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Abstract

Feature allocation models are an extension of Bayesian nonparametric clustering models, where individuals
can share multiple features. We study a broad class of models whose probability distribution has a product
form, which includes the popular Indian buffet process. This class plays a prominent role among existing
priors, and it shares structural characteristics with Gibbs-type priors in the species sampling framework.
We develop a general theory for the entire class, obtaining closed form expressions for the predictive
structure and the posterior law of the underlying stochastic process. Additionally, we describe the
distribution for the number of features and the number of hitherto unseen features in a future sample,
leading to the a-diversity for feature models. We also examine notable novel examples, such as mixtures of
Indian buffet processes and beta Bernoulli models, where the latter entails a finite random number of
features. This methodology finds significant applications in ecology, allowing the estimation of species
richness for incidence data, as we demonstrate by analyzing plant diversity in Danish forests and trees in
Barro Colorado Island.

Keywords: Bayesian nonparametrics, completely random measures, exchangeable feature probability function, Gibbs-type
feature models, Indian buffet process

1 Introduction

Random feature allocations have emerged as an important area of Bayesian nonparametrics. The
pioneering work of Griffiths and Ghahramani (2006) introduced the Indian buffet process (i8p), a
stochastic mechanism for binary matrices, which is obtained by considering the infinite limit of a
beta Bernoulli (8B) model. Unlike clustering problems, where each individual belongs to a single
group, in feature allocation models every observation may possess a finite set of features or attrib-
utes. Shortly after its proposal, Thibaux and Jordan (2007) demonstrated that de Finetti’s cele-
brated theorem could be applied to the P, establishing its connection to the beta process of
Hjort (1990). This pivotal finding linked 1ps to the theory of completely random measures
(Kingman, 1967), laying the groundwork for a new branch of Bayesian nonparametrics. These ini-
tial investigations sparked a rich stream of research, particularly within the machine learning com-
munity. 18P models have found widespread applicability across various domains, including
Bayesian factor analysis and non-negative matrix factorization (Ayed & Caron, 2021;
Griffiths & Ghahramani, 2006; Knowles & Ghahramani, 2011), topic modeling (Williamson
et al., 2010), relational models (Miller et al., 2009; Palla et al., 2012), and object recognition
(Broderick et al., 2015). We refer to Teh and Jordan (2010) and Griffiths and Ghahramani
(2011) for a comprehensive review of the early contributions. The relevance of 1Bps as a statistical
tool is now firmly established; however, their limitations have also become apparent, as well as the
need for a deeper theoretical understanding. For example, the logarithmic growth rate of the num-
ber of features in the two-parameter 18P (Griffiths & Ghahramani, 2011) spurred the proposal of a
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three-parameter generalization by Teh and Gorur (2009), which exhibits a power-law behaviour;
see also Broderick et al. (2012). Another major step was pursued by Broderick et al. (2013), who
showed that most feature models are characterized by a combinatorial entity known as the ex-
changeable feature probability function (EFpF). More recently, James (2017) studied a general class
of feature models based on completely random measures, while another extensive class, relying on
random scaling of the underlying process, is investigated in Camerlenghi et al. (2024). Another
recent construction is discussed in Heaukulani and Roy (2020).

In this paper, we study the broad class of feature models defined by Battiston et al. (2018), who
holds the merit of characterizing all ErpFs with a product form as mixtures of the two most widely
used feature models, namely the Indian buffet process (18p, Teh & Gorur, 2009) and the beta
Bernoulli (88, Griffiths & Ghahramani, 2006). However, apart from this important representation
theorem, a comprehensive statistical investigation is still lacking. We develop a general theory for
this class of models, encompassing (i) the predictive structure, leading to a generalized Indian buf-
fet metaphor, (ii) the posterior distribution of the underlying process, (iii) prior and posterior
properties regarding the number of features, and (iv) the asymptotic behaviour. Our findings
are available in closed form, lead to computationally efficient inferential procedures, and enjoy
a transparent interpretation. Moreover, this theoretical investigation allows us to identify three
novel feature allocation models that stand out for their tractability: the gamma mixture of 1Bps,
and the Poisson and negative binomial mixture of BBs. The latter two models entail a random
but finite number of possible features, therefore being structurally different from existing
Bp-like specifications that involve infinitely many features. Finally, we highlight several remark-
able parallelisms between the class of Battiston et al. (2018) and Gibbs-type priors for species sam-
pling models (De Blasi et al., 2015; Gnedin & Pitman, 2005). In light of these similarities, we will
refer to this class as Gibbs-type feature models. In species sampling problems, Gibbs-type priors
are perhaps the most natural generalization of the Dirichlet process of Ferguson (1973), owing
to their balance between flexibility and analytical tractability. Notable examples are the
Pitman—Yor process (Pitman & Yor, 1997), the normalized generalized gamma process (Lijoi
et al., 2007b), and mixtures of Dirichlet multinomial processes (De Blasi et al., 2013; Gnedin,
2010). For similar reasons, we argue that Gibbs-type feature models are one of the most natural
extensions of the 18P and the BB.

We demonstrate here the usefulness of feature models in ecological problems as a tool to meas-
ure biodiversity. There exists a rich literature about the quantification of biodiversity (Colwell,
2009; Magurran & McGill, 2011) with taxon richness, i.e. the number of different taxa present
in a community, being perhaps the simplest and most natural definition. Richness estimation
is, in turn, related to the notion of taxon accumulation curves (Gotelli & Colwell, 2001).
A Bayesian nonparametric inferential framework for predicting unseen species has been laid
down by Lijoi et al. (2007a) for Gibbs-type priors. See also Favaro et al. (2009) for the Pitman—
Yor special case and Zito et al. (2024) for a related model-based approach. These Bayesian meth-
ods are suitable for individual-based accumulation curves, that is, when species are observed one
at a time. However, species are often captured or collected in chunks, and hence, each observation
takes the form of a vector of binary variables accounting for the presence or absence of a species.
Feature models are well-suited for this kind of data, called incidence data, leading to a Bayesian
analysis of sample-based accumulation curves. Despite the development of classical estimators
for this setting (e.g. Chakraborty et al., 2019; Chao et al., 2014; Chiu, 2022, 2023; Chiu et al.,
2014; Colwell et al., 2012), the Bayesian nonparametric literature remains much more limited,
except for the recent works of Masoero et al. (2022) and Camerlenghi et al. (2024). Our theoret-
ical investigation allows for the prediction of the number of unseen species, the modeling of accu-
mulation curves, and the quantification of biodiversity. For instance, an important theoretical
result of this paper, particularly relevant for ecological applications, is the definition of the
a-diversity, a biodiversity measure that extends the notion of Pitman (2003) to sample-based de-
signs. In the proposed Poisson and negative binomial mixture of B8 models, the a-diversity coin-
cides with the taxon richness, and its posterior distribution follows a Poisson and a negative
binomial distribution, respectively. This leads to straightforward Bayesian estimators for the tax-
on richness whose uncertainty can be formally and easily quantified. Although this work focuses
on ecological applications, the proposed methodology is broadly applicable across various do-
mains. For instance, in biological sciences, estimating the number of unseen or rare genetic
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variants in the human genome can help the understanding of human diseases or guide the design of
effective clinical procedure (Gravel, 2014; Ionita-Laza et al., 2009; Zou et al., 2016). In single-cell
sequencing data, predicting the number and frequency of somatic mutations at the cellular level is
essential for characterizing tumor heterogeneity, which is a key factor in cancer progression and
resistance to therapy. Since the expense of sequencing is nontrivial, accurate prediction is crucial
to allocate limited sequencing budget (Zhang et al., 2020). Other applications include cancer biol-
ogy (Chakraborty et al., 2019), precision medicine (Momozawa & Mizukami, 2021) and micro-
biome analysis (Sanders et al., 2019).

The paper is structured as follows. In Section 2, we review feature allocation models. In Section
3, we develop general theory for the class of Gibbs-type feature models. In Sections 4 and 5, we
propose and study novel examples of Gibbs-type feature allocation models, distinguishing be-
tween models with an infinite number of features (mixtures of Bps) and those assuming finitely
many features (mixtures of Bes). Simulation studies are discussed in Section 6, while Section 7 il-
lustrates our methodology by analyzing two real datasets. The paper ends with a discussion;
proofs, additional theorems, simulation studies and additional details about the applications
are collected in the supplementary material.

2 Feature allocation models

2.1 Preliminary concepts

Feature allocation models describe how features are distributed among a sample of # individuals
(Broderick et al., 2013). Let [#] = {1, ..., n} be a set comprising the first # natural numbers. An
ordered feature allocation is a sequence of non-empty sets B,, C [n], for £=1, ..., K, such
that B, identifies the set of individuals exhibiting the Zth feature. To distinguish these sets, we
assign them a label. More precisely, suppose X is the space of feature labels, and let X, € X be
the label associated with the set B, ¢, for £=1, ..., K,,. The labels X, are independent and iden-
tically distributed (i.i.d.) draws, that is X, id Py, with Py being a diffuse distribution on X, ensuring
that the labels are almost surely (a.s.) distinct. The association between feature allocations and la-
bels can be encoded using binary random variables A;, fori=1, ...,nand £ =1, ..., K, so that
A; g equals 1 if the ith individual displays feature X, and 0 otherwise. In other terms, the random
set B, may be written as B,,, = {i € [1]: A;; = 1}. A feature allocation can be represented through
binary matrices, as depicted in Figure 1, where there are #» = 10 individuals and K, = 18 features.
Each column of the binary matrix corresponds to a set B,, ¢, with the ith element of the £th column
representing the value A; ;. We assume that each individual may exhibit only a finite number of
features; that is, an individual belongs to a finite number of B,,,’s. This implies that the total num-
ber of observed features K,, is a.s. finite for any n > 1.

A feature allocation model is a probability distribution for a random ordered feature allocation
F,=(Bui, ..., Buk,). Alternatively, one may consider the probability distribution for an
unordered feature allocation E, = {(Bn,l, I~<,,,1), e (fj’n,H”, I~<n,H”)}, where fj’,,,h C [n] are the H, <
K, distinct sets among the B, 1, ..., B,k,, with I~<n,h being the number of sets equal to B,,,;,. The

unordered F, is sometimes used to define feature allocation models (see Broderick et al., 2013),
but for our purposes, it is more convenient to deal with the ordered F,. In any event, we assume

that the probability of F, being equal to any unordered feature allocation ];n is equally split be-

tween the K,,!/ ]_[5;1 I~(n,h! possible orders of the sets B, 1, ..., B, k,. Hence, the following rela-
tionship holds
~ ~ K,!
P(F, =f )=7ﬂ~P(Fn =fn),
" Hf:nl Kn,h!

where f,, is one of the possible orderings of ]7,,

In this paper, we focus on feature allocation models admitting an exchangeable feature prob-
ability function (erpr). This is a probabilistic object whose role is analogous to the exchangeable
partition probability function (EppF) in the species sampling framework (Pitman, 1996), as careful-
ly discussed in Broderick et al. (2013) . Specifically, let (M1, ..., M, k,) be the random vector of
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Figure 1. Matrix representation of a feature allocation, with n= 10 individuals and K, = 18 observed features.
Features are in order of appearance (Broderick et al., 2013). The blue squares correspond to A;, = 1 (the ith individual
displays feature X;), the white squares correspond to A;, =0 (the ith does not express feature X;).

feature frequencies, where M, =#B,, = iy Aig, for £=1, ..., K,,. We assume that the prob-
ability distribution of F, depends on the sample solely through the vector
M = (Mya, -..y My k,), namely

P(Fn:fn):”n(mh -~-amk)s

for every f, and for every n > 1, where =, is a [0, 1]-valued symmetric function defined on
Usso [n]k, and (my, ..., my) are the feature frequencies for f,,. The function 7z, is termed exchange-
able feature probability function, and it encapsulates all the relevant properties of the model. By con-
struction, feature allocation models admitting an EFpr are exchangeable, meaning that the distribution
of F,, is invariant under any permutation of the indexes of the » individuals. It is also natural to require
feature models to be Kolmogorov consistent, which means that the probability distribution of the fea-
ture allocation for 7 individuals coincides with that for # + 1 individuals once the last individual is
integrated out. We refer to Broderick et al. (2013) for a detailed discussion.

2.2 Exchangeable Gibbs-type feature allocation models

Among the exchangeable and consistent models, the class of erpr in product form introduced by
Battiston et al. (2018) represents a special subset that is still very rich and diversified. We refer
to this class as exchangeable Gibbs-type feature allocation models, or Gibbs-type feature
models for brevity, for the evident similarity with exchangeable Gibbs-type random partitions
(Gnedin & Pitman, 2005). We consider ErFs of the following product form
Tu(my, .., mp) =V, ]—If=1 W, Up—sm,, where V=(V, ;. :(n, k) € Nx Np) and W=(W;:jeN),
U= (U;:j € Ny) are two sequences of non-negative weights, with N denoting the set of natural
numbers and Ny =N U {0}. Apart from some limiting cases, an important result of Battiston
et al. (2018) states that Gibbs-type feature models are necessarily of the form

ﬂn(mla ---,mk)zvnk

>

(l _a)m[—] (0+a)n—m(ﬁ (1)

~
Il ~
_:

for —co < a < 1and —a < 6 < oo, where (x),, = ['(x + m)/T(x) is the Pochhammer symbol, and T'(x)
is the gamma function. The array V must satisfy the following recurrence relationship
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Vir = Z‘f’zo (k+ )/ k(6 + a)n}i(ﬁ + n)kV,,H’kJr,-, which guarantees the consistency of the EFpF.
The limiting case a=1 corresponds to no feature sharing, i.e. M,,=1 almost surely for
£=1, ..., K,, whereas 6 = —a corresponds to complete feature sharing, that is M, , =» almost
surely, for £ =1, ..., K,,. These degenerate situations are uninteresting in practice.

The most popular and widely used feature allocation models are of Gibbs-type. A first note-
worthy example is the three-parameter Indian buffet process (18p), introduced in Teh and Gorur
(2009), with parameters (y, a, 8) satisfying y>0, 0 < a <1, and 8> —a. The EFPF is in product
form (1) and the V,,;’s are given by

A ) : -
Vn,k = E {m} exp{—ygn(ﬁ, 0()}, Wlth g,,(@, 0() =

[
BB
++
—| R
7T
- =
S

i=1

The choice a = 0 corresponds to the two-parameter 18p, while the one-parameter model is ob-
tained by further considering 8 = 1; see Griffiths and Ghahramani (2011). We stress that the
distribution of K,,, in the 18P case, has unbounded support. A second notable example is the
beta Bernoulli (BB), with parameters (N, a, ) such that N € N, a < 0 and 6 > —a (Griffiths &
Ghahramani, 2011). The erpF of a BB is also in product form (1), with the V,,;’s given by

(N[ —a *[0+a), N
v (i awan) o] oo, o

where 1¢ denotes the indicator function of a set C. The BB model prescribes that the
observed number of features K,, is bounded by N. Remarkably, a characterization theorem
due to Battiston et al. (2018) establishes that the 18r and the BB are the building blocks of
any Gibbs-type feature model. More precisely, for fixed values of (6, ), the set of Gibbs coef-
ficients V,, ;, satisfying the aforementioned consistency condition are necessarily mixtures of the
y and N parameters of the 18p and the BB, respectively. This is better clarified in the following
result.

Proposition 1 (Theorem 1.1 of Battiston et al., 2018). For fixed values of (6, a) such that
0> —a, the set of solutions of the recursions for the V,,;’s is:

(i) for 0 < a <1, mixtures over y € R* of the V,,,’s of 18ps with respect to
a distribution P,;

(ii) for a <0, mixtures over N € N of the V,,;’s of BBs with respect to a
distribution Py.

Hence, any Gibbs-type feature model is obtained by considering a prior distribution for the yand N
parameters of the 18P and B8 models. This draws an elegant parallelism between Gibbs-type feature
models and Gibbs-type partitions of Gnedin and Pitman (2005) since, in both cases, product form
distributions are obtained as mixtures of a set of simple models. These analogies will be strengthened
in Section 3, where we will show that the parameter a also controls the asymptotic growth rate for the
number of distinct features K,,, as in species sampling models, leading to the analogous of the
a-diversity of Pitman (2003) for feature allocations.

2.3 Hierarchical representations and random measures

Gibbs-type feature models admit a hierarchical representation in terms of Bernoulli processes (Bps)
and random measures. For the two-parameter 1Bp, such a stochastic representation was established
in the illuminating contribution of Thlbaux and ]ordan (2007). Let us consider the sequence of all
possible feature labels (Xj) 51, where X Po for any j > 1. The labels X, ..., Xk, observed in a
sample of 7 individuals are a subset of the complete list of labels (X;) j»1- The zth individual is char-
acterized by its expressed features, i.e. by the pairs ((X,, A ij)) j>1, Where each A,, =1 if the ith
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individual exhibits feature X;, and A;; = 0 otherwise. Thus, the pairs ((X;, A ij)) j>1 may be organ-
ized through a counting measure Z; on the space X, which is given by

=Y Ao (). (4)

=1

The feature allocation F, = (B,1, ..., Byx,) and the binary variables A, can be then expressed

through the counting measures Z;, since we have B, , = {i € [n]: Z;({X,}) = 1} and A, ; = Z,({X,}).
In Gibbs-type feature models, the A; i’s are conditionally independent Bernoulli random varia-

bles given a sequence of random probabilities (§;) 51 such that 3~ ., §; < co almost surely. In other

~ll

terms, we suppose that A,, | g; ~ Bernoulli(g;). We organize these probabilities using another
measure i on X, namely

=Y G0%()- (5)
=1
We will say that, conditionally on i, the Z;’s are i.i.d. Bernoulli processes with base measure f,

written Z; | ,&iiNdBP(,Zt) for any i > 1. In other words, the infinite sequence of random measures
(Zi);»1 1s exchangeable. Summarizing, the following hierarchical representation holds:

Zi | RN BPR), i1,
i~ 0O,

(6)

where Q is the prior distribution of f, i.e. the de Finetti measure. The hierarchical generative
scheme outlined in equations (4)—(6) is termed a feature frequency model, and it leads to a consist-
ent and exchangeable erpF (Broderick et al., 2013). Gibbs-type feature models always admit such a
hierarchical construction under specific prior distributions for the random measure j. This is a
well-known fact for 18P and B8 models, whose random measures are denoted by fi | y and & | N.
Hence, thanks to Proposition 1, the law of & for any Gibbs-type feature model is a mixture over
y or N of the corresponding law for the 18p or B8 model.

Let us first consider the B8 model with parameters (N, a, 8), in which there are N possible fea-

tures X1, ..., Xx. The hierarchical representation of the beta Bernoulli process is straightforward
as we have ji | N= Z, 1 qléx , with g ql Beta( a, 0+ a) and Xfﬁ~dP0, forj=1, ..., N, recalling
that @ < 0 and > —a. See Lemma S4 in the supplementary material for a precise statement of this
simple fact. The construction of the iBp, on the other hand, is more elaborate, and it involves infin-
itely many labels 5(,- and probabilities g;. Let us define the class of homogeneous completely ran-

dom measures (CRMs, Kingman, 1967) without fixed atoms, which are characterized by a Laplace
functional of the following type

Ele~/ /00 = exp [, [3 1= e p(ds)Po(dx)],

for any measurable function f : X — R, where p(ds) is an intensity measure on R, identifying the
distribution of the probabilities (§;) 1, and Py is a diffuse distribution on X from which the labels
5(,- are sampled. We will write i ~ CRM(p; Py). We refer to Daley and Vere-Jones (2008) for a
mathematical treatment of cRms and Lijoi and Priinster (2010) for a presentation of CRMs as a uni-
fying concept in Bayesian nonparametrics. In model (6) the random measure & must have jumps
€ (0, 1), hence we require the intensity measure p(ds) of the cRM to be supported in (0, 1). As
shown in Teh and Gorur (2009), in the Bp the measure ji | y is distributed as a completely random
measure and, more precisely, it follows a stable-beta process, whose intensity measure p(ds) is

I'1+6)

PAS) =V T e + o)

s — ). (7)
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Note that y is sometimes called the zotal mass parameter because y = E[i(X)] =}, E[g;] is the ex-
pected sum of all the probabilities. The choice o = 0 leads to the beta process of Hjort (1990), as it
was established by Thibaux and Jordan (2007). There exist several sampling strategies for the weights
g; € (0, 1), for example based on size-biased constructions or the inverse of the Lévy measure (Teh &
Gorur, 2009). Alternative and more recent approaches include stick-breaking representations
(Broderick et al., 2012), or independent finite approximations (Lee et al., 2023; Nguyen et al., 2024).

3 Predictive structure of Gibbs-type feature models

3.1 A buffet metaphor for Gibbs-type feature models

We begin our theoretical investigation of Gibbs-type feature models by presenting the predictive distri-
bution for the (7 + 1)th individual, given a sample of # data points. In the notation of Section 2.3, we
study the conditional distribution of Z,, 1, given a random sample Z") = (Z1, ..., Z,,), where the latter
entails K,, = k observed features X1, ..., X, whose presence is encoded by the binary variables A;,’s.
The relevant aspects of the distribution of Z,1 are conveyed by the vector of random variables
(Your1> Ans1s --os Aprrp) such that: (i) Y,.q is the number of new features displayed by the
(n + 1)th individual, i.e. the features hitherto unobserved in the sample Z"; (ii) each A, 41, is a binary
random variable such that A, , =1 if the (n + 1)th individual displays feature X, and A,11,=0
otherwise. Our first key result provides the predictive law of Gibbs-type feature models, i.e. the prob-
ability distribution

Pn+1(y’ ai, ...,ﬂk):= P((Yn+1’An+1,1’ ""An+1,k)=(y, Aty oees ak) | Z(n))

We will write Z(a; p) = p*(1 — p)'™ to denote the probability mass function of a Bernoulli random
variable with parameter p € (0, 1) evaluated at a € {0, 1}.

Theorem 1  (Predictive law). Suppose the EFpF is in product form (1), then the predictive
law is

_ k+ 9\ Vit pty y k k MMy —a
et s = (7)o + P T )

An important remark is in order: given the sample Z'"), the random variable Y,,1 is independent
on the binary random variables A,.41,1, ..., Ayt1,4, which are also mutually independent. This is a
consequence of the product form representation (1). In the second place, the count Y,,; of new
features depends on the sample Z") through the sample size 7 and the number of observed features
K, =k, but not the frequencies m, ..., my. It is also noteworthy that what distinguishes
Gibbs-type feature models is only the distribution of the number of new features Y,,.1. In fact,
the probability distribution of the variables referring to the previously observed features,
A1y -+ Ans1k, 1s common to all Gibbs-type feature models and does not depend on the chosen
set of V,,;’s. We will provide more precise comments on the distribution of Y,,+1 when presenting
specific examples in Sections 4 and 5.

As an immediate consequence of Theorem 1, one can easily determine the probability that the
(n + 1)th individual does not exhibit new features. Such a probability may be interpreted as a
sample-based version of the sample coverage (Good, 1953; Good & Toulmin, 1956), that is,
the probability of re-observing a feature among those in the sample. However, it is worth noting
that other definitions of sample coverage have been proposed in the feature setting; see, for ex-
ample, Chiu (2023) and references therein.

Corollary 1 (Sample coverage). Suppose the ErpF is in product form (1), then the probabil-
ity that Z,1 does not show any new features, given Z", is

V.,
P(“Zu41 has no new features” | Z") = P(Yy1 =0 | Z") = V;lk 0+ n)k.
n,k
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i
[38]
<)
]

<)
)

Figure 2. The buffet metaphor for Gibbs-type feature models. In this example there are n= 4 customers and K, =7
dishes. The observed frequencies of the dishes are (my, ..., m7)=(3, 2, 2,2, 1, 1, 1). The numbers of new dishes
picked by each customer (from top to bottom) are Y7 =3, Y2 =2, Y3=0,and Y3 =2.

The predictive distribution presented in Theorem 1 can be likened to the Indian buffet metaphor
(Griffiths & Ghahramani, 2011). Our metaphor imagines a scenario where “customers”, repre-
senting individuals, sequentially enter a restaurant and select a number of “dishes”, corresponding
to feature labels (5(,-),-21, as depicted in Figure 2. Each customer has the option to choose from pre-
viously ordered dishes or select new ones. For any Gibbs-type feature model, the generative pro-
cess unfolds as follows: the first customer enters the restaurant and selects Y; dishes according to

the distribution
P(Y1=y)=Vi,,

and K1 = Yy. The K selected dishes are associated with labels X;, for £ =1, ..., Ky, provided that
K1 > 0. Then, the (7 + 1)th customer enters and selects dishes in two steps. First, the customer
picks Y,+1 new dishes (not chosen by the previous # customers) according to the distribution

(0+a),P (0 +n),

V,
P(Yo1 =y | Ki) = (m)ﬁ

k Vi

where K,, =k denotes the number of distinct dishes chosen by the first # customers, so that
Kuy1=K,+ Y. If Y, ;1 >0, then the new dishes are associated with labels X,, for
=K, +1, ..., K. Second, the (n + 1)th customer may select some of the previously chosen
dishes X, ..., X} as encoded by the binary variables A,411, ..., A,41,., Whose distribution is

Auere | Z% % Bernoulli (”;ﬂ:ﬂ“), (8)

where 71, corresponds to the number of previous customers who selected dish X,. Higher values of
my correspond to a higher probability of dish X, being selected again.

This general buffet metaphor provides a simple sampling strategy for any Gibbs-type feature al-
location model; moreover, it offers a clear interpretation for the parameters 6 and a. Essentially,
the posterior probability of observing the £th feature can be viewed as the weighted combination
of two factors: one representing the observed data and the other reflecting prior beliefs, akin to a
typical Bayesian updating rule. Specifically, for £ =1, ..., k:

— 0 a
lpAn =1 Z(n) =m[ a: i 1 -
Ao =112 =2 9+np[+0+n( 9)’
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where p, =m,/n denotes the empirical frequency of the £th observed feature. When a < 0, the
quantity —a/6 € (0, 1) can be conveniently interpreted as the prior frequency of a feature, while
0 assumes the familiar role of prior sample size. Small values of § > 0 suggest low confidence in
the prior guess, and vice versa. In cases where o € [0, 1), 8 continues to control the relevance of
prior beliefs, while —a/6 determines the extent of (potentially negative) shrinkage on the probabil-
ity of re-observing an old feature.

Finally, we point out that the buffet metaphor for the p, also discussed in Teh and Gorur
(2009), emerges as a special case. In the P, the predictive process is characterized by Y7 |y ~
Poisson(y) and Y41 | Ky, y ~ Poisson(y(6 + a),,/(0 + 1),,) for n > 1. Moreover, as can be verified
via Theorem 1 using V,,; from (3), the BB model leads to Y; | N ~ Binomial(N, — «/6) and
Y41 | Kyy N ~ Binomial(N — k, — /(6 + n)), where Binomial(r, p) denotes a binomial random
variable with parameters 779 € N and p € (0, 1). Consequently, in a B8 model, no new features can
be displayed once K,, = N features are observed.

3.2 Distribution of the number of features

We now investigate distributional properties of K,,, the total number of distinct features observed
in a sample of size n. Note that we can also express K,, as Y1 + Y, + - - - + Y,,, which is the sum-
mation of newly discovered features at each step of the buffet metaphor. In ecological applica-
tions, the expectations E(Ky), ..., E(K,) should be regarded as a model-based rarefaction curve
(Gotelli & Colwell, 2001; Zito et al., 2023), with the fundamental difference, compared to spe-
cies sampling models, that our approach is appropriate for sample-based accumulation curves,
and not individual-based. While these two frameworks are not comparable, as they refer to dif-
ferent sampling designs, there are several analogies between our work and Lijoi et al. (2007a).
For example, the following theorem describes the distribution of K,, for any Gibbs-type feature
model, which is the direct equivalent of a result of Gnedin and Pitman (2005) for species sam-
pling models.

Theorem2  (Number of features K;). Suppose the EFpF is in product form (1) and let « < 0.
Then, the number of distinct features observed in a sample of # individuals,
K,, satisfies, for any k > 0,

k
P(K, = k) =V, {%} )

Alternatively, let g,,(6, a) be defined as in (2), if a € [0, 1) then for any k& > 0,

P(K, = k) =V, {gn(0, a)(0+ 1), }*.

A preliminary version of this result is also presented in Battiston et al. (2018), up to some
further simplifications. In Sections 4 and 5, we will specialize the formulas of Theorem 2 for
specific choices of V,;’s, recovering well-known distributions. In Proposition S1 of the
supplementary material, we also provide distributional insights for the statistic K,,
for r€{l1, ..., n}, denoting the number of features appearing exactly r times among n
individuals, thereby defining K, =K,,1 + - - - + K, ,. Note that this is helpful to determine the
law of the number of rare features, i.e. features expressed only in a single individual, corre-
sponding to K, 1.

Theorem 2 and Proposition S1 of the supplementary material pertain to a priori properties of K,
and K,,,. We now consider the much more compelling problem of predicting the number of hith-
erto unseen features K" that would be observed in an additional sample of size #71, conditioned on
the available data Z" | i.e. a posteriori. In ecological contexts, this leads to the extrapolation of the
accumulation curve (Zito et al., 2023), namely the expectations E(K,,1,, | Z") = k + E(K") | Z™)) for
any m > 1. What follows is a key result of this paper since we provide the distribution of K’ for any
Gibbs-type feature model, analogous to the main finding of (Proposition 1, Lijoi et al., 2007a)
for Gibbs-type species sampling models.
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Theorem 3  (Number of hitherto unobserved features). Suppose the EFpF is in product
form (1). Then, the distribution of K\ | Z" is such that, for any y > 0,

{0+ 1)) {cum(6, @)},

PR =y | ZM) = (k + 3’) Vit ety

k Vi

where, if a < 0,

e a)=(0+a)” ((9+a+n)m B 1>’

o (@+n),,
and if a € [0, 1),

Cnn (6 @) = (0 +1),_1{8n+m(0, ) — g(0, &)}

The predictive distribution for Y,,41 corresponds to the special case 72 = 1 in the above theorem, as
it can be easily checked. Moreover, from Theorem 3, it is evident that the distribution of K" depends
on the data Z'") only through the sample size 7 and the number of distinct features K,,, but not on the
feature counts #1,. In other words, the number of observed features K, = k is sufficient for predicting
K. This remarkable property is also a characteristic of Gibbs-type priors (Lijoi et al., 2007a). We
refer once again to Sections 4 and 5 for tractable special cases of Theorem 3.

3.3 Asymptotic behaviour and a-diversity

The a parameter of a Gibbs-type feature model plays a key role, as hinted by Proposition 1. We
show that a identifies the asymptotic behaviour of K,,, precisely as in Gibbs-type species sampling
models (De Blasi et al., 2015). In particular, as # — oo, the number K,, converges to a finite random
variable whenever a < 0, and it diverges when a € [0, 1). Moreover, K,, grows at a logarithmic rate
when a =0 and at a polynomial rate when o € (0, 1). This behaviour is well known for B8 and P
models (e.g. Griffiths & Ghahramani, 2011; Teh & Gorur, 2009), but it is in fact a general prop-
erty of Gibbs-type feature models, as the following proposition illustrates.

Proposition2  (a-diversity). Suppose the EFpF is in product form (1) and let K,, be the num-
ber of features observed in a sample of # individuals, as # — oo

(i) if a <0, then K, -5 N,
(i) if =0, then K,/ log (1) — 76,

(iii) if 0 < a < 1, then K,,/n* —d>yF(9 +1)/{al'(0 + a)},
where the random variables N and y have distributions P, and Py as
in the mixture representation of the weights V, ;’s described in
Proposition 1.

Summarizing, let ¢,(n) be a function such that ¢,(n) =1 if a <0, ¢,(n) =log(n) if a =0, and

cq(n) =n*if a € (0, 1), then, in general, K,,/c,(n) A, S, as n — oo. We call random variable S,
the a-diversity of a feature allocation model, analogous to the a-diversity introduced by Pitman
(2003). The random variable S, is often of direct interest in ecological problems, as it represents
a synthetic biodiversity measurement. Naturally, comparing a-diversities across different datasets
makes sense only if they are based on the same growth rate. Note that, for fixed values of e and 6, in
the BB and 18P models the a-diversity is deterministic. In practice, the a-diversity is unknown, and it
may be estimated employing a prior distribution for N or y, which results in a Gibbs-type feature
model thanks to Proposition 1. Moreover, the posterior law of y and N may be obtained by
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combining the prior density p,(dy) associated to P,, or the prior probability distribution pn(y) as-
sociated to Py, with the ErpF of equations (2) and (3), giving respectively

! 0 Y
Py(dy | Z) o py(dy)* expl=rgal6, o)}, pN<y|Z‘">)o<pN<y>(yf k)!<( (;):””), )

fory=k, k+1, .... We note that under suitable choices for p,(dy) and pn(y), the posterior law
corresponds to well-known distributions. Such a posterior distribution of S, also has an elegant
connection with accumulation curves, as shown in the following proposition.

Proposition 3  (Posterior law of the a-diversity). Suppose the EFpF is in product form (1).
Let K\ | Z"™ be the number of hitherto unseen features and let S, be the
a-diversity. Then, as 7 — oo

K" + k

1z L s s, zZm,
Ca(m)

Thus, the posterior law of S, coincides with the a-diversity associated with the extrapolation of
the accumulation curve K + k | Z", providing an insightful alternative perspective.

3.4 Posterior characterization
We conclude our theoretical investigation with another pivotal result: the determination of the
posterior distribution arising from model (6) of ji = Z/zl ‘?;'5)?,’ given Z" _ This posterior charac-
terization of ji not only elucidates the learning mechanism underpinning Gibbs-type feature mod-
els but also enables the simulation of arbitrary functionals of interest associated with f. Its
availability also proves advantageous for Markov Chain Monte Carlo algorithms when
Gibbs-type feature models are employed as latent building blocks of more complex models.
Posterior characterizations have already been studied for specific models. For the two-
parameter 18P, namely the beta process, Thibaux and Jordan (2007) used the conjugacy result of
Hjort (1990) to obtain the posterior distribution. For the iBp with a € (0, 1), namely the stable-beta
process, the posterior can be deduced by carefully reading Teh and Gorur (2009), which, in turn, is
based on Kim (1999). Finally, for the B8 model, the posterior derivation is straightforward thanks
to the independence among the g;’s and the beta-binomial conjugacy. A systematic discussion for
the broad class of crwms priors for /i is provided in James (2017). Refer also to Camerlenghi et al.
(2024) for related findings. The following theorem applies to any Gibbs-type feature model, albeit
with notable simplifications forthcoming in Sections 4 and 5, where we discuss specific choices for
the priors of y and N.

Theorem 4  (Posterior distribution of fi). Suppose Z" = (Z4, ..., Z,) follows model (6),
then the posterior distribution of /i, given Z"| satisfies the following decom-

position

~ d . ~

RIZYSH 4, (10)
where  i* 4 S* qx, is a random measure such  that
qe "~dBeta(m[ —a,0+60+n—my), for £=1, ..., k, and X1, ..., X} denote

the observed features. Moreover, the random measure &’ in (10) is independ-
ent of ii*, and its distribution depends on the value of a, as specified below.

(i) If a<0, then the random measure ,&/IN’gZIj\il q;cS;(/,, where

,iid
iV

g;
d (n) :
k=N |Z" asin (9).

Beta( — a, 8 + o+ n) and )N(,-HNdPO, forj=1, ..., N'. Moreover, N' +
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(i) If « € [0, 1), then the random measure i’ | ) ~ CRM(p'; Py) with up-
dated intensity

p/(ds) =yT(1 +0)/{T(1 — )T (0 + a)}s™*"1(1 — 5)?***""1ds.  Moreover,
4 ") 461
Yy =y|Z"™ asin (9).

The previous distributional equality (10) decomposes the posterior distribution of ji into two
parts: i’ accounts for the newly observed features, while i* deals with those previously ob-
served. Regarding the latter, the (7 + 1)th individual exhibits an existing feature X, if

Aui1e =1, whereeach Ayi10 | e i Bernoulli(g) and g, i Beta(m, — a, a + 0 + n — m,). By inte-

grating out the g;’s, we obtain A, | AL "~dBernoulli((mg —a)/(0+ n)), consistent with the
predictive structure (8). It is worth highlighting that the distribution of i* remains the same
across all Gibbs-type feature models. However, i’ exhibits structural differences depending
on the specific choices for the V,;’s. In the case of a € [0, 1), we observe that i’ |y ~
CRM(p'; Py) benefits from a conjugacy property, as the intensity measure p'(ds) characterizes
a stable-beta process with updated parameters (y(a+0),/(0 + 1),,, a, @ + n), a point noted by
Teh and Gorur (2009) in the 18P case.

Simulating posterior samples for ji is straightforward. Initially, one needs to draw values from
N | Z" ory | Z™, which typically follow highly tractable distributions. Then, conditioned on N or
y, both random measures i’ and fi* are simple to sample from: i* involves a finite number of beta
random variables, as does i’ when a < 0. Even simulating /' when a € [0, 1) is straightforward, as
due to conjugacy, i’ follows a stable-beta process, for which efficient sampling algorithms exist;
see, for example, Teh and Gorur (2009).

4 Gamma mixture of IBPs

4.1 Predictive structure, number of features, and a-diversity

In this section, we discuss relevant special cases of Gibbs-type feature models within the o = 0 and
a € (0, 1) regimes, where there are infinitely many possible features X;. We define a new
Gibbs-type feature model termed gamma mixture of 1BPs by employing a gamma prior for .
Upon examining the posterior distribution in (9), it becomes evident that a gamma prior is conju-
gate, as its posterior remains gamma with updated parameters. If y ~ Gamma(a, b), then the asso-
ciated EFpF, obtained by integrating (2) with respect to the prior density, follows a product form (1)
and the weights are

1 b%(a),,
Vop=— . 11
TR+ 1), 5B + gal0, ) t

This Gibbs-type feature model has connections with the stable-beta scaled process of Camerlenghi
etal. (2024) , which is, in fact, a special case of (11). In particular, a stable-beta scaled process with
parameters (a, ¢, d) can be represented as a gamma mixture of 18ps under the constraint =1 -«
and prior distribution y ~ Gamma(c + 1, d(1 — a)/a). Such a hierarchical representation is not dis-
cussed in Camerlenghi et al. (2024), but it can be proved by directly inspecting the EFpFs.

We now compare the 18P of Teh and Gorur (2009) with the feature model (11), utilizing the gen-
eral findings from Section 3. The predictive laws of the 18r and the gamma mixture of 18ps follow by
specializing Theorem 1, substituting the V,, ;’s of equations (2) and (11), respectively, into the gen-
eral formulas. As discussed in Section 3.1, the predictive distributions of Gibbs-type feature mod-
els differ only in the law governing the number of new features, whereas the law of the binary
variables A,41,1, ..., Any1p, already described in (8), is the same. Thus, for the sake of brevity,
here we concentrate on the distribution of the number of new features Y,,;. Let Y ~
NegBinomial(rng, u,) denote a negative binomial random variable with mean parameter x, > 0
and dispersion parameter 7y > 0, where its probability mass function N(y; 19, 1) « p™(1 —p)’
is defined for any y € No, with p=mno/(uy + no), so that E(Y) =y, and Var(Y) =g, + u5/no.
Moreover, let Y,41 | K,;, y be the number of new features for the (7 + 1)th individual in the mp
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case, and let Y1 | K, be the same quantity for the gamma mixture model. Then, simple calculus
yields

6+ a),
@+1),

Y1 | Kpyy ~ Poisson(y

), Y1 | Ky ~ NegBinomial(a +k atk (0+ a)">

T b+gu(0,0)(0+1),)

Additional distributional properties can be derived by specializing the results of Section 3 for the
BP and gamma mixture of 1BPs. We summarize some of these properties in the following propos-
ition and refer to the supplementary material for additional findings and simplifications, such as
the distribution of the number of shared features K,,, or the sample coverage.

Proposition 4  Suppose the EfpF is in product form (1) with a € [0, 1). Let K, | y and K, be
the number of features observed in a sample of # individuals for the Br and
the gamma mixture in (11). Then, we have

K, | 7 ~ Poisson (yg(6, a)),

. . (12)
K, ~ NegBinomial(a, (a/b)g(0, a)).

Moreover, let K" | Z" be the number of hitherto unseen features in an
additional sample of size 7 > 1, then for the B

K| Z y ~ Poisson (y(gn+m(0s @) — ga(0, ))), (13)
whereas for the gamma mixture

atk

w(g,ﬁm(&, o) — gu(0, a))). (14)

K" | Z" ~ NegBinomial (a +k,
b+g,

The results regarding the 1B have been deduced from the general theory outlined in Theorems 2
and 3, albeit these results were already known. Indeed, the distribution of K,, | y has been deter-
mined by Teh and Gorur (2009), while the distribution of K | Z"),y has been unveiled by
Masoero et al. (2022). Conversely, the results concerning the gamma mixture are novel. The ex-
pected values of the number of features, also known as rarefaction, are E(K,, | y) = yg.(0, a) and
E(K,,) = (a/b)g,(0, a). The function g,(0, a) has an interesting interpretation, being the expected
value of the number of clusters in a sample of size # from a Pitman—Yor process (Pitman &
Yor, 1997) with parameters (a, 8). The a=0 case corresponds to the Dirichlet process
(Ferguson, 1973), reducing to g,(6, 0) = >, 6/(6 + i — 1). This fact underscores once more the
close relationship between Gibbs-type feature models and Gibbs-type species sampling models.

One notable advantage of the negative binomial distribution derived from the gamma mixture
model is its ability to introduce overdispersion in K,,. Furthermore, the posterior distribution of
KU | Z" 'y, corresponding to the 18P case, remains independent of the number of observed fea-
tures K,, = k, a characteristic that some may find unappealing. In contrast, the negative binomial
posterior for K | Z") considers k, influencing both the mean and variance of the distribution.
Higher values of k result in overdispersion, which is often desirable. The Bayesian estimators
for the number of previously unseen features, crucial for extrapolating the accumulation curve,
are as follows:

a+k

E(R™ | Z7, p) = p(gnem (0, @) — gu(0. E(KW | Z0) = ———
( ml 7)’) y(g+(aa) g(’a))a (ml ) b+gn(9,0£)

(gn+m(03 0[) - gﬂ(ea 0!)),

for the 18P and the gamma mixture of 1Bps, respectively.
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Recall that, as stated in Proposition 2, the parameter a controls the growth rate of K,
so that when a=0, then Kn/log(n)iyﬁ, whereas when 0O<a<1, then

K, /n* i yL(0 + 1)/{aT'(0 + a)}. In the 18P, the parameter y, and hence the a-diversity, is determin-
istic (Masoero et al., 2022). Conversely, by definition, y follows a priori a Gamma(a, b) in the gam-
ma mixture model (11), which allows the Bayesian learning of the a-diversity through its posterior.

Proposition 5 Suppose the EFPF is in product form (1) with a« € [0, 1) and the V,;’s
defined as in (11), so that a priori y ~ Gamma(a, b). Then, the posterior
is y| Z" ~ Gamma(a + k, b + g,(6, a)) and therefore the a-diversity, for
a =0, is given by

T1ZM =5, S;gsa|Z(")~Gamma<a+k,w),

log (m) 0

as m — oo, whereas for o € (0, 1)

K d
rr; | Zn) S;,
m

S 45,1 2" ~ Gamma (a +k, (b + 24(0, )}

T'(6+ a)a
o+ 1)>'

A consequence of the deterministic a-diversity in the 18P is that the width of the credible in-
tervals for K{") grows at a rate slower than 7%, In contrast, the mixtures of 8ps yield larger cred-
ible intervals, whose widths grow proportionally to m“, as highlighted by the previous
proposition. This difference can be observed in simulation study B of the supplementary
material: Figure S8 suggests that the iBp underestimates the uncertainty in predicting the number
of unseen features. Proposition 5 presents some of the first results concerning the posterior dis-
tribution of the a-diversity for feature allocation models, with an early contribution for the
stable-beta scaled process being available in Camerlenghi et al. (2024). Analogous findings
for the Pitman-Yor species sampling model are given in Favaro et al. (2009) when « € (0, 1),
while for the Dirichlet process (a=0) an interpretable and tractable prior is proposed in
Zito et al. (2024).

4.2 Posterior characterizations and negative binomial processes

We specialize here the posterior characterization of Theorem 4 for the gamma mixture of 1Bps,
which can be conveniently described in terms of negative binomial processes (Gregoire, 1984),
whose use in Bayesian nonparametrics is still much unexplored. Building upon (Gregoire,
1984), we say that ji is a negative binomial random measure with parameter a > 0, intensity meas-
ure p(ds) on R, and diffuse base measure Py on X, if i has Laplace functional

e = {14 [, [5 1= W |pldg)Po(dn)| (15)

for any measurable function f : X — R,. We will write i ~ NB(a, p; Py) and we assume the inten-
sity measure p(ds) is supported in (0, 1) as before. A negative binomial random measure may arise
by considering a ckm with random intensity measure ¢p(ds), where ¢ is distributed as a gamma ran-
dom variable with parameters (a, 1). Hence, the hierarchical formulation for the gamma mixture
of 1Bps becomes
Z\ i~ BP@), i1,
1& ~ NB((Z, Ps PO):

(16)
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where the intensity measure is p(ds) = (1/6)I'(1 + 0)/{T'(1 — a)T(0 + a)}s™* (1 — s)***"'ds. The
proof is shown in Section S2 of the supplementary material, but it is merely a consequence of mix-
ing the intensity measure of a completely random measure with respect to a gamma distribution.
The following corollary of Theorem 4 characterizes the posterior distribution of the process ji, giv-

en Z" in terms of negative binomial random measures.

Corollary 2 Suppose Z" = (Z1, ..., Z,) follows model (16), then the posterior distribu-
tion of fi, given Z", satisfies the decomposition j | Z" gﬂ’ +i* in (10),
where i’ and ji* are independent random measures such that ii* is distributed
as in Theorem 4, whereas i’ ~ NB(a + k, p’; Py), with updated intensity
p'(ds) = 1/{b + ,(60, a)}T(1 + 6)/{T(1 — &)[(0 + a)}s~* 1 (1 — s)" 01 ds.

5 Gibbs-type feature models with finitely many features

5.1 Predictive structure, number of features, and richness estimation

In species sampling models, mixtures of Dirichlet multinomial processes are an important subclass
of Gibbs-type priors (see, e.g. De Blasi et al., 2015), which include, for instance, the models of
Gnedin (2010) and De Blasi et al. (2013). In feature allocation models, a similar role is played
by mixtures of B8 models with N features, which corresponds to the a < 0 case. These feature al-
location models assume a finite number of features N, representing the richness in ecological prob-
lems. The standard BB model assumes that N is known in advance, although this is a critical
parameter and object of inference. In the following, we concentrate on two novel and tractable
specifications: (i) N is a Poisson random variable with parameter A > 0, referred to as Poisson mix-
ture of BBs; (ii) N is a negative binomial random variable with parameters (19, u), referred to as
negative binomial mixture of BBs. These random variables serve as the prior distribution for the
richness, enabling its Bayesian learning. We begin by providing the expressions for the correspond-
ing EFPFs.

Proposition 6  If N ~ Poisson(4) in the mixture representation of Proposition 1, then the
model has Fpr in product form (1) and the V,,;’s are given by

1 0 —Ja)*
Vit =P P(l - <Z>j>") } {(mf} | 1)

If instead N ~ NegBinomial(#, x;), then the V,,;’s are given by

Vn,kz(k-i-’;:_l)

k —ny—k no
-0 Uy 1- Ho (9+0ﬂ)n> (/J 1o ) 1
X{(Q)nﬂo+”0} ( o+ (), o) 1Y

Clearly, the negative binomial mixture of BBs allows for a higher degree of prior uncertainty re-
garding the total number of features N compared to the Poisson case, as the negative binomial in-
duces overdispersion. It is worth noting that the negative binomial mixture of BBs may be obtained
by choosing a gamma prior for the A parameter of the Poisson mixture of BBs. Specifically, assum-
ing N | 2 ~ Poisson(4), and 2 ~ Gamma(a, b) is equivalent to having N ~ NegBinomial(#o, y),
with 79 = a and iy = a/b. This provides a hierarchical justification for the negative binomial mix-
ture of BBs: one may initially consider the Poisson mixture model, but if there is uncertainty about
4, then one could learn it by employing a gamma prior, resulting in a negative binomial mixture of
BBS.

We now apply the general results of Section 3 to the aforementioned mixtures of B8 models. For
brevity, we focus solely on the number of features K,,, representing the rarefaction, and the number
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of hitherto unseen features K | Z"), leading to the extrapolation of the accumulation curves. It is
worth reiterating that the predictive distribution Y,,;1 | Z" involved in the buffet metaphor can be
derived as a special case, setting 7 = 1 in the distribution of K | Z" | which is a trivial task in the
following formulas.

Proposition 7 Suppose the EFPF is in product form (1) with a<O and let
pu(0,0)=1-(0+a),/(0),. If Nis fixed, corresponding to the B8 model
(3), then

K, | N ~ Binomial(N, p,(6, a)),
K" | 2", N ~ Binomial(N — &, p,u(0 + 1, a)).

If instead N ~ Poisson(/), corresponding to model (17), then

K, ~ Poisson(ip,(0, a)),
KLZ) | Z7 ~ Poisson(ipm(e +n, a){1 = p,(6, a)}).

Finally, if N ~ NegBinomial(no, 1), corresponding to model (18), then

K, ~ NegBinomial(no,,uop,,(H, a)),
no +k

K| Z" ~ NegBinomial —
i egBinomial( 7o + &, o tto + P00

Proposition 7 is the first result of this kind for feature allocation models with finitely many
features. Moreover, it underscores the high degree of interpretability and transparency in
Gibbs-type feature allocation models. Specifically, when N is deterministic the prior expectation
for E(K,, | N) = Np,,(6, o) depends on p,,(0, a) =1 — (0 + a),,/(0),,. This probability may be under-
stood as the expected fraction of features observed in a sample of size 7, out of a pool of N possible
features. This elegant interpretation holds true also for the Poisson and negative binomial cases,
as E(K,) = Ap,(0, a) and E(K,,) = yop.(0, a), respectively, so that p,(0, a) can be read as the ex-
pected fraction of observed features out of the expected total number of features A and . The con-
ditional distributions for K" may also be expressed in terms of the probability 1 — p,(6, a),
accounting for the old features, and the “updated” probability p,,(8 + n, @), representing the fu-
ture sample. If N is deterministic, the Bayesian estimator for the number of unseen features is
E(K | Z", N) = (N = R)pm(6 + n, ), in which p,,(6 + 1, a) is the expected fraction of features
in a future sample of size #1, out of the remaining N — k features. In the Poisson and negative bi-
nomial cases, where the total number of features N is learned from the data, the predictive mech-
anism is more sophisticated. The Bayesian estimators for the number of hitherto unseen features,
under a Poisson and negative binomial prior for N, are

Apm(0+ n, a){1 —p,(6, a)}, (Poisson mixture),
E(K, 1 Z7) = #}i&a) Dol + 71, a)(1 = bn(6, @)}, (negative binomial mixture).
Note that E(A| Z"™) = (ng + k)/{n0/y + pu(6, @)} is the posterior expectation of A in the
Poisson-gamma representation of the negative binomial, where 1, /79 denotes the overdispersion.
It is important to emphasize how the sampling information Z" affects the distribution of the stat-
istic K. In the Poisson mixture, the distribution of K depends on the initial sample Z" only
through the sample size 7. Conversely, under the negative binomial mixture, K also depends
on the number of distinct features K,, = k observed in the initial sample. Finally, Proposition 7 of-
fers a key motivation for adopting the proposed mixtures of BBs over the standard B8 model. In the
latter, the uncertainty around K!*) monotonically decreases for large values of 72, and in the limit

pm(9+n,a>{1—pn(9,a)}).
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K" degenerates to a point mass at N — k. This eventual shrinkage of uncertainty is a very undesir-
able behaviour. In contrast, under both the Poisson and negative binomial mixtures of BBs, the
variance of K!”) monotonically increases with 1, yielding a more realistic representation of
uncertainty.

Finally, we study the total number of features N, i.e. the richness, which coincides with the

a-diversity, since K, 4, N as #n — oo. The posterior distribution of the richness is one of the
main quantities of interest in ecology and, as outlined in Proposition 3, it may be equivalently ob-
tained by extrapolating the accumulation curve, specifically by considering lim,, o K" + k | Z\"

For the B8 model, the posterior distribution of N is deterministic, since N is known a priori. This
yields critical issues as highlighted in simulation study A of the supplementary material (Figures S4
and S5). For the proposed mixtures of BBs, the following result can be easily proved using
Proposition 7 and noting that lim,, . p(0 + 1, a) = 1.

Proposition 8  Suppose the EFPF is in product form (1) with a < 0. Then K" | Z™ N
with N+ kSN | Z", as m — . Let pu(0,a)=1—(0+a),/0),, if
N ~ Poisson(4), then

N’ ~ Poisson(A(1 = pu(6, a)),
whereas if N ~ NegBinomial(#o, u,), then

1’lo+k

N’ ~ NegBinomial( g + kb, —————
& ( O oo + a6, a)

{1 = pal0, a)}>- (19)

Note that, as before, the results have an appealing interpretation in terms of the probability
1 — p.(0, a). The Bayesian estimators for the richness, under a Poisson and negative binomial prior
for N, are the posterior expectations

k+ A1 = p,(0, o)}, (Poisson mixture),
)y = no + k . . . .
ENTZ™) k 0—{1 — a6, @)}, (negative binomial mixture).
71(]//,[0 + pﬂ(ea 0!)
To make these formulas operative, one needs to specify values for 4, 6, and a and possibly for g
and py. We remark that all these quantities have a very transparent interpretation. Therefore, their
elicitation may be based on prior information in many applied contexts. In our numerical studies,
we will propose an empirical Bayes approach to set the hyperparameters. Moreover, in the
supplementary material we investigate a fully Bayesian procedure in which we specify suitable pri-
ors for the hyperparameters.

5.2 Hierarchical formulation for mixtures of beta Bernoulli models

We now specialize the general posterior characterization in Theorem 4 for the Poisson and nega-
tive binomial mixtures of B8 models. Recall that when a < 0 the underlying random measure j for
any Gibbs- s-type feature model in the hierarchical representation (6) can be described as
| N= Z/ 1‘], X0 with § q; ~ Beta( a, 0+ a) and X dPo, for some prior distribution N ~ Py.
When N follows a Poisson distribution, this can be compactly expressed in terms of completely
random measures. Specifically, in the the Poisson mixture of BBs, the statistical model which indu-
ces the EFPF in equation (17) may be written as
i,iéi

Zi|i~BP@), ix1

ji ~ CRM(p; Py),

=

(20)

where the intensity measure p(ds) is finite since a <0 and is proportional to the density of a
Beta(—a, 0+ 0a) distribution p(ds) = AL()/{T( = a)[(0 + a)}s™* 11 = 5)"**1ds. This result
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follows by a construction of completely random measures with finitely many jumps g;, whose

number has a Poisson distribution (Daley & Vere-Jones, 2008). As for the negative binomial
mixture, the EFpF (18) is associated with the following statistical model involving negative bino-
mial processes:

Z | i BP(R), ix1,

la ~ NB(nOs pPs PO)’

(21)

where p(ds) = (ug/70)T(0)/{T( — a)T(0 + a)}s~* (1 — 5)"** 'ds. The proof of these results is
straightforward, but it is provided in Section S3 of the supplementary material for completeness.
The following corollary is a consequence of Theorem 4, and it characterizes the posterior distri-
bution of & in both cases.

Corollary 3 Suppose Z" = (Z4, ..., Z,) follows models (20) or (21), then the posterior

distribution of j, given Z" | satisfies the decomposition 7 | Z i[/ +fi* in
(10), where &' and i* are independent random measures such that i* is dis-
tributed as in Theorem 4. Under model (20) ' ~ CRM(p'; Py), with updated
intensity p/(ds) = AT(0) /{T'( — a)['(0 + a)}s~*1(1 — s)™*"**~1ds, whereas under
model  (21) & ~ NB(ng +k,p'; Py), with  updated intensity
p/(ds) = 1/{n0/ug + pu(6; a)TO T = @)1 (0 + a)}s~ (1 — )"+ ds.

The relevance of this corollary is mostly theoretical. In practice, to simulate a posterior value
for ji one relies on the hierarchical representation of Theorem 4, given the availability of the pos-
terior for N given in Proposition 8. However, this posterior result unveils the central role of ab-
stract constructions, such as completely random measures and negative binomial processes, even
for allocation models with finitely many features. For example, it reveals that the lack of depend-
ence on K,, = k in the predictive structure of K\, in the Poisson mixture model, follows because ji
is distributed as crRMs, as explained in James (2017) and Camerlenghi et al. (2024).

6 Model fitting and simulation studies

6.1 Elicitation of the hyperparameters

We describe here an empirical Bayes approach to selecting the hyperparameters, albeit other
Bayesian strategies could be considered. As for the two mixtures of BBs, we suggest to maximize
the ErpF (1) of a BB model, obtained with V,,;’s as in (3). This procedure provides us with an esti-
mate & and 6 of the values of @ and 6, together with an estimate N for the total number of features
N. Then, in the Poisson mixture we set 4 = E(N) = N, whereas we set uo =E(N) = N in the negative
binomial mixture of BBs. We remark that, differently from the Poisson mixture, the negative bino-
mial mixture also allows us to specify the variance of the prior distribution on N. We argue that
such variance should just reflect the practitioner’s degree of uncertainty around the prior guess
E(N), possibly performing a sensitivity analysis for it. In our simulated scenarios, available in
the supplementary material, we will consider additional choices of the prior expectation E(N)
for the mixtures of BBs, instead of specifying it through the data-driven approach just described.
In such cases, we estimate the parameters a and 6 by maximizing the model-specific EFpF, that is
(17) for the Poisson mixture, with 2 = E(N), and (18) for the negative binomial mixture, with y, =
E(N) and 7y such that the desired prior variance is obtained.

Along a similar argument, for the mixtures of Bps we first propose to maximize the EFpF (1)
with V,,;’s as in (2) to find an estimate ¢ and @ for the parameters a, 0, together with an estimate
7 for the total mass y. Second, we choose the parameters of the prior for y by enforcing the con-
dition E(y) = 9. In particular, for the gamma mixture of 1BPs, we assume y ~ Gamma(a, b) and we
set = E(y) = a/b. Similarly to the negative binomial mixture of BBs, the prior variance of y can be
specified according to the user’s preferences, possibly exploring different values for robustness
checks.

Finally, we remark that a fully Bayesian approach might be adopted, instead of the proposed
empirical Bayes one. This consists of assuming prior distributions for parameters a and 6 for all
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the mixtures. We exploit such a fully Bayesian approach in the real data analysis of Section S5.2 of
the supplementary material, where we also show that posterior inferences obtained with the two
procedures are coherent.

6.2 Model-checking

A preliminary step of our simulation studies and applications consists in the choice of the best
model: either mixtures of BpPs or mixtures of Bes. The decision between the two classes pertains
to the analyst. We propose two approaches to guide the selection of the best class of models: (i)
a pair of visual procedures; (ii) a quantitative criterion for establishing which class of mixtures
best fits the data. As for (i), the first check relies on comparing the observed values Ky, ..., K,
with the expected values E(Ky), ..., E(K,) under different models. Since the observed values
K1, ..., K, refer to a particular ordering of the observations, in place of Ky, ..., K,,, we will con-
sider the in-sample accumulation curve K}, ..., K/, obtained by averaging the number of distinct
features over all possible orderings of the data. The second informal model check is based on the
statistic K,,,, i.e. the number of features observed with prevalence 7 > 1 in a sample of size n. To
assess the model performance, we compare the observed values K,, 1, ..., K,,7 and the expected
values E(Ky;1), ..., E(K,7), until a certain 7 < n, under different models’ choices. While the empir-
ical curves are always obtained from the data, the expected values depend on a, 6 and the prior
mean of N (resp. y) if a mixture of BBs (resp. 1BPs) is selected. As a consequence, if we adopt the
empirical Bayes approach described in Section 6.1 for parameters elicitation, then all the mixtures
of BBs (resp. 18pPs) have the same rarefaction curve and the same curve E(K,,,), forr=1, ..., n. By
visual inspections, the previous model checks provide an indication of whether the mixtures of BBs
or the mixtures of 1BPs may be appropriate for the problem at the hand, which is the ultimate goal
of our model selection.

For a quantitative comparison of the goodness-of-fit between the two classes of mixtures, we
rely on the (minimum) deviances of the B8 model and the P model, as representatives within
the two classes. Given an observed dataset Z" and a model described by parameters @ (referred
to as hyperparameters in our Bayesian setting), the (minimum) deviance is defined as
D(0) = -2log L(Z™ | 6) = =2 logz,(m1, ..., my | 0), where £ denotes the likelihood of the mod-
el, i.e. the EFPF in our case, and @ is the maximum likelihood estimate of 8. We suggest to compute
the (minimum) deviances of the B8 and the B> model, and the one yielding the smaller deviance is
selected. Notably, since both models involve the same number of hyperparameters, comparing de-
viances yields the same conclusions as comparisons based on standard model selection criteria
such as the Akaike information criterion (a1c) and the Bayesian information criterion (BIC).

In general, we expect the conclusions drawn from the visual inspections of the curves and the
quantitative information criteria to be consistent. We will show that the two criteria consistently
support the same model selection decisions across all our simulation studies and real data analyses.

6.3 Overview of simulation studies

The goal of the simulation studies is to showcase the prediction abilities of our models under dif-
ferent experiments. We stress that the class of Gibbs-type feature models with finitely many fea-
tures also allows to perform inference on the total number of features N, corresponding to the
a-diversity. Specifically, in ecological applications, such quantity is referred to as taxon richness,
which is a natural measure of biodiversity, as we will highlight in applications.

In Section S4 of the supplementary material, we extensively discuss three main simulation stud-
ies (A, B and C) to test the performance of our models. For each simulated dataset, we fix the pa-
rameters of the models via the empirical Bayes approach described in Section 6.1. As a second step,
we apply the model-checking approaches we presented in Section 6.2 to conclude that either the
mixtures of BBs or the mixtures of 1BPs may be assumed to be correctly specified for the data at the
hand. Experiments A and C correspond to situations where our model-checking clearly indicates
that mixtures of BBs can be assumed to be correctly specified. Consequently, the assumption of fi-
nite species richness is plausible. Conversely, in experiment B, mixtures of 18ps best fit the data ac-
cording to our model-checking procedures. In all the cases, we focus on the prediction of the
number of unseen features in an additional sample of size . We present the predictions obtained
via the selected models and compare them with a variation of the Good-Toulmin estimators (GT)
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from Chakraborty et al. (2019). Additionally, in experiments A and C, we also compare with the
well-known frequentist estimator from Chao et al. (2014), that is specifically designed under the
assumption of finite species richness. Our simulation studies indicate that the estimator of
Chakraborty et al. (2019) exhibits poor predictive performance and stability issues as 7 grows.
In general, our models show good predictive abilities, often outperforming the competitors. In ex-
periments A and C, we also address the estimation of the species richness N and its uncertainty
quantification. In this regard, our experiments highlight that the negative binomial mixture of
BBs is usually more robust than the Poisson mixture under bad prior guesses on N.

7 Assessing diversity in ecological applications

The quantification of biological diversity is a central aspect of many ecological studies and an ac-
tive research focus of ecology, due to its importance in many conservation strategies, in monitoring
and management projects (Chao et al., 2014). The most commonly employed and basic metric for
biodiversity in a community is undoubtedly the species richness, namely the total number of spe-
cies in the assemblage. Besides, another insightful characterization of the biological diversity of the
assemblage may be provided by the asymptotic growth rate of the extrapolation curve
K" + k| Z" form=1,2, ..., and the associated a-diversity (refer to Proposition 3 of Section
3.3). In addition, these kinds of extrapolation problems are commonly faced in order to assess
whether it is worth investing additional resources in looking for possibly new species.
Specifically, ecologists may be interested in how many new species they are going to observe if
they sample a number m of additional plots. Based on such estimation, they might decide not to
further analyze additional plots in the region if they expect to record a number of new species
that are not worth the additional resources they are required to invest. Such information is natur-
ally and straightforwardly available within our Bayesian framework, described by the posterior
distribution of the statistic K\, for m > 1.

Here, we illustrate how we address the aforementioned ecological research questions for two
real-world datasets, which present different structural characteristics. We discuss the adequacy
of the Poisson and negative binomial mixtures of BBs and the gamma mixture of 1Bps, where the
parameters are estimated via the empirical Bayes approach described in Section 6.1. Prediction
and inference are then faced using the most appropriate model, selected through the model-
checking described in Section 6.2. For a more exhaustive assessment of the models’ predictive abil-
ity, we perform a data-holdout experiment in Section S5.1 of the supplementary material, where
all the models are trained on half of the observed data, and predictions on the withheld data are
compared. These analyses further support the decisions on model selection obtained through the
two proposed procedures. In Section S5.2 of the supplementary material, we also report posterior
inferences obtained when we adopt a fully Bayesian approach for parameters’ elicitation, showing
that it leads to similar results obtained via the empirical Bayes procedure described in Section 6.1.

7.1 Vascular plants in danish forest

We consider the data collected in Mazziotta et al. (2016a) concerning the forest of Lille Vildmose
nature reserve in Denmark. Here, for each of the 102 forest plots object of the 2013 monitoring
campaign, the species incidence (presence-absence) for four organism groups, i.e. epiphytic
bryophytes, epiphytic lichens, vascular plants, and wood-inhabiting fungi, are measured. For
the purpose of illustration, we focus on vascular plants, also analyzed in Mazziotta et al.
(2016b), where k=215 distinct species are recorded on the #» =102 plots. In Figure S14 of
the supplementary material, we also report the taxon accumulation curve, which has clearly
not yet reached convergence, thus the richness is certainly expected to be larger than the 215 ob-
served species.

In order to assess whether mixtures of BBs (finite species richness) or mixtures of 1Bps (infinite spe-
cies richness) are more appropriate in this context, we rely on both the visual inspections of the
model-checking tools we introduced in Section 6.2 and the quantitative assessment through the
comparison of deviances. From the plots of Figure 3, we argue that the mixtures of ps, which as-
sume infinitely many features, are plausible models for such data, and are definitely more suitable
than mixtures of Bes. This claim is further supported by the comparison of deviances, with the BB
model yielding D(8) = 10320.1 compared to D(8) = 10312.4 for the 18> model. Therefore we focus
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Figure 3. Left panel: the empirical accumulation curve (black dots) and the rarefaction curve of the models (blue and
orange dashed lines). Right panel: the observed values of K, ; (black dots) compared with the expected curve E(K), )
of the models (blue and orange dashed lines). The right plot is in log-log scale; the orange (resp. blue) curves are
identical for all the mixtures of 18ps (resp. 88s).

on the gamma mixture of 1mps, and we consider two possible prior variances for yp, i.e.
Var(y) € {1, 100}. From Proposition 3, the asymptotic growth rate of the curve K" + k | Z"),
form=1,2, ..., is of order m*, with an estimated rate of & = 0.17, and the posterior a-diversity
§) is gamma distributed; the expected value of S, equals 186.48 for both the choices of the prior
variance of y, but we get Var(S,) = 58.3 if Var(y) =1, and Var(S,) = 158.9 if Var(y) = 100.

The extrapolation problem is addressed in Figure 4, where we report the expected values and the
95% credible intervals for the total number of species that might be observed in 7 additional plots,
given the observed collection of # plots, i.e. K" + k | Z"), with k = 215. The posterior point esti-
mates are similar for the two selected prior variances, while the variability increases as the prior
variance of y increases.

To provide a more quantitative answer to the extrapolation problem ecologists might be inter-
ested in, we report in Table 1 the expected values and the credible intervals for the number of new
species that are going to be observed if a number 7 of additional plots is examined, for some values
of m. Both the choices for the prior variance of y in the gamma mixture of 1Bps lead to the same
point-wise estimates: if ecologists are considering whether to analyze additional plots in the re-
gion, they should expect to find 6.50 new species if they sample additional m =10 plots.
Differences between the two gamma mixtures are visible for 7 € {100, 1,000} in terms of their
credible intervals.

7.2 Trees in Barro Colorado Island

As a second illustration, we analyze the presence-absence dataset of tree species in 7 = 50 plots of
one hectare in Barro Colorado Island, for a total of k = 225 observed species. The data are publicly
available in the vEGan package in R. In terms of richness estimation, exploring the taxon accumu-
lation curve, reported in Figure S17 of the supplementary material, we may argue that it has not
reached convergence yet, though the growth is rather slow. Overall, the species richness is ex-
pected to be larger than the 225 observed species.

In order to select which model best fits the observed data, we perform the usual model-checking
we introduced in Section 6.2. The visual inspection of Figure 5 suggests that the mixtures of BBs can
be considered correctly specified for such data, while the mixtures of 1Bps are not. This preference
for the mixtures of Bps is further supported by the comparison of deviances: D(#) = 10245.6 for the
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Figure 4. Expected values and the 95% credible intervals for K'? + k | 2", with k =215, for the gamma mixture of
1BrS. The extrapolation horizonis m=1, ..., 400.

Table 1. Expected values E(K | Z") and 95% credible intervals (in brackets) for the statistic K\ | Z'", for
m € {1, 10, 100, 1,000}, for the vascular plants in Mazziotta et al. (2016a)

Gamma mixture of ps (7 =102, k =215) m=1 m=10 m =100 m=1,000
Prior variance Var(y) =1 0.673 [0, 3] 6.50 [2, 12] 50.1[36,65] 204 [172,237]
Prior variance Var(y) = 100 0.673 [0, 3] 6.50 [2, 12] 50.1 [35, 66] 204 [166, 244]

B8 model, compared to D(8) = 10266.9 for the Bp model. Differently from the vascular plant data
analyzed in the previous section, we thus claim that it is reasonable to assume that the species rich-
ness is finite. Hence we focus on the Poisson and negative binomial mixtures of BBs, as for the latter,
we analyze two choices for the prior variance of N, i.e. Var(N) =y X ¢, for ¢ € {10, 100}. In such
contexts, the species richness represents the most natural measure of biodiversity of the assem-
blage, therefore there is interest in estimating it. In the left panel of Figure 6, we report the posterior
distribution of the species richness N, for the different mixtures of BBs. Specifically, the expected
species richness is equal to 296.13 for the Poisson mixture of BBs, with a credible interval equal
to [280, 313]. For both the negative binomial mixtures, we get an expected species richness of
296.17, with credible intervals [278, 316].

As far as the extrapolation problem is concerned, Figure 6 (right panel) reports the expected val-
ues and the 95% credible intervals for the posteriors K" + k | Z" for m=1, ..., 400, where
k =225. It can be noted that the expected number of new features grows rather slowly with the
size of the additional sample 72; moreover, from Proposition 3, we remark that such a sequence
K" + k| Z" m=1,2, ... converges to the posterior distribution of the species richness N. As
we have just discussed, all the mixtures of BBs that we have fitted provide an expected richness
of around 296.
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Figure 5. Left panel: the empirical accumulation curve (black dots) and the rarefaction curve of the models (blue and
orange dashed lines). Right panel: the observed values of K}, , (black dots) compared with the expected curve E(K}, ;)
of the models (blue and orange dashed lines). The right plot is in log-log scale; the orange (resp. blue) curves are
identical for all the mixtures of 18ps (resp. 88S).
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Figure 6. Left panel: posterior distributions of the species richness N for different mixtures of sgs. Right panel:
expected values and 95% credible intervals for K + k | Z\" for different mixtures of ss.

We finally report the numerical values of expected values and the credible intervals for the num-
ber of new species that are going to be observed if a number m of additional plots are sampled, for
some values of 7. All the mixtures of BBs fitted here provide the same point-wise estimates as well
as the same credible intervals for m € {1, 10, 100}: if ecologists are considering whether to analyze
additional plots in the region, they should expect to find 0.41 new species if they sample additional
m =1 plots, 3.66 new species for m = 10 and 19.4 new species for 2 = 100. Moreover, the credible
intervals are [0, 2] for m =1, [0, 8] for m =10 and [11, 29] for m = 100. We can spot a difference
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among the models for 72 = 1,000: the expected number of new species is 41.8, with credible inter-
vals equal to [30, 55] for the Poisson mixture and [29, 56] for the negative binomial mixtures.

8 Discussion

In the present paper, we analyzed Gibbs-type feature models, namely those models exhibiting an
EFPF in product form (1). We argue that this class stands out among feature allocation models, simi-
lar to Gibbs-type priors, which play a fundamental role within species sampling models. We pro-
vided a comprehensive distribution theory for this class of models and a plethora of results in
closed form. Additionally, we discussed two noteworthy examples: mixtures of 1Bps and mixtures
of BBs. While the first class assumes an infinite number of features in the population, the latter can
be adopted when the total number of features is supposed to be finite. We also proposed coherent
methods for parameters’ elicitation and model selection. Finally, we have emphasized the import-
ance of our findings in addressing ecological problems, such as estimating biodiversity and quan-
tifying species richness. The code is available online at the link: https:/github.com/LGhilotti/
ProductFormFA.

Our contribution could pave the way for several future research directions. First, recall that we
introduced a class of Gibbs-type feature models for exchangeable observations. However, in some
applied problems, data are divided into different, though related, groups and the assumption of
partial exchangeability would be more appropriate. Hence, an interesting direction for future re-
search involves defining and investigating feature allocation models in the presence of multi-
sample data. Although numerous models are available for partially exchangeable data within
the species setting (Quintana et al., 2022), work is still ongoing in the framework of feature allo-
cation models; see, e.g. Teh and Jordan (2010) for a few early examples. The availability of tract-
able classes of priors for grouped incidence data would enable the prediction for the number of
shared species as well as the quantification of the so-called g-biodiversity, namely the heterogen-
eity among different ecological communities. Along these lines, the recent paper by Stolf and
Dunson (2025) extends the P in defining a multivariate probit 18P.

Second, Gibbs-type are natural tools for modeling biodiversity when focussing on a single level
of the Linnean taxonomy, such as family, genus or species. However, in modern sampling designs,
each statistical unit often comprises a collection of L different taxa, which are organized in a
nested fashion; see, e.g. Zito et al. (2023). As a crude exemplification, one might consider using
a separate Gibbs-type feature model for each layer of the Linnean taxonomy. However, this ap-
proach would overlook the rich and informative nested structure of the data. Bayesian non-
parametric models for such data are underdeveloped even for species sampling models, and
there is ample room for new ideas and theoretical developments.

Third, a potentially impactful ramification of our results pertains to the usage of Gibbs-type fea-
ture models as a building block of more complex hierarchical models, i.e. when employed as a la-
tent component. We refer to Griffiths and Ghahramani (2011) for a general discussion. Among the
potential applications of Gibbs-type feature models, it is worth mentioning their role in Bayesian
factor analysis, in which N, in our notation, would represent the number of factors. The P has
been successfully used in this context to incorporate sparsity for instance to model gene expression
data (Knowles & Ghahramani, 2011). A further example is given by Ayed and Caron (2021), who
explored suitable extensions of the 1P to discover latent communities in network data. Our paper
provides several alternatives to the 18P for Bayesian factor models and related applications. It is also
worth mentioning that the mixtures of BBs, unlike the traditional 8p or the BB, enable the incorp-
oration of prior opinions on the number of latent factors in Bayesian modeling. Work on these
problems is deemed to be future research.
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