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1. Introduction and motivation

The study of quantization commutes with reduction in various geometric settings 
plays an important role in analysis, geometry, and mathematical physics. The famous 
geometric quantization conjecture of Guillemin and Sternberg [8] states that for a com
pact prequantizable symplectic manifold admitting a Hamiltonian action of a compact 
connected Lie group, the principle of ``quantization commutes with reduction'' holds.

This conjecture was first proved independently by Meinrenken [28] and Vergne [34] 
in the case where the Lie group is abelian, and later by Meinrenken [29] in the general 
case. Tian and Zhang [33] subsequently provided a purely analytic proof, with various 
generalizations. In the case of a non-compact symplectic manifold M with a compact 
connected Lie group action G, the conjecture was resolved by the foundational work 
of Ma and Zhang [26], as a solution to a conjecture posed by Vergne in her ICM 2006 
plenary lecture [35]; see also [24] for a survey. In [9] the first author studied this principle 
in the pseudo-Kähler setting.

While most results in geometric quantization concern the symplectic case, the sit
uation is different when the underlying manifold is contact or CR: the literature is 
significantly more limited. Nevertheless, the study of quantization on CR, contact, and 
Sasakian manifolds is deeply connected to several central problems in both CR and con
tact geometry (see, e.g., [17], [22], [7]). Theorem 1.4 in this paper can be regarded as a 
first step toward a geometric quantization theory for CR line bundles L, in analogy with 
the Kostant–Souriau framework.

More specifically, when some of our main results are specialized to the case where X
is a circle bundle, they recover known results in the literature. We refer to Section 1.2
for a comparison. In fact, in certain geometric situations, CR manifolds reduce to the 
setting of circle bundles; see, for instance, [31, Theorems 1.11 and 5.1].

A key aspect of our analysis is the presence of an R-action on X, which lifts naturally 
to the CR line bundle L. This lifting property plays a crucial role in the construction of 
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the quantization space. The reason this lift exists is that the given R-action on X arises 
from a torus action. To clarify this point, let us recall a result from [14, Corollary 3.8]: 
let X be a connected, strongly pseudoconvex CR manifold equipped with a transversal 
CR R-action. Then the R-action is induced by a CR torus action if and only if at least 
one of the following conditions holds: (a) there exists an orbit which is not closed; (b) 
there exists a compact orbit. In particular, if X is compact, then (b) is automatically 
satisfied, and hence the R-action must arise from a CR torus action. Therefore, in our 
setting—since X is compact and the R-action is CR and transversal—the action is indeed 
induced by a CR torus action on X. A key consequence for our purposes is [14, Theorem 
3.12] (see also Theorem 2.1 below), which ensures that the R-action on X can be lifted 
to the CR line bundle L.

This structure plays an important role when comparing our setting with that of [22], 
where the authors study CR geometric quantization. However, their framework does 
not assume the existence of a CR line bundle. Our work generalizes their perspective 
by incorporating the line bundle structure. Furthermore, the main results of this article 
intersect with the classical geometric quantization conjecture in the orbifold setting when 
the S1-action is locally free. We refer again to Section 1.2 for a comparison, and to [10] 
for a treatment of quantization in the orbifold context.

Let us now provide a more precise discussion and offer an additional motivation. Let 
(X,T 1,0X) be a compact CR manifold equipped with a Reeb one-form ω0. Assume that 
X admits a CR action of a compact Lie group G, and that the action of G preserves 
ω0. The form ω0 induces a CR moment map μ. Under the assumptions that 0 is a 
regular value of μ, and that X is strongly pseudoconvex near μ−1(0), it was shown in 
[22] that—up to some finite-dimensional subspaces of L2 G-invariant CR functions and 
L2 CR functions on the reduced space—quantization commutes with reduction. In [22], 
the regularity of 0 as a value of μ is a standing assumption.

This raises a natural question: if 0 is not a regular value of μ, can one still perform 
geometric quantization?

In this paper, we introduce the concept of a mixed moment map μ̂t. We always assume 
that 0, in the Lie algebra of the group, is a regular value for μ̂t. This allows us to treat 
cases in which 0 is not a regular value of the standard CR moment map μ. A special 
but important case occurs when the G-action is horizontal on X; in that case, 0 is not a 
regular value of μ but it is a regular valued of the mixed moment map μ̂t. Consider, for 
example, the product X̂ := M ×X, where M is a complex manifold. The Reeb one-form 
on X lifts to a Reeb one-form on X̂. If G acts only on M , then it is horizontal on X̂. We 
observe that if M admits a positive line bundle, one can study geometric quantization 
by using the curvature of the line bundle and the Reeb one-form on X. Therefore, even 
when 0 is not a regular value of the moment map induced by the one-form on X, it 
is still possible to study geometric quantization by using the curvature of the CR line 
bundle and the Reeb one-form on the base manifold X.

It is also worth mentioning that several technical objects used in the proof were pre
viously introduced in earlier works. More specifically, the operator σk appearing in the 
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proof of Theorem 1.4 is quite similar in spirit to [25, Equation (4.108)]. As kindly pointed 
out by a referee, the following observation sheds light on connections between our con
struction and previous works in the context of holomorphic extension as developed in 
[3], [4], [5], and [6]. In particular, the operator σk appearing in the proof of Theorem 1.4
shares structural similarities with the family of operators AX|Y

p studied by S. Finski in 
[6, Section 4.2]. These operators, introduced in the context of the Ohsawa–Takegoshi ex
tension problem, quantify the defect between the optimal extension and its factorization 
through an intermediate submanifold; see, for instance, equations (4.27) and (4.29), and 
Theorem 5.1 in [6], as well as Theorems 4.1 and 5.7, and equation (5.40) in [5] (see also 
the discussion after Theorem 1.4).

Although our setting is different since in our case the submanifold Y corresponds 
to the CR moment level set μ̂−1

t (0), which is generally not a complex submanifold, the 
philosophy is similar: we start with a G-invariant CR section on the ambient manifold X, 
restrict it to μ̂−1

t (0), and then consider the induced section on the quotient. The interplay 
between restriction and the group-invariant Szegő projector resembles the composition 
of extension and restriction operators in the holomorphic context. In particular, our 
analysis of the asymptotics of σk captures, in a different geometric framework, effects 
analogous to those described by AX|Y

p .
We believe that further investigation of this analogy, especially in the direction of 

understanding the quantization–reduction process through the lens of optimal L2 exten
sion, may provide valuable insight into both CR and complex geometric quantization, 
especially in the setting of manifolds of bounded geometry.

All of the considerations in the previous paragraphs serve as the starting point of our 
project. In this work, we consider a compact torsion-free CR manifold with a CR action of 
a compact Lie group G. Let L→ X be a G-equivariant rigid CR line bundle. We define 
the quantization space as the space of G-invariant CR sections of high tensor powers 
of L, onto which a certain weighted G-invariant Fourier–Szegő projector acts. Under 
natural assumptions on the curvature of the CR line bundle, the Reeb one-form, and 
the Lie group action, we prove that the group-invariant Fourier–Szegő projector admits 
a full asymptotic expansion, and that for sufficiently large tensor powers, quantization 
commutes with reduction.

1.1. Statements of the main results

We now formulate our results. We refer the reader to Section 2 for the terminology and 
notations used here. Let (X,T 1,0X) be a compact orientable CR manifold of dimension 
2n + 1, n ≥ 1 with a transversal and CR Reeb vector field T ∈ 𝒞∞(X,TX) (see (30)). 
Let η : R×X → X, (η, x)→ η ·x, be the R-action induced by the flow of T (see (31)) and 
let ω0 ∈ 𝒞∞(X,T ∗X) be the Reeb one form given by (32) below. Let HX := Re T 1,0X

and let J : HX → HX be the complex structure map given by J(u + u) = iu − iu, 
u ∈ T 1,0X. Assume that X admits an action of a compact Lie group G of dimension d. 
We assume that
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Assumption 1.1 (Group action assumption). G commutes with the R-action η, preserves 
the CR structure, g∗ω0 = ω0 on X and g∗J = Jg∗ on HX, for every g ∈ G, where g∗

and g∗ denote the pull-back map and push-forward map of G, respectively.

Let (L, hL) → X be a G-equivariant rigid CR line bundle (see Definition 2.6, Defi
nition 2.10), where hL is a G× R-invariant Hermitian metric on L (see Definition 2.7). 
Let RL be the curvature of L induced by hL (see Definition 2.8). Let ω0 ∈ 𝒞∞(X,T ∗X)
be the Reeb one form given by (32) and let ℒx be the Levi form of X at x ∈ X given by 
(34). In this work, we assume that

Assumption 1.2 (Curvature assumption). There exists a bounded open interval I ⊂ R

such that RL
x − 2sℒx is positive definite on T 1,0

x X at every x ∈ X, for every s ∈ I.

From now on, we assume that the Hermitian metric ⟨ · | · ⟩ on CTX and hL are G×R
invariant. Note that ⟨ · | · ⟩ satisfies the following: T 1,0X is orthogonal to T 0,1X, ⟨ u | v ⟩
is real if u, v are real tangent vectors, ⟨ T | T ⟩ = 1 and T is orthogonal to T 1,0X⊕T 0,1X.

For every ξ ∈ 𝔤, we write ξX to denote the infinitesimal vector field on X induced by 
ξ. Put

𝔤 := {ξX ∈ 𝒞∞(X,TX); ξ ∈ 𝔤} .

Let

γ : X → 𝔤∗

be the moment map induced by hL (see Definition 2.11 and Lemma 2.2). Let

μ : X → 𝔤∗

be the moment map induced by ω0 (see Definition 2.12). For every t ∈ I, let

μ̂t := γ − 2tμ : X → 𝔤∗. (1)

Recall that I is the open bounded interval as in Assumption 1.2. In this work, we assume 
that

Assumption 1.3. μ̂−1
t (0) = γ−1(0) ∩ μ−1(0), zero is a regular value of μ̂t, for all t ∈ I

and the action G is free near μ̂−1
t (0).

Remark 1.1. (i) If the action G is horizontal, that is, ω0(ξX) = 0, for every ξX ∈ 𝔤, then 
μ̂ = γ and μ̂−1

t (0) is independent of t ∈ I.
(ii) If γ = ω0, then μ̂−1

t (0) is independent of t ∈ I.
We refer the reader to Section 1.2 for more examples.
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We now introduce our result about G-invariant weighted Fourier-Szegő projection. 
Let ( · | · )k be the L2 inner product on 𝒞∞(X,Lk) induced by ⟨ · | · ⟩ and hLk . Let

ℋ0
b(X,Lk)G :=

{︁
u ∈ L2(X,Lk); ∂bu = 0, g∗u = u, ∀g ∈ G

}︁
,

where ∂b is the tangential Cauchy-Riemann operator with values in Lk. Let ΠG
k :

L2(X,Lk) → ℋ0
b(X,Lk)G be the orthogonal projection (G-invariant Szegő projection). 

We extend −iT to L2 space by

− iT : Dom (−iT ) ⊂ L2(X,Lk)→ L2(X,Lk),

Dom (−iT ) =
{︁
u ∈ L2(X,Lk); −iTu ∈ L2(X,Lk)

}︁
.

From [14, Theorems 4.1, 4.5], −iT is self-adjoint with respect to ( · | · )k, Spec (−iT ) is 
countable and every element in Spec (−iT ) is an eigenvalue of −iT , where Spec (−iT )
denotes the spectrum of −iT . Let τ ∈ 𝒞∞c (I,R+), τk(t) := τ( t 

k ). Let τk(−iT ) denote 
the operator defined by applying the functional calculus to −iT using the function τk. 
Since T preserves CR structure, commutes with the action G and L is rigid, τk(−iT )
commutes with the G-invariant Szegő projection ΠG

k . Let

PG
k,τ := ΠG

k ◦ τk(−iT ) : L2(X,Lk)→ ℋ0
b(X,Lk)G. (2)

Let s be a local G×R-invariant CR trivializing section defined on an open set D ⊂ X, 
|s|2hL = e−2Φ. The localized operator of PG

k,τ is given by

PG
k,τ,s := s−ke−kΦPG

k,τs
kekΦ : 𝒞∞c (D)→ 𝒞∞(D). (3)

Let PG
k,τ,s(x, y) ∈ 𝒞∞(D ×D) be the distribution kernel of PG

k,τ,s. Let Y := μ̂−1
t (0). The 

first main result of this work is the following

Theorem 1.1 (Semi-classical G-invariant Fourier Szegő kernel). With the notations and 
assumptions above, let χ ∈ 𝒞∞(X) with supp χ ∩ Y = ∅. Then,

χPG
k,τ2 = O(k−∞) on X. (4)

Let p ∈ Y and let s be a local G× R-invariant CR trivializing section defined on an 
open set D ⊂ X, p ∈ D, |s|2hL = e−2Φ. Then

PG
k,τ2,s(x, y) =

∫︂
R 

eikA(x,y,t)g(x, y, t, k)dt + O(k−∞) (5)

on D ×D, where

g ∈ S
n+1−d/2
loc (1;D ×D × I),

supp tg(x, y, t, k) ⊂ I,
(6)



A. Galasso, C.-Y. Hsiao / Journal of Functional Analysis 290 (2026) 111225 7

is a symbol with expansion

g(x, y, t, k) ∼
+∞ ∑︂
j=0 

gj(x, y, t)kn+1−d/2−j in Sn+1−d/2
loc (1;D ×D × I),

gj(x, y, t) ∈ 𝒞∞(D ×D × I), j = 0, 1, . . . ,

supp tgj(x, y, t) ⊂ I, j = 0, 1, . . . .

(7)

Furthermore A ∈ 𝒞∞(D ×D × I) is a complex phase function with Im A ≥ 0, and

dxA(x, y, t)|x=y = −dyA(x, y, t)|x=y = −2 Im ∂bΦ(x) + t ω0 (8)

for every x ∈ Y , A(x, y, t) = 0 if and only if x = y ∈ Y and

Im A(x, y, t) ≥ C
(︂
d2(x, Y ) + d2(x, Y )

)︂
, (9)

x, y ∈ D, where C > 0 is a constant. For a local description of the phase A in terms of 
local coordinates defined in Proposition 3.1, we refer to equation (117) and we refer the 
reader to Theorem 3.3 for more properties of Im A.

We refer the reader to Section 2.2 and the discussion after (49) for the semi-classical 
notations used in Theorem 1.1. In particular, the precise meaning of the space Sn+1−d/2

loc
is given by Definition 2.1.

We now give a formula for the leading term of g(x, y, t, k) in (7). We need to recall 
one more piece of notation. Fix Y , for every t ∈ I, consider the linear map

Rx(t) : 𝔤x → 𝔤
x

u ↦→ Rx(t)u,
(10)

where

⟨Rx(t)u|v⟩ = ⟨−i(RL(x)− 2tℒx), Ju ∧ v⟩ .

Let detRx(t) = μ1(x, t) · · ·μd(x, t), where μj(x, t), j = 1, . . . , d are the eigenvalues of 
Rx(t). Furthermore, put Yx = {g · x; g ∈ G}. Then Yx is a d-dimensional submanifold of 
X. The G-invariant Hermitian metric induces a volume form dVYx

on Yx. Put

Veff(x) :=
∫︂
Yx

dVYx
.

Theorem 1.2. In the same setting of Theorem 1.1, for any x ∈ Y ∩D and t ∈ I, we have 
In the same setting of Theorem 1.1, for any x ∈ Y ∩D and t ∈ I, we have
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g0(x, x, t) = 2−n−1+d 1 
Veff(x) |detRx(t)|−1/2π−n−1+d/2 |det(RL

x − 2tℒx)| · τ2(t), (11)

where det(RL
x − 2tℒx) = λ1(x, t) · · ·λn(x, t), λj(x, t), j = 1, . . . , n, are the eigenvalues of 

RL
x − 2tℒx with respect to ⟨ · | · ⟩.

Let XG := Y/G. By Assumptions 1.3, we have (see Proposition 2.1)

Theorem 1.3. XG is a torsion free CR manifold of dimension 2n−2d+1 and LG := L/G

is a rigid CR line bundle over XG.

Theorem 1.3 says that XG := Y/G is endowed by a CR structure in a natural way. 
We say that XG is the CR reduction with respect to curvature data. From Theorem 1.3, 
we can study quantization commutes with reduction.

For every λ ∈ Spec (−iT ), put

ℋ0
b,λ(X,Lk)G :=

{︁
u ∈ ℋ0

b(X,Lk)G; −iTu = λu
}︁
. (12)

It is not difficult to see that dim ℋ0
b,λ(X,Lk)G < +∞. In the discussion before (42), we 

explain why dimℋ0
b,λ(X,Lk)G is finite. Let TXG

be the vector field on XG induced by 
the R-action on XG. For every λ ∈ Spec (−iTXG

), put

ℋ0
b,λ(XG, L

k
G) :=

{︁
u ∈ ℋ0

b(XG, L
k
G); −iTXG

u = λu
}︁
. (13)

The following is the quantization commutes with reduction result obtained in this work

Theorem 1.4 (Quantization commutes with reduction). With the same notations and 
assumptions used above, suppose that I = (a, b), a < b < +∞. There is a k0 ∈ N such 
that for all λ ∈ (ka, kb), k ≥ k0, λ ∈ Spec (−iT ) ∩ Spec (−iTXG

), we have

dim ℋ0
b,λ(X,Lk)G = dim ℋ0

b,λ(XG, L
k
G). (14)

Moreover, if λ ∈ Spec (−iT ) and λ / ∈ Spec (−iTXG
), λ ∈ (ka, kb), k ≥ k0, we have that 

dim ℋ0
b,λ(X,Lk)G = 0. Similarly, if λ ∈ Spec (−iTXG

) and λ / ∈ Spec (−iT ), λ ∈ (ka, kb), 
k ≥ k0, then dim ℋ0

b,λ(XG, L
k
G) = 0.

Theorem 1.4 can be seen as an application of Theorems 1.1 and 1.2. Let

σk : 𝒞∞(X,Lk)→ℋ0
b(XG, L

k
G)

be the operator given by (146) below. We actually prove that for k ≫ 1, the map

σk : ℋ0
b,λ(X,Lk)G → ℋ0

b,λ(XG, L
k
G)
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is an isomorphism, for all λ ∈ (ka, kb). The operator σk constructed in (146) was inspired 
by [25, Equation (4.108)].] Moreover, several technique objects used in the proof (see 
Section 4) were introduced in Ma-Zhang [25]. It is worth reminding readers that, in this 
work, we use the method of complex Fourier integral operators, whereas Ma-Zhang’s 
book uses the technique from local index theory.

Another point worth bringing to the reader’s attention is that, in these important 
papers [3], [4], [5], [6], Finski used asymptotic behaviors similar to those of σ∗

kσk to 
study significant holomorphic extension problems in complex geometry. More precisely, 
in [6], Finski considered complex manifolds X, Y with a complex embedding ι : Y → X, 
a positive line bundle (L, hL) over X. In [6, Theorem 5.1, equations (4.27), (4.29)], Finski 
studied the asymptotic behavior of the operator

AX|Y
p = Res Y ◦ (Res Y ◦BX

p )∗,

where BX
p is the Bergman projection with values in Lp and Res Y is the operator of the 

restriction on Y (see also [5, Theorems 4.1, 5.7, equation (5.40)]). The operator AX|Y
p is, 

in spirit, analogous to σkσ
∗
k, and the asymptotic behavior of AX|Y

p is similar to that of 
σkσ

∗
k (see Theorem 4.6). It is worth noting that, Finski computed the first two coefficients 

in the expansion of AX|Y
p (see [6, Theorem 5.1]) and we compute the leading term of 

σkσ
∗
k.

The technique of the proof of Theorem 1.4 comes from [17], [22]. Furthermore, we recall 
that the way to establish the isomorphism from kernel expansion for k large comes from 
[25]. Moreover, they show that this isomorphism becomes an asymptotic isometry when 
both spaces are equipped with their natural L2-metrics (see Theorem 0.10 in [25]). Note 
that the L2-metric for sections on the symplectic reduction is defined in [25, equation 
(0.28)].

We also point out that related notions of asymptotic isometries in geometric quan
tization have been investigated in [30] and in [11], in a symplectic and almost-complex 
framework. In [30] and [11], the authors also study the asymptotic isometry of the 
Guillemin and Sternberg map. They show that this map is not asymptotically isometric 
unless the effective potential of the action is constant. In [25], the effective potential 
is explicitly included in the definition [25, equation (0.28)], which is why the resulting 
isomorphism is indeed an isometry. The arguments in [25] could be readily adapted to 
our setting. Moreover, from Theorem 4.7, we see that there is a sequence δk > 0 with 
limk→+∞ δk = 0, such that for all λ ∈ (ka, kb), λ ∈ Spec (−iT ) ∩ Spec (−iTXG

), if 
{u1, . . . , udk

} is an orthonormal basis of ℋ0
b,λ(X,Lk)G, then

( σkuj | σkuℓ )XG,k = δj,ℓ + εk, (15)

for all j, ℓ = 1, . . . , dk, where |εk| ≤ δk, for all k ≫ 1. Note that in Ma-Zhang’s book, 
they have asymptotic isometry as (15) (see [25, Theorem 0.10]) but in Ma-Zhang’s work, 
they can take δk to be 1 

k . We believe that δk will have the form 1 
k and 1 √

k
, but this 
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requires a more delicate analysis, and due to length limitations, we will not pursue it 
further.

In the end of this section, in order to help readers gain a clearer understanding of our 
results, we describe our results in the Sasakian case. We say that X is a Sasakian manifold 
if X is strongly pseudoconvex. Recall that T is a transversal and CR vector field. We 
will use the same notations as before. For the relation between Sasaki geometry and CR 
geometry, we refer to [31, Theorems 1.11, 5.1]. We now assume that X is a Sasakian 
manifold. We have

Lemma 1.1. We can find a rigid positive CR line bundle (L, hL) over X such that RL
x =

ℒx, for all x ∈ X.

Proof. Let x = (z, θ) be a BRT chart of X defined in an open set D of X (see discussion 
before Example 2.11 of [18] for the meaning of BRT charts). Then

T 1,0
x X = span

{︃
∂

∂zj
− i

∂ϕ 
∂zj

∂

∂θ
, j = 1, · · · , n

}︃
, ϕ(z) ∈ C∞(D),

T = − ∂

∂θ
.

Also, ℒx =
∑︁n

j,ℓ=1
∂2ϕ 

∂zj∂zℓ
dzj ∧ dzℓ

⃓⃓⃓
T 1,0
x X

. Let sϕ be a local CR trivialization on D with 

|sϕ|2hL = e−2ϕ, ∂∂ϕ > 0. Let (w, η) be another BRT chart of X on D, then

T 1,0
x X = span

{︄
∂

∂wj
− i

∂˜︁ϕ
∂wj

∂

∂η
, j = 1, · · · , n

}︄
.

We have ⎧⎪⎪⎨⎪⎪⎩
w = (w1, · · · , wn) = H(z) = (H1(z), · · · , Hn(z)),
∂H = 0, ˜︁ϕ(H(z)) = ϕ(z) + log |g(z)|,
η = θ + Im g(z), g ∈ 𝒞∞(D), g ̸= 0, ∂g = 0.

(16)

From (16), we have

s˜︁ϕ = g−1sϕ on D.

Thus, {sϕ} defines a R-invariant CR line bundle L. □
Let (L, hL) be a rigid positive CR line bundle over X such that RL

x = ℒx, for all x ∈ X. 
From Lemma 1.1, we see that this is always possible. Here γ = ω0 and Assumption 1.3
holds. Let I = (−ε, ε), ε > 0, ε≪ 1. Since RL

x = ℒx, for all x ∈ X, RL
x −2sℒx is positive 

definite, for all s ∈ I, if ε > 0 is small enough. Theorem 1.4 tells us that there is a k0 ≫ 1
such that for all k ≥ k0, we have
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ℋ0
b,λ(X,Lk)G ∼ = ℋ0

b,λ(XG, L
k
G), (17)

for all λ ∈ (−kε, kε). (17) can be seen as ``quantization commutes with reduction'' 
on Sasakian manifolds. It should be mention that in [22], the authors also established 
“quantization commutes with reduction'' on Sasakian manifolds. But in [22], they don’t 
consider CR line bundle; they consider CR G-invariant CR functions. We notice that 
X/R is a complex manifold with singularities. Moreover, when the R-action is actually s 
S1-action, X/S1 is a complex orbifold with cyclic singularities. Therefore (17) intersect 
with the classical geometric quantization conjecture in the orbifold/singular setting.

We refer the reader to Example 1.2 below when the R-action is actually a S1-action.

1.2. Examples

In this subsection, we will give two very simple examples and we verify that the 
assumptions of Section 1.1 hold.

Example 1.1. Let M be a compact orbifold with cyclic singularities and let (L, hL) →
M be an orbifold line bundle, where hL is a Hermitian metric of L. Assume that the 
curvature of L induced by hL is positive definite. Suppose that M admits a compact 
holomorphic Lie group action G and the action G can be lifted to L. Assume further 
that L and hL are G-invariant. Consider the circle bundle

X := {v ∈ L∗; |v|hL∗ = 1} .

Since the singularities of M are cyclic, X is a smooth CR manifold. Actually, X is a 
quasi-regular Sasakian manifold. The line bundle L can be considered as a CR line bundle 
over X (we still denote by L). X is a torsion free CR manifold. We will use the same 
notations as in Section 1. The R-action on X is the S1-action on X acting on the fiber 
of X. For m ∈ Spec (−iT ), we have

ℋ0
b,m(X,Lk)G = ℋ0(M,Lm ⊗ Lk)G, (18)

where ℋ0(M,Lk⊗Lm)G denotes the space of all G-invariant holomorphic sections of M
with values in Lk ⊗ Lm.

Take any G-invariant volume form dVM on M . For every k,m ∈ Z, let 
{︂
fk,m
1 , . . . , 

fk,m
dk,m

}︂
be an orthonormal basis for ℋ0(M,Lk ⊗ Lm)G with respect to the L2 inner 

product induced by hL and dVM . Let

BG
k,m(x) :=

dk,m∑︂
j=1 

|fk,m
j (x)|2

hLk ∈ 𝒞∞(M).
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For every k,m ∈ Z, let 
{︂
gk,m1 , . . . , gk,mdk,m

}︂
be an orthonormal basis for ℋ0

b,m(X,Lk)G

with respect to the L2 inner product induced by hL and dVM . We have

dk,m∑︂
j=1 

|fk,m
j (π(x))|2

hLk =
dk,m∑︂
j=1 

|gk,mj (x)|2
hLk ,

where π : X → M is the natural projection. Let s be a local rigid G-invariant CR 
trivializing section of L defined on an open set D of X, |s|2hL = e−2Φ. On D, write 
gk,mj = sk ⊗ g̃k,mj , g̃k,mj ∈ 𝒞∞(D), j = 1, . . . , dk,m. Then,

PG
k,τ2,s(x, y) =

dk,m∑︂
j=1 

τ2(m
k

)e−kΦ(x)g̃k,mj (x)g̃k,mj (y)e−kΦ(y),

where PG
k,τ2,s(x, y) is as in (3). In particular,

PG
k,τ2,s(x, x)

=
dk,m∑︂
j=1 

τ2(m
k

)e−2kΦ(x)
⃓⃓⃓
g̃k,mj (x)

⃓⃓⃓2
=
∑︂
m∈Z

τ2
(︂m
k

)︂
BG

k,m(π(x)).

(19)

Theorem 1.1 tells us that the weighted Bergman kernel (19) admits a full asymptotic 
expansion. It should be notice that when G is identity, Ross and Thomas [32] used 
different weighted Bergman kernel and established a full asymptotic expansion for their 
weighted Bergman kernel (see also [2]).

We have

Lemma 1.2. γ = 2μ.

Proof. Let x0 ∈ X and let p := π(x0). Let s be a holomorphic trivializing section of L
defined on an open set U of p in M , |s|2hL = e−2ϕ. Let z = (z1, . . . , zn) be holomorphic 
coordinates of M defined on U (we may take U small enough) such that z(p) = 0. 
Consider the following map:

x = (x1, . . . , x2n+1) = (z, x2n+1) ∈ U × (−π, π)→ e−ϕ(z)s∗(z)eix2n+1 ∈ X.

Then, x = (x1, . . . , x2n+1) are local coordinates of X defined on D = U × (−π, π). On 
D, we have
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T 1,0
x X = span 

{︃
∂

∂zj
+ i

∂ϕ 
∂zj

∂

∂x2n+1
; j = 1, . . . , n

}︃
,

T = ∂

∂x2n+1
.

(20)

From (20), it is straightforward to check that on D,

ω0 = −dx2n+1 +
n ∑︂

j=1 

(︂
i
∂ϕ 
∂zj

dzj − i
∂ϕ 
∂zj

dzj

)︂
. (21)

From (21), we see that

⟨ μ(x) , ξ ⟩ = ⟨ i∂ϕ− i∂ϕ , ξX ⟩, (22)

where ξ ∈ 𝔤, ξX is the vector field on X induced by ξ. From Definition 2.11, we see that

⟨ γ , ξ ⟩ = (−2i)⟨ ∂ϕ− ∂ϕ , ξX ⟩. (23)

From (22) and (23), the lemma follows. □
From Lemma 1.2, we see that μ̂−1

t (0) is independent of t ∈ I. It should be noticed 
that since RL is positive, we can take I to be any small open interval of 0 ∈ R and hence 
Assumption 1.2 holds. From Theorem 1.1, (19), we deduce that if zero is a regular value 
of μ̂t, for some t ∈ I and the action G is free near μ̂−1

t (0), then∑︂
m∈Z

τ2
(︂m
k

)︂
BG

k,m(π(x))

admits a full asymptotic expansion.

Example 1.2. Eventually we give another simple example and we verify that the assump
tions of Section 1.1 hold. Let

X :=
{︂
z ∈ Cn+1; |z1|2α1 + (|z2|2α2 · · ·+ |zn+1|2αn+1)m = 1

}︂
,

where α1, . . . , αn+1,m ∈ N. Then X is a compact CR manifold. X admits a transversal 
and CR R-action:

η · (z1, . . . , zn+1) = (eiβ1ηz1, . . . , e
iβn+1ηzn+1),

where (β1, . . . , βn+1) ∈ Rn+1
+ . Then, X is a torsion free CR manifold. Let L be the 

trivial line bundle with non-trivial Hermitian metric |1|2hL = e−2|z|2 . The CR manifold 
X admits a S1-action:

G = S1 : eiθ · z = (e−iθz1, e
iθz2, . . . , e

iθzn+1).
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We can calculate

μ̂−1
t

(︃
∂

∂θ

)︃
=
(︂
|z1|2 −

n+1∑︂
j=2 
|zj |2

)︂
− 2t

(︂
α1 |z1|2α1 −m(

n+1∑︂
j=2 
|zj |2αj )m−1(

n+1∑︂
j=2 

αj |zj |2αj )
)︂
.

(24)
From (24), we see that if α1 = m, α2 = · · · = αn+1 = 1, then μ̂−1

t (0) = μ−1(0) = γ−1(0). 
Moreover, we can check that zero is a regular value of μ̂t at t = 0 and we can take I to 
be any small open interval of 0 ∈ R such that Assumption 1.2 holds.

In [25, Section 3.4], Ma-Zhang calculated explicitly the Schwartz kernel of G-invariant 
Bergman kernel on some model case. Example 1.2, can be seen as a model case of our 
study. However, in this situation, it is still very difficult to obtain an explicit formula for 
PG
k,τ2 . The main difficulty lies in the fact that even on the sphere, the Szegő kernel does 

not have a nice expression. In general, to obtain a good expression for the Szegő kernel 
on the sphere, one needs to extend CR functions into the domain and then represent 
them using complex coordinates. To help readers understand Theorem 1.1, we will, in 
the case of a circle bundle, express PG

k,τ2 in terms of the G-invariant Bergman kernel of 
the complex manifold.

We will use the same notations as Example 1.1. It was proved in [17, Theorem 1.5], 
[25, Theorem 0.2] that for m ∈ Z, m ∈ supp χk, χk(x); = χ(xk ), we have

BG
k,m(x) = ei(k+m)φ(x)b(x, k,m) + O(k−∞), (25)

where φ(x) ∈ 𝒞∞(M), Im φ ≥ 0, Im φ(x) ∼ d(x, μ−1(0))2 and

b(x, k,m) ∼
+∞ ∑︂
j=0 

(k + m)n+ d
2 −jbj(x), bj(x) ∈ 𝒞∞(M).

From (19) and (25), we have

PG
k,τ2,s(y, y) =

∑︂
m∈Z

τ2(m
k

)ei(k+m)φ(x)b(x, k,m) + O(k−∞), (26)

where π(y) = x, π : X → M is the natural projection. Let’s recall Poisson summation 
formula (see [13, Theorem 7.2.1]):∑︂

m∈Z
ĝ(m) = (2π)

∑︂
m∈Z

g(2πm), (27)

for all g ∈ 𝒞∞c (R), where ĝ(t) =
∫︁
e−itxg(x)dx. Fox fix x ∈M , let

g(t) := τ2( t 
2πk )ei(k+ t 

2π )φ(x)b(x, k, t 
2π ).
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From (26) and (27), we have

PG
k,τ2,s(y, y) =

∑︂
m∈Z

g(2πm) = 1 
2π

∑︂
m∈Z

ĝ(m)

= 1 
2π

∑︂
m∈Z

∫︂
τ2( t 

2πk )ei(k+ t 
2π )φ(x)−itmb(x, k, t 

2π )dt

=
∑︂
m∈Z

∫︂
τ2(t)eik(1+t)φ(x)−i(2πk)tmb(x, k, kt)kdt

=
∫︂

τ2(t)eik(1+t)φ(x)b(x, k, kt)kdt

+
∑︂

m∈Z,m̸=0

∫︂
τ2(t)eik(1+t)φ(x)−i(2πk)tmb(x, k, kt)kdt.

(28)

We can integrate by parts in t several times and deduce that

1 
2π

∑︂
m∈Z,m̸=0

∫︂
τ2(t)eik(1+t)φ(x)−i(2πk)tmb(x, k, kt)kdt = O(k−∞). (29)

From (28) and (29), we get Theorem 1.1 in the circle bundle cases.

2. Preliminaries

2.1. Standard notation and symbols

We use the following notations: N = {1, 2, . . .} is the set of natural numbers excluding 
0 and N0 = N ∪ {0}, R is the set of real numbers, R+ = {x ∈ R; x > 0}, R+ =
{x ∈ R; x ≥ 0}. Furthermore we adopt the standard multi-index notation: we write 
α = (α1, . . . , αn) ∈ Nn

0 if αj ∈ N0, j = 1, . . . , n.
Let M be a smooth paracompact manifold. We let TM and T ∗M denote respectively 

the tangent bundle of M and the cotangent bundle of M . The complexified tangent 
bundle TM ⊗ C of M will be denoted by CTM , similarly we write CT ∗M for the 
complexified cotangent bundle of M . Consider ⟨ · , · ⟩ to denote the pointwise duality 
between TM and T ∗M ; we extend ⟨ · , · ⟩ bi-linearly to CTM × CT ∗M . Let B be a 
smooth vector bundle over M . The fiber of B at x ∈ M will be denoted by Bx. Let E
be a vector bundle over a smooth paracompact manifold N . We write B⊠E∗ to denote 
the vector bundle over M × N with fiber over (x, y) ∈ M × N consisting of the linear 
maps from Ey to Bx.

Let Y ⊂ M be an open set. From now on, the spaces of distribution sections of B
over Y and smooth sections of B over Y will be denoted by 𝒟′(Y,B) and 𝒞∞(Y,B), 
respectively. Let ℰ ′(Y,B) be the subspace of 𝒟′(Y,B) whose elements have compact 
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support in Y . Let 𝒞∞c (Y,B) := 𝒞∞(Y,B) ∩ ℰ ′(Y,B). For m ∈ R, let Hm(Y,B) denote 
the Sobolev space of order m of sections of B over Y . Let us denote

Hm
loc (Y,B) =

{︁
u ∈ 𝒟′(Y,B); φu ∈ Hm(Y,B), ∀φ ∈ 𝒞∞c (Y )

}︁
,

and

Hm
comp (Y,B) = Hm

loc(Y,B) ∩ ℰ ′(Y,B) .

Let B and E be smooth vector bundles over paracompact orientable manifolds M
and M1, respectively, equipped with smooth densities of integration. We now recall the 
Schwartz kernel theorem. Let A : 𝒞∞c (N,E) → 𝒟′(M,B) be a continuous operator. By 
Schwartz kernel theorem (see [13, Theorem 5.2.1]), we can find a distribution A(x, y) ∈
𝒟′(M ×N,B ⊠ E∗) such that

⟨ Au , v ⟩ = ⟨ A(x, y) , v ⊗ u ⟩,

for all u ∈ 𝒞∞c (N,E), v ∈ 𝒞∞c (M,B). We call A(x, y) the distribution kernel of A. The 
following two statements are equivalent

1. A is continuous: ℰ ′(N,E)→ 𝒞∞(M,B),
2. A(x, y) ∈ 𝒞∞(M ×N,B ⊠ E∗).

If A satisfies (1) or (2), we say that A is smoothing on M × N . We say that A is 
properly supported if the restrictions of the two projections (x, y) ↦→ x, (x, y) ↦→ y to 
supp (A(x, y)) are proper.

Let H(x, y) ∈ 𝒟′(M ×N,B ⊠ E∗). We write H to denote the unique continuous op
erator 𝒞∞c (N,E)→ 𝒟′(M,B) with distribution kernel H(x, y). In this work, we identify 
H with H(x, y).

2.2. Some more notations in semi-classical analysis

Let W1 be an open set in RN1 and let W2 be an open set in RN2 . Let E and F
be vector bundles over W1 and W2, respectively. A k-dependent continuous operator 
Ak : 𝒞∞c (W2, F ) → 𝒟′(W1, E) is called k-negligible on W1 ×W2 if, for k large enough, 
Ak is smoothing and, for any K ⋐ W1 ×W2, any multi-indices α, β and any N ∈ N, 
there exists CK,α,β,N > 0 such that⃓⃓

∂α
x ∂

β
yAk(x, y)

⃓⃓ ≤ CK,α,β,Nk−N on K, ∀k ≫ 1.

In that case we write

Ak(x, y) = O(k−∞) on W1 ×W2, or Ak = O(k−∞) on W1 ×W2.
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If Ak, Bk : 𝒞∞c (W2, F ) → 𝒟′(W1, E) are k-dependent continuous operators, we write 
Ak = Bk + O(k−∞) on W1 × W2 or Ak(x, y) = Bk(x, y) + O(k−∞) on W1 × W2 if 
Ak −Bk = O(k−∞) on W1 ×W2. When W = W1 = W2, we sometime write ``on W''.

Let X and M be smooth manifolds and let E and F be vector bundles over X and M , 
respectively. Let Ak, Bk : 𝒞∞(M,F )→ 𝒞∞(X,E) be k-dependent smoothing operators. 
We write Ak = Bk + O(k−∞) on X ×M if on every local coordinate patch D of X and 
local coordinate patch D1 of M , Ak = Bk + O(k−∞) on D × D1. When X = M , we 
sometime write on X.

We recall the definition of the semi-classical symbol spaces

Definition 2.1. Let W be an open set in RN . Let

S(1) = S(1;W ) :=
{︂
a ∈ 𝒞∞(W ); ∀α ∈ NN

0 : sup 
x∈W

|∂αa(x)| <∞
}︂
,

S0
loc (1;W ) :=

{︂
(a(·,m))m∈R; ∀α ∈ NN

0 ,∀χ ∈ 𝒞∞c (W ) : 

sup 
m∈R,m≥1

sup 
x∈W

|∂α(χa(x,m))| <∞
}︂
.

We define a(·, k) ∈ Sℓ
loc(1;W ) if for every α ∈ NN

0 and χ ∈ 𝒞∞c (W ), there exists Cα > 0
independent of k, such that |∂α(χa(·, k))| ≤ Cαk

ℓ holds on W .
Consider a sequence aj ∈ S

ℓj
loc (1), j ∈ N0, where ℓj ↘ −∞, and let a ∈ Sℓ0

loc (1). We 
say

a(·, k) ∼
∞ ∑︂
j=0 

aj(·, k) in Sℓ0
loc (1),

if, for every N ∈ N0, we have a−∑︁N
j=0 aj ∈ S

ℓN+1
loc (1). For a given sequence aj as above, 

we can always find such an asymptotic sum a, which is unique up to an element in 
S−∞

loc (1) = S−∞
loc (1;W ) := ∩ℓS

ℓ
loc (1).

Let ℓ ∈ R and let

Sℓ
loc,cl (1) := Sℓ

loc,cl (1;W )

be the set of all a ∈ Sℓ
loc(1;W ) such that we can find aj ∈ 𝒞∞(W ) independent of k, 

j = 0, 1, . . ., such that

a(·, k) ∼
∞ ∑︂
j=0 

kℓ−jaj(·) in Sℓ0
loc (1).

Similarly, we can define Sℓ
loc (1;Y,E), Sℓ

loc ,cl (1;Y,E) in the standard way, where Y is 
a smooth manifold and E is a vector bundle over Y .
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2.3. Preliminaries on CR geometry and CR line bundles

We recall some notations concerning CR geometry. Let (X,T 1,0X) be a compact and 
orientable CR manifold of dimension 2n+1, n ≥ 1, where T 1,0X is a CR structure of X. 
There is a unique sub-bundle HX of TX such that C HX = T 1,0X ⊕ T 0,1X, T 0,1X =
T 1,0X. Let J : HX → HX be the complex structure map given by J(u + u) = iu− iu, 
for every u ∈ T 1,0X. By complex linear extension of J to C TX, the i-eigenspace of J is 
T 1,0X. We shall also write (X,HX, J) to denote a CR manifold. In this work, we assume 
that

Assumption 2.1. There is a global vector field T ∈ 𝒞∞(X,TX) such that

T 1,0X ⊕ T 0,1X ⊕CT (x) = CTxX, for all x ∈ X,

[T, 𝒞∞(X,T 1,0X)] ⊂ 𝒞∞(X,T 1,0X).
(30)

We say that T is a transversal CR vector field.

From now on, we fix T ∈ 𝒞∞(X,TX) such that (30) hold. Let

η : R×X → X,

(η, x)→ η · x,
(31)

be the R-action induced by the flow of T , that is,

(Tu)(x) = ∂

∂η
(u(η · x))|η=0, for all u ∈ 𝒞∞(X).

Since X is orientable and T is CR, the characteristic bundle is a trivial real line sub
bundle and thus there exists a real non-vanishing global 1-form ω0 ∈ 𝒞∞(X,T ∗X) such 
that

⟨ ω0(x) , u ⟩ = 0, for every u ∈ HxX,

ω0(T ) ≡ −1, dω0(T, ·) ≡ 0 on TX.
(32)

We give an argument that why ω0 in (32) exists. Let p ∈ X. From [1, section 1], we can 
find local coordinates x = (x1, . . . , x2n+1) = (z, x2n+1) = (z1, . . . , zn, x2n+1) defined on 
an open set D of p in X such that on D, we have

T 1,0
x X = span 

{︃
∂

∂zj
+ i

∂ϕ 
∂zj

(z) ∂

∂x2n+1
; j = 1, . . . , n

}︃
, x ∈ D,

T = ∂

∂x2n+1
on D,

(33)

where ϕ ∈ 𝒞∞(D,R), ϕ is independent of x2n+1. Let
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ω0 := −dx2n+1 +
n ∑︂

j=1 
(i ∂ϕ 
∂zj

(z)dzj − i
∂ϕ 
∂zj

(z)dzj) ∈ 𝒞∞(D,T ∗X).

Then, ω0 is a real one form on D. We can check that on D, ω0 satisfies (32). Let 
{e1, . . . , en} be an orthonormal basis of T ∗1,0X on D. Let ω̂0 ∈ 𝒞∞(D,T ∗X) be another 
one form satisfying (32). We have

ω̂0 = λω0 +
n ∑︂

j=1 
(μjej + μjej) on D,

where λ ∈ R, μj ∈ C, j = 1, . . . , n. From (32), we can check that λ = 1 and μj = 0, for 
all j = 1, . . . , n. Thus, we can take ω0 to be a global one form.

For each x ∈ X, we define a Hermitian quadratic form ℒx on T 1.0
x X as follows: for 

U, V ∈ T 1,0
x X,

ℒx(U, V ) = 1
2 dω0(JU, V ) = − 1 

2i dω0(U, V ). (34)

The Hermitian quadratic form ℒx on T 1,0
x X is called Levi form at x.

Fix a smooth Hermitian metric ⟨ · | · ⟩ on CTX so that T 1,0X is orthogonal to T 0,1X, 
⟨ u | v ⟩ is real if u, v are real tangent vectors, ⟨ T | T ⟩ = 1 and T is orthogonal to T 1,0X⊕
T 0,1X. For u ∈ CTX, we write |u|2 := ⟨ u | u ⟩. Denote by T ∗1,0X and T ∗0,1X the dual 
bundles of T 1,0X and T 0,1X, respectively. They can be identified with sub-bundles of 
the complexified cotangent bundle CT ∗X. For q = 0, 1, . . . , n, let T ∗0,qX := Λq(T ∗0,1X). 
The Hermitian metric ⟨ · | · ⟩ on CTX induces by duality a Hermitian metric ⟨ · | · ⟩ on 
⊕n

q=1T
∗0,qX.

Let Ω0,q(X) := 𝒞∞(X,T ∗0,qX) and for an open set D ⊂ X, let Ω0,q
c (D) :=

𝒞∞c (D,T ∗0,qX).
Let ∂b : Ω0,q(X) → Ω0,q+1(X) be the tangential Cauchy-Riemann operator. Since 

the R-action is CR, it is straightforward to see that

T∂b = ∂bT

on Ω0,q(X).

Definition 2.2. Let D be a sufficiently small open set. We say that a function u ∈ 𝒞∞(D)
is rigid if Tu = 0. We say that a function u ∈ 𝒞∞(D) is CR if ∂bu = 0. We say that 
u ∈ 𝒞∞(D) is rigid CR if ∂bu = 0 and Tu = 0.

The following definitions for CR vector bundles can be found in [12].

Definition 2.3. A complex line bundle π : L→ X is called a CR line bundle if

(i) L is a CR manifold of codimension 2,
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(ii) π : L→ X is a CR submersion,
(iii) L⊕ L ∋ (ξ1, ξ2)→ ξ1 + ξ2 ∈ L and C × E ∋ (λ, ξ)→ λξ ∈ L are CR maps.

A smooth section s ∈ 𝒞∞(U,L) defined on an open set U ⊂ X is called CR section if the 
map s : U → L is CR.

Remark 2.1. Each condition in Definition 2.3 ensures that the complex line bundle struc
ture is compatible with the CR geometry of both the base and the total space, and is 
crucial for our construction of CR geometric quantization. The first assumption is natu
ral since we are dealing with a complex line bundle over a CR base. The second condition 
guarantees that the CR structure of the total space L projects nicely to the CR structure 
on X. It ensures that the fibers are transversal to the CR directions, which is necessary 
to define CR sections. Eventually, the third condition ensures that the vector space op
erations (addition and scalar multiplication) are compatible with the CR structure, so 
that L behaves as a genuine CR vector bundle. This is essential to define CR analogues 
of geometric objects such as CR connections, CR curvature, and, ultimately, to carry 
out the quantization process in the CR category.

These conditions together define what can be thought of as a ``holomorphic line 
bundle'' in the CR category, allowing us to extend classical notions of geometric quanti
zation to the CR setting. For example, the existence of enough CR sections plays a role 
analogous to that of holomorphic sections in the Kähler case.

Let L be a CR line bundle over X. The tangential Cauchy-Riemann operator can be 
defined on sections of L:

∂b : Ω0,q(X,L)→ Ω0,q+1(X,Lk),

where Ω0,q(X,L) := 𝒞∞(X,L⊗ T ∗0,qX).

Definition 2.4. A CR line bundle L → X is called locally CR trivializable if for any 
point p ∈ X there exists an open neighborhood U ⊂ X such that L|U is CR line bundle 
isomorphic to the trivial CR vector bundle U ×C.

Definition 2.5. Let L be a CR line bundle over X. A CR bundle lift of T to L is a smooth 
linear partial differential operator

T = TL : 𝒞∞(X,L)→ 𝒞∞(X,L)

such that

(i) TL(f · s) = T (f) · s + fTL(s) for all f ∈ 𝒞∞(X) and s ∈ 𝒞∞(X,L),
(ii) [TL, ∂b] = 0.
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In order to define [TL, ∂b] we need to define TL on (0, 1) forms with values in L first. 
But this definition follows immediately from the fact that any w ∈ Ω0,1(X,L) locally 
can be written w = s⊗ g where g is a (0, 1)-form and s is a local frame of L and that T
is defined also for (0, q)-forms using the Lie derivative.

Definition 2.6. A CR line bundle L → X with a CR bundle lift TL of T is called rigid 
CR (with respect to TL) if for every point p ∈ X there exists an open neighborhood U
around p and a CR frame s of L|U with TL(s) = 0.

A section s ∈ 𝒞∞(X,L) is called a rigid CR section if TLs = 0 and ∂bs = 0. The 
frame s in Definition 2.6 is called a rigid CR frame of L|U . Note that it follows from [14, 
Lemma 2.6] that any rigid CR line bundle is locally CR trivializable. The following is 
well-known [14, Lemma 2.10]

Lemma 2.1. Let L→ X be a CR line bundle over X and recall that T ∈ 𝒞∞(X,TX) is 
a CR vector field. The following are equivalent:

(i) T has a CR bundle lift TL such that L→ X is rigid CR with respect to TL.
(ii) There exist an open cover {Uj}j∈N of X and CR frames {sj} for E|Uj

, j ∈ N, such 
that the corresponding transition functions are rigid CR.

From now on, we assume that L→ X is a rigid CR line bundle (with respect to the 
lifting TL). To simplify the notations, we also write T to denote the lifting TL.

Definition 2.7. Let L→ X be a rigid CR line bundle (with respect to the lifting TL). Let 
hL be a Hermitian metric on L. We say that hL is a rigid Hermitian metric or R-invariant 
Hermitian metric if for every local rigid frame s of L, we have T |s|2hL = 0.

By Lemma 2.1, there exists an open covering (Uj)Nj=1 and a family of rigid CR 
trivializing frames {sj}Nj=1 with each sj defined on Uj and the transition functions 
between different rigid CR frames are rigid CR functions. Let Lk be the k-th tensor 
power of L. Then {skj }Nj=1 is a family of rigid CR trivializing frames on each Uj. Let 
∂b : Ω0,q(X,Lk)→ Ω0,q+1(X,Lk) be the tangential Cauchy-Riemann operator. Since Lk

is rigid CR, we have ∂bf = ∂bfj⊗ skj , Tf = (Tfj)⊗ skj for any f = fj ⊗ skj ∈ Ω0,q(X,Lk)
and

T∂b = ∂bT on Ω0,q(X,Lk). (35)

Let hL be a rigid Hermitian fiber metric on L. The local weight of hL with respect to 
a local rigid CR trivializing section s of L over an open subset D ⊂ X is the function 
Φ ∈ 𝒞∞(D,R) for which

|s(x)|2hL = e−2Φ(x), x ∈ D. (36)
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We denote by Φj the weight of hL with respect to sj .

Definition 2.8. Let hL be a rigid Hermitian metric on L. The curvature of (L, hL) is the 
Hermitian quadratic form RL = R(L,hL) on T 1,0X defined by

RL
p (U, V ) = 

⟨︁
d(∂bΦj − ∂bΦj)(p), U ∧ V

⟩︁
, U, V ∈ T 1,0

p X, p ∈ Uj . (37)

Due to [19, Proposition 4.2], RL is a well-defined global Hermitian form, since the 
transition functions between different frames sj are annihilated by T .

Definition 2.9. We say that (L, hL) is positive if there is an interval I ⊂ R such that the 
associated curvature RL

x − 2sℒx is positive definite at every x ∈ X, for every s ∈ I.

In this work, we assume that

Assumption 2.2. There is a positive rigid Hermitian metric hL on L.

From now on, we fix a positive rigid Hermitian metric hL on L and we have

RL
x − 2sℒx is positive definite, for every x ∈ X, s ∈ I, (38)

where I ⊂ R is a bounded open interval. As we mentioned in the introduction, from 
[14, Corollary 3.8], we see that the R-action on X comes form a torus action on X. The 
following is well-known [14, Theorem 3.12],

Theorem 2.1. With the assumptions and notations above, we can find local CR rigid 
trivializations of L defined on open sets Dj, j = 1, . . . , N , such that X =

⋃︁N
j=1 Dj, and

Dj =
⋃︂
η∈R
{η · x; x ∈ Dj} (39)

for every j = 1, . . . , N .

Theorem 2.1 tells us that the R-action on X can be lifted to L. From now on, for any 
local CR rigid trivialization s defined on an open set D of X, we will always assume that 
D =

⋃︁
η∈R{η · x; x ∈ D} and s is R-invariant.

2.4. The weighted Fourier-Szegő operator

In this section we study the microlocal properties of the weighted Fourier-Szegő oper
ator Pk,τ2 introduced in Section 1.1. As pointed out to us by a referee, in [20] the authors 
consider a Toeplitz operator of the form A := Π(−iT )Π, where Π is the Bergman pro
jection associated with a strictly pseudoconvex domain, and T is as in Assumption 2.1. 
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They then define the operator χk(A) via functional calculus, for suitable functions χk. 
This construction allows them to obtain semi-classical asymptotics for χk(A).

In our setting, we define the Fourier–Szegő kernel using a spectral cut-off for the op
erator −iT with respect to the natural L2-structure on the CR manifold. This operator 
acts on the space of CR functions (or sections) and is a smoothing operator that approx
imates the projection onto the low-frequency part of the spectrum of −iT . Thus, both 
constructions are based on spectral calculus applied to a Toeplitz-type operator of the 
form Π(−iT )Π.

We will use the same notations and assumptions as before. Let Lk be the k-th power of 
L. The Hermitian metric on Lk induced by hL is denoted by hLk . We assume that the Her
mitian metric ⟨ · | · ⟩ is R-invariant. We denote by dVX the volume form on X induced by 
⟨ · | · ⟩. Let q ∈ {0, 1, . . . , n}. Let ( · | · )k be the L2 inner product on Ω0,q(X,Lk) induced by 
hLk and dVX . Let L2

(0,q)(X,Lk) be the completion of Ω0,q(X,Lk) with respect to ( · | · )k. 
We extend ( · | · )k to L2

(0,q)(X,Lk). For q = 0, we write L2(X,Lk) := L2
(0,0)(X,Lk).

Consider the operator

−iT : 𝒞∞(X,Lk)→ 𝒞∞(X,Lk)

and we extend −iT to L2 space by

− iT : Dom (−iT ) ⊂ L2(X,Lk)→ L2(X,Lk),

Dom (−iT ) =
{︁
u ∈ L2(X,Lk); −iTu ∈ L2(X,Lk)

}︁
.

From [14, Theorems 4.1, 4.5], −iT is self-adjoint with respect to ( · | · )k, Spec (−iT ) is 
countable and every element in Spec (−iT ) is an eigenvalue of −iT , where Spec (−iT )
denotes the spectrum of −iT .

Let ∂b : Ω0,q(X,Lk) → Ω0,q+1(X,Lk) be the tangential Cauchy-Riemann operator 
with values in Lk. For every α ∈ Spec (−iT ), put

𝒞∞α (X,Lk) :=
{︁
u ∈ 𝒞∞(X,Lk); −iTu = αu

}︁
, (40)

and

ℋ0
b,α(X,Lk) :=

{︁
u ∈ 𝒞∞α (X,Lk); ∂bu = 0

}︁
. (41)

Let ∂∗
b : Ω0,1(X,Lk)→ 𝒞∞(X,Lk) be the formal adjoint of ∂b with respect to ( · | · )k. 

Let

□b := ∂
∗
b ∂b : 𝒞∞(X,Lk)→ 𝒞∞(X,Lk).

Let

△b := □b − T 2 : Dom △b ⊂ L2(X,Lk)→ L2(X,Lk),
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where Dom △b :=
{︁
u ∈ L2(X,Lk); △bu ∈ L2(X,Lk)

}︁
. Note that for every α ∈

Spec (−iT ), ℋ0
b,α(X,Lk) is in the eigenspace of △b. From this observation and note 

that △b is elliptic, we deduce that

dim ℋ0
b,α(X,Lk) <∞, (42)

for every α ∈ Spec (−iT ).
For any interval J ⊂ R, put

ℋ0
b,J (X,Lk) :=

⨁︂
α∈Spec (−iT ),α∈J

ℋ0
b,α(X,Lk). (43)

For every α ∈ Spec (−iT ), let L2
α(X,Lk) ⊂ L2(X,Lk) be the eigenspace of −iT with 

eigenvalue α. It is easy to see that L2
α(X,Lk) is the completion of C∞

α (X,Lk) with 
respect to ( · | · )k. Let

Qα,k : L2(X,Lk)→ L2
α(X,Lk) (44)

be the orthogonal projection with respect to ( · | · )k. We have the Fourier decomposition

L2(X,Lk) =
⨁︂

α∈Spec (−iT )

L2
α(X,Lk).

We first construct a bounded operator on L2(X,Lk) by putting a weight on the compo
nents of the Fourier decomposition with the help of a cut-off function. Let

τ ∈ 𝒞∞c (I), τ ≥ 0, (45)

where I is the interval as in (38). Let Fk,τ : L2(X,Lk) → L2(X,Lk) be the bounded 
operator given by

Fk,τ : L2(X,Lk)→ L2(X,Lk),

u ↦→
∑︂

α∈Spec (−iT )

τ
(︂α
k

)︂
Qα,k(u). (46)

We consider the partial Szegő projector

Πk,I : L2(X,Lk)→ ℋ0
b,I(X,Lk) (47)

which is the orthogonal projection on the space of R-equivariant CR functions in 
ℋ0

b,I(X,Lk). Finally, we consider the weighted Fourier-Szegő operator

Pk,τ2 := Fk,τ ◦Πk,I ◦ Fk,τ : L2(X,Lk)→ ℋ0
b,I(X,Lk). (48)
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The Schwartz kernel of Pk,τ2 with respect to dVX is the smooth section (x, y) ↦→
Pk,τ2(x, y) ∈ Lk

x ⊗ (Lk
y)∗ satisfying

(Pk,τ2u)(x) =
∫︂
X

Pk,τ2(x, y)u(y) dVX(y) , u ∈ L2(X,Lk). (49)

We pause and introduce some notations. Let Ak : 𝒞∞c (X,Lk) → 𝒞∞(X,Lk) be a 
continuous operator with distribution kernel Ak(x, y) ∈ 𝒟′(X ×X,Lk ⊠ (Lk)∗). Let s1, 
s2 be local trivializing CR rigid sections of L defined on R-invariant open sets D1 ⊂ X, 
D2 ⊂ X, respectively, |sj(x)|2hL = e−2Φj(x), Φj ∈ 𝒞∞(Dj), j = 1, 2. The localization of 
Ak with respect to s1 and s2 are given by

Ak,s1,s2 : 𝒞∞c (D1)→ 𝒞∞(D2),

Ak,s1,s2(u) := e−kΦ2s−k
2 Ak(sk1ekΦ1u),∀u ∈ 𝒞∞c (D1).

When s = s1 = s2, D1 = D2, we write Ak,s := Ak,s1,s2 . We write Ak = O(k−∞) on X
or Ak(x, y) = O(k−∞) on X ×X if for any local trivializing CR rigid sections s1, s2 of 
L defined on R-invariant open sets D1 ⊂ X, D2 ⊂ X, respectively, we have

Ak,s1,s2 = O(k−∞) on D1 ×D2.

Let s be a local trivializing CR rigid section of L defined on a R-invariant open set D, 
|s(x)|2hL = e−2Φ(x), x ∈ D. As before, let Pk,τ2,s : 𝒞∞c (D)→ 𝒞∞(D) be the localization of 
Pk,τ2 with respect to s. Let Pk,τ2,s(x, y) ∈ 𝒞∞(D×D) be the Schwartz kernel of Pk,τ2,s

with respect to dVX . We have the following [14, Theorem 1.1]

Theorem 2.2. With the notations and assumptions above, consider a point p ∈ X and a 
coordinates neighborhood (D,x = (x1, . . . , x2n+1)) centered at p = 0 with T = − ∂

∂x2n+1
. 

Let s be a local rigid CR trivializing section of L on D and set |s|2h = e−2Φ. With the 
notations used above,

Pk,τ2,s(x, y) =
∫︂
R 

eikφ(x,y,t)a(x, y, t, k)dt + O(k−∞) on D ×D, (50)

where φ ∈ 𝒞∞(D×D× I) is a phase function such that for some constant c > 0 we have
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dxφ(x, y, t)|x=y = −2Im ∂bΦ(x) + tω0(x),

dyφ(x, y, t)|x=y = 2Im ∂bΦ(x)− tω0(x),

Im φ(x, y, t) ≥ c|z − w|2,
(x, y, t) ∈ D ×D × I, x = (z, x2n+1), y = (w, y2n+1),

Im φ(x, y, t) +
⃓⃓⃓⃓
∂φ

∂t 
(x, y, t)

⃓⃓⃓⃓2
≥ c |x− y|2 , (x, y, t) ∈ D ×D × I,

φ(x, y, t) = 0 and ∂φ

∂t 
(x, y, t) = 0 if and only if x = y,

(51)

and a(x, y, t, k) ∈ Sn+1
loc (1;D ×D × I) ∩ 𝒞∞c (D ×D × I) is a symbol with expansion

a(x, y, t, k) ∼
∞ ∑︂
j=0 

aj(x, y, t)kn+1−j in Sn+1
loc (1;D ×D × I), (52)

and for x ∈ D0 and t ∈ I we have

a0(x, x, t) = (2π)−n−1 ⃓⃓det
(︁
RL

x − 2tℒx

)︁⃓⃓
τ2(t), (53)

where ω0 ∈ 𝒞∞(X,T ∗X) is the global real 1-form of unit length orthogonal to T ∗1,0X ⊕
T ∗0,1X, see (32), 

⃓⃓
det

(︁
RL

x − 2tℒx

)︁⃓⃓
= |λ1(x, t) · · ·λn(x, t)|, where λj(x, t), j = 1, . . . , n, 

are the eigenvalues of the Hermitian quadratic form RL
x − 2tℒx with respect to ⟨ · | · ⟩, 

RL
x and ℒx denote the curvature two form of L and the Levi form of X respectively (see 

Definition 2.8 and (34)).

Now, we shall introduce local coordinates and give a local expression for the phase 
function. In Section 4.4 of [16] the author determined the tangential Hessian of the phase 
function. We recall [21, Theorem 3.13], which is an improvement of the result in [16] for 
the case of CR manifolds with transversal CR R-action.

Theorem 2.3. Fix (p, p, t0) ∈ D×D×I, and let W 1,t0 , . . . ,Wn,t0 be an orthonormal rigid 
frame of T 1,0

x X varying smoothly with x in a neighborhood of p, for which the Hermitian 
quadratic form RL

x − 2t0ℒx is diagonal at p, that is,

(RL
p − 2 t0ℒp)(W j,t0(p), Wk,t0(p)) = λj(t0) δj,k ,

for j, k = 1, . . . , n. Let s be a local rigid CR frame of L defined on D, |s|2hL = e−2Φ, Φ ∈
𝒞∞(D). Let x = (x1, . . . , x2n+1) be local coordinates defined in some small neighborhood 
of p with x(p) = 0 such that
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ω0(p) = dx2n+1 , T = − ∂

∂x2n+1
,

W j, t0(p) = ∂

∂zj
+ i

n ∑︂
t=1 

τj, tzt
∂

∂x2n+1
+ O(|z|2) for j = 1, . . . , n ,

⟨︃
∂

∂xj
(p)
⃓⃓⃓⃓
∂

∂xℓ
(p)
⟩︃

= 2 δj,ℓ for j, ℓ = 1, . . . , 2n ,

zj = xj + ixd+j , j = 1, . . . , d,

zj = x2j−1 + ix2j , j = d + 1, . . . , n,

(54)

and

Φ(x) = 1
2

n ∑︂
l, t=1

μt,lztzl +
n ∑︂

l, t=1

(al,tzlzt + al,tzlzt) + O(|z|3) , (55)

where τt,l, μt,l, at,l ∈ C, μt,l = μl,t, l, t = 1, . . . , n. Then, there exists a neighborhood of 
(p, p) such that

φ(x, y, t0) =t0(x2n+1 − y2n+1)− i 
2

n ∑︂
j,l=1

(al,j + aj,l)(zjzl − wjwl) (56)

+ i 
2

n ∑︂
j,l=1

(al,j + aj,l)(zjzl − wjwl) + i t0
2 

n ∑︂
j,l=1

(τl,j − τj,l)(zjzl − wjwl)

− i 
2

n ∑︂
j=1 

λj(t0)(zjwj − zjwj)

+ i 
2

n ∑︂
j=1 

λj(t0)|zj − wj |2 + O(|(z, w)|3).

2.5. Preliminaries on CR manifolds and group actions

From now on, we assume that X admits a d-dimensional compact Lie group action G
with Lie algebra 𝔤. As before, let us denote by 𝔤 the space of vector field on X induced 
by the Lie algebra 𝔤 of G. Furthermore for every ξ ∈ 𝔤, we write ξX to denote the 
infinitesimal vector field on X induced by ξ. Recall that we work with Assumption 1.1.

As Definition 2.6, we can define G-equivariant rigid CR line bundle.

Definition 2.10. A rigid CR line bundle L → X is called G-equivariant rigid CR if the 
action G can be lifted to L, for every ξX ∈ 𝔤, ξX can be lifted to L and for every point 
p ∈ X there exists an open neighborhood U around p and a CR frame s of L|U with 
T (s) = 0 and ξXs = 0, for every ξX ∈ 𝔤.

From now on, we assume that L is a G-equivariant rigid CR line bundle.
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The proof of the following is similar to the proof of [14, Theorem 3.12].

Theorem 2.4. With the assumptions and notations above, we can find local CR rigid G
invariant trivializing section sj defined on an open subset Dj of X, j = 1, . . . , N , N ∈ N, 
such that X = ∪N

j=1Dj and Dj = ∪(g,η)∈G×R{g · η · x; x ∈ Dj}, for every j = 1, . . . , N .

Proof. From the discussion after Assumption 2.2, we see that the R-action on X comes 
from a torus action T r on X and L is T r-equivariant. Let Ĝ := G × T r. Then, Ĝ is a 
compact Lie group action acting on X and L is Ĝ-equivariant. Fix x0 ∈ X. Let

Ax0 := {U ⊂ Ĝ; U is an open set of Ĝ and we can find a local CR trivializing

section s of L, Ts = 0, ξXs = 0, for all ξ ∈ 𝔤, defined on 
⋃︂

g∈U
gD,

D is an open set of x0},

where gD := {g · x; x ∈ D}. Let U1, U2 ∈ Ax0 . We claim that

U1
⋃︂

U2 ∈ Ax0 . (57)

By definition, we can find local CR trivializing sections s1, s2 of L, Ts1 = 0, Ts2 = 0, 
ξXs1 = 0, ξXs2 = 0, for all ξ ∈ 𝔤, defined on Ω1 =

⋃︁
g∈U1

gD1, Ω2 =
⋃︁

g∈U2
gD2, 

respectively, where D1, D2 are open sets of x0. If Ω1
⋂︁

Ω2 = ∅. Let s be the function on 
Ω =

⋃︁
g∈U1∪U2

g(D1 ∩D2) given by s = s1 on ∪g∈U1g(D1 ∩D2), s = s2 on ∪g∈U2g(D1 ∩
D2). Then s is a local CR trivializing section of L, Ts = 0, ξXs = 0, for all ξ ∈ 𝔤, defined 
on Ω. Hence, U1

⋃︁
U2 ∈ Ax0 .

If Ω1
⋂︁

Ω2 ̸= ∅. We have s1 = fs2 on Ω1 ∩ Ω2, f is a CR function on Ω1
⋂︁

Ω2, 
Tf = 0, ξXf = 0, for all ξ ∈ 𝔤, and f(x) ̸= 0, for all x ∈ Ω1

⋂︁
Ω2. Thus, f is a 

CR function on 
⋃︁

g∈U1∩U2
g(D1 ∩ D2). Fix h ∈ U1

⋂︁
U2. Let ˜︁f be the CR function on ⋃︁

g∈U1∪U2
g(D1 ∩D2) given by ˜︁f(g · x) := f(h · x), x ∈ D1 ∩D2. We check now that ˜︁f is 

well-defined. If g ·x = ĝ · y ∈ ⋃︁g∈U1∪U2
g(D1 ∩D2), x, y ∈ D1 ∩D2, g, ĝ ∈ U1 ∪U2. Then, 

y = (ĝ)−1g ·x ∈ D1∩D2. Since Tf = 0, ξXf = 0, for all ξ ∈ 𝔤, f(h ·x) = f(h(ĝ)−1g ·x) =
f(h ·y). Thus, ˜︁f is well-defined. Let s be the function on Ω =

⋃︁
g∈U1∪U2

g(D1∩D2) given 

by s = s1 on 
⋃︁

g∈U1
g(D1 ∩ D2) and s = ˜︁fs2 on 

⋃︁
g∈U2

g(D1 ∩ D2). Then s is a well
defined local CR trivializing section of L, Ts = 0, ξXs = 0, for all ξ ∈ 𝔤, defined on Ω. 
Hence, U1

⋃︁
U2 ∈ Ax0 . The claim (57) follows.

It is clear that we can find Uj ∈ Ax0 , j = 1, 2, . . . , N , such that Ĝ =
⋃︁N

j=1 Uj . 
From (57), we see that 

⋃︁N
j=1 Uj ∈ Ax0 . Thus, Ĝ ∈ Ax0 . Hence, we can find a local CR 

trivializing section s of L, Ts = 0, ξXs = 0, for all ξ ∈ 𝔤, defined on 
⋃︁

g∈Ĝ gD, D is an 
open set of x0. The theorem follows. □

From now on, for any local CR rigid trivializing section s defined on an open set D
of X, by Theorem 2.4, without loss of generality, we will always assume that D and s
are G×R-invariant.
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From now on, we assume that the Hermitian metrices ⟨ · | · ⟩ and hL are G×R-invariant. 
We now introduce moment map associated to RL and ω0.

Definition 2.11. Let s be a CR rigid G-invariant trivializing section of L defined on an 
open subset D ⊂ X, |s|2hL = e−2Φ, Φ ∈ 𝒞∞(D). Let

γΦ := 4Im ∂bΦ = (−2i)(∂bΦ− ∂bΦ).

The moment map on D associated to the local weight Φ is the map γΦ : D → 𝔤∗ such 
that for all x ∈ D and ξ ∈ 𝔤, we have

⟨ γΦ(x) , ξ ⟩ = γΦ(ξX(x)), (58)

where ξX is the vector field on X induced by ξ.

Lemma 2.2. Definition 2.11 is global defined. More precisely, the moment map γΦ given 
by (58) is independent of the choices of Φ.

Proof. Let s1, s2 be CR rigid G-invariant trivializing sections of L defined on an open 
subset D ⊂ X, |sj |2hL = e2Φj , Φj ∈ 𝒞∞(D), j = 1, 2. We have s1 = fs2 on D, f is a rigid 
CR G-invariant function on D, f(x) ̸= 0, for every x ∈ D. Thus,

|s1|2hL = e−2Φ1 = |f |2e−2Φ2 = e−2Φ2+log |f |2

on D. Hence,

Φ1 = Φ2 − 1
2 log |f |2.

Thus,

∂bΦ1 = ∂bΦ2 − 1
2
∂bf

f

on D and hence

γΦ1 = (−2i)(∂bΦ1 − ∂bΦ1)

= (−2i)(∂bΦ2 − ∂bΦ2) + i(∂bf

f
− ∂bf

f
)

= γΦ2 + i(∂bf

f
− ∂bf

f
).

(59)

Since f is G-invariant, we have
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⟨ ∂bf

f
− ∂bf

f
, ξX ⟩ = 0 on X, (60)

for every ξ ∈ 𝔤. The lemma follows. □
From now on, we write

γ : X → 𝔤∗

to denote the moment map given by (58).

Definition 2.12. The moment map associated to the form ω0 is the map μ : X → 𝔤∗ such 
that, for all x ∈ X and ξ ∈ 𝔤, we have

⟨μ(x), ξ⟩ = ω0(ξX(x)), (61)

ξ ∈ 𝔤, ξX : the vector field on X induced by ξ.

For every t ∈ I, let μ̂t : X → 𝔤∗ be as in (1). Recall that in this work, we work with 
Assumption 1.3.

2.6. CR reduction with respect to curvature data

Let Y := μ̂−1
t (0) and denote by HY := Ker ω0 ∩ TY . Let XG := Y/G and let 

π : Y → XG be the natural projection. Let HXG := π∗HY , π∗ is the push-forward map 
of π. We are now going to prove that XG is a CR manifold. Fix t0 ∈ I. Recall that zero 
is a regular value of μ̂t0 . Recall that I is the open interval as in (38). For every x ∈ Y , 
let

bx(·, ·) := ((−2i)RL
x − 2t0dω0(x))(·, J ·)

be the bilinear form on HxX. Let

𝔤⊥b := {v ∈ HX; b(ξX , v) = 0, for all ξX ∈ 𝔤}.

Since RL
x − 2t0ℒx is positive,

𝔤 ∩ 𝔤⊥b = {0}. (62)

Hence, b is a non-degenerate bilinear form and thus

𝔤⊕ 𝔤⊥b = HxX, (63)

for every x ∈ Y . Let HHY := 𝔤⊥b |Y ∩HY . From (63), we have

HY = g|Y ⊕HHY. (64)
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Lemma 2.3. We have

𝔤⊥b |Y = JHY, (65)

and

HX|Y = J𝔤|Y ⊕HY = J𝔤|Y ⊕ 𝔤|Y ⊕HHY. (66)

Proof. Fix p ∈ Y and let s be a local CR rigid G-invariant trivializing section of L
defined on a G-invariant open subset D of p in X, |s|2hL = e−2Φ. For V ∈ HpX and 
ξ ∈ 𝔤, we have

bp(ξX , JV ) = dγΦ(ξX , JV ). (67)

From (67), we see that V ∈ 𝔤⊥b

p
if and only if dγΦ(ξX , JV ) = 0, for all ξX ∈ 𝔤

p
. Since 0

is a regular value of μ̂t0 , dγΦ(ξX , JV ) = 0, for all ξX ∈ 𝔤
p

if and only if JV ∈ HpY . We 
get (65).

Now, for V ∈ HpY and ξ ∈ 𝔤, we have

bp(JξX , V ) = dγΦ(V, ξX) = 0. (68)

From (68),

dim HpX = dim HpY + dim J𝔤
p

and the fact that bp is non-degenerate, we obtain (66). □
From (65), we have

HHY = JHY ∩HY. (69)

From (64), we can identify HXG with HHY and from (69), we can define complex 
structure map JG on HXG: For V ∈ HXG, we denote by V H its lift in HHY , and we 
define JG on XG by

(JGV )H = J(V H). (70)

Hence, we have JG : HXG → HXG such that J2
G = − id, where id denotes the identity 

map id : HXG → HXG. By complex linear extension of JG to CTXG, we can define 
the i-eigenspace of JG is given by T 1,0XG =

{︁
V ∈ CHXG ; JGV = 

√−1V
}︁
.

Proposition 2.1. The subbundle T 1,0XG is a CR structure of XG.
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Proof. Let u, v ∈ 𝒞∞(XG, T
1,0XG), then we can find U, V ∈ 𝒞∞(XG, HXG) such that

u = U −√−1JGU, v = V −√−1JGV.

By (70), we have

uH = UH −√−1JUH , v = V H −√−1JV H ∈ T 1,0X ∩CHY.

Since T 1,0X is a CR structure and it is clearly that [uH , vH ] ∈ CHY , we have [uH , vH ] ∈
T 1,0X ∩CHY . Hence, there is a W ∈ 𝒞∞(X,HX) such that

[uH , vH ] = W −√−1JW.

In particular, W,JW ∈ HY . Thus, W ∈ HY ∩ JHY = HHY . Let XH ∈ HHY be a lift 
of X ∈ TXG such that XH = W . Then we have

[u, v] = π∗[uH , vH ] = π∗(XH −√−1JXH) = X −√−1JGX ∈ T 1,0XG,

i.e. we have [𝒞∞(XG, T
1,0XG), 𝒞∞(XG, T

1,0XG)] ⊂ 𝒞∞(XG, T
1,0XG). Therefore, 

T 1,0XG is a CR structure of XG. □
3. Proofs of Theorem 1.1 and Theorem 1.2

This section is organized as follows. First, we shall introduce local coordinates com
patible with the actions of G on X and the R-action in Section 3.1. Then, in Section 3.2, 
we shall study the microlocal structure of the G-invariant Szegő kernel leading to the 
proof of Theorem 1.1 and Theorem 1.2.

3.1. Local coordinates

In this chapter we specialize the local coordinates introduced in Section 2.3 taking 
into account the action of the group G and R. The main results are two: Proposition 3.1, 
which introduces the local coordinates, and Proposition 3.2, which expresses the phase 
function φ in terms of the coordinates introduced in Proposition 3.1.

Let e0 ∈ G be the identity element and let v = (v1, . . . , vd) be the local coordinates 
of G defined in a neighborhood V of e with v(e0) = (0, . . . , 0). From now on, we will 
identify the element g ∈ V with v(g).

Proposition 3.1. Fix t0 ∈ I. Let p ∈ Y and let s be a local CR rigid G-invariant triv
ializing section of L defined on a G-invariant open set D of p in X, |s|2hL = e−2Φ. 
Then there exist local coordinates x = (x1, . . . , x2n+1) on X defined in a neighborhood 
U = U1×U2 ⊂ D of p with p ≡ 0, U1 ⊂ Rd (resp. U2 ⊂ R2n+1−d) is an open neighborhood 
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of 0 ∈ Rd (resp. 0 ∈ R2n+1−d) and a smooth function Γ = (Γ1, . . . ,Γd) ∈ 𝒞∞(U2, U1)
with Γ(0) = 0 ∈ Rd, Γ is independent of x2n+1, such that

T = − ∂

∂x2n+1
on U,

(v1, . . . , vd) ◦ (Γ(xd+1, . . . , x2n), xd+1, . . . , x2n+1)

= (v1 + Γ1(xd+1, . . . , x2n), . . . , vd + Γd(xd+1, . . . , x2n), xd+1, . . . , x2n+1)

(71)

for each (v1, . . . , vd) ∈ V and for each (xd+1, . . . , x2n+1) ∈ U2,

𝔤 = span
{︃

∂

∂x1
, · · · , ∂

∂xd

}︃
,

Y = {xd+1 = · · · = x2d = 0} ,

J

(︃
∂

∂xj

)︃
= ∂

∂xd+j
on Y for j = 1, . . . , d ,

(72)

T 1,0X = span{Z1,t0 , . . . , Zn,t0} ,

Zj,t0(p) = 1
2

(︃
∂

∂xj
− i

∂

∂xd+j

)︃
(p) , j = 1, . . . , d ,

Zj,t0(p) = 1
2

(︃
∂

∂x2j−1
− i

∂

∂x2j

)︃
(p) , j = d + 1, . . . , d ,(︁

RL
p − 2t0ℒp

)︁ (︁
Zj,t0(p), Zℓ,t0(p)

)︁
= λj(t0)δj,ℓ , j, ℓ = 1, 2, . . . , n ,

⟨Zj,t0(p)|Zℓ,t0(p)⟩ = δj,ℓ , j, ℓ = 1, 2, . . . , n ,

(73)

where {Z1,t0 , . . . , Zn,t0} is an orthonormal basis of T 1,0X on U depending smoothly in 
x ∈ U .

Moreover, let ˜︁xj, j = 1, . . . , 2n + 1, be the coordinates as in Proposition 2.3, we have

˜︁xj = xj + O(
⃓⃓̊
x2⃓⃓), j = 1, . . . , 2n,

˜︁x2n+1 = x2n+1 +
d ∑︂

j,ℓ=1

i 
2(τj,ℓ − τj,ℓ)xjxℓ +

d ∑︂
j,ℓ=1

−(τj,ℓ + τj,ℓ)xd+jxℓ

+
n ∑︂

j=d+1

d ∑︂
ℓ=1 

i(τj,ℓ − τj,ℓ)x2j−1xℓ +
n ∑︂

j=d+1

d ∑︂
ℓ=1 
−(τj,ℓ + τj,ℓ)x2jxℓ + O(

⃓⃓̊
x3⃓⃓),

(74)

where x̊ = (x1, . . . , x2n).

Proof. From the standard proof of Frobenius Theorem, it is not difficult to see that 
there exist local coordinates v = (v1, . . . , vd) of G defined in a neighborhood V of e0
with v(e0) = (0, . . . , 0) and local coordinates x = (x1, . . . , x2n+1) of X defined in a 
neighborhood U ⊂ D of p with x(p) = 0 such that
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(v1, . . . , vd) ◦ (0, . . . , 0, xd+1, . . . , x2n+1)

= (v1, . . . , vd, xd+1, . . . , x2n+1), ∀(v1, . . . , vd) ∈ V, ∀(0, . . . , 0, xd+1, . . . , x2n+1) ∈ U,

(75)

and

𝔤 = span 
{︃

∂

∂x1
, . . . ,

∂

∂xd

}︃
, (76)

T = − ∂

∂x2n+1
on D. (77)

Consider the linear map

R : 𝔤
p
→ 𝔤

p
,

u→ Ru, ⟨ Ru | v ⟩ = ⟨ (−2i)RL
p − 2t0dω0(p)) , Ju ∧ v ⟩.

Since R is self-adjoint, by using linear transformation in (x1, . . . , xd), we can take 
(x1, . . . , xd) such that, for j, ℓ = 1, 2, . . . , d,

⟨ R ∂

∂xj
(p) | ∂

∂xℓ
(p) ⟩ = 4λj(t0)δj,ℓ, ⟨ ∂

∂xj
(p) | ∂

∂xℓ
(p) ⟩ = 2δj,ℓ. (78)

By taking linear transformation in (v1, . . . , vd), (75) still hold.
Let μ̂t0( ∂

∂xj
) = aj(x) ∈ 𝒞∞(U), j = 1, 2, . . . , d. Since aj(x) is G × R-invariant, we 

have ∂aj(x)
∂xs

= 0, ∂aj

∂x2n+1
= 0, j, s = 1, 2, . . . , d. By the definition of the moment map, we 

have

Y
⋂︂

U = {x ∈ U ; a1(x) = · · · = ad(x) = 0} .

Since 0 is a regular value of the moment map μ̂t0 , the matrix 
(︂

∂aj

∂xs
(p)
)︂

1≤j≤d,d+1≤s≤2n+1

is of rank d. We may assume that the matrix 
(︂

∂aj

∂xs
(p)
)︂

1≤j≤d,d+1≤s≤2d
is non-singular. 

Thus, (x1, . . . , xd, a1, . . . , ad, x2d+1, . . . , x2n+1) are also local coordinates of X. Hence, 
we can take v = (v1, . . . , vd) and x = (x1, . . . , x2n+1) such that (75), (76), (77) and (78)
hold and

Y
⋂︂

U = {x = (x1, . . . , x2n+1) ∈ U ; xd+1 = · · · = x2d = 0} . (79)

On Y
⋂︁

U , let

J( ∂

∂xj
) = bj,1(x) ∂

∂x1
+ · · ·+ bj,2n+1(x) ∂

∂x2n+1
, j = 1, 2, . . . , d.

Since we only work on Y , bj,ℓ(x) is independent of xd+1, . . . , x2d, for all j = 1, . . . , d, 
ℓ = 1, . . . , 2n + 1. Moreover, it is easy to see that bj,ℓ(x) is also independent of 
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x1, . . . , xd, x2n+1, for all j = 1, . . . , d, k = 1, . . . , 2n + 1. Let ˜︁x′′ = (x2d+1, . . . , x2n). 
Hence, bj,ℓ(x) = bj,ℓ(˜︁x′′), j = 1, . . . , d, ℓ = 1, . . . , 2n + 1. We claim that the matrix 
(bj,ℓ(˜︁x′′))1≤j≤d,d+1≤k≤2d is non-singular near p. If not, it is easy to see that there is a 
non-zero vector u ∈ J𝔤

⋂︁
HY . Let u = Jv, v ∈ 𝔤. Then, v ∈ 𝔤

⋂︁
JHY = 𝔤

⋂︁
𝔤⊥b . Since 

𝔤∩𝔤⊥b = {0} on Y , we deduce that v = 0 and we get a contradiction. The claim follows. 
From the claim, we can use linear transformation in (xd+1, . . . , x2d) (the linear transform 
depends smoothly on ˜︁x′′) such that on Y ,

J( ∂

∂xj
) = bj,1(˜︁x′′) ∂

∂x1
+ · · ·+ bj,d(˜︁x′′) ∂

∂xd
+ ∂

∂xd+j
+ bj,2d+1(˜︁x′′) ∂

∂x2d+1
+ · · ·

+ bj,2n+1(˜︁x′′) ∂

∂x2n+1
,

where j = 1, 2, . . . , d. Consider the coordinates change:

x = (x1, . . . , x2n+1)→ u = (u1, . . . , u2n+1),

(x1, . . . , x2n+1)→ (x1 −
d ∑︂

j=1 
bj,1(˜︁x′′)xd+j , . . . , xd −

d ∑︂
j=1 

bj,d(˜︁x′′)xd+j ,

xd+1, . . . , x2d, x2d+1 −
d ∑︂

j=1 
bj,2d+1(˜︁x′′)xd+j , . . . , x2n+1 −

d ∑︂
j=1 

bj,2n+1(˜︁x′′)xd+j).

Then,

∂

∂xj
→ ∂

∂uj
, j = 1, . . . , d, 2d + 1, . . . , 2n + 1,

∂

∂xd+j
→ −bj,1 ∂

∂u1
− · · · − bj,d

∂

∂ud
+ ∂

∂ud+j
− bj,2d+1

∂

∂u2d+1
− · · · − bj,2n+1

∂

∂u2n+1
,

j = 1, . . . , d.

Hence, on Y
⋂︁
U , J( ∂

∂xj
)→ ∂

∂ud+j
, j = 1, . . . , d. Thus, we can take v = (v1, . . . , vd) and 

x = (x1, . . . , x2n+1) such that (71), (76), (78), (79) hold and on Y
⋂︁
U ,

J( ∂

∂xj
) = ∂

∂xd+j
, j = 1, 2, . . . , d.

Let Zj = 1
2 ( ∂

∂xj
− i ∂

∂xd+j
)(p) ∈ T 1,0

p X, j = 1, . . . , d. From (78), we can check that

(RL
p − 2t0ℒp)(Zj , Zk) = λj(t0)δj,k, ⟨ Zj | Zk ⟩ = δj,k, j, k = 1, . . . , d.

Since 𝔤
p

is orthogonal to HpY
⋂︁
JHpY and HpY

⋂︁
JHpY ⊂ 𝔤⊥b

p
, we can find an 

orthonormal frame {Z1, . . . , Zd, V1, . . . , Vn−d} for T 1,0
p X such that RL

p−2t0ℒp is diagonal
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ized with respect to Z1, . . . , Zd, V1, . . . , Vn−d, where V1 ∈ CHpY
⋂︁
JCHpY, . . . , Vn−d ∈

CHpY
⋂︁

JCHpY . Write

Re Vj =
2n ∑︂
k=1

αj,k
∂

∂xk
, Im Vj =

2n ∑︂
k=1

βj,k
∂

∂xk
, j = 1, . . . , n− d.

We claim that αj,k = βj,k = 0, for all k = d + 1, . . . , 2d, j = 1, . . . , n − d. Fix j =
1, . . . , n− d. Since Re Vj ∈ 𝔤⊥b

p
and span 

{︂
∂

∂xd+1
, . . . , ∂

∂x2d

}︂
∈ 𝔤⊥b

p
, we conclude that

d ∑︂
k=1

αj,k
∂

∂xk
+

2n ∑︂
k=2d+1

αj,k
∂

∂xk
∈ 𝔤⊥b

p

⋂︂
HpY. (80)

From (65) and (80), we deduce that

d ∑︂
k=1

αj,k
∂

∂xk
+

2n ∑︂
k=2d+1

αj,k
∂

∂xk
∈ JHpY

⋂︂
HpY = 𝔤⊥b

p

⋂︂
HpY

and hence

J
(︂ d ∑︂

k=1

αj,k
∂

∂xk
+

2n ∑︂
k=2d+1

αj,k
∂

∂xk

)︂
∈ 𝔤⊥b

p

⋂︂
HpY. (81)

From (81) and notice that J(Re Vj) ∈ 𝔤⊥b

p
, we deduce that

J(
2d ∑︂

k=d+1

αj,k
∂

∂xk
) ∈ 𝔤

p

⋂︂
𝔤⊥b

p
= {0} .

Thus, αj,k = 0, for all k = d + 1, . . . , 2d, j = 1, . . . , n − d. Similarly, we can repeat the 
procedure above and deduce that βj,k = 0, for all k = d + 1, . . . , 2d, j = 1, . . . , n− d.

Since span {Re Vj , Im Vj ; j = 1, . . . , n− d} is transversal to 𝔤
p
⊕ J𝔤

p
, we can take 

linear transformation in (x2d+1, . . . , x2n) so that

Re Vj = αj,1
∂

∂x1
+ · · ·+ αj,d

∂

∂xd
+ ∂

∂x2j−1+2d
, j = 1, 2, . . . , n− d,

Im Vj = βj,1
∂

∂x1
+ · · ·+ βj,d

∂

∂xd
+ ∂

∂x2j+2d
, j = 1, 2, . . . , n− d.

Consider the coordinates change:

x = (x1, . . . , x2n+1)→ u = (u1, . . . , u2n+1),
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(x1, . . . , x2n+1)→ (x1 −
d ∑︂

j=1 
αj,1x2j−1+2d −

d ∑︂
j=1 

βj,1x2j+2d, . . . , xd

−
d ∑︂

j=1 
αj,dx2j−1+2d −

d ∑︂
j=1 

βj,dx2j+2d, xd+1, . . . , x2n+1)

Then,

∂

∂xj
→ ∂

∂uj
, j = 1, . . . , 2d,

∂

∂x2j−1+2d
→ −αj,1

∂

∂u1
− · · · − αj,d

∂

∂ud
+ ∂

∂u2j−1+2d
, j = 1, . . . , n− d,

∂

∂x2j+2d
→ −βj,1

∂

∂u1
− · · · − βj,d

∂

∂ud
+ ∂

∂u2j+2d
, j = 1, . . . , n− d.

Thus, we can take v = (v1, . . . , vd) and x = (x1, . . . , x2n+1) such that (71), (72) and (73)
hold.

Let ˜︁x = (˜︁x1, . . . , ˜︁x2n+1) be the coordinates as in Theorem 2.3. It is easy to see that

˜︁xj = xj + hj (̊x), hj (̊x) = O(|x|2), j = 1, 2, . . . , 2n,˜︁x2n+1 = x2n+1 + h2n+1(̊x), h2n+1(̊x) = O(|x|2),
(82)

where ̊x = (x1, . . . , x2n). We may change x2n+1 be x2n+1 +h2n+1(0, . . . , 0, xd+1, . . . , x2n)
and we have

∂2˜︁x2n+1

∂xj∂xk
(p) = 0, j, k = {d + 1, . . . , 2n} . (83)

Note that when we change x2n+1 to x2n+1 + h2n+1(0, . . . , 0, xd+1, . . . , x2n), ∂
∂xj

will 
change to ∂

∂xj
+ αj(x) ∂

∂x2n+1
, j = d + 1, . . . , 2n, where αj(x) is a smooth function on 

Y
⋂︁
U , independent of x1, . . . , xd, x2n+1 and αj(0) = 0, j = d + 1, . . . , 2n. Hence, on 

Y
⋂︁
U , we have J( ∂

∂xj
) = ∂

∂xd+j
+ aj(x) ∂

∂x2n+1
, j = 1, 2, . . . , d, where aj(x) is a smooth 

function on μ−1(0)
⋂︁
U , independent of x1, . . . , x2d, x2n+1 and aj(0) = 0, j = 1, . . . , d.

From (54) and (82), it is straightforward to see that

ω0(˜︁x) = d˜︁x2n+1 − i
n ∑︂

j,t=1
τj,t˜︁ztd˜︁zj + i

n ∑︂
j,t=1

τ j,t˜︁ztd˜︁zj + O(|̊x|2)

= dx2n+1 − i

n ∑︂
j,t=1

τj,tztdzj + i

n ∑︂
j,t=1

τ j,tztdzj +
n ∑︂

j=1 
(∂˜︁x2n+1

∂zj
dzj + ∂˜︁x2n+1

∂zj
dzj)

+ O(|̊x|2). (84)
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Note that ω0 is G-invariant. From this observation and (84), we deduce that

∂2˜︁x2n+1

∂zj∂xℓ
(p) = iτj,ℓ, j ∈ {1, . . . , n} , ℓ ∈ {1, . . . , d} ,

∂2˜︁x2n+1

∂zj∂xℓ
(p) = −iτj,ℓ, j ∈ {1, . . . , n} , ℓ ∈ {1, . . . , d} .

(85)

From (85), we can compute that

∂2˜︁x2n+1

∂xj∂xℓ
(p) = iτj,ℓ − iτj,ℓ, j, ℓ ∈ {1, . . . , d} ,

∂2˜︁x2n+1

∂xd+j∂xℓ
(p) = −(τj,ℓ + τj,ℓ), j, ℓ ∈ {1, . . . , d} ,

∂2˜︁x2n+1

∂x2j−1∂xℓ
(p) = iτj,ℓ − iτj,ℓ, j ∈ {d + 1, . . . , n} , ℓ ∈ {1, . . . , d} ,

∂2˜︁x2n+1

∂x2j∂xℓ
(p) = −(τj,ℓ + τj,ℓ), j ∈ {d + 1, . . . , n} , ℓ ∈ {1, . . . , d} .

(86)

From (83) and (86), we get (74). □
Let us now write the phase function (56) in local coordinates defined above.

Proposition 3.2. Let p ∈ μ−1(0) and fix t0 ∈ I. Let s be a local rigid CR frame of L
defined on D, |s|2hL = e−2Φ, Φ ∈ 𝒞∞(D). Let x = (x1, . . . , x2n+1) be local coordinates as 
in Proposition 3.1. Then, there exists a neighborhood of (p, p) such that

φ(x, y, t0) =t0(x2n+1 − y2n+1)− i 
2

n ∑︂
j,l=1

(al,j + aj,l)(zjzl − wjwl)

+ i 
2

n ∑︂
j,l=1

(al,j + aj,l)(zjzl − wjwl) + i t0
2 

n ∑︂
j,l=1

(τ l,j − τj,l)(zjzl − wjwl)

− i 
2

n ∑︂
j=1 

λj(t0)(zjwj − zjwj) + i 
2

n ∑︂
j=1 

λj(t0)|zj − wj |2

+ i
t0
2 

d ∑︂
j,l=1

(τj,l − τj,l)(xjxl − yjyl) + t0

d ∑︂
j,l=1

(τj,l + τj,l)(−xd+jxl + yd+jyl)

+ t0

n ∑︂
j=d+1

d ∑︂
l=1 

i(τj,l − τj,l)(x2j−1xl − y2j−1yl)

+ t0

n ∑︂
j=d+1

d ∑︂
l=1 
−(τj,l + τj,l)(x2jxl − y2jyl) + O(|(z, w)|3), (87)
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where τj,l, aj,l ∈ C, j, l = 1, . . . , n, λj(t0), j = 1, . . . , n, are as in Theorem 2.3.
Moreover, we have

μj,ℓ + t0(τℓ,j + τj,ℓ) = δj,ℓλj(t0), j, ℓ = 1, . . . , n, (88)

and for all j = 1, . . . , d, ℓ = 1, . . . , n

1
2μj,ℓ + aj,ℓ + aℓ,j = 0, j = 1, . . . , d, ℓ = 1, . . . , n,

1
2μℓ,j + aj,ℓ + aℓ,j = 0, j = 1, . . . , d, ℓ = 1, . . . , n

(89)

where μj,ℓ, aj,ell, are as in (55)

Proof. From (56) and (74), we get the (87).
From (54), it is straightforward to check that

(RL
p − 2t0ℒp)(W j,t0(p),Wℓ,t(p)) = μj,ℓ + t0(τℓ,j + τj,ℓ) = λj(t0)δj,ℓ, (90)

for all j, ℓ = 1, . . . , n. From (90), we get (88).
Since Φ is G-invariant, we have

dΦ(ξX) = 0, for all ξ ∈ 𝔤. (91)

From, (55), (72) and (74), we have

dΦ = 1
2

n ∑︂
ℓ,t=1

μt,ℓ(zℓdzt + ztdzℓ)

+
n ∑︂

ℓ,t=1

(︂
aℓ,tzℓdzt + aℓ,tztdzℓ

)︂
+

n ∑︂
ℓ,t=1

(︂
aℓ,tzℓdzt + aℓ,tztdzℓ

)︂
+ O(|z|2).

(92)

From (72) and (91), we get for every j = 1, . . . , d,

dΦ( ∂

∂xj
)(0)

=
n ∑︂

ℓ=1 

1
2μj,ℓzℓ +

n ∑︂
ℓ=1 

1
2μℓ,jzℓ +

n ∑︂
ℓ=1 

aj,ℓzℓ +
n ∑︂

ℓ=1 
aℓ,jzℓ +

n ∑︂
ℓ=1 

aj,ℓ zℓ +
n ∑︂

ℓ=1 
aℓ,j zℓ = 0.

Thus, for every j = 1, . . . , d, we have

n ∑︂
ℓ=1 

1
2μj,ℓzℓ +

n ∑︂
ℓ=1 

1
2μℓ,jzℓ +

n ∑︂
ℓ=1 

aj,ℓzℓ +
n ∑︂

ℓ=1 
aℓ,jzℓ +

n ∑︂
ℓ=1 

aj,ℓ zℓ +
n ∑︂

ℓ=1 
aℓ,j zℓ = 0. (93)

From (93), we get (89). □
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3.2. G-invariant Szegő kernels asymptotics near Y

The aim of this section is to prove Theorem 1.1, now we briefly explain the strategy 
of the proof. The G-invariant operator PG

k,τ2,s is obtained by taking the integral over G
of the operator Pk,τ2 , which was studied in [23, Theorem 5.5]. The distributional kernel 
of the latter is an oscillatory integral, so the proof consists in applying the Stationary 
phase formula of Melin and Sjőstrand which leads to equation (102). The following 
Theorem 3.2, and in particular its consequence Theorem 3.3, concerning the imaginary 
part of the phase function A is standard in the analysis of complex Fourier integral 
operators. The next steps, after equation (102), aim to give a more precise description of 
the phase function A in local coordinates in Theorem 3.4. It remains to prove (4) which 
is done is Lemma 3.1 and Lemma 3.2. Eventually we prove Theorem 1.2 which gives a 
local description of the leading term in the asymptotic expansion of the symbol.

Now, let

ℋ0
b,I(X,Lk)G := {u ∈ ℋ0

b,I(X,Lk); g∗u = u, for all g ∈ G}.

Let

ΠG
k,I : L2(X,Lk)→ℋ0

b,I(X,Lk)G

be the orthogonal projection with respect to ( · | · )k. We consider the G-invariant 
weighted Fourier-Szegő operator

PG
k,τ2 := Fk,τ ◦ΠG

k,I ◦ Fk,τ : L2(X,Lk)→ ℋ0
b,I(X,Lk), (94)

where Fk,τ is as in (46). Let Pk,τ2 be as in (48). The following was proved in [23, Theorem 
5.5].

Theorem 3.1. Let χ, χ̂ ∈ 𝒞∞(X) with supp χ ∩ supp χ̂ = ∅. Then,

χPk,τ2 χ̂ = O(k−∞) on X ×X. (95)

Now, recall that

PG
k,τ2(x, y) =

∫︂
G 

Pk,τ2(x, g · y) dμ(g) ,

where dμ(g) is the Haar measure of G. Fix p ∈ Y and let s be a local CR rigid trivializing 
section of L defined on an open set D ⊂ X. Let dμ(g) be the Haar measure on G with ∫︁
G
dμ(g) = 1. Let V be an open neighborhood of e0 ∈ G as in Proposition 3.1. Note that

PG
k,τ2(x, y) =

∫︂
G 

Pk,τ2(x, g · y)dμ(g).
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Let χ ∈ 𝒞∞c (V ), χ = 1 near e0. We have

PG
k,τ2(x, y) =

∫︂
G 

χ(g)Pk,τ2(x, g · y)dμ(g) +
∫︂
G 

(1− χ(g))Pk,τ2(x, g · y)dμ(g).

Since G is freely on Y , if U and V are small, there is a constant c > 0 such that

d(x, g · y) ≥ c, ∀x, y ∈ U, g ∈ Supp (1− χ), (96)

where U ⊂ D is an open set of p ∈ Y as in Proposition 3.1. From now on, we take U
and V small enough so that (96) holds. In view of Theorem 3.1, we see that Pk,τ2(x, y)
is k-negligible away from diagonal. From this observation and (96), we conclude that ∫︁
G

(1− χ(g))Pk,τ2(x, g · y)dμ(g) = O(k−∞) on U × U and hence

PG
k,τ2(x, y) =

∫︂
G 

χ(g)Pk,τ2(x, g · y)dμ(g) + O(k−∞) on U × U. (97)

From Theorem 2.2 and (97), we get

PG
k,τ2,s(x, y) =

∫︂
G 

∫︂
R 

eik φ(x,g·y,t)a(x, g · y, t, k) χ(g) dtdμ(g) + O(k−∞).

Recall that φ has the form

φ(x, y, t) = (x2n+1 − y2n+1)t + φ0(̊x, ẙ, t),

where x̊ = (x1, . . . , x2n), φ(̊x, ẙ, t) ∈ 𝒞∞(D × D × I). Now, we use the coordinates as 
in Proposition 3.1. Put x′ = (x1, . . . , xd), x′′ = (xd+1, . . . , x2n+1), x̊′′ = (xd+1, . . . , x2n), 
x = (x′, x′′) = (x′, x̂′′, x̃′′) where x̂′′ = (xd+1, . . . , x2d), and x̃′′ = (x2d+1, . . . , x2n+1). 
Since PG

k,τ2(x, y) is G-invariant we have

PG
k,τ2,s(x, y) = PG

k,τ2,s((0, x′′), (Γ(ẙ′′), y′′))

where Γ is as in Proposition 3.1.
Now, write x̊′′ = (xd+1, . . . , x2n). Assume that on V , we have

dμ(g) = m(v) dv = m(v1, . . . , vd) dv1 · · ·dvd

on V and m is a real-valued smooth function on G. From Proposition 3.1, we have

PG
k,τ2,s((0, x′′), (Γ(ẙ′′), y′′))

=
∫︂
V

∫︂
R 

eik φ((0,x′′),(Γ(ẙ′′)+v,y′′),t)a((0, x′′), (Γ(ẙ′′) + v, y′′), t) χ(v)m(v) dt dv
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+ O(k−∞)

on D × D, where V is a small open neighborhood of the identity e0 of G. Let 
v = (v1, . . . , vd) be the local coordinates of G defined in a neighborhood V of e with 
v(e) = (0, . . . , 0). From now on, we will identify the element g ∈ V with v(g). By local 
coordinates of Proposition 3.1 and (87), it is easy to check that

det
(︄(︃

∂2φ 
∂vℓ∂vj

(p, p, t0)
)︃d

j, k=1

)︄
= id |λ1(t0)| · · · |λd(t0)| ̸= 0. (98)

We aim to apply the stationary phase formula of Melin and Sjöstrand, see [27, Theorem 
2.3], but we first need to introduce some notations.

Let W be an open set of RN , N ∈ N. From now on, we write WC to denote an open set 
in CN with WC

⋂︁
RN = W and for f ∈ 𝒞∞(W ), from now on, we write ˜︁f ∈ 𝒞∞(WC) to 

denote an almost analytic extension of f . For every t ∈ I, let h(̊x′′, ẙ′′, t) ∈ 𝒞∞(U×U, Cd)
be the solution of the system

∂ ˜︁φ0

∂ỹj
((0, x̊′′), (h(̊x′′, ẙ′′, t) + Γ(ẙ′′), ẙ′′), t) = 0 (99)

for j = 1, 2, . . . , d. Let us set

A(x′′, y′′, t) := (x2n+1 − y2n+1)t + ˜︁φ0((0, x̊′′), (h(̊x′′, ẙ′′, t) + Γ(ẙ′′), ẙ′′), t) , (100)

it is known that ImA ≥ 0, see [27, p. 147]. Furthermore, we note that

∂φ0

∂vj
(x′ = v + Γ(y′′) = 0, x̂′′ = ŷ′′ = 0, ˜︁x′′ = ˜︁y′′, t)

=
⟨︃

2 Im∂bΦ(x)− t ω0(x), ∂

∂xj

⟩︃
= 0,

for every j = 0, . . . , d where x = (0, (0, ˜︁x′′)). Hence, for every t ∈ I the critical points 
are x̂′′ = ŷ′′ = 0, ˜︁x′′ = ˜︁y′′, x′ = v + Γ(y′′) = 0 and we find that

dxA(x′′ = y′′, x̂′′ = 0, t) = −2 Im∂bΦ(x) + t ω0(x),

dyA(x′′ = y′′, x̂′′ = 0, t) = 2 Im∂bΦ(x)− t ω0(x),

A(x′′ = y′′, x̂′′ = 0, t) = 0.

(101)

Thus, we can now use the stationary phase formula of Melin and Sjöstrand, we can 
carry out the v integral and get

PG
k,τ2,s(x, y) ≡

∫︂
R 

eikA(x′′,y′′,t)b(x′′, y′′, t, k)dt + O(k−∞) on U × U, (102)
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p ∈ U ⊂ D, U is an open set as in Proposition 3.1,

b(x′′, y′′, t, k) ∼
∞ ∑︂
j=0 

bj(x′′, y′′, t)kn+1− d
2 −j in S

n+1− d
2 

loc (1;U × U × I),

bj(x′′, y′′, t) ∈ 𝒞∞(U × U × I), j = 0, 1, . . . ,

b(x′′, y′′, t, k) = bj(x′′, y′′, t) = 0 if t / ∈ I, j = 0, 1, . . .,

(103)

and

b0(p, p, t0) = m(0)(2π)−n−1+ d
2 |λ1(t0)|

1
2 · · · |λd(t0)|

1
2 |λd+1(t0)| · · · |λn(t0)| τ2(t0). (104)

We now study the property of the phase A(x′′, y′′, t). We need the following which is 
known (see Section 2 in [27])

Theorem 3.2. There exist a constant c > 0 and an open set Ω ⊂ Rd, 0 ∈ Ω, such that

Im A(x′′, y′′, t) ≥ c inf 
v∈Ω

{︂
Im φ0((0, x̊′′), (v + Γ(ẙ′′), ẙ′′), t)

+ |dvφ0((0, x̊′′), (v + Γ(ẙ′′), ẙ′′), t)|2
}︂
, (105)

for all ((0, x′′), (0, y′′), t) ∈ U × U × I.

We can now prove

Theorem 3.3. If U is small enough, then there is a constant c > 0 such that

Im A(x′′, y′′, t) ≥ c
(︂
|x̂′′|2 + |ŷ′′|2 + |̊x′′ − ẙ′′|2

)︂
, ∀((0, x′′), (0, y′′)) ∈ U × U. (106)

Proof. From (51), we see that there is a constant c1 > 0 such that

Im φ0((0, x̊′′), (v + Γ(ẙ′′), ẙ′′), t) ≥ c1(|v + Γ(ẙ′′)|2 + |̊x′′ − ẙ′′|2), ∀v ∈ Ω, (107)

where Ω is any open set of 0 ∈ Rd. From (105) and (107), we conclude that there is a 
constant c2 > 0 such that

Im A(x′′, y′′, t) ≥ c2(|̊x′′ − ẙ′′|2 + |dy′φ0((0, x̊′′), (0, x̊′′))|2). (108)

From (98), we see that the matrix⃓⃓⃓⃓
⃓det 

(︃
∂2φ0

∂xj∂xℓ
(p, p, t) + ∂2φ0

∂yj∂yℓ
(p, p, t)

)︃
1≤ℓ≤d,d+1≤j≤2d

⃓⃓⃓⃓
⃓ ≥ C,
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for all t ∈ I, where C > 0 is independent of t. From this observation and notice that 
dy′φ0((0, x̊′′), (0, x̊′′), t)|x̂′′ = 0, we deduce that if U is small enough then there is a 
constant c3 > 0 such that

|dy′φ0((0, x̊′′), (0, x̊′′), t)| ≥ c3 |x̂′′| , (109)

for all t ∈ I. From (108) and (109), the theorem follows. □
Now, we determine the Hessian of A(x′′, y′′, t) at (p, p). Let

ĥ(̊x′′, ẙ′′, t) := h(̊x′′, ẙ′′, t) + Γ(ẙ′′) = (ĥ1(̊x′′, ẙ′′, t), . . . , ĥd(̊x′′, ẙ′′, t)).

By (99), we get

∂2φ0

∂ys∂y1
(p, p, t0) +

d ∑︂
j=1 

∂2φ0

∂y1 ∂yj
(p, p, t0) 

∂ĥj

∂ys
(p, p, t0) = 0,

∂2φ0

∂xs∂y1
(p, p, t0) +

d ∑︂
j=1 

∂2φ0

∂y1 ∂yj
(p, p, t0) 

∂ĥj

∂xs
(p, p, t0) = 0,

(110)

s = d + 1, . . . , 2n. Now, we would like to use (110) to get ĥ up to second order. From 
(87) and by explicit computation, we get

∂2φ0

∂y1∂xs
(p, p, t0) = λ1(t0)δs,d+1, (111)

s = d + 1, . . . , 2n, and

∂2φ0

∂y1∂yj
(p, p, t0) = i(a1,j + aj,1)− i(a1,j + aj,1) + δj,1iλ1(t0), j = 1, . . . , d,

∂2φ0

∂y1∂yd+s
(p, p, t0) = −(a1,s + as,1)− (a1,s + as,1) + t0

2 
(τs,1 + τs,1) + t0

2 
(τ1,s + τ1,s),

s = 1, . . . , d,

∂2φ0

∂y1∂y2ℓ−1
(p, p, t0) = i(a1,ℓ + aℓ,1)− i(a1,ℓ + aℓ,1) + i 

2 t0τℓ,1 −
i 
2 t0τℓ,1 + i 

2 t0τ1,ℓ −
i 
2 t0τ1,ℓ,

ℓ = d + 1, . . . , n,

∂2φ0

∂y1∂y2ℓ
(p, p, t0) = −(a1,ℓ + aℓ,1)− (a1,ℓ + aℓ,1) + 1

2 t0τℓ,1 + 1
2 t0τ1,ℓ + 1

2 t0τ1,ℓ + 1
2 t0τℓ,1,

ℓ = d + 1, . . . , n.
(112)

From (88) and (89), we have
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a1,j + aj,1 = −1
2μ1,j = −1

2μj,1 = −1
2μ1,j , j = 1, . . . , d,

a1,ℓ + aℓ,1 = −1
2μℓ,1 = t0

2 
(τ1,ℓ + τℓ,1), ℓ = d + 1, . . . , n.

(113)

From (88), (89), (112) and (113), it is straightforward to see that

∂2φ0

∂y1∂yj
(p, p, t0) = δj,1iλ1(t0), j = 1, . . . , d,

∂2φ0

∂y1∂yd+s
(p, p, t0) = λ1(t0)δ1,s, s = 1, . . . , d,

∂2φ0

∂y1∂y2ℓ−1
(p, p, t0) = 0, ℓ = d + 1, . . . , n,

∂2φ0

∂y1∂y2ℓ
(p, p, t0) = 0, ℓ = d + 1, . . . , n.

(114)

From (110), (111) and (114), we get

∂ĥ1

∂ys
(p, p, t0) = ∂ĥ1

∂xs
(p, p, t0) = iδs,d+1, s = d + 1, . . . , 2n. (115)

In a similar way, we repeat the procedure above and get

∂ĥj

∂xs
(p, p, t0) = ∂ĥj

∂ys
(p, p, t0) = iδs,d+j , (116)

j = 1, . . . , d, s = 1, . . . , 2n.
By (87), (100) and (116), it is straightforward to check that

Theorem 3.4. With the notations above, let x = (x1, . . . , x2n+1) be the local coordinates 
as in Proposition 3.1. Then for A(x′′, y′′, t) ∈ 𝒞∞(U × U × I) in (100), we have

A(x′′, y′′, t0) = t0(x2n−1 − y2n−1) + i 
2

d ∑︂
j=1 

λj(t0)(x2
d+j + y2

d+j)

+ i 
2

d ∑︂
j,ℓ=1

(aℓ,j + aj,ℓ)(xd+jxd+ℓ − yd+jyd+ℓ)

− i 
2

d ∑︂
j,ℓ=1

(aℓ,j + aj,ℓ)(xd+jxd+ℓ − yd+jyd+ℓ)

+ i 
2 t0

d ∑︂
j,ℓ=1

(τℓ,j − τj,ℓ)(xd+jxd+ℓ − yd+jyd+ℓ)
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− i 
2

d ∑︂
j=1 

n ∑︂
ℓ=d+1

(aℓ,j + aj,ℓ)(ixd+jzℓ − iyd+jwℓ)

− i 
2

n ∑︂
j=d+1

d ∑︂
ℓ=1 

(aℓ,j + aj,ℓ)(izjxd+j − iwjyd+ℓ)

− i 
2

n ∑︂
j,ℓ=d+1

(aℓ,j + aj,ℓ)(zjzℓ − wjwℓ)

+ i 
2

d ∑︂
j=1 

n ∑︂
ℓ=d+1

(aℓ,j + aj,ℓ)(−ixd+jzℓ + iyd+jwℓ)

+ i 
2

n ∑︂
j=d+1

d ∑︂
ℓ=1 

(aℓ,j + aj,ℓ)(−izjxd+j + iwjyd+ℓ)

+ i 
2

n ∑︂
j,ℓ=d+1

(aℓ,j + aj,ℓ)(zjzℓ − wjwℓ)

+ it0
2 

d ∑︂
j=1 

n ∑︂
ℓ=d+1

(τℓ,j − τj,ℓ)(ixd+jzℓ − iyd+jwℓ)

+ it0
2 

n ∑︂
j=d+1

d ∑︂
ℓ=1 

(τℓ,j − τj,ℓ)(−ixd+ℓzj + iyd+ℓwj)

+ it0
2 

n ∑︂
j,ℓ=d+1

(τℓ,j − τj,ℓ)(zjzℓ − wjwℓ)

− i 
2

n−1 ∑︂
j=d+1

λj(t0)(zjwj − zjwj)

+ i 
2

n ∑︂
j=d+1

λj(t0)|zj − wj |2 + O(|(̊x′′, ẙ′′)|3), (117)

where x′′ = (xd+1, . . . , x2n+1), x̊′′ = (xd+1, . . . , x2n)

From (102) and Theorem 3.4, we get (5).
Now, we prove (4). We need the following two lemmas.

Lemma 3.1. Let p / ∈ μ−1(0). Then, there are open sets U of p and V of e0 ∈ G such that 
for any χ ∈ 𝒞∞c (V ), we have

∫︂
G 

Pk,τ2(x, g · y)χ(g)dμ(g) = O(k−∞) on X × U. (118)
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Proof. Take local coordinates v = (v1, . . . , vd) of G defined in a neighborhood V of 
e0 with v(e0) = (0, . . . , 0), local coordinates x = (x1, . . . , x2n+1) of X defined in a 
neighborhood U = U1 × U2 of p with 0 ↔ p, where U1 ⊂ Rd is an open set of 0 ∈ Rd, 
U2 ⊂ R2n+1−d is an open set of 0 ∈ R2n+1−d, such that

(v1, . . . , vd) ◦ (γ(xd+1, . . . , x2n), xd+1, . . . , x2n+1)

= (v1 + γ1(xd+1, . . . , x2n), . . . , vd + γd(xd+1, . . . , x2n), xd+1, . . . , x2n+1),

∀(v1, . . . , vd) ∈ V, ∀(xd+1, . . . , x2n+1) ∈ U2,

and

𝔤 = span 
{︃

∂

∂x1
, . . . ,

∂

∂xd

}︃
,

where γ = (γ1, . . . , γd) ∈ 𝒞∞(U2, U1) with γ(0) = 0 ∈ Rd.
Let s be a local CR rigid trivializing section of L defined on an open set U of p. We 

first assume that x, y ∈ U . From Theorem 2.2, we have∫︂
G 

Pk,τ2,s(x, g · y)χ(g)dμ(g)

≡
∫︂

ei(φ(x,(v+γ(y′′),y′′),t)ka(x, (v + γ(y′′), y′′), t, k)χ(v)m(v)dvdt,

where y′′ = (yd+1, . . . , y2n+1), m(v)dv = dμ|V . Since p / ∈ μ−1(0) and notice that 
dyφ(x, x, t) = 2Im ∂bΦ− tω0(x), we deduce that if V and U are small then dv(φ(x, (v +
γ(y′′), y′′), t)) ̸= 0, for every v ∈ V , (x, y) ∈ U ×U . Hence, by using integration by parts 
with respect to v, we get∫︂

G 

Pk,τ2,s(x, g · y)χ(g)dμ(g) = O(k−∞) on U. (119)

From (119), we get∫︂
G 

Pk,τ2(x, g · y)χ(g)dμ(g) = O(k−∞) on U × U. (120)

Now fix x0 ∈ X, x0 / ∈ U . From Theorem 3.1, we can check that∫︂
G 

Pk,τ2(x, g · y)χ(g)dμ(g) = O(k−∞) on W × U, (121)

where W is a small open neighborhood of x0. From (120) and (121), the lemma fol
lows. □
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Lemma 3.2. Let p / ∈ μ−1(0) and let h ∈ G. We can find open sets U of p and V of h
such that for every χ ∈ 𝒞∞c (V ), we have∫︂

G 

Pk,τ2(x, g · y)χ(g)dμ(g) = O(k−∞) on X × U.

Proof. Let U and V be open sets as in Lemma 3.1. Let V̂ = V h. Then, V̂ is an open set 
of h. Let χ̂ ∈ 𝒞∞c (V̂ ). We have∫︂
G 

Pk,τ2(x, g·y)χ̂(g)dμ(g) =
∫︂
G 

Pk,τ2(x, g·h·y)χ̂(g·h)dμ(g) =
∫︂
G 

Pk,τ2(x, g·h·y)χ(g)dμ(g),

(122)
where χ(g) := χ̂(g · h) ∈ 𝒞∞c (V ). From (122) and Lemma 3.1, we deduce that∫︂

G 

Pk,τ2(x, g · y)χ̂(g)dμ(g) = O(k−∞) on X × U.

The lemma follows. □
Proof of (4). Fix p / ∈ μ−1(0). Let h ∈ G. By Lemma 3.2, we can find open sets Uh of p
and Vh of h such that for every χ ∈ 𝒞∞c (Vh), we have∫︂

G 

Pk,τ2(x, g · y)χ(g)dμ(g) = O(k−∞) on X × Uh. (123)

Since G is compact, we can find open sets Uhj
and Vhj

, j = 1, . . . , N , such that G =⋃︁N
j=1 Vhj

. Let U =
⋂︁N

j=1 Uhj
and let χj ∈ 𝒞∞c (Vhj

), j = 1, . . . , N , with 
∑︁N

j=1 χj = 1 on 
G. From (123), we have

PG
k,τ2(x, y) =

∫︂
G 

Pk,τ2(x, g · y)dμ(g)

=
N∑︂
j=1 

∫︂
G 

Pk,τ2(x, g · y)χj(g)dμ(g) = O(k−∞) on X × U. □

Eventually we prove Theorem 1.2.

Proof of Theorem 1.2. We now determine the leading term b0(p, p, t0). In view of (104), 
we only need to calculate m(0). Put Yp = {g · p; g ∈ G}. Yp is a d-dimensional subman
ifold of X. The G-invariant Hermitian metric ⟨ · | · ⟩ induces a volume form dVYp

on Yp. 
Put
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Veff (p) :=
∫︂
Yp

dVYp
.

For f(g) ∈ 𝒞∞(G), let f̂(g ·p) := f(g), ∀g ∈ G. Then, f̂ ∈ 𝒞∞(Yp). Let dμ̂ be the measure 
on G given by 

∫︁
G
fdμ̂ :=

∫︁
Yp

f̂dvYp
, for all f ∈ 𝒞∞(G). It is not difficult to see that dμ̂

is a Haar measure and ∫︂
G 

dμ̂ = Veff (p). (124)

In view of (73), we see that 
{︂

1 √
2

∂
∂x1

, . . . , 1 √
2

∂
∂xd

}︂
is an orthonormal basis for 𝔤

p
. From 

this observation and (124), we deduce that

m(0) = 2 d
2 1 
Veff (p)

. (125)

From (104) and (125), we get Theorem 1.2. □
4. Proof of Theorem 1.4

Let

σk : 𝒞∞(X,Lk)→ ℋ0
b(XG, L

k
G)

be the operator given by (146) below. The goal of this section, is to prove that for k≫ 1, 
σk|ℋ0

b,λ(X,Lk)G → ℋ0
b,λ(XG, L

k
G) is an isomorphism, for all λ ∈ (ka, kb), λ ∈ Spec (−iT )∩

Spec (−iTXG
), I = (a, b). To achieve this goal, we need to study the asymptotic behaviors 

of Fk := σ∗
kσk and F̂k := σkσ

∗
k.

In Section 4.1, the main objective is to prove Theorem 4.2 and Theorem 4.3, which 
are the key ingredients in the study of the compositions Fk := σ∗

kσk and F̂k := σkσ
∗
k. 

Both σ∗
k and σk are complex Fourier integral operators, and their compositions can be 

analyzed using the complex stationary phase formula of Melin and Sjöstrand.
In Section 4.2, the first goal is to provide semi-classical expressions for Fk and F̂k, 

thanks to Theorems 4.2 and 4.3 from the previous section. These expressions are given 
in Theorems 4.5 and 4.6.

From the semi-classical expression for Fk, we can show that for the operator

Rk := Fk − PG
k,τ8 : 𝒞∞(X,Lk)→ ℋ0

b(X,Lk)G,

I + Rk : 𝒞∞(X,Lk) → 𝒞∞(X,Lk) is injective for k large (see Theorem 4.7). From the 
observation that

Fk|ℋ0
b,λ(X,Lk) = I + Rk,
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for all λ ∈ (ka, kb), we get that for k ≫ 1, σk|ℋ0
b,λ(X,Lk)G → ℋ0

b,λ(XG, L
k
G) is injective 

(see the discussion after Theorem 4.7). Similarly, we can repeat the same procedure, 
and deduce that for k ≫ 1, σ∗

k|ℋ0
b,λ(XG,Lk

G)G is injective and hence σk|ℋ0
b,λ(X,Lk)G →

ℋ0
b,λ(XG, L

k
G) is an isomorphism, for k ≫ 1.

The advantage of working with Fk and F̂k lies in the fact that Fk maps sections of Lk

over X to sections of Lk over X, and F̂k maps sections of Lk
G over XG to sections of Lk

G

over XG. In contrast, σk : ℋ0
b,λ(X,Lk)G → ℋ0

b,λ(XG, L
k
G), which makes it more difficult 

to handle directly.

4.1. Preliminary operators for the proof

Fix p ∈ Y and let x = (x1, . . . , x2n+1) be the local coordinates as in Proposition 3.1
defined in an open set U of p. We may assume that U = Ω1 × Ω2 × Ω3 × Ω4, where 
Ω1 ⊂ Rd, Ω2 ⊂ Rd are open sets of 0 ∈ Rd, Ω3 ⊂ R2n−2d is an open set of 0 ∈ R2n−2d

and Ω4 is an open set of 0 ∈ R. From now on, we identify Ω2 with

{(0, . . . , 0, xd+1, . . . , x2d, 0, . . . , 0) ∈ U ; (xd+1, . . . , x2d) ∈ Ω2} ,

Ω3 with {(0, . . . , 0, x2d+1, . . . , x2n, 0) ∈ U ; (xd+1, . . . , x2n) ∈ Ω3}, Ω2 × Ω3 with

{(0, . . . , 0, xd+1, . . . , x2n, 0) ∈ U ; (xd+1, . . . , x2n) ∈ Ω2 × Ω3} .

For x = (x1, . . . , x2n+1), we write x′′ = (xd+1, . . . , x2n+1), x̊′′ = (xd+1, . . . , x2n), x̂′′ =
(xd+1, . . . , x2d),

˜︁x′′ = (x2d+1, . . . , x2n+1), ˜̊︁x′′
= (x2d+1, . . . , x2n).

From now on, we identify x′′ with (0, . . . , 0, xd+1, . . . , x2n+1) ∈ U , x̊′′ = (xd+1, . . . , x2n)
with (0, . . . , 0, xd+1, . . . , x2n, 0) ∈ U , x̂′′ with (0, . . . , 0, xd+1, . . . , x2d, 0, . . . , 0) ∈ U , ˜︁x′′

with (0, . . . , 0, x2d+1, . . . , x2n+1) ∈ U , ˜̊︁x′′
with (0, . . . , 0, x2d+1, . . . , x2n, 0). Since G acts 

freely on Y , we take Ω2 and Ω3 small enough so that if x, x1 ∈ Ω2×Ω3 and x ̸= x1, then

g · x ̸= g1 · x1, ∀g, g1 ∈ G. (126)

Let A(x, y, t) ∈ 𝒞∞(U ×U × I) be as in Theorem 3.4. From ∂bP
G
k,τ2 = 0, we can check 

that

∂bA(x, y, t) vanishes to infinite order at diag 
(︂
(Y
⋂︂

U)× (Y
⋂︂

U)
)︂
. (127)

From (127) and notice that ∂
∂xj

+ i ∂
∂xd+j

∈ T 0,1
x X, j = 1, . . . , d, where x ∈ Y and 

∂
∂xj

A(x, y, t) = ∂
∂yj

A(x, y, t) = 0, j = 1, . . . , d, we conclude that
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∂
∂xd+j

A(x, y, t)|xd+1=···=x2d=0 and ∂
∂yd+j

A(x, y, t)|yd+1=···=y2d=0 vanish to infinite
order at diag 

(︂
Y
⋂︁
U)× Y

⋂︁
U)
)︂
.

Let

Gj(x, y, t) := ∂

∂yd+j
A(x, y, t)|yd+1=···=y2d=0 ,

and

Hj(x, y, t) := ∂

∂xd+j
A(x, y, t)|xd+1=···=x2d=0 ,

where j = 1, . . . , d. Put

A1(x, y, t) := A(x, y, t)−
d ∑︂

j=1 
yd+jGj(x, y, t),

A2(x, y, t) := A(x, y, t)−
d ∑︂

j=1 
xd+jHj(x, y, t).

Then, for j = 1, 2, . . . , d,

∂

∂yd+j
A1(x, y, t)|yd+1=···=y2d=0 = 0 and ∂

∂xd+j
A2(x, y, t)|xd+1=···=x2d=0 = 0, (128)

and, for j = 1, 2,

A(x, y, t)−Aj(x, y, t) vanishes to infinite order at diag 
(︂
(Y
⋂︂

U)× (Y
⋂︂

U)
)︂
. (129)

We also write u = (u1, . . . , u2n+1) to denote the local coordinates of U . For any smooth 
function f ∈ 𝒞∞(U), we write ˜︁f ∈ 𝒞∞(UC) to denote an almost analytic extension of f , 
where UC is an open set in C2n+1 with UC ∩R2n+1 = U . We consider the following two 
systems

∂ ˜︁A1

∂˜︁u2d+j
(˜︁x,˜︂˜︁u′′,˜︁t) + ∂ ˜︁A2

∂˜︁x2d+j
(˜︂˜︁u′′, ˜︁y, ˜︁s) = 0, j = 1, 2, . . . , 2n− 2d,

∂ ˜︁A2

∂˜︁s (˜︂˜︁u′′, ˜︁y, ˜︁s) = 0,

(130)

and

∂ ˜︁A1

∂˜︁ud+j
(˜︁x,˜︂u′′,˜︁t) + ∂ ˜︁A2

∂˜︁xd+j
(˜︂u′′, ˜︁y, ˜︁s) = 0, j = 1, 2, . . . , 2n− d,

∂ ˜︁A2

∂˜︁s (˜︂u′′, ˜︁y, ˜︁s) = 0,

(131)
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where ˜︂˜︁u′′ = (0, . . . , 0, ˜︁u2d+1, . . . , ˜︁u2n+1), ˜︂u′′ = (0, . . . , 0, ˜︁ud+1, . . . , ˜︁u2n+1). From (128), we 
can take ˜︁A1 and ˜︁A2 so that for every j = 1, 2, . . . , d,

∂ ˜︁A1

∂˜︁ud+j
(˜︁x,˜︂u′′, t) = 0 and ∂ ˜︁A2

∂˜︁xd+j
(˜︂u′′, ˜︁y, t) = 0, if ˜︁ud+1 = · · · = ˜︁u2d = 0, (132)

and, for j = 1, 2,

˜︁Aj(˜︁x, ˜︁y, t) = (˜︁x2n+1 − ˜︁y2n+1) t + ˜̂︂
Aj(˜̊︂x′′, ˜̊︂y′′, t), ˜̂︂

Aj ∈ 𝒞∞(UC × UC), (133)

where ˜̊︂x′′ = (0, . . . , 0, ˜︁xd+1, . . . , ˜︁x2n, 0), ˜̊︂y′′ = (0, . . . , 0, ˜︁yd+1, . . . , ˜︁y2n, 0).
From (101), it is not difficult to see that

∂ ˜︁A1

∂˜︁ud+j
(˜︁x′′, ˜︁x′′, t) + ∂ ˜︁A2

∂˜︁xd+j
(˜︁x′′, ˜︁x′′, t) = 0, j = 1, 2, . . . , 2n− d,

∂ ˜︁A2

∂˜︁s (˜︁x′′, ˜︁x′′, t) = 0.

Hence, at x′ = 0, x̂′′ = 0, (˜︂˜︁u′′, ˜︁s) = (˜︁x′′, t) and (˜︂u′′, ˜︁s) = (˜︁x′′, t) are real critical points of 
(130) and (131) respectively. Let

F (˜︁x, ˜︁y,˜︂˜︁u′′, ˜︁s,˜︁t) := ( ˜︁A1(˜︁x,˜︂˜︁u′′,˜︁t) + ˜︁A2(˜︂˜︁u′′, ˜︁y, ˜︁s), ∂ ˜︁A2

∂˜︁s (˜︂˜︁u′′, ˜︁y, ˜︁s)),
F̂ (˜︁x, ˜︁y, ˜︁u′′, ˜︁s,˜︁t) := ( ˜︁A1(˜︁x,˜︂u′′,˜︁t) + ˜︁A2(˜︂u′′, ˜︁y, ˜︁s), ∂ ˜︁A2

∂˜︁s (˜︂u′′, ˜︁y, ˜︁s)).
Let Hess (˜︁s,˜︂˜︁u′′)F (˜︁x, ˜︁y,˜︂˜︁u′′, ˜︁s,˜︁t) denote the complex Hessian of F with respect to (˜︁s,˜︂˜︁u′′)
at (˜︁x, ˜︁y,˜︂˜︁u′′, ˜︁s,˜︁t) and let Hess (˜︁s,˜︁u′′)F̂ (˜︁x, ˜︁y, ˜︁u′′, ˜︁s,˜︁t) denote the complex Hessian of F̂ with 
respect to (˜︁s, ˜︁u′′) at (˜︁x, ˜︁y, ˜︁u′′, ˜︁s,˜︁t). We can check that the matrices

Hess (˜︁s,˜︂˜︁u′′)F (˜︁x, ˜︁y,˜︂˜︁u′′, ˜︁s,˜︁t)|˜︁x=˜︁y=˜︁x′′,˜︂˜︁u′′=˜︁x′′,˜︁s=t
, Hess (˜︁s,˜︁u′′)F̂ (˜︁x, ˜︁y, ˜︁u′′, ˜︁s,˜︁t)|˜︁x=˜︁y=˜︁x′′,˜︁u′′=˜︁x′′,˜︁s=t

are non-singular, for every t ∈ I. Moreover, fix t0 ∈ I. From Theorem 3.4, it is straight
forward to see that

det Hess (˜︁s,˜︂˜︁u′′)F (˜︁x, ˜︁y,˜︂˜︁u′′, ˜︁s,˜︁t)|˜︁x=˜︁y=p,˜︂˜︁u′′=p,˜︁s=t0
= (−1)(2i |λd+1(t0)| · · · 2i |λn(t0)|)2,

det Hess (˜︁s,˜︁u′′)F̂ (˜︁x, ˜︁y, ˜︁u′′, ˜︁s,˜︁t)|˜︁x=˜︁y=p,˜︁u′′=p,˜︁s=t0

= (−1)(2i |λ1(t0)| · · · 2i |λd(t0)|)(2i |λd+1(t0)| · · · 2i |λn(t0)|)2.
(134)

Hence, near (p, p), we can solve (130) and (131) and the solutions are unique. Let
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(˜︂˜︁u′′, ˜︁s) = (α(˜︁x, ˜︁y,˜︁t), γ(˜︁x, ˜︁y,˜︁t)),
α(˜︁x, ˜︁y,˜︁t) = (α2d+1(˜︁x, ˜︁y, ˜︁s), . . . , α2n(˜︁x, ˜︁y,˜︁t) ∈ 𝒞∞(UC × UC × IC,C2n−2d),

γ(˜︁x, ˜︁y,˜︁t) ∈ 𝒞∞(UC × UC × IC,C),

and

(˜︂u′′, ˜︁s) = (β(˜︁x, ˜︁y,˜︁t), δ(˜︁x, ˜︁y,˜︁t)),
β(˜︁x, ˜︁y,˜︁t) = (βd+1(˜︁x, ˜︁y, ˜︁s), . . . , β2n(˜︁x, ˜︁y,˜︁t) ∈ 𝒞∞(UC × UC × IC,C2n−d),

δ(˜︁x, ˜︁y,˜︁t) ∈ 𝒞∞(UC × UC × IC,C)

be the solutions of (130) and (131), respectively. From (132), it is easy to see that

β(x, y, t) = (βd+1(x, y, t), . . . , β2n(x, y, t)) = (0, . . . , 0, α2d+1(x, y, t), . . . , α2n(x, y, t)),

δ(x, y, t) = γ(x, y, t).
(135)

From (135), we see that the value of ˜︁A1(x,˜︂˜︁u′′,˜︁t) + ˜︁A2(˜︂˜︁u′′, y, ˜︁s) at critical points ˜︂˜︁u′′ =
α(x, y, t), ˜︁s = γ(x, y, t) is equal to the value of ˜︁A1(x,˜︂u′′, t)+ ˜︁A2(˜︂u′′, y, t) at critical points ˜︂u′′ = β(x, y, t), ˜︁s = δ(x, y, t). Put

A3(x, y, t) : = ˜︁A1(x, α(x, y, t), t) + ˜︁A2(α(x, y, t), y, γ(x, y, t))

= ˜︁A1(x, β(x, y, t), t) + ˜︁A2(β(x, y, t), y, δ(x, y, t)).
(136)

A3(x, y, t) is a complex phase function. From (133), we have

A3(x, y, t) = (x2n+1 − y2n+1)t + Â3(̊x′′, ẙ′′, t), Â3(̊x′′, ẙ′′) ∈ 𝒞∞(U × U).

Definition 4.1. Let Φ1,Φ2 ∈ 𝒞∞(U × U × I). Assume that Φ1 and Φ2 satisfy (101)
and (106). We say that Φ1 and Φ2 are equivalent on U if for any b1(x, y, t, k) ∈
S
n− d

2 
loc ,cl (U ×U × I), supp tb1(x, y, t, k) ⊂ I, we can find b2(x, y, t, k) ∈ S

n− d
2 

loc ,cl (U ×U × I), 
supp tb2(x, y, t, k) ⊂ I, such that∫︂

eikΦ1(x,y,t)b1(x, y, t, k)dt =
∫︂

eikΦ2(x,y,t)b2(x, y, t, k)dt + O(k−∞) on U × U

and vice versa.

Theorem 4.1. A1 and A3 are equivalent on U in the sense of Definition 4.1.

Proof. Let s be a local rigid CR trivializing section of L defined on U . We consider the 
localized kernel of Pk,τ2◦Pk,τ2 on U . Let V ⋐ U be an open set of p. Let χ(x′′) ∈ 𝒞∞c (Ω2×
Ω3×Ω4). From (126), we can extend χ(x′′) to W := {g · x; g ∈ G, x ∈ Ω2 × Ω3 × Ω4} by 
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χ(g · x′′) := χ(x′′), for every g ∈ G. Assume that χ = 1 on some neighborhood of V . Let 
χ1 ∈ 𝒞∞c (U) with χ1 = 1 on some neighborhood of V and Supp χ1 ⊂ {x ∈ X; χ(x) = 1}. 
We have

χ1P
G
k,τ2 ◦ PG

k,τ2 = χ1P
G
k,τ2χ ◦ PG

k,τ2 + χ1P
G
k,τ2(1− χ) ◦ PG

k,τ2 . (137)

Let’s first consider χ1P
G
k,τ2(1− χ) ◦ PG

k,τ2 . We have

(χ1P
G
k,τ2(1− χ))(x, u) = χ1(x)

∫︂
G 

Pk,τ2(x, g · u)(1− χ(u))dμ(g). (138)

If u / ∈ {x ∈ X; χ(x) = 1}. Since Supp χ1 ⊂ {x ∈ X; χ(x) = 1} and χ(x) = χ(g · x), for 
every g ∈ G, for every x ∈ X, we conclude that g · u / ∈ Supp χ1, for every g ∈ G. From 
this observation and notice that PG

k,τ2 is O(k−∞) away from diagonal, we deduce that 
χ1P

G
k,τ2(1− χ) = O(k−∞) and hence

χ1P
G
k,τ2(1− χ) ◦ PG

k,τ2 = O(k−∞). (139)

From (137) and (139), we get

χ1P
G
k,τ2 ◦ PG

k,τ2 = χ1P
G
k,τ2χ ◦ PG

k,τ2 + O(k−∞). (140)

We can check that on U ,

(χ1P
G
k,τ2χ ◦ PG

k,τ2)s(x, y)

=
∫︂

eikA1(x,u′′,t)+ikA2(u′′,y,r)χ1(x)g(x, ů′′, t, k)χ(u′′)g(u′′, ẙ′′, r, k)dv(u′′)dr dt

+ O(k−∞),

(141)

where (χ1P
G
k,τ2χ ◦ PG

k,τ2)s(x, y) denotes the distribution kernel of the localization of 
χ1P

G
k,τ2χ◦PG

k,τ2 with respect to s (see the discussion after (49)) and where dμ(g)dv(u′′) =
dVX(x) on U . We use complex stationary phase formula of Melin-Sjöstrand to carry out 
the integral (141) and get

(χ1P
G
k,τ2χ ◦ PG

k,τ2)(x, y) =
∫︂

eikA3(x,y,t)a(x, y, t, k)dt + O(k−∞) on U,

a(x, y, t, k) ∈ S
n+1− d

2 
loc (1;U × U × I),

a(x, y, t, k) ∼
∞ ∑︂
j=0 

kn+1− d
2 −jaj(x, y, t) in S

n+1− d
2 

loc (1;U × U × I),

aj(x, y, t) ∈ 𝒞∞(U × U × I), j = 0, 1, 2, . . . ,

supp ta(x, y, t, k) ⊂ I, supp taj(x, y, t) ⊂ I, j = 0, 1, . . . ,

a0(x, x, t) ̸= 0, for every x ∈ Y ∩ U , t ∈ {t ∈ I; τ(t) ̸= 0}.

(142)
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From (140), (142) and notice that (χ1P
G
k,τ2 ◦ PG

k,τ2)(x, y) = (χ1P
G
k,τ4)(x, y), we deduce 

that∫︂
eikA3(x,y,t)a(x, y, t, k)dt =

∫︂
eikA(x,y,t)χ1(x)b̂(x, y, t, k)dt + O(k−∞) on U, (143)

where b̂(x, y, t, k) ∈ S
n+1− d

2 
loc (1;U × U × I), b̂(x, y, t, k) ∼ ∑︁∞

j=0 k
n+1− d

2 −j b̂j(x, y, t) in 

S
n+1− d

2 
loc (1;U ×U × I), b̂j(x, y, t) ∈ 𝒞∞(U ×U × I), j = 0, 1, 2, . . ., supp tb̂(x, y, t, k) ⊂ I, 

supp tb̂j(x, y, t) ⊂ I, j = 0, 1, . . ., ̂b0(x, x, t) ̸= 0, for every x ∈ Y ∩U , t ∈ {t ∈ I; τ(t) ̸= 0}. 
From (143), it is not difficult to check that A3(x, y, t)−A(x, y, t) vanishes to infinite order 
at x = y, the theorem follows. □

The following two theorems follow from (129), (136), Theorem 4.1, complex stationary 
phase formula of Melin-Sjöstrand [27] and some straightforward computation. We omit 
the details.

Theorem 4.2. With the notations used above, let

Fk(x, y) =
∫︂

eikA(x,y,t)a(x, y, t, k)dt, Gk(x, y) =
∫︂

eikA(x,y,t)b(x, y, t, k)dt,

a(x, y, t, k) ∈ Sm
loc ,cl (1;U × U × I), b(x, y, t, k) ∈ Sℓ

loc ,cl (1;U × U × I),

supp ta(x, y, t, k) ⊂ I, supp tb(x, y, t, k) ⊂ I.

Let χ(x′′) ∈ 𝒞∞c (Ω2 × Ω3 × Ω4). Then, we have

∫︂
Fk(x, u)χ(u′′)Gk(u, y)dVX(u′′) =

∫︂
eikA(x,y,t)c(x, y, t, k)dt + O(k−∞),

c(x, y, t, k) ∈ S
m+ℓ−(n+1− d

2 )
loc ,cl (1;U × U × I),

c0(x, x, t) = (2π)n− d
2 +1 ⃓⃓det (RL

x − 2tℒx)
⃓⃓−1 |detRx(t)| 12 a0(x, x, t)b0(x, x, t)χ(x′′),

∀x ∈ Y
⋂︂

U,

where |detRx(t)| is in the discussion after (10) and c0, a0, b0 denote the leading terms 
of c, a, b respectively.

Moreover, if there are N1, N2 ∈ N, such that |a0(x, y, t)| ≤ C |(x, y)− (x0, x0)|N1 , 
|b0(x, y, t)| ≤ C |(x, y)− (x0, x0)|N2 , for all x0 ∈ Y

⋂︁
U , t ∈ I, where C > 0 is a 

constant, then,

|c0(x, y, t)| ≤ Ĉ |(x, y)− (x0, x0)|N1+N2 ,

for all x0 ∈ Y
⋂︁
U , t ∈ I, where Ĉ > 0 is a constant.
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Theorem 4.3. With the notations used above, let

ℱk(x, ˜︁y′′) =
∫︂

eikA(x,˜︁y′′,t)α(x, ˜︁y′′, t, k), 𝒢k(˜︁x′′, y) =
∫︂

eikA(˜︁x′′,y,t)β(˜︁x′′, y, t, k)dt,

α(x, ˜︁y′′, t, k) ∈ Sm
loc ,cl (1;U × (Ω3 × Ω4)× I),

β(˜︁x′′, y, t, k) ∈ Sℓ
loc ,cl (1; (Ω3 × Ω4)× U × I).

Let χ1(˜︁x′′) ∈ 𝒞∞c (Ω3 × Ω4). Then, we have∫︂
ℱk(x, ˜︁u′′)χ1(˜︁u′′)𝒢k(˜︁u′′, y)dVX(˜︁u) = eikA(x,y,t)γ(x, y, t, k) + O(k−∞),

γ(x, y, t, k) ∈ S
m+ℓ−(n−d+1)
loc ,cl (1;U × U × I),

γ0(x, x, t) = (2π)n−d+1 ⃓⃓det (RL
x − 2tℒx)

⃓⃓−1 |detRx(t)|α0(x, ˜︁x′′, t)β0(˜︁x′′, x, t)χ1(˜︁x′′),

∀x ∈ Y
⋂︂

U,

where |detRx(t)| is in the discussion after (10) and γ0, α0, β0 denote the leading term 
of γ, α, β respectively.

Moreover, if there are N1, N2 ∈ N, such that |α0(x, ˜︁y′′, t)| ≤ C |(x, ˜︁y′′)− (x0, x0)|N1 , 
|β0(x, ˜︁y′′, t)| ≤ C |(x, ˜︁y′′)− (x0, x0)|N2 , for all x0 ∈ Y

⋂︁
U , t ∈ I, where C > 0 is a 

constant, then,

|γ0(x, y, t)| ≤ Ĉ |(x, y)− (x0, x0)|N1+N2 ,

for all x0 ∈ Y
⋂︁

U , t ∈ I, where Ĉ > 0 is a constant.

4.2. Definition of the isomorphism and proof of Theorem 1.4

Let Pk,XG,τ2 be the weighted Fourier-Szegő operator on XG as in (48). Fix p ∈ Y . Let s
be a local CR rigid G-invariant trivializing section of L defined on a G-invariant open set 
D of p. Let x = (x1, . . . , x2n+1) be the local coordinates as in Proposition 3.1 defined in an 
open set U of p, U ⊂ D. We will use the same notations as in Section 4.1. We will identify 
Ω3×Ω4 with an open set in XG and we will identify p as a point in XG. Let φXG

(˜︁x′′, ˜︁y′′, t)
be the phase as in Theorem 2.2. We write A(˜︁x′′, ˜︁y′′, t) := A(x, y, t)|(Ω3×Ω4)×(Ω3×Ω4). It 
is not difficult to see that ∂b,XG

A(˜︁x′′, ˜︁y′′, t) vanishes to infinite order at ˜︁x′′ = ˜︁y′′ and 
A(˜︁x′′, ˜︁y′′, t) satisfies (56). From this observation, we can repeat the process in [15, Section 
3.7] with minor change and deduce that

φXG
(˜︁x′′, ˜︁y′′, t) and A(˜︁x′′, ˜︁y′′, t) are equivariant on Ω3 × Ω4. (144)

Let s be a local trivializing G-invariant CR rigid sections of L|XG
defined on W :=

Ω3 × Ω4. Thus,
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PXG,k,s(˜︁x′′, ˜︁y′′) = eikA(˜︁x′′,˜︁y′′,t)b(˜︁x′′, ˜︁y′′, t, k)dt + O(k−∞) on W,

β(˜︁x′′, ˜︁y′′, t, k) ∈ Sn+1−d
loc (1;W ×W × I),

β(˜︁x′′, ˜︁y′′, t, k) ∼
∞ ∑︂
j=0 

kn+1−d−jbj(˜︁x′′, ˜︁y′′, t) in Sn+1−d
loc (1;W ×W × I),

βj(˜︁x′′, ˜︁y′′, t) ∈ 𝒞∞(W ×W × I), j = 0, 1, 2, . . . ,

supp tβ ⊂ I, supp tβj ⊂ I, j = 0, 1, 2, . . . ,

β0(˜︁x′′, ˜︁x′′) = (2π)−(n−d)−1
⃓⃓⃓
det(RLXG˜︁x′′ − 2tℒXG,˜︁x′′)

⃓⃓⃓
τ2(t), ∀˜︁x′′ ∈W.

(145)

Let

f(x) = π
d
4 
√︁

Veff (x) |det Rx(t)|−
1
4 ∈ 𝒞∞(Y )G.

Recall that Rx is given by (10). We will identify f with a smooth function on XG, then 
f ∈ 𝒞∞(XG). Let

σk : 𝒞∞(X,Lk)→ H0
b (XG, L

k
G),

u→ k−
d
4 Pk,XG,τ2 ◦ f ◦ γG ◦ PG

k,τ2u,
(146)

where γG : 𝒞∞(X,Lk)G → 𝒞∞(XG, L
k
G) is the natural restriction. Let RLXG be the 

curvature of LXG
:= L|XG

induced by hL and let ℒXG
be the Levi form on XG induced 

by ω0,XG
:= ω0|XG

. We can now prove

Theorem 4.4. With the notations used above, if y / ∈ Y , then for any open set D of y with 
D
⋂︁

Y = ∅, we have

σk = O(k−∞) on XG ×D. (147)

Let p ∈ Y . Let s be a local trivializing G-invariant CR rigid section of L defined 
on an open set D of p in X. Let x = (x1, . . . , x2n+1) be the local coordinates as in 
Proposition 3.1 defined in an open set U of p, U ⊂ D. Let σk,s be the localization of σk

with respect to s. Then,

σk,s(˜︁x′′, y) =
∫︂

eikA(˜︁x′′,y′′,t)α(˜︁x′′, y′′, k, t) + O(k−∞) on W × U,

α(˜︁x′′, y′′, t, k) ∈ S
n− 3

4d+1
loc (1;W × U × I),

α(˜︁x′′, y′′, t, k) ∼
∞ ∑︂
j=0 

kn+1− 3
4d−jαj(˜︁x′′, y′′, t) in S

n+1− 3
4d

loc (1;W × U × I),

αj(˜︁x′′, y′′, t) ∈ 𝒞∞(W × U × I), j = 0, 1, 2, . . . ,

supp tα(˜︁x′′, y′′, t, k) ⊂ I, supp tαj(˜︁x′′, y′′, t, k) ⊂ I, j = 0, 1, . . . ,

(148)
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α0(˜︁x′′, ˜︁x′′, t) = 2−n−1+dπ
3d
4 −n−1 1 √︁

Veff (˜︁x′′)

⃓⃓⃓
det (RLXG˜︁x′′ − 2tℒ˜︁x′′)

⃓⃓⃓
|det R˜︁x′′ | 14 τ4(t),

∀˜︁x′′ ∈W,

(149)

where W = Ω3 × Ω4, Ω3 and Ω4 are open sets as in the beginning of Section 4.1.

Proof. Note that PG
k,τ2 = O(k−∞) away Y . From this observation, we get (147).

Fix u = (u1, . . . , u2n+1) ∈ Y
⋂︁
U . From (147), we only need to show that (148) and 

(149) hold near u and we may assume that u = (0, . . . , 0, u2d+1, . . . , u2n, u2n+1) = ˜︁u′′. 
Let V be a small neighborhood of u. Let χ(˜︁u′′) ∈ 𝒞∞c (Ω3 × Ω4). From (126), we can 
extend χ(˜︁x′′) to

Q = {g · x; g ∈ G, x ∈ Ω3 × Ω4}

by χ(g · ˜︁x′′) := χ(˜︁x′′), for every g ∈ G. Assume that χ = 1 on some neighborhood of V . 
Let VG := V/G and let π : V → VG be the natural projection. Let χ1 ∈ 𝒞∞(XG) with 
χ1 = 1 on some neighborhood of VG and Supp χ1 ⊂ {π(x) ∈ YG; x ∈ Y, χ(x) = 1}. We 
have

χ1σk = k−
d
4 χ1Pk,XG,τ2 ◦ f ◦ γG ◦ PG

k,τ2

= k−
d
4 χ1Pk,XG,τ2 ◦ f ◦ γG ◦ χPG

k,τ2

+ k−
d
4 χ1Pk,XG,τ2 ◦ f ◦ γG ◦ (1− χ)PG

k,τ2 .

(150)

If u ∈ Y but u / ∈ {x ∈ X; χ(x) = 1}. Since Supp χ1 ⊂ {π(x) ∈ X; x ∈ Y, χ(x) = 1} and 
χ(x) = χ(g · x), for every g ∈ G, for every x ∈ X, we conclude that π(u) / ∈ Supp χ1. 
From this observation, we get

k−
d
4 χ1Pk,XG,τ2 ◦ f ◦ γG ◦ (1− χ)PG

k,τ2 = O(k−∞) on XG ×X. (151)

From (150) and (151), we get

χ1σk = k−
d
4 χ1Pk,XG,τ ◦ f ◦ γG ◦ χPG

k,τ + O(k−∞) on XG ×X.

From Theorem 1.1 and (145), we can check that on U ,

χ1σk,s(˜︁x′′, y) =
∫︂

eikA(˜︁x′′,˜︁v′′,t)+ikA(˜︁v′′,y,u)χ1(˜︁x)β(˜︁x′′, ˜︁v′′, k, t)b̂(˜︁v′′, y, u, k)dVXG
(˜︁v′′)dtdu

+ O(k−∞),
(152)

where b̂(˜︁v′′, y, u, k) =
(︂
f ◦ γG ◦ χ(˜︁v′′) ◦ g)︂(˜︁v′′, y, u, k), g is the symbol as in Theorem 1.1. 

We remind the reader that σk,s denotes the localization of σk with respect to the given 
local trivializing G-invariant CR rigid section s (see the discussion after (49)).
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From (152) and Theorem 4.3, we see that (148) and (149) hold near u. The theorem 
follows. □

Let

Fk := σ∗
kσk : 𝒞∞(X,Lk)→ ℋ0

b(X,Lk)G, F̂k := σkσ
∗
k : 𝒞∞(XG, L

k
XG

)→ ℋ0
b(XG, L

k
XG

).

We explain now that why Fk lands in ℋ0
b(X,Lk)G. Fix u ∈ 𝒞∞(X,Lk). Let χ ∈ 𝒞∞c (R), 

χ ≡ 1 near supp τ . Let v ∈ 𝒞∞(X,Lk). We have

( (I − PG
k,χ)Fku | v )k

= ( Fk | (I − PG
k,χ)v )k

= ( σ∗
kσku | (I − PG

k,χv )k
= ( σku | σk(I − PG

k,χ)v )k.

(153)

From the definition of σk (see (146)), we see that σk(I−PG
k,χ)v = 0. From this observation 

and (153), we get (I − PG
k,χ)Fku = 0, for all χ ∈ 𝒞∞c (R), χ ≡ 1 near supp τ . Hence, 

Fku ∈ ℋ0
b(X,Lk)G.

From Theorem 4.2, Theorem 4.3, we can repeat the proof of Theorem 4.4 with minor 
change and deduce the following two theorems

Theorem 4.5. With the notations used above, if y / ∈ Y , then for any open set D of 
y with D

⋂︁
Y = ∅, we have Fk = O(k−∞) on X ×D. Let p ∈ Y . Let s be a local 

trivializing G-invariant CR rigid sections of L defined on an open sets D of p in X. Let 
x = (x1, . . . , x2n+1) be the local coordinates as in Proposition 3.1 defined in an open set 
U of p, U ⊂ D. Let Fk,s be the localization of σk with respect to s. Then,

Fk(x, y) = eikA(x′′,y′′,t)a(x′′, y′′, t, k) + O(k−∞) on U × U,

a(x′′, y′′, t, k) ∈ S
n+1− d

2 
loc (1;U × U × I),

a(x′′, y′′, t, k) ∼
∞ ∑︂
j=0 

kn+1− d
2 −jaj(˜︁x′′, y′′, t) in S

n+1− d
2 

loc (1;U × U × I),

aj(x′′, y′′, t) ∈ 𝒞∞(U × U × I), j = 0, 1, 2, . . . ,

supp ta ⊂ I, supp aj ⊂ I, j = 0, 1, 2, . . . ,

and

a0(˜︁x′′, ˜︁x′′, t) = 2−n−1+d 1 
Veff(˜︁x′′) |detR˜︁x′′(t)|−1/2π−n−1+d/2 |det(RL

x − 2tℒ˜︁x′′)|τ8(t),

(154)
for all ˜︁x′′ ∈ U .
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Theorem 4.6. Let p ∈ Y . Let s be a local trivializing G-invariant CR rigid section of L
defined on an open set D of p in X and let x = (x1, . . . , x2n+1) be the local coordinates 
as in Proposition 3.1 defined in an open set U of p, U ⊂ D. Then,

F̂k(˜︁x′′, ˜︁y′′) =
∫︂

eikA(˜︁x′′,˜︁y′′,t)â(˜︁x′′, ˜︁y′′, t, k)dt + O(k−∞) on W ×W,

â(˜︁x′′, ˜︁y′′, t, k) ∈ Sn+1−d
loc (1;W ×W × I),

â(˜︁x′′, ˜︁y′′, t, k) ∼
∞ ∑︂
j=0 

kn+1−d−j âj(˜︁x′′, ˜︁y′′, t) in Sn−d
loc (1;W ×W × I),

âj(˜︁x′′, ˜︁y′′, t) ∈ 𝒞∞(W ×W × I), j = 0, 1, 2, . . . ,

supp tâ ⊂ I, supp tâj ⊂ I, j = 0, 1, 2, . . . ,

â0(˜︁x′′, ˜︁x′′, t) = 2−n+ 3
2d−1πd−n−1|det(RLXG˜︁x′′ − 2tℒXG,˜︁x′′)|τ8(t), ∀˜︁x′′ ∈W,

where W = Ω3 × Ω4, Ω3 and Ω4 are open sets as in the beginning of Section 4.1.

Let

Rk := Fk − PG
k,τ8 : 𝒞∞(X,Lk)→ ℋ0

b(X,Lk)G. (155)

Our next goal is to show that for k large, I +Rk : 𝒞∞(X,Lk)→ 𝒞∞(X,Lk) is injective. 
Let ∥·∥k be the L2 norm induced by ( · | · )k.

From Theorem 4.5, we see that if y / ∈ Y , then for any open set D of y with D
⋂︁
Y = ∅, 

we have

Rk = O(k−∞) on X ×D. (156)

Let p ∈ Y . Let s be a local trivializing G-invariant CR rigid section of L defined 
on an open set D of p in X and let x = (x1, . . . , x2n+1) be the local coordinates as in 
Proposition 3.1 defined in an open set U of p, U ⊂ D. Then,

Rk(x, y) = eikA(x′′,y′′,t)r(x′′, y′′, t, k) + O(k−∞) on U × U,

r(x′′, y′′, t, k) ∈ S
n+1− d

2 
loc (1;U × U × I),

r(x′′, y′′, t, k) ∼
∞ ∑︂
j=0 

kn+1− d
2 −jrj(x′′, y′′) in S

n− d
2 

loc (1;U × U × I),

rj(x′′, y′′, t) ∈ 𝒞∞(U × U × I), j = 0, 1, 2, . . . ,

supp tr ⊂ I, supp trj ⊂ I, j = 0, 1, . . . .

(157)

Moreover, from (11) and (154), it is easy to see



A. Galasso, C.-Y. Hsiao / Journal of Functional Analysis 290 (2026) 111225 61

|r0(x, y)| ≤ C |(x, y)− (x0, x0)| , (158)

for all x0 ∈ Y
⋂︁
U , where C > 0 is a constant. We use ∥·∥ to denote the standard L2

norm on X induced by the given volume form dVX . We need

Lemma 4.1. Let p ∈ Y . Let x = (x1, . . . , x2n+1) be the local coordinates as in Proposi
tion 3.1 defined in an open set U of p, U ⊂ D. Let

Hk(x, y) =
∫︂

eikA(x′′,y′′,t)h(x, y, t, k)dt on U × U,

h(x, y, t, k) ∈ S
n− d

2 
loc (1;U × U × I),

h(x, y, t, k) ∼
∞ ∑︂
j=0 

kn−
d
2 −jhj(x, y, t) in S

n− d
2 

loc (1;U × U × I),

h(x, y, t, k) ∈ 𝒞∞c (U × U × I),

hj(x, y, t) ∈ 𝒞∞c (U × U × I), j = 0, 1, 2, . . . .

Then,

∥Hku∥ ≤ δk ∥u∥ , ∀u ∈ 𝒞∞(X), ∀k ∈ N, (159)

where δk is a sequence with limk→∞ δk = 0.

Proof. Fix N ∈ N. It is not difficult to see that

∥Hku∥ ≤
⃦⃦⃦
(H∗

kHk)2
N

u
⃦⃦⃦ 1 

2N+1 ∥u∥1− 1 
2N+1 , ∀u ∈ 𝒞∞(X), (160)

where H∗
k denotes the adjoint of Hk with respect to the given volume form dVX . From 

Theorem 4.2, we can repeat the proof of Theorem 4.4 with minor change and deduce 
that

(H∗
kHk)2

N

(x, y) = eikA(x′′,y′′,t)p(x, y, t, k) + O(k−∞) on U × U,

p(x, y, t, k) ∈ S
n+1−2N+1− d

2 
loc (1;U × U × I),

p(x, y, t, k) ∈ 𝒞∞0 (U × U × I).

Hence, ⃓⃓⃓
(H∗

kHk)2
N

(x, y)
⃓⃓⃓
≤ Ĉkn+1−2N+1− d

2 , ∀(x, y) ∈ U × U, (161)

where Ĉ > 0 is a constant independent of k. Take N large enough so that n+1−2N+1−
d
2 < 0. From (160) and (161), we get (159). □
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We also need

Lemma 4.2. Let p ∈ Y . Let x = (x1, . . . , x2n+1) be the local coordinates as in Proposi
tion 3.1 defined in an open set U of p, U ⊂ D. Let

Bk(x, y) =
∫︂

eikA(x′′,y′′,t)g(x, y, t, k)dt on U × U,

g(x, y, t, k) ∈ S
n+1− d

2 
loc (1;U × U × I),

g(x, y, t, k) ∼
∞ ∑︂
j=0 

kn+1− d
2 −jgj(x, y, t) in S

n+1− d
2 

loc (1;U × U × I),

gj(x, y, t) ∈ 𝒞∞c (U × U × I), j = 0, 1, 2, . . . ,

g(x, y, t, k) ∈ 𝒞∞c (U × U × I).

Suppose that

|g0(x, y)| ≤ C |(x, y)− (x0, x0)| ,

for all x0 ∈ Y
⋂︁

U , where C > 0 is a constant. Then,

∥Bku∥ ≤ εk ∥u∥ , ∀u ∈ 𝒞∞(X), ∀k ∈ N, (162)

where εk is a sequence with limk→∞ εk = 0.

Proof. Fix N ∈ N. It is not difficult to see that

∥Bku∥ ≤
⃦⃦⃦
(B∗

kBk)2
N

u
⃦⃦⃦ 1 

2N+1 ∥u∥1− 1 
2N+1 , ∀u ∈ 𝒞∞(X), (163)

where B∗
k denotes the adjoint of Bk with respect to the volume form dVX . From Theo

rem 4.2, we can repeat the proof of Theorem 4.4 with minor change and deduce that

(B∗
kBk)2

N

(x, y) =
∫︂

eikA(x′′,y′′,t)ĝ(x, y, t, k)dt + O(k−∞) on U × U,

ĝ(x, y, t, k) ∈ S
n+1− d

2 
loc (1;U × U × I),

ĝ(x, y, t, k) ∼
∞ ∑︂
j=0 

kn+1− d
2 −j ĝj(x, y, t) in S

n+1− d
2 

loc (1;U × U × I),

ĝj(x, y, t) ∈ 𝒞∞c (U × U × I), j = 0, 1, 2, . . . ,

ĝ(x, y, t, k) ∈ 𝒞∞c (U × U × I),

and



A. Galasso, C.-Y. Hsiao / Journal of Functional Analysis 290 (2026) 111225 63

|ĝ0(x, y, t)| ≤ C |(x, y)− (x0, x0)|2
N+1

, (164)

for all x0 ∈ Y
⋂︁

U , where C > 0 is a constant.
Let

(B∗
kBk)2

N

0 (x, y) =
∫︂

eikΨ(x′′,y′′,t)ĝ0(x, y, t, k)dt,

(B∗
kBk)2

N

1 (x, y) =
∫︂

eikΨ(x′′,y′′,t)h(x, y, t, k)dt,

where h(x, y, t, k) = ĝ(x, y, t, k)− ĝ0(x, y, t, k). It is clear that h(x, y, t, k) ∈ S
n− d

2 
loc (1;U ×

U × I). From Lemma 4.1, we see that⃦⃦⃦
(B∗

kBk)2
N

1 u
⃦⃦⃦
≤ δk ∥u∥ , ∀u ∈ 𝒞∞(X), ∀k ∈ N, (165)

where δk is a sequence with limk→∞ δk = 0.
Let’s pause and recall Malgrange preparation theorem (see [13, Theorem 7.57]). Let 

F (x) be a smooth function defined on an open set U of RN , 0 ∈ U . If F (0) = 0, 
∂F 
∂xN

(0) ̸= 0. Then, in some small neighborhood Û ⊂ U of 0 in RN , we have

F (x) = G(x)(xN −H(x1, . . . , xN−1)),

where G, H are smooth functions on Û and H is independent of xN . Let F (t, x, y) := ∂tA. 
Since ∂x2n+1F (t, x, y)|(x,y)∈Y×U = ∂t∂x2n+1A|(x,y)∈Y×U ̸= 0, for all t ∈ I, by Malgrange 
preparation theorem, we have

∂tA(x, y, t) = α(x, y, t)(x2n+1 − β(x′, y, t))

in V ×V ×I, where V is a small open set of p, α, β ∈ 𝒞∞(V ×V ×I), x′ = (x1, . . . , x2n). We 
can consider Taylor expansion of ˜︁g0(x, y, t) at x2n+1 = β(x′, y, t) and by using integration 
by parts with respect to t, we may take g0 so that

g0 is independent of x2n+1. (166)

From (164) and (166), we see that

|ĝ0(x, y, t)| ≤ C1

(︂
|x̂′′|+ |ŷ′′|+

⃓⃓⃓˜̊︁x′′ − ˜̊︁y′′ ⃓⃓⃓)︂2N+1

, (167)

where C1 > 0 is a constant. From (106), we see that

|Im A(x, y, t)| ≥ c
(︂
|x̂′′|2 + |ŷ′′|2 +

⃓⃓⃓˜̊︁x′′ − ˜̊︁y′′ ⃓⃓⃓2)︂, (168)

where c > 0 is a constant. From (167) and (168), we conclude that
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⃓⃓⃓
(B∗

kBk)2
N

0 (x, y)
⃓⃓⃓
≤ Ĉk−2N+n− d

2 +1, ∀(x, y) ∈ U × U, (169)

where Ĉ > 0 is a constant independent of k. From (169), we see that if N large enough, 
then ⃦⃦⃦

(B∗
kBk)2

N

0 u
⃦⃦⃦
≤ δ̂k ∥u∥ , ∀u ∈ 𝒞∞(X), ∀k ∈ N, (170)

where δ̂k is a sequence with limk→∞ δ̂k = 0.
From (163), (165) and (170), we get (162). □
From (156) and Lemma 4.2, we get

Theorem 4.7. With the notations used above, we have

∥Rku∥k ≤ δk ∥u∥k , ∀u ∈ 𝒞∞(X,Lk), ∀k ∈ N, (171)

where Rk is as in (155) and δk is a sequence with limk→∞ δk = 0.
In particular, for k ≫ 1,

I + Rk : 𝒞∞(X,Lk)→ 𝒞∞(X,Lk) is injective. (172)

Proof of Theorem 1.4. Fix λ ∈ Spec (−iT ), τ ≡ 1 near λ. Let u ∈ H0
b,λ(X,Lk)G. If 

σku = 0. Then, σ∗
kσku = (PG

k,τ8 + Rk)u = (I + Rk)u = 0. From (172), we get u = 0
if k ≫ 1. Note that σk maps the space ℋ0

b,λ(X,Lk)G into ℋ0
b,λ(XG, L

k
G). Thus, σk :

ℋ0
b,λ(X,Lk)G → ℋ0

b,λ(XG, L
k
G) is injective if k ≫ 1.

From Theorem 4.6, we have σkσ
∗
k = C0(Pk,XG,τ8 + Qk), where Qk is a semi-classical 

complex Fourier integral operator of the same type and order of Qk vanishes at the 
diagonal, where C0 > 0 is a constant. We can repeat the proof of Theorem 4.7 with 
minor change and deduce that I + Qk : 𝒞∞(XG, L

k
G) → 𝒞∞(XG, L

k
G) is injective, if 

k ≫ 1. Note that (Im σk)⊥ ∩ ℋ0
b,λ(XG, L

k)G ⊂ Ker σ∗
k ∩ ℋ0

b,λ(XG, L
k)G. We conclude 

that σk : ℋ0
b,λ(X,Lk)G → ℋ0

b,λ(XG, L
k
G) is surjective if k ≫ 1. The theorem follows. □
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