots) compared with the expected curve E(K, ,) of the
models (blue and orange dashed lines). The right plot is in log-log scale; the orange (resp.
blue) curves are identical for all the mixtures of 1BPs (resp. BBs).
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Figure 3.D.10: Case n = 1000. Left panel: the empirical accumulation curve (black dots)
and the credible intervals (delimited by colored lines) of K7y, . .., K,, for the Poisson mixture
of BBs and two examples of negative binomial mixture of BBs. Right panel: the observed
values of K, , (black dots) and the credible intervals (delimited by colored lines) of K, ,
for the same mixtures of BBs. The right plot is in log-log scale.
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Figure 3.D.11: Top row: the accumulation curve Kr(r?) + k| Z under the mixtures of BBs,
the Good-Toulmin estimator and the Chao estimator for n = 200 (left) and n = 1000

(right). Bottom row: the 95% credible intervals of K™+ k | Z, for n = 200 (left) and
n = 1000 (right), for the Poisson and the negative binomial mixtures of BBs. The grey
vertical lines indicate the training set.
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Figure 3.D.12: Posterior mean of the richness M, for increasing sample sizes n €
{200, 1000, 5000}, and different values of the parameters of the models. The dashed lines
indicate the true richness H = 500.

ification of the mixtures of BBs. Consequently, it is reasonable to assume the finiteness of
the richness and address its estimation. Figure 3.D.12 shows an expected, still remarkable,
illustration on the richness estimation via the Poisson mixture and two negative binomial
mixtures with Var(M) = pg x ¢, with ¢ € {10,100}. Specifically, for increasing sample
sizes n € {200, 1000, 5000}, it reports the posterior mean of the species richness M, for
different choices of the parameters of the prior distribution on M. In particular, for each
model, we estimate the parameters following the usual empirical Bayes procedure (referred
to as EB in the figure); moreover, we fix different choices for the prior mean of M, i.e.,
E(M) € {200,400,800}, and we estimate the parameters o and 6 as discussed in Section
3.5.1. We observe that, as the size n of the training set increases, the richness estimates
shrink towards the true value H = 500. We also highlight that when prior guesses on M
are substantially wrong, e.g., E(M) € {200,400, 800}, negative binomial mixtures of BBs
with larger variances produce richness estimates that are closer to the true value H than
the ones produced by the Poisson mixture, due to the greater flexibility of the negative
binomial prior, which is able to give less weight to wrong prior guesses. In contrast, under
the standard BB model, the prior guess for M deterministically fixes the richness, and thus
posterior inference on M is impossible.

Finally, in Figure 3.D.13, we show the posterior distributions of the richness M, report-
ing (i) the empirical Bayes approach for parameters elicitation and (ii) the prior mean of
M equal to 400. Commenting on the inference produced in case (i), we observe that such
posterior distributions give high probability mass to the true richness H = 500; for smaller
sample size n = 200, we can remark the higher dispersion of the posterior distribution of
M for the negative binomial mixtures. In case (ii), when the prior guess of M is wrong,
e.g., E(M) = 400, the inference gets worse as the sample size decreases, e.g., n = 200. This
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Figure 3.D.13: Posterior distribution of the richness M for increasing sample sizes n €
{200, 1000, 5000}. Top row: parameters elicited according to the empirical Bayes approach;
bottom row: E(M) = 400, with « and 6 chosen as in Section 3.5.1. The vertical black lines
indicate the true richness H = 500.

is clearly expected since the posterior of M gives more weight to the contribution of the
prior, which brings an incorrect guess. However, It is interesting to note how the negative
binomial mixtures are perfectly catching the true richness even for n = 200.

3.E ECOLOGICAL APPLICATIONS: ADDITIONAL DETAILS AND FULLY BAYESIAN
APPROACH

3.E.1 ADDITIONAL ANALYSES

In the present section we provide additional details and analyses for the ecological applica-
tions discussed in Section 3.6 of the main text. For each ecological dataset, we present: (i)
the observed taxon accumulation curve, (ii) the 95% credible intervals of K, ..., K, and
of Ky, v > 1, based on some examples from the class of mixtures favored by the model
selection procedures, (iii) the results of a data-holdout experiment, in which each model is
trained on half of the observed data and evaluated in terms of its predictive performance
on the held-out portion.

Vascular plants in Danish forest

Figure 3.E.1 shows the observed taxon accumulation for the vascular plants in Mazziotta
et al. (2016a); the plot clearly indicates that the asymptote of the curve has not yet been
reached, suggesting that the species richness will exceed the observed number of species in
the sample.

As detailed in the main text, the model-checking procedures favor mixtures of 1BPs for
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Figure 3.E.1: Taxon accumulation curve for the vascular plants in Mazziotta et al. (2016a).

this dataset. Accordingly, Figure 3.E.2 reports the 95% credible intervals of K1,..., K,
and of Ky, ., » > 1, for two examples of gamma mixture of IBPs.

For the data-holdout experiment, we randomly partition the observed data, selecting
half as the training set, whose size equals n/2 = 51, with n = 102. Then, we fit the Poisson
and two examples of negative binomial mixture of BBs, along with two examples of gamma
mixture of 1BPs, on the training data. In Figure 3.E.3, we compare the predictions of the
extrapolation curve from all fitted models against the observed extrapolation curve in the
held-out test set. The plots clearly show that the mixtures of 1BPs effectively predict the
number of unseen species in the training data which are displayed in the test data. It is
also apparent that the mixtures of BBs struggle to capture the true growth of the observed

extrapolation curve.

Trees in Barro Colorado Island

Figure 3.E.4 illustrates the observed taxon accumulation for the Barro Colorado Island
dataset, freely available in the VEGAN package in R. The curve does not exhibit any
clear asymptote, indicating that the species richness likely exceeds the observed number of
species in the sample.

As discussed in the main text, the model-checking procedures favor mixtures of BBs for
this dataset. Accordingly, Figure 3.E.5 reports the 95% credible intervals of K1,..., K,
and of K,,,, r > 1, for the Poisson and two examples of negative binomial mixture of BBs.

For the data-holdout experiment, we randomly split the dataset, using half of the data
as the training set, whose size equals n/2 = 50, with n = 100. Then, we fit the Poisson
and two examples of negative binomial mixture of BBs, along with two examples of gamma
mixture of 1BPs, on the training data. In Figure 3.E.6, we compare the predictions of the
extrapolation curve from all fitted models against the observed extrapolation curve in the
held-out test set. The plots clearly show that the mixtures of BBs successfully predict the
number of previously unseen species observed in the test data, while the mixtures of 1BPs
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Figure 3.E.2: Left panel: the empirical accumulation curve (black dots) and the credible
intervals (delimited by colored lines) of Kj,..., K, for two examples of gamma mixture
of 1BPs. Right panel: the observed values of K, , (black dots) and the credible intervals
(delimited by colored lines) of K, for the same mixtures of 1BPs. The right plot is in

log-log scale.
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Figure 3.E.3: Data-holdout analysis with training set size equal to n/2, where n = 102:
expected values (dashed lines) and 95% credible intervals (delimited by solid lines) of

KM 4k | Z("/2) for the mixtures of BBs (left) and the mixtures of 1BPs (right). The
grey vertical lines indicate the training set.
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Figure 3.E.4: Taxon accumulation curve for the trees in the Barro Colorado Island data.

fail to capture this extrapolation behavior.

3.E.2 FuULLY BAYESIAN APPROACH: DETAILS

In Section 3.5.1 we describe a recommended procedure for eliciting the parameters of
the models via an empirical Bayes approach. We consider such a procedure for all the
discussed simulation studies and real data examples. However, one might prefer to adopt
a fully Bayesian approach instead of the proposed empirical Bayes one. Specifically, the
interest might be in assuming prior distributions for the parameters a and 6, for all of the
mixtures. Within the mixtures of BBs, we argue that the negative binomial mixture has
to be regarded as the fully Bayesian version of the Poisson mixture, since the former is
obtained by placing a gamma prior on the A parameter of the latter.

In this section, we first discuss the prior elicitation for the parameters o and 6; then,
we illustrate the comparison with the empirical Bayes approach, in terms of inference and
prediction obtained in the two real data scenarios. As far as prior elicitation is concerned,
since the constraint # > —a for all of the models, it is convenient to perform a change of
variable, introducing s = # + a and removing 6, so that s > 0. Then, prior distributions
on « and s are specified. Specifically, for the mixtures of 1BPs, characterized by « € [0, 1),
we consider

a ~ Beta (aq,bq), s ~ Gamma (as, bs) ,

with aq,bq > 0 and as,bs > 0. Denoting with & and 6 the empirical Bayes estimates
obtained as in Section 3.5.1, we select the hyperparameters of the priors by imposing
E(e) = & and E(s) = §, where § = & + 6. Tt follows that an/(aq + ba) = & and ag/bs = 8.
Two additional equations, one involving a,, b, and one involving as, bs, are necessary to fix
the four hyperparameters. For example, such equations may control the prior variances of «
and s, so that the practitioner can select the degree of regularization induced by the priors.
Draws from the posterior distribution of (a, s) can be easily obtained via any Metropolis-
Hastings algorithm. Specifically, we apply the change of variables o/ = log(a/(1 — «)),
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Figure 3.E.5: Left panel: the empirical accumulation curve (black dots) and the credible
intervals (delimited by colored lines) of K7, ..., K, for the Poisson mixture of BBs and two
examples of negative binomial mixture of BBs. Right panel: the observed values of K, ,
(black dots) and the credible intervals (delimited by colored lines) of K, , for the same
mixtures of BBs. The right plot is in log-log scale.
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Figure 3.E.6: Data-holdout analysis with training set size equal to n/2, where n = 100:
expected values (dashed lines) and 95% credible intervals (delimited by solid lines) of

KM 4k | Z("/2) for the mixtures of BBs (left) and the mixtures of 1BPs (right). The
grey vertical lines indicate the training set.
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s’ = log(s), so that (o/,s’) € R? and we update (a,s’) via a pre-conditioned MALA
(Metropolis Adjusted Langevin Algorithm), since the gradient of the log-full-conditional
density of (a/,s’) is available in closed form.

For the mixtures of BBs, having a < 0, we consider

—a ~ Gamma (aq, by) , s ~ Gamma (as, bs) ,

with aq,bs > 0 and ag,bs > 0. We choose the hyperparameters of the priors such that
E(a) = & and E(s) = 5. This imposes aq /by, = —& and a4 /bs = §. Similarly to the mixtures
of 1BPs, one may set the degree of regularization induced by the priors by choosing the prior
variances of a and s. Sampling from the posterior distribution of («, s) is straightforward
through any Metropolis-Hastings algorithm. We resort again to a pre-conditioned MALA
for the transformed parameters (o/,s’), where o/ = log(—a), s’ = log(s), and we stress
that the gradient of the log-full-conditional density of (a/,s) is available in closed form.
Here, we report the comparison among the fully Bayesian approach and the empiri-
cal Bayes approach described in Section 3.5.1, in terms of inference and/or prediction,

concerning the two real data scenarios.

Vascular plants in Danish forest

Analyzing the vascular plants data of Mazziotta et al. (2016a) in Section 3.6.1, we claimed
the correct specification of the mixtures of 1BPs. We consequently showed the prediction
obtained via the gamma mixture of IBPs, using the empirical Bayes approach to select
the parameters. In particular, the empirical Bayes estimates for o and 6 result as follows:
& =0.17, = 1.7. For the fully Bayesian approach, we then select the hyperparameters by
imposing: E(a) = & = 0.17, Var(a) = 1072, and E(s) = § = 1.87, Var(s) = 187, so that a
moderate amount of regularization is introduced. We run the McMcC algorithm for 5 - 10
iterations, discarding the first 5-103 and keeping one every two iterations. In Figure 3.E.7,
we report the comparison between the fully Bayesian approach and the empirical Bayes
approach described in Section 3.5.1, in terms of the extrapolation curve. We observe that,
for both the choices of the prior variance of v, the expected number of unseen species which
will be collected in additional samples of increasing sizes m is almost identical for the two
approaches. This is desirable since it confirms that the empirical Bayes approach leads to
equivalent prediction than the fully Bayesian procedure. On the other hand, the credible
intervals produced by the fully Bayesian approach are larger than the ones estimated with
the empirical Bayes method, as naturally expected.

Trees in Barro Colorado Island

Differently than for the vascular plants of Mazziotta et al. (2016a), the tree data investi-
gated in Section 3.6.2 are suitably modelled via the mixtures of BBs (refer to Figure 3.4).
In the main text, we report the inference and prediction produced by the Poisson and neg-
ative binomial mixtures of BBs, with parameters selected via the empirical Bayes approach
discussed in Section 3.5.1. In particular, we get & = —0.29 and 6 = 0.95 as empirical
Bayes estimates for the parameters. In the fully Bayesian approach, we select the hyper-
parameters so that E(a) = & = —0.29, Var(«) ~ 300, and E(s) = § = 0.66, Var(s) ~ 650.
We run the MCMC algorithm for 5 - 10% iterations, discarding the first 5 - 10® and keeping
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Figure 3.E.7: Comparison between the empirical Bayes approach (EB) and the fully
Bayesian approach in terms of expected values and the 95% credible intervals for

Kr(,ff) + k, with k& = 215, for the gamma mixtures of 1BPs. The extrapolation horizon
is m = 1,...,400. The left panel shows the case Var(y) = 1, the right panel considers
Var(y) = 100.

one every two iterations. In Figure 3.E.8, we report the comparison between the fully
Bayesian approach and the empirical Bayes approach, in terms of the extrapolation curve.
The expected values for the extrapolation curve are similar between the two approaches,
with larger credible intervals in the fully Bayesian case. This behavior is expected and
desired. Moreover, Figure 3.E.9 shows the posterior distribution of M, the species rich-
ness, under the different approaches. It is evident that the fully Bayesian approach leads
to much more dispersed posterior distributions for M. In particular, we remind that the
empirical Bayes procedure estimates an expected species richness of 296.17, with credible
interval [278,316], for both the choices of the prior variance of M. The fully Bayesian
approach produces an expected species richness of 306.24 with credible interval [262, 375],
for the case Var(M) = 10 X g, while it leads to an expected species richness of 316.44
with credible interval [261,425], for the case Var(M) = 100 X py.

3.F DISCUSSION ON COMPUTATIONAL COMPLEXITY

In this section, we present a brief discussion on some computational aspects related to
the proposed methodology. In general, the computational procedure of our methodology
is highly efficient, due to the availability of closed form expressions for the EFPFs. More
specifically, the computational effort depends on the chosen parameter elicitation strategy,
namely: (i) the empirical Bayes approach described in Section 3.5.1; (ii) the fully Bayesian
approach presented in the real data analysis of Section 3.E.2.

Concerning (i), i.e., the empirical Bayes approach (Section 3.5.1), computation is limited
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Figure 3.E.8: Comparison between the empirical Bayes approach (EB) and the fully

Bayesian approach in terms of expected values and the 95% credible intervals for K,(ﬁl ) +k,
with & = 225, for the negative binomial mixtures of BBs. The extrapolation horizon is
m =1,...,400. The left panel shows the case Var(M) = 10 X g, the right panel considers
Var(M) = 100 x pp.
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Figure 3.E.9: Comparison between the empirical Bayes approach (EB) and the fully
Bayesian approach in terms of the posterior distribution of the species richness M, for
the negative binomial mixtures of BBs. The left panel shows the case Var(M) = 10 x up,
the right panel considers Var(M) = 100 x pyg.
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to optimizing the parameters of the mixtures of BBs or the mixtures of IBPs. Specifically,
for the mixtures of BBs, the parameters are estimated by maximizing the EFPF of the BB
model as given in Equations (3.1)—(3.3). The computational complexity of each evaluation
of the EFPF of the BB model, as a function of the sample size n and the number of observed
features k, scales as k, since the complexity of the term in (3.3) is independent of both
n and k. Similarly, for the mixtures of IBPs, parameter estimation involves maximizing
the EFPF of the 1BP model from Equations (3.1)—(3.2). Here, each evaluation scales as
n + k, where the term in Equation (3.2) contributes to the dependence on n. For both
optimization problems, we use the nlminb function from R’s stats package. This results
in extremely fast computations across all settings.

Concerning (ii), i.e., the fully Bayesian approach (Section 3.E.2), MCcMC algorithms are
employed for the updating of the parameters o and 6. In particular, for the mixtures
of BBs, we apply a pre-conditioned MALA to the transformed parameters (o/,s’), with
o/ =log(—a) and s’ =log(s). The gradient of the log-full-conditional density of (¢, s) is
available in closed form. Similarly, for the gamma mixture of 1BPs, we apply the change of
variables o/ = log(a/(1 — «)) and s’ = log(s), again resorting to a pre-conditioned MALA,
where the gradient of the log-full-conditional density of (o, s’) is available in closed form.
Thus, in all cases, the MCMC algorithms involve only two transformed parameters and
benefits from analytic gradients, ensuring both speed and stability.

To quantify the efficiency of the MCMC implementations, we provide below the com-
putational details which concern the real data examples of Section 3.E.2. In particular,
for the gamma mixture of 1BPs on the Vascular plants in Danish forest, under the choice
Var(7y) = 100, we run 5 - 10* iterations, discarding the first 5 - 103 and keeping one every
two iterations. This yields effective sample sizes of 8071.03 for a and 11396.61 for 6. The
total runtime is 36.71 seconds on a Windows 11 system with an Intel Core i7-1165G7 CPU
@ 2.80 GHz and 8 GB RAM. Finally, for the negative binomial mixture of BBs on the
Trees in Barro Colorado Island, using Var(M) = 10 X pp and the same MCMC settings, we
obtain effective sample sizes of 11456.89 for a and 11453.94 for #. The total runtime is
30.23 seconds using the same machine.
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4  BAYESIAN CALCULUS AND PREDICTIVE CHARACTERIZATIONS OF
EXTENDED FEATURE ALLOCATION MODELS

This chapter introduces a unified Bayesian framework for studying extended feature alloca-
tion models. Here, “extended” refers to models that incorporate feature interactions, such
as repulsiveness or attractiveness, in contrast to traditional feature allocation approaches
that assume independent and identically distributed (i.i.d.) features. Moreover, the pro-
posed class of models also allows for arbitrary dependencies across feature weights. Our
extended framework offers several key advantages. First, it provides substantially greater
modeling flexibility despite only marginally increasing the analytical complexity compared
to available models. Second, incorporating repulsiveness in feature priors has important
practical applications, mainly when features are latent rather than directly observed, such
as in image segmentation and latent feature modeling. The growing literature on repul-
sive mixture models demonstrates that repulsive priors typically lead to more interpretable
posterior inference (see, e.g., Petralia et al., 2012; Xie and Xu, 2019; Cremaschi et al., 2024;
Beraha et al., 2025, and the references therein). Third, our framework enables novel ap-
plications beyond traditional domains, as we demonstrate through applications in spatial
statistics.

We derive explicit closed-form expressions for the marginal, posterior, and predictive
distribution under extended feature allocation models, which hold without making as-
sumptions on the prior distribution, therefore generalizing the treatment in James (2017);
Broderick et al. (2018) and Chapter 3. Based on the expression of the predictive distri-
bution, we establish two sufficientness postulates for the extended feature models, which
characterize priors that lead to predictions for the unseen features depending either only
on the sample size or on both the sample size and the number of distinct features. In
particular, we show that the former case characterizes the class of CRMs, while the latter
pertains to a much broader class of random measures built from mixed Poisson and mixed
binomial point processes. See Section 4.1 for the definition of these processes. We spe-
cialize the general Bayesian analysis for some notable classes of priors, including Poisson,
mixed Poisson, and mixed binomial processes. Our treatment and proofs heavily rely on
point process theory and Palm calculus (Kallenberg, 2017; Baccelli et al., 2020), provid-
ing new tools for studying feature allocation models. Within Bayesian nonparametrics,
Palm calculus plays a central role in Poisson partition calculus, originally pioneered by Lo
(1984) and subsequently extended by James (2002, 2005, 2006, 2017). As a byproduct of
our contribution, we also obtain a novel characterization of the Poisson process.

Finally, we discuss the practical application of our framework in spatial statistics.
We demonstrate that an extended feature model based on a determinantal point process
(Hough et al., 2006; Lavancier et al., 2015) can be used to estimate the size of a forest from

97



Chapter 4. Bayesian calculus for extended feature allocation models

partial observations of tree locations, as well as to locate the unseen trees.

The chapter is organized as follows. In Section 4.1, we define the framework of ex-
tended feature models and review key concepts from point process theory necessary to
our treatment. In Section 4.2, we develop a general Bayesian theory for extended feature
allocation models, without any assumption on the prior distribution. In Section 4.3, we
provide the two sufficientness postulates, and we discuss strategies to enrich the models’
predictive distributions. Section 4.4 applies the general results from Section 4.2 to specific
classes of priors, with emphasis on a determinantal point process-based model. Section
4.5 demonstrates the key advantage of this latter model in both simulated and real-world
spatial statistics scenarios. The chapter ends with a discussion. Proofs, additional results,
and further details on the illustrations are collected in the Appendix.

4.1 POINT PROCESS FORMULATION OF EXTENDED FEATURE ALLOCATION MOD-
ELS

4.1.1 BACKGROUND ON POINT PROCESSES

Point processes play a central role in the general definition of extended feature allocation
models. Thus, here we remind the main notions of point process theory needed in the
following sections, among which Palm calculus. A rigorous treatment can be found in
Daley and Vere-Jones (2008) or Baccelli et al. (2020). See also Kallenberg (1984) for some
further intuition.

First, let us recall the formal definition of a point process. Indicate by X a Polish
space equipped with the corresponding Borel o-algebra 2. We say that a measure v
on (X,.2) is locally finite if v(B) < oo for any relative compact set B € 2. Denote
by (Mg, Mx) the space of locally finite counting measures on (X, .2"), equipped with the
corresponding Borel o-algebra Mx. A point process ® on the space X is a measurable map
from an underlying probability space (€2, o7, P) taking values in (Mx, Mx) so that ®(B)
is a nonnegative integer almost surely (a.s.), for any relatively compact Borel set B. Let
Pg := P o ® ! denote the probability distribution of ®, which is uniquely characterized
by the Laplace functional Lo (f) := Elexp{— [y f(x)®(dz)}], for any measurable function
f:X=>R,.

Any point process ® can be represented as ¢ = 2]21 5)~(j, where (X;);>1 is a sequence

of random variables taking values in X, and J, denotes the Dirac delta mass at x. In the
sequel, we will deal with simple point processes, for which the atoms of ® are a.s. distinct,
ie, P(X; = Xj) =0 for all 4 # j. The mean measure Mg associated with a point process
® is defined as Mg(B) = E[®(B)] for any Borel set B € 2. The k-th order factorial
moment measure Mq)k) of ® is the mean measure of the k-th factorial power of @, i.e., of
the point process ®*) defined as:

#
Q)(k)) = Z 5()2]'17---7)23';‘,)7
(J15:05k)

where the symbol # over the summation means that the sum is extended over all pairwise
distinct indexes. Therefore, Mgf) (B) = E[®(*)(B)], where B is a Borel set in X*.
We now introduce two of the most relevant classes of point processes in the chapter.
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Example 4.1 (Poisson and mixed Poisson processes). Let v be a locally finite measure
on (X, Z"). We say that ® is a Poisson process on X with intensity measure v if, for any
B € 2, ®(B) is a Poisson random variable with mean v(B), and for every collection of
disjoint Borel sets By, ..., By the random variables ®(By), ..., ®(By) are independent, for
any k > 1. In the sequel, we will write ® ~ PP(v). In this example, the mean measure
Mg equals v and the k-th factorial moment measure satisfies Mék) =k,

Second, to define a mixed Poisson process, let « be a positive finite random variable with
law f, on R, we say that ® is a mixed Poisson process directed by f, if ®|v ~ PP(yv)
and v ~ f,. We will write & ~ MP(v, f,). It is easy to see that the k-th factorial moment
k] k

measure satisfies Mgg) = E[*]v".

Example 4.2 (Binomial and mixed binomial processes). Let v be a probability measure
on (X,2), and consider a sequence of ii.d. random variables (X;)j>1 with common
distribution v. Then, for any integer m > 1, the point process ®,, := Z;nzl 5)@ is termed
a binomial point process, denoted as ®,, ~ BP,,(v).

Let M be a random variable taking values in the set of nonnegative integers with

probability mass function gps (possibly degenerate), independent of (X;);>1. We say that
the point process ® = ij\il 55@ is a mixed binomial process and we write ® ~ MB(v, qps).

It is easy to see that the k-th factorial moment measure equals Mék) = E[M®)]* where
E[M®)] is the k-th factorial moment of M, i.c., E[]M®)] = E[M(M —1)--- (M — k + 1)].
With a slight abuse of notation, we will also write & ~ MB(v, q5r) even when v is a generic
finite measure, with the understanding that this is interpreted after normalization.

Our mathematical treatment of extended feature allocations is based on Palm calculus.
Hence, we now review key definitions and concepts, following the notation of Baccelli
et al. (2020). The Campbell measure g of ® is a measure on 2 x Mx defined as
¢o(C x L) := E[®(C)L(® € L)] for C € Z and L € Mx. Provided that the mean
measure Mg is o-finite, the Palm kernel {P%},ex of ® is defined as the (a.s.) unique
disintegration probability kernel of €3 with respect to Mg, i.e.,

%p(C x L) = /C P2 (L) Moy(dz).

Formally, the Palm kernel is an extension of the concept of regular conditional distribu-
tion to the case of point processes. Informally, Pg can be understood as the probability
distribution of ® given that ® has an atom at x. A point process &, with distribution
P§ is called the Palm version of ® at x € X, and of course P(®,({z}) > 1) =1, ie., x is
a trivial atom of ®,. As a consequence, one can define the point process <I>é = Dy — Iy,
which is called the reduced Palm version of ® at x € X, whose associated reduced Palm
kernel is indicated by Pg. In a similar fashion, under the assumption that the k-th facto-
rial moment measure Mék) is o-finite, it is possible to construct the family of k-th order
Palm distributions {P% },cx+, and the generic probability measure P can be interpreted

as the distribution of ® given that * = (z1,...,z)) are atoms of ®. Again, by removing
the trivial atoms (z1,...,2x), we obtain the reduced Palm distributions Piff, namely the
probability law of
k
Bl =Dy — > 0y,
j=1
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For the remainder of the chapter, we denote by X the space of all possible feature labels.
The point processes central to our statistical modeling, introduced in the next section, are
defined on the product space X x (0, 1].

4.1.2 EXTENDED FEATURE ALLOCATION MODELS

Let (Xj);>1 be a sequence of X-valued random variables, hereafter interpreted as “feature
labels”. An extended feature allocation model is a stochastic model for observations (Z;);>1
such that each Z; is characterized by its expressed features, or equivalently by the sequence
of pairs ((Xj,flij))jzl, where /Lj = 1 if the feature X'j belongs to the i-th individual,
flij = 0 otherwise. Equivalently, we can represent each Z; as a point process on X, namely

Z; = ZAijéXj. (4.1)

Jj=1

We assume that, for any j > 1, the /Nlij’s are conditionally i.i.d. Bernoulli variables
with a strictly positive random probability ¢;, which entails both exchangeability of the
Z;’s and regularity of the feature allocation (Broderick et al., 2013). Namely, no feature
appears in only a single observation within (Z;);>1, or, equivalently, if a label is observed
in some individual, then it is observed in infinitely many individuals with probability one.

The feature labels )E'j’s and parameters ¢;’s, i.e., the probability of displaying feature

f(j, are collected in the simple point process on X x (0, 1] defined by ¥ := ZjZI (5(5( or

. . . J 7@])
in its functional

i(B) :/ slp(@)U(dzds), Be 2, (4.2)
Xx(0,1]

where 1p denotes the indicator function of the Borel set B. We say that Z; in (4.1)
is a Bernoulli process with parameter i, indicated as Z; ~ BP(j1). According to our
point process formulation, we observe that Z; in (4.1) is obtained by first thinning ¥ with
retention function p(z,s) = s and then removing the second component. Summing up, we
are dealing with the following statistical model

Z; | i ™ BP(j1),

(4.3)
p~ 2,

where 2 is the law of fi. In other terms, (Z;);>1 is a sequence of exchangeable observations
with de Finetti measure 2.

We call model (4.3) an extended feature allocation model. Here, extended refers to the
generality of the prior 2, compared to the previous proposals in the literature. Indeed,
previous models focused exclusively on i.i.d. feature labels. Moreover, the distributions
for the jumps (G;);>1 previously considered were based either on the Poisson process or
suitable transformations. By contrast, we allow for arbitrary interactions among the points
of W. For instance, the feature labels could exhibit a repulsive or attractive behavior, or
the weights could depend on all the feature labels.

4.1.3 RELATED MODELS

Extended feature allocation models can be used as standard feature allocation models
(Broderick et al., 2013), where the main objective is to model the sharing of features
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across sampled individuals. Indeed, consider a sample Z from (4.3), and suppose that it
contains K, = k features with labels X7,..., X;. One can recover the associated feature
allocation Fy, = (Bp1, ..., Bn K, ), where the set B,, ; contains the indexes of the individuals
exhibiting the ¢-th feature, with label X,, as £ = 1,..., k. Feature allocation models
describe probability distributions on the object F,,. Remarkably, the class of extended
feature allocation models encompasses the class of feature frequency models, and therefore
induces the entire family of regular feature allocation models admitting an EFPF.

Another class of related model is the one of trait processes (Campbell et al., 2018),
reviewed in Section 2.4, which generalize model (4.3) by assuming Z; = ) | i>1 /L;jé %, where
flij are integer or real-valued random variables. Consequently, the weights of the random
measure i might not need to be restricted on (0,1]. Examples of trait processes include
the beta negative binomial process where the Aij’s follow a negative binomial distribution
and [ is distributed as a beta process. See Broderick et al. (2015) and Heaukulani and Roy
(2016) for a detailed treatment. We finally mention that there exists a generalization of the
EFPF to trait allocation models, called exchangeable trait probability function (Campbell
et al., 2018).

4.2 BAYESIAN ANALYSIS OF EXTENDED FEATURE MODELS

In the present section, we provide the full Bayesian analysis of the class of extended fea-
ture allocation models. We focus on the statistical model (4.3) to describe the marginal
distribution of a sample, the predictive structure of the next observation, and the posterior
representation of the underlying measure ji. Our results are instrumental in proving the
sufficientness postulates of Section 4.3, but they are also interesting per se, as showcased
in the application (cf. Section 4.5).

Throughout the rest of the chapter, we assume that the k-th factorial moment mea-
sures of ¥, denoted as Mék), are o-finite for all £ > 1. This is a very mild assumption (for
instance, it is verified by all feature allocation models previously considered in the litera-
ture) and is essential for the existence of the k-th order Palm distributions. Furthermore,
under this assumption, the measure disintegration theorem (Kallenberg, 2021, Theorem
3.4) entails

MY (dads) = p®)(ds | )" (dz), (4.4)

where ﬁzék)( -) is a o-finite measure equivalent to Mé,k)( x (0,1]%), i.e., both measures are

absolutely continuous with respect to each other, and p*) is a kernel from X* to (0, 1]*.

Remarkably, another common assumption for feature allocation models is that any
subject displays a.s. a finite number of features, meaning Z;(X) < oo a.s.. We provide
some considerations on this hereafter.

Remark 4.1. The property Z;(X) < oo a.s. is always guaranteed when VU has a.s. a finite
number of points, for example, when ¥ is a mized binomial process. Some considerations
are needed for priors which entail an infinite number of points for W. Since Z; is obtained
from thinning ¥ and discarding the second component, it follows that the mean measure
of any Z; is Mz(B) = f(071} sMy(B x ds), B € 2. Therefore, a sufficient condition for
Zi(X) < 00 a.s. stems from E[Z;(X)] < 0o, which corresponds to fXx(O,l] sMy(dz ds) < co.
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However, this is not a mecessary condition in general. It can be proved that a mecessary
condition on the mean measure of ¥ to have Z;(X) < 0o a.s. is the following:

/ (1 —s)Mg(dxds) = 0.
Xx(0,1]

See Proposition 4.3 for the formal statement and proof. Notably, if ¥ is a Poisson pro-
cess with (infinite) mean measure v or a mized Poisson MP(v, f,), then the condition
fXX(O,l] sv(dzds) < oo is both necessary and sufficient for Z;(X) < oo a.s., as stated
i Proposition 4.4. We defer to Proposition 4.5 further implications of the assumption
Z;i(X) < o0 a.s. under Poisson processes.

4.2.1 GENERAL FORMULAS: MARGINAL, POSTERIOR AND PREDICTIVE DISTRIBUTIONS

We start by describing the marginal distribution of a sample Z := (Z1,...,Z,) from an
extended feature model as in (4.3). The proofs are based on an application of Palm calculus
(Baccelli et al., 2020) and deferred to Section 4.D.

Theorem 4.1. Let Z be a sample from the statistical model (4.3), where [i is the functional
of a point process ¥ defined via (4.2). The probability that Z displays k features labeled
x = (X1,...,Xg) with corresponding vector of frequency counts m = (mq,...,my) is

k
/ E {efXx(o,l] nlog(lft)\lj!z,s(dZdt)} H Sznf(l _ Sé)nfmfp(k) (ds ’ x) . ﬁlé—k) (dw),
(0,1]* =1

where pF)(ds | x) and mé’“) (dzx) are defined as in (4.4), and, for & € X* and s € (0,1]*,
\115,378 is the reduced Palm version of ¥ at ((z1,51),...,(Tk, Sk))-

We remark that the law of the induced feature allocation F;, is obtained by marginalizing
out the labels @ and dividing by k!. Clearly, such a law admits EFPF for any extended
feature model considered. This means that the induced law on Fj, can always be expressed
as a symmetric function of the frequency counts myq, ..., mg. Moreover, all these extended
feature models are regular by construction.

We proceed by describing the general posterior distribution of the point process W, or
equivalently the random measure fi, given a sample of size n from (4.3).

Theorem 4.2. Let Z be a sample from the statistical model (4.3), where [i is the functional
of a point process W defined via (4.2). Further, suppose that Z displays k features having
labels @ = (X1, ..., Xk) with corresponding vector of frequency counts m := (mq,...,myg).
Then, the posterior distribution of i, conditionally on Z, satisfies the distributional equality

k
- d
il Z = qdx, + 1, (4.5)
/=1
where
(i) q:=(qi,...,qr) is a vector of positive random variables with joint distribution

k
fq(ds) ~ E {efXx(O,l] nlog(l—t)‘ll’mys(dzdt)} H Szn[(l _ Sé)n—m[p(k) (dS | m);
/=1
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(i) conditionally on q, the random measure ' admits the representation p' = 2]21 q;-(sX]{ ,
where the distribution of W' := Zj>1 5(;@ g) s absolutely continuous with respect to
- 3213

the distribution of \I/;,g, with density

f\/p(’/) x efXx(O,l] nlog(l—t)v(dz dt)' (46)

From Theorem 4.2, the posterior distribution of /i is decomposed in a part that involves
previously observed labels out of the sample and a component that involves hitherto unseen
features, i.e., /. Note that p/ in point (ii) is an a.s. discrete random measure whose Laplace

functional is available and equals

E {67 Jxxo.) tf(z)—nlog(1—t)¥, (dz dt)}

E {e— Je f@m'(d2) | q} _ (4.7)

E {efXx(O,l] nlog(1-t)¥,,  (dzdt) }

The posterior representation resembles available results in the literature; see, for example,
(James, 2017, Theorem 3.1), with the fundamental difference that here the distribution of
i/ depends on the previously observed features  via the reduced Palm version of W, thus
allowing interacting feature labels.

To conclude the general Bayesian analysis of the extended feature models in (4.3), we
provide the predictive distribution of the next observation, conditionally on the available
sample, which easily follows from Theorem 4.2 by a standard disintegration argument.

Theorem 4.3. Under the same assumptions of Theorem 4.2, the conditional distribution
of Zn+1, given the sample Z, satisfies the following distributional equality

k
d
Zni1 | 22 Anir60x, + Do (4.8)
/=1
where

(1) (Ans1,1s---, Ant1k), conditionally on qui,. .., qx, is a vector of independent Bernoulli
random variables with parameters (qi,...,qr), which have been defined in Theo-

rem 4.2;

(ii) Z), . ~ BP(i') and ' is distributed according to Theorem 4.2.

Note that, in the point process language, the latter measure Z; ; in (ii) is obtained
by first thinning the process ¥/ = 2321 5()2]{,(1}) with retention probability p(z,s) = s,
and then discarding the second component. Theorem 4.3 shows that the next individual
Zn+1 has a positive probability of displaying the features X1, ..., X observed out of the
initial sample, and it can display hitherto unseen features, which correspond to the atoms
of Z] ;.

Interestingly, the distribution of Z;, | depends on the whole sampling information, in-
cluding the feature labels @, indeed it is a Bernoulli process with parameter p’, whose
Laplace functional equals (4.7). This is a crucial difference with respect to previous works.
Indeed, from (James, 2017, Proposition 3.2) it is apparent that if ji is a CRM, the distri-
bution of the component involving hitherto unseen features depends on Z only through
the sample size n. As for the scaled processes in (Camerlenghi et al., 2024, Proposition 2),
Z] ., depends on n, k, and the frequency counts, but again not on the feature labels.

n
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4.3 PREDICTIVE CHARACTERIZATIONS

In the same spirit as sufficientness postulates for species sampling models, we now consider
the problem of characterizing prior distributions in extended feature allocation models,
leading to predictive distributions that satisfy specific properties. In particular, we focus
our analysis on how the Bernoulli process Z;, | in (4.8) depends on the sampling informa-
tion encoded in Z. As we will clarify in Section 4.6, there is no gain in considering Z, 1
in place of Z],_;

From point (ii) of Theorem 4.3, it is clear that the distribution of Z]_; is uniquely
characterized by the random measure x in (6.10) with Laplace functional (4.7). Therefore,
in general, the predictive distribution of Z, 11 depends on the sample size n, as well as the
couples of feature labels x and their frequencies m. Of course, from exchangeability,
the order in which features are recorded, as well as the indices of observations displaying
each feature, is irrelevant. However, special cases of extended feature models, previously
studied in the literature, lead to much simpler predictive laws. For instance, the treatment
in James (2017) (see also Corollary 4.1 below) shows that if /i is a CRM, the law of Z],_;
depends only on the sample size n. Instead, in the case of the stable beta scaled process in
Camerlenghi et al. (2024) and for feature models having a product form EFPF (Battiston
et al., 2018), analyzed in Chapter 3, such predictions may also depend on the number of
distinct features k.

4.3.1 SUFFICIENTNESS POSTULATES

We start by characterizing the class of extended feature allocation models for which the
law of Z], 1 depends on the initial sample Z only through the sample size n.

Theorem 4.4 (Sufficientness postulate for the dependence on n). Consider a sample Z
from the statistical model (4.3). The distribution of Z), | in Theorem 4.3 depends on the
observed sample Z solely through the sample size n if and only if U in model (4.3) is a
Poisson process.

This theorem in the feature setting is the most natural counterpart of the results by
Regazzini (1978); Lo (1991), who characterized the Dirichlet process as the unique species
sampling prior in which the probability of observing a new species depends only on the
sample size, and the probability of observing a previously recorded species depends on both
the sample size and its frequency. The proof of Theorem 4.4 is deferred to the Appendix.
Central to the proof is a novel characterization of the Poisson point process in terms of its
(higher-order) reduced Palm distribution that might be of independent interest. We report
it in the following lemma.

Lemma 4.1. Let ® be a point process with locally finite mean measure Mg. Then the
following assertions are equivalent.

(i) ® is a Poisson process.

(i) The law of ®, does not depend on x. That is, for Mék)-almost al x = (x1,...,2)
and Mém)—almost all y = (y1,...,Ym), it holds that ®., 2 <I>!y.
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| d

! 4
. =

Moreover, if (i) holds, then ® o = .

!
J

Other important characterization theorems for species sampling models are contained
in Zabell (2005); Bacallado et al. (2017), where both the Pitman-Yor process and Gibbs-
type priors are characterized in terms of the prediction rules they induce. According to
these characterizations, both the sample size and the number of observed species in the
sample play a pivotal role. As for extended feature allocation models, we can prove similar
sufficientness postulates. Specifically, we are going to characterize all the models for which
the distribution of Z, 41 depends on Z solely on the sample size n and the number of
observed features k.

Theorem 4.5 (Sufficientness postulate for the dependence on n and k). Consider a sample
Z from the statistical model (4.3). The distribution of Z,, | depends on the observed sample
Z solely through n and k if and only if ¥ in model (4.3) is a mized Poisson or mized
binomial process.

As for Theorem 4.4, we need a characterization of mixed Poisson and mixed binomial
processes to prove Theorem 4.5. We provide it in the next lemma, whose proof is a slight
extension of a result in Kallenberg (1973).

Lemma 4.2. Let ® be a point process with locally finite mean measure Mg. Then the
following statements are equivalent.

(i) ® is a mized Poisson or a mized binomial point process.

(i) The law of <I)!gc depends on x only through its cardinality. That is, for Mék)—almost
all = (21,...,21) and y = (y1,...,yx), it holds that ®., 4 (I)!y.

Theorem 4.4 fully characterizes the class of CRM priors analyzed in James (2017). More-
over, Theorem 4.5 characterizes a broad class of prior distributions that includes, among
others, all feature models having a product form EFPF (Battiston et al., 2018), as well as
the stable beta scaled processes analyzed in Camerlenghi et al. (2024). From Battiston
et al. (2018) and Chapter 3, it is not difficult to realize that the point process ¥ associated
with a feature model having a product form EFPF could be either (i) a mixed binomial
point processes, i.e., ¥ = ij\il (5(5(]_’%_) (cf. Example 4.2), where M is random, the g;’s are
i.i.d. beta distributed and the X ;s are i.i.d. from a diffuse measure further independent of
the ¢;’s, or (ii) a mixed Poisson processes MP(v, f,) with v being the Lévy intensity of a
three parameter beta process (Teh and Gorur, 2009) and 7 a positive random variable (cf.
Example 4.1). However, these classes of processes are only very special cases of mixed bi-
nomial and mixed Poisson processes. Hence, while a general treatment of Bayesian feature
models with predictions depending exclusively on the sample size n was already available
in James (2017), the corresponding framework for predictions based solely on n and the
number of distinct features k remains only partially developed. We address this gap in
Section 4.4 below.
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4.3.2 A FRESH LOOK AT SCALED PROCESSES

We now clarify the connection between a stable beta scaled process (Camerlenghi et al.,
2024) and a mixed Poisson process, which has been only mentioned at the end of the
last section. A scaled process is a random measure [i = ijl ;6 X, where the Xj’s are
iid. random variables from a base measure Gy on X, while (g;);>1 arises as a suitable
transformation of a Poisson process on the positive real line with intensity measure p(ds).
More precisely, to define the sequence of weights, one considers the jumps (Aj);>1 of a
Poisson process in decreasing order and set [jjAl = Ajy1/Aq. Then, the distribution of
(Gj)j>1 is obtained by mixing the conditional distribution of ((jjAl)th given A1, with
respect to a new distribution for the largest jump A;. See Camerlenghi et al. (2024) for
additional details.

Under a scaled process prior for the model (4.3), the distribution of Z; ; in (4.8) may
depend on n, k and m, and often involves intractable expression (Camerlenghi et al., 2024,
Proposition 2). The notable tractable case is represented by scaled processes obtained
from stable subordinators, i.e., p(ds) = cs~'~®ds for some constants ¢ > 0 and a € (0, 1),
referred to as stable beta scaled processes. In this case, Z], | depends on the sample only
through n and k. However, Theorem 4.5 claims that such a dependence is retained if
and only if ¥ is a mixed Poisson or a mixed binomial process and, at a first glance, the
definition of scaled processes does not align with that of mixed Poisson processes. This
apparent inconsistency can be solved by resorting to an alternative construction of scaled
processes that can be evinced either by (James et al., 2015, Theorem 1.1) or (Camerlenghi
et al., 2024, Lemma 1).

Proposition 4.1. Let p : Ry — Ry be the Lévy intensity of a subordinator, C' a positive
random variable, and Gy a diffuse measure on X. Let ¥ = Zj>1 (5(5(_ i) be such that

U |C ~ PP (Cp(Cs)L1(s)ds Go(dz)) .
Then, i = Ejzl (jjde s a scaled process.

The construction outlined in Proposition 4.1 is available for any scaled process, as
introduced at the beginning of the section. It becomes clear that ¥ is a mixed Poisson
process if and only if for any s and any C, the following factorization holds Cp(Cs) =
h(C)p(s) where p(s) is a Lévy density and h : R, — R, is a function. When p(s) = s~17¢,
i.e., the case of stable subordinators, we get Cp(Cs) = C~%s~17® 5o that in this case
the scaled process fi is induced by a mixed Poisson process ¥ directed by the law of
C~?. Finally, the predictive characterization (Camerlenghi et al., 2024, Theorem 1) of
stable beta scaled processes within the class of scaled processes is straightforward from
Theorem 4.5. Indeed, the Lévy intensities of stable subordinators are the only p such that
Cp(Cs) = h(C)p(s). Therefore, scaled processes obtained from stable subordinators are
the only scaled processes induced by a mixed Poisson process W. Finally, Theorem 4.5
highlights how the dependence of the distribution of Z] , solely on n and k is not a
distinctive feature of stable beta scaled processes but pertains to the larger class of priors

obtained from mixed Poisson and mixed binomial processes.
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4.4 DETAILED ANALYSIS OF SPECIFIC EXTENDED FEATURE MODELS

The previous section highlights the distinctive role of Poisson, mixed Poisson, and mixed
binomial process priors in shaping the dependencies of the induced predictive distribu-
tions on the observed sample. In this section, we specialize the general Bayesian analysis
developed in Section 4.2.1 to these notable classes of prior distributions, as well as to a
prior distribution based on a determinantal point process (Hough et al., 2006) which yields
predictions for Z], ; depending on n, k and the observed features . Finally, we introduce
a tractable model leading to dependence on the whole frequency spectrum.

4.4.1 THE POISSON PROCESS PRIOR

Consider the model (4.3), where i is as in (4.2) and V¥ is a Poisson process on X x (0, 1]
with an (infinite) mean measure v. This is one of the most popular cases in the literature,
and the Indian buffet process arises as a specific example. Under the standard assumption
that each observation Z; exhibits a finite number of features a.s., the k-th factorial moment
measures are o-finite, as shown in Proposition 4.5, point (i). The disintegration in (4.4)
writes as v(dzds) = p(ds|z)Go(dx), where p is a kernel from X to (0,1] and Gy is a
o-finite measure on X. The Bayesian analysis of model (4.3) under a Poisson process
prior for ¥ can be addressed by specializing theorems of Section 4.2 as in the next result.
Let us introduce some shorthand notations that will be useful throughout this section:
pn(ds|z) = (1 —s)"p(ds|z).

Corollary 4.1 (Bayesian analysis under the Poisson process). Consider a sample Z from
the statistical model (4.3), where i is the functional of a Poisson point process ¥ with
intensity measure v defined via (4.2).

(i) The marginal distribution of the sample Z, equals
e TL (1= p(ds]| X)Ga(dXo),

where we defined

=3 / sp1(ds | 7)) (49)

Xx(0,1]

(i) The posterior distribution of i satisfies the distributional equality in (6.10), where in
this case (' is a CRM with Lévy intensity measure py(ds|x)Go(dx). The weights qp’s
of previously observed features are independent random variables, and independent
of i, with marginal density fq,(ds) o< s™ (1 — )" "™ p(ds | Xy), as € =1,... k.

(iii) The predictive distribution of a future observation Z,y1, given the sample Z, equals
the distribution of the measure defined in (4.8), where Z},_, is a Poisson process on
X with (finite) intensity measure given by f(O,l] spn(ds|z)Go(dz), and the Ayy14's
are independent Bernoulli random variables with parameters qp’s, as £ =1,... k.

The previous corollary is in agreement with the theory developed by James (2017) for the
Poisson process case. We first point out that the Poisson process Z/ 141 in point (iii) depends
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on the observable sample Z only through the sample size n, and this is not surprising by
virtue of Theorem 4.4. We also observe that if p(ds|z) = p(ds) is independent of the
location, then G can be taken as a probability measure, as evident from Proposition 4.5,
point (ii), and fi turns out to be a homogeneous CRM. In this case, Z] ; is a mixed
binomial process MB(Gy, qi+), where gg- is the probability mass function of the Poisson
distribution with mean A\, = f(o,l} spn(ds), where p,(ds) = (1 — s)"p(ds). In other words,
Z) .1 has K' ~ Poi(\,) points, represented as Z,, | = 5:11 dx;, where the X}’s are i.i.d.
from Gp. Again, the distribution of Z/ 1 depends on the sample only through the sample
size n.

4.4.2 THE MIXED POISSON PROCESS PRIOR

Let now ¥ ~ MP(v, f,), where v is a (infinite) locally finite measure on X x (0,1]. That
is, ¥ is a Poisson process with random mean measure yv and 7y ~ f is a positive random
variable, cf. Example 4.1. As usual, we assume that Z;(X) < oo a.s.. Moreover, we suppose
that + has finite moments of any order k£ > 1. Then, the k-th factorial moment measures
are o-finite for any k£ (cf. Proposition 4.5) and v(dzds) = p(ds|z)Go(dx), where p is a
kernel from X to (0, 1] and Gy is a o-finite measure on X. The following corollary specifies
the Bayesian analysis of this extended feature allocation model.

Corollary 4.2 (Bayesian analysis under the mixed Poisson process). Consider a sample Z
from the statistical model (4.3), where [i is the functional of a mized Poisson point process
VU, i.e., W~ MP(v, fy), defined via (4.2).

(i) The marginal distribution of Z equals

k
E (6—%%7’“) H (1 —s)" s p(ds | X)Go(dXy),
e=17(01]

where @y, is defined as in (4.9).

1 e posterior distribution of [ satisfies the distributional equality in (6.10), where
Th distrib f fies the distrib [ [ h
po=325140% and {(X’j’-,q})}jzl are the points of a mized Poisson point process
U~ MP(V, f5), with
V' (deds) = pu(ds |2)Go(dz) and  f5(dy) oc ek £ (dy).

In addition, the qp’s in (6.10) are independent random variables, and independent of
', with marginal density fg,(ds) oc ™ (1 — s)" "™ p(ds| Xy), as £ =1,... k.

(iii) The predictive distribution of Zn11, given the sample Z, satisfies the distributional
equality in (4.8), where Z!, 11 18 a mized Poisson process on X with distribution

!~ MP( /( . spn(ds | )Go(dz), fﬁ), (4.10)

where the first parameter is a finite measure on X. Moreover, the Ay ,’s in (4.8)
are independent Bernoulli random variables with parameters q;’s, as £ =1,... k.
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We emphasize that the process Z;, ., in (4.10) depends on the initial sample Z only
through the sample size n and the number of distinct features k, which appear in the
mixing law f5, and on no additional sampling information, as expected from Theorem
4.5. Finally, if the kernel p does not depend on the location z, i.e., p(ds|x) = p(ds),
then Gy can be taken as a probability measure (see Proposition 4.5, point (ii)) and f,
conditionally on ~, turns out to be a homogeneous CRM. Thus, thanks to Lemma 4.3,
Z1/1+1 is a mixed binomial process distributed as Z1/1+1 ~ MB(Gy, qk'), where qg |7 is a
Poisson density with parameter 4 f(O,l} spn(ds), where p,(ds) = (1—s)"p(ds), conditionally
on a positive random variable 7 with probability distribution f5. The stable beta scaled
process in Camerlenghi et al. (2024) and the mixtures of Indian buffet processes analyzed

in Chapter 3 fall under the umbrella of models considered in this section.

4.4.3 THE MIXED BINOMIAL PROCESS PRIOR

We now consider the other class of priors identified in Theorem 4.5, i.e., mixed binomial
processes. Let U ~ MB(v, qpr), where g/ is a probability mass function on the nonnegative
integers with finite moments and v is a probability measure on X x (0,1]. Therefore, the
disintegration v(dz ds) = p(ds | z)Go(dz) always holds, where Gy is a probability measure
on X, and p is a probability kernel from X to (0, 1]. This follows from a suitable application
of (Kallenberg, 2021, Theorem 3.4). The Bayesian analysis of model (4.3) under the mixed
binomial process prior for ¥ is presented in the next result. For ease of notation, we will
use Ky, to represent the integral ,, = fXx(O,l] pn(ds| z)Go(dx).

Corollary 4.3 (Bayesian analysis under the mixed binomial process). Consider a sample
Z from the statistical model (4.3), where [i is the functional of a mized binomial point
process ¥, i.e., U ~ MB(v, qpr), defined via (4.2).

(i) The marginal distribution of Z equals

) k
£ { ()"} EQI®) H /( ST | X Ga(ax),

where the first expected value is taken with respect to a nonnegative integer-valued
random variable M having probability mass function

(m—i—k)!.

057(m) o< qagm + 1)

(i) The posterior distribution of fi satisfies the distributional equality in (6.10), where

po=30s Q;'di(jz and {(X},q;)}j>1 are the points of a mizved binomial process W' ~
MB(V, qprr) with

V(dsdz) = pp(ds|z)Go(dz) and  qur(m) o (kn)™ gy (m).

Moreover, the q;’s are independent random wvariables, and independent of p', with
marginal density fq,(ds) o< s™ (1 —s)" "™ p(ds | Xy), as € =1,... k.

(iii) The predictive distribution of a future observation Z, 1, given the sample Z, satisfies
the distributional equality in (4.8), where Z;LH is a mized binomial point process on
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X with parameters (G, qK), with é(dx) =

(0,1] spn(ds|z)Go(dz) and

akr(m) < 3 (;) ko (z + k) (1 — cp)Z*mM7

z!
z>m

having set
_ fXx(O,l] spn(ds | z)Go(dx)

cp = .
: fo(o,l} pn(ds | 2)Go(dz)

Moreover, the Apt14’s in (4.8) are independent Bernoulli random variables with

parameters qp’s, as £ =1,... k.

As expected, the distribution of Z], ; in point (iii) of the previous corollary depends on
the sample only through the sample size n and the number of observed features k. A special
case of interest is obtained by assuming that p(ds | z) = p(ds), so that p,(ds|z) = p,(ds) =
(1—5)"p(ds). Under this assumption, Z,, ,; is a mixed binomial process MB(Gl, gx+) and
gk does not depend on Gy. We further specialize this case to two choices of M ~ qy.

If M ~ Poi()\), then VU is a Poisson process with finite intensity measure. In this case,
U’ is a Poisson process with finite intensity Ap,(ds)Go(dz), having M’ ~ Poi(p,(0,1])
points. In addition, Z],, ; is a Poisson process with finite intensity, having K’ points, with
K’ being a Poisson random variable with mean A f(o,l} spn(ds).

Let now M be a negative binomial random variables with parameters (r,p), where
p € [0, 1] denotes the success probability and r > 0 is the number of successes. In this case,
U’ is a mixed binomial process with M’ points, where M’ is a negative binomial random
variable with updated parameters 1’ = r+k and p’ = 1 — K, (1 — p). Moreover, the process
involving new features Z;; is a mixed binomial process with K’ points, where K’ is a
negative binomial with parameters r** = r + k and

/

pth _ p .
P+ (L=p) [ 5pn(ds)

We finally point out that the Gibbs-type feature models with finitely many features intro-
duced in Chapter 3 correspond to specific choices of the two models specified above.

4.4.4 'THE INDEPENDENTLY MARKED (REPULSIVE) DETERMINANTAL PROCESS PRIOR

In this section, we provide a prior for ¥ such that the distribution of Z;, , ; in the prediction
rule (4.8) depends on the sample also through the observed feature labels . To this end,
consider a determinantal point process (DPP) & on a compact region R C R? (Hough et al.,
2006; Lavancier et al., 2015). The DPP £ is specified by a covariance kernel C': R x R — C,
such that Mg(k) has density with respect to the k-fold product of the Lebesgue measure
given by
n(k) (ml, e l‘k) = det{C(ZEh, xw)h’wzlw.7k}, Ti1,...,Tr € R,

where C(zh, Tw)hw=1,... k is the k x k matrix with entries C(xp, ). Now ¥ = Z]]Vil 5(5(_,»,5_7»)
in (4.2) is obtained by marking each point in & = ij\i1 5)2} by independent random
variables §; | X; = x; ~ H(-|z;) with values in (0,1], that is W is an independently
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marked point process with ground point process & and mark kernel H, according to Bac-
celli et al. (2020). We write for convenience ¥ ~ imDPP(C, H), where C is the co-
variance kernel of the determinantal ground process and H is the mark probability ker-
nel. As for any independently marked process, the k-th factorial moment measure equals
M&,k) (dxds) = Mé(k) (de) Héf:l H(dsg|z¢) and it is o-finite, since Mé(k) is o-finite.

We also recall that the reduced Palm version of a DPP is still a DPP. Namely, for any
x = (v1,...,21) such that the z;’s are distinct, &, is a DPP with kernel K (y1,y2) =
C(y1,y2) — éa(y1)" C~'ea(ya), for any y1,y2 € R, where &(y) = (C(y, 21),..., Cly, zx))"
and C = C(xp, Tw)hw=1,.. k- See, e.g., Lavancier and Rubak (2023) for further details.

Corollary 4.4 (Bayesian analysis under the independently marked pppP). Consider a sam-

ple Z from the statistical model (4.3), where fi is the functional of an independently marked
point process U, i.e., W ~imDPP(C, H), defined via (4.2). Let x = (X1,..., Xg).

(i) The marginal distribution of the sample Z equals

[ —1lo —s)" s|x — ) s ()w
ﬁg[lg{kﬂa )" H(ds | HII/ ‘(1 H(ds| X;)- M (dw),

where we remind that Le denotes the Laplace functional of the DPP £

(i1) The posterior distribution of [i satisfies the distributional equality in (6.10), where
the weights q;’s are independent random variables, further independent of 1, with
marginal density fg,(ds) o< s"™(1 — )" ™ H(ds|Xy), as £ =1,..., k. Moreover, y'
in (6.10) can be represented as ' = ij\il q}d)g;, where the X'J’ ’s are the atoms of a
point process & on X specified by the Laplace functional

Lg —lo 1—-s)"H(ds|z
) & {F —10g foy (1 = 5)"H( |>}7 .
Lo {— log Jjq,y (1~ s)"H (ds | x)}

and the ¢;’s are independent marks with conditional density d | XJ' = ~ H'(-[z}),

where H'(ds | 2%;) o< (1 — s)"H(ds | 2}).

(iii) The predictive distribution of Zn11, given the sample Z, satisfies the distributional
equality in (4.8), where Z’+1 is a Bernoulli process with parameter u', and the
Apt1,’s are independent Bernoulli random wvariables with parameters q;’s, as { =
1,...,k.

Some remarks are in order. First, observe that in the Poisson, mixed Poisson, and
mixed binomial examples, the atoms X ;'s of the underlying point process ¥ are marginally
ii.d. from some distribution on X. On the other hand, if ¥ is built starting from a DPP
or any other repulsive process, the Xj’s have a joint law that encourages a priori “well
separated” configurations, i.e., for h # w, the probability that X} “is close to” X,, is
small. In addition, under this prior choice, the process 2’ ni1 appearing in the predictive
distribution of Corollary 4.4, point (iii), depends on the sample Z through the feature labels
x, since the parameter i/ depends on x, as well as the sample size n and the cardinality
k of . However, such a distribution is not affected by other sample statistics, i.e., the
frequency counts. We conclude with an example, where we focus on a specific choice of the
distribution of the g;’s
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Example 4.3. We consider ¥ ~ imDPP(C, H), where H(-|z) does not depend on z
and equals the beta distribution with parameters (a,b), namely ¢; e Beta(a, b), where
Beta(a,b) denotes the beta distribution. In this particular case, the distributional results
in Corollary 4.4 simplify. It is worth noticing that the posterior distribution of i satisfies
the distributional equality in (6.10), where each weight g, has a beta distribution with
parameters (my + a,n —my +b), as £ = 1,..., k. Moreover, the distribution of the point
process ', and, as a consequence, of 1/ in (6.10), becomes much more manageable. Indeed,
from (4.11), the distribution of & has a density with respect to the distribution of £, given

b
’ B(a,b+n) v(X) <
fﬁ/(V)O( {M} ::g(n;a,b)y( )a

having denoted by B(a,b) the Euler’s beta function. The associated marks qg’s are i.i.d.

from a beta distribution with parameters (a,b+ n). In more detail, the distribution of the
number of points in &, denoted with M’, has a density with respect to the distribution of

€L(X) given by

fr(m) o {B<a’b+”> }m (4.12)

B(a,b)
Finally, the mean measure Mg has density with respect to M defined as

me (y) = g(n; a, b)E {fg, {gém})H .

4.4.5 PREDICTIONS DEPENDING ON THE WHOLE FREQUENCY SPECTRUM

In the examples analyzed so far, we have found predictive distributions for Z, 11 depending
either solely on n, or n and k, or n and z (including k). As shown in James et al. (2015);
Camerlenghi et al. (2024) and as discussed at the end of Section 4.3, in general, scaled
processes yield predictive distributions for the newly discovered features which depend on
the sampling information through n, k and the frequency spectrum my, ..., mg. However,
outside the case of stable beta scaled processes, the resulting expressions for the poste-
rior and marginal distributions (and the associated computations) are somewhat involved.
For instance, if one considers scaled processes built from gamma and generalized gamma
subordinators, the distribution of y/ involves intractable integrals that must be evaluated
numerically.

Here, we propose a different and straightforward strategy to induce predictive distribu-
tion depending on the whole frequency spectrum while maintaining computational conve-
nience. The idea is simple and generally applicable: starting from the expression of the
Lévy intensity p of a subordinator, assign a prior distribution to a parameter that does not
enter only multiplicatively in the expression. For simplicity and specificity, we will consider
here the case of the three-parameter beta process (Teh and Gorur, 2009; Broderick et al.,
2015), i.e., model (4.3) with i a homogeneous CRM having Lévy intensity measure

p(ds) Go(dz) = s~ 171 — s)ﬁ+a_1ﬂ(0,1](s)ds Go(dz), (4.13)

where o € (0,1) and 8 > —a. The next proposition shows how considering a random
yields the desired predictive distribution.
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Proposition 4.2. Consider a sample Z from the statistical model (4.3), where [i is the
functional of a point process ¥ defined via (4.2) and ¥ is such that

U|a~PP(ys 1791 — s)ﬁ+°‘_1]l(0’1}(s)ds Go(dz)),

QO ~ T,

where v > 0,8 > 0, Gy is a diffuse probability measure on X and m, is supported on (0,1).
Then, if o is not a degenerate (Dirac) measure, the predictive distribution of Z), ., given
the sample Z, depends on n, k and m1, ..., mg.

To the best of our knowledge, there is no conjugate prior for . However, inference under
this model is straightforward by means of Markov chain Monte Carlo algorithms. Indeed,
conditionally to «, marginal, posterior, and predictive distributions are readily available,
and the posterior distribution of « has a simple density function that is amenable to
posterior simulation algorithms.

4.5 AN APPLICATION OF EXTENDED FEATURE ALLOCATION MODELS TO SPA-
TIAL STATISTICS

We consider here an extension to the problem proposed by Ord (1978), see also Diggle
(2013). Informally, assume that trees are randomly distributed in a forest. Each obser-
vation Z; is generated by a surveyor who, walking in the forest, annotates the location
of some trees. Thus, Z; contains the locations recorded by the i-th surveyor. Ord (1978)
assumes the scenario in which a single surveyor is present, selecting trees at random, and
considers the problem of estimating the total number of trees in the forest using only a
single set of recorded locations. We adopt a slightly weakened hypothesis by assuming that
the probability of observing each tree is independent of the location but could be influenced
by some unavailable tree-specific characteristic (e.g., height), eventually modeled as a ran-
dom variable. Our goals extend beyond those of Ord (1978). In addition to estimating the
number of trees in the forest by leveraging multiple observations, we also aim to identify
the locations of unobserved trees.

4.5.1 FITTING DETAILS AND NUMERICAL IMPLEMENTATION

Formally, we assume that (Z;);>1 follows (4.3), where i = > .-, Gjog,, and the X;’s
correspond to the locations of the trees in the forest, whereas the ¢;’s are the tree-specific
probabilities of observing tree j in any survey. We also indicate the point process containing
all the locations by & = ngl 55(]»' We further assume that the ¢;’s are i.i.d. beta random
variables with common parameters (a, b), and £ is a DPP on a rectangular region R C R?
as in Section 4.4.4. Indeed, it is well understood that trees often exhibit repulsive behavior.
For the purpose of illustration, we will assume that £ follows a Gaussian DPP (Lavancier
et al., 2015) with parameters (p,a), subject to the condition p < (ra?)~! to ensure the
process is well-defined. The covariance kernel of this Gaussian DPP is given by C(z,y) =
pexp{—||(z — y)/a||?}. We refer to Mgller and Waagepetersen (2003); Lavancier et al.
(2015) for other examples of repulsive point processes.

Supposing we observe n surveys Zi, ..., Z,, which report the locations of k£ distinct
trees, we now address the problem of predicting the number and locations of the missing
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trees. The posterior distribution of the total number of trees is equal to M’ + k, where the
law of M’ is given in Example 4.3. In addition to estimating the number of trees in the
forest, a natural and more challenging question is to locate the unobserved trees. With
the notation of Example 4.3, the infinitesimal probability that an unobserved tree would
occupy position dz equals E{®¥'(dz x (0,1])} = Mg (dz).

Both tasks require to handle the distribution of £.,(X), for some specific points . From
Corollary 4.4, QE is a DPP on R with kernel K., and associated Mercer decomposition

Ke(y1,y2) = X p>1 Newr (1)) (y2). Then, from Hough et al. (2006) (see also Lavancier
et al., 2015), we have that ¢:.(X) follows a Poisson-binomial distribution with parameters
(Af)k>1. Unfortunately, as discussed in Lavancier and Rubak (2023), the eigendecompo-
sition of K, is generally not analytically available. We consider two approaches: the first
consists of approximating the eigendecomposition numerically, and the second exploits an
approximation of the Poisson-binomial distribution that does not require such an eigende-
composition.

To numerically approximate the A}’s, we proceed as follows. Let Ry be a grid of
(Ngy)? equispaced points in R, define the N2 X N2 matrix K by IE'U = Ko (y1,i,y2,5) for
(Y14, yQJ) € Ry x Ry. Let A = HZ 1 Li/Ng where L is the length of the i-th side of R. Of
course, K is positive definite since K, is a covariance kernel, with eigenvalues A, Nz
Then, we set \} ~ MeA for k=1,.. .,Ng2 and A;, = 0 for k > NQQ, and approximate the
law of £, (X) with a Poisson-binomial distribution of parameters (A{A, ..., 5\N§A). In our
experiments presented in the subsequent sections, the decreasingly ordered sequence of A}
decreases extremely fast with k so that the truncation error is negligible. We checked the
accuracy of the numerical approximation of A; against the analytical value in the case of
a Gaussian covariance, reporting errors of the order of 0.01 for the largest 50 eigenvalues.
To compute the probability mass function of a Poisson-binomial distribution, we use the
Python package fast-poibin. Evaluating the distribution on the whole support takes less
than one second for Ng2 = 2500. Further speed-ups can be achieved by truncating the
series of eigenvalues earlier, for example, by keeping only those eigenvalues exceeding a
pre-specified threshold.

An alternative strategy would focus on approximating the Poisson-binomial distribution
via Le Cam’s theorem (Steele, 1994), i.e., approximating the law of £, (X) with a Poisson
distribution with parameter Zk>1 Aj. Since the sum of eigenvalues is equal to the trace
of Ky, ie., [, K r Ka(y,y)dy, using Le Cam’s approximation does not require performing
any numerlcal eigendecomposition. However, Le Cam’s approximation introduces a non-
negligible error. In particular, the total variation between the true distribution of f;;(X)
and its approximation is bounded by above by >, < (Af)?.

Finally, as illustrated in this context, the distribution of the independently marked DPP
¥ is controlled by a set of hyperparameters that must be specified. Specifically, we need
to elicit the parameters (a,b) of the beta distribution for the marks g;’s, as well as the
parameters (p,«) of the Gaussian DPP £. To this end, we resort to an empirical Bayes
approach, choosing such hyperparameters by maximizing the likelihood function (4.3) of
the model with respect to these four parameters.
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Figure 4.5.1: Posterior distribution of the total number of trees in the synthetic scenario
of Section 4.5.2. From left to right: calculations performed using Le Cam’s approximation
of the Poisson-binomial, exact computations, and posterior of f;;(X) Different line colors
correspond to different sample sizes; the black vertical line indicates the true number of
trees.

4.5.2 SYNTHETIC SCENARIOS

We generate data by simulating the true point process of the “trees”, denoted with &,
from a Gaussian DPP on [0, 1]? with intensity parameter p = 100 and scale o = 0.0535.
To the points in {y we attach ii.d. marks ¢;’s from the beta distribution of parameters
(1,5), therefore obtaining a realization for ¥ and fi. Observations Z;’s are obtained by
simulating i.i.d. Bernoulli processes conditionally to f, mimicking the collection of data
from the surveyors.

For different sample sizes n € {5,15,25,50}, we compute the distribution of the total
number of trees as M’ + k, where M’ is defined in Example 4.3, and compare it with the
total number of trees in £y. We compare inference obtained using the exact computation of
the Poisson-binomial distribution and Le Cam’s approximation. Additionally, we consider
a naive approach where we disregard the Z;’s, retaining only the distinct locations & and
computing the law of f!m. Beyond predicting the total number of trees, we address the
problem of locating the unobserved trees through M, as discussed in Section 4.5.1. When
adopting the naive approach, this task is tackled by considering the mean measure of 5;3.
All results presented here are obtained by estimating the hyperparameters of the model
via the empirical Bayes approach described in Section 4.5.1. For completeness, Section 4.G
in the Appendix provides the corresponding analyses under an oracle scenario, where all
hyperparameters are fixed at their true values.

Figures 4.5.1 and 4.5.2 highlight the key features of our predictions: in estimating
the total number of trees, Figure 4.5.1 clearly shows that the naive approach performs
poorly across all sample sizes. Le Cam’s approximation, albeit faster, introduces some
errors that lead to slightly underestimating the number of trees. In contrast, the exact
posterior looks centered around the true number of trees, with its variance shrinking as
the sample size increases. Figure 4.5.2 addresses the problem of locating unseen trees for

a sample size of n = 15, comparing our proposed model with the naive approach. Refer to
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Unseen trees and Mg Unseen trees and Mg!.
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Figure 4.5.2: Locating the unobserved trees for n = 15 in the synthetic scenario of Sec-
tion 4.5.2: infinitesimal probability of observing an unseen tree in a given location. Left
plot: the mean measure of ¢’. Right plot: the mean measure of &,. The red dots represent
the observed trees in the sample. The black crosses indicate the unseen trees. Note that
the color scales of the two plots are different.

Section 4.G in the Appendix for the corresponding plots when n € {5,25,50}. Beyond the
substantial discrepancy between the two scales, caused by the naive approach significantly
overestimating the number of trees, further remarks are needed. Specifically, consider the
infinitesimal probability of observing an unseen tree at location dx. Since 5; is a DPP, the
naive approach assumes that the farther dx is from the observed trees x, the more likely
it is to contain an unseen tree. On the other hand, the repulsive pattern of ¢ is peculiar,
leading to a different behavior: our model predicts that it is unlikely to find a tree at dx
if it is too close to an observed tree, as expected. However, it also predicts that locations
“too far” from observed trees may have small probabilities of containing a tree, as they
might not align with the accumulation patterns estimated from the data.

Finally, we briefly discuss the utility of imposing repulsiveness between the points Xj’s
of . Consider any prior process for ¥ where the points Xj’s are marginally i.i.d. from
some diffuse distribution Gy, such as the Poisson, mixed Poisson, or mixed binomial pro-
cesses. From the predictive characterizations in Theorem 4.4 and Theorem 4.5, we know
that the locations of the unseen trees X ]’-’s in ¥ are independent of the observed locations
x. Furthermore, these locations remain marginally i.i.d. from Gg, as demonstrated in
Corollary 4.1, Corollary 4.2, and Corollary 4.3. Therefore, for these models, the task of
locating the unobserved trees is answered by G, which provides no informative structure
about the spatial arrangement of the unseen trees. This highlights the advantage of incor-
porating repulsiveness in this spatial illustration, as our model provides a more informative
and structured prediction of tree locations.

4.5.3 ANALYSIS OF NORWEGIAN SPRUCES

We analyze the spruces dataset from the R package spatstat, which contains the spatial
locations of 134 Norwegian spruce trees in a natural forest stand in Saxony, Germany.
These tree locations are represented as the point configuration &. We assign an i.i.d.
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Unseen trees and Mg, n=10 Unseen trees and Mg, n =20 Unseen trees and Mg, n =30

0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.5.3: Locating the unobserved trees for n € {10,20,30} in the analysis of the
spruces dataset of Section 4.5.3: infinitesimal probability of observing an unseen tree in
a given location. The three plots report Mg for the three sample sizes. The red dots
represent the observed trees in the sample. The black crosses indicate the unseen trees.
Note that the plots have different color scales.

mark ¢; sampled from a beta distribution with parameters (1,20) to each tree. Using these
marks, we generate surveys Z;’s by retaining each tree with probability ¢;. We consider
samples of increasing sizes n € {10, 20,30} and estimate model hyperparameters using the
empirical Bayes approach.

We infer the total number of trees as M’ + k, where M’ is defined in Example 4.3.
Employing Le Cam’s approximation, our model provides reliable predictions, although
with a slight underestimation. Specifically, the expected values of M’ + k are respectively
115,111, 114, for the increasing sample sizes. This systematic underestimation aligns with
the comments of Figure 4.5.1, where exact computations yielded more accurate results
than Le Cam’s approximation. The choice of Le Cam’s approximation is justified by its
computational efficiency.

The main problem we address is the prediction of the locations of unobserved trees. In
our framework, this is achieved via My, as detailed in Section 4.5.1, which is reported in
Figure 4.5.3. Across all sample sizes, our predictions exhibit the peculiar repulsive structure
highlighted in the simulated example. The regions predicted to most likely contain unseen
trees align well with the locations of the actual unobserved trees, as indicated by the black
crosses in the figure. The difference in plot scales arises from the reduction in the number
of unseen trees as the sample size increases.

4.6 DISCUSSION

Feature allocations are routinely employed in several applied fields ranging from text min-
ing to online A /B testing. In this work, we have investigated the class of extended feature
allocation models, which allows for generic dependence structures across the feature la-
bels and weights. As noted by Lee et al. (2023), assuming a repulsive dependence among
features reduces overfitting and leads to more interpretable posterior summaries of hier-
archical models where features are present at a latent level, which are common in tasks
such as image segmentation (Griffiths and Ghahramani, 2011; Broderick et al., 2015), ma-
trix factorization (Zhou et al., 2012, 2017), and cellular biology (Lee et al., 2023). Our
analysis lays the foundation for such models and their applications since the posterior and
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predictive distributions can be leveraged to design posterior inference algorithms.

Within the class of extended feature models, we have characterized those priors leading
to simple predictive distributions, whereby the probability distribution of “new” features
depends exclusively on the sample size, or on the sample size and the number of distinct
features in the sample. These postulates are entirely absent from the existing literature and
serve as essential tools to guide the prior elicitation. Moreover, predictive characterizations
offer a bridge between the classical Bayesian paradigm, based on likelihood and prior,
and the predictive approach to inference, predicated by de Finetti, that recently gained
popularity (Fong et al., 2023; Berti et al., 2025), by allowing the statistician to choose a
system of prior and likelihood based on their subjective idea of the predictive distribution.

Sufficientness postulates for species sampling models characterize specific prior distri-
butions such as the finite Dirichlet distribution, the Dirichlet process, and the Pitman-Yor
process (Bacallado et al., 2017), by imposing conditions on the probability of observing
a new species and the probability of re-observing a species recorded in the sample. By
contrast, our postulates focus only on the distribution of new features and characterize
broad classes of priors. It is then natural to wonder if, by adding further conditions on
previously observed features, it is possible to restrict the characterization to specific prior
distributions. This question has a negative answer, as clarified by a simple counterexam-
ple. In fact, for any Poisson, mixed Poisson, or mixed binomial prior, the probability of
re-observing a feature depends exclusively on the sample size and the frequency of that
feature. This excludes the possibility of distinguishing within the class of CRMs by adding
structural constraints on the predictive law for the previously observed features.

The present work opens several opportunities for future research. First, a promising
research direction is the further development of the model based on the determinantal
point process, as described in Section 4.4.4, along with its extension to high dimensional
settings. The resulting prior will be particularly useful as a latent structure in latent
factor models. In such cases, we expect computational challenges that may require the
development of suitable algorithms for approximate posterior inference. Second, one can
explore trait allocations (Campbell et al., 2018), a generalization of feature models in
which an expression level is also recorded for each feature. We expect that our theorems
extend to the trait allocation setting by virtue of our Palm-calculus-based framework and
by adopting the spike-and-slab formulation of trait allocations in James (2017). Finally,
we plan to explore more complex models for partially exchangeable data, both generalizing
the hierarchical beta process of Thibaux and Jordan (2007) (further developed by James
et al., 2024) and proposing alternative prior distributions inspired by the rich literature on
partially exchangeable priors for species sampling models. For instance, one could develop
analogous of nested (Rodriguez et al., 2008), additive (Lijoi et al., 2014) and compound
(Griffin and Leisen, 2017) processes, as well as draw inspiration from the more general
constructions in Ascolani et al. (2024); Franzolini et al. (2023); Beraha and Griffin (2023)
to design new models in the feature setting. Work on these problems and related ones is
ongoing.
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APPENDIX

ORGANIZATION OF THE APPENDIX

The Appendix is structured as follows. Section 4.A presents useful results on extended
feature allocation models, which are referenced in Remark 4.1 and throughout the chapter.
Section 4.B provides additional results on the class of mixed binomial processes. Section
4.C recalls a key formula for working with Palm distributions, namely the Campbell-Little-
Mecke (cLM) formula, as well as a fundamental characterization result for mixed Poisson
and mixed binomial processes, as stated in (Kallenberg, 1973, Theorem 5.3). Section 4.D
contains the proofs of Theorems 4.1 and 4.2, which establish the full Bayesian analysis
presented in Section 4.2.1. Section 4.E includes proofs for all results related to the suffi-
cientness postulates discussed in Section 4.3. Section 4.F provides the proofs for Section
4.4, where specific examples are analyzed. Finally, Section 4.G offers additional details on
the synthetic experiment examined in Section 4.5.

To facilitate the reading of the Appendix, we recall the extended feature allocation
model for the exchangeable sequence of observations (Z;);>1, presented in model (4.3) of
the main text. In particular, we consider Z; = 3 i>1 Aijé %, for ¢ > 1, and the statistical
model is given by

Zi| i ¥ BP(f),
f~ 2,

where 2 denotes the law of the random measure ji, which is a functional of the point

(4.14)

process ¥ = ijl 5(5(]_ g) on X x (0,1]. Specifically, fi is defined as
f(B) :/ slp(x)¥(deds), Be Z. (4.15)
Xx(0,1]

4.A  SOME USEFUL RESULTS ON EXTENDED FEATURE ALLOCATION MODELS

The following proposition formally states the necessary condition, discussed in Remark 4.1,
on the mean measure of ¥ to ensure Z;(X) < oo a.s. for any generic element Z; in the
sequence (Z;);>1 defined in (4.14).

Proposition 4.3. Let Z; be the generic element of the sequence (Z;)i>1 defined in (4.14),
where [i is the functional of a point process ¥ defined via (4.15). Assume that ¥ has infinite
points a.s. and let My denote the mean measure of V. If Z;(X) < 00 a.s., then

/ (1 —s)Mg(dxds) = co.
Xx(0,1]
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Proof. We proceed by proving that fXx(o,l}(l_s)M‘I’ (dzds) < oo implies P(Z;(X) < 00) =
0. Indeed, define the sequence of events V; = {flz-j =0} € &7, j > 1 and observe that the
event Z;(X) < oo coincides with the event liminf V. We now prove that P(liminf V}) <
P(limsup V;) = 0. Consider

PV =D P(A;=0)=> E(1—g)=E> (1-),

j=1 Jj=21 j=21 j21

and define the process T = ijl 5(5(‘ ) O X x [0,1), where 7; = 1 — ;. We have that

Y P(V)=EY m=E {/Mo : tT(dxdt)} = /Mo : tMy(dz dt), (4.16)

i1 j>1

where the last equality follows from Campbell averaging formula. Now, defining the func-
tion g : X x (0,1] = Xx [0,1) as g(z, s) = (x,1—s), we have that T = Wog~! is the image
of U by g. Consequently, My (dzdt) = My(g~'(dz,dt)) = My(dxrds), where s = 1 — .
Thus, it follows that

/ tMr(dzdt) = / (1 —s)Mg(dxds) < oo, (4.17)
Xx[0,1) Xx(0,1]

where the inequality holds by hypothesis. Therefore, from (4.16) and (4.17), we have that
>_j>1 P(Vj) < oo. By applying the Borel-Cantelli lemma, we obtain P(limsup V;) = 0 and
the proof is complete. O

The following proposition establishes the necessary and sufficient condition, also dis-
cussed in Remark 4.1, on the mean measure of ¥ to ensure that Z;(X) < oo a.s., under the
assumption that ¥ is a Poisson or a mixed Poisson process. In particular, when W follows
either of these processes, the necessary condition given in Proposition 4.3 is also sufficient.

Proposition 4.4. Let Z; be the generic element of the sequence (Z;)i>1 defined in (4.14),
where [i is the functional of a point process ¥ defined via (4.15). Assume W is a Pois-
son process with (infinite) mean measure v or a mized Poisson process MP(v, f). Then,
Zi(X) < 00 a.s. if and only if fXx(O,l] sv(dzds) < oco.

Proof. We start by proving the statement for ¥ distributed as a Poisson process with mean
0.1] sMy(dz ds) < oo is sufficient
for Z;(X) < oo a.s.. Under the Poisson assumption for ¥, this sufficient condition writes as

measure v. As discussed in Remark 4.1, the condition fXX (

fXx(o 1] sv(dzds) < co. We are left to show the inverse implication. Consider the Laplace
transform of the random variable Z;(X) evaluated in 1,

E {e—Zi(X)} —E [E {e—Zi(X) | /]H —FE ]1;[1 {1-4¢01- 6_1)}

=E | exp Zlog{l—dj(l_e_l)}

j>1

= exp {—(1 —e /XX(O : sz/(da;ds)} .
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Therefore, if fXX (
proof is complete.

0.1] sv(dzds) = oo, then E{e‘Zi(X)} = 0 and Z;(X) = oo a.s. and the
To prove the result when W is a mixed Poisson process MP (v, f,), we leverage the result
just established for the Poisson process. In particular, Z;(X) < oo a.s. is equivalent to

1 =P (Zi(X) <o00) =E{P(Zi(X) < 0|7},

which holds true if and only if P (Z;(X) < co|~) = 1 a.s.. Conditionally to -, the process ¥
is a Poisson process with mean measure yv. Thus, leveraging on the result just shown for
the Poisson case, it holds that P (Z;(X) < co|~) = 1 if and only if v satisfies the condition
stated for a Poisson process, namely fXX(O,l] sv(dzds) < oco. O

The next proposition examines notable consequences of satisfying the condition Z;(X) <
oo a.s. under the assumption that ¥ is a Poisson process.

Proposition 4.5. Let Z; be the generic element of the sequence (Z;)i>1 defined in (4.14),
where [i is the functional of a point process W defined via (4.15) and ¥ is a Poisson process
with (infinite) mean measure v. If Z;(X) < 0o a.s., then:

(i) the k-th factorial moment measure Mé,k) =¥ is o-finite, for any k;

(ii) the following disintegration holds: v(dxds) = k(dz|s)Ap(ds), where k is a proba-
bility kernel from (0,1] to X and Ao(ds) := v(X x ds) is o-finite. Consequently, ¥
can be seen as an independently marked point process with Poisson ground process
on (0, 1] with mean measure Ay and marks on X with mark probability kernel k.

If the mean measure v is finite, points (i) and (ii) always hold with additional trivial
simplifications.

Proof. To prove point (i), we observe that v(X x (e,1]) < oo, for any € > 0. Indeed, when
VU is a Poisson process with mean measure v, the condition Z;(X) < oo a.s. is equivalent
to fXX(O 1 sv(dzds) < oo (Proposition 4.4). Therefore, for any € > 0,

v(X x (e1]) = / v(deds) < 6_1/ sv(dzds) < oco.

Xx(e,1] Xx(e,1]
Thus, it follows that v is o-finite, as well as any v/*.
We now focus on point (ii). Consider the projected measure v(X x ds) =: Ag(ds)

on (0,1]. From point (i), Ag is a o-finite measure. Then, thanks to (Kallenberg, 2021,
Theorem 3.4), the following disintegration holds: v(dzds) = k(dx | s)Ap(ds), where & is a
probability kernel from (0, 1] to X. O

4.B  AUXILIARY RESULTS ON MIXED BINOMIAL PROCESSES

This section presents three distributional results related to mixed binomial processes. The
first proposition establishes that the k-th reduced Palm version of any mixed binomial
process remains a mixed binomial process. This result is crucial for proving Lemma 4.2
(see Section 4.E) and Corollary 4.3 (see Section 4.F).
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Proposition 4.6 (Palm distribution of mixed binomial processes). Let ® be a mized bino-
mial process MB(v, qpr) defined on X. Then, the reduced Palm version of ® at x, denoted
with @

2> 18 a mized binomial process MB(v, qy;) where
(m+1)

qy;(m) = E(M) gu(m+1).

Similarly, the k-th reduced Palm version of ® at @ = (x1,...,x) (distinct points), denoted
(k)

with ®,, is a mized binomial process MB(v, 4y ) where
(k) _ (m+k)!
ay; (m) = E{M(k)}m!QM(m k).

Proof. Let us focus on the reduced Palm distribution of order k = 1. Let Lg be the Laplace
functional of ®. By (Baccelli et al., 2020, Proposition 3.2.1), for any measurable functions
f,9: X —= R4, the Palm distribution of a point process satisfies

;E‘I’(f+t9)’t=o = _/Xg(ﬂﬁ)ﬁq)z(f)M@(dx).

Since @ is a mixed binomial process MB(v, qar), its Laplace functional writes as

Lo(f) =E [E {e_f(X)}M] , (4.18)

where M has probability mass function ¢p; and X has law v, so that

iU+ 19, = = Lo | 5D mansmE (e O} i),

m>1

Multiplying and dividing by E(M), and thanks to a change of index k¥ = m —1 in the inner
summation, we recognize the following expression

0 _ fe K+ Dar(k+1)_ [ _rxn®
at@(fﬂg)}to__/xg(x)e (@) ;) o E{e /)" | My ()

Hence, ®, = 0, + @', where ®!, is distributed as in the statement.

The proof for the Palm distribution of order k follows by induction, by using the Palm

!

algebra property (Baccelli et al., 2020, Proposition 3.3.9), i.e., q)!(xhxz) < (@;1)'142, for
Mg)—a.a. (z1,22). O

The second proposition examines the effect of thinning a mixed binomial process and
establishes that its probability law remains that of a mixed binomial process. This result
is applied in the proof of Corollary 4.3; see the mixed binomial case of Section 4.F.

Proposition 4.7 (Thinning of mixed binomial processes). Let ® be a mized binomial
process MB(v, qpr) defined on X. Let the retention probability p : X — [0, 1] be a measur-
able function. Then the thinning of ® by p, denoted by ®,, is a mized binomial process
MB(vp, qu1,), where vp(dz) = p(x)v(dx)/cp, is a probability distribution and

o) = 3 (2 Jawldep -

z>m
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Proof. Given a point process ®, the thinned process ®, is characterized by the Laplace
functional described in (Baccelli et al., 2020, Proposition 2.2.6), that is

Lo, (f) = Lo [f log {p(x)e_f(‘”) +1-— p(w)H :

Under the assumption that ® is a mixed binomial process, its Laplace functional is ex-
pressed in (4.18). Consequently,

e e{( e )}

where M has probability mass function ¢p; and X has law v. Let Z be distributed according
to vp, where v, is as in the statement. It follows that

E [p(X) {e_f(X) - 1}} =¢yE {e_f(Z)} — Cp.

An application of the binomial theorem leads to

Mooy j .
£, (N =€ |2 ()ere{e @Y (- e
=0 N7
and the result follows from Fubini’s theorem. O

Finally, we highlight a simple yet useful result stating that mixed Poisson processes
MP (v, f,), where v is finite, can be viewed as mixed binomial processes.

Lemma 4.3. Let & ~ MP(v, f), where v is a finite measure on X and some f,. Then
® ~ MB(v, qur) for some qur. In particular, letting o(t) := E(e™) and p(v(X)(1 — 2)) :=
E(zM), it holds that o = ¢ on [0,v(X)].

Proof. Assume that ® ~ MP(v, f,). Define a mixed binomial process
) M
M=) b3,
j=1

with M |y ~ Poi(yv(X)) and v ~ f,. Moreover, consider X1,..., Xy | M S v(-)/v(X).
The probability-generating function of M can be written as

G (2) = E(z") = Elexp{—w(X)(1 - 2)}]
and the Laplace transform of f ()2' 1) is given by

Lyt = [ expl=tf@)v(de) /v (x).

Consequently, the Laplace functional of ® equals

£a) = Gar (£505)) =€ |exp { = [0 = e @ian ],
therefore & ~ MP(v, fy) and in particular & 4 3. By definition, ® L~ MB(v, qur),
with p(v(X)(1 — 2)) := E(zM) = Elexp{—w(X)(1 — 2)}], thus o(t) = E(e™*) =: o(t) for
t € [0, v(X)]. O
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4.C KEY RESULTS FROM POINT PROCESS THEORY AND PALM DISTRIBUTIONS

First, we recall the primary technical tool used in the proof of Theorems 4.1 and 4.2,
namely the Campbell-Little-Mecke formula. This formula can be viewed as an extension
of Fubini’s theorem to the case when both expectation and the integration are taken with

respect to a point process.

Lemma 4.4 (Campbell-Little-Mecke (cLM) formula). Let ® be a point process over (X, Z")
such that Mék) is o-finite. For all measurable f : XF x Mx — Ry, it holds

E /ka m,@-jéaxj 3®) (dz) :/XkE{f(m,q>;)}M§>’“)(dm).

Next, we present a key characterization result (Kallenberg, 1973, Theorem 5.3) for
mixed Poisson and mixed binomial processes, which relies on properties of the reduced
Palm distributions. This result will be crucial for the proof of Lemma 4.2. However, it
is important to note that in Kallenberg’s theorem, a point process is defined as a random
boundedly finite counting measure, whereas we consider a point process as a random locally
finite counting measure. This distinction, while subtle, is crucial. Working with boundedly
finite measures excludes Poisson processes with infinite activity. Specifically, in infinite-
activity Poisson processes considered in the literature, ¥(B x (0,7]) = oo for any bounded
Borel set B C X, meaning that ¥ is not a boundedly finite measure. Therefore, we verify
that the next result remains valid under our definition of a point process.

Lemma 4.5 (Theorem 5.3 in Kallenberg (1973)). Let ® be a point process with locally
finite mean measure Mg. Then the following assertions are equivalent.

(i) The distribution of ®, is independent of z, for Mg-a.a. x.
(ii) ® is either a mized Poisson or mixed binomial process.

Proof. We proceed by demonstrating the validity of the result in two steps, by separately
proving the two implications.

Proof of (ii)) = (i). We start by remarking that if ® is either a mixed Poisson or a
mixed binomial process, then ®' is independent of = € X, for Mg-a.a. x. Assume ® to
be a mixed Poisson, i.e., ® |y ~ PP(yv) and v ~ f, is an almost surely positive random
variable. Then, by (Baccelli et al., 2020, Lemma 2.2.27), its Laplace functional equals

£a(h) =E[E Lo (1)12)) =€ (exp |- [ {1 7@ }uian)] ).

By (Baccelli et al., 2020, Proposition 3.2.1), the Palm distribution of ® satisfies

5 eald 4 t9)l g = = [ a@)Ca. (1) Ma(do) (4.19)

We proceed by computing the left-hand side of (4.19), under the assumption that @ is a
mixed Poisson process. First, note that M¢(B) = E[E{®(B)|~}] = v(B)E(%), for B € 2.
Hence, one has

9 La(f +19)],_y = E (E [W(0) exp{h(0)} 4])
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where h(t) :== — [((1— e~ T@)=19(*))yp(dx), and thus b/ (t) := — Jx e~ T@)=19(2) g (2)yp(dz).
It follows that

%&b(f +19)],_,
—|- [ gterpian) en{- [a-eTOmian}]

= [ [ e {= [a- T fwian @)

= [ [ e [ [a-eronuan} o s ataian)

Therefore, by comparing the previous expression with (4.19), we deduce that, for Mg-a.a.
r € X,

Lo (f) = /@ /

R

e {— [a- e—f<y>>w<dy>} £ )

and the Laplace functional of the Palm version is

Lo(n= [ e {— Ja- ef@))w(dy)} £ )

which does not depend on z. In particular, it turns out that CID!x is a mixed Poisson process
such that @}, |7 ~ PP(Jv) and 7 ~ f5 with f5(dvy) o< v £y (d7).

If instead ® is a mixed binomial process, CIJ!x is described by Proposition 4.6: it is still
a mixed binomial process with law independent of x, for Mg-a.a. z € X.
Proof of (i) = (ii). Conversely, to prove the opposite implication, we need some
preliminary lemmas, which are of independent interest. We start by recalling (Kallenberg,
1973, Lemma 5.1). Given the point process ® and the set C' € 2, we indicate with ®¢
the restriction of ® on C, i.e., ®“(B) = ®(BNC), for any B € 2". Moreover, let IN denote
the set of natural numbers {1,2,...}.

Lemma 4.6. If ® is a point process with locally finite mean measure Mg, then
P(®e L|®(C)=mn,nedx)=P(®, € L|P,(C)=mn),

for L € Mx,C € Z,n €N, and A\cp-a.a. x € C, where n is the position of a randomly
chosen atom of ®° and

Acon(de) = E{®(dz) [ @(C) = n}P(P(C) = n) = P(®:(C) = n)Mgp(dz).

Proof. Preliminarily, we need to remark an alternative and limiting characterization of
Palm versions in terms of the so-called local Palm probabilities, denoted by P* and defined
on (2, 27) (see Baccelli et al., 2020). Specifically, for Mg-a.a. = € X, the following definition
is given, for A € &7,

E(D 1
pr ) — EQ(LY.
Mcp (d{L‘)
Define the family of processes {®!°°} _, whose laws are given as follows: P(®l¢ € L) =

P#(®~1(L)), for any L € Mx. Following Baccelli et al. (2020), we observe that ®lo¢ L9,

thus the Palm versions of ® can be characterized as follows
E(P(dx) | P € L)P(® € L)
M@(div)

P(®, € L) = (4.20)
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To prove the lemma, consider x € C', then
P@eL®(C)=nnedr)=Pnedx|®e L, ®C)=n)P(®ec L, ®(C)=n)
= E(6y(dx) |® € L, (C) =n)P(® € L, ®(C) =n) (4.21)
1
= EE(Q(dx) |® € L, ®(C)=n)P(®ec L, ®(C)=n),
where the last equality holds since 7 is a randomly chosen atom of ®. Moreover, applying
(4.20) to the event L' := {i € Mx : i € L, i(C) = n}, we get
E(®(dz)|® € L,®(C)=n)P(® € L,®(C)=n)=P(®, € L,P,(C) =n)Mgp(dz).

Consequently, plugging the last expression into (4.21), it follows that

1
P(®e L, ®C)=n,nedzr)= EP(CIJx € L,9,(C)=n)Mgp(dx) (4.22)
and, in particular, choosing L = Mk,
1
P(®(C)=n,nedx)= EP(QI(C) =n)Mg(dx). (4.23)

Finally,
P(® e L, ®(C)=n,n € dx)

P(®(C) = n,n € dz)
P(®, € L,®,(C) =n)
P(®,(C) = n)
= P(®, € L|®,(C) =n),

P(®e L|®(C)=n,nedx)=

where the second equality follows from (4.22) and (4.23). Clearly, the previous computation
holds when P(®(C) = n,n € dz) > 0, that is A (dz) = P(®,(C) = n)Me(dzx) >0. O

Secondly, we state another key result which we need for the proof, corresponding to
(Kallenberg, 2017, Theorem 3.7).

Lemma 4.7. Let ® be a point process on X and let C; 1 X, C; € Z and relatively compact,
j > 1. Then ® is either a mized Poisson or mized binomial process if and only if ®Ci is a

mized binomial process for every j > 1.

We can now prove that (i) implies (ii). Assume that ®! is independent of z, that is
P =P, 0, < &, for some point process £, for Mgp-a.a. x € X. Consider C € 2 relatively
compact set and n € IN such that P({(C') =n) > 0. Let k € N and B = (By,...,By) €
2 ®F whose components are a partition of C. Let z € (NU {0})* and e; = (1,0,...,0)
with k£ — 1 zeros. Let n as in Lemma 4.6. Assume, without loss of generality, that © € By;
for A\c ,-a.a. x, it holds that

P((®—0,)(B)=2|®(C)=n,nedx)=P(®(B)=2+e|®C)=n,necdx)
=P(®:(B) =z +e1|2(C) =n)
=P((®z — 62)(B) = 2| (P2 — 02)(C) =n — 1)
=P((B) = z[|£(C) =n—1),
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where the second equality follows from Lemma 4.6 and the last one from the definition of
&. Therefore, the following holds:

P((®—0,)(B) =z,ncdz|®(C)=n)
=P(®—-9,)(B)=2|2(C)=n,nedr)P(necdx|P(C)=n) (4.24)
— P(E(B) = 2| £(C) = n— 1)P(5 € dx | B(C) = n).

Then, define B = (By,...,B}) as follows: let k = k + 1, & < n, consider k points in
C, denoted with Z1,...,Zj, and let B; = dz;, j < k, be a neighborhood of z;, such that
BiNB; =0, for any i, j < k,i # j. Finally, define B, = C’\U?:ldi?j and z = (z1,..., 23, 0)
such that Z?Zl zj =n — 1. Then, the factorization in (4.24) gives

l;‘ —
(ﬂ )(dZ) = 2, (@ — & )<C\u§:1dzj):o,nedmycb(C):n)
j=1

k
(ﬂ (475) = 2, £(C \UL_1dz;) = 0] €(C) = n — 1)P(y € dz| B(C) = n),

from which we conclude that the distribution of 7, conditionally to ®(C') = n, is indepen-
dent of the position of the remaining n — 1 points. Then, we conclude that a randomly cho-
sen point of ® -4, is conditionally independent of the others, given that (®—6,)(C) = n—1,
by repeating the same argument above for the process ® — §,. Note that such an argu-
ment applies to ® — 6, since (& — 0y), — 0y = P — 6, — &, = & — 0, which does not
depend on z. Wrapping up, we have just shown that, conditionally on ®(C) = n, the n
points of ® are independent between them. Equivalently, ® is a binomial process given
®(C) = n, that is ¢ is marginally a mixed binomial process. Then, taking a sequence of
sets C; 1 X, C; € Z and relatively compact, j > 1, it holds that ®% is a mixed binomial
process for every j > 1. Finally, by an application of Lemma 4.7, we conclude that & is
either a mixed Poisson or mixed binomial process. O

4.D PROOF OF THEOREMS 4.1 AND 4.2

The proof is based on the study of the Laplace functional of i. We remind that, for any
measurable function f : X — Ry, the Laplace functional of ji equals

E [exp{—/xf(x)ﬂ(dx)}] _E [exp{—/xx(o’l] sf(x)\Il(d:cds)}].

In the following, we will use the shorthand notations fi(f) = [y f(z)i(dz) and ¥(sf) =
fXX(O 1] sf(x)¥(dzds). Let Z := (Z1,...,Z,) and denote by z its reahzatlon, with asso-
ciated likelihood function L(z | f1). An application of Bayes’ theorem entails

i o E{e"MILz p)}
E{e <f>|z_z}_ SCIEE (4.25)

where, at the denominator, we recognize the marginal likelihood.

Let X1,..., X be the k distinct features displayed in z and denote by my, ..., ms the
corresponding frequency counts. Let © = X x (0, 1]; arguing as in (James, 2017, Appendix

127



Chapter 4. Bayesian calculus for extended feature allocation models

A), the likelihood function can be shown to be

mz

k
L('z|ﬂ):/®k nflogl t)U(dzdt) H 1_Sz 5X£(x£) k(dazds)
(=1

where U* is the k-th power of U. Note that the term lezl dx,(x,) entails that the integrand
is zero on sets of the type

{(x,8) € ©F : @; =x; for i # j}.

Therefore we can replace W% with the k-th factorial power ). Then, an application
of the cLM formula (cf. Lemma 4.4) yields the following expression for the numerator of

(4.25),
k
—U(sf) ~ _ —¥(tf—nlog(1-t)) (k)
E{e L(z|,u)} E{/@ E 1—3 by, (2) ¥ (d:cd.s)}

:/ E{e L (tf—nlog(1—1))
Ok

k me
—sef(ze)+nlog(l—s,) S¢ (k)
X | | e —————0x, () My’ (dx ds).
=1 (1 —sme ™~ (e My )

mz

By assumptions, the disintegration in (4.4) holds true. Moreover, integrating with respect
to the x,’s, we obtain

E{e N1z )} = /(0 W {evear-mosti-)}

k (4.26)
X H el (X gme (1 — gp)nmepk) (ds | m)mék) (dz),

where £ = (X1,..., Xg). The expression in Theorem 4.1 follows by setting f = 0 in the
equation above, which coincides with the marginal likelihood of the data.

As for the proof of Theorem 4.2, we can simply evaluate (4.25), where the numerator
equals (4.26), while the denominator coincides with the marginal likelihood, i.e., Equation
(4.26) when f = 0. Thus, the posterior Laplace functional in (4.25) boils down to

E {e—ﬁm | Z = z}
Joa E {6‘@’“=5“f‘”1°g(1‘“>} [TE, e~ X051 — sg)=mep®) (ds | )
Joup E{e=emo =0 TTE, (1 = sg)rmep(ds )

To conclude the proof of Theorem 4.2, we need to show that the right-hand side above

coincides with the Laplace transform of the measure

k

ni=> qdx, + 1
/=1

128



Chapter 4. Bayesian calculus for extended feature allocation models

where the laws of q1,...,qr and p’ are as in the statement of Theorem 4.2. This is indeed
true, since the Laplace functional of 7 is

E {eﬂﬂf)} _E {67 sE qu(xew’(f)}

k

— /(o,l]k E {e*u’(f) g = S} H —sef(X0) ¢ (ds)

E {G*W;,s(tf*nlog( ))}

E {e\llﬂE o (nlog(l— t))}
E {ew;,s(nlogu—t))} [T, e s/ o gme (1 — sp)n=me pk) (ds | )

JouE {6% o(rloe(t=1) } [Tiy 57 (1 = s p®) (ds | o)

which is exactly the Laplace functional of ji that we have found before, and this concludes

X

the proof.

4.FE  RESULTS AND PROOFS OF SECTION 4.3

4.E.1 PROOF OF THEOREM 4.4

It is clear that the predictive distribution of Z),,; depends on the sampling information
as the law of y/, or equivalently ¥’, in Theorem 4.2 does. Therefore, the statement of
Theorem 4.4 is equivalent to saying that ¥’ depends only on n if and only if ¥ is a Poisson
process. From (4.6), it is clear that ¥’ depends on n and W', .q» Where x are the observed
distinct feature labels and q is distributed as in Theorem 4.2. Then, the proof follows from
Lemma 4.1 which characterizes the Poisson process as the unique point process for which

the reduced Palm kernel \lli,},q does not depend on (x, q).

4.E.2 PROOF OF LEMMA 4.1

If ® is a Poisson process, then <I>ic < @L L9 by the multivariate Mecke equation (Last
and Penrose, 2017, Theorem 4.4). Thus, this shows that (i) implies (ii).

On the other hand, assume that (ii) holds true, we need to show that & is a Poisson
process. To this end, consider & = (x1,...,z;) and y = (21, ..., 2, ¥y), i.e., y is defined by
adding a single point y to @. Then, by the Palm algebra (Baccelli et al., 2020, Proposition
3.3.9) we have

|
o, 4 (q)’m)y 19!
where the last equality holds by hypothesis. That is, we have proven that ®., is a Poisson
process using Slivnyak-Mecke (Baccelli et al., 2020, Theorem 3.2.4). Setting k = 1, we
have that @; is Poisson and by hypothesis, the law does not depend on x. Therefore,
we conclude that ® is a Poisson process since the family of Palm distributions of a point

process characterizes its law. See, e.g., (Baccelli et al., 2020, Proposition 3.1.17).

4.E.3 PROOF OF THEOREM 4.5

The proof follows by arguing as in the proof of Theorem 4.4 above but invoking Lemma
4.2 instead of Lemma 4.1.
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4.E.4 PROOF OF LEMMA 4.2

The proof of our lemma requires the use of Lemma 4.5. Using this characterization, proceed
as follows to prove Lemma 4.2 . First, (ii) implies (i) by using (Kallenberg, 1973, Theorem
5.3). Indeed, by setting k = 1, condition (ii) states that ®' does not depend on z, which
implies ® to be either a mixed Poisson or a mixed binomial process (Lemma 4.5). On
the other side, (i) implies (ii). Indeed, if ® is a mixed Poisson process, then @}, does not
depend on 27 (Lemma 4.5) and it is still a mixed Poisson (see the proof of the inverse
implication of Lemma 4.5). Conversely, if ® is a mixed binomial process, then @fpl is still
a mixed binomial process which does not depend on x; (see Proposition 4.6). Therefore,
in both cases, CD!(wl,:m) = (@él); does not depend on (x1,x2) and it is still either a mixed
Poisson or a mixed binomial process. Continuing with this argument, the proof follows for
any k.

4.F PROOFS OF SECTION 4.4

4. F.1 THE POISSON PROCESS PRIOR: PROOF OF COROLLARY 4.1

Proof of point (i) of Corollary 4.1. The marginal distribution of Z follows from specializing
Theorem 4.1. In particular, letting @ = (X1,..., X)), we first observe that 'fnék) (de) =
ng:l Go(dXy) and p¥)(ds | ) = lezl p(ds¢| X¢). Moreover, since VU is a Poisson process,
by Lemma 4.1, it holds \Il!m,s <. Consequently, the expected value in the marginal

expression of Theorem 4.1 equals
E {efxxwﬂ”log(l_t)%’s(dz‘i”} = exp [—/ {1—(1—s)"}p(ds|z)Go(dz)|. (4.27)
Xx(0,1]

It is easy to verify that fXx(O,l]{l —(1=s)"}p(ds | z)Gp(dx) equals ¢y, where ¢y, is defined
in (4.9). The resulting marginal distribution recovers the marginal expression found in
(James, 2017, Proposition 3.1).

Proof of point (ii) of Corollary 4.1. For the posterior distribution of fi, expressed in
Theorem 4.2, we need to determine the law of the vector ¢ = (g, - . ., gx) and the law of p/,
conditionally to g. From point (i) of Theorem 4.2 and (4.27), the ¢;’s are independent with
marginal laws fy, (ds) o< s™¢(1 — )"~ p(ds | X). Moreover, since \Iﬂ&q is a Poisson point
process with intensity p(ds|z)Go(dz), simple algebra applied to (4.7) leads to recognizing

E{e /7@ g} = exp {— / (1— @) (1 - 5)"p(ds| x)%(dx)} ,
Xx(0,1]

that is the Laplace functional of a CRM with Lévy measure (1 — s)"p(ds | x)Go(dz), thus
U’ is a Poisson process with the same mean measure. Further note that x4’ is independent
of q.

Proof of point (iii) of Corollary 4.1. To obtain the predictive distribution of Z,_, we
observed in Theorem 4.3 how Z,, , is obtained by first thinning the process ¥’ with re-
tention probability p(z,s) = s, and then discarding the second component. Since ¥’ is a
Poisson process with intensity (1 — s)"p(ds|z)Go(dx), the thinned process is still Poisson
with intensity s(1 — s)"p(ds|z)Go(dz) and the resulting Z;,; is a Poisson process on X
with intensity f(o,l] s(1—8)"p(ds | z)Go(dx).
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4. F.2 THE MIXED POISSON PROCESS PRIOR: PROOF OF COROLLARY 4.2

Proof of point (i) of Corollary 4.2. The marginal distribution of Z follows from exploiting
that |~y ~ PP(yv), for which the marginal law is given in point (i) of Corollary 4.1, and
then integrating out the variable ~.

Proof of point (i1) of Corollary 4.2. For the posterior distribution of fi, expressed in
Theorem 4.2, we need to determine the law of the vector ¢ = (g1, - .., gx) and the law of p/,
conditionally to g. To this end, it is convenient to exploit the disintegration of the law of W
into ¥ |~ and ~. First, as for the posterior distribution of ¥ |+, since ¥ |y ~ PP(yv), we
resort to point (ii) of Corollary 4.1. Specifically, such a posterior is equal in distribution to
\II’—i—ZIZ:l d(x,,q.)> Where ¥’ |y ~ PP(y(1—s)"v(dz ds)) and g; |y are independent random
variables, further independent of ¥’ | ~, with laws fg, (ds) oc s™(1—s)" ™ p(ds | X¢). Since
the laws of g¢|~ do not depend on ~, then the g,’s and ¥’ |~ are independent. Second,
the posterior distribution of v is obtained from the likelihood in point (i) of Corollary 4.1
and the prior f,, thus v| Z ~ f5, with f5(dy) < e 7¥"~4*f,(dvy). The thesis in point (ii)
follows.

Proof of point (i) of Corollary 4.2. To describe the predictive distribution for Z;_ ; we
proceed as follows: first consider the thinning of the process ¥’ with retention probabil-
ity p(z,s) = s, and then discard the second component. Since ¥’ is a mixed Poisson
process MP((1 — s)"v(dx ds), f5), the thinned process is still a mixed Poisson MP(s(1 —
s)"v(dz ds), fy) and the resulting Z]; is a mixed Poisson process (on X) distributed as
MP(f(O’l] s(1 — s)"v(dzds), f5).

4. F.3 THE MIXED BINOMIAL PROCESS PRIOR: PROOF OF COROLLARY 4.3

Proof of point (i) of Corollary 4.3. The marginal distribution of Z is recovered from
Theorem 4.1 as follows. First, letting @ = (X71,..., X}y), it is straightforward to see that
ﬁzék) (dz) = E(M*)GE(dx) and pF)(ds | x) = Héf:l p(dse| Xy) satisfy (4.4). Second, from
Proposition 4.6, we have that if ¥ is a mixed binomial process MB(v, qps), then \Ilims is
a mixed binomial process MB(v, q;;) with ¢;;(m) = qu(m + k)(m + k) (E(M*))m)).
Consequently, the expected value in the marginal expression of Theorem 4.1 equals

E {efXX(O,l] ”10g(1_t)q’lwws(d2dt)} =E [exp {n Z]Nil log(1 — SJ)}]

M
=E {/xX(o,1](1 — s)"v(dz ds)} = Gr(Kn),

where M has probability mass function ¢; and (X'j,gj) i v, for j = 1,..., M; more-

(4.28)

over, G;(2) = E(zM) is the probability-generating function of M and k, = fXx(O,l](l -
s)"v(dzds). It follows that the marginal distribution in Theorem 4.1 boils down to the
expression in point (i) of the statement.

Proof of point (ii) of Corollary 4.3. For the posterior distribution of fi, expressed in
Theorem 4.2, we need to determine the law of the vector ¢ = (g1, ..., gx) and the law of p/,
conditionally to q. From point (i) of Theorem 4.2 and (4.28), the ¢,’s are independent with
marginal laws fg, (ds) oc (1 — s)" "™ p(ds| Xy), as for the Poisson case. Moreover, from
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point (ii) of Theorem 4.2 we have that for any measurable function g : X x (0,1] — R,

Ly (9) = Ly, (9(z,5) —nlog(l —5))/Ly, (—nlog(l—s))

=Gy (/ exp{—g(z,s) +nlog(l —s)}v(dex ds)) /Gy (k)
Xx(0,1]

~ Gy ( / eI (1~ 5)"w(de ds>) /Gy (1)
Xx(0,1]

= G </ e 931 — §)"w(dx ds)/mn> ,
X% (0,1]

where the second equality follows from the fact that \Il;:,q is a mixed binomial process
MB(v, q;;); moreover, M’ is a nonnegative integer-valued random variable with probability
mass function ga with gap(m) o< g (m)s o< K70 qu(m + k) (m + k)!/m!. Therefore, ¥’
is a mixed binomial process MB((1 — s)"v(dx ds), ¢pr) and it is independent of q.

Proof of point (iii) of Corollary 4.3. To describe the predictive distribution of Z,; re-
mind that Z/ i1 1s obtained by first thinning the process U’ with retention probability
p(z,s) = s, and then discarding the second component, as described in Theorem 4.3. By
Proposition 4.7, since ¥’ is a mixed binomial process, the thinned process is still mixed
binomial, specifically MB(s(1 — s)"v(dz ds), ¢k+), with

qr(m) = Z (;) qM/(z)cg@(l —ep)F

z>m
o Z ( > K (2 + k)t (1 —cp)* " (2 4 k)!/ 2!,
z>m
where ¢, = fXx(o 18 s(1—s)"v(dzds) /fXX(O (= s)"v(dz ds). Removing the second com-

ponent of the retained points, we obtain Z/, , |, which is then a mixed binomial MB( [, ©0.1] s(1—
s)"v(dz ds), qx).

4.F.4 THE INDEPENDENTLY MARKED (REPULSIVE) DETERMINANTAL PROCESS PRIOR:
PROOF OF COROLLARY 4.4 AND DETAILS OF EXAMPLE 4.3

Proof of point (i) of Corollary 4.4. The marginal distribution of Z is recovered from
Theorem 4.1 as follows. Since V¥ is an independently marked process with ground process
¢ and mark kernel H, then from (Baccelli et al., 2020, Proposition 3.2.14), the reduced Palm

version W' _ is still an independently marked process, with ground process 5; and mark

x,s

kernel H, thus it does not depend on s. By Palm algebra, we can extend this property by
claiming that \IJ; s is an independently marked process, with ground process 55: and mark
kernel H. Then,

{ fXx(o 1] nlog(l t) (dZdt)} = ‘C‘Iﬂm,s(_n log(l - t))

(4.29)
—log{/(o,l](l—t) H(dt\x)}] ,

where the second equality follows from (Baccelli et al., 2020, Proposition 2.2.20). The

= Lg

thesis in point (i) of the statement follows.
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Proof of point (i1) of Corollary 4.4. For the posterior distribution of fi, expressed in
Theorem 4.2, we need to determine the law of the vector ¢ = (q1, - . ., gx) and the law of p/,
conditionally to q. From point (i) of Theorem 4.2 and (4.29), which does not depend on s,
the g,’s are independent with marginal laws fg, (ds) oc s™(1—s)"~"* H(ds | X;). Moreover,
by point (ii) in Theorem 4.2, the law of ¥’, conditionally to g, has Laplace functional given
by
Lay (9l ) ~ nlog(1 - 5)
L, (—nlog(1—))

L [— log {f(m] e=9@9) (1 — )" H(ds | w)H
ﬁi’m [_ log {f((),l](l — s)"H (ds | x)H

By (Baccelli et al., 2020, Proposition 2.2.20), this equals the Laplace transform of the
independently marked point process ¥' = 3., 5(5(],_’%) where ¢} | X} = ) ~ H'(-|2%) o
(1 —s)"H(ds|z}) and § = ., 65, has Laplace transform as in the statement of Corol-
lary 4.4.

Details of Example 4.3. The results in Example 4.3 are obtained by specializing the treat-

E\P’ |q(g) =

ment to the case where the mark kernel H(-|x) corresponds to the law of a beta with
parameters (a,b). Under this assumption, we get that the law of M’ can be determined as

follows
Lap(u) =E {e—“f’@i)} = Lo (uly)
Le [u — log {f(o,l}(l — s)"Beta(ds ; a, b)H

- Le [— log {f(O,l](l — s)"Beta(ds ; a, b)}]
_ L [u—log {B(a,b+ n)/Bla, b))
Le, [~log{B(a,b+n)/B(a,b)}]

Moreover, we focus on the mean measure of ', denoted with M . Indicating with fg the

density of the law of £ with respect to the law of 5'9:, we have

Me () = & { e€b )} = €] [ 1ase (€htan |

By applying the alternative statement of the CLM formula in Lemma 4.4 in terms of the
Palm distributions, we obtain that the mean measure of £’ equals

M) = [ E[tawise { (&), }] Me. )
:/XE :ﬂA(y)fg/{(ﬁ!q;);vL%H M. (dy)
- /X E (14 fer {€lny) + 00 }| Mey (dy)
= g(n;a,b) /A E {fg/ {Sém,y)}} My, (dy).
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4.F.5 PROOF OF PROPOSITION 4.2

Conditionally to «, the posterior distribution of fi and the marginal law of the sample Z
are as in Corollary 4.1. Moreover, the posterior law of « is given by

k

To| z(da) oc exp{—pn(a)} H B(my —a,n —my+ B+ a) X my(da) (4.30)
(=1

where ¢, (a) = 7f(0,1]{1 — (1 —s)"}s717(1 = s)fto s = Y0  B(—a+ 1,h + 8+ a).

From the posterior distribution of fi given a and the posterior density of « in (4.30),
it is evident that the predictive distribution for the newly discovered features depends on
the observed sample through n, £ and m1, ..., mg, while it does not depend on the labels
X1, Xk

4.G  ADDITIONAL DETAILS ABOUT THE SYNTHETIC SCENARIOS

We present here the analysis of the synthetic scenarios from Section 4.5.2 under the oracle
strategy, which assumes knowledge of the true values of all hyperparameters used to gen-
erate the data. First, we examine inference on the total number of trees, M’ + k, across
different sample sizes, n € {5,15,25,50}. Figure 4.G.1 compares results obtained via the
exact computation of the Poisson-binomial distribution and Le Cam’s approximation. Ad-
ditionally, we assess the naive approach described in Section 4.5.2. The same observations
made for Figure 4.5.1 apply here. Specifically, the naive approach performs poorly across
all sample sizes when estimating the total number of trees. While Le Cam’s approximation
is computationally faster, it introduces some errors, leading to a slight underestimation of
the tree count. In contrast, the exact posterior distribution is centered around the true
number of trees, with its variance decreasing as the sample size increases.

Next, we address the problem of locating unobserved trees through Mg/, as discussed in
Section 4.5.1. Under the naive approach, this task is performed using the mean measure of
¢.. Figure 4.G.2 compares inference from our model and the naive alternative for n = 15,
while Figure 4.G.3 presents results from our model for n € {5,25,50}. Similar insights to
those discussed for Figure 4.5.2 apply. In particular, Figure 4.G.2 shows that the naive
approach assumes a higher probability of finding an unobserved tree at locations farther
from the observed trees x, as inference is based on 5;, which is a DPP. In contrast, Figures
4.G.2 and 4.G.3 reveal the distinctive repulsive structure of £ across different sample sizes.
Specifically, our model predicts a low probability of finding a tree at dx if it is too close
to an observed tree, as expected. However, it also suggests that locations "too far" from
observed trees may have a small probability of containing a tree, as they might not align
with the accumulation patterns inferred from the data.

For completeness, Figure 4.G.4 presents inference on the locations of unobserved trees
through Mg for n € {5,25,50} under the scenario where hyperparameters are estimated via
the empirical Bayes approach from Section 4.5.2. As aimed for, the results are consistent
with those obtained under the oracle strategy, as evidenced by the clear similarity between
Figures 4.G.4 and 4.G.3.
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Le Cam approximation Exact computation Naive approach
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Figure 4.G.1: Posterior distribution of the total number of trees. From left to right:
calculations performed using Le Cam’s approximation of the Poisson-binomial, exact com-
putations, and posterior of §gc (X). Different line colors correspond to different sample sizes;
the black vertical line indicates the true number of trees.
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Figure 4.G.2: Locating the unobserved trees for n = 15: infinitesimal probability of ob-
serving an unseen tree in a given location. Left plot: the mean measure of ¢’. Right plot:
the mean measure of 5;. The red dots represent the observed trees in the sample. The
black crosses indicate the unseen trees. Note that the color scales of the two plots are
different.
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Unseen trees and Mg, n=5 Unseen trees and Mg/, n =25 Unseen trees and Mg, n =50
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Figure 4.G.3: Locating the unobserved trees for n € {5,25,50}: infinitesimal probability
of observing an unseen tree in a given location. The three plots report M for the three
sample sizes. The red dots represent the observed trees in the sample. The black crosses
indicate the unseen trees. Note that the color scales of the plots are different.

Unseen trees and Mg, n=5 Unseen trees and Mg/, n =25 Unseen trees and Mg, n =50

1.0

Figure 4.G.4: Locating the unobserved trees for n € {5,25,50}: infinitesimal probability
of observing an unseen tree in a given location. The three plots report M for the three
sample sizes. The red dots represent the observed trees in the sample. The black crosses
indicate the unseen trees. Note that the color scales of the plots are different.
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5 BAYESIAN NONPARAMETRIC MODELING OF MULTIVARIATE COUNT
DATA WITH AN UNKNOWN NUMBER OF TRAITS

This chapter introduces a novel general and tractable class of Bayesian nonparametric pri-
ors suitable for modeling partially exchangeable trait allocations. Our proposal relies on
completely random vectors (CRvs), defined in Catalano et al. (2021). Also, see Kallenberg
(2017). The proposed theoretical framework is very broad and therefore we focus on a
notable subclass, i.e., finite completely random vectors (FCRvs), which prescribe that the
number of traits in the population is finite but random. We provide a comprehensive theo-
retical analysis of partially exchangeable trait allocations under CRvs and FCRVs, including:
(i) the marginal distribution of a sample and (ii) posterior representations. To illustrate
the applicability of our framework, we discuss two examples involving binary traits (i.e.
features) and Poisson counts. In these key special cases, the analytical derivations are
extremely tractable.

To illustrate the practical relevance of our methodological framework, we analyze the
criminal network dataset of the 'Ndrangheta, previously examined in Legramanti et al.
(2022); Lu et al. (2025). The data were collected during Operazione Infinito (Calderoni
et al., 2017), a large-scale law enforcement initiative aimed at dismantling the core branch
of the 'Ndrangheta Mafia in the Milan area. The dataset records multivariate binary
outcomes describing the attendance of known affiliates (subjects) at a series of meetings
(binary traits, i.e., features). In addition, affiliates can be grouped according to their
locali affiliation, as documented in juridical records. This partition naturally suggests a
partially exchangeable (or known-groups) framework, where inference can be carried out in
closed form by leveraging our theoretical results. A distinctive feature of the proposed trait
allocation model, in contrast with classical approaches to multivariate count data, is that
the number of traits, that is, the columns of the data matrix, is itself a random variable.
In our motivating application, this means that some meetings may remain unobserved
because they were not detected by law enforcement. Our methodology explicitly accounts
for this possibility while also enabling the estimation of the number of unseen traits.

Unfortunately, the locali partition, while highly informative, is insufficient to fully cap-
ture the complexity of the relationships among subjects (Legramanti et al., 2022; Lu et al.,
2025). To address this limitation, we extend the partially exchangeable model by allowing
the partition structure itself to be inferred from the data, thereby leading to a clustering
problem. In this setting, the groups are not predetermined but are learned from the data;
for this reason, we refer to it as the unknown-groups framework. The second main con-
tribution of this work is thus a novel mixture model designed to cluster trait allocations.
Inference is enabled by the distributional results established for the simpler known-groups
setting, leading to an efficient Gibbs sampling strategy. Importantly, by treating the parti-
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Subject 1

Subject 2

Subject 3

Subject 4

Subject 5

Subject 6

N

Traitl Trait2 Trait3  Trait4 Trait5 Trait6 Trait7  Trait8 Trait9 Trait 10 Trait1l Trait12 Trait13 Trait14 Trait15 Trait 16 Trait17 Trait 18

Figure 5.1.1: Observed data from an exchangeable trait model: matrix of counts A, with
n = 6 subjects and K,, = 18 observed traits. Rows and columns are arranged in no
particular order. White cells, such as A3 = 0, indicate the absence of a trait for a given
subject, while darker shades of blue represent higher values of the corresponding counts
Ay e{1,2,...}.

tion as a random quantity, the proposed model generalizes Bayesian nonparametric latent
class models, such as Dunson and Xing (2009). A key distinction, however, is that the
total number of traits is unknown and must be estimated from the data. We formally
demonstrate that ignoring this aspect inevitably results in overclustering.

The chapter is organized as follows. Section 5.1 reviews the classical framework of ex-
changeable trait allocation models, which serves as the foundation for our approach to mod-
eling multivariate count data. Section 5.2 introduces the partially exchangeable setting for
trait allocation models and provides a complete Bayesian analysis, including closed-form
expressions for the marginal and posterior distributions. Section 5.3 develops our more
elaborate methodology for clustering count data with potentially unobserved traits. We
also examine a naive specification that disregards the unseen traits, and we demonstrate,
both theoretically and empirically, that such an approach can bias the resulting analy-
ses. Section 5.4 presents simulation studies assessing the performance of our methodology,
while Section 5.5 applies it to the criminal network dataset from the Operazione Infinito
investigation.

5.1 BACKGROUND ON EXCHANGEABLE TRAIT ALLOCATION MODELS

We begin by reviewing exchangeable trait allocation models (Campbell et al., 2018), in
which data for each of the n subjects are conditionally i.i.d. draws from a common and
simple distribution. These highly tractable models serve as building blocks for the more
flexible approaches introduced later in Sections 5.2-5.3.

Exchangeable trait allocation models describe how a set of traits is distributed across
a sample of n subjects, where the presence of each trait in a subject is associated with a
quantitative measurement, typically an integer, that reflects the expression or abundance
of that trait in the subject. More formally, suppose we observe n subjects and K, = k
distinct traits. The data can be represented by an n x k matrix A, where each entry
Ay € {0,1,2,...} denotes the count of the fth trait (column) for the ith subject (row),
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as illustrated in Figure 5.1.1. We say that trait ¢ is absent (or not observed) in subject i
if and only if A;; = 0. Note that each column of A contains at least one non-zero entry.
Each trait is associated with a distinct label, denoted X, € X, which serves as a placeholder
and is not explicitly modeled; it simply identifies the column. Here X denotes the space of
the labels, say X = (0,1) for simplicity. Importantly, a given trait X, may be shared by
multiple subjects. A defining feature of trait allocation models, unlike classical multivariate
count data models, is that the number of traits (columns) is itself random. In other words,
some traits may remain unseen. To model this explicitly, let (X j)j>1 denote the sequence
of all possible trait labels and let flij € {0,1,2,...} represent the abundance of trait X j
in subject 7. In a sample of size n, a trait X j is observed only if /L-j > 0 for at least one
subject. In other words, the observed traits Xi,..., Xg, form a subsample of the latent
traits ()N(j)jzl, and the corresponding observed counts satisfy > ; A;y > 0; otherwise,
the trait would not be observed. For mathematical convenience, we can organize the pairs
((X;, Ai;))j>1 by means of subject-specific counting measures (Z;);>1 on X, namely

Zi() =) Aoz (), (5.1)
Jj=z1
where 0, denotes the Dirac delta mass at the point x € X. Common assumption in trait
allocation models requires that each subject may exhibit only a finite number of traits,
ensuring that the total number of distinct traits K,, is almost surely finite in any given
sample.
In the exchangeable case, the random variables flij, given a sequence of parameters
(0j)j>1, are conditionally i.i.d. across subjects (rows) for any fixed j, that is

S P(;0),  i>1, (5.2)

Aij |6
and they are also conditionally independent across traits (columns) for j > 1. Here,
P(-;0) denotes any parametric distribution supported on the non-negative integers, such
as a Poisson distribution, depending on a positive parameter § > 0. The parameters (6;);>1
can be organized in a discrete measure i on X, defined as

al) = 005 ()- (5.3)

Jj=1

Note that the atoms of the discrete measure [, i.e., the trait labels Xj, are COMINON
across all subjects, so that the same traits are allowed to be observed in multiple subjects.
Summarizing, the full Bayesian specification is

Zi| i S cp(i),  i>1,

i~ Q,

which means that Z; in (5.1) are i.i.d. from a process of counts (CP) with parameter i
defined by (5.2)-(5.3). Here Q denotes the de Finetti measure, i.e., the prior distribution
of the random measure |fi.

The exchangeable setting has been investigated extensively, e.g., in James (2017); Camp-
bell et al. (2018), and, in the binary case, more recently by us in Chapter 3 and Chapter 4.
In the following, we present two relevant examples for the distribution P(-;6).
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Example 5.1 (Exchangeable binary traits). In our motivating application involving meet-
ings of criminals, we track the attendance of 'Ndrangheta affiliates (subjects) at various
meetings (traits). Thus, the K, = k observed traits correspond to distinct meetings where
at least one of the n affiliates has been identified by investigators. Clearly, it is likely that a
few meetings have not been spotted therefore it is reasonable to model the total number of
meetings as a random variable. In this case study, the count measurement /L-j are binary,
reducing the trait allocation framework to the special case of feature allocation models
(Broderick et al., 2013). Thus, we let A;; | 6; S Bernoulli(6;) for i > 1 and any fixed j with
success probabilities 6; € (0,1), so that Z; | i Y CP(f1) are i.i.d. draws from a Bernoulli
process (Griffiths and Ghahramani, 2011). A broad class of tractable prior distributions
for fi are described in Chapter 3 to which we refer for further details and applications to
ecology.

Example 5.2 (Exchangeable Poisson counts). When the data A;; take values in {0,1,2, ...},
as those depicted in Figure 5.1.1, a natural choice is P(a;6) = (a!)~'0% ¢ for a €
{0,1,...}, that is a Poisson distribution with mean 6 > 0. In other words, we assume
Aij |6, Y Poisson(6;) for i > 1 and any fixed j. This specification has been less explored
compared to the binary case.

Remark 5.1. Throughout the chapter, we assume that the parametric distribution P(-;6)
is governed by a single positive parameter 8 > 0. In the binary case this assumption is not
restrictive. However, it may be limiting when modeling count data or categorical data. For
instance, more flexible alternatives such as zero-inflated Poisson or multinomial distribu-
tions may be preferable. In principle, a theoretical analysis allowing for a general parameter
space s possible, but it would require moving beyond completely random vectors—the main
technical tool discussed in Section 5.2—and instead rely on general Poisson processes. To
streamline the presentation, we therefore focus on this subclass of models, particularly in
light of our motivating application involving binary data. Nonetheless, in Section 5.B.1 of
the Appendix, we discuss that all theoretical results remain valid with only minor modifica-
tions, and we provide an example.

5.2 PARTIALLY EXCHANGEABLE FINITE TRAIT ALLOCATION MODELS

5.2.1 MODEL SPECIFICATION AND COMPLETELY RANDOM VECTORS

In this section, we introduce a novel class of trait allocation models that relaxes the as-
sumption of exchangeability. We consider a framework in which subjects are partitioned
into subpopulations: subjects from different groups are conditionally independent but not
identically distributed, while exchangeability holds within each group. This structure,
known as partial exchangeability, is well-suited to the 'Ndrangheta network data, where
affiliates can be naturally grouped according to their membership in specific locali. No-
tably, this extension preserves full analytical tractability, as the posterior distribution of
remains available in closed form.

Let d be the number of subpopulations, and suppose we observe a sample of size n,
with ng subjects from group ¢, for ¢ = 1,...,d, so that Egzl ng = n. Let K,, = k
denote the total number of traits observed across all subjects and groups. The data can
be represented by a collection of matrices A, each of dimension n, x k, where the entry
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Subject 1

Subject 2

Subject 3

Subject 4

Subject 5

Subject 1

Subject 2

Subject 3 .
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Subject 5

Traitl Trait2 Trait3 Trait4 Trait5 Trait6 Trait 7 Trait8 Trait 9 Trait 10 Trait 11 Trait 12 Trait 13 Trait 14 Trait 15 Trait 16 Trait 17 Trait 18

Figure 5.2.1: Observed data from a partially exchangeable trait model (d = 2): two
matrices of counts A; and As, each with n; = ng = 5 subjects and K,, = 18 observed
traits. As in Figure 5.1.1, white cells, such as As21 = 0, indicate the absence of a trait for
a given subject, while darker shades of blue represent higher values of the corresponding
counts A € {1,2,... }.

Airg € {0,1,2,...} denotes the count of the ¢th trait for the ¢th subject in group ¢, as
illustrated in Figure 5.2.1. Note that a trait may be unobserved within the sample of a
specific group. As before, let (X j)j>1 denote the sequence of all possible trait labels and
let /L-jq € {0,1,2,...} be the abundance of trait Xj for subject ¢ in group ¢. In a sample
of size n, a trait X ; is observed only if /L-jq > 0 for at least one subject belonging to any
group.

We organize these quantities into counting measures Zjq(-) = >_ 5 Aijy 6 X, (+) for each
subject ¢ in subpopulation ¢, with ¢ > 1 and ¢ = 1,...,d. In the partially exchangeable
case, the random variables Aijq, given the sequences of parameters (6;1);>1,- .., (6;4)j>1,
are conditionally i.i.d. across subjects belonging to the same group and for a given trait j
and group ¢, that is

Aijq | 9jq
and they are also conditionally independent across traits for 7 > 1 and subpopulations
q = 1,...,d. Thus, the main difference compared to the exchangeable case is that the
random variables fl,-jq have different parameters when they refer to subjects belonging to
different subpopulations. Moreover, the parameters (6;4);>1 can be organized in a group-
specific discrete measure fig(-) = ;5 0jq5)~<j(') for ¢ = 1,...,d. Summarising, the full
Bayesian specification for partially exchangeable data is

~ ind ~ .
Ziq‘ﬂq ~ CP(NQ)? 12> 17 q= 1’ s 7d7 (54)

(f1s- -y fud) ~ Qa,

where Q4 denotes the de Finetti measure of the vector of random measures ft = (fig, .. ., fiq),
that is, the a priori distribution. As a clarification, note that for any fixed group ¢ the
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measures Z;, are conditionally i.i.d. draws for ¢ > 1. Moreover, the exchangeable case
discussed in Section 5.1 is recovered when d = 1.

Introducing some form of dependence among fi1, ..., fiq is desirable, as it enables bor-
rowing of information across subpopulations. The challenging task is to elicit a prior Qg
that induces dependence among the measures while remaining analytically tractable. In
pursuing this, we note that inferential goals might relate to: (i) the estimation of trait-
and group-specific parameters 6;4; (ii) the estimation of the number of unseen traits in the
observed sample. To enable the latter goal, we assume that the total number of traits in
the population, denoted with M, is finite and random. This implies there will be a finite
collection of random variables flﬂq, oA Mg for each subject and group, with associated
parameters 014,...,00q for ¢ = 1,...,d. Moreover, we assume M is a Poisson random
variable with parameter A > 0. In other terms, the group-specific measures fi, in (5.4)
take the form

M
fig(:) = 0jg05 (), M ~ Poisson()), (5.5)
j=1

as ¢ = 1,...,d. Clearly, if K,, = k traits are observed in the finite sample, the number of
unseen traits equals M — k. Moreover, we assume the parameter vectors (6;1,...,6;q) are
i.i.d. draws from a probability law H® defined on (0, 00)?, namely

(i1, ..., 0;0) S HD — j=1,... M. (5.6)

In this model specification, information is borrowed across groups in two ways: (i) by
assuming a common total number M of traits, and (ii) by inducing dependence between
the parameters 6;,, and 60,4, for g1 # g2 through a joint probability distribution H (@), In
practice, subpopulations are often exchangeable, making it natural to consider a factorized
measure of the form H® (-:4)) = H(-;1)) x --- x H(-;1)), where 1 is a common parameter
endowed with a hyperprior. Under this formulation, the parameters 6, are conditionally
iid. for j =1,...,M and ¢ = 1,...,d, given 1, according to a probability measure
H(-;1). Throughout the chapter, we focus on this special case, as it is the most relevant
in practice. General results are provided in Section 5.B of the Appendix. Finally, we need
to specify a prior on the atoms X j- As previously mentioned, since the common atoms X §
serve only to label different traits in this formulation, it is sufficient for them to be almost
surely distinct. For example, one may assume Xj ~ Go for j =1,..., M, where Gy is any
non-atomic distribution.

In equations (5.5)—(5.6), we specified a prior distribution Q4 for the vector of random
measures ft in (5.4) as a finite collection of random variables. This specification is both
transparent and constructive, but it does not make explicit the connection with infinite-
dimensional trait models (e.g. James, 2017; Shen et al., 2024). In Section 5.A of the
Appendix, we prove that f1 is a finite completely random vector, which is a special case
of the broader class of completely random vectors (Catalano et al., 2021); see also Kallen-
berg (2017) for a comprehensive treatment and Section 5.A of the Appendix for a concise
overview. This result crucially relies on the Poisson specification for M. More precisely, fi
can be interpreted as an FCRv with parameters H(@ | X, and Gy, that is, a CRV whose Lévy
intensity takes the form H(@(d6; ... d,) - AGo(dz), and we write fi ~ FCRV(H @\, Gp).
This connection to the theory of completely random vectors is helpful, since the results
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presented in Section 5.2.2 follow as special cases of this general theory. In Section 5.B of the
Appendix we present results for the whole class of CRvs characterized by Lévy intensities
of the form py(déy ... dby) - A\Go(dz), where pg is a possibly infinite measure. This general
framework encompasses both finite- and infinite-dimensional trait allocation models. The
main practical challenge is identifying suitable, non-degenerate choices for pg;. Our pro-
posal focuses on the finite case pg = H@ with H(® being a probability distribution, which
allows for the estimation of the total number of traits, while Shen et al. (2024) provide an
alternative construction in the infinite-dimensional setting.

5.2.2 DISTRIBUTION THEORY AND POSTERIOR INFERENCE

Here we provide a full Bayesian analysis of the proposed model in the known-groups case.
More specifically, we obtain tractable closed-form expressions of the marginal distribution of
a sample, the posterior distribution of fi, and the predictive distribution of a future observa-
tion, under model (5.4) with the prior i ~ FCRV(H (Y, X, Gp) as specified in equations (5.5)—
(5.6). As mentioned earlier, we focus on the case where H(@ (-;1p) = H(- ;) x---x H(- ;1))
factorizes, for the sake of simplicity. Readers interested in the more general setting are re-
ferred to the Appendix, in particular Section 5.B.

We start by describing the marginal distribution of a sample from model (5.4), and
here we offer a simple and constructive proof. With marginal distribution of the sample
Z = (Zig:i=1,...,ng;q=1,...,d), we specifically mean determining the probabilities of
the event (A = a, K,, = k), having denoted by A = (Ajpq i =1,...,n;¢=1,...,k;q=
1,...,d) the observed counts, where the K,, = k observed traits in the sample are randomly
ordered To this end, suppose for now that the total number of traits M is fixed and let
A= (Azjq 1= 1,. nq,j =1,...,M;q = 1,...,d) denote the latent counts. Focus
on any event (A = a,K, = k) that contains the observed event (A = a,K, = k). Let
A={j=1,... ,M : Zq:1 S Gijq > 0} be the indexes of observed traits, therefore
j € A if the jth latent trait is observed and |A| = k. Conditionally on the parameters
0=0,:7=1,...,M;q=1,...,d) and M, the likelihood function £ (6, M;a) for the
event (A = a, K, = k) is

d M ng d ng
H H HP (@ijq; Uiq) H H P(0;054)" H H HP(&ijq§9jq)
q=1j=14i=1 q=1j¢A g=1jeAi=1

(5.7)
In the last term, the first product accounts for the unobserved traits, whereas the second
relates to the observed ones. Note that the quantity ngl P(0;60;4)™ may be interpreted
as the probability of not observing trait X; among all subjects and groups. Then, we
can combine the likelihood (5.7) with all the (i.i.d.) prior distributions H(d#;), take
the integral over @ and sum over all possible sets A, leading to the following marginal
probability for the event (A = a, K,, = k):

Tn(a; M, 1) = ()H/ (0;0)™ H (d0; ) HH/HP%, H(d#; ),

(=1q=1
(5.8)
where the binomial coefficient is introduced to account for all the possible ways we can
arrange the k observed traits among all the M traits. However, since the total number
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of traits M is random and follows a Poisson distribution with mean A\, the final formula
requires marginalizing the conditional law in (5.8) with respect to M. By exploiting well-
known properties of the Poisson distribution, we obtain a simple closed-form expression,
summarized in the theorem below.

Theorem 5.1 (Marginal distribution, pETPF). Let Z be a sample from the statistical
model (5.4), assuming the prior fi ~ FCRV(H® X, Go) with HD (-;4) = H(-;9) x -+ X
H(-;1). The probability that Z displays K, = k distinct traits with counts A = a is given
by

Ak d
Tn(a: A, ¥) = Texp § —A | 1- H/P(O;&)”qH(dH; ¥) HH/HP aieq; 0)H (65 9),
(5.9)
where n = Zgzl ng and n = (n1,...,nq) are the sample sizes.

A rigorous and general proof of Theorem 5.1, not based on the above argument, is pro-
vided in the Appendix, Section 5.B, under general CRV priors, covering the case with in-
finitely many traits. It is interesting to note that the probabilistic quantity in (5.9) appears
related to the partially Exchangeable Partition Probability Function (pEPPF) discussed in
Franzolini et al. (2025) for partially exchangeable species sampling models; however, here
we consider the distribution of a random trait allocation rather than a random partition.
By analogy, we refer to equations (5.8) and (5.9) as a partially Ezchangeable Trait Proba-
bility Functions (pETPF), with the former being conditional on M and the latter being a
Poisson mixture of (5.8) over M.

Example 5.3 (Binary traits). If the traits are binary and P(a;0) = 0%(1 — §)'~¢, for
a € {0,1}, the marginal law of Z depends on a sufficient statistic of @, corresponding to
the feature frequencies in different groups. Define the random frequency of feature X, in
group q as My, = Z?:ql Ajpq with observed values myg, stored in matrices M and m,
respectively. Suppose that the prior law H (- ;1)) corresponds to a beta distribution with
parameters ¢ = (—a,a + ), with @ < 0 and 8 > —a«. Then, the probability that Z
displays K, = k distinct traits with feature frequencies M = m is

)\k d (a+ﬁ)nq
T (m; A, 9) = 7 exp ¢ —A 1—HW

meq—l (O[ + /B)nq—mgq)

q=1 {=1q= 1

(5.10)
where (a), = a(a+1)---(a+n —1) is the ascending factorial with @ > 0. When d = 1,
this corresponds to the EFPF of the Poisson mixture of beta Bernoulli (Chapter 3).

Example 5.4 (Poisson counts). Another remarkable simplification is obtained when the
trait counts A;j, take values in {0,1,2,...}, and P(a;6) = (a!)~'0% " for a € {0,1,...},
i.e., a Poisson distribution with mean # > 0, and H(df;v) = B/T(a)0*1e=P%d6, i.ec., a
gamma prior with parameters ©» = («, 3). In this case, the probability that Z displays
K,, = k distinct traits with counts A = a equals

Ak A R T 1
mn(a; A, ) = T3 exp § —A 1_H<5+nq> ];[H(B+nq)a+mgqlﬂl ,

g=1

144



Chapter 5. BNP modeling of multivariate count data with an unknown number of traits

where my, = Z?:ql Qitg-

We now characterize the posterior distribution of fi, conditionally to a sample Z, which
is essential to provide Bayesian estimators of the parameters ¢;, and the total number of
traits M.

Theorem 5.2 (Posterior distribution). Let Z be a sample from the statistical model (5.4),
assuming the prior fi ~ FCRV(H® X\ Go) with HD(-;4) = H(-;4) x -+ x H(-;%). If
Z displays K,, = k distinct traits labeled X1, ..., Xy, with associated counts a, then the
posterior distribution of fi satisfies the distributional equality

~ ~ d * *
(ML v a/"bd) ‘ Z = (Mla s 7ud) + (:U’llv s ’:U’él)v (511)
where p* == (puy, ..., p5) and p' == (ph, ..., 1) are independent random vectors such that

(i) the components of the vector p* are defined as pg(-) = Zif:l 07,0x,(), for q =
1,...,d, and the random variables 021 are independent with distribution Hyy(df;) o
H?i1 P(aieg; 0)H (d0;);

(i) the vector (p}, ..., ) is a FCRV(H'D N, Gp), where H'D(-;4) = Hi(-;¢) x -+ x
H(-;¢) and

d
VAT [ POy taos ). o) o PO:0)H(00: ).
q=1
This is equivalent to say that for each q =1,...,d
M/
iid ~/ iid .
Hg() =D B85, (), O~ Hy,  XjRGo,  j=1...M,  (512)
j=1

where M’ ~ Poisson(\).

See Section 5.B of the Appendix for a proof. Despite the complex notation, Theo-
rem 5.2 has actually a very intuitive and clear interpretation. For each subpopulation g,
the posterior distribution of /i, describes both the observed traits out of the initial sample
and the unseen traits, and indeed it consists of the sum of two terms in (5.11). The first
term fu, referring to the observed traits Xy, ..., Xj, simply describes the posterior distri-
bution of the associated parameters, indicated with variables ¢7,. Indeed, from point (i)
of Theorem 5.2, we see that the law of each 07, is Hyg(d6;1)) o [T, P(aieg; 0)H(dO; ),
which corresponds to the plain application of Bayes theorem. The second term represents
the novel and interesting component, since u'q takes into account potentially unobserved
traits in the sample. From point (ii) of the theorem, M’ represents the number of unseen
traits a posteriori, that is M < v + k, which is distributed as a Poisson random variable
with updated parameter ). Inference on the number of unseen traits can be carried out
by inspecting the value of ). The expressions in theorem 5.2 substantially simplify for the
cases considered in Examples 5.3 and 5.4.

Example 5.5 (Binary traits, cont’d). If the traits are binary and assuming a beta prior
law H(-;1) with parameters (—a,a + (), as in Example 5.3. The posterior distribution
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of it given Z decomposes as the sum of pu* and g/, as in the general case. However, the

probabilities OZI of re-observing an old feature X, are distributed as 92‘(] d Beta(mg, —

a,a+ B +ng—my,), for ¢ =1,...k, ¢=1,...,d. Furthermore, the random parameters

of each ,u;, which governs unobserved traits in subpopulation ¢, also have a tractable form.
In particular, the distribution of the number of unseen features M’ is

M’ ~ Poisson()\) N =\ ﬁ @+ B,

) q:1 (B)nq )

whereas the probabilities 9} o Of observing these traits are distributed as 9;- q S Beta(—a, a+
B+ ng).

Example 5.6 (Poisson counts, cont’d). Suppose the traits are Poisson distributed and
assume a gamma prior law H(-;1) with parameters (a, ), as in Example 5.4. The pa-
rameters qu of the Poisson random variables associated to an observed X, are distributed
as 0], ad Gamma(a + myg, B +ng), for £ =1,...k, ¢ =1,...,d, where my, = > "1 aiq-
Furthermore, the distribution of the number of unseen traits M’ is

d a
: p
M’ ~ Poisson()\), N = )qu_‘[l (ﬁ n nq> :

whereas the parameters 0}, of the unseen traits are distributed as 7, % Gammal(a, 8 +ng).

5.2.3 HYPERPRIOR ELICITATION

When prior information for eliciting the specific values of the parameters ¢ and A is not
available, a common Bayesian solution is to consider a hyperprior. In the two examples
discussed so far, i.e. the binary traits and the Poisson-distributed traits, there is no closed-
form characterization for the posterior of 1) = (a, 8); hence one needs to recut to Markov
chain Monte Carlo (McMC) sampling. The availability of a closed-form and tractable
expression for the marginal law in (5.1) is crucial in this regard, as it enables the practical
implementation of Metropolis—Hastings steps.

As for A, let us assume that A ~ Gamma(ay, 3)). This choice implies a negative
binomial distribution for M. The chosen hyperprior yields the following posterior distri-
bution p(A | Z) o« mp(@; A\, ¥)p(A; ax, Ba), where mp(a; A, 1) is defined in Theorem 5.1, and
p(A; ay, By) denotes the density of the gamma distribution with parameters (ay, 8y). It
turns out that this hyperprior is conjugate to our model, regardless of the choice of the
likelihood P(-;0) and the prior H(-;4). Indeed, we obtain

d
M Z ~ Gamma | ay +k, Oy + 1 — H /P(O;H)”QH(dH;z/J) . (5.13)
g=1

The above integral simplifies in specific models, such as Examples 5.3 and 5.4. As a result,
inference on the number of unseen traits, addressed via M’ in Theorem 5.2, is affected.
In particular, under the assumptions of M’ |\ ~ Poisson()’), where N'—defined in point
(ii) of Theorem 5.2—follows a gamma distribution, we get a marginal negative binomial
distribution for M’.
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5.3 LATENT CLASS MODELS WITH AN UNKNOWN NUMBER OF TRAITS

5.3.1 A MIXTURE MODEL FOR TRAIT ALLOCATIONS

The grouped modeling framework introduced in Section 5.2 naturally accommodates group-
structured data under the assumption of homogeneity within predefined subpopulations.
In practice, however, two issues may arise: (i) no prior information on a grouping struc-
ture is available, or (ii) the known partition does not adequately capture the underlying
organization in the data. In such cases, one may instead seek to learn the group structure
directly from the data. In the 'Ndrangheta application, affiliates can be naturally grouped
according to their membership in locali. Nonetheless, it is important to assess whether this
external information truly reflects the structure underlying attendance patterns at meet-
ings. If the clustering inferred from the data diverges from the locali, this discrepancy could
highlight previously unrecognized collaborations or reveal novel dynamics among members
belonging to different locali.

To this end, in this section we consider a unknown-groups setting by embedding the
model (5.4)-(5.5)-(5.6) within a Bayesian clustering framework, allowing for cluster detec-
tion while accounting for unseen traits. In essence, our goal is to estimate a partition of
the subjects Zi, ..., Z, rather than relying on predefined groups. Let C = {C},...,Cy}
be a partition of the statistical units {1,...,n}, so that ,7 € Cy if and only if subjects
i and ¢’ belong to the same group. We denote by n, = |C,| the size of cluster ¢, with
Zgzl ng = n, where d is the number of clusters. If the partition structure C' is known,
we recover the known-groups setting of Section 5.2. When instead C' is unknown, we can
assign a prior distribution. In this way, both the cluster memberships and the number of
groups d are random and can be learned from the data.

When the partition is unknown, the observed data take the form of an n x k& matrix
A with entries A;; and observed labels X, as in the exchangeable case. Moreover, let
flij € {0,1,2,...} be the abundance of jth latent trait Xj in the ith subject, as before.
Conditionally on a partition C = {C1,...,Cy}, for a fixed trait j and group ¢ we assume,
as in the known-groups case, that

iid

Aij|0jq ~ P(+505q), i € Cy.

The random variables are also conditionally independent across traits for j > 1 and clusters

g=1,...,d. Asin equations (5.5)—(5.6), we let the total number of traits M to be random
and the distribution of group-specific parameters 6;, being equal to

iid

M ~ Poisson(\), (0j1,...,05q) ~ H j=1,...,M.

)

Note that the number of groups d is itself a random variable. The main difference, compared
to Section 5.2, is that we now specify a prior for the partition C. Among the various options,
we consider the prior induced by a Pitman—Yor process (Perman et al., 1992; Pitman and
Yor, 1997), which stands out for its analytical tractability and whose density is

P(C ={Cy,...,Cq}) = — 0)n,—1, (5.14)

where v > —o, 0 € [0,1). Expression (5.14) is referred to as exchangeable partition
probability function (Pitman, 1996). When o = 0, the Pitman—Yor process reduces to the

147



Chapter 5. BNP modeling of multivariate count data with an unknown number of traits

partition law of a Dirichlet process (Ferguson, 1973). For a general characterization of
exchangeable Gibbs-type random partitions, including the Pitman—Yor as a special case,
see De Blasi et al. (2015). Recent developments on random partitions with finitely many
clusters are discussed in Lijoi et al. (2008, 2020, 2024); De Blasi et al. (2013); Argiento and
De Iorio (2022); Colombi et al. (2025).

We can equivalently express this model in the following hierarchical form

ind .
Zi| i ~ cP(pq), wi|p~ D, i>1,

p~P,

(5.15)

where p is a discrete random probability measure, and P denotes its prior distribution.
More precisely, we assume that

PO = 3, (),
h>1

where (£,)n>1 is a sequence of random probability weights summing to 1, and (75)p>1 is a
sequence of discrete random measures of the form 7, = ij\il ®ind %, these two sequences
are assumed to be independent. The discreteness of p implies that there is a positive
probability that u; and p; are be identical, inducing clustering among the observations
Z1y...,Zy. We denote with fi1, ..., fig the d distinct random measures among 1, ..., fy.
The random weights &, represent the clustering probabilities, that is &, is the probability
that p; is drawn from hth component of p, that is u; = nn. The weights &, follow the
stick-breaking weights of the Pitman-Yor process so that &, = Vj, Hﬁ;ll (1 —=V,), with
Vi = Beta(l — 0,7 + ho), where we agree that & = V;. Moreover, we characterize the
law of the sequence of (np,)n>1 through its finite-dimensional distributions: we assume that
any d-dimensional subset of (n;,)>1, denoted with i = (71,...,74), is distributed as  ~
FCRV(H @ X, Go). This means, in particular, that the distinct measures are distributed as
f= (fi1,...,jiqg) ~ FCRV(H® X, Go). The representation in (5.15) helps clarify a crucial
aspect of the model, as we now discuss. By employing an exchangeable prior for the latent
partition, we are implicitly returning to an exchangeable framework

Zi |5 / cp(u)p(du)
p~P,

(5.16)

where the subjects Z; are conditionally i.i.d. draws from a process of counts mixzture.
However, this model is far more flexible than the one considered in Section 5.1, where
Zi| S cP(f1). Indeed, under model (5.16) we have that Z;(-) = Z]Ni1 121”55(() and

M
P(An =a1,..., A = an [9) =) & [[ Plagsem),  i=1,
h>1  j=1
where the random vectors (Aﬂ, ... ,fli u) for i > 1 are conditionally i.i.d. from the above

law. The prior for p specifies that M ~ Poisson(\), Xj PN G, the weights (&p,)n>1 follow the
Pitman-Yor stick-breaking distribution, and that the parameters ¢;;, under the factorized
iid

structure H(9 = H(;;¢) x -+ x H(;;9), are i.i.d. draws ¢j, ~ H(:;¢) for j =1,..., M
and h > 1. Compared to Section 5.1, we note that model (5.16), given the random
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probability measure p, introduces dependence across traits thereby significantly enhancing
the flexibility of the likelihood component of the model.

Remark 5.2. The Bayesian model we defined in equation (5.16) is related to a classical
statistical approach for modeling multivariate discrete data, known as latent class analysis
(Lazarsfeld and Henry, 1968; Goodman, 1974; Hagenaars and McCutcheon, 2002). The
more recent work of Dunson and Xing (2009) provides a Bayesian nonparametric exten-
ston of this framework, making it even more closely related to ours. However, all these ap-
proaches assume that M is a known constant, meaning that all traits are known in advance,
including those equal to zero for all subjects. While this may be a reasonable assumption
m many contexts, such as when the number of variables is fixed, it may be untenable in
others. Ignoring unseen traits can skew the analysis and directly affect clustering, as we
now show.

5.3.2 EFFECT OF ACCOUNTING FOR POTENTIALLY UNSEEN TRAITS

To assess the impact of accounting for potentially unseen traits in the sample, we compare
the predictive allocation probabilities for a generic subject ¢ under the proposed model
defined in (5.15), with the Pitman-Yor prior for §,, and a naive model almost identical
to (5.15), in which it is assumed that there are no unseen traits, i.e. we suppose M = k.
Specifically, let

piq :IP(/'L”L :qulzvﬂf—z’)a pi,new :IP(/J'Z :“neW”‘Z7IJ’—i)7 Z: 1,...771,

where p_—; = (p1, .. fi—1, fit1,-- -, o) With d_; distinct values fi1,...,f0q_,, for ¢ =
1,...,d—;. Thus each p;; denotes the predictive probability that subject 7 belongs to
the gth cluster formed by the remaining subjects, and p; new is the predictive probability
for subject ¢ to form their own cluster. We similarly define pj, and p; ., for the naive
model in which it is wrongly assumed that all traits are observed with M = k.

Proposition 5.1. The predictive allocation probabilities for a generic subject i under
model (5.16) and a naive model in which it is assumed that there are no unseen traits,
with M = k, satisfy the inequality:

*
Pinew pi,new

Diq pz(q

, qg=1,...,d_;, i=1,...,n.

Refer to Section 5.C.1 of the Appendix for the proof. The inequality in Proposition
5.1 shows that, once potentially unseen traits are taken into account, the probability of
allocating new clusters decreases compared to the naive model. The practical implications
are substantial. In the naive model, which ignores unseen traits, the likelihood of assigning
new subjects to their own clusters is systematically overestimated, leading to a fragmented
view of the data and less interpretable clusters. By contrast, our proposed model incor-
porates the role of unseen traits, which tends to stabilize cluster allocation probabilities.
This adjustment reflects a more cautious and principled approach to inference, acknowl-
edging that the possibility of unseen traits carries essential information. We emphasize
that Proposition 5.1 is not limited to the Pitman—Yor specification; rather, it applies to
any prior on the set of weights (£,)p>1 of the discrete random probability measure p in
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model (5.16). In Section 5.4.1, we numerically illustrate a simple scenario where the dis-
crepancy highlighted in Proposition 5.1 has a substantial impact on the inference process,
demonstrating the importance of accounting for unseen traits in practical applications.

5.3.3 GIBBS SAMPLING AND UPDATE OF THE CLUSTERING STRUCTURE

Posterior inference for mixture model (5.16) can be efficiently tackled via a simple marginal
Markov Chain Monte Carlo (McMC) algorithm. The procedure is greatly facilitated by the
availability of a closed-form expression for the pETPF, which is given in Theorem 5.1.
The primary goal of the the Gibbs sampling is the approximation of posterior distri-
bution of the latent clustering structure C. The probability distribution on (&5)x>1 deter-
mines the a priori predictive allocation probabilities of the sampling model, which describe
the stochastic generation of u1, ..., iy, as well as their clustering structure C'. Specifically,
given the previously observed measures p1, ..., t,, with d distinct values i1, ..., fig and
frequencies ni,...,ng, a Pitman—Yor process prescribes that, a priori, we have

Ng —o v+ do
2 P(ppgr = “new” |, .. o) = .
n + 'Y I (Mn'f'l new ’/’Lh 7,“71) n +’Y

]P(N’rl-‘rl = :&’q|,u’17'” 7Mn) =

This well-known sequential mechanism induces a partition of the statistical units. In
practice, however, we do not explicitly compute the random measures pi,...,u,. If
the focus is on the clustering structure, we only need to keep track of the labels asso-
ciated with p1,..., un and the implied partition. The posterior distribution of the clus-
tering C' under the mixture model (5.16) is obtained through a Gibbs sampling proce-
dure, by iteratively updating the labels of u;|Z,u—_; for i = 1,...,n according to the
previously defined full conditional allocation probabilities p;; = P(p; = fiq| Z, p—;) and
Pinew = P(pi = “new” | Z, p_;), where p_; = (pi1,. .. pi—1, flit1, - - -, ) comprises d_;
distinct values fi1, ..., fiq_, with frequencies ny _; for ¢ = 1,...,d_; and forms a partition
C_;. In addition, the full conditional clustering probabilities p;; and p; new have a simple
expression, obtained by combining the a priori Pitman—Yor sequential scheme with the
marginal likelihood:

Pig X Zq_’i__li,y_al ﬂ—n(a’iq; A, ¢)7 Pinew X m 7Tn(c’/i,newi A, 1/’)) (5'17)
where a;, denotes the observed trait values organized according to the partition C_;,
with subject ¢ allocated to cluster ¢g. Similarly, a@;new corresponds to the trait values
organized according to the partition C_; when subject ¢ is assigned to a new cluster.
This updating scheme is particularly straightforward thanks to the closed-form expression
of my(a; A\, ¢) provided in Theorem 5.1. In a model with binary traits and beta priors
described in Example 5.3 and a model with Poisson counts and gamma priors described in
Example 5.4, the evaluation of 7,(a; A, ) is highly efficient, resulting in a fast marginal
sampler. Essentially, this procedure can be seen as a variant of Algorithm 3 in Neal (2000).

When hyperpriors are placed on the parameters A and 3, the MCMC scheme described
above is coupled with updates of A and ¢ from their respective full conditional distributions,
i.e. equation (5.13) in the case of A. Exact sampling from the full conditional of ¢ can also

be replaced by a Metropolis-within-Gibbs step for .

150



Chapter 5. BNP modeling of multivariate count data with an unknown number of traits

5.4 SIMULATION STUDIES

5.4.1 ASSESSING THE IMPACT OF UNSEEN TRAITS IN CLUSTERING

Before moving to more structured simulation studies, we first provide empirical evidence
on the discrepancy highlighted in Proposition 5.1, which may indeed lead to substantial
inferential differences. To this end, we consider a simulated binary-outcomes example,
where we compare the inference obtained from our proposed model (5.16) with that of a
latent class model in which M = k is fixed, thus disregarding the possibility of unseen traits,
as in Dunson and Xing (2009). We consider data organized into d = 5 groups, with a total
of M = 500 traits that may potentially be observed. Group-specific probability vectors 8,
are generated by drawing i.i.d. values from a Beta(0.1,10) distribution, for ¢ = 1,...,5
and j = 1,...,500. Subject-specific binary vectors are then obtained by independently
sampling Bernoulli random variables /L-jq with success probabilities 0;4, determined by
the group allocation. Samples are drawn from the five groups with different sizes, namely
ny = 100, ny = 60, ng = 40, ng = 20, and ns = 20, where n, denotes the sample size
of group ¢g. In the resulting dataset, K,, = k = 293 traits are observed out of the total
M = 500.

We compare model (5.16) with binary traits, as in Example 5.3, with the naive model
that disregards unseen traits. To ensure a fair comparison, both models are fitted using
identical hyperparameters, set to their oracle values. Specifically, the parameters of the
Beta prior H(-;1) are fixed at ¢» = (0.1,10), while the Poisson prior on M is specified
with A = 500. For the clustering prior, we adopt a Dirichlet process with concentration
parameter 1, corresponding to a Pitman—Yor process with parameters ¢ = 0 and v = 1.
The McMC algorithm is run for 5,000 iterations, discarding the first 500 as burn-in, and
applying thinning every 2 iterations. Figure 5.4.1 displays the posterior distribution of
the number of clusters under the two models. Consistent with the analytical result in
Proposition 5.1, our proposed model (5.16) yields fewer clusters than the naive specification
that ignores unseen traits. The discrepancy is substantial in this example, with posterior
modes equal to 6 and 10, respectively.

5.4.2 SYNTHETIC NETWORK DATA

This section evaluates the performance of the latent class model with unseen traits de-
scribed in Section 5.3. Motivated by our focus on criminal network analysis, we generate
synthetic datasets designed to capture a realistically complex structure. The analysis of
criminal networks (Legramanti et al., 2022; Lu et al., 2025) typically aims at detecting
groups of affiliates who share similar connectivity patterns. These patterns are encoded
in a weighted adjacency matrix, which records the frequency of interactions between pairs
of individuals. An interaction is defined as the co-attendance of two affiliates at the same
meeting. The weighted adjacency matrix thus summarizes the raw data, originally col-
lected as multivariate binary observations, where each affiliate is associated with the list
of meetings they attended. Formally, if the dataset comprises n affiliates and k distinct
meetings, the attendance information may be arranged in an n X k binary matrix A, with
entries A;¢ indicating whether individual ¢ attended meeting ¢. The corresponding observed
weighted adjacency matrix, denoted by W, is then obtained as W = AAT. Its generic

151



Chapter 5. BNP modeling of multivariate count data with an unknown number of traits

Posterior number of clusters

Bernoulli model k—fixed model

0.4-

0.3-

0.2-

Probability

0.1-

0.0-
' ' ' ' ' ' ' ' ' ' '
5 6 7 8 9 10 11 12 13 14 15

Number of clusters

Figure 5.4.1: Posterior distribution of the number of clusters under model (5.16) with
binary traits (in skyblue) and Dunson and Xing (2009) model (in orange). The true
number of clusters in the generating mechanism is 5.

entry Wy represents the number of meetings jointly attended by affiliates ¢ and 4, that
is, Wy = Z?:l AijpAyy for i # i'. Our framework induces a probabilistic structure on
W: each entry W;;; can be interpreted as the realization of a sum of Bernoulli random
variables. To assess the flexibility of the proposed methodology in the analysis of criminal
networks, we consider two simulated scenarios, each characterized by distinct properties
of the resulting weighted adjacency matrix. These scenarios are constructed to produce
structures akin to those investigated in Lu et al. (2025), thereby closely reflecting patterns
observed in real-world criminal networks. A detailed description of the two scenarios is
provided below.

For both scenarios, the analysis is carried out using the binary traits specification of
the mixture model (5.16), referred to as the unknown-groups model, where H(-;1)) is the
beta distribution with parameters (—ca, a4+ 3), with ¢ = («, 8). Prior distributions for the
model parameters A\, —«, and o+ are specified as follows. The parameter A, governing the
Poisson-distributed total number of meetings, is assigned a gamma prior with parameters
(ax, Ba), as detailed in Section 5.2.3. The hyperparameters (ay,3y) are chosen so that
the prior expected value of M equals M = 1.5k, where k denotes the observed number of
meetings in the sample, and the prior variance of M is set to 10M. For the parameters
(a,b) = (—a,a + B) of the beta distribution H, independent gamma priors are assumed
with hyperparameters (o, 8,) and (o, Bp), respectively. Specifically, (aq, 5,) are set to
induce a prior mean of 0.2 for a with a large variance, while (ap, 8p) are chosen so that
the prior mean of b is 10, also with high variance. Additionally, the clustering structure is
modeled using a Dirichlet process with concentration parameter equal to v = 1. Posterior
inference relies on 10,000 iterations of the MCMC algorithm described in Section 5.3.3, with
the first 1,000 samples discarded as burn-in and a thinning interval of 2.

We benchmark our approach against the negative binomial mixture of BBs introduced
in Chapter 3. This represents the natural competitor for estimating the number of unseen
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traits, though it is specifically designed for homogeneous exchangeable settings. Additional
details about this competitor, hyperparameter choices and MCMC settings are provided in
Section 5.D of the Appendix. Importantly, by construction, the negative binomial mixture
of BBs enforces exchangeability, implying that its posterior expectation for W assigns
identical values to all entries. As a consequence, the model is unable to capture possible
heterogeneity in connectivity patterns that may be revealed by the observed adjacency
matrix.

Scenario 1. Data are generated with a total of M = 500 meetings and d = 5 criminal
groups. Each group is associated with a core set of 15 meetings, in which affiliates have
a higher probability of being observed (0.3). Beyond these core meetings, each group is
randomly assigned 300, 125, 50, and 10 additional meetings, with corresponding probabil-
ities of 0.002, 0.01, 0.05, and 0.3. The total number of criminals is n = 80, partitioned
into groups of size ny = 20, no = 25, ng = ng = 15, and ns = 5. The number of observed
meetings in the sample is k = 304. Figure 5.4.2a shows a graphical representation of the
resulting adjacency matrix.

Posterior inference under the proposed unknown-groups model demonstrates strong re-
covery of the underlying structure. The posterior distribution of the number of clusters
(not shown) correctly concentrates on the true value d = 5, confirming the ability of the
model to detect the latent group partition. Beyond validating the clustering estimates,
Figure 5.4.2c shows the posterior expectation of the weighted adjacency matrix, which can
be visually compared to its simulated counterpart in Figure 5.4.2a. The close alignment be-
tween these matrices demonstrates the model’s ability to recover the connectivity structure
of the data. Notably, posterior estimates of the weighted adjacency matrix are straight-
forward to compute, leveraging the closed-form posterior expressions in Theorem 5.2 and
their specializations for the binary traits model.

We further compare our methodology to the negative binomial mixture of BBs intro-
duced in Chapter 3. Both models allow inference on the number of unseen meetings M’,
which in the framework of Theorem 5.2 corresponds to the number of atoms M’ in the
measures ,u’q. Figure 5.4.3 reports the posterior distributions of M’ for the two models. Our
proposed model provides an accurate estimate, with uncertainty appropriately quantified.
In contrast, the negative binomial mixture of BBs substantially overestimates M’, failing
to address the unseen features problem in this heterogeneous setting.

Model comparison based on the WAIC supports the same conclusion. The proposed
unknown-groups model yields a WAIC of 68546, while the negative binomial mixture of BBs
yields a much larger value of 923830.

Scenario 2. This scenario also considers M = 500 meetings and d = 5 criminal
groups, but introduces more heterogeneous and asymmetric connectivity patterns. Each
group is associated with 250, 150, 50, and 50 meetings, with observation probabilities of
0.002, 0.01, 0.05, and 0.4, respectively. To induce additional overlap, 20 meetings have the
highest probability (0.4) of being attended by criminals from both groups 1 and 2, while
another distinct set of 20 meetings has the highest probability (0.4) for both groups 1 and
4. In general, all high-probability meetings do not overlap between different group pairs.
As in Scenario 1, the total number of criminals is n = 80, partitioned into groups of size
n1 = 20, no = 25, ng = ng = 15, and ns = 5. The number of observed meetings is k = 340.
Figure 5.4.2b illustrates the resulting adjacency matrix.
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(a) Simulated weighted adjacency matrix in
Scenario 1. Side colors represent the true
clustering.

Scenario 1

(c) Posterior expectation of the weighted ad-
jacency matrix in Scenario 1. Side colors rep-
resent the estimated clustering.
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resent the estimated clustering.

Figure 5.4.2: Synthetic network data. Simulated and estimated weighted adjacency ma-
trices under the two scenarios. Top row: simulated adjacency matrices, with side colors
denoting the true clustering. Bottom row: posterior expectations of the adjacency matri-
ces under the proposed model, with side colors denoting the estimated clustering. In all
panels, the color of each entry ranges from white to black as the number of co-attended

meetings increases.
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Figure 5.4.3: Synthetic network data, Scenario 1. Posterior distribution of the number
of unseen meetings under (a) the unknown-groups model and (b) the negative binomial
mixture of BBs in Chapter 3. The vertical red dotted lines denote the true number of
unseen meetings.

As in Scenario 1, the proposed unknown-groups model correctly identifies the true num-
ber of clusters d = 5. The corresponding clustering estimates are reported in Figure 5.4.2d,
alongside the posterior expectation of the weighted adjacency matrix. A visual comparison
with the simulated matrix in Figure 5.4.2b confirms that the method accurately recovers
the heterogeneous connectivity patterns.

We next examine inference on the number of unseen meetings M’. Figure 5.4.4 presents
the posterior distribution of M’ under the proposed unknown-groups model and the nega-
tive binomial mixture of BBs in Chapter 3. Figure 5.4.4a shows that our unknown-groups
model recovers the number of unseen meetings accurately, while also providing a coherent
quantification of uncertainty. At first glance, the competitor appears to perform well, as its
posterior distribution is centered closer to the true value (red vertical line), albeit with sub-
stantially greater dispersion. However, this apparent accuracy is largely coincidental. In
fact, because the negative binomial mixture of BBs enforces homogeneity, it cannot accom-
modate the heterogeneity clearly visible in the simulated adjacency matrix (Figure 5.4.2b).
For ease of comparison, Figure 5.4.5 juxtaposes the simulated adjacency matrix, the poste-
rior expectation of the adjacency matrix under our unknown-groups model, and the poste-
rior expectation of the adjacency matrix under the competitor. The figure highlights that
while our model reproduces the complex connectivity structure, the competitor collapses
to an unrealistic homogeneous pattern.

This conclusion is further supported by a model comparison based on the waic. The
proposed unknown-groups model achieves a WAIC of —19107, while the negative binomial
mixture of BBs yields a much larger value of 217142. Such a difference provides strong
evidence that the unknown-groups model offers a substantially better fit for these data.

155



Chapter 5. BNP modeling of multivariate count data with an unknown number of traits

Posterior number of unseen meetings Posterior number of unseen meetings
0.020- :
. 0.0075-
0.015- .
2 : z
z . E  0.0050-
I} . I}
§ oow- : g
o : o
: 0.0025 -
- ‘
0.000 =1 |||I||||||”||“H ""H“"H““"l"lllluu ........... 0.0000 - il H\ H“ ““ m m H“ H“ [T —
70 9 110 130 %o 10 190 S0 s 130 170 2i0 250 200 3o 370
Unseen meetings Unseen meetings
(a) Unseen meetings under the unknown- (b) Unseen meetings under the negative bi-
groups model. nomial mixture of BBs.

Figure 5.4.4: Synthetic network data, Scenario 2. Posterior distribution of the number
of unseen meetings under (a) the unknown-groups model and (b) the negative binomial
mixture of BBs in Chapter 3. The vertical red dotted lines denote the true number of
unseen meetings.
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Figure 5.4.5: Synthetic network data, Scenario 2. Simulated weighted adjacency matrix
and its estimates under the competing models.
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5.5 ANALYSIS OF THE INFINITO NETWORK

In this section, we analyze the Infinito 'Ndrangheta network (Legramanti et al., 2022;
Lu et al., 2025). These data stem from Operazione Infinito (Calderoni et al., 2017), a
six-year-long, large-scale law enforcement operation aimed at monitoring and dismantling
the core structure of La Lombardia, the highly pervasive branch of the ’Ndrangheta Mafia
operating in the Milan area. The raw data collected during the investigation are publicly
available at https://sites.google.com/site/ucinetsoftware/datasets/covert-networks in the
form of multivariate binary outcome observations, making them well-suited for analysis
using the binary traits specification of our proposed model.

As in the simulation studies, the attendance of the n affiliates at the k distinct meetings
can be represented by the n x k binary matrix A, where each entry A;; € {0,1} indi-
cates whether individual ¢ attended meeting ¢. A graphical representation of the observed
weighted adjacency matrix W = AA” | whose generic entry Wj; represents the number of
meetings jointly attended by affiliates ¢ and ¢, is shown in Figure 5.5.1a. Legramanti et al.
(2022); Lu et al. (2025) directly modelled the matrix W without considering the informa-
tion of the binary traits A;y. Instead, we directly model A;, which will induce a model for
W as a by-product, therefore making use of all the available information. We focus on the
d = 5 most populated locali, with sizes ny = 16, ny = 14,n3 = 23,n4 = 15,n5 = 16, of the
Infinito dataset, for a total of n = 84 affiliates and k = 44 recorded meetings among them.
The affiliates’ locale membership provides a natural partition into five groups, making it
reasonable to begin the analysis by leveraging this a priori known clustering. This directly
motivates the known-groups framework described in Section 5.2. In particular, we consider
model (5.4) for binary traits, employing the same hyperparameters and MCMC settings as
in the simulation study of Section 5.4.2. The only difference here is that the clustering
structure is not inferred, so the sampling reduces to a vanilla MCMC scheme.

Figure 5.5.1b describes the estimated connectivity patterns among different locali through
the posterior expected weighted adjacency matrix, which we obtained exploiting the closed-
form results of Theorem 5.2. As evident by comparing Figure 5.5.1a with Figure 5.5.1b,
this estimated adjacency matrix captures the most significant patterns but still partially
disagree with the observed one, indicating that the partition induced by locali membership
is insufficient to describe the underlying connectivity patterns within the criminal organi-
zation. This points to more complex connections, extending beyond the locali structure.
Identifying and analyzing these hidden structures could provide insights into the organi-
zational strategies of the criminal network. For completeness, Figure 5.5.2b reports the
inference on the number of meetings that went undetected by investigators; however, the
poor fit of the model to data suggests not to rely on this estimate.

All these considerations motivate the necessity of moving to the framework described
in Section 5.3, where the clustering structure among the affiliates is learnt from the data.
In particular, we consider the binary traits specification of model (5.16), referred to as
the unknown-groups model, with the same hyperparameters and MCMC settings as in the
simulation study of Section 5.4.2. Figure 5.5.2a displays the posterior distribution of the
number of clusters among affiliates. To obtain a point estimate of the clustering structure,
we follow Wade and Ghahramani (2018) and select the configuration that minimizes the
posterior expectation of the Variation of Information (vI) metric (Meild, 2003). The re-
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(a) Observed adjacency matrix with arbitrary
ordering so as to match the ordering in panel
(c). The row colors indicate the affiliates’ mem-
bership to the five analyzed locali.
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(¢) Observed adjacency matrix, ordered and
partitioned according to the VI clustering. Side
colors correspond to the locali, with darker/-
lighter shades denoting bosses/affiliates.

Figure 5.5.1: Comparison of the Infinito network with the estimated models.
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(d) Posterior expectation under an unknown-
groups model with groups learnt from the data.
Ordering matches panel (c).

Top row:

observed adjacency matrix and posterior expectation under the known-groups model. Bot-
tom row: observed adjacency matrix and posterior expectation under the unknown-groups
model. In all panels, the color of each entry ranges from white to black as the number of
co-attended meetings increases (observed on the left, expected on the right).
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Figure 5.5.2: Posterior distributions under the proposed models: (a) number of clusters
among the affiliates; (b) number of unseen meetings under a known-groups specification
with partition induced by locali membership; (c) number of unseen meetings under an
unknown-groups model with clustering learnt from the data.

sulting clustering consists of eight unbalanced clusters, represented by the blocks in the
colored bar of Figure 5.5.1c. The row colors indicate the affiliates’” membership to the five
locali, as in Figure 5.5.1a, with the additional detail of darker shades denoting bosses and
lighter tones representing lower-ranked affiliates, helping for the discussion of the estimated
clustering. As evident from Figure 5.5.1, the clustering structure learnt from the data sig-
nificantly deviates from the one induced by locali membership, and the posterior expected
weighted adjacency matrix in Figure 5.5.1d nicely aligns with the observed one. These con-
siderations qualitatively support estimating the clustering structure from the data, rather
than relying on the partition induced by the locali membership. To strengthen this ar-
gument, we provide a complementary quantitative assessment. Following standard model
selection practices, we compare the walCc (Watanabe-Akaike Information Criteria) (Watan-
abe, 2013) between the two models. Specifically, the unknown-groups model yields a WAIC
of —7236, whereas the known-groups model results in a WAIC of —6573, strongly indicating
a preference for data-driven clustering estimation.

Consistent with the findings of Lu et al. (2025), the inferred group structures reveal
intricate dynamics within this criminal organization. Notably, there is a clear tendency for
clusters to form within individual locali, though the mechanisms governing group formation
vary between affiliates and bosses. This pattern suggests a strategic design aimed at en-
suring resilience across different levels of the organization. Furthermore, it highlights that
while lower-ranked affiliates can form peripheral groups with relative ease, the formation
of core groups, comprising all the bosses, is more constrained, as reflected in their pro-
gressively smaller sizes. A deeper examination of the cluster structure uncovers additional
meaningful insights, further supporting observations made in Lu et al. (2025). For instance,
juridical documents indicate that a specific affiliate from the blue locale was attempting
to establish a new locale. This is reflected in our clustering results, where this individual
is grouped primarily with lower-ranked members from the red locale (first cluster from the
top), suggesting a deliberate strategy of recruiting new affiliates from that locale. Another
striking pattern, even more evident in our analysis than in Lu et al. (2025), involves a
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cluster composed of bosses from multiple locali. Specifically, one green and one blue boss
cluster together with two yellow bosses and two lower-ranked yellow affiliates. This aligns
with reports that the green and blue bosses supported an unsuccessful attempt to increase
the independence of the 'Ndrangheta group in Lombardy from the ruling families in Cal-
abria. Consequently, these individuals sought to distance themselves from their original
locali and strengthen ties elsewhere. Our inferred clustering suggests that this shift pri-
marily moved in the direction of the yellow locale, a hypothesis supported by the cluster
composition. In contrast, Lu et al. (2025) infer this movement indirectly through node
positioning in a distance-based network representation, rather than as a direct outcome of
their methodology. A further distinction between our results and those in Lu et al. (2025)
concerns the clustering of most yellow and purple lower-ranked affiliates. While our model
merges them into a single cluster, their approach identifies them as distinct groups. How-
ever, their distance-based network representation highlights their close similarity. Finally,
it is noteworthy that core groups of bosses frequently include a few lower-ranked affiliates,
suggesting that these individuals may hold more central roles than indicated in the juridical
documents. As observed in Lu et al. (2025), this is particularly evident in the case of a key
affiliate grouped with the green locale bosses. In reality, this individual is a high-ranking
member with crucial coordinating responsibilities across multiple locali.

From inspecting the posterior expected weighted adjacency matrix in Figure 5.5.1d,
additional insights on the connectivity patterns among different groups can be obtained.
The darker blocks along the diagonal corresponding to boss-dominated clusters indicate
that these small groups tend to meet frequently and primarily within their own ranks.
Additionally, the matrix highlights regular meetings among all boss-dominated groups,
likely reflecting their need for coordinated decision-making. An exception to this pattern
is the core cluster of the blue locale, which interacts only with the core cluster of the green
locale. Furthermore, as expected, core groups within each locale exhibit strong connectivity
with clusters of lower-ranked affiliates from the same locale, reinforcing internal hierarchies.
Notably, our earlier hypothesis regarding the cluster of bosses spanning multiple locali,
suggesting a gradual shift towards the yellow locale, gains further support. This group
exhibits a higher frequency of meetings with the cluster containing all yellow lower-ranked
affiliates, indicating its strategic alignment and possible integration into the yellow locale.

A key property of both the known-groups and unknown-groups models is that they
explicitly allow for the estimation of the number of meetings that went undetected by
investigators. In the analysis of the Infinito criminal data, we rely on the inference pro-
vided by the unknown-groups model, which was identified as the better-fitting specification
based on the comparisons discussed above. Our unknown-groups model suggests the likely
presence of a few number of undetected meetings, which aligns with expectations and con-
firms the need of accounting for unseen binary traits. Figure 5.5.2c displays the posterior
distribution of the number of these unseen meetings, providing a probabilistic estimate of
their occurrence. This information is useful on its own as it may provide guidance to law
enforcements to understand the amount of meetings that went undetected. On the other
hand, as formally proved in Section 5.3.2, accounting for unseen meetings directly affects
the clustering structure and, indirectly, the estimated adjacency matrices in Figure 5.5.1.
The overall good fit of the proposed unknown-groups model to data, highlighted in Fig-
ure 5.5.1, also validates the estimate of the number of unseen meetings, which results to
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Figure 5.5.3: Posterior distributions of the number M’ of unseen meetings under the neg-
ative binomial mixture of BBs in Chapter 3.

be much smaller than the estimate provided under the known-groups setting using the
clustering induced by locali membership, reported in Figure 5.5.2b. For completeness, we
also compare these findings with those obtained from the negative binomial mixture of
BBs (Chapter 3), the natural benchmark for estimating the number of unseen meetings.
We remind that, by construction, this model imposes a homogeneous exchangeable struc-
ture, leading to posterior expectations of the adjacency matrix that assign identical values
across all entries. As a result, it fails to reproduce the heterogeneity observed in the Infinito
criminal data (Figure 5.5.1c). Consistent with this limitation, its inference on the num-
ber of unseen meetings M’ substantially diverges from that of our model. In particular,
Figure 5.5.3 shows that the competitor places high posterior probability on the absence of
undetected meetings, in contrast with the inference obtained under the unknown-groups
model (Figure 5.5.2¢). Model comparison via the wWAIC further supports the data-driven
clustering approach. Indeed, the negative binomial mixture of BBs attains a WAIC of —5392,
which is worse not only than the unknown-groups model but also than the known-groups
specification.

A word of caution is warranted. Estimating the number of unseen meetings is essentially
an extrapolation task, which makes it difficult to assess the accuracy of the predictions.
Simulation studies confirmed the usefulness of our model under correct specification. How-
ever, in real data applications some degree of misspecification is unavoidable. Thus, a
pragmatic recommendation is to regard our estimates as lower bounds for the true number
of unseen meetings, thereby ensuring a conservative interpretation of the results.

5.6 DISCUSSION

In this chapter, we have introduced a new Bayesian nonparametric framework for model-
ing multivariate count data with an unknown number of traits. The model developed in
the main body of the present chapter is based on finite completely random vectors, while
results for the more general class of completely random vectors are provided in the Ap-
pendix. We focused on the cases where A;; € {0,1} (binary traits) or A, € {0,1,2,...}
(Poisson counts), though our framework naturally extends to general parameter spaces for
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04, as discussed in the Appendix. The general theorems established in Section 5.2 were
further leveraged to define a mixture model for clustering finite trait allocations. We also
emphasized the methodological importance of modeling a random number of traits, as for-
malized in Proposition 5.1, and demonstrated its practical role in uncovering previously
unseen meetings within the 'Ndrangheta dataset.

Although we focused on the analysis of criminal networks, the scope of our approach
extends beyond this domain. For instance, we plan to explore its use to cluster microbiome
profiles of different subjects, where traits correspond to operational taxonomic units ob-
served with different frequencies in each subject. The importance of trait allocation models
for microbiome data analysis has been recently emphasized by James et al. (2025). Another
promising area of application is ecology, where our method can be used to cluster sites that
exhibit similar patterns in terms of species occurrences (Chapter 3). In this context the
traits are the species, observed with varying frequencies in each site.

In addition, our work also serves as a springboard for future methodological develop-
ments. First, all results in Section 5.B of the Appendix hold true for general CRvs, offering a
theoretical basis for a broad class of models and providing practitioners with new modeling
opportunities. Second, the results in Section 5.2 are the basic building blocks for address-
ing extrapolation problems involving dependent populations of traits. For example, one
can estimate the number of unseen traits in an additional sample of subjects, thereby ex-
tending the results of Masoero et al. (2022); Camerlenghi et al. (2024) and Chapter 3 when
multiple-sample data are available. While Shen et al. (2024) focused on predicting new
genetic variants in presence of two dependent populations, our approach offers additional
flexibility in ecological applications by allowing for finite species richness, since the number
of traits is assumed finite but random. Finally, we believe that it is not difficult to extend
our framework to cluster a bunch of trait allocations, rather than individual subjects. This
would lead to models akin to nested processes (Rodriguez et al., 2008) within the trait
allocation context. The aforementioned applications and methodological developments are
left for future research.
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APPENDIX

ORGANIZATION OF THE APPENDIX

The Appendix is organized as follows. In Section 5.A, we review in detail the general
class of completely random vectors, with special focus on the notable subclass of finite
completely random vectors. Section 5.B presents the general distribution theory under
completely random vector priors, which is then specialized to derive the results in Section
5.2.2. Finally, in Section 5.C, we report the proof of Proposition 5.1.

5.A  ACCOUNT ON COMPLETELY RANDOM VECTORS

In this section, we provide an account on completely random vectors (CRvs), with the goal of
illustrating the connection between the processes presented in Section 5.2.1 and completely
random vectors. The class of CRvs can be considered as a generalization of the class of
completely random measures (CRMs), introduced by Kingman (1967), to the multivariate
setting and played a leading role in many successful stories in the BNP literature. Indeed
many authors have focused on CRvVs to model the prior opinion in presence of partially
exchangeable data, i.e., data organized in groups (Griffin and Leisen, 2017; Lijoi et al., 2014;
Camerlenghi et al., 2019). The use of CRvs also allows the quantification of dependence
induced by the prior across the different groups of observations (Catalano et al., 2021,
2024).

To mathematically introduce the class of CRvs, consider a Polish space X equipped
with the corresponding Borel o-algebra 2; consistently with the rest of the chapter, X
represents the space of trait labels. Denote by (Mx, .#x) the space of boundedly finite
(non-negative) measures on X equipped with the corresponding Borel o-algebra generated
by the topology of weak?-convergence (Daley and Vere-Jones, 2008). We also indicate by
Mgg the d-fold product space of Mx, which is naturally endowed with the product o-algebra.
Remind that a random vector of measures f1 = (fi1, ..., fiq) is a measurable function from
a suitable probability space, say (9, <7, P), taking values in (M4, #g). In the sequel, we
will use the notation f1(A) = (f1(A),...,xq(A)) to indicate the random vector evaluated
on a set A € 2. Then, CRvs are defined as follows.

Definition 7 (Completely random vector). A random vector of measures f = (fi1, ..., fid)
18 a CRV if, for any n € IN and for any collection of disjoint sets Aq,..., A, € X, the
evaluations 1(A1),. .., 1(Ay) are independent random vectors on (0, 00)?.

Note that this definition entails that the marginals of a CRV are CRMs, since they have
independent increments. Moreover, CRVs satisfy a similar decomposition as the one that
holds true for CRMs. Indeed, a CRV consists of three main components: (i) a deterministic
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drift w, i.e., a deterministic measure with d entries; (ii) a part with random d-dimensional
jumps (Bk)r>1 at fixed locations (yx)r>1; (iii) a part with random d-dimensional jumps
(6;);>1 at random locations (X j)j>1. Summing up, the following representation holds true

fi=u+) By + Y 0;0%. (5.18)

E>1 i>1

See (Kallenberg, 2017, Theorem 3.19). As a common practice in BNP models, here we
remove the deterministic drift and the part with fixed locations, thus working only with
component (iii); in other words we consider CRvs of the type:

=) 005 = > (51, 0ja)d -

j=21 j21

Similarly to the CRM case, any CRV can be expressed as a functional of a Poisson point
process (Baccelli et al., 2020) on the space (0,oo)d x X. Indeed, consider the Laplace
functional of fi, which is defined as

ﬁﬂ(gla e 7gd) =E (67 Zgzl Jx QQ(I)ﬂq(dI))

for all measurable functions g1,...,g9q4 : X — (0,00). The Laplace functional of fi admits
the following Lévy-Khintchine representation

Eﬂ(glv"'agd):exp _/

d
1 —exp| — qu(x)ﬁq v(db; ... dOgdz)
(0,00)4xX g=1
(5.19)
for all measurable functions g1, ..., g4 : X — (0,00), where v(-) is a measure on (0, 00)? x
X referred to as the Lévy intensity of 1. The measure v(-) must satisfy the following

conditions

v((0,00)% x {x}) =0, Vz € X, and / min{||@||,1} v(db; ... df;dz) < oo,
0,00)¢x B

for any bounded Borel set B € 27, where ||6|| denotes the Euclidean norm of the vector
60 = (01,...,04). In the present work we consider homogeneous CRvs, namely CRvVs whose
Lévy intensity satisfies v(df; ... dfgdx) = pg(dby ... dfy)a(dx). In particular, assume
that a( -) is a finite non-atomic measure on X with total mass A, thus set Go(-) := a(-)/A.
In the sequel, we use the notation ft ~ CRV(pg, A, Go) to indicate the distribution of a
homogeneous CRv. We refer to Kallenberg (2017) for additional details on CRvs.

5.A.1 FINITE COMPLETELY RANDOM VECTORS

In this work, we focus on a special class of CRvVs which we refer to as finite completely
random vectors (FCRvs). Due to the purposes of the chapter, we restrict the attention to
the homogeneous case; extension to non-homogeneous CRvs is straightforward. We define
(homogeneous) FCRvs as follows.

Definition 8 (Finite completely random vector). Let fi ~ CRV(pg, A, Go). If pq is a finite
measure, then [t is a FCRV.
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When f1 is a FCRV, we write fi ~ FCRV(pq, A, Gp), where pg is necessarily finite. Without
loss of generality, assume that pg = H(® is a probability measure and adjust A to account
for it. As we will discuss in the next proposition, the specification finite CRvV is motivated
by the fact that FCRVs can be seen as functionals of finite Poisson point processes (Baccelli
et al., 2020, Section 4.3). In particular, the random measures fi, ..., fig are supported on
a (finite) Poisson random number of common atoms.

Proposition 5.2. If fi ~ FCRV(H® X Gy), then i can be represented as

M
p= Z(9j17---76jd>5)2j7 (5.20)
=1

where M s a Poisson random variable with parameter A > 0. Moreover, conditionally to
M, the vectors (0;1,...,0;q) are i.i.d. draws from HD | namely (01, -.,05q) i HD and

XZ'ﬁf(;m asj Zilr..,ﬂl.

Proof. In order to show the result, we prove that the Laplace functional of fi, as defined in
(5.20), coincides with the one of a Ferv(H®, X, Gp). To this end, consider the measurable
functions ¢1,...,94 : X — (0,00) and note that, conditionally on M, we have

q=1 j=1

d d M
E |exp Z/ng(x)ﬂq(dx) | M| =E |exp fZZqugq(Xj) | M
q=1

d M
=E [E lexp{ =Y 0jg0,(X)) p | M, Xy, Xn| | M
q=1 j=1

[ M d
=E | JIE|expq =D Oiaga(Xy) p | M. X;| | M|,
| j=1 q=1

where we first exploit the tower property of conditional expectations and then we use the
independence of the random vectors, conditionally on M. Observing that, conditionally
on M, the vectors (0j1,...,0jq) are i.i.d. from distribution H@ and Xj Y Gy, for j =
1,..., M, the previous expression equals

d
E |exp —qzzl/xgq(a:),uq(dx) | M

M d

=E H/ exp{ — > 094(X;) p HD(db; ... dbg) | M
j=1(0,00) g=1
M d
= H/ / exp § — Z@Q gq(z) p HD(d0; ... d6,)Go(dz)
j=1 X J(0,00)¢ g=1
4 M
= / exp —ZHq gq(x) p HD(d0; ... d6s)Go(dx) : (5.21)
(0,00)dXX q:1
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We can now integrate out M in the final expression of (5.21) to obtain the Laplace func-
tional of fi defined as in (5.20). Specifically, we have

d
Lalor, - 00) =E [E lep{ -3 / 0g(@)ig(dz) § | M
qg=1
M

—E / exp Zeq gq(z) p HD(d0; ... d6s)Go(dx)
(0,00)4xX

d
e Z / exp § — Z 04 9q(x) p HD(dO, ... d0g)Go(dx)
0,00)4xX g=1

j>0

d
=eexp /\/ exp § — Zeq gq(x) p HD(d0; ... d6y)Go(dx)
(0,00)4xX )
d
=exp —A[1 —/ exp Z g 9¢(x) » HD(dO; ... d6,)Go(dx)
( =1

d
= exp —)\/ 1—exp{ — Z 04 94(2) HD(d0; ... d0,)Go(dz) p ,
( -

(5.22)

where the first equality follows from the tower property, expression (5.21) has been exploited
in the second line, and finally the expectation has been evaluated relying on the fact that
M is a Poisson random variable with parameter A\. From (5.19), we note that the equation
n (5.22) corresponds to the Laplace functional of a FCRV(H (Y, X, Go), and the thesis
follows. O

Based on Proposition 5.2, the connection between the prior distribution for g1 defined
in equations (5.5)—(5.6), Section 5.2.1, and the class of FCRvs is evident. Indeed, the
construction in equations (5.5)—(5.6) precisely corresponds to the formulation in (5.20),
thus fi can be equivalently described as fi ~ FCRV(H@ | X, G).

5.B  GENERAL DISTRIBUTION THEORY UNDER CRV PRIORS

In this section, we provide a complete distribution theory for partially exchangeable trait
allocation models (5.4), when the prior on f is a generic CRv. This encompasses both
finite- and infinite-dimensional trait models. The results presented here are very general
and can be specialized to a variety of different prior specifications. Moreover, they can also
be applied to face prediction in presence of multiple dependent populations. In the last
part of this section, we will focus on the finite trait models of Section 5.2.1, corresponding
to the case of fi distributed as a FCRv. In particular, we will comment on how the results
presented in Section 5.2.2 follow from these general theorems.
First, we recall the general model we deal with:

~ ind ~ .
Ziq | ftg ~ CP(fiq), i1>1, g=1,...,d,

o ) (5.23)
M= (Ml? R /'Ld) ~ CRV(pd7 )\7 G0)7
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where pg is a measure on (0,00)% A > 0 and Gy is a non-atomic probability measure on X.
Refer to Section 5.A for the definition of CRV(pg, A, Gp). Clearly, model (5.4) with prior
distribution given by equations (5.5)—(5.6) is obtained by considering pg = H @ with H(@
being a probability law on (0,00)?, that is i ~ FCrRV(H @, X, Gp).

We first focus on the marginal distribution of a sample Z = (Z;, : i = 1,...,n4;¢ =
1,...,d). As explained in the main body, with marginal distribution of Z, we refer to the
probabilities of the events (A = a, K,, = k), where K, is the observed number of distinct
traits and A collects the observed counts, as introduced for Theorem 5.1, Section 5.2.2.
The following theorem describes the marginal probability for the event (A = a, K,, = k).

Theorem 5.3 (Marginal distribution, pETPF). Let Z be a sample from the statistical
model (5.23). The probability that Z displays K, = k distinct traits with counts A = a
equals

L d
(@) = 77 exp § —A /( | 1— [ P(0;69)™ | pa(dfs ... dbg)

! 0,00)4 el
5.24
. . (5.24)

X H/ H H P(aigq; gq)pd(del . d9d)
1=17(0,00)% ;13
where n = Zzzl ng and n = (ny,...,nq) are the sample sizes.

Proof. Consider the event (A = a,K, = k), corresponding to Z displaying K, = k
distinct traits, with associated counts described by A = a. Though already specified in
the definition of A, it worth stressing that this event (A = a, K,, = k) refers to one
specific ordering of the traits among all the possible ones, when a uniform distribution
on the orderings is assumed. For the sake of exposition, it is convenient to observe that
A = a describes the presence and absence of the k observed traits in the subjects. In
particular, for each subpopulation ¢ = 1,...,d and each observed trait £ =1, ..., k, define
By = {(i,q) : aigg > 0,i=1,...,n4}, which might be empty.

The probability of the event under study (A = a, K,, = k) is indicated by m,(a) and
generalizes the well-known notion of partially Exchangeable Partition Probability Function
(PEPPF) to the setting of trait allocation models, thus we refer to it as partially Exchange-
able Trait Probability Function (pETPF). In order to evaluate m,(a), we apply a limiting
argument, which is based on the evaluation of the joint distribution of (A, K,,) and the
associated trait labels X1,..., Xk, . To this end, we consider k small balls B.(X,) cen-
tered at X, with radius €, where € > 0 is sufficiently small so that all the balls are disjoint.
Moreover, we set X* := X'\ U'j:lBE (X¢). First, focus on the probability of the event &

& = {3] >1: Az‘jq = Qg with Xj € Bg(Xg), V(i,q) S ng,
qg=1,...,d, £=1,...k;
Ziq(Bg(Xg)) =0, V(i,q) Qng, q=1,...,d, 0=1,...,k;
Zig(X*)=0,Vi=1,...,ng, ¢g=1,...,d },

(5.25)

that is to say the infinitesimal probability of observing k distinct traits with associated
counts A = a and trait labels belonging to the small balls B.(X}), ..., Bo(Xy).
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To evaluate the probability of &, by an application of the tower property, we have
P(&)=E[P(&|n). (5.26)
Define the following three disjoint events, whose union equals &, as
& = {3; >1: Aijy = aig with X; € Bo(Xy), V(i,q) € Bug, q=1,...,d, { = 1k}
& = A{Zjq(B:(Xy)) =0, V(i,q) € Beg, q=1,...,d, £ =1,... Kk},
&3 = {Zl-q(X*) =0,Vi=1,...,ng, ¢=1,...,d}.

Conditionally to fi, the randomness of the observations Z;, from model (5.23) is only in
the independent random variables flijq. Thus, the three events &1, &, &3 are independent,
conditionally to [, because they relate to independent /L-jq, and their probabilities can be
evaluated separately as

P(&)=E[P(&[m)P(&Ip)P (& R)]. (5.27)

Hereafter, by a slight abuse of notation, we write i € By, to indicate that (i,q) € By,. For
the first conditional probability in (5.27), it is easy to see that

d
P(& | 1) = HH I1 P<3]>1 Ajjq = aigq with X; EB(Xg)\p,)

14=11€Byq
d
HHIIl—Hﬂdwm%wwmm>
=1/¢=1i€By, j>1

For the second conditional probability in (5.27), we observe that

d k
P& i) =[]]I I] P(Zi(B:(X0)) =01 i)

q=10=1i¢B,,

d k
HHHHPOQJQ B(Xz))

lgqu ]>1

Analogous considerations hold true for the conditional probability of &3 in (5.27). Thus,
putting everything together, we have

d k
) =€ | TITT I TT 70

q=10=1igB,, j>1

d k
< [TTL TT {1 - [0~ Plaieg; 050 (5.28)

q=10=1icB,, j>1
d nq
55 (X
<TTITI P00
q=1j>1i=1
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By observing that, for any £ =1,...,k and for any ¢ = 1,...,d,

H 1- H(l — Plaigg; 0jq))" % )

i€By, i>1
Vi (5" Ba X
= 2 TT 0 [10 = Plasg: 05"
Vi04€{0,1} 1€Beq jz1
icB,

the expected value in (5.28) boils down to the following sum

d k d k
@)= 3 (I IT -0 | e [T TT I P

vieg€{0,1} \q=1£=11€B¢ q=14=1i¢Bs, j>1
1€Beq
g=1,....d
=1k
d k (5.29)

TTIL I IO - Plaitng s

q=1/¢=11€Byq j>1
d Ng
< [TTITI P(0:65)°
q=1;>1i=1

At this point, we need to evaluate the expectation in (5.29). Since the sets B:(X1), ..., B:(Xk)
and X* are disjoint, the independence property of the CRV fi implies that the expected value
in (5.29) equals the following product

11 E: x E.. (5.30)

where we have set:

d
E,=E H H H P(O;ejq)Cs)zj(Be(Xz)) . H (1— P(aieq;ejq))vzeq %; (Be(X0)) :

]21 q=1 ’L’ngq iEBeq
d ng
0. (X*
E.=E [[TTIT] P0: 60"
q=1j>11i=1

We now concentrate on the evaluation of E, in (5.30):

d Ng
. =€ | [TTIT] P©:6s0)~™"
q—1j>li*1
d Ngq
—E |expq Y log | [TTT P(0:659) | 05, (X7) (5.31)
7j>1 g=1:=1

d MNg
= exp —/ 1- T P0:0,) | pa(dfs ... d0a) AGo(da) ¢,
(0,00)4 xX* g=1i=1

where we exploit the available expression of the Laplace functional for the CRvs (or anal-
ogously for Poisson processes). As for the general term Fy in (5.30), the Lévy-Khintchine
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representation implies again

Ey=E |exp EIOg H H P(0; 9](1 H( (azéqagjq)) e 5X_j(Bs(X€))

Jj=1 q=1 |igB., i€Beq
= exp {—AGo(B:(Xy))

o

-1l

I P0:6y) T (1 — P(aseg; 65))" ) pa(dé; ... d9d)}.

q=1 iQB[q Z’GB({,I ]
By defining
d
I, ;:/ 1= TT | TI P0;6,) T (1 = Plaieg; 64))" (d6y ... doy)
(0,00)¢ a=1 |igB,, i€Beg
we get

Ey = exp {=AGo(B=(X0))I1.0,,, } - (5.32)

We now substitute the expressions (5.31)—(5.32) in (5.30) to evaluate the expected value
n (5.29), which equals

d Ng
exp{)\Go(X* /(0 (1HHP00 )pddﬁl...dﬁd)}

q=11i=1

XHeXp{ AGo(B=(Xe)) 0.0, }

d MNgq

= exp { —AGo(X*) /OOO 1- T T P0:0,) | pa(dfs ... da)

g=11i=1
k
x [T (1 = AGo(B=(X) 1w, + 0(Go(B:=(Xr)))) -
/=1

We finally substitute the previous expression in (5.29) to get the following final expression
for the probability of the event &,

d k k
P(&) = ) {(HH II (1)”’“) [T (1 = AGo(BAXo) e, +0(G0(Ba(X£))))}

v;04€{0,1} q=1/0=11€8;, /=1
i€Byq
q=1,....d
=1,k
q
X exp { —AGo(X¥) / 1=T] ] P0:6,) | pa(dby ... dba)
(0,00)¢ g=1i=1
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Handling the last expression, we focus on the sum over the v;,, and we get

d 7Ngq
P(&) = exp { —AGo(X) / 1— T TIP0:6,) | pa(dty ... d6g)
(0,00)¢ q=1i=1

k d
<II( 3 (II II (-1") (@ = AGo(Bo(X0) e, + ol Go(B=(X)))))

(=1 v,€{0,1} q=1i€By,

16814,1
q=1,....d
d ng
= exp { —AGo(X*) / 1- T T P0:0,) | pa(dfs ... da)
(0,00)¢ q=1i=1

X ﬁ ( > (H 11 - ””) —AGo(Be(Xe)) Lo, + O(GO(BE(XZ)))))

=1 " v,,€{0,1} q=1icB,
€8,
qg=1,....d

where we use the fact that

d

> (IL I o) =

’l)iqe{O,l} q=1 iGB[q
1€Bq
q:17"'7d

By exploiting the definition of I ,, and applying similar arguments as above, we obtain

d ng
P(&) = exp { —AGo(X") / 1- TP 0:06,) | pa(dbs ... dog)
(0,00)¢ q=1i=1
k
XH AGo(Be(Xe) / H HP09 Z H (aiq; Og
(=1 (0,00 g=1 " igB,, {01} i€Byq
icBa,
k
+ O(H GO(BS(XZ))).
(=1
It is now easy to solve the summation over the v; to get the following expression:
d MNg
P(£) = exp { ~AGH(X") / 1= TTTLP:60) | patats - o)
qg=11i=1

1)”i)pd(d01 .

k
H AGo(B=(Xy) /O H I P;6,) T] Plaies:0, )pd(d91...d0d)

q 1 iZByg 1€Beq

- o(ZZHlGo(BE(Xg))).

Finally, to obtain the targeted probability m,(a), namely the pETPF of model (5.23), we

need to link it with the just computed probability of the event &. For sufficiently small ¢,
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B.(X1),...,B:(Xk) are disjoint, thus it holds

k
&) = k! [ Go(B:(Xe)) - mu(a),
(=1

where k! discounts for the specific ordering of the traits which is implicit in m,(a), as
detailed in the initial comments of the proof. Then,

: P(&)
(@) = lim -
=0 k! =y Go(B:=(X))
AR d
=7 exp —A/OOO 1= T P0;6,) | pa(dfs ... da)
qg=1i=1
X H/ H H P 0 9 H P algq, >pd(d91 . d@d)
0,00) q 1 igByy, 1€Beq
which can be rewritten as in the statement of the proposition. ]

Secondly, we move to the characterization of the posterior distribution of f in (5.23),

conditionally to a sample Z.

Theorem 5.4 (Posterior distribution). Let Z be a sample from the statistical model (5.23).
If Z displays K,, = k distinct traits labeled X1, ..., Xg, with associated counts a, then the
posterior distribution of [1 satisfies the distributional equality

~ ~ d * *
(Mla cee 7Md) ‘ Z = (:ulv v 7:ud) + (/’L/b v 7:““2l)7 (533)
where p* == (puy, ..., 1) and p' == (..., 1) are independent random vectors such that

(i) the components of the vector pu* are defined as juy(-) = Z]ZZI 07,0x,(-), for q =
1,...,d, and the random vectors (0},,...,0;,) are independent across £ = 1,...,k,
with distribution

d Mg

Hyq(d6; ... d6g) o< [T [ Plaieg; 0q) - pa(dby ... dbq); (5.34)
q=11i=1

(ii) the process (1}, ..., u,y) is a CRV(pl,, A, Go), with

d ng
py(ddy ... dbg) = [T ] P(0:6,) - pa(dby ... dbg).
g=11i=1
Proof. In order to characterize the posterior distribution of fi = (fi1,. .., fiq), we show that

its Laplace functional coincides with the one of the sum on the right-hand side of (5.33).
To this end, consider d measurable functions g, : X — (0,00), as ¢ =1, ...,d and focus on
the Laplace functional of the vector i, conditionally to Z,

d
Caiz(01. - 90) = E | exp —Z/ngwq(dx) z
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This conditional Laplace functional may be evaluated as

d
.1 .
Laiz(on- - 90) = lim 5o |exp —qu /X 9q(@)fig(dw) o Lo |, (5.35)

where & is the event defined in (5.25), for proof of Theorem 5.3, which depends on ¢, and
1 denotes the corresponding indicator function. The denominator in (5.35) has already
been computed in the proof of Theorem 5.3; a similar argument may be applied to find
an expression for the expected value in (5.35). First of all, the tower property of the
conditional expectation implies

]

d d
expd =3 [ au(@hifde) b | = [E [expd =3 [ gy@iglde) - 16
q=1 q=1

d
— E |exp —q; / 0(2)fig(dz) b - P(& | )

The probability P(&| 1) has already been computed in the proof of Theorem 5.3, while
the exponential term can be explicitly written as a function of the a.s. discrete random
measures [iq, which leads to

d
exp —Z:l/xgq(x)/]q(dx) e
HH@ o HHHHPO% P

q=1;>1 q=1/0=11¢By, j>1
¢ (B(X Oy . (X*
ATITIT (1 TT0 - Pl =) TTTTTT P00
q=1(=1i€B,, j>1 g=1j>1i=1

Along similar lines as in the proof of Theorem 5.3, we end up with:

d
e [expd ~ > [ a@igldo) 1o
g=17%
— exp / / 111 <e—9q9q<m>HP(o;eq)> pal(dls .. d02) AGo(d)
0,00)¢ g=1 i=1
k d
<11 / / [T (e ] P(:0,
£:1 Xe OOO

q=1 iZBeq

k
X H P(aigq;gq))pd(del d@d) )\Go(dw) +0<HGO(BE(X€))>-
(=1

iEBZq

By using the just derived expression and P(&’), available in the proof of Theorem 5.3, we
can compute the limit in (5.35). Since Gy is non-atomic, standard limiting arguments lead
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to

ﬁmz(917~-79d)

=exp!{ — / He 0a94@) | o (6, ... dbg) AGo(dz)
(0,00)x (5.36)

k
<11/ [T . (a6 .. o),
1=17(0,00)% 41

where p/,(-) and Hy,(-) have been defined in the statement of the present theorem. First,
the exponential term in (5.36) corresponds to the Laplace functional of a CRv, say p/,
having Lévy intensity measure given by

d Ng

V(dy ... dfgdz) = [T T P(0;6,) - pa(dfs ... dfa) AGo(dz).
g=11=1

Second, the product over £ = 1,... k in (5.36) corresponds to the Laplace functional of
the vector of random measures

k
Z 0@17" efd 6X@()7
=1

where the vectors (6},...,6;;) are independent across ¢ = 1,...,k, with distribution
Hyy(+). Thus, the thesis follows. O

For completeness, we finally provide the predictive distribution of a vector of new ob-
servations (Z(,, 41)1,- - - s Z(n.+1)d), conditionally to Z.

Theorem 5.5 (Predictive distribution). Let Z be a sample from the statistical model (5.23).
If Z displays K,, = k distinct traits labeled X1, ..., Xg, with associated counts a, then the
predictive distribution of (Z(n,41)15- -+ Z(n.+1)d) Satisfies the distributional equality

(Z(n1+1)17 SRR Z(ndJrl ) ‘ Z = ( (ni+1)1> Z?nd+1)d> + (ZEnIJrl)la SRR ZéndJrl)d)? (537)
where the vectors on the right-hand side are independent, and in addition:

(i) the generic component Zin,+1)g 18 defined as Z(, (1) = Zz 1A (ng+1 eqéxﬂ() for
q=1,...,d, and the random variables A( 41)0g @€ independent wzth distribution
P(da; qu), where the 92}‘(1 are given in point (z) of Theorem 5.4;

ng+1)q 1s defined as Zénqﬂ)q ! wnd cP(,u;), forg=1,...,d,
where ' is the FCRV defined in point (i) of Theorem 5.4.

(ii) the generic component ZE

Proof. The thesis follows by a straightforward application of Bayes formula and Theorem
5.4. O

To conclude this section, we provide some details about how Theorems 5.1-5.2 follow
as simple corollaries of Theorems 5.3-5.4, respectively. Indeed, as already commented in
Section 5.A.1, the FCRvVs analyzed in the main body are special examples of CRVs such that
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pa = HD where H@(.) is a probability distribution on (0,00)?. In the particular case of
Theorems 5.1-5.2, we focus on the special choice where H® (- ;) = H(- ;1)) x---x H(- ;1),
with H(-;4) any probability distribution on (0,00). Thus, Theorems 5.1-5.2 follow by
specializing Theorems 5.3-5.4 to this situation.

Remark 5.3. In addition to the example of FCRVs discussed in the main body, there are
many other tractable classes of CRVs that can be analyzed based on the general theory of the
present section, and that are of potential interest in applications. For example, Theorems
5.8-5.4-5.5 may be applied to obtain marginal, posterior, and predictive distributions of
additive CRMs introduced by Lijoi et al. (2014). Another example of interest that can
be addressed with the provided theory relates to compound random measures (Griffin and
Leisen, 2017).

5.B.1 EXTENSION OF THE MODELING FRAMEWORK TO GENERAL PARAMETER SPACE

As highlighted in Remark 5.1, throughout the chapter we assume that the parametric
distribution P(-;6) is governed by a single positive parameter §# > 0. This is related
to the use of the technical tool of CRvs for the general proofs in Section 5.B. However,
this assumption can be relaxed with basically no additional cost, allowing for a general
parameter space S, just by moving from CRvs to Poisson processes. To be rigorous, this
shift only calls for a slight change of notation, which we describe next. Starting from the
exchangeable trait allocation model expressed by (5.1)-(5.2)-(5.3), it is here convenient to
organize the parameters (6;);>1 in a point process ¥(-) = dois1 5(5(]"9],)(-) on X x §, i.e.,
a random (locally finite) counting measure on X x S, with S a Polish space. Remarkably,
note that ¥ and the discrete measure ji in (5.3) contain the exact same information. In
the partially exchangeable trait allocation models in (5.4), which are the main focus of
the general theory, the group-specific parameters of interest can be similarly collected in
the point processes W, () = di>1 5()23_79”)(-), for ¢ =1,...,d, instead of using the discrete
measures fi;. With a slight abuse of notation, we can generalize model (5.4) by writing

Zig|fig ® cp(B,),  i>1, q=1,....d,

_ ! (5.38)
(‘Illu .. '7‘11d) ~ Qd)

where Q4 denotes here the de Finetti measure of the vector of point processes (\i/l, ey \i/d).
The generalization with respect to model (5.4) is only in that 6;, € S instead of §;, > 0.
With a slight abuse of notation, we will use without distinction the vector (\ill, ceey \i’d) of
0,,) Ol X x S The

natural choice for the prior distribution of ¥ in this setting is the class of Poisson point

point processes on X X S and the point process U= ijl (5(5(]_7%7“_7
processes on X x S%. Indeed, in the special case where S = (0,00), the class of Poisson
point processes induces the class of CRv priors for the vector of random measures fi in
(5.23). Therefore, model (5.38) with ¥ distributed as a Poisson point process on X x S?
generalizes the main model (5.23), for a general parameter space S.

A point process ¥ on X x S% like any random measure, is uniquely characterized by
its Laplace functional

Lg(f)=E [exp{—/XXSd f(z,01,...,00)®(dxdb; ... ded)H ,
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for any measurable function f : X x S¢ — (0,00). The class of Poisson point processes is

characterized by the following representation of the Laplace functional,
Lg(f)=exp {—/ (1 —exp{—f(z,01,...,04)}) v(dxdb; ... dOd)} ,
XxS§4

where v(-) is a locally finite measure on X x S? referred to as the intensity of ¥. To link
with the general theory and notation of CRvs in Section 5.B, assume that the intensity
measure factorizes as v(dx dfy ... dby) = Apg(dl; ... d0;)Go(dx), where A > 0 and Go( -)
is a non-atomic probability measure on X. We write ¥ ~ PP(pg, A, Gg). Then, Theorems
5.3-5.4-5.5 hold identically with the only replacement of S instead of (0, 00) as parameter
space. For completeness, we report here the most general formulation of Theorems 5.3-5.4
for the general parameter space S.

Theorem 5.6 (Marginal distribution, pETPF). Let Z be a sample from the statistical
model (5.38), with ® ~ PP(pg,\,Go). The probability that Z displays K, = k distinct
traits with counts A = a equals

A d
m(a) = 77 oxXP —)\/ 1-— H P(0;04)" | pa(doy ... dbg)
s¢ -

d Mg

X H/ H HP azgq7 pd d91 . d@d)
g=1:=1
where n = Zzzl ng and n = (ny,...,nq) are the sample sizes.

Theorem 5.7 (Posterior distribution). Let Z be a sample from the statistical model (5.38),
with ¥ ~ PP(pa, A\, Go). If Z displays K,, = k distinct traits labeled X1,..., Xk, with
associated counts a, then the posterior distribution of ¥ satisfies the distributional equality

T T d * *
(Uy,...,0y) | Z = (V7,...,0%) + (¥),...,0)),
where (U5, ..., V%) and (V,..., V) are independent random vectors such that

(i) the generic Wy(-) is defined as V() = 25:1 0(x,0:,)(); for g =1,....d, and the

random vectors (0},,...,0;,;) are independent across £ =1,...,k, with distribution
d MNgq
Hyq(d6y ... d6g) o< [ [ [ ] Plaieg; 0q) - pa(dby ... dbq);
q=11i=1

(ii) the vector of point processes (V',..., W) is a PP(pl}, X\, Go), with

d ng

(0 ... dog) = [T ] P(0:6,) - pa(dbs ... d6,).
qg=11i=1

The computations we followed in Section 5.B to prove Theorems 5.3-5.4 hold for the
more general model (5.38), with ¥ ~ PP(pg, A, Go), with trivial modifications such as the
use of Laplace functionals of Poisson point processes instead of the ones of CRvs. The finite-
dimensional trait models analyzed in Section 5.2, corresponding to fi ~ FCRV(H® X\, Gp),
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are generalized to a generic parameter space via finite Poisson point processes, i.e., U ~
PP(p4, A, Go) where pg = H (@) and H(@ is a probability distribution on S%. As in Section
5.2, we commonly assume H(D(-;1p) = H(-;9p) x --- x H(-;9), with H(- ;1)) a probability
distribution on S, parameterized by .

To conclude this discussion on the extension of the proposed modeling framework to
general parameter space S for the count distribution P(-;6), § € S, we provide an example.
Besides specifying P(+; ), we derive the marginal of a sample Z and the posterior distribu-
tion of ¥, assuming ¥ ~ PP(H D X\ Gp), and HD(-;¢) = H(-;1)) x --- x H(-;1p). This
results are derived by specializing the previous general theorems.

Example 5.7 (Zero-inflated shifted negative binomial counts). In the setting of count
data with support on {0,1,2,...}, we propose to consider a zero-inflated shifted negative
binomial (zI-SNB) distribution. More precisely, let X be a negative binomial random
variable with parameters ¢ > 0 (number of trials) and p € (0,1] (success probability).
We say that Y := X 4 1 has a shifted negative binomial random distribution, whose
probability mass function psng(-;¢,p), depending on the parameters (c,p), is supported
by the set of natural numbers. Then, we specify the distribution P(-;0) as P(-;0) =
(1 —w)do(-) + wpsns(-;¢,p), with 8§ = (c,w,p) and w € (0,1). This choice allows to
independently model the presence of a trait and its associated measurement. That is, the
pattern of occurrence of traits is captured as in the binary traits setting. On top of that,
when a trait is displayed, the shifted negative binomial distribution models the magnitude
of the associated expression. The shifted version of the negative binomial is considered to
correctly identify the actual expression of a trait.

To complete the specification of this model, we consider H (- ;) such that ¢ is fixed, with
w and p following independent beta laws with parameters (a., by) and (ap, by), respectively,
so that ¢ = (¢, @y, bw, ap, by). In this case, the marginal distribution of Z depends on the
whole collection of counts a and equals

k

d
A B(
. g=1 ws Ow

k d (p) (w)
Qigq +c—2 bﬁq bﬁq
) H H H ( aigg — 1 ) B(ap, by) B(aw, bw)’

{=1q=1l4:a;04>1

(5.39)

g) = Bl(ap + cmgg, by + Y2y aigg — myy) and bg;) = B(aw + Mg, by + ng — Myg).

Moving to the posterior distribution of ¥, each 07, in Theorem 5.7 is a vector of three

where b
component (c, w}‘q, pzq), where wzq has a beta distribution with parameters (a.,, +mgq, by +
ng —Myg), and Py, is again a beta with parameters (ap+cmeq, by +Z?:ql Aigg —Myg), further
independent between them. In addition, for each ¢ = 1,...,d,

M/
iid S iid .
Vo) =D Oxig) () OV Hg  XjRGo,  j=1,..M
i=1

where H; is such that c is fixed, w;-q has a beta distribution with parameters (a., by +nyg),
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independent of p/;,, which follows the prior beta law. Moreover, M’ ~ Poisson()\’) with

d
N =M Blaw, bw + 1¢)/ B(auw, bu).-

qg=1
5.C PROOFS OF SECTION 5.3

The main theoretical result of Section 5.3 is Proposition 5.1, which illustrates the effect on
clustering estimation of accounting for potentially unseen traits by comparing the proposed
model in (5.15) with and the naive model almost identical to (5.15), in which it is assumed
that there are no unseen traits, i.e. we suppose M = k. Before showing the proof of
Proposition 5.1, we recall a lemma which is instrumental for it.

Lemma 5.1. Let X be an almost surely non-negative random variable and n = 1,2, .. ..
The following holds true:
E(X™) > E(X™E(X).

Proof. For any n =1,2,..., by Holder inequality, it holds that
E(Xn) < E(Xn-i_l)# _ E(Xn—i-l)lfﬁrl’
and consequently
E(X™ME(X™ha < E(X™H). (5.40)

By Jensen inequality,
E(Xn—H) > E(X)n—H

and, from (5.40), we get
E(X™1) > E(X™)E(X" )7 > E(X™)E(X).
The thesis is proven. O

5.C.1 PROOF OF PROPOSITION 5.1

In Proposition 5.1, we compare the predictive allocation probabilities for a generic subject
i under the proposed model defined in (5.15), with a Pitman-Yor prior for £, and a naive
model almost identical to (5.15), in which it is assumed that there are no unseen traits,
i.e. we suppose M = k. Recalling the notation used in the statement, let

piq :]P(M’L :ﬂq’ZJ/’v—i), p’i,new :]P(,u’b :“neW”|Z7lJ‘—i)7 1= 17"'7”7

where p—; = (f1,. . fi—1, fit1,-- -, n) With d_; distinct values fi1,...,f0q_,, for ¢ =
1,...,d—;. Here, p;; denotes the predictive probability that subject i belongs to the gth
cluster formed by the remaining subjects, and p; new is the predictive probability for subject
¢ to form its own cluster. Similarly, we define pj, and pj ., for the naive model.

For the proposed model defined in (5.15), the predictive allocation probabilities p;, and
Dinew are expressed in (5.17). For the associated naive model, since this is identical to
(5.15) with the specification M = k, the predictive allocation probabilities pfq and p; oo
are obtained from (5.17) by replacing m,(a; A, ¥) with 7, (a; M = k,v) in (5.8).
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Consider the ratio between the probability that subject ¢ creates a new cluster and the
probability that it is allocated to the g-th existing cluster. For the proposed model defined
n (5.15), this is equal to

Dinew _ 71'n(a'i,new; A, 1/})('7 + d—zU)/(n + 7 - 1)
Pig Tn(@ig; A, V) (ng,—i — 0)/(n+~v—1)

while the same quantity, for the naive model, is equal to

pznew 7Tn(a'i,new§ M =k, 1/})(7 + d—zo')/(n +v— 1)

Pfq B Tn(@igy M = k,¥)(ng—i —o)/(n+~v—1) .

Denote with m; new the sample sizes associated with a; new, and with n;, the sample sizes
associated with a;,. By comparing the previous two ratios, we obtain

Pimew/Pig _ Tn(@inew; A ¥) — mn(@ig; M =k, )

pznew/p;‘kq Wn(aiq;)\7¢) Wn(ai new; M =k, )
B exp{—)\< d +1 f(o P(0; 0)Minew)n [ (d); 1/1))}
e { A (1= TIZ gy POO)m) H(d0:0) )}

d_;+1

= exp{ —A H/OOO (0; 0) ™) (1 (d0; ) — H /0 P(0; 0)(inew)n [ (A0; 4))

= =\ P(0;0)™= H(df;v) x P(0;0) L H(d6;
exp g/ H(d0; ) [/(Om) (0:6) (a6; )
q

[ room@w) [ P 9)”%1‘H<de;w>] }
(0,00) (0,00)

Using the inequality in Lemma 5.1, it holds that
[ pwoyttas - [ POoH@) [ PO H@0) 20
(0,00) (0,00) (0,00)

and consequently
*
Dinew pz‘,new
Digq p;‘kq

The proof is complete. Note that the result is not restricted to the Pitman-Yor prior for

&p; the same argument holds for any arbitrary prior on &.

5.D ADDITIONAL DETAILS ABOUT THE NATURAL COMPETITOR

The negative binomial mizture of BBs, proposed in Chapter 3, is the natural competitor
for estimating the number of unseen features (here, traits), though it is specifically de-
signed for homogeneous exchangeable settings. It belongs to the class of Example 5.1,
and in fact corresponds to the binary traits specification of model (5.4) with prior given
in equations (5.5)-(5.6), under the special case d = 1. In particular, H(-;) is the beta
distribution with parameters (—a, « + ). The beta parameters (a,b) = (—a, o + ) are
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equipped with independent gamma priors with hyperparameters (aq, 5,) and (ap, Bp), re-
spectively. The model parameter A, governing the Poisson-distributed total number of
meetings, is assigned a gamma prior with parameters («y, 5)), as detailed in Section 5.2.3.

For all the comparisons we provide in the chapter, hyperparameters are fixed following
Chapter 3, with the prior variance for M chosen to be comparable to that used in the spe-
cific applications of Sections 5.4.2 and 5.5. Posterior inference relies on 100,000 iterations,
with the first 10,000 samples discarded as burn-in and a thinning interval of 5.
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6 PALM DISTRIBUTIONS OF SUPERPOSED POINT PROCESSES FOR
STATISTICAL INFERENCE

This final chapter builds on a novel probabilistic result in point process theory. Unlike
the preceding chapters, its focus differs from the main theme of the thesis, namely feature
allocation models, and is primarily centered on the theoretical development of this result.
The chapter then explores several statistical applications, including one that naturally
connects to feature allocation models. In particular, the novel result enables inference for
a specific instance of an extended feature model within the class introduced in Chapter 4.
This application can thus be viewed as an additional original example complementing those
discussed in Chapter 4, Section 4.4. It should be noted that this application is still under
development, and simulation studies and real-data applications are left for future work.

6.1 INTRODUCTION

Real-world point patterns often combine several structured components, some regular or
inhomogeneous, others explicitly clustered, and may also include random noise. Semi-
conductor wafer defect maps (Borgoni et al., 2021), disease-case locations in epidemiol-
ogy (Meyer et al., 2017), cellular network base-station layouts (Choi et al., 2017), mixed
age tree stands in ecology (Ngo Bieng et al., 2011), and earthquake aftershock sequences
(Ogata, 1998) can all be regarded as superpositions of two (or more) independent point pro-
cesses. While the superposition operation is trivial at the model level, from an inferential
standpoint, superposed point processes are notoriously awkward. Standard tools such as
minimum contrast estimation rely on closed-form expressions for second-order summaries,
such as the J function, Ripley’s K-function, and Besag’s L function. However, those
summaries remain unknown for a generic superposition (Mgller and Waagepetersen, 2003,;
Diggle, 2013). Hence, practitioners need to rely on complex algorithms often developed on
a case-by-case basis (e.g., Tanaka and Ogata, 2014; Xu et al., 2018).

In this chapter, we focus on the Palm distributions of the superposition of two inde-
pendent point processes. Palm distributions (Baccelli et al., 2020) are key mathematical
objects in the study of point processes, describing the conditional behavior of a process
given the location of one or more of its points or atoms. We establish a mixture rep-
resentation for the Palm distributions of the superposed process, in which the mixture
components are sums of the two original processes and their Palm versions, weighted by
their respective mean measures. Our analysis easily extends to the superposition of more
than two independent processes.

We demonstrate the practical usefulness of our result for statistical inference in sev-
eral contexts. First, we consider fitting a determinantal point process (DPP, Lavancier
et al., 2015) contaminated by random background noise via minimum contrast estima-
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tion. Indeed, through the Palm distributions, it is straightforward to obtain Ripley’s K
function, enabling robust and fast inference via minimum contrast. This methodology is
particularly relevant in applied contexts such as the analysis of spatial defect structures in
semiconductor manufacturing (Borgoni et al., 2021).

Second, we address parameter estimation for the shot noise Cox process (SNCP, Mgller,
2003), a prominent class of cluster processes. Cluster processes are routinely employed
in several applied areas, such as astronomy, materials science, and plant ecology; see,
e.g., Illian et al. (2008); Mgller and Waagepetersen (2003). Despite their generality and
usefulness, statistical inference for general SNCP models is lacking, with most of the con-
tributions focusing on simple sub-classes (see Wang et al., 2023, for a recent contribution)
or on simulation of the process with fixed parameters (Mgller and Waagepetersen, 2003).
An application of our main result yields the higher-order Palm distributions of the sNCP,
previously unknown in the literature. Building on this result, we obtain an explicit ex-
pression for the Janossy density, which in turn enables maximum likelihood estimation
via an expectation-maximization algorithm. We demonstrate the effectiveness of such an
approach on the gamma SNCPs with Thomas kernel (Mgller and Waagepetersen, 2003).
We also disprove a conjecture by Coeurjolly et al. (2017) showing that the higher-order
Palm distributions of the SNCP do not match the law of a SNCP.

Finally, we outline an application of the SNCP within the framework of extended feature
allocation models introduced in Chapter 4. This formulation allows for clustering features
according to their similarity, while simultaneously retaining the ability to estimate unseen
features. This extension may be relevant in spatial contexts, such as the application dis-
cussed in Section 4.5, where, for instance, trees can be grouped based on the proximity of
their locations. This connection highlights the broader relevance of the proposed theory to
the recurring themes of this thesis.

Although not explored here, our theoretical analysis is helpful in several other statistical
contexts. For example, in Bayesian nonparametrics, the superposition of point processes is
used to define a prior distribution when data is subdivided into groups (Lijoi et al., 2014;
Griffin et al., 2013). Our main result can be leveraged for posterior analysis and numerical

computations.

6.2 SUPERPOSITION OF POINT PROCESSES

6.2.1 BACKGROUND AND NOTATION FOR POINT PROCESSES

Let X be a Polish space equipped with the corresponding Borel o-algebra Z°. A point
process ® on X can be represented as ¢ = ijl ) X, where (Xj)jzl is a sequence of
random variables (atoms) taking values in X, and 0, denotes the Dirac delta mass at z.
The probability distribution of ® is denoted with Pg. The number of atoms in ® could
be either finite or infinite. In the sequel, we will follow the approach of (Baccelli et al.,
2020), where @ is regarded as a random counting measure. See Appendix 6.A for further
mathematical details, including the o-algebra on the space of counting measures.

Let Mg (B) = E[®(B)], for B € 2", be the mean measure of ®, and define the k-th
factorial moment measure M; as the mean measure of the k-th factorial power of @, i.e.,
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of the point process ®*) defined as:

#
k) .
LA DS . N
(F15e5dk)

where the symbol # means that the sum is extended over all pairwise distinct indexes.

To introduce the notion of Palm distributions, let us define the Campbell measure of
®, namely ¢5(B x L) := E[®(B)1(® € L)|, where B € 2 and L is an element of the
appropriate o-algebra on the space of random counting measures (see Appendix 6.A).
Under the assumption that Mg is o-finite, it can be shown that % admits the following
representation

(B x 1) = [ Ph(L)Ma(da),
B

where {P§ }.ex is the almost surely (a.s.) unique disintegration probability kernel of €
with respect to Mg, and it is referred to as the Palm kernel of ®. For fixed z € X, P§ is a
probability distribution over the space of counting measures, termed the Palm distribution
of ® at x, and thus it can be identified with the law of a point process ®, ~ Pg, which
is consequently called a Palm version of ® at x. By Proposition 3.1.12 in (Baccelli et al.,
2020), for Mg-almost all z € X, the point process ®, contains the atom = with probability
1. This justifies the interpretation of the Palm distribution of ® at x as the law of ®
conditionally to ® having an atom at x. In addition, the point process <I>§C = ®,—9, is well-
defined, and <I>E,L, is called a reduced Palm version of ® at x. Finally, it is possible to extend
the definition of Palm distributions to multiple conditioning points = (x1,...,zx) € XF.
In this case, the Palm distribution of ® at @ is interpreted as the probability distribution
of ® conditionally to ® having k atoms at locations x1,...,xr. See Appendix 6.A.

6.2.2 PALM DISTRIBUTIONS OF THE SUPERPOSITION OF INDEPENDENT PROCESSES

Consider independent point processes ®;, i = 1,...,n. Their superposition ® is defined as
¢ =>" | Dy, ic., the union of all the point patterns. The following theorem states the
main theoretical result of the chapter, which characterizes the Palm distributions of the
superposition of two independent point processes.

Theorem 6.1. Let ®1 and 9 be two independent point processes on X. Then, for any
x € X, the Palm version (91 4+ @), can be expressed as the following mizture:

(@1 + q)2):v =

d | P1z + P2 with probability equal to %ﬁl (z)
D1 + Do, with probability equal to tﬁQ (x).

Theorem 6.1 admits an intuitive interpretation about the Palm distributions of the
superposed process. Conditioning the superposed process ® = &1 + &5 on having a point
at x, its distribution depends on whether x originates from ®; or from ®5, thus reflecting the
respective contributions of each source. The mixture structure in the Palm version (®; +
®,), explicitly accounts for the two mutually exclusive scenarios. The mixing probabilities
correspond precisely to the probabilities that point x originates from one or the other
process.
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Remark 6.1 (Reduced Palm version of superposition). Ezploiting the relation ®;, 2
@%x + 0z, for Mg, -almost all x, © = 1,2, we can replace all the Palm versions appearing in
the statement of Theorem 6.1 with their reduced counterparts.

Theorem 6.1 can be extended in several directions. In particular, in Appendix 6.B.2,
we characterize the Palm distributions of the superposition of more than two independent
point processes, as well as the Palm distributions given multiple conditioning points.

6.3 INFERENCE FOR CORRUPTED DETERMINANTAL PROCESS VIA MINIMUM CON-
TRAST

6.3.1 MINIMUM CONTRAST ESTIMATION

Minimum contrast estimimation methods (MCE, Mgller and Waagepetersen, 2003) are a
class of techniques for fitting parametric point process models to observed point patterns.
In several common settings where the likelihood of the point process is intractable, MCE
is the only viable option to perform inference. Let ® be a point process whose distri-
bution Pg is parametrized by a set of parameters 6. Let s(r;0), r > 0, be a functional
summary statistics of ®, for which an analytical expression is available, and let §(r) be a
nonparametric estimate of s based on the observed data. The MCE for 6 is obtained as

Tu
0= argming/ |5(r)? — s(r; 0)2|Pdr. (6.1)
T

Common choices consider r, = 0, ¢ = 1/2, p = 2 (Diggle, 2013). Among the various
options for s(r; ), we focus here on Ripley’s K-function (Ripley, 1976), a canonical choice
for stationary point processes; see, e.g., Baddeley et al. (2015) and Illian et al. (2008).
Assuming that ® is stationary with intensity Mg = p > 0, the K-function of ® is defined
as

Ka(r) = ;E@!O(B(o, M), for 1 > 0,

where o denotes a generic point of X and B(o,r) is the ball of radius r centered at o, given
that B(o,r) C X. Thanks to stationariety, K¢ is invariant to the choice of point o, which
is called the typical point of ®: the quantity pKg(r) represents the expected number of
points that are r-close to a generic point o, given that ® has an atom in o.

An application of Theorem 6.1 yields the K-function for the superposition of two inde-
pendent and stationary point processes ®;, ¢ = 1,2 with intensities Mg, = p;. Specifically,
letting p = p1 + p2,

K®1+¢2<r>:; (K, (1)1 + palBlo.1)} 2+ {1 Blo)] + K)o} 2| (62)

where |B(o,r)| denotes the volume of the ball in X. Plugging (6.2) into (6.1), we need to
solve an optimization problem to estimate the parameters of ®; and ®5. Below, we describe
an application where ®; is a repulsive point pattern and ®5 is a random background noise.
Specifically, ®; is assumed to be a DPP; the class of DPPs is briefly recalled in the next
section.
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6.3.2 DETERMINANTAL POINT PROCESSES

DPPs are a class of repulsive point processes that enjoy a high degree of analytical tractabil-
ity; they have been used to model inhibitory structure in spatial datasets and for diversity-
promoting sampling in machine learning. See, e.g., Lavancier et al. (2015); Kulesza and
Taskar (2012) and references therein.

Let R C R? be a compact set. A DPP ¢ on R is specified by a covariance kernel
C: R x R — C, such that the k-th factorial moment measure Mék) equals

Mék)(dxl . xy) = det{C(zn, Tw)hw=1,. kydz1 ... day, T1,...,T; € R,

where C(xh, Tw)hw=1,..k 1S the k x k matrix with entries C(xp, ). In particular, we
assume that £ follows a Gaussian DPP (Lavancier et al., 2015) with kernel C(z,y) =
pe exp{—||(z — y)/c||?} parametrized by (p¢, ), with pe < (ma®)~! to ensure the process
is well-defined. From Lavancier et al. (2015), Ripley’s K-function of & is

2
o 2 . T - —2’/‘2/042
Ke(r) = mr? — T (1 e ) . (6.3)

While DPPs allow for likelihood-based inference as discussed in Lavancier et al. (2015), this
is typically numerically cumbersome due to a Fourier series expansion and the determinant
of large matrices involved in the likelihood. Hence, in the spatstat package (Baddeley and
Turner, 2005), the default way of fitting a DPP is through MCE based on the K-function.

6.3.3 FITTING A CORRUPTED DETERMINANTAL POINT PROCESS VIA MINIMUM CON-
TRAST

Assume now to observe a realization of £ corrupted by a background noise, independent of
&, Let @9 be a homogeneous Poisson point process on R with intensity w, which models
the corrupting noise. This setting naturally fits within our proposed modeling framework.
Plugging (6.3) into (6.2), and recalling that for the homogeneous Poisson process ®o we
have Kg,(r) = 7r?, the K-function for ® = £ + ®5 equals

2 2
Pg T _9r2 /2
K r:mﬂ—i—(l—e T/O‘>. 6.4
§+¢'2( ) (P§+w)2 9 ( )
Let © = (21,...,2) € R* denote the observed point pattern. The goal is to estimate

the parameters of ® = £ + @, namely the intensity p¢ of the signal process, the repulsion
parameter «, and the noise intensity w. As customary, we estimate the overall intensity p =
pe +w of ® by p = k/|R|, so that we are left with estimating only p¢ and «. Following the
discussion above, we minimize the objective function in (6.1), where § is the edge-corrected
nonparametric estimator discussed by Ripley (1976) (see also Mgller and Waagepetersen
(2003)), and s is the K-function in (6.4). Moreover, assuming that we observe data on a
rectangular region R = [a,b] X [¢,d], 7, is set to one quarter of the smallest side length
of R, following Diggle (2013). For numerical purposes, we approximate the integral via
numerical quadrature using Simpson’s rule. The minimization is performed via the BFGS
algorithm using the Julia programming language.

We show an illustrative simulation to assess the performance of the MCE approach
based on the Ripley’s K-function in estimating the parameters of ®. We generate a
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True parameters Gaussian DPP Gaussian DPP + Poisson noise
pe o u Pe a Pe G
50 0.06 0.2 60.59 (6.99)  0.05 (0.02) 53.74 (11.56) 0.06 (0.03)
50 0.06 0.35 68.20 (7.82) 0.04 (0.02) 56.72 (14.20) 0.06 (0.03)
50  0.02 0.2 60.10 (8.19)  0.02 (0.02) 46.48 (16.69) 0.03 (0.04)
50 0.02 0.35 67.64 (9.20)  0.02 (0.02) 51.49 (19.40) 0.03 (0.04)
100 0.05 0.2 120.61 (9.35) 0.04 (0.01) 107.25 (15.73) 0.05 (0.01)
(0.01) (0.01)
(0.01) (0.03)
(0.01) (0.03)

100 0.05 0.35 135.71 (10.53) 0.03 (0.01) 111.83 (21.14)  0.05 (0.01
100 0.025 0.2 120.18 (11.15) 0.02
100 0.025 0.35 135.22 (12.54) 0.02

0.03
0.03

0.01
0.01

98.30 (28.35)  0.03
104.31 (33.28)  0.03

Table 6.3.1: Mean and standard deviation (in brackets) of the estimates (pg¢, &) of the
Gaussian DPP over 1,000 independent replicated datasets, for different combinations of
the true parameters reported in the left column. Middle column: parameter estimates
when fitting only the Gaussian DPP. Right column: parameter estimates when fitting the
superposition of the Gaussian DPP and the background noise Poisson process.

point pattern from a Gaussian DPP on the unit-square R with parameters (pg, o) €
{(50,0.06), (50,0.02), (100, 0.05), (100,0.025) }, and perturb the point pattern adding a re-
alization from a homogeneous Poisson process with intensity w = upe for u € {0.2,0.35}.
The two rightmost columns of Table 6.3.1 show the mean and standard deviation of the
estimated values (p¢, &) over 1,000 independent replicated datasets, for each combination
of the true parameters. For comparison (two middle columns), we fit Gaussian DPPs to
the same (contaminated) point patterns, neglecting the presence of the background noise,
via MCE using Ripley’s K-function as implemented in the spatstat package. It is clear
how ignoring the contamination leads to substantial bias in the estimates for pe and «a,
which is mitigated by our approach. However, since our approach requires estimating the
parameters of two processes instead of one, our estimators exhibit larger variances.

6.4 STATISTICAL INFERENCE VIA SHOT NOISE COX PROCESSES

6.4.1 SHOT NOISE COX PROCESS AND ITS PALM DISTRIBUTIONS

SNCPs are a class of general models for clustered point patterns. To define a SNCP, let
v(dfdy) be a locally finite diffuse intensity measure on X x Ry. Let {s(-;0)}pex be a
family of parametric probability density functions on X, called the kernel of the SNcp,
where the parameter space is X itself. Assuming that fXx]Ih vk (z;0)r(df dvy) < oo for any
x € X, then ¢ is a SNCP directed by v with kernel & if

O |A~ppP </§ng vk (z;0)A(d d’y)dac) , A ~ Pp(v), (6.5)

where PP(w) denotes the law of a Poisson point process with intensity measure w. We write
® ~ SNCP(k,v). A SNCP is a cluster process: the coloring theorem of Poisson processes
entails that ® equals in distribution the sum ) .., ®;, where ®; | A i) PP(v;k(x; 0;)dx), and
A =73 i510(9,~) Then, for each point Xj of <I>T it is possible to introduce a latent cluster
allocation variable T} such that ®;({X;}) =1 iff T; = ¢ and ®;({X;}) = 0 otherwise, i.e.,
T; = i if X; arose from ®;. The number of distinct values across T := (T});>1, denoted
with |T|, represents the number of clusters among the points. Wang et al. (2023) exploit
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this latter construction to draw a connection with Bayesian mixtures with finite number
of components (Lijoi et al., 2008; De Blasi et al., 2013), also known as mixtures of finite
mixtures (Miller and Harrison, 2018), when A is a finite Poisson process, and the ~;’s are
independent and gamma-distributed random variables.

The Palm distributions of a SNCP at a single point & was obtain in Mgller (2003), but
higher-order Palm and reduced Palm distributions for SNCPs are not known in the litera-
ture. We fill this gap with the theorem below, which follows from a recursive application
of Theorem 6.1. Define n(x1, .. = Jyxm, VP 1= r(zj; 0)v(dO dy).

Theorem 6.2. Let ® ~ SNCP(k,v) and = (X1,...,Xx) € XF. Then, the reduced Palm
version of ® at x admits the following representation

|T| It]
d
OLIT=D+> @, , PT=t)oc [[nlxn), (6.6)
h=1 h=1
where T := (T1,...,Tx) are latent indicators describing a partition of x into |T'| clusters

and
q)Cm,L ‘th = (ewhafywh) ~ PP(’)/th{(.’E; ewh) d$)

Can ~ fon(d0dy) ocy™ [ w(X;0)v(dody),
Xex),
where Ty, = (X¢ : Ty = h) and ny, is the cardinality of xp,. Finally, the processes ® and
q)thJ h=1,...,|T|, are mutually independent conditionally to T'.

See Appendix 6.D.1 for the precise definition of the space where T takes value. Re-
markably, from Theorem 6.2, <I>E,c is not a SNCP itself, disproving a conjecture by Coeurjolly
et al. (2017).

6.4.2 MAXIMUM LIKELIHOOD FOR SHOT NOISE COX PROCESSES

Let now X = R? and assume that ® has a finite number of points almost surely. Following
Daley and Vere-Jones (2003), we define the likelihood of ® as its Janossy density seen as
a function of the parameters of ®. Briefly, we recall that for a regular finite point process
® with associated Janossy density j : X¥ — R, jx(x1,...,2)dzy ... doy represents the
probability that ® consists of exactly k points located in infinitesimal neighborhoods of zy,
¢ =1,..., k. Under suitably regularity conditions, the family of Janossy densities ji(-),
k > 0, characterizes its probability distribution (Proposition 5.3.11, Daley and Vere-Jones,
2003).

The next theorem, derived from Theorem 6.2, gives an explicit expression for the Janossy
densities when ® is a general finite SNCP. We remark that a sufficient condition for the
finiteness of ® is fXXR+ ~yr(df dvy) < oo. For simplicity, we report here only the case when
v(df dvy) = p(dvy)Go(db); see Appendix 6.D.3 for the general statement and the proof.

Theorem 6.3. Let & ~ sNCP(k,v) such that ®(X) < oo almost surely and v(dfdy) =
p(dy)Go(dh). Then

T

Gk mk) = K P(B(X) = k) E ]‘[/X H (6: 6)Go(d) | | 6.7)

0:Ty=
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True parameter Estimates: median (IQR)
7 Number of points (c) 7 a ol
1 100 (0.01) 1.192 (0.650) 0.497 (0.055) 0.912 (0.380)
1 200 (0.005) 1.508 (0.801) 0.498 (0.049) 0.932 (0.308)
5 100 (0.05) 5.584 (2.381)  0.510 (0.140) 0.951 (0.253)
5 200 (0.025) 6.463 (2.155) 0.499 (0.071)  0.955 (0.256)

Table 6.4.1: Median and interquantile range (IQR, in brackets) of the estimates (7, &, dp)
of the Thomas-gamma SNCP for different combinations of the true parameters

where the expectation is taken with respect to the indicators T = (T4, ...,Ty) with distri-

bution
[t]

P(T = 1) e~ p(d). (6.8)
}g/& 7™ p(dy

Maximum likelihood estimation for ® ~ SNCP(k, V) consists in selecting the parameters
by maximizing jr in (6.7)—(6.8). In particular, Theorem 6.3 suggests an expectation-
maximization algorithm to perform such a maximization, which is discussed in Appendix

6.D.5.

Numerical illustration on the Thomas-gamma SNCP. Let x(x;60) be the density of
the bivariate Gaussian distribution with mean # € R? and covariance oI, o > 0, where
I is the 2 x 2 identity matrix. Let v(dfdy) = p(dy)Go(d#), where p(dy) = 7y~ le=dy,
for 7,¢ > 0, is the Lévy intensity of the gamma process, and Gy is the bivariate Gaussian
distribution with mean (0,0) and covariance matrix o2, o9 > 0. We say that ® is a
Thomas-gamma SNCP. Observe that, even if A has an a.s. infinite number of points, &
is a.s. finite. In particular, ®(X) is a negative binomial random variable with parameters
(1,¢/(c+1)). Moreover, the law of the indicators T corresponds to the celebrated Chinese
restaurant process with concentration parameter 7 (Blackwell and MacQueen, 1973).

We explore different choices for the parameters of the Thomas-gamma SNCP. Specifi-
cally, we consider 7 € {1,5} and, for each 7, the parameter c is chosen such that the ex-
pected number of points of the SNCP equals E(M) € {100,200}. Moreover, we set o = 0.5
and og = 1. For each of the combinations of the parameters, we generate a point pattern
imposing that its number of points M coincide with its expected value E(M). Given the
produced point pattern, we compute the maximum likelihood estimates (7, &, dp), while ¢
is fixed at its true value, by maximizing the Janossy density in (6.7)—(6.8), which simplifies
for the Thomas-gamma SNCP. Table 6.4.1 reports the median and interquantile range of
the estimates (7, &, dp) over 100 independent replicated datasets, for each combination of
the true parameters. Overall, the maximum likelihood estimates perform well, accurately
recovering the true parameter values. It is worth noting that, to the best of our knowledge,
maximum likelihood estimation has not previously been available in this setting, where
estimation methods have traditionally relied on sampling-based procedures.
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6.4.3 CLUSTERING LABELS IN EXTENDED FEATURE MODELS VIA SHOT NOISE COX
PROCESSES

In the general setting of extended feature allocation models, introduced in Chapter 4, obser-
vations Z;’s contain collections of feature labels, which, in the spatial context, are points
in the space. That is, each Z; is a point pattern, which can be think of as representing tree
locations. In particular, suppose that all tree locations are collected in the point process
o= > i>1 O X, and each tree XJ is observed in the generic survey Z; with probability

€ (0,1]. The use of shot noise Cox processes enables the clustering of the trees based on
their positions, while still allowing the estimation of the locations of the unseen trees. This
can be naturally obtained by assuming that @ is distributed as a shot noise Cox process
and, recalling the notation used in Chapter 4, the model writes as

Zi | i ™ BP(j1), (6.9)
where i(B) = fXx(O,l] slp(z)¥(dzds), B€ 2, and ¥ =3 .o, 0(%,q,) 18 an independently
marked shot noise Cox process with ground process ® = Zj21 65@ ~ SNCP(k,v) and mark
kernel H(-|z). The general theorems in Chapter 4 and Theorem 6.2 allow us to derive the
marginal distribution of a sample Z = (Z; : i = 1,...,n) and the posterior distribution of
i, given a sample of size n. The first result concerns the marginal distribution of Z.

Proposition 6.1. Let Z be a sample from the statistical model (6.9), where i is the
functional of the independently marked shot noise Cox process ¥ described above. The
marginal distribution of the sample Z, namely the probability of observing k features labeled
x = (X1,...,Xy) with corresponding vector of frequency counts m := (my, ..., my), equals

wp{—/‘ [l—eV&UﬁMzm@mm]<Mdv}II/ (1—s)""™s™ H(ds| Xe)
XxR; (0,1]
It|

<311 / e I 1=Pu@)stedtegm TT k(Xe; 0)w(d6 dy),

t h=17XXR4 Cito=h

where t := (t1,...,tx) are indicators describing a partition of x into |t| clusters and ny
is the cardinality of {¢ : ty = h}, for h = 1,...,|t|. Moreover, let B,(x) = f(o 1](1
s)"H(ds|x).

The second result presents the posterior distribution of i given a sample Z of size n.

Proposition 6.2. Let Z be a sample from the statistical model (6.9), where fi is the
functional of the independently marked shot noise Cox process W described above. Let
x = (Xy,...,Xg). The posterior distribution of [i satisfies the distributional equality

iz = quéxe + 1, (6.10)
/=1

where the weights q;’s are independent random variables, further independent of p', with
marginal density fq,(ds) oc s™ (1 — )" "™ H(ds|Xy), as ¢ = 1,...,k. Moreover, p/ in
(6.10) is an independently marked point process with ground process ®' and mark kernel

189



Chapter 6. Palm distributions of superposed point processes

H'(ds|x) o< (1 — s)"H(ds|x). The ground process ® can be represented as

| T L0 4 Zﬂ: Pl@n)
. h=t (6.11)
P(T =) o ] / e~ Fe=Ba@In(e 0z TT w(Xe; 0)(d0 dv);
h=1"XXR+ Gto=h
where T := (T1,...,Tx) are latent indicators describing a partition of x into |T'| clusters

and
(a) @O ~ snep(k©), ) where

KO (2;0) = Bu(x)r(x;0), v O(dfdy) = e U=Aul@Dr@0dz,, (40 4y ),

(b) for each h=1,...,|T|, the process ®®*) is such that

Q(mh) | <wh = (ewmryiﬂh) ~ PP (’Yzhﬁn(l')li(ﬂf; eil:h) dl‘) ?

Cay ~ f(wh)(dg dy) o e*'Yfx(lfﬁn(x))ﬁ(ffﬁ)dxfynh H k(X3 0)v(dO dvy),
Zitg:h

where &, = (Xy : Ty = h) and ny, is the cardinality of xp,. Finally, the processes ®O) gnd
d@n) h=1,...,|T|, are mutually independent conditionally to T.

The proofs of Propositions 6.1 and 6.2 are reported in Appendix 6.D.4. The posterior
characterization of i in (6.10) is both expressive and interpretable. In particular, beyond
the old features, whose occurrence probabilities follow the usual form for an independently
marked point process prior, the distinctive behavior concerns the unseen features encoded
by p'. Specifically, the peculiarity lies in the distribution of the unseen feature labels
X J/ associated with p/. These labels arise from multiple sources. A first, less interesting
component corresponds to labels generated from a SNCP that depends on the observed
sample Z only through its size n. More interestingly, the observed labels « directly in-
fluence the generation of unseen features. Indeed, the joint distribution of T and ®(®»),
h=1,...,|T|, in (6.11) induces the following mechanism: the observed labels x tend to
form clusters according to their similarities, analogous to a mixture model structure, and,
for each cluster, new unseen features are generated with locations concentrated around the
observed features assigned to that cluster.
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APPENDIX

6.A MATHEMATICAL BACKGROUND ON POINT PROCESSES

Here, we provide the formal definition of a point process. A rigorous treatment can be
found in Daley and Vere-Jones (2008) or Baccelli et al. (2020). See also Kallenberg (1984)
for some further intuition. Following the notation in Baccelli et al. (2020), let X be a
Polish space equipped with the corresponding Borel o-algebra 2 . Let Mix be the set of
counting measures on (X,.2"), that is v € My if (i) v is a locally finite measure, i.e.,
v(B) < oo for all relative compact sets B € 27, and (ii) v(B) € {0, 1,...} for all relatively
compact sets B € 2. Let Mx be the smallest o-algebra which makes the mappings
v — v(B) measurable, for any B € 2. By definition, a point process ® on the space
X is a measurable map from an underlying probability space (£2,.o7,P) taking values in
(M, Mx). Its probability distribution is given by Pg = P o ®~1. Notably, any point
process ® can be represented as & = ZjZl ) %, where (X j)j>1 is a sequence of random
variables taking values in X, and §, denotes the Dirac delta mass at x. To describe the
probabilty distribution of ®, the most essential summary is its mean measure Mg, which is
defined as Mg (B) = E[®(B)] for any B € 2. In general, the k-th order factorial moment
measure Mék) of ® is the mean measure of the k-th factorial power of ®, i.e., of the point

process ) defined as:
#

k) = Z O(X;, X5, )
(J15e-5T)

where the symbol # means that the sum is over all pairwise distinct indexes. Informally,
Mék) (dzy ... dxy) corresponds to the probability that ® has atoms in infinitesimal neigh-
borhoods of x;, j = 1,..., k. See Baccelli et al. (2020) for a detailed account.

To define the Palm distributions, we introduce the Campbell measure of ® by (B X
L) =E[®p1(® € L)], for B € Z and L € Mx. Under the assumption that Mg is o-finite,
then 3 admits a disintegration

(B x 1) = [ PhL)Mo(da),
B

where {P% },ex is the (a.s.) unique disintegration probability kernel of € with respect to
Mg, and it is referred to as the Palm kernel of ®. For fixed € X, Pg is a probability
distribution over (Mx, Mx), named the Palm distribution of ® at x, and thus it can be
identified with the law of a point process ®, ~ P, which is consequently called a Palm
version of ® at x. Since P(®,({z}) > 1) =1, i.e., x is a trivial atom of ®,, one can define
the point process @EE := &, — ., which is called the reduced Palm version of ® at x € X,
whose associated reduced Palm kernel is indicated by P!qf .
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)

is o-finite, it is possible to construct the family of k-th order Palm distributions {P% } zexx,

In a similar fashion, under the assumption that the k-th factorial moment measure M, gg

and the generic probability measure P can be interpreted as the distribution of ® given
that @ = (x1,...,2x) are atoms of ®. Again, by removing the trivial atoms (x1,..., k),
we obtain the reduced Palm distributions P!cff, namely the probability law of

k
Ol 1=y — Y Oa.
j=1

6.B PROOF OF THE MAIN RESULT AND EXTENSIONS

6.B.1 PROOF OF THEOREM 6.1

Let & = ®; + &y, with ®; independent of ®3. By (Baccelli et al., 2020, Proposition
3.2.1), the Palm distribution of a point process ® is uniquely characterized by the following
relation: for all measurable f, g : X — Ry such that g is Mg-integrable

5 Cals + to)lo =~ [6g)e "] = [ (@) Co, (NMold), (.12

where L4(f) denotes the Laplace functional of ® evaluated at f, i.e., Lo(f) =E |:€_ Jx f(x)@(da:)} ,
and ®(f) := [y f(x)®(dz). Therefore, we have

E [(I,(g)e—é(f)} —E {/Xg(x)e— fxf(y)(<1>1+q>2)(dy)(1)l(dx)]

LE [ / g(z)e &f@)(@ﬁ%)(dw@z(dm)}
X

= E[@1(g)e™ D] Efe™ ] + E [@a(g)e )] E[e="(7)

where the last equality follows from the independence of ®; and ®5. Then, applying again
(Baccelli et al., 2020, Proposition 3.2.1), we obtain

e [00)e 0] = | [ gt0)o (1100, (00)] £0,(1) + | [ at0)Lon. (DM, (00)] 20,01

Since Mg (dz) = Mg, (dz) + Ms,(dx), and Mg, is absolutely contintuous with respect to
Mg, we write

e [o0)e 0] = [ o60) { Can (oD G ) + Lo ()0 () G2 0) | Mn(ato)

Therefore, from (6.12), it holds that

Lo, (f) = Ls,(f)Ls,,(f) (z) + Lo, (f)La,, (f)

which is an alternative writing for the statement of the theorem.

dMe,
dMe

(),

6.B.2 EXTENSIONS OF THEOREM 6.1

In this section, we present and discuss two natural extensions to the main theoretical
result of the main body in Theorem 6.1. Firstly, we provide the characterization of the
Palm distributions of the superposition of multiple independent point processes. This is
shown in the next corollary.
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Corollary 6.1. Let ®1,..., P4 be independent point processes on X, then

d
(Z <I>Z'> L P, + Z O, with probability proportional to Mg, (dz), fori=1,...,d.
=1 /). o

Moreover, the same distributional equivalence holds true for the corresponding reduced Palm
VETSIONS.

Proof. The proof is analogous to the one of Theorem 6.1. See Appendix 6.B.1. O

Secondly, the Palm distributions of the superposition of two independent processes
under multiple conditioning points can be formally addressed by applying the Palm algebra.
Under some technical conditions on the factorial moment measures of ® (see Section 3.3.2
in Baccelli et al. (2020)), Palm algebra allows to write

!
(@},c)y Lo, (2,y) e Xk xxh (6.13)

Here, we investigate the special case of the Palm distributions of the superposition of two
independent processes under two conditioning points. The following corollary holds true.

Corollary 6.2. Let &1 and ®o be two independent point processes, and ® = &1 + ®4y the
corresponding superposition. For any (z,y) € X2, we have

( A @
(@1)!(%@,) + &y with probability equal to dM‘g) (z,9)
dM. M.
(1), + (@2); with probability equal to Z;\;Q)%(x,y)
(By + D)), ) 2 dMg, % M.
() (®1)!, + (®2),  with probability equal to M(y,x)
Y z dM(g)
(2)
o+ (@2)!($7y) with probability equal to dM(?;) (z,9)
@

where Mg, x Mg, denotes the product measure.

Proof. By Palm algebra in (6.13), we have that

!

(@1 + P2)(y) = (P1 + D2),),

From Theorem 6.1, (®; + @2); is characterized by the following mixture of point processes,

(6.14)

(@1 + By) d (®1), + @2  with probability proportional to Mg, (dx)
! e ®y + (Po)!,  with probability proportional to Mg, (dz).

For notational clarity in the following of the proof, let ¥ denote (®; + ®5)’, let ¥; denote
(®1)}, + 9 and let Uy denote ®; + (®2)!,. The goal is then to characterize the distribution
of \Il'y

First, observe that the mixture representation in (6.14) can be written in terms of the
probability laws of the processes as

_ dMa,
~ Mg

dMo,

P
v dMg

(z)Py, + (z)Py,.
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Second, the law of \I"y is characterized by applying Proposition 6.3. Specifically, it holds
that

dMg dMy | dMg dMy |
P!y _ 1 1 ly 2 2 PY 1
Now, we need to determine the laws of (\111);1 and (\112);/ Still applying Theorem 6.1, we
have I AL
ly (®1)}, D,
Py = Ay, WP@,),  +a, + My, (V)P (@) +(@,):
and

W dMa, Mg,
g, = Wy, WP @)@+ = WP,

Finally, plugging in the last two expressions in (6.15), we obtain

y  dMg, dMg,), dMsg,
Py ="z, @ { Aty WP@, et WP@ )L+,
dMy, . [dMg, dM (g,
+ ) [T P e+ T 0P e |
which is equivalent to write
( dMgs dM((I, )!
! . “1: 1 1
(<I>1)(x7y) + &5 with probability ((11]\]\14@ (x) d](\i/[M\I/ (y)
(1), + (@2)2 with probability —— (z) LE (y)
0 e
! | . . D, [N
(®1), + (®2); with probability Ao (x) C(li]\]\fﬁ/ (y)
! : i Mo, (®2),
@y + (®2)(,,, Wwith probability Ao (x) Ay (v)

The thesis follows from noticing that Mgl) (dz dy) = M(g,): (dy) Mg, (dr) and that Mg (dz) My (dy) =

!
=

Mg(dz) Mg (dy) = MY (dz dy), thanks to (Baccelli et al., 2020, Proposition 3.3.9). O

6.C GENERAL RESULTS ON PALM DISTRIBUTIONS OF POINT PROCESSES

In the present section we prove two general results concenring point process theory that will
be useful in the sequel but that could be also of independent interest. First, we characterize
the reduced Palm distribution of a mixture of point processes, which is a mixture of the
reduced Palm distribution of the individual components.

Proposition 6.3 (Palm distribution of mixtures of point processes). Let Pg.,i=1,...,d
be probability distributions over (Mx, Mx) and p1,...,pq such that p; > 0, Zgzlpi =1.
Define ® such that Py = Z?:l piPs. and ®; with law Pg,. Then

lz - lz = dMq%.
i=1

Proof. By the cLM formula

d
e [ fle. @~ 8)0(d0) = Y pi [ )P ()Mo, (o)
=1

Since Mg clearly dominates all the Mg,’s we have Mg, (dx) = Cil%i (x)Mg(dx) and the

proof follows. O
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In the second result, we provide a general description of the Janossy measures of finite
point processes in terms of their Palm distributions and their factorial moment measures.
Remind that, for any finite point process @, the family of Janossy measures Ji(-), k > 0,
characterizes its probability distribution (Proposition 5.3.1I, Daley and Vere-Jones, 2003).

Theorem 6.4 (Janossy measures of finite point processes). Let ® be a finite point process
on X. Then, its Janossy measures satisfy

Jo(day ... day) = P, (X\ {z1,...,2}) = MY (day ... day,).

Moreover, if ® is a simple point process, it simplifies as

k
Jo(day .. dag) = P(®),, 0 (X) = 0)MY (day ... day).
Proof. Let x1,...,x) be a generic set of points and denote with dx; the ball of radius e
and center x;, as j = 1,...,k. Take the radius € small enough so that the balls are disjoint.

Denote with X = X \ U?Zldxj. In this case, the Janossy measure correspond to

Jp(dzy ... dzg) =P ((I)(dxl) =1,...,0(dzy) = 1, 3(X) = o)
=E H 11{1} dl‘] >< 11{0}((1)(§§))

Proceed with the following computations:

Jk(dxl B d(L'k) =E H 1{1} da;] >< ]l{o}(q)(X))

- . (6.16)

=E /Xk 1oy (D(X)) [ 8y, (dz;)@F (dys ... dy) | ,

j=1

where ®F is the k-th power of ®. Note that the term H "1 0y,(dz;) entails that the
integrand is zero on sets of the type

{y e XV y; =y for j # ().

Therefore we can replace ®* with the k-th factorial power ®*). Moreover, observe that
for all y such that the integrand is non zero, ®(X) = (& — Z; 1 y7)(§~§). Continuing from
(6.16), we get

k k
Ji(dzy ... dxy) =E / Liop (@ =Y 6,)(X)) [ ] 6, (da)@P)(dys ... dyg)
XF 7j=1 J=1
k
= /Xk []1{0} ] H vj da:J (dy1 PN dyk)
—E [n{o}(%(s@)} M >(dm1 .. day), (6.17)
where the second equality follows from the cLM formula. O
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6.D RESULTS AND PROOFS FOR SHOT NOISE COX PROCESS OF SECTION 6.4

6.D.1 AUXILIARY RESULTS FOR THE SHOT NOISE COX PROCESS

The first lemma describes the Laplace functional of a SNCP.

Lemma 6.1. Let & ~ SNCP(k,v) and any measurable function f:X — R. Then,

cat = {- [ (1= { [0 - exp-sanntaionae ) vasan |
Proof. See Appendix 6.D.6. 0

The second lemma describes the Laplace functional, the mean measure and the reduced
Palm version of the processes ®¢, ~appearing in the characterization of the reduced Palm
distributions of the sNCP in Theorem 6.2.

Lemma 6.2. Let © = (x1,...,x1) and ®¢, be such that

k
O, |Co = (02:72) ~ PP(12r(2:02) dz), (o = (02, Ya) ~ fal(df dy) ocvF ] slaj; 0)v(do dy).
j=1

The following holds true.

(i) For any measurable f : X — R, the Laplace functional of ®¢, is equal to

k
too ()= [ ew{or [0 el f@ete0)n fo* ] asiowtaan) fnco),
XxRy X j=1
where (@) = [y YTy w(25;0)v(d0dy).
(1t) The mean measure of ®¢, equals
Ms, (dy) = n(z,dy)/n(z). (6.18)
(1it) The reduced Palm version of ®¢, aty € X corresponds to
(e,), = P (6.19)
Proof. See Appendix 6.D.6. O

The third lemma describes the k-th order factorial moment measure of a SNCp. To state
this result in a rigorous way, let us introduce the space Ty as follows. Let t = (¢1,...,t)
be a vector of natural numbers such that max;t; = |t|, where |t| denotes the number of
distinct values in ¢. Consider the partition Py, = {C1,...,Cjy} of {1,...,k} induced by
the ties in ¢, such that j € C}, iff t; = h. Then, the space 7} contains the equivalence
classes of t inducing the same partition Pj. This is the correct space where the vector of
latent indicators T takes value in Theorem 6.2 and Theorem 6.3.
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Lemma 6.3. Let & ~ SNCP(k,v). The k-th order factorial moment measure, denoted with

Mék), 1s equal to
It|

M(k (de) ZHnwh

teT. h=1

where T, = (xg:tg =h), for h=1,...,]|t|.
Proof. See Appendix 6.D.6. O

The last theorem characterizes the joint distribution of the number of points M of @,
when & is a SNCP, together with the latent partition among its points, determined by the
®,’s (see Section 6.4.1). This result turns out to be useful for proving Theorem 6.2.

Theorem 6.5. Consider & ~ SNCP(k,v), for some k and fXXR+(1 —e Mr(dfdy) < co.
The joint distribution on the number of points and the latent partition induced by ® is

d
PG . Ca) = e S MWL [ erymin(aga),
M! h=1 Y XxXR4

where np = |Ch|, M = Zzzl ny,. Clearly, this law does not depend on the kernel k.

Proof. See Appendix 6.D.6. O

6.D.2 PROOF OF THEOREM 6.2: THE PALM DISTRIBUTIONS OF SHOT NOISE COX
PROCESSES

To prove Theorem 6.2 we proceed by induction. For k = 1 the result is given in Mgller
(2003) and for k = 2 the result can be shown by direct calculation thanks to the Palm
algebra. Suppose now the statements hold for a general k-tuple xy = (x1,...,x) of
distinct points, and let x341 # x4, j = 1,..., k. By the Palm algebra

., = (®2,)

Tri1 Tk41"

Observe that <I>!wk has a mixture representation (by the induction hypothesis). Let ¢ =
(t1,...,tx) € T be indicators describing a partition of xj; into |t| clusters. For ease of
notation, define Wy, = ¢ + Z'M ®¢, where the @, ’s are as in the statement of the
theorem. Then
Py = Y P(T,=t)Py,, .
t €75

An application of Proposition 6.3 yields

!Ik+1
PtIJ' = E W, (xk+1)P‘Iftk s

Tl41
tL €Tk

!
where Py, le is the law of the process (<I> + Z‘tk‘ P, ) and, by Lemma 6.2,
" Tqa

wy, (Tp41) o P(T) = t1,) (n(ka ) + Z W) = P(T} = ti) \e(@psr)-

197



Chapter 6. Palm distributions of superposed point processes

Moreover
[t | P+ P + Z‘t’“ with prob. -2&Zes1)
¢+ Z ¢ = e SRR
@ , L 1
h o+ (I)ij,mkﬂ) + Zh#j |tk|(1>gwh with prob. e tt;ﬂ?)] 3

Tr41

Putting things together, we obtain

ty . +1
! 4 o+ (I)C%Jrl + ZIhz‘l (I)th with prob. W, (ﬂfk—&-l) Qt(ékkil))
@ B, D lPe,  with prob. g, (w ) ML,

The proof follows by observing that wy, (zx11) ;1( ;}:1) H';’“ L (xn)n(Tr41) and we, (T41)

W x Hg;éh n(x;)n(@h, Tr41)-

6.D.3 GENERAL STATEMENT AND PROOF OF THEOREM 6.3: THE JANOSSY MEASURES
OF SHOT NOISE COX PROCESSES

We provide the Janossy measures for finite SNCPs, for any arbitrary intensity measure
v(dfdy). Theorem 6.3 corresponds to the special case with the additional assumption
v(df dvy) = p(dvy)Go(df). This special case is discussed in the following statement as well.

Theorem 6.6. Let & ~ SNCP(k,v) such that ®(X) < oo almost surely. Then, its Janossy
density equals

I¢]

Jr(@e, ... ) :exp{—/XXR+(l—e M (dl dv) } > H/ k(z;;0)v(d0 dy).

teTy h=1 XXR+ t]-:h
Moreover, if v(d8 dvy) = p(dy)Go(dl), where Gy is a probability measure on X, then

|T|

iz, ... xp) = KIP(®(X) = k) E H/ [T #(zi:0)Go(ad)| ,

7:T;=h

where the expectation is taken with respect to the indicators T = (T1,...,Ty) € Ty with

distribution "
t

ocH/ dv).

Proof. The proof follows from specializing Theorem 6.4 for a SNCP. In particular, Theorem
6.4 states that

Je(dzy .. day) = P(@] (X) = 0) M (dzy ... day). (6.20)

$1r-ka)
Focusing on the first term of (6.20), and denoting with = (z1,...,zk),

|T|

P (04(X) =0) =E [P (2L(X) = 0|T)| =E |[P(@(x) = 0) [T P (ec,, (X) =0) |,
h=1

(6.21)
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where T and the @, ’s are introduced in Theorem 6.2. It follows that (6.21) writes as

7|
P (PL(X) = 0) =E[P(2(X) = 0|A)]E HE (@c, (X) =0, )]

_ E [o o, 0@ 'ﬁ'E[ et 0]

T

:exp{—/XR (1—e v defy} H/m 7 f, (A0 dy)

:exp{_ /X =) vany } 1

[/ e fotasan|pe
teT, | h=1 XXR+
where fg, is defined in Theorem 6.2. Finally, plugging this last expression in (6.20) and
k)

using Lemma 6.3 for M, ( , we obtain

Ji(dzy ... doy) = exp {— /Mh (1—e7)v(do dfy)}
lt|

X Z H n(a:h)/ €7 [z, (dOdy) dzy ... dzy

teT: h=1 XXR4

It|

X Z H/ k(xj;0)v(dOdy) dzy ... dzg,

teTy, h=1 XXR+ j: t —h
and the thesis is proved.
If v(df@ dvy) = p(dy)Go(d), where G is a probability measure, then the Janossy density
boils down to

Jr(z, ..., xp)
[t]

:exp{—/ﬂh(l—e 7) dy}z H/ 11 5z 6)Go( de)/ Iy p(dy).

teT, h=1 jitj=h
(6.22)

Specializing the result in Theorem 6.5 for v(df dvy) = p(dvy)Go(d#), we obtain

P(M,{C,...,Cq}) = _fR (e el H/ e Ty
Ry
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and the following holds true:

PIM=k)= Y PM=k{C,...,Ca})
{C1,...,Ca}

d
1 - 1—e 7)p(d vy
LD S || /]R )

{C’l,...,Cd} h:l
It

ol e () .
= e SI = Ty p(dr),

teT, h=1
where the last equality is just due to a change in notation. Therefore, (6.22) can be written
as
g1, ... xK) = KIP(M = k)

i exp{ = Ju, (1= e )p(dn) TLL o, e 7™ ()
> H/x Hhﬂ(x“g)GO(d‘” s k!P(M}: k})L = ,

teT. | h=1 jitj=

where the fraction term corresponds to P(T' = t), where the law of T is defined in the
statement. In conclusion, the thesis follows by expressing the last equation as an expected
value with respect to T'. ]

6.D.4 PROOFS OF PROPOSITIONS 6.1 AND 6.2

The proofs of these results are based on Theorems 4.1 and 4.2 in Chapter 4 and Theorem
6.2 above.

Proof of Proposition 6.1. The marginal distribution of Z is obtained by specializing The-
orem 4.1 in Chapter 4, which writes in generality as

k
/ E {efxx(o,l] nlOg(lft)\I’!m,s(dZdt)} H SZW(l _ Sg)n_mlMé,k) (dZB dS), (623)
(0,1]* (=1

where Mé,k) (da ds) is the k-th order factorial moment measure of ¥ and, for € X* and
s € (0,1, \Ilf,,%s is the reduced Palm version of ¥ at ((z1,s1),..., (zk, Sx)). Since V¥ is
an independently marked process with ground process ® and mark kernel H, the k-th
order factorial moment measure equals Mé,k)(daz ds) = Mé)k) (dx) ngzl H(dsg|xg), where
Mék) is given by Lemma 6.3 since ® is a shot noise Cox process. With respect to the
decomposition Mé,k)(dw ds) = p*)(ds| a:)fnék) (dx) exploited in Chapter 4, it holds that
pF)(ds | x) = H?:l H(ds¢|z¢). Moreover, from (Baccelli et al., 2020, Proposition 3.2.14),
the reduced Palm version \I/;C o 1s still an independently marked process, with ground process
<I>!x and mark kernel H, thus it does not depend on s. By Palm algebra, we can extend this
property by claiming that \ll!m,s is an independently marked process, with ground process
®!, and mark kernel H. Then, letting = (X1,..., X3),

E {efxuom ”1°g(1‘t)%s(d”t)} = Ly, (—nlog(1—1))

(6.24)
Ly —log/ (1= " H(dt|2)]
) (0,1]
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where the second equality follows from (Baccelli et al., 2020, Proposition 2.2.20). Contin-
uing from (6.24), and denoting by 3, (z f(o 1 (1— s)”H(ds | z), we get

Lo [~ 1og By (2)] = E :efxlogﬂn(z)cb;(dx)] —E [ [ Jy log B () @, (dz) |TH

|T|
- E E efx 10g’8 dl‘ H efx lOan (I)th dZB) |T
h=1

|T|
—E _efx IOgﬂ"(x)@(dx)] E ﬁ E {efx logﬁn(m)écm; (dz) |T} |

where T' and the ®¢, ’s are introduced in Theorem 6.2. The third equality follows from
the decomposition in Theorem 6.2, and the last equality is due to the independence of the
processes, conditionally to T'. By using Lemma 6.1 and Lemma 6.2, the previous expression
becomes

£<I>!m [—log Bn(z)]

— ep {_ /mg (1 exp {_V/X(l ~ Bul@))k(a; 9)dx}> V(a0 dfy)}

T

x E H/sm+ exp{—v/x(l—5n(w))f€(x;9)dw}7

h=1

X H (Xe; 0) d9dv)/n(wh)]

C:Te=
= exp {— /XXR+ (1 — exp {—’y/X(l — Bn(x))k(x; 9)dx}> v(dé d’y)}
tg; H‘}flzl fXxﬂh exp {—’y fx(l — Bn(x))k(x; G)dx} ~™h Hﬁ:te:h K(Xyg; 0)v(dO dy)
> Ly n(@n) ’

teTk

where xp, = (X, : Ty = h) and ny, is the cardinality of . Finally, plugging all terms in
(6.23), the marginal distribution specializes as

exp {_ /XXIR+ <1 ~exp {—v/x(l ~ Bu(2))k(z: 9)dm}> V(df dv)}

X H/O — )" H(ds | Xy)

/XX]R+ eXP{ /X(l - Bn(w))ff(xﬁ)dx} vy I w(Xe0)v(dody),

tG’T h=1 Lity=h

which corresponds to the thesis.
Proof of Proposition 6.2. The posterior distribution of [i, given a sample Z displaying
k features with labels = (Xi,...,X) and corresponding vector of frequency counts

m := (mq,...,my), is obtained by specializing Theorem 4.2 in Chapter 4, which provides
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the following distributional equality

iz = quéxﬂru,
/=1

where q := (q1,...,qr) is a vector of positive random variables with joint distribution

k
fq(ds) o E {efxm yy nlog(1-t)¥,, (dzdt)} H (1 — so)" ™ p®) (ds | z).
=1

As previously observed, the reduced Palm version \Ilims does not depend on s, thus the
¢¢’s turn out to be independent random variables with marginal law fg,(ds) oc s (1 —
s)""™ H(ds| Xy), as £ = 1,...,k. Conditionally to g, from Chapter 4, i/ can be rep-
resented as p' = ijzll q;0 %0 where ¥/ = Z;\/[:II (5( £1.4) is characterized by the Laplace

functional
Lu, (g,5) — nlog(1 — 5))

Lo, (—nlogl—3)

Ly |q(9) = (6.25)

for any measurable function ¢g : X x (0,1] — R. Since \I/;w is an independently marked
process with ground process ®', and mark kernel H, it does not depend on g and (6.25)
writes as

Lo, [_ log fio11 e 9" (1 — 5)"H(ds | x)]
Ly [— log f(O,l](l — s)"H(ds| a:)}

By (Baccelli et al., 2020, Proposition 2.2.20), ¥’ is an independently marked point process
with ground process ®' (characterized next) and mark kernel H'(ds | z) o< (1—s)"H (ds | x).

Ly(g) =

Specifically, for any measurable function f : X — R, ® has Laplace functional given by

N B e G ) BT B )
' Loy, |~ 1og fig)(1 = 5)"H(ds | 2)] Loy [“logfu(x)] =

From (6.26), simple algebra leads to

E [e— Sy F(@)—log /an,<x><1>;<dm>} E [E [6— J f@)~1og B ()@}, (dz) | T] }

Lo(f) = E [efx logﬁn(x)q)’m(dac)] B E [E [efx log B, (z) @, (d) |TH
E [e— Sy F(@)~log B, (x)®L, (dz) |T}
=E
E [E [efx log B ()@}, (dz) |TH
E[e—fxﬂx ~log B, (x) dx)m} E[efxlogﬁn(fr)‘i’;(dw)’T}
E
[efxlogﬁn(x ! (dz) ,T} E [E [efxlog,sn(z)@;(dm) T }
[ = f(x)~log Bn(2) 2 (dx) | T = t} [efxlogﬁn(x) = (dz) |T — t}
B t; £ [efx log 6 (2) %, (d2) | 7 — t} E [ [efx log B () H
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Let T be the allocation variables defined in Theorem 6.2, then introduce the allocation
variables T with distribution
E [efx log fn ()} (de) | T = t]

P(T" = t) = - [E [efx N !TH P(T =1t)

It|

<11 / e (=Pn(@nCet)de o T w(Xy; 0)1(df dy).
he1 XxR+ E:t[:h

The previous computation follows from the same steps performed in (6.D.4).
Then, by (Kallenberg, 2021, Theorem 3.4), the following holds true:

E {e‘ Jx f(@)=log (@) @g (do) | 0 — t]

E [e_ Jy f(z)®'(dz) |T* = t} = £ [efx log B ()@, (dz) |T = t}

Because of the distributional decomposition and the independence between all the involved
point processes, provided in Theorem 6.2, the previous Laplace functional writes as

E [e— Jye F(@)—log Bn(x)d)(dm)}

— Jx f(z)®’(dz) * _ _
Ele ™ ‘T tj| E |:€fX logﬁn(x)q)(dr):|

(6.27)
= {e* Jx f(2)—log B (z) ey, (dz) T = t}

X

W E [efx log B (2)®¢,, (dz) T = t]

Lemma 6.1 allows to handle both numerator and denominator of the first ratio of the
right-hand side of (6.27), getting

E [e— fxf(:v)—logﬂn(w)@(dw)}

=exp{ — 1 — eV Jx(=e @B (@))r(z0)dz) 1,40 q
E [efx lOg,Bn,(x)<1>(dac)] p{ /smh ( ) (d dv)

N / (1= e KO- (@ntaian) ,,(dgd,y)}
XXR+

= exXp {— / e_,y fx(l_ﬁn(ﬂf))/@(x;@)dx
XxR4

« [1 e fxu—e*fm>ﬁn(x>~(x;e>dx} v(dd dy)} :

which is the Laplace functional of a shot noise Cox process, denoted with ®(9),
Similarly, using Lemma 6.2 for computing both numerator and denominator of the
generic ratio involving @, in (6.27), it is easy to show that

E [em S/ loe B P, () | p — ¢

E {efx log B (2) ¢, (dz) |T = t}

B fxmh e~ fxl1=eT M B ()(zif)dm [p.t,=n 1(Xe; 0)v(df d)
fXxﬂh e~V fx(1=Bu(@)n(@b)dzyn, Hz;te:h K(Xe; 0)v(df dy)

_ / e~ fx(l—eff(m)ﬁn(x)n(;r;ﬁ)d:ve—'y fx(l—ﬁn(@)n(x;@)dx,ynh H I{(Xg; 0)V(d9 d'}/)/ﬁ(mh)a
XXR+ Zitgzh
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where 7(xp) = fXXR+ e~ Jx(1=Bn(@))n(z:0)dz [1s.¢,—n £(Xe;0)v(d0dy). We observe that
the last expression corresponds to the Laplace functional of the point process ®(®») defined
in the statement. Conditionally to T™, independence among ®©) and the ®*i)’s stems
from the factorization of the Laplace functional of @' in (6.27). In the statement of the
result, the allocation variables T™ are relabeled as T', but note that they follow a different
distribution from T in Theorem 6.2.

6.D.5 EXPECTATION-MAXIMIZATION ALGORITHM FOR MAXIMUM LIKELIHOOD ESTIMA-
TION

Let ® ~ SNCP(k, ) and denote by 1 the set of parameters of ®, which enters the definition
of K and v. Define the likelihood L(v;x) = ji(x1,...,zx) as in Theorem 6.3, for =
(1,...,2k). The peculiar structure of the likelihood naturally motivates the use of an EM
algorithm for its maximization, which we develop in the following. Let us introduce the
following shorthand notation

It] It]

p(w| £, H/H (z;: 6)Clo(d), me/ (6.28)

Jitj=h
() = kIP(®(X) = k),
where t = (t1,...,t;) € Tr. Then

L(y;z) = c(d)p(m | ¢) = () D pla, t|v) = () > pla | ¢, )p(t | ). (6.29)

teTr teTs

Following Haugh (2015), let
Q3 Yota) = E [In{c()p(®, T [9)} |2, Yoal - (6.30)

The EM algorithm alternates computing Q(t;1q) for the current values of parameters
Yoiq (E-step) and finding a new value ¥y, maximizing Q(v; ¥ yq) (M-step). See Haugh
(2015) for further details and justifications. Since the expectation in (6.30) is not available
analytically, we employ a stochastic approximation of the FE-step as in Wei and Tanner
(1990) and approximate

U
Qo) = 7 S {eip@, T 9}, TO, T 2 p( |2, gg),
u=1

In our examples, we find that U = 1 gives satisfactory results. To sample T from
p(- | x,Yo1q), we employ a standard Gibbs sampler developed for Bayesian nonparamet-
ric mixture models, see Algorithm 3 in Neal (2000). The Gibbs sampler starts from an
initial configuration for T and updates it through a number of iterations; at each itera-
tion, T' is updated by sequentially updating each of its elements T}, as j = 1,...,k. In
particular, for £ = 1,...,k, the update of Ty given the current values of the remaining
latent indicators T_y = (Tj : j # ¢) follows from its full-conditional distribution. Let d be
the number of clusters in the partition induced by T_,, with cluster cardinalities nj and
associated distinct label ¢}, as h = 1,...,d. The update for Ty, denoted with T,;**, follows

d
p(Ténew | T—Ev $) X Zp($ | t%)p(t%)&t; + p(w | t{new)p(t{new)émin{i:i;étz,h:1,...,d}?
h=1

204



Chapter 6. Palm distributions of superposed point processes

where t} is obtained by inserting the value ¢} in the ¢-th position of the vector Ty, shifting
subsequent elements one place to the right. Similarly, ¢/, is obtained by inserting the
value min{i : i # t;,h = 1,...,d} in the ¢-th position of the vector T_,. Note that the
number of clusters in the partition induced by ¢} is d, for any h, while the number of clusters
in the partition induced by ¢),.,, is d+ 1. The probability density functions p(x |t) and p(t)
are described in (6.28). In our experiments, we run the Gibbs sampler for 20 iterations and
keep the last partition visited as a draw from p(- | @, 1¥q). The M-step is carried out by a
simple gradient descent method, obtaining the gradients of () via automatic differentiation.

6.D.6 PROOFS OF THE AUXILIARY RESULTS IN APPENDIX 6.D.1

PrROOF OF LEMMA 6.1

The proof is straightforwardly obtained by exploiting the decomposition in (6.5):

ar-eol ]l fro) )

=E |exp —/ e~ 1@ Z’yj (x;05)

7j>1

=E :exp{ /xm+ / @) o (; 0)da A(dO dy)}]
= exp { /MR+ (1 — exp {V/X(l — exp{—f(z)})r(z; 9)@}) v(df d’y)} .

The third equality follows from the fact that ® | A is a Poisson process, while the last step

holds because A is Poisson process.

Proor OorF LEMMA 6.2

Point (i). For the Laplace functional of ®¢_ , with @ = (z1,..., ), the proof follows from
direct computation. Let f: X — R, be any measurable function, then

Lo (f) = E [exp{— /X f(m)%(dx)}] _E [E [exp{— /X f(x)%(dx)} yggc”
—E [exp {— /X(1 - ef(x))%ﬁ(x;t‘)w)dx}]

:/M{+ exp{—’y/x(l—exp{—f(x)}) K (z;0) dm} Hn x5 0)v(do dy) /n(x)

The third equality follows from the fact that ®¢, |(; is distributed as Poisson process.
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Point (ii). Still by direct computation, the mean measure of ®, writes as

Mg, (dy) = E[E[®¢, (dy) [Cal] = E ari(y; 02)dy] =

k
- / dy +* T iy 0)v(d0.dv) /()
X><]R+ j=1

k
=/ Y k(y; 0) T sl 0)v(d6 dy)dy/n(x)
X><]R+ j=1

= n(z,y)dy/n(z)

and the thesis is proved.

Point (iii). By (Baccelli et al., 2020, Proposition 3.2.5), if ¥ is a Cox process directed
by the random measure p, then the reduced Palm version \II;J is a Cox process directed
by py (the Palm version of p at y). Now, observe that ®¢ is a Cox process directed by
the random measure p(dz) = vpk(x;0g)dz, with (0z,v2) ~ fz(d0dy) and fy is defined
in the statement of the present lemma. Consequently, the reduced Palm version (@CE); is
a Cox process directed by p,. We are then left with determining the distribution of i,
which we derive by computing its Laplace functional £, (f), for any measurable function
f: X — Ry. To this end, rely on (Baccelli et al., 2020, Proposition 3.2.1), which states
that, for any measurable functions f,g : X — R, , the Palm distribution of a random
measure y satisfies

gt £l +19)),y = ~E [0 ] = = [ gL (NI, (63D
where p(f fX . Therefore, since p(dz) = yzk(x; ) dz, the term E [u(g)e*“(f)]
writes as

E [u(g)e‘“(f)] =E U 9W)Vak(y; 0)dy - exp{ /f 2)yahi(2; 0)dz H

/Xxﬂh/ y)ve(y; 0)dy - exp{ /f )vk(z;0)d } fo(dOdy)

= [ow [ e {= [0zt o) faandn) -ay. (632
Observing that M, (dy) = E[yzr(y; 0z)dy] = fXX& v6(y; 0) fz(d8 dy) dy, (6.32) can be

expressed as

e fow [ ool [ i

By identification in (6.31), we see that

= exp q — 2)vk(z;0)dz V(Y3 0) for (O dry)
[,,uy (f) - /XXR+ p{ /Xf( )’7 ( ,9)(1 } fxxR+ v’n(y; el)fm(del d’y’)’

which corresponds to say that p,(dz) = v*k(x; 0*)dz, with

(0,7") ~ fu(dOdy) o< vr(y; 0) f (A dy) o fig) (O dy).
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Summing up, we have found that
((I)Cm); | (6%,7") ~ PP(y"k(z;0%) dz), (0", ~") ~ S(a,y) (A0 dy),
which is equivalent to say (CIJCE); 4 ®¢,.,,» and the thesis is proved.

PROOF OF LEMMA 6.3

For any By,...,B € 2, it holds that

# k # k
k
MY By,....B)=E| Y Jlisxn|=€ele| Y J]isX)IA
| X1, Xk €D j=1 X1, Xp€® j=1
- % k
—E|M{)\(By,. Br)| = E H o1 A(B

=E // k(zj;0)A(d0 dvy)dz;
H g, VRO dy)dz;

:E/ H%/ k(x;;0;)dx; AR (A6 dv)
XXR+

J

Ark
/XXR+ H’Y]/ k(3 05)da; MK (dO dv), (6.33)

J

where A is the Poisson process appearing in (6.5) and the symbol # over the summation
in the first line means that the sum is extended over all pairwise distinct points of ®.

Moreover, from (Baccelli et al., 2020, Lemma 14.E.4), the following holds true for any
point process £ on a Polish space Y (embedded with the Borel o-algebra %), for any
Ay, .. AL eX,

k q
MEAL, A=Y YT MY (H(mmeJhAw),
q:]- {Jl,...,Jq} h:1

where the summation is over all partitions {Ji,...,Jy} of {1,...,k}. In the special case
of £ being a Poisson process, using a limit argument, we obtain

ME(dyy ... dyy) = Z > HMg dyr) 11 Svern, (dgm), (6.34)

a=1{J,,....J,} h=1 meJy,

where (J},)1 indicates the first index of Jp,, according to any arbitrary ordering.
Then, since A in (6.33) is a Poisson process, we can apply the expression in (6.34),
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leading to
k

M( )(Bl""’Bk) :/ HVJ’/ k(xj;0;)dx;

(XxR)* 521 B,

. Z z 1_‘[ MA de(‘]h)ld,}/(‘]h H 5 (O 'Y(J;)l)(de d’ym)

q=1{Jy,....,J } h=1 med,
k
- Z Z H/ [ H ’Vm/ K ZEm;Qm)dxm]
q=1 {1y} h=1 XXRJr kp meJ, -

x Ma(d0,), dv05,0,) 11 8000, v00p0) (A0 dvm)

meJy,
_Z > H/ H/ k(L 0) Ay, Ma(d6 dy)

q= 1{J1, LJy} h=1 XXR+ meJn

—Z Z H/ e B /sng b k(25 0) M (df dy) H da,,

q= 1{]17 7J}h 1 meJy, meJy,

where kj, is the cardinality of set Jj. For @, = (z,, : m € Jp,), define

n(s,) = /X EAR | EEDITAC )

medy

Therefore, the previous expression writes as

MO B B =Y Y H/ n@s,) [ dom

9= 1{J1, Iy} h=1 7 Xmean B meJdy,
q
= E E / Hn(:l)]h)dxl...dl‘k
q= 1{J1 Bix-- ><Bk h=1

:/B Z Z Hna:J, dzy ... dxy,

VXX B g1 g, =1

and the thesis follows, with the introduction of the allocation variables t € Ty.

PrRoOOF OF THEOREM 6.5

The formulation of the SNCP as cluster process in (6.5) yields a clustering structure at
the latent level. Based on this, the generating mechanism of the points can be described
in terms of the clustering structure and the cluster-specific parameters of the kernel k.
Specifically, consider the event ((07,N7),...,(63, N;)), where d denotes the number of
clusters among the M points of ®, §; represents the parameter of kernel « in cluster h,
and Nj is the number of points of ® in cluster h, given a uniform random ordering of the
clusters. It holds that M = ZZZI Ny and the cluster-specific parameters 6;’s are distinct.
Denote with 8* = (67,...,63). The main computation concerns the probability of the
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event just described, that is

P07, NY), -, (03, Na)) = B[P((07, NT), ..., (03, Ng) [ A)]

1
N dlE /(XxR+ H N*le 7”Yh}(s(?* (6h) - He TAY(d0 d)

j>d

d
fXxR A(dz ds) ) 1 N; ) p
d'E /(xxR+)d H N*'f)/h ‘59 (eh)A (d@ d~)

where A? is the d-th power of A. Since the term szl d9: (0) entails that the integrand is

zero on sets of the type
{(0,7) € X xR)*: 0; =0; for i # 5},

then we can replace A% with the d-th factorial power A9, By applying the cLM formula,

we obtain
P((67, NY), ..., (03, N7))

d
— sA(dxds 1
d‘E [/ e N I | N*"yhhcsa*(ﬂh)A(d)(dBd’)’)
(XxR4) he1

1 — iz, Sy (dzds)] _sa ( )
~dl Ble T s T Ni 5y (6 dod
d! (XxRy )4 [6 . :| H N*"Yh 0; ( h) ( ’)’)
1 _fXxR sAy. _(dzds) d 1 v N () .
S [6 T } 11 € " My (dO7 d). (6.35)
! L

Since A is a Poisson process with intensity measure v(df dvy), then (6.35) yields

1 * * * wr, SA dxds
P((917N1)7"-7(9d7Nd)) d'E|: fXJR ( /Rd H

fyh’i v (dG* dv)

+ h= 1
1 - 1—e 7)v(dod 1 N %
= 5° Jxr, ( W 'Y)H/ N v, " v(doy, dy).
h=1"R+ "h

For any clustering (C4,...,Cy) of the M points of ®, with cluster cardinalities N} = |C}|,
h=1,...,d, note that the following relationship holds

1
PG Coeenn 01 C) = (o M ) PN 03,30

The marginal distribution of (C1, ..., Cy) is simply obtained by integrating out (67,...,0})
from the previous expression, leading to

d
L1, (l—ep(d0dy) /
P(Cq,...,C —e TExRy e”‘ doy, dv,
(C1 1) = Vil g s v(dop dyn)-

Observe that P({C1,...,Cy}) is obtained by multiplying by d! the previous expression.
In the statement of the theorem, we stress that this probability distribution describes the

number of points M as well.
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