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In this paper we prove that if 1 < a < b < a? and X is
a locally doubling d-hyperbolic complete connected length
metric measure space with (a,b)-pinched exponential growth
at infinity, then the centred Hardy-Littlewood maximal
operator .# is bounded on LP(X) for all p > p, and it is
of weak type (g,0), where ¢ := log,b. A key step in the
proof is a new structural theorem for Gromov hyperbolic
spaces with (a,b)-pinched exponential growth at infinity,
consisting in a discretisation of X by means of certain
graphs, introduced in this paper and called spiderwebs, with
“good connectivity properties”. Our result applies to trees
with bounded geometry, and Cartan-Hadamard manifolds
of pinched negative curvature, providing new boundedness
results in these settings. The index o is optimal in the sense
that if p < p, then there exists X satisfying the assumptions
above such that . is not of weak type (p,p). Furthermore,
if b > a2, then there are examples of spaces X satisfying the
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assumptions above such that .# bounded on L?(X) if and
only if p = oco.
© 2026 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

The purpose of this paper is to prove sharp LP bounds for the centred Hardy-—
Littlewood (HL) maximal operator .# on a comparatively large class of metric measure
spaces, including all Cartan—Hadamard manifolds of pinched negative curvature and
trees with pinched exponential volume growth. Our main result, Theorem 1.1, is stated
below in this introduction. A key ingredient in its proof is a discretisation of Gromov hy-
perbolic spaces with pinched exponential volume growth leading to certain graphs with
“good connectivity properties”, introduced in this paper and called spiderwebs. One of
the advantages of our strategy is that it relies on flexible techniques from Geometric
Analysis that can be applied to quite diverse settings and hopefully to various related
problems.

Suppose that (X, d, ) is a connected metric measure space, and p is a Borel measure.
Denote by B,.(z) the open ball with centre x and radius r, i.e., B.(z) := {y € X :
d(z,y) < r}, and assume that the measure of each ball is positive and finite. For each
locally integrable function f on X, consider its centred HL maximal function .Z f, defined
by

A f(x) = sup

1
_ dp.
>0 (B (x)) J'BT(w) A1 d

Clearly .# and the local version .#{ thereof, defined by

Mof(x) := sup

0<r<1 u(Br(x)) JBM) |l dp, (1.1)

are bounded on L*°(X). It is known, and not hard to see (see Proposition 6.1), that if u
is locally doubling (see Subsection 2.1), then .#{ is of weak type (1,1), hence bounded
on LP(X) for all p in (1, 00]. Thus, .# is bounded on LP(X) [resp. is of weak type (p,p)]
for some p in (1,00) if and only if the “global” maximal operator .#,, defined by

Moo [ () := sup

r>1 pu(Br(x)) JBT(I) IFld, 12)

is bounded on L?(X) [resp. is of weak type (p,p)].

Denote by Jx the interval of all p’s such that .#Z,, is bounded on L?(X). Standard
arguments show that Jx = (1, o0], and .# is of weak type (1,1), on all doubling metric
measure spaces (see [11, Theorem 2.2]).
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The situation is less simple, but much more interesting, in the case where p is locally
doubling, but not doubling. The way Jx depends on the properties of the metric measure
space (X,d,p) is rather subtle, and, we believe, not fully understood. We shall make
some comments on this later in this introduction. First, we describe some important
contributions to the problem of determining Jy.

The paper [28], which has been a source of inspiration for our previous investiga-
tions on the subject [8,14,20,15,19], is a landmark in this field. J.-O. Strémberg [28,
Theorem p. 115] proved that if X is a symmetric space of the noncompact type, then
Jx = (1,00] and .# is of weak type (1,1). J.-Ph. Anker, E. Damek and C. Yacoub [1,
Corollary 3.22] extended this result to Damek—Ricci spaces. Stromberg also addressed
the problem of determining Jx on Riemannian surfaces X with pinched negative Gaus-
sian curvature, and stated the following result [28, Remark 3, p. 126]: if A and B are
positive numbers such that A < B < 2A, then there exists a perturbed hyperbolic metric
on the upper half plane with Gaussian curvature K satisfying —B? < K < —A? such
that Jx = (B/A, o]: furthermore .# is unbounded on LP(X) if p < B/A. For a full
proof of this result see [19, Theorem 7.1], where it is also shown that if B > 2A, then
Jx is reduced to the point co.

Stromberg’s example leads us naturally to conjecture that if X is a Cartan-Hadamard
Riemannian manifold with pinched negative sectional curvature, i.e., —B? < K < —A?
for some positive constants A and B, and A < B < 2A, then Jx contains (B/A, x].
Incidentally, this holds true (see Corollary 6.3), and follows from our main result. Note
that compact perturbations of X can significantly affect the bounds on the sectional
curvature, although it is reasonable to believe that the conclusion remains the same. For
this and related reasons it is desirable to rely on more “robust” sets of assumptions than
those involving curvature bounds.

Other results somewhat related to the geometric framework considered by Strémberg
can be found in [16,17,19] and in the papers cited therein.

In particular, [16] and [17] focus on an interesting class of conic manifolds X of the
form Xy x (0,00), where X is a length metric measure space. The distance d on X is
defined much as the hyperbolic distance on the upper half plane, with the metric dy on
Xy playing the role of the Euclidean distance on the real line (see [16, formula (1)]) and
the measure p being the product of the measure py on Xy and of the measure dy/y¥*!
on (0,00) for some nonnegative constant N. H.-Q. Li proves that Jx is either (pg, o],
where py depends on the parameters describing the volume of balls on X, or is reduced
to the point co. The index pg is optimal in the class of the conic manifolds considered.
Related results are contained in [17].

The results in [19] corroborate the idea that appropriate “perturbations” of a given
Riemannian metric preserve the LP boundedness properties of .#. Specifically, [19, The-
orem 3.1] and [19, Theorem 5.5] deal with conformal perturbations, and with the case
of strictly quasi-isometric length spaces with “controlled local geometry”.

Finally, in [14] the authors focus on the class T, of all trees T of (a,b)-bounded
geometry, i.e., trees in which every vertex has at least a+ 1 and at most b+ 1 neighbours:
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the integers a and b are assumed to satisfy the inequality 2 < a < b. They prove that if
b < a?, then . is bounded on LP(T) if p > p, where ¢ := log, b and it is of restricted
weak type (0, 0). The proof hinges on the sharp form of the Kunze—Stein phenomenon (see
[7, Theorem 1]). These trees may be considered as discrete counterparts of Riemannian
manifolds with (a, b)-pinched exponential growth at infinity (see (1.3) below).

We observe that the threshold index in the Riemannian case (see Corollary 6.3) and
that we found in this discrete setting agree. Indeed, on the one hand, the volume of balls
in a tree T with (a,b)-bounded geometry satisfies the estimate

a” < pr(Br(z)) <30 veeT VreN,

where pr denotes the counting measure on the vertices of T. On the other hand, by com-
parison results [25, Corollary 3.2 (ii)], if an n dimensional Cartan-Hadamard Riemannian
manifold M satisfies —B? < K < —A?, then

cen—DAr < w(Br(z)) < Cen—1)Br Yee M Yr>1,
where c and C are positive constants, depending only on n, and u denotes the Riemannian
measure on M. Thus, if we set a := e(""D4 and b := e(»~1D5 then the condition B < 24
transforms to b < a2, the volume bounds in the discrete and in the continuous case agree,
and the threshold index B/A in the continuous case can be written as (logb)/(loga),
which agrees with p.

An interesting observation is that the results in [19,14] are stable under strict rough
isometries (see Definition 2.3 below, [14, Theorem 5.4] and [19, Theorem 5.5]). These
are rough isometries in the sense of M. Kanai [12] that preserve the exponential rate
of the volume growth of balls when the radius tends to infinity. This suggests that it
may be worth looking for sets of assumptions that are “stable” under these maps. Rough
isometries are also known as quasi-isometries (see, for instance, [10, Section 7.2]), and
strict rough isometries are sometimes referred to as 1-quasi-isometries in the literature.

Suppose that §, a and b are nonnegative numbers satisfying the condition 1 < a < b.
We denote by 2. a‘fb the class of all connected noncompact complete é-hyperbolic length
spaces (X,d) (here d is the intrinsic metric associated to the length structure on X so
that any pair of points in X is connected by a shortest path; see [4, Definition 8.4.1]),
endowed with a locally doubling Borel measure pu with (a, b)-pinched exponential growth
at infinity. By this we mean that for some a and b with 1 < a < b there exist positive
constants ¢ and C' such that

ca” < p(B,(z)) <COH" Vee X Vrell, o). (1.3)

For notational convenience, set g := log, b. Our main result is the following.
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Theorem 1.1. Suppose that 1 < a < b < a® and that § is a nonnegative number. If X
belongs to the class e%”a‘ib, then the maximal operator A is bounded on LP(X) for all
p > 0, and it is of weak type (o, 0).

The index g is optimal in the sense that if o > 1 and p < g, then there exists a length
space X in the class %a‘ib such that . is not of weak type (p,p) for every p < p. For
instance, one may take Stromberg’s counterexample mentioned above as X.

If b > a2, then the conclusion of Theorem 1.1 fails, for there are examples of length
spaces X in 20, such that . is bounded on LP(X) if and only if p = oo: see, for
instance, [19, Theorem 7.1 (ii)]. Another example is given by the natural metric tree
(R-tree) associated to the tree &, p, with b > a?, considered in [14, Proposition 3.3 (ii)].
This metric tree (where each edge is isometric to the interval [0, 1]) belongs to 2,
Moo is bounded on LP(S, ) if and only if p = co.

A noteworthy consequence of Theorem 1.1 is that if M is a Cartan-Hadamard mani-

and

fold with sectional curvatures K satisfying the bound
-B* < K, <-A?

where 0 < A < B < 2A, then the centred HL maximal operator .# is bounded on
LP(M) for all p > B/A, and it is of weak type (B/A, B/A).

In particular, Theorem 1.1 improves Lohoué’s results [18] in arbitrary dimensions and,
when applied to Strémberg’s counterexample, yields the endpoint result that .# is of
weak type (o, 0), a fact which was previously unknown.

It is well known that Damek-Ricci spaces X are Gromov hyperbolic [13, Theorem
4.8] with pinched exponential growth, so that Theorem 1.1 implies the result of Anker
et al. [1, Corollary 3.22] that Jx = (1,00] and .# is of weak type (1,1).

Theorem 1.1 also improves previous results on trees with (a,b)-bounded geometry
satisfying @ < b < a? [14, Theorem 3.2 (ii)] in two ways: it applies to a larger class
of trees ((a,b)-bounded geometry implies (a, b)-pinched volume exponential growth, but
not conversely), and it yields a better endpoint estimate (weak type (o, 0) in place of
restricted weak type (g, 0)).

We observe also that higher rank noncompact symmetric spaces are not covered by
Theorem 1.1, because they are not Gromov hyperbolic.

Our analysis hinges on the (new) notion of spiderweb, introduced in Definition 2.9.
Loosely speaking, a spiderweb is a graph associated to a rooted tree that satisfies certain
connectivity properties. The strategy of proof of Theorem 1.1 relies upon the following
three facts:

(i) if X belongs to 2%, , then X is strictly roughly isometric to a spiderweb f, endowed

a,b’
with the graph distance dgs. Moreover, the measure of the metric balls in I' (with
respect to the counting measure on the set of its vertices) satisfies the bound (1.3);
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(ii) if a < b < @?, then the maximal operator .# is bounded on Lp(f) for p > p, and it
is of weak type (g, 0);

(iii) the strict rough isometry in (i) above can be used to “transfer” to X the boundedness
properties of .# on I described in (ii).

It is already known that §-hyperbolic spaces are strictly roughly isometric to graphs [5,
Section 5]. However, we emphasise that it is highly nontrivial to show that the approxi-
mating graph T can be chosen to be a spiderweb: this richer structure is needed in the
proof of (ii). Step (iii) is a variant of [14, Theorem 5.4] and of [19, Theorem 5.5], and
reflects the fact that LP? boundedness properties of the maximal operator .# depend
essentially on the “large scale geometry” of X.

This paper is organised as follows. Section 2 is devoted to background material and
preliminary results. Section 3 contains more information and results concerning spider-
webs associated to rooted trees. In Section 4 we extend [14, Theorem 3.2 (i)] concerning
the LP-boundedness of the maximal operator .# on trees with bounded geometry to
spiderwebs satisfying mild volume growth conditions. In Section 5 we prove that ev-
ery connected noncompact complete d-hyperbolic space X (with distance d) is strictly
roughly isometric to a d-hyperbolic spiderweb f, with graph distance dp. Finally, in
Section 6 we prove of our main result, and derive some consequences thereof.

We use the “variable constants convention”, and denote by ¢ and C' constants whose
value may vary from place to place and may depend on any factors quantified (implicitly
or explicitly) before its occurrence, but not on factors quantified after.

2. Background and preliminary results

Suppose that (X, d, i) is a metric measure space, where p is a Borel measure on (X, d),
and denote by £ the family of all open balls in X. For each B in % we denote by rp the
radius of B. Given a ball B,(x) and a positive number k, sometimes we write kB, (x)
for the ball By,.(z). For each s in RT, we denote by % the family of all balls B in %
such that rg < s.

2.1. The local doubling property

Assume that 0 < u(B) < oo for every B in #. We say that the metric measure space
X possesses the local doubling property (LDP) if for every s in R™ there exists a constant
L, such that

1(2B,(z)) < Ls p(By(2)) Vee X Vr<s. (2.1)

Remark 2.1. The LDP implies that for each 7 > 1 and for each s in RT there exists a
constant C' such that

u(B') < Cu(B) (2.2)
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for each pair of balls B and B’, with B C B’, B in %, and rg/ < 7rg. We shall denote
by L, s the smallest constant for which (2.2) holds.

Indeed, consider the balls B,.(z) and B, (z'), where r < s and v’ < 7r, and assume
that B,.(x) is contained in B,.(z’). Then the triangle inequality implies that B, (z') is
contained in the ball with centre z and radius 2r’. Observe that

' <277,

and denote by k the nonnegative integer such that 2= < 27 < 2% Then the ball B, (z')
is contained in Bak,.(x). The monotonicity of the measure and the local doubling condi-
tion imply that

p(By(2")) < pu(Bar,(2)) < Low-1, pi(Bor-1,()).
By iterating this argument we find that
10(By () < Lox-rg -+ Lg 1By ().
Therefore
Lo < (Lars)™.

Remark 2.2. Observe that if X possesses the LDP and satisfies the growth condi-
tion (1.3), then the condition 0 < p(B) < oo is automatically satisfied for every B
in A. Indeed, the monotonicity of u and the right hand inequality in (1.3) imply that
w(B) is finite for every ball B.

Furthermore if rp > 1, then pu(B) > ca”® > 0 by the left hand inequality in (1.3). If,
instead rg < 1, and the centre of B is x, then

ca< u((l/r‘B) B, (3?)) <Lirgrs M(BTB (ac)),
as required.
2.2. Rough isometries
A central notion in our investigation is the following.
Definition 2.3. Suppose that X and X’ are two metric spaces, with distances d and d’,

respectively, and that A and 3 are nonnegative numbers with A > 1. A map ¢ : X — X'
is a (A, B)-rough isometry if

()~ B <d (o). 00) < Adwy) + 5 VayeX
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and sup {d'(¢(X),2') : 2’ € X} < co.If A = 1, then ¢ is called a strict 3-rough isometry
(or simply a strict rough isometry): in this case

d(z,y) — B < d'(p(z), 0(v)) <d(z,y)+B  Vz,yeX. (2.3)

As mentioned in the introduction, rough isometries are also known as quasi-isometries
(see, for instance, [10, Section 7.2]).

2.3. Gromov hyperbolicity

Suppose that (X,d) is a metric space. The Gromov product (y, z), of two points y
and z in X with respect to a third point x in X is defined by the formula:

(Y, 2)a = 5 (d(z,y) + d(z,2) — d(y, 2)).

1
2
Definition 2.4. Suppose that ¢ is a nonnegative number. The metric space (X,d) is 6-
hyperbolic if and only if the following four points condition is fulfilled: for every z, y, z
and w in X

(z,2)w = min ((2,Y)w, (¥, 2)w) — 6. (2.4)
The space (X, d) is called Gromov hyperbolic if it is é-hyperbolic for some §.

Note that if (2.4) is satisfied for all points z, y and z and one fixed base point wy,
then it is satisfied for all base points w with a constant 20 (see, for instance, [6, pp.
2-3]). Thus, in order to check that a space is Gromov hyperbolic, it suffices to check the
hyperbolicity condition (2.4) for one fixed base point.

In the case where X is a complete length space with intrinsic metric d, it is well known
that (X, d) is d-hyperbolic if and only if there exists ¢’ such that every geodesic triangle
in X is 6’-slim, i.e., each of its sides is contained in the §’-neighbourhood of the union
of the other two: see, for instance, [3, Chapter III, Proposition 1.22].

For a length space X when we say that X is d-hyperbolic we refer to the constant 0
appearing in the Definition 2.4; if we want to refer to the constant ¢’ that controls the
slimness of triangles in X, we say that X is a ¢’-hyperbolic length space. In the cases
where we are interested only in the slimness constant, we shall often call it § instead of
5.

Remark 2.5. We shall often use the following simple observation. Suppose that (X, d) is
a d-hyperbolic length space, and that ozy is a geodesic triangle in X, with edges [oz],
[oy] and [zy]. Then there exists a point p in [xy] such that

min (d(p, [ox]), d(p, [oy]) < .



N. Chalmoukis et al. / Journal of Functional Analysis 291 (2026) 111553 9

Indeed, denote by E and F the set of all points in [zy] at distance less than ¢ from [ox]
and from [oy], respectively. Observe that E and F' are nonempty, for E contains = and
F contains y. Since X is a d-hyperbolic length space, the d-neighbourhood of [oz] U [oy]
contains [zy], so that EUF = [zy]. Since [zy], F and F are open (in the relative topology
induced by d) and [zy] is connected, ENF cannot be empty. Any point in EN F satisfies
the inequality above.

Definition 2.6. Suppose that (X, d) is a length space and that w and K are nonnegative
numbers, with w > 1. We say that a path v in X is an (w, K)-quasigeodesic if for every
pair of points p and ¢ in ~

tx([pql) <wd(p,q) + K;

here £x ([pq]) denotes the length in (X, d) of the segment in v with endpoints p and q.
In particular, (1,0)-quasigeodesics are just shortest paths.

Assume, in addition, that (X,d) is a d-hyperbolic length space. We say that X is
geodesically stable if for every w in [1,00) and each K > 0 there exists a constant D, f,
depending on ¢, w, and K such that each (w, K)-quasigeodesic 7 belongs to the D,, -
neighbourhood of any geodesic in X joining the endpoints of ~.

Next, we recall the well known Morse Lemma in hyperbolic geometry (see, for instance,
[2, Proposition 3.1]).

Lemma 2.7. Any §-hyperbolic length space is geodesically stable.

One of the nice features of Gromov hyperbolicity for length spaces is that it is pre-
served under rough isometric embeddings. Recall the following result (for its proof see,
for instance, [3, Chapter III, Theorem 1.9]).

Theorem 2.8. Suppose that X and X' are complete length metric spaces and that o :
X' = X is a (A B)-roughly isometric embedding. If X is a 6-hyperbolic length space,
then X' is a 0'-hyperbolic length space, where &' depends on §, A and (3.

We observe that the conclusion of Theorem 2.8 fails if we omit the assumption that
X is a length space: see [9, Example 13, p. 89].

2.4. Graphs, trees and spiderwebs

Suppose that T is an undirected connected graph (without loops and multiedges). If
x and y are vertices in I' connected by an edge, then we say that x and y are neighbours,
and write z ~ y. We shall always denote by ur the counting measure on the vertices of
T.
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In this paper we shall consider only graphs I' such that for each vertex v in I' the
number v(v) of its neighbours is finite: v(v) is called the valence of v. If

sup{v(v) : v € T} < o0, (2.5)

then we say that I" has bounded valence.

A path v in T joining two vertices v and w is a finite sequence [zg := v, 21....,ZN_1,
xny =: w] of vertices such that z; ~ x;41 for every j in {0,..., N — 1}. The length of v
is defined to be N. Since I' is connected, given two vertices v and w, there exists at least
one path joining them. The graph distance dr between v and w is just the minimum of
the lengths of all paths joining v and w.

A tree T is just a graph as above without circuits (sometimes called loops in the
literature). A rooted tree is a tree T with a distinguished point o, called the root of the
tree.

We now introduce the notion of spiderweb, which is central to our investigation.
Consider a rooted tree T with root o. Given a vertex x in T \ {o}, we write p(z) for
its predecessor, i.e., the unique neighbour y of x such that dr(y,0) = dr(z,0) — 1.
For every = in T we set p(x) := z and for every positive integer k we inductively
define p¥(x) = p(p*~'(x)). The (possibly empty) set of the neighbours of = such that
dr(y,0) = dr(z,0)+1 is denoted by s(z). Each vertex in s(x) (if any) is called a successor
of x. Similarly, for every x in T we set s(x) := s(x) and, for every r > 2,

s"(x) = U s(y)-

yes(x)

Suppose that k is a nonnegative integer. We set
Sy = {z € T : dp(z,0) = k}. (2.6)

Yk is called the sphere with centre o and radius k in the rooted tree T. We say that
each point in X has level k. The level of a vertex x is denoted by h(x). Note that h(x)
increases as we move away from o in T.

Definition 2.9. A spiderweb Tisa graph without loops (sometimes called self-loops in
the literature) obtained from a rooted tree T by adding a (possibly empty) new set of
edges, according to the following rules:

(i) two vertices from different tree levels are never joined in T by a new edge;
(ii) if two vertices of the same level are connected by an edge, then their predecessors
either coincide or they are neighbours.

A quasi-spiderweb T' is a graph defined much as a spiderweb, with the only difference
that condition (ii) above is replaced by the following weaker condition:
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Fig. 1. Part of the rooted binary tree and of the associated dyadic spiderweb fg.

(ii)" there exists a positive integer m such that if any two vertices of 3,,, with n > m are
connected by an edge, then for every integer k in {m,...,n}, their £&*® predecessors
either coincide or they are neighbours.

Note that a rooted tree is a very special spiderweb in which vertices belonging to the
same level are never connected by an edge. We warn the reader that a spiderweb may
very well be a nonplanar graph.

The prototype of spiderweb is the so-called dyadic spiderweb fg, which we briefly
discuss now. Let Fy the free monoid on two generators, i.e., the set of finite length words
on two letters 0 and 1. Let an edge connect two words if and only if one is obtained by
the other by adding one letter in the end (tree edges) or if two words have the same
length and one is the immediate successor of the other in the lexicographic order or if
one is the all 0’s and the other is the all 1’s word.

In Fig. 1 you can see part of the rooted binary tree and of the associated dyadic
spiderweb fg. There are two natural metrics on a spiderweb T: the tree metric dr and
the graph metric dp. Obviously dr > dp. Notice that dt and dp may be nonequivalent

ntimes

—~ EN
metrics. For instance, consider the points z,, :=01---1 and ¢, :=10---0 in I's. Then

ntimes

dr(Tpn,Yn) = 2n + 2 and da(Zn, yn) = 1.
2.5. Metric graphs embedded in length spaces

In what follows we shall encounter connected graphs I" (without loops and multiedges)
whose set of vertices is a discrete subset of a metric measure space (X, d, ). In particular,
we shall be concerned with the case where X is a complete length space with length
function £y, d is the associated intrinsic metric [4, Definition 8.4.1], and p is a locally
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doubling Borel measure on (X, d). For each pair of neighbours  and y in T, consider a
geodesic 7, in the length space X connecting them.

We denote by T the metric graph defined as follows. The vertices of r agree with those
of I'; the edge in r connecting two neighbours x and y in I' is the geodesic segment 7 ,
chosen above. If z and w are points in v, ,, then we set

d=

5z, w) = d(z,w). (2.7)

In particular, dg(z,y) = x(Ve,y). Now, if v and w are any two points in r (thus, v and
w may be either vertices of I' or points in the interior of geodesic segments), then we
define dg (v, w) to be the infimum of the lengths of all paths in r joining v and w. Clearly
dg is a distance on I.

Definition 2.10. We say that the metric graph I associated to the graph I' has bounded
geometry if T' has bounded valence and

0 <inf{lx(c):0edgein T} and sup{lx(c):oc edgein I} < oo.

Next we describe the metric graph T'y associated to the connected graph I'. Loosely
speaking, I'g, as a set, agrees with f, but each edge of I'y (the image of a geodesic segment
in X) is now declared to be isometric to the interval [0, 1]. More precisely, for each pair
x and y of neighbours in I', consider the geodesic 7, in X joining « and y (which is
an “edge” in I'), and its arc length parametrisation s : [0,¢x (Ya,y)] = Va,y such that
5(0) = z and s(€x (Yz,)) = y. Define

(t) = s(t - Lx(Vay)) vt € [0,1],
and set
dr‘o (L(tl)7 L(tg)) = |t1 — t2| Vii,t9 € [O, 1] (28)

There is a natural notion of admissible paths in I'y and a corresponding notion of length.
Now dr, is just the metric associated to this length structure.

Remark 2.11. It is straightforward to check that if x and y are neighbours in I', then

L= dr(a.y) = dr,(0,9) = 7——

1
NE di(2,y). (2.9)

If T' has bounded geometry, then there exist positive constants A; and As such that
Al < gX ('Yx,y) < A2a (210)

so that
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Avdr(z,y) < dp(z,y) < Agdp(z,y)  Vo,yel:iz~y.

Proposition 2.12. Suppose that I, Ty and T are as described above. If T has bounded
geometry and (T, dg) is a d-hyperbolic length space for some nonnegative number 6, then
the following hold:

(i) (f,df) and (To,dr,) are bilipschitz equivalent. More precisely
Ay dp,(v,w) < dp(v,w) < Ay dp, (v, w) Yo,weT,

where Ay and Ag are as in (2.10);
(ii) (To,dr,) is a &' -hyperbolic length space for some nonnegative number ¢';
(iii) (T',dr) is a Gromov hyperbolic metric space (the four points condition holds).

Proof. First we prove (i). Clearly, if  and y are neighbours in I'; then

1

dp,(z,y) =1= ——
FO( y) ex(,ywﬂ/)

If 744 is the edge in I joining 2 and y, denote by s : [0, 4x (Ya,y)] = Va,y is its arc length
parametrisation (with s(0) = z and s({x(Ys,y)) = y). Write L in place of £x(vz,,) for
short. Then for each pair of numbers ¢; and ¢5 in [0, L], we have that

dry (s(t1), s(t2)) = dr, (s(% - L)s(% 1))

TR
—Ll 2

= % dx (S(tl)a S(tQ));

we have used (2.8) in the second to last equality above.

Since, by assumption, I has bounded geometry, (2.10) holds for every pair  and y of
neighbours. As a consequence, we see that for each pair of points v and w belonging to
an edge in I'y the following estimate holds

Ay dr,(v,w) < dg(v,w) < Agdp, (v, w).

It is straightforward to check that this estimate extends to all pairs of points v and w in
f, thereby concluding the proof of (i).

Observe that (ii) follows from (i) and [4, Theorem 8.4.16].

Finally, we prove (iii). Since (I, dr,) is a ¢’-hyperbolic length space, in particular a
§’-hyperbolic space, the four point condition (2.4) holds (with ¢’ in place of §). Since the
metric graph dr on I' agrees with the restriction of dr, to I', the four points condition
holds in (T, dr). Thus, (T,dr) is a é’-hyperbolic metric space, as required. O
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Caveat 2.13. In what follows we shall consistently use the notation concerning graphs
introduced in this section. In particular, given a geodesic metric space (X,d), T' will
always denote an abstract graph, whose vertices are points of X, endowed with the graph
distance dp. We associate to T the metric graphs (T, di) and (Lo, dr,) as follows:

(i) [ is obtained from T’ by connecting any pair x and y of neighbours in I' by a geodesic
Yoy 0 X joining x and y, and declaring that dx(z,w) = d(z,w) for every pair of
points z and W N Vg y;

(i) Ty agrees with T as a set, but dp,(z,w) = d(z, w)/lx (Ya,y), where x, y, z and w are
as in (i). In particular, dr,(z,y) = 1.

The symbol T will always denote a spiderweb.

Notation 2.14. Suppose that I" and I'y are as above, and denote by o a distinguished
point in I'. Assume that x belongs to 'y \ T and that v is a geodesic in 'y starting at o
and containing z. Denote by |z | the vertex on the segment [oz] C ~ closest to z. Observe
that

dro (2], 0) < dry(2,0) < dry([2],0) + 15 (2.11)

If 2 is in T, then we set « := |z|. The definition of |x] depends on o and the choice of the
geodesic ; in order to avoid cumbersome formulae we shall suppress this dependence in

our notation.
3. More on spiderwebs

Suppose that Tisa spiderweb with metric dz. We say that a geodesic v in T is
ascending if it is of the form [x,p(x),...,p"(x)], where x is a vertex and n < h(z).
Similarly we say that a geodesic v in Tis descending if it is of the form [yo,y1, ..., Yn],
where y; = p(y;+1) for every j in {0,...,n — 1}. Finally, we say that a geodesic
connecting two points belonging to the same level 3 (see (2.6) for the notation) is
horizontal if every vertex in v belongs to 3.

Our strategy to prove LP? bounds for .#,, on spiderwebs will require estimates of the

volume of balls in T with respect to the graph distance dp. As a prehmmary step, we
describe some of the geodesics in T. Interestingly, if the metric space (F dg) is Gromov
hyperbolic, then it turns out that these geodesics have a form similar to that of the
geodesics in the hyperbolic plane.

Definition 3.1. Suppose that (f,df) is a spiderweb. We say that a geodesic v in I is
standard if it is the union of an ascending geodesic, a horizontal geodesic and a descending

geodesic. Each of these three geodesic components may be reduced to a point.

Proposition 3.2. Suppose that (f, dg) is a spiderweb. The following hold:
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(i) for each pair of vertices x and y in T there exists a standard geodesic joining them;
(i) if (I',dg) is d-hyperbolic for some nonnegative number 0, then the length of the
horizontal part of any standard geodesic is at most 46 + 1.

Proof. First we prove (i). Suppose that 7o, of the form [z, x1,...,2¢_1,y]|, is a shortest
path joining x and y. For convenience, set xy := x and x; := y. Each point in 7y belongs
to one of the sets Ey and FEs, defined by

Ey = {x; €70\ {y} : h(z;) # h(zj)},
By = {zj €70 \ {y} : h(zj) = h(zj41)} U{y}-

Observe that ¢(v) = |E1| + |E2| — 1.

We shall prove that there exists a path v of the form described in the statement of
the proposition such that ¢(vy) < £(vo).

Denote by n the smallest nonnegative integer k such that 3 (see (2.6) for the nota-
tion) has nonempty intersection with ~g. Then h(v) > n for every v in 7o.

Since 7 starts at z and has nonempty intersection with ¥,,, it must “move towards
o” at least h(x) —n steps; here o denotes the root of the tree T associated to T. Similarly,
since 7o ends at y, after intersecting 3, it must “move away from o” at least h(y) — n
steps. Therefore

|E1] > h(z) + h(y) — 2n. (3.1)

Now, given a vertex v in 7y, the point p"(*)="(v) belongs to %, it is denoted by 7 (v),
and it is called the projection of v onto X,,.
Note the following two elementary facts:

(a) if ; belongs to Eq, then 7(z;) = m(xj41), for z; = p(zj41) if h(z;) > h(z;4+1) and
p(x;) = x4 if h(zy) < h@j11);

(b) if z; and ) are two consecutive elements in E, (hence j < k), then one of the
following cases occurs:
(bl) xj, agrees with x;41 (i.e., z; and xj are consecutive points in ) and therefore

h(z;) = h(zk);

(b2) i is a successor of x;41;
(b3) i, is a predecessor of x;41.
Since I is a spiderweb, 7(z;) and m(z}) either agree or are neighbours, so that their
distance in T is at most 1.

Now, (a) implies that 7(vyy) agrees with 7(E2). Denote by z1,..., 2, the points in Fs,
and consider 7(z1),...,m(2p), which is an enumeration of the points of 7(E3). We single
out an ordered subset {1, ...,&,} of {m(#1),...,7(2p)}, as follows. Set & := 7(21), and
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TNy TNy

Y

Fig. 2. Dashed lines represent the standard geodesic from z to y, while dotted lines represent an alternative
path.

& = m(z;), where j is the first integer greater than 1 such that 7(z;) is distinct from
&1. Notice that & and &3 are neighbours, by (b) above. Then proceed iteratively.

Clearly ¢ < |r(E3)|. Furthermore 7y := [{1,...,&,] is a path in T contained in %,
connecting m(x) and 7(y). Note that

(o) < |m(E2)[ — 1 < |Ep — 1. (3:2)

Now denote by ~ the path joining z and y consisting of the ascending geodesic
[z, p(x),...,m(x)], the horizontal path 7y and the descending geodesic [ (y), ..., p(y),y].
Clearly (3.1) and (3.2) imply that

£(y) = M) + h(y) —2n +L(Fo) < |E1| + [E2| — 1 = £(0)-

Thus, v is a geodesic, as required. (See Fig. 2.)

Next we prove (ii). Suppose that « is a standard geodesic joining = and y. The hor-
izontal part 4 of 7 is a geodesic contained in ¥, for some nonnegative integer n, with
endpoints Z := pM®)~"(z) and 7 := p"W) =" (y).

Consider the point w := = Ay (the confluent of x and y with respect to the root o,
i.e., the last point in common between the geodesics joining o to x and y). Denote by
L the length of ¥ and consider the point p in ¥ such that dn(p,y) = L/2 in the case
where L is even, and dn(p,y) = |L/2] + 1 in the case where L is odd.

The spiderweb T is, by assumption, §-hyperbolic. Then the four points condition (2.4),
applied to w, Z, ¥ and p, yields

df(p’ ’f) + df(p,g) - df(f,ﬂ)
> min (dg (p, w) + dp(p, @) — dp(w, 7), dp(p, w) + dps(p, §) — dp(w, 7)) — 26.
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Notice that dg(p,w) = da(w, ) = da(w,y), and that dx(p, Z) + dp(p,y) = L. Thus, the
inequality above simplifies to

min (dz (p, 2), di(p, §)) < 26.

Now our choice of p implies that dgx(p, ) < 26, so that da(p,y) <26+ 1 and L <46+ 1,
as required.
This concludes the proof of the proposition. 0O

Suppose that Tisa spiderweb associated to the rooted tree T, that z is a vertex in T
and r is a nonnegative integer. We denote by BY(x) and BL(x) the balls with centre x
and radius r in T with respect to the distances dr and dp, respectively.

The existence of standard geodesics joining any two points in a spiderweb, estab-
lished in Proposition 3.2, has some noteworthy geometric consequences, one of which,
concerning the volume of geodesic balls, is discussed in the following corollary.

Corollary 3.3. Suppose that T is a rooted tree satisfying (1.3), and that Tisa spiderweb
associated to T. The following hold:

(i) dp < dr and pp(By (2)) = pp (B (2));
(ii) 14f, in addition, T has bounded valence, then there exist positive constants ¢ and C
such that

carguf(Bf(x)) <Cb" Vr € N.

Proof. First we prove (i). Clearly every curve in T joining two vertices z and y is also
an admissible curve joining z and y in f, whence dz < dr. The second statement in (i)
is a direct consequence of this.

Next we prove (ii). The left hand inequality is an obvious consequence of (i). It remains
to prove the right hand inequality.

Consider a geodesic v in T of length r joining x and y. According to Proposition 3.2,
we may assume that -+ has one of the following forms:

(a) v moves away from the root o of T at each step;

(b) ~ moves h steps joining points at the same level as x, until it reaches a point z and
then moves r — h steps away from o;

(¢) v moves v steps towards o, then goes horizontally h steps, and in the end it moves
r — v — h steps away from o.

The geodesics v of the form (a) are precisely the geodesics in T starting from = and
moving downwards at each step. Thus, the set of points in I' we can reach with these
geodesics is s”(z) (see just above (2.6) for the definition of s"(z)).



18 N. Chalmoukis et al. / Journal of Functional Analysis 291 (2026) 111553

Similarly, the vertices that we can reach with geodesics of the form (b) are precisely
those in s"7"(z). Clearly s"~"(2) is contained in BT ,(z), which, by the right hand
inequality in (1.3), has cardinality at most C b"~".

By Proposition 3.2, the estimate h < 4§ 4+ 1 holds, so that the number of vertices of
T reachable from z with a geodesic starting with a horizontal segment is at most

H
cHy vh<cy,
h=1

where H := [46]| + 2 and C depends also on the maximum of the valence function on T
A similar argument shows that the number of vertices of I" reachable from z with a
geodesic of the form (c) is, at most,

r min(r—v,H)

cy > yvth<ov.
v=1 h=0

Altogether, we see that the cardinality of the sphere Sf (x) is at most C'b". Therefore

ue(BI@) =3 pp(S) (@) <C Y v <O,

=0

as required. O
4. LP bounds for .#,, on spiderwebs

In this section we prove L? bounds for the centred HL maximal operator on spiderwebs
satisfying some mild additional assumptions. Our approach is a variant of the strategy
that A. Naor and T. Tao follow to prove that .# is of weak type (1,1) on homogeneous
trees (see [22], in particular Lemma 5.1 and the proof of Theorem 1.5). Such strategy
was then generalised in [26, Theorem 4.1] and used in [14, Lemma 3.3]. For different
proofs of the weak type (1, 1) estimate for .#, see [24] and [8].

We consider the metric measure space (f, ds, pig)- Notice that in this case 4o f = f
(see (1.1) for the definition of .#}), so that .# is bounded on Lp(f), or it is of weak type
(p,p), if and only if so is the operator .#.

In this section the cardinality of the set E will be denoted by |E|. For a positive
integer r, set

B, (z):={ye€ r: de(y,z) <r}.
Given a function f on T, denote by A, f(x) the mean of f over B,(x), i.e.,

1

AT = 5 JBT(I)def-
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Note the trivial bound

Moof <D Alf].

r=1

The next theorem is the main result of this section. Recall that if a and b are positive
numbers, then p stands for log, b.

Theorem 4.1. Suppose that a < b < a2, and that Tisa spiderweb (associated to the tree
T) satisfying the growth condition (1.3). The following hold:

(i) there exists a positive constant C' such that
a” " |{(ac,y) € Ex F:da(x,y) < 7“}‘ < C’(\/E/a)r |E| - |F]| (4.1)

for every nonnegative integer r and every pair E, F of subsets of f;

~

(ii) M is of weak type (o, 0), and bounded on LP(T) for every p in (o,00].

Proof. First we prove (i). Set U, := {(z,y) € £ x F : dpa(x,y) < r}, and observe that

U, = Z Gp, where G, := {(z,y) € E x F : da(z,y) = p}. We shall prove that

p=0
|Gyl < CH2VIE| - |F] (4.2)
for every p in {0,...,r}, which implies that

U < Cb72V/IE]-|F.

Since the left hand side of (4.1) is just a~" |U,|, part (i) follows directly from the previous
estimate.

It remains to prove (4.2).

Suppose that x belongs to ;. We estimate the number of the vertices in 3, at distance
p from z, i.e., the cardinality of S,(z) N Xk.

Denote by v a geodesic of length p joining x and a point in ¥j. Recall that by
Proposition 3.2 we may assume that - is a standard geodesic, i.e., it has one of the special
forms described in (a), (b) and (c) in the proof of Corollary 3.3. In particular, denote by
Yo the horizontal part (possibly reduced to a point) of «, and set £ := dg(x,v). Then
0 < ¢ < min(j,p). Thus v moves first ¢ steps towards o, then h steps horizontally, and
finally p—/—h steps away from o. Note also that p—¢—h is equal to the difference between
k, the level of a point in X, and the level of ~q, i.e., j — €. Thus, p=~L+h+k— (j —¥¢),
so that

E:%(p—kj—k—h). (4.3)



20 N. Chalmoukis et al. / Journal of Functional Analysis 291 (2026) 111553

Since p, j and k are fixed parameters, (4.3) exhibits ¢ as a function of h. Recall that h
is a nonnegative integer < H, where we have set H := 4§ + 1 (see Proposition 3.2).

Now, given an integer A in [0, H], how many points in ¥, are reachable from = with a
standard geodesic of length p and horizontal part of length h? We start from x and move
{= (p +k—7— h) /2 steps towards o until we reach p®(z), which belongs to ¥;_. Next
we move horizontally h steps, reaching a point z,. The number of points z, in ¥;_, that
we can reach in this way is bounded from above by the volume of the ball with centre
p’(x) and radius h, which has at most C'b" points. Clearly

df(szk):p—ﬁ—h: (p+k—j—h).

N =

Thus, the number of points in Xj, reachable from z, is bounded by the measure of the
ball centred at z, and of radius (p +k—j— h) /2, which has at most C bP+k—i=h)/2
points.

Altogether, the number of points in X reachable from x with a standard geodesic of
length p and horizontal part of length h is bounded above by

C b pptk=i=h)/2 — o pptk—j+h)/2

points. Hence

H
|Sp(z) NSy < C Y pHR=ItN/2 = Cppth=i)/2, (4.4)
h=0

A similar argument yields that if y belongs to X, then
|Sp(y) NE;| < CoPri=k/2, (4.5)
Furthermore, for every pair (j, k) of nonnegative integers define
E; =ENX;, F:=FnNXy,
and
Gjnp = {(z,y) € E; x Fy; : da(z,y) = p}.

Observe that

Gikpl =D D 1s,m@) =D > 1)

rclk; ycFy yeF, rekj

Define e; := |E;|/b and dj, := |F)|/b*. Now (4.4) and (4.5) imply that
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|Gj,k,p| < C min (|E]—| b(pfj+k)/2’ | Fy| b(p+jfk)/2)

= CpPHIFR/2 min (e;,d},).

Therefore

Gpl = ) Gkl SCWP2 D" DU/ min (e, dy).

J,k=0 J,k=0

Now we can apply almost verbatim the argument in the last part of the proof of [22,
p. 759-760], and conclude that the last double series is dominated by 81/|E| - |F|. The
estimate (4.2) follows directly from this.

Next we prove (ii). It suffices to consider nonnegative functions f in L2(I"). We want
to prove that there exists a constant C' > 0 such that

C -
]{(//loof>/\}\§EHfHEL’g YA>0 VfeLeT).

By replacing f by f/), we see that it suffices to prove the estimate above for A = 1. Set
Q:={zel: f(z) <1/2}, and, for integers n and r, define

E,:={z¢€ F:2" ' < fz) < 2"} and F.:={ze T:f(z)> a”/2}.

We fix r, and decompose f accordingly. Denote by N the biggest integer such that
2" < a". Clearly

n=0
so that
1 N
f<5la+) 2", + f15,.
n=o
Consequently

N
1 n
Af <y +Z:: 2" A, 1p, + A (f1F,).

N
Define g, := Z 2" A, 1g, and h, = A, (f 1FT)~ Clearly

n=o

{Arf>1} € {g, +hr >1/2},

and the latter set is contained in
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{g, > 1/2} U{h, > 0}.
Denote by I; and I the first and the second set in the union above. Clearly
[{A,f > 1} < || + |I2]. We estimate |I;| and |I5| separately.
First we estimate |I2|. Observe that if dg(z, F).) > r, then h,(z) = 0, so that I is

contained in U B, (y). Therefore
yeF,

LI < > B (y)] <OV |F| = Ca? |F,].
yeF,.

Now we estimate |I1]. Set 8 := (2 — p)/4: notice that [ is positive, for o < 2 by
assumption. It is convenient to set o := a=#" (1 —27%) and

Vo i={2:2"A,(1g,)(z) > 2" 1a}.

By arguing almost verbatim as in the proof of [23, p. 501], one can show that if = belongs
to I, then x belongs to V,, for some integer n in {0,..., N}. Thus,

N
IAE A (4.6)
n=0

Now, since 2™ A,.(1g,) > 2"8=1 o on V,,, we see that
<1V'n,72n AT(lEn>> > |Vn|2nﬂ_l a, (47)

where (-,-) denotes the inner product on L?(pg). Also the lower estimate in (1.3) yields

(1y,,2" A.(1g,)) < 2" J duf(y)JB 1, (z) dpp(z)

ca” Vi T(y)
271
= — {(@y) € En x Vo s da(a,y) <7}

This, combined with (i) and the lower estimate (4.7), implies that

1
Vol <C B o 2" (‘/Z_)/a)r VIVal [ Enl.

Now recall that b = a?. Then the previous estimate may be rewritten as

1 27\ 1-e/2
s P B =C (5) T 2B,
a

|Vn| < c 921 a2

which, together with (4.6), yields
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N
2nN\ 1-0/2
<oy (5) 2Bl
n=0

Recall that {Arf > 1} is contained in I; U I, so that

0/2

N n —
{as>1f <03 () weiml+oarin) 48
n=0

Now, M~ f = sup A, f. Therefore if #f(x) > 1, then there exists a nonnegative
r>1

integer r such that A, f(z) > 1. Consequently

{oad > 1} sij‘ar{Ar» 1]

oo N n\1-g/2 [eS)
022(2—) Coelp 40y | B

r=0 n=0 r=0
Now, trivially

o0 [log, (2/)]

d alp < Y e < bz_iblfg,

r=0 r=0

whence

S el = [ 3w 1 < 2 1l

r=0

o0

Similarly, Z 20" 15 < 29T f where we have set E, = {f > 2771}, Clearly E,, C
n=0

E,. Using these facts and reversing the order of summation, we see that

© N ny1— 0 N 1—0/2
on\1-0/2 ., on\ e
Sy (&) e[ Yo, ¥ (5)
r=0n=0 n=0 riar>2n+1
gcﬁz 2" 15 dug
Pn=o0
scﬁf@duf.
r

By combining these estimates, we find that

|{///<>Of > l}l <C Hf”ig(f) )
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as desired.
This concludes the proof of (ii), and of the theorem. O

Remark 4.2. Recall that a tree T is a very special spiderweb. Thus, if T satisfies (1.3) for
some b < a2, then Theorem 4.1 implies that the maximal operator .# on T is of weak
type (0, 0). This improves [14, Theorem 3.2], in which it is shown that .# is of restricted
weak type (o, 0) under stronger assumptions.

5. Spiderwebs “embedded” in §-hyperbolic length spaces

Given a positive number 7, we say that a set © of points in a metric space (Y, d) is
n-separated if d(y,z) > n for every pair of distinct points y and z in ©; the set ® is an
n-discretisation of Y if it is a maximal (with respect to inclusion) 7-separated set in Y.
It is straightforward to show that n-discretisations exist for every 7.

Notice that if ® a discretisation of Y, then

d(®,z) <n Ve €Y,

for otherwise there would exist a point x in Y such that d(z,®) > 7, thereby violating
the maximality of ©.

We denote by Tib the class of all J-hyperbolic spiderwebs (f, dz) with the property
that the counting measure pp on T satisfies the growth condition (1.3).

The proof of the main result in this section, Theorem 5.1 below, hinges on a nontrivial
variant of the construction described in [5, Section 5]. Recall the definition of the class
%f,b given just above Theorem 1.1.

Theorem 5.1. Suppose that §, a and b are positive numbers satisfying the condition 1 <
a < b. Assume that (X,d, p) is in the class %aé,b' Then there exist a positive number o'

and a spiderweb T in the class Tgib that is strictly roughly isometric to (X, d).

The proof consists of four big steps, each of which is further split up into smaller
steps. Before we dive into the details of the proof we shall outline the general scheme.
In order to construct the desired spiderweb T we begin by defining the underlying tree
T and an associated graph I', obtained from T by adding horizontal edges to the tree
between points that are close enough in the metric space X. The graph I' turns out to
have bounded valence (Step I).

We observe that there is no a priori reason for which the graph I' should be a spi-
derweb, because it might happen that two points z and y in I' with the same level are
neighbours, but their predecessors p(x) and p(y) are not. In Step IV we shall construct a
spiderweb f, which has the same vertices as I', but where each vertex x may have more
neighbours at its level than in T'.

In order to do this, we need to establish a few preliminary facts, which occupy Steps II-
III below. Recall the metric graphs Iy and I' associated to I (see Caveat 2.13).
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Step 1II is devoted to the proof that Iy, [ and T are &/ -hyperbolic. Step III, which
contains the most technical part of the proof, is dedicated to the proof that I'g is strictly
roughly isometric to (X, d). The Morse lemma in hyperbolic geometry plays a crucial
role in deriving the desired estimates here and in Step IV.

The last remaining link is proving that, although I' might not be a spiderweb, because
of hyperbolicity it is always a quasi-spiderweb and therefore can be “completed” to a
true spiderweb f, which is still strictly roughly isometric to (X, d) (Step IV).

Proof. Step I: construction of the graph I'. This step is split up into Step Iy, where we
construct the tree T, and Step I, where we define the graph I and prove that it has
bounded valence.

Step I : construction of the tree T. Fix a point o in X. We define a rooted tree T
with root o embedded in X as follows. For each positive integer n consider the sphere
Sp(0) == {x € X : d(x,0) = n}, and a 1-discretisation %,, thereof (with respect to the
distance d). In particular,

U Bi(z) 2 Sp(0).

TEX,

Notice that

Bl(o)U(fj U Bg(x)):X. (5.1)

n=1 z€X,

Indeed, consider a point y in X. If d(y,0) < 1, then y is covered by Bj(0), and if
d(y,0) = n for some positive integer n, then we already know that y is covered by Ba(z)
for some z in X,,.

Otherwise denote by n the positive integer such that n < d(y,0) < n + 1. Consider
the point y,, where the geodesic joining o and y intersects the sphere S,,(0). We have
that

d(yn,y) = d(0,y) —d(0,yn) = d(0,y) —n < 1.
By construction of X,,, there exists a point z in X, such that d(z,y,) < 1, whence y
belongs to Ba(x).
Set V := {o}U ( U En>. The points in V' will be the vertices of the rooted tree T. It
n=1

remains to indicate, for each z in V \ {0}, its predecessor p(x). If = belongs to ¥, we set
p(z) = o. If z is in X, for some n > 2, then its predecessor p(x) is one, no matter which,
of the points in X,,_; at minimum distance from x. The construction above implies that

d(z,p(z)) <2 Ve e T. (5.2)
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Of course different choices of p(x) will give rise to different trees. All of them share the
properties we shall need in what follows. Note also that there may be vertices x in T
such that s(x) is empty, i.e., x has no successors.

Step I: definition of the graph I'. The vertices of I' agree with the vertices of T. Set

0 .= max(15,4D2’4 + 26), (53)

where § is the hyperbolicity constant of (X, d) and D, 4 is the constant D,, x of (X, d)
(with w = 2 and K = 4) appearing in the definition of geodesically stable metric space
(see just below Definition 2.6). We declare that two distinct vertices « and y in T' are
neighbours if and only if one of the following holds:

(i) « and y are neighbours in T;
(ii) they belong to the same level set X, for some positive integer n and d(z,y) < 6.

Observe that the valence function v on I" is bounded. Indeed, if x ~ y in T, then either
z and y are neighbours in T, whence d(x,y) < 2 by the construction of T (see Step I
above), or they belong to the same level and d(x,y) < 6. Altogether any neighbour of x
in T belongs to By(z). Recall that the points in ' are 1-separated in X, so that

1(Bos1(z)) > ZN(31/2(Z/)) > v() Lr}vigu(Bl/g(y)).

Y~z

Now, the LDP (see Remark 2.1) implies that v(x) < Log;2,1/2, as required.

The metric graphs 'y and I are associated to I as in Caveat 2.13.

Step II: (T, dz), (T'o, dr,) and (', dr) are §’-hyperbolic for some positive §’. This step
is split up into Step II;, where we prove that if two points in I' are close enough with
respect to d, then they are close enough also with respect to dr, and Step Il,, where we
show that (f‘,df) and (X, d) are roughly isometric. The ¢’-hyperbolicity of (f, dg) then
follows from Step 115 and Theorem 2.8. The ¢’-hyperbolicity of (T'g,do) and (T, dr) is a
direct consequence of the §’-hyperbolicity of (f, d) and of Proposition 2.12. Finally, the
§’-hyperbolicity of (T',dr) follows from the fact that dr is the restriction of dr, to I

Step II: if © and y are in T and d(z,y) < 0/3, then dr(z,y) < (0/3) + 1.

The conclusion is trivial in the case where x = y. Thus, we may assume that = # y.

Observe that if h(z) = h(y) and d(z,y) < 6/3, then x ~ y (by (ii) in Step L), so that
dr(z,y) = 1, and the conclusion follows.

If, instead, h(z) # h(y), then, without loss of generality, we may assume that h(z) >
h(y). Set £ := h(x) — h(y). The triangle inequality implies that

d(z,y) > d(z,0) — d(o,y) = L.

Therefore £ < 6/3. Observe that
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d(p'(x),2) <Y d(p(x),p’ " (2)) <245

j=1

the last inequality follows from (5.2). The points p‘(x) and y belong to the same level,
and the triangle inequality implies that

d(pé(x),y) < d(pz(x),x) +d(z,y) <20+6/3 <0.

Therefore p’(z) and y are neighbours (see the definition of T' in Step Iy), and
[z,...,p%(z),y] is a path in T of length at most (6/3) + 1, as required.
Step IIy: the identity map is a (X, B)-rough isometry between (T', dx) and (X, d), where

A:=0(0/3+1) and B:=0(0/3+5).
Observe that d(z,T) < d(z,T) for every z in X. By (5.1),
sup{d(z,T') :z € X} <2,
so that sup {d(z,T) : z € X} < 2. Notice that
d(z,y) < dg(z,y)  Va,yeTl.
Proposition 2.12 (i) implies that
dg(z,y) < 0dr,(x,y) Va,y el (5.4)

Hence, it suffices to prove that

dr,(z,y) < (0/3+ 1) d(z,y) +6/3+5  Va,yel. (5.5)

Suppose that « and y are distinct points in f, and denote by v a geodesic in X joining
them. If d(x,y) < 1 we set ag := x and ay := y. If d(x,y) > 1, then we consider the
points {ay := z,a1,...,an—1,an = y} in vy such that d(a;,a;j11) = 1 for every j in
{0, ..., N — 2}. Clearly d(z,y) > N — 1. Next, for every j in {0, ..., N} choose a point
zj in T’ at minimum distance in X from a;. In particular, d(z;,a;) < 2. The triangle
inequality implies that

d(zj, zj41) < d(25,a;) + d(aj, aj1) + d(ajt1, 2j41) <5
for every j in {0, ..., N — 1}. Since 5 < 0/3 (see (5.3)), Step II; yields
dFO(Zj,Zj+1) S 9/3 + 1.

By combining the previous estimates, we see that
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N-1

dry(z,y) < dr,(z,20) + Z dFo(Zj’ZjJrl) +d(y,z2n) <4+ N(0/3+1).
=0

The right hand side above may be rewritten as
(N=-1)(0/34+1)+6/3+5<d(x,y)(0/3+1)+60/3+5,

thereby proving (5.5).

Step III: (T'y, dr,) and (X, d) are strictly roughly isometric. We split up Step III into
Steps II1;-111,4. Step III; contains some preliminary estimates. In Step III; we prove that
dr, > d —n for a suitable constant n. Step III3 is devoted to the proof that geodesics in
Iy are quasigeodesics in X. Finally the upper estimate dr, < d+n is proved in Step IIl4.

Observe that any geodesic in I'y connecting o to a point z in I'g coincides with the
geodesic in the metric subtree of 'y obtained from I'g by removing the horizontal edges
introduced in Step Io.

Step III; : preliminary estimates. Suppose that z and z' are points in T'g, and that 2’
lies on a geodesic 7272 in Ty joining o and z. The following hold:

(i) if z belongs to T, then ’ygz is a (2,4)-quasigeodesic in (X, d);
(i) if z and 2’ belong to T, then

dr(z,2") > d(z,2') — 4D 4, (5.6)

where Dy 4 is as in Step Iy, and dt denotes the tree distance on T;
(iii) dr(|z],2']) < dr,(z,2") + 2; see Notation 2.1/ for the definition of |z| and |Z'[;
(v) dr,(z,2") > d(z,2") — 20 — 4Dy 4 — 2.

First we prove (i). It suffices to prove (i) in the case where z # 0. Denote by
[ap :=0,a1,...,aN—1,aN := Z]

the points in T that lie on VS,Z’ and by o; the geodesic segment in ’ygyz joining a; and
a;+1. Recall that o; is also a geodesic in (X, d).

Suppose that p and ¢ are distinct points in 'yg’z. Without loss of generality we assume
that d(o,p) < d(o, q). Then there are nonnegative integers j; and ja, with j; < jo < N—1,
such that p and ¢ belong to ¢, and to o},, respectively.

If j1 = jo, then £x (¥3.([p,q])) = d(p.q); here 43 ([p, q]) denotes the segment in o},
with endpoints p and q.

If, instead, j; < j2, then

Jj2—1

EX (’yg,z([pa Q])) = d(p, a‘j1+1) + Z d(ajv aj+1) + d(ajzv(I)
Jj=i+1

<2(—j1—1)+4
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we have used (5.2) in the last inequality, and we agree that the second summand on the
first line above vanishes if jo < j; + 1. The triangle inequality implies that

d(pv Q) > d(q’ 0) - d(p’ O) > d(an,O) - d(a'j1+170) =J2—J1— 1,

which, combined with (5.7), yields

tx (2. (Ip,q])) < 2d(p,q) +4,

as desired.

Next we prove (ii). Observe that if 2’ = 0 and z belongs to ¥,,, then the construction
of T (see Step I) and the definition of ¥,, imply that dr(z,0) = n = d(z, 0), so that (5.6)
trivially holds.

If, instead, 2’ and o are distinct points, consider the geodesic v in X joining o and
z. Since, by (i), 7. is a (2,4)-quasigeodesic joining o and z, Lemma 2.7 ensures that
there exists a positive constant Dj 4 such that 'yg,Z lies in a D 4-neighbourhood of ~.
Therefore there exists a point x in v such that d(2’,z) < Ds 4, so that

|d(z,2") — dr(z,2)| = |d(z,2") + d(2',0) — d(z,0)|
= |d(z',0) — d(0,2) + d(z', z) — d(z, z)|
< 2D 4;

the first equality follows from the fact that, by construction of the tree T, dr(z,z’) =
d(o,z) — d(o,2"), the second from the formula d(o,z) = d(o,z) + d(z,x), which holds
because z lies on 7y, and the inequality from the triangle inequality applied to both the
triangles oxz’ and 2'zz.

This proves (ii).

Observe that (iii) is trivial in the case where z and 2" are vertices of T, for then 2’ lies
on the geodesic in T joining o and z, whence dr,(z, ') = dr(z, ).

Notice that dr,(|z], |2']) = dr(|#], |#']), because |z] and | 2’| are vertices of T lying
on the geodesic in T joining | z| and o. Furthermore dr,(z, |z]) < 1 and dr,(|2'],2") <1,
because z lies on the edge in Iy joining |z] and one of its neighbours in T', and similarly
for 2’. Therefore

dr(lz), [2']) = dr(L2], [2]) < dry(|2], 2) + dry(2,2') + dr (2, [2]),

as required.
Finally we prove (iv). By combining (iii) and (ii), we see that

dry(z,2") > dr(|z], [2']) =2 >d(|z], |z"]) — 4D24 — 2. (5.8)

Now, the point z lies on a geodesic in X joining |z| and one of its neighbours. Such
geodesics in X have length at most 0, so that d(z, |z]) < 6. Similarly d(|2'],2") < 0.
These estimates and the triangle inequality imply that
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d(|z],|z]") = d(z,2") —d(z, |z]) — d(|#'],2") > d(z,2") — 26.

Now, (iv) follows directly from this and (5.8).
Step IIl5. The following lower estimate holds:

dFo(l'vy) Zd(mvy)_n V%?/GFm
where

n:i= 208" 4+ 26" + 40 + 2 + max (8 Dy 4 + 2, 6D9)\795).

Consider the geodesic triangle oxy in I'g with sides 72’1,, 'yg’y and vg’y. Since, by

Step Il,, 'y is a ¢’-hyperbolic length space, Remark 2.5 implies the existence of a point

p in (Tg, dr,), and points =’ in 4) , and ' in 7, such that
max (dr, (p, 2), dr, (p,y')) <.
Since p is a point on the geodesic 'yg,y,
dr, (z,y) = dr, (z,p) + dr, (p, y)-
Now the triangle inequality, applied to the triangle zz'p, and (5.10) imply that
dr,(z,p) > dr,(z,2") — dr,(z',p) > dp,(x,2") — &'
By combining Step III; (iv) and (5.12) yields
dry(z,p) > d(z,2") — 6" — 4Dy 4 — 20 — 2.
By arguing similarly, we see that
dry(p,y) > d(y,y') — &' — 4Dy 4 — 20 — 2.
Using (5.11) and the last two inequalities, we see that

dFo (l‘, y) > d(ac,x’) + d(yvy/) - 25, - 8D2,4 —40 —4
d(z,y) —d(z',y') —26' —8Dqyy — 40 — 4
> d(x,y) — 200" — 26" — 8 Da 4 — 46 — 4;

\%

the penultimate inequality follows from the triangle inequality
d(z,y) < d(z,2’) +d(2",y') +d(y',y),

and the last inequality from the fact that

(5.10)

(5.11)

(5.12)
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Fig. 3. The figure displays the points o, z, z’, |z], y, ¥, [y], and p. The three geodesics in I'g are represented
using distinct line styles: a dash—dot curve for the geodesic from o to z, a dotted curve for the geodesic
from o to y, and a long—dashed curve for the geodesic from = to y. The geodesic in X joining x to y is
shown with a dash—dot—dot pattern.

d(z',y") < dlz(x',y') < Odr,(2',y") <208,

we have used (5.10) in the last inequality above. (See Fig. 3.)

The proof of (5.9) is complete.

Step Ill3: geodesics in Ty are (9)\, 95) -quasigeodesics in X, where A and 8 are as in
Step II5.

Suppose that = and y are in I'g, and denote by yg,y a geodesic in I'y joining x and y.
Observe that if 724/ is contained in an edge, then for any pair of points u and u’ in 72,y

5% (72,3{([“7 u/])) = df‘ (’LL, u/) = d(ua ul);

here 79 ([u, u']) denotes the segment in v , joining u to u’. Otherwise, denote by u; and
u} the vertices in vg’y at minimum distance in Ty from u and v/, respectively. Clearly

Cx (Vo ([u, '])) = dis(u,ur) + €x (73, ([ua, w1])) + di(uf, o). (5.13)

Note that €x (72, ([u1,u}])) is equal to the sum of the lengths in X of the edges in
79, ([u1, uf]). Since the length of each of these is dominated by 6,

Ux (v ([ur, w1])) < O##{edges in 73, ([ur, ui])} = 0 dp, (ur, ).

Furthermore di(u,u;) < 6dp,(u,u;1) and di(uj,uw') < 0dp,(u),u') by the right hand
inequality in (5.4). Now, these estimates and (5.13) imply that
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gX (Vg,y([ua UID) < 0 [dFO (ua ul) + dFo (ulv ull) + dFo (ulla u/)]
= Odr,(u,u’).

The construction of I' implies that the length in X of any geodesic joining any two
neighbours in T is at least 1. Therefore dr,(u,u") < dg(u,u’), whence

15 (’Yg(c),y([u’ u/])) <40 df‘ (U, ’U;’).

Since, by Step Ils, the identity map is a (A, 8)-rough isometry between (f‘,df) and
(X,d), we can conclude that

Cx (g, ([u,w'])) < OAd(u, ') + 68,

ie., 72’y is a (), 6)-quasigeodesic in X, as desired.
Step 111, : the following upper estimate holds:

dry(z,y) <d(z,y)+n  Vz,y €Ty, (5.14)

where 7 is as in Step IIls.
Preliminarily, observe that

d < dx < 0dp, (5.15)

on I'g. The left hand inequality is trivial, and the right hand inequality follows from
Proposition 2.12 (i) (with 6 in place of As).
Note that if x = gy, then (5.14) holds trivially. If y agrees with o, then

dro(ajvo) < dFo(xﬂ LwJ) +dF0(L1'J,0) <1 +dT(LZJ,O) = 1+d(L$J,0)
Now,
d(lz],0) < d(|x],z) +d(x,0) <0+ d(x,0).
Thus,
dr,(z,0) <1+ 60+ d(x,o0),

and (5.14) holds, because 1+ 6 < 7.

Thus, we can assume that z and y are distinct points both different from o. Denote
by Va,y, Yo,z and v, the edges of the geodesic triangle ory in X, and by ’yg’y, 'yg’m and
734} the edges of the corresponding geodesic triangle oxy in ['g.

Since, by Step Il, the metric graph I'y is a ¢’-hyperbolic length space, Remark 2.5
guarantees the existence of points p, v and w in Wgﬂ, 72@ and 724,, respectively, such
that
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dry(p,v) <& and dp,(p,w) < ¢ (5.16)

Step I3 and Morse Lemma in hyperbolic geometry ensure that v, 79, and 73,
are contained in Dgjy gg-neighbourhoods of v, z, v,y and 7y, respectively. In particular,
there exist points v in v, ,, w’ in v,, and p’ in 7, , such that

max (d(v,v"), d(w,w’"),d(p,p")) < Doxs. (5.17)

As an intermediate step, we derive a few consequences from (5.15), (5.16) and (5.17).
The triangle inequality and (5.17) imply that

d(p',v") < d(p',p) + d(p,v) + d(v,v") < d(p,v) + 2Dgax 65

Moreover d(p,v) < @dr,(p,v) < 0§ by (5.15) and (5.16). By combining the last two
estimates we see that

d(p',v") <06 +2Dgy 0s; (5.18)
A similar argument yields
d(p',w") <606 42Dy g5. (5.19)
Now,

dry(z,y) = dr,(x,p) + dr,(p,y),

because p is a point on the geodesic in I'y joining x and y. We use the triangle inequality
applied to the triangle zpv in I’ and (5.16), and obtain that dr,(z,p) < dr,(z,v) + §'.
A similar argument applied to the triangle ypw in Ty yields dp, (p,y) < dr,(w,y) + d’.
By combining these inequalities, we obtain that

dr,(z,y) < dr,(z,v) + dr,(w,y) + 25" (5.20)
Consider first  and v. Since v belongs to the geodesic ’y(o)x,
dr,(z,v) = dr,(z,0) — dp,(v,0). (5.21)

Now, |v] lies on the geodesic in T'y joining o and v, and |z lies on the geodesic in T'y
joining o and z. Furthermore, = belongs to a geodesic segment joining |z | and one of its
neighbours. Therefore

dFo(v’O) > dFo(LUJ?O) and dFo(LxJ’O) < dFO(IE70) < dFO(LIEJ,O) +1

These inequalities and (5.21) imply that
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dFo(‘T7v) < dl—‘o(\_xjvo) - dFo(L’ULO) +1= dFo(ijv LUJ) +1:
in the equality above we have used the fact that |v] lies on the geodesic joining o and
[z].
A similar inequality holds if we replace x and v with y and w. These observations and
(5.20) imply that
dry (2, y) < dro (2], [v]) +dr([w], y]) + 26" + 2.
Now, observe that
dr, (Lz], [v]) = dry([z], 0) = dry (o, [v]) = d(lz], 0) — d(o, [v]);

the second equality follows from the construction of the tree T (see Step I). Similarly,

dry (Lyl, [w]) = dr,([y], 0) = dry (o, [w]) = d(|y], 0) — d(o, [w]).
Now, the triangle inequality implies that

d([z],0) < d([z],z) + d(z,0) < di(|z], z) + d(z,0) < 0 + d(z,0).
Similarly

d(ly],0) < d(ly],y) +d(y,0) <0 +d(y,0).
For much the same reason we see that
d(o,|v]) = d(o,v) =0 and d(o, |w]) > d(o,w) — 0.

Now, the triangle inequality applied to the triangles ovv’ and oww’ in X, together with
the estimate (5.17), imply that

d(o,v) > d(0,v") — d(v,v") > d(0,v") — Dgx g5
and
d(o,w) > d(o,w") — d(w,w") > d(o,w") — Dgx.g3-
By combining the estimates above, we find that
dry(z,y) < d(z,0) —d(v',0) + d(y,0) — d(w',0) + 40 4+ 2Dgx g5 + 26’ +2.  (5.22)
Observe that d(z,0)—d(v',0) = d(x,v"), because v' belongs to v, ,;, and similarly d(y, 0)—

d(w',0) = d(y,w"). The triangle inequality applied to the triangles p’zv’ and p'yw’ in X
and the fact that d < df < 6@dr, on I'y give
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d(z,v") < d(z,p") +d(p',p) + d(p,v) + d(v, ")
< d(z,p") + 2Dgx 05 + 0 dr, (p,v)
d(xap/) + 2D9>\,9,6’ + 0 5,a

and similarly,
d(y,w') < d(y,p") +2Dgx 5 + 0.

Now, (5.22) and the fact that d(x,y) = d(z,p’)+d(p’, y) (which holds, because p’ belongs
to vz,y) imply that

dr,(z,y) < d(z,p") +d(p',y) + 205" + 460 + 6Dgx,08 + 26" +2
=d(z,y) + 208" + 40 + 6Dgx,08 + 20" + 2,

as required.

Step IV: construction of the spiderweb T and conclusion of the proof. We split up
Step IV into Step IV, where we prove that I' is a quasi-spiderweb, and Step IVs, where
we show that I' can be completed to a spiderweb f, which is still strictly roughly isometric
to X.

Step IVy: (T,dr) is a quasi-spiderweb. Specifically, if x and y are neighbours in T,
and j > Doy + 8+ 0, then p/(x) and p’(y) either coincide or are neighbours in T.

Suppose that x and y are neighbours in I" belonging to X,,, and consider the edges
Ya,ys Voo and 7o, of the geodesic triangle oxy in (X, d). Consider also the geodesics fygyx
and 7, in (Lo, dr,), and for j in {1,...,n — 1}, the predecessors p’ () and p’(y) of x
and y, respectively.

By (5.2), d(p?(z),p’"!(x)) < 2 for every j. We have already proved in Step III; (i)
that 72, and 7, are (2,4)-quasigeodesics in (X,d). By the Morse Lemma in hyper-
bolic geometry (see Lemma 2.7), there exists a constant Dj 4, depending on 4, such
that fyg,x is contained in the D 4-neighbourhood of v, , and 7271} is contained in the Dy 4-
neighbourhood of v, ,. In particular, there exist points v in v, , and w in v, such that

d(pj(x),v) < Dyy4 and d(w,p7(y)) < Day. (5.23)

Since (X,d) is a d-hyperbolic length space, the geodesic 7,, is contained in a J-
neighbourhood of 7, , U 7;,,. In particular, there exists a point z in 7, , U s, such
that d(z,w) < 4.

We claim that if 7 > Dy 4 + 6 + 0, then z belongs to 7, .. It suffices to show that
d(w,Yg,y) > 9. Indeed, if p is in 7, ,, then

d(w,p) > d(w,y) — d(y,p) > d(p’ (v),y) — d(w,p’ (y)) — d(y, p);

the first inequality above follows from the triangle inequality applied to the triangle wpy
and the second from the triangle inequality applied to the triangle p’ (y)wy.
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Now, d(y,p) < 6, because y and p belong to the geodesic v, , and this geodesic has
length at most 6 (for x and y are neighbours in T" belonging to the same level ¥,,),
d(w,p7(y)) < Dy 4 by (5.23), and d(pj(y),y) > j. Hence

d(wap) 2.77 0 - D2,4 > 63

as claimed.

Finally, we shall show that if j > 0+ Dy 4+ 6, then d(p/ (), p?(y)) < 0, whence p? ()
and p?(y) are connected in T

Observe that p/(z) and p’(y) belong to X,_;, hence to S,,_;(0). Furthermore, the
triangle inequality in X, applied first to the triangle op?(y)w, and then to the triangle
ozw in X implies that

n—j—Dsa <dlo,w) <n—j+ Dy,

and
d(w,0) — 3§ < d(o,2) < d(w,0)+ 9,
so that
n—j—Doy—0<d(o,z) <n—j+ Day+0. (5.24)

A similar argument gives that

n—j—Dsg <d(v,0) <n—j+ Doy. (5.25)
Now, since v and z belong to o 4,

d(v,2) = |d(v,0) — d(z,0)| <2Da4 +6;

the inequality above follows by combining (5.24) and (5.25). Finally, notice that, by the
triangle inequality,

d(p’ (z),p’ (y)) < d(p’ (), v) +d(v, z) + d(z,w) + d(w,p’ (y))
< 4Dy 4+ 26
<0;

the last inequality follows from the definition of § (see (5.3)). Therefore the points p?(x)
and p?(y) either coincide or are connected in I, as required.

Step IVy: the spiderweb (ﬁdf) is strictly roughly isometric to (X,d). The graph T
has the same set of vertices as I'. We endow ' the structure of a spiderweb by adding
edges to the quasi-spiderweb I'. We declare that two distinct vertices x and y in I' are
neighbours in T if and only if one of the following holds:
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(i) = and y are neighbours in T’
(ii) « and y are not neighbours in I', they belong to the same level, and there exists
a positive integer 7 and vertices v and w, which are neighbours in I', such that

x=p’(v) and y = p’ (w).

Thus, we are adding edges to I' in order to get ﬁ but, loosely speaking, not too many, for
T is already a quasi-spiderweb (see Step IV;). Therefore there exists a positive integer
m such that if v and w are neighbours in I and belong to the same level, X,, say, then
for all j in {m,...,n} either the vertices p/(v) and p’(w) are neighbours in T" or they
coincide.

We endow T with the graph distance dp and set K := [Dyy4 + 6 + 0 4 1]. We claim
that

dp(z,y) < dr(z,y) < dp(z,y) +2K.  Vo,yel. (5.26)

The left hand inequality above is trivial. We prove the right hand inequality. Suppose
that 2 and y are in I'. By Proposition 3.2 (i), there exists a standard geodesic 5 in T
connecting = to y. We shall define a path 7 in I such that

lr(y) < lp(7) + 2K,

which clearly implies (5.26).

Denote by [z, ], [Z,3], and [§,y] the ascending, the horizontal and the descending
parts of 74, respectively. Observe that Z and y belong to the same level, ¥, say, so that
the distance of both from o is equal to n in I' and in T.

If n < K, then define v to be the union of the ascending geodesic [z,0] and the
descending geodesic [o, y].

If, instead, n > K, then define v as the union of the ascending geodesic [z, p™ (Z)], the
horizontal path 7k, defined as the projection on ¥z —k of [#,y] and the descending
geodesic [p* (1), y].

Observe that, by definition of T (see Step IVy), if two neighbours w and v in T belong
to the same level, then p®(u) and p® (v) either coincide, or are neighbours in T'. This
implies that v is a path in I' connecting x to y. We conclude that

dr(z,y) < lo(y) <6GO) +2K = dp(z,y) + 2K,

as claimed.

By Step III, (T'y,dr,) and (X, d) are strictly roughly isometric. It is straightforward
to check that (I'g,dr,) and (T',dr) are strictly roughly isometric. Furthermore (5.26)
implies that (T, dr) and (f, dg) are strictly roughly isometric. Since rough isometry is a
transitive relation, we can conclude that (f, dp) and (X, d) are strictly roughly isometric,
as required. O
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Remark 5.2. Observe that the lower estimate in Step III; (ii) holds for any pair of points
z and 2’ in T. Indeed, denote by z A 2’ the confluent of z and 2’ in T with respect to the
root o, i.e., the last point in common between the geodesics in T joining o to z and z’.
Clearly

dr(z,2') =dr(z,2 N 2') +dr (2,2 N 2).

Now, the point z A 2’ belongs to both the tree geodesics joining o with z and o with 2’.
Therefore, by case (ii), applied twice, we see that

dr(z,2N2") > d(z,2N2")—2Dsy and dr(2,2AN2')>d(z,2N2")—2Dgy.
By combining the formulae above, we see that
dr(z,2") > d(z,2") — 4 Dy 4,
as required.
6. The main result and its consequences

In this section we prove Theorem 1.1 and some of its consequences. We start with a well
known result concerning . (see (1.1) for its definition). For the sake of completeness,
we include a simple proof thereof.

Proposition 6.1. Suppose that (X, d, p) is a locally doubling metric measure space. Then
the operator My is of weak type (1,1) and bounded on LP(X) for all p in (1, 0].

Proof. The operator .#j is trivially bounded on L>°(X). We prove the weak type (1,1)
estimate: the boundedness of .#, on LP(X) for p in (1,00) will follow from this by
interpolation.

Consider a 1-discretisation ® of X. Then every point in X is covered by a ball By(z)

for some z in ®. Set ¢ := Z 15,(z)- Observe that
z€ED

1 <4 < Ligqy9;

see, for instance, [21, Lemma 1 (i)]. The constant L, , is defined in Remark 2.1.
Suppose that f is in L'(X). For every z in @, set f, := f1B,(z)/%. Observe that

f= Z f-. By the sublinearity of .#; we have that
z€D

Mo f < Z Ao f- (6.1)

zED
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Observe that the support of .4y f, is contained in B4(z). Thus, given a point z, the
function .4 f. (possibly) does not vanish at x only if d(z, z) < 4, i.e., only if z belongs
to Ba(z). Now

Lio1/2
ﬂ DN B4 X S —
( (2)) Lis
(see, for instance, [21, Lemma 1 (ii)]), where L, is the constant appearing in (2.1)).
Denote by IV the constant on the right hand of the inequality above. Then for each point
x there are at most N summands of the series in (6.1) (possibly) nonvanishing at .
Consequently, for each positive number A the following containment holds:

{of >N} C | {Aof.> NN} (6.2)

zZ€ED

We shall prove that there exists a constant C, independent of z, such that

LS
{of. > o} < S, Yo>0. (6.3)
This will imply that
L3N L3N
tor > 2y < BV S i), = B
z€D

as required.
Thus, it remains to prove (6.3). Denote by E, the level set {.#f. > o}. If z belongs
to E,, then there exists a ball B,, centred at x and of radius at most 1, such that

1
|BL|S_J ‘fz|d,u
g B,

The collection of balls # := {B, : ¢ € E,} covers E,. Now, we can argue verbatim as
in the proof of [27, Lemma, p, 9] and select from .# a (possibly finite) sequence {B;} of
mutually disjoint balls such that {5B;} covers E,. Therefore

Ls,

L
B < 2 58,1 < Lo 3 1B < 22 | [l de< 22 £,
J J J

as required. O

We prove our main result, Theorem 1.1, which we state in a more detailed form for

the reader’s convenience.
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Theorem. Suppose that 1 < a < b < a® and that § is a nonnegative number. Assume that
(X,d) is a §-hyperbolic complete length space and p is a locally doubling Borel measure
on X such that (1.3) holds. Then the centred HL mazimal operator . is bounded on
LP(X) for all p > o, and it is of weak type (o, 0).

Proof. By Proposition 6.1, .# is of weak type (1,1) and bounded on LP(X) for all p in
(1, 00]. Thus, it suffices to prove that .#,, has the required mapping properties.
Since X belongs to the class %a‘s)b, Theorem 5.1 implies that X is strictly roughly

isometric to a spiderweb [ in the class Y%, endowed with its graph distance. More

a,b?
precisely, the proof of Theorem 5.1 shows that the set of vertices of I is a discrete subset
of X, and that the identity operator + : I' — X is a strict S-rough isometric embedding

of (f,df) into (X, d), i.e.,

da(z,y) — B < d(z,y) <dp(z,y) + 8  Vr,yel.

~

Now, by Theorem 4.1, the operator .#, is of weak type (o, 0) and bounded on LP(T")
for all p in (g, 00].

It remains to prove that the operator .#,, on X inherits the abovementioned mapping
properties of the operator .#,, on T

Recall that ¢ := {By(z) : z € T'} is a covering of X (see (5.1)). For each point z in X

denote by T, the set of all z in T such that 2 belongs to B (x), and set w := sup ﬂ(fz)
zeX
We call w the overlapping number of the covering €.

We claim that w is finite. Indeed, observe that d(z,x) < 2 for every z in fz Since the
vertices of T consitute a 2-discretisation of X, the balls in {By(z) : # € I'} are mutually
disjoint and the balls in {B;(z) : # € I'.} are contained in Bs(z). This and the upper
estimate in (1.3) imply that

ﬁ(fz) inf {p(Bi(z)) 1z € fz} <sup {u(Bs(2)) 1z € X} <Cb.
Now, the LDP and the lower estimate in (1.3) imply that
ca< u(Bl(a:)).

Altogether, we see that

and the claim follows.
For each nonnegative measurable function f on X, consider the function 7f on I,
defined by the formula
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For each z in X, denote by x, a point in [ at minimum distance in X from z; in
particular, d(z,x,) < 2. There are at most w such points, so that the choice of x, is
somewhat arbitrary. However, this will have no consequences in what follows. For each
T in f, denote by €2, the set of all z in X such that x, = x. Clearly €, is contained in
By (x), and

X:U Q.

wef

Simple geometric considerations show that for each z in X and for every R > 1 the
following containment holds

Br(z)C  |J  Ba(#) C Brya(2) € Bris(zs),

a:Ef‘ﬂBR+2(z)
so that
1paz) < Z 1p,(2) SwWlpg ¢(z.)-
J;Ef‘ﬁBR+2(z)
Consequently

fdu< | £1me
JBR(z) Z X B

z€TNBpry2(z)

= >  f)

QfefﬁBR+2(Z)

> mf)

IEfﬁBR+4(Iz)

IN

Since the identity is a strict S-rough isometry between (f, ds) and (X, d),
df(xa ‘Tz) < d(xa ‘Tz) + 6,

so that T'N Bri4(z,) C B£+4+ﬁ(xz). Thus, we have proved that

JBR(Z) fdu< JB mf dug, (6.4)

11;,+5+4(517z)

where pp denotes the counting measure on the vertices of T. Now observe that
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K (BIF%+B+4($Z)) < Z p(Bi(x))

- ca
z€BL 5 14(22) (6.5)

<wl(ca)™t M(BR+2,B+5(332))
< w0 (ca)™  u(Br(2)),

where in the last line we have used the following easy observation:

Brisgss(w:) C Briopir(2) € | Bagin(a),
z€l'NBR(2)

that implies

W(Brigss(x:) < Y p(Baprnn(a))

z€l'NBR(2)
<OV pa({x € rn Br(2)})
< Cp p(Br(x)),

as desired. By combining (6.4) and (6.5), we find that to each z in X, we can associate
a point =, in ' such that d(z,z,) < 2 and

Mo [(2) < Cp Moo(nf)(22).
For each a > 0 set
f(a) ={z € T': there exists z € E 4. f(a) such that z, = z}.

Observe that

Eu.fla U (Bawr(@n®) € |J  (Basl@)n Ba(x)),
zel (o zel(a)
so that
w(Eaer(@) < Y p(Bs(@) < OV -4(T(a)). (6.6)
xef‘(a)

Now, if 2 belongs to f(a), then Cg Moo (nf)(x) > o, ie., z belongs to E 4_ (= f)(a/Cp),
whence

H(T() < 15 (Bt (n ) (@/Ci3)).
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Therefore the following inequality between the distribution functions of .Z..f and

Moo(mf) holds

WEa5()) <CV - pz(E g np(a/Cs)) Vo >0.

~

Now, observe that if f is in L2(X), then «f is in L2(T"). Indeed,

il =2 (], 7o)

zel
< Zu(Bz(x))g/g JX 8 1py ) dp (6.7
zel

< (O w [l 7ax)

the first inequality follows from Holder’s inequality (with exponents ¢ and ¢'), and the
second from condition (1.3) and the fact that w is the overlapping number of the cover
€.

Now, A is of weak type (g, 0) on T by assumption. This, together with the estimates
(6.6) and (6.7), implies that

#(Ba (@) < Ca (CV¥)H/E 2 g2, o

i.e., M is of weak type (g, 0) on X, as required.
This concludes the proof of the theorem. O

Remark 6.2. Observe that when a = b in the assumptions of the above theorem, .# is of
weak type (1,1). This case includes all symmetric spaces of noncompact type of rank 1.

Corollary 6.3. Suppose that A and B are positive numbers such that A < B < 2A, and M
is a Cartan—Hadamard Riemannian manifold with pinched curvature sectional curvature,
i.e., —B? < K < —A%. Then .4 is of weak type (B/A, B/A) and it is bounded on LP(M)
for allp > B/A.

Proof. It is well known that M is a é-hyperbolic space. By comparison results [25,
Corollary 3.2 (ii)],

e(n—DAr ’BT($)| < e(n=1)Br Vee M Vr>1.

Thus, if we set a := e 14 and @ := ¢~ YE then the condition B < 24 transforms to
b < a2, so that M belongs to the class %a‘fb. Therefore, by Theorem 1.1, .# is of weak
type (o, 0) and it is bounded on L?(M) for all p in (g, 00]. Observe that

_logb B

log, b= = —.
8a loga A



44 N. Chalmoukis et al. / Journal of Functional Analysis 291 (2026) 111553

Hence .# has the required mapping properties. O
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