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Abstract
We study transport phenomena involving chemically reactive species, modeled by advection–
diffusion–reaction systems coupled with flow fields governed by Darcy’s law. Both the
velocity field and the species concentrations are discretized using theVirtual ElementMethod,
while time integration is performed through a discontinuousGalerkin scheme. This work rep-
resents a preliminary study, in which we introduce some simplifications of the full model. In
particular, we assume a concentration-independent viscosity in the Darcy problem, constant
diffusion tensors in the advection—diffusion-–reaction systems, and first-order reaction net-
works with liquid-phase degradation. We derive an abstract error estimate by means of a
technique that combines Gauss–Radau interpolation with numerical integration. The theo-
retical results are supported by numerical experiments that exhibit arbitrary-order accuracy
in both space and time.

Keywords Virtual Element Method · Time DG scheme · Darcy equations ·
Advection–diffusion–reaction problems

1 Introduction

The simulation of transport phenomena involving chemically reactive species plays a key role
in many environmental and engineering applications, such as groundwater contamination,
and the modeling of water and air quality. These processes are governed by advection–diffu-
sion–reaction systems, where the advective term is associated with a flow model satisfying
a continuity equation, i.e., the conservation of mass.

Awide variety of numerical methods have been proposed to solve these kinds of problems;
see, e.g., [23, 35] and [17] for a comprehensive review. In general, these approaches can be
divided into two main families. The first ones are the Streamline Diffusion (SD) methods,
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which rely on a continuousGalerkin formulation [10]. The secondones includeDiscontinuous
Galerkin (DG) methods [12, 25].

When the exact velocity field is used, both SD and DG methods are known to be sta-
ble, accurate, and globally conservative. However, when an approximate velocity field is
employed, these schemes may lose two essential properties: zeroth-order accuracy and/or
global conservation.

The first property refers to the ability to preserve constant solutions. In an advection–
diffusion–reaction problemwith constant initial, boundary, and source data, the exact solution
remains constant in time. A method which is zeroth-order accurate is able to numerically
reproduce this behavior. If it is not, spurious sources or sinksmay appear. The second property,
global conservation, ensures that the total mass varies only due to fluxes across the domain
boundary.

Interestingly, SD and DG schemes exhibit complementary behavior in this regard. SD
schemes preserve zeroth-order accuracy, but ensure global conservation only under restrictive
conditions on the velocity field [17]. Conversely, DG schemes guarantee global conservation
regardless of the velocity approximation, but may fail to preserve constant solutions unless
additional compatibility conditions are imposed.

In this work, we consider the coupling between an advection—diffusion–reaction sys-
tem and a velocity field obtained from a Darcy problem. The Darcy equation is discretized
by the Mixed Virtual Element Method [6, 9], while the time–dependent advection–
diffusion–reaction equation is solved using the Virtual Element Method (VEM) for spatial
discretization [3, 9] combined with a Discontinuous Galerkin time-stepping scheme [20],
following the approach proposed in [4]. For the time discretization, we adopt a Gauss–Radau
quadrature formula with respect to the temporal variable [20]. This choice leads to high–
order, fully discrete time–integration schemes well suited for adaptive temporal refinement.
As a consequence, while the proposed continuous VEM formulation is exact for zeroth-order
polynomial solutions, unlike DG schemes it does not inherently guarantee the global mass
conservation of the scalar concentrations. The main contributions of this paper are:

• the proof of existence and uniqueness of the proposed semi-discrete and fully discrete
VE–DG schemes within this kind of problem;

• the derivation of error estimates in suitable discrete norms;
• the extension of the analysis to the case of multiple species coupled through a first-order

reaction network.

The remainder of the paper is organized as follows. In Section 2, we introduce the gov-
erning equations for both the Darcy and the transport problems, along with the underlying
model assumptions and the well-posedness of the continuous formulation. In Section 3, we
briefly describe the Virtual Element spaces employed for the discretization, focusing on the
projection operators and the properties essential for the subsequent analysis. Section 4 repre-
sents the core of the work; here, we define the semi-discrete and fully discrete formulations,
establishing their well-posedness and deriving the corresponding error estimates. Finally,
in Section 5, we present several numerical experiments to validate the proposed approach,
including one applicative test case involving the interaction of two species.

Notation. Throughout this article we adopt the standard notation for function spaces and
operators [1, 21, 26, 28, 31]. Specifically, we denote by ∂t the derivative with respect to
time, and by ∇ and � the spatial gradient and Laplace operator, respectively. Given an open
and bounded domain D ⊂ R

2, p ∈ [1,∞] and s ≥ 0, we denote by L p(D) the standard
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Lebesgue space with norm

‖u‖0,p,D =

⎧
⎪⎨

⎪⎩

(∫

D
|u(x)|p dx

)1/p

, 1 ≤ p < ∞,

ess supx∈D |u(x)|, p = ∞,

and by Wm,p(D) the standard Sobolev space

Wm,p(D) = {u ∈ L p(D) : Dαu ∈ L p(D), for all |α| ≤ m},
endowedwith the usual seminorm and norm, denoted by |·|m,p,D and ‖·‖m,p,D , respectively.
The space L2(D) is a Hilbert space endowedwith the usual inner product (u, v)D . When p =
2, we use the shorter notation Hs(D) := Ws,2(D). As before, its seminorm and norm are
denoted by | · |s,D and ‖ · ‖s,D , respectively. Let H1

0 (D) denote the subspace of H1(D)

consisting of functions with zero trace on ∂D. We denote by W−m,
p

p−1 (D) the dual of the
space Wm,p(D) with the usual convention H−m(D) for the case p = 2.

Furthermore, given p ∈ [1,∞], s ≥ 1, a Banach space (X , ‖ · ‖X ), and a time inter-
val (a, b), the corresponding Lebesgue-Bochner space is defined by

L p(a, b; X) = {u : (a, b) → X strongly measurable, ‖u‖L p(a,b;X) < ∞},
with

‖u‖L p(a,b;X) =

⎧
⎪⎨

⎪⎩

(∫ b

a
‖u(t)‖p

X dt

)1/p

, 1 ≤ p < ∞,

ess supt∈(a,b) ‖u(t)‖X , p = ∞,

and by

Ws,p(a, b; X) = {u ∈ L p(a, b; X) : ∂
j
t u ∈ L p(a, b; X), for all 1 ≤ j ≤ s},

equipped with the norm

‖u‖Ws,p(a,b;X) =
⎛

⎝
k∑

j=0

‖∂ j
t u‖p

L p(a,b;X)

⎞

⎠

1/p

.

When p = 2, we use the Hilbertian notation Hs(a, b; X) := Ws,2(a, b; X).
To facilitate the reader’s navigation through the complex structure of the problem,we adopt

a consistent typographical convention for the different types of variables involved. Through-
out this work, standard italic letters (e.g., u, w) denote scalar-valued functions defined in R.
Boldface letters (e.g., u,n) are reserved for vector fields in the physical space Rd . Finally, to
distinguish the multi–component nature of certain variables, specifically the presence of nc
species, Fraktur symbols (e.g., v,w) are employed for vectors belonging to the generalized
space Rnc . This distinction is systematically maintained to ensure clarity across the different
mathematical dimensions of the model.

Regarding functional spaces, we extend the previously defined notations to the multi–
component framework. For instance, the space of functions whose components are in H1(�)

for each of the nc components is denoted by [H1(�)]nc . Similarly, an element v ∈ [H1(�)]nc
represents the vector (v1, . . . , vnc ), where each vi ∈ H1(�).

Finally, we use the notation a � b to indicate the existence of a positive constant C ,
independent of the mesh size, the element diameters, and the edge lengths, such that a ≤ C b.
Furthermore, we use the notation a ≈ b to indicate that a � b and b � a.
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2 Model Problem

In this section, we describe the multi-species model problem considered in this article. In
Sections 2.1 and 2.2, we introduce the strong formulations of the Darcy and transport equa-
tions, respectively. Then, in Section 2.3, we analyze in more detail how these two equations
are coupled in this class of problems and describe the simplifications adopted in this work.
Based on these assumptions, we define the weak formulation of the problem in Section 2.4.
Finally, Section 2.5 is devoted to establishing the theoretical framework and to proving the
existence and uniqueness of the solution.

2.1 Darcy Equations

We consider the classical Darcy equation in mixed form that describes the flow of a fluid
through a porous medium. In this model, the velocity field, u : � → R

2, satisfies the
conservation of mass equation of the form

div(u) = f , (1)

where u is the velocity field, and f is an external source or sink term. Specifically, sources
are characterized by positive values of f , while sinks correspond to negative ones.

Darcy’s law for the flow of a viscous fluid in a permeable medium is expressed as follows:

u = K

μ(c1, ..., cnc )
∇ p, in �, (2)

where p : � → R denotes the pressure, K is the permeability coefficient, and μ is the
viscosity of the fluid which generally depends on the species concentrations. The boundary
of �, denoted by �, is partitioned into two parts �N ∪ �D with �N ∩ �D = ∅. We impose
the following boundary conditions:

p = gD, on �D, (3)

u · n = gN , on �N , (4)

here n denotes the outward pointing unit normal to �, gD ∈ H1/2
00 (�D) and gN ∈ H−1/2

00 (�N )

are the Dirichlet and Neumann boundary data, respectively.

2.2 Transport Equations

Given a set of nc species, whose initial distribution in the domain � is a known function c0i
for i = 1, . . . , nc, we consider the following transport equations for each species

∂t ci + div(u ci − Di (u)∇ci ) = f c∗
i + Ri (c1, . . . , cnc ) for i = 1, . . . , nc. (5)

Here ci denotes the concentration of the i-th species, and the symmetric positive semi-definite
tensor Di (u) represents the diffusion-dispersion of the i-th specieswhich, in general, depends
on theDarcyflow u. The function c∗

i represents the prescribed concentration of the i-th species
at sources or sinks. Specifically, it is defined according to the sign of the Darcy force term f :
for sources f > 0, c∗

i is a given function c̃i , whereas for sinks f < 0 it coincides with the
concentration, i.e., c∗

i = ci . Finally, Ri is the reaction term which may depend on all species,
including the i-th one.
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The boundary � for the transport system is split into two disjoint parts:

�I := {x ∈ � : u · n < 0} and �O := {x ∈ � : u · n ≥ 0}, (6)

representing the inflow and the outflow boundary, respectively. On these boundaries, we
impose the following boundary conditions

(ciu − Di (u)∇ci ) · n = cIi u · n, on �I × (0, T ], (7a)

Di (u)∇ci · n = 0, on �O × (0, T ]. (7b)

Here cIi is the inflow concentration of the i-th species which may depend on both space and
time.

2.3 SimplifiedModel and Assumptions

This class of problems presents several challenges due to the nonlinear relations, the time
dependency and strong coupling of these two problems. Given an initial distribution of
species concentrations, since the porosity μ generally depends on the species distributions,
one can compute the Darcy flow at the initial time. Then, using this velocity field u, the
new concentration distribution can be obtained by solving the nonlinear time-dependent
problem (5). However, since the species concentrations evolve in time, the Darcy problem
must be solved again to update the velocity field, and then the transport problem must be
resolved accordingly. In summary, to obtain the concentration distribution over time, onemust
repeatedly alternate between solving the Darcy problem and the nonlinear time-dependent
transport problem until the end of the simulation.

Remark 2.1 A possible strategy would be a monolithic approach, that is solving a single
coupled system including the Darcy and the transport equations for all species. However,
such an approach is computationally expensive, since the linear system becomes extremely
large and, more importantly, involves two nonlinearities μ(c1, ..., cnc ) and Ri (c1, . . . , cnc ),
which requires a nonlinear iterative scheme, such as fixed-point iterations at each time step.

Dealing with such system, with all these difficulties, is extremely demanding both from a
theoretical and the practical viewpoint. For this reason, in this preliminary work we introduce
a series of simplifications in order to establish a foundation for future studies, where some
of these complexities will be progressively reintroduced.

Specifically, the model is analyzed under the assumptions of a multi-species transport
system with a first-order reaction network, the particularities of which, relative to the general
model, are grounded in references [11, 29, 30, 32, 33]. In accordance with the cited literature,
the assumptions governing the proposed model are as follows:

(i) more than one species may be present, i.e., nc > 1;
(ii) the coefficient μ of the Darcy flow is constant throughout the domain � and is not

species dependent;
(iii) the diffusion tensors Di (u) are constant and isotropic, i.e., they can be reduced to scalar

coefficients Di ;
(iv) the transport of the nc species undergoes a first-order reaction networkwith liquid-phase

degradation; in other words, the reaction terms take the form

Ri (c1, . . . , cnc ) = −γi ci +
nc∑

j=1
j �=i

yi/ j γ j c j , (8)
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where γ j denotes the first-order degradation (or decay) rate constant of the j-th species,
and yi/ j is the effective yield coefficient representing the mass of i-th species produced
from the degradation of j-th species.

Remark 2.2 Adirect consequence of assumption (iv) is that the reaction terms Ri (c1, . . . , cnc )
can be expressed as a matrix–vector product, where the reaction matrix R has entries

Ri j =
⎧
⎨

⎩

−γi , if i = j,

yi/ j γ j , if i �= j .
(9)

2.4 Weak Formulations

In this section, we introduce the weak formulations of both the Darcy and the transport
equations (see Sections 3.2 and 2.2). Let us consider the Darcy problem. First, we define the
following functional spaces

H(div,�) := {
v ∈ [L2(�)]2 : div v ∈ L2(�)

}
,

HN ,gN (div,�) := {v ∈ H(div,�) : v · n = gN on�N } ,

and
HN ,0(div,�) := {v ∈ H(div,�) : v · n = 0 on�D} .

We equip these spaces with the usual norm defined as

‖v‖2div := ‖v‖20,� + ‖div v‖20,�.

Starting from these functional spaces, to get the variational formulation of theDarcy problem,
we proceed as usual. We multiply equations (1) and (2) by suitable test functions. Then,
integrating by parts over �, we get the variational form of Darcy’s problem: find (u, p) ∈
HN ,gN (div,�) × L2(�), such that

M(u, v) + N (v, p) = GN (v), ∀v ∈ HN ,0(div,�), (10)

N (u, q) = GD(q), ∀q ∈ L2(�), (11)

where we have defined the following bilinear and linear forms

M(u, v) := μK−1
∫

�

u · v dx,

N (v, q) :=
∫

�

q divv dx,

GN (v) :=
∫

�N

gN (v · n) dS

GD(q) :=
∫

�

f q dx.

Wemove now to the transport equations. In this case, we adopt as the functional space for
the solution the Hilbert space H1(0, T ;H1(�)). We now turn our attention to the transport
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equations. For simplicity, let us focus on the i-th species. Multiplying (5) by a test function
wi ∈ H1(�) and integrating by parts over �, we obtain
∫

�
∂t ci wi dx−

∫

�
(uci−Di∇ci )·∇wi dx+

∫

�
(uci−Di∇ci )·nwi dS =

∫

�
( f c∗i +Ri (c))wi dx

(12)
Here, we introduce the vector c which collects all the species so that we have a more

compact notation of the reaction term Ri (c) instead of Ri (c1, . . . , cnc ).
Starting from this variational formulation, we manipulate these integrals in such a way

that both boundary conditions and the source term of the Darcy problem appear. To do this,
let ξ, η ∈ H1(�) and g ∈ H(div,�)∩ L4(�)∩γ −1

n (L2(�)), exploiting by parts integration,
the following identity holds

∫

�

div(ξ g) η dx = −
∫

�

ξ (g · ∇η) dx +
∫

�

ξ η (g · n) dS . (13)

Then, if we compute the divergence of the left-hand side, Equation (13) becomes
∫

�

(ξ div g + g · ∇ξ) η dx = −
∫

�

ξ (g · ∇η) dx +
∫

�

ξ η (g · n) dS,

that gives the following identity;
∫

�

(g · ∇ξ) η dx =
∫

�

ξ η div g dx −
∫

�

ξ (g · ∇η) dx +
∫

�

ξ η (g · n) dS. (14)

Assuming that u has sufficient regularity, and setting g = u, η = ci and ξ = wi in the
previous identity, we obtain
∫

�
ci (u · ∇wi ) dx = 1

2

(∫

�
ci (u · ∇wi ) dx +

∫

�
ci (u · ∇wi ) dx

)

= 1

2

(∫

�
ci (u · ∇wi ) dx −

∫

�
wi (u · ∇ci ) dx −

∫

�
wi ci div u dx +

∫

�
wi ci (u · n) dS

)

.

(15)

Recalling that div u = f , since u satisfies (1), and substituting Equation (15) into (12),
we obtain
∫

�

( f c∗
i + Ri (c))wi dx =

∫

�

∂t ci wi dx −
∫

�

(uci − Di∇ci ) · ∇wi dx

+
∫

�

(uci − Di∇ci ) · nwi dS

=
∫

�

(∂t ci wi + Di∇ci · ∇wi ) dx +
∫

�

(uci − Di∇ci ) · nwi dS −
∫

�

ci (u · ∇wi ) dx

4 =
∫

�

(∂t ci wi + Di∇ci · ∇wi ) dx +
∫

�

(uci − Di∇ci ) · nwi dS

− 1

2

(∫

�

ci (u · ∇wi ) dx −
∫

�

wi (u · ∇ci ) dx −
∫

�

f wi ci dx +
∫

�

wi ci (u · n) dS

)

= Ai (ci , wi ) +
∫

�

(uci − Di∇ci ) · nwi dS − 1

2

∫

�

ci wi (u · n) dS
︸ ︷︷ ︸

(a)

+1

2

∫

�

f wi ci dx,

︸ ︷︷ ︸
(b)
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where, to have a more readable expression, we have defined the following bilinear form

Ai (ci , wi ) :=
∫

�

(∂t ci wi +Di∇ci ·∇wi ) dx+ 1

2

∫

�

(u ·∇ci )wi dx− 1

2

∫

�

ci (u ·∇wi ) dx.

(16)
In theweak formulation of the problem, the integrals (a) and (b) aremodifiedby incorporating
the boundary conditions and accounting for the behavior of the function c∗

i . Regarding the
term (a), we proceed by applying the inflow and outflow boundary conditions (7a)–(7b)

(a) =
∫

�I

(uci − Di∇ci ) · nwi dS +
∫

�O

(uci − Di∇ci ) · nwi dS − 1

2

∫

�
ci (u · n) wi dS

=
∫

�I

cIi (u · n) wi dS +
∫

�O

(u · n) ci wi dS − 1

2

∫

�I

(u · n) ci wi dS − 1

2

∫

�O

(u · n) ci wi dS

=
∫

�I

cIi (u · n) wi dS − 1

2

∫

�I

(u · n) ci wi dS + 1

2

∫

�O

(u · n) ci wi dS

︸ ︷︷ ︸
(c)

According to the sign of u · n on �I and �O , it is possible to rewrite (c) in a more compact
form as

1

2

∫

�

|u · n| ci wi dS.

Then, since cIi is a data, we can move its integral to the right hand side and the variational
formulation of the problem becomes

Ai (ci , wi )+B(u; ci , wi )+ 1

2

∫

�

f wi ci dx =
∫

�

( f c∗
i +Ri (c))wi dx−

∫

�I

cIi (u·n)wi dS,

where we defined the following bilinear form

B(u; ci , wi ) := 1

2

∫

�

|u · n| ci wi dS . (17)

Finally, for the behavior of the function c∗
i , let�

+ and�− denote the subdomains where f
is positive or negative, respectively. Recalling the definition of c∗

i , we split the integral at the
right hand side as follows

Ai (ci , wi ) + B(u; ci , wi ) + 1

2

∫

�

f wi ci dx =
∫

�+
f c̃i wi dx +

∫

�−
f ci wi dx

︸ ︷︷ ︸
(d)

+
∫

�

Ri (c)wi dx −
∫

�I

cIi (u · n)wi dS.

We move the integral (d) at the left hand side since it depends on both the trial and test
functions, ci and wi , and obtain the final variational formulation of the problem

nc∑

i=1

(Ai (ci , wi ) + B(u; ci , wi ) + Ci (c, wi )) =
nc∑

i=1

Fi (wi ), ∀wi ∈ H1(�), (18)

where we have defined the bilinear and linear form

Ci (c, wi ) := 1

2

∫

�

| f | ci wi dx −
∫

�

Ri (c)wi dx, (19)
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Fi (wi ) :=
∫

�+
f c̃i wi dx −

∫

�I

cIi (u · n)wi dS. (20)

2.5 Functional Analysis Framework andWell-Posedness

In this section we introduce the functional framework needed for the analysis of the Darcy
equations coupled with multi-species transport involving a first-order reaction network. We
first recall the abstract setting for linear parabolic problems and the inequalities that will be
used throughout the manuscript. We then apply these tools to establish the well-posedness
of the Darcy problem.
Abstract setting. We consider the Hilbert spaces V and H , V ⊆ H , V dense in H . We
identify H with its dual space H ′. Let a : V × V → R be a continuous bilinear form
satisfying the following coercivity condition: there exist α > 0 and μ ≥ 0 such that

a(w,w) + μ‖w‖2H ≥ α‖w‖2V ∀w ∈ V .

Variational formulation and abstract existence result. The variational formulation of the
parabolic problem (where (·, ·) denotes the scalar product in H ) is given by the following.
Let T > 0, f : (0, T ) → V ′, and c0 ∈ H . For almost every t ∈ (0, T ) find c(t) ∈ V such
that

∂t (c(t), w) + a(c(t), w) =V ′ 〈 f (t), w〉V , ∀w ∈ V ; c(0) = c0. (21)

The following existence and uniqueness result for problem (21) iswell known (see, e.g., [27]).

Theorem 2.1 Assume that the bilinear form a is continuous and coercive on V × V . Then,
given f ∈ L2((0, T );V ′) and c0 ∈ H , there exist a unique solution c ∈ L2((0, T );V ) ∩
C0([0, T ];H ) to (21), with ∂t c ∈ L2((0, T );V ′). Moreover, the following energy estimate
holds true:

max
t∈[0,T ] ‖c(t)‖

2
H + α

∫ T

0
‖c‖2V dt ≤ ‖c0‖2H + C

∫ T

0
‖ f ‖2V ′ dt . (22)

Auxiliary inequalities. The inequalities below will be used in several sections of the
manuscript. Proofs of these results can be found in [1, 8, 21, 34].

Lemma 2.2 Let S ⊂ R
d , ε ∈ (0,∞), 1 ≤ r , s ≤ ∞ such that 1

r + 1
s = 1, for φ ∈ Lr (S)

and ϕ ∈ Ls(S), the inequality below is valid
∣
∣
∣
∣

∫

S
φϕ dx

∣
∣
∣
∣ ≤ ‖φ‖Lr (S)‖ϕ‖Ls (S) ≤ ε

r
‖φ‖rLr (S) + ε−s/r

s
‖ϕ‖Ls (S) (23)

Lemma 2.3 Let S ⊂ R
d be an open bounded Lipschitz subset. Then, there exists a constant

Cs,r > 0 such that, for every φ ∈ W 1,r (S), the following inequality holds

‖φ‖Ls (S) ≤ Cs,r‖φ‖W 1,r (S) (24)

for all 1 ≤ s < r∗, where r∗ = dr
d−r for r < d and r∗ = ∞ for p = d.

Lemma 2.4 Let S ⊂ R
d be an open bounded Lipschitz subset. Assume that 1 ≤ l < d,

1 ≤ r < d
l , and r ≤ s ≤ (d−1)r

d−lr . Then, there exists a constant C∂S
s,l,r > 0 such that

‖φ‖0,s,∂S ≤ C∂S
s,l,r‖φ‖l,r ,S, ∀φ ∈ Wl,r (S). (25)
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Well-posedness of the Darcy problem. For the mixed formulation (10)–(11), the following
result, adapted from [24], ensures the well-posedness of the problem.

Proposition 2.1 Assume that f ∈ L2(�), gD ∈ H1/2
00 (�D) and gN ∈ H−1/2

00 (�N ). Then the
problem (10)-(11) is well-posed.

Well-posedness of the transport problem.For thewell-posedness of equations (18),we assume
the velocity u in the equations (10)-(11) possesses a normal trace in the space L2(�) and
satisfies ∫

�

|u · n|1/2 dx ≥ c0 > 0. (26)

The preceding assumption allows us to establish the following equivalence of the norms.

Lemma 2.5 We define the norm ‖ · ‖d by

‖c‖2d := ‖| f |1/2c‖20,� + |c|21,� + ‖|u · n|1/2c‖20,�.

Under this definition, the norms ‖ · ‖1,� and ‖ · ‖d are equivalent in H1(�).

Proof Let G : H1(�) → R be given by

G(w) :=
∫

�

|u · n|1/2w dS.

Then G is clearly a linear operator. Moreover, we have G(w) ≤ ‖u · n‖1/20,1,�‖c‖0,� ≤ C‖u ·
n‖1/20,1,�‖c‖1,� and G(1) = ∫

�
|u ·n|1/2 dx ≥ c0, where C is a trace constant only depending

on �. Then, by the generalized Poincaré’s inequality from [22], there exist constants c1, c2 >

0 such that, for all c ∈ H1(�),

c1‖c‖21,� ≤ (G(c))2 + |c|21,� ≤ c2‖c‖21,�. (27)

Then, applying Hölder’s inequality to G(c), we obtain

‖c‖21,� ≤ c−1
1

[
(G(c))2 + |c|21,�

]
≤ c−1

1

[
|�|‖|u · n|1/2c‖20,� + |c|21,�

]
≤ c−1

1 max{1, |�|}‖c‖2d . (28)

Applying Höllder’s inequality to ‖| f |1/2c‖0,� and using inequality (24), we obtain

‖| f |1/2c‖20,� ≤ ‖ f ‖0,1,�‖c‖20,4,� ≤ C2
4,2‖ f ‖0,1,�‖c‖21,�. (29)

Using Höllder’s inequality to ‖|u · n|1/2c‖0,� and using inequality (25), we obtain for the
following two cases:

• For d = 2, we set s = 4, r = 8/5 and l = 1. In this case, the trace operator maps
W 1,8/5(�) continuously into L4(�) since the conditions

l = 1 < 2 = d, 1 <
8

5
= r < 2 = d

l
and r = 8

5
< 4 = s = (2 − 1) 85

2 − 8
5

= (d − 1)r

d − lr
.

• For d = 3, we set s = 4, r = 2 and l = 1. In this case, the trace operator maps H1(�)

continuously into L4(�) since the conditions

l = 1 < 3 = d, 1 < 2 = r < 3 = d

l
and r = 2 < 4 = s = (3 − 1)2

3 − 2
= (d − 1)r

d − lr
.
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From the two previous cases and Höllder’s inequality, the following inequality follows:

‖|u · n|1/2c‖20,� ≤ ‖u · n‖0,1,�‖c‖20,4,� ≤ ‖u · n‖0,1,�
(
C�
4,1,r

)2 ‖c‖21,r ,� ≤
(
C�
4,1,r

)2 |�| 2−r
r ‖u · n‖0,1,�‖c‖21,�. (30)

Then, as a consequence of (29) and (30), we obtain the following inequality:

‖c‖2d ≤
(
1 + C2

4,2‖ f ‖0,1,� + (
C�
4,1,r

)2 |�| 2−r
r ‖u · n‖0,1,�

)
‖c‖21,�. (31)

The result of the proof is an immediate consequence of inequalities (28) and (31). ��
In what follows, we shall employ the norm ‖ · ‖u in the space [H1(�)]nc , defined as

‖w‖2u :=
nc∑

j=1

‖w j‖d ,

wherew := (w1, . . . , wnc ). Henceforth, vectors inR
nc will be denoted using Fraktur letters.

By Lemma 2.5, this norm is equivalent to the standard product norm in [H1(�)]nc .
Proposition 2.2 Let (u, p) be the solution to the problem (10)-(11), and assume that u ∈
L4(�) and that it satisfies (26). Then, there exists a unique solution c := (c1, . . . , cnc ) ∈
[H1(�)]nc to the problem (18).

Proof For the purposes of the proof, we rewrite (18) using the following vector notation:

(∂t c,w)� + D(c,w) = H(w), (32)

where we have defined the operators D and H. Specifically, given the generic test functions
v := (v1, . . . , vnc ) and w := (w1, · · · , wnc ) in [H1(�)]nc , the operator D is defined as

D(v,w) :=
nc∑

i=1

(
A∗

i (vi , wi ) + B(u; vi , wi ) + Ci (v, wi )
)
,

where

A∗
i (vi , wi ) :=

∫

�

Di∇vi · ∇wi dx + 1

2

∫

�

(u · ∇vi )wi dx − 1

2

∫

�

vi (u · ∇wi ) dx,

while the other operator is given by

H(w) :=
nc∑

i=1

Fi (wi ).

To establish the well-posedness of the problem, we shall invoke Theorem 2.1. For this
reason, we partition the proof into the following steps:

Continuity ofD. Since
∫

�

(u · ∇v)w dx ≤ ‖u‖0,4,�|v|1,�‖w‖0,4,� ≤ C4,2‖u‖0,4,�|v|1,�‖w‖1,�
≤ C4,2c

−1/2
1 max{1, |�|}1/2‖u‖0,4,�‖v‖d‖w‖d ,
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and ∫

�

Di∇vi · ∇wi dx ≤ Di‖vi‖d‖wi‖d ,
we may conclude that

A∗
i (vi , wi ) ≤ αi‖vi‖d‖wi‖d , (33)

where αi := Di + C4,2c
−1/2
1 max{1, |�|}1/2. One readily verifies that

B(u; vi , wi ) ≤ 1

2
‖|u · n|1/2vi‖0,�‖|u · n|1/2wi‖0,� and

∫

�

| f |vi wi dx ≤ ‖| f |1/2vi‖0,�‖| f |1/2wi‖0,�. (34)

On the other hand,
∫

�

Ri (v)wi dx ≤ γi‖vi‖0,�‖wi‖0,� + ω

nc∑

j=1
j �=i

‖v j‖0,�‖wi‖0,� ≤ βi‖v‖u‖wi‖d , (35)

where βi := (γi + (nc − 1)1/2ω)c−1/2
1 max{1, |�|}1/2 and ω := maxi, j=1,...,nc {yi/ jγ j }.

Combining (34) and (35), we deduce that

Ci (v, wi ) ≤ (1 + βi )‖v‖u‖wi‖d . (36)

By combining (33), (34), and (36), it follows thatD defines a continuous bilinear form in the
space [H1(�)]nc .

Continuity ofH. Employing the same reasoning, we conclude that

Fi (wi ) ≤
[
‖| f |1/2c̃i‖0,�+ + ‖|u · n|1/2cIi ‖0,�I

]
‖wi‖d ,

and therefore H defines a continuous linear form on the space [H1(�)]nc .

Coercivity ofD. It can be immediately verified by direct evaluation that

D(v, v) ≥ α‖v‖u −
nc∑

i=1

∫

�

Ri (v) vi dx,

whereα := min
{ 1
2 , D1, . . . , Dnc

}
. Indeed, using theCauchy–Schwarz inequality,wededuce

that:
nc∑

i=1

∫

�

Ri (v) vi dx ≤ μ‖v‖20,�, (37)

where μ := γ + n1/2c (nc − 1)1/2ω, ω := maxi, j=1,...,nc {yi/ jγ j } and γ := maxi=1,...,nc {γi }.
Consequently, we obtain

D(v, v) + μ‖v‖20,� ≥ α‖v‖u.
Gathering the previous steps and applying Theorem 2.1, we conclude the proof. ��

Remark 2.3 Additionally, Theorem 21 allows us to obtain the following estimate:

max
t∈(0,T ] ‖c(t)‖

2
0,� + α

∫ T

0
‖c‖2u dt ≤ ‖c0‖20,� + C

nc∑

i=1

∫ T

0

[
‖| f |1/2 c̃i‖0,�+ + ‖|u · n|1/2cIi ‖0,�I

]2
dt .
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3 Virtual Element Method

In this section, we introduce the VE spaces used to discretize both the Darcy equations, Sec-
tion 3.2, and the species transport equations, Section 3.3. The theory underlying these spaces
is well established in the literature. In the following subsections, we focus on describing
the local and global spaces as well as the projection operators required for the definition
of the VEM. We refer to [7] for the Darcy flow discretization, and to [6] for the species
transport discretization. Finally, in Section 3.4, we recall some results which will be used in
the theoretical analysis.

3.1 Space-Time Discretization

Given a polygon K , we denote by hK and |K | its diameter and area, respectively. Let ∂K
be the boundary of K and let e be a generic edge of ∂K . We denote by neK the unit outward
normal to K and by he the length of the edge e.

We consider a spatial mesh �h composed by polygonal elements, with mesh size defined
as h := maxK∈�h hK . Let Eh(�h) be the set of all edges of the polygons. We denote the
boundary edges by Eh , the outflow edges by EO

h , and the set of inflow edges by EI
h .

Assumption 3.1 (Space-mesh regularity) For a given a mesh �h , we assume that each ele-
ment K ∈ �h satisfies:

i) K is star-shaped with respect to a ball BK of radius less or equal to ρhK ,
ii) the distance between any two vertexes if K is greater or equal to ρhK ,
iii) �h is regular, that is, hK greater or equal to ρ0h,

where ρ and ρ0 are positive constants.

For the time discretization, let Tτ be a uniform partition of the time interval (0, T ) into N
subintervals, given by

0 = t0 < t1 < · · · < tN = T ,

where ti − ti−1 = τ for all i = 1, 2, . . . N . We denote by In := (tn−1, tn) the n-th interval of
this time discretization.

A key aspect in the construction of the VEM are local polynomial projection operators.
They play a fundamental role both in the definition of the discrete VE spaces and, more
importantly, in the assembly of the linear system.

Given a mesh element K and a positive integer k, we define the following polynomial
projection operators:

• the ∇-projection, �∇
k : H1(K ) → Pk(K ) defined for all v ∈ H1(K )

⎧
⎪⎪⎨

⎪⎪⎩

∫

K
∇�∇

k v · ∇qk dK =
∫

K
∇v · ∇qk dK ∀qk ∈ Pk(K ),

∫

∂K
�∇

k v de =
∫

∂K
v de,

• the L2-scalar projection, �0
k : L2(K ) → Pk(K ) defined for all v ∈ L2(K )

∫

K
�0

kv qk dK =
∫

K
v qk dK ∀qk ∈ Pk(K ) ,
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• the L2-vector projection, �0
k : [L2(K )]2 → [Pk(K )]2 defined for all v ∈ [L2(K )]2

∫

K
�0

kv · qk dK =
∫

K
v qk dK ∀qk ∈ [Pk(K )]2 .

3.2 Spaces for Darcy Equations

In this section, we briefly introduce the local and global spaces used in the VEM disretization
of the Darcy problem. Let k be a positive integer. For any element K ∈ �h , we define the
following space

Uk
h(K ) := {vh ∈ H(div,�) ∩ H(rot,�) : div(vh) ∈ Pk(K ), rot(vh)

∈ Pk−1(K ), vh · neK ∈ Pk(e) ∀e ∈ ∂K
}

.

It is worth noting thatUk
h(K ) is a typical example of virtual element space. Indeed, it contains

polynomial vector fields of degree k as well as non-polynomial functions. However, all these
functions can be uniquely determined by a suitable set of degrees of freedom. Among the
possible choices, in this work we consider the following:

• edge moments of the vector normal components

1

|e|
∫

e
vh · ne qk de ∀qk ∈ Pk(e);

• face moments associated with the divergence of the vector field vh

hK
|K |

∫

K
div(vh) pk dK ∀pk ∈ Pk(K )\P0(K );

• moments of the vector field

1

|K |
∫

K
vh · pk dK ∀ pk ∈ G⊥

k (K ),

where G⊥
k (K ) is the L2 orthogonal space of ∇Pk+1(K ) in [Pk(K )]2.

The global velocity space is then defined by assembling the local spaces across all elements:

Uk
h(�) :=

{
vh ∈ H(div,�) : vh |K ∈ Uk

h(K ) ∀K ∈ �h

}
.

From the properties of the local spacesUk
h(K ), it follows that the global spaceUk

h(�) consists
of vector fields in H(div,�) whose normal component is continuous across internal mesh
edges.

For the pressure, the virtual element space is not required. As in the standard finite element
setting, we consider the polynomial space

Qk
h(�) := {

qh ∈ L2(�) : ph |K ∈ Pk(K ) ∀K ∈ �h
}
.

Among the possible choices for the degrees of freedom of Qk
h(�), in this work we simply

use the coefficients of the polynomials.
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3.3 Spaces for Transport Equations

For the transport equations, we employ the enhanced VE spaces introduced in [7]. Given a
positive integer k, and a polygon K ∈ �h , we define the local space

V k
h (K ) :=

{

vh ∈ H1(K ) ∩ C0(∂K ) : �vh ∈ Pk (K ), vh |e ∈ Pk (e) ∀e ∈ ∂K ,
∫

K
�∇
k vh pk dK =

∫

K
vh pk dK ∀pk ∈ Pk (K )\Pk−2(K )

}

.

Notice that, differently from standard VE spaces [3], the Laplacian of the virtual function
belongs to Pk(K ). This is the key feature of the enhanced VE spaces, as it allows the exact
construction of an L2-projection onto the polynomial space of degree k.

Similarly as the space Uk
h(K ), V k

h (K ) contains polynomials of degree k as well as virtual
functions, which are uniquely determined by a set of degrees of freedom. A possible set of
degrees of freedom for V k

h (K ) is

• vertex values, the values of the virtual function vh at each element vertex;
• internal node values, values of the virtual function at k − 1 points along each edge (in

this work we use the k − 1 internal Gauss-Lobatto points associated with a quadrature
that exactly integrate polynomials of degree 2k − 3);

• internal moments,
1

|K |
∫

K
vh pk dK ∀pk ∈ Pk−2(K ).

The global space is obtained by gluing the local spaces along the mesh edges with C0

continuity:

V k
h (�) :=

{
vh ∈ H1(�) : vh |K ∈ V h

k (K ) ∀K ∈ �h

}
.

3.4 Auxiliary Results on Projection Operators

In this subsection we collect several technical results concerning polynomial and virtual
element projection operators. These estimates will be used throughout the error analysis.

The following lemma is essential for certain parts of the analysis and corresponds to
Lemma 4.5.3 of [24].

Lemma 3.1 (Inverse inequality) Let ρ0 be the parameter introduced in Assumption 3.1,
1 ≤ q ≤ ∞ and 0 ≤ m ≤ l. Then there exists C := C(m, l, p, q, ρ0) such that for all
vh ∈ Pk(K ). ∩ Wl

p(K ) ∩ Wm
q (K ), we have

‖vh‖Wl
p(K ) ≤ C h m−l+n/p−n/q

K ‖vh‖Wm
q (K ). (38)

The following inequality for Virtual Element spaces can be found in [4].

Lemma 3.2 (Inverse inequality VEM) Let K ∈ �h be a spatial element with diameter hK .
There exists a positive constant C, independent of the local mesh size hK , such that the
following inverse estimate holds for all functions in the discrete space V k

h (K ):

‖∇v‖0,K ≤ Ch−1
K ‖v‖0,K .

The following lemma is a local version of the standard trace inequality, which can be
found in [24].
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Lemma 3.3 (Trace inequality) Let p ∈ [1,∞). Then, for all K ∈ Th and all v ∈ W1,p(K ),
there exist a positive constant CT R independent of hK such that

‖v‖Lp(∂K ) ≤ CT R

(
h− 1

p ‖v‖Lp(K ) + h1−
1
p ‖v‖W1,p(K )

)
. (39)

The following lemma establishes a fundamental estimate required for our subsequent
analysis. While related results have been discussed in the literature (see, e.g., [15, 18]), we
provide an alternative proof specifically adapted to the hypotheses of our current framework.

Lemma 3.4 Let 1 < r ≤ ∞ and n ∈ N. Then for any w ∈ Lr (�) ∩ L2(�) we have

‖�0
kw‖Lr (K ) � ‖w‖Lr (K ). (40)

Proof We treat the two ranges of r separately.

• Case r ∈ [2,∞):
From (38) and the continuity of the L2-projection, we obtain the following local estimate

‖�0
kw‖Lr (K ) � h

2
(
1
p − 1

2

)

K ‖�0
kw‖L2(K ) � h

2
(
1
p − 1

2

)

K ‖w‖L2(K ).

Apply Hölder’s inequality on the previous inequality and using |K | ≈ h2K we have

‖�0
kw‖Lr (K ) � h

2
(
1
p − 1

2

)

K |K | 12− 1
p ‖w‖Lr (K ) � h

2
(
1
p − 1

2

)

K h
2
(
1
2− 1

p

)

K ‖w‖Lr (K ) = ‖w‖Lr (K ).

• Case r ∈ (1, 2]:
For this case, we choose r ′ := r

r−1 ≥ 2. Using the previous case, Hölder’s inequality
and the dual definition of the Lr -norm, we obtain

‖�0
kw‖Lr (K ) := sup

v∈Lr ′ (K )

∫

K
�0

kw v dK

‖v‖Lr ′ (K )

= sup
v∈Lr ′ (K )

∫

K
w �0

kv dK

‖v‖Lr ′ (K )

� sup
v∈Lr ′ (K )

‖w‖Lr (K )‖�0
kv‖Lr ′ (K )

‖v‖Lr ′ (K )

� sup
v∈Lr ′ (K )

‖w‖Lr (K )‖v‖Lr ′ (K )

‖v‖Lr ′ (K )

� ‖w‖Lr (K ).

Since both cases yield, the theorem follows. ��
The following approximation result for polynomials, taken from [3], will also be needed

during the error analysis of the problem here proposed.

Lemma 3.5 Let K ∈ Th and v ∈ Ws,p(K ), where 1 ≤ s ≤ k + 1. Then, there exists a
vπ ∈ Pk(K ) such that

‖v − vπ‖0,p,K + hK |v − vπ |1,p,K � hsK |v|s,p,K .

We conclude with an approximation property of the virtual element space from [3].

Lemma 3.6 Let K ∈ Th and v ∈ Hs(K ), where 2 ≤ s ≤ k + 1. Then, there exists a
Phv ∈ Vk(K ) such that

‖v − Phv‖0,2,K + hK |v − Phv|1,2,K � hsK |v|s,2,K .
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4 The Discrete Problem

In the following, we derive the discrete scheme associated with our problem. To this end, we
introduce the corresponding discrete bilinear and linear forms, establish the existence and
uniqueness of the discrete solutions, and finally provide the convergence orders for the error
estimates in each case.

We now introduce the discrete bilinear forms employed in the method. Since much of the
analysis is conducted on a generic element K , we denote by MK (·, ·), N K (·, ·), AK

i (·, ·),
BK (·, ·), CK

i (·, ·), GK
N (·), GK

D (·), and FK
i (·) the restriction of the corresponding forms to K .

Furthermore, let SK (·, ·), SKM(·, ·), and SKAi
(·, ·) be symmetric bilinear forms that scale as

(·, ·)0,K , MK , and AK
i on the kernels of �0

k , �
0
k , and �∇

k , respectively; these will serve as
stabilization terms. Specifically, we define the following discrete bilinear and linear forms:

(ch, ch)0,K ≈ SK (ch, ch), ∀ch ∈ Vk
h(K ) with �0

kch = 0,

MK (vh, vh) ≈ SKM(vh, vh), ∀vh ∈ Uk
h(K ) with �0

kvh = 0,

AK
i (ch, ch) ≈ SKAi

(ch, ch), ∀ch ∈ Vk
h(K ) with �∇

k ch = 0.

(41)

We refer the reader to [3, 7] for a more detailed construction of these stabilization terms. In
the numerical experiments of Section 5, we employ the standard dofi-dofi stabilization
for each SK∗ , where the subscript ∗ stands for any of the labels introduced above.

We now have all the ingredients to define the local bilinear forms as well as the local
loading terms on each element K to establish the discrete formulation of the problem:

mK
h (ch, wh) := (�0

kch,�
0
kwh)0,K + SK (ch − �0

kch, wh − �0
kwh),

MK
h (uh, vh) := MK (�0

kuh,�
0
kvh) + SKM(uh − �0

kuh, vh − �0
kvh),

AK
i,h(φh, ψh) := Di (∇�∇

k φh,∇�∇
k ψh)0,K + SKAi

(φh − �∇
k φh, ψh − �∇

k ψh),

KK
h (uh;φh, ψh) := (�0

kuh · �0
k∇φh,�

0
kψh)0,K ,

K∗,K
h (uh;φh, ψh) := 1

2
KK
h (uh;φh, ψh) − 1

2
KK
h (uh;ψh, φh),

N K
h (vh, qh) := N K (vh, qh),

CK
i,h(�,ψ) := CK

i (�0
k�,�0

kψ),

Be
h(uh;φh, ψh) := 1

2
(|uh |φh, ψh)0,e,

GK
h,N (vh) := GK

N (vh),

GK
h,D(qh) := GK

D (qh),

FK
i,h(φh) := (max{0, f }c̃i ,�0

kφh)0,K ,

Fe
i,h(uh;φh) := −(min{0, uh · ne}c̃ Ii , φh)0,e.

Finally, the global forms, denoted by omitting the superscript K or e, are obtained by
assembling the local contributions over the mesh Th . For instance, we define

mh(·, ·) :=
∑

K∈Th

mK
h (·, ·), Ai,h(·, ·) :=

∑

K∈Th

AK
i,h(·, ·), (42)

with an analogous summation convention for all other bilinear forms. However, since the
data of the problem may involve either the entire domain � or the boundary �, we define the
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global linear forms as the sum of their local contributions:

F�
i,h(φh) :=

∑

K∈Th

FK
i,h(φh) and F�

i,h(φh) :=
∑

e∈�

Fe
i,h(uh;φh). (43)

The remainder of this section is organized as follows. First, we address the discretization
of the Darcy equations. Second, we focus on the transport equations, for which the analysis
is further split into two levels: the semi-discrete and the fully discrete formulations.

Remark 4.1 It is worth noting that we have applied stabilization to both the diffusive and the
mass terms. Depending on the physical regime of the transport equation, one of these two
stabilization terms can be omitted [5]. For instance, if the diffusion coefficient Di is very
small, we can neglect the stabilization term associated with AK

i,h(φh, ψh). To ensure greater
code flexibility and avoid the use of heuristic thresholds for Di , we consistently employ both
stabilizations.

4.1 Discrete Formulation for Darcy Equations

Based on the continuous variational formulation and the bilinear and linear forms introduced
before, we define the following discrete variational formulation for the Darcy problem: find
(uh, ph) ∈ Uk

h(�) × Qk
h(�), such that

Mh(uh, vh) + Nh(vh, ph) = G�
h,N (vh), ∀vh ∈ Uk

h(�), (44)

Nh(uh, qh) = G�
h,D(qh), ∀qh ∈ Qk

h(�). (45)

From [3, 7], we report two fundamental results concerning the well–posedness of the discrete
problem and the corresponding error estimates.

Theorem 4.1 Problem (44)–(45) has a unique solution (uh, ph) ∈ Uk
h(�)×Qk

h(�), verifying
the estimate

‖uh‖0,� + ‖div uh‖0,� + ‖ph‖0,� � ‖gN‖
H−1/2
00 (�N )

+ ‖gD‖
H1/2
00 (�D)

.

Theorem 4.2 Let (u, p) ∈ HN ,gN (div,�) × L2(�) be the solution of the problem (10)-(11)
and (uh, ph) ∈ Uk

h(�) × Qk
h(�) be the solution of problem (44)-(45).Then it holds

‖u−uh‖0,�+h‖div (u−uh)‖0,� � hk+1|u|k+1,� and ‖p−ph‖0,� � hk+1(|u|k+1,�+|p|k,�). (46)

4.2 Semi-discrete formulation for the transport equations

Similarly, based on the continuous analogues, we define the following semi-discrete varia-
tional formulation for the transport problem:find ch := (c1,h, . . . , cnc,h) ∈ H1(0, T ; V k

h (�)nc )

such that, for all t ∈ (0, T ] and for all wi,h ∈ V k
h (�), it holds:

nc∑

i=1

[
mh(∂t ci,h, wi,h) + Di,h(uh; ch, wi,h)

] =
nc∑

i=1

[
F�
i,h(wi,h) + F�

i,h(wi,h)
]
,

ci,h(0) = �0
kc

0
i , s

(47)

where the operator Di,h is defined as:
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Di,h(uh; ch , wi,h) := Ai,h(ci,h , wi,h) + K∗
h(uh; ci,h , wi,h) + Bh(uh; ci,h , wi,h) + Ci,h(ch , wi,h).

We observe that, although not explicitly indicated in the notation, the boundary source term
F�
i,h(·) also depends on the velocity field uh through the inflow boundary conditions, as

defined in the local contributions. For the sake of simplicity in the notation, we will omit
this explicit dependence in the remainder of this section. Moreover, with a slight abuse of
notation, we denote the species–wise mass term as mh(c,w) to provide a more compact
representation, omitting the explicit summation for brevity.

4.2.1 Existence, Uniqueness and Error Estimates

Before addressing the well-posedness and the convergence of the semi–discrete formulation
for the transport equations, we introduce two lemmas that play a key role in the subsequent
analysis.

Lemma 4.3 Let u and uh denote the velocity solutions of problems (10)-(11) and (44)-(45),
respectively. Assume that u ∈ H1+s(�), for some s > 0, and define the mesh-dependent
norm

‖ψh‖2h,d :=
∑

K∈�h

(|ψh |21,K + ‖| f |1/2�0
kψh‖20,K ) +

∑

e∈Eh
‖|uh · n|1/2ψh‖20,e.

Then, there exists h0 > 0 such that for all h ≤ h0 such that the norms ‖ · ‖h,d and ‖ · ‖1,�
are equivalent in V k

h (�).

Proof Let ‖ · ‖∗ given by

‖ψh‖2∗ :=
∑

K∈�h

|ψh |21,K +
∑

e∈Eh
‖|uh · n|1/2ψh‖20,e.

By Lemma 2.5 we have ‖ · ‖21,� ≈ | · |21,� + ‖|u · n|1/2 · ‖20,� . Furthermore, note that

∣
∣‖φh‖2∗ − |φh |21,� + ‖|u · n|1/2φh‖20,�

∣
∣ =

∣
∣
∣
∣
∣
∣
(|u · n|φh, φh)0,� −

∑

e∈Eh
(|uh · n|φh, φh)0,e

∣
∣
∣
∣
∣
∣
.

We now estimate I� :=
∣
∣
∣(|u · n|φh, φh)0,� − ∑

e∈Eh (|uh · n|φh, φh)0,e

∣
∣
∣:

I� �
∑

e∈Eh
|(|u · n| − |uh · n|φh, φh)0,e| �

∑

e∈Eh
‖(u − uh) · n‖0,e‖φh‖20,4,e. (48)

Employing (39) and Cauchy–Schwarz inequality, we obtain that

∑

e∈Eh
‖(u − uh) · n‖0,e‖φh‖20,4,e �

⎡

⎢
⎣

⎛

⎝
∑

e∈Eh
h−1
Ke

‖u − uh‖20,Ke

⎞

⎠

1
2

+
⎛

⎝
∑

e∈Eh
hKe |u − uh |21,Ke

⎞

⎠

1
2
⎤

⎥
⎦

⎛

⎝
∑

e∈Eh
‖φh‖40,4,e

⎞

⎠

1
2

, (49)
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Using (46), we may conclude that

∑

e∈Eh
‖(u − uh) · n‖0,e‖φh‖20,4,e �

⎡

⎢
⎣hs+

1
2 |u|1+s,� +

⎛

⎝
∑

e∈Eh
hKe |u − uh |21,Ke

⎞

⎠

1
2
⎤

⎥
⎦

⎛

⎝
∑

e∈Eh
‖φh‖40,4,e

⎞

⎠

1
2

(50)

where Ke ∈ Th is such that e ⊂ ∂Ke.Using triangular inequality togetherwithLemmas3.5
and 3.2 , we obtain that

|u − uh |1,Ke � |u − uπ |1,Ke + |uπ − uh |1,Ke � hsKe
|u|1+s,Ke + h−1

Ke
‖uπ − uh‖0,Ke .

The previous inequality, together with (48), (49), (50) and (46), allows us to deduce that

I� � hs+1/2|u|1+s,�

⎛

⎝
∑

e∈Eh
‖φh‖40,4,e

⎞

⎠

1
2

= hs+1/2|u|1+s,�‖φh‖20,4,�.

Then, applying Lemma 2.4 as in inequality (30) in the term ‖φh‖0,4,e to this inequality, we
obtain

I� � hs+
1
2 |u|1+s,�‖φh‖21,� (51)

Inequalities (51), (27) and (31) implies that

‖φh‖21,� � |φh |21,� + ‖|u · n|φh‖20,� � ‖φh‖2∗ + I� � ‖φh‖2∗ + hs |u|1+s,�‖φh‖21,�
and

‖φh‖2∗ � |φh |21,� + ‖|u · n|φh‖20,� + I� � ‖φh‖21,� + I� � (1 + hs |u|1+s,�)‖φh‖21,�.

Hence, we obtain

(1 − hs |u|1+s,�)‖φh‖21,� � ‖φh‖2∗ � (1 + hs |u|1+s,�)‖φh‖21,�.

Thus, for a sufficiently small h > 0, it holds that

‖φh‖21,� ≈ ‖φh‖2∗. (52)

On the other hand, by applying the vector Cauchy-Schwarz inequality to | f | and (�0
kψh)

2,
and invoking Lemma 3.4, we obtain

∑

K∈�h

‖| f |1/2�0
kψh‖20,K :=

∑

K∈�h

∫

K
| f |(�0

kψh)
2 ≤

∑

K∈�h

‖ f ‖0,K ‖�0
kψh‖20,4,K

�
∑

K∈�h

‖ f ‖0,K ‖ψh‖20,4,K .

Applying the vector Cauchy-Schwarz inequality to
∑

K∈�h
‖ f ‖0,K ‖ψh‖20,4,K , we have that

∑

K∈�h

‖| f |1/2�0
kψh‖20,K �

⎛

⎝
∑

K∈�h

‖ f ‖20,K

⎞

⎠

1/2 ⎛

⎝
∑

K∈�h

‖ψh‖40,4,K

⎞

⎠

1/2

= ‖ f ‖0,�‖ψh‖20,4,�.
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From the previous inequality and by applying Lemma 2.3, we can deduce that
∑

K∈�h

‖| f |1/2�0
kψh‖20,K � ‖ f ‖0,�‖ψh‖21,� (53)

Finally, (52) and (53) allow us to conclude the desired equivalence of the norms. ��
To state the following result, we employ the norm ‖ · ‖h in the space [V k

h (�)]nc , defined
for any vector vh := (v1,h, . . . , vnc,h) as

‖vh‖2h :=
nc∑

j=1

‖v j,h‖2h,d , (54)

in order to have a more compact notation that takes into account the presence of multiple
species.

Lemma 4.4 LetF�
h : V k

h (�)nc → R,F�
h : V k

h (�)nc → R andDh : V k
h (�)nc ×V k

h (�)nc →
R be given by

F�
h (wh) :=

nc∑

i=1

F�
i,h(wi,h), F�

h (wh) :=
nc∑

i=1

F�
i,h(wi,h) and

Dh(ch,wh) :=
nc∑

i=1

Di (uh; ch, wi,h),

where ch := (c1,h, . . . , cnc,h) and wh := (w1,h, . . . , wnc,h).
Then, the operatorsF�

i,h andF
�
i,h are continuous in the VEM space V k

h (�)with respect to
the norm ‖·‖h. Furthermore, the formDh satisfies the conditions of continuity and coercivity.

Proof For simplicity, we denote ch := (c1,h, . . . , cnc,h) and wh := (w1,h, . . . , wnc,h).
The definitions of F�

i,h and F�
i,h immediately imply that

F�
i,h(wi,h) � ‖wi,h‖h,d andF�

i,h(wi,h) � ‖wi,h‖h,d , ∀wh ∈ V k
h (�)nc ,

and hence
F�
h (wh) � ‖wh‖h andF�

h (wh) � ‖wh‖h, ∀wh ∈ V k
h (�)nc .

Regarding the continuity and coercivity of the form Dh , we observe that

|(�0
kuh · �0

k∇ci,h,�
0
kwi,h)0,K | ≤ ‖�0

kuh‖0,4,K ‖�0
k∇ci,h‖0,K ‖�0

kwi,h‖0,4,K .

Then, using (40), Hölder’s inequality the embedding H1 ↪→ L4 in (24), we get

|Kh(uh; ci,h , wi,h)| �
∑

K∈Th
‖uh‖0,4,K ‖∇ci,h‖0,K ‖wi,h‖0,4,K � ‖uh‖0,4,�‖∇ci,h‖0,�‖wi,h‖0,4,�

� ‖uh‖0,4,�‖∇ci,h‖0,�‖wi,h‖1,� � ‖uh‖0,4,�‖ci,h‖h,d‖wi,h‖h,d .

This last inequality implies that

|K∗
h(uh; ci,h, wi,h)| � ‖uh‖0,4,�‖ci,h‖h,d‖wi,h‖h,d .

It is easy to deduce from the definitions ofAi,h ,B that they are continuous on V k
h (�)×V k

h (�)

and that Ci,h is continuous on V k
h (�)nc × V k

h (�). The continuity of Dh follows from the
respective continuities of Ai,h , B, Ci,h and K∗

h .
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Regarding coercivity, note that by the construction of the VEM form and the definition of
K∗
h , we have

Dh(wh ,wh) =
nc∑

i=1

[
Ai,h(wi,h , wi,h) + K∗

h(uh;wi,h , wi,h) + B(uh;wi,h , wi,h) + Ci,h(wh , wi,h)
]

=
nc∑

i=1

[Ai,h(wi,h , wi,h) + B(uh; wi,h , wi,h) + Ci,h(wh , wi,h)]

=
nc∑

i=1

∑

K∈�h

(AK
i,h(wi,h , wi,h) + 1

2
(| f |�0

kwi,h , �0
kwi,h)0,K − (Ri (�

0
kwh), �0

kwi,h)0,K )

+
nc∑

i=1

∑

e∈Eh
(|uh · n|wi,h , wi,h)0,K .

Therefore, employing inequality (37), in estimating the term containing Ri , it follows that

Dh(wh,wh) ≥
nc∑

i=1

⎛

⎝
∑

K∈�h

|wi,h |21,K + 1

2
‖| f |1/2�0

kwi,h‖20,K +
∑

e∈Eh
‖|uh · n|1/2wi,h‖20,e

⎞

⎠

−
∑

K∈�h

nc∑

i=1

(Ri (�
0
kwh),�

0
kwi,h)0,K

≥ 1

2
‖wh‖2h − μ

∑

K∈�h

‖�0
kwh‖20,K ≥ 1

2
‖wh‖2h − μμ∗ ∑

K∈�h

‖wh‖20,K ,

where μ∗ is the continuity constant of �0, see Lemma 3.4. From this last inequality, we
deduce that

Dh(wh,wh) + μμ∗ ∑

K∈�h

‖wh‖20,K ≥ 1

2
‖wh‖2h .

This establishes coercivity and therefore completes the proof. ��

We are now ready to establish the existence and uniqueness of the semi-discrete solution
and, subsequently, to derive the associated convergence rates. In particular, by leveraging
Theorem 2.1 and the properties established in Lemma 4.4, we obtain the existence and
uniqueness of the solution to Problem (47), as stated in the following theorem.

Theorem 4.5 There exist a unique solution ch := (c1,h, . . . , cnc,h) to Problem (47) stisfying

max
t∈(0,T ]

∑

K∈�h

‖ch(t)‖20,K +
∫ T

0
‖ch‖2h dx �

∑

K∈�h

‖ch(0)‖20,K

+
nc∑

i=1

∫ T

0

⎛

⎜
⎝

∑

K∈�h

‖| f |1/2c̃i,h‖20,K +
∑

e∈E I
h

‖|u · n|1/2ci‖20,e

⎞

⎟
⎠ .

The main result regarding the convergence of the semi–discrete problem is summarized
in the following theorem, which provides an upper bound on the discretization error.
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Theorem 4.6 Let c be the solution of (18) and let ch be the solution of (47). Further-
more, we assume that cI ∈ L4((0, T ); L4(�I ))

nc , f c̃ ∈ L2((0, T ); Hs(�))nc , c ∈
H1((0, T ); H1+s(�))nc and u ∈ [L4((0, T ); H1+s(�))]d . Then,

sup
t∈(0,T ]

‖(c − ch)(t, ·)‖2L2(�)
+

∫ T

0
|||c − ch |||2 � C(u, c)h2s, (55)

where C(u, c) denotes a positive constant that depends on the solution and the problem data.

Proof Let cπ := ((c1)π , . . . , (cnc )π ), zh := (z1,h, . . . , znc,h) := ch − cπ and ε > 0, then

mh(∂t zh, zh)+Dh(uh; zh, zh) = F�
h (zh)+F�

h (zh)−(∂t cπ ,�0
kzh)0,�−D(�0

kuh; cπ ,�0
kzh).

Using equation (32), we can rewrite the previous identity as

mh(∂t zh, zh) + Dh(uh; zh, zh) = T� + T � + Tm + TD, (56)

where

T� := F�
h (zh) − F�(zh), T � := F�

h (zh) − F�(zh),

Tm := (∂t c, zh)0,� − (∂t cπ ,�0
kzh)0,�, and TD := D(u; c, zh) − D(�0

kuh; cπ ,�0
kzh).

To conclude the proof, it remains to bound each term in identity (56) appropriately.

• Term Tm: Using the properties established in Lemmas 3.4 and 3.5, we obtain that

Tm = (∂t c − (∂t c)π ,�0
kzh)0,� + ((I − �0

k)∂t c, zh)0,�

�
[‖∂t c − (∂t c)π‖0,� + ‖(I − �0

k)∂t c‖0,�
]‖zh‖0,�

� hs |∂t c|s,�‖zh‖0,�.

Then, applying Young’s inequality, we obtain

Tm � h2s |∂t c|2s,� + ‖zh‖20,� (57)

• Term T�: Using the approximation properties of the L2-projection, we get

T� = −( f̃ c̃, zh)� + ( f̃ c̃,�0
kzh)� =

∑

K∈�h

( f̃ c̃, (−I + �0
k)zh)K

�
∑

K∈�h

‖(I − �0
k)( f̃ c̃)‖0,K ‖zh‖0,K �

∑

K∈�h

hsK | f̃ c̃|s,K ‖zh‖0,K � hs || f |c̃|s,�‖zh‖0,�,

where f̃ := max{0, f }. Applying Young’s inequality, we obtain

T� � h2s | f̃ c̃|2s,� + ‖zh‖20,�. (58)

• Term T �:
Employing Hölder’s inequality and the same reasoning used in inequalities (49) and (50)
to derive estimate (51), we obtain

T � = −
∑

e∈E I

([|uh · n| − |u · n|]cI , zh)e �
∑

e∈E I

‖uh − u‖0,e‖cI ‖0,4,e‖zh‖0,4,e

�

⎛

⎝
∑

e∈E I

‖uh − u‖20,e
⎞

⎠

1/2 ⎛

⎝
∑

e∈E I

‖cI ‖40,4,e
⎞

⎠

1/4 ⎛

⎝
∑

e∈E I

‖zh‖40,4,e
⎞

⎠

1/4

123



19 Page 24 of 43 Journal of Scientific Computing (2026) 109:19

� hs+
1
2 ‖cI ‖0,4,�I |u|s+1,�‖zh‖1,� � hs+

1
2 ‖cI ‖0,4,�I |u|s+1,�‖zh‖h .

Applying Young’s inequality, we obtain

T � − ε‖zh‖2h � h2s+1‖cI ‖20,4,�I
|u|2s+1,� (59)

• Term TD:
In order to carry out the analysis of this term, we rewrite it in the following form:

TD = TD
1 + TD

2 + TD
3 + TD

4 + TD
5 ,

where

TD
1 :=

nc∑

i=1

Di
[
(∇ci ,∇zi,h)� − (∇(ci )π , ∇�∇

k zi,h)�
]
, TD

2 :=
nc∑

i=1
[ − (Ri (c), zi,h)� + (Ri (cπ ), �0

k zi,h)�
]
,

TD
3 := (|u · n|c, zh)� − (|uh · n|; cπ , zh)�, TD

4 := (| f |c, zh)� − (| f |cπ ,�0
kzh)� and

TD
5 := 1

2

nc∑

i=1
[
(u · ∇ci , zi,h)� − (u · ∇zi,h , ci )� − (�0

kuh · ∇(ci )π ,�0
k zi,h)� + (�0

kuh · �0
k∇zi,h , (ci )π )�

]
.

We begin by estimating the term TD
1 . The following estimate follows from Hölder’s

inequality, the approximation properties of the �∇
k -projection, and Lemma 3.5.

TD
1 =

nc∑

i=1

Di
[
(∇(I − �∇

k )ci ,∇zi,h)� + (∇(ci − (ci )π ),∇�∇
k zi,h)�

]

�
nc∑

i=1

Di
[|(I − �∇

k )ci |1,� + |(ci − (ci )π |1,�
]|zi,h |1,�

�
nc∑

i=1

Dih
s |ci |s+1,�|zi,h |1,� �

nc∑

i=1

Dih
s |ci |s+1,�‖zi,h‖h,d

� hs |c|s+1,�‖zh‖h,
and therefore

TD
1 − ε‖zh‖2h � h2s |c|2s+1,�

Regarding the term TD
2 , by virtue of Hölder’s inequality, the approximation properties

of the L2-projection and Lemma 3.5, we infer that

TD
2 =

nc∑

i=1

[
(Ri (cπ − c),�0

k zi,h)K + ((�0
k − I )Ri (cπ ), zi,h)K

]

�
nc∑

i=1

[‖cπ − c‖0,� + ‖(�0
k − I )Ri (cπ )‖0,�

]‖zi,h‖0,�

� hs+1|c|s+1,�‖zh‖0,�.

Consequently,
TD
2 � h2s+2|c|2s+1,� + ‖zh‖20,�.
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Concerning the term TD
3 , proceeding analogously to the treatment of T � , we infer that

TD
3 =

∑

e∈Eh
([|uh · n| − |u · n|]cπ , zh)e + (|u · n|(c − cπ ), zh)e]

� hs+
1
2 [‖c‖0,4,�|u|s+1,� + ‖u‖0,4,�|c|s+1,�]‖zh‖h .

Hence,
TD
3 − ε‖zh‖2h � h2s+1[‖c‖20,4,�|u|2s+1,� + ‖u‖20,4,�|c|2s+1,�].

For the term TD
4 , using Hölder’s inequality, the approximation properties of the L2-

projection, and Lemma 3.5, we obtain that

TD
4 =

∑

K∈�h

[(| f |c, zh)K − (| f |cπ , �0
kzh)K ]

=
∑

K∈�h

[(| f |(c − cπ ), zh)K + (| f |cπ , (I − �0
k )zh)K ]

=
∑

K∈�h

[(| f |(c − cπ ), zh)K + (| f |(cπ − c), (I − �0
k )zh)K + (| f |c, (I − �0

k )zh)K ]

=
∑

K∈�h

[(| f |(c − cπ ), zh)K + (| f |(cπ − c), (I − �0
k )zh)K + ((I − �0

k )(| f |c), zh)K ]

�
∑

K∈�h

[‖ f ‖0,4,K ‖c − cπ‖0,K ‖zh‖0,4,K + ‖(I − �0
k )(| f |c)‖0,K ‖zh‖0,K ]

�
∑

K∈�h

[hsK ‖ f ‖0,4,K |c|s,K ‖zh‖0,4,K + hsK || f |c|s,K ‖zh‖0,K ]

� hs [‖ f ‖0,4,�|c|s,�‖zh‖0,4,� + || f |c|s,�‖zh‖0,�] � hs [‖ f ‖0,4,�|c|s,� + || f |c|s,�]‖zh‖1,�
� hs [‖ f ‖0,4,�|c|s,�
+ || f |c|s,�]‖zh‖h

From the previous inequality, we have that

TD
4 − ε‖zh‖2h � h2s[‖ f ‖20,4,�|c|2s,� + || f |c|2s,�].

To bound the term TD
5 , we begin by deriving estimates for the term

T ∗ :=
nc∑

i=1

[
(u · ∇ci , zi,h)� − (�0

kuh · ∇(ci )π ,�0
k zi,h)�

]
,

namely,

T ∗ =
nc∑

i=1

[
((I − �0

k)(u · ∇ci ), zi,h)� + (u · ∇(ci − (ci )π ),�0
k zi,h)�

+ ((I − �0
k)u · ∇(ci )π ,�0

k zi,h)� + (�0
k(u − uh) · ∇ci ),�

0
k zi,h)�

]

Applying Hölder’s inequality, the Lemma 3.3, the Lemma 3.5 ,the approximation prop-
erties of the L2-projection, and standard Sobolev embeddings, we obtain

T ∗ �
nc∑

i=1

[‖(I − �0
k)(u · ∇ci )‖0,� + ‖u‖0,4,�|ci − (ci )π |1,�

+ ‖(I − �0
k)u‖0,�‖∇(ci )π‖0,4,� + ‖u − uh‖0,4,�‖∇(ci )π‖0,�

]‖zi,h‖1,�
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�
nc∑

i=1

[
hs |u · ∇ci |s,� + hs‖u‖0,4,�|ci |s+1,�

+ hs+1h− d
4 |u|s+1,�|(ci )π |1,� + hs |u|s+1,�|ci |1,�

]‖zi,h‖h,d

�
nc∑

i=1

hs
[|u · ∇ci |s,� + ‖u‖0,4,�|ci |s+1,� + h

4−d
4 |u|s+1,�|(ci )π |1,�

+ |u|s+1,�|ci |1,�
]‖zi,h‖h,d

� hs
[|(∇c)u|s,� + ‖u‖0,4,�|c|s+1,� + h

4−d
4 |u|s+1,�|c|1,� + |u|s+1,�|c|1,�

]‖zh‖h
By employing arguments analogous to those used for the term T ∗, we deduce that

T ◦ � hs
[|uct|s,� + |u|s+1,�‖c‖1,� + ‖u‖0,4,�|c|s+1,� + |u|s+1,�‖c‖1,�

]‖zh‖h,
where

T ◦ :=
nc∑

i=1

[
(u · ∇zi,h, ci )� − (�0

kuh · �0
k∇zi,h, (ci )π )�

]
.

Using the estimates derived for the terms T ∗ and T ◦, we can infer that

TD
5 ≤ hs

[|(∇c)u|s,� + |uct |s,� + |u|s+1,�‖c‖1,� + ‖u‖0,4,�|c|s+1,� + |u|s+1,�‖c‖1,�
]‖zh‖h

From the above, it follows that

TD
5 − ε‖zh‖2h � h2s

[|(∇c)u|2s,� +|uct |2s,� +|u|2s+1,�‖c‖21,� +‖u‖20,4,�|c|2s+1,� +|u|2s+1,�‖c‖21,�
]
.

By employing all the estimates previously derived for each term in the decomposition shown
in (56), we can deduce that

mh(∂t zh, zh) + Dh(uh; zh, zh) − 4ε‖zh‖2h � C̃(u, c)h2s + ‖zh‖20,�,

where

C̃(u, c) := |(∇c)u|2s,� + |uct|2s,� + |u|2s+1,�‖c‖21,� + ‖u‖20,4,�|c|2s+1,� + |u|2s+1,�‖c‖21,�
+| f̃ c̃|2s,� + ‖c‖20,4,� |u|2s+1,� + ‖u‖20,4,� |c|2s+1,� + ‖ f ‖20,4,�|c|2s,� + || f |c|2s,�

Utilizing the coercivity properties of Dh and integrating over t with the choice ε = 1
8 , it

follows that

‖zh(t)‖0,� +
∫ t

0
‖zh(s)‖2h ds � h2s

∫ t

0
C̃(u, c) ds +

∫ t

0
‖zh(s)‖20,� ds + ‖zh(0)‖0,�

Subsequently, applying Grönwall’s inequality to the previous estimate, it follows that

‖zh(t)‖0,� +
∫ t

0
‖zh(s)‖2h ds � h2s

∫ t

0
C̃(u, c) ds + ‖zh(0)‖0,�

Ultimately, the preceding inequality enables us to conclude the theorem. ��
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4.3 Fully Discrete Problem

In this subsection, we present the fully discrete formulation of the proposed problem. Since
we employ a Time-DG discretization based on Gauss–Radau quadrature points, we first
briefly introduce the necessary notation and the key properties of this temporal scheme.
Then, in Section 4.3.3, we establish the existence and uniqueness of the solution and derive
the corresponding error estimates for the fully discrete system.

4.3.1 Gauss–Radau Quadrature and Space–Time Discretization

Given an interval J ⊂ R, we denote by Pq(J ) the space of polynomials of degree at most
q . We consider the following Gauss–Radau quadrature formula on the reference interval
I−1 := (0, 1]:

GRI−1(ϕ) :=
q+1∑

i=1

ωiϕ(ξi ), (60)

where 0 < ξ1 < · · · < ξq+1 = 1 are the Radau integration points and ωi > 0 are the
Radau weights. Using the isomorphism of (0, 1] with In = (tn−1, tn], the formula (60) can
be rewritten as

GRIn (ϕ) := τn

q+1∑

i=1

ωiϕ(tn,i ), (61)

where tn,i := tn−1 + τnξi . It is worth noticing that the quadrature rules provided in Equa-
tions (60) and, consequently, (61) integrate exactly all polynomials of degree at most 2q; that
is,

GRIn (ϕ) =
∫

In
ϕ dt, ∀ϕ ∈ P2q(In).

Starting from this time discretization, we define the time-discrete spaces

Vq
τ (I ) := {

vτ ∈ L2(I ) : vτ |In ∈ Pq(In)∀n = 1, ..., N
}
,

and the global space-time VE–DG space

Vq,k
τ,h (I × �) :=

{

vτ,h =
r∑

i=0

θi,τ βi,h : I × � → R : r ∈ N,

(θi,τ , βi,h) ∈ V k
h (�) × V q

τ (I ), i = 1, . . . , l
}

.

Remark 4.2 Given a basis {ϕi }li=1 for V k
h (�), any function vτ,h ∈ V q,k

τ,h (I × �) can be
uniquely expanded as

vτ,h(t, x) =
l∑

i=0

θi,τ (t)ϕi (x),

where θi,τ ∈ V q
τ (I ) for i = 1, . . . , l.

Denote by vn the restriction of v to the time slab In × �. Note that these functions may
be discontinuous from one slab to the next. Therefore, we denote the limits by v∓,n =
lims→0∓ v(x, tn + s) and the jump by {v}n = v+,n − v−,n .

The following results and notations for the Time-DG scheme are essential for the subse-
quent analysis; for the proofs, we refer the reader to [2].
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Lemma 4.7 Let v ∈ Pq(In) and Lτ v ∈ Pq(In) be the Lagrange interpolation of the function
τn(t − tn−1)

−1v at the points tn,i , i = 1, ..., q + 1:

Lτ v(tn,i ) = τn(tn,i − tn−1)
−1v(tn,i ), i = 1, ..., q + 1.

Then
∫

In
∂tvLτ v dt + v(tn−1)Lτ v(tn−1) = 1

2

⎛

⎝v2(tn) +
q+1∑

i=1

ωiξ
−1
i v2(tn,i )

⎞

⎠ . (62)

Lemma 4.8 For all v ∈ Pq(In), the following inequalities holds:

(Lτ v
+,n−1)2 � 1

τn

∫

In
v2 dt and (v+,n−1)2 � 1

τn

∫

In
v2 dt (63)

By exploiting the aforementioned properties of the Gauss—Radau quadrature, we estab-
lish the norm equivalence presented in the following lemma, which will be fundamental for
the subsequent analysis of the fully discrete problem.

Lemma 4.9 Suppose u ∈ L∞((0, T ); (H1+s(�))d) and f ∈ L∞((0, T ); L4(�)). Then
there exist h0 > 0 such that for all h ≤ h0, we have

‖vτ,h‖2L2(In;H1(�))
≈ τn

q+1∑

i=1

ωi‖vτ,h(tn,i )‖2d,h, (64)

for all vτ,h ∈ Vq,k
τ,h (I × �), n = 1, ..., N.

Proof Using lemma 4.3 we have that

‖vτ,h(tn,i )‖21,� ≈ ‖vτ,h(tn,i )‖2d,h . (65)

Since vτ,h belongs to the space Vq,k
τ,h (I × �), we have vτ,h = ∑l

j=1 θ j,τ ϕ j , where l :=
dim(V k

h (�)), {ϕ j }lj=1 is basis for V
k
h (�), and θ j,τ ∈ V q

τ (I ) for j = 1, . . . , l.
Since the Gauss quadrature rule is exact for polynomials of degree less than or equal to

2q , we have

GRIn (θi,τ θ j,τ ) =
∫

In
θi,τ θ j,τ dt, i, j = 1, . . . , l. (66)

Hence, employing equality (66), we have

‖vτ,h‖2
L2(In ;L2(�))

=
∫

In

∫

�

⎛

⎝
l∑

i, j=1

θi,τ θ j ,τ ϕiϕ j

⎞

⎠ dx dt =
∫

�

⎛

⎝
l∑

i, j=1

(∫

In
θi,τ θ j,τ dt

)

ϕiϕ j

⎞

⎠ dx

=
∫

�

⎛

⎝
l∑

i, j=1

⎛

⎝τn

q+1∑

r=1

ωr θi,τ (tn,r )θ j ,τ (tn,r )

⎞

⎠ ϕiϕ j

⎞

⎠ dx

=
∫

�

⎛

⎝τn

q+1∑

r=1

ωr

l∑

i, j=1

θi,τ (tn,r )θ j ,τ (tn,r )ϕiϕ j

⎞

⎠ dx

=
∫

�

⎛

⎝τn

q+1∑

r=1

ωr

⎛

⎝
l∑

i=1

θi,τ (tn,r )ϕi

⎞

⎠

⎛

⎝
l∑

j=1

θ j,τ (tn,r )ϕ j

⎞

⎠

⎞

⎠

123



Journal of Scientific Computing (2026) 109:19 Page 29 of 43 19

dx =
∫

�

⎛

⎝τn

q+1∑

r=1

ωr vτ,h(tn,r )
2

⎞

⎠ dx

= τn

q+1∑

r=1

ωr

∫

�
vτ,h(tn,r )

2 dx = τn

q+1∑

r=1

ωr‖vτ,h(tn,r )‖20,� (67)

Furthermore, because ∇vτ,h = ∑l
j=1 θ j,τ∇ϕ j , by applying arguments similar to identity

(67), it follows that

‖∇vτ,h‖2L2(In;L2(�))
= τn

q+1∑

r=1

ωr |vτ,h(tn,r )|21,�. (68)

By employing (67), (68), and the equivalence (65), we obtain that

‖vτ,h‖2L2(In;H1(�))
= τn

q+1∑

r=1

ωr‖vτ,h(tn,r )‖21,� ≈ τn

q+1∑

r=1

ωr‖vτ,h(tn,r )‖2d,h,

which completes the proof. ��

4.3.2 Space–Time Projection and Commutation Properties

For v ∈ C0((tn−1, tn]), we define the projector �τ
n in the following way:

(i) �τ
nv ∈ Pq(In),

(ii)
∫

In
(�τ

nv − v)w dt = 0, for all w ∈ Pq−1(In),

(iii)
(
�τ

nv
)−,n = v−,n .

Let v ∈ ∩N
n=1C

0((tn−1, tn]; L2(�)) be given. The operator�τ is then defined as�τv(t, x) =
�τ

nv(t, x) in In × �.
Given a functionvh := ∑l

j=1 θ jϕ j ∈ ∩N
n=1C

0((tn−1, tn]; V k
h (�)) (θ j ∈ ∩N

n=1C
0((tn−1, tn]),

j = 1, . . . , l), we have that

mh(�
τ vh − vh, wh) =

l∑

j=1

(�τ θ j − θ j )mh(ϕ j , wh),

for all wh ∈ V k
h (�).

Consequently, we obtain
∫

In
mh(�

τ vh − vh, wh)θ
∗
τ dt = 0, (69)

for all vh ∈ ∩N
n=1C

0((tn−1, tn]; V k
h (�)), wh ∈ V k

h (�), θ∗
τ ∈ Pq−1(In) and n = 1, ..., N .

Let vh ∈ ∩N
n=1C

0((tn−1, tn]; L2(�)) andwτ,h ∈ V q,k
τ,h (I ×�) be given by their respective

representations in the basis {ϕ j }lj=1 of V
k
h (�), namely

vh =
l∑

j=1

θ jϕ j and wτ,h =
l∑

j=1

θ∗
j,τ ϕ j ,
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Using integration by parts, we can deduce that

∫

In
mh(∂tvh, wτ,h) dt =

∫

In

l∑

i, j=1

∂tθ jθ
∗
j,τmh(ϕi , ϕ j ) dt =

l∑

i, j=1

∫

In
∂tθ jθ

∗
j,τ dt mh(ϕi , ϕ j )

=
l∑

i, j=1

mh(ϕi , ϕ j )

[

θ
−,n
j (θ∗

j,τ )
−,n − θ

+,n−1
j (θ∗

j,τ )
+,n−1 −

∫

In
θ j∂tθ

∗
j,τ dt

]

=
l∑

i, j=1

[
θ

−,n
j (θ∗

j,τ )
−,nmh(ϕi , ϕ j ) − θ

+,n−1
j (θ∗

j,τ )
+,n−1mh(ϕi , ϕ j )

−
∫

In
θ j∂tθ

∗
j,τmh(ϕi , ϕ j ) dt

]

= mh(vh
−,n, wτ,h

−,n) − mh(vh
+,n−1, wτ,h

+,n−1) −
∫

In
mh(vh, ∂twτ,h) dt, (70)

By combining (69), (70) and property (iii) of �τ

∫

In
mh(∂t�

τ vh , wτ,h) dt = mh((�τ vh)−,n , w
−,n
τ,h ) − mh((�τ vh)+,n−1, w

+,n−1
τ,h )

−
∫

In
mh(�τ vh , ∂twτ,h) dt

= mh((�τ vh)−,n , w
−,n
τ,h ) − mh((�τ vh)+,n−1, w

+,n−1
τ,h ) −

∫

In
mh(vh , ∂twτ,h) dt

= mh((vh)+,n−1, (wτ,h)+,n−1) − mh((�τ vh)+,n−1, (wτ,h)+,n−1) +
∫

In
mh(∂tvh , wτ,h) dt . (71)

Furthermore, the projector satisfies the following approximation property and commuta-
tion results with spatial derivatives.

Lemma 4.10 If v ∈ Hq+1(In), then

‖�τv − v‖L2(In) � τ
q+1
n ‖∂q+1

t v‖L2(In).

For v ∈ L2((0, T ); Hk(�̃)), we also have:

∂kx j �
τv = �τ∂kx j v, a.e. in �̃.

4.3.3 Fully Discrete Formulation

Given the continuity of the exact solution, the identity can be deduced from (32)
∫

In
[(∂t c,w)� + D(c,w)] + (c+,n−1 − c−,n−1,w+,n−1)� =

∫

In
H(w),

By employing a VEM spatial discretization, as in the semidiscrete case, and a Gauss-Radau
quadrature rule for the time integral, we can obtain the following variational formulation:

find cτ,h := (cτ,h
1 , . . . , cτ,h

nc ) ∈ Vq,k
τ,h (I × �)nc such that, for n = 1, ..., N :

mh(c
+,n−1
τ,h ,w

+,n−1
τ,h ) + Dτn ,h(cτ,h ,wτ,h) = F�

τn ,h(wτ,h) + F�
τn ,h(wτ,h) + mh(c

−,n−1
τ,h ,w

+,n−1
τ,h ),

(72)
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c
−,0
τ,h = �τ,hc0,

for allwτ,h ∈ V q,k
τ,h (I × �)nc , where the operators are defined via Gauss–Radau quadrature:

Dτn ,h(cτ,h,wτ,h) := τn

q+1∑

i=1

ωi (mh(∂t cτ,h(tn,i ),wτ,h(tn,i )) + Dh(cτ,h(tn,i ),wτ,h(tn,i ))

F�
τn ,h(wτ,h) := τn

q+1∑

i=1

ωiF�
h (wτ,h(tn,i )) and

F�
τn ,h(wτ,h) := τn

q+1∑

i=1

ωiF�
h (wτ,h(tn,i )).

Existence and uniqueness. To carry out the existence and uniqueness analysis, we define
the following norm:

‖wτ,h‖2n,h := τn

q+1∑

i=1

ωi‖wτ,h(tn,i )‖2h .

Theorem 4.11 Suppose u ∈ L∞((0, T ); (H1+s(�))d) for some s > 0 and f ∈
L∞((0, T ); L4(�)). Then:

mh(w
+,n−1
τ,h ,Lτw

+,n−1
τ,h ) + Dτn ,h(wτ,h,Lτwτ,h)

� ‖(wτ,h)
−,n‖20,2,� + 1

τn
‖wτ,h‖2L2(In;L2(�))

+ ‖wτ,h‖2n,h . (73)

Proof By Lemma 4.7, we have Lτwτ,h(tn,i ) = τn(tn,i − tn−1)
−1wτ,h(tn,i ). Since tn,i ∈ In ,

it follows that τn(tn,i − tn−1)
−1 > 1. Hence, by the coercivity of Dh it follows that:

τn

q+1∑

i=1

ωiDh(wτ,h(tn,i ),Lτwτ,h(tn,i )) + ‖wτ,h‖L2(In;L2(�)) � ‖wτ,h‖n,h .

Let {ϕ j }lj=1 be anmh-orthogonal basis of the space V k
h (�), i.e.,mh(ϕi , ϕ j ) = 0 for i �= j ,

any function vτ,h ∈ Vq,k
τ,h (I × �) can be uniquely represented as

vτ,h(t, x) =
l∑

j=1

θ j,τ (t)ϕ j (x),

where θ j,τ ∈ V q
τ (I ) for j = 1, . . . , l. Next, we define the functional

I (vτ,h) := τn

q+1∑

i=1

ωimh(∂tvτ,h(tn,i ),Lτ vτ,h(tn,i )) + mh(v
+,n−1
τ,h ,Lτ v

+,n−1
τ,h ).

By virtue of identities (62) and (66), and utilizing the mh-orthogonality of the spatial basis,
we then have

I (vτ,h ) = τn

q+1∑

i=1

ωi mh (∂t vτ,h (tn,i ),Lτ vτ,h (tn,i )) + mh (v
+,n−1
τ,h ,Lτ v

+,n−1
τ,h )
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=
l∑

j=1

mh (ϕ j , ϕ j )

⎡

⎣τn

q+1∑

i=1

ωi ∂t θ j,τ (tn,i )Lτ θ j,τ (tn,i ) + θ
+,n−1
j,τ Lτ θ

+,n−1
j,τ

⎤

⎦

=
l∑

j=1

1

2
mh (ϕ j , ϕ j )

⎡

⎣(θ
−,n
j,τ )2 +

q+1∑

i=1

ωi ξ
−1
i (θ j,τ (tn,i ))

2

⎤

⎦

≥
l∑

j=1

1

2
mh (ϕ j , ϕ j )

⎡

⎣(θ
−,n
j,τ )2 +

q+1∑

i=1

ωi (θ j,τ (tn,i ))
2

⎤

⎦ =
l∑

j=1

1

2
mh (ϕ j , ϕ j )

[

(θ
−,n
j,τ )2 + 1

τn

∫

In
θ2j,τ dt

]

= 1

2

[

mh (v
−,n
τ,h , v

−,n
τ,h ) + 1

τn

∫

In
mh (vτ,h , vτ,h ) dt

]

� 1

2

[

‖v−,n
τ,h ‖20,� + 1

τn

∫

In
‖vτ,h (t)‖20,� dt

]

.

By combining these inequalities, we obtain

mh (w+,n−1
τ,h ,Lτw

+,n−1
τ,h )+Dτn ,h (wτ,h ,Lτwτ,h ) � ‖(wτ,h )−,n‖20,2,� +

(
1

τn
− 1

)

‖wτ,h‖2
L2(In ;L2(�))

+‖wτ,h‖2n,h .

Finally, the conclusion is obtained by choosing τn sufficiently small. ��
Error estimates.

Lemma 4.12 Let c, c̃, cI , f and u be functions satisfying the assumptions of Theorem 4.6.
Additionally, assume that c ∈ Hq+1(In; H1(�))nc . Then

‖c−,n
τ,h −ch(tn)‖20,�+‖cτ,h−�τ ch‖2n,h dt � (τ

2q+1
n +h2s)M(u, c)+‖c−,n−1

τ,h −ch(tn−1)‖20,�,

(74)
n = 1, ..., N, where M(u, c) denotes a positive constant that depends on the solution and
the problem data.

Proof Setting zτ,h := cτ,h − �τ ch and employing (73), we deduce that

E := mh (z+,n−1
τ,h ,Lτ z

+,n−1
τ,h ) +Dτn ,h (zτ,h ,Lτ zτ,h ) � ‖(zτ,h )−,n‖20,2,� + 1

τn
‖zτ,h‖2

L2(In ;L2(�))
+ ‖zτ,h‖2n,h . (75)

By linearity, we can rewrite the term E in (75) as

E = mh (c+,n−1
τ,h ,Lτ z

+,n−1
τ,h ) + Dτn ,h (cτ,h ,Lτ zτ,h ) − mh ((�τ ch )+,n−1,Lτ z

+,n−1
τ,h ) + Dτn ,h (�τ ch ,Lτ zτ,h ).

Using the fact that cτ,h is a solution to Problem (72), we obtain

E = F�
τn ,h (Lτ zτ,h )+F�

τn ,h (Lτ zτ,h )+mh (c
−,n−1
τ,h , (Lτ zτ,h )+,n−1)−mh ((�τ ch )+,n−1,Lτ z

+,n−1
τ,h )+Dτn ,h (�τ ch ,Lτ zτ,h ),

By virtue of identity (47), we deduce that

F�
τn ,h (Lτ zτ,h ) + F�

τn ,h (Lτ zτ,h ) = τn

q+1∑

i=1

ωi [mh (∂t ch (tn,i ),Lτ zτ,h (tn,i )) + Dh (ch (tn,i ),Lτ zτ,h (tn,i ))].

Using the aforementioned equality, linearity, and the definition of Dτn ,h , we can rewrite the
term E as follows

E = τn

q+1∑

i=1

ωi [mh(∂t (I − �τ )ch(tn,i ),Lτ zτ,h(tn,i )) + Dh((I − �τ )ch(tn,i ),Lτ zτ,h(tn,i ))]

+mh(c
−,n−1
τ,h ,Lτ z

+,n−1
τ,h ) − mh((�

τ ch)
+,n−1,Lτ z

+,n−1
τ,h ).
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Since Lτ zτ,h(tn,i ) = τn(tn,i − tn−1)
−1zτ,h(tn,i ) = τn(τnξi )

−1zτ,h(tn,i ) = ξ−1
i zτ,h(tn,i ), we

have that

E = τn

q+1∑

i=1

ωiξ
−1
i [mh(∂t (I − �τ )ch(tn,i ), zτ,h(tn,i )) + Dh((I − �τ )ch(tn,i ), zτ,h(tn,i ))]

+mh(c
−,n−1
τ,h ,Lτ z

+,n−1
τ,h ) − mh((�

τ ch)
+,n−1,Lτ z

+,n−1
τ,h ).

In order to estimate the term E , we proceed by decomposing it into E = E1 + E2 + E3,
where

E1 := τn

q+1∑

i=1

ωi ξ
−1
i mh (∂t (I − �τ )ch (tn,i ), zτ,h (tn,i )), E2 := τn

q+1∑

i=1

ωi ξ
−1
i Dh ((I − �τ )ch (tn,i ), zτ,h (tn,i ))

and E3 := mh (c−,n−1
τ,h ,Lτ z

+,n−1
τ,h ) − mh ((�τ ch )+,n−1,Lτ z

+,n−1
τ,h ).

Letting I τ denote the Lagrange polynomial interpolant with respect to the temporal variable
at the points tn,i for i = 1, . . . , q + 1, the exactness of the Gauss–Radau quadrature for
polynomials of degree at most 2q implies that

E1 ≤ ξ−1
1 τn

∣
∣
∣
∣
∣
∣

q+1∑

i=1

ωi mh (∂t (I − �τ )ch (tn,i ), zτ,h (tn,i ))

∣
∣
∣
∣
∣
∣
= ξ−1

1 τn

∣
∣
∣
∣
∣
∣

q+1∑

i=1

ωi mh (I τ ∂t (I − �τ )ch (tn,i ), zτ,h (tn,i ))

∣
∣
∣
∣
∣
∣

= ξ−1
1

∣
∣
∣
∣

∫

In
mh (I τ ∂t (I − �τ )ch , zτ,h ) dt

∣
∣
∣
∣ ,

Using the cotinuity of mh and the Cauchy-Schwarz inequality to the time integrals over In ,
shifting to the global space-time norm L2(In; L2(�))

E1 � ξ−1
1

∫

In
‖I τ ∂t (I − �τ )ch‖0,�‖zτ,h‖0,� dt � ξ−1

1 ‖I τ ∂t (I − �τ )ch‖L2(In ;L2(�))‖zτ,h‖L2(In ;L2(�)).

By the temporal L2-stability of the Lagrange interpolant I τ and the standard temporal inverse
inequality over In

E1 � ξ−1
1 ‖∂t (I − �τ )ch‖L2(In ;L2(�))

‖zτ,h‖L2(In ;L2(�))
� ξ−1

1 τ−1
n ‖(I − �τ )ch‖L2(In ;L2(�))

‖zτ,h‖L2(In ;L2(�))

(76)

To bound the projection error,we insert the exact solution c via the triangle inequality, yielding

‖(I −�τ )ch‖L2(In ;L2(�)) ≤ ‖�τ (c−ch)‖L2(In ;L2(�)) +‖(I −�τ )c‖L2(In ;L2(�)) +‖ch −c‖L2(In ;L2(�))

(77)
Using the error bounds for ch and the approximation property provided in Lemma 4.10 we
obtain

‖�τ (c − ch )‖2
L2(In ;L2(�))

� ‖c − ch‖2
L2(In ;L2(�))

� sup
t∈(0,T ]

‖(c − ch )(t)‖20,�
∫

In
dt � C(u, c)h2sτn

and ‖(I − �τ )c‖L2(In ;L2(�))
� τ

q+1
n ‖c‖

Hq+1(In ;L2(�))
(78)

Employing inequalities (76) and (78), we have that

E1 � ξ−1
1 τ−1

n

[
C(u, c)1/2hsτ 1/2n + τ

q+1
n ‖c‖Hq+1(In;L2(�))

]
‖zτ,h‖L2(In;L2(�))
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= ξ−1
1

[

C(u, c)1/2hs + τ
q+ 1

2
n ‖c‖Hq+1(In;L2(�))

]

τ
−1/2
n ‖zτ,h‖L2(In;L2(�)) (79)

Regarding the term E2, invoking the continuity of the operator Dh together with the
Cauchy–Schwarz inequality yields

E2 � τn

∣
∣
∣
∣
∣
∣

q+1∑

i=1

ωi ξ
−1
i Dh ((I − �τ )ch (tn,i ), zτ,h (tn,i ))

∣
∣
∣
∣
∣
∣
= τn

∣
∣
∣
∣
∣
∣

q+1∑

i=1

ωi ξ
−1
i Dh (I τ (I − �τ )ch (tn,i ), zτ,h (tn,i ))

∣
∣
∣
∣
∣
∣

� τn

q+1∑

i=1

ωi ξ
−1
i ‖I τ (I − �τ )ch (tn,i )‖h‖zτ,h (tn,i ))‖h � τnξ−1

1

q+1∑

i=1

ωi ‖I τ (I − �τ )ch (tn,i )‖h‖zτ,h (tn,i ))‖h

� ξ−1
1

⎛

⎝τn

q+1∑

i=1

ωi ‖I τ (I − �τ )ch (tn,i )‖2h

⎞

⎠

1/2 ⎛

⎝τn

q+1∑

i=1

ωi ‖zτ,h (tn,i ))‖2h

⎞

⎠

1/2

� ξ−1
1

⎛

⎝τn

q+1∑

i=1

ωi ‖I τ (I − �τ )ch (tn,i )‖21,�

⎞

⎠

1/2 ⎛

⎝τn

q+1∑

i=1

ωi ‖zτ,h (tn,i ))‖2h

⎞

⎠

1/2

.

Using the definition of ‖ ·‖n,h , the exactness of the Gauss–Radau quadrature for polynomials
of degree at most 2q and the temporal L2-stability of the Lagrange interpolant I τ , we have
that

E2 � ξ−1
1 ‖I τ (I − �τ )ch‖L2(In;H1(�))

⎛

⎝τn

q+1∑

i=1

ωi‖zτ,h(tn,i ))‖2h
⎞

⎠

1/2

� ξ−1
1 ‖I τ (I − �τ )ch‖L2(In;H1(�))‖zτ,h‖n,h � ξ−1

1 ‖(I − �τ )ch‖L2(In;H1(�))‖zτ,h‖n,h

Employing inequalities (77) and (78), we have that

E2 � ξ−1
1

[
C(u, c)1/2hsτ 1/2n + τ

q+1
n ‖c‖Hq+1(In;L2(�))

]
‖zτ,h‖n,h (80)

By virtue of the continuity of ch with respect to the temporal variable, we obtain c+,n−1
h =

c−,n−1
h , hence

mh(c
−,n−1
h ,Lτ z

+,n−1
τ,h ) − mh(c

+,n−1
h ,Lτ z

+,n−1
τ,h ) = 0.

Employing this last inequality, we can write E3 as

E3 = mh(c
−,n−1
τ,h − c−,n−1

h ,Lτ z
+,n−1
τ,h ) + mh((ch − �τ ch)

+,n−1,Lτ z
+,n−1
τ,h ).

Using the continuity of mh , we have that

E3 �
[
‖c−,n−1

τ,h − c−,n−1
h ‖0,� + ‖(ch − �τ ch)

+,n−1‖0,�
]
‖Lτ z

+,n−1
τ,h ‖0,�.

Employing the inequalities in (63) and the L2 continuity of I τ , we have that

E3 �
[
‖c−,n−1

τ,h − c−,n−1
h ‖0,� + τ

−1/2
n ‖I τ ch − �τ ch‖L2(In;L2(�))

]
τ

−1/2
n ‖zτ,h‖L2(In;L2(�))

=
[
‖c−,n−1

τ,h − c−,n−1
h ‖0,� + τ

−1/2
n ‖I τ (ch − �τ ch)‖L2(In;L2(�))

]
τ

−1/2
n ‖zτ,h‖L2(In;L2(�))

�
[
‖c−,n−1

τ,h − c−,n−1
h ‖0,� + τ

−1/2
n ‖ch − �τ ch‖L2(In;L2(�))

]
τ

−1/2
n ‖zτ,h‖L2(In;L2(�))

Using inequalities (77) and (78), we have that

‖ch − �τ ch‖L2(In;L2(�)) � C(u, c)1/2hsτ 1/2n + τ
q+1
n ‖c‖Hq+1(In;L2(�))
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This last inequality implies that

E3 �
[

‖c−,n−1
τ,h − c

−,n−1
h ‖0,� + C(u, c)1/2hs + τ

q+ 1
2

n ‖c‖Hq+1(In ;L2(�))

]

τ
−1/2
n ‖zτ,h‖L2(In ;L2(�)).

(81)
Combining inequalities (79), (80), and (81) yields

E �
[

‖c−,n−1
τ,h − c

−,n−1
h ‖0,� + C(u, c)1/2hs + τ

q+ 1
2

n ‖c‖Hq+1(In ;L2(�))

]

τ
−1/2
n ‖zτ,h‖L2(In ;L2(�))

+
[
C(u, c)1/2hsτ1/2n + τ

q+1
n ‖c‖Hq+1(In ;L2(�))

]
‖zτ,h‖n,h . (82)

Applying Young’s inequality to the inequality (82) and employing inequality (75), we can
deduce that

‖(zτ,h)−,n‖20,2,� + 1

2τn
‖zτ,h‖2

L2(In ;L2(�))
+ 1

2
‖zτ,h‖2n,h � ‖c−,n−1

τ,h − c
−,n−1
h ‖20,� + C(u, c)h2s

+τ
2q+1
n ‖c‖2

Hq+1(In ;L2(�))
+ C(u, c)h2sτn + τ

2q+2
n ‖c‖2

Hq+1(In ;L2(�))
,

which completes the proof. ��

Theorem 4.13 Let c, c̃, cI , f and u satisfy the assumptions of Theorem 4.6 and Lemma 4.12.
Then there exists a constant C > 0 such that the error e = c − cτ,h satisfies:

‖e−,n‖20,� + ‖e‖2L2(In;H1(�))
� C(h2s + τ

2q+1
n ), (83)

for n = 1, ..., N.

Proof Employing the triangle inequality alongside the approximation properties of �τ , it
follows that

‖c − �τ ch‖L2(In;H1(�)) ≤ ‖c − �τ c‖L2(In;H1(�)) + ‖�τ (c − ch)‖L2(In;H1(�))

� τ
q+1
n ‖c‖Hq+1(In;H1(�)) + ‖c − ch‖L2(In;H1(�))

Combining the triangle inequality with the preceding inequality, we obtain

‖c − cτ,h‖L2(In;H1(�)) ≤ ‖c − �τ ch‖L2(In;H1(�)) + ‖�τ ch − cτ,h‖L2(In;H1(�))

� τ
q+1
n ‖c‖Hq+1(In;H1(�)) + ‖c − ch‖L2(In;H1(�)) + ‖�τ ch − cτ,h‖L2(In;H1(�))

On the other hand, using the triangle inequality, we obtain

‖(c − cτ,h )−,n‖0,� � ‖(c − ch )−,n‖0,� + ‖(ch − cτ,h )−,n‖0,� � sup
t∈(0,T ]

‖(c − ch )(t)‖0,� + ‖(ch − cτ,h )−,n‖0,�

Combining all the preceding inequalities with Theorems 4.6 and 4.12, we obtain

‖e−,n‖20,� + ‖e‖2
L2(In ;H1(�))

� sup
t∈(0,T ]

‖(c − ch)(t)‖20,� + ‖(ch − cτ,h)−,n‖20,� + τ
q+1
n ‖c‖Hq+1(In ;H1(�))

+‖c − ch‖L2(In ;H1(�)) + ‖�τ ch − cτ,h‖L2(In ;H1(�))

� C(u, c)h2s + M(u, c)(τ
2q+1
n + h2s ) + τ

2q+2
n ‖c‖2

Hq+1(In ;H1(�))
+ ‖(ch − cτ,h)−,n−1‖20,�.

Then, using the fact that ‖(ch − cτ,h)
−,0‖0,� � hs+1‖c(0)‖0,�, the desired result follows. ��
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5 Numerical Experiment

In this section we present numerical evidence that supports the theoretical results of the
previous sections. Specifically, in Section 5.1 we perform a convergence analysis of the
proposed method, while Section 5.2 presents a more application-oriented example. Finally,
in Section 5.2, we consider a more applicative example. In all these experiments, we have
used the C++ library vem++ [16].

5.1 Convergence Analysis

In this section, we consider the following model problem. Let � = (0, 1)2 be the domain.
We set K = D = I and μ = 1. We choose the Darcy forcing term f and the functions c̃ and
cI so that the exact solution is

c(x, y, t) = sin(t) e(x−1)2(y−1)2 ,

subjected to the following flow field

u(x, y) =
[
ex

ey

]

.

According to this vector field, we have that the inflow and outflow boundaries are

�I = {(x, y) ∈ ∂� : x = 0 or y = 0} and �O = {(x, y) ∈ ∂� : x = 1 or y = 1} .

Starting from this problem,we aim to numerically verify the behavior of the error estimator
defined in Equation (83):

err2 := ‖e−,m‖2L2(�)
+

m∑

n=1

∫

In
‖e‖2H1(�)

dt

To achieve this goal, we consider a sequence of four space–time discretizations with decreas-
ing mesh size and time step. In order to check the robustness of the proposed method with
respect to the elements’ shape, we use the following types of space discretizations:

• quad: structured uniform square elements, see Figure 1(a);
• hexa: distorted hexagonal elements, see Figure 1(b);
• voro: Voronoi cells optimized using the Lloyd algorithm [19], see Figure 1(c);
• rand: Voronoi cells with seed points randomly distributed within the domain �, see

Figure 1(d).

These four types of meshes have an increasing distortion level. The quad one is the
most regular. The hexa mesh type has distorted elements but a mostly uniform topology,
consisting mainly of hexagons. The voro meshes consist of general polygons with both
short and long edges, but they have a regular shape due to the Lloyd optimization. Finally,
the randmesh is the most challenging one, as it contains highly distorted elements and very
short edges.

Then, to show the convergence of the errors indicators, we construct four decompositions
the unit square � = (0, 1)2 with decreasing mesh size h for each of them. We label these
discretizations with the numbers from 1 to 4, 1 will be the coarsest and 4 the finest. For
instance voro1 refers to the coarser mesh of the voro type.

For the time discretization, we always consider the time interval [0, 1] and use uniform
time steps. More precisely, we define four temporal partitions, inter1, inter2, inter3,
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Fig. 1 Different mesh types used for the convergence analysis
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Fig. 2 Convergence analysis: convergence curves for different mesh types and polynomial degrees. The error
indicator err is shown on the left, and the H1 seminorm of the error on the right

and inter4, corresponding to time steps �t = 1/3, 1/6, 1/12, and 1/24, respectively.
For all the simulations we keep the ratio between �t and h constant. We set the same
approximation degree for both space and time, denoted by k. We compute the errors using
the following space–time discretizations:

(mesh1,inter1), (mesh2,inter2), (mesh3,inter3), and(mesh4,inter4),

where mesh* refer to one type of mesh.
In Figure 2, we report the convergence curves corresponding to eachmesh type for polyno-

mial degrees 1, 2, and 3. For all space–time approximation degrees, the convergence rates are
as expected. Moreover, the curves remain close to each other across different mesh geome-
tries, highlighting the robustness of the proposed method with respect to the element shape.
Although the theoretical estimate is not explicitly provided in this paper, we also compute
the H1 seminorm of the error at the final time. This error indicator exhibits the expected con-
vergence rate and, as further evidence of the robustness with respect to the element shape,
the convergence curves corresponding to the same approximation degree are very close to
each other.
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Fig. 3 The error indicator err (left) and the H1 seminorm error (right) varying mesh types

Fig. 4 Robustness with respect to the coefficient D: Value of the error varying the parameter D

5.1.1 k-Convergence

In this numerical experiment, we analyze the convergence of the proposed scheme with
respect to the space–time approximation degree. To this end,we consider the coarsest space—
time discretization, (mesh1, inter1), for each mesh type, and compute both the error
indicator err and the H1 seminorm error at the final time.

In Figure 3, we report the convergence curves. At each refinement in the polynomial
degree k, we observe an improvement of approximately one order of magnitude in the error,
which is in agreement with the estimate given in Equation (83).

5.1.2 Robustness with Respect to the Coefficient D

In this section, we analyze the robustness of the proposedmethodwith respect to the diffusion
coefficient D. We consider the same setting as before, but we now solve the model problem
for different values of D:

D = [100, 10−1, 10−2, 10−3, 10−4, 10−5, 10−6, 10−7] ,
modifying the data c̃ and cI accordingly. For each value of D, we solve the problem using all
mesh types at the second refinement level in both space and time, i.e., (mesh2, inter2).
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Fig. 5 Multi-species example: reactor tunnel

Fig. 6 Multi-species example: flow field computed from the resolution of the Darcy problem

In Figure 4, we observe that, while keeping the space–time discretization fixed and varying
D, the error remains nearly constant. This provides numerical evidence that the proposed
method is robust with respect to the diffusion coefficient.

5.2 Multi–Species Example

In this section, we apply the proposed method to a multi–species transport problem. The test
case is inspired by the Porous Catalytic Reactor with Injection Needle model, available in
the open-source COMSOL Multiphysics [13] software and described in detail in [14].

The reactor is a tubular structure, illustrated in Figure 5. The lengths of its parts are
proportional to a unit length denoted by “u”. The first species, c1, is injected from the left
side of the tunnel, while the second species, c2, enters through a tubular inlet positioned on
the top. The reactor exhibits a homogeneous distribution of porosity, we set μK−1 = I, The
diffusion coefficients are set to D1 = D2 = 0.01, and the final simulation time is T = 20.
For the Darcy problem, we prescribe a constant unit flux at both the inflow and outflow
sections of the tube, as illustrated in Figure 5, and impose a zero normal flux condition on
the remaining boundaries. For the transport equations, the inflow concentrations of c1 and c2
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Fig. 7 Multi–species example: evolution of c1 considering different scenarios

Fig. 8 Multi–species example: evolution of c2 considering different scenarios
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are defined as
cI1(x, y) = y(y − 4), cI2(x, y) = (x − 2)(4 − x) ,

respectively.
The computational domain is discretized using a Delaunay triangulation, and the time

interval is divided into 100 equally spaced sub-intervals. Both the spatial and temporal poly-
nomial degrees are set to one.

Figure 6 shows the flow field obtained from the solution of the Darcy problem, which is
consistent with the expected behavior based on the problem data.

To analyze the impact of the parameters in the first-order reaction term, we fix the degra-
dation rates of the two species to γ1 = γ2 = 0.2. We then consider three different reaction
scenarios:

• noReaction: in this case, the two species evolve independently, and the degradation
of one species does not generate the other. This behavior is obtained by setting y1/2 =
y2/1 = 0.0;

• lowReaction: in this case, a small amount of c2 is produced from the degradation of
c1, and vice versa, by setting y1/2 = y2/1 = 0.1;

• highReaction: here, we consider a non-symmetric case, with a high production of c2
from c1, and a low production of c1 from the degradation of c2; specifically, y1/2 = 1.0
and y2/1 = 0.1.

Figures 7 and 8 show selected time steps of the simulations for the three considered
scenarios. The results are consistent with the chosen values of the parameters y∗/◦. In both
the lowReaction and highReaction cases, a noticeable presence of c2 is observed
along the flow path of c1, and vice versa. In the lowReaction case, this interaction is
roughly symmetric, whereas in the highReaction case the degradation of c1 produces
a significantly higher concentration of c2. As expected, in the noReaction case no such
production is observed for either species.
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