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ABSTRACT

We show that non-diagonalizable reductions of the dKP equation associated with regular non-semisimple F-
manifolds cannot exist. The proof is based on the derivation and study of a generalized Gibbons-Tsarev system (gGT
system) in the non-semisimple/non-diagonalizable setting. Remarkably, a class of solutions of the gGT system is
defined by eventual identities of the underlying regular F-manifold structure. Furthermore, we use these vector
fields to construct integrable reductions of Pavlov’s hydrodynamic chain. In this case, the corresponding solutions
are defined for any choice of Jordan block structure of the operator of multiplication by an eventual identity.

1 | Introduction
While the theory of diagonaliaable hydrodynamic type systems, traditionally studied via Riemann invariants,
u; = vi(u)u;, iefl,...,n},

is well established, recent attention has shifted toward non-diagonalizable systems. The theory of F-manifolds provides the
geometric tools to extend the theory to the non-diagonalizable case (see, for instance, [1-6] and references therein). In this
setting, a set of coordinates introduced by David and Hertling [7] plays the role of Riemann invariants. These coordinates
reduce the system to a special block-diagonal form which, remarkably, coincides with the normal form of regular operator
fields with vanishing Haantjes tensor (see [8]). Non-diagonalizable systems of hydrodynamic type naturally originate:

* in Nijenhuis geometry (see, for instance, the general construction in [9] and, more recently, [10]),

* in the theory of F-manifolds and Dubrovin-Frobenius manifolds (see references above),

* in the study of confluence of hypergeometric functions [11],

* in the study of parabolic regularization of the gradient catastrophes for the Burgers-Hopf equation [12],

* as hydrodynamic reductions of integrable models (see, for instance, [13-15] and references therein).
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This paper aims to contribute to the last line of research applying the methods coming from the theory of F-manifolds. In
this setting systems of hydrodynamic type have the form

uf = c;'_k,ukui, ie{l,...,n} 1.1

where cj.k are the structure functions of a commutative associative product o, with unit e, satisfying Hertling-Manin

condition [16] and w/ are the components of a vector field. There is a unique torsionless connection V defined by the
conditions

dy(uo) =0, Ve =0.

Via this connection, integrability of a system of the form (1.1) can be written as a tensorial condition involving the Riemann
tensor R of V and the product o:

ZoR(W,Y)(X)+WoR(Y,Z)X)+Y oR(Z,W)X) =0, (1.2)

for all local vector fields X, Y, Z, W. It was observed in [2] that (1.2) reduces to Tsarev’s integrability condition in the
semisimple case. It was also shown in [4] that it is a necessary condition for integrability in the non-semisimple regular
case. Moreover, it is sufficient for a special class of regular systems of the form (1.1) (called Darboux-Tsarev systems) in the
general smooth setting [5] and for general systems of the form (1.1) in the analytic setting [1]. Note that the latter result
does not require regularity, but only the cyclicity of the vector field ¢ defining the system. We refer to the above-mentioned
references for details.

At first sight, the study of reductions of the form (1.1) might seem very special. In contrast, according to the results of [17]
this is a natural choice, since, under mild assumptions, integrability implies the vanishing of the Haantjes tensor.

We will study hydrodynamic reductions of the dispersionless KP hierarchy and of Pavlov’s hydrodynamic chain. The
dispersionless KP equation is the dispersionless limit of the Kadomtsev-Petviashvili equation [18], and it also appears in
nonlinear acoustics as the Khokhlov-Zabolotskaya equation [19, 20]. Pavlov’s hydrodynamic chain was introduced in [21]
as a new example of an integrable infinite hydrodynamic chain. In the same paper, the author studied and completely
classified its diagonal reductions. These include the so-called e-system which reduces for specific choices of € to important
examples of systems of hydrodynamic type (we refer to [21] for details).

In their seminal paper [22], Gibbons and Tsarev discovered large families of reductions of the dispersionless KP hierarchy,
or equivalently of the Benney momentum chain [23]—governed by integrable diagonal systems of hydrodynamic type
(semihamiltonian systems [24]). These diagonal reductions play a central role in the modern theory of integrable
dispersionless equations. In particular, the Gibbons-Tsarev mechanism became one of the fundamental tools in the
programme, developed for instance in [25], of characterizing (2 + 1)-dimensional dispersionless integrable PDEs and
integrable hydrodynamic chains by means of their hydrodynamic reductions.

In the Gibbons-Tsarev setting, an n-component diagonal reduction is described by functions
[T A L W7 (S SR S 8 vrt,...,rm),

satisfying the system

: o;V
ol = ‘_“ 5 (1.32)
20,Vo;V
8,0,V =—-—-"—, (1.3b)
P (i - iy

for i # j. This is the classical Gibbons-Tsarev system. Its solutions determine the characteristic velocities of the reduction
together with a density of conservation law V. The same function V is also the Egorov potential of the diagonal metric
defining a Hamiltonian structure of the reduction; the existence of such Hamiltonian structures for generic reductions
was established in [26]. Since the system (1.3) is Darboux compatible, its solutions depend on n arbitrary functions of
one variable.

A second remarkable discovery of Gibbons and Tsarev is that diagonal reductions admit an equivalent description in terms
of Landau-Ginzburg superpotentials. This description arises from a system of n chordal Loewner equations governing
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families of univalent conformal maps from the upper half-plane to slit domains in the upper half-plane [27]. The
compatibility conditions for these equations are precisely the Gibbons-Tsarev system. This picture links the hydrodynamic
reduction method with complex-analytic and Frobenius-type structures.

The purpose of this paper is to investigate the non-diagonalizable case. In several special examples it is easy to see that
genuinely non-diagonalizable reductions of dKP do not occur, but, to the best of our knowledge, a general argument in
the regular non-semisimple setting has not been written down explicitly. Our strategy is to translate the problem into the
geometry of F-manifolds.

Indeed, reductions of dKP are naturally related to special semisimple F-manifolds with compatible connection [2, 4].
From this point of view, the semisimple case is precisely the diagonal one. It is therefore natural to ask whether regular
non-semisimple F-manifolds may produce non-diagonalizable reductions. Starting from this geometric ansatz, one is led
to a system generalizing (1.3), namely the generalized Gibbons-Tsarev system:

(CMCLJ. - cj'.scflt[e,,u]t> uh = e(V)S; - eiajV, (1.4a)
(cghasajv - c;hasaiv) uh = (o — chau)av, (1.4b)
where c;'. o are the structure functions of the product, and e’ are the components of the unit field of the F-manifold. In the

semisimple case (1.4) reduces to the standard Gibbons-Tsarev system.

It turns out that, in the regular non-semisimple case, (1.4) is too rigid to admit nontrivial solutions of the type relevant for
dKP. More precisely, let the local regular structure be described by Jordan blocks of sizes my, ..., m,. We prove that any
solution necessarily satisfies

Op)V =0, for every p > 2,
where the double index p(a) = my +... + m,_1 + p labels the pth variable associated to the ath block, and
O1)V =0, if my > 2.

Hence V depends only on the coordinates belonging to the blocks of size 1 and the surviving equations are exactly
the classical Gibbons-Tsarev system on the first variables. In this precise sense there are no genuinely regular
non-diagonalizable reductions of dKP.

Remarkably, the generalized Gibbons-Tsarev system admits a class of solutions related to the geometry of the underlying
F-manifold. Indeed, when V is constant, we obtain solutions (,ul, ..., ') satisfying the condition

i i .8 t
Euchj - cjscht[e,,u] =0. (1.5)

In the theory of F-manifolds, vector fields satisfying (1.5) are called eventual identities; they play an important role in the
duality theory of F-manifolds. Thus, although the non-semisimple regular setting does not produce new dKP reductions,
it still singles out a geometrically meaningful class of solutions of the generalized Gibbons-Tsarev equations.

In the final part of the paper we study a variant of the system (1.4) where Equations (1.4a) are replaced by (1.5). We show
that any solution (u!, ..., u"*, V) of the new system defines a reduction of the form

C% = C%(rl,...,rM), ri= c;'.k(/,tf —Vel)rk
of Pavlov’s hydrodynamic chain
cel=ce-coci!, aez

for any choice of product structure. Integrable systems of hydrodynamic type of this form were introduced and studied in
[9] from the viewpoint of Nijenhuis geometry and in [4] from the viewpoint of the theory of F-manifolds. The proof relies
on the fact that the operator of multiplication by an eventual identity has vanishing Nijenhuis torsion [28]. Using this fact,
we can recursively define all functions

Ck(rls'--srn), k=i1,12,,

starting from C° = V(r1,...,r").
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The paper is organized as follows. In Section 2.1, we recall basic definitions about regular F-manifolds and their canonical
coordinates. In Section 2.2 we recall the definition of an eventual identity £ and prove two alternative characterizations
in the regular case: one in terms of a connection V uniquely defined by the eventual identity (Proposition 2.9) and
one in terms of the vanishing of Nijenhuis torsion of £o (Proposition 2.14). In Section 3 we derive a system of PDEs
(Proposition 3.1), generalizing the usual Gibbons-Tsarev system, whose solutions describe regular reductions of dKP.
Section 4 is devoted to the analysis of such a system. In particular, we prove that nontrivial non-diagonalizable reductions
of dKP cannot exist, first in the case of a single Jordan block of arbitrary size (Section 4.1, Proposition 4.1) and then in the
general case (Section 4.2, Proposition 4.2). In Section 5.1, following [9], we briefly introduce a class of integrable PDEs
associated with a tensor field with vanishing Nijenhuis torsion or, in the context of regular F-manifolds, to eventual
identities (see [4]). In Section 5.2 we show that reductions of Pavlov’s hydrodynamic chain coincide with the systems
of PDEs introduced in Section 5.1. These systems are associated with a tensor field L with vanishing Nijenhuis torsion
(Theorem 5.3). In particular, due to Proposition 2.14, the special case where L = £o corresponds to eventual identities.
Unlike the case of dKP, in the case of reductions of Pavlov’s hydrodynamic chain eventual identities define non-trivial
reductions for any choice of the Jordan block structure of L. In Section 5.3, we give some examples coming from [4] and
in a brief final section we draw some conclusions.

2 | F-Manifolds and Eventual Identities
2.1 | Regular F-Manifolds
F-manifolds were introduced by Hertling and Manin in [16] and are defined as follows.

Definition 2.1. An F-manifold is a manifold M equipped with

(i) a commutative associative bilinear product o on the module of (local) vector fields, satisfying the Hertling—Manin
condition:

Lxoyo=Xo(Lyo)+Yo(Lyo),

for all local vector fields X,Y;
(ii) adistinguished vector field e on M such that

eoX =X

for all local vector fields X.

F-manifolds are often equipped with additional structures. A particularly useful class of F-manifolds, for studying systems
of hydrodynamic type, is that of F-manifolds with compatible connection and flat unit.

Definition 2.2 [2]. An F-manifold with compatible connection and flat unit is a manifold M equipped with a
commutative, associative, and unital product

o: TMXTM - TM,

with a torsionless connection V such that:

(i) For R denoting the Riemann tensor of V,
ZoRW,Y)X)+WoR(Y,Z)X)+YoR(Z,W)X) =0, 2.1

for all local vector fields X, Y, Z, W.

(ii) Let cf‘j denote the structure coefficients of the product o. Then

Vjc;lk = th;k. 2.2)

(iii) The identity of the product e is flat: Ve = 0.
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F-manifolds with compatible connection naturally encode systems of hydrodynamic type:
u;' = W;(u)ui, ie{l,...,n}.
In the diagonalizable case, any such system can be written in the form
ik

ul = (uouy) = C;klujux, iefl,...,n} (23)

where u is a local vector field and o is the product of a semisimple F-manifold. Thus, Riemann invariants coincide with
Dubrovin’s canonical coordinates in which the structure coefficients are given by

i _ sisi
cjk—éjc?k.

Moreover, there is a unique compatible torsionless connection satisfying dy(uo) = 0 (and Ve = 0), giving the structure
of an F-manifold with compatible connection, where condition (2.1) encodes the integrability of the hydrodynamic-
type system.

To pass from the semisimple to the regular non-semisimple setting, one needs the notion of an F-manifold with Euler
vector field.

Definition 2.3. An F-manifold with Euler vector field is an F-manifold M equipped with a vector field E satisfying

[:Eo = o.

Definition 2.4 [7]. An F-manifold with Euler vector field (M, o, e, E) is called regular if for each p € M the matrix
representing the endomorphism

has exactly one Jordan block for each distinct eigenvalue.

If the Jordan normal form of L = Eo consists of r blocks of sizes my, ..., m,, we label coordinates by j(c), where
aefl,...,r}, jE{l,...,my}.

Thus u/(® denotes the jth coordinate in the ath Jordan block. In other words, we may identify u/(®) with a single index
as

J@=my+-+mg_q+j.

The regular setting reduces to the semisimple one when r = n, in which case one retrieves systems of hydrodynamic type
admitting a diagonal representation.

Theorem 2.5 [7]. Let (M, o, e, E) be a regular F-manifold of dimension n > 2 with an Euler vector field E. Furthermore,

assume that locally around a point p € M, the Jordan canonical form of the operator L has r Jordan blocks of sizes my, ..., m,
with distinct eigenvalues. Then there exists, locally around p, a distinguished system of coordinates ful, ..., umt Ml gych
that
i(a) — i i(a) — 4i() i(a) — sasasi
=0 EE=w g = %0 Ok

foralla,B,y €{l,...,r}andi € {1,...,m,}, j e{l,...,mﬁ},k e{l,...,my}.

In the regular non-diagonalizable case, we consider systems of hydrodynamic type of the form (2.3) where ¢ now denote

Jjk
the structure coefficients of a regular F-manifold in the David-Hertling coordinates of Theorem 2.5. In David-Hertling

coordinates the defining matrix W = po takes a block-diagonal form, W = diag(W(l), e, W(r)), r < n, whose generic ath
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block, of size my, is of the lower-triangular Toeplitz form

ul@ 0 .. 0
Wi = WO i(a) ? (2.4)
@ @ i@
In [4] it was shown that there exists a unique torsionless connection V satisfying
Ve=0,  dy(uo)=0, (2.5)

provided that 2@ # u1®) for distinct blocks a, 8, and u%®) # 0 whenever m,, > 2. This connection endows the manifold
with the structure of an F-manifold with compatible connection and flat unit. More precisely, we have the following
theorem.

Theorem 2.6 [4]. Let {K0)s - -» H(n—1)} be a set of linearly independent local vector fields on an n-dimensional regular
F-manifold (M, o, e). Let us assume that the corresponding flows

U = () © Uy, ie{o,...,n—1},

pairwise commute, and that there exists a local vector field p € {uy, ..., H(n—1)} such that ul(“) #+ /,ng) fora#p,a,p €

1,...,r;, and u 0 for each @ € {1,...,r} with m, > 2. en an F-manifo ,0,e, witn compatible connection
{ % and w2 @ # haef } with Th F-manifold (M, o, e, V) with ibl j
and flat unit is defined by the unique torsionless connection V realizing Ve = 0 and dy(uo) = 0.

In particular, fixing the connection by the condition dy(uo) = 0 implies that dy(40) = 0 for any other local vector field
A whose flow commutes with that defined by u. This fact will be important in the subsequent sections. Furthermore, in
[6] it was shown that, in the setting of Theorem 2.6, the system for densities of conservation laws is compatible and V is a
density of conservation law if and only if V satisfies

(uo);Vs(dV)j = (uo)iVy(dV);. (2.6)

2.2 | Eventual Identities
The Euler vector field is a special case of a more general object—an eventual identity.

Definition 2.7 [29]. An eventual identity £ for an F-manifold (M, o,e) is an invertible vector field £ such that the
product

XxY=€EloXoY

defines an F-manifold (M, x, £).

Remark 2.8. Tt was proved in [30] that an invertible vector field € is an eventual identity if and only if
Le(0)X,Y)=[e,E]oX0Y. .7

Note that (2.7) is precisely the coordinate-free formulation of the condition (1.5), corresponding to constant densities V.

Eventual identities were studied in the setting of regular F-manifolds in [31].

In the regular case, the condition (2.7) can also be written in an equivalent form in terms of the torsionless connection V
defined by the conditions

Ve = 0, dv(go) =0.
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We will now state two characterizations which are new in the regular setting.

Proposition 2.9. Let (M, o, e, E) be a regular F-manifold. A vector field € satisfying the conditions
END 2 £l® a#Bapefl,..,rh
and
2@ £, ae{l,...,rl, my >2,
is an eventual identity if and only if

VgO =0.

Proof. This result follows from the identity

Vng.h = £gc;lj - c}scf”[e, ek (2.8)

Indeed, taking into account that, by definition of V, we have
0j€! = ~T' E5 + ¢S V& = —T5 £ + ¢} [e, £,
we obtain
Ligc;lj = gsasc;lj - c;jasei + c;'jahgs + c;lséjé's

= é‘sasc;lj - cilj (—I‘été't + cét[e, £l + céj (—Fsmé't +c [e, é’][> + c]iqs <—I‘j.t€[ + c;t[e, €]t)

= Vgcj.h + cj.scflt[e, &Nt O
The Nijenhuis torsion of a (1,1) tensor field L is given by

N.(X,Y)=[LX,LY] - L[LX,Y] - L[X,LY] + L2[X, Y], (2.9)

where X, Y are vector fields.

Theorem 2.10. Let € be a vector field on a regular F-manifold (M, o, e, E) and let the Jordan canonical form of £o consist
of r Jordan blocks. Assume that gl@) + g1(B), foralla #8, o, €{1,...,r}, and that gxa@ + o foralla €{1,...,r} such
that my > 2. Then, £ is an eventual identity if N¢, = 0.

To prove Theorem 2.10, it will be helpful to first obtain some additional lemmas. Note that, since we assume regularity, we
are free to work in David-Hertling canonical coordinates, in which we know that £o is block-diagonal with each block
having a lower-triangular Toeplitz form as in (2.4). We will be using the convention that out-of-range indices give zero
contribution throughout the remainder of this section.

Lemma 2.11. Let o be the product of a regular F-manifold, and let £ be a vector field for which the Jordan canonical form of
Eo consists of r blocks. Let £ = £1B) for any distinct pair a, § € {1,...,1}. If N¢o = 0, then in David-Hertling canonical
coordinates, £ has the form

E =

a

My
g(a)’ where g(a) = Z gi(a)(ul(oc), e uma(a))ai(a),

r
=1 i=1

with m,, being the size of block a.
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Proof. Consider (2.9), with X = i) Y =3djjg), and L = Eo, where £ = Z;=1 ZZ"{ é‘i(“)ai(“), for a,f €{1,...,r} with

a # f3. Note that, by the form of the structure coefficients in Theorem 2.5,

r My Mg —i+1
LX=¢Eo0X =) Y &g y08icy= Y D34 1))
y=1k=1 =1
Thus,
N(X,Y) = [Z 5k(a)a(k+i—1)(oc)’ 2 é'l(ﬁ)a(l+j—1)(ﬁ)] —-L lz gk(a)a(kﬂ—l)(oc), 9 | —
k 1 k
-L lai(a)’ ¢ )a(l+j—1)(ﬁ)] =Tq + T,
]
where

To == Y, EP3, ;1)) (EX)desioty@) + D E™ D88 EX NS (micti-2)c)s
k1l k,m

and Tg = T, after letting « « 3, i < j. Note that N7 (X,Y) = 0 if and only if T, and T vanish independently. Thus, it

suffices to consider T. The coefficient of d) in T, is given by

mg—j+1 s—i+1
[85(a)]Te = — gl(ﬁ)a(l+j—1)(ﬁ)(£(s_l+l)(a)) + Z Sm(“)6j(5)(8(s_l+2_m)(“)),
I=1 m=1
and letting p :=s —i+ 1 gives
mB—j+1 p
T,=0= (1@ — gl(ﬁ))aj(ﬁ)gp(a) = Z gl(ﬁ)a(lﬂ_l)(ﬁ)gp(or) - Z gm(a)aj(ﬁ)g(pﬂ—mxa)' (2.10)
=2 m=2
We will now perform double induction on p (ascending) and j (descending).
* Let p = 1. Then (2.10) becomes
Mﬁ—j+1
(1@ — 51(5))aj(ﬁ)gl(a) - Z gl(ﬁ)a(lﬂ_l)(ﬁ)gl(or)_ (2.11)
=2
Let j = mg. Then (2.11) gives
(e1@ — 81(5))6,"6(@61(“) =0,
since (I +j — 1)(B) = (I = 1 + mg)(B) = (mg + 1)(B) (as | > 2), which implies
Omg(p)€'@ =0,
by the non-coincidence assumption on the first components.
Now let 84, 1(®) =0,V g > j. Thensince [ + j — 1> j, d11j-1) )& *) =0,V1 > 2 and
(EMa) = EMPN3)E @ =0 8@ =0, Vj, a#p.
* Let us now assume that for q < p,
aj(ﬁ)Sq(“) =0, Vje {1,...,1’)15}, a # B.
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Then (2.10) gives
mg —j+1

(EXa) - 81(5))5]'(5)81)(0() = Z 81(5)a(l+j_1)(ﬁ)81)(°‘) (212)
=2

by the induction hypothesis as p + 1 — m < p — 1. Let us again perform descending induction on j.

Let j = mg. Then the right-hand side of (2.12) vanishes, since [ + j — 1 =1+ mg — 1 > mg, giving the result by the
non-coincidence assumption on the first components.

Letus now assume that the statement holds for all g > j. Again, the right-hand side of (2.12) vanishes, sincel + j — 1 > j
forl > 2, giving

(W@ _ gl(ﬁ))aj(ﬁ)gp(a) =0=> aj(ﬁ)gp(a) =0,

as required.

Therefore, each coefficient £P(®) depends only on the coordinates of the block a, {ul(“), e, uMa (0‘)}, concluding the proof
of the lemma. O

Lemma 2.12. For € as in Lemma 2.11,

Né'o:0<=>N£(a)o:0’ VO(E{I,...,V}.

Proof. Suppose

e mg
X =Y fle®, . ume@)g Y=Y g@®, . u" e,
i=1 j=1

then

[X,Y] = Z (f1ic0(8)3(8) — 878(8) ([ i) = Z (f"0i(c)(87)d() — 878(a) (i)

L] L,]
if « = 3, and zero otherwise. Moreover,

r

My
L(dl(a)) = 8 [e] 6i(a) = Z g(ﬁ) o ai(a) = Z gk(a)a(k+i_1)(a).
=1 k=1

Hence, if a # 3, all four terms in N7 (X, Y) vanish, and ifa = 8, then N;(X,Y) = N, £ ° (X,Y). By bilinearity, the result
follows. O

In the following lemma we will be dealing with a single fixed block, a € {1, ..., r}. For brevity we will write i for i(«), let
ni=my,and € = Z?:l &'9;.

Lemma 2.13. Let £° denote the i-fold product of € with itself under o. If £2 # 0, then

{20, . n-1

spans the associated block as a vector space.

n

Proof. The lemma will follow from showing that for F := & - Ele =Y, _,

£93,

{Fok}k=0,, ..n—1

Studies in Applied Mathematics, 2026 90f31

85UB017 SUOWWOD BA IR0 3dedtjdde 8y} Aq peuienob are sl YO ‘8sn JO S8 1o} A%eiq 1 8UIIUO AB]IM UO (SUORIPUOD-PUR-SLLIBYW0D" A3 1M ARe.q 1 Bu1jUO//SANY) SUORIPUOD Pue SWiB | 84} 89S *[9202/0T/92] uo Areiqi aulluo AB|IM ‘elfeleueIyo0D Aq Tgeo, Wdes/TTTT OT/I0p/wo0" A8 1M Areiq Ul |uo//SdNY WOy papeojumod ‘f ‘9202 ‘0656.9%T



form a basis of the block as a vector space, together with the fact that each F°k is a polynomial in €. Let us first prove the
intermediate result. For each k € {0, ..., n — 1}, there exist smooth functions cj g such that

n
Fok = (K01 + ) cpes0s.
s=k+2

This follows by induction on k. The statement is immediate for k = 0, 1 using e = J; and the definition of F. Thus, assume
that the statement holds for some k € {1, ..., n — 2}. Multiplying both sides by F gives

n n
polk+1) — <(£2)kak+1 + Z Ck,s5s>°<z 8a6a>.

s=k+2 a=2

Now, since
0;00; = 0itj-1
we have that
(EDK8) 410828, = (EDH15) 4,
and that every other term lies in the span of {93, ...0,}, giving

n
For) = 216+ Y ey 8y
s=k+3

as required. This shows that for each k,
F°k € Span{By1,...,0,}

with leading term (£2)%d,. It follows that the expansion of {F°i}i:0,m,n_1 in the basis {9;} is upper triangular, with
diagonal entries 1, E2,..., (& 2yn=1 Thus, under the assumption £ 240,all diagonal entries are nonzero, and the change-
of-basis matrix is invertible. Finally, since F = £ — £le and e is the unit, each F° is a polynomial in £, which implies

Span{F°}i_o . -1 C Span{€°}ig 1.

Since {F°"}»?:_01 forms a basis of the block, Span{€°i}?:_01 contains the block, and therefore spans the block. O
We now proceed to prove Theorem 2.10.

Proof. By Lemma 2.12, it is sufficient to consider a single Jordan block a € {1,...,r}. As above, we will in this proof let
i=i(a),n :=mgy,and € = 2?21 E15;.

Define
K(X,Y) := Le(0)(X,Y) — [e,E]oXoY.
Then, by Remark 2.8, £ is an eventual identity if and only if

K(X,Y)=0, VX,Y.

Note that
ﬁg(o)(ai, 61) = [8, aioaj] - [8, ai]oaj - aio[g,aj]
== 21 04j-1(EDd + D i(ENBarjo1 + ). 0;(EDasio
¢ a a
n
= (—6i+j_1£t +a,~€“j+1 +6j8‘_i+1)6t.
t=1
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Moreover,
n n
le, £]08;00; = Y7 81(EMasisj—2 = ), 01(E7H)a,
a=1 t=1
where the second equality follows after re-indexing t = a +i + j — 2. Thus,

n
K(o;, 5]) = Z (—5i+j_1€t + 6i£t‘j+1 + ajé'[_i“ - 618t‘i‘j+2)6t. (2.13)
t=1

Let us show that
NL(X,Y)=K(LX,Y) - K(X,LY).

First,

n

K(L3;,0;) = K(8;,L3)) = )" £9(K(3ayi-1,0;) — K31, 0aj-1));

a=1
which means that, using (2.13), [6;](K(LJ;, ;) — K(d;, Ld;)) is given by

n
Z ga(aa+i—18t_j+1 _ aa+j_1£t—i+1 + ajg[—a—i+2 _ aig[—a—j+2). (214)

a=1
On the other hand, since [9;,0 j] =0,
N (6;,0)) = [Ld;,Ld;] — L[Ld;,6;] — L[6;, LJ;],
where [L0;, Ld;] reads
D (%801i-1(E"1j1 = E28p 1 j 1(EMatina),
a,b

which gives (by lettingb + j — 1 =t,and a +i — 1 = ¢ in the first and second sums, respectively, and collecting)
n
[0:][L9;,LI;] = Z ES(Ogpim EMIH - as+j—1<9[_i+1)-
s=1
Similarly,
n n
[6)(-LIL3;,0;]) = Y £%0;£'>742, [8,)(=LI8, L3;]) = = Y €56, 75/*2,
s=1 s=1
Combining gives precisely (2.14) (after renaming s — a). Hence,
N.(X,Y)=K(X,Y) - K(X,LY),
and, if N;,(X,Y) = 0, we have

K(LX,Y)=K(X,LY), VX.,Y. (2.15)

We will now use this fact together with Lemma 2.13 to complete the proof of the theorem.

Note that LPe = £°P. This follows with a brief induction on p. For p = 0 we have L% = e trivially. If the identity holds for
p, then

LPtle = [(LPe) = E0£°P = go(P+D),
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Now, let p, g > 0. By repeatedly applying (2.15) we obtain a chain of equalities
K(LPe,L9¢) = K(LP~le,L91e) = ... = K(e, LP*9e) = 0.
The final equality follows from the fact that
Le(o)(e,X) =[&,e0X] - [£,e]oX —eolE,X] =[£€,X] + [e,E]oX — [£,X] = e, E]oX
= [e, £]oeoX = K(e,X) = 0.
Therefore,
K(LPe,L9¢)=0 Vp,q>0=K(E°P,£°1)=0, Vp,q>0.

Since {8""}1-:07. ...n—1 spans the block by Lemma 2.13, the theorem holds by the bilinearity of K and its vanishing on the
spanning set in both arguments. O

Combining Theorem 2.10 with the converse implication proved in [28], we obtain the following equivalence.

Proposition 2.14. Let L = Eo, where o is the product of a regular F-manifold (M, o, e, E), € is a vector field, and Eo has
Jordan canonical form consisting of r blocks in David-Hertling coordinates. Assume that

1@ £ £1B) forall distinct a, B € {1,...,1},

gAD) £, foreverya € {1,...,r}withmg > 2.

Then N1 = 0 if and only if £ is an eventual identity.

3 | Generalised Gibbons-Tsarev System for Regular Non-Diagonalizable Reductions of dKP

We look for reductions of the dKP equation in potential form
Uyy = Uxt + UxUxx =0 3.1

which can equivalently be written as (the first equation locally gives V = Uy, W = U,)):

vy =Wy, (3.2a)

W, =V, -VV,. (3.2b)

We look for n-component reductions V(r!,...,r"), W(rl,...,r") governed by n-component compatible systems of
hydrodynamic type

r)i, = c;k(r)uj(r)rl;, (3.3a)

ri = ci.k(r)lj(r)r)]g, (3.3b)

where cj.k(r) are the structure functions of a regular F-manifold structure with product o and unit e. In the semisimple

case these are the diagonal reductions of dKP and the present construction drastically simplifies and reduces to the
computations given in [25].

From Equation (3.2a) it follows that

oW =46,V cé‘j,uj (3.4)
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and from Equation (3.2b) it follows that
W cfj w =8,V cl?‘j/li —Va,V. (3.5)
Using Equation (3.4), Equation (3.5) reduces to
cl.sjasV(,uoy —-1+Ve) =0,
which, by regularity, implies
A= uou+Ve. (3.6)

Equation (3.2a) means that V is a density of conservation law for the system (3.3a), and a system (3.3b) compatible
with (3.3a) is usually called a symmetry. According to the general theory developed in [4-6], and recalled in Section 2,
symmetries and densities of conservation laws can be obtained starting from a torsionless linear connection V uniquely
determined by the conditions (2.5). Recall that this connection satisfies the condition (2.2). In this setting, as stated in
Section 2.1, the fact that V is a density of conservation law is equivalent to it satisfying the system (2.6), while the fact that
the flow (3.3b) is a symmetry of the flow (3.3a) is equivalent to the condition

dy(lo) = 0. 3.7
The condition (3.7) in local coordinates reads
0jAl = ~T% 2% + ¢ Vea®
or
8;Al = —rj.s/v + c}s[e,/l]s. (3.8)
From (3.6) it follows that

3l = <ajc;lk> uhuk + Zc;lk (8;ul) uk + (8;€") V + €,V (3.9)

Combining (3.8) and (3.9), and taking into account (3.6), we obtain

(61-0;”{) uhuk 4+ Zc;lk (8jul) uk + (3;€') V + €0,V = —FE.S (uou + Ve)* + cj-.s[e,,uo,u +Vel?,

or, taking into account Ve = 0,

<6jc;1k + I‘;Sczk> ik + Zcélk (0;u) uk +€l0;V = c;S[e, uou]® + e(V)éz.. (3.10)

Thanks to the hypothesis of regularity, we can work in coordinates where the product and the unit are simultaneously
constant. In such coordinates, taking into account that

djuh = —F?Sus + cj.ls[e,/,t]s,
and

cile, woul® = 2] e (K,
we can write (3.10) as
F;Scizkuh,uk - 2c§lkl“7s/,ts,uk + eiajV = e(V)5;.,

which, by using (2.2), can be written as

<Vﬂc§.h> uh = e(V)5j. - eiajV,
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which is valid in any system of coordinates. Finally, expanding (2.6), one easily obtains
¢ u'a 0V — ¢S, 0,0V = (c;jaius —cla j/ﬁ) a,V.
Taking into account the identity (2.8), we summarize the result in the following proposition.
Proposition 3.1. The functions V(r',...,r"), ut(rl, ..., r"), ..., u*(rL, ..., r"), together with
rly = ¢ (N (rk,
ri = cj.k(r)/lj (r)r’;,

define an n-component reduction of the dKP equation in potential form (3.1) if and only if V has a nontrivial dependence on
each variable, A = uou + Ve, and the system (1.4) is satisfied.

4 | Nonexistence of Non-Diagonalizable Regular Reductions of dKP

We consider the generalized Gibbons-Tsarev system in David-Hertling canonical coordinates, where both the product
and the unit vector field are constant:

u (¢ 9,0,V — cfj 3;0;V) — (c;'; Oiu® — ¢l 9ju)8,V =0, (4.12)

uh (c;lk 3;uk + C;'k Apuk — c;‘h o) — /,thcz.scflkemdm,uk +e'd;V - 5;em6mV =0. (4.1b)

We recall that we are working in the regular setting, where u is assumed to be such that /xl(“) * ,ul(ﬁ) for 8 # a and
u2(@ =0 for my, > 2.

4.1 | The One-Block Case

In the extreme case of a single Jordan block, of size n > 2, we have

i _ si+l i si
cjk_5j+k’ e —51.

The following proposition shows that a solution V' of the system (4.1) must be constant.

Proposition 4.1. Let V and {,Ui}ie{l,. .. n} Solve the system (4.1). Then
) 9;Vv=0, jefl,...,n}
(i) dju' =0, jef{2,....n}

Proof. The proof naturally splits into multiple parts.

STEP 1: ;V =0, j > 2. Let us fix an index j € {2,..., n}. By considering the sum over s € {1,...,n — j + 1} of Equations
(4.1b) for i = s, replacing j by j + s — 1, we have

0=0;V+Z+2,,

where 0V is the single term coming from the only contribution, for s = 1, from the last two terms of (4.1b), and where X;
and Z, collect the terms containing derivatives of the functions u*. Explicitly,

n—j+1 n—j+1
Zl = Z luh (Cilkaj+s—luk>9 22 =- Z I'{h<c‘l]'{+s_1’haklus)'
s=1 s=1
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After separating the special cases s = 1 and s = 2 in the sums X; and Z,, one obtains

n n
Si43y=— ) ket - Y pkiau?
k=j+2 k=j+2

n—j+1 n—j+1
+ Z “ chka]+s 1:"{ - 2 ,L{ ]+S 1 hak,us’
where the terms in the third sum that correspond to k > 3 cancel with the fourth sum, by a relabeling of indices. Then

n—j+1 2

T+ 3, = Z k=1t — Z uk=i e u? + Z Z# ¢ Ojrs_1uk,
k=j+2 k=j+2

where the first (second) sum cancels with the part of the third sum that corresponds to k = 1 (k = 2), yielding%; + X, =0
and thus 9;V = 0. Since j € {2,..., n} was arbitrary, we have proved

V=0 jei2...nk (4.2)

STEP 2: 0 jul =0, j > 3. We argue by descending induction on j, starting from j = n. By inspecting Equation (4.1b) for
i =1and j =n -1, every term vanishes except the one containing u?d, u!, and two other terms that cancel with each
other. Hence

0=pu?d,u.

The assumption that 42 # 0implies d,,u' = 0. Letusnow fix j € {3,...,n — 1} and inductively assume that 3, u! = 0 for all
¢ > j+ 1. We consider (4.1b) for i = 1, replacing j by j — 1. Up to a simplification, the surviving terms are those involving
d9; u', as the terms with d,u! for € > j + 1 vanish by the induction hypothesis. Therefore

0= ,le aj,ul

As above, this implies ;u’ = 0.

STEP 3: 9,V = 0 AND d,u! = 0. Let us sum the diagonal equations obtained by considering (4.1b) for j = i, where the sum
runs over i = 2,..., n. Because of (4.2) and Step 2, the only surviving pieces are those involving d,u' and 3;V, and terms
that cancel with each other. A straightforward calculation then yields

n,u2 62[11 = (n - 1) 61V (43)

We now use Equation (4.1a) for (i, j) = (1, 2). Again, using (4.2), one sees that all second derivatives of V disappear except
those involving d;V, and the equation reduces to

(@:11)(6,V) = 0. (4.4)
Suppose that 8;V # 0 at some point. Then (4.4) forces d,u' = 0 and (4.3) gives
0=nu?dul =(n-10,V

which is impossible. Hence 8,V = 0 everywhere. Similarly, d,u' = 0. [l

4.2 | The General Regular Case

We now return to the general block decomposition. The previous summation argument is repeated independently for each

block due to the vanishing of mixed structure constants. For r Jordan blocks of sizes my, ..., m,, the system (4.1) reads
5(9) s(9)
KO (6D 001 = €0 g Px iV ) (4.52)
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t(7) (1)
= (€l Pl @ = €D 0 016K )V =0,

h(z) [ Ai(a) k() o qie) k(y) _ k@) i(a)
H <ch(r>k(y>51(5>“ * Ci(@k(y)OhOM (g (4.5b)

D " PO D) + €03V — 61

@ o
€iB)s(@) hk() Thevy=o,

foralla,f €{1,...,r}andi € {1,...,my}, j e{l,...,mﬁ}.

Proposition 4.2. Let V and {{,Mi(a)}ie{l,. .. mgaell,... ) Solve the system (4.5). Then, for a, € {1,...,r}, one has
(i) formy, > 2,

3jV =0, jE{2 ....my}, (4.6)
(i) formg > 2,
diput@ =0, jef2,....mg}
(iii) the classical Gibbons-Tsarev system is recovered

1)V = (WP — 1 @)5; 5 (@), (4.72)

G )V)B1p)V)

b 4-7b
(B — 1@)2 (470

O1e1(p)V =2
for the leading variables {u! @}y cqy 1, where a # B,
(iv) formg > 2,

O1@)V = 0.

Proof. We will prove the proposition in five steps.

STEP 1: 0j(q)V = 0 FOR j € {2,...,my}. Let « € {1,...,r} such that my > 2 and let j > 2. We consider the sum, over s €
{1,...,my — j + 1}, of Equations (4.5b) with 8 = «,i = s, and j replaced by j + s — 1. Let us first treat the four terms inside
the parentheses. The first and third terms reduce to contributions involving only the ath block. This follows from the fact
that the structure constants in David-Hertling coordinates are nonzero only when all three block indices coincide (see
Theorem 2.5). More precisely, after summing over s, the expressions occurring in the first and third terms reduce to

mg—j+1 ) (@) . mg—j+1 (e (D)
Zo= ) e e 2+s-D@i ) and T :=— DI <“)"’(j+s—1)<a)h(a)ak<“)“s(a)’
s=1 s=1

respectively. Moreover, since j > 2 and k > 1, it follows that

s(ct)

_ sass _
C(j+s—1)(oz)k(y) - 51’ 5j+s+k—2 =0

and consequently the second term vanishes. The same argument, with ¢ in place of k, shows that the fourth term vanishes
as well, when replacing k with t. We now consider the two terms outside the parentheses. Since eS@ = Si, we have

mg—j+1
Y €@V =8V
s=1
while the final term is zero since
s(et) _
Gas-D@ = O
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for j > 2. Thus, the full sum reduces to
Oj)V = -1 — 2.

Again, using the form of the structure coefficients and considering the corresponding index ranges, we get

Si= Y W@, == Y w8 gy,
h,k>1 h,s>1
h+k<mg—j+2 h4+s<mg—j+2

which coincide after relabeling the dummy index s as k. Hence, d()V = 0, and since j, o were arbitrary, this proves (i).

STEP 2: aj(a)ul(“) =0FOR j € {3,...,mg}. In order to prove that
dja )#1(00 = j>3, (4.8)
let us consider (4.5b) with § = a, i = 1 and j = m, — 1. This gives
h (@)
0= (a)( h(a)k(a)a(ma—l)(oc)l" k) — (ma_l)(a)h(a)ak(a)#l(a)> +el(a)a(ma—1)(oc)v
(4.6)
= — MZ(a)ama @ wl@,
yielding ama(a)ul(“) = 0. By induction, let us fix [ € {3,...,m, — 1} and assume that
Om@mu' @ =0, mefl+1,...,my}, (4.9)
and show 6l(a)y1(“) = 0. Considering (4.5b) with § = a,i =1and j = — 1 gives

_h 1(a) k k(e
0= (“)<Ch<a)k(a>a<z_1)(a)# @ - C(z_1><a>h(a)ak(a>#1(“)) + e @d_1y)V

m“—l"rz

(4.9)
> W0 n gy @ =T =@yl @),
h=2

“6) _

yielding d;(oyu'® = 0.
STEP 3: 6j(ﬁ)/11(“) =0FOR j € {2,...,mg}, B # a. In order to prove that

3jpu'@ = j>2 B#a (410)

let us consider (4.5b) with 8 # a, i = 1 and j = mg. This gives
(4.6)
0 =(ul(® — #1(5))amﬁ(5)#l(a) + amﬁ(mv = (ut@ - #1(6))amﬁ(ﬁ)#l(a):
yielding amﬁ(ﬁ)/ﬂ(“) = 0. By induction, let us fix | € {2,...,mg — 1} and assume that

Bm(py @ =0, me{l+1,...,mg}, (4.11)

and show 61(3);41(“) = 0. Considering (4.5b) with 8 # a,i =1 and j = [ gives

m
B
k(B)
0 =(,L£1(“) - /11('6))61(5)#1(0{) - hz_:z'uh(ﬁ)Cl(ﬁ)h(ﬁ)ak(ﬁ)ﬂl(a) + 51(3)‘/

m
B
(4.6) z: h(g) k(B

where the sum vanishes by (4.11), yielding 8% = 0.
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STEP 4: (4.7) HOLDS. Let 8 # a. Considering i = j = 1 in (4.5b) gives

_h(@)( @) k(y) _ k) 1(e)
0 =p* < ok 1EH T = €y e ki ) oY

—yh(@) 1(a)

k h B
@@ = gl 8y @ + 815V

1(Bh(B)
which, by virtue of (4.8)—(4.10), gives (4.7a). Moreover, considering i = j = 1 in (4.5a) gives

(@ )
0 =k @ Ps@BieV = K Pe gy 955910V

8) dpV +c u (“)a[(a)V

)
~ gy 1K 1<a>s(a)‘31<ﬁ>

“6)
= (W — @83, 0)81 )V = B1 ' Porg)V + 1)1 Do)V

which, by means of (4.7a), gives (4.7b). This proves (iii).

STEP 5: 9y(o)V =0, az(a)#l(“) =0 FOR m, > 2. Let my > 2. We consider the sum, over i € {2,...,mg}, of (4.5b) with
B =a and j =i. Let us first treat the four terms inside the parentheses. As in Step 1, the first and third terms reduce
to contributions only involving the ath block, by the vanishing of structure coefficients involving indices belonging to
different blocks. Moreover, since

i(a) a sk 1(a) e o
k() = %71 hioky) 7 O iffr=y=aandh =k =1,

the second and fourth terms reduce to

;
Iuh(r) An(o) ,ul("‘), _ ,ul(oc) 2 d1(0) #l(oc), (4.12)
p=1

respectively. Let us now consider the two terms outside the parentheses. Since i > 2, e/(® = 0, making the first term zero.
Moreover, using 5 ( ) = 1, the final term gives

—e(V) ==Y 81V (4.13)
p=1

Notice that (4.12) and (4.13) are independent of i. Thus collecting, the full equation reduces to

Mg
_ h(a) (i)
0= Z;“ ¢ ( h(a)k(oc)a‘(o‘)'u l(a)h(a)ak(a):“ ) (4.14)
=

.
+(mg = 1) Z <l«lh(p D3p(oyu @ — uH@d; 5@ — 51(p)V>-
p=1

For p # a, using (4.10), the expression inside the sum over p is given by

(H1® = 11 )31 1@ — 015V,

which vanishes by (4.7a), as proved in Step 4. For p = «, it is

(4.8)
D3y o ul @ — @3y (11 = 8y )V =7 p2 @0y ul @ = 8y V.

For the i-dependent terms in (4.14), using the form of the structure coefficients, and taking into account the corresponding
index ranges, we can write the k > 2 contribution associated with the first term in the parentheses as

Z D 1y,

h>1,k>2
h+k<mg+1
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which, after a relabeling, cancels with the contribution from the second term. The remaining contribution from the i-sum,
corresponding to k = 1, is therefore

< @8)
D O3y @) V= 2@ 0 1),
h=2
All this reduces (4.14) to
M @3y ! = (Mg — 131 (V- (4.15)
Considering now (4.5a) with § = «, i = 1, and j = 2, and using (4.6), we obtain
az(a)#l(a)al(a)v =0. (4.16)
Finally, since m, > 2 and u%%® # 0, Equations (4.15) and (4.16) imply that
SV =0,  Fyeu'® =0,

which proves (iv) and, together with Steps 2 and 3, also proves (ii). O

5 | Reductions of Pavlov’s Hydrodynamic Chain

In this section, we study reductions
C* =C%(rl,...,r"), ri= cj.k(uj —Vel)rk
of Pavlov’s hydrodynamic chain

-1 _ 0 a—1
Cf‘ =C§¢-c'ci, ae”. (5.1)
Throughout this section, the n-component reductions under consideration are assumed to be non-degenerate, that is,

locally there exist ay, ...,a, € Z such that det (8;C%J );."jzl #0.

Diagonal reductions (corresponding to a semisimple product in our setting) have been studied by Pavlov in [21]. He proved
that the characteristic velocities u' of the diagonal reductions are given by

n

Fiorhy = Y gkak,

k=1
where fi(r),;(+') for i = 1,...,n are arbitrary functions. The starting observation is as follows. Identify the coordinates
(r!,...,r™) with the canonical coordinates of a semisimple product. Then the functions

frah, . fram,

define an eventual identity u, while
n
V=2 950
k=1
is the general solution of d - d; V = 0 for L = po. In other words, in the semisimple case, reductions have the form
re=(W—Ve)ory, =(L—-VI)ry,
where the vector field ¢ and the function V' are solutions of the system

CMC;U. - c;.scflt[e,,u][ =0, (5.2a)
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(cjhasa = c;hasaiv> uh = (efjams —cha j,ﬁ) a,V. (5.2b)

Thanks to this interpretation, we can extend this result to the general case, that is, without assuming semisimplicity.
Before doing so, however, we briefly recall the Frolicher-Nijenhuis construction associated with a Nijenhuis operator,
which provides the natural framework for the main result of this section, Theorem 5.3.

5.1 | A Class of F-Manifolds Related to the Frolicher-Nijenhuis Bicomplex

Let L be a tensor field of type (1,1) with vanishing Nijenhuis torsion. Following [9], we now recall a construction of
integrable hierarchies starting from the Frolicher-Nijenhuis bicomplex (d, dy, Q(M)) (see [32]). The differential d is the
usual de Rham differential, while the differential d; is defined as

k
(dL@)(Xo, -, Xi) 1= ) (DX @Ko, .., X, .. X)) (5.3)
i=0

A A

+ Y (D (X, X1 Xos - Ris 0 R X,
0<i<j<k

where w € QX(M) and
[X:, X;1p, o= [LX;, X1+ [X;, LX ;] - LIX;, X 1.
In [9], an integrable hierarchy of hydrodynamic type was constructed as follows. Starting from a solution ag of
d-dpay=0,

one recursively defines the sequence of functions ay, a,, as, ... recursively by

dayy1 = dpag — ardag, k>o.
The corresponding sequence of (1,1) tensor fields, starting from V) = I, are defined by

Vis1 :=Vil—ail,  k>0.

This construction can be applied in particular in the case where L = po is the operator of multiplication by an eventual
identity. As recalled in Section 2, one can define an F-manifold with compatible connection. This was done in [3] in
a special case leading to the definition of Lauricella bi-flat F-manifolds and in the general case (choosing as eventual
identity the Euler vector field) in [4].

5.2 | Beyond the Semisimple Case

In order to generalize Pavlov’s result, we will need two propositions as auxiliary tools, and to state these we require some
further definitions.

Let M be a smooth manifold, let
w € QX(M;TM) = T(AKT*M ® TM),
and let Q°*(M) denote the de Rham algebra of differential forms on M. Define the insertion operator
Iy @ QP(M) — QPHE=1(pr)
as the unique derivation of degree k — 1 characterized on decomposable tensors by

la@x? = & A Lx7), a € QK(M), X € X(M), n € Q' (M).

20 of 31 Studies in Applied Mathematics, 2026

85UB017 SUOWWOD BA IR0 3dedtjdde 8y} Aq peuienob are sl YO ‘8sn JO S8 1o} A%eiq 1 8UIIUO AB]IM UO (SUORIPUOD-PUR-SLLIBYW0D" A3 1M ARe.q 1 Bu1jUO//SANY) SUORIPUOD Pue SWiB | 84} 89S *[9202/0T/92] uo Areiqi aulluo AB|IM ‘elfeleueIyo0D Aq Tgeo, Wdes/TTTT OT/I0p/wo0" A8 1M Areiq Ul |uo//SdNY WOy papeojumod ‘f ‘9202 ‘0656.9%T



Equivalently, if p > 1, then

(X1, Xpyk-1) = z sgn(0) (@ X1y -+ Xo(k))s Xo(k+1)s - - Xo (et p—1) ) »
oeSh(k,p—1)

and ¢, f = 0 for every f € C*°(M).
Now define

dyy 1= [t dlgr = t0d — (1)~ doy,. (5.4)
With these definitions at hand, we have the following proposition.

Proposition 5.1. Let d,, be as in (5.4), then the following statements hold.
(1) d, is a derivation of degree k, that is,

dy, 1 QP(M) — QPH();
2) ifo=a@Xwitha € QX(M) and X € X(M), then for everyn € Q" (M),
d,n=aALxn+(—Dkda A xn;
(3) the operators d and d,, always graded-commute:
[d,dy]gr = dod,, — (—=1)*d,,0d = 0.
Equivalently,
dod,, = (-1)d,od.

Hence:
* ifkiseven, then d and d, commute,
* ifkisodd, then d and d,, anticommute.

(4) Assume now that k = 1. Under the canonical identification
QY (M;TM) = T(T*M ® TM) = I'(End(TM)),
let
L:=aw’ € T(End(TM))  bedefinedby  LX = w(X).
Define the usual insertion operator

i QP(M) —s QP (M)

by
P
(‘L’?)(Xl, cos aXp) = 2 U(Xl, .. aLXJ oo 9Xp)7
J=1
and set
dL = lLOd - dOLL. (55)
Then
Ly =1, and therefore d, =dj.

Studies in Applied Mathematics, 2026 21 of 31

85UB017 SUOWWOD BA IR0 3dedtjdde 8y} Aq peuienob are sl YO ‘8sn JO S8 1o} A%eiq 1 8UIIUO AB]IM UO (SUORIPUOD-PUR-SLLIBYW0D" A3 1M ARe.q 1 Bu1jUO//SANY) SUORIPUOD Pue SWiB | 84} 89S *[9202/0T/92] uo Areiqi aulluo AB|IM ‘elfeleueIyo0D Aq Tgeo, Wdes/TTTT OT/I0p/wo0" A8 1M Areiq Ul |uo//SdNY WOy papeojumod ‘f ‘9202 ‘0656.9%T



(5) Foreveryq >0, everyn € Q4(M), and every X, ..., X, € X(M),

q
drn)Xo, ... Xg) = D (-DILX) (nXo, ... X1y ... X))
i=0

+ Z (—1)i+j n([Xi!Xj]L’XOs ...,X\i, ...,X},...,Xq),

0<i<j<q
where
[X:, X1 1= [LX;, X;] + [X;, LX ] = LIX;, X

Thus, the operator dy, defined in (5.5) coincides with the operator dy, defined in (5.3).

Proof. Since 1, is a derivation of degree k — 1 and d is a derivation of degree 1, their graded commutator
dy = [tws d]gr

is a derivation of degree k. This proves (1).
For (2),iffw = a ® X, then 1, = a A tx, so for every n € Q*(M),

don = t,(dn) — (1) 1d(t,n)
= a A(dn) — (D 1d(a A 1x7)
=a A (d +dig)n+ (-DF da Ay
=aALxn+(-Dkda Ay,

where we used the graded Leibniz rule and Cartan’s formula Lx = 1xd + diy.

For (3), using d* = 0, we have

dd, = di,d — (-1 1d?, = du,d,

d,d = 1,d?> — (1) di,d = (-1)¥ du,,d.
This implies
dd, = (-1)*d,d,
or equivalently
[d,dy]gr = 0.

The parity statement follows immediately.

For (4), let n € QP(M). As the statement is immediate for p = 0, we may assume in the following that p > 1. Letting
X1,...,X, € Z(M) and k = 1, the shuffle formula gives

p
M X1s - Xp) = D (D (X)), X1, X, X ).
j=1

Because 7) is alternating, moving w(X ;) from the first slot to the jth slot produces another factor (~=1)/~1. Thus, using the
definition of L = ” which gives LXj = w(X ), we have

P
(Lwn)(Xlw--,Xp) = Z’?(Xl,,LX] ---’Xp) = (LLn)(Xls---’Xp);
=1
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which means that ¢, = (7. It follows from the definition of d,), since k = 1, thatd,, = d;.
It remains to prove (5). Fix g > 0,7 € Q4(M), and X, ..., X, € X(M). By definition,

drn = u(dn) — d(yn).
For r # i, write
O = Xy ees Kooy Xy, X
n; =0Xoy s Xiy oo LXy o, q),

that is, nl@

is obtained from (X, ..., X;,..., X ¢) by replacing the argument X, by LX;. Also, for 0 < i < j < g, define
0j(¥) ==Y, X0, ... Xis oo X oo X (5.6)

and for r # i, j define

nl.(;)(y) = (Y, X os Ky ees Koo Ly 0, X ).

We first expand (; d, using the usual de Rham formula:
q . q . ®
(@ dn)Xos ... X0) = D (-1 LX, (n(Xo, ... Xpr ... X)) + (=D Y X;(m,”)
r=0 i=0 r#i

+ Y CDF L X1+ X LD+ Y (DY o (1, X1) -

0<i<j<q 0<i<j<q r#i,j
Second, we expand d(i;n), again applying the de Rham formula, and the fact that
()Xo, .. Xg) = 2( 1'X; (Z n“)
r#i

+ Y CDH )Xo X1 Xos o K X0 X )

0<i<j<q
i (V) i+j (”)
—Z( DY x () + Y DY g XD
=0 r#i 0<i<j<q r#L,j
+ Y (DML, X)),
0<i<j<q
Subtracting the two expansions gives
q —
A Xo, ... Xg) = D (-1 LX, (nXp, ... X7, ... X))
r=0

+ D (=D ([LX;, X 5] + X5, LX) - LIX;, X)),

0<i<j<q

which, by the definition of 7;;(Y’) as in (5.6), coincides with (5.3). O

Proposition 5.2. Let L be an invertible tensor field of type (1,1) with vanishing Nijenhuis torsion. Let
11 QM) > ok(M)
be the natural action of L on k-forms, defined by

(trw)Xq,....Xx) = w(LXq,...,LX}).
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Then the following statements hold.
(1) L~! also has vanishing Nijenhuis torsion.
(2) Forevery a € Q(M),

dda=-17(dd;—1(r;—1a)),
or equivalently,
dd; =—rtrod dL—l oT; 1.
Hence, for every a € Q(M),
ddja=0 < dd;-1(r;-1a)=0.
(3) IfV € C®(M) = Q°(M), then

dd;V=0 < dd;1V=0.

Proof. (1) For Ny being the Nijenhuis torsion of a (1,1)-tensor field T as defined in (2.9), we want to prove that N, 1 =0,

assuming N; = 0. Since L is invertible, it is sufficient to show that
N;1(LX,LY) =0 VX,Y € X(M).

We have

N, 1(LX,LY) = [X,Y] - L7} ([X,LY] + [LX, Y]) + L~ H?[LX,LY].

Applying L? to both sides and using N; = 0, we obtain
L>N, 1(LX,LY) = L*[X,Y] - L([X,LY] + [LX,Y]) + [LX,LY]
=[LX,LY] - L([LX,Y] +[X,LY]) + L*[X, Y]
=N (X,Y)=0.

The claim follows by the invertibility of L2.
(2) First we show that

dLOTL = TLOd.

Indeed, for w € QK(M) and X, ..., X, € X¥(M), we have

k
(L)) Ko, -, X) = Y (~DITX) (@Ko, .., LXK, ..., LX)
i=0
+ Y (D" o(LX;, X1, LXo, ..., LX;, ..., LX), .. LX)
0<i<j<k

Since

N (X;, X;) = [LX;, LX ;] - L[X;, X 11,
the assumption N; = 0 gives

LIX;, Xl = [LX;, LX].
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Therefore, by substitution, we obtain
(dr(tLw))(Xo, ..., X)) = (dw)(LXy, ..., LX) = (7.(dw))(Xo, ..., Xi),
which indeed implies that
dpoty = tr0d.
Since L is invertible, 77, is invertible with inverse 7; -1, and hence
dp, = trodot; 1. 5.7

Analogously, for L™, whose Nijenhuis torsion also vanishes, we obtain

d;—1 =1,-10doT], and doty, =tp0d; 1. (5.8)
Now let ¢« € Q(M). Then

ddpa =d(rp(d(t; 1)) = 71 (dj—1d(t; 1)) = — 71 (d d; 1 (7,1 0)).

Here, the first two equalities follow from (5.7) and the second identity of (5.8), while the final step follows from the
anticommutation relation of Proposition 5.1(3), for L™!. This proves the first identity of part (2), and since 7}, is invertible
it follows that

ddja=0 < ddL_l(rL_loc) =0,

which establishes the second.
(3) Let V € C*®(M). Since V is a O-form,

‘L’L_1V =V.
Thus, part (2) gives
d dLV = - TL(d dL_l V)

Finally, since d d; -1V is a 2-form, and 7y, is invertible on Q?(M), part (3) holds. O

Theorem 5.3. All non-degenerate reductions
C* =C(rl,...,rM), ri = Wj.(r)ri,
of Pavlov’s hydrodynamic chain
crl=cg-cocit, aez,

are obtained from an invertible (1,1) tensor field L with vanishing Nijenhuis torsion together with a solution V of the
equation d - d;V = 0 by the following procedure.
* The (1,1) tensor field W is definedas W = L — VI;

+ C% = V and the remaining functions C* are determined by the recursive relations:

dcetl =d,c%,  a=0,1,2,... (5.92)
dc—tx—l = dL—lc_a’ a = 0,1,2,.... (Sgb)

Proof. First, we observe that the functions C* are (locally) well-defined. This follows from the condition d - d;V = 0,
Proposition 5.2, and the properties of the bicomplexes of Subsection 5.1.
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Substituting C* = C%(r1,..., ") into the Pavlov hydrodynamic chain (5.1) and assuming
re=(L—=VDry,
we get the system:
(Lhoncot - g% ) rk =0,

which is satisfied due to (5.9).
Conversely, we observe that it is not restrictive to write W in the form W = L — COI, which gives the system

9k C* = Li’ahc“‘l.

By the non-degeneracy of the reduction, this implies that L is invertible. Moreover, it is immediate to check that Darboux
compatibility of this system coincides with the vanishing of the Nijenhuis torsion of L. Indeed

3,6, C* = (ajLZ) 8,C*1 4 L119,9;C5 ! = (ajLZ) LL3,C* 2+ L3, <L;> 82 + L1119,68,C72,
which gives
_ h W\ i L rha i rhaA 7i o i )
8;81,C — 6,8,C% = [(a L = oL ) L, +Lio,L] — ! 6hL;{] 8,C%72 = NI 0,C2.

By the non-degeneracy of the reduction, this implies that N; = 0. Finally, by applying the differential d to both sides, we
obtain d - d;,C*~! = 0, and letting a« = 1 with C° = V yieldsd - d;V = 0. O

From Proposition 2.14 we have the following corollary.

Corollary 5.4. In the special case where L = o comes from a regular F-manifold structure (o, ), the reductions are defined
by solutions

J7AT G i NN VL (S N 0 8 vl ...,r)

of the system (5.2).

5.3 | Some Examples

In all the examples, except Example 5.3.14, u = E = }, ri%.

5.3.1 | 2x2Jordan Block

L= [rl O].
r n

V =F1(rpry + Fy(ry).

5.3.2 | 3 x3Jordan Block

ry 0 0
L= ry, r 0
rs rp rp

1
V =F(r)r3 + EF{(H)V% + Fo(rpry + F3(ry).
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5.3.3 | 2x2+1x1Jordan Blocks

ry 0 0
L= ry nr 0
0 0 r3

V = F1(r)ry + Fy(ry) + F3(r3).

5.3.4 | 4 x4 Jordan Block

rpr 0 0 0
L= "N 0 0
ry ry nrn 0
rg ry rpy n

1 1
V = (Fj(r)ry + Fo(r))rs + F1(rrs + EF{’(rl)rg + EF;(H)V% + F3(r)ry + F4(ry).

5.3.5 | 3x3+1x1Jordan Blocks

rr 0 0 0
r, r 0 0
ry ry nrn 0
0 0 0 ry

L=
1
V =Fi(r)rz + EF{(H)V% + Fa(r1)ry + F3(ry) + Fy(ryg).

53.6 | 2x2+2x2Jordan Blocks

rpr 0 0 0
r, r 0 0
L=
0 0 r; O

0 0 rg 13

V = F1(r)ry 4+ Fa(r1) 4+ F3(r3)ry 4+ Fa(r3).

53.7 | 2X2+1x1+1x1Jordan Blocks

rpr 0 0 0

r, r 0 0
L=

0 0 r; O

0 0 0 ry

V = F1(r)ry + Fy(r1) + F3(r3) + F4(rg).

5.3.8 | 5 x5 Jordan Block

P 0 0 0 0
rpb o 0 0 O
L=|r; rp, rn O 0
rg rz rpy I 0

rs rq ¥z ¥y I

Studies in Applied Mathematics, 2026 27 of 31

85U8017 SUOLLILLOD 3A 181D 3|cedldde a3 Aq peusenob a.e saolie VO ‘8sn JO se|nJ o} Afeiq18ul|uO A8|IM UO (SUORIPUOD-PUe-SLUBIAL0O" AB|IMAe1q 1 |BU UO//SANY) SUORIPUOD pUe SW.B | 8L 88S *[9202/0T/92] U0 Akeiqiauluo 48| ‘il eueIyo0D Ag TZE0, Wwides/TTTT OT/I0pP/W0d A8 imAreiq Ul juo// Sy WOy pepeojumod ‘v ‘9202 ‘0656/9%T



1
V = (F!(ri)ry + F5(r1)) ra + F1(r)rs + zFi(rl)rg + ( F”(rl)r + Fi(r)r, +F3(r1)>r3

24F;”(V1)”‘2‘ + F”(”l)’” + Fi(rr5 + F4(ry)ry + Fs(ry).

539 | 4x4+1x1Jordan Blocks

rp 0 0 O
ry, r 0 0
L= rs rp r 0
rga rz rpy ri
0 0 0 0 rs

oS O © O

V = (F(r)ry + Fa(ry))rs +F1(V1)V4+ 5

5.3.10 | 3x3+2x2Jordan Blocks

b 0 0 0 0
ry nr 0 0 0
L= rs rp r 0 0
0 0 0 r, O
0 0 0 r5 1y

1
V=Fi(rprs + EF{(rl)rﬁ + F(r1)ry + F3(r1) + F4(rg)rs + Fs(rg).

53.11 | 3x3+1x1+1x1Jordan Blocks

~
—
(=)
[=l el o]

0 0 rs

1
V =F(r)rs + EFi("l)”% + Fy(r1)ry + F3(ry) + Fy(rg) + Fs(rs).

5312 | 2x2+4+2x2+1x1Jordan Blocks

rn 0 0 0 0
rpb o 0 0 O
L=|l0 0 r; 0 O
0 0 rg T3 0
0 0 0 0 rs

V = F1(r)ry + Fy(r1) + F3(r3)ry + F4(r3) + Fs(rs).

1
F/'(r)r; + EFQ(H)V% + F3(rpry + Fa(ry) + Fs(rs).
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5313 | 2%x2+1x1+4+1x%x1+1x1Jordan Blocks

rr 0 0 0 O
rp, rr 0 0 O
L=10 0 ry 0 O
0 0 0 rgy O
0 0 0 0 rs

V = F1(r)ry + Fy(r1) + F3(r3) + F4(ry) + F5(rs).

In the regular case, with the Euler vector field chosen as eventual identity, the general solution of Equation (5.2b) was
obtained in [4] by combining two results:

* The general solution of the equation d - d;V = 0, for L having a single Jordan block of size n, is given by

1 n n d (s-1)
- 1 il ky.ooopks [ 22 1
VaRhE Y Y e (h) E
550" ky=2  kg=2 J
. . 1 _ S .
where Fyq, ..., F, are arbitrary functions of r*, and Fn+s—Zj-:1 K= 0 whenevern + s — ijl k] <0.

* A splitting lemma reducing the solution in the case of multiple Jordan blocks to the single Jordan block case (this
lemma has also been proved in [10] by different methods).

5.3.14 | n-Component Jordan Chain

The system of hydrodynamic type

-
“tzl ul 1 0 0| ul

up, o ul 1 ... of|

o= s o : (5.10)
u:‘l_l 0 0 ul 1 [[u!

ul! 0 0 0 ulfl ul

appeared in [11] and also in [12] in the study of parabolic regularization of the gradient catastrophes for the Burgers—Hopf
equation. The system (5.10) can be written asu;; = (L — V Du, with V' = —u! and

0 1 o0 ... O
o 0 1 ... 0
L=|: =~ =~ - il
0O ... 0 0 1
0O ... 0 0 O

While L is not invertible in this case, (5.10) provides an instance of a reduction of Pavlov’s hydrodynamic chain with
a € Zsy, as the Nijenhuis torsion clearly vanishes and d - d; V = 0.
6 | Conclusions

In this paper we study finite-component regular reductions of dKP and Pavlov’s hydrodynamic chain defined by systems
of hydrodynamic type associated with a regular F-manifold structure (o, e, E). They are described by the system

(ﬁuc;lj - cz.sci”[e,,u]t) uh = e(V)5; - eiajV, (6.1a)
(cghasa = cjhasaiv) uh = (cgjaius —cha jm) oLV, (6.1b)
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and by the system
Eﬂc;'lj - cj.sczt[e,,u]t =0, (6.2a)
(cfhasa = cjhasaiv) uh = (cgjaius ~cha jm) oLV, (6.2b)

respectively. For the system (6.1), the tensor field defining the system has the form W = uo, while for the system (6.2)
W = (u—Ve)o.

Although the two resulting Gibbons-Tsarev systems closely resemble each other in several respects, their solution spaces
differ dramatically. The latter case, (6.2), admits solutions for any given number of Jordan blocks and for Jordan blocks of
arbitrary size, whereas in the former, (6.1), no nontrivial non-diagonalizable solutions exist. This finding shows that the
existence of non-diagonalizable integrable reductions is not solely tied to the integrability of the underlying model, but
depends on some additional property. In [15] the authors suggest that linear degeneracy could play an important role in
the existence of such reductions. Remarkably, the same condition is necessary [14], but not sufficient [6], for the existence
of a Hamiltonian structure. Identifying which properties beyond integrability ensure the existence of non-diagonalizable
integrable reductions remains an open, likely intricate problem that merits deeper study.
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