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Abstract

Dynamic temporal networks are important structures to capture node dependencies and
their evolution over time. The dynamic stochastic block model, commonly used with
longitudinal network data, is estimated maximizing the likelihood function through the
variational expectation-maximization (VEM) algorithm. However, maximization is
challenging due to the presence of multiple local maxima. In this paper, we first conduct
a simulation study to assess the performance of six different parameter initialization
strategies. Second, we introduce a novel specification of the VEM through a genetic
algorithm, enabling a more comprehensive exploration of the parameter space. Results
from both simulations and historical data on infectious disease transmission highlight
the advantages of this approach in overcoming convergence to local maxima and
improving node clustering in temporal network data.

Keywords Genetic algorithm - Local maxima - Longitudinal networks - Node
classification - Variational expectation-maximization algorithm
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1 Introduction

The stochastic block (SB) model (Snijders and Nowicki, 1997; Nowicki and Snijders,
2001) is tailored to analyze network data arising in various contexts, such as business,
human resources, social media, and biological interactions. When dealing with cross-
sectional network data, the model allows us to identify communities, represented as
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groups of nodes that are strongly connected by edges, and clusters, which are groups
of nodes exhibiting similar association patterns. The dynamic SB (DSB) model is
proposed to analyze temporal network data, when multiple snapshots are observed at
different time occasions; see Yang et al. (2011), Matias and Miele (2017), and Bar-
tolucci and Pandolfi (2020) for additional details. In this context of network analysis,
discrete latent variables are used for their flexibility in modeling complex dependence
structures; see Bartolucci et al. (2022) for a comprehensive review of these models.
Parameters of the DSB model are typically estimated using an approximated maxi-
mum likelihood approach with variational inference (Blei et al., 2017), implemented
through a variational expectation-maximization (VEM) algorithm (Jordan et al., 1999;
Daudin et al., 2008). The VEM maximizes a lower bound of the log-likelihood func-
tion, assuming that the latent variables are a posteriori independent either across times
and subjects, as proposed in Yang et al. (2011), or across subjects only, as in Matias
and Miele (2017). An exact formulation of the VEM algorithm for maximizing the
target function is presented in Bartolucci and Pandolfi (2020), which avoid the use of
approximate steps found in previous works, thereby improving clusters identifiability.

The multimodality of the log-likelihood function may induce the VEM algorithm
to be trapped in one of the multiple local maxima. To address this issue, initialization
procedures are commonly employed, though they are overlooked in the context of the
DSB model. Evolutionary algorithms (EAs) constitute a family of computational tech-
niques designed to tackle complex optimization problems; see, among others, Bick
(1996), Deb (2001), and Ashlock (2004). Through iterative cycles, EAs progressively
refine candidate solutions by evaluating and selecting them, while applying controlled
random variations to generate new potential solutions. EAs are widely used for unsu-
pervised clustering, as discussed, among the others, by Hruschka et al. (2009), and
for the estimation of Gaussian finite mixture models; see, for instance, Pernkopf and
Bouchaffra (2005), Andrews and McNicholas (2013), and McNicholas et al. (2021).

Evolutionary versions of the EM and VEM algorithms (referred to as EEM and
EVEM, respectively) are implemented in Brusa et al. (2024) to estimate other discrete
latent variable (DLV) models, enhancing the exploration of the parameter space and
facilitating convergence to the global maximum. Following this line of research, we
propose a refined version of the EVEM algorithm for estimating the DSB model.
We conduct an extensive Monte Carlo simulation study in which (i) we compare
six different initialization strategies for the VEM algorithm, some of which have not
previously been used for this model, and (ii) we evaluate the performance of the
proposed EVEM algorithm to reach the global maximum and accurately recover the
clustering structure. We also illustrate the feasibility of the proposed estimation method
through an application using data on repeated face-to-face contacts between patients
and healthcare workers in a hospital ward, aimed at investigating the transmission
of an infectious disease (Vanhems et al., 2013). We also mention other approaches
used to analyze the same data available in the literature. The code for our proposal
is implemented in C++ and is available for use with R (R Core Team, 2025) at the
following GitHub repository: https://github.com/LLB1304/dynSBevo. A parallelized
version of the algorithm is also provided to enhance computational efficiency and
scalability.
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The remainder of this paper is organized as follows. Section 2 introduces the DSB
model and reviews the estimation procedure through the VEM algorithm. Section 3
describes the proposed EVEM algorithm. Section 4 presents simulation results that
assess the performance of the VEM algorithm under various initializations and com-
pare the VEM and EVEM algorithms. Section 5 demonstrates the EVEM algorithm
performance in estimating the DSB model with data on face-to-face contacts in a hospi-
tal ward. Finally, Sect. 6 provides concluding remarks. Additional details regarding the
simulation scenarios, the parallelization of the code, the related computational time,
and the simulation results are provided in the Appendices A, B, C, and D, respectively.

2 Binary dynamic stochastic block model

In the following, we introduce the notation of the binary DSB model and present
the approximate maximum likelihood estimation procedure implemented through the
VEM algorithm.

2.1 Notation

Let Yi(j') be a binary variable indicating the presence of an edge between nodes i and

j,wherei,j=1,...,nandi # j,attimet, withz = 1,..., T. Let Y denote the
adjacency array of dimensions n x n x T, where ¥¥) is the binary adjacency matrix

at time f. We consider an undirected network without self-loops, so that Yl.(jl) = Y;f)
and Yi(it) = 0. Nodes are distributed in a finite set of k blocks, defined by a latent

process Z; = (Zl.(l), R Zl.(T))’, which is specific to each node i. The collection of

these processes is represented as Z = (Z;);=1,... n, and we assume that Z follows a
Markov chain of first-order. The initial and transition probabilities define the block
proportions at time # = 1 and the probabilities of switching between blocks over time

fort = 2,..., T, respectively. These probabilities are denoted as o, = p(Zl.(l) =u)
foru=1,...,k, and m,, = p(Zl.(') = v|Zl.(’_l) =u)foru,v=1,...,k.
Variables Yl.(jt) are assumed to be locally independent and identically distributed as

Bernoulli random variables, conditional on the latent blocks to which nodes i and j
belong at time ¢:

YNz = u, 27 = v} ~ BB,

where B, = p(Yl.(j') = l|Zl.(t) =u, Z;t) =v) foru,v =1, ..., k, are referred to as
connection probabilities.
Let yi(j’.) denote a realization of Yi(jt) and zl@ a realization of Zl.(t). The conditional

distribution of the response variables given the latent variables and the probability
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mass function of the latent variables are defined as follows

T n n
r¥12) =TT IT o1z 2.

t=1i=1 j=i+1
n T

p(Z) = nazl(l) l_[ﬂ'zl(zfl)zl(z).
i=1 t=2

The observed network mass function is obtained through suitable recursions based on
the previous assumptions, and is given by

p(¥) =3 _pXI2)p2),

where )~ denotes the sum over the support of Z. For more details on this model
formulation, see Bartolucci and Pandolfi (2020).

2.2 Variational EM algorithm

Maximum likelihood inference within DLV models is typically carried out using the
EM algorithm (Dempster et al., 1977). This algorithm maximizes the expectation of
the complete-data log-likelihood function of the model, relying on the conditional
distribution of the latent variables given the data, denoted as p(Z|Y). When dealing
with the SB and DSB models, however, this distribution is intractable. Indeed, as shown
in Matias and Robin (2014) with reference to a static network, the latent variables Z;,
Z ; are not independent given Y;;. Consequently, the conditional distribution cannot be
factorized, making the computation prohibitive even for the simplest graphs. Daudin
et al. (2008) propose to overcome this problem by maximizing an approximation of
the log-likelihood function defined through a variational distribution using the VEM
algorithm. Their proposal was extended in Yang et al. (2011) to the context of DSB
models. More specifically, this approach relies on a suitable approximation of the
conditional distribution p(Z|Y), denoted as g(Z), and defines the following function:

J @, 1) =Eyllog p(Y, Z)] — Eq4[log g (Z)],
where 6 and 7 collect the model and the variational parameters, respectively. Denot-

ing by KL[:||-] the Kullback—Leibler divergence (Kullback and Leibler, 1951), it is
straightforward to prove that

J@, 1) =log p(Y) — KL[g(Z)|| p(Z|Y)], (D
thus showing that 7(@, ) constitutes a lower bound of the observed-data log-
likelihood function.

As highlighted in Sect. 1, different variational approximations have been proposed.
Considering the one introduced in Matias and Miele (2017), it results as:
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n T
q(2) = H[q(zi“h ]"[q(zlf%z;"))}

i=1 =2

= li[|:1£[ T(i, M)I(Z;l)zu) 11[ ﬁ ﬁ ‘L’(I, iu, U)I(Z,'(l_l)=M)I(Z;1):u):|’

i=1Lu=1 t=2 u=1v=1

with 7(-) denoting the indicator function. In the above expression, the varia-
tional parameters t(i,u) and t(¢,i,u,v) are interpreted as approximations of
p(Zl.(l) =ulY) and p(Zl.(’) = v|Zl.(’_l) =u, Y), respectively. In this case, Equation
(1) may be written as

k

J@, 1) :ZZI(;’, u)[logay, —logT(i, u)]

i=1 u=1

T n k &k
+ ZZZZ%U —1,i,w)t(t,i,u, v)[lognuu —logt(t,i,u, v)]

t=2 i=1 u=1v=1
T n—1 n k k

YNNI i T, L v) 10g ¢ Bun)

t=1i=1 j=i+1lu=1v=1

(1)
Yij —y®
where ¢ (yY, fuw) = fud (1 = fun)' ™ and

on(toiu) = (i, u) t=1,

T St — L vy i v =2, T.

The VEM algorithm consists in alternating updates of the variational (t) and the model
() parameters until convergence. In more details, the two steps are:

(i) A variational expectation step, in which 7 (6, t) is maximized with respect to T
in order to refine the approximation of the log-likelihood;

(i) A maximization step, in which 7 (@, T) is maximized with respect to 6, thus
updating the model parameters.

Convergence of the VEM algorithm is checked applying two common criteria, which
require that both the relative difference of J (@, t) at two consecutive steps and the
distance between the corresponding parameters are smaller than suitable thresholds.

3 Evolutionary VEM algorithm

In the following, we illustrate our proposal and highlight some initialization strategies
for the VEM algorithm.
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3.1 Steps of the EVEM algorithm

The EVEM algorithm proposed in Brusa et al. (2024) for the estimation of the static SB
model considers an initial population Py of candidate solutions, generated through a
random process. It incorporates two distinct sources of variation: crossover, to generate
new potential solutions from the existing ones, and mutation, to introduce modifica-
tions to single candidates. Best solutions are selected for the successive step of the
iterative procedures, while the others are discarded. The EVEM algorithm proposed
here for estimating the DSB model is implemented according to the following specific
features: (i) an initial population Py of candidate solutions for the estimation problem
at hand, here specified as possible arrays for the variational parameters (i, f) and
T(t,i,u,v) defined in Sect. 2.2. Since random initialization is often inappropriate
for DSB models, the current proposal compares several other initialization strategies
for the starting population Py, as discussed in Sect. 4.1; (if) a mutation operator that
introduces variations to the existing candidates and generates new solutions by ran-
domly selecting an observation and changing its cluster membership. Generalizing the
proposal of Brusa et al. (2024), each candidate solution is subjected to the mutation
operator with its own probability p,,, which may differ from those assigned to other
candidates. Specifically, p,, is randomly drawn from a uniform distribution U(a, b),
with 0 < a < b < 1. Crossover is not considered at all; (iii) selection of the best
solutions based on a quality measure that favors candidates with higher values of
J@, 7).

The initial population, is defined as Py = POR U POK My POS BM where POR, POK M

SBM
PO

and are sets of N/3 candidate solutions each. In particular, elements in pop-

ulation POR are obtained through a random initialization. For populations POK M

and PgBM , the first candidate is selected according to the k-means and WgtSBM
initializations, respectively, as defined in the following Sect. 3.2. The remaining
N /3 — 1 candidates are obtained through mutation. Note that, although we consider
|PR| = |PEM| = |P§BM| = N/3, this approach is highly flexible and can be easily
generalized by considering different cardinalities or new initialization strategies.

In more details, the pseudo-code of the algorithm is summarized in Algorithm 1.
The procedure alternates the following steps until convergence:

1. Update: Population Py is updated through R iterations of the VEM algorithm
applied to each individual, resulting in an updated population P;. To ensure com-
putational efficiency, the value of R is kept sufficiently small. Convergence is
determined by the relative change of the log-likelihood between successive steps.
If this condition is met, the VEM algorithm is stopped to avoid unnecessary addi-
tional cycles.

2. Mutate: To encourage a broader exploration of the parameter space, variation is
introduced to each individual of population P; with a certain probability p, ~
U(a, b), where 0 < a < b < 1. The new generation of mutated individuals is
denoted as Ps.
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3. Update: Population P, is updated through R iterations of the VEM algorithm
applied to each individual, resulting in the generation of population P3. This pro-
cedure replicates the previous update executed in Step 1.

4. Select: Individuals of both populations P; and P3 are considered jointly, and the
set of N individuals showing the highest value of 7 (@, T) are retained for the next
generation, denoted as Pj.

Convergence is evaluated by examining the best solution from population P4 at each
step and analyzing the relative differences of 7 (0, T) between two consecutive iter-
ations, as well as differences between corresponding parameter vectors. In summary,
the stopping criterion for the algorithm is met when

(T @P, ™) — F@"D, D))
’ h ’ <
1T @D, 7))

&1 and  max |9S(h) - Gs(h_l)| < &2,
N

where 8V denotes the estimated parameter vector corresponding to the optimal can-
didate solution during the h-th iteration of the EVEM algorithm. In this study, the
tolerance levels & and &5 are set to 1078.

Algorithm 1 General scheme of the EVEM algorithm

Algorithm 1 General scheme of the EVEM algorithm
1: Initialize: N, R, py,, and Py = P{u PKM u pyBM
2: while (Convergence condition = FALSE) do
3: P; + Update(Pp):
4 P, < Mutate(P)
5: P3 + Update(P): run R steps of the VEM algorithm
6: Py < Select(Py U Ps)

7 Py« Py
8: end while

run R steps of the VEM algorithm

9: Select the best result from population Py

3.2 Initialization strategies

In the following, we present several proposals to initialize the variational parameters
t(@,u)andt(t,i,u,v)fort =1,...,T,i=1,...,n,andu,v =1, ..., k described
in Sect. 2.2. In particular, the following six strategies are employed to obtain an initial
partition of nodes into k latent blocks; the starting values are then computed on the
basis of this partition.

A. Random sampling: A simple initialization approach in which each node is ran-
domly assigned to one of the k latent blocks at each time pointt =1, ..., T.

B. Clustering algorithms: A widely adopted approach, common to other DLV mod-
els, for generating an initial clustering. Nodes are grouped by applying a clustering
algorithm to the rows of an extended matrix created by concatenating the adja-
cency matrices Y(’), t =1,...,T.Here we explore:
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(B1) k-means algorithm (MacQueen, 1967), widely employed to initialize the
EM and VEM algorithms for many DLV models;

(B2) k-medoids clustering (Kaufman and Rousseeuw, 1990), a more robust alter-
native to k-means;

(B3) Spectral clustering (Von Luxemburg, 2007), frequently and effectively
employed to initialize the VEM algorithm in the estimation of the static
SB model. Here, we consider global spectral clustering (dynSC) proposed
by Liu et al. (2018).

C. Network models: This strategy involves initializing the DSB model through the
estimated parameters of a static SB model fit on the data aggregated across all
time occasions. We consider the following two methods:

(C1) Binarized network (BinSBM): the static SB model is applied to the fully
binarized aggregated network ¥ a¢c, where edges are considered as either
present or absent, without accounting for temporal differences. Specifi-
cally, Y age = 1 if there exists at least one t (for# = 1, ..., T) such that
Y = 1; otherwise, ¥ gy = 0.

(Cy) Weighted network (WgtSBM): the aggregated network retains a weighted
representation to account for strength of interactions. Specifically,
Yage = ZtT:l Yo,

4 Simulation study

We present the results of an extensive Monte Carlo simulation study designed to (i)
compare the performance of the six initialization strategies illustrated in Sect. 3.2, and
(ii) evaluate the efficacy of the proposed EVEM algorithm for estimating the DSB
model. We consider sixty-four different scenarios defined by varying the number of
nodes (n = 20, 50, 100), latent blocks (k = 2, 3, 5), and time occasions (T" = 6, 10),
with different block persistence (high or low), and connectivity parameters (intra-
group greater or smaller than inter-group). For more details on the simulated settings
for each scenario, please refer to Appendix A.

4.1 Evaluation of the initialization strategies

We assess the performance of the six aforementioned initializations, which are imple-
mented in R using the following functions: (B) kmeans from the stats package for
the k-means algorithm; (B,) pam from the cluster package (Maechler et al., 2023)
for the k-medoids algorithm; (C; and C;) estimateSimpleSBM from the sbm
package (Chiquet et al., 2024) for the BinSBM and WgtSBM approaches. For each
initialization strategy, we evaluate the Adjusted Rand Index (ARI, Hubert and Arabie,
1985) and the frequency of convergence to the global maximum obtained under the
64 simulated scenarios illustrated in Appendix A. Tables 1 and 2 provide a detailed

@ Springer



Variational inference for estimating dynamnic stochastic block models

Table 1 Average ARI values between simulated and estimated clusters over 100 samples for each initializa-
tion strategy of the VEM algorithm, across a selection of scenarios outlined in Appendix A, with n = 50
and T = 6. The columns labeled “High” and “Low” indicate cases with high and low probabilities of block
persistence (7, ), respectively. Values in bold highlight the best results

Buu > Buv Buu < Buv
TTuu
Initialization High Low High Low
k=2 Random 0.750 0.518 0.724 0.376
k-means 1.000 0.966 0.993 0.912
k-medoids 0.989 0.607 0.830 0.464
DynSC 0.248 0.210 0.206 0.150
BinSBM 0.989 0.957 0.990 0.911
WgtSBM 0.990 0.993 0.990 0.929
k=3 Random 0.622 0.499 0.546 0.340
k-means 0.888 0.702 0.897 0.639
k-medoids 0.731 0.410 0.646 0.371
DynSC 0.172 0.173 0.198 0.169
BinSBM 0.969 0.745 0.950 0.616
WgtSBM 0.963 0.784 0.956 0.652
k=S5 Random 0.506 0.357 0.320 0.055
k-means 0.689 0.493 0.535 0.155
k-medoids 0.594 0.374 0.418 0.079
DynSC 0.157 0.150 0.237 0.064
BinSBM 0.781 0.547 0.651 0.118
WgtSBM 0.830 0.584 0.679 0.112

comparison for scenarios with n = 50 and T = 6. Additionally, Table 5 in Appendix
D shows further results for all 64 scenarios.
The following findings emerge from the simulation results:

e The k-means, WgtSBM, and BinSBM methods provide the best results across all
simulated scenarios. The two approaches based on the static SB model, in particular,
exhibit similar behavior. To our knowledge, we are the first to use this initialization
approach, which appears most suitable, particularly for DSB models with many
latent blocks;

e Random initialization exhibits poor performance in the context of DSB models, as
also evidenced in Matias and Miele (2017). This finding has been important for the
implementation of the EVEM algorithm, as discussed in Sect. 3.1. Similarly, the
k-medoids method yields suboptimal solutions compared to the k-means approach;
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Table 2 Sample proportion converging to the global maximum over 100 samples for each initialization
strategy of the VEM algorithm, across a selection of scenarios outlined in Appendix A, with n = 50 and
T = 6. The columns labeled “High” and “Low” indicate cases with high and low probabilities of block
persistence (7, ), respectively. Values in bold highlight the best results

Buu > Buv Buu < Buv
Tuu
Initialization High Low High Low
k=2 Random 0.750 0.410 0.730 0.350
k-means 1.000 0.940 1.000 0.910
k-medoids 0.990 0.490 0.800 0.380
DynSC 0.100 0.040 0.080 0.050
BinSBM 0.520 0.860 0.880 0.900
WgtSBM 0.530 0.910 0.880 0.930
k=3 Random 0.300 0.180 0.270 0.140
k-means 0.730 0.440 0.840 0.540
k-medoids 0.380 0.080 0.360 0.110
DynSC 0.000 0.050 0.020 0.090
BinSBM 0.750 0.520 0.860 0.370
WgtSBM 0.690 0.540 0.820 0.410
k=S5 Random 0.040 0.080 0.060 0.100
k-means 0.200 0.360 0.280 0.280
k-medoids 0.080 0.080 0.140 0.220
DynSC 0.000 0.000 0.100 0.200
BinSBM 0.440 0.300 0.400 0.180
WgtSBM 0.640 0.280 0.600 0.200

e DynSC initialization performs poorly in this context, even though it demonstrates
optimal performance for the static SB model, as illustrated in Gao et al. (2017).

4.2 Evaluation of VEM and EVEM algorithms

In the following, we compare the performance of the proposed EVEM algorithm with
the standard VEM algorithm. For each simulated scenario summarized in Appendix
A, we randomly draw 100 samples of size n, estimating the DSB model using both
approaches. In particular, for the VEM algorithm, we employ different initialization
strategies: k-means, BinSBM, and WgtSBM, as suggested by the results in Sect. 4.1,
along with 20 runs of random initialization. The EVEM algorithm is initialized accord-
ing to the approach described in Sect. 3.1.
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Table 3 Average ARI values between simulated and estimated clusters over 100 samples using the EVEM
algorithm across 64 simulated scenarios. The columns labeled “High” and “Low” indicate cases with high
and low probabilities of block persistence (7, ), respectively. Values in parentheses indicate the increase
or decrease obtained with the EVEM compared to the VEM algorithm

Buu > Buv Buu < Buv
Tuu
High Low High Low
k=2 n =20 T=6 0.978 0.820 0.906 0.635
(+0.009) (40.040) (4+0.002) (+0.142)
T =10 0.966 0.721 0.904 0.544
(—0.010) (4+0.153) (+0.002) (+0.159)
n =50 T=6 1.000 0.999 0.993 0.957
(0.000) (0.000) (0.000) (+0.016)
T =10 1.000 0.959 0.995 0.850
(0.000) (4+0.052) (0.000) (+0.033)
n =100 T=6 1.000 1.000 1.000 1.000
(0.000) (0.000) (0.000) (0.000)
T =10 1.000 0.945 1.000 0.945
(0.000) (40.013) (0.000) (+0.035)
k=3 n =20 T=6 0.739 0.371 0.650 0.201
(+0.040) (4+0.099) (4+0.087) (+0.052)
T =10 0.853 0.371 0.706 0.149
(+0.076) (+0.109) (+0.109) (+0.045)
n =50 T=6 0.989 0.953 0.972 0.883
(+0.006) (4+0.076) (4+0.011) (+0.116)
T =10 0.993 0.891 0.974 0.776
(+0.019) (4+0.133) (+0.006) (+0.171)
n =100 T=6 0.995 0.992 0.996 0.970
(—0.002) (+0.045) (++0.004) (+0.043)
T =10 1.000 0.972 0.980 0.955
(+0.024) (4+0.106) (4+0.002) (+0.114)
k=S5 n =50 T=6 0.886 0.710 0.743 0.224
(+0.077) (+0.136) (+0.062) (+0.071)
T =10 0.872 0.753 0.796 0.153
(+0.081) (+0.240) (+0.091) (+0.097)
n =100 T=6 0.950 0.918 0.975 0.928
(+0.041) (4+0.106) (4+0.004) (+0.103)
T =10 0.967 0.891 0.979 0.888
(+0.082) (+0.180) (+0.007) (+0.083)
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Fig. 1 Average ARI gain achieved by the EVEM algorithm compared to the VEM algorithm for each model
specification in the simulation scenarios, varying the number of latent blocks (k), of nodes (n), and of time
occasions (7'), the connectivity parameters in matrix B, and the transition probabilities in matrix IT

Table 3 shows the comparison of ARI values between simulated and estimated
clustering. Each value represents the average across simulated samples within each
scenario. The EVEM algorithm consistently demonstrates superior classification per-
formance across nearly all scenarios, achieving the highest ARI in the majority of
cases. Only in two scenarios does the standard VEM algorithm slightly outperform
EVEM; however, in these cases, the ARI is close to 1 for both algorithms. Both the
VEM and EVEM algorithms show notably low ARI values in cases with few nodes
and many latent blocks, such as scenarios with n = 20 and k = 3 or n = 50 and
k = 5. We further explore the conditions under which the EVEM algorithm provides
the most significant improvements. Figure 1 illustrates the average ARI gain achieved
by the EVEM algorithm compared to the VEM algorithm for each model specification
in the simulated scenarios.

The results indicate that the benefits of using the EVEM algorithm increase sub-
stantially with the number of latent blocks; for k = 2, the average ARI improvement is
approximately 0.027, rising to nearly 0.100 for k = 5. A similar trend is observed with
varying levels of transition matrix persistence: under high persistence, the ARI gain is
limited to around 0.026, while with low persistence, it reaches an average improvement
of 0.087. In contrast, there is no significant difference in performance based on connec-
tivity behavior, with the ARI gain remaining around 0.060 in both high intra-group and
high inter-group connectivity cases. Lastly, the superior classification performance of
the EVEM algorithm becomes most evident as the number of time points increases
and the number of nodes decreases. Table 6 in Appendix D also shows the sample
proportion in which the log-likelihood value at convergence, achieved through the
EVEM algorithm, is higher than the corresponding value obtained using the VEM
algorithm. This proportion is large across all scenarios, particularly under the most
complex DSB models.
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5 Application

Datarefer to face-to-face contacts detected by wearable sensors among n = 75 patients
and healthcare workers in a hospital ward in Lyon, France (Vanhems et al., 2013). Data
were collected over five working days (T = 5), from December 6 to December 10,
2010,! to analyze the spread of an infectious disease within the ward. The sample
consist of patients, medical doctors, nurses, and administrative staff, consisting of 29,
11,27, and 8, respectively. The binary T-dimensional adjacency array Y is constructed
by setting each element Y. i(jt) equal to 1 if at least one face-to-face contact is recorded

between individuals i and j at time ¢.

A DSB model with 5 latent blocks is estimated using both the VEM and the EVEM
algorithms. In particular, as discussed in Sect. 4, we apply different initialization strate-
gies for the VEM algorithm (namely, k-means, BinSBM, and WgtSBM), along with
20 runs of random initialization. The EVEM algorithm is initialized as illustrated in
Sect. 3.1. The superior performance of the evolutionary algorithm demonstrated in the
simulation study is also confirmed in this example. In fact, the value of J (é, T) at
convergence increases from —2,915 to —2,902 passing from the VEM to the EVEM
algorithm. Interestingly, for the VEM algorithm, the best results are obtained with
random initialization, while the k—means, BinSBM, and WgtSBM approaches per-
form quite poorly on these data. This highlights the utility of relaying on the EVEM
algorithm with sample data.

The estimated parameters of the DSB model suggest interpreting the latent blocks
primarily based on the contacts that occurred among patients and healthcare workers.
Table 4 summarizes the results, showing the average number of connections among
the allocated nodes for each time occasion t = 1, ..., 5 and each latent block u =
1, ..., 5.Furthermore, Fig. 2 (panels a and b) reports the number of interactions during
the hours of the day for each latent state and the proportion of administrative staff,
medical doctors, nurses, and patients in each latent block, respectively. The 1st latent
block is characterized by the highest average number of contacts. It is predominantly
composed of nurses (around 63%), with the remaining individuals being medical and
administrative personnel. This block likely represents core staff engaged in intensive
interactions, primarily during daytime shifts. The internal connection probability is
very high (0.95), and there are also strong interactions with the 2nd (0.72) and 3rd (0.43)
blocks. The 2nd latent block consists mainly of nurses and doctors, who together make
up approximately 83% of the group. This block exhibits fewer interactions compared
to the first, particularly in terms of internal connections, with a probability of 0.38.
However, similarly to the 1st block, interactions occur mainly during daytime hours.
The 3rd latent block is primarily composed of patients (around 79%), with internal
connections being almost nonexistent. The few interactions that do occur happen
mainly in the morning and are mostly with the 1st block. The 4th latent state consists
solely of nurses working night-shifts. Their interactions are primarily internal, with
some connections to patients in the 3rd block. The 5th block includes individuals from
all typologies, with a majority of nurses and patients. It is characterized by almost no

! Data are available at the website: http://www.sociopatterns.org/datasets/hospital-ward-dynamic-contact-
network/ (Accessed in October 2024).
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Fig. 2 Summary of the estimated results for the hospital ward contact data under the DSB model with k = 5

interactions, likely reflecting patients in isolation or medical and administrative staff
who were not working on the observed day. The estimated averaged transition matrix,
depicted in Fig. 2 (panel c), illustrates evolving interaction patterns among patients
and healthcare workers. The 1st, 3rd and 4th blocks show high persistence over time,
with moderate transitions towards the 5th block.
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Table 4 Average number of incident edges for the nodes in each latent block at each time occasion under
the estimated DSB with k = 5 for the hospital ward contact data

u t=1 t=2 t=3 t=4 t=>5
1 21.000 31.430 30.500 29.150 26.77
2 11.200 20.000 19.170 18.750 15.86
3 11.500 10.000 13.000 15.500 11.00
4 4.680 11.400 10.520 9.410 6.86
5 0.030 0.000 0.000 0.080 0.03

5.1 Comparison with other approaches

In the following, we briefly reference and discuss some other relevant studies that
have utilized the same data. Addressing a different research question, Wijayanto and
Murata (2019) focus on the challenge of controlling epidemic spread in dynamic
networks and developing effective protection strategies. They propose a multiple-
turn approach that dynamically allocates protection based on the evolving network
structure, using reinforcement learning and graph embedding techniques to identify
and safeguard critical nodes over time. Results from these study demonstrate that
this approach effectively mitigates epidemic spread: by removing incident edges from
15% of nodes, it preserves around 70% of the network from infection, assuming two
popular epidemic models, susceptible-infectious-susceptible (SIS) and susceptible-
infectious-recovered (SIR).

The work of Siiveges and Olhede (2023) focuses on edge clustering, modeling
temporal dependencies in dynamic networks by applying a generalized linear model
to capture time-varying interactions and correlations between edges. The application
of the model to hospital interaction data identifies six distinct edge clusters, based on
contact probabilities, the time of day they occur, and the roles of the involved individ-
uals. The two clusters with the highest contact probabilities are predominantly linked
to interactions among doctors and nurses, with distinct daily patterns. Nurse-patient
interactions are more varied, with certain clusters showing peaks in the morning and
afternoon, reflecting the hospital shift structure. Patients exhibit much lower contact
probabilities, particularly in interactions with other patients. Although a direct com-
parison with the latent blocks obtained with the approach proposed in this article is not
straightforward, these results align with those obtained with our method, particularly
in confirming the strong connections among doctors and nurses and the significantly
lower contact probabilities for patients.

In the analysis performed using the model proposed by Olivella et al. (2022), clus-
tering is applied to the nodes instead of the edges, resulting in the identifications of
three clusters. The first cluster, characterized by the highest contact probabilities, is
primarily composed of administrative staff, medical staff, and nurses. The second
cluster exhibits moderate contact probabilities, while the third cluster, which is pre-
dominantly made up of patients, shows the lowest contact probabilities. However,
unlike our model, this approach does not facilitate the differentiation of night-shift
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nurses or the separation of patients with moderate interactions (the 3rd latent block in
our results) from those with minimal interactions (the 5th latent block in our results).

6 Concluding remarks

In the field of dynamic stochastic block (DSB) model, aimed at describing interactions
within a target population using temporal network data, we address the critical issue
of convergence to local maxima when approximate maximum likelihood is employed
through the variational expectation-maximization (VEM) algorithm. We propose six
different initialization approaches and compare their effectiveness through a simula-
tion study conducted under various designs, focusing on achieving a global maximum
and recovering the simulated clustering structure. Following the proposal in Brusa et al.
2024, we introduce an evolutionary variational expectation-maximization (EVEM)
algorithm. This approach utilizes an iterative procedure that refines solutions by eval-
uating and selecting candidates, while introducing random variations to generate novel
potential solutions. To assess the performance of the proposed EVEM algorithm, we
conduct an extensive Monte Carlo simulation study. Additionally, we analyze observed
face-to-face contacts in a hospital ward, investigating interactions among groups of
individuals over a five-day period to explore the dynamics of infectious disease spread
within the ward. Results indicate that three initialization methods, one based on the
k-means approach and the other two on the static (binary or weighted) stochastic
block model, are the most effective. Furthermore, the EVEM algorithm consistently
outperforms the standard VEM in nearly all cases.

It is important to note that several extensions could be explored along this research
line. While this study focuses on undirected dynamic networks without self-loops,
the proposed approach can be generalized to other data structures. Additionally, the
proposed EVEM algorithm may be readily extended to estimate the DSB model for
weighted dynamic networks.

Another relevant research direction involves the selection of the number of latent
blocks, an aspect often overlooked in the context of DSB models. To address this, a
potential refinement would be to update the evolutionary selection step by employing
an information criterion as the fitness function, instead of the log-likelihood func-
tion. Finally, given the increasing prevalence of large-scale temporal networks, it is
important to address the inherent scalability limitations of the stochastic block model;
these limitations exist independently of the estimation algorithm used. As a first step
toward addressing these challenges, we have implemented a parallelized version of the
EVEM algorithm, which significantly enhances computational efficiency and supports
larger-scale applications. See Appendix C for additional details. Future research will
focus on developing even more efficient approaches to further optimize performance
and scalability for complex networks.
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Appendix

Appendix A illustrates the design adopted for the simulation study presented in Sect. 4,
Appendix B offers a comparison of the computational time required to estimate the
dynamic stochastic block (DSB) model using the VEM algorithm across different
initialization strategies. Appendix C discusses the computational time of the pro-
posed EVEM algorithm and introduces the parallelized implementation. Appendix D
presents additional simulation results.

A Description of the simulation design

The design of the simulation study is built on samples of sizes n = 20, 50, 100 with
k = 2,3,5 latent blocks, and T = 6, 10 time occasions. For the model parame-
ters, the initial probability vector & is randomly selected from a uniform distribution
(ay ~ U (0, 1)) and appropriately normalized. Additionally, transition probability and
connectivity matrices IT and B are fixed according to the design proposed by Bartolucci
and Pandolfi 2020, featuring high and low values as follows:

e High persistent blocks (High 7,,,):

0.900 0.090 0.010
InI= [8(9);8 gg?g], IT = | 0.080 0.840 0.080 |,
’ ' 0.010 0.090 0.900

0.880 0.080 0.040 0.000 0.000
0.060 0.840 0.060 0.040 0.000
IT = | 0.040 0.060 0.800 0.060 0.040 |;
0.000 0.040 0.060 0.840 0.060
0.000 0.000 0.040 0.080 0.880

e Low persistent blocks (Low m,,,):

0.720 0.220 0.060
n=[070020] n_ o 900600190
o 0.060 0.220 0.720

0.700 0.200 0.080 0.020 0.000
0.150 0.650 0.150 0.040 0.010
IT = | 0.050 0.150 0.600 0.150 0.050 |;
0.010 0.040 0.150 0.650 0.150
0.000 0.020 0.080 0.200 0.700
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e High intra-group connectivity (8, > Buv):

0.332 0.030 0.030
B = [8'(3);2) 8'2?1)], B = 0.030 0.431 0.030 |,
T 0.030 0.030 0.229

0.332 0.040 0.030 0.030 0.030
0.040 0.431 0.040 0.030 0.030
B = | 0.030 0.040 0.229 0.040 0.030 |;
0.030 0.030 0.040 0.431 0.040
0.030 0.030 0.030 0.040 0.332

e High inter-group connectivity (B, < Buv):

0.033 0.300 0.300
B = [8‘238 8'(3)22], B = | 0.300 0.043 0.300 |,
T 0.300 0.300 0.023

0.033 0.300 0.200 0.100 0.100
0.300 0.043 0.300 0.200 0.100
B = | 0.200 0.300 0.023 0.300 0.200 |.
0.100 0.200 0.300 0.043 0.200
0.100 0.100 0.200 0.300 0.033

B Comparison of the initialization strategies in terms
of computational time

In this section, we evaluate the computational time required by the standard VEM
algorithm to converge, comparing different initialization strategies. All the simulations
are performed on a Standard_DS8 d_v5 Linux virtual machine with 8 cores and 32 GB
of RAM. Fig. 3 presents the computational time, measured in seconds, for the six
initialization strategies, based on 50 samples for each of the 64 simulated scenarios.
The DynSC initialization yields the fastest execution of the VEM algorithm, although
its performance outcomes are generally unsatisfactory, as outlined in Sect. 4.1. The
three initializations that demonstrate the best performance in terms of Adjusted Rand
Index (ARI) and convergence to the global maximum - namely, k-means, BinSBM,
and WgtSBM - exhibit similar and relatively low computational times, with a slight
advantage for the two methods based on the static SB model. In contrast, random
initialization and k-medoids show significantly higher computational times.

In addition to the execution times of the VEM algorithm with different initialization
strategies, it is also important to evaluate the computational times associated with the
initialization approaches themselves. In this regard, k-means is undoubtedly faster than
the two initialization methods based on the estimation of a static SB model, primar-
ily due to its simpler optimization process and the absence of probabilistic inference.
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Fig. 3 Computational time for the standard VEM algorithm across six different initialization strategies,
estimating 50 samples for each of the 64 simulated scenarios

Another important aspect to consider is scalability. The k-means algorithm is generally
scalable; however, it can experience high computational complexity when applied to
high-dimensional data. Improvements, like mini-batch k-means (Sculley, 2010), have
been proposed to address these limitations. In contrast, the k-medoids algorithm has
higher computational complexity and is less scalable. Spectral clustering also encoun-
ters scalability issues due to the spectral decomposition of the Laplacian matrix, though
approximate methods like the Nystrom approximation and sparse similarity method
can enhance efficiency. Similarly, the initialization strategies based on estimating a
static SB model lack scalability when applied to large network data. In conclusion,
from a computational time perspective, k-means, BinSBM, and WgtSBM perform
similarly for small networks. For large networks, k-means is the preferred choice,
particularly when appropriately modified to address high dimensionality.

C Parallel implementation of the EVEM algorithm

The EVEM algorithm is considerably (and inherently) slower than the VEM algorithm
due to its iterative procedure and the inclusion of evolutionary operators. A more
realistic and informative comparison is between the computational time of the EVEM
algorithm and the total computational time of multiple runs of the VEM. This approach
is justified by two reasons: (i) it aligns with the procedure in Sect. 4.2, where the
EVEM algorithm is compared in terms of ARI with the best outcome from multiple
VEM executions; (ii) it accounts for the inherent difficulty in identifying a single
initialization that consistently performs best across all samples and scenarios, requiring
the use of multiple initializations when employing the VEM algorithm.

To address the computational demands of the EVEM algorithm, we develop a paral-
lelized implementation. The parallelization specifically focuses on the two “Update”
steps (Steps 1 and 3 in the procedure described in Sect. 3.1). In more details, the

@ Springer



L. Brusa, F. Pennoni

10.04 . . 200 .
°
20 .
.
7.5 150
z 5 . z \
= » = z
& €10 £ 100+
g o D E g
= & ‘ & ‘
2.5
$ 5 50
°
00| =/ ) '
VEM EVEM ParEVEM VEM EVEM ParEVEM VEM EVEM ParEVEM
Algorithm Algorithm Algorithm
(a) n=50,T=10,k=2 (b)n=50,T=10,k=3, (c)n=>50,T=10, k=5,
Tuu lowy ﬁuu > ﬁuv Tuu lowy Buu > /iuv Tuu lO’U), /3u71 > ﬁuv

Fig. 4 Computational time for the standard VEM, the un-parallelized EVEM, and the parallelized EVEM
algorithms for three simulated scenarios reported in Appendix A

candidate solutions within populations Py (Step 1) and P> (Step 3) are distributed
across multiple threads; each thread handles the update process for a single candi-
date solution independently. This parallelization provides two key advantages on the
estimation process. First, given a population of candidate solutions, it significantly
reduces the execution time for the update steps. Second, it allows us to include an
increased number of candidate solutions in populations Py and P,, facilitating a more
comprehensive exploration of the parameter space. This broader search accelerates
the convergence of the algorithm toward the global maximum.

Results from a simulation study conducted on a Standard_D8 d_v5 Linux virtual
machine (8 cores, 32 GB RAM) demonstrate that the parallelized implementation
is at least three times faster compared to the non-parallelized version, with greater
improvements in computationally demanding scenarios, such as those involving larger
numbers of nodes or latent blocks. Figure 4 shows the results of some comparisons
of times between the standard VEM, the non-parallelized EVEM, and the parallelized
EVEM algorithms. The simulations have been carried out considering three simulated
scenarios characterized by the following settings: n = 50, T = 10, k € {2, 3, 5}, low
persistent blocks (low ), and high intra-group connectivity (8,, > Buv). In partic-
ular, for the standard VEM algorithm, we consider the total computational time over
10 runs, considering the following initializations: k-means, BinSBM, WgtSBM, and
7 runs of random initializations. These results underline the efficiency and scalability
of the proposed parallelized EVEM algorithm.

D Additional simulation results
In this section, we provide additional simulation results. Table 5 shows a comparison

of the six proposed initialization strategies for the VEM algorithm in terms of ARI. For
each scenario, we report only the strategy that yields the best result, indicated by the
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Table 5 Average ARI between simulated and estimated clusters over 100 samples for the initialization
strategy of the VEM algorithm that provides the best result (highest value of the log-likelihood function at
convergence) across the 64 scenarios outlined in Appendix A: (a) k-means, (b) WgtSBM and (c) BinSBM.
The columns labeled “High” and “Low” indicate cases with high and low persistence blocks in the transition

matrix, respectively

Buu > Buv Buu < Buv
Tuu
High Low High Low
k=2 n=20 T=6 (a) 0.956 (a) 0.726 (a) 0.889 (a) 0.474
T=10 (a) 0.960 (a) 0.471 (a) 0.845 (a) 0.344
n =50 T=6 (a) 1.000 (b) 0.993 (a) 0.993 (b) 0.929
T =10 (a) 1.000 (a) 0.843 (a) 0.995 (a) 0.750
n =100 T=6 (a) 1.000 (a) 1.000 (a) 1.000 (a) 0.994
T=10 (a) 1.000 (a) 0.921 (a) 1.000 (a) 0.886
k=3 n =20 T=6 (b) 0.664 (a) 0.226 (b) 0.566 (b) 0.148
T=10 (b) 0.677 (a) 0.213 (b) 0.578 (a) 0.088
n =50 T=6 (c) 0.969 () 0.784 (b) 0.956 (b) 0.652
T =10 () 0.959 (b) 0.661 (b) 0.900 (a) 0.508
n =100 T=6 (b) 0.969 (c) 0.958 (a) 0.969 (b) 0.875
T=10 (b) 0.930 (b) 0.864 (a) 0.958 (a) 0.739
k=5 n =50 T=6 () 0.830 (b) 0.584 (b) 0.679 (a) 0.155
T =10 (b) 0.809 (b) 0.529 (b) 0.628 (c) 0.045
n =100 T=6 (b) 0.912 (b) 0.835 (b) 0.965 (c)0.738
T=10 (b) 0.875 (¢) 0.757 (b) 0.942 (a) 0.608

highest log-likelihood value at convergence. Table 6 presents the sample proportion in
which the log-likelihood value achieved through the EVEM algorithm surpasses the
corresponding value obtained using the VEM algorithm.
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Table 6 Sample proportion in which log-likelihood function at convergence is higher with the EVEM algo-
rithm than with the VEM algorithm over 100 samples across the 64 scenarios outlined in Appendix A. The
columns labeled “High” and “Low” indicate cases with high and low persistence blocks in the transition
matrix, respectively

Buu > Buv Buu < Buv
TTyuu
High Low High Low
k=2 n =20 T=6 0.170 0.370 0.530 0.900
T =10 0.180 0.610 0.630 0.940
n=>50 T=6 0.030 0.060 0.050 0.160
T =10 0.180 0.310 0.170 0.360
n =100 T=6 0.180 0.290 0.330 0.380
T =10 0.740 0.840 0.580 0.610
k=3 n =20 T=6 0.960 0.990 0.960 0.880
T =10 0.950 0.960 0.970 0.890
n =250 T = 0.680 0.840 0.800 0.950
T =10 0.740 0.900 0.860 0.960
n =100 T=6 0.560 0.670 0.460 0.530
T =10 0.690 0.870 0.520 0.810
k=5 n =50 T=6 1.000 1.000 0.980 0.920
T =10 0.960 1.000 0.920 0.960
n =100 T=6 0.960 0.980 0.900 0.960
T =10 0.960 0.960 0.900 0.900
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