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1. Introduction and motivation

The study of quantization commutes with reduction in various geometric settings
plays an important role in analysis, geometry, and mathematical physics. The famous
geometric quantization conjecture of Guillemin and Sternberg [8] states that for a com-
pact prequantizable symplectic manifold admitting a Hamiltonian action of a compact
connected Lie group, the principle of “quantization commutes with reduction” holds.

This conjecture was first proved independently by Meinrenken [28] and Vergne [34]
in the case where the Lie group is abelian, and later by Meinrenken [29] in the general
case. Tian and Zhang [33] subsequently provided a purely analytic proof, with various
generalizations. In the case of a non-compact symplectic manifold M with a compact
connected Lie group action G, the conjecture was resolved by the foundational work
of Ma and Zhang [26], as a solution to a conjecture posed by Vergne in her ICM 2006
plenary lecture [35]; see also [24] for a survey. In [9] the first author studied this principle
in the pseudo-Kéhler setting.

While most results in geometric quantization concern the symplectic case, the sit-
uation is different when the underlying manifold is contact or CR: the literature is
significantly more limited. Nevertheless, the study of quantization on CR, contact, and
Sasakian manifolds is deeply connected to several central problems in both CR and con-
tact geometry (see, e.g., [17], [22], [7]). Theorem 1.4 in this paper can be regarded as a
first step toward a geometric quantization theory for CR line bundles L, in analogy with
the Kostant—Souriau framework.

More specifically, when some of our main results are specialized to the case where X
is a circle bundle, they recover known results in the literature. We refer to Section 1.2
for a comparison. In fact, in certain geometric situations, CR manifolds reduce to the
setting of circle bundles; see, for instance, [31, Theorems 1.11 and 5.1].

A key aspect of our analysis is the presence of an R-action on X, which lifts naturally
to the CR line bundle L. This lifting property plays a crucial role in the construction of
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the quantization space. The reason this lift exists is that the given R-action on X arises
from a torus action. To clarify this point, let us recall a result from [14, Corollary 3.8]:
let X be a connected, strongly pseudoconvex CR manifold equipped with a transversal
CR R-action. Then the R-action is induced by a CR torus action if and only if at least
one of the following conditions holds: (a) there exists an orbit which is not closed; (b)
there exists a compact orbit. In particular, if X is compact, then (b) is automatically
satisfied, and hence the R-action must arise from a CR torus action. Therefore, in our
setting—since X is compact and the R-action is CR and transversal—the action is indeed
induced by a CR torus action on X. A key consequence for our purposes is [14, Theorem
3.12] (see also Theorem 2.1 below), which ensures that the R-action on X can be lifted
to the CR line bundle L.

This structure plays an important role when comparing our setting with that of [22],
where the authors study CR geometric quantization. However, their framework does
not assume the existence of a CR line bundle. Our work generalizes their perspective
by incorporating the line bundle structure. Furthermore, the main results of this article
intersect with the classical geometric quantization conjecture in the orbifold setting when
the S'-action is locally free. We refer again to Section 1.2 for a comparison, and to [10]
for a treatment of quantization in the orbifold context.

Let us now provide a more precise discussion and offer an additional motivation. Let
(X, T°X) be a compact CR manifold equipped with a Reeb one-form wy. Assume that
X admits a CR action of a compact Lie group G, and that the action of G preserves
wp. The form wy induces a CR moment map . Under the assumptions that 0 is a
regular value of y, and that X is strongly pseudoconvex near p~1(0), it was shown in
[22] that—up to some finite-dimensional subspaces of L? G-invariant CR functions and
L? CR functions on the reduced space—quantization commutes with reduction. In [22],
the regularity of 0 as a value of p is a standing assumption.

This raises a natural question: if 0 is not a regular value of u, can one still perform
geometric quantization?

In this paper, we introduce the concept of a mixed moment map fi;. We always assume
that 0, in the Lie algebra of the group, is a regular value for fi;. This allows us to treat
cases in which 0 is not a regular value of the standard CR moment map pu. A special
but important case occurs when the G-action is horizontal on X; in that case, 0 is not a
regular value of p but it is a regular valued of the mixed moment map fi;. Consider, for
example, the product X =MxX , where M is a complex manifold. The Reeb one-form
on X lifts to a Reeb one-form on X. If G acts only on M, then it is horizontal on X. We
observe that if M admits a positive line bundle, one can study geometric quantization
by using the curvature of the line bundle and the Reeb one-form on X. Therefore, even
when 0 is not a regular value of the moment map induced by the one-form on X, it
is still possible to study geometric quantization by using the curvature of the CR line
bundle and the Reeb one-form on the base manifold X.

It is also worth mentioning that several technical objects used in the proof were pre-
viously introduced in earlier works. More specifically, the operator o} appearing in the
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proof of Theorem 1.4 is quite similar in spirit to [25, Equation (4.108)]. As kindly pointed
out by a referee, the following observation sheds light on connections between our con-
struction and previous works in the context of holomorphic extension as developed in
[3], [4], [5], and [6]. In particular, the operator o) appearing in the proof of Theorem 1.4
shares structural similarities with the family of operators A;('Y studied by S. Finski in
[6, Section 4.2]. These operators, introduced in the context of the Ohsawa—Takegoshi ex-
tension problem, quantify the defect between the optimal extension and its factorization
through an intermediate submanifold; see, for instance, equations (4.27) and (4.29), and
Theorem 5.1 in [6], as well as Theorems 4.1 and 5.7, and equation (5.40) in [5] (see also
the discussion after Theorem 1.4).

Although our setting is different since in our case the submanifold Y corresponds
to the CR moment level set ji; *(0), which is generally not a complex submanifold, the
philosophy is similar: we start with a G-invariant CR section on the ambient manifold X,
restrict it to /i; 1 (0), and then consider the induced section on the quotient. The interplay
between restriction and the group-invariant Szeg6 projector resembles the composition
of extension and restriction operators in the holomorphic context. In particular, our
analysis of the asymptotics of o; captures, in a different geometric framework, effects
analogous to those described by Aﬁ‘ Y

We believe that further investigation of this analogy, especially in the direction of
understanding the quantization-reduction process through the lens of optimal L? exten-
sion, may provide valuable insight into both CR and complex geometric quantization,
especially in the setting of manifolds of bounded geometry.

All of the considerations in the previous paragraphs serve as the starting point of our
project. In this work, we consider a compact torsion-free CR manifold with a CR action of
a compact Lie group G. Let L — X be a G-equivariant rigid CR line bundle. We define
the quantization space as the space of G-invariant CR sections of high tensor powers
of L, onto which a certain weighted G-invariant Fourier—Szeg6 projector acts. Under
natural assumptions on the curvature of the CR line bundle, the Reeb one-form, and
the Lie group action, we prove that the group-invariant Fourier—Szegé projector admits
a full asymptotic expansion, and that for sufficiently large tensor powers, quantization
commutes with reduction.

1.1. Statements of the main results

We now formulate our results. We refer the reader to Section 2 for the terminology and
notations used here. Let (X,T1°X) be a compact orientable CR manifold of dimension
2n + 1, n > 1 with a transversal and CR Reeb vector field T € C*(X,TX) (see (30)).
Letn: RxX — X, (n,z) — n-z, be the R-action induced by the flow of T' (see (31)) and
let wg € C*°(X,T*X) be the Reeb one form given by (32) below. Let HX := ReT*X
and let J : HX — HX be the complex structure map given by J(u + u) = iu — iw,
u € THOX. Assume that X admits an action of a compact Lie group G of dimension d.
We assume that
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Assumption 1.1 (Group action assumption). G commutes with the R-action n, preserves
the CR structure, g*wy = wg on X and g«J = Jg. on HX, for every g € G, where g*
and g. denote the pull-back map and push-forward map of G, respectively.

Let (L,h") — X be a G-equivariant rigid CR line bundle (see Definition 2.6, Defi-
nition 2.10), where h” is a G x R-invariant Hermitian metric on L (see Definition 2.7).
Let RY be the curvature of L induced by h% (see Definition 2.8). Let wy € C*°(X, T*X)
be the Reeb one form given by (32) and let £, be the Levi form of X at x € X given by
(34). In this work, we assume that

Assumption 1.2 (Curvature assumption). There exists a bounded open interval I C R
such that RE — 2sL, is positive definite on THOX at every x € X, for every s € I.

From now on, we assume that the Hermitian metric (- |-) on CTX and hl are G x R-
invariant. Note that (-|-) satisfies the following: T*9X is orthogonal to T%'X, (u|v)
is real if u, v are real tangent vectors, (T |T) = 1 and T is orthogonal to T'°X T X.

For every & € g, we write £x to denote the infinitesimal vector field on X induced by
& Put

g:={& e C¥(X, TX); £ o}
Let
v: X —>g"
be the moment map induced by h% (see Definition 2.11 and Lemma 2.2). Let
w:X —g*
be the moment map induced by wy (see Definition 2.12). For every ¢ € I, let
fe =75 —2tpu: X — g~ (1)

Recall that [ is the open bounded interval as in Assumption 1.2. In this work, we assume
that

Assumption 1.3. i; *(0) = v~ 1(0) N = 1(0), zero is a regular value of iz, for allt € T
and the action G is free near fi; *(0).

Remark 1.1. (i) If the action G is horizontal, that is, wo(£x) = 0, for every {x € g, then
ft =~ and fi; *(0) is independent of t € I.

(ii) If v = wo, then fi; 1(0) is independent of t € I.

We refer the reader to Section 1.2 for more examples.
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We now introduce our result about G-invariant weighted Fourier-Szegé projection.
Let (-|-)x be the L? inner product on C*°(X, L*) induced by (-|-) and hL" . Let

HI(X, L)Y = {ue L*(X,LF); Opu=0,9"u=u, Vg€ G},

where 0, is the tangential Cauchy-Riemann operator with values in L*. Let ag
L3(X,L*) — HY(X, L*)C be the orthogonal projection (G-invariant Szegd projection).
We extend —iT to L? space by

—iT : Dom (—iT) € L*(X,L*F) — L*(X,L*),
Dom (—iT) = {u € L*(X, L*); —iTu € L*(X,L")}.

From [14, Theorems 4.1, 4.5], —iT is self-adjoint with respect to (|- ), Spec (—iT) is
countable and every element in Spec (—iT') is an eigenvalue of —iT', where Spec (—iT)
denotes the spectrum of —iT". Let 7 € C°(I,Ry), (t) := 7(£). Let 73,(—4T") denote
the operator defined by applying the functional calculus to —iT using the function 7.
Since T preserves CR structure, commutes with the action G and L is rigid, 74 (—iT)
commutes with the G-invariant Szegé projection II$. Let

PE =T o mp(—iT) : L*(X, LF) — HY(X, LF)“. (2)

Let s be a local G x R-invariant CR, trivializing section defined on an open set D C X,
|s|iL = ¢ 2%. The localized operator of P,ST is given by

P = sFe " PE sPehT 1 C°(D) — C™(D). (3)
Let P,ST)S(x,y) € C*(D x D) be the distribution kernel of PIST’S. Let Y := ji; 1(0). The

first main result of this work is the following

Theorem 1.1 (Semi-classical G-invariant Fourier Szegd kernel). With the notations and
assumptions above, let x € C*°(X) with suppx NY = 0. Then,

XP]ST2 =0(k™™) on X. (4)

Let p € Y and let s be a local G x R-invariant CR trivializing section defined on an
open set D C X, p€ D, \s|iL =e 2%, Then

Pl J(2,y) = / AU g2,y 1 k)dt + O(k™™) (5)
R

on D x D, where

ge ST (1D x D x 1), .
SUPPt9<x7y>t7 k) - I7
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s a symbol with expansion

+oo

g(z,y,t, k) ~ Zgj(x,y,t)k”+l_d/2_j mn ngl_dm(l;D x D xI),
§=0

g;j(z,y,t) eC®(DxDxI), j=0,1,...,

Supptgj(xayvt) CIv ]:0717

Furthermore A € C*(D x D x I) is a complex phase function with Im A > 0, and
ds Az, Yy, t)jamy = —dy Az, Y, t)jomy = —2Im 0y ®(x) + two (8)
foreveryx €Y, A(x,y,t) =0 if and only if xt =y €Y and
Im A(z,y,t) > C(dQ(.’E,Y) + d?(x, Y)), (9)

z,y € D, where C' > 0 is a constant. For a local description of the phase A in terms of
local coordinates defined in Proposition 3.1, we refer to equation (117) and we refer the
reader to Theorem 3.3 for more properties of Im A.

We refer the reader to Section 2.2 and the discussion after (49) for the semi-classical
n+1—d/2

notations used in Theorem 1.1. In particular, the precise meaning of the space S5,

is given by Definition 2.1.
We now give a formula for the leading term of g(x,y,t, k) in (7). We need to recall
one more piece of notation. Fix Y, for every ¢t € I, consider the linear map

R.(t) 19, — 9,

u— Ry (t)u, (10)

where
(Ry(t)ulv) = (—i(RE(z) — 2tL,), Ju Av).

Let det R, (t) = pi(x,t)--- pa(x,t), where p;(z,t), j =1, ...,d are the eigenvalues of
R, (t). Furthermore, put Y, = {g-x; g € G}. Then Y} is a d-dimensional submanifold of
X. The G-invariant Hermitian metric induces a volume form dVy, on Y. Put

Vog(z) := /dVyx.
Y,

Theorem 1.2. In the same setting of Theorem 1.1, for anyx € Y ND andt € I, we have
In the same setting of Theorem 1.1, for any x € Y N D and t € I, we have
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1

— 2—n—1+d
Verr ()

go(z, z,1) |det R (t)| /272 det (Ry — 20L,)[ - 7°(t),  (11)

where det(RE —2tL,) = My (z,t) - (2, 1), Nj(z,t), j = 1,...,n, are the eigenvalues of
RL —2tL, with respect to (-]-).

Let X :=Y/G. By Assumptions 1.3, we have (see Proposition 2.1)

Theorem 1.3. X¢ is a torsion free CR manifold of dimension 2n—2d+1 and Lg := L/G
is a rigid CR line bundle over Xq.

Theorem 1.3 says that X¢g := Y/G is endowed by a CR structure in a natural way.
We say that X is the CR reduction with respect to curvature data. From Theorem 1.3,
we can study quantization commutes with reduction.

For every A € Spec (—iT), put

HYAX, L) o= {u e HY(X,LF)C; —iTu = Au}. (12)
It is not difficult to see that dim Hy , (X, LF)¢ < +o0. In the discussion before (42), we
explain why dim 7—[27 NC.8 LF)% is finite. Let T, be the vector field on X induced by
the R-action on X¢. For every A € Spec (—iTx,, ), put
Hoa(Xa, LE) == {u € H)(Xa, LE); —iTxou = Au} . (13)
The following is the quantization commutes with reduction result obtained in this work
Theorem 1.4 (Quantization commutes with reduction). With the same notations and
assumptions used above, suppose that I = (a,b), a < b < 4o00. There is a kg € N such
that for all X € (ka, kb), k > ko, A € Spec (—iT") N Spec (—iTx,,), we have
dim H (X, L") = dim M} ,(Xe, L&) (14)
Moreover, if A\ € Spec (—iT) and \ ¢ Spec (—iTx,), A € (ka, kb), k > ko, we have that
dim HS,A(X, LFY¢ = 0. Similarly, if A € Spec (—iTx,) and X ¢ Spec (—iT), X € (ka, kb),
k > ko, then dimH) , (X, L¢;) = 0.
Theorem 1.4 can be seen as an application of Theorems 1.1 and 1.2. Let
o : C(X, L*) = Hy(Xe, L)

be the operator given by (146) below. We actually prove that for k > 1, the map

i Hy \(X, LR — Hy \(Xe, LE)
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is an isomorphism, for all A € (ka, kb). The operator oy, constructed in (146) was inspired
by [25, Equation (4.108)].] Moreover, several technique objects used in the proof (see
Section 4) were introduced in Ma-Zhang [25]. It is worth reminding readers that, in this
work, we use the method of complex Fourier integral operators, whereas Ma-Zhang’s
book uses the technique from local index theory.

Another point worth bringing to the reader’s attention is that, in these important
papers [3], [4], [5], [6], Finski used asymptotic behaviors similar to those of ojoy to
study significant holomorphic extension problems in complex geometry. More precisely,
in [6], Finski considered complex manifolds X, Y with a complex embedding ¢+ : ¥ — X,
a positive line bundle (L, h%) over X. In [6, Theorem 5.1, equations (4.27), (4.29)], Finski
studied the asymptotic behavior of the operator

A;(‘Y = Resy o (Resy oBé()*,

where Bg( is the Bergman projection with values in LP and Resy is the operator of the
restriction on Y (see also [5, Theorems 4.1, 5.7, equation (5.40)]). The operator Ag‘y is,
in spirit, analogous to oo}, and the asymptotic behavior of A,),( Y is similar to that of
0,07}, (see Theorem 4.6). It is worth noting that, Finski computed the first two coefficients
in the expansion of Af,(ly (see [6, Theorem 5.1]) and we compute the leading term of
00y,

The technique of the proof of Theorem 1.4 comes from [17], [22]. Furthermore, we recall
that the way to establish the isomorphism from kernel expansion for k large comes from
[25]. Moreover, they show that this isomorphism becomes an asymptotic isometry when
both spaces are equipped with their natural L?-metrics (see Theorem 0.10 in [25]). Note
that the L?-metric for sections on the symplectic reduction is defined in [25, equation
(0.28)].

We also point out that related notions of asymptotic isometries in geometric quan-
tization have been investigated in [30] and in [11], in a symplectic and almost-complex
framework. In [30] and [11], the authors also study the asymptotic isometry of the
Guillemin and Sternberg map. They show that this map is not asymptotically isometric
unless the effective potential of the action is constant. In [25], the effective potential
is explicitly included in the definition [25, equation (0.28)], which is why the resulting
isomorphism is indeed an isometry. The arguments in [25] could be readily adapted to
our setting. Moreover, from Theorem 4.7, we see that there is a sequence §; > 0 with
limg_y 400 0 = 0, such that for all A € (ka,kb), A\ € Spec(—iT) N Spec (—iTx,), if
{u1,...,uqg,} is an orthonormal basis of H{) , (X, L*)¢, then

(UkUj|O'kU,g)XG,k 2(5,‘,g—|—e’:‘k, (15)

for all j,¢ = 1,...,dg, where |eg| < 0k, for all k£ > 1. Note that in Ma-Zhang’s book,
they have asymptotic isometry as (15) (see [25, Theorem 0.10]) but in Ma-Zhang’s work,

they can take §; to be % We believe that §;, will have the form % and ﬁ, but this
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requires a more delicate analysis, and due to length limitations, we will not pursue it
further.

In the end of this section, in order to help readers gain a clearer understanding of our
results, we describe our results in the Sasakian case. We say that X is a Sasakian manifold
if X is strongly pseudoconvex. Recall that T' is a transversal and CR vector field. We
will use the same notations as before. For the relation between Sasaki geometry and CR,
geometry, we refer to [31, Theorems 1.11, 5.1]. We now assume that X is a Sasakian
manifold. We have

Lemma 1.1. We can find a rigid positive CR line bundle (L, h*) over X such that RE =
Ly, forallz € X.

Proof. Let z = (z,0) be a BRT chart of X defined in an open set D of X (see discussion
before Example 2.11 of [18] for the meaning of BRT charts). Then

5} d¢ 0
X = — i =1, C>=(D
2 Span{azj 52,000 = n} ¢(2) € C=(D),
3}
T=-2
a0
_ n 82¢ — e 1s . .
Also, L =375 52,05, 07 1N dz rrox’ Let s4 be a local CR trivialization on D with

g2, = e2?, 8¢ > 0. Let (w,n) be another BRT chart of X on D, then

o 06 0 |
TI,OX: _ =1.... .
z Span{awj Z@wj 817’J ’ ,n}

We have

w = (wlv' ~7wﬂ) = H(Z) = (Hl('z>7' o 7Hn(z))7
TH =0, G(H(=)) = (=) +loglg(2)], (16)

n=60+Img(z), geC>(D), g#0, dg=0.
From (16), we have
55= gils¢ on D.
Thus, {s4} defines a R-invariant CR line bundle L. 0O

Let (L, hY) be a rigid positive CR line bundle over X such that RL = £, forallz € X.
From Lemma 1.1, we see that this is always possible. Here 7 = wy and Assumption 1.3
holds. Let I = (—¢,¢),e > 0, e < 1. Since RL = £, for all z € X, RL —2sL, is positive
definite, for all s € I, if ¢ > 0 is small enough. Theorem 1.4 tells us that there is a kg > 1
such that for all k& > kg, we have
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Hg,)\(Xv Lk)G = Hg,/\(XGng)’ (17)

for all A\ € (—ke,ke). (17) can be seen as “quantization commutes with reduction”
on Sasakian manifolds. It should be mention that in [22], the authors also established
“quantization commutes with reduction” on Sasakian manifolds. But in [22], they don’t
consider CR line bundle; they consider CR G-invariant CR functions. We notice that
X/R is a complex manifold with singularities. Moreover, when the R-action is actually s
Sl-action, X/S! is a complex orbifold with cyclic singularities. Therefore (17) intersect
with the classical geometric quantization conjecture in the orbifold/singular setting.
We refer the reader to Example 1.2 below when the R-action is actually a S'-action.

1.2. Examples

In this subsection, we will give two very simple examples and we verify that the
assumptions of Section 1.1 hold.

Example 1.1. Let M be a compact orbifold with cyclic singularities and let (L, hl) —
M be an orbifold line bundle, where h” is a Hermitian metric of L. Assume that the
curvature of L induced by h” is positive definite. Suppose that M admits a compact
holomorphic Lie group action G and the action G can be lifted to L. Assume further
that L and h” are G-invariant. Consider the circle bundle

X :={velL"|v =1}.

Since the singularities of M are cyclic, X is a smooth CR manifold. Actually, X is a
quasi-regular Sasakian manifold. The line bundle L can be considered as a CR line bundle
over X (we still denote by L). X is a torsion free CR manifold. We will use the same
notations as in Section 1. The R-action on X is the S!-action on X acting on the fiber
of X. For m € Spec (—iT'), we have

HY (X, LMY = HO(M, L™ & L), (18)

where HO(M, L* ® L™)% denotes the space of all G-invariant holomorphic sections of M
with values in LF @ L™.

Take any G-invariant volume form dVj; on M. For every k,m € Z, let { flk me
f(]i:";} be an orthonormal basis for H°(M,LF @ L™)¢ with respect to the L? inner
product induced by kY and dVy;. Let

di,m

B (x) =Y |ff ™ (@) 0 € C(M).
j=1
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For every k,m € Z, let {g’f’m, e 7g§k } be an orthonormal basis for 7—[ m (X, Lk)¢

with respect to the L? inner product induced by h”* and dV;. We have

dk,vn dk: m

k, k
Z |fj m(Tr th Z | m thv
j=1

where 7 : X — M is the natural projection. Let s be a local rigid G-invariant CR
trivializing section of L defined on an open set D of X, [s|?, = e™2®. On D, write
gy =st@gh™, g™ e (D), j =1,...,dkm. Then,

di,m

— x) ~k, ~k, —
Pk 72 s Z T W )gj m(x)gj "(ye k20),
7j=1
where PSTQ,S(m,y) is as in (3). In particular,

PETZ’S(.CC, x)

dk: ,m

(19)

-y 7 (%) BE,(v(x)).

meZ

Theorem 1.1 tells us that the weighted Bergman kernel (19) admits a full asymptotic
expansion. It should be notice that when G is identity, Ross and Thomas [32] used
different weighted Bergman kernel and established a full asymptotic expansion for their
weighted Bergman kernel (see also [2]).

We have

Lemma 1.2. v = 2u.
Proof. Let 29 € X and let p := m(xp). Let s be a holomorphic trivializing section of L
defined on an open set U of p in M, \s\iL =e 2% Let 2z = (21,...,2,) be holomorphic

coordinates of M defined on U (we may take U small enough) such that z(p) = 0.
Consider the following map:

&= (x1,...,Tons1) = (2, Zong1) € U x (—m,7) = e ?G)s*(2)ei®2n+1 ¢ X.

Then, © = (z1,...,%2,+1) are local coordinates of X defined on D = U x (—m, 7). On
D, we have
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09 0
T,°X = e pi=1,...
z sSpan {azj “+1 32J 8x2n+1 J ) an} )

20
, (20)
T= .
3$2n+1
From (20), it is straightforward to check that on D,
.0
= —dzropni1 + Z(z—dzj 4 dzj) (21)
From (21), we see that
(u(x), &) = (106 —id¢, Ex ), (22)

where £ € g, £x is the vector field on X induced by £. From Definition 2.11, we see that

From (22) and (23), the lemma follows. O

From Lemma 1.2, we see that ji; *(0) is independent of ¢ € I. Tt should be noticed
that since R” is positive, we can take I to be any small open interval of 0 € R and hence
Assumption 1.2 holds. From Theorem 1.1, (19), we deduce that if zero is a regular value
of fit, for some t € T and the action G is free near fi; *(0), then

> 7 (T) Bin(a(a))

meZ

admits a full asymptotic expansion.

Example 1.2. Eventually we give another simple example and we verify that the assump-
tions of Section 1.1 hold. Let

X = {2 e O P 4 (2 o P = 1,

where aq,...,an+1,m € N. Then X is a compact CR manifold. X admits a transversal
and CR R-action:

N (21, zne1) = (€721, Pz, 1),

where (81,...,8n+1) € R’}fl. Then, X is a torsion free CR manifold. Let L be the
trivial line bundle with non-trivial Hermitian metric |1|?LL = ¢2* The CR manifold
X admits a S'-action:

G=258":e? 2=(e2,¢e"2,.. .,elezn_H).
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We can calculate

~A—1 a 2 s, 2 2a - 2 —1 - 20
i (55) =(1 = S 1) = 2 la P2 = (3 Iy (X o )
Jj=2 Jj=2 Jj=2
(24)
From (24), we see that if a; = m, ag = - -+ = ay1 = 1, then fi; 1 (0) = p=1(0) = v~ 1(0).

Moreover, we can check that zero is a regular value of ji; at t = 0 and we can take I to
be any small open interval of 0 € R such that Assumption 1.2 holds.

In [25, Section 3.4], Ma-Zhang calculated explicitly the Schwartz kernel of G-invariant
Bergman kernel on some model case. Example 1.2, can be seen as a model case of our
study. However, in this situation, it is still very difficult to obtain an explicit formula for
P,STQ. The main difficulty lies in the fact that even on the sphere, the Szegé kernel does
not have a nice expression. In general, to obtain a good expression for the Szeg& kernel
on the sphere, one needs to extend CR functions into the domain and then represent
them using complex coordinates. To help readers understand Theorem 1.1, we will, in
the case of a circle bundle, express P,STQ in terms of the G-invariant Bergman kernel of
the complex manifold.

We will use the same notations as Example 1.1. It was proved in [17, Theorem 1.5],
[25, Theorem 0.2] that for m € Z, m € supp xx, xx(z); = x(%), we have

B,g’:m(x) = kM@0 kom) + O(k™), (25)

where p(x) € C*®*(M), Imp > 0, Im ¢(z) ~ d(z, = *(0))? and

—+o0

b, kym) ~ Y (k+m)" 57 (x), bi(x) € CZ(M).
j=0
From (19) and (25), we have
Pl u(m) = 3 7 e O, kom) + O(k), (26)
meZ

where 7(y) = x, 7 : X — M is the natural projection. Let’s recall Poisson summation
formula (see [13, Theorem 7.2.1]):

Y g(m) = (2m) Y g(2mm), (27)

meZ meZ
for all g € C°(R), where §(t) = [ e " g(z)dx. Fox fix x € M, let

t

o(t) =5

t

i(b+55)e (@) (g o
)ikt 216 b, ).



A. Galasso, C.-Y. Hsiao / Journal of Functional Analysis 290 (2026) 111225 15

From (26) and (27), we have

PICC,:TQ,S(y7y) = Z g(QWm) = % Z §(m)

meZ meZ

1 20 b\ ikt o) (@) —itm f

o Z /T (27T]g)6 ’ bz, k, 27r)dt

-y / Rt e(@)—i@mk)tmy o | o) fedt (28)
meZ

= / 72(t) ey (g k., kt) kdt

+ Y[ Pt @ TRy (ke k)t
meZ,m#0

We can integrate by parts in t several times and deduce that

1
— > / etkrtye(@)=iQ@rk)tmpy (4 ko ktVkdt = O (k™). (29)

™
meZ,m#0

From (28) and (29), we get Theorem 1.1 in the circle bundle cases.
2. Preliminaries
2.1. Standard notation and symbols

We use the following notations: N = {1,2,...} is the set of natural numbers excluding
0 and Ng = N U {0}, R is the set of real numbers, R, = {z € R;z > 0}, R, =
{z € R; x > 0}. Furthermore we adopt the standard multi-index notation: we write
a=(ar,...,on) €eNJ'ifa; €Ny, j=1,...,n

Let M be a smooth paracompact manifold. We let TM and T*M denote respectively
the tangent bundle of M and the cotangent bundle of M. The complexified tangent
bundle TM ® C of M will be denoted by CTM, similarly we write CT*M for the
complexified cotangent bundle of M. Consider (-,-) to denote the pointwise duality
between TM and T*M; we extend (-,-) bi-linearly to CTM x CT*M. Let B be a
smooth vector bundle over M. The fiber of B at € M will be denoted by B,. Let E
be a vector bundle over a smooth paracompact manifold N. We write BX E* to denote
the vector bundle over M x N with fiber over (z,y) € M x N consisting of the linear
maps from E, to B;.

Let Y € M be an open set. From now on, the spaces of distribution sections of B
over Y and smooth sections of B over Y will be denoted by D'(Y, B) and C*>(Y, B),
respectively. Let £'(Y, B) be the subspace of D’(Y, B) whose elements have compact
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support in Y. Let C°(Y, B) := C>*(Y,B) N &'(Y, B). For m € R, let H™(Y, B) denote
the Sobolev space of order m of sections of B over Y. Let us denote

H. (Y,B)={ueD'(Y,B); pu € H"(Y,B), Vo € C(Y)},
and

Higmp (Y, B) = Hig (Y, B)N E'(Y, B).

comp

Let B and E be smooth vector bundles over paracompact orientable manifolds M
and M, respectively, equipped with smooth densities of integration. We now recall the
Schwartz kernel theorem. Let A : C°(N, E) — D'(M, B) be a continuous operator. By
Schwartz kernel theorem (see [13, Theorem 5.2.1]), we can find a distribution A(z,y) €
D'(M x N,BKX E*) such that

<Auav> = <A(mvy)7 U®u>7

for all w € C°(N, E), v € C*(M, B). We call A(x,y) the distribution kernel of A. The
following two statements are equivalent

1. A is continuous: &'(N, E) — C>°(M, B),
2. A(z,y) € C¥(M x N, BK E*).

If A satisfies (1) or (2), we say that A is smoothing on M x N. We say that A is
properly supported if the restrictions of the two projections (x,y) — z, (z,y) — y to
supp (A(z,y)) are proper.

Let H(z,y) € D'(M x N, BX E*). We write H to denote the unique continuous op-
erator C°(N, E) — D'(M, B) with distribution kernel H(z,y). In this work, we identify
H with H(x,y).

2.2. Some more notations in semi-classical analysis

Let W, be an open set in RM and let W, be an open set in R™2. Let E and F
be vector bundles over W7 and Ws, respectively. A k-dependent continuous operator
Aj 1 C(Wa, F) — D' (W1, E) is called k-negligible on W7 x Wa if, for k large enough,
Ay is smoothing and, for any K € W7 x W5, any multi-indices «, 8 and any N € N,
there exists Ck q,3,8 > 0 such that

|020) A(2, )| < Crapnk™ on K, VEk> 1.
In that case we write

Ap(z,y) =O0(k™°) on Wy x Wa, or Ap=0(k™) on Wi x Wa.



A. Galasso, C.-Y. Hsiao / Journal of Functional Analysis 290 (2026) 111225 17

If A, By : C°(Wo, F) — D'(Wh, E) are k-dependent continuous operators, we write
A = B+ O(k=>) on W1 x Wy or Ag(x,y) = Br(z,y) + O(k=>°) on Wy x Wa if
A — B = O(k~*°) on Wy x Wy, When W = W; = W, we sometime write “on W”.

Let X and M be smooth manifolds and let E and F' be vector bundles over X and M,
respectively. Let Ay, By, : C*°(M, F) — C*(X, E) be k-dependent smoothing operators.
We write Ay, = By, + O(k~>°) on X x M if on every local coordinate patch D of X and
local coordinate patch Dy of M, Ay = B + O(k~>°) on D x D;. When X = M, we
sometime write on X.

We recall the definition of the semi-classical symbol spaces

Definition 2.1. Let T be an open set in RY. Let

S(1)=8S(L;W) = {a € C®(W); Yo € N : sup [0%a(z)| < oo},
zeW

She (13W) := { (a(,m)) mems Yo € N, Vx € C2(W) -

sup  sup |0%(xa(z,m))| < oo}.
meR,m>1xeW

We define a(-, k) € SL.(1; W) if for every o € N and y € C°(W), there exists C, > 0
independent of k, such that |0%(ya(-, k))| < Cyk’ holds on W.

Consider a sequence a; € Sleoc( 1), j € No, where ¢; \, —o0, and let a € S[2 (1). We
say

Zag in Syg. (1),

if, for every N € Ny, we have a — Z;V 0aj € Sfoj\é“
we can always find such an asymptotic sum a, which is unique up to an element in

Sioo(]-) =5 (1 W) - meloc( )

loc loc

Let ¢ € R and let

(1). For a given sequence a; as above,

Slzoc;:l (1) = Sleoc,cl (17 W)

be the set of all a € S (1; W) such that we can find a; € C°°(W) independent of k,
7 =0,1,..., such that

k)~ Eka () in Sp° (1)
j=0

Similarly, we can define Sf_ (1;Y, E), S{. o (1;Y, E) in the standard way, where Y is
a smooth manifold and F is a vector bundle over Y.
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2.3. Preliminaries on CR geometry and CR line bundles

We recall some notations concerning CR geometry. Let (X,7%°X) be a compact and
orientable CR manifold of dimension 2n+1, n > 1, where T%9X is a CR structure of X.
There is a unique sub-bundle HX of TX such that C HX = T"0X ¢ TO'X, TO1X =
T1.0X. Let J: HX — HX be the complex structure map given by J(u + @) = iu — iu,
for every u € T+ X. By complex linear extension of J to C T X, the i-eigenspace of .J is
TH9X. We shall also write (X, HX, J) to denote a CR manifold. In this work, we assume
that

Assumption 2.1. There is a global vector field T € C*(X,TX) such that

TYX T X o CT(x) =CT,X, foralzecX,

(30
[T,C®(X,T°X)] Cc C®(X, T X). )
We say that T is a transversal CR vector field.
From now on, we fix T' € C*°(X,TX) such that (30) hold. Let
n:RxX — X,
(31)
(n,x) = n -z,

be the R-action induced by the flow of T, that is,
9 o
(Tu)(x) = 8—n(u(7’] . I))‘nzo, for all uw € C (X)

Since X is orientable and T is CR, the characteristic bundle is a trivial real line sub-
bundle and thus there exists a real non-vanishing global 1-form wy € C*°(X,T*X) such
that

(wo(x), u)y =0, for every u € H, X,

(32)
wo(T)=—-1, dwo(T,)=0 onTX.
We give an argument that why wp in (32) exists. Let p € X. From [1, section 1], we can
find local coordinates x = (z1,...,Z2n4+1) = (2,Z2n+1) = (21, -+, Zn, Tant+1) defined on
an open set D of p in X such that on D, we have
0 0 0
Tj’oX:span{——i-i ¢ ':1,...,n}, reD,

8zj 8_25] * 8I2n+1; J (33)

T on D,

O0%an+41

where ¢ € C>°(D,R), ¢ is independent of xo,41. Let
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- 9 0 = 00 *
wo = —dToni1 + Z(za—i(z)dzj - za—;;(z)dzj) €C™®(D, T*X).
j=1

Then, wp is a real one form on D. We can check that on D, wy satisfies (32). Let
{e1,...,en} be an orthonormal basis of T*1:°X on D. Let &g € C*°(D,T*X) be another
one form satisfying (32). We have

n
wWo = Awg + Z(ujej +ﬁj€j) on D,
j=1

where A € R, u; € C, j =1,...,n. From (32), we can check that A = 1 and p; = 0, for
all j =1,...,n. Thus, we can take wy to be a global one form.

For each z € X, we define a Hermitian quadratic form £, on T1°X as follows: for
UV eTHX,

Lo(UT) = %dwo(JU, V)= f% dwo (U, V). (34)

The Hermitian quadratic form £, on T}YX is called Levi form at z.

Fix a smooth Hermitian metric (-|-) on CTX so that 719X is orthogonal to T%1 X,
(u|v) is real if u, v are real tangent vectors, (T'|T) = 1 and T is orthogonal to T*°X @&
T%'X. For u € CTX, we write |u|? := (u|u). Denote by T*°X and T*%1X the dual
bundles of T"9X and T%!' X, respectively. They can be identified with sub-bundles of
the complexified cotangent bundle CT*X. For ¢ = 0, 1,...,n, let T*%4X := A9(T*01X).
The Hermitian metric (-|-) on CTX induces by duality a Hermitian metric (-|-) on
@n_ T*0aX,

Let Q%9(X) = C>®(X,T*%9X) and for an open set D C X, let Q%9(D) :=
C(D, T*%4X).

Let 0y : Q09(X) — Q%9F1(X) be the tangential Cauchy-Riemann operator. Since
the R-action is CR, it is straightforward to see that

T0, = 0pT
on Q%4(X).

Definition 2.2. Let D be a sufficiently small open set. We say that a function u € C*°(D)
is rigid if Tu = 0. We say that a function u € C>(D) is CR if 9yu = 0. We say that
u € C*(D) is rigid CR if pu = 0 and Tu = 0.

The following definitions for CR vector bundles can be found in [12].

Definition 2.3. A complex line bundle 7 : L — X is called a CR line bundle if

(i) L is a CR manifold of codimension 2,
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(ii) m: L — X is a CR submersion,
(iii) LOL> (§&1,&) &+ & € Land C x E> (AN €) — A € L are CR maps.

A smooth section s € C*°(U, L) defined on an open set U C X is called CR section if the
map s: U — L is CR.

Remark 2.1. Each condition in Definition 2.3 ensures that the complex line bundle struc-
ture is compatible with the CR geometry of both the base and the total space, and is
crucial for our construction of CR geometric quantization. The first assumption is natu-
ral since we are dealing with a complex line bundle over a CR base. The second condition
guarantees that the CR structure of the total space L projects nicely to the CR structure
on X. It ensures that the fibers are transversal to the CR directions, which is necessary
to define CR sections. Eventually, the third condition ensures that the vector space op-
erations (addition and scalar multiplication) are compatible with the CR structure, so
that L behaves as a genuine CR vector bundle. This is essential to define CR analogues
of geometric objects such as CR connections, CR curvature, and, ultimately, to carry
out the quantization process in the CR category.

These conditions together define what can be thought of as a “holomorphic line
bundle” in the CR category, allowing us to extend classical notions of geometric quanti-
zation to the CR setting. For example, the existence of enough CR sections plays a role
analogous to that of holomorphic sections in the Kéhler case.

Let L be a CR line bundle over X. The tangential Cauchy-Riemann operator can be
defined on sections of L:

Oy : VX, L) — Q%X LK),
where QY9(X | L) :=C®(X,L ® T*%9X).
Definition 2.4. A CR line bundle L — X is called locally CR trivializable if for any
point p € X there exists an open neighborhood U C X such that L|y is CR line bundle

isomorphic to the trivial CR vector bundle U x C.

Definition 2.5. Let L be a CR line bundle over X. A CR bundle lift of T' to L is a smooth
linear partial differential operator

T=TF: C®(X,L) » C®(X,L)

such that
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In order to define [T'X, 9;] we need to define T* on (0,1) forms with values in L first.
But this definition follows immediately from the fact that any w € Q%(X, L) locally
can be written w = s ® g where g is a (0, 1)-form and s is a local frame of L and that T'
is defined also for (0, ¢)-forms using the Lie derivative.

Definition 2.6. A CR line bundle L — X with a CR bundle lift T* of T is called rigid
CR (with respect to TT) if for every point p € X there exists an open neighborhood U
around p and a CR frame s of L|y with T%(s) = 0.

A section s € C®(X, L) is called a rigid CR section if T7Fs = 0 and dys = 0. The
frame s in Definition 2.6 is called a rigid CR frame of L|y. Note that it follows from [14,
Lemma 2.6] that any rigid CR line bundle is locally CR trivializable. The following is
well-known [14, Lemma 2.10]

Lemma 2.1. Let L — X be a CR line bundle over X and recall that T € C>°(X,TX) is
a CR wvector field. The following are equivalent:

(i) T has a CR bundle lift T* such that L — X is rigid CR with respect to T*.
(ii) There exist an open cover {U;}jen of X and CR frames {s;} for E|y,, j € N, such
that the corresponding transition functions are rigid CR.

From now on, we assume that L — X is a rigid CR line bundle (with respect to the
lifting T*). To simplify the notations, we also write 7" to denote the lifting T'.

Definition 2.7. Let L — X be a rigid CR line bundle (with respect to the lifting 7%). Let
h™ be a Hermitian metric on L. We say that h” is a rigid Hermitian metric or R-invariant
Hermitian metric if for every local rigid frame s of L, we have T'|s|?, = 0.

By Lemma 2.1, there exists an open covering (Uj)é-v:l and a family of rigid CR
trivializing frames {s; ;-Vzl with each s; defined on U; and the transition functions
between different rigid CR frames are rigid CR functions. Let L* be the k-th tensor
power of L. Then {séC ;_\/:1 is a family of rigid CR trivializing frames on each U;. Let
0y : Q(X, L*) — Q09+ (X L*) be the tangential Cauchy-Riemann operator. Since L*
is rigid CR, we have 0y f = 0y f; @ b, Tf = (T'f;) © s% for any f = f; ® s¥ € Q%9(X, LF)
and

TO, = 0T on Q™4(X, LF). (35)

Let h” be a rigid Hermitian fiber metric on L. The local weight of h* with respect to
a local rigid CR trivializing section s of L over an open subset D C X is the function
® € C>*(D,R) for which

ls(z)[2, = e 2*@) e D. (36)



22 A. Galasso, C.-Y. Hsiao / Journal of Functional Analysis 290 (2026) 111225

We denote by ®; the weight of h% with respect to sj.

Definition 2.8. Let A" be a rigid Hermitian metric on L. The curvature of (L, h) is the
Hermitian quadratic form R* = REAY) on THOX defined by

RYU,V) = (d(0y®; — 0,®;)(p),UAV), UV eTyX, peUj. (37)

Due to [19, Proposition 4.2], R is a well-defined global Hermitian form, since the
transition functions between different frames s; are annihilated by T'.

Definition 2.9. We say that (L, h’) is positive if there is an interval I C R such that the
associated curvature RL — 2sL, is positive definite at every x € X, for every s € I.

In this work, we assume that
Assumption 2.2. There is a positive rigid Hermitian metric h* on L.
From now on, we fix a positive rigid Hermitian metric A on L and we have
RE —2sL, is positive definite, for every z € X, s € I, (38)

where I C R is a bounded open interval. As we mentioned in the introduction, from
[14, Corollary 3.8], we see that the R-action on X comes form a torus action on X. The
following is well-known [14, Theorem 3.12],

Theorem 2.1. With the assumptions and notations above, we can find local CR rigid
trivializations of L defined on open sets D;, j =1,...,N, such that X = U;V:1 Dj, and

Dj=J{n-= 2 €Dy} (39)
neR

for every j=1,...,N.

Theorem 2.1 tells us that the R-action on X can be lifted to L. From now on, for any
local CR rigid trivialization s defined on an open set D of X, we will always assume that
D =U,er{n-2; z € D} and s is R-invariant.

2.4. The weighted Fourier-Szegd operator

In this section we study the microlocal properties of the weighted Fourier-Szeg6 oper-
ator Py ;2 introduced in Section 1.1. As pointed out to us by a referee, in [20] the authors
consider a Toeplitz operator of the form A := II(—iT)II, where II is the Bergman pro-
jection associated with a strictly pseudoconvex domain, and T is as in Assumption 2.1.
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They then define the operator xx(A) via functional calculus, for suitable functions xy.
This construction allows them to obtain semi-classical asymptotics for xx(A).

In our setting, we define the Fourier—Szegd kernel using a spectral cut-off for the op-
erator —iT with respect to the natural L2-structure on the CR manifold. This operator
acts on the space of CR functions (or sections) and is a smoothing operator that approx-
imates the projection onto the low-frequency part of the spectrum of —iT. Thus, both
constructions are based on spectral calculus applied to a Toeplitz-type operator of the
form II(—iT")1I.

We will use the same notations and assumptions as before. Let L* be the k-th power of
L. The Hermitian metric on L* induced by h~ is denoted by hL". We assume that the Her-
mitian metric (- |-) is R-invariant. We denote by dVx the volume form on X induced by
(-]-).Let g € {0,1,...,n}. Let (-] - ) be the L? inner product on Q%¢(X, L*) induced by
A" and dVy. Let L2 o (X L¥) be the completion of Q%4(X, L*) with respect to (- |- )y.

(0,
We extend (-|-)x to L%, (X, L¥). For ¢ = 0, we write L2(X, L*) := L? . (X, L").

(0,9) (0,0)
Consider the operator

—iT : C®(X, LF) — C>(X, L")
and we extend —iT to L? space by

—iT : Dom (—iT) C L*(X,LF) — L*(X, LF),
Dom (—iT) = {u € L*(X, L*); —iTu € L*(X,L")}.
From [14, Theorems 4.1, 4.5], —T is self-adjoint with respect to (|- )k, Spec (—iT) is
countable and every element in Spec (—iT') is an eigenvalue of —iT', where Spec (—iT")
denotes the spectrum of —iT'.
Let 0p : Q%9(X,LF) — Q%9t1(X, LF) be the tangential Cauchy-Riemann operator
with values in L*. For every a € Spec (—iT), put
CX(X,LY) = {u e C®(X,LF); —iTu = au}, (40)
and

Hy o(X, LF) = {u € C(X,L"); Oyu =0} . (41)

Let 5: (QUN(X, LF) — C>=(X, LF) be the formal adjoint of 9; with respect to (- |- ).
Let

Op := 0y, Oy : C(X, L*) — C=(X, L¥).
Let

Ny =0, —T? : Dom A, € L*(X,L*) — L*(X, L"),
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where Dom A, := {ue€ L*(X,LF); Aju € L?(X,L*)}. Note that for every a €
Spec (—iT), Hgﬂ(X, L*) is in the eigenspace of /. From this observation and note
that A, is elliptic, we deduce that

dimHj (X, LF) < oo, (42)
for every a € Spec (—iT).
For any interval J C R, put
Hy (X L= P Hp.X. L. (43)

a€eSpec (—iT),aeJ

For every a € Spec (—iT), let L2 (X, L*) C L%*(X, L*) be the eigenspace of —iT with
eigenvalue a. It is easy to see that L2(X,L*) is the completion of C°(X,L*) with
respect to (-] )g. Let

Qo : LX(X,LF) — L2(X, LF) (44)
be the orthogonal projection with respect to (|- )x. We have the Fourier decomposition

rx.rkh= @ LixrIh.
a€Spec (—iT)

We first construct a bounded operator on L?(X, L*) by putting a weight on the compo-
nents of the Fourier decomposition with the help of a cut-off function. Let

TeCX(), >0, (45)

where I is the interval as in (38). Let Fy, : L?(X,LF) — L%(X, L*) be the bounded
operator given by

Fh.: L*(X,L*) — L*(X, L"),

U= Z T (%) Qo (u). (46)
a€Spec (—iT")
We consider the partial Szeg6 projector
Iy, o L(X, L¥) — HY (X, L) (47)

which is the orthogonal projection on the space of R-equivariant CR functions in
Hgy ;(X, LF). Finally, we consider the weighted Fourier-Szegé operator

Pyr2 = Fprolly o Fpp L*(X,LF) = Hy (X, LF). (48)
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The Schwartz kernel of Py ,» with respect to dVx is the smooth section (z,y) —
Py r2(z,y) € Lk @ (LE)* satisfying

(Pu)(&) = [ Prrs(a,p)uty) dVi(w), ue (X, LY), (19)
X

We pause and introduce some notations. Let Ay : C(X, L*) — C>®(X,LF) be a
continuous operator with distribution kernel A (z,y) € D'(X x X, L*¥ K (L¥)*). Let s1,
s2 be local trivializing CR rigid sections of L defined on R-invariant open sets D; C X,
Dy C X, respectively, |s;(z) %L = ¢~ 2%() ®,; € C*(D;), j = 1,2. The localization of
Ay with respect to s; and s, are given by

Ak751752 : C?O(Dl) — COO(DQ),

Ak sy.s0 (1) == e_k%sgkAk(s]fek‘blu),Vu € C(Dy).

When s = s1 = s9, D1 = Do, we write Ay s := Ak s, ,5,- We write Ay = O(k~>°) on X
or Ap(z,y) = O(k~*°) on X x X if for any local trivializing CR rigid sections sy, s2 of
L defined on R-invariant open sets D1 C X, Dy C X, respectively, we have

Ak,sl,sz = O(k'_oo) on D1 X DQ,

Let s be a local trivializing CR rigid section of L defined on a R-invariant open set D,
|s(z)[2, = e72%@) € D. As before, let Py, 2 s : C2°(D) — C>(D) be the localization of
Py 2 with respect to s. Let Py ;2 ((x,y) € C>°(D x D) be the Schwartz kernel of Py, -2
with respect to dVx. We have the following [14, Theorem 1.1]

Theorem 2.2. With the notations and assumptions above, consider a point p € X and a
o

OTant+1’

Let s be a local rigid CR trivializing section of L on D and set |s|,2L = e 2%, With the
notations used above,

coordinates neighborhood (D,x = (x1,...,%an+1)) centered at p =0 with T =

Py 2 s(z,y) = /eik“"(w7y’t)a(x,y,t, k)dt +O(k™°) on D x D, (50)
R

where ¢ € C®(D x D x I) is a phase function such that for some constant ¢ > 0 we have
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dpp(2, Y, )] ey = —2Im @ (z) + two (),
dyo(x,y,t) oy = 2Im 9P (x) — two(x),
Im p(z,y,t) > clz — w]?,

(gjay7t) €D xDx va = (Zam2n+1)ay = (w7y2n+1)7 (51)
2
>cle—y*, (z,y,t) € Dx D x1,

0
ti (.00 + | 52 2.0

o(z,y,t) =0 and g—f(x,y,t) =0 if and only if x =y,

and a(z,y,t, k) € ST (1;D x D x I)NCP(D x D x I) is a symbol with expansion

(o]

a(z,y,t, k) ~ Zaj(x,y,t)/ﬂ”l*j in SN (1, D x D x 1), (52)
§=0

and for x € Dy and t € I we have
ao(z,x,t) = (2m) "1 |det(RY — 2tL,) | T2(2), (53)
where wy € C°(X,T*X) is the global real 1-form of unit length orthogonal to T*''°X @

T*01X, see (32), |det (RE — 2tL,)| = [M(z,t) -+ An(2,t)|, where Aj(z,t), j=1,...,n,
are the eigenvalues of the Hermitian quadratic form RL — 2tL, with respect to (-|-),

RE and L, denote the curvature two form of L and the Levi form of X respectively (see
Definition 2.8 and (34)).

Now, we shall introduce local coordinates and give a local expression for the phase
function. In Section 4.4 of [16] the author determined the tangential Hessian of the phase
function. We recall [21, Theorem 3.13], which is an improvement of the result in [16] for
the case of CR manifolds with transversal CR R-action.

Theorem 2.3. Fiz (p,p,to) € DxDxI, and let W14, ..., W+, be an orthonormal rigid
frame of T}° X wvarying smoothly with x in a neighborhood of p, for which the Hermitian

quadratic form RE — 2toL, is diagonal at p, that is,

(R} = 2t0Ly) (W40 (9), Wity (9)) = Aj(to) 6k »

forj, k=1,...,n. Let s be a local rigid CR frame of L defined on D, |s|?, = e 2%, ® €
C>®(D). Let x = (x1,...,%an+1) be local coordinates defined in some small neighborhood
of p with x(p) = 0 such that
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ad
3
6x2n+1

wo(p) = dz2nt1, T=-

Wit(p) = 5~ +zzmzt —+ O forj=1.om,
] :

(54)
i()i() =200 forjl=1 2n
aJ}Jp axgp - 7,4 e=1,... )
2j =T +iTqy4, j=1,...,d,
Zj:$2j_1+il’2j, ]:d+1,,n
and
1 n _ n _ L
=3 it 1221 + Z (2120 + @izize) + O(|2)) (55)
I t=1 1 t=1

s

where Ty, pig, atg € C, pey =gy, 1,6 =1,...,n. Then, there exists a neighborhood of
(p, p) such that

. n
2
o(x,y,to0) =to(T2n41 — Yant1) — B Z ar; +aji)(zz — wjwy) (56)
J,l=1
) e itg - _ o
+ (@5 +@;0)(Z57 — W) + - Z (T — 3.0 (271 — wiwy)
1 J,l=1

<
T~
Il

ol =
(3=

Aj(to) (2w — Zjw;)

|
TR
=

<
Il
—

Aj(to)|z; — wil* + O(|(z,w) ).

+
DO

j=1

2.5. Preliminaries on CR manifolds and group actions

From now on, we assume that X admits a d-dimensional compact Lie group action G
with Lie algebra g. As before, let us denote by g the space of vector field on X induced
by the Lie algebra g of G. Furthermore for every £ € g, we write £x to denote the
infinitesimal vector field on X induced by &. Recall that we work with Assumption 1.1.

As Definition 2.6, we can define G-equivariant rigid CR line bundle.

Definition 2.10. A rigid CR line bundle L — X is called G-equivariant rigid CR if the
action G can be lifted to L, for every {x € g, {x can be lifted to L and for every point
p € X there exists an open neighborhood U around p and a CR frame s of L|y with
T(s) =0 and £xs = 0, for every £x € g.

From now on, we assume that L is a G-equivariant rigid CR line bundle.
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The proof of the following is similar to the proof of [14, Theorem 3.12].

Theorem 2.4. With the assumptions and notations above, we can find local CR rigid G-
invariant trivializing section s; defined on an open subset D;j of X, j=1,...,N, N € N,
such that X = U;-V:le and D;j = Uy meaxri9 -1 2; € D;}, for every j=1,...,N.

Proof. From the discussion after Assumption 2.2, we see that the R-action on X comes
from a torus action 7" on X and L is T"-equivariant. Let G := G x T". Then, G is a
compact Lie group action acting on X and L is G-equivariant. Fix x¢ € X. Let

Az ={U C G; U is an open set of G and we can find a local CR trivializing

section s of L, Ts =0, £xs =0, for all £ € g, defined on U gD,
geU
D is an open set of xg},
where gD := {g-x; x € D}. Let U,Us € A,,. We claim that
U1UU2 EAaco- (57)

By definition, we can find local CR trivializing sections sy, so of L, T'sy = 0, T'sy = 0,
Exsy = 0, Exse = 0, for all ¢ € g, defined on 2 = UgeU1 gD1, Qo = UgeU2 gDs,
respectively, where Dy, Ds are open sets of zg. If Q1 (Q2 = 0. Let s be the function on
Q= UgeUlUU2 g(D1 N Dy) given by s = s1 on Ugey, g(D1 N D3), s = sg on Ugey,g(D1 N
D5). Then s is a local CR trivializing section of L, T's = 0, {xs = 0, for all £ € g, defined
on . Hence, Uy YUz € Ay, .

If Q1N Q2 # 0. We have s1 = fsg on Q5 NQy, f is a CR function on Q3 () Qs,
Tf =0,¢xf =0, forall € € g, and f(z) # 0, for all x € Q;(Qs. Thus, f is a
CR function on U ey, p, 9(D1 N D2). Fix h € Ur (\Uz. Let f be the CR function on
Uger,uw, 9(D1 N Da) given by f(g -x):= f(h-x), z € D; N Dy. We check now that fis
well-defined. If g-z =gy € U cp,p, 9(D1ND2), x,y € DiN D3, g, € Uy UU>. Then,
y=(9)"tg-x € D1NDy.Since Tf =0,&xf =0, forall € € g, f(h-x) = f(h(§)Lg-x) =
f(h-y). Thus, £ is well-defined. Let s be the function on Q = Uger,uw, 9(D1ND2) given
by s = s1 on Uy, 9(D1 N D2) and s = fs2 on Uger, 9(D1 N D2). Then s is a well-
defined local CR trivializing section of L, T's = 0, £xs = 0, for all £ € g, defined on .
Hence, Uy |JUs € Az,. The claim (57) follows.

It is clear that we can find U; € A,,, j = 1,2,...,N, such that G = Ujvzl U;.
From (57), we see that U;VZI Uj € Ay,. Thus, G € A,,. Hence, we can find a local CR
trivializing section s of L, T's = 0, £xs = 0, for all £ € g, defined on Ugeé gD, D is an
open set of xg. The theorem follows. O

From now on, for any local CR rigid trivializing section s defined on an open set D
of X, by Theorem 2.4, without loss of generality, we will always assume that D and s
are G x R-invariant.
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From now on, we assume that the Hermitian metrices (- | -) and h’ are G x R-invariant.
We now introduce moment map associated to RY and wy.

Definition 2.11. Let s be a CR rigid G-invariant trivializing section of L defined on an
open subset D C X, |s|2, = e 2%, ® € C*°(D). Let

The moment map on D associated to the local weight ® is the map v¢ : D — g* such
that for all z € D and £ € g, we have

(72(2), €) = 10(Ex(2)), (58)
where £x is the vector field on X induced by &.

Lemma 2.2. Definition 2.11 is global defined. More precisely, the moment map Yo given
by (58) is independent of the choices of .

Proof. Let s1, so be CR rigid G-invariant trivializing sections of L defined on an open

subset D C X, |s;]2, = €?%i, ®; € C>°(D), j = 1,2. We have s; = fs, on D, f is a rigid
CR G-invariant function on D, f(z) # 0, for every x € D. Thus,
512, = e72%1 = |f[2e 2%z = ¢~222FlogfI"

on D. Hence,
1 2
Q1 =Po — 510g|f‘ .
Thus,

15,7

Op®1 = 0p Py — 27

on D and hence

e, = (—2i)(0y®1 — Op®1)

= (—2i)(3p®2 — Dy D>) +i(a;—f - ajc—f) (59)
LT o
=V, +Z( T f )

Since f is G-invariant, we have
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Ohf O
<Lf_Lf,§X>:0 on X, (60)
f f
for every £ € g. The lemma follows. 0O
From now on, we write
v: X —g*

to denote the moment map given by (58).

Definition 2.12. The moment map associated to the form wy is the map pu : X — g* such
that, for all z € X and £ € g, we have

(@), &) = wo(€x (@), (61)
& € g, Ex: the vector field on X induced by &.

For every t € I, let iy : X — g* be as in (1). Recall that in this work, we work with
Assumption 1.3.

2.6. CR reduction with respect to curvature data

Let Y := fi; '(0) and denote by HY := Kerwy NTY. Let X5 := Y/G and let
m:Y — Xg be the natural projection. Let HX g := ., HY, 7, is the push-forward map
of m. We are now going to prove that X is a CR manifold. Fix ty € I. Recall that zero
is a regular value of fit,. Recall that I is the open interval as in (38). For every z € Y,
let

ba () = ((=20) Ry — 2todwo(2))(-, J-)
be the bilinear form on H,X. Let
gt = {ve HX; b(éx,v) =0, forallx € gl

Since RL — 2toL, is positive,

gn ng = {0}. (62)
Hence, b is a non-degenerate bilinear form and thus

gogt = HX, (63)
for every z € Y. Let H?Y := g'*|y N HY . From (63), we have

HY =gly @ H"Y. (64)



A. Galasso, C.-Y. Hsiao / Journal of Functional Analysis 290 (2026) 111225 31

Lemma 2.3. We have
gty = JHY, (65)
and
HX|y = Jgly ® HY = Jg|y ® gy ® H?Y. (66)
Proof. Fix p € Y and let s be a local CR rigid G-invariant trivializing section of L

defined on a G-invariant open subset D of p in X, |s|iL = e 2® For V € H,X and
& € g, we have

bp(éx, JV) = dya(€x, JV). (67)
From (67), we see that V € gJ-b if and only if dve(Ex, JV) =0, for all {x € 9, Since 0
is a regular value of fi,, d’m(fx, JV) =0, for all {x € g, if and only if JV € H Y. We

get (65).
Now, for V € H,Y and & € g, we have

bp(JEx, V) = dye(V,€x) = 0. (68)
From (68),
dim H, X = dim H,Y +dim Jg_
and the fact that b, is non-degenerate, we obtain (66). O
From (65), we have
HY"Y = JHY N HY. (69)
From (64), we can identify HX¢g with H?Y and from (69), we can define complex

structure map Jg on HXg: For V € HXg, we denote by VH its lift in H7Y, and we
define Jg on X¢g by

(JeW)H = J(VH). (70)
Hence, we have Jg : HXg — HX¢ such that Jé = —id, where id denotes the identity
map id : HXg — HXg. By complex linear extension of Jg to CT X, we can define

the i-eigenspace of Jg is given by T'°Xg = {V e CHXg; JgV = \/—1V}.

Proposition 2.1. The subbundle T'"°Xs is a CR structure of Xg.
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Proof. Let u,v € C*°(Xq,T1°Xs), then we can find U,V € C®(X¢, HX¢) such that
u=U—-1JgU, v=V —v=1JgV.
By (70), we have
o =U" —/=1JUH, v=VH - /—1JVHE ¢ T'°X NCHY.

Since T1YX is a CR structure and it is clearly that [u,v] € CHY', we have [u®?,v!] €
TY°X NCHY . Hence, there is a W € C*(X, HX) such that

[, o] =W — /=1JW.

In particular, W, JW € HY . Thus, W € HY NJHY = H7Y . Let X € H”Y be a lift
of X € TXq such that X = W. Then we have

[u, 0] = mful o] = m (X = V=1IXT) = X = V16X € TV X,

ie. we have [C®(Xg,T'°Xs),C®(Xg, T'Xg)] C C®(Xg,T*°Xg). Therefore,
T X is a CR structure of Xg. O

3. Proofs of Theorem 1.1 and Theorem 1.2

This section is organized as follows. First, we shall introduce local coordinates com-
patible with the actions of G on X and the R-action in Section 3.1. Then, in Section 3.2,
we shall study the microlocal structure of the G-invariant Szegd kernel leading to the
proof of Theorem 1.1 and Theorem 1.2.

3.1. Local coordinates

In this chapter we specialize the local coordinates introduced in Section 2.3 taking
into account the action of the group G and R. The main results are two: Proposition 3.1,
which introduces the local coordinates, and Proposition 3.2, which expresses the phase
function ¢ in terms of the coordinates introduced in Proposition 3.1.

Let eg € G be the identity element and let v = (vq,...,v4) be the local coordinates
of G defined in a neighborhood V' of e with v(ep) = (0,...,0). From now on, we will
identify the element g € V' with v(g).

Proposition 3.1. Fiz tg € I. Let p € Y and let s be a local CR rigid G-invariant triv-
talizing section of L defined on a G-invariant open set D of p in X, |s|iL = 2%,
Then there exist local coordinates x = (x1, ..., Tap+1) on X defined in a neighborhood

U =U;xUs C D of pwithp=0,U; CR? (resp. Uy C R?"*1=1) js an open neighborhood
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of 0 € RY (resp. 0 € R*" =) and a smooth function T = (Ty,...,Tq) € C°(Us, Uy)
with T'(0) = 0 € RY, T is independent of xon+1, such that

T=-— 4 on U,
851:2n-i—1
71
('Uh ceey Ud) © (F(xd-i-lv - axQ’rL)7xd+17 cee 7x2n+1) ( )
= (’Ul —+ P1($d+1, - ,l‘gn), ce, Vgt Fd(ﬂfd+1, - ,xzn),xd_H, - ,9:2n+1)
for each (vi,...,vq) €V and for each (xgy1,..., Tant1) € Ua,
. 0 0
= n — DEEEEY —
g P 8x1’ ’ (9md ’
={Ta41 =+ =220 =0}, (72)
ad 0
J|l=— | = onY forj=1,....d,
833j 8xd+j
TYX =span{Zi 4y, Znito}
170 0]
Z; — =1 i=1,...,d
J»to(p) (65(3] Zaderj) (p)a J s s by
1/ 8 ) . (73)
Z; =—(=——— =d+1,...,d,
]vto(p) 9 <8x2j_1 lax2j) (p)v J + 1,
(R - 2tOL: ) ( jto( )7 Zf,to(p>) = )‘j(to)éj,fa ]7‘€ =12,...,n
(Zjao@)Z0to(P)) = 050, Gi0=1,2,...,m,
where {Z1 15y Znto} 18 an orthonormal basis of T°X on U depending smoothly in
zel.
Moreover, let T;, j =1,...,2n+ 1, be the coordinates as in Proposition 2.3, we have
T =z;+0(]#%), j=1,....2n,
Tant1 = Tan41 + Z (Tje = Tie)zjTe + Z (Tje + T5,0Tarje
jé:l G=1 (74)
n d
+ Z Zl Tje = Tj0)T2j-1T¢ + Z Z (7.6 + Tj.0)2;
j=d+1 =1 j=d+1¢=1
where & = (x1,...,%apn).

Proof. From the standard proof of Frobenius Theorem, it is not difficult to see that
there exist local coordinates v = (v1,...,v4) of G defined in a neighborhood V of eq
with v(eg) = (0,...,0) and local coordinates x = (z1,...,Z2,+1) of X defined in a
neighborhood U C D of p with z(p) = 0 such that
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('Ula s ,Ud) © (Oa . 'a0,$d+1,- . 7$2n+1)
= (U1, oy Udy Tdgls - s Tant1), V(v1,...,04) €V, Y(0,...,0,2411,...,Tan+1) € U,
(75)
and
0 0
— - - 76
g Spatt {01’17 8$d}’ ( )
0
=— on D (77)
5$2n+1
Consider the linear map
R: 9, — 9,
u— Ru, (Rul|v)=/{ (—Zi)sz — 2tpdwo(p)), Ju Av).
Since R is self-adjoint, by using linear transformation in (z1,...,24), we can take
(z1,...,24) such that, for 7,/ =1,2,...,d,
0 0 0 0
R— — =4X;(t0)d; — — =20, 78
(R )| 5 (0) = Ay (t0)ds e (50 | 5 (0)) = 2 (78)
By taking linear transformation in (vq,...,vq), (75) still hold.

Let ﬂto(%) = aj(z) € C*(U), j = 1,2,...,d. Since a;(x) is G x R-invariant, we

have agjz(x) =0, afaj =0, j,s=1,2,...,d. By the definition of the moment map, we
s 2n+41
have
YﬂU:{xEU; a1 (z) =+ =aq(r) = 0}.
Since 0 is a regular value of the moment map /i, the matrix (g;j (p )
s 1<j<d,d+1<s<2n+1
is of rank d. We may assume that the matrix (gij (p)) is non-singular.
° 1<j<d,d+1<s<2d
Thus, (z1,...,%4,01,...,0d,T2d+1,---,Tant+1) are also local coordinates of X. Hence,

we can take v = (v1,...,vq) and & = (z1,...,Z2,+1) such that (75), (76), (77) and (78)
hold and

YﬂU:{xz(:cl,...,xgnH) €U; xge1 ="+ =29 =0}. (79)
On Y NU, let
0 0] 0
J(=—)=0b, —+ -+ biony ., j=1,2,...,d.
(63?]) ]71(x)ax1 =+ + 7,2 +1(IE) ax2n+1
Since we only work on Y, b; ¢(x) is independent of x441,...,x2q, for all j = 1,...,d,

¢ = 1,...,2n 4+ 1. Moreover, it is easy to see that b;¢(z) is also independent of
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X1y...,Tdy Topt1, for all j = 1,....d, k = 1,...,2n+ 1. Let &’ = (22441, -, %2n).
Hence, bjo(x) = b (@), j = 1,...,d, £ = 1,...,2n + 1. We claim that the matrix
(ijf(%n))1§j§d,d+1§k§2d is non-singular near p. If not, it is easy to see that there is a
non-zero vector u € Jg(VHY. Let u = Jv, v € g. Then, v € gV JHY = g[\g™*. Since
gﬂg“ = {0} on Y, we deduce that v = 0 and we get a contradiction. The claim follows.
From the claim, we can use linear transformation in (441, ..., Z24) (the linear transform
depends smoothly on Z") such that on Y,

0 0 0 0 0
J— :b ~/I_ .. b ~//_ - b ~I!
(8.13]) Jvl(m )8131 + + Jvd(‘r )axd + 6$d+j + J12d+1(x )81‘2(14,_1
0
+b n EU ,
7,2 +1( )ax2n+1
where j = 1,2,...,d. Consider the coordinates change:
T = ($1, A ,$2n+1) —u= (ul, A ,u2n+1),
d d
(1, ., T2 41) = (21 — Z bia (@ Nxays, - xa — ij,d(fﬂ)xdﬂ,
j=1 j=1
d d
Tayt,- o Tady Taasr — Y bj2ar1(@ ) Tagsy o Tanpr — Y bjons1 (F7)2ay).
j=1 j=1
Then,

0 0
— = — j=1,....d,2d+1,...,2n+1,
6a:j 8’U,j

0 Y 0 . 0 n 0 b, 0 b, 0
6a:d+j 91 8u1 gd aud 0ud+j J,2d+1 6u2d+1 J2n+l 8u2n+1 ’

j=1,...,d.

Ougyj’

Hence, on YU, J(%) — =2 j=1,...,d. Thus, we can take v = (vy,...,vq) and
x = (x1,...,Tant1) such that (71), (76), (78), (79) hold and on Y U,

(00
8$j N 8xd+j’

i=1,2....d

Let Z; = (52 —iz2—)(p) € T}°X, j=1,...,d. From (78), we can check that

x Oz qj

(R} — 2t0Ly)(Zj, Zx) = Nj(t0)Sjk,  (Zj| Z) = 0jns Gk =1,....d.

Since g is orthogonal to Hp,Y N JH,Y and H,Y (JH,Y C g;b, we can find an
orthonormal frame {Z1, ..., Zq, V1, ..., Vu_q} for T3 X such that RE—2t0L, is diagonal-
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ized with respect to Z1,...,Z4,Vi,...,Vp_q, where Vi € CH,Y JCH,Y,...,V,,_q €
CH,Y N JCH,Y. Write

2n 2n
0 0 )
Re%zzaj’ka—wk’ Imvv]:zﬁ]?ka—xk’ -]:177n_d
k=1 k=1
We claim that o, = Bj =0, forall k =d+1,...,2d, j =1,...,n —d. Fix j =
1,...,n—d. Since ReV; € g;-b and span {6ri+1 ey afu} € g;-% we conclude that

Zajk ‘+ Z ks — g;bmeY. (80)

k=2d+1
From (65) and (80), we deduce that
Za]k -+ Z ks eJHYﬂHY—g (H,Y
k=2d+1
and hence
(Z jk —‘r Z ajk )EQLbﬂHY (81)
k=2d+1

From (81) and notice that J(ReVj;) € g;-b, we deduce that

Z ajrs ) €9, 8" = {0},

k=d+1

Thus, ajr =0, forall k =d+1,...,2d, j = 1,...,n — d. Similarly, we can repeat the
procedure above and deduce that 3, =0, forall k=d+1,...,2d, j=1,...,n—d.
Since span {ReV;,ImVj; j=1,...,n —d} is transversal to g,® Jgp, we can take

linear transformation in (x2441, .- ., T2,) so that
0 0 0
ReV) = i1t g b — 2 =1,2,...,n—d,
! A 7Y 0xq  0raj—1424 J
0 0 0
ImV; = 8; _|_ﬁd —, j=12,...,n—d.
J 3,1 8371 7, 81‘23+2d

Consider the coordinates change:

T = (1‘1,...,$2n+1) — U = (ul,...,u2n+1),
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d d
(5317 cee 7-T'2n+1) - (331 - Z O 1T25—-142d — Zﬂj,1$2j+2d7 <oy Ld
j=1 j=1
d d
- Z Q. dT2j—1+2d — Z Bj,d%2j42d> Tdt1s - - - > L2n41)
j=1 j=1
Then,
0 0
- , J = 1, '72d7
O0x; ou;
0 . 0 0 0 1 J
- a,.l—_..._ald— - — n —
7y Js 9 ) ) )
3$2j71+2d ouy Ouq 8U2j71+2d
0 0 0 0 .
T —Bjrg— " —Bjaz—+5——, j=1...,n—d
0%2j4+2d Ouy Ouqg  Ougjtad

Thus, we can take v = (vq,. ..

,vg) and & = (21, ..

., Tapt1) such that (71), (72) and (73)

hold.
Let & = (Z1,...,Tan4+1) be the coordinates as in Theorem 2.3. It is easy to see that
5j =Tj + h](‘%)v h](‘%) = O(|1“2), .7 =12,...,2n, (82)
Tant1 = Tont1 + hong1 (£), hangr(£) = O(|z]?),
where & = (21, ..., T2,). We may change xa,+1 be xap+1+han+1(0,...,0,Z441,...,%2,)
and we have
8252”“( )=0, jk={d+1,...,2n} (83)
——(p)=0, j,k= yees2n}.
O0x;0xy P J
Note that when we change zo,t1 t0 @ant1 + hant1(0,...,0,Z441,. .., T2n), % will
change to a%j + aj(gc)%n“, j=d+1,...,2n, where o;(z) is a smooth function on

Y NU, independent of x1,...,24, Tant1 and «;(0) =0, j = d+1,...,2n. Hence, on

Y U, we have J(%j) =92

Ozqy;

function on p~1(0) U, independent of z,.

+ aj(:z:)%n“, j=1,2,...,d, where a;(z) is a smooth
.. Tad, Tapt1 and @;(0) =0, j=1,...,d.

From (54) and (82), it is straightforward to see that

wo(F) = digns1 —i Y TjuzdZ +i Y Tiamdz + O(|3)

jt=1 jit=1

T~ =L xR, 0T, OTont1
=dzropy1 — 1 Z Tj,tztdzj +1 Z Tj7tztd2j + Z( 2Z-+1 de + 2_+1 de)

jt=1 jit=1

+0(|P).

0z; 0%;

Jj=1

(84)
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Note that wg is G-invariant. From this observation and (84), we deduce that

82%2'@—}-1 . .
————(p) =ime, je{l,....,n},Le{l,...,d},

8zj8xg
82‘%ZnJrl R X (85)
F5.00, D)= T JE{l o} te{l,.. d}.
j
From (85), we can compute that
0%Zan ) o
(%;3;1(1’) =1iTj0 — 750, J,0€{l,...,d},
J
0%Zan o
S (p) =~y + 7)€ L},
j
0%Top 11 _ o (86)
m(?) =it —1T0, jE{d+1,...,n}, Le{l,...,d},
i
0%Zan o
ﬁ )=—(Tje+T0), je{d+1,...,n}, Le{l,...,d}.
j

From (83) and (86), we get (74). O
Let us now write the phase function (56) in local coordinates defined above.

Proposition 3.2. Let p € pu~(0) and fir to € I. Let s be a local rigid CR frame of L
defined on D, |s|2, = e 2®, ® € C*(D). Let v = (x1,...,%2n41) be local coordinates as
in Proposition 3.1. Then, there exists a neighborhood of (p, p) such that

. n
i
o(x,y,to) =to(T2n41 — Y2nt1) 3 Z ar; + aj1)(z21 — wjwy)
=1
i L it ”
- 0 _ _
+ 2 Z (@,; +aj,)(z;z — w;w;) 7 (T1,; — 15,0) (221 — w;wp)
J)l=1 j,l=1
/l: n /L. n
—3 D Ni(to) (25 — Zjw;) + 3 > A(to)lzs — wjl?
=1 j=1
b d
1o _ _
+ig > (i =T @im = yiw) +to Y (T +T50) (—Tari T+ Yar 1)
Jil=1 j,l=1

n d
+to Z Zi(ijl —T50) (T2j-121 — Y25-1U1)

j=d+1 1=1

+to Z Z (ja + T52) (w251 — yagmn) + O(| (2, w) ), (87)
j=d+1 =1
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where Tj 1,05, € C, j,l=1,...,n, X\j(to), j =1,...,n, are as in Theorem 2.3.
Moreover, we have

Hje + tO(m"‘ Tj,[) = j,l)‘j(t())v jv£ = ]-7 s (88)

and forallj=1,...,d, £=1,...,n

1 )
“Uje+ajc+ag; =0, j=1,...,d, £=1,...,n,

g (39)
iug,j—i—aj,g—i—ag,j =0, j=1,...,d, £=1,...,n
where (10, Qjei, are as in (55)
Proof. From (56) and (74), we get the (87).
From (54), it is straightforward to check that
(Ry = 2t0Ly)(W o (p), Wet (D)) = 1,0 + to (T2 + 7j,0) = X (t0) 30, (90)
forall 5, =1,...,n. From (90), we get (88).
Since ® is G-invariant, we have
d®(éx) =0, forall € eg. (91)
From, (55), (72) and (74), we have
dd = L z”: (Zedze + z1dZy)
=3 Mt e\ ZeAZy T 2¢QZy
Lt=1
N . (92)
+ Y (a“zedzt + ag)tztng) + 3 (a“z@dzt +az,t§td§g) +0(2]%).
£t=1 £t=1
From (72) and (91), we get for every j =1,...,d,
0]
d®(=—)(0
(5)0)
Z 5 jeze + Z §/Lg,jZ¢ + Zaj,ga + Zag,jZe + Zaj,[ Ze + Zag,j z¢ = 0.
=1 =1 =1 =1 =1 =1
Thus, for every j =1,...,d, we have
1
25 Wi eZe —‘rz e 20 —l—ZanZ(—FZG,gJZg —l—ZanZg —I-Zag] zp = 0. (93)

=1

From (93), we get (89). O
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3.2. G-invariant Szegd kernels asymptotics near Y

The aim of this section is to prove Theorem 1.1, now we briefly explain the strategy

of the proof. The G-invariant operator PkGTz is obtained by taking the integral over G

,S
of the operator Py, ,2, which was studied in [23, Theorem 5.5]. The distributional kernel
of the latter is an oscillatory integral, so the proof consists in applying the Stationary
phase formula of Melin and Sjéstrand which leads to equation (102). The following
Theorem 3.2, and in particular its consequence Theorem 3.3, concerning the imaginary
part of the phase function A is standard in the analysis of complex Fourier integral
operators. The next steps, after equation (102), aim to give a more precise description of
the phase function A in local coordinates in Theorem 3.4. It remains to prove (4) which
is done is Lemma 3.1 and Lemma 3.2. Eventually we prove Theorem 1.2 which gives a
local description of the leading term in the asymptotic expansion of the symbol.
Now, let

Hy (X, LMY = {ue Hy (X, L*); g*u=u, forall g€ G}.
Let
¢, - L2(X,LF) — 1y (X, LF)¢

be the orthogonal projection with respect to (-|-);. We consider the G-invariant
weighted Fourier-Szegd operator

Pf o= Fyroll{ o Fl, : L*(X,L¥) — M} (X, LF), (94)

where Fj, ; is as in (46). Let Py ;2 be as in (48). The following was proved in [23, Theorem
5.5].

Theorem 3.1. Let x, X € C*°(X) with supp x Nsupp X = 0. Then,
XPrr2X=0(k™) on X x X. (95)

Now, recall that

Pkca;rz (x,y) - /Pkn—z (1‘,9 : y) d'u(g)7
G

where du(g) is the Haar measure of G. Fix p € Y and let s be a local CR rigid trivializing
section of L defined on an open set D C X. Let du(g) be the Haar measure on G with
Jo du(g) = 1. Let V be an open neighborhood of e € G as in Proposition 3.1. Note that

Pia(x,y) = /Pk,Ta (z,9-y)du(g)-
G
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Let x € C(V), x = 1 near ey. We have

P e (,y) = /x(g)Pk,rz(x,g'y)du(g) +/(1 = X(9) P72 (2,9 - y)du(g)-
G G

Since G is freely on Y, if U and V are small, there is a constant ¢ > 0 such that
d(z,g9-y) > ¢, VYa,yeUgeSupp(l—Xx), (96)

where U C D is an open set of p € Y as in Proposition 3.1. From now on, we take U

and V' small enough so that (96) holds. In view of Theorem 3.1, we see that Py .2 (z,y)

is k-negligible away from diagonal. From this observation and (96), we conclude that
Jo (1 =x(9))Prr>(x, g - y)du(g) = O(k=>°) on U x U and hence

PS . (z,y) = / X(@)Pors (0,9 - y)dug) + O(k™) on U x U. (97)
G

From Theorem 2.2 and (97), we get
P o) = [ [ oo ala,g- .00 xo) dtdulg) + Ok~).
G R

Recall that ¢ has the form

o(z,y,t) = (T2n41 — Yong1)t + 0o (2,79, 1),

where & = (x1,...,29,), @(Z,7,t) € C*(D x D x I). Now, we use the coordinates as
in Proposition 3.1. Put 2’ = (21,...,24), 2" = (Ta41, -+, Ton+1), T = (Tat1, .-, Tan),
x = (o, 2") = (¢, 2”,3") where 2" = (xg41,...,T24), and "’ = (T2g41,.- -, Tont1)-

Since PZ_,(z,y) is G-invariant we have

P]STQ,S(:'E7 y) = Plgri’,s((ovxn)v (F(:&H)vyn))

where T is as in Proposition 3.1.
Now, write " = (2441, .., %2, ). Assume that on V| we have

du(g) = m(v)dv = m(vq,..., vg)dvy - - - dog
on V and m is a real-valued smooth function on G. From Proposition 3.1, we have

Pl (0,2, (D), y")

= [ [ e e 000, (0 + 0,5, ) x(@mlo) i o
V R
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+O(k™)

on D x D, where V is a small open neighborhood of the identity eq of G. Let
v = (v1,..., vq) be the local coordinates of G defined in a neighborhood V of e with
v(e) = (0,..., 0). From now on, we will identify the element g € V' with v(g). By local
coordinates of Proposition 3.1 and (87), it is easy to check that

d
det(( 02 (pvp,t0)> )id|>\1(t0)|'~'|)\d(t0)|7é0_ (98)

E)vg@ J, k=1

We aim to apply the stationary phase formula of Melin and Sjostrand, see [27, Theorem
2.3], but we first need to introduce some notations.

Let W be an open set of RY, N € N. From now on, we write W to denote an open set
in CN with WE€ RN = W and for f € C>(W), from now on, we write f € C>(WC) to
denote an almost analytic extension of f. For every t € I, let h(&",5",t) € C>®(UxU, C%)
be the solution of the system

SR04, (& 37.0) + D). ). 1) =0 (99)

for j=1,2,...,d. Let us set
A", y", 1) = (T2n41 — Y2nt1)t + Po((0,2"), (R(2", 5", 1) + T(5"), ¥"), t),  (100)
it is known that ImA > 0, see [27, p. 147]. Furthermore, we note that

90
81}]'

= <21m5b<1)(a:) — two(x), %> =0,
J

(:C/:’U—f—r(y//):o, 3 — A//_O ~//_§/, )

for every j =0,...,d where x = (0,(0, 2")). Hence, for every t € I the critical points
are :z«“:g”:o, " =y" 2 =v+T(y’) =0 and we find that

t) = —2Imdy®(x) + two(x),
, ) = 2Im0y®(x) — two(w), (101)

Thus, we can now use the stationary phase formula of Melin and Sjéstrand, we can

carry out the v integral and get

P (,y) = /eikA(w”:y”ﬁb(x”,y”,t, k)dt + O(k~°) on U x U, (102)
R



A. Galasso, C.-Y. Hsiao / Journal of Functional Analysis 290 (2026) 111225 43

pe U C D, U is an open set as in Proposition 3.1,

bz, y" t, k) sz] "oy kTR i SnJr1 2(1,U x U x I),
7=0
” ) (103)
bi(z",y",t) eC(U xU xI), j=0,1,...,
b(x", "t k) =b;(",y" ) =0 ift ¢ I,5=0,1,...,
and

bo(p, Py to) = m(0) (2m) " E [y (t0)[2 -+ [Nalto) |2 Pari (to) |-+ [An(to)| 72(t0). (104)

We now study the property of the phase A(z”,y"”,t). We need the following which is
known (see Section 2 in [27])

Theorem 3.2. There exist a constant ¢ > 0 and an open set Q@ C R%, 0 € Q, such that
A", y",1) 2 ¢ inf {Tmgo(0,8), (v + T("), i), 1
+Idpo((0,3), (0 + (5", ). )}, (105)
for all ((0,2"),(0,y"),t) e U x U x I.
We can now prove
Theorem 3.3. If U is small enough, then there is a constant ¢ > 0 such that
Tm A2y, 0) = e 8" + 19" +13" = 5"*), ¥(0,2"),(0,y") €U x U (106)
Proof. From (51), we see that there is a constant ¢; > 0 such that
Tm 9o ((0,"), (v + ("), §"),t) > er(fo + T + |37 = §'°), YweQ,  (107)

where € is any open set of 0 € R%. From (105) and (107), we conclude that there is a
constant ¢y > 0 such that

Im A(z”,y",t) > ca(|&" — 3" + |dypo((0, "), (0,5"))]%). (108)

From (98), we see that the matrix

> C,

52@0 52@0
det (W(np,t) + W(p,p, t)
Tj0Tp YiOYe 1<0<d,d+1<j<2d
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for all ¢ € I, where C > 0 is independent of ¢. From this observation and notice that
dyo((0,2"),(0,2"),t)|3» = 0, we deduce that if U is small enough then there is a
constant c3 > 0 such that

Idy/<po((0, xo”)v (07 i‘/,)’ t)' > c3 |£,/| ) (109)
for all t € I. From (108) and (109), the theorem follows. O

Now, we determine the Hessian of A(z”,y”,t) at (p,p). Let

~

]Al(lo‘//, :&H,t) — h(i‘”,?”,t) + 1—\(:&//) — (ﬁl(ifl',gj",t), s hd(i‘/l,yo//,t)).

By (99), we get

P L P oh,
9 7t + , 7t __J , ,t — O7
d (110)
82('00 62900 8h]
) ;t + R ’t —(p, ,t —_ O7
D201, (p; ;5 to) ; By1 01 (p,p, to) 7o (p, p, to)

s=d+1,...,2n. Now, we would like to use (110) to get h up to second order. From
(87) and by explicit computation, we get

%o
Oy10z

(p,p,t0) = Ai(to)ds,a+1 (111)

s=d+1,...,2n, and

0% o _ o . .
5 ' (p,p, tO) = Z(aLj + a]}l) - Z(CLLj + aj71) + (5j712/\1(t0), ] = 1, e ,d7
y10Y;

D¢ ot o -
m(p,pa tO) = _(al,s + as,l) - (al,s + as71) + E(Ts,l _|_7-S71) + E(Tl,s _’_7_1’5),

s=1,...,d,

D¢ . _ i ; . .
——(,p,t0) =ta1¢ +a —i(@ie+ar1) + =toTe1 — =toTe1 + —toTie — —toTies
8y16y2871(17 P, to) ( 1,0 5,1) ( 1,0 e,l) 50 0,1 50 0,1 50 1,0 50 1,0

t=d+1,...,n,

82@0

(p,pto) = —(are + ary) — (@7 +T0T) + StoTir + ~oms + StoTig + ot

= —l(a a —(a a —t0T —toT —ta0T 0T,
By10yae P70 LeT 4e1 Letan) + gtoTer + StoTie + SloTie + SloTe,
{=d+1,...,n.

(112)

From (88) and (89), we have
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1 1 1
arj+aj1=—5H1; = —5Hj1=—5H1; J=1....,4d,
2 2 2
1 ; (113)
aie+ag1 = —ghe1 = EO(T,ZJF Te1), L=d+1,...,n.
From (88), (89), (112) and (113), it is straightforward to see that
o
,Dyto) = 051iM1(tg), j=1,...,d,
8y18y7 (p p 0) ],1Z 1( 0) J
32
ﬁ(pal% tO) = )\l(to)él,s; s = 17 e 7d7
1YYd+s (114)
Do (,poto) =0, L=d+1
, Dy =0, = N 1]
Oy10yar 1 D0
&vo
p,p,tg) =0, £=d+1,...,n
8y18y%( 0)
From (110), (111) and (114), we get
dhy dhy
—(p,p,to) = =—(p,p,to) = 10s.q41, s=d+1,...,2n. 115
ays(pp 0) aIs(pp 0) = i0sa+1, s=d+ n (115)
In a similar way, we repeat the procedure above and get
oh,; dh .
e} to) = —2 to) = i0s.qs i, 116
3$5 (p7pa 0) ays (p7pa 0) 10s,d+j ( )
j=1,...,d,s=1,...,2n.
By (87), (100) and (116), it is straightforward to check that
Theorem 3.4. With the notations above, let x = (x1,...,Za,11) be the local coordinates

as in Proposition 3.1. Then for A(z",y",t) € C°(U x U x I) in (100), we have

d
Z Aj(to) xdﬂ + yd-‘r])
j=1

A($/I,’y/,,t0) :t0($2n—1 — Yon— 1 +

N =

(ae; + ajo)(TariTare — YarjYdre)
1

S
~
Il

| +
DN . N | .
M- M-

(@ej +@50)(TariTare — YarjYare)

~
I

Jt=1

d

to E (Tt — Tj.0) @ jTdse — YdtjYdre)
7 4=1

+

N | .
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.od n
7 . .
5 > Y (e + aj0)(iTas iz — iyaywe)

<
Il
—
~
I
Qu
+
=

i n d ' -
3 > (ae +aj)(izjar; — iwjyare)
j=d+1 =1
i n
—3 (aej + aje)(zj2e — wjwe)
GA=d+1

<
Il
IS
F
—
~
Il
—

2
j=d+1/4=1
ity N~ _ _
t5 > (755 — 75.0(2% — i)
J,l=d+1
i n—1
—3 Aj(to) (W5 — Zjw;)
j=d+1
i n
+5 D Ailto)lz; —wy + 01" 5", (117)
j=d+1
where " = (Xg11, .. Tont1), &7 = (Tag1, .-, Tan)

From (102) and Theorem 3.4, we get (5).
Now, we prove (4). We need the following two lemmas.

Lemma 3.1. Let p ¢ p=1(0). Then, there are open sets U of p and V of eg € G such that
for any x € C(V), we have

/Pk,fz (@,9-y)x(g)du(g) = O(k™>) on X x U. (118)
G
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Proof. Take local coordinates v = (v1,...,vq4) of G defined in a neighborhood V' of
eo with v(eg) = (0,...,0), local coordinates © = (z1,...,22,+1) of X defined in a
neighborhood U = U; x Uy of p with 0 <+ p, where U; C R? is an open set of 0 € R,
U, € R?2"*t1=4 is an open set of 0 € R?*t1=¢ guch that

(v1,..,v3) © (V(Tdy1s- -5 Ton)s Tdgl, - T2ng1)
= (v1 + 71 (Tdg1s-- s T2m)s oy Vd + Vd(Tdt1, -« - s T2m) Tdt1y - -+ Tant1),s

V('Ul,- .. ,’Ud) € V7 V(xd+17' .. 7x2n+1) S U27

and

g_ p 81'17.“78%(1 ’

where v = (y1,...,74) € C*®(Uz,Uy) with v(0) = 0 € R%.
Let s be a local CR rigid trivializing section of L defined on an open set U of p. We
first assume that x,y € U. From Theorem 2.2, we have

/ P2 (2,9 - y)x(g9)du(g)
G

= / i@ D (04 4(y"), y"), £, k)X (w)m(v)dudt,

where v/ = (Yat1,---,Y2ns1), m(v)dv = duly. Since p ¢ p~'(0) and notice that
dyp(x,x,t) = 2Im 9, P — twy(z), we deduce that if V and U are small then d, (¢ (, (v +
Y@, y"),t)) # 0, for every v € V, (z,y) € U x U. Hence, by using integration by parts
with respect to v, we get

/ Pirs o, y)x(9)du(g) = O(k™) on U, (119)
G
From (119), we get
/ Pirs (2,9 9)x(9)dp(g) = O(K™) on U x U. (120)
G

Now fix zg € X, ¢ ¢ U. From Theorem 3.1, we can check that

/ Pyre (2,9 - )x(9)du(g) = O(k~=) on W x U, (121)
G

where W is a small open neighborhood of z¢. From (120) and (121), the lemma fol-
lows. O
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Lemma 3.2. Let p ¢ p~1(0) and let h € G. We can find open sets U of p and V of h
such that for every x € C°(V), we have

/Pk,r2(w,g y)x(g)du(g) = O(k™>) on X x U.
G

Proof. Let U and V be open sets as in Lemma 3.1. Let V =Vh. Then, V is an open set,
of h. Let { € C°(V). We have

/ Pera(, g9)R(9)dis(g) = / Pyve(z, g-hey) R (g-h)dp(g) = / Pyv2 (2, g-hoy)x(g)dulg).
G G G (122

where x(g) := X(g - h) € C*(V). From (122) and Lemma 3.1, we deduce that
[ Prrs(g-0)3()dn(a) = O(k) on X x U.
G

The lemma follows. O

Proof of (4). Fix p ¢ 1 =1(0). Let h € G. By Lemma 3.2, we can find open sets Uy, of p
and V}, of h such that for every x € C°(V4,), we have

/ Pirs (2,9 y)x(9)dp(g) = O(k™) on X x U, (123)
G

Since G is compact, we can find open sets Uy, and Vj,, j = 1,..., N, such that G =
N N o0 /1 . . N

Uj=1 Vi, Let U = (1,2, Un, and let x; € C°(Vp,), j=1,..., N, with 377, x; =1 on

G. From (123), we have

P,sz(x,y) = /Pk ~2(z,9 - y)du(g)

N
=3 [ Prrale.g 06 (@)dnle) = O ™) on X xU.
]:1

Eventually we prove Theorem 1.2.

Proof of Theorem 1.2. We now determine the leading term bg(p, p,to). In view of (104),
we only need to calculate m(0). Put Y, = {g - p; g € G}. Y}, is a d-dimensional subman-
ifold of X. The G-invariant Hermitian metric (-|-) induces a volume form dVy, on Y.
Put



A. Galasso, C.-Y. Hsiao / Journal of Functional Analysis 290 (2026) 111225 49

%ﬁ (p) = /dVyp.
YP

For f(g) € C>(@), let f(g-p) := f(g), Vg € G. Then, f € C>(Y,). Let dfi be the measure
on G given by [, fdji := [, fd't}yp, for all f € C*°(@G). It is not difficult to see that dji
is a Haar measure and

[ da=Var o) (124)

G

- : 1 1o 1o
In view of (73), we see that {ﬁ R de} is an orthonormal basis for 9, From

this observation and (124), we deduce that

(125)

From (104) and (125), we get Theorem 1.2. 0O
4. Proof of Theorem 1.4
Let
o 1 C(X,LF) — H)(Xa, L)

be the operator given by (146) below. The goal of this section, is to prove that for k> 1,
O'k|7_[g,>\(X’Lk)G — 'Hg,A(Xg, L%,) is an isomorphism, for all A € (ka, kb), A € Spec (—iT)N
Spec (—iTx., ), I = (a,b). To achieve this goal, we need to study the asymptotic behaviors
of Fy := oj01 and ﬁ'k = 00}

In Section 4.1, the main objective is to prove Theorem 4.2 and Theorem 4.3, which
are the key ingredients in the study of the compositions Fj, := o} o) and ﬁ'k = 00}
Both o} and o are complex Fourier integral operators, and their compositions can be
analyzed using the complex stationary phase formula of Melin and Sjostrand.

In Section 4.2, the first goal is to provide semi-classical expressions for Fj and Fk,
thanks to Theorems 4.2 and 4.3 from the previous section. These expressions are given
in Theorems 4.5 and 4.6.

From the semi-classical expression for F}, we can show that for the operator

Ry == F, — PCs : C(X, LF) —» H)(X, LF)“,

I+ Ry : C®°(X,LF) — C>=(X, LF) is injective for k large (see Theorem 4.7). From the
observation that

Fielag , (x,0r) = I + Ry,
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for all A € (ka, kb), we get that for k > 1, Uk|H(b)A(X7Lk)G — Hg7>\(Xg,Llé) is injective
(see the discussion after Theorem 4.7). Similarly, we can repeat the same procedure,
and deduce that for k > 1, JZ\H%A(X&L;&)G is injective and hence ak|HgA(X7Lk)c —
’H,g’/\(X(;, L%) is an isomorphism, for k > 1.

The advantage of working with Fy and F}, lies in the fact that Fj, maps sections of L*
over X to sections of L¥ over X, and F}, maps sections of L, over X to sections of LE
over Xg. In contrast, oy, : HS,A(X, LFY¢ — Ha)\(X(;, L%,), which makes it more difficult
to handle directly.

4.1. Preliminary operators for the proof
Fix p € Y and let z = (x1,...,22,41) be the local coordinates as in Proposition 3.1
defined in an open set U of p. We may assume that U = 7 x Qs x Q3 x 4, where

Q; C R?, Q5 € RY are open sets of 0 € R?, Q3 ¢ R?®~24 i5 an open set of 0 € R?7—24
and 4 is an open set of 0 € R. From now on, we identify Qs with

{(O,...,O,Id+1,...,IEQd,O,...,0) € U7 (‘Td-‘rla"'?xQd) € QQ})
Q3 with {(0,...,0,$2d+1,...,l‘2n,0) e U, (.Td+1,...7511‘2n) € Qg}, Qs x Q3 with

{(0,...,0,1'd+1,...,1'2n,0) S U; (xd+17...7x2n) EQQ X Qg}

For z = (z1,...,%2n41), we write " = (Tg41,. .., Tont1), " = (Tag1,...,Tan), & =
(xd+17-"7x2d)7

~1 ,.;,//

T = ($2d+1,~~~,$2n+1), r = (Izd+1,---7932n)~
From now on, we identify = with (0,...,0,Z441,...,%on+1) € U, &’ = (Tgq1,...,T2pn)

: 1 : ~n
with (0,...,0,Z441,...,%2,,0) € U, 2" with (0,...,0,2441,...,224,0,...,0) € U,
~I!

with (0,...,0,224+41, .., Z2n41) € U, & with (0,...,0,22441,...,T2,,0). Since G acts

freely on Y, we take 29 and Q3 small enough so that if z, 21 € Qs x Q3 and = # x1, then

g-x# g1, V9,01 €G. (126)

Let A(x,y,t) € C®°(U x U x I) be as in Theorem 3.4. From 5;,P,STZ = 0, we can check
that

OpA(z,y,t) vanishes to infinite order at diag ((Y m U)x (Y m U)) (127)

From (127) and notice that -2~ +i2— € T9'X, j = 1,...,d, where 2 € Y and

Ox; Oxay;

O Az, y,t) = 88 A(z,y,t) =0, j=1,...,d, we conclude that

O T Oy
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) E) . . .
R Az, Y, )| ey =-=204=0 and mA(x,y,tﬂde:..:ywzo vanish to infinite

order at diag (YﬂU) X YﬂU)).

Let

Gj(zvyat) =

A'T7 at == =0>
ayd+j ( Yy )|yd+1 Y24=0

and

Hj(ﬂj,y,t) = A(xayvt)|wd+1:"':$2d:0 )

6$d+j

where j =1,...,d. Put

Al(xvyat) . l‘ yv Zyd-i-j I’ 5 Y, )a

As(x,y,t) == Az, y,t Zmdﬂ (z,9,1).

Then, for j =1,2,...,d,

Ai(z,y,t)]yg 1= =ysu—0 = 0 and A (2, y,t)agy 1= —asy—0 = 0, (128)

Y+ 04+

and, for j = 1,2,
A(z,y,t) — Aj(z,y,t) vanishes to infinite order at diag ((Y ﬂ U)x (Y ﬂ U) ) (129)

We also write u = (u1, ..., uzn+1) to denote the local coordinates of U. For any smooth
function f € C*°(U), we write f € C>(UC) to denote an almost analytic extension of f,
where UC is an open set in C?"*! with UC NR?**! = U. We consider the following two
systems

oM @, ", 1) + 04, @,5,5) =0, j=1,2,...,2n—2d,
OU2d+j O0T2d+j (130)
9A, 7 5
=0,
-5 (@9,8) =
and
A ~ Ay~
g(ﬁc’,u’ﬁt) 4 A2 (W, 5,5) =0, j=1,2,...,2n—d,
8ud+j 817d+j (131)
Ay ~

8~( u",g,3) =
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whereﬁﬁ: (0,...70,ﬂ2d+1,.. ’U,2n+1) u’ = (0,...,0,ﬂd+1,...,ﬂ2n+1). From (128),We

can take ﬁl and 112 so that for every j =1,2,...,d,

A, ~ Ay ~ . N
- ., t) =0 and "yt =0, if = =gy = 0, 132
Dias; (T, u",t) an Drars (u”,y,t) if Ugyq Uoq (132)
and, for j = 1,2,
Aj(Z,7,t) = (Tans1 — Jani1) t+ A, S@ ), Ay e e (U x U©), (133)

where & = (0,...,0,Zqs1, - F2n,0), 7 = (0, ..., 0,Jas1, - - -, Yom, 0).
From (101), it is not difficult to see that

A A.

04, @",3",t) + 04 @3 t)=0, j=1,2,...,2n —d,
Oligyj 0Tqy;
8A2

Vs —(@",2",t)=0.

Hence, at 2’ = 0,2" =0, (ﬁﬁ) = (#,t) and (u”,3) = (Z",t) are real critical points of
(130) and (131) respectively. Let

U i
5., 5.0) = (@78 + A, 5,3), ‘9—3<a~, 7.5).
F(%7y7a”7 S, ) (Al(l' U” t) +A2( //7y N) ( //ug7§))‘

Let Hess (gﬁ,v,)F(x y, ,3,1) denote the complex Hessian of F with respect to (3, u”)

at (7,9, ﬁ, 5,t) and let Hess (g,;;,,)F(x,y,u ,3,1) denote the complex Hessian of F with
respect to (3,7") at (Z,7,0”,3,t). We can check that the matrices

— e T~ A ey~
Hess . o F(T,5,0",3,)|;_;_ —,, Hess G anF(Z,5,0",5,1)5g=s =3 5=t

! ’LL”*Z” ,5=t’

are non-singular, for every t € I. Moreover, fix g € I. From Theorem 3.4, it is straight-
forward to see that

det Hess(fr,,)F(x y7 N )| Gep = imte = (=1)(2i | Agy1(to)] - -~ 2i | An(to)])?,
detHess(gﬁu)F(x U, U )|w —j=p,l =p,i=to

= (-1 )(2Z\>\1(t0)|"'22\Ad(t0)|)(2l|>\d+1(t0)|"'2i|/\n(t0)\)2~
(134)

Hence, near (p,p), we can solve (130) and (131) and the solutions are unique. Let



A. Galasso, C.-Y. Hsiao / Journal of Functional Analysis 290 (2026) 111225 53

(@',5) = (3, 5,1, (& 5. 1),
(7, 7,8) = (Q2as1 (F,7,3), - - ., an (T, 7, 1) € C2(UC x UC x 1€, 2124,
Y(&,7,8) € C*(UC x UC x I€,C),

and

(W",3) = (B, 7,1),6(F,5,1)),
6( ) (ﬂd—&-l(% g”v)""’ﬂQn(EEagaf{)eCoo(UC XU'(C X[C7(C2n7d)7
8(2,9,8) € C* (U x U x I€,C)

be the solutions of (130) and (131), respectively. From (132), it is easy to see that

6(z7yat) = (/Bd-i-l(xvyat)v ceey 52n(1773/at)) = (07 s 70a 042d+1($, yvt)7 s 7Ot2n($, y7t))7

8(z,y,t) = v(z,9,1).
(135)

From (135), we see that the value of A;(z, o t) + AQ( ,y,“) at critical points o’ =
a(z,y,t), s =v(x,y,t) is equal to the value of Al(x u’ ,1) +A2( " y,t) at critical points
u' = B(x,y,t), s = 6(x,y,t). Put

AS(:L'ayat) P= Al(mva(xay,t)at) + AQ(OZ(ZL',y,t),y,")/(l',y,t))

_ _ (136)
= A1($7ﬁ(l‘,y,t),t) + Ag(ﬁ(l',y,t),y,(s(l', y7t))

As(z,y,t) is a complex phase function. From (133), we have

A~

As(z,y,t) = (Tant1 — yons1 )t + As(&7,97,t), As(3",5") € C(U x U).

Definition 4.1. Let ®1,P5 € C®°(U x U x I). Assume that ®; and @, satisfy (101)
and (10()) We say that ®; and ®, are equivalent on U if for any bl(x y,t, k) €

Sz 2 (U xUxI),supp,bi(z,y,t, k) C I, we can find ba(z,y,t, k) € CH aUxUxI),
supptbg(x’y,t7 k) C I, such that

/eiml(z’y’t)bl(@y,t,kz)dt = /eim"’(z’y’t)bg(:c,y,t,k:)dt +O0(k™) onU xU
and vice versa.
Theorem 4.1. A, and A3 are equivalent on U in the sense of Definition 4.1.
Proof. Let s be a local rigid CR trivializing section of L defined on U. We consider the

localized kernel of Py, ;20P ;> on U. Let V' € U be an open set of p. Let x(z") € C°(22 x
Q3 x Q). From (126), we can extend x(z”) to W:={g-z; g € G,x € Qo x Q3 X Qu} by
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x(g-z") := x(z"), for every g € G. Assume that x = 1 on some neighborhood of V. Let
X1 € C°(U) with x1 = 1 on some neighborhood of V' and Supp x1 C {z € X; x(x) = 1}.
We have

X1Pire 0 Pe = xa Pl ax 0 Pl + xaPia (1= x) 0 P (137)
Let’s first consider 1 PC »(1 — x) o PE_,. We have

(X1 P2 (1= X)) (2, u) = Xl(x)/Pk,ﬂ (#,9 - u)(1 = x(u))dp(g)- (138)
G

If u ¢ {z € X; x(z) = 1}. Since Suppx1 C {z € X; x(x) =1} and x(z) = x(g - z), for
every g € G, for every x € X, we conclude that ¢ - u ¢ Supp x1, for every g € G. From
this observation and notice that PkaTz is O(k~°°) away from diagonal, we deduce that
XlP,STz(l —x) = O(k~*°) and hence

X1P5 (1= x) o P> = O(k™™). (139)
From (137) and (139), we get
X1P 2 0 PY 2 = x1PCax 0 PC L + O(k™). (140)
We can check that on U,
(1P 2x 0 PE2)s(a,y)
= /eikAl(x’“”’t)HkAQ(“”‘y”))a(:c)g(z, @t k) x(u g, g r k)do(u )dr dt (141)
+O(k™),

where (XngTQX o PgTQ)S(x, y) denotes the distribution kernel of the localization of
x1 P& axo P, with respect to s (see the discussion after (49)) and where du(g)dv(u”) =
dVx (x) on U . We use complex stationary phase formula of Melin-Sjdstrand to carry out
the integral (141) and get

(X1 PE2x 0 PY ) (w,y) = /eikAS(’”’y’t)a(w, y,t,k)dt +O(k™>) on U,

nt+1-—2
a(xayvtak)esloc 2(1§UXUXI),
[e'S) . i
a(e,y,t,k) ~ S K a2,y 0) in SpE TR (LU x U x ), (142)
=0

a;(z,y,t) eC(U xUxI), j=0,1,2,...,
Suppta(xvyatvk)cjv Supptaj(x’yvt)c‘[, jZO,].,...,
ap(z,z,t) #0, forevery z €Y NU, t € {tel;r(t)#0}.
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From (140), (142) and notice that (lek 20 By G o) (w,y) = (x1 Py S )(z,y), we deduce
that

/eikAf‘(f”’y’t)a(x,y,t, k)dt = /eikA(m’y’t)Xl(x)l;(x,y,t,k)dt+O(k:_oo) on U, (143)

where b(x,y,t,k) € Sﬁjl 2(1;,U x U x 1), b(x,y,t,k) ~ >0 knt1=5-7h;(z,y,t) in
d ~

giQQUxeD,Am%QFOWUxeDJ:Q,,”wmm&@w¢MCI,

supp ;b (z,y,t) C I,j=0,1,..., bo(x,x,t) #0,foreveryx € YNU,t € {t € I 7(t) # 0}.

From (143), it is not difficult to check that As(x,y,t)— A(z,y, t) vanishes to infinite order
at x = y, the theorem follows. O

The following two theorems follow from (129), (136), Theorem 4.1, complex stationary
phase formula of Melin-Sjostrand [27] and some straightforward computation. We omit
the details.

Theorem 4.2. With the notations used above, let

Fio(e,y) = / AU a (g g, 1K)t Grlz,y) = / AUy, . 1, k),
a(z,y,t, k) € Sl o (LU x U xI),  blz,y,t,k) € Sl o (1;U x U x I),

suppta(x, yvta k) - I? Supptb(‘rvyatv k) -y

Let x(2) € C3°(Qa x Q3 x Q4). Then, we have

/Fk(‘r?U)X(U/I)Gk(uvy)dVX(u”) = /eikA(x’y7t)C(fE,y,tak)dt+O(k_w)a

oy, t,k) €SP TTD1U < U x 1),

loc ,cl
co(z,2,t) = (2m)" 2+ |det (RE — 2t/3$)’ |det R, (¢ )\% ao(x, x, t)bo(z, z, t)x(z"),
vz e Y (U,

where |det R, (t)| is in the discussion after (10) and co, ag, by denote the leading terms
of ¢, a, b respectively.

Moreover, if there are Ny, Ny € N, such that |ag(z,y,t)] < C|(z,y) — (zo,z0)|"",
bo(z,y,t)| < Cl(z,y) — (x0,20)|"?, for all zo € YNOU, t € I, where C > 0 is a
constant, then,

A N+ N:
|CO(xay,t)| SC‘({E,y)—(.’Eo,.’EQ” o 27

forallzg € YU, t € I, where C > 0 is a constant.
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Theorem 4.3. With the notations used above, let

}—k(-f; ?7//) _ /eikA(“”’f’”’t)a(x, g//) t, ]{1), gk(%ﬂ) y) _ k/eikA(E”,y,)&)/@(i://7 y. t, k)dt,

afz,y" t, k) € ST o (LU x (Q3 x Qq) x ),
5(5/1’%75’]@) € Sleoc,cl(l; (Q3 X Q4) x U % I)

Let x1(z") € C°(Q3 x Q). Then, we have

/]:k ({L‘, a/')Xl(ﬂ//)Qk (ﬂ”7 y)dVX (ﬂ) = eikA(x7y7t)7(x7 Y, 1, k) + O(k_oo)v
’}/(ZL',y,t,k) e S{Z:ﬁl—(n—d—i-l)(l; U x U x I),
Yo(z, 2, t) = (2m)" 9+ |det (RE — 2t£w)’71 |det Ry (t)| ao(x, 2", t)Bo(Z", x, t)x1 ("),

vz e YU,

where |det R, (t)| is in the discussion after (10) and 7o, g, Bo denote the leading term
of v, a, B respectively.

Moreover, if there are Ny, Ny € N, such that oo (x,7",t)| < C |(z,7") — (z0,z0)|"",
Bo(, 7", 1) < C|(x,7") — (x0,20)|V?, for all zg € YU, t € I, where C > 0 is a
constant, then,

|70(m7y7t)| < C’ |(:I,‘,y) — (.’1707.’1,‘0)|N1+N2 ’

for allzg € YU, t € I, where C >0 is a constant.
4.2. Definition of the isomorphism and proof of Theorem 1.4

Let Py x 2 be the weighted Fourier-Szeg6 operator on X asin (48). Fixp € Y. Let s
be a local CR rigid G-invariant trivializing section of L defined on a G-invariant open set
D ofp.Let x = (21, ..., Ta,+1) be the local coordinates as in Proposition 3.1 defined in an
open set U of p, U C D. We will use the same notations as in Section 4.1. We will identify
3 x Q4 with an open set in X and we will identify p as a point in X¢. Let o x . (2”,7",1)
be the phase as in Theorem 2.2. We write A(z",y",t) := A(2,y,)](Qsx04)x (QsxQ4)- It
is not difficult to see that 9y x,A(z",y",t) vanishes to infinite order at 7’ = 7" and
A(Z",y",t) satisfies (56). From this observation, we can repeat the process in [15, Section
3.7] with minor change and deduce that

oxg (@, y",t) and A(Z",y",t) are equivariant on Q3 x Q4. (144)

Let s be a local trivializing G-invariant CR rigid sections of L|x, defined on W :=
Qg X Q4. ThllS,
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Pxois(@7) = eFAC T DG 5 ¢ k)dt + O(k~>) on W,
BE" Gt k) € ST W x W x ),

loc

BTt K) ~ SR (3 8) i SR W KW x ),

loc

(145)
B;(@" g t) e C®(W x W x I), j=0,1,2,...,
supp,3 C I, supp,3; C I, j=0,1,2,...,

Bo(@',7") = (2m) "D~ |det(REXS — 2tLx, 50)| T2(t), V3" € W.

Let

F(z) = 78/ Vg () [det Ru(8)| T € C®(Y)E.

Recall that R, is given by (10). We will identify f with a smooth function on X, then
felC>(Xg). Let

o : C®(X, LF) — HY(Xq, LE), (146)
146
u — k_%Pk,XG,T2 © f °9G ©° Pk:C,;T2U7

where v : C®(X,L*)¢ — C®(Xg, LE) is the natural restriction. Let RYXc be the
curvature of Ly, := L|x, induced by h’ and let Lx. be the Levi form on X¢ induced
by wo, xo = wo|xs. We can now prove

Theorem 4.4. With the notations used above, if y ¢ Y, then for any open set D of y with
DY =0, we have

o =0(k™°) on Xg x D. (147)

Let p € Y. Let s be a local trivializing G-invariant CR rigid section of L defined
on an open set D of p in X. Let x = (x1,...,%an41) be the local coordinates as in
Proposition 3.1 defined in an open set U of p, U C D. Let oy, s be the localization of oy,
with respect to s. Then,

O-k,s(af//vy) - /eikA(i,/,y”,t)a(N” y” k t) +O(k OO) on W x U’

a@”,y" t,k) € Sf:);%dﬂ(l;W x U x I),
a@’,y’ t k) ~ Zk"“"d Taj @y, t) in S’loj;l LW x U x I), (148)
=0

a; (@, y",t) eC(W xUx1I), j=0,1,2,...,
supp,a(z”,y”,t,k) C I, supp,a;(@”,y" t,k)CI, j=0,1
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~1) ~ —n— 3d g
11 //,t):2 n lerﬂ,4 n—1

1 s
0@, 7 _ ‘det( Lxa _opro)| et Ran |3 74(2),
@)

/7‘/veﬂ‘ i//
vz’ e W,
(149)

where W = Q3 x Q4, Q3 and Q4 are open sets as in the beginning of Section j.1.

Proof. Note that P,fﬂ = O(k~°°) away Y. From this observation, we get (147).

Fix u = (u1,...,u2,41) € Y(U. From (147), we only need to show that (148) and
(149) hold near u and we may assume that u = (0,...,0,u2q41,-- -, U, Uspt1) = .
Let V be a small neighborhood of w. Let x(@”) € C°(Q3 x Q4). From (126), we can
extend x(z") to

Q={g-z;9€ G, xe3xQ}

by x(g-z") := x(Z"), for every g € G. Assume that x = 1 on some neighborhood of V.
Let Vi := V/G and let w : V' — Vi be the natural projection. Let x; € C*°(X¢g) with
X1 = 1 on some neighborhood of Vi and Suppx; C {n(z) € Yg; z € Y, x(x) = 1}. We
have

_a
X10k =k~ 1X1 Py xg20forygo PISTQ
:k;_%lek,XG’Tz Ofo’yGoXPkaTz (150)
4
+k7ix1 Py xg 20 fovgo(l— X)PkG,TZ-

IfueY but u ¢ {z € X; x(z) =1}. Since Suppx1 C {n(x) € X;z €Y, x(z) =1} and
x(x) = x(g - x), for every g € G, for every x € X, we conclude that m(u) ¢ Supp x1.
From this observation, we get

k_%XIPIc,Xg,ﬁ ofongo(l— X)P,STZ =0(k™) on X¢g x X. (151)
From (150) and (151), we get
X10k :k;f%lek,XGJofOfyGoXPkaT—1—0(14:700) on Xg x X.

From Theorem 1.1 and (145), we can check that on U,

Xlak,s(%”) y) — /eikA(E”,T)”,t)-&-ikA(G”,y,u)Xl (f)ﬁ(f",?}/ﬂ, ki, t)i)(:{\)’”, Y, u, ]f)dVXG (g//)dtdu

+O(k™),
(152)

where b(@", y, u, k) :(f oG o x (V") og) (", y,u, k), g is the symbol as in Theorem 1.1.
We remind the reader that o s denotes the localization of o with respect to the given
local trivializing G-invariant CR rigid section s (see the discussion after (49)).
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From (152) and Theorem 4.3, we see that (148) and (149) hold near u. The theorem
follows. O

Let
Fy =004 1 C°(X, LF) = H)(X, LMY, Fy = oot 1 C°(Xa, L) = Hi(Xa, LK)

We explain now that why Fj, lands in H(X, L¥)Y. Fix u € C>®(X, L*). Let x € C>*(R),
X = 1 near supp 7. Let v € C®(X, L*). We have

((I = PE,)Frulv)y
(Fi| (I = PE)v )k
(oporul| (I — Pkcfxv)k

(Jku ‘ O’k(I — P’SX)U )k-

(153)

From the definition of o, (see (146)), we see that ak(I—P,SX)v = 0. From this observation
and (153), we get (I — P,fx)Fku = 0, for all x € C*(R), x = 1 near supp7. Hence,
Fru € HY(X, L*)C.

From Theorem 4.2, Theorem 4.3, we can repeat the proof of Theorem 4.4 with minor
change and deduce the following two theorems

Theorem 4.5. With the notations used above, if y ¢ Y, then for any open set D of
y with DY = 0, we have F, = O(k™) on X x D. Let p € Y. Let s be a local
trivializing G-invariant CR rigid sections of L defined on an open sets D of p in X. Let
x = (21,...,Tant1) be the local coordinates as in Proposition 3.1 defined in an open set
U of p, U C D. Let Fy, s be the localization of oy, with respect to s. Then,

Fr(z,y) = e*AE " Do 2" 4" k) +O(k™>) onU x U,

"o n+1—g .
alz”,y" t, k) € S (LU xU xI),

loc

loc

o0
. _a
a(a”,y" b k) ~ Y KT a3y ) i Spy P (LU x U x T,
j=0

a;j(z",y",t) eC®(U xU xI), j=0,1,2,...,
supp;a C I, suppa; CI, j=0,1,2,...,

and

1

~I1 ~//,t — 2—n—1+d _
) Veff(l’")

ap(z”, T |det Rgu(t)\_l/Qﬂ'_"_Hd/Q \det(R£ — 2t£;5~)|7'8(t),

(154)

forallZ" € U.
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Theorem 4.6. Let p € Y. Let s be a local trivializing G-invariant CR rigid section of L
defined on an open set D of p in X and let x = (x1,...,Zont+1) be the local coordinates
as in Proposition 3.1 defined in an open set U of p, U C D. Then,

B :/ kAT O a7 7 1, k)t + O(k™) on W x W,

a(@ gt k) e SPHAL W x W x ),

loc

a@ "t k) Zk"“ ig @G ) in SELN LW x Wox T),

loc

a; @,y t) eC(W xW x1I), j=0,1,2,...,
supp;a C I, supp;a; C I, j=0,1,2,...,

ao (T, 7", 1) = 27" F2d- 1 gd=n—T|qeg( Lo _ 2ULx, 7)) |TE(t), VI €W,

!

where W = Q3 x Q4, Q3 and Q4 are open sets as in the beginning of Section j.1.

Let
Ry == Fy — PC s : C°(X,LF) — Hp(X, LF)C. (155)

Our next goal is to show that for k large, I + Ry : C°(X, L¥) — C>®(X, L*) is injective.
Let |||, be the L? norm induced by (-] - ).

From Theorem 4.5, we see that if y ¢ Y, then for any open set D of y with DY = 0),
we have

Ry, = O(k™°) on X x D. (156)

Let p € Y. Let s be a local trivializing G-invariant CR rigid section of L defined
on an open set D of p in X and let z = (z1,...,Z2,41) be the local coordinates as in
Proposition 3.1 defined in an open set U of p, U C D. Then,

Ri(z,y) = eikA(x”’y,/’t)r(x”,y”,t, k) +O(k=>°) on U x U,

"o n+1—4 .
r(z”,y",t,k) € S (LU xU xI),

loc

r(@y k) ~ SRS (2 ) in Spf (13U x U x I, (157)

loc

Tj(x//7y//,t)€C°°(UXUXI), j=0,1,2,...,
supp,r C I, supp,r; CI, j=0,1,....

Moreover, from (11) and (154), it is easy to see
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ro(z, y)| < C(2,y) = (xo,20)], (158)

for all xg € Y (U, where C' > 0 is a constant. We use [|-|| to denote the standard L2
norm on X induced by the given volume form dVx. We need

Lemma 4.1. Let p € Y. Let x = (x1,...,Zan+1) be the local coordinates as in Proposi-
tion 3.1 defined in an open set U of p, U C D. Let

Hy(z,y) = /eikA(mN’y“’t)h(x,y,t,k)dt onU x U,

h(x7yatvk) S Sn_%(l,U x U x I),

loc
0o ' e
h(z,y,t, k) ~ an*gfjhj(x,y,t) in S, 2 (LU xUxI),
=0

h(z,y,t, k) € C°(U x U x I),
hi(z,y,t) €CP(U x U x 1), j=0,1,2,....

Then,

|Hiul|| < 6 |ul|, YVueC™®(X), VkeN, (159)
where 0y is a sequence with limy_, o 0 = 0.
Proof. Fix N € N. It is not difficult to see that

_1
SN 1

|l < || ) o T T vue e (x), (160)

where Hj denotes the adjoint of Hj, with respect to the given volume form dVx. From
Theorem 4.2, we can repeat the proof of Theorem 4.4 with minor change and deduce
that

(Hi )2 (2,y) = €446 Dp(a,y, k) + O(k™) on U x U,

N+1 d
nt1—2N+i_d

p(x,y,t,k) € S (1;U x U x I),
p(z,y,t, k) € Cg°(U x U x I).

Hence,

2N+1

(HH)? (2,y)| < Ckm72"7 =5 W(z,y) e U x U, (161)

where C' > 0 is a constant independent of k. Take N large enough so that n+1—2N+1 —
4 < 0. From (160) and (161), we get (159). O
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We also need

Lemma 4.2. Let p € Y. Let x = (x1,...,%2,11) be the local coordinates as in Proposi-
tion 3.1 defined in an open set U of p, U C D. Let

By (z,y) = /eikA(xN’y”’t)g(x,y,t,k)dt onU x U,

nt+1—4
Q(Iayyt,k)ESIOC 2(1;UXUXI),
- nt+l1—2—j . nt+1-%
9(307:U7t7k)’“zk 2 Jgi(x,y,t) in S, *(LUxUxI),
§=0

gi(z,y,t) e C(UxUx1I), j=0,1,2,...,
g(z,y,t, k) € C(U x U x I).

Suppose that
l90 (@, y)| < C(2,y) — (xo, x0)],
for all xg € YU, where C >0 is a constant. Then,
| Brul| < e |lull, Yue€C™®(X), VkeN, (162)
where € is a sequence with limy_, o € = 0.
Proof. Fix N € N. It is not difficult to see that

_ 1
oNFI

1 Byul| < H(B,jBk)zNu ul| 2, vu e C(X), (163)

where B;; denotes the adjoint of By, with respect to the volume form dVy. From Theo-
rem 4.2, we can repeat the proof of Theorem 4.4 with minor change and deduce that

(B: B (2,y) = / A" 055yt k)dt+ O(k~) on U x U,

@yt k) € SETTELU X U X D),

loc

gt k) ~ SR g (g, t) in Sp T E (LU x U x 1),

loc
j=0

g](x’y7t)€CCOO(UXUXI)7 j:(]’]‘???"'?
9(z,y,t, k) € C2(U x U x I,

and



A. Galasso, C.-Y. Hsiao / Journal of Functional Analysis 290 (2026) 111225 63

2N+1

|90(z,y, )] < Cl(z,y) = (w0, o) (164)

for all o € Y (U, where C' > 0 is a constant.
Let

<&&%Waw=/éwwwm%m%amw
(B,’;Bk)%N(x,y) = /eikw($//’y//7t)h(x,y,t,k)dt,

d
n—3

where h(z,y,t, k) = §(x,y,t,k) — Go(z, y, t, k). It is clear that h(x,y,t,k) € S),. 2 (1; U x
U x I). From Lemma 4.1, we see that
]MB;B@%qugakmm, Vu e C®(X), VkeN, (165)

where Jy is a sequence with limy_, o, 0 = 0.

Let’s pause and recall Malgrange preparation theorem (see [13, Theorem 7.57]). Let
F(z) be a smooth function defined on an open set U of RY, 0 € U. If F(0) = 0,
%(0) # 0. Then, in some small neighborhood U C U of 0 in RN, we have

F(z) =G(z)(ay — H(z1,...,2N-1)),

where G, H are smooth functions on U and H is independent of z . Let F(t,z,y) = 0 A.
Since 0 F(t,2,y)|(z,y)ey xv = 0t02y,, 1 Al(@y)ev xu # 0, for all t € I, by Malgrange

T2n+1
preparation theorem, we have

3,514(33, y7t) = a(xvyat)(x2n+1 - 5(3317?}’79)

in VxV xI, where V is a small open set of p, o, 5 € C®(VxV xI), 2’ = (x1,...,x2,). We
can consider Taylor expansion of go(z, y,t) at x2,+1 = B(2,y,t) and by using integration
by parts with respect to t, we may take gg so that

go is independent of xo,41. (166)

From (164) and (166), we see that

)2N+1, (167)

1 ~I
°

lgo(, y. 0l < Ca (187 + 191 + |7 =

where Cy > 0 is a constant. From (106), we see that

~1 o~
S 3
r -y

2), (168)

[ A, y,0)] > e( 1871 + 151" +

where ¢ > 0 is a constant. From (167) and (168), we conclude that
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|(BiBR (@) < k2" 441 vy e U x U, (169)

where C' > 0 is a constant independent of k. From (169), we see that if N large enough,
then

|(BiB3"u| < dulull. vuec=(x), vken, (170)

where 3k is a sequence with limy_, 3k = 0.
From (163), (165) and (170), we get (162). O

From (156) and Lemma 4.2, we get
Theorem 4.7. With the notations used above, we have
I Rkull, < 6k llull,, YueC®(X,L"), VkeN, (171)

where Ry, is as in (155) and O is a sequence with limy_, o o = 0.
In particular, for k> 1,

I+ Ry : C®(X,L*) — C®(X, L*) is injective. (172)

Proof of Theorem 1.4. Fix A € Spec(—iT), 7 = 1 near . Let u € HS’A(X, LF)G . 1f
oru = 0. Then, ojopu = (PISTS + Ri)u = (I + Ry)u = 0. From (172), we get u = 0
if k > 1. Note that o maps the space Hy , (X, LF)¢ into 7—[27)\()((;,[/’&). Thus, o, :
Hy A (X, LFE — ’Hg)/\(Xg,L’é) is injective if k> 1.

From Theorem 4.6, we have o0} = Co(Py x. . + Qr), where Qy, is a semi-classical
complex Fourier integral operator of the same type and order of Q; vanishes at the
diagonal, where Cy > 0 is a constant. We can repeat the proof of Theorem 4.7 with
minor change and deduce that I + Qy : C°(Xg, LE) — C®(Xq, LE) is injective, if
k> 1. Note that (Imoy)* NHY (X, L¥)¢ C Keroj, N HY \(Xa, LF)9. We conclude
that oy : H,?,)\(X, LF)E — H87A(Xg, LE,) is surjective if k > 1. The theorem follows. O
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