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ABSTRACT 

We show that non-diagonalizable reductions of the dKP equation associated with regular non-semisimple 𝐹- 
manifolds cannot exist. The proof is based on the derivation and study of a generalized Gibbons–Tsarev system (gGT 

system) in the non-semisimple/non-diagonalizable setting. Remarkably, a class of solutions of the gGT system is 
defined by eventual identities of the underlying regular 𝐹-manifold structure. Furthermore, we use these vector 
fields to construct integrable reductions of Pavlov’s hydrodynamic chain. In this case, the corresponding solutions 
are defined for any choice of Jordan block structure of the operator of multiplication by an eventual identity. 
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 Introduction 

hile the theory of diagonaliaable hydrodynamic type systems, traditionally studied via Riemann invariants, 

𝑢𝑖 𝑡 = 𝑣𝑖 ( 𝑢 ) 𝑢𝑖 𝑥 , 𝑖 ∈ {1 , . . . , 𝑛} , 

s well established, recent attention has shifted toward non-diagonalizable systems. The theory of F-manifolds provides the
eometric tools to extend the theory to the non-diagonalizable case (see, for instance, [ 1–6 ] and references therein). In this
etting, a set of coordinates introduced by David and Hertling [ 7 ] plays the role of Riemann invariants. These coordinates
educe the system to a special block-diagonal form which, remarkably, coincides with the normal form of regular operator
ields with vanishing Haantjes tensor (see [ 8 ]). Non-diagonalizable systems of hydrodynamic type naturally originate: 
∙ in Nijenhuis geometry (see, for instance, the general construction in [ 9 ] and, more recently, [ 10 ]), 
∙ in the theory of F-manifolds and Dubrovin–Frobenius manifolds (see references above), 
∙ in the study of confluence of hypergeometric functions [ 11 ], 
∙ in the study of parabolic regularization of the gradient catastrophes for the Burgers–Hopf equation [ 12 ], 
∙ as hydrodynamic reductions of integrable models (see, for instance, [ 13–15 ] and references therein). 
his is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any 
edium, provided the original work is properly cited. 
2026 The Author(s). Studies in Applied Mathematics published by Wiley Periodicals LLC. 
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reativ
his paper aims to contribute to the last line of research applying the methods coming from the theory of F-manifolds. In
his setting systems of hydrodynamic type have the form 

𝑢𝑖 𝑡 = 𝑐𝑖 
𝑗𝑘 
𝜇𝑘 𝑢

𝑗 
𝑥 , 𝑖 ∈ {1 , . . . , 𝑛} , (1.1)

here 𝑐𝑖 
𝑗𝑘 

are the structure functions of a commutative associative product ◦, with unit 𝑒, satisfying Hertling–Manin
ondition [ 16 ] and 𝜇𝑗 are the components of a vector field. There is a unique torsionless connection ∇ defined by the
onditions 

𝑑∇ 

( 𝜇◦) = 0 , ∇ 𝑒 = 0 . 

ia this connection, integrability of a system of the form ( 1.1 ) can be written as a tensorial condition involving the Riemann
ensor 𝑅 of ∇ and the product ◦: 

𝑍 ◦𝑅( 𝑊, 𝑌)( 𝑋) + 𝑊 ◦𝑅( 𝑌, 𝑍)( 𝑋) + 𝑌 ◦𝑅( 𝑍, 𝑊)( 𝑋) = 0 , (1.2)

or all local vector fields 𝑋 , 𝑌 , 𝑍 , 𝑊 . It was observed in [ 2 ] that ( 1.2 ) reduces to Tsarev’s integrability condition in the
emisimple case. It was also shown in [ 4 ] that it is a necessary condition for integrability in the non-semisimple regular
ase. Moreover, it is sufficient for a special class of regular systems of the form ( 1.1 ) (called Darboux–Tsarev systems ) in the
eneral smooth setting [ 5 ] and for general systems of the form ( 1.1 ) in the analytic setting [ 1 ]. Note that the latter result
oes not require regularity, but only the cyclicity of the vector field 𝜇 defining the system. We refer to the above-mentioned
eferences for details. 
t first sight, the study of reductions of the form ( 1.1 ) might seem very special. In contrast, according to the results of [ 17 ]
his is a natural choice, since, under mild assumptions, integrability implies the vanishing of the Haantjes tensor. 
e will study hydrodynamic reductions of the dispersionless KP hierarchy and of Pavlov’s hydrodynamic chain. The
ispersionless KP equation is the dispersionless limit of the Kadomtsev–Petviashvili equation [ 18 ], and it also appears in
onlinear acoustics as the Khokhlov–Zabolotska ya equation [ 19, 20 ]. Pavlov’s hydrodynamic chain was introduced in [ 21 ]
s a new example of an integrable infinite hydrodynamic chain. In the same paper, the author studied and completely
lassified its diagonal reductions. These include the so-called 𝜖-system which reduces for specific choices of 𝜖 to important
xamples of systems of hydrodynamic type (we refer to [ 21 ] for details). 
n their seminal paper [ 22 ], Gibbons and Tsarev discovered large families of reductions of the dispersionless KP hierarchy,
r equivalently of the Benney momentum chain [ 23 ]—governed by integrable diagonal systems of hydrodynamic type
semihamiltonian systems [ 24 ]). These diagonal reductions play a central role in the modern theory of integrable
ispersionless equations. In particular, the Gibbons–Tsarev mechanism became one of the fundamental tools in the
rogramme, developed for instance in [ 25 ], of characterizing (2 + 1) -dimensional dispersionless integrable PDEs and
ntegrable hydrodynamic chains by means of their hydrodynamic reductions. 
n the Gibbons–Tsarev setting, an 𝑛-component diagonal reduction is described by functions 

𝜇1 ( 𝑟1 , . . . , 𝑟𝑛 ) , . . . , 𝜇𝑛 ( 𝑟1 , . . . , 𝑟𝑛 ) , 𝑉( 𝑟1 , . . . , 𝑟𝑛 ) , 

atisfying the system 

𝜕𝑖 𝜇
𝑗 =

𝜕𝑖 𝑉 

𝜇𝑖 − 𝜇𝑗 
, (1.3a)

𝜕𝑖 𝜕𝑗 𝑉 =
2 𝜕𝑖 𝑉𝜕𝑗 𝑉 

( 𝜇𝑖 − 𝜇𝑗 )2 
, (1.3b)

or 𝑖 ≠ 𝑗. This is the classical Gibbons–Tsarev system . Its solutions determine the characteristic velocities of the reduction
ogether with a density of conservation law 𝑉. The same function 𝑉 is also the Egorov potential of the diagonal metric
efining a Hamiltonian structure of the reduction; the existence of such Hamiltonian structures for generic reductions
as established in [ 26 ]. Since the system ( 1.3 ) is Darboux compatible, its solutions depend on 𝑛 arbitrary functions of
ne variable. 
 second remarkable discovery of Gibbons and Tsarev is that diagonal reductions admit an equivalent description in terms
f Landau–Ginzburg superpotentials. This description arises from a system of 𝑛 chordal Loewner equations governing
of 31 Studies in Applied Mathematics, 2026
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amilies of univalent conformal maps from the upper half-plane to slit domains in the upper half-plane [ 27 ]. The
ompatibility conditions for these equations are precisely the Gibbons–Tsarev system. This picture links the hydrodynamic
eduction method with complex-analytic and Frobenius-type structures. 
he purpose of this paper is to investigate the non-diagonalizable case. In several special examples it is easy to see that
enuinely non-diagonalizable reductions of dKP do not occur, but, to the best of our knowledge, a general argument in
he regular non-semisimple setting has not been written down explicitly. Our strategy is to translate the problem into the
eometry of 𝐹-manifolds. 
ndeed, reductions of dKP are naturally related to special semisimple 𝐹-manifolds with compatible connection [ 2, 4 ].
rom this point of view, the semisimple case is precisely the diagonal one. It is therefore natural to ask whether regular
on-semisimple 𝐹-manifolds may produce non-diagonalizable reductions. Starting from this geometric ansatz, one is led
o a system generalizing ( 1.3 ), namely the generalized Gibbons–Tsarev system : (

𝜇𝑐
𝑖 
ℎ𝑗 

− 𝑐𝑖 
𝑗𝑠 
𝑐𝑠 
ℎ𝑡 
[ 𝑒, 𝜇]𝑡 

)
𝜇ℎ = 𝑒 ( 𝑉) 𝛿𝑖 

𝑗 
− 𝑒𝑖 𝜕𝑗 𝑉, (1.4a)(

𝑐𝑠 
𝑖ℎ 
𝜕𝑠 𝜕𝑗 𝑉 − 𝑐𝑠 

𝑗ℎ 
𝜕𝑠 𝜕𝑖 𝑉

)
𝜇ℎ = ( 𝑐ℎ 

𝑠𝑗 
𝜕𝑖 𝜇

𝑠 − 𝑐ℎ 
𝑠𝑖 
𝜕𝑗 𝜇

𝑠 ) 𝜕ℎ 𝑉, (1.4b)

here 𝑐𝑖 
𝑗𝑘 
are the structure functions of the product, and 𝑒𝑖 are the components of the unit field of the 𝐹-manifold. In the

emisimple case ( 1.4 ) reduces to the standard Gibbons–Tsarev system. 
t turns out that, in the regular non-semisimple case, ( 1.4 ) is too rigid to admit nontrivial solutions of the type relevant for
KP. More precisely, let the local regular structure be described by Jordan blocks of sizes 𝑚1 , . . . , 𝑚𝑟 . We prove that any
olution necessarily satisfies 

𝜕𝑝( 𝛼) 𝑉 = 0 , for every 𝑝 ≥ 2 , 

here the double index 𝑝( 𝛼) = 𝑚1 + . . . + 𝑚𝛼− 1 + 𝑝 labels the 𝑝th variable associated to the 𝛼th block, and 

𝜕1( 𝛼) 𝑉 = 0 , if 𝑚𝛼 ≥ 2 . 

ence 𝑉 depends only on the coordinates belonging to the blocks of size 1 and the surviving equations are exactly
he classical Gibbons–Tsarev system on the first variables. In this precise sense there are no genuinely regular
on-diagonalizable reductions of dKP. 
emarkably, the generalized Gibbons–Tsarev system admits a class of solutions related to the geometry of the underlying
-manifold. Indeed, when 𝑉 is constant, we obtain solutions ( 𝜇1 , . . . , 𝜇𝑛 ) satisfying the condition 

𝜇𝑐
𝑖 
ℎ𝑗 

− 𝑐𝑖 
𝑗𝑠 
𝑐𝑠 
ℎ𝑡 
[ 𝑒, 𝜇]𝑡 = 0 . (1.5)

n the theory of 𝐹-manifolds, vector fields satisfying ( 1.5 ) are called eventual identities ; they play an important role in the
uality theory of 𝐹-manifolds. Thus, although the non-semisimple regular setting does not produce new dKP reductions,
t still singles out a geometrically meaningful class of solutions of the generalized Gibbons–Tsarev equations. 
n the final part of the paper we study a variant of the system ( 1.4 ) where Equations ( 1.4a ) are replaced by ( 1.5 ). We show
hat any solution ( 𝜇1 , . . . , 𝜇𝑛 , 𝑉) of the new system defines a reduction of the form 

𝐶𝛼 = 𝐶𝛼( 𝑟1 , . . . , 𝑟𝑛 ) , 𝑟𝑖 𝑡 = 𝑐𝑖 
𝑗𝑘 
( 𝜇𝑗 − 𝑉𝑒𝑗 ) 𝑟𝑘 𝑥 

f Pavlov’s hydrodynamic chain 

𝐶𝛼− 1 
𝑡 = 𝐶𝛼𝑥 − 𝐶0 𝐶𝛼− 1 

𝑥 , 𝛼 ∈ ℤ , 

or any choice of product structure. Integrable systems of hydrodynamic type of this form were introduced and studied in
 9 ] from the viewpoint of Nijenhuis geometry and in [ 4 ] from the viewpoint of the theory of 𝐹-manifolds. The proof relies
n the fact that the operator of multiplication by an eventual identity has vanishing Nijenhuis torsion [ 28 ]. Using this fact,
e can recursively define all functions 

𝐶𝑘 ( 𝑟1 , . . . , 𝑟𝑛 ) , 𝑘 = ± 1 , ± 2 , . . . , 

tarting from 𝐶0 = 𝑉( 𝑟1 , . . . , 𝑟𝑛 ) . 
tudies in Applied Mathematics, 2026 3 of 31
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he paper is organized as follows. In Section 2.1 , we recall basic definitions about regular 𝐹-manifolds and their canonical
oordinates. In Section 2.2 we recall the definition of an eventual identity  and prove two alternative characterizations
n the regular case: one in terms of a connection ∇ uniquely defined by the eventual identity (Proposition 2.9 ) and
ne in terms of the vanishing of Nijenhuis torsion of ◦ (Proposition 2.14 ). In Section 3 we derive a system of PDEs
Proposition 3.1 ), generalizing the usual Gibbons–Tsarev system, whose solutions describe regular reductions of dKP.
ection 4 is devoted to the analysis of such a system. In particular, we prove that nontrivial non-diagonalizable reductions
f dKP cannot exist, first in the case of a single Jordan block of arbitrary size (Section 4.1, Proposition 4.1 ) and then in the
eneral case (Section 4.2, Proposition 4.2 ). In Section 5.1 , following [ 9 ], we briefly introduce a class of integrable PDEs
ssociated with a tensor field with vanishing Nijenhuis torsion or, in the context of regular 𝐹-manifolds, to eventual
dentities (see [ 4 ]). In Section 5.2 we show that reductions of Pavlov’s hydrodynamic chain coincide with the systems
f PDEs introduced in Section 5.1 . These systems are associated with a tensor field 𝐿 with vanishing Nijenhuis torsion
Theorem 5.3 ). In particular, due to Proposition 2.14 , the special case where 𝐿 = ◦ corresponds to eventual identities.
nlike the case of dKP, in the case of reductions of Pavlov’s hydrodynamic chain eventual identities define non-trivial
eductions for any choice of the Jordan block structure of 𝐿. In Section 5.3 , we give some examples coming from [ 4 ] and
n a brief final section we draw some conclusions. 

 𝑭-Manifolds and Eventual Identities 

.1 Regular 𝑭-Manifolds 

-manifolds were introduced by Hertling and Manin in [ 16 ] and are defined as follows. 

efinition 2.1. An 𝐹-manifold is a manifold 𝑀 equipped with 

(i) a commutative associative bilinear product ◦ on the module of (local) vector fields, satisfying the Hertling–Manin
condition : 

𝑋 ◦𝑌 

◦ = 𝑋 ◦( 𝑌 

◦) + 𝑌 ◦ ( 𝑋 

◦) , 

for all local vector fields 𝑋 , 𝑌 ; 
(ii) a distinguished vector field 𝑒 on 𝑀 such that 

𝑒 ◦𝑋 = 𝑋 

for all local vector fields 𝑋. 

-manifolds are often equipped with additional structures. A particularly useful class of 𝐹-manifolds, for studying systems
f hydrodynamic type, is that of 𝐹-manifolds with compatible connection and flat unit. 

efinition 2.2 [ 2 ]. An 𝐹-manifold with compatible connection and flat unit is a manifold 𝑀 equipped with a
ommutative, associative, and unital product 

◦ ∶ 𝑇 𝑀 × 𝑇 𝑀 → 𝑇 𝑀, 

ith a torsionless connection ∇ such that: 
(i) For 𝑅 denoting the Riemann tensor of ∇ , 

𝑍 ◦𝑅( 𝑊, 𝑌)( 𝑋) + 𝑊 ◦𝑅( 𝑌, 𝑍)( 𝑋) + 𝑌 ◦𝑅( 𝑍, 𝑊)( 𝑋) = 0 , (2.1)

for all local vector fields 𝑋, 𝑌, 𝑍, 𝑊. 
(ii) Let 𝑐𝑘 

𝑖𝑗 
denote the structure coefficients of the product ◦. Then 

∇𝑗 𝑐
𝑖 
ℎ𝑘 

= ∇ℎ 𝑐
𝑖 
𝑗𝑘 
. (2.2)

(iii) The identity of the product 𝑒 is flat: ∇ 𝑒 = 0 . 
of 31 Studies in Applied Mathematics, 2026
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-manifolds with compatible connection naturally encode systems of hydrodynamic type: 

𝑢𝑖 𝑡 = 𝑊𝑖 
𝑗 
( 𝑢 ) 𝑢

𝑗 
𝑥 , 𝑖 ∈ {1 , . . . , 𝑛} . 

n the diagonalizable case, any such system can be written in the form 

𝑢𝑖 𝑡 = ( 𝜇 ◦𝑢𝑥 )
𝑖 = 𝑐𝑖 

𝑗𝑘 
𝜇𝑗 𝑢𝑘 𝑥 , 𝑖 ∈ {1 , . . . , 𝑛} , (2.3)

here 𝜇 is a local vector field and ◦ is the product of a semisimple 𝐹-manifold. Thus, Riemann invariants coincide with
ubrovin’s canonical coordinates in which the structure coefficients are given by 

𝑐𝑖 
𝑗𝑘 

= 𝛿𝑖 
𝑗 
𝛿𝑖 
𝑘 
. 

oreover, there is a unique compatible torsionless connection satisfying 𝑑∇ 

( 𝜇◦) = 0 (and ∇ 𝑒 = 0 ), giving the structure
f an 𝐹-manifold with compatible connection, where condition ( 2.1 ) encodes the integrability of the hydrodynamic-
ype system. 
o pass from the semisimple to the regular non-semisimple setting, one needs the notion of an 𝐹-manifold with Euler
ector field. 

efinition 2.3. An 𝐹-manifold with Euler vector field is an 𝐹 -manifold 𝑀 equipped with a vector field 𝐸 satisfying 

𝐸 ◦ = ◦. 

efinition 2.4 [ 7 ]. An 𝐹-manifold with Euler vector field ( 𝑀, ◦, 𝑒, 𝐸) is called regular if for each 𝑝 ∈ 𝑀 the matrix
epresenting the endomorphism 

𝐿𝑝 ∶ = 𝐸𝑝 ◦ ∶ 𝑇𝑝 𝑀 → 𝑇𝑝 𝑀 

as exactly one Jordan block for each distinct eigenvalue. 

f the Jordan normal form of 𝐿 = 𝐸◦ consists of 𝑟 blocks of sizes 𝑚1 , . . . , 𝑚𝑟 , we label coordinates by 𝑗( 𝛼) , where 

𝛼 ∈ {1 , . . . , 𝑟} , 𝑗 ∈ {1 , . . . , 𝑚𝛼} . 

hus 𝑢𝑗( 𝛼) denotes the 𝑗th coordinate in the 𝛼th Jordan block. In other words, we may identify 𝑢𝑗( 𝛼) with a single index
s 

𝑗( 𝛼) = 𝑚1 + ⋯ + 𝑚𝛼− 1 + 𝑗. 

he regular setting reduces to the semisimple one when 𝑟 = 𝑛, in which case one retrieves systems of hydrodynamic type
dmitting a diagonal representation. 

heorem 2.5 [ 7 ]. Let ( 𝑀, ◦, 𝑒, 𝐸) be a regular 𝐹-manifold of dimension 𝑛 ≥ 2 with an Euler vector field 𝐸. Furthermore,
ssume that locally around a point 𝑝 ∈ 𝑀, the Jordan canonical form of the operator 𝐿 has 𝑟 Jordan blocks of sizes 𝑚1 , . . . , 𝑚𝑟

ith distinct eigenvalues. Then there exists, locally around 𝑝, a distinguished system of coordinates { 𝑢1 , . . . , 𝑢𝑚1 + . . . + 𝑚𝑟 } such
hat 

𝑒𝑖( 𝛼) = 𝛿𝑖 1 , 𝐸𝑖( 𝛼) = 𝑢𝑖( 𝛼) , 𝑐
𝑖( 𝛼) 
𝑗( 𝛽) 𝑘( 𝛾) 

= 𝛿𝛼
𝛽
𝛿𝛼𝛾 𝛿

𝑖 
𝑗+ 𝑘− 1 

, 

or all 𝛼, 𝛽, 𝛾 ∈ {1 , . . . , 𝑟} and 𝑖 ∈ {1 , . . . , 𝑚𝛼} , 𝑗 ∈ {1 , . . . , 𝑚𝛽} , 𝑘 ∈ {1 , . . . , 𝑚𝛾} . 

n the regular non-diagonalizable case, we consider systems of hydrodynamic type of the form ( 2.3 ) where 𝑐𝑖 
𝑗𝑘 
now denote

he structure coefficients of a regular 𝐹-manifold in the David–Hertling coordinates of Theorem 2.5 . In David–Hertling
oordinates the defining matrix 𝑊 = 𝜇◦ takes a block-diagonal form, 𝑊 = diag ( 𝑊(1) , . . . , 𝑊( 𝑟) ) , 𝑟 ≤ 𝑛, whose generic 𝛼th
tudies in Applied Mathematics, 2026 5 of 31
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lock, of size 𝑚𝛼, is of the lower-triangular Toeplitz form 

𝑊( 𝛼) =

⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 
𝜇1( 𝛼) 0 . . . 0 

𝜇2( 𝛼) 𝜇1( 𝛼) . . . 0 
⋮ ⋱ ⋱ ⋮ 

𝜇𝑚𝛼( 𝛼) . . . 𝜇2( 𝛼) 𝜇1( 𝛼) 

⎤ ⎥ ⎥ ⎥ ⎥ ⎦ 
. (2.4)

n [ 4 ] it was shown that there exists a unique torsionless connection ∇ satisfying 

∇ 𝑒 = 0 , 𝑑∇ 

( 𝜇◦) = 0 , (2.5)

rovided that 𝜇1( 𝛼) ≠ 𝜇1( 𝛽) for distinct blocks 𝛼, 𝛽, and 𝜇2( 𝛼) ≠ 0 whenever 𝑚𝛼 ≥ 2 . This connection endows the manifold
ith the structure of an 𝐹-manifold with compatible connection and flat unit. More precisely, we have the following
heorem. 

heorem 2.6 [ 4 ]. Let { 𝜇(0) , . . . , 𝜇( 𝑛− 1) } be a set of linearly independent local vector fields on an 𝑛 - dimensional regular
 -manifold ( 𝑀 , ◦, 𝑒) . Let us assume that the corresponding flows 

𝐮𝑡𝑖 = 𝜇( 𝑖) ◦𝐮𝑥 , 𝑖 ∈ {0 , . . . , 𝑛 − 1} , 

airwise commute, and that there exists a local vector field 𝜇 ∈ { 𝜇(0) , . . . , 𝜇( 𝑛− 1) } such that 𝜇1( 𝛼) ≠ 𝜇1( 𝛽) for 𝛼 ≠ 𝛽, 𝛼, 𝛽 ∈
1 , . . . , 𝑟} , and 𝜇2( 𝛼) ≠ 0 for each 𝛼 ∈ {1 , . . . , 𝑟} with 𝑚𝛼 ≥ 2 . Then an 𝐹-manifold ( 𝑀, ◦, 𝑒, ∇) with compatible connection
nd flat unit is defined by the unique torsionless connection ∇ realizing ∇ 𝑒 = 0 and 𝑑∇ 

( 𝜇◦) = 0 . 

n particular, fixing the connection by the condition 𝑑∇ 

( 𝜇◦) = 0 implies that 𝑑∇ 

( 𝜆◦) = 0 for any other local vector field
whose flow commutes with that defined by 𝜇. This fact will be important in the subsequent sections. Furthermore, in

 6 ] it was shown that, in the setting of Theorem 2.6 , the system for densities of conservation laws is compatible and 𝑉 is a
ensity of conservation law if and only if 𝑉 satisfies 

( 𝜇◦)𝑠 
𝑖 
∇𝑠 ( 𝑑𝑉)𝑗 = ( 𝜇◦)𝑠 

𝑗 
∇𝑠 ( 𝑑𝑉)𝑖 . (2.6)

.2 Eventual Identities 

he Euler vector field is a special case of a more general object—an eventual identity . 

efinition 2.7 [ 29 ]. An eventual identity  for an 𝐹 -manifold ( 𝑀 , ◦, 𝑒) is an invertible vector field  such that the
roduct 

𝑋 ⋆ 𝑌 = − 1 ◦𝑋 ◦𝑌 

efines an 𝐹-manifold ( 𝑀, ⋆, ) . 

emark 2.8. It was proved in [ 30 ] that an invertible vector field  is an eventual identity if and only if 

 ( ◦)( 𝑋 , 𝑌 ) = [ 𝑒, ] ◦𝑋 ◦𝑌. (2.7)

ote that ( 2.7 ) is precisely the coordinate-free formulation of the condition ( 1.5 ), corresponding to constant densities 𝑉. 

ventual identities were studied in the setting of regular 𝐹-manifolds in [ 31 ]. 
n the regular case, the condition ( 2.7 ) can also be written in an equivalent form in terms of the torsionless connection ∇
efined by the conditions 

∇ 𝑒 = 0 , 𝑑∇ 

( ◦) = 0 . 
of 31 Studies in Applied Mathematics, 2026
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e will now state two characterizations which are new in the regular setting. 

roposition 2.9. Let ( 𝑀, ◦, 𝑒, 𝐸) be a regular 𝐹-manifold. A vector field  satisfying the conditions 

1( 𝛼) ≠ 1( 𝛽) , 𝛼 ≠ 𝛽, 𝛼, 𝛽 ∈ {1 , . . . , 𝑟} , 

nd 

2( 𝛼) ≠ 0 , 𝛼 ∈ {1 , . . . , 𝑟} , 𝑚𝛼 ≥ 2 , 

s an eventual identity if and only if 

∇ ◦ = 0 . 

roof. This result follows from the identity 

∇ 𝑐
𝑖 
𝑗ℎ 

=  𝑐
𝑖 
ℎ𝑗 

− 𝑐𝑖 
𝑗𝑠 
𝑐𝑠 
ℎ𝑡 
[ 𝑒, ]𝑡 . (2.8)

ndeed, taking into account that, by definition of ∇ , we have 

𝜕𝑗 
𝑖 = − Γ𝑖 

𝑗𝑠 
 𝑠 + 𝑐𝑖 

𝑗𝑠 
∇𝑒 

𝑠 = − Γ𝑖 
𝑗𝑠 
 𝑠 + 𝑐𝑖 

𝑗𝑠 
[ 𝑒, ]𝑠 , 

e obtain 

 𝑐
𝑖 
ℎ𝑗 

=  𝑠 𝜕𝑠 𝑐
𝑖 
ℎ𝑗 

− 𝑐𝑠 
ℎ𝑗 
𝜕𝑠 

𝑖 + 𝑐𝑖 
𝑠𝑗 
𝜕ℎ 

𝑠 + 𝑐𝑖 
ℎ𝑠 
𝜕𝑗 

𝑠 

=  𝑠 𝜕𝑠 𝑐
𝑖 
ℎ𝑗 

− 𝑐𝑠 
ℎ𝑗 

(
− Γ𝑖 𝑠𝑡 

𝑡 + 𝑐𝑖 𝑠𝑡 [ 𝑒, ]
𝑡 
)
+ 𝑐𝑖 

𝑠𝑗 

(
− Γ𝑠 

ℎ𝑡 
 𝑡 + 𝑐𝑠 

ℎ𝑡 
[ 𝑒, ]𝑡 

)
+ 𝑐𝑖 

ℎ𝑠 

(
− Γ𝑠 

𝑗𝑡 
 𝑡 + 𝑐𝑠 

𝑗𝑡 
[ 𝑒, ]𝑡 

)
= ∇ 𝑐

𝑖 
𝑗ℎ 

+ 𝑐𝑖 
𝑗𝑠 
𝑐𝑠 
ℎ𝑡 
[ 𝑒, ]𝑡 . □

he Nijenhuis torsion of a (1,1) tensor field 𝐿 is given by 

𝑁𝐿 ( 𝑋 , 𝑌 ) = [ 𝐿 𝑋, 𝐿 𝑌] − 𝐿 [ 𝐿 𝑋, 𝑌] − 𝐿 [ 𝑋, 𝐿 𝑌] + 𝐿2 [ 𝑋, 𝑌] , (2.9)

here 𝑋 , 𝑌 are vector fields. 

heorem 2.10. Let  be a vector field on a regular 𝐹 -manifold ( 𝑀 , ◦, 𝑒, 𝐸) and let the Jordan canonical form of ◦ consist
f 𝑟 Jordan blocks. Assume that 1( 𝛼) ≠ 1( 𝛽) , for all 𝛼 ≠ 𝛽, 𝛼, 𝛽 ∈ {1 , . . . , 𝑟} , and that 2( 𝛼) ≠ 0 , for all 𝛼 ∈ {1 , . . . , 𝑟} such
hat 𝑚𝛼 ≥ 2 . Then,  is an eventual identity if 𝑁◦ = 0 . 

o prove Theorem 2.10 , it will be helpful to first obtain some additional lemmas. Note that, since we assume regularity, we
re free to work in David–Hertling canonical coordinates, in which we know that ◦ is block-diagonal with each block
aving a lower-triangular Toeplitz form as in ( 2.4 ). We will be using the convention that out-of-range indices give zero
ontribution throughout the remainder of this section. 

emma 2.11. Let ◦ be the product of a regular 𝐹-manifold, and let  be a vector field for which the Jordan canonical form of
◦ consists of 𝑟 blocks. Let 1( 𝛼) ≠ 1( 𝛽) for any distinct pair 𝛼, 𝛽 ∈ {1 , . . . , 𝑟} . If 𝑁◦ = 0 , then in David–Hertling canonical
oordinates,  has the form 

 =
𝑟 ∑

𝛼= 1 

( 𝛼) , where ( 𝛼) =
𝑚𝛼∑
𝑖= 1 

 𝑖( 𝛼) ( 𝑢1( 𝛼) , . . . , 𝑢𝑚𝛼( 𝛼) ) 𝜕𝑖( 𝛼) , 

ith 𝑚𝛼 being the size of block 𝛼. 
tudies in Applied Mathematics, 2026 7 of 31
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roof. Consider ( 2.9 ), with 𝑋 = 𝜕𝑖( 𝛼) , 𝑌 = 𝜕𝑗( 𝛽) , and 𝐿 = ◦, where  =
∑𝑟 
𝛼= 1 

∑𝑚𝛼
𝑖= 1 

𝑖( 𝛼) 𝜕𝑖( 𝛼) , for 𝛼, 𝛽 ∈ {1 , . . . , 𝑟} with
≠ 𝛽. Note that, by the form of the structure coefficients in Theorem 2.5 , 

𝐿𝑋 =  ◦𝑋 =
𝑟 ∑

𝛾= 1 

𝑚𝛾∑
𝑘= 1 

𝑘( 𝛾) 𝜕𝑘( 𝛾) ◦ 𝜕𝑖( 𝛼) =
𝑚𝛼− 𝑖+ 1 ∑
𝑘= 1 

𝑘 ( 𝛼) 𝜕( 𝑘 + 𝑖− 1)( 𝛼) . 

hus, 

𝑁𝐿 ( 𝑋 , 𝑌 ) = 

[ ∑
𝑘 

𝑘 ( 𝛼) 𝜕( 𝑘 + 𝑖− 1)( 𝛼) ,
∑
𝑙 

 𝑙( 𝛽) 𝜕( 𝑙+ 𝑗− 1)( 𝛽) 

] 

− 𝐿

[ ∑
𝑘 

𝑘 ( 𝛼) 𝜕( 𝑘 + 𝑖− 1)( 𝛼) , 𝜕𝑗( 𝛽) 

] 

− 

− 𝐿

[ 

𝜕𝑖( 𝛼) ,
∑
𝑙 

 𝑙( 𝛽) 𝜕( 𝑙+ 𝑗− 1)( 𝛽) 

] 

= 𝑇𝛼 + 𝑇𝛽, 

here 

𝑇𝛼 = −
∑
𝑘,𝑙 

 𝑙( 𝛽) 𝜕( 𝑙+ 𝑗− 1)( 𝛽) ( 
𝑘 ( 𝛼) ) 𝜕( 𝑘 + 𝑖− 1)( 𝛼) +

∑
𝑘,𝑚 

𝑚( 𝛼) 𝜕𝑗( 𝛽) ( 
𝑘 ( 𝛼) ) 𝜕( 𝑚+ 𝑘 + 𝑖− 2)( 𝛼) , 

nd 𝑇𝛽 = − 𝑇𝛼 after letting 𝛼 ↔ 𝛽, 𝑖 ↔ 𝑗. Note that 𝑁𝐿 ( 𝑋 , 𝑌 ) = 0 if and only if 𝑇𝛼 and 𝑇𝛽 vanish independently. Thus, it
uffices to consider 𝑇𝛼 . The coefficient of 𝜕𝑠( 𝛼) in 𝑇𝛼 is given by 

[ 𝜕𝑠( 𝛼) ] 𝑇𝛼 = −
𝑚𝛽− 𝑗+ 1 ∑
𝑙= 1 

 𝑙( 𝛽) 𝜕( 𝑙+ 𝑗− 1)( 𝛽) ( 
( 𝑠− 𝑖+ 1)( 𝛼) ) +

𝑠− 𝑖+ 1 ∑
𝑚= 1 

𝑚( 𝛼) 𝜕𝑗( 𝛽) ( 
( 𝑠− 𝑖+ 2 − 𝑚)( 𝛼) ) , 

nd letting 𝑝 ∶ = 𝑠 − 𝑖 + 1 gives 

𝑇𝛼 = 0 ⇒ ( 1( 𝛼) − 1( 𝛽) ) 𝜕𝑗( 𝛽) 
𝑝( 𝛼) =

𝑚𝛽− 𝑗+ 1 ∑
𝑙= 2 

 𝑙( 𝛽) 𝜕( 𝑙+ 𝑗− 1)( 𝛽) 
𝑝( 𝛼) −

𝑝 ∑
𝑚= 2 

𝑚( 𝛼) 𝜕𝑗( 𝛽) 
( 𝑝+ 1 − 𝑚)( 𝛼) . (2.10)

e will now perform double induction on 𝑝 (ascending) and 𝑗 (descending). 
∙ Let 𝑝 = 1 . Then ( 2.10 ) becomes 

( 1( 𝛼) − 1( 𝛽) ) 𝜕𝑗( 𝛽) 
1( 𝛼) =

𝑚𝛽− 𝑗+ 1 ∑
𝑙= 2 

 𝑙( 𝛽) 𝜕( 𝑙+ 𝑗− 1)( 𝛽) 
1( 𝛼) . (2.11)

Let 𝑗 = 𝑚𝛽 . Then ( 2.11 ) gives 

( 1( 𝛼) − 1( 𝛽) ) 𝜕𝑚𝛽( 𝛽) 
1( 𝛼) = 0 , 

since ( 𝑙 + 𝑗 − 1)( 𝛽) = ( 𝑙 − 1 + 𝑚𝛽)( 𝛽) ≥ ( 𝑚𝛽 + 1)( 𝛽) (as 𝑙 ≥ 2 ), which implies 

𝜕𝑚𝛽( 𝛽) 
1( 𝛼) = 0 , 

by the non-coincidence assumption on the first components. 
Now let 𝜕𝑞( 𝛽) 1( 𝛼) = 0 , ∀ 𝑞 > 𝑗. Then since 𝑙 + 𝑗 − 1 > 𝑗, 𝜕( 𝑙+ 𝑗− 1)( 𝛽) 

1( 𝛼) = 0 , ∀ 𝑙 ≥ 2 and 

( 1 ( 𝛼) − 1( 𝛽) ) 𝜕𝑗( 𝛽) 
1( 𝛼) = 0 ⇒ 𝜕𝑗( 𝛽) 

1( 𝛼) = 0 , ∀ 𝑗, 𝛼 ≠ 𝛽. 

∙ Let us now assume that for 𝑞 < 𝑝, 

𝜕𝑗( 𝛽) 
𝑞 ( 𝛼) = 0 , ∀ 𝑗 ∈ {1 , . . . , 𝑚𝛽} , 𝛼 ≠ 𝛽. 
of 31 Studies in Applied Mathematics, 2026
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Then ( 2.10 ) gives 

( 1 ( 𝛼) − 1( 𝛽) ) 𝜕𝑗( 𝛽) 
𝑝( 𝛼) =

𝑚𝛽− 𝑗+ 1 ∑
𝑙= 2 

 𝑙( 𝛽) 𝜕( 𝑙+ 𝑗− 1)( 𝛽) 
𝑝( 𝛼) (2.12)

by the induction hypothesis as 𝑝 + 1 − 𝑚 ≤ 𝑝 − 1 . Let us again perform descending induction on 𝑗. 
Let 𝑗 = 𝑚𝛽 . Then the right-hand side of ( 2.12 ) vanishes, since 𝑙 + 𝑗 − 1 = 𝑙 + 𝑚𝛽 − 1 > 𝑚𝛽 , giving the result by the
non-coincidence assumption on the first components. 
Let us now assume that the statement holds for all 𝑞 > 𝑗. Again, the right-hand side of ( 2.12 ) vanishes, since 𝑙 + 𝑗 − 1 > 𝑗
for 𝑙 ≥ 2 , giving 

( 1( 𝛼) − 1( 𝛽) ) 𝜕𝑗( 𝛽) 
𝑝( 𝛼) = 0 ⇒ 𝜕𝑗( 𝛽) 

𝑝( 𝛼) = 0 , 

as required. 
herefore, each coefficient 𝑝( 𝛼) depends only on the coordinates of the block 𝛼, { 𝑢1( 𝛼) , . . . , 𝑢𝑚𝛼( 𝛼) } , concluding the proof
f the lemma. □

emma 2.12. For  as in Lemma 2.11 , 

𝑁◦ = 0 ⇔ 𝑁( 𝛼) ◦
= 0 , ∀𝛼 ∈ {1 , . . . , 𝑟} . 

roof. Suppose 

𝑋 =
𝑚𝛼∑
𝑖= 1 

𝑓𝑖 ( 𝑢1( 𝛼) , . . . , 𝑢𝑚𝛼( 𝛼) ) 𝜕𝑖( 𝛼) , 𝑌 =
𝑚𝛽∑
𝑗= 1 

𝑔𝑗 ( 𝑢1( 𝛽) , . . . , 𝑢
𝑚𝛽( 𝛽) ) 𝜕𝑗( 𝛽) , 

hen 

[ 𝑋 , 𝑌 ] =
∑
𝑖,𝑗 

(
𝑓𝑖 𝜕𝑖( 𝛼) ( 𝑔

𝑗 ) 𝜕𝑗( 𝛽) − 𝑔𝑗 𝜕𝑗( 𝛽) ( 𝑓
𝑖 ) 𝜕𝑖( 𝛼) 

)
=
∑
𝑖,𝑗 

(
𝑓𝑖 𝜕𝑖( 𝛼) ( 𝑔

𝑗 ) 𝜕𝑗( 𝛼) − 𝑔𝑗 𝜕𝑗( 𝛼) ( 𝑓
𝑖 ) 𝜕𝑖( 𝛼) 

)
, 

f 𝛼 = 𝛽, and zero otherwise. Moreover, 

𝐿( 𝜕𝑖( 𝛼) ) =  ◦ 𝜕𝑖( 𝛼) =
𝑟 ∑

𝛽= 1 

( 𝛽) ◦ 𝜕𝑖( 𝛼) =
𝑚𝛼∑
𝑘= 1 

𝑘 ( 𝛼) 𝜕( 𝑘 + 𝑖− 1)( 𝛼) . 

ence, if 𝛼 ≠ 𝛽, all four terms in 𝑁𝐿 ( 𝑋 , 𝑌 ) vanish, and if 𝛼 = 𝛽, then 𝑁𝐿 ( 𝑋 , 𝑌 ) = 𝑁( 𝛼) ◦
( 𝑋 , 𝑌 ) . By bilinearity, the result

ollows. □

n the following lemma we will be dealing with a single fixed block, 𝛼 ∈ {1 , . . . , 𝑟} . For brevity we will write 𝑖 for 𝑖( 𝛼) , let
∶ = 𝑚𝛼, and  =

∑𝑛 
𝑖= 1 

𝑖 𝜕𝑖 . 

emma 2.13. Let ◦𝑖 denote the 𝑖-fold product of  with itself under ◦. If 2 ≠ 0 , then 

{ ◦𝑖 }𝑖= 0 ,. . . 𝑛− 1 

pans the associated block as a vector space. 

roof. The lemma will follow from showing that for 𝐹 ∶ =  − 1 𝑒 =
∑𝑛 
𝑎= 2 

𝑎 𝜕𝑎 

{ 𝐹◦𝑘 }𝑘= 0 ,. . . 𝑛− 1 
tudies in Applied Mathematics, 2026 9 of 31

ve C
om

m
ons L

icense



f  

i

T  

t

N

w

a

a

w  

d  

o

S

W

P  

𝑖

D

T

N

1

 14679590, 2026, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/sapm

.70321 by C
ochraneItalia, W

iley O
nline L

ibrary on [26/10/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative
orm a basis of the block as a vector space, together with the fact that each 𝐹◦𝑘 is a polynomial in  . Let us first prove the
ntermediate result. For each 𝑘 ∈ {0 , . . . , 𝑛 − 1} , there exist smooth functions 𝑐𝑘,𝑠 such that 

𝐹◦𝑘 = ( 2 )𝑘 𝜕𝑘+ 1 +
𝑛 ∑

𝑠= 𝑘+ 2 

𝑐𝑘,𝑠 𝜕𝑠 . 

his follows by induction on 𝑘. The statement is immediate for 𝑘 = 0 , 1 using 𝑒 = 𝜕1 and the definition of 𝐹. Thus, assume
hat the statement holds for some 𝑘 ∈ {1 , . . . , 𝑛 − 2} . Multiplying both sides by 𝐹 gives 

𝐹◦( 𝑘+ 1) =

( 

( 2 )𝑘 𝜕𝑘+ 1 +
𝑛 ∑

𝑠= 𝑘+ 2 

𝑐𝑘,𝑠 𝜕𝑠 

) 

◦

( 

𝑛 ∑
𝑎= 2 

𝑎 𝜕𝑎 

) 

. 

ow, since 

𝜕𝑖 ◦𝜕𝑗 = 𝜕𝑖 + 𝑗 − 1 

e have that 

( 2 )𝑘 𝜕𝑘+ 1 ◦
2 𝜕2 = ( 2 )𝑘+ 1 𝜕𝑘+ 2 , 

nd that every other term lies in the span of { 𝜕𝑘+ 3 , . . . 𝜕𝑛 } , giving 

𝐹◦( 𝑘+ 1) = ( 2 )𝑘+ 1 𝜕𝑘+ 2 +
𝑛 ∑

𝑠= 𝑘+ 3 

𝑐𝑘+ 1 ,𝑠 𝜕𝑠 , 

s required. This shows that for each 𝑘, 

𝐹◦𝑘 ∈ Span { 𝜕𝑘+ 1 , . . . , 𝜕𝑛 } 

ith leading term ( 2 )𝑘 𝜕𝑘+ 1 . It follows that the expansion of { 𝐹◦𝑖 }𝑖= 0 ,. . . ,𝑛− 1 in the basis { 𝜕𝑖 } is upper triangular, with
iagonal entries 1 , 2 , . . . , ( 2 )𝑛− 1 . Thus, under the assumption 2 ≠ 0 , all diagonal entries are nonzero, and the change-
f-basis matrix is invertible. Finally, since 𝐹 =  − 1 𝑒 and 𝑒 is the unit, each 𝐹◦𝑘 is a polynomial in  , which implies 

Span { 𝐹◦𝑖 }𝑖= 0 ,. . . ,𝑛− 1 ⊆ Span { ◦𝑖 }𝑖= 0 ,. . . ,𝑛− 1 . 

ince { 𝐹◦𝑖 }𝑛− 1 
𝑖= 0 

forms a basis of the block, Span { ◦𝑖 }𝑛− 1 
𝑖= 0 

contains the block, and therefore spans the block. □

e now proceed to prove Theorem 2.10 . 

roof. By Lemma 2.12 , it is sufficient to consider a single Jordan block 𝛼 ∈ {1 , . . . , 𝑟} . As above, we will in this proof let
 ≡ 𝑖( 𝛼) , 𝑛 ∶ = 𝑚𝛼, and  =

∑𝑛 
𝑖= 1 

𝑖 𝜕𝑖 . 
efine 

𝐾 ( 𝑋 , 𝑌 ) ∶ =  ( ◦)( 𝑋 , 𝑌 ) − [ 𝑒, ] ◦𝑋 ◦𝑌 . 

hen, by Remark 2.8 ,  is an eventual identity if and only if 

𝐾 ( 𝑋 , 𝑌 ) = 0 , ∀𝑋 , 𝑌 . 

ote that 

 ( ◦)( 𝜕𝑖 , 𝜕𝑗 ) = [  , 𝜕𝑖 ◦𝜕𝑗 ] − [  , 𝜕𝑖 ] ◦𝜕𝑗 − 𝜕𝑖 ◦[  , 𝜕𝑗 ] 

= −
∑
𝑡 

𝜕𝑖 + 𝑗 − 1 ( 
𝑡 ) 𝜕𝑡 +

∑
𝑎 

𝜕𝑖 ( 
𝑎 ) 𝜕𝑎+ 𝑗− 1 +

∑
𝑎 

𝜕𝑗 ( 
𝑎 ) 𝜕𝑎+ 𝑖− 1 

=
𝑛 ∑
𝑡= 1 

(
− 𝜕𝑖 + 𝑗 − 1 

𝑡 + 𝜕𝑖 
𝑡− 𝑗+ 1 + 𝜕𝑗 

𝑡− 𝑖+ 1 
)
𝜕𝑡 . 
0 of 31 Studies in Applied Mathematics, 2026
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oreover, 

[ 𝑒,  ] ◦𝜕𝑖 ◦𝜕𝑗 =
𝑛 ∑
𝑎= 1 

𝜕1 ( 
𝑎 ) 𝜕𝑎+ 𝑖 + 𝑗 − 2 =

𝑛 ∑
𝑡= 1 

𝜕1 ( 
𝑡− 𝑖 − 𝑗 + 2 ) 𝜕𝑡 , 

here the second equality follows after re-indexing 𝑡 = 𝑎 + 𝑖 + 𝑗 − 2 . Thus, 

𝐾( 𝜕𝑖 , 𝜕𝑗 ) =
𝑛 ∑
𝑡= 1 

(
− 𝜕𝑖 + 𝑗 − 1 

𝑡 + 𝜕𝑖 
𝑡− 𝑗+ 1 + 𝜕𝑗 

𝑡− 𝑖+ 1 − 𝜕1 
𝑡− 𝑖 − 𝑗 + 2 

)
𝜕𝑡 . (2.13)

et us show that 

𝑁𝐿 ( 𝑋 , 𝑌 ) = 𝐾 ( 𝐿𝑋 , 𝑌 ) − 𝐾 ( 𝑋 , 𝐿𝑌 ) . 

irst, 

𝐾( 𝐿𝜕𝑖 , 𝜕𝑗 ) − 𝐾( 𝜕𝑖 , 𝐿𝜕𝑗 ) =
𝑛 ∑
𝑎= 1 

𝑎 ( 𝐾( 𝜕𝑎+ 𝑖− 1 , 𝜕𝑗 ) − 𝐾( 𝜕𝑖 , 𝜕𝑎+ 𝑗− 1 )) , 

hich means that, using ( 2.13 ), [ 𝜕𝑡 ]( 𝐾( 𝐿𝜕𝑖 , 𝜕𝑗 ) − 𝐾( 𝜕𝑖 , 𝐿𝜕𝑗 )) is given by 

𝑛 ∑
𝑎= 1 

𝑎 
(
𝜕𝑎+ 𝑖− 1 

𝑡− 𝑗+ 1 − 𝜕𝑎+ 𝑗− 1 
𝑡− 𝑖+ 1 + 𝜕𝑗 

𝑡− 𝑎− 𝑖+ 2 − 𝜕𝑖 
𝑡− 𝑎− 𝑗+ 2 

)
. (2.14)

n the other hand, since [ 𝜕𝑖 , 𝜕𝑗 ] = 0 , 

𝑁𝐿 ( 𝜕𝑖 , 𝜕𝑗 ) = [ 𝐿 𝜕𝑖 , 𝐿 𝜕𝑗 ] − 𝐿 [ 𝐿 𝜕𝑖 , 𝜕𝑗 ] − 𝐿 [ 𝜕𝑖 , 𝐿 𝜕𝑗 ] , 

here [ 𝐿 𝜕𝑖 , 𝐿 𝜕𝑗 ] reads ∑
𝑎,𝑏 

(
𝑎 𝜕𝑎+ 𝑖− 1 ( 

𝑏 ) 𝜕𝑏+ 𝑗− 1 − 𝑏 𝜕𝑏+ 𝑗− 1 ( 
𝑎 ) 𝜕𝑎+ 𝑖− 1 

)
, 

hich gives (by letting 𝑏 + 𝑗 − 1 = 𝑡, and 𝑎 + 𝑖 − 1 = 𝑡 in the first and second sums, respectively, and collecting) 

[ 𝜕𝑡 ][ 𝐿 𝜕𝑖 , 𝐿 𝜕𝑗 ] =
𝑛 ∑
𝑠= 1 

 𝑠 
(
𝜕𝑠+ 𝑖− 1 

𝑡− 𝑗+ 1 − 𝜕𝑠+ 𝑗− 1 
𝑡− 𝑖+ 1 

)
. 

imilarly, 

[ 𝜕𝑡 ]( − 𝐿 [ 𝐿 𝜕𝑖 , 𝜕𝑗 ]) =
𝑛 ∑
𝑠= 1 

 𝑠 𝜕𝑗 
𝑡− 𝑠− 𝑖+ 2 , [ 𝜕𝑡 ]( − 𝐿 [ 𝜕𝑖 , 𝐿 𝜕𝑗 ]) = −

𝑛 ∑
𝑠= 1 

 𝑠 𝜕𝑖 
𝑡− 𝑠− 𝑗+ 2 . 

ombining gives precisely ( 2.14 ) (after renaming 𝑠 ↦ 𝑎). Hence, 

𝑁𝐿 ( 𝑋 , 𝑌 ) = 𝐾 ( 𝐿𝑋 , 𝑌 ) − 𝐾 ( 𝑋 , 𝐿𝑌 ) , 

nd, if 𝑁𝐿 ( 𝑋 , 𝑌 ) = 0 , we have 

𝐾 ( 𝐿𝑋 , 𝑌 ) = 𝐾 ( 𝑋 , 𝐿𝑌 ) , ∀𝑋 , 𝑌 . (2.15)

e will now use this fact together with Lemma 2.13 to complete the proof of the theorem. 
ote that 𝐿𝑝 𝑒 = ◦𝑝 . This follows with a brief induction on 𝑝. For 𝑝 = 0 we have 𝐿0 𝑒 = 𝑒 trivially. If the identity holds for
, then 

𝐿𝑝 + 1 𝑒 = 𝐿 ( 𝐿𝑝 𝑒) =  ◦◦𝑝 = ◦( 𝑝+ 1) . 
tudies in Applied Mathematics, 2026 11 of 31
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ow, let 𝑝, 𝑞 ≥ 0 . By repeatedly applying ( 2.15 ) we obtain a chain of equalities 

𝐾( 𝐿𝑝 𝑒 , 𝐿𝑞 𝑒 ) = 𝐾( 𝐿𝑝 − 1 𝑒 , 𝐿𝑞+ 1 𝑒 ) = ⋯ = 𝐾( 𝑒 , 𝐿𝑝 + 𝑞 𝑒 ) = 0 . 

he final equality follows from the fact that 

 ( ◦)( 𝑒, 𝑋) = [  , 𝑒◦𝑋] − [  , 𝑒] ◦𝑋 − 𝑒◦[  , 𝑋] = [  , 𝑋] + [ 𝑒, ] ◦𝑋 − [  , 𝑋] = [ 𝑒, ] ◦𝑋 

= [ 𝑒 , ] ◦𝑒 ◦𝑋 ⇒ 𝐾( 𝑒 , 𝑋) = 0 . 

herefore, 

𝐾( 𝐿𝑝 𝑒 , 𝐿𝑞 𝑒 ) = 0 ∀𝑝, 𝑞 ≥ 0 ⇒ 𝐾( ◦𝑝 , ◦𝑞 ) = 0 , ∀𝑝, 𝑞 ≥ 0 . 

ince { ◦𝑖 }𝑖= 0 ,. . . ,𝑛− 1 spans the block by Lemma 2.13 , the theorem holds by the bilinearity of 𝐾 and its vanishing on the
panning set in both arguments. □

ombining Theorem 2.10 with the converse implication proved in [ 28 ], we obtain the following equivalence. 

roposition 2.14. Let 𝐿 ≡ ◦, where ◦ is the product of a regular 𝐹-manifold ( 𝑀, ◦, 𝑒, 𝐸) ,  is a vector field, and ◦ has
ordan canonical form consisting of 𝑟 blocks in David–Hertling coordinates. Assume that 

1( 𝛼) ≠ 1( 𝛽) , for all distinct 𝛼, 𝛽 ∈ {1 , . . . , 𝑟} , 

2( 𝛼) ≠ 0 , for every 𝛼 ∈ {1 , . . . , 𝑟} with 𝑚𝛼 ≥ 2 . 

hen 𝑁𝐿 = 0 if and only if  is an eventual identity. 

 Generalised Gibbons–Tsarev System for Regular Non-Diagonalizable Reductions of dKP 

e look for reductions of the dKP equation in potential form 

𝑈𝑦𝑦 − 𝑈𝑥𝑡 + 𝑈𝑥 𝑈𝑥𝑥 = 0 (3.1)

hich can equivalently be written as (the first equation locally gives 𝑉 = 𝑈𝑥 , 𝑊 = 𝑈𝑦 ): 

𝑉𝑦 = 𝑊𝑥 , (3.2a)

𝑊𝑦 = 𝑉𝑡 − 𝑉𝑉𝑥 . (3.2b)

e look for 𝑛-component reductions 𝑉( 𝑟1 , . . . , 𝑟𝑛 ) , 𝑊( 𝑟1 , . . . , 𝑟𝑛 ) governed by 𝑛-component compatible systems of
ydrodynamic type 

𝑟𝑖 𝑦 = 𝑐𝑖 
𝑗𝑘 
( 𝑟 ) 𝜇𝑗 ( 𝑟 ) 𝑟𝑘 𝑥 , (3.3a)

𝑟𝑖 𝑡 = 𝑐𝑖 
𝑗𝑘 
( 𝑟 ) 𝜆𝑗 ( 𝑟 ) 𝑟𝑘 𝑥 , (3.3b)

here 𝑐𝑖 
𝑗𝑘 
( 𝑟) are the structure functions of a regular 𝐹-manifold structure with product ◦ and unit 𝑒. In the semisimple

ase these are the diagonal reductions of dKP and the present construction drastically simplifies and reduces to the
omputations given in [ 25 ]. 
rom Equation ( 3.2a ) it follows that 

𝜕𝑖 𝑊 = 𝜕𝑘 𝑉 𝑐𝑘 
𝑖𝑗 
𝜇𝑗 (3.4)
2 of 31 Studies in Applied Mathematics, 2026
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nd from Equation ( 3.2b ) it follows that 

𝜕𝑘 𝑊 𝑐𝑘 
𝑖𝑗 
𝜇𝑗 = 𝜕𝑘 𝑉 𝑐𝑘 

𝑖𝑗 
𝜆𝑗 − 𝑉 𝜕𝑖 𝑉 . (3.5)

sing Equation ( 3.4 ), Equation ( 3.5 ) reduces to 

𝑐𝑠 
𝑖𝑗 
𝜕𝑠 𝑉( 𝜇◦𝜇 − 𝜆 + 𝑉𝑒)𝑗 = 0 , 

hich, by regularity, implies 

𝜆 = 𝜇◦𝜇 + 𝑉𝑒. (3.6)

quation ( 3.2a ) means that 𝑉 is a density of conservation law for the system ( 3.3a ), and a system ( 3.3b ) compatible
ith ( 3.3a ) is usually called a symmetry. According to the general theory developed in [ 4–6 ], and recalled in Section 2 ,
ymmetries and densities of conservation laws can be obtained starting from a torsionless linear connection ∇ uniquely
etermined by the conditions ( 2.5 ). Recall that this connection satisfies the condition ( 2.2 ). In this setting, as stated in
ection 2.1 , the fact that 𝑉 is a density of conservation law is equivalent to it satisfying the system ( 2.6 ), while the fact that
he flow ( 3.3b ) is a symmetry of the flow ( 3.3a ) is equivalent to the condition 

𝑑∇ 

( 𝜆◦) = 0 . (3.7)

he condition ( 3.7 ) in local coordinates reads 

𝜕𝑗 𝜆
𝑖 = − Γ𝑖 

𝑗𝑠 
𝜆𝑠 + 𝑐𝑖 

𝑗𝑠 
∇𝑒 𝜆

𝑠 

r 

𝜕𝑗 𝜆
𝑖 = − Γ𝑖 

𝑗𝑠 
𝜆𝑠 + 𝑐𝑖 

𝑗𝑠 
[ 𝑒, 𝜆]𝑠 . (3.8)

rom ( 3.6 ) it follows that 

𝜕𝑗 𝜆
𝑖 =

(
𝜕𝑗 𝑐

𝑖 
ℎ𝑘 

)
𝜇ℎ 𝜇𝑘 + 2 𝑐𝑖 

ℎ𝑘 

(
𝜕𝑗 𝜇

ℎ 
)
𝜇𝑘 +

(
𝜕𝑗 𝑒

𝑖 
)
𝑉 + 𝑒𝑖 𝜕𝑗 𝑉. (3.9)

ombining ( 3.8 ) and ( 3.9 ), and taking into account ( 3.6 ), we obtain (
𝜕𝑗 𝑐

𝑖 
ℎ𝑘 

)
𝜇ℎ 𝜇𝑘 + 2 𝑐𝑖 

ℎ𝑘 

(
𝜕𝑗 𝜇

ℎ 
)
𝜇𝑘 +

(
𝜕𝑗 𝑒

𝑖 
)
𝑉 + 𝑒𝑖 𝜕𝑗 𝑉 = − Γ𝑖 

𝑗𝑠 ( 𝜇◦𝜇 + 𝑉𝑒) 
𝑠 + 𝑐𝑖 

𝑗𝑠 
[ 𝑒, 𝜇◦𝜇 + 𝑉𝑒]𝑠 , 

r, taking into account ∇ 𝑒 = 0 , (
𝜕𝑗 𝑐

𝑖 
ℎ𝑘 

+ Γ𝑖 
𝑗𝑠 
𝑐𝑠 
ℎ𝑘 

)
𝜇ℎ 𝜇𝑘 + 2 𝑐𝑖 

ℎ𝑘 

(
𝜕𝑗 𝜇

ℎ 
)
𝜇𝑘 + 𝑒𝑖 𝜕𝑗 𝑉 = 𝑐𝑖 

𝑗𝑠 
[ 𝑒, 𝜇◦𝜇]𝑠 + 𝑒( 𝑉) 𝛿𝑖 

𝑗 
. (3.10)

hanks to the hypothesis of regularity, we can work in coordinates where the product and the unit are simultaneously
onstant. In such coordinates, taking into account that 

𝜕𝑗 𝜇
ℎ = − Γℎ 

𝑗𝑠 
𝜇𝑠 + 𝑐ℎ 

𝑗𝑠 
[ 𝑒, 𝜇]𝑠 , 

nd 

𝑐𝑖 
𝑗𝑠 
[ 𝑒, 𝜇◦𝜇]𝑠 = 2 𝑐𝑖 

𝑗𝑠 
𝑐𝑠 
𝑙𝑘 
( 𝜕𝑒 𝜇

𝑙 ) 𝜇𝑘 , 

e can write ( 3.10 ) as 

Γ𝑖 
𝑗𝑠 
𝑐𝑠 
ℎ𝑘 
𝜇ℎ 𝜇𝑘 − 2 𝑐𝑖 

ℎ𝑘 
Γℎ 
𝑗𝑠 
𝜇𝑠 𝜇𝑘 + 𝑒𝑖 𝜕𝑗 𝑉 = 𝑒( 𝑉) 𝛿𝑖 

𝑗 
, 

hich, by using ( 2.2 ), can be written as (
∇𝜇𝑐

𝑖 
𝑗ℎ 

)
𝜇ℎ = 𝑒 ( 𝑉) 𝛿𝑖 

𝑗 
− 𝑒𝑖 𝜕𝑗 𝑉, 
tudies in Applied Mathematics, 2026 13 of 31
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hich is valid in any system of coordinates. Finally, expanding ( 2.6 ), one easily obtains 

𝑐𝑠 
𝑖𝑡 
𝜇𝑡 𝜕𝑠 𝜕𝑗 𝑉 − 𝑐𝑠 

𝑗𝑡 
𝜇𝑡 𝜕𝑠 𝜕𝑖 𝑉 =

(
𝑐𝑡 
𝑠𝑗 
𝜕𝑖 𝜇

𝑠 − 𝑐𝑡 
𝑠𝑖 
𝜕𝑗 𝜇

𝑠 
)
𝜕𝑡 𝑉. 

aking into account the identity ( 2.8 ), we summarize the result in the following proposition. 

roposition 3.1. The functions 𝑉( 𝑟1 , . . . , 𝑟𝑛 ) , 𝜇1 ( 𝑟1 , . . . , 𝑟𝑛 ) , . . . , 𝜇𝑛 ( 𝑟1 , . . . , 𝑟𝑛 ) , together with 

𝑟𝑖 𝑦 = 𝑐𝑖 
𝑗𝑘 
( 𝑟 ) 𝜇𝑗 ( 𝑟 ) 𝑟𝑘 𝑥 , 

𝑟𝑖 𝑡 = 𝑐𝑖 
𝑗𝑘 
( 𝑟 ) 𝜆𝑗 ( 𝑟 ) 𝑟𝑘 𝑥 , 

efine an 𝑛 - component reduction of the dKP equation in potential form ( 3.1 ) if and only if 𝑉 has a nontrivial dependence on
ach variable, 𝜆 = 𝜇◦𝜇 + 𝑉𝑒, and the system ( 1.4 ) is satisfied. 

 Nonexistence of Non-Diagonalizable Regular Reductions of dKP 

e consider the generalized Gibbons–Tsarev system in David–Hertling canonical coordinates, where both the product
nd the unit vector field are constant: 

𝜇𝑡 
(
𝑐𝑠 
𝑡𝑖 
𝜕𝑠 𝜕𝑗 𝑉 − 𝑐𝑠 

𝑡𝑗 
𝜕𝑠 𝜕𝑖 𝑉

)
−
(
𝑐𝑚 

𝑗𝑠 
𝜕𝑖 𝜇

𝑠 − 𝑐𝑚 

𝑖𝑠 
𝜕𝑗 𝜇

𝑠 
)
𝜕𝑚 

𝑉 = 0 , (4.1a)

𝜇ℎ 
(
𝑐𝑖 
ℎ𝑘 
𝜕𝑗 𝜇

𝑘 + 𝑐𝑖 
𝑗𝑘 
𝜕ℎ 𝜇

𝑘 − 𝑐𝑘 
𝑗ℎ 
𝜕𝑘 𝜇

𝑖 
)
− 𝜇ℎ 𝑐𝑖 

𝑗𝑠 
𝑐𝑠 
ℎ𝑘 
𝑒𝑚 𝜕𝑚 

𝜇𝑘 + 𝑒𝑖 𝜕𝑗 𝑉 − 𝛿𝑖 
𝑗 
𝑒𝑚 𝜕𝑚 

𝑉 = 0 . (4.1b)

e recall that we are working in the regular setting, where 𝜇 is assumed to be such that 𝜇1( 𝛼) ≠ 𝜇1( 𝛽) for 𝛽 ≠ 𝛼 and
2( 𝛼) ≠ 0 for 𝑚𝛼 ≥ 2 . 

.1 The One-Block Case 

n the extreme case of a single Jordan block, of size 𝑛 ≥ 2 , we have 

𝑐𝑖 
𝑗𝑘 

= 𝛿𝑖+ 1 
𝑗+ 𝑘 

, 𝑒𝑖 = 𝛿𝑖 1 . 

he following proposition shows that a solution 𝑉 of the system ( 4.1 ) must be constant. 

roposition 4.1. Let 𝑉 and { 𝜇𝑖 }𝑖∈{1 ,. . . ,𝑛} solve the system ( 4.1 ). Then 
(i) 𝜕𝑗 𝑉 = 0 , 𝑗 ∈ {1 , . . . , 𝑛} , 
(ii) 𝜕𝑗 𝜇1 = 0 , 𝑗 ∈ {2 , . . . , 𝑛} . 

roof. The proof naturally splits into multiple parts. 
tep 1: 𝜕𝑗 𝑉 = 0 , 𝑗 ≥ 2 . Let us fix an index 𝑗 ∈ {2 , . . . , 𝑛} . By considering the sum over 𝑠 ∈ {1 , . . . , 𝑛 − 𝑗 + 1} of Equations
 4.1b ) for 𝑖 = 𝑠, replacing 𝑗 by 𝑗 + 𝑠 − 1 , we have 

0 = 𝜕𝑗 𝑉 + Σ1 + Σ2 , 

here 𝜕𝑗 𝑉 is the single term coming from the only contribution, for 𝑠 = 1 , from the last two terms of ( 4.1b ), and where Σ1
nd Σ2 collect the terms containing derivatives of the functions 𝜇𝑘 . Explicitly, 

Σ1 =
𝑛− 𝑗+ 1 ∑
𝑠= 1 

𝜇ℎ 
(
𝑐𝑠 
ℎ𝑘 
𝜕𝑗+ 𝑠− 1 𝜇

𝑘 
)
, Σ2 = −

𝑛− 𝑗+ 1 ∑
𝑠= 1 

𝜇ℎ 
(
𝑐𝑘 
𝑗+ 𝑠− 1 ,ℎ 

𝜕𝑘 𝜇
𝑠 
)
. 
4 of 31 Studies in Applied Mathematics, 2026
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fter separating the special cases 𝑠 = 1 and 𝑠 = 2 in the sums Σ1 and Σ2 , one obtains 

Σ1 + Σ2 = −
𝑛 ∑

𝑘= 𝑗+ 2 

𝜇𝑘− 𝑗+ 1 𝜕𝑘 𝜇
1 −

𝑛 ∑
𝑘= 𝑗+ 2 

𝜇𝑘− 𝑗 𝜕𝑘 𝜇
2 

+
𝑛− 𝑗+ 1 ∑
𝑠= 3 

𝜇ℎ 𝑐𝑠 
ℎ𝑘 
𝜕𝑗+ 𝑠− 1 𝜇

𝑘 −
𝑛− 𝑗+ 1 ∑
𝑠= 3 

𝜇ℎ 𝑐𝑘 
𝑗+ 𝑠− 1 ,ℎ 

𝜕𝑘 𝜇
𝑠 , 

here the terms in the third sum that correspond to 𝑘 ≥ 3 cancel with the fourth sum, by a relabeling of indices. Then 

Σ1 + Σ2 = −
𝑛 ∑

𝑘= 𝑗+ 2 

𝜇𝑘− 𝑗+ 1 𝜕𝑘 𝜇
1 −

𝑛 ∑
𝑘= 𝑗+ 2 

𝜇𝑘− 𝑗 𝜕𝑘 𝜇
2 +

𝑛− 𝑗+ 1 ∑
𝑠= 3 

2 ∑
𝑘= 1 

𝜇ℎ 𝑐𝑠 
ℎ𝑘 
𝜕𝑗+ 𝑠− 1 𝜇

𝑘 , 

here the first (second) sum cancels with the part of the third sum that corresponds to 𝑘 = 1 ( 𝑘 = 2 ), yielding Σ1 + Σ2 = 0
nd thus 𝜕𝑗 𝑉 = 0 . Since 𝑗 ∈ {2 , . . . , 𝑛} was arbitrary, we have proved 

𝜕𝑗 𝑉 = 0 , 𝑗 ∈ {2 , . . . , 𝑛} . (4.2)

tep 2: 𝜕𝑗 𝜇1 = 0 , 𝑗 ≥ 3 . We argue by descending induction on 𝑗, starting from 𝑗 = 𝑛. By inspecting Equation ( 4.1b ) for
 = 1 and 𝑗 = 𝑛 − 1 , every term vanishes except the one containing 𝜇2 𝜕𝑛 𝜇1 , and two other terms that cancel with each
ther. Hence 

0 = 𝜇2 𝜕𝑛 𝜇
1 . 

he assumption that 𝜇2 ≠ 0 implies 𝜕𝑛 𝜇1 = 0 . Let us now fix 𝑗 ∈ {3 , . . . , 𝑛 − 1} and inductively assume that 𝜕𝓁 𝜇1 = 0 for all
 ≥ 𝑗 + 1 . We consider ( 4.1b ) for 𝑖 = 1 , replacing 𝑗 by 𝑗 − 1 . Up to a simplification, the surviving terms are those involving
𝑗 𝜇

1 , as the terms with 𝜕𝓁 𝜇
1 for 𝓁 ≥ 𝑗 + 1 vanish by the induction hypothesis. Therefore 

0 = 𝜇2 𝜕𝑗 𝜇
1 . 

s above, this implies 𝜕𝑗 𝜇1 = 0 . 
tep 3: 𝜕1 𝑉 = 0 and 𝜕2 𝜇

1 = 0 . Let us sum the diagonal equations obtained by considering ( 4.1b ) for 𝑗 = 𝑖, where the sum
uns over 𝑖 = 2 , . . . , 𝑛. Because of ( 4.2 ) and Step 2 , the only surviving pieces are those involving 𝜕2 𝜇1 and 𝜕1 𝑉, and terms
hat cancel with each other. A straightforward calculation then yields 

𝑛 𝜇2 𝜕2 𝜇
1 = ( 𝑛 − 1) 𝜕1 𝑉. (4.3)

e now use Equation ( 4.1a ) for ( 𝑖 , 𝑗 ) = (1 , 2) . Again, using ( 4.2 ), one sees that all second derivatives of 𝑉 disappear except
hose involving 𝜕1 𝑉, and the equation reduces to 

( 𝜕2 𝜇
1 )( 𝜕1 𝑉) = 0 . (4.4)

uppose that 𝜕1 𝑉 ≠ 0 at some point. Then ( 4.4 ) forces 𝜕2 𝜇1 = 0 and ( 4.3 ) gives 

0 = 𝑛 𝜇2 𝜕2 𝜇
1 = ( 𝑛 − 1) 𝜕1 𝑉, 

hich is impossible. Hence 𝜕1 𝑉 = 0 everywhere. Similarly, 𝜕2 𝜇1 = 0 . □

.2 The General Regular Case 

e now return to the general block decomposition. The previous summation argument is repeated independently for each
lock due to the vanishing of mixed structure constants. For 𝑟 Jordan blocks of sizes 𝑚1 , . . . , 𝑚𝑟 , the system ( 4.1 ) reads 

𝜇𝑡( 𝜏) 
(
𝑐
𝑠 ( 𝜎) 
𝑡 ( 𝜏) 𝑖( 𝛼) 

𝜕𝑠 ( 𝜎) 𝜕𝑗( 𝛽) 𝑉 − 𝑐
𝑠 ( 𝜎) 
𝑡( 𝜏) 𝑗( 𝛽) 

𝜕𝑠 ( 𝜎) 𝜕𝑖( 𝛼) 𝑉
)

(4.5a)
tudies in Applied Mathematics, 2026 15 of 31
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−
(
𝑐
𝑡( 𝜏) 
𝑗( 𝛽) 𝑠 ( 𝜎) 

𝜕𝑖( 𝛼) 𝜇
𝑠 ( 𝜎) − 𝑐

𝑡( 𝜏) 
𝑖( 𝛼) 𝑠 ( 𝜎) 

𝜕𝑗( 𝛽) 𝜇
𝑠 ( 𝜎) 

)
𝜕𝑡( 𝜏) 𝑉 = 0 , 

𝜇ℎ( 𝜏) 
(
𝑐
𝑖( 𝛼) 
ℎ( 𝜏) 𝑘( 𝛾) 

𝜕𝑗( 𝛽) 𝜇
𝑘( 𝛾) + 𝑐

𝑖( 𝛼) 
𝑗( 𝛽) 𝑘( 𝛾) 

𝜕ℎ( 𝜏) 𝜇
𝑘( 𝛾) − 𝑐

𝑘( 𝛾) 

𝑗( 𝛽) ℎ( 𝜏) 
𝜕𝑘( 𝛾) 𝜇

𝑖( 𝛼) (4.5b)

− 𝑐
𝑖( 𝛼) 
𝑗( 𝛽) 𝑠 ( 𝜎) 

𝑐
𝑠 ( 𝜎) 
ℎ( 𝜏) 𝑘( 𝛾) 

𝑒𝑚( 𝜈) 𝜕𝑚( 𝜈) 𝜇
𝑘( 𝛾) 

)
+ 𝑒𝑖( 𝛼) 𝜕𝑗( 𝛽) 𝑉 − 𝛿

𝑖( 𝛼) 
𝑗( 𝛽) 

𝑒( 𝑉) = 0 , 

or all 𝛼, 𝛽 ∈ {1 , . . . , 𝑟} and 𝑖 ∈ {1 , . . . , 𝑚𝛼} , 𝑗 ∈ {1 , . . . , 𝑚𝛽} . 

roposition 4.2. Let 𝑉 and {{ 𝜇𝑖( 𝛼) }𝑖∈{1 ,. . . ,𝑚𝛼} }𝛼∈{1 ,. . . ,𝑟} solve the system ( 4.5 ). Then, for 𝛼, 𝛽 ∈ {1 , . . . , 𝑟} , one has 
(i) for 𝑚𝛼 ≥ 2 , 

𝜕𝑗( 𝛼) 𝑉 = 0 , 𝑗 ∈ {2 , . . . , 𝑚𝛼} , (4.6)

(ii) for 𝑚𝛽 ≥ 2 , 

𝜕𝑗( 𝛽) 𝜇
1( 𝛼) = 0 , 𝑗 ∈ {2 , . . . , 𝑚𝛽} , 

(iii) the classical Gibbons–Tsarev system is recovered 

𝜕1( 𝛽) 𝑉 = ( 𝜇1( 𝛽) − 𝜇1( 𝛼) ) 𝜕1( 𝛽) 𝜇
1( 𝛼) , (4.7a)

𝜕1( 𝛼) 𝜕1( 𝛽) 𝑉 = 2
( 𝜕1( 𝛼) 𝑉 )( 𝜕1( 𝛽) 𝑉 ) 

( 𝜇1( 𝛽) − 𝜇1( 𝛼) )2 
, (4.7b)

for the leading variables { 𝑢1( 𝛼) }𝛼∈{1 ,. . . ,𝑟} , where 𝛼 ≠ 𝛽, 
(iv) for 𝑚𝛼 ≥ 2 , 

𝜕1( 𝛼) 𝑉 = 0 . 

roof. We will prove the proposition in five steps. 
tep 1: 𝜕𝑗( 𝛼) 𝑉 = 0 for 𝑗 ∈ {2 , . . . , 𝑚𝛼} . Let 𝛼 ∈ {1 , . . . , 𝑟} such that 𝑚𝛼 ≥ 2 and let 𝑗 ≥ 2 . We consider the sum, over 𝑠 ∈
1 , . . . , 𝑚𝛼 − 𝑗 + 1} , of Equations ( 4.5b ) with 𝛽 = 𝛼, 𝑖 = 𝑠, and 𝑗 replaced by 𝑗 + 𝑠 − 1 . Let us first treat the four terms inside
he parentheses. The first and third terms reduce to contributions involving only the 𝛼th block. This follows from the fact
hat the structure constants in David–Hertling coordinates are nonzero only when all three block indices coincide (see
heorem 2.5 ). More precisely, after summing over 𝑠, the expressions occurring in the first and third terms reduce to 

Σ1 ∶ =
𝑚𝛼− 𝑗+ 1 ∑
𝑠= 1 

𝜇ℎ( 𝛼) 𝑐
𝑠( 𝛼) 
ℎ( 𝛼) 𝑘 ( 𝛼) 

𝜕( 𝑗+ 𝑠− 1)( 𝛼) 𝜇
𝑘 ( 𝛼) and Σ2 ∶ = −

𝑚𝛼− 𝑗+ 1 ∑
𝑠= 1 

𝜇ℎ( 𝛼) 𝑐
𝑘 ( 𝛼) 
( 𝑗+ 𝑠− 1)( 𝛼) ℎ( 𝛼) 

𝜕𝑘 ( 𝛼) 𝜇
𝑠 ( 𝛼) , 

espectively. Moreover, since 𝑗 ≥ 2 and 𝑘 ≥ 1 , it follows that 

𝑐
𝑠( 𝛼) 
( 𝑗+ 𝑠− 1)( 𝛼) 𝑘 ( 𝛾) 

= 𝛿𝛼𝛾 𝛿
𝑠 
𝑗+ 𝑠+ 𝑘− 2 

= 0 

nd consequently the second term vanishes. The same argument, with 𝑡 in place of 𝑘, shows that the fourth term vanishes
s well, when replacing 𝑘 with 𝑡. We now consider the two terms outside the parentheses. Since 𝑒𝑠( 𝛼) = 𝛿𝑠 1 , we have 

𝑚𝛼− 𝑗+ 1 ∑
𝑠= 1 

𝑒𝑠( 𝛼) 𝜕( 𝑗+ 𝑠− 1)( 𝛼) 𝑉 = 𝜕𝑗( 𝛼) 𝑉, 

hile the final term is zero since 

𝛿
𝑠( 𝛼) 
( 𝑗+ 𝑠− 1)( 𝛼) 

= 0 , 
6 of 31 Studies in Applied Mathematics, 2026
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or 𝑗 ≥ 2 . Thus, the full sum reduces to 

𝜕𝑗( 𝛼) 𝑉 = − Σ1 − Σ2 . 

gain, using the form of the structure coefficients and considering the corresponding index ranges, we get 

Σ1 =
∑
ℎ,𝑘≥ 1 

ℎ+ 𝑘≤ 𝑚𝛼− 𝑗+ 2 

𝜇ℎ( 𝛼) 𝜕( 𝑗+ ℎ+ 𝑘 − 2)( 𝛼) 𝜇
𝑘 ( 𝛼) , Σ2 = −

∑
ℎ,𝑠≥ 1 

ℎ+ 𝑠≤ 𝑚𝛼− 𝑗+ 2 

𝜇ℎ( 𝛼) 𝜕( 𝑗+ ℎ+ 𝑠− 2)( 𝛼) 𝜇
𝑠 ( 𝛼) , 

hich coincide after relabeling the dummy index 𝑠 as 𝑘. Hence, 𝜕𝑗( 𝛼) 𝑉 = 0 , and since 𝑗, 𝛼 were arbitrary, this proves (i). 

tep 2: 𝜕𝑗( 𝛼) 𝜇1( 𝛼) = 0 for 𝑗 ∈ {3 , . . . , 𝑚𝛼} . In order to prove that 

𝜕𝑗( 𝛼) 𝜇
1( 𝛼) = 0 , 𝑗 ≥ 3 , (4.8)

et us consider ( 4.5b ) with 𝛽 = 𝛼, 𝑖 = 1 and 𝑗 = 𝑚𝛼 − 1 . This gives 

0 = 𝜇ℎ( 𝛼) 
(
𝑐
1( 𝛼) 
ℎ( 𝛼) 𝑘 ( 𝛼) 

𝜕( 𝑚𝛼− 1)( 𝛼) 𝜇
𝑘 ( 𝛼) − 𝑐

𝑘 ( 𝛼) 
( 𝑚𝛼− 1)( 𝛼) ℎ( 𝛼) 

𝜕𝑘 ( 𝛼) 𝜇
1( 𝛼) 

)
+ 𝑒1( 𝛼) 𝜕( 𝑚𝛼− 1)( 𝛼) 𝑉 

(4 . 6) 
= − 𝜇2( 𝛼) 𝜕𝑚𝛼( 𝛼) 𝜇

1( 𝛼) , 

ielding 𝜕𝑚𝛼( 𝛼) 𝜇
1( 𝛼) = 0 . By induction, let us fix 𝑙 ∈ {3 , . . . , 𝑚𝛼 − 1} and assume that 

𝜕𝑚( 𝛼) 𝜇
1( 𝛼) = 0 , 𝑚 ∈ { 𝑙 + 1 , . . . , 𝑚𝛼} , (4.9)

nd show 𝜕𝑙 ( 𝛼) 𝜇
1( 𝛼) = 0 . Considering ( 4.5b ) with 𝛽 = 𝛼, 𝑖 = 1 and 𝑗 = 𝑙 − 1 gives 

0 = 𝜇ℎ( 𝛼) 
(
𝑐
1( 𝛼) 
ℎ( 𝛼) 𝑘 ( 𝛼) 

𝜕( 𝑙 − 1)( 𝛼) 𝜇
𝑘 ( 𝛼) − 𝑐

𝑘 ( 𝛼) 
( 𝑙 − 1)( 𝛼) ℎ( 𝛼) 

𝜕𝑘 ( 𝛼) 𝜇
1( 𝛼) 

)
+ 𝑒1( 𝛼) 𝜕( 𝑙 − 1)( 𝛼) 𝑉 

(4 . 6) 
= −

𝑚𝛼− 𝑙+ 2 ∑
ℎ= 2 

𝜇ℎ( 𝛼) 𝜕( 𝑙 + ℎ− 2)( 𝛼) 𝜇
1( 𝛼) (4 . 9) = − 𝜇2( 𝛼) 𝜕𝑙 ( 𝛼) 𝜇

1( 𝛼) , 

ielding 𝜕𝑙 ( 𝛼) 𝜇1( 𝛼) = 0 . 

tep 3: 𝜕𝑗( 𝛽) 𝜇1( 𝛼) = 0 for 𝑗 ∈ {2 , . . . , 𝑚𝛽} , 𝛽 ≠ 𝛼. In order to prove that 

𝜕𝑗( 𝛽) 𝜇
1( 𝛼) = 0 , 𝑗 ≥ 2 , 𝛽 ≠ 𝛼, (4.10)

et us consider ( 4.5b ) with 𝛽 ≠ 𝛼, 𝑖 = 1 and 𝑗 = 𝑚𝛽 . This gives 

0 = ( 𝜇1( 𝛼) − 𝜇1( 𝛽) ) 𝜕𝑚𝛽( 𝛽) 𝜇
1( 𝛼) + 𝜕𝑚𝛽( 𝛽) 𝑉

(4 . 6) 
= ( 𝜇1( 𝛼) − 𝜇1( 𝛽) ) 𝜕𝑚𝛽( 𝛽) 𝜇

1( 𝛼) , 

ielding 𝜕𝑚𝛽( 𝛽) 𝜇
1( 𝛼) = 0 . By induction, let us fix 𝑙 ∈ {2 , . . . , 𝑚𝛽 − 1} and assume that 

𝜕𝑚( 𝛽) 𝜇
1( 𝛼) = 0 , 𝑚 ∈ { 𝑙 + 1 , . . . , 𝑚𝛽} , (4.11)

nd show 𝜕𝑙( 𝛽) 𝜇
1( 𝛼) = 0 . Considering ( 4.5b ) with 𝛽 ≠ 𝛼, 𝑖 = 1 and 𝑗 = 𝑙 gives 

0 = ( 𝜇1( 𝛼) − 𝜇1( 𝛽) ) 𝜕𝑙( 𝛽) 𝜇
1( 𝛼) −

𝑚𝛽∑
ℎ= 2 

𝜇ℎ( 𝛽) 𝑐
𝑘( 𝛽) 

𝑙( 𝛽) ℎ( 𝛽) 
𝜕𝑘( 𝛽) 𝜇

1( 𝛼) + 𝜕𝑙( 𝛽) 𝑉 

(4 . 6) 
= ( 𝜇1( 𝛼) − 𝜇1( 𝛽) ) 𝜕𝑙( 𝛽) 𝜇

1( 𝛼) −
𝑚𝛽∑
ℎ= 2 

𝜇ℎ( 𝛽) 𝑐
𝑘( 𝛽) 

𝑙( 𝛽) ℎ( 𝛽) 
𝜕𝑘( 𝛽) 𝜇

1( 𝛼) , 

here the sum vanishes by ( 4.11 ), yielding 𝜕𝑙( 𝛽) 𝜇1( 𝛼) = 0 . 
tudies in Applied Mathematics, 2026 17 of 31
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tep 4: ( 4.7 ) holds. Let 𝛽 ≠ 𝛼. Considering 𝑖 = 𝑗 = 1 in ( 4.5b ) gives 

0 = 𝜇ℎ( 𝜏) 
(
𝑐
1( 𝛼) 
ℎ( 𝜏) 𝑘( 𝛾) 

𝜕1( 𝛽) 𝜇
𝑘( 𝛾) − 𝑐

𝑘( 𝛾) 

1( 𝛽) ℎ( 𝜏) 
𝜕𝑘( 𝛾) 𝜇

1( 𝛼) 
)
+ 𝜕1( 𝛽) 𝑉 

= 𝜇ℎ( 𝛼) 𝑐
1( 𝛼) 
ℎ( 𝛼) 𝑘 ( 𝛼) 

𝜕1( 𝛽) 𝜇
𝑘 ( 𝛼) − 𝜇ℎ( 𝛽) 𝑐

𝑘( 𝛽) 

1( 𝛽) ℎ( 𝛽) 
𝜕𝑘( 𝛽) 𝜇

1( 𝛼) + 𝜕1( 𝛽) 𝑉 

hich, by virtue of ( 4.8 )–( 4.10 ), gives ( 4.7a ). Moreover, considering 𝑖 = 𝑗 = 1 in ( 4.5a ) gives 

0 = 𝜇𝑡 ( 𝛼) 𝑐
𝑠( 𝛼) 
𝑡 ( 𝛼)1( 𝛼) 

𝜕𝑠( 𝛼) 𝜕1( 𝛽) 𝑉 − 𝜇𝑡( 𝛽) 𝑐
𝑠( 𝛽) 

𝑡( 𝛽)1( 𝛽) 
𝜕𝑠( 𝛽) 𝜕1( 𝛼) 𝑉 

− 𝑐
𝑡( 𝛽) 

1( 𝛽) 𝑠( 𝛽) 
𝜕1( 𝛼) 𝜇

𝑠 ( 𝛽) 𝜕𝑡( 𝛽) 𝑉 + 𝑐
𝑡 ( 𝛼) 
1( 𝛼) 𝑠( 𝛼) 

𝜕1( 𝛽) 𝜇
𝑠 ( 𝛼) 𝜕𝑡 ( 𝛼) 𝑉 

(4 . 6) 
= ( 𝜇1( 𝛼) − 𝜇1( 𝛽) ) 𝜕1( 𝛼) 𝜕1( 𝛽) 𝑉 − 𝜕1( 𝛼) 𝜇

1( 𝛽) 𝜕1( 𝛽) 𝑉 + 𝜕1( 𝛽) 𝜇
1( 𝛼) 𝜕1( 𝛼) 𝑉 

hich, by means of ( 4.7a ), gives ( 4.7b ). This proves (iii). 
tep 5: 𝜕1( 𝛼) 𝑉 = 0 , 𝜕2( 𝛼) 𝜇1( 𝛼) = 0 for 𝑚𝛼 ≥ 2 . Let 𝑚𝛼 ≥ 2 . We consider the sum, over 𝑖 ∈ {2 , . . . , 𝑚𝛼} , of ( 4.5b ) with
= 𝛼 and 𝑗 = 𝑖. Let us first treat the four terms inside the parentheses. As in Step 1, the first and third terms reduce
o contributions only involving the 𝛼th block, by the vanishing of structure coefficients involving indices belonging to
ifferent blocks. Moreover, since 

𝑐
𝑖( 𝛼) 
𝑖( 𝛼) 𝑘 ( 𝛾) 

= 𝛿𝛼𝛾 𝛿
𝑘 
1 , 𝑐

1( 𝛼) 
ℎ( 𝜏) 𝑘( 𝛾) 

≠ 0 iff 𝜏 = 𝛾 = 𝛼 and ℎ = 𝑘 = 1 , 

he second and fourth terms reduce to 

𝜇ℎ( 𝜏) 𝜕ℎ( 𝜏) 𝜇
1( 𝛼) , − 𝜇1( 𝛼) 

𝑟 ∑
𝜌= 1 

𝜕1( 𝜌) 𝜇
1( 𝛼) , (4.12)

espectively. Let us now consider the two terms outside the parentheses. Since 𝑖 ≥ 2 , 𝑒𝑖( 𝛼) = 0 , making the first term zero.
oreover, using 𝛿𝑖( 𝛼) 

𝑖( 𝛼) 
= 1 , the final term gives 

− 𝑒( 𝑉) = −
𝑟 ∑

𝜌= 1 

𝜕1( 𝜌) 𝑉. (4.13)

otice that ( 4.12 ) and ( 4.13 ) are independent of 𝑖. Thus collecting, the full equation reduces to 

0 = 

𝑚𝛼∑
𝑖= 2 

𝜇ℎ( 𝛼) 
(
𝑐
𝑖( 𝛼) 
ℎ( 𝛼) 𝑘 ( 𝛼) 

𝜕𝑖( 𝛼) 𝜇
𝑘 ( 𝛼) − 𝑐

𝑘 ( 𝛼) 
𝑖( 𝛼) ℎ( 𝛼) 

𝜕𝑘 ( 𝛼) 𝜇
𝑖( 𝛼) 

)
(4.14)

+ ( 𝑚𝛼 − 1)

𝑟 ∑
𝜌= 1 

(
𝜇ℎ( 𝜌) 𝜕ℎ( 𝜌) 𝜇

1( 𝛼) − 𝜇1( 𝛼) 𝜕1( 𝜌) 𝜇
1( 𝛼) − 𝜕1( 𝜌) 𝑉

)
. 

or 𝜌 ≠ 𝛼, using ( 4.10 ), the expression inside the sum over 𝜌 is given by (
𝜇1( 𝜌) − 𝜇1( 𝛼) 

)
𝜕1( 𝜌) 𝜇

1( 𝛼) − 𝜕1( 𝜌) 𝑉, 

hich vanishes by ( 4.7a ), as proved in Step 4. For 𝜌 = 𝛼, it is 

𝜇ℎ( 𝛼) 𝜕ℎ( 𝛼) 𝜇
1( 𝛼) − 𝜇1( 𝛼) 𝜕1( 𝛼) 𝜇

1( 𝛼) − 𝜕1( 𝛼) 𝑉
(4 . 8) 
= 𝜇2( 𝛼) 𝜕2( 𝛼) 𝜇

1( 𝛼) − 𝜕1( 𝛼) 𝑉. 

or the 𝑖-dependent terms in ( 4.14 ), using the form of the structure coefficients, and taking into account the corresponding
ndex ranges, we can write the 𝑘 ≥ 2 contribution associated with the first term in the parentheses as ∑

ℎ≥ 1 ,𝑘≥ 2 
ℎ+ 𝑘≤ 𝑚𝛼+ 1 

𝜇ℎ( 𝛼) 𝜕( ℎ+ 𝑘 − 1)( 𝛼) 𝜇
𝑘 ( 𝛼) , 
8 of 31 Studies in Applied Mathematics, 2026
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hich, after a relabeling, cancels with the contribution from the second term. The remaining contribution from the 𝑖-sum,
orresponding to 𝑘 = 1 , is therefore 

𝑚𝛼∑
ℎ= 2 

𝜇ℎ( 𝛼) 𝜕ℎ( 𝛼) 𝜇
1( 𝛼) (4 . 8) = 𝜇2( 𝛼) 𝜕2( 𝛼) 𝜇

1( 𝛼) . 

ll this reduces ( 4.14 ) to 

𝑚𝛼𝜇
2( 𝛼) 𝜕2( 𝛼) 𝜇

1( 𝛼) = ( 𝑚𝛼 − 1) 𝜕1( 𝛼) 𝑉. (4.15)

onsidering now ( 4.5a ) with 𝛽 = 𝛼, 𝑖 = 1 , and 𝑗 = 2 , and using ( 4.6 ), we obtain 

𝜕2( 𝛼) 𝜇
1( 𝛼) 𝜕1( 𝛼) 𝑉 = 0 . (4.16)

inally, since 𝑚𝛼 ≥ 2 and 𝜇2( 𝛼) ≠ 0 , Equations ( 4.15 ) and ( 4.16 ) imply that 

𝜕1( 𝛼) 𝑉 = 0 , 𝜕2( 𝛼) 𝜇
1( 𝛼) = 0 , 

hich proves (iv) and, together with Steps 2 and 3, also proves (ii). □

 Reductions of Pavlov’s Hydrodynamic Chain 

n this section, we study reductions 

𝐶𝛼 = 𝐶𝛼( 𝑟1 , . . . , 𝑟𝑛 ) , 𝑟𝑖 𝑡 = 𝑐𝑖 
𝑗𝑘 
( 𝜇𝑗 − 𝑉𝑒𝑗 ) 𝑟𝑘 𝑥 

f Pavlov’s hydrodynamic chain 

𝐶𝛼− 1 
𝑡 = 𝐶𝛼𝑥 − 𝐶0 𝐶𝛼− 1 

𝑥 , 𝛼 ∈ ℤ . (5.1)

hroughout this section, the 𝑛-component reductions under consideration are assumed to be non-degenerate, that is,
ocally there exist 𝛼1 , . . . , 𝛼𝑛 ∈ ℤ such that det ( 𝜕𝑖 𝐶

𝛼𝑗 )𝑛 
𝑖 ,𝑗 = 1 

≠ 0 . 

iagonal reductions (corresponding to a semisimple product in our setting) have been studied by Pavlov in [ 21 ]. He proved
hat the characteristic velocities 𝜇𝑖 of the diagonal reductions are given by 

𝑓𝑖 ( 𝑟𝑖 ) −
𝑛 ∑
𝑘= 1 

𝜓𝑘 ( 𝑟𝑘 ) , 

here 𝑓𝑖 ( 𝑟𝑖 ) , 𝜓𝑖 ( 𝑟𝑖 ) for 𝑖 = 1 , . . . , 𝑛 are arbitrary functions. The starting observation is as follows. Identify the coordinates
 𝑟1 , . . . , 𝑟𝑛 ) with the canonical coordinates of a semisimple product. Then the functions 

𝑓1 ( 𝑟1 ) , . . . , 𝑓𝑛 ( 𝑟𝑛 ) , 

efine an eventual identity 𝜇, while 

𝑉 =
𝑛 ∑
𝑘= 1 

𝜓𝑘 ( 𝑟𝑘 ) 

s the general solution of 𝑑 ⋅ 𝑑𝐿 𝑉 = 0 for 𝐿 = 𝜇◦. In other words, in the semisimple case, reductions have the form 

𝑟𝑡 = ( 𝜇 − 𝑉𝑒) ◦𝑟𝑥 = ( 𝐿 − 𝑉 𝐼 ) 𝑟𝑥 , 

here the vector field 𝜇 and the function 𝑉 are solutions of the system 

𝜇𝑐
𝑖 
ℎ𝑗 

− 𝑐𝑖 
𝑗𝑠 
𝑐𝑠 
ℎ𝑡 
[ 𝑒, 𝜇]𝑡 = 0 , (5.2a)
tudies in Applied Mathematics, 2026 19 of 31
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(
𝑐𝑠 
𝑖ℎ 
𝜕𝑠 𝜕𝑗 𝑉 − 𝑐𝑠 

𝑗ℎ 
𝜕𝑠 𝜕𝑖 𝑉

)
𝜇ℎ =

(
𝑐ℎ 
𝑠𝑗 
𝜕𝑖 𝜇

𝑠 − 𝑐ℎ 
𝑠𝑖 
𝜕𝑗 𝜇

𝑠 
)
𝜕ℎ 𝑉. (5.2b)

hanks to this interpretation, we can extend this result to the general case, that is, without assuming semisimplicity.
efore doing so, however, we briefly recall the Frölicher–Nijenhuis construction associated with a Nijenhuis operator,
hich provides the natural framework for the main result of this section, Theorem 5.3 . 

.1 A Class of 𝑭-Manifolds Related to the Frölicher–Nijenhuis Bicomplex 

et 𝐿 be a tensor field of type (1,1) with vanishing Nijenhuis torsion. Following [ 9 ], we now recall a construction of
ntegrable hierarchies starting from the Frölicher–Nijenhuis bicomplex ( 𝑑, 𝑑𝐿 , Ω( 𝑀)) (see [ 32 ]). The differential 𝑑 is the
sual de Rham differential, while the differential 𝑑𝐿 is defined as 

( 𝑑𝐿 𝜔)( 𝑋0 , . . . , 𝑋𝑘 ) ∶ = 

𝑘 ∑
𝑖= 0 

( − 1)𝑖 ( 𝐿𝑋𝑖 )( 𝜔( 𝑋0 , . . . , 𝑋̂𝑖 , . . . , 𝑋𝑘 )) (5.3)

+
∑

0 ≤ 𝑖 < 𝑗 ≤ 𝑘 

( − 1)𝑖+ 𝑗 𝜔([ 𝑋𝑖 , 𝑋𝑗 ]𝐿 , 𝑋0 , . . . , 𝑋̂𝑖 , . . . , 𝑋̂𝑗 , . . . 𝑋𝑘 ) , 

here 𝜔 ∈ Ω𝑘 ( 𝑀) and 

[ 𝑋𝑖 , 𝑋𝑗 ]𝐿 ∶ = [ 𝐿𝑋𝑖 , 𝑋𝑗 ] + [ 𝑋𝑖 , 𝐿𝑋𝑗 ] − 𝐿[ 𝑋𝑖 , 𝑋𝑗 ] . 

n [ 9 ], an integrable hierarchy of hydrodynamic type was constructed as follows. Starting from a solution 𝑎0 of 

𝑑 ⋅ 𝑑𝐿 𝑎0 = 0 , 

ne recursively defines the sequence of functions 𝑎1 , 𝑎2 , 𝑎3 , . . . recursively by 

𝑑 𝑎𝑘+ 1 = 𝑑𝐿 𝑎𝑘 − 𝑎𝑘 𝑑 𝑎0 , 𝑘 ≥ 0 . 

he corresponding sequence of (1,1) tensor fields, starting from 𝑉0 = 𝐼, are defined by 

𝑉𝑘+ 1 ∶ = 𝑉𝑘 𝐿 − 𝑎𝑘 𝐼, 𝑘 ≥ 0 . 

his construction can be applied in particular in the case where 𝐿 = 𝜇◦ is the operator of multiplication by an eventual
dentity. As recalled in Section 2 , one can define an 𝐹-manifold with compatible connection. This was done in [ 3 ] in
 special case leading to the definition of Lauricella bi-flat 𝐹-manifolds and in the general case (choosing as eventual
dentity the Euler vector field) in [ 4 ]. 

.2 Beyond the Semisimple Case 

n order to generalize Pavlov’s result, we will need two propositions as auxiliary tools, and to state these we require some
urther definitions. 
et 𝑀 be a smooth manifold, let 

𝜔 ∈ Ω𝑘 ( 𝑀 ; 𝑇𝑀 ) = Γ(Λ𝑘 𝑇∗ 𝑀 ⊗ 𝑇𝑀 ) , 

nd let Ω∙( 𝑀) denote the de Rham algebra of differential forms on 𝑀. Define the insertion operator 

𝜄𝜔 ∶ Ω
𝑝 ( 𝑀) ⟶Ω𝑝+ 𝑘− 1 ( 𝑀) 

s the unique derivation of degree 𝑘 − 1 characterized on decomposable tensors by 

𝜄𝛼⊗𝑋 

𝜂 = 𝛼 ∧ 𝜄𝑋 

𝜂, 𝛼 ∈ Ω𝑘 ( 𝑀 ) , 𝑋 ∈ 𝔛 ( 𝑀 ) , 𝜂 ∈ Ω∙( 𝑀 ) . 
0 of 31 Studies in Applied Mathematics, 2026
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quivalently, if 𝑝 ≥ 1 , then 

( 𝜄𝜔 𝜂)( 𝑋1 , . . . , 𝑋𝑝+ 𝑘− 1 ) =
∑

𝜎∈Sh ( 𝑘,𝑝 − 1) 

sgn ( 𝜎) 𝜂
(
𝜔( 𝑋𝜎(1) , . . . , 𝑋𝜎( 𝑘) ) , 𝑋𝜎( 𝑘+ 1) , . . . , 𝑋𝜎( 𝑘+ 𝑝 − 1) 

)
, 

nd 𝜄𝜔 𝑓 = 0 for every 𝑓 ∈ 𝐶∞( 𝑀) . 
ow define 

𝑑𝜔 ∶ = [ 𝜄𝜔 , 𝑑]gr = 𝜄𝜔 ◦𝑑 − ( − 1)𝑘− 1 𝑑◦𝜄𝜔 . (5.4)

ith these definitions at hand, we have the following proposition. 

roposition 5.1. Let 𝑑𝜔 be as in ( 5.4 ), then the following statements hold. 
(1) 𝑑𝜔 is a derivation of degree 𝑘, that is, 

𝑑𝜔 ∶ Ω
𝑝 ( 𝑀) ⟶Ω𝑝+ 𝑘 ( 𝑀); 

(2) if 𝜔 = 𝛼 ⊗ 𝑋 with 𝛼 ∈ Ω𝑘 ( 𝑀) and 𝑋 ∈ 𝔛 ( 𝑀) , then for every 𝜂 ∈ Ω∙( 𝑀) , 

𝑑𝜔 𝜂 = 𝛼 ∧ 𝑋 

𝜂 + ( − 1)𝑘 𝑑𝛼 ∧ 𝜄𝑋 

𝜂; 

(3) the operators 𝑑 and 𝑑𝜔 always graded-commute: 

[ 𝑑 , 𝑑𝜔 ]gr = 𝑑 ◦𝑑𝜔 − ( − 1)𝑘 𝑑𝜔 ◦𝑑 = 0 . 

Equivalently, 

𝑑 ◦𝑑𝜔 = ( − 1)𝑘 𝑑𝜔 ◦𝑑 . 

Hence: 
∙ if 𝑘 is even, then 𝑑 and 𝑑𝜔 commute, 
∙ if 𝑘 is odd, then 𝑑 and 𝑑𝜔 anticommute. 

(4) Assume now that 𝑘 = 1 . Under the canonical identification 

Ω1 ( 𝑀 ; 𝑇𝑀 ) ≅ Γ( 𝑇∗ 𝑀 ⊗ 𝑇𝑀) ≅ Γ(End ( 𝑇𝑀)) , 

let 

𝐿 ∶ = 𝜔♭ ∈ Γ(End ( 𝑇𝑀)) be defined by 𝐿𝑋 = 𝜔( 𝑋) . 

Define the usual insertion operator 

𝜄𝐿 ∶ Ω
𝑝 ( 𝑀) ⟶Ω𝑝 ( 𝑀) 

by 

( 𝜄𝐿 𝜂)( 𝑋1 , . . . , 𝑋𝑝 ) =
𝑝 ∑
𝑗= 1 

𝜂( 𝑋1 , . . . , 𝐿𝑋𝑗 , . . . , 𝑋𝑝 ) , 

and set 

𝑑𝐿 ∶ = 𝜄𝐿 ◦𝑑 − 𝑑◦𝜄𝐿 . (5.5)

Then 

𝜄𝜔 = 𝜄𝐿 and therefore 𝑑𝜔 = 𝑑𝐿 . 
tudies in Applied Mathematics, 2026 21 of 31
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(5) For every 𝑞 ≥ 0 , every 𝜂 ∈ Ω𝑞 ( 𝑀) , and every 𝑋0 , . . . , 𝑋𝑞 ∈ 𝔛 ( 𝑀) , 

( 𝑑𝐿 𝜂)( 𝑋0 , . . . , 𝑋𝑞 ) =
𝑞 ∑
𝑖= 0 

( − 1)𝑖 ( 𝐿𝑋𝑖 )
(
𝜂( 𝑋0 , . . . , 𝑋𝑖 , . . . , 𝑋𝑞 )

)
+

∑
0 ≤ 𝑖 < 𝑗 ≤ 𝑞 

( − 1)𝑖+ 𝑗 𝜂([ 𝑋𝑖 , 𝑋𝑗 ]𝐿 , 𝑋0 , . . . , 𝑋𝑖 , . . . , 𝑋𝑗 , . . . , 𝑋𝑞 ) , 

where 

[ 𝑋𝑖 , 𝑋𝑗 ]𝐿 ∶ = [ 𝐿𝑋𝑖 , 𝑋𝑗 ] + [ 𝑋𝑖 , 𝐿𝑋𝑗 ] − 𝐿[ 𝑋𝑖 , 𝑋𝑗 ] . 

Thus, the operator 𝑑𝐿 defined in ( 5.5 ) coincides with the operator 𝑑𝐿 defined in ( 5.3 ). 

roof. Since 𝜄𝜔 is a derivation of degree 𝑘 − 1 and 𝑑 is a derivation of degree 1, their graded commutator 

𝑑𝜔 = [ 𝜄𝜔 , 𝑑]gr 

s a derivation of degree 𝑘. This proves (1). 
or (2), if 𝜔 = 𝛼 ⊗ 𝑋, then 𝜄𝜔 = 𝛼 ∧ 𝜄𝑋 

, so for every 𝜂 ∈ Ω∙( 𝑀) , 

𝑑𝜔 𝜂 = 𝜄𝜔 ( 𝑑𝜂) − ( − 1)𝑘− 1 𝑑( 𝜄𝜔 𝜂) 

= 𝛼 ∧ 𝜄𝑋 

( 𝑑𝜂) − ( − 1)𝑘− 1 𝑑( 𝛼 ∧ 𝜄𝑋 

𝜂) 

= 𝛼 ∧
(
𝜄𝑋 

𝑑 + 𝑑𝜄𝑋 

)
𝜂 + ( − 1)𝑘 𝑑𝛼 ∧ 𝜄𝑋 

𝜂

= 𝛼 ∧ 𝑋 

𝜂 + ( − 1)𝑘 𝑑𝛼 ∧ 𝜄𝑋 

𝜂, 

here we used the graded Leibniz rule and Cartan’s formula 𝑋 

= 𝜄𝑋 

𝑑 + 𝑑𝜄𝑋 

. 
or (3), using 𝑑2 = 0 , we have 

𝑑 𝑑𝜔 = 𝑑 𝜄𝜔 𝑑 − ( − 1)𝑘− 1 𝑑2 𝜄𝜔 = 𝑑 𝜄𝜔 𝑑 , 

𝑑𝜔 𝑑 = 𝜄𝜔 𝑑
2 − ( − 1)𝑘− 1 𝑑𝜄𝜔 𝑑 = ( − 1)𝑘 𝑑𝜄𝜔 𝑑. 

his implies 

𝑑 𝑑𝜔 = ( − 1)𝑘 𝑑𝜔 𝑑, 

r equivalently 

[ 𝑑, 𝑑𝜔 ]gr = 0 . 

he parity statement follows immediately. 
or (4), let 𝜂 ∈ Ω𝑝 ( 𝑀) . As the statement is immediate for 𝑝 = 0 , we may assume in the following that 𝑝 ≥ 1 . Letting
1 , . . . , 𝑋𝑝 ∈ 𝔛 ( 𝑀) and 𝑘 = 1 , the shuffle formula gives 

( 𝜄𝜔 𝜂)( 𝑋1 , . . . , 𝑋𝑝 ) =
𝑝 ∑
𝑗= 1 

( − 1)𝑗− 1 𝜂
(
𝜔( 𝑋𝑗 ) , 𝑋1 , . . . , 𝑋𝑗 , . . . , 𝑋𝑝 

)
. 

ecause 𝜂 is alternating, moving 𝜔( 𝑋𝑗 ) from the first slot to the 𝑗th slot produces another factor ( − 1)𝑗− 1 . Thus, using the
efinition of 𝐿 = 𝜔♭ which gives 𝐿𝑋𝑗 = 𝜔( 𝑋𝑗 ) , we have 

( 𝜄𝜔 𝜂)( 𝑋1 , . . . , 𝑋𝑝 ) =
𝑝 ∑
𝑗= 1 

𝜂
(
𝑋1 , . . . , 𝐿𝑋𝑗 , . . . , 𝑋𝑝 

)
= ( 𝜄𝐿 𝜂)( 𝑋1 , . . . , 𝑋𝑝 ) , 
2 of 31 Studies in Applied Mathematics, 2026
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hich means that 𝜄𝜔 = 𝜄𝐿 . It follows from the definition of 𝑑𝜔 , since 𝑘 = 1 , that 𝑑𝜔 = 𝑑𝐿 . 
t remains to prove (5). Fix 𝑞 ≥ 0 , 𝜂 ∈ Ω𝑞 ( 𝑀) , and 𝑋0 , . . . , 𝑋𝑞 ∈ 𝔛 ( 𝑀) . By definition, 

𝑑𝐿 𝜂 = 𝜄𝐿 ( 𝑑𝜂) − 𝑑( 𝜄𝐿 𝜂) . 

or 𝑟 ≠ 𝑖, write 

𝜂
( 𝑟) 
𝑖 

∶ = 𝜂( 𝑋0 , . . . , 𝑋𝑖 , . . . , 𝐿𝑋𝑟 , . . . , 𝑋𝑞 ) , 

hat is, 𝜂( 𝑟) 
𝑖 

is obtained from 𝜂( 𝑋0 , . . . , 𝑋𝑖 , . . . , 𝑋𝑞 ) by replacing the argument 𝑋𝑟 by 𝐿𝑋𝑟 . Also, for 0 ≤ 𝑖 < 𝑗 ≤ 𝑞, define 

𝜂𝑖𝑗 ( 𝑌) ∶ = 𝜂( 𝑌, 𝑋0 , . . . , 𝑋𝑖 , . . . , 𝑋𝑗 , . . . , 𝑋𝑞 ) , (5.6)

nd for 𝑟 ≠ 𝑖 , 𝑗 define 

𝜂
( 𝑟) 
𝑖𝑗 
( 𝑌) ∶ = 𝜂( 𝑌, 𝑋0 , . . . , 𝑋𝑖 , . . . , 𝑋𝑗 , . . . , 𝐿𝑋𝑟 , . . . , 𝑋𝑞 ) . 

e first expand 𝜄𝐿 𝑑𝜂, using the usual de Rham formula: 

( 𝜄𝐿 𝑑𝜂)( 𝑋0 , . . . , 𝑋𝑞 ) =
𝑞 ∑
𝑟= 0 

( − 1)𝑟 𝐿𝑋𝑟 
(
𝜂( 𝑋0 , . . . , 𝑋𝑟 , . . . , 𝑋𝑞 )

)
+

𝑞 ∑
𝑖= 0 

( − 1)𝑖 
∑
𝑟≠𝑖 

𝑋𝑖 ( 𝜂
( 𝑟) 
𝑖 
) 

+
∑

0 ≤ 𝑖 < 𝑗 ≤ 𝑞 

( − 1)𝑖+ 𝑗 𝜂𝑖𝑗 ([ 𝐿𝑋𝑖 , 𝑋𝑗 ] + [ 𝑋𝑖 , 𝐿𝑋𝑗 ]) +
∑

0 ≤ 𝑖 < 𝑗 ≤ 𝑞 

( − 1)𝑖+ 𝑗 
∑
𝑟≠𝑖,𝑗 

𝜂
( 𝑟) 
𝑖𝑗 

(
[ 𝑋𝑖 , 𝑋𝑗 ]

)
. 

econd, we expand 𝑑( 𝜄𝐿 𝜂) , again applying the de Rham formula, and the fact that 

( 𝑑𝜄𝐿 𝜂)( 𝑋0 , . . . , 𝑋𝑞 ) =
𝑞 ∑
𝑖= 0 

( − 1)𝑖 𝑋𝑖 

( ∑
𝑟≠𝑖 

𝜂
( 𝑟) 
𝑖 

) 

+
∑

0 ≤ 𝑖 < 𝑗 ≤ 𝑞 

( − 1)𝑖+ 𝑗 ( 𝜄𝐿 𝜂)([ 𝑋𝑖 , 𝑋𝑗 ] , 𝑋0 , . . . , 𝑋𝑖 , . . . , 𝑋𝑗 , . . . , 𝑋𝑞 ) 

=
𝑞 ∑
𝑖= 0 

( − 1)𝑖 
∑
𝑟≠𝑖 

𝑋𝑖 

(
𝜂
( 𝑟) 
𝑖 

)
+

∑
0 ≤ 𝑖 < 𝑗 ≤ 𝑞 

( − 1)𝑖+ 𝑗 
∑
𝑟≠𝑖,𝑗 

𝜂
( 𝑟) 
𝑖𝑗 
([ 𝑋𝑖 , 𝑋𝑗 ]) 

+
∑

0 ≤ 𝑖 < 𝑗 ≤ 𝑞 

( − 1)𝑖+ 𝑗 𝜂𝑖𝑗 ( 𝐿[ 𝑋𝑖 , 𝑋𝑗 ]) . 

ubtracting the two expansions gives 

( 𝑑𝐿 𝜂)( 𝑋0 , . . . , 𝑋𝑞 ) =
𝑞 ∑
𝑟= 0 

( − 1)𝑟 𝐿𝑋𝑟 
(
𝜂( 𝑋0 , . . . , 𝑋𝑟 , . . . , 𝑋𝑞 )

)
+

∑
0 ≤ 𝑖 < 𝑗 ≤ 𝑞 

( − 1)𝑖+ 𝑗 𝜂𝑖𝑗 
(
[ 𝐿𝑋𝑖 , 𝑋𝑗 ] + [ 𝑋𝑖 , 𝐿𝑋𝑗 ] − 𝐿[ 𝑋𝑖 , 𝑋𝑗 ]

)
, 

hich, by the definition of 𝜂𝑖𝑗 ( 𝑌) as in ( 5.6 ), coincides with ( 5.3 ). □

roposition 5.2. Let 𝐿 be an invertible tensor field of type (1,1) with vanishing Nijenhuis torsion. Let 

𝜏𝐿 ∶ Ω
𝑘 ( 𝑀) → Ω𝑘 ( 𝑀) 

e the natural action of 𝐿 on 𝑘-forms, defined by 

( 𝜏𝐿 𝜔)( 𝑋1 , . . . , 𝑋𝑘 ) ∶ = 𝜔( 𝐿𝑋1 , . . . , 𝐿𝑋𝑘 ) . 
tudies in Applied Mathematics, 2026 23 of 31
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hen the following statements hold. 
(1) 𝐿− 1 also has vanishing Nijenhuis torsion. 
(2) For every 𝛼 ∈ Ω( 𝑀) , 

𝑑 𝑑𝐿 𝛼 = − 𝜏𝐿 
(
𝑑 𝑑𝐿− 1 ( 𝜏𝐿− 1 𝛼)

)
, 

or equivalently, 

𝑑 𝑑𝐿 = − 𝜏𝐿 ◦𝑑 𝑑𝐿− 1 ◦𝜏𝐿− 1 . 

Hence, for every 𝛼 ∈ Ω( 𝑀) , 

𝑑 𝑑𝐿 𝛼 = 0 ⟺ 𝑑 𝑑𝐿− 1 ( 𝜏𝐿− 1 𝛼) = 0 . 

(3) If 𝑉 ∈ 𝐶∞( 𝑀) = Ω0 ( 𝑀) , then 

𝑑 𝑑𝐿 𝑉 = 0 ⟺ 𝑑 𝑑𝐿− 1 𝑉 = 0 . 

roof. (1) For 𝑁𝑇 being the Nijenhuis torsion of a (1,1)-tensor field 𝑇 as defined in ( 2.9 ), we want to prove that 𝑁𝐿− 1 = 0 ,
ssuming 𝑁𝐿 = 0 . Since 𝐿 is invertible, it is sufficient to show that 

𝑁𝐿− 1 ( 𝐿 𝑋, 𝐿 𝑌) = 0 ∀𝑋, 𝑌 ∈ 𝔛 ( 𝑀) . 

e have 

𝑁𝐿− 1 ( 𝐿 𝑋, 𝐿 𝑌) = [ 𝑋, 𝑌] − 𝐿− 1 
(
[ 𝑋, 𝐿𝑌] + [ 𝐿𝑋, 𝑌]

)
+ ( 𝐿− 1 )2 [ 𝐿 𝑋, 𝐿 𝑌] . 

pplying 𝐿2 to both sides and using 𝑁𝐿 = 0 , we obtain 

𝐿2 𝑁𝐿− 1 ( 𝐿 𝑋, 𝐿 𝑌) = 𝐿2 [ 𝑋 , 𝑌 ] − 𝐿
(
[ 𝑋 , 𝐿𝑌 ] + [ 𝐿𝑋 , 𝑌 ]

)
+ [ 𝐿𝑋 , 𝐿𝑌 ] 

= [ 𝐿 𝑋, 𝐿 𝑌] − 𝐿
(
[ 𝐿𝑋, 𝑌] + [ 𝑋, 𝐿𝑌]

)
+ 𝐿2 [ 𝑋, 𝑌] 

= 𝑁𝐿 ( 𝑋 , 𝑌 ) = 0 . 

he claim follows by the invertibility of 𝐿2 . 
2) First we show that 

𝑑𝐿 ◦𝜏𝐿 = 𝜏𝐿 ◦𝑑. 

ndeed, for 𝜔 ∈ Ω𝑘 ( 𝑀) and 𝑋0 , . . . , 𝑋𝑘 ∈ 𝔛 ( 𝑀) , we have 

( 𝑑𝐿 ( 𝜏𝐿 𝜔))( 𝑋0 , . . . , 𝑋𝑘 ) =
𝑘 ∑
𝑖= 0 

( − 1)𝑖 ( 𝐿𝑋𝑖 )
(
𝜔( 𝐿𝑋0 , . . . , 𝐿𝑋𝑖 , . . . , 𝐿𝑋𝑘 )

)
+

∑
0 ≤ 𝑖 < 𝑗 ≤ 𝑘 

( − 1)𝑖+ 𝑗 𝜔
(
𝐿[ 𝑋𝑖 , 𝑋𝑗 ]𝐿 , 𝐿𝑋0 , . . . , 𝐿𝑋𝑖 , . . . , 𝐿𝑋𝑗 , . . . , 𝐿𝑋𝑘 

)
. 

ince 

𝑁𝐿 ( 𝑋𝑖 , 𝑋𝑗 ) = [ 𝐿 𝑋𝑖 , 𝐿 𝑋𝑗 ] − 𝐿[ 𝑋𝑖 , 𝑋𝑗 ]𝐿 , 

he assumption 𝑁𝐿 = 0 gives 

𝐿 [ 𝑋𝑖 , 𝑋𝑗 ]𝐿 = [ 𝐿 𝑋𝑖 , 𝐿 𝑋𝑗 ] . 
4 of 31 Studies in Applied Mathematics, 2026
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herefore, by substitution, we obtain 

( 𝑑𝐿 ( 𝜏𝐿 𝜔))( 𝑋0 , . . . , 𝑋𝑘 ) = ( 𝑑𝜔)( 𝐿𝑋0 , . . . , 𝐿𝑋𝑘 ) = ( 𝜏𝐿 ( 𝑑𝜔))( 𝑋0 , . . . , 𝑋𝑘 ) , 

hich indeed implies that 

𝑑𝐿 ◦𝜏𝐿 = 𝜏𝐿 ◦𝑑. 

ince 𝐿 is invertible, 𝜏𝐿 is invertible with inverse 𝜏𝐿− 1 , and hence 

𝑑𝐿 = 𝜏𝐿 ◦𝑑◦𝜏𝐿− 1 . (5.7)

nalogously, for 𝐿− 1 , whose Nijenhuis torsion also vanishes, we obtain 

𝑑𝐿− 1 = 𝜏𝐿− 1 ◦𝑑 ◦𝜏𝐿 and 𝑑 ◦𝜏𝐿 = 𝜏𝐿 ◦𝑑𝐿− 1 . (5.8)

ow let 𝛼 ∈ Ω( 𝑀) . Then 

𝑑 𝑑𝐿 𝛼 = 𝑑
(
𝜏𝐿 ( 𝑑( 𝜏𝐿− 1 𝛼))

)
= 𝜏𝐿 

(
𝑑𝐿− 1 𝑑( 𝜏𝐿− 1 𝛼)

)
= − 𝜏𝐿 

(
𝑑 𝑑𝐿− 1 ( 𝜏𝐿− 1 𝛼)

)
. 

ere, the first two equalities follow from ( 5.7 ) and the second identity of ( 5.8 ), while the final step follows from the
nticommutation relation of Proposition 5.1 (3), for 𝐿− 1 . This proves the first identity of part (2), and since 𝜏𝐿 is invertible
t follows that 

𝑑 𝑑𝐿 𝛼 = 0 ⟺ 𝑑 𝑑𝐿− 1 ( 𝜏𝐿− 1 𝛼) = 0 , 

hich establishes the second. 
3) Let 𝑉 ∈ 𝐶∞( 𝑀) . Since 𝑉 is a 0-form, 

𝜏𝐿− 1 𝑉 = 𝑉. 

hus, part (2) gives 

𝑑 𝑑𝐿 𝑉 = − 𝜏𝐿 ( 𝑑 𝑑𝐿− 1 𝑉) . 

inally, since 𝑑 𝑑𝐿− 1 𝑉 is a 2-form, and 𝜏𝐿 is invertible on Ω2 ( 𝑀) , part (3) holds. □

heorem 5.3. All non-degenerate reductions 

𝐶𝛼 = 𝐶𝛼( 𝑟1 , . . . , 𝑟𝑛 ) , 𝑟𝑖 𝑡 = 𝑊𝑖 
𝑗 
( 𝑟 ) 𝑟

𝑗 
𝑥 , 

f Pavlov’s hydrodynamic chain 

𝐶𝛼− 1 
𝑡 = 𝐶𝛼𝑥 − 𝐶0 𝐶𝛼− 1 

𝑥 , 𝛼 ∈ ℤ , 

re obtained from an invertible (1,1) tensor field 𝐿 with vanishing Nijenhuis torsion together with a solution 𝑉 of the
quation 𝑑 ⋅ 𝑑𝐿 𝑉 = 0 by the following procedure. 
∙ The (1,1) tensor field 𝑊 is defined as 𝑊 = 𝐿 − 𝑉 𝐼 ; 
∙ 𝐶0 = 𝑉 and the remaining functions 𝐶𝑘 are determined by the recursive relations: 

𝑑𝐶𝛼+ 1 = 𝑑𝐿 𝐶
𝛼, 𝛼 = 0 , 1 , 2 , . . . (5.9a)

𝑑𝐶− 𝛼− 1 = 𝑑𝐿− 1 𝐶− 𝛼, 𝛼 = 0 , 1 , 2 , . . . . (5.9b)

roof. First, we observe that the functions 𝐶𝛼 are (locally) well-defined. This follows from the condition 𝑑 ⋅ 𝑑𝐿 𝑉 = 0 ,
roposition 5.2 , and the properties of the bicomplexes of Subsection 5.1. 
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ubstituting 𝐶𝛼 = 𝐶𝛼( 𝑟1 , . . . , 𝑟𝑛 ) into the Pavlov hydrodynamic chain ( 5.1 ) and assuming 

𝑟𝑡 = ( 𝐿 − 𝑉 𝐼 ) 𝑟𝑥 , 

e get the system: (
𝐿ℎ 
𝑘 
𝜕ℎ 𝐶

𝛼− 1 − 𝜕𝑘 𝐶
𝛼
)
𝑟𝑘 𝑥 = 0 , 

hich is satisfied due to (5.9). 
onversely, we observe that it is not restrictive to write 𝑊 in the form 𝑊 = 𝐿 − 𝐶0 𝐼 , which gives the system 

𝜕𝑘 𝐶
𝛼 = 𝐿ℎ 

𝑘 
𝜕ℎ 𝐶

𝛼− 1 . 

y the non-degeneracy of the reduction, this implies that 𝐿 is invertible. Moreover, it is immediate to check that Darboux
ompatibility of this system coincides with the vanishing of the Nijenhuis torsion of 𝐿. Indeed 

𝜕𝑗 𝜕𝑘 𝐶
𝛼 =

(
𝜕𝑗 𝐿

ℎ 
𝑘 

)
𝜕ℎ 𝐶

𝛼− 1 + 𝐿ℎ 
𝑘 
𝜕ℎ 𝜕𝑗 𝐶

𝛼− 1 =
(
𝜕𝑗 𝐿

ℎ 
𝑘 

)
𝐿𝑖 
ℎ 
𝜕𝑖 𝐶

𝛼− 2 + 𝐿ℎ 
𝑘 
𝜕ℎ 

(
𝐿𝑖 
𝑗 

)
𝜕𝑖 𝐶

𝛼− 2 + 𝐿ℎ 
𝑘 
𝐿𝑖 
𝑗 
𝜕ℎ 𝜕𝑖 𝐶

𝛼− 2 , 

hich gives 

𝜕𝑗 𝜕𝑘 𝐶
𝛼 − 𝜕𝑘 𝜕𝑗 𝐶

𝛼 =
[(
𝜕𝑗 𝐿

ℎ 
𝑘 
− 𝜕𝑘 𝐿

ℎ 
𝑗 

)
𝐿𝑖 
ℎ 
+ 𝐿ℎ 

𝑘 
𝜕ℎ 𝐿

𝑖 
𝑗 
− 𝐿ℎ 

𝑗 
𝜕ℎ 𝐿

𝑖 
𝑘 

]
𝜕𝑖 𝐶

𝛼− 2 = 𝑁𝑖 
𝑘𝑗 
𝜕𝑖 𝐶

𝛼− 2 . 

y the non-degeneracy of the reduction, this implies that 𝑁𝐿 = 0 . Finally, by applying the differential 𝑑 to both sides, we
btain 𝑑 ⋅ 𝑑𝐿 𝐶

𝛼− 1 = 0 , and letting 𝛼 = 1 with 𝐶0 = 𝑉 yields 𝑑 ⋅ 𝑑𝐿 𝑉 = 0 . □

rom Proposition 2.14 we have the following corollary. 

orollary 5.4. In the special case where 𝐿 = 𝜇◦ comes from a regular 𝐹-manifold structure ( ◦, 𝑒) , the reductions are defined
y solutions 

𝜇1 ( 𝑟1 , . . . , 𝑟𝑛 ) , . . . , 𝜇𝑛 ( 𝑟1 , . . . , 𝑟𝑛 ) , 𝑉( 𝑟1 , . . . , 𝑟𝑛 ) 

f the system ( 5.2 ). 

.3 Some Examples 

n all the examples, except Example 5.3.14 , 𝜇 = 𝐸 =
∑
𝑖 𝑟
𝑖 𝜕 

𝜕𝑟𝑖 
. 

.3.1 𝟐 × 𝟐 Jordan Block 

𝐿 =
[ 
𝑟1 0 
𝑟2 𝑟1 

] 
. 

𝑉 = 𝐹1 ( 𝑟1 ) 𝑟2 + 𝐹2 ( 𝑟1 ) . 

.3.2 𝟑 × 𝟑 Jordan Block 

𝐿 =
⎡ ⎢ ⎢ ⎣ 
𝑟1 0 0 
𝑟2 𝑟1 0 
𝑟3 𝑟2 𝑟1 

⎤ ⎥ ⎥ ⎦ . 
𝑉 = 𝐹 ( 𝑟 ) 𝑟 + 1 

𝐹′ ( 𝑟 ) 𝑟2 + 𝐹 ( 𝑟 ) 𝑟 + 𝐹 ( 𝑟 ) . 
1 1 3 2 1 1 2 2 1 2 3 1 
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.3.3 𝟐 × 𝟐 + 𝟏 × 𝟏 Jordan Blocks 

𝐿 =
⎡ ⎢ ⎢ ⎣ 
𝑟1 0 0 
𝑟2 𝑟1 0 
0 0 𝑟3 

⎤ ⎥ ⎥ ⎦ . 
𝑉 = 𝐹1 ( 𝑟1 ) 𝑟2 + 𝐹2 ( 𝑟1 ) + 𝐹3 ( 𝑟3 ) . 

.3.4 𝟒 × 𝟒 Jordan Block 

𝐿 =
⎡ ⎢ ⎢ ⎢ ⎣ 
𝑟1 0 0 0 
𝑟2 𝑟1 0 0 
𝑟3 𝑟2 𝑟1 0 
𝑟4 𝑟3 𝑟2 𝑟1 

⎤ ⎥ ⎥ ⎥ ⎦ . 
𝑉 =

(
𝐹′1 ( 𝑟1 ) 𝑟2 + 𝐹2 ( 𝑟1 )

)
𝑟3 + 𝐹1 ( 𝑟1 ) 𝑟4 +

1 

6 
𝐹′′1 ( 𝑟1 ) 𝑟

3 
2 +

1 

2 
𝐹′2 ( 𝑟1 ) 𝑟

2 
2 + 𝐹3 ( 𝑟1 ) 𝑟2 + 𝐹4 ( 𝑟1 ) . 

.3.5 𝟑 × 𝟑 + 𝟏 × 𝟏 Jordan Blocks 

𝐿 =
⎡ ⎢ ⎢ ⎢ ⎣ 
𝑟1 0 0 0 
𝑟2 𝑟1 0 0 
𝑟3 𝑟2 𝑟1 0 
0 0 0 𝑟4 

⎤ ⎥ ⎥ ⎥ ⎦ . 
𝑉 = 𝐹1 ( 𝑟1 ) 𝑟3 +

1 

2 
𝐹′1 ( 𝑟1 ) 𝑟

2 
2 + 𝐹2 ( 𝑟1 ) 𝑟2 + 𝐹3 ( 𝑟1 ) + 𝐹4 ( 𝑟4 ) . 

.3.6 𝟐 × 𝟐 + 𝟐 × 𝟐 Jordan Blocks 

𝐿 =
⎡ ⎢ ⎢ ⎢ ⎣ 
𝑟1 0 0 0 
𝑟2 𝑟1 0 0 
0 0 𝑟3 0 
0 0 𝑟4 𝑟3 

⎤ ⎥ ⎥ ⎥ ⎦ . 
𝑉 = 𝐹1 ( 𝑟1 ) 𝑟2 + 𝐹2 ( 𝑟1 ) + 𝐹3 ( 𝑟3 ) 𝑟4 + 𝐹4 ( 𝑟3 ) . 

.3.7 𝟐 × 𝟐 + 𝟏 × 𝟏 + 𝟏 × 𝟏 Jordan Blocks 

𝐿 =
⎡ ⎢ ⎢ ⎢ ⎣ 
𝑟1 0 0 0 
𝑟2 𝑟1 0 0 
0 0 𝑟3 0 
0 0 0 𝑟4 

⎤ ⎥ ⎥ ⎥ ⎦ . 
𝑉 = 𝐹1 ( 𝑟1 ) 𝑟2 + 𝐹2 ( 𝑟1 ) + 𝐹3 ( 𝑟3 ) + 𝐹4 ( 𝑟4 ) . 

.3.8 𝟓 × 𝟓 Jordan Block 

𝐿 =

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

𝑟1 0 0 0 0 
𝑟2 𝑟1 0 0 0 
𝑟3 𝑟2 𝑟1 0 0 
𝑟4 𝑟3 𝑟2 𝑟1 0 
𝑟5 𝑟4 𝑟3 𝑟2 𝑟1 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 
. 
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𝑉 = 

(
𝐹′1 ( 𝑟1 ) 𝑟2 + 𝐹2 ( 𝑟1 )

)
𝑟4 + 𝐹1 ( 𝑟1 ) 𝑟5 +

1 

2 
𝐹′1 ( 𝑟1 ) 𝑟

2 
3 +

( 

1 

2 
𝐹′′1 ( 𝑟1 ) 𝑟

2 
2 + 𝐹′2 ( 𝑟1 ) 𝑟2 + 𝐹3 ( 𝑟1 )

) 

𝑟3 

+ 

1 

24 
𝐹′′′1 ( 𝑟1 ) 𝑟

4 
2 +

1 

6 
𝐹′′2 ( 𝑟1 ) 𝑟

3 
2 +

1 

2 
𝐹′3 ( 𝑟1 ) 𝑟

2 
2 + 𝐹4 ( 𝑟1 ) 𝑟2 + 𝐹5 ( 𝑟1 ) . 

.3.9 𝟒 × 𝟒 + 𝟏 × 𝟏 Jordan Blocks 

𝐿 =

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

𝑟1 0 0 0 0 
𝑟2 𝑟1 0 0 0 
𝑟3 𝑟2 𝑟1 0 0 
𝑟4 𝑟3 𝑟2 𝑟1 0 
0 0 0 0 𝑟5 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 
. 

𝑉 =
(
𝐹′1 ( 𝑟1 ) 𝑟2 + 𝐹2 ( 𝑟1 )

)
𝑟3 + 𝐹1 ( 𝑟1 ) 𝑟4 +

1 

6 
𝐹′′1 ( 𝑟1 ) 𝑟

3 
2 +

1 

2 
𝐹′2 ( 𝑟1 ) 𝑟

2 
2 + 𝐹3 ( 𝑟1 ) 𝑟2 + 𝐹4 ( 𝑟1 ) + 𝐹5 ( 𝑟5 ) . 

.3.10 𝟑 × 𝟑 + 𝟐 × 𝟐 Jordan Blocks 

𝐿 =

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

𝑟1 0 0 0 0 
𝑟2 𝑟1 0 0 0 
𝑟3 𝑟2 𝑟1 0 0 
0 0 0 𝑟4 0 
0 0 0 𝑟5 𝑟4 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 
. 

𝑉 = 𝐹1 ( 𝑟1 ) 𝑟3 +
1 

2 
𝐹′1 ( 𝑟1 ) 𝑟

2 
2 + 𝐹2 ( 𝑟1 ) 𝑟2 + 𝐹3 ( 𝑟1 ) + 𝐹4 ( 𝑟4 ) 𝑟5 + 𝐹5 ( 𝑟4 ) . 

.3.11 𝟑 × 𝟑 + 𝟏 × 𝟏 + 𝟏 × 𝟏 Jordan Blocks 

𝐿 =

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

𝑟1 0 0 0 0 
𝑟2 𝑟1 0 0 0 
𝑟3 𝑟2 𝑟1 0 0 
0 0 0 𝑟4 0 
0 0 0 0 𝑟5 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 
. 

𝑉 = 𝐹1 ( 𝑟1 ) 𝑟3 +
1 

2 
𝐹′1 ( 𝑟1 ) 𝑟

2 
2 + 𝐹2 ( 𝑟1 ) 𝑟2 + 𝐹3 ( 𝑟1 ) + 𝐹4 ( 𝑟4 ) + 𝐹5 ( 𝑟5 ) . 

.3.12 𝟐 × 𝟐 + 𝟐 × 𝟐 + 𝟏 × 𝟏 Jordan Blocks 

𝐿 =

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

𝑟1 0 0 0 0 
𝑟2 𝑟1 0 0 0 
0 0 𝑟3 0 0 
0 0 𝑟4 𝑟3 0 
0 0 0 0 𝑟5 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 
. 

𝑉 = 𝐹1 ( 𝑟1 ) 𝑟2 + 𝐹2 ( 𝑟1 ) + 𝐹3 ( 𝑟3 ) 𝑟4 + 𝐹4 ( 𝑟3 ) + 𝐹5 ( 𝑟5 ) . 
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.3.13 𝟐 × 𝟐 + 𝟏 × 𝟏 + 𝟏 × 𝟏 + 𝟏 × 𝟏 Jordan Blocks 

𝐿 =

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

𝑟1 0 0 0 0 
𝑟2 𝑟1 0 0 0 
0 0 𝑟3 0 0 
0 0 0 𝑟4 0 
0 0 0 0 𝑟5 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 
. 

𝑉 = 𝐹1 ( 𝑟1 ) 𝑟2 + 𝐹2 ( 𝑟1 ) + 𝐹3 ( 𝑟3 ) + 𝐹4 ( 𝑟4 ) + 𝐹5 ( 𝑟5 ) . 

n the regular case, with the Euler vector field chosen as eventual identity, the general solution of Equation ( 5.2b ) was
btained in [ 4 ] by combining two results: 
∙ The general solution of the equation 𝑑 ⋅ 𝑑𝐿 𝑉 = 0 , for 𝐿 having a single Jordan block of size 𝑛, is given by 

𝑉 = 𝐹𝑛 ( 𝑟
1 ) +

∑
𝑠> 0 

1 

𝑠! 

𝑛 ∑
𝑘1 = 2 

⋯

𝑛 ∑
𝑘𝑠 = 2 

𝑟𝑘1 ⋯ 𝑟𝑘𝑠 
( 

𝑑 

𝑑 𝑟1 

) ( 𝑠− 1) 

𝐹
𝑛+ 𝑠−

∑𝑠 
𝑗= 1 𝑘𝑗 

( 𝑟1 ) , 

where 𝐹1 , . . . , 𝐹𝑛 are arbitrary functions of 𝑟1 , and 𝐹𝑛+ 𝑠−
∑𝑠 
𝑗= 1 𝑘𝑗 

= 0 whenever 𝑛 + 𝑠 −
∑𝑠 
𝑗= 1 𝑘𝑗 ≤ 0 . 

∙ A splitting lemma reducing the solution in the case of multiple Jordan blocks to the single Jordan block case (this
lemma has also been proved in [ 10 ] by different methods). 

.3.14 𝒏 -Component Jordan Chain 

he system of hydrodynamic type 

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

𝑢1 𝑡1 
𝑢2 𝑡1 
⋮ 

𝑢𝑛− 1 
𝑡1 
𝑢𝑛 𝑡1 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 
=

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

𝑢1 1 0 . . . 0 
0 𝑢1 1 . . . 0 
⋮ ⋱ ⋱ ⋱ ⋮ 
0 . . . 0 𝑢1 1 
0 . . . 0 0 𝑢1 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

𝑢1 𝑥 
𝑢2 𝑥 
⋮ 

𝑢𝑛− 1 
𝑥 
𝑢𝑛 𝑥 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 
(5.10)

ppeared in [ 11 ] and also in [ 12 ] in the study of parabolic regularization of the gradient catastrophes for the Burgers–Hopf
quation. The system ( 5.10 ) can be written as 𝐮𝑡1 = ( 𝐿 − 𝑉 𝐼) 𝐮𝑥 with 𝑉 = − 𝑢1 and 

𝐿 =

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

0 1 0 . . . 0 
0 0 1 . . . 0 
⋮ ⋱ ⋱ ⋱ ⋮ 
0 . . . 0 0 1 
0 . . . 0 0 0 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 
. 

hile 𝐿 is not invertible in this case, ( 5.10 ) provides an instance of a reduction of Pavlov’s hydrodynamic chain with
∈ ℤ≥ 0 , as the Nijenhuis torsion clearly vanishes and 𝑑 ⋅ 𝑑𝐿 𝑉 = 0 . 

 Conclusions 

n this paper we study finite-component regular reductions of dKP and Pavlov’s hydrodynamic chain defined by systems
f hydrodynamic type associated with a regular 𝐹-manifold structure ( ◦, 𝑒, 𝐸) . They are described by the system (

𝜇𝑐
𝑖 
ℎ𝑗 

− 𝑐𝑖 
𝑗𝑠 
𝑐𝑠 
ℎ𝑡 
[ 𝑒, 𝜇]𝑡 

)
𝜇ℎ = 𝑒 ( 𝑉) 𝛿𝑖 

𝑗 
− 𝑒𝑖 𝜕𝑗 𝑉, (6.1a)(

𝑐𝑠 
𝑖ℎ 
𝜕𝑠 𝜕𝑗 𝑉 − 𝑐𝑠 

𝑗ℎ 
𝜕𝑠 𝜕𝑖 𝑉

)
𝜇ℎ =

(
𝑐ℎ 
𝑠𝑗 
𝜕𝑖 𝜇

𝑠 − 𝑐ℎ 
𝑠𝑖 
𝜕𝑗 𝜇

𝑠 
)
𝜕ℎ 𝑉, (6.1b)
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𝜇𝑐
𝑖 
ℎ𝑗 

− 𝑐𝑖 
𝑗𝑠 
𝑐𝑠 
ℎ𝑡 
[ 𝑒, 𝜇]𝑡 = 0 , (6.2a)(

𝑐𝑠 
𝑖ℎ 
𝜕𝑠 𝜕𝑗 𝑉 − 𝑐𝑠 

𝑗ℎ 
𝜕𝑠 𝜕𝑖 𝑉

)
𝜇ℎ =

(
𝑐ℎ 
𝑠𝑗 
𝜕𝑖 𝜇

𝑠 − 𝑐ℎ 
𝑠𝑖 
𝜕𝑗 𝜇

𝑠 
)
𝜕ℎ 𝑉, (6.2b)

espectively. For the system ( 6.1 ), the tensor field defining the system has the form 𝑊 = 𝜇◦, while for the system ( 6.2 )
 = ( 𝜇 − 𝑉𝑒) ◦. 
lthough the two resulting Gibbons–Tsarev systems closely resemble each other in several respects, their solution spaces
iffer dramatically. The latter case, ( 6.2 ), admits solutions for any given number of Jordan blocks and for Jordan blocks of
rbitrary size, whereas in the former, ( 6.1 ), no nontrivial non-diagonalizable solutions exist. This finding shows that the
xistence of non-diagonalizable integrable reductions is not solely tied to the integrability of the underlying model, but
epends on some additional property. In [ 15 ] the authors suggest that linear degeneracy could play an important role in
he existence of such reductions. Remarkably, the same condition is necessary [ 14 ], but not sufficient [ 6 ], for the existence
f a Hamiltonian structure. Identifying which properties beyond integrability ensure the existence of non-diagonalizable
ntegrable reductions remains an open, likely intricate problem that merits deeper study. 
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