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ABSTRACT

We numerically investigate the behavior of a Josephson traveling-wave parametric amplifier assuming a current-phase relation with a
second-harmonic contribution. We find that varying the weight of harmonic terms in the Josephson current affects the gain profile. The
analysis of gain characteristics, phase-space portraits, Poincaré sections, and Fourier spectra demonstrates that the nonsinusoidal contribu-
tion influences the operating mode and stability of the device. In particular, we identify the optimal weighting of harmonic contributions
that maximizes amplification, achieving gains up to ~13 dB in a device without dispersion engineering.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://

creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0262555

Boosting weak microwave signals is essential in many application
fields, like reading superconducting qubits, quantum devices, and
radio astronomy.' * Optimal low-noise microwave amplifiers get close
to the quantum noise limit by working at very low temperatures and
using parametric pumping in circuits with Josephson junctions (JJs) or
superconducting elements with high kinetic inductance.’

Superconducting amplifiers based on nonlinear resonators usu-
ally have reasonable gain and quantum-limited noise, but feature a
limited bandwidth of a few hundred MHz. Alternatively, the so-called
traveling-wave parametric amplifiers (TWPAs) can achieve much
wider bandwidths, up to several GHz.” " This aspect is especially use-
ful for reading multiple qubits and detection applications.” The effi-
cient use of quantum hardware through frequency multiplexing is a
crucial factor for the scalability of quantum processors. However,

superconducting TWPAs have also drawbacks, such as gain ripples,
generation of unwanted tones, and comparatively lower gain. These
challenges need to be addressed by proper design of the distributed
amplifiers and control of the intrinsic nonlinearities.

Superconducting TWPAs are currently realized using the high
nonlinear kinetic inductance found in superconductors’ ' or in the
JJs embedded in the transmission line. In the latter case, they are called
Josephson TWPAs (JTWPAs).”'"'¥ One of the primary goals in
designing a JTWPA is determining strategies that maximize signal
amplification, while keeping a good control of the system bandwidth
and of spurious tone generation. The amplifier’s gain can be optimized
through dispersion engineering, e.g., by resonant phase matching strat-
egies'” *' involving periodically embedded LC resonators capacitively
coupled to the transmission line: the resonators adapt the dispersion
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relation so that the total phase mismatch along the transmission line
remains small over a wide bandwidth. Other dispersion-engineering
strategies to maximize the achievable gain and the robustness of the
device response can be also implemented.”” > The basic element of a
JTWPA, i.e., the Josephson junction, determines the device perfor-
mance. Usually, a JJ is assumed to follow a sinusoidal current-phase
relation (CPR). However, this is not always the case, as higher har-
monics are often observed in the CPR of unconventional JJs.”**’ For
instance, in nanobridge-based junctions, deviations from a sinusoidal
CPR at high temperatures to a sawtooth-like or even multivalued form
at lower temperatures arise due to phase slippage effects in the weak
link.” In this work, we precisely focus on the gain profiles in the spe-
cific case of a CPR with a second-harmonic contribution.

To do so, we numerically investigate the behavior of a
JTWPA’"** with the realistic system parameter setting from the
design developed within the DARTWARS INEN collaboration.””*
In particular, we consider a discrete transmission line formed by 990
cells, each formed by a capacitor C,,, = 24 fF to ground and an rf-
SQUID in series along the signal path, see Fig. 1(a). Each rf~SQUID
consists of one JJ in parallel with an inductor Ly, = 120 pH. At the
input of the transmission line is connected a voltage source, having a
standard internal impedance, R; = 50, and generating pump and
signal voltages, Vpump and Vg, respectively. The end of the transmis-
sion line is connected, through a series capacitance, C; = 1 nF, for DC
decoupling, a standard load impedance R, = 50 Q, across which the
voltage drop, Viu, is measured. Setting of boundary conditions is
highly relevant when studying Josephson transmission lines, for load-
matched boundary conditions can significantly impact the dynamics
and even suppress chaos.'”*" The current through the JJ of the nth cell
is expressed by the well-known resistively and capacitively shunted

junction (RCSJ) model** ™ as
hdop 1 hdop
[a=C——ttqp — 200 (), 1
) C/2e drr  Rj2e dt +1(on) )

where we assume C; = 200fF and R; = 20 kQ. We deal with the
numerical solution of the system of coupled differential equations, one
for each cell of the JTWPA, with appropriate boundary conditions,
through an implicit finite-difference method based on a tridiagonal algo-
rithm, i.e, a common route for numerically studying Josephson trans-
mission lines."* ** The time step and the integration period, in units of

pubs.aip.org/aip/apl

the Josephson plasma frequency,” are At = 1072 and g = 2 x 104,
respectively. Numerical details can be found in Ref. 54.

We are interested in exploring the JTWPA performance in the
case of a CPR with a second-harmonic contribution, i.e.,

I(@) = Je, sin(@) + J, sin(2¢). )

This type of CPR has been shown to accurately describe superconduct-
ing junctions with ferromagnetic barriers,”” " as well as JJs based on
semiconductors,”” > graphene,”* or unconventional superconduc-
tors.””’® Higher-order contributions, typically overlooked in conven-
tional tunnel JJs, have recently been demonstrated to affect also the
excited-state spectrum of Al- and AlO-based Josephson qubits.””
Finally, a recent proposal suggests that also altermagnets could provide
an alternative route for CPR engineering.”®
The Josephson energy associated with the CPR in Eq. (2) reads

U(p) = =, cos(p) — J., cos(2¢) /2. 3)

The phase, @, of the ground state (GS) is determined by minimizing
U(¢), which requires solving the equation

ou

— =sin(Q)|/J;, + 2J., cos(p)| =0, (4)
dol,. . @] (@)]
so that the values of ¢ are given by
1
sin(@) =0 or cos(p)=——. (5)
28

Here, g = J., /], is the ratio of the weights of the harmonic contribu-
tions. Therefore, there are also non-trivial GSs, ie., ¢ =0, 7, or
@ € (0 — 7). In detail, when |g| < 1/2, the GS can be only ¢ = 0, if
Jo, > 0,0r ¢ = m,ifJ,, < 0.Instead, if [|g| > 1/2, the system has non-
trivial GSs, ¢ = *arccos(1/2g),ifJ., < 0.

Figure 1(b)"" shows the GS map, (], J.,). In the following, we
explore the JTWPA response along the vertical, yellow dashed line in
this plot, i.e, for J, =1 and J, € [—1, 1]. The region for J,, > 0 and
lg| > 1/2 is highlighted since it corresponds to U(¢) profiles with an
additional secondary minimum in ¢ = 0 or " Figures 1(c) and 1(d)
present, respectively, the CPR and the Josephson energy at
(Jey»Je,) = (1,—0.6), ie., the point marked by a yellow diamond in
the GS map in Fig. 1(a). It is evident that the minimum energy is
slightly off-center with respect to ¢ = 0.

A ®
~
o
N
=

-0.5f 7, =1

-2r - 0 bd 2

0 ®

FIG. 1. (a) nth cell of the JTWPA. (b) GS map, @ (Jc,, J, ). (¢) CPR, I(¢), and (d) Josephson energy, U(¢), at J;, = 1 and J,, = —0.6.
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FIG. 2. (a) FT of Vou at Poump = —63.5dBm. (b) Gain vs Pyump. (c) Fourier map. (d) Phase portrait, V vs Vou, at Poump = —63.5dBm. (e) Poincaré section, (Vig), vs
Poump- The other parameters are vpymp = 7 GHz, vgign = 6 GHz, Py = —100dBm, and kas = 0. In (a), the red (orange) dashed vertical line marks vpump (Vsign), the cyan
(blue) dot-dashed vertical line indicates the 4WM (3WM) viqe, and the magenta horizontal line indicates the input signal level. In (d), the region in yellow highlights the distribu-

tion of V

The physical meaning of negative ], and J., is intertwined with
the mechanisms governing supercurrent transport. A negative J, typi-
cally indicates a 7t-junction,” commonly found in systems such as
superconductor—ferromagnet-superconductor (SFS) junctions, where
the exchange interaction in the ferromagnetic layer induces oscillations
in the superconducting wavefunction.””*' In unconventional super-
conductors, such as d-wave materials, a similar effect, depending on
the junction’s orientation relative to the superconducting gap symme-
try, occurs. In high-T. cuprates, grain-boundary JJs exhibit this phe-
nomenon, leading to spontaneous half-flux quantum states in
superconducting loops.””* A negative Jc, suggests a more intricate
interplay of transport channels and becomes particularly relevant
when J, is suppressed, such as near the 0-7 transition in SFS junc-
tions.”* Ferromagnetic junctions thus provide a direct way to intrinsi-
cally “control” g by adjusting ferromagnetic layer properties.””> A
recently introduced family of logics exploits JJs with a dominant
second-harmonic component in their CPR.*>* In the original pro-
posal, phase logic circuits were based on bistable junctions with
I(¢) o sin(2¢), offering a promising route for high-density super-
conducting circuits. Notably, a 0-0-7 SQUID, i.e., the building block
of the so-called half-flux-quantum logic, is effectively equivalent to a
single junction with a CPR containing a negative second-harmonic
term, I(¢) o< —sin(2¢).*>"

The maximum supercurrent, ie., the critical current,
I. = max, {I(¢) }, depends on g. In units of ], , Eq. (2) reads

7(@,g) = sin(@) + gsin(2¢), (6)

with maxima, y. (g), given by™®

(\/1 + 32g2i3)%(\/1 + 32g211)%. (7)

It turns out that 7, (g) > 7_(g) (in particular, Ay =y, —y_ = /2),
with the secondary maximum, y_(g), appearing only if |g| > 1/2.

Therefore, the critical current is I. = J;, 7., so that the Josephson cur-
rent can be recast as I(@) = I. X i(¢, g). Here, we stress the role of

1

Y+ =
(&) 32|

collected to construct the plot in (e). In (b), (c), and (e), a vertical, cyan line indicates the value Ppymp, = —63.5dBm set in (a) and (d). Multimedia available online.

the normalized current i(¢p,g) = y(¢,2)/y.(g) € [-1,+1], which
embodies the ¢-dependence. Indeed, we aim to scan the J., values
along the path marked by the yellow line in Fig. 1(a), ie,atJ, =1 so
that J., = g.** However, modifying g also changes the critical current,
which may significantly influence the performance of the JTWPA (for
example, changing I, affects both the Josephson plasma frequency and
the Josephson inductance, e.g., eventually leading to an unwanted load
mismatch). Instead, we want to show how the shape of the CPR, rather
than the critical current itself, can lead to a non-trivial response in the
JTWPA. Therefore, in what follows, we fix I. = 2 ttA, a value consis-
tent with the device specifications reported in Ref. 8, and we investi-
gate how the parameter g affects the JTWPA performance assuming
different normalized CPRs i(¢, ).

We first look at the Fourier transform of the output signal, from
which we extract the gain in dB, defined as Gain = 201og [Vou(Vsign)/
Viign]- Figure 2 shows the results for J, =1 and J, = —0.6
(Multimedia view). We will demonstrate in the following that this
value of J, maximizes the gain with stable conditions. We consider
the effects produced by the change in pump intensity, Ppymp, taking
the other driving parameters fixed, that is, Vpump = 7 GHz,
Vign = 6 GHz, Pggy = —100dBm, and I, = 0. In Figs. 2(b), 2(c),
and 2(e), a vertical, cyan line indicates the value Ppymp = —63.5dBm
set in (a) and (d).

In Fig. 2(a), we show the Fourier transform (FT) of Vo at
Ppump = —63.5 dBm; the red (orange) dashed vertical line marks the
pump (signal) frequency, while the cyan dot-dashed line indicates the
idle tone at frequency Viqe = 2Vpump — Vsign = 8 GHz in the so-called
four-wave mixing (4WM) regime. Interestingly, even the three-wave
mixing (3WM) mode at Vigle = Vpump — Vsign = 1 GHz emerges
clearly (see the blue dot-dashed vertical line), despite the absence of
bias current and magnetic field. The horizontal magenta dashed line
marks the input signal level: the amplification affecting the signal tone
is quite evident. Thus, we compute the signal gain by ranging the
pump intensity in Ppump € [—80, —45] dBm, see Fig. 2(b). We can
identify three distinct regimes: (i) for Ppump= — 62.5dBm, the gain
increases (non-monotonically), reaching values above ~13 dB, then
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FIG. 3. (a) Gain and (b) Vpg—standard
deviation, oy, as a function of J,
€ [—1,1] and Pymp € [—70, —45] dBm.
The other parameters are: vpump = 7 GHz,
Vsign = 6GHz, Pggy = —100dBm, and
lias = 0. The white horizontal dashed line
marks the value J,, = —0.6 used for
Fig. 2.

Ppump [dBm]

(i) for Ppump € (—62.5,—59.5) dBm, the gain smoothly rises again,
and (iii) for Ppymp = —59.5dBm, the gain profile becomes highly
scattered, indicating the onset of a chaotic response.”* This distinction
is particularly clear when looking at Fourier map in Fig. 2(c), i.e., the
frequency components in the output signal, with peaks corresponding
to the dominant frequencies. At low pump powers, the spectrum is rel-
atively sparse, although several harmonics can be observed. As Ppump
increases, additional spectral components appear, and the harmonic
peaks become more pronounced, indicating non-linear effects such as
harmonic generation. For Ppymp = —59.5dBm, the spectrum broad-
ens significantly, implying a higher noise level and a transition toward
chaotic behavior in the system’s dynamics.”*

Figure 2(d) shows the phase-space portrait, V! vs Vo, at
Ppump = —63.5dBm. It is characterized by a relatively broad trajec-
tory, an aspect tightly intertwined with the FT response, which dis-
plays multiple peaks. From this plot, we can construct the Poincaré
section by collecting, for each parameter combination, all values of
V.. when Vo, =0, ie, the trajectory crossings within the region
highlighted in yellow in Fig. 2(d). In this way, for each pump intensity,
we obtain a “distribution” of V  values, represented as points in the
Poincaré section. When these points form tightly concentrated clus-
ters, this may indicate the presence of narrow and stable periodic
orbits in the phase portrait. Conversely, when the points are widely
dispersed, it suggests transitions to chaotic behavior, which is reflected
in a tangled, intricate structure within the phase portrait. From each
distribution at a given Ppynp, we extract the mean and the standard
deviation, which are then used to construct the plot in Fig. 2(e), show-
ing (Vps) as a function of Ppyyp. The error bars represent the
V{,S—standard deviation, oV, Once again, the distinct regimes, each
exhibiting markedly different responses, are clearly visible.

To complement and enrich the study of the JTWPA’s perfor-
mance, the multimedia file available online presents a collection of
results, similar to those in Fig. 2. This figure is essentially a still frame
at J, = —0.6 from the animation, which is instead obtained by sweep-
ing J,, € [-1,1] with steps of AJ, = 0.05, ie., along the yellow
dashed line in Fig. 1(a).

To better understand the amplification mechanism as J,
changes, Fig. 3 shows (a) the gain and (b) the Vjq— standard devia-
tion, oy, , as a function of J;, € [~1,1] and Ppump € [—70, —45] dBm.
Spec1ﬁca]ly, in Fig. 3(a), we show the Gain(Pyymp,J.,) map: a red
region marks parameter combinations that lead to a chaotic response.
The value of J., has a significant impact on both the maximum

achievable gain and the range of Py, values within which the system
exhibits a non-chaotic behavior. In fact, for J, > 0, the gain shows lit-
tle variation as J, changes. In contrast, a markedly different response
emerges for J., < 0. First, we observe that the largest range of stable
Ppump values occurs for J., ~ —0.15. Then, as ], decreases further, the
gain reaches higher values, in particular close to /., = —0.6 (the hori-
zontal, white dashed line), but the system becomes more prone to cha-
otic oscillations, as highlighted by the jagged transition between stable
and unstable regions. This instability manifests as a narrower range of
Pyump values that allow for a stable response as J., decreases. The sys-
tem’s sensitivity to changes in J, is clearly visible in this region of the
(Ppump, Jc, )-parameter space, revealing the delicate balance between
high gain and stability, especially with a non-trivial GS. This threshold
value emerges also by expanding 7(¢,g) for small ¢, yielding
7(p,8) ~ (14+2¢)p — (1+8g)p> . Atg=—1/2and g = —1/8, the
coefficients of the first- and third-order terms change sign, respec-
tively. It is therefore reasonable to expect that these points mark sharp
transitions in the device’s behavior.

Alongside the gain map, we also present a density plot to visual-
ize how the clusters of Poincaré section points are distributed.
Specifically, for each (Ppump, /e, ), we calculate the standard deviation
of the Vjq distribution, denoted as v, see Fig. 3 (b). A stable response
corresponds to a very small value of o*V/ (ie., , oy, < 0.01, % the yel-
low area), while a transition to chaos is "marked by a sudden increase
inoy (e, oy, = 0.01, the green-blue shaded area). The onset of the
different reglmes as J;, changes is also clearly visible in this oy, map.

In summary, we have numerically studied the behavior of a
JTWPA formed by junctions with a CPR that includes a second-
harmonic contribution. The results show that, by adjusting the balance
between the weights of the CPR harmonic components, it is possible to
achieve a significant amplification, with gains up to ~ 13 dB, even in
the absence of dispersion engineering. Additionally, we have observed
how nonsinusoidal contributions in the CPR can lead to a transition
from stable, periodic behavior to chaotic dynamics, particularly for
Je, < 0. These findings highlight the potential for optimizing JTWPA
performance through the careful tuning of the harmonic components,
offering an additional avenue for improving amplifier designs.
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